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LIMIT THEOREMS FOR REGENERATIVE

EXCURSION PROCESSES

Kosto V. Mitov
*

Communicated by N. M. Yanev

Abstract. The regenerative excursion process Z(t), t = 0, 1, 2, . . . is
constructed by two independent sequences X = {Xi, i ≥ 1} and Z =
{Ti, (Zi(t), 0 ≤ t < Ti), i ≥ 1}.

For the embedded alternating renewal process, with interarrival times Xi

– the time for the installation and Ti – the time for the work, are proved
some limit theorems for the spent worktime and the residual worktime, when
at least one of the means of Xi and Ti is infinite.

Limit theorems for the process Z(t) are proved, too.
Finally, some applications to the branching processes with state-dependent

immigration are given.

1. Introduction. Let on the probability space (Ω,A,P) be given:
i) The set X = {Xi, i = 1, 2, . . .} of independent, identically distributed,

positive, integer valued random variables with distribution function (d.f.)

A(x) =
∑

k≤x

ak = P(Xi ≤ x), x ≥ 0,
∞
∑

t=1

at = 1.
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ii) Independent of X set Z = {(Ti, (Zi(t) 6= 0, t = 0, 1, . . . , Ti−1,
Zi(Ti) = 0)), i = 1, 2, . . .} of independent, identically distributed random processes
with discrete-time parameter and common state space (Rm

+ ,Bm
+ ), where R+ =

[0,∞) and Bm
+ is the Borel σ-algebra. We assume that in the life-period [0, Ti)

the process Zi(t) is not zero and Zi(t) ≡ 0 for t ≥ Ti. So, Zi(t) are excursion
processes which generalize in some sense the branching processes with continuous
or discrete state space.

The life-periods Ti are independent, positive, integer valued random vari-
ables with d.f.

B(x) =
∑

k≤x

bk = P(Ti ≤ x), x ≥ 0,

∞
∑

t=1

bt = 1.

Denote Yi = Xi + Ti, i = 1, 2, . . . and

ct = P(Yi = t) =

t−1
∑

k=1

akbt−k, t = 1, 2, . . . , C(x) = P(Yi ≤ x) = (A∗B)(x), x ≥ 0.

Define the ordinary renewal process

S0 = 0, Sn+1 = Sn + Yn+1, n ≥ 0, ν(t) = max(n : Sn ≤ t < Sn+1)(1.1)

The sequence (Sn, S′
n+1)

∞
n=0 where

S′
n+1 = Sn + Xn+1, n = 0, 1, 2, . . .(1.2)

is called an alternating renewal process.

Define the processes

σ(t)=t−S′
ν(t)+1=t−(Sν(t)+Xν(t)+1), τ(t)= min(Sν(t)+1−t, Tν(t)+1).(1.3)

We call σ(t) the spent worktime and τ(t) the residual worktime. In terms
of reliability theory we can interpret Xi as the time for installation of the i-th
element in some system and Ti as the worktime of this element. Then σ(t) and
τ(t) are the spent worktime and the residual worktime of the element working at
time t.

Using X and Z we define the regenerative excursion process Z(t), t ≥ 0,
as follows

Z(t) =
{ 0 for σ(t) < 0,

Zν(t)+1(σ(t)) for σ(t) ≥ 0.
(1.4)

In terms of reliability theory one can interpret the process Zi(t) as mea-
suring some characteristic of the i-th element at time t. Then Z(t) is the same
characteristic of the element working at time t.



Limit theorems for regenerative excursion processes 21

Denote

ut = P(Sn = t for some n = 0, 1, 2, . . .) =
∞
∑

n=0

P(Sn = t), U(x) =
∑

t≤x

ut, x ≥ 0,

vt = P(S′
n = t for some n = 1, 2, . . .) =

∞
∑

n=1

P(S′
n = t), V (x) =

∑

t≤x

vt, x ≥ 0.

It is well-known that the sequence ut satisfies the discrete renewal equa-
tion (see [4, Vol.1, Sec.13.3])

u0 = 1, ut =
t−1
∑

k=0

ukct−k, t = 0, 1, 2, . . . .(1.5)

By the definition of vt and (1.2), one can see that

vt =

t
∑

k=1

akut−k, t = 0, 1, 2, . . . ,(1.6)

i.e. vt is the renewal sequence for the discrete time renewal process with delay

X0
d
=Xi.

Initial motivation for this work is to prove limit theorems for branching
processes with state-dependent immigration when the conditional limit behavior
of such processes without immigration is known, using direct probabilistic meth-
ods. We want to point out that the branching processes with state-dependent
immigration were investigated by many authors using the methods of probability
generating functions. (See e.g. [3, 10, 15, 7, 8, 9]).

The regenerative excursion processes considered in the paper include all
models of branching processes with state-dependent immigration.

Some applications in this direction are given in Section 6.
Naturally, the limit theorems proved here will be applicable to other mod-

els of regenerative processes.

Moreover, it seems that the asymptotic results about alternating renewal
processes with infinite means are not published earlier and they are interesting in
themselves. One can compare the results of Section 4 with the well-known results
for ordinary renewal processes with infinite mean. (See [4, Sec.14.3] and [2]).

We will consider the aperiodic discrete-time processes but all results ob-
tained here can be easily transferred to the continuous time case with slight
modifications.

In the sequel we assume some of the following basic conditions:

gcd(t : at > 0) = 1, gcd(t : bt > 0) = 1.(1.7)
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EXi < ∞,(1.8)

EXi = ∞, 1 − A(x) ∼ x−αLA(x), x → ∞, α ∈ (1/2, 1],(1.9)

ETi < ∞,(1.10)

ETi = ∞, 1 − B(x) ∼ x−βLB(x), x → ∞, β ∈ (1/2, 1],(1.11)

where LA(.), LB(.) are functions slowly varying at infinity.

The lower bound 1/2 for α and β arises because we will use the results of
Garsia and Lamperti [5] for the asymptotic behavior of ut.

In the case when both means are finite the behavior of the processes
defined above is well-known. (See e.g. [4, Vol.2, Sec.11.8]). For this reason, we
assume that at least one of the means is infinite.

Two different relations between EXi and ETi will be considered separately.
(C.1) One of the conditions (1.10) or (1.11), together with (1.9), holds and

1 − B(t) = o(1 − A(t)), t → ∞.

(C.2) One of the conditions (1.8) or (1.9), together with (1.11), holds and

lim
t→∞

1 − A(t)

1 − B(t)
= c, 0 ≤ c < ∞.

In other words, the condition (C.1) describes the situation when the in-
stallation time is ‘longer’ than the work time, but the condition (C.2) describes
the opposite situation.

Further, we will use the following notations

mA(t) =

∫ t

0
(1 − A(x))dx, mB(t) =

∫ t

0
(1 − B(x))dx,

mC(t) =

∫ t

0
(1 − C(x))dx

mA(∞) =

∫ ∞

0
(1 − A(x))dx = EXi ≤ ∞,

mB(∞) =

∫ ∞

0
(1 − B(x))dx = ETi ≤ ∞.

2. Preliminary results. Now, we will state some results which are
needed in the following sections.

Lemma 2.1. Let (1.7) and one of (C.1) or (C.2) hold. Then

gcd(t : ct > 0) = 1(2.1)
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and

1 − C(x) ∼ x−θLC(x), x → ∞,(2.2)

where θ = α and LC(t) = LA(t) when (C.1) holds, and θ = β and LC(t) =
(1 + c)LB(t) when (C.2) holds.

P r o o f. (2.1) follows immediately from (1.7), (2.2) follows from the rela-
tion [4, Vol.2, Sec.8.8] 1 − C(x) ∼ (1 − A(x)) + (1 − B(x)), x → ∞. �

The results in the next lemma are due to Garsia and Lamperti [5], and
Erickson [2]. (See e.g. [2, (2.3) and (2.4)]).

Lemma 2.2. Suppose the conditions of Lemma 2.1.

i) If 1/2 < θ < 1, then

ut ∼
sin πθ

π

tθ−1

LC(t)
, t → ∞.(2.3)

ii) If θ = 1, then

ut ∼
1

mC(t)
, t → ∞,(2.4)

and in this case mC(t) is a monotone increasing function which varies slowly at
infinity, and mC(t) ↑ ∞, t → ∞.

Lemma 2.3. Under the conditions of Lemma 2.1

vt ∼ ut, t → ∞.(2.5)

The proof is easy but long and is omitted.

From the definition of σ(t), it is evident that σ(t) ≤ t a.s.

Lemma 2.4. For k = 0, 1, 2, . . . t

P(σ(t) = k) = vt−k(1 − B(k)).(2.6)

For k > 0

P(σ(t) = −k) =

t
∑

j=0

ut−jaj+k.(2.7)

P r o o f. Let k ∈ {0, 1, . . . , t} be fixed. From the definition of σ(t), it
is clear that the events {σ(t) = k} and {S′

n+1 = t − k, Tn+1 > k for some
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n = 0, 1, 2, . . .} are equivalent. Thus,

P(σ(t) = k) =

∞
∑

n=0

P(S′
n+1 = t − k, Tn+1 > k).

By the independence of S′
n+1 and Tn+1 for every n ≥ 0, we obtain

P(σ(t) = k) =

∞
∑

n=0

P(S′
n+1 = t − k)P(Tn+1 > k)

= (1 − B(k))
∞
∑

n=0

P(S′
n+1 = t − k) = (1 − B(k))vt−k,

which proves (2.6). The proof of (2.7) is similar. �

Corollary 2.1. Under the conditions of Lemma 2.4

P(σ(t) < 0) =
t
∑

k=0

ut−k(1 − A(k)),(2.8)

If 0 ≤ x1 < x2 ≤ 1, then

P(tx1 ≤ σ(t) ≤ tx2) =
∑

tx1≤k≤tx2

vt−k(1 − B(k)).(2.9)

Lemma 2.5. Let k ∈ {0, 1, . . . , t} and l ≥ 0. Then

P(σ(t) = k, τ(t) = l) = vt−kbk+l.(2.10)

The proof is similar to the proof of Lemma 2.4.

Corollary 2.2. For 0 ≤ x ≤ t and y ≥ 0

P(0 ≤ σ(t) ≤ x, τ(t) > y) =
∑

0≤k≤x

vt−k(1 − B(k + y)),(2.11)

P(0≤σ(t)≤x, τ(t)≤y)=
∑

0≤k≤x

vt−k(1 − B(k))−
∑

0≤k≤x

vt−k(1−B(k + y)).(2.12)

From the definition of Z(t) is clear that

P(Z(t) = 0) = P(σ(t) < 0), P(Z(t) 6= 0) = P(σ(t) ≥ 0).(2.13)

Lemma 2.6. For the distributions of Z(t) the following equations hold:
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P(Z(t) ≤ z) = P(σ(t) < 0)+

P(σ(t) ≥ 0)

t
∑

k=0

P(Z1(k) ≤ z|T1 > k)P(σ(t) = k|σ(t) ≥ 0),
(2.14)

P(Z(t) ≤ z|Z(t) 6= 0) =

t
∑

k=0

P(Z1(k) ≤ z|T1 > k)P(σ(t) = k|σ(t) ≥ 0).
(2.15)

P r o o f. First of all we see that (2.15) follows immediately from (2.14)
when P(σ(t) ≥ 0) > 0, using also (2.13).

So, we have to prove (2.14). Note that

P(Z(t) ≤ z) = P(Z(t) ≤ z,X1 > t)

+P(Z(t) ≤ z,X1 ≤ t, S1 > t) + P(Z(t) ≤ z,X1 ≤ t, S1 = X1 + T1 ≤ t).
(2.16)

For the right-hand side we have

P(Z(t) ≤ z,X1 > t) = P(X1 > t) = 1 − A(t),(2.17)

P(Z(t) ≤ z,X1 ≤ t, S1 > t) =
t
∑

k=0

P(Z(t) ≤ z, T1 > k,X1 = t − k)

=
t
∑

k=0

P(Z1(k) ≤ z, T1 > k)P(X1 = t − k)

=
t
∑

k=0

P(Z1(t) ≤ z|T1 > k)(1 − B(k))at−k,

(2.18)

P(Z(t) ≤ z,X1 ≤ t, S1 = X1 + T1 ≤ t) = P(Z(t) ≤ z, S1 ≤ t)

=

t
∑

k=0

P(Z(k) ≤ z, S1 = t − k) =

t
∑

k=0

P(Z(k) ≤ z)P(S1 = t − k)

=

t
∑

k=0

P(Z(k) ≤ z)ct−k.

(2.19)
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From (2.16)–(2.19) one obtains

P(Z(t) ≤ z) =
t
∑

k=0

P(Z(k) ≤ z)ct−k

+1 − A(t) +
t
∑

k=0

P(Z1(k) ≤ z|T1 > k)(1 − B(k))at−k,

(2.20)

which is a discrete-time equation of renewal type and has the solution (see [4,
Vol.1, Sec.13.5])

P(Z(t) ≤ z)

=
t
∑

0

ut−k

[

1 − A(k) +
k
∑

j=0

P(Z1(j) ≤ z|T1 > j)(1 − B(j))ak−j

]

=
t
∑

k=0

ut−k[1 − A(k)]

+
t
∑

k=0

ut−k

[

k
∑

j=0

P(Z1(j) ≤ z|T1 > j)(1 − B(j))ak−j

]

.

(2.21)

Changing the order of summation in the second sum in (2.21), and, using
(2.6), (2.8) and (2.9) with x1 = 0 and x2 = 1, we complete the proof. �

Let

Ξ = {ξ0, ξ1, . . . ξt, . . .}

be a sequence of random vectors taking values in Rm
+ . Let

H = {η0, η1, . . . , ηt, . . .}

be a sequence of non-negative, integer-valued random variables, independent of Ξ.

The next lemma is a version of a result of Dobrushin [1], (see also [13,
Th.1, Sec.2.5]).

Lemma 2.7. Assume h(x) > 0 and is regularly varying with exponent
γ ≥ 0, ξ is a random vector with a proper m-dimensional distribution P(ξ ≤ z) =
P (z) and

ξt

h(t)
⇒ ξ, t → ∞.(2.22)

Assume N(x) → ∞ as x → ∞ and that it is a non-decreasing, positive
function, η is an almost surely positive random variable with a proper distribution
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P(η ≤ x) = Q(x), and
ηt

N(t)
⇒ η, t → ∞,(2.23)

Then
ξηt

h(N(t))
⇒ ξ.ηγ , t → ∞,(2.24)

where ξ and η are independent.

The proof can be found in [1], in the case when ξt are random variables,
or, in [13], in the case when ξt are random vectors.

The next lemma is a generalization of the result of Dobrushin in the case
of non-linear normalization of the indexing sequence H.

Lemma 2.8 Assume h(x) > 0 and is regularly varying with exponent γ >
0 and (2.22) holds. Assume N(x) → ∞ as x → ∞ and that it is non-decreasing
function, slowly varying at infinity, η is an almost surely positive random variable
with a proper distribution P(η ≤ x) = Q(x), and

N(ηt)

N(t)
⇒ η, t → ∞.(2.25)

Then

N(h−1(ξηt))

N(t)
⇒ 1.η, t → ∞,(2.26)

where 1 = (1, . . . , 1) ∈ Rm
+ and h−1(.) is the inverse function of h(.).

We omit the proof because it is similar to the proof of Lemma 2.7 and
it is based on the principle of embedding established by Skorohod [12], (see also
[13, Sec.1.1, Th.1]).

In the same manner one can prove the following lemma.

Lemma 2.9. Assume that

ηt ⇒ η, t → ∞,

where η is a non-negative, integer valued random variable, independent of Ξ.
Then

ξηt ⇒ ξη, t → ∞.(2.27)

Let us note that because of the independence of Ξ and H

P(ξηt ≤ z) =

∞
∑

k=0

P(ξk ≤ z)P(ηt = k).(2.28)
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3. Asymptotic behavior of P(σ(t) ≥ 0). In this section we establish
the asymptotic behavior of P(σ(t) ≥ 0) under the conditions (C.1) or (C.2).

Theorem 3.1. Assume (1.7) and (C.1). Then

limP(σ(t) ≥ 0) = 0.(3.1)

i) If (1.11) with 1/2 < β < 1 holds, then

P(σ(t) ≥ 0) ∼ B(α, 1 − β)vtmB(t), t → ∞.(3.2)

ii) If (1.11) with β = 1 holds, then

P(σ(t) ≥ 0) ∼ vtmB(t), t → ∞.(3.3)

In this case mB(t) ↑ ∞, t → ∞ and mB(t) varies slowly at infinity.

iii) If (1.10) holds, then

P(σ(t) ≥ 0) ∼ vtmB(∞), t → ∞.(3.4)

Theorem 3.2. Assume (1.7) and (C.2). Then

lim
t→∞

P(σ(t) ≥ 0) =
1

1 + c
.(3.5)

P r o o f o f T h e o r em 3.1. Under the conditions of the theorem, (2.2)
is fulfilled with θ = α and LC(t) = LA(t).

i) Let (1.11) with 1/2 < β < 1 holds. It follows from (C.1) that 1/2 <
α ≤ β < 1.

Let ε ∈ (0, 1
2) and δ > 0 be fixed. From (2.3), (2.5) and (1.11) we have

for every t large enough

(1 − δ)
tα−1

LA(t)

sin πα

π
≤ vt ≤ (1 + δ)

tα−1

LA(t)

sin πα

π
(3.6)

and

(1 − δ)t−βLB(t) ≤ 1 − B(t) ≤ (1 + δ)LB(t)t−β.(3.7)

Setting x1 = 0 and x2 = 1 in (2.9), we can write

P(σ(t) ≥ 0) =
∑

0≤k<[tε]

+
∑

[tε]≤k≤[t(1−ε)]

+
∑

[t(1−ε)]<k≤t

= S1 + S2 + S3.(3.8)
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We estimate S2 using (3.6) and (3.7)

(1 − δ)2
sinπα

π

∑

[tε]≤k≤[t(1−ε)]

(t − k)α−1

LA(t − k)
k−βLB(k)

≤ S2 ≤ (1 + δ)2
sin πα

π

∑

[tε]≤k≤[t(1−ε)]

(t − k)α−1

LA(t − k)
k−βLB(k)

(3.9)

Using the theorem for uniform convergence of slowly varying functions
[11, Th. 1.1], we obtain

∑

[tε]≤k≤[t(1−ε)]

(t−k)α−1

LA(t − k)
k−βLB(k)∼

LB(t)

LA(t)

∑

[tε]≤k≤[t(1−ε)]

(t−k)α−1k−β , t → ∞.(3.10)

It is easy to be seen that

∑

[tε]≤k≤[t(1−ε)]

(t − k)α−1k−β ∼ tα−β

∫ 1−ε

ε

(1 − u)α−1u−βdu, t → ∞.(3.11)

Thus, from (3.9)–(3.11) we obtain

S2 ∼ tα−β LB(t)

LA(t)

sin πα

π

∫ 1−ε

ε

(1 − u)α−1u−βdu, t → ∞,(3.12)

because δ was arbitrary.

For S1 using (3.6) and (3.7) we have

S1 ≤ (1 + δ)
sin πα

π

(t − [tε])α−1

inft−[tε]≤x<t LA(x)

∑

0≤k<[tε]

(1 − B(k))

∼ C1(1 + δ)(1 − ε)α−1ε1−βtα−β LB(t)

LA(t)
, t → ∞,

(3.13)

Similarly,

S1 ≥ (1 − δ)
sin πα

π

tα−1

supt−[tε]≤k<t LA(k)

∑

0≤k<[tε]

(1 − B(k))

∼ C2(1 − δ)ε1−βtα−β LB(t)

LA(t)
, t → ∞.

(3.14)
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In the same manner we obtain for S3

S3 ≤ (1 + δ)[t(1 − ε)]−β( sup
[t(1−ε)]≤x≤t

LB(x))
∑

0≤k<t−[t(1−ε)]

vk

∼ C3(1 + δ)(1 − ε)−βεαtα−β LB(t)

LA(t)
, t → ∞

(3.15)

and

S3 ≥ (1 − δ)t−β( inf
[t(1−ε)]≤x≤t

L2(x))
∑

0≤k<t−[t(1−ε)]

vk

∼ C4(1 − δ)εαtα−β LB(t)

LA(t)
, t → ∞.

(3.16)

In these estimations we use Theorem 5 from [4, Vol.2, Sec.13.5] and the
theorem for uniform convergence of slowly varying functions [11, Th. 1.1]. The
constants Ci are positive and different in the different cases.

Finally, from (3.12)–(3.16) we obtain

lim sup
t→∞

(

(S1 + S2 + S3)/t
α−β LB(t)

LA(t)

sinπα

π

)

≤

∫ 1−ε

ε

(1 − u)α−1u−βdu + Const.(1 + δ)((1 − ε)α−1ε1−β + εα(1 − ε)−β),

lim inf
t→∞

(

(S1 + S2 + S3)/t
α−β LB(t)

LA(t)

sin πα

π

)

≥

∫ 1−ε

ε

(1 − u)α−1u−βdu + Const.(1− δ)(ε1−β + εα).

The last estimations prove (3.2), because ε and δ were arbitrary.

ii) Let (1.11) with β = 1 holds. It follows from (C.1) that 1/2 < α ≤ 1.
On the other hand, mB(x) is a monotone increasing, slowly varying function (see
[4, Vol.2, Sec.8.9, Lemma]), and mB(t) ↑ ∞ as t → ∞.

Let ε ∈ (0, 1). Then

P(σ(t) ≥ 0) =
∑

0≤j≤[tε]

+
∑

[tε]<j≤t

= S1 + S2.(3.17)

Using the properties of regularly varying functions [11], we obtain for S1

that

S1 ≥ ( inf
t−[tε]≤k≤t

vk)
∑

0≤j≤[tε]

(1 − B(j)) ∼ vtmB(t), t → ∞,(3.18)
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S1 ≤ ( sup
t−[tε]≤x≤t

vk)
∑

0≤j≤[tε]

(1 − B(j)) ∼ vtmB(t), t → ∞.(3.19)

Using (3.6) and the monotonicity of 1 − B(x), we have for S2

0 ≤ S2 ≤
∑

[tε]<j≤t

(1 − B(j))vt−j ≤ (1 − B([tε]))
∑

0≤j<t−[tε]

vj

∼ C5t(1 − B(t))vt, t → ∞.

(3.20)

In the last relation we apply Theorem 5 from [4, Vol.2, Sec.13.5] to vt.
Moreover, in this case we have (see [4, Vol.2, Sec.8.9, Lemma]) t(1 − B(t)) =
o(mB(t)) as t → ∞, which together with (3.17)–(3.20) and the fact that ε ∈ (0, 1)
was arbitrary, complete the proof of the theorem.

iii) The proof is quite similar to the previous case and so it is omitted.
Finally, (3.1) follows from (3.2)–(3.4).

P r o o f o f T h e o r em 3.2. The proof is quite similar to that of the
cases i) and ii) of Theorem 3.1 and so it is omitted.

Comment. It is evident, that under the condition (C.1), we can obtain
only proper conditional limit distributions for σ(t), τ(t) and Z(t). If (C.2) holds,
then we can obtain both conditional and unconditional limit distributions with
atom c/(1 + c) at zero.

4. Limit theorems for σ(t) and τ(t). In this section we prove the
limit theorems for common and marginal distributions of σ(t) and τ(t). The main
results are in the following theorems.

Theorem 4.1. Assume (1.7) and (C.1).

i) If (1.11) with 1/2 < β < 1, holds then for 0 < x ≤ 1 and y > 0

lim
t→∞

P(
σ(t)

t
≤x,

τ(t)

t
>y|σ(t)≥0)=(

∫ x

0
(1−u)α−1(u+y)−βdu)/B(α, 1−β).(4.1)

ii) If (1.11) with β = 1, then for 0 < x ≤ 1 and y > 0

lim
t→∞

P(
mB(σ(t))

mB(t)
≤ x,

mB(τ(t))

mB(t)
≤ y|σ(t) ≥ 0) = min(x, y),(4.2)

lim
t→∞

P(
mB(σ(t))

mB(t)
≤ x|σ(t) ≥ 0) = x,(4.3)

lim
t→∞

P(
mB(τ(t))

mB(t)
≤ y|σ(t) ≥ 0) = min(y, 1).(4.4)
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iii) If (1.10) holds, then

lim
t→∞

P(σ(t) ≤ x, τ(t) ≤ y|σ(t) ≥ 0) =
1

mB(∞)

∑

0≤j≤x

(B(j + y) − B(j)),(4.5)

lim
t→∞

P(σ(t) ≤ x, |σ(t) ≥ 0) =
1

mB(∞)

∑

0≤j≤x

(1 − B(j)),(4.6)

lim
t→∞

P(τ(t) ≤ y|σ(t) ≥ 0) =
1

mB(∞)

∑

0≤j≤y

(1 − B(j)),(4.7)

and for every fixed k = 0, 1, 2, . . .

lim
t→∞

P(σ(t) = k, |σ(t) ≥ 0) =
1

mB(∞)
(1 − B(k)).(4.8)

Theorem 4.2. Assume (1.7) and (C.2).

i) If 1/2 < β < 1, then for 0 < x ≤ 1 and y > 0

lim
t→∞

P(
σ(t)

t
≤x,

τ(t)

t
>y)=

c

1 + c
+

sin πβ

π(1+c)

∫ x

0
(1−u)β−1(u+y)−βdu,(4.9)

ii) If β = 1, then for 0 < x ≤ 1 and y > 0

lim
t→∞

P(
mB(σ(t))

mB(t)
≤ x,

mB(τ(t))

mB(t)
≤ y) =

c + min(x, y)

1 + c
,(4.10)

lim
t→∞

P(
mB(σ(t))

mB(t)
≤ x) =

c + x

1 + c
,(4.11)

lim
t→∞

P(
mB(τ(t))

mB(t)
≤ y) =

c + min(y, 1)

1 + c
.(4.12)

P r o o f o f Th e o r e m 4.1. From (2.11) we have

P(
σ(t)

t
≤ x,

τ(t)

t
> y)|σ(t) ≥ 0) =

∑

0≤j≤tx

vt−j(1 − B(j + ty))

P(σ(t) ≥ 0)
.(4.13)

i) Similarly to the proof of the case i) of Theorem 3.1, we obtain for the
numerator in the right-hand side of (4.13) that as t → ∞

∑

0≤j≤tx

vt−j(1 − B(j + ty)) ∼ v(t)mB(t)

∫ x

0
(1 − u)α−1(u + y)−βdu.(4.14)
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Now (3.2), (4.13) and (4.14) imply (4.1).

ii) Denote by m−1
B (.) the inverse function of mB(.). Since mB(t) ↑ ∞ as

t → ∞ and mB(.) is continuous monotone increasing, so is m−1
B (.). Further, (see

[2, Lemma 10]) for every 0 < x < y

m−1
B (xmB(t)) = o(m−1

B (ymB(t)), t → ∞.(4.15)

Partiqularly, for 0 ≤ x < 1

m−1
B (xmB(t)) = o(t), t → ∞.(4.16)

Denote q(t, x) = m−1
B (xmB(t)) and consider the representation

P(
mB(σ(t))

mB(t)
≤ x,

mB(τ(t))

mB(t)
≤ y|σ(t) ≥ 0)

=

[q(t,x)]
∑

j=0
vt−j(1 − B(j)) −

[q(t,x)]
∑

j=0
vt−j(1 − B(j + q(t, y)))

P(σ(t) ≥ 0)
,

(4.17)

where, as usual, [.] denotes the greatest integer function.

For the first sum in the numerator of the right hand side of (4.17), we
have

[q(t,x)]
∑

j=0

vt−j(1 − B(j)) ≤ ( sup
t−[q(t,x)]≤j≤t

vj)

[q(t,x)]
∑

j=0

(1 − B(j))

≤ mB([q(t, x)])( sup
t−[q(t,x)]≤j≤t

vj).

Similarly,

[q(t,x)]
∑

j=0

vt−j(1 − B(j)) ≥ mB([q(t, x)])( inf
[t−q(t,x)]≤j≤t

vj).

Since vj is regularly varying and (4.16) holds, we have

( inf
t−[q(t,x)]≤j≤t

vj) ∼ ( sup
t−[q(t,x)]≤j≤t

vj) ∼ vt, t → ∞.

On the other hand, mB(x) is slowly varying at infinity and m−1
B (.) is

monotone increasing. Thus,

mB(q(t, x) − 1) ≤ mB([q(t, x)]) ≤ mB(q(t, x)) = xmB(t),
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which implies

mB([q(t, x)]) ∼ xmB(t), t → ∞.

Hence,

[q(t,x)]
∑

j=0

vt−j(1 − B(j)) ∼ vtmB(t)x, t → ∞.(4.18)

Similarly, we estimate the second sum

[q(t,x)]
∑

j=0

vt−j(1−B(j + q(t, y))) ∼ vt

(

mB(q(t, x) + q(t, y))−mB(q(t, y))
)

, t → ∞.

Now using (4.15), one can see that

mB(q(t, x) + q(t, y)) ∼ max(x, y)mB(t), t → ∞.

Thus,

[q(t,x)]
∑

j=0

vt−j(1 − B(j + q(t, y))) ∼ vtmB(t)(max(x, y) − y), t → ∞.(4.19)

Finally, (4.17), (4.18), (4.19) and (3.3) prove (4.2). To prove (4.3) and
(4.4), we let x → 1 or y → ∞, respectively.

iii) From (2.12), we have

P(σ(t) ≤ x, τ(t) ≤ y|σ(t) ≥ 0)

=

(

∑

0≤j≤x

vt−j(1 − B(j)) −
∑

0≤j≤x

vt−j(1 − B(j + y))

)

/P(σ(t) ≥ 0).
(4.20)

Since x is fixed and vt is regularly varying at infinity, then vt−j ∼ vt when
t → ∞, uniformly on 0 ≤ j ≤ x. Hence,

∑

0≤j≤x

vt−j(1 − B(j + y))) ∼ vt

∑

0≤j≤x

(1 − B(j + y))), t → ∞,

and
∑

0≤j≤x

vt−j(1 − B(j))) ∼ vt

∑

0≤j≤x

(1 − B(j))), t → ∞.

Now (3.4), (4.20) and the last two relations yield

lim
t→∞

P(σ(t)≤x, τ(t)≤y|σ(t)≥0)=
1

mB(∞)
(
∑

0≤j≤x

(1−B(j))−
∑

0≤j≤x

(1−B(j+y))),
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which is equivalent to (4.5).

Letting y → ∞ in (4.5), we obtain (4.6).

To prove (4.7) one can write the right-hand side of (4.5), as follows

1

mB(∞)

∑

0≤j≤x

(B(j + y) − B(j))

=
1

mB(∞)
{
∑

0≤j≤x

(1 − B(j)) +
∑

0≤j≤y

(1 − B(j)) −
∑

0≤j≤x+y

(1 − B(j))}.

Letting x → ∞ in the last relation and remembering that
∑∞

j=0(1 −
B(j)) = mB(∞) < ∞, we prove (4.7).

The proof of (4.8) is evident by (2.6) and (3.4).

The theorem is proved. �

5. Limit distributions for the process Z(t). Let us remember that
Zi(t) and Z(t) are m-dimensional vectors with non-negative components. We
denote the components by an upper index. So,

Z(t) = (Z1(t), . . . , Zm(t)), Zi(t) = (Z1
i (t), . . . .Zm

i (t)), i = 1, 2, . . . .

The relations Z(t) ≤ z, Z(t) < z will be understood as

(Z1(t) ≤ z1, . . . , Zm(t) ≤ zm), (Z1(t) < z1, . . . , Zm(t) < zm).

For some function G : R → R we denote

Z(t)

G(t)
=

(

Z1(t)

G(t)
, . . . ,

Zm(t)

G(t)

)

, G(Z(t)) = (G(Z1(t)), . . . , G(Zm(t))).

For a real number c and a vector z = (z1, . . . , zm), we denote z.c =
(z1c, . . . , zmc).

In this section, additionally to (1.7), (C.1) and (C.2), we suppose the
following condition
(C.3) There exists a proper m-dimensional distribution function P (z), z ∈ Rm

+ ,
such that

lim
t→∞

P(Zi(t)/M(t) ≤ z|Ti > t) = P (z),

where M(.) is a monotone increasing, regularly varying function with exponent
γ ≥ 0.

After this introduction, we can formulate the main results of the section.

Theorem 5.1. Let (1.7), (C.1) and (C.3) hold.
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i) If (1.11) with 1/2 < β < 1 holds, then for z = (z1, . . . , zm) ≥ 0

lim
t→∞

P(
Z(t)

M(t)
≤ z|Z(t) 6= 0) =

1

B(α, 1 − β)

∫ 1

0
P (z.y−γ)(1 − y)α−1y−βdy.(5.1)

ii) If (1.11) with β = 1 holds and the exponent of M(.), γ > 0, then for
0 < z = (z1, . . . zm) ≤ 1

lim
t→∞

(
mB(M−1(Z(t)))

mB(t)
≤ z|Z(t) 6= 0) = min

1≤i≤m
zi,(5.2)

where M−1(.) denote the inverse function of M(.).

iii) If (1.10) holds, then for z = (z1, . . . zm) ≥ 0

lim
t→∞

P(Z(t) ≤ z|Z(t) 6= 0) =
1

mB(∞)

∞
∑

k=0

P(Z1(k) ≤ z|T1 > k)(1 − B(k)).(5.3)

Theorem 5.2. Assume (1.7), (C.2) and (C.3).

i) If 1/2 < β < 1, then for z = (z1, . . . , zm) ≥ 0

lim
t→∞

P(
Z(t)

M(t)
≤ z) =

c

1 + c
+

sin πβ

π(1+c)

∫ 1

0
P (z.y−γ)(1 − y)β−1y−βdy.(5.4)

ii) If β = 1, then

lim
t→∞

P(
mB(M−1(Z(t)))

mB(t)
≤ z) =

c

1 + c
+

1

1 + c
( min
1≤i≤m

zi).(5.5)

P r o o f o f T h e o r em 5.1. Construct independent sequences Ξ and H
(cf. Lemma 2.7), such that

P(ξk ≤ z) = P(Z1(k) ≤ z|T1 > k),

and

P(ηt = k) =
{ P(σ(t) = k|σ(t) ≥ 0) 0 ≤ k ≤ t,

0 k > t.

Now, for the sum in the right-hand sides of (2.14) and (2.15), we get (cf. (2.28))

t
∑

k=0

P(Z1(k) ≤ z|T1 > k)P(σ(t) = k|σ(t) ≥ 0)

=

∞
∑

k=0

P(ξk ≤ z)P(ηt = k) = P(ξηt ≤ z).

(5.6)
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The rest of the proof is a simple application of the lemmas 2.7, 2.8 and 2.9, taking
into account (C.3) and Theorem 4.1 i), ii) and iii), for the cases i), ii) and iii),
respectively. �

The proof of Theorem 5.2 is similar.

6. Branching processes with state-dependent immigration. In
this section we consider some applications of the results obtained above to the
multitype Galton-Watson (MGW) branching processes with state-dependent im-
migration.

Let Zi(t) = (Z1
i (t), . . . , Zm

i (t)), i = 1, 2, . . ., be independent, identically
distributed MGW branching processes with m type of particles, starting with
random number of ancestors at time t = 0, Zi(0) 6= 0, a.s.

Define the life-period Ti by the event {Zi(t) 6= 0, t = 0, 1, 2, . . . Ti −
1, Zi(Ti) = 0} and let Xi be as in the previous sections.

Now, the process Z(t) defined by (1.4) is a MGW branching process with
m type of particles and immigration only in the state zero.

Denote,

s = (s1, s2, . . . , sm) ∈ [0, 1]×m, el = (δ1
l , . . . , δ

m
l ),

g(s) = E(sZi(0)) = E((s1)Z
1
i (0) . . . (sm)Z

m
i (0)),

f l(s) = E(sZi(t)|Zi(t − 1) = el), f(s) = (f1(s), . . . , fm(s)).

Assume,

gp =
∂g(s)

∂sp
|s=1 < ∞, al

p =
∂f l(s)

∂sp
|s=1 < ∞, l, p = 1, 2, . . . ,m,

and denote g = (g1, . . . , gm).

Let the matrix A = ‖al
p‖ be irreducible and has the Perron root ρ = 1 with

corresponding right and left eigenvectors u = (u1, . . . , um) and v = (v1, . . . , vm),
such that u > 0, v > 0, (u, 1) = 1, (u, v) = 1, where (.,.) is a scalar product, (i.e.
MGW process is critical.)

For the second moments, we consider separately the cases when they are
finite or infinite.

6.1. Finite second moments. Assume,

bl
pq =

∂f l(s)

∂sp∂sq
|s=1 < ∞, l, p, q = 1, 2, . . . m,
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and

b =
1

2

∑

l,p,q

vlbl
pqu

puq ∈ (0,∞).

It is well-known, that under these conditions, for critical MGW processes
the following results are true (see e.g. [6]):

1 − B(t) = P(Ti > t) ∼
(g, u)

bt
, t → ∞,(6.1)

and for z = (z1, . . . , zm) ≥ 0

lim
t→∞

P(
Zi(t)

t
≤ z|Ti > t) = P (z),(6.2)

where

P (z) = 1 − exp(−min(
bzj

vj
)).

So, M(t) = t and from (6.1), it follows that

mB(t) =

∫ t

0
P(Ti > y)dy ∼

(c, u)

b
log t, t → ∞.

If we suppose that

(1 − A(t))t → ∞, t → ∞,

then the conditions of Theorem 5.1 ii) hold, and, we obtain for 0 < z ≤ 1

lim
t→∞

(
log Z(t)

log t
≤ z|Z(t) 6= 0) = min(z1, . . . , zm).

On the other hand, if we assume EXi < ∞, then the conditions of The-
orem 5.2 ii) are fulfilled, and, the limit distribution is an unconditional one ,
i.e.

lim
t→∞

(
log Z(t)

log t
≤ z) = min(z1, . . . , zm).

6.2. Infinite second moments. Assume for x > 0

(v, 1 − f(1 − x.u)) = x − x1+ξL1(x),

where ξ ∈ (0, 1] and L1(.) is a function slowly varying at zero.

In this case, (see [14])

1 − B(t) = P(Ti > t) ∼ (g, u)t
− 1

ξ LB(t), t → ∞,(6.3)

where LB(.) is a function slowly varying at infinity.
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Further on, if we denote M(t) = t
1
ξ /LB(t), then for z = (z1, . . . , zm) ≥ 0

lim
t→∞

P(
Zi(t)

M(t)
≤ z|Ti > t) = P (z),(6.4)

where P (z) is a proper distribution on Rm
+ with L.-S. transform

∫

Rm
+

e−(λ,z)dP (z) = 1 − (v, λ)(1 + (v, λ)ξ)
− 1

ξ , λ = (λ1, . . . , λm) ≥ 0.

If ξ < 1 or ξ = 1 but ETi = mB(∞) < ∞, then from Theorem 5.1 iii), we
obtain

lim
t→∞

P(Z(t) ≤ z|Z(t) 6= 0) =
1

mB(∞)

∞
∑

k=0

P(Z1(k) ≤ z|T1 > k)P(T1 > k).

If ξ = 1 and ETi = ∞ then

mB(t) =

∫ t

0
P(Ti > y)dy ↑ ∞, t → ∞,

and mB(t) is slowly varying at infinity.

If we denote by M−1(.) the inverse function of M(.), from Theorem 5.1
ii) or from Theorem 5.2 ii) it follows that for 0 < z ≤ 1

lim
t→∞

P(
mB(M−1(Z(t)))

mB(t)
≤ z|Z(t) 6= 0) = min(z1, . . . , zm),

independently of α.

If, additionally, we assume EXi < ∞, then Theorem 5.2 ii) is valid with
c = 0. Hence, the limit distribution is unconditional.

These results are new for the MGW branching processes with state-
dependent immigration.

The analogical results in the single-type case are obtained by Kurbanov
[7] using the methods of probability generating functions.

It is clear, that other limit theorems known for the critical MGW branch-
ing processes without immigration, can be transferred to the processes with state-
dependent immigration in similar way.
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