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ABSTRACT. The aim of this paper is to study a generalized form of elliptic-
type integrals which unify and extend various families of elliptic-type inte-
grals studied recently by several authors. In a recent communication [1] we
have obtained recurrence relations and asymptotic formula for this gener-
alized elliptic-type integral. Here we shall obtain some more results which
are single and multiple integral formulae, differentiation formula, fractional
integral and approximations for this class of generalized elliptic-type inte-
grals.

1. Introduction and definition. Elliptic-integrals occur frequently in
some problems of radiation physics. Due to their importance and applications,
several authors, notably Epstein and Hubbell [2], Kalla et al. [3], Srivastava and
Siddiqi [4], Kalla and Tuan [5], A. Al-Zamel et al. [6] have defined and studied
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various families of elliptic-type integrals, generalizing the well known complete
elliptic integrals K (k) and E(k) [7]. In the present paper we shall study the
following form of generalized elliptic-type integrals which provides generalization
of the results cited above.

(avﬁ) — (an@)
A(a7b7c) (k) - A(alv---)anvbl"")bnvclv---’cn)(k17 T 7kn)
(1.1)

w n k?
= /0 cos 21 (g) sin 201 <g> H {2F1 (aj,bj;Cj; (—k2]—1> (1—0059)>} do,
j=1 J

where Re(a), Re(f) >0, |kj| <1,j=1,...,n

Special Cases:
1. Taking b; =¢j, aj =; (j =1,...,n) in (1.1) and simplifying, we get

o " 1 (0 .
Aga”gl)(k:):/o cos 201 (2)sm25 1( >H [(1— k2% (1 — k2cos )] dO

7j=1

n
= H (1= k2257 (k)
where Z ((j)’ﬁ )(k‘) is the family of elliptic-type integrals defined by A. Al-Zamel et
al. [6].

1
2. Takingn = 3,0 =¢; (j =1,2,3), a1 = p+ =

27

)
kP = k2, ki = ﬁ, k3 = 513 in (1.1) and simplifying, we get

(a,8) _ (1 _ 1.2\utl 5 " 201 Q . 28-1 Q
A(NJFT)\’,”(%) (1 — E*)T2(1+9) / cos <2>sm (2 X

0

(1.3) x (1 — k2cosf) ™+ 2 <1 — psin? <g>)_/\ <1 + dcos 2 <g>)_ﬂ/ do

1
= (1= K21+ 0 ALY (.63 k)

a2:)‘>a3:77

o

where Agz’f)ﬂy) (p,0; k) is a generalized form of the elliptic-type integrals defined
by Kalla and Tuan [5].
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Further, set § = 0 and v = 0, then the above elliptic-type integrals reduce
to elliptic-type integral defined by Srivastava and Siddiqi [4].

1
3. Takingn=1,b=c,a=pu+ 5 B =~ — « in equation (1.1), we get

(yy—a) (1 p2\uti " 2a—1 Q . 2(y—a)—1 Q
A(;H—%) (k) = (1—k%) 2/0 coS <2>sm (2 X

x (1 — k2cos 0)#~2d = (1 — k)" 2 R, (k, o, )

(1.4)

where R, (k,a,) is the family of functions defined by Kalla et al. [3].

1 1
4. Letnzl,b:c,a:j+§,a:B:§in(l.l),weget

[N

1 . T .
Al ’)(k):(1—k2)ﬂ+é/ (1 — k2cos 6) T~ dp

0

I

(1.5)
= (1—K2Jt2Q,(k), j=0,1,2,...

where (k) is the Epstein and Hubbell family of elliptic-type integrals [2].
Further, for j = 0 equation (1.5), reduces to

1y [1— k2 2k2
2 J— -
) (k) =2 1+k2K 1+ k2

where K (k) is the complete elliptic-type integral of first kind [7].

(1.6) AE

NI NI

For j =1 in equation (1.5), we get

GD) gy o [L— K2 2k?
(L.7) A" W= et \Vie

where E(k) is the complete elliptic-type integral of second kind [7].

0
Explicit form. Substituting sin? <§> = u in (1.1), it assumes the

following form

1 n
(1.8) /0 1 —w* 2R

j=1

Qk?u
aj,bj;cj; 1 du.
J
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Now comparing the above integral with the result [8, p. 184, Eq. (A.1.3.1)]

, D- , Eq. (A.1.3.1)],
we can express our generalized elliptic-type integral in terms of multivariable ex-
tension of the Kampé Fériet function [9, p. 65, Eq. (

(1.9) Agj;,fi)( ) =

2.1)] as follows
B(a, B) L% [ B iay,bi;..

3 Qp, by 2k%
et 8

2k2
S - R -

2. Integral formulae. We note here some integral formulae involving
our generalized elliptic-type integrals

d v— (1-2) —z)
0 [ e (s ) de =
0 (J:’“ 4 zr)p " (abo) hi(1— % — — % —
(2.1)

) I'(y+rl)
— X
z) T(y+ri+1)

=0
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xFo1l [a-l—ﬂ,v—l—rl—l—l: c1 ;... Cp ;hl"”’hn
Re(a), Re(8),

Re(y) > 0,d,r >0, |z| > d, r|arg z| <, |h;| < for (j

'Y] 1
X
(ac +z ]

=1,...,n).

7=1
h (1
(e,8) 1 hn( _
XA(a,b,c) ( hl( hn 1_d_n _2) d:lil...dxn_
(2.2)
L (-1 P )i, VTt rily)
:B(a7 )H Tgpj Z 7 ( > ( j-'rlj—i-l)
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=)

2
R

—_—

,Re(8),Re(y) > 0, dj,r; > 0, |z;| > dj, r|larg z;| < m, |hj| < 1 for
G=1...n).
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Re(a),Re(8) >0, 0 < Re(y) <1, Re(z) >0, |hj| <1for (j=1,...,n).
o) oo N
(i) / / i
0 0 31;[1 (zj + zj)
2x12
x AlB) Iy 171
(a,b,c) 1 Qh%xlzl — ($1 + 21)2’ )
(2.4) B 22nn de; ... de, =
2h2 2z — (T + 2p)?
n
||
Pl sin (7y;)
4 ta1, 01,71, 1 — 150Gy Oy 1 — s
XFlli'i;S B .al 1 '711 'Yl. .an nTn ’YTZ h%w--ahi
a+/8 617571 yooeey Cn7271 )

Re(a),Re(B) >0, 0 < Re(y) <1, Re(zj) >0, |hj| <1for (j=1,...,n).
Here B(«, 3) stands for the beta function and the function occurring in

the right hand side of each of equations (2.1) to (2.4) is the well-known Kampé
de Fériet function [9, p. 65, Eq. (21)].

d
2-45( 2 _ AlaB) / [ ¥ _
(’U)/O:L‘ (d? — 22 (abc ( hlx—Qd n$_2d)da:

B(a, B) F(% —26)I'(0) d—20+1

2 I'(3-9)
(2.5)
XF2:2;...;2 (ﬁ:17"'71)7(%_25;%>---7%)
2151 (05—1_5:17"'71)7(%_5;%) 7%)

(a1,1)(b1,1) ;... (an, 1)(bn, 1);
(0171) Y (Cn,l) ;h oy hn

Re(a),Re(8) >0, 0 <Re(d) <2, d >0, |hj| <1for j=1,...,n).
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di dn ”
w [ ) T -t
hix hpx
Aled) () L[ I ) g, =
XA ab,c) hizy —2dy" 7\ hpz, — 2d, . v

_ B(a, B) ﬁ [F(% - 25j)r(5j)d‘—25]-+1 L3 [ (B:1,...,1)

2552 a+p:1,...,1):

(a1, 1)(b1, 1)(E =201, 4) 1.3 (an, D (b, 1)(3 = 26,,3) ; _— ]
(61,1)(%—51,%) N (le)(%_ %) RUTHE

Re(a),Re(3) >0, 0 < Re(d;) < 3,d; >0, |hj| <1for (j=1,...,n).
The function occurring in the right hand side of equations (2.5) and (2.6) is the
generalized Lauricella function of several variables [9, p. 64, Eq. (18)].

Proof. To evaluate the integral (2.1), first we express the generalized
elliptic-type integral Aga b Z)(kz) occurring in its left hand side in the explicit form
given by (1.8) and write the Kampé de Fériet function occurring therein in series
form. Next, we interchange the order of summation and integration and substi-
tute 2 = t and express the binomial expression thus obtained in the form of a
series. Finally, evaluating the integral thus obtained as a beta integral and ex-
pressing the result in terms of Kampé de Fériet function, we arrive at the desired
result.

The remaining integrals given by the equations (2.2) to (2.6) can be de-
rived by following the same procedure as given in the proof of first integral (2.1)
and making appropriate modifications and changes.

Let a = (8 = %, n=1,b=c a= % and h = 1 in the integral formulas
(2.1), (2.3) and (2.5), then we get the known result given in [10, p. 180, Eq.
(2.16.1.3); p. 188, Eq. (2.16.7.1); p. 184, Eq. (2.16.4.12)] respectively.

1

Ifwetakeazﬂzi,nzl,b:c,a:—%andhzlintheintegral

formula (2.1), we get another known result given in [10, p. 180, Eq. (2.16.1.3)].
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3. Differentiation formula. In this section we derive a differentia-

. ) k__
tion formula for A(a,b,c) ki,...,kn_1, N

extension of the result of Kalla and Al-Saqabi [11].

, which may be considered as an

d - e k
- [/&(2—/42) (1— k% Agj,,fl) <k17--'ak’n—l>7>] =

V2 — k?
— 4a k)\fl(Q o k2)a(1 o k2)u—1A(a,ﬁ) L k k B
S (a1,...,an+1,b,c) 1o+ hn—1, 7\/@

(3.1)

92_ 2
—(2—k2) L (1-K2)Y [2 (1_—22> k:)‘_l(an+k2u)+20k’\+1—)\k’\_l(Q—k:Q)] X

() K
><‘4(a,b,c) <k1) N m) :

() ’“
Proof. To prove the result (3.1), first we express A(a7b7c) (kl, skt m)

in the integral form given by (1.1) and interchange the orders of differentiation
and integration. Next using the differential properties and recurrence relations
for the Gauss hypergeometric function [12], we get (3.1) after a little simplifica-
tions.

For A =0, (3.1) becomes

d 2\o 2\ 4 (o) k

% (Q—k ) (]-_k ) A(a,b,c) k17...7kn71’ﬁ —
= da k™M 2= )7 (1= ) ALY [STUTY . S
= aTL (al,...,an-I—l,b,c) 1y yn—1, m

(3.2) 2
—(2- KT - K2 [2 (2 —h

1— k2

) kYan + K*v) + 2/«;] X

(e.9) k
><‘A(a,b,c) <k17 ooy kn—, m)



226 Mridula Garg, Vimal Katta, S. L. Kalla

1 1 1
Fornzl,b:c,a:u—|—§,a:ﬂ:§,0:p+uanduz—u—§, (3.1) and

(3.2) reduce to the differentiation formulas obtained earlier by Kalla and Sagabi
[11, p. 510, Egs. (10), (9)].

4. Fractional integral. Fractional calculus deals with the differentia-
tion and integration of arbitrary order (Ross [13], Miller and Ross [14], Kiryakova
[15], Samko et al. [16]). An integral of the form

1 / v 1
— [ @ttt Re(w) >0
u Vi Jo

4.1) D F[f(2)] =

dm —m

DM @), —m < Re(p) S0,m e N
is known as the Riemann-Liouville operator of fractional integration of order .

Here we shall express the elliptic-type integral Agg’bﬁ i) (k1,...,kp) as frac-

tional integral of Gauss hypegeometric functions as follows

8) 21k [ znk B
a,b,c) 0k—2"""""\zk—2]

I'(a
ka—l(—ﬁ)1D ol gP- 1H{2F1 @i, bi; ¢i; zik)

7j=1

To establish the above result we shall require the definition (1.1) and the
following known result [17, p. 569, Eq. (3.5)]

(4.3)
Zlk‘
TNy o (AT,
pA# | A1 prpsipn . = pHr 1222 ppiptieipn
k @q1;e30n : D) T0dn (0 1,...,1),
Znk
1 n 1 n n
(a5 sl al)y (A e () 1 . Zk]
n 1 1 n n Lro®ngo
(b] : ﬁ](l)77 ]( ))1,q : (d‘g )75]( ))17QI”(d§ )75.§ ))1’q"’
Re(A) > 0.
Letp=q=0,p=2a=14a" =8 =" =6 =1, ¢ =a;, & = b,
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2k

dgi):cz- for (i=1,...,n), A= and p = a+ [ in (4.3) and set k; = — 5
zF —

(i = 1,...,n) in equation (1.1). Now comparing the results thus obtained, we

easily arrive at (4.2).

If in the main result (4.2), we taken =1, b=c,a=pu+ %, 8 =~—aand
n=1,b=ca=p+ %, a=p= % respectively, we obtain the fractional integral
representations for the elliptic type integrals R, (k,a,v) and €, (k). The results
thus obtained are essentially similar to the known results given in [18, p. 31, Egs.
(72), (71)]. They can be established on using the transformation formulae [12, p.
60, Eq. (38.4) and p. 65, Eq. (41.1)] respectively.

5. Approximations. In this section we shall derive three single term
approximations for elliptic-type integral zga’ﬁ )(k) .
First we establish the following single term approximation for the Lauri-

cella function F' ](jn):

@ " _ L) T [0
o (0"51"‘"5”’7’”“"""x”)_r<ﬁn>r<v—ﬁl—---—m)E[ SOk

n—2 i .
(5.1) X H{B <ﬂi+lzlla—x;l’a+ﬂ_zﬂr>} B <5n1+ QTp—1 + axy T
' i=1 = r=i

1—x‘n_1’ 1 — X1
A _ﬂnfl_ﬂn B Bny’)/"i_ o +t -l _aajn_ﬂn
1—2,‘”,2 1—%1 1—2,‘”,1
Re(B;) >0, Re(y =01 —...—Bn) >0, 0< |z5| <1 (i=1,...,n).

Proof. The n-integral representation of FI(Dn) (19, p. 49, Eq. (2.3.5)] is
given by
(5.2)
n I
Fé)(aaﬁla"' (’Y)

7/871;7;%‘17"'7:6”) = F(ﬁl)...r(ﬂn)r(’)/_ﬁl _..._ﬁn)x

X / . ./u?l_1 - ugn_l(l —up — e — )Y TP Py
—
(n)

X(1—uyxy — -+ — upwy) “duy ... duy,
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n
where the region of integration of (5.2) isu; >0 (i =1,...,n); >, u; < 1.
If we use the following approximation,
(I —wugwy — -+ —upxp) = (1 —ugzy)(1 — ugws) ... (1 — upxy)
(5.3)
for |z;] <1, (i=1,...,n)

and make the substitutions

Uj

g (i
(-3 w)

successively in the right hand side of (5.2), it leads to the following form,

['(v) "
L(B1) ... T(Bu)(y = Br — -+ = Bn)

x@ﬁ[b )Bi— Zﬂr—ll

w; =1 — =1,...,n—1), wy=1uy

(5.4)
n—2 o
X (1 — wy ) Pn =Lyt H [ Z (1 —w)wp_1(1 — wn)xi] X
X [1— (1 —wp—1)(1 —wp)zp_1] “[1 — wpay] *dws ... dwy,.
Now we use the approximations,
T T
1—(1—wy)...(1—wp)z;] = (1—21) <1+ w1> (1—1— wn> ,
1—%‘2' 1—.1‘1‘
(5.5)
0< ‘l‘z| <1
and
ol (a=1)
(1 - —) = (142)” +  in the neibourhood of x =0
r

or, equivalently

—a
(5.6) <1 + %w) >~ (1 —w)1-= in the neibourhood of w = 0
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in the term [1 — (1 — wp—1)(1 — wy)xn—1]"* of the integrand of (5.3) and make
some algebraic manipulations and simplifications to arrive at the result (5.1)

Now on using the approximation (5.1) for F ](Dn), we obtain the following
single term approximation for z(( )’ﬁ )(k:) after a little simplification
(a,8) k) — B(avﬁ)r(a + ﬁ) 1— k2 —an
W O = T et fmar =

T[S T o (o £ 0 £0)}

(5.7)
2k .3 2k3 3 2k2_. 5
B n—1 — . - L - e n—1 = Un
8 (a el TRz, 1‘l>x
2k2 3 2k2 B 2k2(
B " —a, — 1 L n—1 _ n
: (“ S T+12 k%—l)

Re(a), Re(B), Re(a;) > 0, Re(a+B—a1—---—ay,) >0forsmall k; (i =1,...,n).

Other single term approximation for z(( )’ﬁ )(k‘) can be established in the

following form on using the integral representation of Fgl) [19, p. 49, Eq. (2.3.6)]
making slight change in the variable of integration and applying the approxima-

tion (5.6)
)=
2a1k% 2‘111]‘5121
(5.8) ! o R T R ey
= ()@ = kp)~ [ [ [+ &5)7] g g
i Tla+ts- 201k7  2a,k;
1+ k3 1+k2
Re(8) > Re(a + B) > 0, Re (3 201k 2anku o o 1k
_ e - small ki
’ 14 k2 1+ k2 o Al

(¢ = 1,...,n). Appealing to the integral representation of F](Dn) [19, p. 49
(2.3.6)] and the approximation (5.6), we get yet another approximation for
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(a”g)(k) as follows

“(a)
[ﬂ 2k?a; Qkian]
e Ca k-1 k2-1
(5.9) 287 (k) =T() [T [(1 - k)] L -
5 2k3aq 2kzan,
i=1 a+pf-—2—= ... =1
k2 —1 k2 —1

Re(8) > Re(a+ ) > 0, for small k; (i =1,...,n).

A suitable choice of parameters in the result (5.7), say n = 1, b = ¢,
a:u—i—%,ﬁ:y—aandn:l,b:c,a:u—l—%,a:ﬁ:%leadstothe
approximation formulae for the families of elliptic-type integrals R, (k,«,~) and
Q,(k). The results thus obtained are essentially similar to the known results
given in [18, p. 30, Eq. 67; p. 29, Eq. 65] They can be established on using the
transformation formulae [12, p. 60, Eq. (3.8.4) and p. 65, Eq. (41.1)] respectively.

The results obtained in section 2 to 5 would yield the corresponding results

for other known families of elliptic-type integrals on specializing the parameters
(ev,8)

(a,b,c

of the generalized elliptic-type integral A )(k:) as mentioned in section 1. We

however omit the details.
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