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ABSTRACT. Let [E be an infinite dimensional separable space and for e € £
and X a nonempty compact convex subset of I, let gx(e) be the metric
antiprojection of e on X. Let n > 2 be an arbitrary integer. It is shown
that for a typical (in the sence of the Baire category) compact convex set
X C E the metric antiprojection ¢x(e) has cardinality at least n for every
e in a dense subset of [E.

1. Introduction. It is well known that Baire category techniques are a
powerful tool in order to prove the existence of mathematical objects with elusive
and, sometimes, unexpected properties. While this was soon realized in Analysis
applications to Geometry have been found much later.

The first significant applications of the Baire category to Convex Geom-
etry are contained in a classical paper by Klee [8], published in 1959. Further
contributions were given independently by Gruber [6] in a paper appeared in 1977,
in which some of Klee’s results are proved again and several new ones established.
Since then Baire category techniques have been used by many mathematicians
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in order to discover geometric objects whose existence was not easy to prove or
was unknown at all. For a survey and a comprehensive bibliography about Baire
category in Geometry see Gruber [7] and a Zamfirescu [14].

Let E be a real Hilbert space and let C(E) be the space of all nonempty
compact convex subsets of E. For X € C(E) denote by ¢x the metric antipro-
jection mapping that is the multifunction which associates to each e € E the
set gx(e) of all z € X whose distance from e attains the maximum value. For
X € C(X) and n € N we denote by M""(X) and S(X) respectively, the multi-
valued locus of qx of order n+ 1 (i.e. the set of all e € E with card gx(e) > n+1)
and the singlevalued locus (i.e. the set of all e € E with card gx(e) = 1).

If M is a complete metric space, the elements of any residual subset of
M will be also called typical elements of M.

In the present paper we study the multivalued locus of the metric an-
tiprojection mapping ¢x, when X is a typical element of C(E).

Suppose that E is infinite dimensional and separable. Then we shall prove
that for a typical compact convex set X C E the multivalued locus M™ (X)) of ¢x
of order n+1, n € N arbitrary, is dense in E. Consequently, for a typical X € C(E),
each point e € E is limit of a sequence of points e, € E with card ¢gx(e,) > n+1,
hence tending to infinity with n. So far no example of a compact convex set
X C E with this property seems to be known.

Our approach is based upon Baire category techniques, following some
ideas of Klee, Gruber and Zamfirescu. Furthermore, a key role is played by a
topological theorem, due to Brouwer [2] and Miranda [10], which turns out to be
equivalent to Brouwer’s fixed point theorem (see [10]).

2. Notation and preliminaries. Throughout the present paper E de-
notes a real infinite dimensional Hilbert space with inner product (z,y) and
induced norm ||z||, z,y € E, and C(E) (resp. K(E)) the space of all nonempty
compact convex (resp. nonempty compact) subsets of E endowed with the Haus-
dorff metric h. As is well known, under this metric C(E) and K(E) are complete
metric spaces. For any X C E we denote by coX the closed convex hull of X. For
z,y € E, [z,y] stands for the closed line interval contained in E with end points
z and y.

Let M be a metric space. By Uns(z,7) (resp. Ups(x, 7)) we mean on open
(resp. closed) ball in M with center x and radius r. In E we put, for brevity,
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U ="Ug(0,1). If X C M, diam X, card X (X # ()) we denote respectively, the
diameter, and the cardinality of X.

A set X € M, M a complete metric space, is called residual in M, if
M\ X is a set of the Baire first category in M. As is well known, X is a residual
subset of M if and only if X contains a dense G5 — subset of M. The elements
of a residual subset of M are also called typical elements of M.

A map F: M — K(E) is called upper semicontinuous if for every x € M
and € > 0 there exists a § > 0 such that F(y) C F(x)+¢U for every y € Ups(x, 6).

For X a nonempty bounded subset of E and e € E, we put

5(X,¢) = sup{lz — || | # € X} 4(X,e) = inf{Jlz — e | = € X}.
Let X € K(E) and e € E be any. The set gx(e) given by
(2.1) gx(e) ={z € X [ [z —e| = 0(X,e)}

is called metric antiprojection from e to X.

Clearly gx(e) € K(E), thus for a fixed X € K(E), (2.1) defines a map
gx : E — K(E), called metric antiprojection mapping from E to X. Observe also
that the map (X, e) — gx(e), from K(E) x E to K(E), is upper semicontinuous.

Let X € K(E) and € > 0 be any. The sets M""1(X) and M"1¢(X)
given by
M™(X) ={e €E | cardgx(e) > n+ 1},

M"™15(X) = {e € E | cardgx(e) >n+1 and diamgx(e) < e}

are called respectively, multivalued locus of qx of order n + 1, and e-multivalued
locus of qx of order n 4+ 1. Moreover, the set

S(X)={e€E|cardgx(e) =1}

is called singlevalued locus of qx.

In the sequel we will use the following topological result, contained in an
implicit form in Brouwer [2], which, as shown by Miranda [10], is equivalent to
Brouwer’s fixed point theorem.

Brouwer—Miranda Theorem. Let f; : Q) — R, k = 1,...,n be
n continuous functions defined in the hypercube Q¥ = [—0,0] x --- x [=0,0] (n
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times), 8 > 0, and for k =1,...,n, set Lfa = {(t1,...,ty) € Q2|t, = £0}. If
fork=1,...,n we have

fet) <0 forevery te L% fu(t)>0 forevery te L

where t = (t1,...,t,), then there exists a point t € QP such that fy(t) = 0 for
k=1,...,n.

3. Multivalued loci. In this section we show that for a typical compact
convex set X C [E the multivalued locus of gx of order n + 1 is dense in E. To
this end we need the following technical lemma.

Lemma. Let E be a real infinite dimensional Hilbert space. Let Ay €
C(E) and eg € E be such that §(Ag,ep) > 0. Letn € N, e >0, A >0 and r > 0 be
arbitrary. Then there exist B € C(E) and o > 0, with Ug(g)(B,0) C Ug(m)(Ao, A),
such that for every X € Uc(g)(B,0) we have

M™ (X)) N Ug(eq, ) # 0.

Proof. The proof, rather long, will be divided into five steps.
Step 1. Construction of B.
Take ag € Ay satistying |lag — eo|| = 6(Ao, o). Fix v and 3 so that

w
3.1 1< <min{2,1—|—7}
31) E oo o]

w? n—1

3.2 > 3> 1,v—
( ) ’Y /8 maX{ 77 64||a0_60”27n+1ry 9
where
(3.3) 0 < w < min{e, A}

Let {uy}7_; be a set of n mutually orthogonal vectors uj, of norm one contained
in the hyperplane {z € E | (x,ap — eg) = 0}. This set certainly exists for
dimE = +o00. Now, construct a set {b;}}_, of n + 1 vectors by, by

bo = eo+(ao—eo)

b = eg+ B(ap—eo) +vp where vy =1/v2— B%|lap —eplluxy k=1,...,n.
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Clearly,

(3.4) [ox —boll = +/2v(y = B)llao —eoll, k=1,...,n
(3.5) [bx = bl = /242 = B*)llao —eoll, k,h=1,...,n, k#h

(36) ku_eOH = '7||ao—€0||, k::(),l,...,n.

Set
B= @{bmbla .- 'abnvAO})

and observe that B € C(E), by Mazur’s theorem. From (3.4), (3.5) and (3.6), it
follows that {by}}_, is a set of n + 1 different points lying on the boundary of
the open ball Ug(eg,v||ap — epl|). Hence as Ay is contained in this ball, we have

gp(eo) = {bo,b1,...,b,} and card gg(eg) = n + 1.

From (3.4) as vy < 2 and y— 3 < w?/(64]|ag—eol|?) we have ||br.—bol| < w/4,
k=1,...,n. Furthermore ||by — ao|| < w/4, as ||bp — ap|| = (v — 1)||ap — epl| and
v —1 < w/(4]|lap — eol|) hence, by the triangle inequality,

(3.7) [br, — ball <

(3.8) [br, — aol| <

As w < min{e, A}, (3.7) and (3.8) imply, respectively

(3.9) diamgp(ep) < %
A
(3.10) h(B,Ay) < 35
In view of Step 2, we introduce some further notation. For k =0,1,...,n
put

Ak = @{b(h s 7bk—17bk+17 s 7bn7AO}'

It is routine to verify that v(Ay, by) > 0. Next, fix 77 > 0 satisfying

(3.11) < min ({y(Ag, by) k=0, 1, ..,n} U {[[bs = bull/4 | k,h=0,1,...,n, kh}).
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For k=0,1,...,nand 0 < n < 7 set
~ ~ ~ n
By, = BN Ug(bk,n) Dp =BNUg(by,7) D =B\ | Uslbe,7)
k=0

and observe that By, Dy, and D are compact nonempty.

Step 2. Let 7 satisfy (3.11). Then there exists 0 < n < min{n,w/4} such
that for every e € Ug(ep,n) we have

(3.12) qB.(e) =br k=0,1,...,n.

It is easy to see that for Kk =0,1,...,n

b—b
(3.13) Dy = | [br,7(b)] where r(b) = by + ﬁﬁ.
— Yk

bEAk
Set 69 = 0(B, ep). Since D is a compact set contained in the open ball Uz (e, d0),
for some 0 < § < dp we have Dc Uz (eo, 5) Now fix n satisfying

. ~ (50((50—5) w
(3.14) O<17<mln{777 2007 A

With this choice of n, the statement of Step 2 is verified. In fact, let 0 < k < n
be any. It suffices to show that if a € By, a # bk, and e € Ug(eg,n) are arbitrary,
we have

(3.15) lla —ell <lor. —el|.

Clearly a € Dy, for n < 7, thus by (3.13) there exist b € Ay and 0 < ¢t < /7
such that a = (1 — t)by, + tr(b). Further, r(b) € D because |r(b) — by|| = 7 and,
i £, [1(8) — bl > o — bl — b — r(B)]| > 7, by (3.11).

We have

b = €l* = lla —e]|* = [|bx — el = 11 = £)(b, — €) +t(r(b) — )|
= t[(2 — t)|bx — el|* — t]lr(b) — e]|* — 2(1 — t)(bx — e,7(b) — ¢)]

= t[~t(llbx — el” + [Ir(b) — e]l* — 2(bx — e,7(b) — €)) +2[|bx — e]®
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—2(by, — e, 7(b) — €)]
= t[~t]by — r(D)|* +2||bx, — el|” = 2{b — e, 7(b) —e)]
> t[=n7 + 2[|bx — e[| (1bx — el — [[r(b) — e]})].

But, [lt—ell > [bx—eoll—lle—eoll > do—n and lr(8)—ell < llr(5)—eoll+le—coll <
d +n, for r(b) € D C Ug(ep,d). As 0 <n < do(dp — )/ (200 + 17) < dp/2, we have

b, — €[l = lla = el|* > t[=nii + 2(80 — n) (6 — & — 2n)]

> t[—ni) + 60 (6o — & — 2n)] = t(200 + 7) %0+ 71

So(do —0) ]

a strictly positive quantity. Hence (3.15) is verified. Thus (3.12) holds true,
completing the proof of Step 2.
For X € C(E) and k =0,1,...,n, put

n
(3.16) X=X NUg(br,n) X=X\ Us(br,n),
k=0

where 7 is as in Step 2. For every X € Ug(B, 0), where 0 < ¢ < 7, the set X
(as well as each Xy, K =0,1,...,n) is compact nonempty, and

XoUX;U---UX,UX = X.

Step 3. Let n satisfy (3.14). Then there exists p
(3.17) 0 < p < min{n,r},
such that, for every X € Upw) (B, p) and e € Ug(eo, p) we have
5(Xk,e)>(5()~(,e) k=0,1,...,n,

where the X},’s and X are given by (3.16).

In the contrary case, there are sequences {Y,} C C(E) and {e,} C E
converging respectively, to B and ey, and there is a k, 0 < k < n, such that for
every p € N we have

(3.18) 5(Yyp ks ep) < 0(Yp,€p),
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where Y,z = Y, N Ug(b,n) and Y, = Y}, \ z‘QoUE(bi’n)' Let {yp}, yp € Yp, be a

sequence converging to by. For all p large enough, v, € Y}, thus

(3.19) S(Yprep) = llyp — epl-

On the other hand, for p € N, let g, € }7p satisfy

(3.20) 5(Yy, ep) = [l5p — epll.

By compactness a sequence, say {{,}, converges to some § € B, where B is given
by (3.16), with B in the place of X. From (3.18), (3.19) and (3.20) by letting
p — +oo we have ||b, — e|| < ||§ — eol|, which implies §y < §(B,eg). But B is
compact and satisfies B C Ug(€eo,00), thus (5(B ,€e0) < 0o, a contradiction. Hence
Step 3 holds true.

Now fix 6 so that

p
3.21 0<l < ———,

(3:21) 2n|lag — eo|

where p is as in Step 3, and set Q2 = [6,0] x --- x [-0,6], n times, L,fa =

{(t1,...,tn) € Q% | t), = £0}. Define e : Q% — E by

e(t) = e+ Y tp(by —bo) where t = (t1,...,t,).
k=1

Observe that, from (3.4), ||bx — bo|| < 2[lao —eo|, K =1,...,n, thus by (3.21)

(3.22) e(t) € Us(eg, p) for every te QY.

Step 4. Letn, p, 0 satisfy (3.14), (3.17) and (3.21). Then there is o > 0
such that, for every X € Upw)(B,0) and k=1,...,n we have
(3.23) 5(Xo,e(t)) — 6(Xp,e(t)) <0 for every te Ly’
(3.24) 0(Xo,e(t)) — 6(Xg,e(t)) >0 for every te LZ‘G,

where Xo, X1, ..., X, are given by (3.16).
Let 1 < k < n be arbitrary. We prove first that (3.23) is verified when
X =B. Let t € L,;G be any. Since |le(t) — eg|| < p < n, by Step 2 we have

d(Bo, e(t)) = (B, e(t)) = [lbo — e(t)| — [|bx — e(®)]]-
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From the definition of e(t), by and by, it follows

bo —e(t) = 7+(5—7)(9—Zt> (a0—€0)+90k2tvz
L ik ] z;ék

b, —e(t) = ﬁ+(ﬁ—7)(9—i_§;ti) (a0 —eo) + (1+9)Uk—2tvz

z;_ﬁk z;ﬁk

Hence

lbo = e@®)II* = [1bx, — e(®)[I?

2
T+ (B—=7) (9— Zt)] -
i#k

—(1 +20)]vx®

2
B+(B—7) (9— Zt)] llao — eol|®

#k

= [’y2—62—2(7—6)2(9 S ) lao = eoll*~ (1 +26)(y2 = #)lao — eoll?

i

NN
i

=-2(y-0)

Oy +8)+(y—0)|0- Zt)] |ao — eol|?,

#k

which is strictly negative for, in view of (3.2),

6(y+8)+(7—0) (0—2t> 6(y+5)—nb(y—B) = (n+1)6 [ﬂ—THm.
ik

This shows that §(By, e(t)) — 0(Bg,e(t)) < 0 for every ¢ € L,;G. Similarly one can
prove that 6(Bg,e(t)) — 0(Bg,e(t)) > 0 for every t € Lga. Thus for k=1,...,n
(3.23) and (3.24) are satisfied with X = B.

Consider now the general case. Since L,:a and L:G are compact, there is
> 0 so that, for Kk =1,...,n we have:

9

(3.25) 8(Bo,e(t)) — 8(Bg,e(t)) < —u  forevery te L’
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(3.26) 0(Bo,e(t)) —d(Bg,e(t)) >u  forevery te Lga.

On the other hand, for k = 0,1,...,n, the map X — X, X € C(E), is continuous
at X = B. Hence there exists o,

A
(3.27) 0<a<min{p,§},

such that for every X € Ug ) (B,0) we have h(Xy, By) < p1/2, k=0,1,...,n.
With this choice of o the statement of Step 4 is verified. In fact, let
X € Uewy(B,0) and 1 < k < n be arbitrary. For every t € ng,we have

§(Xo,e(t)) < 06(By,e(t)) + h(Xo,By) < 6(Bo,e(t)) g

§(Xg,e(t)) > O(Bg,e(t)) — h( Xy, Br) > 0(Bg,e(t)) —

=

9

thus, in view of (3.25).
5(X07 6(t)) - 5(Xk7 6(t)) < 6(307 6(t)) - 5(Bk7 6(t)) + < 0,
and (3.23) is proved. By a similar argument, using (3.26), one can show (3.24),

completing the proof of Step 4.

Step 5. With B as in Step 1 and o as in Step 4, verifying (3.27), the
statement of Lemma 1 is satisfied.

Clearly, U (B,0) C Ucm)(Ao,A) as h(B,Ag) < A/2, by (3.10), and
o < A/2, by (3.27). Now, let X € Ug(r)(B, o) be arbitrary.

We claim that

(3.28) M™E(X) N Ug(eg, ) # 0.

By Step 4, the n continuous functions t — §(Xg, e(t)) — 6(Xg,e(t)), k=1,...,n,
defined for ¢ in the hypercube Q% satisfy (3.23) and (3.24). By Brouwer —
Miranda theorem, there exists £ € Q?, such that, setting é = e(t), we have

(3.29) §(Xp, &) = 0(Xo,6) k=1,...,n.

We have é € Ug(eg,r), for ||é —eg|| < p by (3.22), and p < r by (3.17). It
remains to show that é € M"+1¢(X). Clearly

(3.30) 5(X,¢é) = max{6(Xo,é),...,6(Xn,¢é),0(X,é)},
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as X = XoU---UX,UX. Since h(X,B) < 0 < p, by (3.27), and ||é —eo|| < p, by
virtue of Step 3 we have 8(Xj,é) > 6(X,é), k =0,...,n. The latter inequality,
(3.29) and (3.30) imply §(X,é) = §(Xg,é), k=0,1,...,n. Consequently,

(3.31) gx@)NXy#0 k=0,1,...,n,

and so in each ball UE(bk,n), k =0,1,...,n, there are points of ¢x(é). But all
these balls are pairwise disjoint, since n < 7 and 7 satisfies (3.11), hence

(3.32) cardgx(é) > n+ 1.

On the other hand, g (&) C kQOXk - kQO U (b, ). But qp(eo) = {bo, b1, .., by}
and n < w/4, by (3.14), thus ¢x(é) C ¢p(ep) + (w/4)U. Hence

(3.33) diam gx(é) < e,

because diam gp(ep) < €/2, by (3.9), and w < ¢, by (3.3). From (3.32) and (3.33)
it follows that ¢ € M™+1¢(X). Thus é € M"T1¢(X) N Ug(eg,r), and (3.28) is
verified. Since X € Ug)(B,0) is arbitrary, the statement of the lemma holds
true, completing the proof. O

Remark 1. The statement of the Lemma remains valid with 6(Ag, eg) =
0, (all other assumptions unchanged). In fact, take A € C(E) such that 6(A4, eg) >
0 and h(A, Ag) < A\/2. By the Lemma (with A, A\/2 in the place of Ag, \) there
exist B € C(E) and ¢ > 0, with Ug()(B,0) C Ug@ (A, A/2), such that X €
Ue(e) (B, 0) implies M"15(X) N Ug(eg, ) # 0. As Ugmy(B,0) C Ugm)(Ao, N),
Remark 1 is proved.

Theorem. Let E be a real infinite dimensional separable Hilbert space.
Let n € N be arbitrary. Then for a typical X € C(E), the multivalued locus
M"(X) of gx of order n+ 1 is dense in E.

Proof. Let Ey be a countable set dense in E and let QT be the set of all
rationals r > 0. For e € Ey and r > 0, put

Cot! = {X € C(E) | M""1(X) N Ug(e,r) # 0}.

The set int C4f! is dense in C(E). In fact, let Ag € C(E) and A > 0 be arbitrary.
By the Lemma and Remark 1 (with e in the place of ey and € = 1) there exist
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B € C(E) and o > 0, with Ueg)(B,0) C Ugr)(Ao, A), such that for every X €
Uc) (B, o) we have

(3.35) M™(X) N Ug(e,r) # 0.

Consequently, intC D Ugmy(B, o) and so int C N Ugry(Ao, A) # 0. As
Ay € C(E) and X > 0 are arbitrary, the set int C}/! is dense in C(E).
Now define

(3.36) ctt=( () et

ecEyreQt

Let X € C""!', w € E and s > 0 be arbitrary. Take e € Ey and r € Q7 so
that Ug(e,r) C Ug(u,s). Since X € CIt', (3.35) is satisfied and, a fortiori,
M"Y X) N Ug(u,s) # 0. Hence M"1(X) is dense in E. As X is arbitrary in
C™tl, a residual subset of C(E), the proof is complete. [

Remark 2. The statement of the Theorem remains valid with M"T1¢(X),

e > 0, in the place of M"1(X).

Corollary. Let E be as in Theorem 1. Then a typical X € C(E) has the
following property: for each e € E there is a sequence {e,} C E, converging to e,

satisfying

cardgx(en,) >n+1 and diamgx(e,) < for every n e N.

S

Remark 3. For each X € C(E) the single valued locus S(X) of gx is a
residual (hence dense) subset of E. This follows from a theorem proved, in a much
more general setting, by Asplund [1] and Edelstein [5] (see Lau [9] and Deville
and Zizler [3] for generalizations), along a pattern developed by Steckin [12] for
the metric projection mapping. An account of the properties of the single valued
loci for metric projection mappings and optimization problems can be found in
Singer [11] and Dontchev and Zolezzi [4].

The first result concerning the existence of dense multivalued loci for the
metric projection mapping on compact subsets of R%, d > 2, is due to Zamfirescu
[13]. Infinite dimensional generalizations have been recently obtained by Zhivkov
[15, 16], who proves also a sharp theorem about dense multivalued loci, with

two-valued projections, in uniformly convex Banach spaces.
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