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ABSTRACT. Sufficient conditions are obtained for the existence of local integral
manifolds of autonomous systems of differential equations with impulses at fixed
moments. In case of perturbations of the nonlinear part an estimate of the differ-
ence between the manifolds is obtained.

1. Introduction. The impulsive differential equations are adequate mathema-
tical models of evolutionary processes which are subjected to short-time effects during
their evolution. They are successfully used in science and technology [1], [4].

In spite of the great possibilities for applications, the theory of these equations
is developed rather slowly. This is due to their specific properties such as “beating”,
merging of the solutions, loss of the property of autonomy, etc. We shall note that the
theory of the impulsive differential equations is considerably richer than the theory of
the ordinary differential equations.
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The intensive investigations in the field of the integral manifolds are brought
forth by the necessity of studying these processes in their entirety. In many cases the
standard conditions for existence of integral manifolds are satisfied only locally, i.e.
only for on bounded domains.

In the present paper sufficient conditions are obtained for existence of local
integral manifolds of autonomous systems of differential equations with impulses at
fixed moments, and in case of perturbations of the nonlinear part an estimate of the
difference between the respective manifolds is obtained.

2. Preliminary notes. Statement of the problem. Let us assume that the
sequence of numbers {71}, 7x € R, 7 < 741 (k € Z) has no finite accumulation point.

Consider the autonomous system of differential equations with impulses at fixed
moments

dz

dt
(1)

Az = Bz+P(z), t=1, k€Z

= Az+F(2), t#m

where z € R™™" F . R™t" - R™ @, : R™T — R™T where R™" is an
m + n — dimensional Euclidean space with norm || - ||, A and B are constant matrices,
A = diag[A;, As], B = diag [By, Ba], where Ay, By are m x m — dimensional, and A,,
By are n x n — dimensional, Az = z(7; + 0) — z(7 — 0).

Definition 1. The function z(t) : R — R™™ is said to be a solution of (1) if
it satisfies the following conditions:

1) z(t) is a piecewise continuous function with points of discontinuity of the first
kind T, (k € Z) at which it is continuous on the left, i.e.

27k = 0) = 2(7k), 2(7k +0) = 2(70) + r(2(2)) + Bz(72);
2) z(t) is differentiable for t # T, and
dz
pri Az(t) + F(2()).

Denote by U, the closed ball in R™ with a center at the origin and radius r,
ie.

U, ={z:2eR" |z| <r, r>0}.
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Denote by V, the closed ball in R" with a center at the origin and radius p, i.e.

V,={z:2eR", |z <p, p>0}.

Consider the Banach space E of all functions ¢ mapping the set R™ into R",
which are continuous with respect to x and are bounded, with norm

2] = sup{lp(2)] : x € R™}.

By L(p,n) we denote the subset of E consisting of all functions for which

2@l < p, [1&(2) = @) < nlle —7[; 2,7 eR™,

where 17 = const > 0, p = const > 0.
It is easily checked that L(p,n) is closed in E.
We write down system (1) in the form

dx d
—:All“i‘f(x,y) _y:A2y+g($7y)7 t#Tk
dt dt
(2)
Az = Bz + Ix(x,y) Ay = Boy + Ji(x,y), t# 1k, kE€Z

where z = (2,7), € R™, y € R™. The functions f and I, map R™"" into R™ and g
and J; map R™"" into R".

Definition 2. An arbitrary manifold J in the extended phase space of system
(1) is said to be an integral manifold if for an arbitrary solution z = (x(t),y(t)) of
(1) for which (to,z(to)) € J it follows that (t,z(t)) € J for t>tg.

Definition 3. The integral manifold J,

J={(z,y):y=0x), 2€U,, p€L(p,n)}

is said to be a local integral manifold of class L(p,n) or a local (p,n)-manifold.

In the present paper sufficient conditions are obtained for existence of integral
manifolds of system (1) for any p > 0 and n > 0.
We shall say that conditions (H) are satisfied if the following conditions hold:

H1. There exist constants p and € such that uniformly on ¢ and s € R the
following inequality is valid



112 G. T. Stamov

i(svt) < p(t - 8) +e,
where by i(s,t) we have denoted the number of the points 74 in the interval [s, t].
H2. det(E,, + B1) # 0, the matrices A; and B; commute and there exists
a constant a > 0 such that the eigenvalues \; (i = 1,...,m) of the matrix Ay =
A1 + pln (E,, + By) satisfy the inequalities
ReAi| <, (i=1,...,m),
where E,, is a unit m x m matrix.
H3. det(E, + B2) # 0, the matrices Ay and By commute and there exists
a constant 7 > 0 such that the eigenvalues \; (j = 1,...,n) of the matrix Ay =
As + pln (E,, + Bs) satisfy the inequalities
ReA;| >, (1=1,...,n),
where F,, is a unit n X n matrix.

H4. The functions f and I are continuous, bounded and Lipschitz continuous,
i.e. there exist constants @), [; and ls such that

sup  [|f(z,y)ll + sup [k (z,y)l| < @Q,
(z,y)eU-xV, (z,y)eU-xV,, k€Z

1f@.y) = fl@. )+ @ Y) — Ie(z,9)|| <Lz — 2| + L)y -yl
where 7,z € U,, 7,y € V.

H5. The functions g and Ji are continuous, bounded and Lipschitz continuous,
i.e. there exist constants (), §; and > such that

sup  lg(z,y)ll + sup [Jk(z,9)|l < Q,
(z,y)eU-xV, (z,y)€U-XV,, kEZ

l9(@.9) = g(z, )l + 11k (Z,7) = Ji(z, 9)|| < 01l7 — 2 + b2[[7 — vl

where 7,z € U,., 5,y € V..

Henceforth we shall use the following lemmas.
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Lemma 1 [2]. Let conditions H1 and H2 be satisfied. Then the Cauchy matriz

W(t, 8) _ eAl(tfs) (Em + Bl)fp(tfs)Jri(s,t) (t > 8)
of the linear system

d
d—f:All‘, t#Tk,

Axr =Bz, t=7, kE€Z

satisfies the inequality

[W(t,s)|| < Ne =9t s€R,
where o = a1(e) >0, N = N(g) > 0.
For the system

dy
—=A t
dt 2Y, ;é Tk

Ay=Boy, t=1,, kE€Z

we construct Green’s function

—(E, + Bg)fp(tfs)ﬂ(t’s)s*ldiag (eA;(t*S), 0)S, t < s,
G(t¢ 8) =
—(Ey + Bo)Pt=)+1t5) g 1diag (0,2 (79 0)S, t > s,

where S is a nonsingular matrix such that

Ay = S~ ldiag (A, A5)S.

A; is a square matrix with positive real parts of its eigenvalues and A, is a square

matrix with negative real parts of its eigenvalues.

Lemma 2 [5].  Let conditions H1 and H3 be satisfied. Then for Green’s

function G(t,s) there exist constants K > 0 and Ay = Aq(y) > 0 such that

Gt s)|| < Ke 25l ¢ s e R.
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Lemma 3 [2]. Let the inequality

t
U(t) < [ Us)u(s)ds + F(t)+ > BUm) + Y w(t)
to to<t<t to<Tp<t
be satisfied, where the function U(t) is piecewise continuous with discontinuities of the
first kind at the points 1, v(t) > 0 is a locally integrable function, F(t) and vx(t) are
non decreasing functions for t € [to, 00| and vy, (t) > 0, B > 0.
Then

H (14 Br)exp </t: Z/(S)ds) .

to<Tp<t

U@<(F@+ X:%®)

to<T<t

3. Main Results. Consider the system

dz -~ d .

_:A1x+f(x7y) _y:A2y+g(x7y)7 t#Tk

dt dt
(3)

Ax:Bla:—i—fk(x,y) Ay:Bgy—l—jk(a:,y), t=71,, kE€Z
where

f(x,y), z € U,, yEpr
fz,y) =

f<ﬁr,y), zeR™\U,, yeV,

and the functions §(z,y) and Iy(z,y), Ji(x,y), k € Z are defined analogously.
Let ¢; € L(p,n), 7 = 1,2. We denote by ¢;(t) = ¥;(t,s,w;|p;), w; € R™,
4 = 1,2 the solution of the Cauchy problem for the system

d ~
Yoo At fwe), 17

AY = B+ L, o), t=1 ¥i(s) =wj, k€L
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Lemma 4. Let conditions H1, H2 and H4 be satisfied. Then the following
inequality holds

1 ~ —~
|1 — || < {NZQ |:E (eal‘t75| _ 1) + Z €a1t7'k|] |P1 — Pa|+

s<T <t

(5)
+Nexlt=sl |lw; — w2||} [1+ N(Iy + lon)) /D Nlatinlt=s|

Proof. From [3] it follows that f and Ij, satisfy conditions H4 with the same
constants. Then, from [1] and (4) it follows that

b= Witses + [ WENF W50, 6 (6501 drt

ST Wt ) (5 (), B (¥5(x))) -

s<T <t
Hence, for t > s
[ —tall < W (L8] wn = wsl +
t ~ ~
[ W) |[F @), @1 (ar) = F (alr), @2 (valr)) ds +
+ 30 W) [T (1 (rr), @1 (a()) = T (2 (7). 82 (Ya(7a))) | <
s<T <t
t
< NI -] + [N 0 oo — vl +

t
+/ Net U0 o1 — poldr +
S

+ Y Ne =) (1) + lon) |41 — o) +

s<T <t

+ Z Neal(tim)lg‘gol—goﬂ.
s<T<t
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Set

Ut) = e My — o,
t

F(t) = Nzg/ e~ |o1 — adr + Ne~®1Jwy — wl),
S

Y(t) = Nlgem ™™ |1 — o,
B = N(li+1lan),

V(t) = N(+1ln).

Then, from Lemma 3, it follows that

1 . ~
||1/)1 — 1/)2H < {ng [Oé_l (6011(1578) - 1) + Z e@ll(tﬂc)] ‘901 _ 902‘ 4

s<T<t

FNe ) |lwy — w2||} [1+ N(Iy + o)) 0 N Eten(t=s)

The proof for t < s is analogous. 0O

Theorem 1. Let the following conditions be satisfied:

1. Conditions (H) hold.

2. The constants defined in conditions (H), Lemma 1 and Lemma 2 are such
that the following inequalities are valid:

(6) B=A1—a — N(ll + l2?7) —pln[l + N(ll + lgn)] > 0,
1 +e€
em[14+N(i+len)] (£ P

(7) 2K N(61 + dam)e e (ﬂ T eﬁ) <,

2K N1y (0; + 527])661H[1+N(11+l2n)} {i <l _ 1 > + < + £+

a \B  Bta) B p?
p+e - 1 > e(p+e) e P

®) * ag (1 —e B 1—e(Ban) 1—e P * (1—eB)2 *
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1 p+e
Ké|—+—+ 1
+ 2(A1+1—€A1)< ,
9) 2KQ (i + ﬂ) <
Aq 1—eb1) — p
Then, system (2) has a local (p,n)-manifold.
Proof. From [3] it follows that §(-) and Ji(-) satisfy H5 with the same
constants. In L(p,n) we define an operator T by the formula
o0 ~
Te = [ Go)g(Wls) o wls)ds+
—00
+ > Gltm) ke (T, (B(m)) -
—00<TE <00

Then, from Lemma 2 and (9) we have

o0
ITell < [ KeSlQasy Y Ke Al <
—00

—00< T <00

1 p+e
< 2KQ<A—1+m> <p.

(10)

From (5) and (6) it follows that

T () = o)l < [ G S) 301,01 (00)) = G(¥. ol s +

+ > IGE TR W (), @1 (1 (18))) = T (a(7i), 2 (w2 (r))) | <

—00< T <00

< [ K I o (s) — a(s)] + Sallen (1(5)) — walta(s)) M +

+ > Ke B[y (k) — da(m)l| + allon [ ()] — w2l (m)][1} <

—00<TE <00

< / " Kem 8=l [(5) + 6y 1 (5) — (5| + Galior — sl ds +

+ > KMy 4 60m) [y (1) — va(m)l] + G2l — 2] <

—0o0<TE <00
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t 1
S/ KeAi(t—s) (81 + 5om) Nll(a_(eoa(t—S) —1)+
—00 1

+ ) eal(Hk)) 1 — pa| + Ne®t =) ||wy — wy|
s<T<t

¢ ¢ IMFN (U +2m)] G IN (L) +p (1N (G Han)]}(E-s)

1
+(52\901 — gOg‘}dS + Z Ke_Al(t—Tk){((Sl —+ (5277) Ny (a_(eal(t—s) . 1) +
1

TE <t

+ oy el )\901 — 2| + Ne® =) ||y — U2||] X
Tk<T]<t

x ef II+N(li+l2n)] o{N (i +Hon)+p In[1+N (Li+ln)]} (E-7%) 4 Salo1 — ¢2|} 4

o
+/ KeAl(tS){(51 + 09m) [Nll (i(efo‘l(tfs) -1+ Z efal(tﬂ"“)) X
t o3|

t<tE<s
(1) x|p1 — o] + Nem @) fluy — wH]

x e 4N ttzm)] (N +p N G+Hm}HE=9) | 5,10, — 2|}d8+

Z KeAl(t—Tk){((gl + 897) [Nll (ai(e—al(t—m) —1)+
1

t<tg

+ Z e_al(t_Tj)) lo1 — 2| + Ne_al(t_ﬂ“)uwl - uJZH] X
1< <

Xefsln[lJrN(llJrlgn)}e{fN(llJrlgn)er1n[1+N(l1+12n)}}(t75) +

+52\901 - 902\} = N*le — wa| +K*\901 - 902\’
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where we denote:

N* = 2K N (8 + dn)es N (ten)] (l L pte ) |

B 1—eP
K* = 2KNIi(6; + on)es MIHN(tzn) {i (1 ~ #) +S+ 24
a \B Bt+a) B B
p+e 1 1 ) e(p+e) e B
* aj (1—e_ﬂ 1 — e~ (B+a1) T—ep © (1—e5)2 -

1 p+e
2Kbg | — + ———+ .
+ 2<A1+1—€_A1)

From (11) for 1)1 = 19 we obtain that

(12) [Ter — Tz < N¥|wi — wal|.

Then, from (7), (10) and (12), it follows that T is a mapping from L(p,n) into L(p, n).
For u; = uy from (11) we obtain that

(13) ITp1 — Teall < K {lp1 — 2.

From (13) and (8) it follows that T is a contracting operator. Then the fixed
point @ of the operator T provides an integral manifold of (3). Hence the restriction
of the function ¢ to U, defines a local integral manifold of system (2). O

Further on consider the system

dx d
== A+ flay) o = Awta@y) Thxy),  t#m
t dt
(14)
Ax = Bix + Ik(xuy) Ay = B2?J + Jk(.’E,y) + hk($7y)7 t =Tk, keZ

where h: U, x V, - R", by, : U, xV, = R" k € Z.

Definition 4. We called system (14) perturbed with respect to system (2).

Let ® be a function defining an integral manifold of the system
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dz ~ d R ~
&= A+ fla,y) = Aoy +gla,y) +hz,y),  t#ET
dt dt
(15)
Az = Bix + fk(xay) AZ/ = BQy + jk(xvy) +?Lk($,y), t= Tk, keZ
where
h(z,y), z e U, y €V,
h(z,y) = .
h(ﬂr,y), zeR™\U,, yeV,
x
hk(x,y), x e U, ye pr
hi(z,y) =

h (Hx—Hr,y>, reR™\U,, yeV,
z

By ¥(t, s, w@) we denote the solution of the Cauchy problem for the system

dy

dt A1¢+f(¢a‘i)(¢))a t#Tka

Ay = B+ L(, @), t =14, k € Z.

Lemma 5. Let the following conditions be satisfied:

1. Conditions H1, H2 and H4 are valid.

2. System (15) has a (p,n)-manifold with function ®(z).
Then the following inequality holds

M}(tv 57w|(§) - 1/}(t7 57w|§5)” <

_ [

(eal\tfs| _ 1) |‘/I\> _ 95‘ + Z Nea1|t*7'k|l2‘(/f) — @| X

a1 s<T<t

X [1 + N(ll + lzn)]i(s’t) eN(llJrlQn)‘tfs'
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Proof. It is carried out analogously to the proof of Lemma 4. O

Theorem 2. Let the following conditions be given:

1. The conditions of Theorem 1 are satisfied.

2. The functions h and hy are bounded with constant Q1, k € Z.

3. The relation Iy <11 holds.

4. System (14) has a local (p,n)-manifold with function ®(z).
Then the following inequality is valid

=~ 1 p+e
- <(1—q) 2K — 4+ "1
8- ¢l < -2 -+ 2 ) X

X max < sup Az, y)l, sup HM(W/)II) ,
(z,y)eU-xV, (z,y)€U, XV, kEZ

where

1 /1 1
— 92K(§ Som\ N1 eln[1+N(Li+len)] | = (= _
4 (01 + dam)Nize 041(5 ﬁ+a1)+

+(p+5)(1 _1675 I €—1(ﬁ+a1)) +€(% N 1p_+;ﬁ) +

1 e P )

+P(@+<1_—efﬁ)‘z R ]

A4 1 —e A1

Proof. From [3] it follows that & and Ay, satisfy Condition 2 or Theorem 2
with the same constants.
Then

B-gl < [ 6 {5569 -5 (6(@),8) + [ (0@, 8)|} ds +

~

b G| 6. 0) - I (68).8) | + [ (v@).8) |} <

—0o0<LTE <00

< /_o; Ke 21 [(5) 4+ 6ym) Hw@) - w(@)” + 5y H&» . @H + Hﬁm ds +
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Y Ke Sl 6y 4+ 6m) (@) - (@) + 6 |8 - o + [A]].

—00<TE <00

From Conditions 1, 3 of Theorem 2 it follows that 0 < ¢ < 1. Then, from
Lemma 5, we obtain that

~ _ 1 p+e
-0 < Q—qy 2K (—+ T
gl < -0k (5 + P ) ¢
(16)
X maX< sup [z, y)|, sup ||le(1‘7?/)||>-
(z,y)ER™ XV, (z,y)ER™ XV, keZ

Estimate (16) holds for all z € R™, y € V,,. Then it is valid for any = € U,,
y eV,
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