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Abstract

The paper is devoted to the study of the Cauchy problem for a nonlinear
differential equation of complex order with the Caputo fractional derivative.
The equivalence of this problem and a nonlinear Volterra integral equation
in the space of continuously differentiable functions is established. On the
basis of this result, the existence and uniqueness of the solution of the
considered Cauchy problem is proved. The approximate-iterative method
by Dzjadyk is used to obtain the approximate solution of this problem. Two
numerical examples are given.
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1. Introduction

Let I g and Dg,y be the Riemann-Liouville fractional integrals and
derivatives of a complex order @ € C (Re(ar) > 0) on a finite interval [a, b]
of the real line R = (—o00; 00):

(129) @ = 11 | e (@€ € Re@ >0, (L)

a x —t)l-o’
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(20) @) = (010 @) = () ey | e 02

n—«uoa

<n: [Re(a)] + 1 D = di)

where [Re(o)] is an integer part of Re(o) [14, §§ 2.3, 2.4]. Denote by “Dg, y
a modified fractional derivative defined by

n—1
(“D¢yy) (z) = | DY, |y(x Z ,HL] (z) ( € C, Re(a) > 0),
7=0

n=[Re(a)]+1fora¢ N={1,2,..}, n=afor a € N. (1:4)

Ifa>0,n—1<a<n(neN)andy(x) € C"[a,b] is a function, n
times continuously differentiable on [a, b], then for « = n € N the Caputo
derivative D¢, y coincides with the usual derivative of order n:

(D2, y) () = (D) () (neN; Dzdi), (L5)

while for n — 1 < a < n the operator D, is represented as a composi-
tion of the Riemann-Liouville fractional integration operator I/, and the
differentiation operator D™:

(‘D¢ y) (z) = (177°D"y) (z) (n —-l<a<n, neN; D= d) . (1.6)

dz
Expression (1.6) was introduced by Caputo [1] in connection with the prob-
lems of elasticity (see also [2]-[3]), and therefore the constructions (1.3) and
(1.6) are called Caputo derivatives of order o € Cj see [5], [11], [13, § 2.4.1].

Boundary value problems for the so-called differential equations of frac-
tional order, in which an unknown function is under the sign of fractional
derivative, were studied by many authors; see historical remarks and results
in the monograph [14, §§ 42 — 43] and in the survey paper [8]. The interest
to such problems is arisen by their applications in problems of physics, me-
chanics and other applied sciences; see [5], [12], [13]. Related to the above
problems, boundary value problems with the Riemann-Liouville fractional
derivative (1.2) were more extensively investigated (see for example [14,
§§ 42], [8]), while problems involving the Caputo fractional derivative (1.3)
were studied less.
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The present paper deals with investigation of the Cauchy problem for
the nonlinear differential equation of order a € C (Re(a) > 0):

(“Dgyy) (x) = flo,y(2)] (o € C,Re(a) >0) (1.7)
with the initial conditions
y®a)=b, byeC (k=0,1,...,n—1; n=[Re(a)] +1). (1.8)

When o« = m € N, then in accordance with (1.5), the problem (1.7)-
(1.8) takes the form of the Cauchy problem for the ordinary differential
equation of order m:

Yy (2) = flz,y(2)], y¥(a)=b, € C (k=0,1,....m—1), (1.9)

which is well studied; for example, see [15, p. 113-121]. Note also that
the Cauchy-type problem for the model nonlinear fractional differentiation
of the form (1.7), in which the Caputo derivative DS, y is replaced by
the Riemann-Liouville fractional derivative Dg,y, in the weighted space
Ch—ala, b] of continuous functions y(z) such that (x — a)*y(z) € Cla,?],
was investigated in [7]. In particular, when o € N, the problem considered
was reduced to the Cauchy problem (1.9), and the existence and uniqueness
result for such a problem in the space C"[a,b] was proved.

We study the Cauchy problem (1.7)-(1.8) with complex o € C (Re(c) >

0, a ¢ N), in a Banach space C"![a,b] of n — 1 times continuously differ-
entiable functions:

n—1
C"Ha,b] = {9 Ngllcny =Y Nlg™lles n = [Re(a)] + 1}7 (1.10)
k=o

C°la,b] = Cla, b],

provided that a function f[z,y] maps from [a,b] x Y (Y C R) into R, and
for any fixed y € Y it is continuous function with respect to x on [a, b]. First
we prove the existence of a unique solution y(x) € C"[a,b] of the Cauchy
problem (1.7)-(1.8) on the basis of the equivalence of this problem and the
nonlinear Volterra integral equation

Sa

n—1, ) z
TOED IS (m—a)]—i—r(la)/ IO 4 (Re(a) >0, @ ¢ N). (1.11)

(x —t)l—

<

B

a
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Then we apply the approximte-iterative method (Al-method) by Dzjadyk
[4] to deduce the approximate solution of (1.7)-(1.8).

The paper is organized as follows. In Section 2 we use properties of
the Riemann-Liouville fractional integrals and derivatives (1.1) and (1.2) to
prove the equivalence of the Cauchy problem (1.7)-(1.8) and the nonlinear
Volterra integral equation (1.11) in the space C"~1[a,b]. Using this fact and
applying the method of successive approximation, in Section 3 we establish
the existence of a unique solution of (1.7)-(1.8). Section 4 ad 5 deal with
application of Dzyadyk’s method to construct the approximate solution of
the Cauchy problem (1.7)-(1.8) with @ > 1, and to derive the estimate
between the exact and approximate solutions. Numerical results are given
in Section 6.

2. Equivalence of Cauchy problem and Volterra integral equation

In this section we prove that the Cauchy problem (1.7)-(1.8) and the
Volterra integral equation (1.12) are equivalent in the space C"![a,b], in
the sense that if y(z) € C™ ![a,b] satisfies one of these relations, it also
satisfies the other one.

We need the following auxiliary assertion.
LEMMA 1. If « € C (Re(a) > 0, a ¢ N)) and n = [Re(a] + 1, then

the Riemann-Liouville fractional integration operator I3, is bounded from
Cla,b] to C"[a, b]:

n-1 (b _ a)Re(oz)—k
oy n-1 < = . .
L A D e e TR
k=0

Proof Let g(t) € Cla,b]. By [7, Corollary 1], D*I%, g = Ig‘;kg for

k =0,1,---,n — 1. Using (1.10) and taking [6, Lemma 11| (see also [7,
(3.11)]) into account, we have for any = € [a, b]:

n—1 bh— a)Re(a)fk

n—1
(0% o— (
[ glen-s = Z g glle < llglle Z IT(cr — k)|[Re(ar) — K]

k=0 k=0

which yields (2.1). n
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THEOREM 1. Let o € C (Re(a) > 0, o ¢ N), and n = [Re(a)] + 1. Let
flz,y] : [a,b] xY — R (Y C R) be a continuous function with respect to x
on [a,b] for any fixedy € Y.

If y(z) € C"a,b], then y(x) satisfies the relations (1.7) and (1.8) if
only if y(x) satisfies the Volterra integral equation (1.11).

P ro o f. First we prove Necessity: Let y(z) € C" 1[a,b] satisfy (1.7)-
(1.8). Since f[z,y] € Cla,b] for any y € Y, then (1.7) means that there
exists (“Dgyy) (z) € Cla,b]. By (1.2) and (1.3)

n (e :
(CDCOL‘_,_y) (x) = <d6.i:> ([:Jra |:y(t) — Z Y Jﬂ( )(t - a)J] ) (), (2.2)

=0

<.

where n = [Re(«)]+1, and therefore on the basis of [6, Lemma 2] (see also
[7, Lemma 3] with v = 0),

o (a .
(Ig;;a {y(t) A )(tay]) (z) € C™[a, b].

|
i

Il
=)

Applying [6, Lemma 5] (see also [7, Corollary 3 with v = 0]) to g(t) =
n—1 . .

y(t) — > %(t —a)’? and using the formula (3.17) from [7], we find
3=0

oG (a .
() - yf)u@1>@>

(13+CD3+3/) () = (13+D3+

e
n—1 () n (n—k)
— Y (a) i Yn—a (a) a—
—y(ir)—j; 7l (z —a) —;M(ﬂﬁ—@ F, (2.3)
where
L G)(q .
%a@>@&“Pm y;>@w1>@» (2.0
=0

Integrating by parts in (2.3) and then differentiating the equation ob-
tained, and using the relation (3.16) from [6, Lemma 4] (see also [7, Corollary
1] with 8 = 1), we have

=l 0)(q ,
wwmieﬁmkmzyﬂgtwi)@
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J
Repeating this process (n — k) (k = 0,1,...,n — 1) times, we come to the
formula

nd ()
(=k) () = [ e [y(=R) (1) — _ @) itk
yn—a (1‘) a+ y (t) j:Zk (] —n + ]{I)' (t a) (.T)
(2.5)
Changing the variable t = a + s(z — a), we obtain for k =1,2,....,n
(k) — (&= 0)" % / _ a1 f k) _
w0 = T [ e se - a)
R m[s(x a)] s. (2.6)

Since Re(a) < n and y™ ) (z) € Cla,b] (k = 1,...,n), then from (2.6) it

follows that ygl_;k) (a) =0 (k=1,...,n), and hence (2.3) takes the form
a co = y(])(a) j
(I8°Dayy) (@) = y(a) = ) a w—a) (2.7)
J=0 '
Let now
M= max |f[z,y]] < cc. (2.8)

(z,y)€la,b]xY
By Lemma 1, I¢, f[t,y(t)] € C" '[a,b] and, in accordance with (2.1), there
holds the estimate

) n—1 (b - a)Re(oz)—k
124y Ollonton <M X Tor 3 TRefa) A1

(2.9)

Applying the operator I, to the both sides of (1.7) and using (2.7) and
(1.8), we obtain the equation (1.11), and hence necessity is proved.

Now we prove Sufficiency: Let y(x) € C"[a,b] satisfies the equation
(1.11). Show that y(x) satisfies the initial relations (1.8). Differentiating
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both sides of (1.11) and using [6, Lemma 4] (see also [7, Corollary 1]) we
have (k=1,....,n—1):

Na—k) ) (x—t)l-otk

a

n—1 z
-3 - ff‘k)l(gg A /( At v® 4 940)
Jj=k '

Making the change of variable t = a + s(z — a) in integrals of (1.11) and
(2.10), we find for £ =0,1,...,n — 1:

n—1

:Z( b ; (—a) fa+s (x—a) (a+s(a¢—a))]d8‘
k)]

1 8 1—oc+k
j=k

Taking a limit, as £ — a4+, and using the continuity of f, we come to the
relations (1.8).

Applying the operator Dg, to both sides of (1.11), taking into account
[6, Lemma 4], the initial condltlons (1.8), [6, Lemma 4] (see also [7, Corollary
1]) and (1.3), we obtain the relation (1.7). Thus sufficiency is proved which
completes the proof of theorem. [

COROLLARY 1. Let v € C, 0 < Re(a) < 1, and let flz,y] : [a,b] xY —
R (Y C R) be a continuous function with respect to x on [a,b] for any fixed
yey.

If y(z) € C" Ya,b], then y(x) satisfies the relations

(°D3,y) (¢) = fla,y(@)] (0 < Re(a) <1), yla)=beC  (211)

if only if y(x) satisfies the Volterra integral equation

U N O 3()) o
y(x)—b—i—F(a)/(x_t)l_adt (0 < Re(a) < 1). (2.12)

a

3. Existence and uniqueness of the solution
of the Cauchy problem and
connection between the exact and approximate solutions

In this section we establish the existence and uniqueness of the solution
of the Cauchy problem (1.7)-(1.8) in the space of functions C"~1[a,b]
defined by

C" 1 a,b) = {y € C" Ma,b], D¢ y€ Cla,b], n=[Re(a)]+1},
(3.1)
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under conditions of Theorem 1 and an additional Lipschitz condition of
flz,y] with respect to y: there exists L > 0 such that for any x € [a, ] and
any yi,y2 € Y there holds the inequality

|flz, 1] — flz,y2]| < Lly1 —y2| (L >0). (3.2)

THEOREM 2. Let a € C ( Re(a) > 0, a ¢ N), n = [Re(a)] + 1, let
flz,y] : [a,b] x Y — R (Y C R) satisfy the conditions of Theorem 1, and
let the relation (3.2) hold.

Then there exists a unique solution y(x) of the Cauchy problem (1.7)-
(1.8) in the space C"~1%[a, b].

P r o o f. First we show that there exists a unique solution y(z) €
C"™1a,b] of (1.7)-(1.8). By Theorem 1 it is sufficient to prove the existence
of an unique solution y(x) € C" ![a,b] of the nonlinear Volterra integral
equation (1.11). To this end we use the known method for nonlinear Volterra
integral equations; for example, see [9]. The equation (1.11) has a sense in
any interval [a,z1] C [a,b]. Choose x; such that there holds the inequality

(5131 _ a)Re(a)

[T(a)| Re(a) ~ ' (3.3)

and prove the existence of an unique solution y(x) € C" '[a,x1] of the
equation (1.11) on the interval [a,x;]. For this we apply the method of
successive approximations and set

n—1 b '
yo(x) = ]—‘7'(30 —a), (3.4)
i=0 7
wie) =)+ o [T e wew. @)

We show that y,(x) € C"[a,b]. From (3.4) it follows that yo(z) €
C" Ya,b]. Differentiating (3.5) k¥ (k = 1,---,n — 1) times and using [6,
Lemma 4) (see also [7, Corollary 1]), we have

Uty (Bt
T(a—k) ) (w—t)i-(h

y® (@) = y§ (2) + (k=1,...,n—1; v €N).

(3.6)
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By (3.4) and Lemma 1, y,(z) € C"[a, b].

Now we estimate ||y, () — yp—1(x)||cn-1 for m € N. By (3.4) and (3.5),
using the inequality (2.1) and the relation (2.8), we find

)Re(a k)
I92(8) = 90 (8) 110y <MZ|M_ T s SR

Using again (2.1) and taking into account (3.2) and (3.7), we deduce

n—1
||y2(l') - y1(m)llcn—1[am] = Z [g:k (f[x, yl(fL‘)] — f[l’,yo(x)])Hc[ax ]
k=0 »T1
n-l (371 _ a)Re(a—k)
< kZO Tla ) Reta =T 191 — 90(@)llcta

n—1 (xl _ a)Re(afk) (xl _ a)Re(a)

< LM;) IT(a — k)|Re(or — k) |T(a)|Re(a)

Repeating such an estimate v times, we arrive at the inequality

v—1
‘Tl _ a)Re(a—k) (-Tl — a)Re(O‘)
190 = vo-1llen-1ja2n) < MZ < 0(a — k)| Re(a — k) YIE @I Re(@) '

By (3.3), from here it follows that the sequence {y, (x)} tends to a certain
limit function y(z) € C™ a, z1]:

Jim g, (2) = y(2)[on—1(a.2,) = O- (3-8)

By (2.1) (with b = z; and g(t) being replaced by f[t, v, (t)] — f[t,y(t)]) and
the Lipschitz condition (3.2), we have

/f Ity (¢ L[ Sl )t
(x —t) 1 a F(a) (x —t)l-@

@ Crn-taa]

— Re(afk)

Z ””1_@,36( Bl @) = y@leno

k=
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and hence
f [t 9. (¢ L[ flty(@)dt
li =0. 3.9
ho F (x —t) 1 o T(a) ) (z—t)-@ (39)
a Ccn—1la,z1]

It follows from (3.8) and (3.9) that y(z) is the solution of the equation (1.11)
in the space C" [a, z1].
Now show that this solution y(x) is a unique. We suppose that there

exist two solutions y; (z) y2(x) of the equation (1.11) on [a, z1]. Substituting
them into (1.11) and applying (2.1) and (3.2), we have

1 —a Re(a)
1)) = |12, (e (0] = O] < LSS 0)-1n 0.
(3.10)
This relation yields "
(1'1 _ a)Re «
T Re(a) =

which contradicts the assumption (3.3). Thus there exists an unique solution
y(z) = y1(z) € C" [a, z1] on the interval [a, z1].

Next consider the interval [z, z2], where o = x1 + hy, and hy > 0 are
such that zo < b. Rewrite the equation (1.11) in the form

1 [yl S L byt
T(a) | @@=t +§_% W )y | G

1 - a

x € [z1,x2).

(3.11)
Since the function y(x) is uniquely defined on the interval [a, z1], the last
integral can be considered as the known function, and we rewrite the last
equation in the form

1yt
['(a) ) (z—t)i-’

(3.12)

where

n—1 z1
HOEDY bfk(x —a)f + F(la) {it,yg?]dj (3.13)

is the known function. Taking the same arguments as above, we deduce that
there exist an unique solution y(z) = y2(z) € C" ![x1, 23] of the equation
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(1.11) on the interval [z1, z2]. Taking the next interval [za, x3], where x3 =
x2 + he and he > 0 are such that x3 < b, and repeating this process,
we obtain that there exists an unique solution y(x) € C" ![a,b] of the
equation (1.11) such that y(x) = yp(z) € C" zp_1, 2] (k = 1,2,---,1),
where a =1 < a9 < --- < a7 =0b.

Thus, there exists an unique solution y(z) € C™ ![a, b] of the equation
(1.11).

To prove that this solution y(x) € C"~1[a,b], by (3.1) it is sufficient
to show that °Dg,y € Cla,b]. In accordance with (3.8), there holds the
relation

lim |y, () — y(@)l|cn-1[a = 0. (3.14)

V—00

Using (1.7) and the Lipschitz condition (3.2), we obtain
I(“Dgyyw) (2) = (“Dgyy) (@)llen = I1f 29 (@)] — ylo, y(@)]ll ey

< Lllyo(z) = y(@)llclap)-
Hence, by (3.14), D,y € Cla, b].
Thus, there exists a unique solution y(z) of the integral equation (1.11)

and hence of the Cauchy problem (1.7)-(1.8) in the space in the space
C"19[q, b]. This completes the proof of theorem. [

Now we give an estimate between the exact solution y(x) of the Cauchy
problem (1.7)-(1.8) and the approximate functions y,,(x) given in (3.5).

THEOREM 3. Let a € C ( Re(a) > 0, o ¢ N), n = [Re(a)] + 1, let a
function flx,y] : [a,b] xY — R (Y C R) satisfy the conditions of Theorem
2, and let the inequality

(b _ a)Re(a)

7|F(a)|Re(a) <1 (3.15)

be valid.
Then any function y,(z) (v € N) defined by (3.5), approximates the
solution y(x) in such a way that there holds the estimate

TN Rl 1
ID(a)|Re(c) | [ e (3.16)

(b o a)Re(a) )V+1 MLY
[T ()| Re(cx)

ly(z) —yu(2)] < (

where M and L are given in (2.8) and (3.2), respectively.
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Proof. By (3.5) and (2.9) (for n = 1), we have
M(b — a)fte(®)
ly1(x) — yo(z)| < W-

Using this estimate and (3.2), we find

T

L [yi(t) = yo(t) (b—a)fel@) 2
o)~ (o) < |y [ SLM(T(@)!Re(Oé)) |

a

Continuing this process, for any v € N we obtain the estimate:

’yu(‘r) - yl/—l(x)| <M

(b _ a)Re(a) (b _ a)Re(a)
[D(a)[Re(e) \ " [T(a)|Re(e)

v—1
) (v e N). (3.17)

Applying (3.17) and taking the condition (3.15) into account, for any
x € [a,b] we have

y(@) — (@) = Jim [s(a) — (@)

= w+1(2) = o (@)] + [y (@) — goa ()] + -+ |

_ \Re(a) v+l _ \Re(a) vt2
<ML <(b a) ) + ML <(b a) ) oo

D(@)|Re(@) D(@)[Re(@)
O U G S U LG B U LG S
- <\r<a>|Re<a>> @R T\ r@lre@ ) ¢

From here we deduce the estimate (3.16), which completes the proof of
theorem. -

From (3.16) it follows that y,,(x) converges sufficiently fast to the solu-
tion y(x) of the Cauchy problem (1.7)-(1.8). However, as a rule, the iterative
process given by (3.5) is difficult to use for an effective construction of y,, ()
because of an integration operation.

In the next two sections we present a method without an integration
operation, which under the conditions on f[z,y] given in Section 2, allows
us to obtain almost the same results that can be deduced by the method of
successive approximations.
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4. Al-method. Auxiliary results

This and next sections deal with an approximate solution of the Cauchy
problem for the fractional differential equation (1.7) of order o > 1 with the
initial conditions (1.8). For this we apply the iterative-approximate method
developed in [4, p. 98-120], to an approximate solution of the nonlinear
Volterra integral equation (1.11). To this end, we rewrite the equation
(1.11) in the form

y(z) = g(z) + F(la) / fy®IK @ 0dt (@>1),  (41)
where ‘ )
o) =3 Y —ay (42)
pr) 7
K(z,t) = (z — )L, (4.3)

In this section we present some auxiliary results. We shall use stan-
dard Lagrange interpolation polynomials L,, obtained by the mapping of
standard Lagrange polynomials L7, constructed at interpolation points

5](1) :—COS% (j=0,...,10),

from [—1,1] into [a,b]; see [10, p.399]. This mapping is carried out by the
formula,
(b—a)(1+¢)

2 )
and therefore L,, is an interpolation polynomial constructed at interpolation
points

t=a+

(b—a)(1+€")

) _ C
t;’=a+ 5 (7=0,...,0). (4.4)
It is known [4, p.111] the estimate
2 2
—In(n—1) < ||L|| £ =Inn+1, (4.5)
T T
and the relation
[ Ll = [ L7, (4.6)
Since the interpolation points fjm = —cos % (j =0,...,1) are roots of

the polynomial
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(}Hl (z) = (1 — 2*)U;_1(x) = /1 — 22sin(l arccos z),
where U;_1(z) is the Chebyshev polynomial of second kind of power [ — 1

[4, (I.1.27)], then the fundamental polynomials l;(l) (£) can be represented
in the form [4, (1.3.20)]

0 =V = (({j“o@ T
(f = &) Ui (&)
- 57] [1 (—1)iTy(¢ +2Z v 208 J”)Ty(g) , (4.7)

where g9 = ¢; = 5 and €; = 1 for any j = 1,2,...,0 — 1 and 7,(&) is the
Chebyshev polynomial of first kind.

On the basis of these fundamental polynomials for fixed natural [ € N
and m € N we construct the matrix of numbers

5(1)
a%m):/ ML (&)d¢ (i=0,...,1; 7=0,...,m),

-1
see explicit expressions below in Lemma 3.
Denote by A an integral operator in the right-hand side of (4.1):
xr

(Ay) (x) = F(la) / 1t w(0)] K (, ). (4.8)

Suppose that K(x,t) = 0 for z < t, and define the interpolation polynomial
operator A by

(4.9)
Here the interpolation points tgl) and tg-m) are defined by (4.4), while ll(l)(x)
and l](-m) are fundamental Lagrange polynomials at points of interpolation
tgl) and tl(m), respectively.
Using the iterative process with respect to v, construct functions 7, (x)
of the form

?0:9(35)7 gyzg(x)+zyy—la V:1727”" (410)
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LEMMA 2. 7, (x) are algebraic polynomials of the form

l
Tola) = g(2), T, (x) = g(a) + %S

Oé

l7m)
ij

Ms

a;

~—

I
o

i=0 j
x f [t§m),yy_1 (ty”)ﬂ K (xgl),tg.m)) V), (411

where ll(l) and l](-m) are fundamental Lagrange polynomials at interpolation
points t Z(l) and tg-m), respectively.

Proof. Forv =0 the lemma follows from (4.10) and (4.2).

Let v € N. Making the change of variable t = a + I’_Ta(ﬁ +1), and using

the notation l;m)(l()t) = l;(m) [—(ll) + %(t — a)}, we have
! !

[ (m [ e(m 2
/z§ )(t)dt:/lj( )[—1+b_a(t—a)] dt
e
b e = PO 0m g =0, m). (412)
- 2 j - 2 aij 1= 9 » Yy j_ ) 7m . .
-1
Thus lemma is proved. [ ]

The next assertion yields the explicit form for a(j ™),

LEMMA 3. Let,m e N (i =0,...,l; 7=0,...,m). Then
Il,m Ej l m l
afom = ﬂgL{l_cp +§c; n c§3>
m O] O]
+Z€ cm) C(yq)z _ C(u+1)i 2
vy v—1 v+1 v2 —1 ’
where €9 = &, = %, g, =1forv=1,...,m—1, and C’,gs) = cos(%ﬁ).

P roof. Using (4.7) and taking into account that for any v = 2,3, ...
there holds the equality [4, p.105]

\
%
o
QL
S
Il
\w\:\

cos(vs) sins)ds = {TV+1(~’C) _ Tul(x)} .

v+1 v—1

0 arccos
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¢, = const, we have
¢!

ay" = / 5 (€)dg = L3¢ — € cos (Z)
N peos(imy) (Toa(€)  Tha()
+;(—1) - <y+1 - ”_]u)>

Fﬂm”[ﬂmﬂﬂ_ihqﬁ)}i
2

m+1 m—1

) ) - Nl—1
= 1—cosE—cos il cos® m —1
l m l

Lcos(jum !COS [(1/ +1) (1 — %) 7T] _ cos [(1/ -1) (1 - %) 7T]

+
NE

T
3

= v+1 v—1
y 1 1 (1) [ cos [(m+1) (1— 1) 7]
_(_1)H(y+1_u—1> 2 m+ 1 l

cos [(m;llz(l ik + (" <mi1 B m1—1>”
)

= gj{l — CoS (m) — CoS <J7T
m l m

B - o jvm [cos[(v + 1)im/l]  cos|(v — 1)im)/l] 2
| e

v+1 v—1 v2—1
B (—=1)7 | cos[(m — 1)in /]| _cos[(m+ 1)im/l] 2
2 m—1 m+1 m2 —1

et (5)-doe () (- (2)
+§;€V o <j;,,> [cos[(l/y - 11)m/z] B cos[(yy i 11)m/1] B y22_ J }

Thus the lemma is proved.

Denote by WQ(T) = 2(7") (5 a,b) (r € N) a class of functions f(z), having
absolutely continuous derivative of order r — 1 and derivative of order r on

[a, b] and satisfying the condition
b

/ [fm (t)} dt < ui2. (4.13)

a
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For a given = € [a, b] we use the notation
sup |f(2) = Lu(fs2)| = By, (W, ),
few{"

where L;(f;x) is the Lagrange interpolation polynomial at points of inter-
polation (4.4).

It is known [16, p. 26|, that for a fixed = € [a, b]

r H 1
ELl(WQ( ),I) = (T‘ _ 1)|J27 (414)

where

b
J = / H2(t,z)dt,

l
Hy(t,o) = Koo — 1) — S Knt0) — )ly(a), Ko(u) = { (
v=0

It is clear that J = J; — 2J9 + J3, where

b
J1 = /K,?(x — t)dt,

by o
Js = / SOST KD — 0K (10 — ()l ().

o k=0v=0
Then, by using (4.5) we have

(b— a)?r—l

Jille < —2—,
Al < o

b—a)" _ b—a)>1 (2
elle < E= 0 - oy zite < O (Zrn).

2 2
alle < (= )0 - a0 - 0y Ll < 6 - 0 (Zmi4 1)
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and hence

1 2/2 2 2
[Jllc < (b—a)*! [ + = <1nl + 1> + (mz + 1) (4.15)
T T

2r —1 T

We also need two other assertions. The first one follows from [4, p.113].

LEMMA 4. Let B be the Banach space, let T: B — BandT: B — B
be operators from B into B, and let T be a contractive operator in a ball
K={¢eB: [y <H} (H>0):

Vi, hp € Ko [ Thy = To|| < qllvn — 2|, q = const <1,

and let TK C K.
Let {¢,}52 and {$, }5°, be sequences such that

@0:¢06K> SDVJrl:TSOI/v ¢y+1:T¢u7 Vzovla"'a

and let
§ = sup [Ty — T
PYeK
Then
_ 1—4q"
HSOV_QOVHS(S]_ ) V:0717"'
—q

LEMMA 5. Let a > 1, and let flz,y]: [a,b] x Y — R (Y C R) satisfies
the conditions of Theorem 1. Then

L[ Sty o], . _ M(b—a)* oMtz
P(O&)/(x—t)l_athWQ (,u,,a,b), H = I‘(a—[a]—i—l) )

a

where M is given by (2.8).

Proof. Set

1 f
F) = F / (:J: [t_lt/)(f)_]adt. (4.16)

a

Using [6, Lemma 4] (see also [7, Corollary 1]) we have

" 1 rFly(t
P 1>(x>_1“(a—[04]+1)/ | yfﬂ dt




CAUCHY PROBLEM FOR DIFFERENTIAL EQUATION ... 315

and, in accordance with (2.8) and [14, (1.4)], F{*=1(z) € AC]a,b], where
ACa, b] is the space of functions absolutely continuous on [a, b].
Further, by [6, Lemma 4],

. U Iyt
FleD(z) = o —[a]) / (@ — 1)i—oFll’

a
and taking (2.8) into account, we have

/b [F([O‘D(t)} 2 dt < (b—a)M? ((b — a)a—[a] > 2 _ (b— a)2(a—[a])+1M2'
N [Oé]))2 (T(a — o] + 1))2

a

This completes the proof of lemma. [ ]

5. Al-method. Main theorem

Let a > 1 and r,n,m € N. We introduce the following notations:

B MNa+1) alb— a)”'%_a 2 "
O = St F (R =D T 1)) (711 Lt 1) S,

1
1 2 /2 2 2\ 2
Sl:<2[a]_1—|-w<7rlnl+l>+<7rlnl+l>> y
2\ 2
Sm = ! —1—2 glnm+1 + glnm—&—l . (5.1)
2r—1 r \mw s

There holds the following statement.

THEOREM 4. Let « > 1,Kg = {y € R, |y| < H, H > 0}, and let
flt,y] = la,b] x Kg — R be function satisfying the conditions of Theorem
3 and such that for fixed x € [a,b] and y € Ky,

Flt )@ =02t e Wi (isa.b) (r € N, > 0). (5.2)
Let
- L(b—a)”
q= m <1, (5.3)

where L is given in (3.2), and for some € > 0

M(b—a)® p(b —a)®
max{w(l—i—s),w(l—l—e)} <H, (5.4)
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where M is defined by (2.8).

Then the sequence of polynomials 7, (z), constructed by using the Al-
algorithm in (4.9), approximates the solution y(z) of the Cauchy problem
(1.7)-(1.8) in such a way that for any natural [,m € N such that

5lm <g, (55)

there holds the inequality
q" + 5lm(1 - qy)

ly(@) =, (@)llc < D——"——, (5.6)
where
B M@ —a)® ub-—a)
D—max{ T(a+1) ’r(a+1)}' (5:7)

P r o o f. By Theorem 2, the Cauchy problem (1.7)-(1.8) has a unique
solution y(z) € C" [a, b].
Denote by Cpla, b] the following subset of Cla, b]:

K = Cygla,b] = {y(z) € Cla,b], ||y(z)|lc < H}.
According to (4.8) and (4.9), for any y( ) € CH[a b] we have

| (4y) (z) — (Ay) (x /fty v, )dt
¢

l
() 4(m)\ ;(m) 0]
¥/Zf (£)] & (#9.40) 10at -1 a)

L (1)
T / it (K Z / it @K (£0.0) e 1)

t(l)

Z/fty £0,) de - 10(2)

<

el

i/zf. ()] 1 (9,

=1 + I.

&L~
—
=
~+~
<L~
&
\—/
o
L~
2
U
~
<~
L~
—
=
/\
v

(5.8)

Let L;(F;z) be the Lagrange interpolation polynomial, constructed at

the points of interpolations (4.4), of a function F'(x) defined by (4.16). Using
the notation (4.3), Lemma 4 and the inequality (4.15) we have
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£

e F(la)/f[t YK (@ Z/ft y(O)K (10.0) dt 1)
_ go—lal+t(p _ gylal-2
=F@) = LB o)) < M;b< e >Elf] )>
1 2 /2 2 2) 2
X (2[0[]_1—1-[0(] (Wlnl—i-l) + (ﬂlnl—i—l) )
— M(b — a)® 9. (5.9)

I'a—[a] +1)([a] = 1)!
Further, taking (5.2) and (4.15) into account, we obtain
0

)dt 1 ()
L
—z/ > [ t<m>>}f<<t5“,t§m>) (10 o
i=0 Y j=0
< eIl guas [ el (40.6) = L7 - 5.0)

1

b-allleMb-ayh (1 202
= I'(«) (r—1)! (2T1+T<7T1 +1>

1

2
g"! <7T1nl + 1> S, (5.10)

— | ol

where S, is given by (5.1). Substituting (5.9) and (5.10) into (5.8), we
deduce the relation
M —a)®

| (Ay) () — (Zy) (@)]le < T(a— o] + 1)([a] — 1)!

(b—a)tzp (2
+F(a)(r_1) < 1 l+1>S (5.11)

Sy

To estimate ||y, — 7, ||c, we apply Lemma 3. For this we prove that A
is a contractive operator in Cla,b]. By (4.8) and (3.2), we have
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I (Ay) (8) — (Au) () = !/fth_tﬁyﬁﬂﬁ
c
?g:%umw—mmno
In accordance with the condition (5.3),
_ L(b—a)® -
I'a+1) ’

and, therefore, A is a contractive operator in Cla, b].
It follows from (5.11) that

_ . = M(b—a)*
s A ATCSF<—[]+MQ]—M&
(b —a) u
Using (2.8) and (5.11), for any y € CH[a, b] we have
M — a)® M — a)®

[Ayllc < [[Ayllc + Ay — Ayllc < Si

T(a+1) @ T(a—[a] £ (] - 1!

(b—a)*op (2
+F(a)(r T (Wl I+ 1) Spn < D(1 + 6pn).

From here taking into account the condition (5.4), being valid for any I, m €
N such that 6, < €, we obtain the estimate

[Ayllc < D(1+¢) < H,

which means A(Cgla,b]) C Cgla,b]. Therefore, in accordance with Lemma
3 and estimates (5.3) and (5.12),

v

_ l—q
10 = Gulle < Doum——

Applying Theorem 3 and the estimates (4.5) and (5.13), we obtain

(5.13)

ly =7 llc <lly —wlle + llve —7llc

—a)® Mad" o Sim (1 — ¥
(b—a)* Mg"  ps 1-¢"  p¢" +0m(1-¢")
MNa+1)1—gq 1—¢q 1—g¢q

This yields the estimate (5.6), and theorem is proved. [

le
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6. Numerical examples

In this section we present two numerical examples.

ExaMPLE 1. Consider the Cauchy problem for the differential equation
with the Caputo fractional derivative of order 3/2:

3 4z
2 4
(Dh) @ =@+ D2 sty =0 =0 ()
It is directly verified that y(x) = 2? is the exact solution of this problem.
We apply Al-method to approximate solution of (6.1) by taking | =
4, m =15, v = 10 and = € [0;0,01]. As a result we obtain the following
polynomial y;o(x) approximating the solution of the Cauchy problem (6.1):

y10(z) = —0,000134983z + 1,0836622 — 13, 28862° + 625,571z,  (6.2)

The exact solution y(z) and the approximate solution yio(z) together
with their difference y(z) — y10(z) are presented in Table 1.

T 0 0,002 0,004
y() 0 0,000004 0,000016
Yy10() 0 3,96839-107% | 0,0000161084
y10(z) — y(z) 0 -3,16134-107% | 1,08355 - 107
T 0,006 0,008 0,01
y() 0,000036 0,000064 0,001
y10() 0,0000361424 | 0,0000640332 | 9,36017-10~"
yio(z) —y(x) | 1,42384-10~7 | 3,31702:10~° | -6,39832-10~°

Table 1

ExaMPLE 2. Consider the Cauchy problem for the differential equation
with the Caputo fractional derivative of order 5/2:

(CDOZy) (@) = @)+ T, y(0) = 0, 4/(0) = 0, 4/(0) = 0. (6.3

It is directly verified that y(z) = V27 is the exact solution of this problem.

We apply Al-method to approximate solution of (6.3) by taking | =
4, m =15, v = 10 and = € [0;0,01]. As a result we obtain the following
polynomial y;o(x) approximating the solution of the Cauchy problem (6.3):

yio(x) = 8,90217-10782—0,0001127572%+0, 06919632344, 11891z*. (6.4)
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The exact solution y(z) and the approximate solution yyo(x) together

with their difference y(z) — y10(x) are presented in Table 2.

T 0 0,002 0,004

y(z) 0 3,57771-10~19 4,04772-1077

y10(x) 0 3,46489-10~10 4,03498.1077
y10(z) — y(z) 0 -1,12816-10~ 11 | —1,27323 - 101!

T 0,006 0,008 0,01

y(x) 1,67313-107% | 4,57947-1078 ~1-1077

y1o(z) 1,67594-10~8 | 4,57953-108 ~1-1077
yio(z) —y(x) | 2,81094-10~ 1 | 6,38602-10~ 1% | -3,62857-10~ 14

Table 2.
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