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ABSTRACT. The Kd&the conjecture states that if a ring R has no nonzero nil
ideals then R has no nonzero nil one-sided ideals. Although for more than
70 years significant progress has been made, it is still open in general. In
this paper we survey some results related to the Kothe conjecture as well as
some equivalent problems.

Introduction. All rings and algebras throughout this paper are associa-
tive. For the convenience of reader, the notation of various objects is assembled
here: Let F be a field and A be an F-algebra. A is said to be algebraic if any
element of A is a root of a polynomial with coefficients from F'. If there exist a
number n such that any element is a root of a polynomial of degree n then A is
an agebraic algebra of bounded degree. An F-algebra A is locally finite if every
finitely generated subalgebra of A is finite dimensional. A ring (or an algebra) R
is called nil if for every r € R there exists an n = n(r) such that ™ = 0. We say
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that R is nil of bounded index if there is an n such that ™ = 0 for each r € R.
R is nilpotent if there is an n such that ry...r, = 0 for each r,...,r, € R. A
ring R is locally nilpotent if every finitely generated subring of R is nilpotent.

The nil radical N(R) (Kothe’s upper nil radical) is the sum of all nil
ideals in R. N(R) is the largest nil ideal in R. The locally nilpotent radical
L(R) (Levitzki radical) is the sum of all locally nilpotent ideals in R. (Baer’s)
lower nil radical Nil.(R) is the smallest semiprime ideal in R, and is equal to
the intersection of all the prime ideals in R. Nil,(R) = 0 if and only if R has no
non-zero nilpotent ideals. A ring R is called Jacobson radical (or quasi-regular)
if for every r € R there is ' € R such that r + 17’ +rr’ = 0. The Jacobson radical
of a ring R is the largest quasi-regular ideal of R. It is denoted by J(R). For
every ring R, Nil.(R) C N(R) C J(R).

1. The Ko6the conjecture. The purpose of this paper is to survey some
results connected with the K&the conjecture. The following important question
was asked in 1930 by Kothe:

Question 1 (K&the’s problem [23]). If a ring R has no nonzero nil ideals,
does it follow that R has no nonzero nil one-sided ideals?

This Question remains open. Kéthe himself conjectured that the answer
is into affirmative wich is now known as the Kothe conjecture. There are many
assertions equivalent to the Kothe conjecture (e.g. [12]).

Theorem 2. The following statements are equivalent to the Kdthe’s
conjecture:

1 (13], [25]) The sum of two right nil ideals in any ring is nil.

2 (Krempa [24] and Sands [34] independently) For every nil ring R, the ring
of 2 X 2 matrices over R is nil.

3 (Krempa [24] and Sands [34] independently) For every nil ring R, the ring
of n X n matrices over R is nil.

4 (Krempa [24]) For every nil ring R the polynomial ring R[x| in one inde-
terminate is Jacobson radical.

There is another famous problem connected with the Koéthe problem.

Question 3 (Kurosch’s Problem [31]). Let R be a finitely generated
associative algebra such that every element of R is algebraic. Is the algebra R
finite dimensional as a vector space over F'?
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This famous problem has two special cases. The first case is

Question 4 (Kurosch’s Problem for Division rings [31], [21]). Let R be
a finitely generated associative algebra such that every element of R is algebraic.
If R is a division algebra is R finite dimensional as a vector space over F?

Kurosch’s problem for division rings is still open in general, but it is
answered affirmatively for F' uncountable [31], F' finite, and F' having only finite
algebraic field extensions (in particular F' algebraically closed). The last follows
from the Levitzki-Shirshov theorem, see e.g. [21], [11].

Theorem 5 (Levitzki-Shirshov). Any algebraic algebra of bounded degree
is locally finite.

When F is a finite field we have

Theorem 6 (Jacobson [25]). Let D be an algebraic division algebra over a
finite field F'. Then D is commutative and is therefore an algebraic field extension
of F.

Later, a more general theorem was proved

Theorem 7 (Jacobson-Herstein, [25]). Let R be a ring such that, for any
a,b € R, there exists an integer n = n(a,b) > 1 such that (ab — ba)"™ = ab — ba.
Then R is commutative.

The second case of Kurosch’s problem is Levitzki’s Problem:

Question 8. If N is a finitely generated nil algebra without 1, is N
nilpotent?
Golod solved Kurosch’s problem in 1964.

Theorem 9 (Golod 1964). For every field F there exists a nil F-algebra
R which is not locally nilpotent.

Golod used the group 1 + R, when F' has positive characteristic, to get
a counter-example to the General Burnside Problem. For information about
Burnside Problems see e.g. [46].

2. Artinian and Noetherian rings. We say that the Kothe conjecture
holds for a ring R (is true for a ring R) if the ideal generated by every nil left
ideal of R is nil.

Ko6the’s conjecture has been shown to be true for the class of right Artinian
rings. Levitzki’s Theorem implies the truth of Kéthe’s conjecture for the larger
class of right Noetherian rings.
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Theorem 10 (Levitzki [25], [31]). Let R be a right Noetherian ring.
Then every nil one-sided ideal of R is nilpotent.

Herstein conjectured that the following generalization of Levitzki’s The-
orem should hold:

Question 11 (Herstein’s conjecture [16], [17], [42]). Suppose that I C J
are left ideals of a left Noetherian ring R such that J is nil over I, in the sense
that for each a € J there exists a natural number n such that a™ € I. Does
J™ C I for some m?

Herstein’s conjecture is open in general. Some interesting results con-
nected with Herstein’s conjecture may be found in [42].

There is another famous conjecture open in general:

Question 12 (Jacobson conjecture [31]). Let J = J(R) be the Jacobson
radical of a ring R. Suppose that R is both left and right Noetherian. Does
Ny J' =07

If the ring R is only left Noetherian then the conjecture is not true, as
proved by Herstein. A discussion on results related to Jacobson’s conjecture
appears in [31, pp. 405-407]. The following result is connected with Levitzki’s
theorem:

Theorem 13 (Utumi [25]). Assume that R satisfies ACC for left anni-
hilators ann,(a) = {x € R : xa = 0}, where a € R. Then any non-zero nil right
ideal (resp. left) contains a nonzero nilpotent right (resp. left) ideal.

Younghua [44] introduced the concept of Kéthe subsets. A subset M
of R is called a Kothe set if there exists a maximal left nil ideal L such that
M = (L+ LR+ N(R)) — N(R). Recall that N(R) is the nil radical of R. In
particular he proved:

Theorem 14. Let R be a ring. Kdéthe’s conjecture holds for R if and
only if for every Kothe subset M of R, R satisfies ACC for left annihilators
ann(a) = {x € R:xa =0} where a € M.

The Jacobson radical has many interesting properties, for example

Theorem 15 ([31], [25]). Suppose R is an algebra over F' and K D F is
an algebraic field extension. Then J(R) @p K C J(R®p K). Moreover for each
natural n the ring of n X n matrices with coefficients in J(R) is Jacobson radical.

The following open question is connected with this result:
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Question 16 (Question 9, [26]). Let A be a nil algebra over a field F
and let ' C K be a finite field extension. Is the algebra A @p K nil?

If the K6the problem has an affirmative solution then the answer to Ques-
tion 16 is affirmative. It is natural to ask

Question 17. Is Question 16 equivalent to the Kéthe conjecture?

The Kothe problem is important also because of the structural theorem
of Amitsur:

Theorem 18 (Amitsur, [1]). For every ring R, the Jacobson radical
J(R[z]) of the polynomial ring R[x] in an indeterminate x over R is equal to I[z]
for a nil ideal I of R.

The original proof of this theorem (given by Amitsur) shows also that

Theorem 19. For every ring R, the nil radical N(R[x]) of the polynomial
ring R[z] in an indeterminate x over R is equal to I[x] for some nil ideal T of R.

3. Algebras over uncountable fields. There are other classes of rings
for which Ko6the’s conjecture is true. If for example the Jacobson radical of a
ring R is nil then the Kothe conjecture is true. This follows from the fact that
the Jacobson radical of a ring R contains every quasi-invertible left ideal of R
and every nil left ideal is quasi-invertible. There are three important theorems
of Amitsur:

Theorem 20 ([43]). Let R be an algebra R over a field F' such that either
R is algebraic over F, or dimp(R) < cardF. Then the Jacobson radical of R is
nil.

Theorem 21 ([2]). If R is an algebra over an uncountable field, then the
Jacobson radical of the polynomial ring R[x] is nil.

Theorem 22 ([2]). If R is a nil algebra over an uncountable field, then
the polynomial ring R[x1,...,x,] over R in n commuting indeterminates is also
nil.

The situation is different for countable fields, as shown by the author:
Theorem 23 ([37]). For every countable field F' there is a nil F-algebra R

(generated by four elements) such that the polynomial ring in one indeterminate
over R is not nil.
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There are some generalizations of this theorem:

Theorem 24 ([38]). For every countable field F' and for each n there
is an algebra R over F such the free associative R-algebra R[xy,...,x,] i.e., the
polynomial ring R[x1, ..., x,] in n commuting indeterminates over R, is Jacobson
radical and not nal.

For the case n = 1 see joint paper of the author with Puczylowski [41].

4. The Brown-McCoy radical. Recall that for a given ring R the
Brown-McCoy radical of R is defined as the intersection of all ideals I of R
such that R/I is a simple ring with 1. In particular a ring is Brown-McCoy
radical if and only if it cannot be homomorphically mapped onto a ring with 1,
or equivalently, onto a simple ring with 1. The Brown-McCoy radical of a ring R
contains the Jacobson radical of a ring R.

Theorem 25 ([28]). Let R be a ring such that R[x] can be homomorphi-
cally mapped onto a ring with 1. Then there is a homomorphism f : R[x] — P
onto a simple ring P with 1, such that f(rx) =1 for some r € R.

Hence for every nil ring R, the polynomial ring R[z] is Brown-McCoy
radical [28]. Note that this theorem is related to the Kéthe problem, which is
equivalent to asking whether for every nil ring R the polynomial ring R[z] is
Jacobson radical. Later it was proved [5] that for a nil ring R the polynomial
ring R[x] in one indeterminate over R cannot be homomorphically mapped onto
a ring with a nonzero idempotent.

It can be shown that if for some n the polynomial ring in n noncommuting
indeterminates over R, can be homomorphically mapped onto a ring with 1 then
for some natural m the polynomial ring in m commuting indeterminates over
R can be homomorhically mapped onto a ring with 1 [40]. In [26] some open
questions concerning Brown-McCoy radical are stated. We recall one of them

Question 26 ([26], [28]). If R is a nil ring does it follow that for each
n > 2 the polynomial ring R[x1,...,xy,] over R in n commuting indeterminates
is Brown-McCoy radical?

Question 26 is answered affirmatively for n = 2 ([40]). For other interest-
ing questions connected with nil rings see [7], [43].

5. Special kinds of algebras.
Pl-algebras: An algebra A over a field F' is said to satisfy a polynomial
identity (or be a Pl-algebra) if there is a nonzero polynomial f(z1,...,zy) in the
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free algebra Flxi,xo,...] such that f(ry,...,r,) = 0 for all ry...,r, € A. In
particular each commutative algebra is a Pl-algebra. Kothe’s conjecture is true
for the class of Pl-algebras over an arbitrary field F'. For some related results see
[15].

Klein [22] proved that if R is a nil ring of bounded index then R[z] is
a nil ring of bounded index. It is known ([32], [25]) that if R is a Pl-algebra
over an arbitrary field F' then Nil,(R) = N(R). The nilpotence of the Jacobson
radical of an affine (finitely generated as an algebra) PIl-algebra over a field of
characteristic 0 was established by Rasmyslov [29] and Kemer [20] and in the
most general setup by Braun [8].

Theorem 27 (Rasmyslov-Kemer-Braun). If R is a finitely generated PI-
algebra over a Noetherian commutative ring then the Jacobson radical of R is a
nilpotent ideal of R.

Monomial algebras: Let F' be a field, Z a set, (Z) the free semigroup
on Z with unit element, and F(Z) the free F-algebra on Z. Given any subset
Y C (Z), the factor algebra A = F(Z)/Y is called the monomial algebra defined
by the set Y of words of (7).

Belov and Gateva-Ivanova [6] proved that the Jacobson radical of a finitely
generated monomial algebra over a field is nil. Later Beidar and Fong [4] proved
that the Jacobson radical of a monomial algebra over a field is locally nilpotent.
In the case of zero characteristic it was earlier proved in [18]. Hence the Kothe
conjecture is true for monomial algebras. On the other hand, Zelmanov proved
that the locally nilpotent radical of a finitely generated monomial algebra need
not be (Baer’s) lower nil radical [45].

Finitely presented algebras: Let F' be a field, let R be a finitely
generated free algebra and let I be the ideal of R generated by a finite number of
elements of R. Then the factor algebra R/I is called a finitely presented algebra.
There are many open questions in this area:

Question 28 (Amitsur, [27]). If A is a finitely presented algebra, does it
follow that the Jacobson radical of A is nil?

Question 29. If A is a finitely presented algebra, does it follow that the
nil radical of A is locally nilpotent? If A is nil, is A nilpotent?

Sum of all nil left ideals of a ring: Given a ring R let N(R) denote
sum of all nil left ideals of R. N(R) is a two-sided ideal of R. Indeed, if a € R
and Ra is nil then aR is nil. Thus N(R) is also the sum of all nil right ideals of
R and N(R) C N(R) C J(R) ([30], [10]). The Kéthe question is equivalent to

Question 30. Let R be a ring. Does N(R) = N(R)?
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Rowen [30] studied connections between K&the’s problem and infinite up-
per triangular matrices satisfying special conditions. He also asked the following
questions:

Question 31 (Rowen, [30]). Let R be a ring. If N(R) = 0 does
N2 (N(R))" =02 If (2 (N(R))" = 0 does N(R) = N(R)?

There are some open questions of Andrunakiewicz:

Question 32 (Andrunakiewicz, [10]). Can the factor ring R/N(R) have
a non-zero left nil ideal?

Question 33 (Andrunakiewicz, [10]). Let R be a ring without a nil left
ideals. Is there a prime ideal of R such that R/P has no nil left ideals?

If the Kothe conjecture is true then the answers to Questions 31, 33 are
in the affirmative.

Simple radical rings: A ring is called simple if it has no proper two
sided ideals and R? # 0. It was asked by Levitzki [43], Jacobson [10], Kaplansky
[19] if there is a simple nil ring. An example of a simple ring which is Jacobson
radical was found by Sasiada in 1961 [35], [36]. Ryabukhin proved the following
theorem:

Theorem 34 ([33]). A simple nil algebra over a field F' exists if and only
if there is a natural number m > 2 and an ideal N of the free F-algebra A in
2m + 1 indeterminates a,x1, ..., Tm,yY1,- - - > Ym Such that A/N is nil, a ¢ N and

m 2
a—> " xa’y; € N.
Recently the author has constructed examples of simple nil rings:

Theorem 35 ([39]). For every countable field F' there is a simple asso-
ctative nil algebra over F'.

A natural open question still remains, namely

Question 36. If R is an algebra over an uncountable field, is R not
simple?

Almost nilpotent rings: An associative ring R is said to be almost
nilpotent if every non-zero (two-sided) ideal of R strictly contains some power
of R [9]. “Almost nilpotent” and “nil” are two independent generalizations of
“nilpotent”. France-Jackson, Heyman, de la Rosa [13] considered the “almost
nilpotent” version of Kéthe’s problem, namely: If L is a nonzero almost nilpotent
left ideal of a ring R, is it true that the two-sided ideal L + LR generated by L
in R is almost nilpotent? They gave a counterexample.
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