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ABSTRACT. Bounds on the error of certain penalized least squares data
fitting methods are derived. In addition to general results in a fairly abstract
setting, more detailed results are included for several particularly interesting
special cases, including splines in both one and several variables.

1. Introduction. We begin with an abstract definition of what we
mean by a penalized least squares fit. Suppose X, Y and S are linear spaces over
R, where SCY C X. Let |- |lx : X = R and || - ||y : Y — R be semi-norms
induced by semi-definite inner products (-,-) on X and [-,-] on Y, respectively.
Given f € X and A > 0, suppose there exists s)(f,.S) in S such that

D(sx(f,5)) = min ®(u),

u€esS
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where
O(u) = || f —ullX + Allul3-

Then we call s)(f,S) a penalized least squares fit of f corresponding to A. If there
exists a unique minimizer of ® in S for each f € X, then @) : X — S defined
by Qarf := sa(f,S) defines a linear operator which is not in general a linear
projection. Our aim in this paper is to investigate the behavior of ||f — Qaf|lx
as a function of both A and the approximation properties of S.

The paper is organized as follows. In Section 2 we give a detailed treat-
ment of the penalized least squares problem for approximation by trigonomet-
ric polynomials. The next section is devoted to Tikhonov regularization (with
weights) for univariate functions defined on an interval. The results include error
bounds for certain classes of functions. In Section 4 we derive an explicit formula
for the Tikhonov regularization of arbitrary functions in C[—m,7]. Our main Lo
error bounds for penalized least squares fits of univariate functions are contained
in Section 5. General penalized least squares is treated in Section 6. We conclude
the paper by outlining two typical applications: univariate splines and bivariate
splines on triangulations.

2. Penalized Fourier series. Throughout this section, we take X =
™

Lo[—m,n] with the inner product (f,g) = [ fg, and set Y = WZ[T| with the
—

™

semi-definite inner product [f,g] = [ f”¢”, where T denotes the circle. We let
—T
S =7, be the set of all real-valued trigonometric polynomials of degree at most

n, with n € IN fixed. Clearly, for each f € Ly[—m, 7] and A > 0, there exists a
unique minimal solution sy , := sy ,(f) of the penalized least squares problem

Tnéi%{/:;(f—T)Qda:—i—)\/:;(T”)Qda:}.

Our first theorem compares sy, with the n-th partial sum s,(f) = so,(f) of
the Fourier series of f.

Theorem 2.1. Suppose f € Ly|—m, 7], and that

f(z) =ap+ i (ak cos (kx) + by sin (k:;r))

k=1
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is its Fourier series. Then for each X > 0 and n € N, sy, = sx(f,T,,) is given
by

n
1 .
(2.1) Sxn(T) = ag+ ; Tt (ak cos (kx) + by sin (k:c)),

or equivalently,
(2.2) sn(f) = sxn + )\sgle.

Proof. The minimal solution sy, is characterized by the orthogonality
relations

(2.3) / (f —san)T = )\/ KT, for all T € 7,,.

—Tr —Tr

A simple computation shows that the function sy, given by (2.1) is the only
function in 7,, which satisfies (2.3). This implies that s) , is the unique minimal
solution. The proof of (2.2) is equally simple. O

Taking the limit as n — oo in Theorem 2.1, we get

Corollary 2.2. Let f be as in Theorem 2.1. Then for each A > 0, the
function

[e.e]
1
Sxoo(T) = ag + Z Tl (ak cos (kx) + by sin (k:;r)), z € R,
k=1

lies in Wi(T), and
(4)

A,00°

f =580+ As

Moreover, sy o is the unique solution of the minimum problem

min{/ﬁ(f—g)2dx+/\/

—T —T

™

(¢"de, g€ WH(T)}.

Let || - ]2 and || - ||o denote the Lo and uniform norms on [—, 7], respec-
tively. Since [|f — sp(f)ll2 < ||f — T2 for all T € T, we have ||f — sx,/2 >
|f — sn(f)|l2. In the next theorem we will see that the Lo-norm || f — sy, (f)]|2
changes very little for increasing n > A~1/4. Hence, for numerical purposes, it is
not worthwhile to compute sy ,,(f) for n larger than A4
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Theorem 2.3. Let f € Lo[—m, 7] and 0 < A < 1. Let Ny = [A~Y4] be
the largest integer smaller than or equal to N\™Y*. Then

(2.4) VB < IF —saDll < v,

where €3, = xn(f) is defined by

i { V=R i<,
’ EX,Ny» if n> Ny .

Proof. We apply the orthogonality relation

/W(f—sn(f))TZO, TeT,

—T

for T = 5&421 = 5&421(]“). This gives [ (f — sn(f))sg\% =0, and (2.2) implies

—T

(25)  [1f = sxallB = I1F = sa(F) + AsSUB = 1 — sa(FZ + A2 13-
It follows from (2.1) that

||3 5= H Z : —fik‘l (ak cos (kx) + by sin (k:c)) HZ = ]zl(i%)\—;f;)

If n < N, this implies

IsS015 < WZkS ai + b)) = [Is5) 13

k=1
T n
IS8 > 53K+ 8) = 7ls W3
k=1
If n > N, then
n
kP (ak + b7)
\|5>\,n||2 = s >\NA||2 Z m
E=Ny+1
n 2,12
ai+b
< sy lB+m Do FEE
k=Nx+1

IsSh, I3+ A2 (11 = sna I3 = 1 = sul).
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Moreover, if n > Ny, then

N 8(a2 4 b2
1) B k°(aj, + b)
ISl = I+ X ey
k=N)+1
noo2 2
aj, + by
> s )\NAHQ Z AN2
k=N)+1

= 15 18+ gz (1 — 5wl = 11f = sal3).

Inserting these estimates into (2.5) yields (2.4). O

3. Tikhonov regularization on [a, b] with weights. Suppose w :
b

[a,b] — R is a piecewise continuous nonnegative function on [a,b] with [w > 0.
a
b

In this section we take X = Ly(a,b) with the inner product (f,g) = [wfg, and

a

b
set Y = S = W#a,b] with the semi-definite inner product [f,g] = [ f"¢".

Definition 3.1. Let f € La(a,b) and X > 0. We call ¢ = dr(f,w) €
W2[a,b] the (nonperiodic) Tikhonov regularization of f corresponding to A and w
provided it minimizes

b

(3.1) /abw(a:) (f—u)de—l—)\/a (W")? dx

with respect to all u € WZ|a,b].

For the weight w = 1, Ragozin [5] proved that the Tikhonov regularization ¢,
satisfies
Hf(q) - gbg\q)HQ < Cq)\@_q)/4||f”||2? q= 0) 17 2’

for some absolute constants C; > 0. The next theorem states, among other
things, that Cy < 1 and Cy < 2 for the weight w = 1.

Theorem 3.2. Let f € Cla,b] and A > 0. Let ¢» = ox(f,w) be the
Tikhonov regularization of f corresponding to \,w. Then ¢\ € C3a,b], ¢§\4)
piecewise continuous on [a,b], and
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1) w(x)[f(z) — pa(x)] = )«b/\4 (x), for all x € [a,b] where w is continuous,
2) (91)"(a) = (6)(b) = 9 (@) = 6 (b) =
If f € Wila,b], then [[(6x)"ll2 < [[f"]l2 and

P
([t o) < x5

Proof. Let f € C[a,b]. The orthogonality relations for (3.1) are

b b
(3.2) / w(f — dr)u — )\/ (oa)"u" =0, for all u € W[a, b).

We define the function F' by

:/:/atw(s)<f(s)—@(s))dsdt, a<z<b

Then, F(a) = F'(a) = 0. Applying (3.2) for v = 1 and u(z) = z yields

b b
/ w(f — ) de = / (f(x) - da () dz = 0,

and thus F’(b) = 0 and F(b) = 0. Therefore, integrating by parts gives

/ w(f — éau= / N

Hence (3.2) is equivalent to

b
/ (F — X)) =0, for all u € W[a, b],
and thus )
/ (F — Xgn)")g =0, for all g € Lo[a,b].

This implies that
F(x) = May)"(z), a<xz<b.

Differentiating twice yields



Penalized Least Squares Fitting 335

at all points x € [a,b] where w is continuous. Then F = A(¢))” and F(a) =
F(b) = 0 imply (¢)"(a) = (¢x)"(b) = 0, while F/ = ¢\ and F'(a) = F'(b) = 0

imply 6" (a) = 6§’ (b) = 0.
Let f € W2[a,b]. We denote the minimal value in (3.1) by M. Then (3.1)
and (3.2) imply that

b b
M :/ w(f — o) (f —u) —i—/\/ (x)"u”, for all u € W3a,b].

Taking u = f, it follows that

b
M=A/X@VWSAmmwmww2

Therefore,
b
/ w(f = )7+ A (@215 < M(@2)" 12 1”112,

and thus
1(@2)"ll2 < 1£"1l2, IVw(f = o)z < A2l

This concludes the proof. 0

Theorem 3.3. Let w = 1. Let f € Wila,b] and f"(a) = f"(b) =
@ (a) = f®)(b) = 0. Then the Tikhonov regularization ¢y of f corresponding to
A > 0 satisfies

lf — éall2 AlF@a,
1F7 = (&), < A2|F@|s,
61 < 11FD .

IN A

Proof. We write U := {u € Wila,b] : v’(a) = u"(b) = u®(a) =
u® (b) = 0}. Clearly, f € U by assumption and ¢y € U by Theorem 3.2. For
each u € U we obtain by integration by parts that

[ o= [ o
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Inserting the identity f — ¢y = A¢E\4), it follows that

b b
(3.3) /thw@ymﬂ—{/¢@w®=o, for all u € U.
But (3.3) are the orthogonality relations for the minimum problem
(3.4) Aﬁizggﬂﬁ"—UW§+MWMW%

and so ¢, is the minimal solution of (3.4). Since f € U, it follows that M* <
M f@2, and thus

1P 2 < 1F D2, 115 = (63)"ll2 < A2 F Do
Finally, we have
1F = éallz = AleSPl2 < AFDla,

which concludes the proof of the theorem. O

4. An explicit formula for the Tikhonov regularization In
this section we consider the inner product spaces X = Lo(a,b) and Y = S =
WZla,b] of Section 3 with the weight function w = 1 on [a,b], that is, (f,g) =

b
[ fg.1f,q9] = f; f"g". In Theorem 2.1 we have given an explicit formula for the

a
periodic Tikhonov regularization. In this section we want to apply the methods
of Section 2 to the nonperiodic case. We may assume for convenience that the

interval is [a,b] = [—m, w|. Otherwise, under the linear transformation
b—a)(t
x(t):a—l—(agﬂ, —r<t<m,
7r

of the interval [—m, 7| onto [a,b], the Tikhonov regularizations ¢, (x) on [a,b] of
fand ¥, (t) on [—m, 7] of g(t) := f(x(t)) are related by

(4.1) vult) = ora), A= (50

To prove (4.1), we simply compare the orthogonality relations
b
a

b
(4.2) / ((x) — d())u(x) dz = A / (6" (@) (@) dz,  u e WEab],
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and

@) [ 60 -uOp®d = [ wod@d,  vewding),

—T
where the equivalence of (4.2) and (4.3) follows from the bijection v(t) = u(xz(t))
of Wila,b] onto Wi |[—m, ).
The main idea of this section is contained in the next lemma.

Lemma 4.1 Each function v € Cl[—m, x| has a unique representation of
the form

(4.4) v(t) = et + eat® + w(t), a€R, eR, weOCYT).

In other words, (4.4) defines a bijection from R? x CY(T) onto C'[—7, ).

Proof. Given cj,co € R and w € C(T), the function v in (4.4) lies in
Cl[—m,7]. Conversely, for a function v € C1[—, 7], the condition w(—7) = w(7)
is equivalent to

v(—7) + e — eam? = v(7) — e — com?,

and thus to
v(m) — v(=7)
27 '
The condition w'(—m) = w'(7) is equivalent to v'(—7) + 2com = v/(7) — 2com, and
thus to
v'(m) — ' (=)
A ’

This concludes the proof of the lemma. O

Cy) =

As a corollary, each function f € C1[—n, 7] has a unique representation

(4.5) F(t) = cxt + cat® + ag + > _(ag cos (kt) + by sin (kt)),
k=1
where
_ fm) = f(=m) _ fim) = (=)
Cc1 = Cy = .

2m ’ A7
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Theorem 4.2. Let f € C[—7,7] be given by (4.5). If f & C[—m, 7],
then we take co = 0. Then the nonperiodic Tikhonov regularization ¢y of f
corresponding to A is given by

oa(t) = Y1t + 72t + o + Z(ak cos (kt) + By sin (kt))

k=1
with
[o¢]
k3bk
4. =
(4.6) g0 Z 1+)\k4 ;
k:l
1 1)*k2ay,
4, = —
(47) s 2+ 4A(\) Cﬁz 1+ MkA )
. 2
(4.8) (7)) = (10+7(02 3’)/2) 5
1 4(=1)F(ey —
(4.9) U = T (ak+ =L ]E;Q 72)>= k>1,
1 2(=1)F1(¢; —
(4.10) B, = W(l’” (=1 k(cl 71))7 k> 1,
where

1
AN =D e BO=2 g
k=1 k=1

Proof. The Fourier series of ¢ and t? on (—m,7) are

e k—1 =
2(—1 kt
t = E (=1) ksm( ), —T<t<m,

—m<t<m,

s T 2. 4(—1)F cos (kt)
Po= gt

(4)

with pointwise convergence. From Theorem 3.2, we know that f = ¢y + Agy .

Comparing the Fourier coefficients of f and ¢, + A(b(;l) in the expansions

_ 612 Lsin (kt) ( +Z k cos kt))

+ag + Z(ak cos (kt) + by sin (kt))
k=1
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and
0 k-1 g 2 ® k
2(—1 sin (kt T 4(—1)" cos (kt
OISV QD SEC i L INEN SR L)
k=1 k=1
+og + D (1+ M) (o cos (kt) + By sin (kt)),
k=1
we obtain the equalities
2 2
4eo(—1 4vo(—1
%—Fak: %%—(14—)&4)%, k>,
2 -1 k—1 2 -1 k—1
%erk: %+(1+Ak4)ﬂk, k> 1,

which are equivalent to (4.8)—(4.10). From Theorem 3.2 we know that (¢,)"(7) =
0 and ¢§\3) (m) =0, and thus,

o0

(@2)"(m) = 27— Z(—l)kk%ék =0,
(4.11) =1
o) = - Z 1)*k By = 0.
Inserting (4.8)—(4.10) into (4.11) yields
= (=D*E2qy, 1
272 _; T e 72); 1+ Ak

and k1.3 2
> 2 (—1)FE3D,, =k
= —1)*E38;, = (7 —2(c1 — —
k=1 k=1 =1
These two conditions are equivalent to

= (—=1)kk2q
(4.12) 2779 = Z (1_?_# +4(co — 72)A(N)
k=1
and - k; ,
k°by,
(4.13) 2(e1 Z 1+)\k4 .

k=1
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Now (4.6) follows from (4.12), and (4.7) follows from (4.13). O

5. Ly-error bounds for penalized least squares fitting. In this
section we consider the inner product spaces X = La(a,b) and Y = WZ[a,b] of

b b
Section 4 with the same inner products (f,g) = [ fg and [f,g] = [ f"¢", but we

a a
now take S to be a proper subspace of Y. For f € Ly[a,b] and A > 0, we compare
the penalized least squares fit ¢) € Y of Section 3 (with weight function w = 1)

satisfying
b b b b
[=orex [ =min{ [7-ura [0}

with the penalized least squares fit sy = Q\(f) from S satisfying

[u=szen [ =min{ [ -wa [}

Theorem 5.1. Let f € Wi[a,b] and A > 0. Then sy minimizes the
exTPression

(5.1) lox = ull3 + All(¢2)" — "3
with respect to all u € S.

Proof. s is characterized by the orthogonality relations
b b
(5.2) / (f —sx)u— /\/ (s))"u" =0, for all uw e S.
Since f = ¢y + /\gbg\4) by Theorem 3.2, (5.2) is equivalent to
b b
/ (¢)\—s)\)u+)\/ (qbg\)u—(sA)/’u’/) =0, for all u € S,

and since ¢} (a) = ¢ (b) = ¢§\3)(a) = ¢§\3)(b) = 0 by Theorem 3.2, integration by
parts shows that (5.2) is equivalent to

b b
(5.3) / (P — sx)u+ )\/ (@5 — (s2)")u" =0, for all u € S.

But (5.3) are the orthogonality relations for the minimum problem (5.1). O
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Corollary 5.2. Let S C WZa,b] be a linear space. Suppose that for each
g € Wi[a,b] there exists u € S such that

(5.4) lo—ull < CRlg" >
l" ~ s < Clg"l,

for positive numbers C and h independent of g. Then the penalized least squares
fit s\ of f in S corresponding to A satisfies

(5.5) 1 = sallz < A2 (14 CVIAT 1) 1))z

(5.6) 150"l < (14 CVEIAT 1) 11£"]l2

Proof. By Theorem 3.2, the Tikhonov regularization ¢, of f satisfies

1 = @allz < AV2[£]l2.

Let My be the minimum in (5.1). Applying (5.4) for g := ¢,, it follows that
My < C2 (1" + ) 1(62)"113.
Then, since ||(¢x)"|l2 < [|f”|l2 by Theorem 3.2,

1f=sxlle < NIf —oalla + o — sall2

< NP+ 0
< (W2 eV ER) 1

which yields (5.5). Since [[(¢x)"[l2 < || f”]l2 by Theorem 3.2, while
(5.7) Al(@2)" = (s2)"]I5 < Mo,
it follows that

()"l < 11(3)"[l2 + A~Y20, "

IA

IA

(1 + C[h‘*)ﬁl + 1] 1/2) 17"l

which proves (5.6). O



342 Manfred von Golitschek and Larry L. Schumaker

Corollary 5.3. Let S C WZ[a,b] be a linear space. Suppose that for each
g € Wil[a,b] there exists u € S such that

Ch* gV |2,
Ch?|lgW |z,

lg —ulla <
5.8
(5.8) B

lg" = "[l2

for positive numbers C and h independent of g. Let f € Wila,b] and f"(a) =
") = fG(a) = fG(b) = 0. Then the penalized least squares fit sy of f in S

corresponding to A\ satisfies
(5.9) 1 = salla < (A+ CO+ )LD o,
(5.10) 177 = (50"l < (A2 + CRBAAT 4+ 172 79,
Proof. By Theorem 3.3, the Tikhonov regularization ¢, of f satisfies
1f = éalla < AllLFD 2.
Let My be the minimum in (5.1). Applying (5.8) for g := ¢,, it follows that

My < (1% + An*) 65 3,

Then, since ||¢)§\4)||2 < [|f® || by Theorem 3.3,

lf—salle < |If — éalle + lloa — sall2
< MO o + M

< ()\ +ORVht + A) 1FD 12,

which implies (5.9).
Since ||f” — (¢2)"]]2 < AY2||f® || by Theorem 3.3, using (5.7) gives

1F" = (s3)"[l2 < A2 f @ [l + A2 01y,
and (5.10) follows. O

6. A general penalized least squares problem. Keeping in mind
the problems and results of Sections 2-5, we now investigate the more general
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setting described in the introduction. Let X, Y and S be linear spaces on IR,
where SCY C X ||-||x : X = Rand |-y : Y — R are semi-norms induced by
semi-definite inner products (-,-) on X and [+, -] on Y, respectively. For simplicity,
we assume throughout the rest of this paper that S has dimension n and that

the restriction | - || x onto S is a norm on S.

This implies that for any f € X and A > 0, there exists a unique s := s)(f,S) :=
Q> f in S with the property

1 = sal% + MisalF = inf {117 = ul% + A} }-
u€esS
We denote the nonpenalized least squares fit in S by s, i.e.,
a2 — —ull2
I1F = sollx = min [ f —ulx

The penalized least squares approximation sy of f is characterized by the orthog-
onality relations

(6.1) (f — sx,u) = A[sa, ul, forall u e S,
while sg is characterized by
(6.2) (f — so,u) =0, for all u € S.
By (6.1)-(6.2), we have
(6.3) (so — sx,u) = A[sy, ul, for all u € S,
which proves that sy = Q)sg, that is

Is0 = sallf + Alsallf = min { llso — ulik + Ml }-

In what follows, we will discuss the error function sy — sy which indicates the
consequences of the penalty, and is easier to analyse than the error function f—s)
itself. This suffices since

I1f = sollx < 1If = sallx < 1If = sollx +[lso — sallx-

In analogy with Theorem 3.2, we have
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Theorem 6.1. For each f € X and A > 0, sy := sa(f,S) satisfies

(6.4) [sxlly < lIsolly
and
(6.5) lIs0 = sallx < VAllsolly-
Proof. Because of (6.3),
M(s0,A) = [lso = sallx + Allsalls-
= (S0 — Sx, 80 — u) + A[sx, u], forallu e S.

Inserting u = sq yields
M (s0,A) = Alsx, so] < Alsally[[solly,

and inequalities (6.4) and (6.5) follow. O

Our next result provides an improvement of (6.5) for small A which implies

that
lIso — sallx = O(A) as A — 0.
Theorem 6.2. For each f € X and A > 0, sy := si\(f,S) satisfies
(6.6) [so = sallx < KsAllsolly-
where
Kg := sup{”uHY T u€eS, u;«éO}.
[[ullx

Proof. Coupling the orthogonality relation (6.3) for u = sg — s) with
the Cauchy-Schwarz inequality and (6.4), we have

Iso — sallx = (50— 5,80 — 5x) = A[sx, 50 — 8]
< Alsallyllso = sally < Allsolly Ksl[so — sallx,
which implies (6.6). O

We conclude this section by examining the special case where X, Y, S are
function spaces on some set Q C R, d € IN. Our next result gives a bound on
10 — $xllL. (@) Which implies that

[s0 = $allLec(@) = O(A) as A — 0.
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Theorem 6.3. Suppose X C Lo (), and let

[l @)

Kg:=supq————=:u €S, u#0, <o
[Jul| x

Then
50 = 52ty < sV Allsoly min {1, Ksv/X} .

Proof. The assertion follows directly from (6.5), Theorem 6.2, and the
definition of kg. O

7. Applications.

7.1. Cubic splines on an interval. Let X = C[a,b], Y = WZa,b],
and suppose S := Sy(A) C C?[a, b] is the linear space of cubic splines with simple
knots At a =29 < 21 < --- < &y, = b. Suppose that D := {t;}I", are distinct
points in [a, b] so that the restriction of S4(A) onto D has full dimension n + 3.
We can now apply the results of Section 6 for the inner products

1 m
:_Z iv f,gEC[a,b]
m :

and
/f” fog € WElab).
In the notation of Sect. 6,

1/2
|U||X—< Z > ,  u€eSs

We write || - |2 for the La-norm on [a, b] and suppose that D and A are such that

0 :=su {“|| ||||2 uES,u;«éO}

is finite. Let hg := ho(A) := min{z;41 —2; : j = 0,...,n — 1}. Since |Jullz <

Ol|ullx, uw € S, it follows that for some absolute constant Cj,

lully = [lu"]l2 < Co hg*[lull2 < Cod hg*[lullx,
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and thus
Ks < Coéhy?.

Moreover, for some other absolute constant C'p,
—-1/2
kg < C1ohy '~
For given real numbers {y;}/",, let sop € S be such that
1 X 2 1 & 2
m Z (Z/i - SO(ti)) = mim Z (yz - U(ti)> :
i=1 =1
Recall that the penalized least squares spline s, minimizes the expression

m

1 b
> - () A [ )Pt
m “ a
The following result follows immediately from Theorems 6.1-6.3.
Theorem 7.1. For all A > 0,
l[so — salla < 8 VAmin{1, KsVA} |55
Moreover,

5o = sl b fag) < C1 8y VA min {1,Co 8 hy 2VAY [|sf 2.

7.2. Bivariate spline spaces with stable local bases. Let 2 be
a bounded set in IR? with polygonal boundary, and suppose that X C Lo (f),
Y = W2(Q). Let S C X be a linear space of polynomial splines defined on
a regular triangulation A of Q). For results on the approximation properties of

these types of spaces, see [1, 2, 4].

Suppose that D = {t;}1", are distinct points in € so that the restriction
of S onto D has the same dimension as S. We apply the results of Section 6 for

the inner products

(f,9) ==Y flt)g(t:),  f.g€X,
=1
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and

[f7 g] = (f:v:vg;m + 2fa:yga:y + fyygyy) dz dy, figey.

S~

For given real numbers (z;);";, so € S is the unique function in S which satisfies

2 (s ) = i3 (i)

=1 1=

In the notation of Sect. 6,

L 1/2
(1 X
lullx = (m Zu(tz) ) , u € S.

We have investigated properties of so € S in [3].
Let || - ||2 denote the Lo-norm on €2, and suppose that D and A are such

0 :=su {|||| “||2 u €S, u#O}

is finite. Let hg := ho(A) be the minimum side length of the triangles in A.
Since ||Jull2 < d||ul|x, u € S, it follows that for some absolute constant Cp

that

lully < Cohg?llull2 < Co 6 hg? Jullx

so that
Kg < Cydhy?.

Moreover, for some other absolute constant (',
kg < C1ohyt.

As for univariate splines, we can now apply Theorems 6.1-6.3 to get bounds on
Sp — Sy in both the Ly and uniform norms on {).
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