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Abstract

Accelerated life testing (ALT) is widely used to obtain reliability information about a product within a
limited time frame. The Cox’s proportional hazards (PH) model is often utilized for reliability prediction.
My master thesis research focuses on designing accelerated life testing experiments for reliability estimation.
We consider multiple step-stress ALT plans with censoring. The optimal stress levels and times of changing
the stress levels are investigated. We discuss the optimal designs under three optimality criteria. They are
D-, A- and Q-optimal designs. We note that the classical designs are optimal only if the model assumed is
correct. Due to the nature of prediction made from ALT experimental data, attained under the stress levels
higher than the normal condition, extrapolation is encountered. In such case, the assumed model cannot be
tested. Therefore, for possible imprecision in the assumed PH model, the method of construction for robust

designs is also explored.

Key Words: Step-stress accelerated life test, Cox’s proportional hazards model, Maximum likelihood es-

timation, Robust design, Reliability estimation.
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Chapter 1

Introduction

1.1 Background

Reliability is a crucial factor which significantly influences the quality of product. The definition of the
reliability is the probability that a unit will operate successfully at a particular point in time under normal
conditions. Thus, many manufacturers make great effort to enhance the reliability of a product which also
largely determines the competitiveness of their product. Such importance has brought many statisticians
attention in evaluating reliability, assessing new designs and modifications, and identifying causes of failures.
In the life data analysis, we have to collect the failure data of a product under normal design conditions
to quantify the life characteristics of the product. However, such failure life data is very difficult to obtain
in many situations, especially for the product with high reliability. Today lifetimes of many products are
too long and the life testing time period between design and release is limited. Tests under normal design
conditions are too lengthy to get any failures. To overcome this problem, accelerate life testing (ALT) has
been developed.

ALT is widely used to quickly obtain the failure information about products since it can shorten the
lifetime of a product in order to observe failures in a reasonable time period. In general, test units in ALT are
subjected to higher than normal design level of stresses (e.g., temperature, vibration, voltage, pressure, etc.)
since testing at high stress levels will result in early failures. The use of such accelerating stresses for a
particular material is established by engineering practice. To avoid invalid reliability estimates, the range
of stress levels should be restricted. The failure data obtained at accelerated conditions are extrapolated to
estimate the characteristic of life distribution at normal design conditions. In practical situations, different
types of stress loads can be considered when performing an ALT. The stress loading in an accelerated test
can be applied in many ways, such as constant, cyclic, step, progressive, and random stress loading. All
loading schemes can be classified into two types according to the dependency between the stress levels and
testing time. They are time-independent and time-dependent stress loading. When the stress loading is
time-independent such as constant stress loading, then the stress applied to a sample of units should be the
same during testing period. But there is a drawback of using constant stress loading in ALT. When the
inappropriate stress levels are used, the test experiment could still take too long to observe sufficient failures.
To address this problem, a time-dependent stress loading scheme is often adopted to assure quick failures.

When the stress loading is time-dependent, the test units are subjected to a stress level that changes with



respect to time. The most commonly used time-dependent stress loading scheme is the step-stress test. In
step-stress ALT, all test units are subjected to stress levels increasing by steps. In general, all the test units
start being subjected to a lower stress level for a specified length of time or a fixed number of failures, then
the stress level increases and the test continues for all unfailed test units. The test is finished when all units
have failed, when a certain number of failures are observed, or when a certain time has elapsed.

There are two types of accelerated life data: complete data and censored data. Complete data consist of
the exact life failure time of each sample unit. Namely, the experiment producing complete data only finishes
when all the test units have failed. On the other hand, there are two types of censored data: time censored
and failure-censored data. Time-censoring is also called Type I censoring. Time-censoring occurs when the
censoring time is predefined and the experiment stops at the censoring time. The lifetimes of all remaining
test units which have not failed by the censoring time are said to be right-censored. Failure-censoring is also
called Type II censoring. Data are singly failure censored if the experiment is stopped when a predetermined
number of failures occurs. Time-censoring is more popular in practice while failure-censoring is more common

in theoretical literature.

1.2 Our model, some definitions for step-stress ALT, and optimal

design criteria

1.2.1 Cox’s proportional hazards model

The Cox’s proportional hazards (PH) model is one of the most important means for predicting the lifetime
of a product. This model provides a flexible method for identifying the effects of covariates on failure rate.

We consider a PH model that can be expressed as

A(t:8) = Ao () exp (ﬁTs) , (1.1)

where Ag (%) is its baseline hazard function, s is a column vector of the covariates (applied or transformed stresses)
in the ALT test, and 3 is a column vector of unknown parameters. In a PH model, the stresses are presumed
having multiplicatively effects on the hazard rate. Furthermore, when testing two units at different stress

levels, the ratio of the hazard rates for these two units will remain unchanged over time.

1.2.2 Step-stress ALT

A step-stress ALT allows changing stress levels during testing. In an ALT with step-stress loading, all the
test units begin at a specified stress level. After a time fraction, the stress level is changed to a higher stress
level. The stress level can be raised more than once before the end of the test. Simple step-stress ALT (Figure
1.1) only uses two stress levels during the testing. Simple step-stress ALT is also called two-step-stress ALT.
However, in multiple step-stress ALT (see Figure 1.2 for a three-step-stress scheme), the stress level is raised

twice or more before the end of the test. In this thesis, we consider multiple step-stress ALT plans.
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Figure 1.1 Simple step-stress test
(sp — the normal design stress level, s; and sy — the low and high stress levels,

71 — the stress changing time, and ¢ — the censoring time)
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Figure 1.2 Three-step-stress test
(sp — the normal design stress level, s1, sq, s3 — the low, middle and high stress levels

71 and 74 — the stress changing times, and ¢ — the censoring time)

1.2.3 Three design criteria

Optimal design criteria used in this thesis are D-optimality, A-optimality and Q-optimality. When the as-
sumed model is correct, D-optimal design is obtained in order to minimize the determinant of covariance
matrix of the estimators for model parameters, or equivalently maximize the determinant of Fisher’s in-
formation matrix. An A-optimal design is obtained by minimizing the trace of covariance matrix of the
estimators for the model parameters (or maximizing the trace of Fisher’s information matrix). A Q-optimal
design is attended by minimizing the asymptotic variance of the estimator for a specific quantity of interest.
In this thesis, we are interested in (1) the hazard rate over a specific period of time at the normal design

stress level and (2) the (transformed) reliability at a specified time and at the normal design stress level.



1.3 Literature review

In this section, we review the literature of optimal and robust designs for ALT models.

1.3.1 Optimal designs for simple step-stress ALT with a parametric model

Miller and Nelson (1983) first presented Q-optimal designs for simple step-stress tests with complete failure
data from an exponential distribution. Their designs minimize the asymptotic variance (AVAR) of the
maximum likelihood estimator (MLE) of the mean life at a normal design stress. Bai, Kim and Lee (1989)
extended the theory of Miller and Nelson to censored data. They constructed the optimal simple step-stress
ALT with time-censoring. However, in many cases the failure time distribution of the test units may not
be exponential. Thus, the optimal simple step-stress ALT for Weibull distribution has also been developed.
Bai and Kim (1993) presented an optimal simple step-stress ALT for a Weibull distribution under time-
censoring. The optimal low stress level and stress change time are obtained by minimizing the AVAR of the
MLE of a specific percentile at normal design stress. Fard and Li (2009) also presented a step-stress ALT
for a Weibull distribution under time-censoring; however, their optimal stress-changing time is obtained by
minimizing the AVAR of the MLE for reliability instead. Recent work on optimal designs for step-stress ALT
has been reviewed by Hunt and Xu (2012). They adopted a generalized Khamis-Higgins model for the effect
of changing stress levels and also assumed that the lifetime of a test unit follows a Weibull distribution;
however, their designs are also optimal when both the shape and scale parameters are considered being
functions of the stress levels. The resulting optimal design chooses the stress-changing time in order to
minimize the asymptotic variance (AVAR) of the MLE of reliability at the normal design stress level and at

a pre-specified time.

1.3.2 Optimal designs for multiple step-stress ALT with parametric model

Ma and Meeker (2008) extended the results of Bai and Kim (1993) to provide a general method for multiple
step-stress ALTs for a log location-scale family of distributions. They presented an approach to calculate
the large-sample approximate variance of the MLE for a quantile of the failure time distribution at normal
design conditions from a step-stress ALT. The approach allows for multiple step-stress loading, censoring,
and it is based on a cumulative exposure model. As an application of the approach from Ma and Meeker
(2008), the minimum variance is expressed as a function of shape parameter for both Weibull and lognormal
distributions. Graphical comparisons among different test plans including step-up, step-down, and constant-
stress loading are also presented. Their results show that depending on the values of the model parameters

and quantile of interest, one of the three test plans can be the most preferable in terms of optimum variance.

1.3.3 Optimal designs for simple step-stress ALT with Cox’s proportional haz-

ards model

Jiao (2001) developed the first simple step-stress ALT plan that utilized PH model for reliability prediction.
Their optimal stress level is obtained by minimizing the variance of the MLE of hazard rate at the normal
design stress level and over a pre-specified time. Elsayed and Zhang (2005) also presented an optimal

simple step-stress ALT plan based on PH model to obtain the most accurate reliability function estimates at



normal design conditions. They also formulate a nonlinear programming problem to minimize the asymptotic

variance of the hazard rate estimator over a prespecified the period at normal design stress.

1.3.4 Optimal designs for constant stress ALT with Cox’s proportional hazards

model

Jiao (2001) developed the first constant stress ALT plan that utilized PH model for reliability prediction.
They considered the selection of stress levels and proportion of units allocated to each stress level for a
constant stress ALT such that the most accurate reliability estimate at normal design conditions could
be obtained. An algorithm was also provided to solve the constrained nonlinear optimization problem for

obtaining the optimal test designs.

1.3.5 Robust designs for ALT

The general theory for the asymptotic distribution of MLEs under model misspecification was derived by
White (1982). He examined the consequences and detection of model misspecification when the maximum
likelihood technique has been used for estimation. The proposal quasi-MLE converges to a well-defined limit.
Also, the properties of their quasi-MLE and the information matrix are exploited to yield several useful tests
when model misspecification is suspected.

An ALT plan can be robust with respect to inaccuracy in assumed underlying stress-life relationship. Pas-
cual (2006) presented the methodology for deriving the asymptotic distribution of MLEs of model parameters
with constant stress ALT when the stress-life relationship is misspecified. If the possible departures from
an assumed ALT model can be suspected, then his results can be used to investigate the ALT plans which
provide protection against potential bias and against the possible loss in estimation efficiency. The method-
ology developed can be used to derive robust designs by minimizing asymptotic squared bias (ABIAS?),

asymptotic variance (AVAR) or asymptotic mean squared error (AMSE) for constant stress ALTs.

1.3.6 Methods for model-robust test planning

Pascual (2006) mentioned that research on robust designs is appreciated for the following two practical
situations. First situation is that model to be fitted to the data is not known and is chosen only after
data being collected and then a model selection process is applied. Thus, for this situation the implemented
experimental design is expected to perform relatively well under different candidate models. Second situation
is that assuming a particular model to be fit to data, but the possibility that the assumed model may not
be the true one is recognized.

In a complete general setting, robust designs for one-point extrapolation which is the case for ALT have
been discussed in Wiens and Xu (2008), for least squares estimation of a mean response. As Fang and Wiens
(1999) pointed out: "Extrapolation to regions outside of that in which observations are taken is, of course,
an inherently risky procedure and is made even more so by an over-reliance on stringent model assumptions."
The classical optimal designs minimize the variance alone. However, when the fitted models are incorrect,
the estimation is biased. A robust design should be obtained in an optimal way so that even when the fitted

model was not exactly correct, the designs can still be relatively efficient with a small bias.



1.4 Motivation and problems of interest

In the literature, there hasn’t been any work done on optimal designs for PH based ALT models with
multiple step-stress plans. Since all of the previous works done are on simple step-stress for PH based ALT
models, exploring optimal designs for PH based ALT models with multiple step-stress plans would be an
area deserving of research. Due to the nature of the prediction made from ALT experimental data, attained
under the stress levels higher than the normal design condition, extrapolation is encountered. In such
case, the assumed model cannot be tested. For possible imprecision in an assumed PH model, the method
of construction for robust designs is also needed to explore. Therefore, we are interested in constructing
optimal and robust designs for multiple step-stress ALTs for PH models. For optimal designs, we consider
the baseline hazard function to be either a simple linear or a quadratic form. For each case, we discuss the
optimal multiple step-stress ALT designs under three different design criteria: D-optimality, A-optimality,
and Q-optimality.

For robust designs, we consider three different optimal criteria: minimizing the asymptotic squared bias
(ABIAS?), asymptotic variance (AVAR) and asymptotic mean squared error (AMSE) of the estimator for the
quantity that experimenter is interested. We consider the situation where a PH model with a simple linear
baseline hazard function is fitted, however the true baseline hazard function is a quadratic function. Robust
designs will be obtained in order to protect against possible departure from the linear model. The changing
times are derived by minimizing the ABIAS?, AVAR and AMSE of hazard rate estimation or transformed
reliability estimation.

In order to demonstrate the performance of our resulting designs, we carry out a simulation study using
given model parameters and the optimal design we constructed. The simulated data are used to compute
the maximum likelihood estimates, simulation squared bias (SBIAS?), simulation variance (SVAR), and

simulation mean squared error (SMSE) in order to evaluate the performance of our resulting designs.

1.5 Main results of this thesis

This thesis consists of five chapters. The main results of our research are presented in the following four
chapters.

In Chapter 2, the optimal three-step-stress ALT designs have been constructed when the baseline hazard
function in a PH model is assumed to be a simple linear function. We have solved the minimization problem
for a nonlinear objective function with nonlinear constraints. Using two practical examples, we have demon-
strated the construction of constrained optimal designs under each of the three criteria considered. The
resulting optimal designs under three different criteria are quite similar in terms of optimal stress-changing
times. In addition, we have found that the middle stress level should be kept as close to the lower bound
of the middle stress level as possible as long as the constraint condition is satisfied. We conclude that opti-
mal three-step-stress designs have gained efficiency at a minimum of 3%, maximum of 10% for hazard rate
prediction respect to two-step-stress designs.

In Chapter 3, we have derived the optimal designs when the baseline hazard function in a PH model
is assumed to be a quadratic function. The optimal stress-changing times and the optimal middle stress
level are chosen in order to minimize the loss functions under some given nonlinear constraints. Under

these constraints (minimum number of being fixed failures at each stress level), the optimal middle stress



level should be kept as close to the low stress level as possible as long as such constraints are satisfied. Six
constrained optimal designs are constructed under each of the three criteria. We also point out that designing
a three-step-stress ALT with a fixed middle stress seems only helping reduce the value of loss function under
A-optimality. Thus, we against to use average middle stress level when the PH-based three-step-stress ALT
with the quadratic baseline hazard.

In Chapter 4, robust designs have been derived against possible departure from the linear baseline hazard
in a PH model. Optimal stress-changing times have been obtained in order to minimize the ABIAS?, AVAR
and AMSE respectively of both hazard rate estimation and transformed reliability estimation. Under certain
constraints, an iteration algorithm has been described to help determining the optimal stress-changing times
and the optimal middle stress level simultaneously. We demonstrate this algorithm using a practical example,
the optimal stress-changing times and the optimal middle stress level have been obtained for each of these
two quantities that the experimenter may be interested.

In Chapter 5, we have evaluated the performance of our resulting designs obtained in Chapters 2-4 by
simulations. The design for a three-step-stress ALT with an optimal middle stress level and two optimal
stress-changing times has reduced all SBIAS2?, SVAR, and SMSE of hazard rate estimator in comparison
to three-step-stress ALT with fixed middle stress level. The optimal design with optimal middle stress
outperforms that with middle stress is conveniently chosen as the average of other two stress levels. In
addition, the middle stress level should also be chosen as close to the low stress level as possible provided

the constraints are satisfied.



Chapter 2

Optimal designs when the baseline
hazard function is a simple linear

function

2.1 Introduction

The PH model plays a pivotal role in the reliability area. In this chapter, we present a method of finding
optimal designs for PH-based three-step-stress ALT with the case where the baseline hazard function is a
simple linear function. The information matrix will be derived and the optimal times of changing the stress
levels will be investigated. We consider constructing optimal designs under three commonly used criteria.
They are D-optimality, A-optimality and Q-optimality. This research extends the work of Elsayed and Zhang
(2005), which has only found the optimal designs for PH-based simple step-stress ALT. Hunt and Xu (2012)
has pointed out the optimal multiple step-stress ALT may further improve the accuracy of the reliability
predicts. Therefore, we expand the work of Elsayed and Zhang (2005) and investigate the optimal designs
of multiple step-stress ALT. In this chapter, we focus on constructing the procedures for determining the

optimal PH-based three-step-stress ALT with time-censoring.

2.2 Model and test plan notation

There are n test units that first place at low stress level s; and run until time 71, and the surviving units
are subjected to a higher stress level s and run until time 75, and then the remaining units are subjected

to the highest stress level s3 until a predetermined censoring time c¢. We have the following assumptions:

(1) The PH model is satisfied under different stress level s:
Do) — T
A(t:s) = Ao () exp (,8 s), (2.1)

where Ao (t) = v, + 71t is the baseline hazard function.



(2) There are three test stress levels s, 52, and s3 (s1 < $3 < s3) used in three-step-stress ALT test.

We use the following notations in order to denote the cumulative distribution function (cdf), the proba-
bility density function(pdf), the cumulative hazard function and the reliability function of failure time at a

given stress level s:

F(t;s) = 1l—exp [— (%t + %f) exp (BS)] ;

F(ts) = Xo(t)exp (Bs)exp [ (qot + T2 exp (8s)]
Atis) = (wﬁ + %ﬂ) exp (8s), and

R(t;s) = exp [— (%t i %ﬂ) exp (53)} .

Hazard rate is defined as the ratio of the density and reliability functions of time to failure, and it can

be expressed as

A(t;s) = é((tt’ Z))

We adopt the most commonly used cumulative exposure model (CEM) to derive the cdf of the failure

time. According to Nelson (1980), in the cumulative exposure models, the cdf of lifetime ¢ under a step-stress

ALT is:
F1 (t) if tSTl,

FQ(G‘Ft*Tl) if TlgtSTQ,
Fs(b+t—79) if 19 <t<eg,
P(t>c) if t>c,

Fopm (t) = (2.2)

where a and b satisfy Fy (11) = Fy(a) and Fy(a+712 —71) = F3(b). Namely, a = Fy ' [F; (11)] and
b:F:;l [FQ(Q+T2 —Tl)].

Fit) F(t)

1 1 -

a T t b a+ 70— T1q t

Figure 2.1 Graphical representation of cumulative exposure model

(dotted line — cdf under s1, solid line — cdf under s, broken line — c¢df under s3)



We also define the indicator functions I (¢t < 71), I (t < 72), and I3 (¢t < ¢) in terms of the stress change

point 71 and 735 :

1 ift<7’1,
LH=L{t<T()= - 2.3
1=htsm) {Oift>n, (23)
1 if t<
L=Lt<t)=4{ "= an (2.4)
Oift>’7'27
1 if t<e¢
I3 =13(t<c¢c)= -7 2.5
s=lt<e) {Oift>c, (2:3)

with 71 < 79 < ¢. The log likelihood function of an observed lifetime ¢ can be expressed as:

nLtE) = 13{ LAL [ f (1)) + (1= 1) [In f (w;.5)]}

+ (1= 1I3) [In f (y; s3)]

_ 13{ LI nf(ts)]+ L (1 — L) [In f (2; )]
+ (1= I2) [In f (y; 53)]

= 1312[1 [lnf(t,sl)] +Ig[2 (1—[1)[1Hf($782)]

+Is (1 = I2) [In f (y; s3)] + (1 — I3) [~ A (2; 83)]

= I3y [ln (o +71t) + Bs1 — (Vot + %tQ) exp (ﬂﬁ)}
VIl (1— 1) [m (Yo +712) + Bsa — (W + %ﬁ) exp (532)]
+15(1 - 1I2) [ln (vo +71y) + Bss — (”yoy + %yr") exp (553)}

— (1= 1) [ (702 + 5-22) exp (Bs3)

} + (1 = I3) [ A (2 83)]

} + (1 = I3) [-A (25 83)]

wherex =a+t—71,y=b+t—79, 2=b+4+c— To.

The first partial derivatives with respect to the model parameters are

Oln L o .[3.[2]1 _ .[312 (].—Il) _ .
ol W I3l I texp (Bs1) + @ I3l (1 — 1) zexp (Bs2)
I3 (1 — I
+u —I3(1—I)yexp(Bs3) — (1 — I3) zexp (Bs3),
Ao (y)
Oln L o .[3.[2]1t Ig[g[ltz Ig_[g (1—[1)1’ . I3IQ (1 —11)1'2
T e 5 XP (Bs1) + o (2) D) exp (Bs2)
I3(1—1 I;(1—-1)y? 1—1I3) 22
3()\0 (y;)y 1 5 2)y eXP(533)—7( 23) exp (Bs3) ,
OlnL

= 13[21151 — 1312[181/\ (t; 81) + Ig[g (1 — Il) S9 — 1312 (1 — Il) SQA (.’L‘; 82)

+1I3 (1 — Iz) s3 — I3 (1 — I2) s3A (y; s3) — (1 — I3) s3A (25 53) .
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The second partial derivatives with respect to the model parameters are

821nL - _,[3[2[1 _ 13,[2 (1—[1) _ 13 (1—[2)
075 A A @) AN
thIL _ I3Igllt2 1312 (1—]1).1‘2 _ I3 (1—]2)y2
ot X5 (t) X (@) N
821nL o _Ig[g[lt . IL;IQ (1—[1)1’ . .[3 (1—]2)y
o X (1) X () N
0*InL

—1312115%[\ (t, 81) — Ig]g (1 — Il) S%A (ZC, 82)

Gl
—I3 (1 — L) s3A (y; s3) — (1 — I3) s3A (2 83) .

The elements of the Fisher’s information matrix for ¢ are the negative expectations of second partial

derivative equations. Each of them can be derived as below.

0?InL ™ol ™ o1 c 1
E{a’y%} = /O )\g(t)f(t,sl)dtJr/T1 )\(%(x)f(x’SZ)dt+/Tz)\g(y)f(y753)dt

™ol T
- /0 N (1) &P (ﬂsl)R(tQSl)dt-‘r/Tl N (1) O (Bs2) R (x; 55) dt

t
| oy e (Bs0) Ry .

+
0*’InL L ¢2 T2 g2 ¢ 2
E{_W} = / 7f(t;31)dt+/ )mf($,52)dt+/ 7f(y§33)dt

1 0 Ag (t) T1 o \T T2 )‘3 (y)
2 T2 2

T1 t "
= /0 o (0 exp (Bs1) R (t;s1) dt + /7'1 o (@) exp (Bs2) R (w3 s2) dt

c 2
/ A(;U(y) exp (Bs3) R (y; s3) dt,

+
FLY _ ("t I U s
-Gt = | e [ geaa [ s

T2

T1 t "
= /0 W Oha (Bs1) R(t; 81)dt+/T1 o (@) P (Bs2) R (x; 82) dt
+/ )\Oy(y) P (683) R(y7 83) dta
E{azlﬂnf} - /oT1 siA (651) f (5 Sl)dtJr/: s5A (w3 82) f (w5 52) dt

+ /C SgA (y;s3) f (y;s3)dt +/ S?),A (z;83) f (2; s3) dt.

2

The Fisher’s information matrix, F', for the full sample with size n can be obtained as

&?InL 9L
E g E 37971 0
_ _9*InlL _ 9L
F=n E 9Yo71 E 67% 0
2
0 0 E{-ZhL}
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Since in the PH model the baseline hazard rate is assumed to be independent of the covariates. Thus,
the correlations between the stress coefficient § and baseline parameters v, and v, are equal to zero.

The covariance matrix, X, of the maximum likelihood estimators (MLE) of v, 74, 8 is the inverse matrix
of F' and it is

Var(vy)  Cov(39,71) 0
Y=F1=| Cov(yy,7) Var (77) 0
0 0 Var (B)

Denoting the non-zero elements of Fisher’s information by Fy, Fi, Fy1 and Fz. They are

0%InlL 21 |
R = E{ } / tsl)dt+/ ——f(r;s2)dt + [ ——f(y;s3)dt
A2 Ao (@) Ao ()

= /071 )\Ol(t) exp (fs1) exp {* (’Yot + %ﬁ) exp (551)} dt
1

—&—/: () exp (Bs2) exp {— (“Yoa: + %ﬁ) exp (652)} dt

0
- / ﬁ exp (Bs3) exp [— (%y + %zﬁ) exp (553)] dt

T y 7%
= €exp 581/ exXp |— *12% = exp (Bs1) | dz1
Y171 2 27

*O+T2 Ti+a 1 v ,YQ

+ exp (Bs2) / exp {— (125 - 0) exp (ﬁSQ)] dzo
’YO ta 7122 2 271
m-{-c T2+b 1 2

+ exp (Bs3) exp {— <%z§ — %) exp (533)} dzs,
204b Y173 2 27

0?InlL T ST
F, = BE{——F— )= It dt+/ dt+/ ;83)dt
1 { 72 } ) )\2( s1) )\2 (z; 52) . A% (y)f(y s3)

_ /“Atit) exp (Bs1) exp [ (ot + 3t2)exp<ﬁs1>]

exp (Bsa)exp - (105-+ J3a%) exp ()]

)\ 2

+ /T2 m exp (fs3) exp [ (%y + %yZ) exp (553)] dt

%-‘r‘m t2
= exp (ﬁsl)ﬁo exp { <’Y1zf - 70) exp (631)} dz

V1?1 2 27,

Wtro—Tita 42
" t 2! 7
+exp (Bs exp{ (z — — | exp(Bs2)| dz
(Bs2) P ta Y172 27 27, (Bs2) ?
o te—Tatb 42 2
t
+exp 553/ exp | — ﬁzg—ﬁ exp (Bs3)| dzs,
20 +b Y123 2 27
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=
I
&

0%InL T ¢ T2 ¢y
{ 87071 } /0 ¥ (t)f(t’ s1)dt + /T1 ¥ (x)f(:c, s2) dt + /72 ¥ (y)f(y, s3)dt

exp (fs1) exp [ ('yot + %t2) exp (681)] dt

Il
N

)\0 t)
+/ Ao @ P ﬁSQ)eXP{ ( 0$+%$2) exp (ﬁsa)} di

P s BT

%+T1 2
= exp(Bs1) t exp {— <%zf — %> exp (ﬁ81):| dzy

2o Y171 2 27
Y1
0 4r2—T1ta
t
+ exp (Bs2) / exp [— (7125 — il )exp (ﬂSQ):| dzo
20 ta Y172 2 21

f0+c (ER v ,}/2
+ exp (Bs3) / exp |— [ 2222 — 2% ) exp (Bs3)| dzs, and
204y Y123 2 27,

0*InL ™, o,
Fg = E _Tﬂz :/ slA(t;sl)f(tgsl)dt—F/ s5A (x; 82) f (x;89) dt
0 T1

+/4 s2A (y;83) f (y; 83) dt —l—/ s2A (z;83) f (2 83) dt.

2

2.3 Loss functions

2.3.1 The loss function under D-optimality

The first criterion we considered is D-optimality, which seeks to minimize the determinant of covariance

matrix of the model parameter estimators. The loss function under D-optimality is

Var (3g)  Cov(7,71) 0
Lp = det| Cov(75,7,) Var(®)) 0 (2.6)
0 0 Var (E)

-1
nFo 7’LF01 0

= det ’I?,FOl nF1 0
0 0 nFﬂ

1
nd(FoFy — Fgy ) Fs
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2.3.2 The loss function under A-optimality

The second criterion we considered is A-optimality, which minimizes the trace of covariance matrix of the

model parameter estimators. The loss function under A-optimality is used as

Var (79) Cov (74,71) 0
Li = tr| Cov(75,77) Var(®;) 0 (2.7)
0 0 Var (B)

-1
nFo TLF01 0

= tr nkFy1 nky 0
0 0 nFp

L+ R 1

n(FoFy — F3)  nkg

2.3.3 The loss function under Q-optimality

The third criterion we considered is the Q-optimality. We search for an optimal design that minimizes the
asymptotic variance (AVAR) of the hazard rate estimator over a specific period of time, T, at a normal

design stress level, sp. The loss function under Q-optimality can be derived as

~

Lo = /OTVar [A(t;sD)] dt (2.8)
= /OT Var {(%—Fﬂt) exp (BSD)} dt
T P I

[ exp(Bsp) texp(Bsn) 5o (v + 1) exp (Bsp) |

T
} at
Fo="Y071="1,B=8

T 1
_ / nFy nky 0 exp (Bsp) dt
0 nfy  nkFy 0 texp (Bsp)
0 0 nFs sp (7o +71t) exp (Bsp)

dt.

.
/T exp (28sp) (Fy + Fot? + B0, (9 4 4,0)° — 2Funt)
0 n(FoFy — F§)

where sp is the specified design stress and T is the specific period of time.

2.4 Optimal designs

Elsayed and Zhang (2005) has made a requirement on the minimum number of failures at s; to avoid the
resulting optimal stress-changing time too close to zero, so that the optimal stress-changing time would
provide a reasonable simple step-stress ALT. Therefore, we make this practical consideration of having the
requirements on the minimum number of failures at each stress level of our optimal design. Under the
constraints of minimum number of failures at each stress level, we optimally allocate stress-changing times

and the middle stress level so that each the loss functions can be minimized respectively. Namely, the
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optimal decision variables (71, T2, $2) are chosen by minimizing the loss function (2.6), (2.7), or (2.8) with
the constraints defined in (2.9), (2.10) and (2.11) as below:
The constraints of minimum number of failures at s; stress level (M NF;) are

(1) The expected number of failures at stress level s; has a minimum value M N F}:
nPr[t <7p|s1] > MNF;. (2.9)
(2) The expected number of failures at stress level so has a minimum, called M N F5:
(n—n1)Prla+t—71 <T2|s2] > MNF;. (2.10)
(3) The expected number of failures at stress level s has a minimum, named M N F3:
(n—mn1—ng)Prib+t—712 <clsz] > MNFs3, (2.11)

where n; is the number of failures under s;, i = 1,2, 3.

The optimal designs are obtained by minimizing the loss functions with respect to variables (71, 72, s2)
in the presence of three constraints (2.9), (2.10) and (2.11). Namely, the corresponding designs P¢, 4¢ and
Q¢ can be described as

P¢ = arg {min (Lp |given (2.9),(2.10) and (2.11))}, (2.12)

A¢ = arg {min (L4 |given (2.9),(2.10) and (2.11))}, (2.13)
and

Q¢ = arg {min (Lg |given (2.9),(2.10) and (2.11))}. (2.14)

2.4.1 Optimal designs when the middle stress level is fixed

We revisit an example discussed in Elsayed and Zhang (2005), two-step-stress ALT was conducted for Metal
Oxide Semiconductor (MOS) capacitors in order to estimate its hazard rate over a 10 year period of time
at design temperature of 50°C. The test needs to be completed in 300 hours and the total number of test
items placed for the test is 200. To avoid any unexpected change in failure mechanisms within the design
temperature range, it has been decided by engineer’s judgment that the testing temperatures cannot exceed
250°C. The initial values for the model parameters has provided as: v, = 0.0001, v; = 0.5 and 5 = —3800.
Their resulting Q-optimal low accelerated stress level is 145°C.

In our example, we compare the optimal designs obtained from two-step-stress ALT with the optimal
design obtained three-step-stress. For two-step-stress ALT, we suppose that the high accelerated stress level
is 250°C, low accelerated stress level is 145°C. For three-step-stress ALT, the high accelerated stress level
and low accelerated stress level remain the same as two-step-stress ALT and the middle accelerated stress

level is the average of high and low accelerated stress level. Thus, these three accelerated stress levels are

specified as: s1 = 145°C = g, 3 = 260°C = sz and sy = 197.5°C = 5~ In addition,
we let the normal design stress level sp = 50°C = m, the censoring time ¢ = 300 hours and total

number of test items n = 200. From the example in Elsayed and Zhang (2005), the initial values for the
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model parameters are: v, = 0.0001, v; = 0.5 and § = —3800. The optimal designs are determined under
above mentioned three criteria. In ALT practice, a certain number of failures under each test stress level is
often required. Such requirement is made to avoid that the stress changing times occur too soon to provide
a reasonable step-stress ALT having the same number of stress levels as planned. Please see Elsayed and
Zhang (2005) for an example of simple step-stress ALT, they use MNF;=40, MNF3=30. We also make
several cases of different constraints with given M NFy, MNF; and M N F3.

Table 2.1 Constraint cases for two-step-stress ALT

Notation of the . Minimum expected
Constraint parameters
constraint plans total failures
Cia MNF;=40,MNF5>=30. 70
Csy MNF;=30,MNF5=40. 70
Cs MNF;=40,MNF5=20. 60
Cs MNF;=20,MNF>=40. 60

Table 2.2 Constraint cases for three-step-stress ALT

Notation of the . Minimum expected
Constraint parameters
constraint plans total failures
Ch MNF;=40,MNF=20,MNF3=10. 70
Cs MNF;=40,MNF3=15MNF3=15. 70
Cs MNF;=30,MNF3=30,MNF3=10. 70
Cy MNF;=30,MNF3=20,MNF3=20. 70
Cs MNF;=40,MNF3,=10,MNF3=10. 60
Cs MNF;=20,MNF5=20,MNF3=20. 60

We denote P fékf‘ f2ck,7Q {%k as the D-; A- and Q-optimal design obtained from two-step-stress ALT
under the given constraint Cy ,where k = 12,34,5,6, and Dgé(,f),f‘ 530(2)9 530(2) as the D-, A- and Q-optimal
design obtained for three-step-stress ALT under the given constraint Cj, where k = 1,---,6; ¢ = 1,2,3,
i referring to the different situation of so (i = 1 when s9 is fixed at 197.5°C, i = 2 when ss is fixed at
191.65°C (the average of transformed s; and s3), and ¢ = 3 when sy being unfixed). Besides, we also define

the efficiency of f?é(,:) relative to §20kis

_ The value of loss function under fzck

eff (3(i),2) =

The value of loss function under §%(i) ’
k
i 3(9) : 3(4)
and the efficiency of & Ci relative to & o

_ The value of loss function under 530(: )

eff (3(i),3())

" The value of loss function under 5‘2,(:) '

The optimal designs for two-step and three-step-stress ALT obtained by minimizing Lp, L4 and L¢ are
displayed respectively in Table 2.3, Table 2.4 and Table 2.5.
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Table 2.3 D-optimal stress-changing times

3-step-stress ALT 2-step-stress ALT
Optimal design T1 To Optimal design | 71 | eff(3(1),2)
Dei!) 178.15 | 223.57 De2, 183 1.06
Dl 177.96 | 209.16 1.04
Dl 162.85 | 219.44 De2, 156 1.10
Dk 162.05 | 194.83 1.06
Dl 198.02 | 227.45 De?, 201 1.04
DA 162.05 | 194.83 Dg2, 156 1.06

Table 2.4 A-optimal stress-changing times

3-step-stress ALT

2-step-stress ALT

Optimal design 1 To Optimal design | 71 | eff(3(1),2)
AgdD 178.15 | 223.57 Ag2, 183 1.06
Agh 177.96 | 209.16 1.03
AgD 162.85 | 219.44 AL2, 156 1.09
Agsl) 162.05 | 194.83 1.06
AgD 198.02 | 227.45 Ag2, 201 1.04
AgdD 162.05 | 194.83 Ag2, 156 1.06

Table 2.5 Q-optimal stress-changing times

3-step-stress ALT

2-step-stress ALT

Optimal design T1 To Optimal design | 71 | eff(3(1),2)
QeX 178.15 | 223.57 Q2 . 183 1.04
Qex 177.96 | 209.16 1.03
Qenl 162.85 | 219.44 Q2 | 156 1.08
Qenl 162.05 | 194.83 1.05
QY 198.02 | 227.45 Q2. 201 1.03
Qehl 162.05 | 194.83 Q2 156 1.05

From Tables 2.3, 2.4, and 2.

stress-changing times are the same for these three different optimal criteria.

5, we have gained efficiency by average of 5.44%. The resulting optimal

2.4.2 Optimal designs when the middle stress level is not fixed

Using the same example as Subsection 2.4.1 instead setting so =

range of (s1 + 10, s3 — 10) . Namely, the optimal 71, 72, and s5 should be obtained simultaneously for this

example. All other values of parameters remain the same.
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Table 2.6 D-optimal stress-changing times

3-step-stress ALT
Optimal design T1 T2 s2 | eff(3(3),2)
Del?) 152.65 | 247.44 | 155 1.13
Ded® 148.33 | 226.85 | 155 1.09
Del?) 152.93 | 247.44 | 155 1.19
Del? 143.25 | 211.74 | 155 1.12
Deld) 179.40 | 245.78 | 155 1.08
DeXd 161.43 | 211.03 | 155 1.11

Table 2.7 A-optimal stress-changing times
3-step-stress ALT

Optimal design 1 T2 s2 | eff(3(3),2)
A% 155.44 | 247.47 | 155 1.13
Aed?) 148.03 | 226.84 | 155 1.09
Ag%D) 155.42 | 247.47 | 155 1.19
A8 142.41 | 211.73 | 155 111
Ag%Y 155.21 | 247.47 | 155 1.09
A4S 142.43 | 211.73 | 155 111

Table 2.8 Q-optimal stress-changing times
3-step-stress ALT

Optimal design T T2 s2 | eff(3(3),2)
QX 156.19 | 247.47 | 155 1.09
Qs 149.81 | 226.86 | 155 1.07
Qed?) 156.71 | 247.47 | 155 1.14
Qe 144.20 | 211.75 | 155 1.09
QelY) 156.45 | 247.47 | 155 1.06
QN 143.98 | 211.75 | 155 1.09

The optimal 71, 72, and sy for three-step-stress ALT design are listed in Tables 2.6, 2.7 and 2.8. Table 2.6
shows that the D-optimal three-step-stress designs have gained at a minimum of 8%, maximum of 19% respect
to two-step-stress designs. In Table 2.7, A-optimal three-step-stress designs have gained at a minimum of
9%, maximum of 19% respect to two-step-stress designs. In Table 2.8, Q-optimal three-step-stress designs

have gained at a minimum of 6%, maximum of 14% respect to two-step-stress designs.

2.5 Discussion

We have provided the optimal designs for an ALT when the baseline hazard function is a simple linear
function. Under different constraints of minimum number of failures at each stress level, we optimally

allocate stress-changing times and middle stress level so that the each loss function can be minimized. Six
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constrained optimal designs are constructed under each of these three criteria in this chapter. The relative

efficiencies between each of two designs are displayed in the Table 2.9.

Table 2.9 The relative efficiency
eff(3(1),2) eff(3(3),2) eff(3(3),3(1))
Pe | A | Q¢ | Pe | ¢ | % | Pe| A |
C1 1.06 | 1.06 | 1.04 | 1.13 | 1.13 | 1.09 | 1.07 | 1.07 | 1.05
Cy 1.04 | 1.03 | 1.03 | 1.09 | 1.09 | 1.07 | 1.05 | 1.06 | 1.04
Cs 1.10 | 1.09 | 1.08 | 1.19 | 1.19 | 1.14 | 1.09 | 1.09 | 1.06
Cy 1.06 | 1.06 | 1.05 | 1.12 | 1.11 | 1.09 | 1.06 | 1.05 | 1.04
Cs 1.04 | 1.04 | 1.03 | 1.08 | 1.09 | 1.06 | 1.04 | 1.05 | 1.03
Cs 1.06 | 1.06 | 1.05 | 1.11 | 1.11 | 1.09 | 1.05 | 1.05 | 1.04
average | 1.06 | 1.06 | 1.05 | 1.12 | 1.12 | 1.09 | 1.06 | 1.06 | 1.04

2.5.1 On the results of optimal designs when the middle stress level is fixed

From Tables 2.3, 2.4 and 2.5, we see that the optimal stress-changing times 71 and 7, are the same under
three criteria. But the results are varied under different constraints. The optimal stress-changing times 71
and 79 increase as the M N F; and M N F5 increase. On the other hand, the lower M N F3, the higher 75 can
obtain. Meanwhile, we have found that under each constraint, the D-; A- and Q-optimal designs are the
same. Therefore, if the experimenter hasn’t have fixed M N F; in their mind, we would recommend to use

3(1 . . .
D¢ () which has maximum efficiency.
Cs >

2.5.2 On the results of optimal designs when the middle stress level is not fixed

From Tables 2.6, 2.7 and 2.8, the optimal stress-changing times 7; and 75 are similar under three criteria
except when the constraint plan is C5. Under constraint plan C5, the D-optimal stress-changing times are
(179.40, 245.78), which is different from the A- and Q-optimal stress-changing times. We can see that all the
optimal middle stress levels are all equal to 155, which is the lower boundary of ss. Thus, we point out that
middle stress level should be kept as close to the lower bound of s; as possible. In addition, we obtain the
optimal constraint plan, Cs, which has maximum efficiency. Thus, if the experimenter hasn’t have special
constraints in mind, we would recommend 53(}(;) or Afié(j) for parameter estimation and Qﬁ?é(f) for hazard

rate prediction.

2.5.3 General remarks

The three-step-stress ALT designs have helped to reduce the loss functions. From the Table 2.9, the optimal
three-step-stress designs have gained at a minimum of 3%, maximum of 10% for hazard rate prediction
respect to two-step-stress designs. The average gain was 5.4% by optimal designing a three-step-stress ALT.
Another method to help minimize the loss function would be simultaneously found the stress-changing times
and middle stress level. By optimizing the middle stress, the minimum efficiency respect to two-step-stress
designs gain of 3% has increased to 6%, maximum of 10% has increased to 19% (average of 5.4% increased
to an average of 11%). Besides, we compute the average efficiency gain of optimal designs when the middle

stress level is not fixed respective to the optimal designs when fixed the middle stress level, which is 5.5%.
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Thus,we would recommend to use three-step-stress ALT designs when the baseline hazard function in a PH

model is assumed a simple a simple linear form.
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Chapter 3

Optimal designs when baseline hazard

function is a quadratic function

3.1 Introduction

In this chapter, we extends the work of Jiao (2001), which has only found the optimal designs for PH-based
simple step-stress ALT when baseline hazard function is a quadratic function, and investigate the optimal

designs of multiple step-stress ALT.

3.2 Model assumptions

We have considered the PH-based ALT with the case where the baseline hazard function is a simple linear
function in Chapter 2. In some practical situations, this simple model can be possibly underfitted. Therefore,
in this chapter, we will focus on the PH model when the baseline hazard function is quadratic form. The
PH model can be defined as

A(ts) = Xo (D) exp (87s) (3.1)

where

Ao (1) = 7o + 71t + 71>

The cumulative hazard function is

A (t;s)

[/ 3= [ e

= ('yot + %tz + ?tg’) exp (fs) .

And the reliability function can be derived as

R(t;s) exp (A (t;5))

= exp (— (W’ot + %tQ + %t‘g) exp (Bs)) .
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The cumulative distribution function can be expressed in terms of reliability function

F(t;s) = 1—R(t;s)

1—exp (— (q/ot + %tQ + %t‘?) exp (65)) .

Then we can derive the probability density function

ft;s) = F'(t;s)
71

= (7o + 71t + 72t?) exp (Bs) exp (— (%t + ?t2 i %t:;) exp (ﬂ3)> _

The log likelihood function of ¢ is expressed as:

InL(t:€) = L{L{hLilnf(ts) +1—1I)nf(@s)]}+(1—12)[Inf(y;s3)]}
+ (1= 1I3) [-A (25 83)]
= L{Lh[Inf(ts)]+L(1—NL)[Inf(z;s2)] + (1—I2) [In f (y;s3)]}
+ (1= I5) [-A (25 53)]
= LhhInf(ts1)] + Isle (1= 1) In f (z552)] + I3 (1 = I2) [In f (y; s3)]
+ (1= I5) [-A (25 53)]
= LI {m (Yo + 71t + 7o) + Bs1 — (’yot + %tQ + %t?’) exp (551)]

+IsIh (1 —Ih) {ln (Yo + 11z + 'yzx?) + Bsg — (’yox + %xQ + %x?’) exp (632)}
I (1= I2) [In (70 + 712+ 79y%) + B3 — (0 + y? + 2 ) exp (Bss)]

2 3
—(1-1Is) K'yoz + %22 + %zﬁ) exp (653)] ,

where t =a+t—71,y=b+1t— 72, 2 =0+ c— 79 with a, b defined as in Chapter 2.
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The first partial derivatives with respect to the model parameters are:

OlnL 1312_[1 Ig.[g (17[1)
= — I3l 14t -
97 o (1) slalitexp (Bs1) + o (@)
Is(1—Io)
—Isl (1 -1 -
31 ( 1) zexp (Bsz2) + )

—I3(1 —I3)yexp(Bs3) — (1 — I3) zexp (Bs3),

8lnL _ Ig]g[lt Ig[g]th 1312 (17[1)1‘
671 o )\0 (t) B 2 e (631) + )\0 (.’E)
1312 (1—]1)33‘2 I3 (1_12)y
——————— €X So) + ———F—
2 P (Bs2) Ao (y)
I3(1—1)y? 1—I3) 22
DB g (5) — L e ()
Oln L o 13I211t2 Ig[zflt?’ IgIQ (1—[1)£C2
5 w8 PR
IgIQ (17[1)‘%3 Ig (17]2)3/2
——— &X S2)+ ——7F7—
I;(1—1)y° 1—1I3) 23
—%exp(ﬁ@,) _ %exp(,@’s;g),
JdlnL

85 = I3lhI1s1 — I3ls 151 A (t; 81) + 1315 (1 — [1) so — 1315 (1 — [1) so A (JJ; 82)

+13 (1 = Ia) s3 — I3 (1 — I2) s3A (y;83) — (1 — I3) s3A (25 83) .
The second partial derivatives with respect to the model parameters are:

82111[/ o 131211 1312 (1—[1) I3 (1—[2)

Mg A®) Aj () ANy

PImL  LLLE LL(1-L)z® I3(1—I)y?
ot NG @ Xy
Pl  LLLOt' LL(1-L)a* I;(1-L)y*
o3 N®B N Xy
92InL LLLOt L (1-I)z I3(1—1I)y
o xn@® M@ N
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The elements of the Fisher’s information matrix for a single ¢ are the negative expectations of second
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partial derivative equations. Each of them will be derived as below:
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The correlations between the stress coefficient 8 and baseline parameters v,,v; and 7, are equal to zero
since in the PH model the baseline hazard rate is assumed to be independent of the covariates.

The Fisher’s information matrix of the full sample with size n can be obtained as
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The covariance matrix of the maximum likelihood estimators (MLE) of vy, vy, Y2, 5 is the inverse matrix

of the Fisher’s information matrix. It is:
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3.3 Loss functions

3.3.1 The loss function under D-optimality

The first criterion we considered is D-optimality, which seeks to minimize the determinant of covariance

matrix of the model parameter estimators. The loss function under D-optimality is

[ Var(7s)  Cov(30,71) Cov(7,72) 0
Cov (79,77 Var (77 Cov (77,74 0
Lp = det (E E) Bll (7112) (3.2)
Cov (7g,72) Cov(77,72) Var (73) 0
| 0 0 0 Var (B)
1

nky nFyr nFps 0

nFyp1 nF; nFis 0

nFops nFis nkFy 0
0 0 0 nkpg

1
nt (F()FlFQ — F0F122 - F021F2 + 2F01F02F12 - F022F1) Fﬂ .

= det

3.3.2 The loss function under A-optimality

The second criterion considered is A-optimality, which minimizes the trace of covariance matrix of the model

parameter estimators. The loss function under A-optimality is used as

Var () Cov(75,71) Cov(70,72) 0
Cov (79,71 Var (7 Cov (7,72 0
La = tr 0:7) o) 1 72) (3.3)
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3.3.3 The loss function under Q-optimality

The third criterion we considered is the Q-optimality. We search for an optimal design that minimizes the
AVAR of the hazard rate estimator over a specific period of time, T, at a normal design stress level, sp. The

loss function under Q-optimality can be derived as

Lo = /OTVaT [X(t;sD)] dt (3.4)

T
/ Var [(% + 1t + Y5t%) exp (BSD)} dt
oT ) ) o ) ) o
9N OA 0A  OA | p-l) OA OA OA DA
/0 {[ 5y,  0y1 97, Bﬁ} |:0’Yo 01 07, 65]
| exp(Bsp) texp(Bsp) 2exp(Bsn) sp (v +7at + 1at?) exp (Bsp) |
nkFy nFy nkys 0 -
nFop1r nFy nFis 0
T nFpa nFi2 nk 0
= /0 0 0 0 nFs dt
exp (Bsp)
texp (Bsp)

t*exp (Bsp)
SD (’Yo + vt + 72t2) exp (Bsp)

dt

T}
F0=Y0V1="1:72="2:0=8

where T is the specific period of time.

3.4 Optimal designs

The optimal decision variables (71, T2, s3) are chosen by minimizing the loss function (3.2), (3.3) or (3.4)
with the given constraints. As the same as the constraints defined in Section 2.4, we have three constraints
(2.9), (2.10) and (2.11). The corresponding designs P¢, 4¢ and “¢ can be described as (2.12), (2.13) and
(2.14).

3.4.1 Optimal designs when the middle stress level is fixed

We revisit the example presented in Subsection 2.4.1, however, the fitting model is a PH model with a
quadratic baseline hazard function instead. Jiao (2001) provided the initial values for the model parameters,

which are v, = 0.0001, v; = 0.5, 75 = 0, 8 = —3800. All other values of the parameters in example remain

. . . . : _ _ 1 _ _ 1
the same. Thus, the accelerated stress levels remain as s; = 145°C' = 15565, $3 = 250°C = 555 and
Sy = 145;&00 = 197.5°C = m. The resulting two-step-stress and three-step-stress optimal designs

under D-; A-, and Q-optimality criteria are displayed in Tables 3.1, 3.2 and 3.3 respectively.
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Table 3.1 D-optimal stress-changing times

3-step-stress ALT

2-step-stress ALT

Optimal design T1 To Optimal design | 71 | eff(3(1),2)
Dei!) 178.15 | 223.57 De2, 183 0.93
Dedl) 177.96 | 209.16 0.89
Dl 162.85 | 219.44 De2, 156 1.14
Dk 162.05 | 194.83 1.00
Dl 198.02 | 227.45 De?, 201 0.94
DA 162.05 | 194.83 Dg2, 156 1.00

Table 3.2 A-optimal stress-changing times

3-step-stress ALT

2-step-stress ALT

Optimal design T1 To Optimal design | 71 | eff(3(1),2)
AgdD 178.15 | 223.57 Ag2, 183 1.06
Agh 177.96 | 209.16 1.03
AgdD 162.85 | 219.44 Ag2, 156 1.09
AgdD 162.05 | 194.83 1.06
AgdD 198.02 | 227.45 Ag2, 201 1.04
AgdD 162.05 | 194.83 Ag2 156 1.06

Table 3.3 Q-optimal stress-changing times

3-step-stress ALT

2-step-stress ALT

Optimal design T1 To Optimal design | 71 | eff(3(1),2)
3(1
Qeil) 178.15 | 223.57 QeZ, 183 0.88
QeX 177.96 | 209.16 0.86
3(1 2
Qenl 162.85 | 219.44 Q2 | 156 1.04
Qes 162.05 | 194.83 0.94
Qexl 198.02 | 227.45 Q2 201 0.91
QesY) 162.05 | 194.83 Qe2, 156 0.94

Designing a three-step-stress model only helped to reduce the A-loss function when we assume so is
197.5°C. Thus, we try to replace sy by % (

418'1161{ + 523‘1161{) = 191.65°C, which is the average of s; and s3
after transforming the measurement units from Celsius to Kelvin which is often used in Arrenhenius models.

All other values of parameters remain the same as the example above.

Table 3.4 D-optimal stress-changing times

3-step-stress ALT
Optimal design T1 T2 eff(3(2),2)
Del?) 178.15 | 225.93 0.98
Del?) 177.70 | 210.74 0.91
D) 156.68 | 220.66 1.17
Dgi?) 161.04 | 194.94 1.01
Del?) 180.74 | 226.26 0.78
Del?) 161.04 | 194.94 1.01

29



Table 3.5 Q-optimal stress-changing times

3-step-stress ALT
Optimal design T1 T2 eff(3(2),2)
Qe 178.15 | 225.93 0.92
QeX?) 177.96 | 210.79 0.88
Qe 162.85 | 222.39 1.10
QeX?) 162.04 | 196.53 0.96
Qe 198.02 | 228.98 0.93
Qel?) 162.04 | 196.53 0.96

Tables 3.4 and 3.5 show that the efficiencies are not increase much by changing the middle stress level

from 197.5 to 191.65 and the resulting stress-changing times are similar as the results in Tables 3.1 and 3.3.

3.4.2 Optimal designs when the middle stress level is not fixed

The results in Subsection 3.4.1 seem being more than two-step-stress ALT not efficient as we expected. Thus,
using the same example as Subsection 3.4.1 instead setting so

range of (s; + 10, s3 — 10). Namely, the optimal 71, 72, and sy should be obtained simultaneously for this

example. All other values of parameters remain the same.

_ (s1+s3)
- 2

Table 3.6 D-optimal stress-changing times

3-step-stress ALT
Optimal design T T2 s2 | eff(3(3),2)
Del®) 178.05 | 245.70 | 155 1.91
Dei®) 175.60 | 220.01 | 155 1.42
Del?) 145.65 | 247.10 | 155 2.80
Del?) 154.65 | 210.94 | 155 1.79
Del®) 179.37 | 245.61 | 155 1.47
Deld) 154.65 | 210.94 | 155 1.79

Table 3.7 A-optimal stress-changing times

3-step-stress ALT

Optimal design T T2 s2 | eff(3(3),2)
AgH) 155.20 | 247.47 | 155 1.13
AgH?) 147.99 | 226.84 | 155 1.09
AeS) 155.13 | 247.47 | 155 1.19
AgS? 142.41 | 211.73 | 155 1.11
Ag%Y 155.18 | 247.47 | 155 1.09
A% 142.39 | 211.73 | 155 1.11
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Table 3.8 Q-optimal stress-changing times

3-step-stress ALT
Optimal design T1 T2 s2 | eff(3(3),2)
Qe 178.15 | 245.96 | 155 1.71
QY 177.96 | 224.53 | 155 1.39
Qe 148.51 | 247.29 | 155 2.36
Qel? 162.04 | 210.97 | 155 1.62
Qe 198.03 | 241.97 | 155 1.37
Qet? 162.04 | 210.97 | 155 1.62

3.5 Discussion

We derived the optimal design with baseline hazard function being a quadratic function. The optimal stress-
changing times and middle stress level are chosen by minimizing the loss function. Six constrained optimal
designs are constructed under three different criteria in this chapter. The relative efficiencies between each

of two designs are displayed in the Table 3.9.

Table 3.9 The relative efficiency
eff(3(1),2) | eff(3(2),2) | eff(3(2),3(1) | eff(3(3),2) eff (3(3),3(1))
Pe | A¢ | % | Pe | Q¢ | ¢ 3 Pe | g | Q| Pe| A | 9
Ch 0.93 | 1.06 | 0.88 | 0.98 | 0.92 | 1.05 1.05 191 | 1.13 | 1.71 | 2.05 | 1.07 | 1.94
Cs 0.89 | 1.03 | 0.86 | 0.91 | 0.88 | 1.02 1.02 142 | 1.09 | 1.39 | 1.30 | 1.06 | 1.62
Cs 1.14 | 1.09 | 1.04 | 1.17 | 1.10 | 1.03 1.06 2.80 | 1.19 | 2.36 | 2.46 | 1.09 | 2.27
Cy 1.00 | 1.06 | 0.94 | 1.01 | 0.96 | 1.01 1.02 1.79 | 1.11 | 1.62 | 1.79 | 1.05 | 1.72
Cs 094 | 1.04 | 0.91 | 0.78 | 0.93 | 0.83 1.02 147 | 1.09 | 1.37 | 1.56 | 1.05 | 1.51
Cs 1.00 | 1.06 | 0.94 | 1.01 | 0.96 | 1.01 1.02 1.79 | 1.11 | 1.62 | 1.79 | 1.05 | 1.72
average | 0.98 | 1.06 | 0.93 | 0.98 | 0.96 | 0.99 1.03 1.86 | 1.12 | 1.68 | 1.83 | 1.06 | 1.80

3.5.1 On the results of optimal designs when the middle stress level is fixed

In Subsection 3.4.1, the three-step-stress designs with only 71, and 75 being optimized have helped to reduce
the total variances in estimation. From the table above, the optimal three-step-stress designs with sy being
fixed at 197.5°C have gained only for C3 at 14% under D-optimality criterion, and 4% under Q-optimality
criterion respect to two-step-stress designs. Compare to the case of using s, fixed at 197.5°C, when we
replace so with 191.65°C', the D- and Q-optimal stress-changing times are not changing by much. For Cj,
the efficiency respect to two-step-stress designs gain has increased to 17% under D-optimality, and increased
to 10% under Q-optimality. It does appear that the lower the middle stress level, the higher efficiency. The
optimal-stress-changing times 71 and 79 are the same under three criteria. Different constraint plan results
in totally different results. Under three different criteria, C'5 is the only constraint plan that the efficiency

always greater than 1.
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3.5.2 On the results of optimal designs when the middle stress level is not fixed

The three-step-stress ALT design with optimal middle stress level has helped to reduce the loss function for
all cases. From Table 3.9, we have gained at a minimum of 9%, maximum of 180% respect to two-step-stress
designs. Compare to the case of using sy fixed at 197.5°C', when we replace s, with optimal middle stress
level, the average gain was high to 56%. The results are varied under three criteria in this case, but all the
optimal middle stress levels equal to the lower bound of s5. For each criterion, the most efficient case occurs
when the constraint plan is C3. Therefore, if the experimenter hasn’t have special constraints in mind, we

would recommend to use DESC(S) and Qf?é(j)~

3.5.3 General remarks

The three-step-stress ALT designs with average middle stress level have only helped to reduce the total
variances in estimation. Thus, we against to use average middle stress level when the PH-based three-step-
stress ALT with the quadratic baseline hazard. Another method to help minimize the loss function would
be simultaneously found the stress-changing times and middle stress level. By optimizing the middle stress,
the maximum efficiency respect to two-step-stress designs gain of 14% has increased to 180%, average gain

was high to 55%. Therefore, we strongly recommend to use our resulting optimal middle stress level.
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Chapter 4

Robust designs for step-stress ALT
when the baseline hazard function in

a PH model is possibly misspecified

4.1 Introduction

Classical optimal designs are optimal only if the model assumed is exactly correct. Due to the nature of
prediction made from ALT experimental data, attained under the stress levels higher than the normal design
condition, extrapolation is encountered. In such case, the assumed model can not be tested. For possible

imprecision in an assumed PH model, the method of constructing robust designs is needed.

4.2 Asymptotic distribution of MLEs with misspecification in the

assumed baseline hazard function

It is assumed that Model (3.1) with a quadratic baseline hazard function, denoted by My, is the true model.
However, Model (2.1) with a linear baseline hazard function is the fitted model, denoted by Mpg. The
maximum likelihood method has been used for estimating the model parameters. Define a = [k, k1, K2, a]T
and B = [79, 71, B}T. Let £ (a; &) be the log-likelihood function under My, and £ (3;€) be the log-likelihood
function under M, both with the same design, £. The expected log-likelihood ratio under My over My is

I(a:B)=Euy [0 €) —£(B5€)] (4.1)
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The likelihood function from observed lifetimes, t;, ¢ = 1,...,n is

ni na ns

L(B;¢) = [[fr(tizs) x [ Fr(@ise) x [] fr (wiiss) (4.2)
i1 i1 i1
X . 111[27 3(1—FF (z583)),

i=1

where x = a+t—71, y = b+t—72, 2 = b+c—72 with a, b defined as in Chapter 2, fr is the probability density
function (pdf) at failure time ¢ and stress level s under My, Fr is the cumulative distribution function (cdf)

at failure time ¢ and stress level s under Mp; namely,
fr(ts) = (ro+7it)exp(Bs)exp (— (vt + B#2) exp (85))
Fr(t;s) = 1—exp (— (’yot + %tZ) exp (,6’8)) .

The negative log-likelihood function is

ni

~0(B:8) = —mifsi—Y |In(yg+7it) = (ot + B2 exp (Bs1) (4.3)
=1
—nafsy — ; {ln (Yo +mmi) — (’Yowi + %%2) exp (532)}
—ngBss — Y [ln (o +71%i) — (’703/1' + %yQ) exp (ﬂSs)}
i=1

+(n—n1 —ng —ng) {('yoz + %22> exp (ﬁ53)] .

Taking the derivative of (4.3) with respect to 7,7, and 3 yields

—00(B;¢) _n1 R )
S ; = p(ﬁSl):| )
ng - 1
: ; (o +ws) P (BSQ)}
ns 1
B ; (o +yyw) P (583)]

+(n—n1—nz —ng) [zexp (Bs3)],
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e W[ n 8 | .
o7 a ; L(vo+mt) 2 =xp (o) 45)

na _ 2
_ Z L — % exp ([382)}

i=1 _(WO + ’}/le)

ns r i 2
_ Z 7’ ? exp (583):|

—1 L (Vo +719i)

52
+(n—ny —n2 —ng) {2 exp (ﬂs;),)] ,

and

—0L(B;€)
B

= -nis + Z [51 (’Yot + t2) exp (531)} (4.6)
—N9Sy + Z {52 ('yoxz ) exp (ﬂSQ)}
—n3s3 + Z [53 (’70% y) exp (ﬁ83)]

+(n—mny —ng —ng) {33 ( Yoz + %22) exp (533)} .

The expectation of (4.4), (4.5), and (4.6) are

—0L(B;¢)
E( o ) [70+71 Crew ﬁsl}hml
_E( ) |:(/_}/0 +71y yexp 583 :| y,53

+(n—E(n1) E (ng) — E (n3)) (2 exp (Bs3))

() = s [ [y St s
Bl [ [ - e )] dr i)
—E (n3) /C [(’Yo _f_j,hy) 22 exp (553)] fr (y;83) dt

2

+(n =B (m) = B (n2) ~ E (n)) 5 exp (Bs3)



B(ED) < —pas i [ (o - 3 o ) s

T2

—F (n3) s + E (n2) / (82 (vox + %zz) exp (652)) fr (z;s9)dt

T1

~B ) ss+ Bns) [ (5o (roy+ 207) exp(039)) i 03 50)

T2

+(n—FE(n1) — E(n2) — E(nsg)) (53 (702 + %22) exp (ﬁ53)> .

Note that we approximate the expectation by its linear term in Taylor’s expectations. Let 8% =
V6775, B*]T be the value of 8 that minimizes (4.1), which is the solutions of 7,7, 8 by setting all equations
n (4.4),(4.5),(4.6) equal to 0. Suppose that the data is collected under test design, £, with sample size n.
The experimenter fits Model Mg to the data by using MLE method and let @ denote the quasi-MLE of 3.
By Theorem 3.2 of White (1982), v/n (3 — ﬂ*> is asymptotically normal with mean 0 and covariance matrix
C («; 3) which is defined as below.

C(a:8) =[A(a;8)] " xB(a; 8) x [A(e; 8)] ", where

N [—EMT (igg;?)] and (4.7)
s 5 (259 229]

We decompose Matrices (4.7) and (4.8) as the following blocks:

A A Ass
A(a;ﬁ) = | Ay Az Aoz |, (4.9)
| As1 Azz Asz |
and _ -
By Bz B
B(a;B8)=| Ba By Ba |- (4.10)
| Ba1 Bs2 Bss |
The elements of (4.9) are
L (B,¢)
= < (59)
( )/T1 1 f(ts)alt—i—E(n)/T2 ! fr(x;s2)dt
~ 1 —SJT ;s 2 5 JT\T;82
o (ho(t)? (Mo (2))?
¢ 1
+E (ns)/ —— fr (y; s3) dt,
= (Ao (y))2
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and

Q

L (B,¢€)
o - o (2589)
T1 t2 T2 172
~ E(nl)A WfT (t,Sl) dt + E(ng) /T1 ij‘ (I’, 82) dt
c y2
+E( 3)/72 O (y))QfT (y; s3) dt,
Ass = —Euy (azg(ﬁg, O)
~ E(n) /071 (s% ('yot + %tQ) exp (631)) fr(t;s1)dt

+E (n2) /T2 (s% (’yox + %ﬁ) exp (582)) fr(z;82) dt

w8 ) [ (5 (ra+ o) exp (350) i ys0)

+(n—E(n1) — E(n2) — E(n3)) (sg (’yoz + %22) exp (ﬁ53)> ,

=
I

2
oy (2L02:9)

970071
T

T1 t T2
~ E(nl)/o WfT(t,sl)dt+E(n2)/n o e

c y y
+E (n3)/T2 WfT (y;s3) dt,

9%(B,¢) )
97008

E (nl)/0 1 sitexp (Bs1) fr(t;s1)dt+ E (ng)/ ’ sox exp (Bs2) fr (z;s2) dt

As1 = —Eny, (

4B (ns) [ saexp (Bss) fr (g su) i + (1= B () = B (na) — (1) sg exp (3ss).

2
Az = Az =—FEny (6 E(ﬂ7£)>

97,08
T1 t2
E(ny) /o 517 €XP (Bs1) fr (t;s1) dt

Q

T2 2

—|—E(n2)/ 82% exp (Bs2) fr (z;s2)dt
c 2

HE (na) [ 0% exp (Bsa) i (1 0)

+(n—FE(n1) — E(n2) — E(n3)) 53% exp (Bs3),
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where

fr(ts) = (Ho T Ryt + H2t2) exp (avs) exp (— (mot + %tQ + %ﬁ) exp (as)) , and
Fr(t;s) = 1—exp (— (not + %tQ + %t?’) exp (as)) .

The elements of (4.10) are

_ <9 i o
Bi1 = By, 9L(B,€) = |Epmy (8£ (67£)> + Vara, ((% (ﬂ’€)> ,
L v | L 9o | o
_ 19 i o
Boy = By, 4 [2CBOV [ (az (L%é)) Var, (aﬁ (5,5)) |
L O L o ] 07,
_ 19 . o
Bus— Enr, { o0 (aﬁ;, 9 } . (ae gﬁﬁ@)) Vars, (ag f?% 5)) |
Bi2 = Ba1 = By {86(5,5) . 86(575)},
o o7
B]S = BSl = EMT {aeéfég) : ag (8%7 g) } )
and o N
Bz3BszEMT{ 6(51,5) éﬁﬁ’f)}’
where

E(n) = n/T1 fr (t; s1) dt,
E(n2) = (n—E(n1)) / fr (x; s2) dt, and

E(ns) = (n— (n2) /fT y: 53)

We assume the observed lifetimes ¢; are independent. We let Epr. (t;) = w1, Eny (25) = w2, Envy (vi) =

w3, EMT (tz2) = 01, EJV[T (sz) = '927 EMT (yzZ) = 03.
We first compute Biy:

= {15}« [ (A8 v, (4153
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where,

B (P529) = B / (51 " ~texp () ) fr t531) d
/ < @ xeXp(ﬁﬁ)) fr (x5 s2) dt
+E( ns/ <)\01y yexp(ﬂSs)) fr (y;s3) dt
E (n2) — E (n3)) (zexp (Bs3)) , and
Vara, (aééffv = ;VCLT‘MT (W—tiexp(ﬁsl))

+ ; Vary, ()\02%) — T, €xp (552))
+;VarMT <)\01y1) — Y; exp (553)) )

In general, the first linear term in Taylor approximation for f (¢), can be used to obtain the 1st order

approximation of Var [f (t)]:
Var[f ()] = [f' (E )] Var (2).

In our case, f(t;) = /\D%m = W then

1 g
Vary < ) R Vary, (t),
"\ Yo +mti (Yo + 71 B, (ti))4 !

where

Thus,
1 ’Y% 2
Va?“ju < > 91 —w
"\ Yo +mti (Vo +v1%1) ( !
Then we have
\%4 ( 1 t;exp (B )> 1% ( )+V (t; exp (Bs1))
ar i ex s ~ ar _ ar i ex s
M0\ N (&) P M1\ Yo + mite M (L P LS

2
Myﬁ (91 - w%) + exp (20s1) (91 - w%)
0 1%1

— (91 1) ((7%4 + exp (2581)> .

Yo +Y1%@1)

%

Similarly, we have

Vary, ()\()zxz) — T; exp (632))

Q

2
(02 — w%) ((7 —ijyl - )4 + exp (2ﬁ82)> , and
0 1w2

Q

(05— wg) ((7%4 + exp (2533)> .

1
Vary, ( —y; exp (Bs3 )
Ao (v:) (Bss) Yo +71@3)
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Therefore,

Q

ot (ﬁ@))

2 ’Y%
976 E (ny) (91 - wl) <4 + exp (2le)>

Vary <
! (Yo +71%1)

+E (712) (92 — w%) ((7()—’_:/1117]2)41 + exp (2ﬂ82)>

2
+E (n3) (05 — @3) <(70+771w3)4 + exp (203s3)
1

Secondly, we approximate Bao:

pa ([} o () v (422).

By (PL) ~ p) [ (5 - Gew ) fr s

where

72

v [ (3 T e ) o

0
+FE (n3) /T: ()\oy(y - y;exp (583)> fr (y; s3) dt
(0= Blo) — B () — B(u) (e (3sa))

ni ) 2
vors (289) — S vary, (i~ L)
=1

o7, (t) 2
2

2 Z; Ty
+izzlvarMT ()\0 (xl) - ? exp (ﬁ82)>

ns 2
Yi Yi
+;Va7“MT <>\o W) 5 exp (583))

Using the first order Taylor approximation, we obtain

2
t; t; 1 w1Y1 2

Vary () =Vary < > ~ + 01 — wy) .
T\ o () "\ 70 + 1t Yo+ N@L (yo+v1@1)° ( !
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Thus,

v ti t2
ar My ()\O(tz) — 5exp (651)>

: 2
Var, ()\Ot(lti)> + Vary, (2 exp (681)>

2
1 wW17Y1 2 2 2
+ 01 — wi) +exp (26s1) wi (01 — w
<’Yo+’71w1 (70+71w1)2> ( 1) ' ( 1)

Q

Q

(01— =)

2
1 w
+ 17 > | +exp(2Bs1) @i | .
Yo+t 1@ (v +71@1)

Similarly, we have

2

2
. 2 1 w271
Vara, <>\CCZ B % exp (/3’82)> ~ (02— w3) (70“1“2 (”0”1‘”2)2) ,
o (i) +exp (28s2) w3
. 2 [ 1 w3Y1 1
Voris (s~ Lepom)) ~ (-3 | (77 * i)
0 (y:) + exp (28s3) w3
Therefore,
1 w171
Vara, <8€ (ﬂ’§)> ~ F(np) (01 — w%) (70+71W1 T (’Y0+’Y1w1)2>
2l +exp (28s1) w?

( 1 + w2, )
+E (n2) (92 — w%) Yotmwz L (vo+ri@2)?
+ exp (28s2) w3

( 1 4w )2
+E (n3) (03 — @3) Yotmnws | (yot+r1ws)?
+exp (28s3) w%

Thirdly, we approximate Bss:

o= [} (B v, (2529).
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where

Bt ((% (3% 5)) ~ E(m)si - E(m) /0T1 (51 (’Yot + %tQ) exp (ﬁa)) fr (t;s1)dt

T2

+FE(ng)ss — FE (ng)/ (32 (’Yol‘ + %xz) exp (682)> fr(x;s2)dt

T1

+E (n3) s3 — E (n3) /T: (83 (%y + %yz) exp (683)) Jr (y;s3)dt

~(n = E(m) = E(ng) = B (n3)) (sa (707 + %) exp (83))

ot (ﬁ,é))

05 = Varpy, (n1s1) + Zl Vary, (81 (’Yoti + %tf) exp (531))

i=1

no
+Vary, (nase) + ZVCLTMT (52 (’yomi + %x?) exp (532))
i=1

Vara, (

n3
+Vary, (ngss) + Z Vara, (83 (Woyi + %y?) exp (633)) .
i=1

Using the first order Taylor approximation, we obtain

Vary, (51 (’yoti + %tf) exp (651)) = s2exp(28s1) Vara, (’yoti + %tf)

s exp (28s1) (7§ +7iwt) (61 — =7) -

Q

Similarly, we have

Q

Var, (82 (709% + hw?) exp (582)) s3 exp (2Bs2) (V4 +7iw3) (02 — =3) , and

2
Vars (s2 (rom + 22 exp (9s2)) = shexp (28) (3 +1702) (0a - 3).
Therefore,
oL (83,
Vary, < (3% €)> ~ Vary, (nis1)+ E (n1) s% exp (20s1) (73 + 'y%w%) (91 — w%)

+Vary, (n2ss) + E (n2) s3exp (28s2) (75 +7iw3) (02 — @3)
+Varn, (n2s2) + E (n3) s3 exp (28s3) (75 +7iw3) (05 — @3) -

For the cross product terms, we have

By = By = Eu, {35(;575) ) 86(;575)}
0 1
_ ol (B,€) oL (B,€) ot (B,§) 9(B,¢)
= P { 9o }EMT { 0, } + Covmer { 9o 07, }
N oL (B,§) ol (B,€)
~ B { ol }EMT { o } ’



Bis = Bsi = Euy, {

fa,f)} o, {280 50))

o ap Mo B
~ oL (B,¢) ol (B,¢)
~ EMT{ 870 }EMT{ 86 }7a,nd
By = BszzEMT{W;f,&)_aééﬂﬂ,g)}
1
_ ot (B,¢) a0 (B,€) PU(B.E) (B,
) EMT{ o }EMT{ 9B }wo”MT{ oy, 0P }
~ ot (B,¢) oL (B,¢)
~ o {25 o, {250}

4.3 Optimality criteria

In this chapter, we consider two quantities of interest: (1) the hazard rate over a given time period at the

normal design stress level; and (2) the reliability at a given time and the normal design stress level.

4.3.1 Hazard function over time T

In this section, we determine the optimal stress-changing times 71 and 72 in order to minimize the asymptotic
squared bias (ABIAS?), asymptotic variance (AVAR), and asymptotic mean squared error (AMSE) of average
of the MLE of a hazard function over a specific period of time 7', under normal design condition, sp. For a

given that, the MLE estimator of the hazard rate at normal design stress level sp can be obtained by:
Nty (t:30) = (7 + 71t) exp (Bsp ) (4.11)

The ABIAS of the average of (4.11) over T is

ABIAS

/OT (%ary (8:50) [Mr ) i /OT (Bate [Xary (8:50)] = Mgy (t:50) ) e

B /T ( Ey, [(%—i—ﬂt) exp (BSD)} ) ”
0 )

— (no + K1t + nth) exp (asp

/T (76 +7it) exp (5"sp) o
0 — (ko + K1t + Kat?) exp (asp) ’

%

the AVAR of the average of (4.11) over T is

! Mty (t;5p) | My ) dt
I )4
R *C(a:ﬁZﬁ*)[% 68% ?}T

T ~ ~ ~
- / EX%:1
0 [ 07, B B

AVAR

>
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the AMSE of the average of (4.11) over T is

' Mty (t5p) | My ) dt
[ )l

/OT (Xore (8550 M ) de

AMSE

2
= (ABIAS ) + AVAR

/OT (%ors (t:50) M7 dt] .

4.3.2 Reliability at time ¢

In this section, we construct the optimal designs for the stress-changing times 7, and 75 so that ABIAS?,
AVAR, and AMSE of the MLE of the reliability, at a predetermined time ¢ under normal design conditions
can be minimized. According to invariance property of MLE, the MLE of the reliability at time ¢ under

normal design stress level sp can be obtained by
—r B g ’/YI 9 ~
Ry, (8sp) =exp |— (Aot + ?t exp(fBsp)|.

In order to compute the ABIAS?, AVAR and AMSE in a convenient way, we transform the reliability
estimator into a simpler function of 7;,7; and 3, which is:

JVM\F (t;sp) = log (— log [EM\F (t; sD)]) = log (%t + 7211@) + Bsp (4.12)

The ABIAS of (4.12) is
ABIAS [JVM\F (t:sp) |MT] = Eu, [ﬁM\F (t;SD)] ~ Nz (5p)

2

- [log (Faot + %tQ + %t‘?) + (asD)}

= log <'ySt + ’ht2> + (B8%sp)

= FEu, {log (%t + %t2> + BSD:|

2

—log (not + %tQ + %ﬁ) — (asp) .

The ABIAS? of (4.12) is
(ABIAS [ﬁM\F (t;sp) |]\/[TD2 )

the AVAR of (4.12) is

AVAR [JVM\F (t;sp) |MT]

~ ~ ~ ~ ~ T
_ % 9% oA A o ox 9% 9%
= [8% N 7aﬁ]gzﬂ*c(a'ﬁ_ﬁ)[73% 7 o }
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the AMSE of (4.12) is

AMSE |[Na, (& sp) [Mr |

— (ABIAS [Ny, (t:5p) \MTDQ + AVAR [Ny, (t:5p) | |

4.4 Robust designs

Under the constraints of minimum number of failures at each stress level, we optimally allocate stress-
changing times and middle stress level so that the ABIAS?, AVAR and AMSE of (4.11) and (4.12) can be
minimized, respectively. Namely, six different optimization criteria, listed in Section 4.3, are used in order
to obtain the optimal stress-changing times and optimal middle stress level. As the same as the constraints
defined in Section 2.4, we have three constraints (2.9), (2.10) and (2.11).

We denote Bg?ék as the optimal design obtained in benchmark under the given constraint Cj, where
k=1,---,5 And Rﬁg(:) is the robust design obtained for three-step-stress ALT under the given constraint
Ck, where k = 1,---,5; ¢ = 1,2,3,4, i referring to the different quantity of interest and situation of sy (
1 = 1 when the quantity of interest is the hazard rate and ss is fixed at 197.5°C', i = 2 when the quantity of
interest is the hazard rate and ss is unfixed, ¢ = 3 when the quantity of interest is the transformed reliability
and so is fixed at 197.5°C', and ¢ = 4 when the quantity of interest is the transformed reliability and so is
unfixed).

Besides, we also define the efficiencies of Rf?é(z) relative to £ §3Ck in terms of ABIAS?, AVAR and AMSE

are

The value of ABIAS® under "¢%,

effs(3(i), ;
5(3(,9) = The value of ABIAS? under 3(1)

The value of AVAR under ? f%k
The value of AVAR under # é(z) 7

effv (3(i),3) =

The value of AMSE under Bf%k

effa (3(2),3) = i)
( The value of AMSE under Rf?é(]:)

and the efficiencies of Rég(z) relative to Réé(g) in terms of ABIAS?, AVAR and AMSE are

The value of ABIAS? under Rg?éf)

ef f5 (3(i).3(5) = )
5(3(7) ) The value of ABIAS? under ng())(;:)

fh (300 .3 () = T2 Tolue of AVAR under f5)
e 1% 1), 7 7
The value of AVAR under ? 30)

Fiv(3().30) = The value of AMSE under 53(3)
effa (3(2),3(5 ,
The value of AMSE under 7 3(1)

where ¢ = 1,2,3,4 and j = 1,2, 3,4.
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4.4.1 Benchmark

We revisit the example presented in Subsection 3.4.1. The initial values for the model parameters xy = 0.0001,
k1 = 0.5, ko = 0.0015, « = —3800 are applied. All other values of the parameters in example remain the
same. The optimal criteria are to minimize the ABIAS?, AVAR and AMSE of the MLE of hazard function
over a specific period of time T under normal design conditions.

We have found (v, v$) by minimizing the distance between quadratic baseline hazard function and linear

baseline hazard function over the whole testing period,

300
(76,71) = argmin )/ [(Ko + K1t + Kat®) — (o +71t)] dt. (4.13)
0

over (vo:11

After solving (4.13), we get

(o) = (% 7))

( 0.7947 0.7947 )

We have obtained the optimal stress-changing times by minimizing each optimization criterion when fixed

59 at 197.5 and under five different constraints. The results are displayed in Table 4.1.

Table 4.1 The optimal stress-changing times

Design T1 To
Bl 160 201
Bed, 161 189
B¢, 1438 198
B¢t 147 177
Bl 177 203

The parameters of linear baseline have been found in order to minimize the distance between quadratic
baseline hazard function and linear baseline hazard function over the whole testing period. Thus, the results
listed in Table 4.1 will be used as a benchmark.

4.4.2 Robust designs when the quantity of interest is the hazard rate and the

middle stress level is fixed

For this example, we are trying to find the MLE of 8 = [y4,71, ﬂ]T . We set the derivatives in (4.4), (4.5),
and (4.6) to be zero, and solve for vy,7;, 8. This is a constrained nonlinear problem. We solve it in an
iterative way. First, we fix 5 at —3800, and search for 7§ and 7] in positive ranges of v, and 7; within their
95% confidence interval in order to maximize the log-likelihood function. Second, with +§ and v; obtained
from the first step, we update our estimate of 3. By iterating these two steps, we obtain 8% = [y§, 7, B*]T.
Finally, we can obtain the optimal 71 and 75 based on the most updated estimates for 3*. Our designs, the

final estimate 3, the efficiencies in terms of ABIAS?, AVAR and AMSE are presented in Tables 4.2-4.6. We
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note that the maximums of efficiencies in terms of ABIAS?, AVAR and AMSE are marked with a "*" in the

following tables.

Table 4.2 Global searching results for Design ng(ll)

T T2 Yo | Y1 | B | effe(3(1).3) | effv(3(1),3) | effar(3(1),3)
90 | 131 | 0 | 0.04 | -3730 0.9829 1.7375 0.9829
100 | 141 | 0 | 0.04 | -3730 0.9829 1.4218 0.9829
110 | 151 | 0 | 0.04 | -3730 0.9829 1.2263 0.9829
120 | 161 | 0 | 0.05 | -3730 0.9832 1.1394 0.9832
130 | 171 | 0 | 0.06 | -3730 0.9834 1.1622 0.9834
140 | 181 | 0 | 0.07 | -3730 0.9836 1.3048 0.9836
150 | 191 | 0 | 0.09 | -3730 0.9841 1.5997 0.9841
160 | 201 | 0 | 0.1 | -3730 *0.9843 *2.0758 *0.9843
Table 4.3 Global searching results for Design ng(zl)
Tl e |G| T | B | effs(3(1),3) | effv (3(1),3) | effu(3(1),3)
91 [ 119 | 0 | 0.04 | -3730 0.9829 *2.9840 0.9829
101 | 129 | 0 | 0.04 | -3730 0.9829 2.2759 0.9829
111 | 139 | 0 | 0.04 | -3730 0.9829 1.8029 0.9829
121 |1 149 | 0 | 0.05 | -3730 0.9832 1.5358 0.9832
131 | 159 | 0 | 0.06 | -3730 0.9834 1.4554 0.9834
141 | 169 | 0 | 0.07 | -3730 0.9836 1.5526 0.9836
151 | 179 | 0 | 0.08 | -3730 0.9838 1.8416 0.9838
161 | 189 | 0 | 0.11 | -3730 *0.9845 2.3898 *0.9845
Table 4.4 Global searching results for Design 3530(31)
ol W | B | effs(3(1),3) | effv(3(1),3) | effu (3(1),3)
78 | 128 | 0 | 0.04 | -3730 0.9829 *3.6900 0.9829
88 | 138 | 0 | 0.04 | -3730 0.9829 3.1390 0.9829
98 | 148 | 0 | 0.04 | -3730 0.9829 2.7484 0.9829
108 | 158 | 0 | 0.05 | -3730 0.9832 2.5004 0.9832
118 | 168 | 0 | 0.05 | -3730 0.9832 2.4037 0.9832
128 | 178 | 0 | 0.06 | -3730 0.9834 24718 0.9834
138 | 188 | 0 | 0.07 | -3730 0.9836 2.7414 0.9836
148 | 198 | 0 | 0.09 | -3730 *0.9841 3.2853 *0.9841
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Table 4.5 Global searching results for Design Rf“é(:)

=

T T2 (Yo | | B | effs(3(1),3) | effv(3(1),3) | effm(3(1),3)
77 | 107 | 0 | 0.04 | -3730 0.9829 *12.4564 0.9829
87 | 117 | 0 | 0.04 | -3730 0.9829 9.4775 0.9829
97 | 127 | 0 | 0.04 | -3730 0.9829 7.2185 0.9829
107 | 137 | 0 | 0.04 | -3730 0.9829 5.6636 0.9829
117 | 147 | 0 | 0.05 | -3730 0.9832 4.7254 0.9832
127 | 157 | 0 | 0.05 | -3730 0.9832 4.3456 0.9832
137 | 167 | 0 | 0.06 | -3730 0.9834 4.4814 0.9834
147 | 177 | 0 | 0.08 | -3730 *0.9838 5.1836 *0.9838
Table 4.6 Global searching results for Design Rglé(:)
T || M| B | effs(3(1).3) | effv (3(1),3) | effur (3(1),3)
87 | 113 | 0 | 0.04 | -3730 0.9829 1.5123 0.9829
97 | 123 | 0 | 0.04 | -3730 0.9829 1.1428 0.9829
107 | 133 | 0 | 0.04 | -3730 0.9829 0.8812 0.9829
117 | 143 | 0 | 0.05 | -3730 0.9832 0.7164 0.9832
127 | 153 | 0 | 0.05 | -3730 0.9832 0.6393 0.9832
137 |1 163 | 0 | 0.06 | -3730 0.9834 0.6401 0.9834
147 | 173 | 0 | 0.08 | -3730 0.9838 0.7231 0.9838
157 [ 183 | 0 0.1 | -3730 0.9843 0.8998 0.9843
167 | 193 | 0 | 0.12 | -3730 0.9847 1.1931 0.9847
177 1203 | 0 | 0.15 | -3730 *0.9854 *1.6514 *0.9854

From tables above, we have found out that the maximum efficiencies in terms of ABIAS?, AVAR and
AMSE occur when first and second stress-changing times both often appear at upper bound of the by given
constraints except the efficiency in terms of AVAR when the constraints are Cs, C3 and Cy. For the constraint
plans, Cy, C5 and Cy, the efficiency in terms of AVAR occurs when first and second stress-changing times

are at the lower bound of the design constraint.

4.4.3 Robust designs when the quantity of interest is the hazard rate and the

middle stress level is not fixed

We continue using the example in Subsection 4.4.2. However, this time we remove the restriction on s, and
search for sy within a range of (155,240). Namely, we search for the optimal 71, 7o and so simultaneously
under test plan C;. The optimal criteria are still considered as to minimize the ABIAS?, AVAR, and AMSE of
the MLE of hazard function over T' =10 years under normal design conditions. All other values of parameters
remain the same. We adopt a sequential design approach this time. The algorithm for choosing the optimal

sequential stress-changing times and middle stress level can be described as follows:
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0)

(1). With the initial value of Tgo), Téo) and sé , find the initial estimates of hazard rate parameters 3. Call

these initial estimates B(O).
(2). Using these initial estimates, evaluate the ABIAS?, AVAR and AMSE.

(3). Remove the restriction on M NF; and choose a new middle stress level s by minimizing the AMSE

with respect to ss.
(4). With s, compute the new estimates of 8% by minimizing the AMSE with respect to 3.

5). Update the parameter estimates to 3%, choose the stress-changing times 77 and 73 by minimizing the
1 2
AMSE with the constraint C;.

(6). Update the stress-changing time estimates to 75 and 73, then the next middle stress level s} based on

the new set of estimates can be derived.
7). Tterate the previous steps, until either 8* or 7%, 75 stays unchanged.
10 T2

We apply the sequential approach to the example, the result is shown in the table below with initial
values of 7'50) = 160, Téo) =201, B = [0,0.1, —3730]T, séo) = 197.5, T = 10 years = 87600 hours.

Table 4.7 The efficiencies of Design nggf) relative to Rflé(ll)

Yo .

step | s | 7 | me | T | effe(32),30) | effy B(2).3(1) | effar(3(2),3(1)) | TPected e
e numbers
g
0

1 240 | 160 | 201 0.1 1.0000 1.0463 1.0000 123,25,5
-3730
0

2 240 | 160 | 201 0.1 1.0000 1.0463 1.0000 123,25,5
-3730
0

3 240 | 158 | 187 0.1 1.0000 0.9147 1.0000 120,20,10
-3730
0

4 155 | 158 | 187 0.1 1.0000 1.0073 1.0000 123,11,19
-3730
0

5 155 | 158 | 187 0.11 1.0003 1.0135 1.0002 123,11,19
-3730
0

6 155 | 160 | 218 0.11 1.0003 1.0350 1.0002 120,20,10
-3730
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From this Table 4.7, we observe that the efficiencies in terms of ABIAS? and AMSE are not change much
as the design changes. We have gained by 0.03% and 0.02% in terms of ABIAS? and AMSE. However, the
efficiency in terms of AVAR is 3.5%.

4.4.4 Robust designs when the quantity of interest is the transformed reliability

and the middle stress level is fixed

We continue the example in Subsection 4.4.3. Assuming the quantity of experimenter’s interest is the
reliability at the end of warranty time under normal design conditions. We are interested in designing
optimal stress-changing times so that the estimation of such reliability can be the most accurate. Therefore,
our optimal criterion now is changed to minimize the ABIAS?, AVAR, and AMSE of the MLE of transformed
reliability at a predetermined time, say one year, under normal design conditions. We focus on constraint
plan C;7. Our resulting stress-changing times, the final estimates of model parameters, and the efficiencies
relative to the first resulting design in terms of ABIAS?, AVAR and AMSE are listed in Table 4.8.

Table 4.8 Global searching results for Design Rfié(f)

—

Tl T2 [0 | M B effB ef fv ef fu

90 | 131 | 0 | 0.04 | -3730 | 1.0000 1.0000 1.0000
100 | 141 | O | 0.04 | -3730 | 1.0000 0.8183 0.8185
110 | 151 | O | 0.04 | -3730 | 1.0000 0.7057 0.7060
120 | 161 | O | 0.05 | -3730 | 1.2253 1.0246 1.0247
130 | 171 | O | 0.06 | -3730 | 1.4712 1.5049 1.5049
140 | 181 | 0 | 0.07 | -3730 | 1.1840 1.5280 1.5275
150 | 191 | 0 | 0.09 | -3730 | 1.6146 3.0969 3.0937
160 | 201 | O 0.1 | -3730 | *1.8682 | *4.9613 | *4.9520

The figures of ABIAS?, AVAR, and AMSE of the MLE of reliability at one year under constraint plan

C4 versus (71, 72) are presented in Figures 4.1, 4.2, and 4.3 respectively.
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Figure 4.1: ABIAS? of the MLE of reliability at one year
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Figure 4.2: AVAR of the MLE of reliability at one year
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Figure 4.3: AMSE of the MLE of reliability at one year

From the figures above, we indicate that the ABIAS?, AVAR and AMSE are all minimized when the

stress-changing times are around (160, 201) .

4.4.5 Robust designs when the quantity of interest is the transformed reliability

and the middle stress level is not fixed

We continue the example in Subsection 4.4.3 with both the values of parameters and the algorithm being
unchanged. However, the optimal criteria are changed to minimize the ABIAS?, AVAR, and AMSE of the
MLE of a transformed reliability at a predetermined time (¢ = 1 year) under normal design conditions.
We focus on constraint plan Cj. The computation results are shown in the Table 4.9, with initial values of
79 =160, 7 = 201, B© = [0,0.1, —3730]", 5" = 197.5, t = 1 year= 8760 hours.
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Table 4.9 The efficiencies of Design ng(f) relative to Rg?gf)

Yo .

step | 52 | 7 | ma | | effe(3(4).33) | effy B(0).3(3) | effar(3(4),3(3)) | Pected il
~ numbers
B
0

1 240 | 160 | 201 0.1 1.0000 1.0464 1.0462 123,25,5
-3730
0

2 240 | 160 | 201 0.1 1.0000 1.0464 1.0462 123,25,5
-3730
0

3 240 | 158 | 187 0.1 1.0000 0.9147 0.9160 120,20,10
-3730
0

4 155 | 158 | 187 0.1 1.0000 1.0073 1.0073 123,11,19
-3730
0

5 155 | 158 | 187 0.11 1.1523 1.2264 1.2261 123,11,19
-3730
0

6 155 | 160 | 218 0.11 1.1523 1.2524 1.2520 120,20,10
-3730

From this Table 4.9, we have gained efficiency by 15%, 25% and 25% in terms of ABIAS?, AVAR and
AMSE respectively.

4.5 Discussion

In this chapter, robust designs are derived against possible departure from the linear baseline hazard function
model. Optimal stress-changing times are obtained by minimizing the ABIAS?, AVAR and AMSE of each
of the two quantities (hazard rate and transformed reliability). An iteration algorithm is described for

sequentially determining the optimal stress-changing times and middle stress level.

4.5.1 On the results of robust designs when the quantity of interest is the hazard

rate

Using a practical example, five constrained optimal designs have constructed for demonstrating our proposed
approach. We note that the 7, and B remain relatively unchanged constant as the stress-changing times
vary for the example discussed. The value of 77 is increasing as the stress-changing times increase, and
the higher the value of 77 the smaller the ABIAS2. The efficiencies of R«ffé(il) relative to Bf%i in terms of
ABIAS?, AVAR and AMSE are listed in Table 4.10.
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Table 4.10 The efficiency of Rfé(il) relative to 35301

effp(3(1),3) | effv 3(1),3) | effm (3(1),3)
C 0.9843 2.0758 0.9843
Cy 0.9845 2.9840 0.9845
Cs 0.9841 3.6900 0.9841
Cy 0.9838 12.4564 0.9838
Cs 0.9854 1.6514 0.9854

In terms of AVAR, the average efficiency of our robust designs is as 4.57 times as that of their corre-
sponding benchmarks. The minimum gain is 65% and some of our designs can be at maximum of 11.46
times more efficient than the benchmark. Furthermore, we compute the efficiencies of optimal design with
optimal so, ngc(f), relative to B{‘él and the optimal design with sy been fixed at 197.5°C, ngll). The
relative efficiencies in terms of ABIAS?, AVAR and AMSE are displayed in Table 4.11.

Table 4.11 The relative efficiency of R§:é(12)

effs effv effum
Red?) relative to BEL, | 0.9845 | 2.1485 | 0.9845
73 relative to K2 | 1.0003 | 1.0350 | 1.0002

Simultaneously finding optimal stress-changing times and optimal middle stress level has helped in reduc-
ing the AVAR for three-step-stress ALT. We have gained 115% in terms of AVAR respect to 53(’;1, however,
the ABIAS? and AMSE seen not being corrected. Compare to Rﬁ‘é(ll), we have gained efficiency by 0.03%,
3.5% and 0.02% in terms of ABIAS?, AVAR and AMSE respectively.

4.5.2 On the results of robust designs when the quantity of interest is the

transformed reliability

In Subsections 4.4.4 and 4.4.5, we have observed that the obtained optimal stress-changing times when the
constraint plan is C; are the same as the results in Subsections 4.4.2 and 4.4.3. The 7, and B keep the same
when the stress-changing times vary. The value of 7] is increasing as the stress-changing times increase,
and the higher value of 77 resulted in smaller ABIAS?. When the quantity of interest is the transformed
reliability at one year, the method of finding the stress-changing time and middle stress level simultaneously
can help reduce the AVAR, ABIAS? and AMSE. From Table 4.9, we indicate that the efficiency gain can be
as high as 25% for both AVAR and AMSE and 15% for ABIAS?.

4.5.3 General remarks

Robust designs for three-step-stress ALT that minimize the ABIAS?, AVAR and AMSE of (4.11) and (4.12)
have been derived respectively. These robust designs protect possible departure from the linear baseline
hazard function assumption. Among all the estimators of the model parameters, 77 is the only estimator
changed as the stress-changing times vary. A higher value of 747 results in a smaller ABIAS? and AMSE
since AMSE is dominated by the ABIAS? term. Similar to Chapters 2 and 3, determining the middle stress
level and stress-changing times simultaneously has helped to reduce the ABIAS?, AVAR, and AMSE of both
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quantities interested. We also point out that the middle stress level should be kept as close to the lower

bound of sy as possible for this example.
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Chapter 5

Simulation and comparison study

5.1 Introduction

In order to demonstrate the performance of resulting designs obtained in Chapters 2, 3 and 4, we carry out
a simulation study. We provide a procedure to simulate data and to examine and compare the performances

of our designs obtained from previous chapters.

5.2 Our simulation procedure

The following four steps describe our simulation procedure:

1. By given the initial values of true model parameters with the stress levels and stress-changing
times of an optimal design we constructed previously, we can use Binomial distribution to simulate the
data. We divide the time interval before the first stress-changing time 71, [0,71] into m; subintervals:
(t10,t11] 5 (F11,t12] , oos (B2, ma—151my ), Where 0 = t19 < t11 < -+ < t1m, = 71. Let X, be the failure num-
ber over the ith subinterval (¢1;-1,%1;]. We assume that the distribution of X; is a binomial distribution.
Namely,

X;~Bin(n—X;—1,p1i),i=1,...,mq,

where Xy = 0 and py; is the failure rate within the ith interval (¢1,-1,%1;] under the low stress level, s.

Then, py; can be derived as follows:

pri = P{tii-1 <t <tylsi}
fri v gl
— / (’yo + vt + 72t2) exp (Bs1) exp (— (’yot + ?1152 + §t3) exp (ﬂsl)) dt.
t1,i—1
2. Similarly to Step 1, we divide the second the period (71, 72| into mq subintervals: (t20,%21], (t21, t22] ;s (t2,ms—1; t2ms];

where 0 = t9o < to1 < -+ < tam, = T2 — T1. Let Y; be the failure number over the ith interval (t2;_1, t2;] .
The distribution of Y; can be defined as

mi
Yi ~ Bin ((n - Z}Q) - Yi_l,pzi> =1, my,
i=1
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where Yy = 0 and py; is the failure rate within the ith interval (t2;_1,%2;] under the middle stress level, so.

Then, po; can be derived as follow

poi = Pla+tai1 <t<a+tyse}
a+tto; 72
= / (Yo + 71t + 'yQt?) exp (Bs2) exp ( (%t + = 2 2+ 3 t3> exp (552))
a+tzi—1
where a = Fy ' [Fy (11)] .
3. Now, we divide the third the period (72, ] into mg subintervals: (tso,t31], (£31,%32], ---s (£3,ms—1, t3ms)s

where 0 = t39 < t31 < -+ < tams = ¢ — T2. Let Z; be the failure number over the ith interval (3,1, 3] .
The distribution of Z; can be defined as

mi ma
Z; ~ Bin ((n — ZXZ' — Zﬁ) - Zi17p3i> yi=1,...,ms,
i=1 i=1

where Zy = 0 and pg; is the failure rate within the ith interval (¢3;_1,t3;] under the high stress level, ss.

Then, ps; can be derived as

p3i = P{b+t3;_1 <t <b+tsss}
bt v v
- / (70 + vt + 72t2) exp (Bs3) exp (— (7075 + L2 4 243 ) exp (,6’53))
b+tz i1 2 3
where b= F5 ' [Fy (a4 79 — 71)] .

For simphfy, we keep the length of all subinterval all equal to ¢ hours. According to (4.2), the log-

likelihood function can be expressed as

e (ZX ) Bs + Z [ (In (0 + 71 (@) = (7o (i) + 3 (ai)®) exp (851))] (5.1)

(Z Y) isa + Z [¥i (10 (0 + 71 (@ 40) — (7o (a+ ) + 22 (0 + gi)?) exp (Bs))]

(ZZ) 553+Z[ (10 (o 71 b+ 00) = (0 b+ q) + L (b4 i)* ) exp (8s))|

S S | YT s

We carry out this simulation runs. For each run, we can compute the maximum likelihood estimates of
the model parameters by maximizing (5.1). Then, use these r estimates to calculate the simulated squared
bias (SBIAS?), simulated variance (SVAR), and simulated mean squared error (SMSE) of each parameter
estimator. We define SBIAS?, SVAR and SMSE for 9 are:

. 2
SBIAS? (@) - (erlej —90> :
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2
T

SVAR (9) = 712 9—%i§j , and
J=1 j=1

SMSE (@) — SBIAS? (5) + SVAR (@) :

where 6 is the given true parameter value, /9\]' is the estimate of 6y from the jth run. Then, we can have
SBIAS?, SVAR and SMSE for 7;, 77, 72, B, respectively. We also compute the SBIAS2, SVAR and SMSE
of the MLE of hazard rate over 1" under normal design conditions. The true hazard function over T under

normal design stress level sp can be expressed as

T
¢ () /0 A(t;sp)dt (5.2)

T
/0 ((vo + 71t + 72752) exp (Bsp)) dt,

. T
with o = [’YO? Y15 Y2, /8}
The MLE of (5.2) at a time ¢ under normal design stress level sp is

—

91 (o) = /OT ((’To + 71t + 75t%) exp (BSD)) dt, (5.3)

T
with &= 75,7772, B

Besides, we compute the SBIAS2, SVAR, and SMSE of the MLE of transformed reliability at a prede-
termined time ¢ under normal design conditions. The true reliability function at time ¢ under normal design

stress sp is

R (t;sp) = exp [— (’Yot + % 732 t3) exp (580)}

In order to compute the SBIAS?, SVAR and SMSE in a convenient way, we transform the reliability into

a simple function of vy, v;, 7, and 8. We denote such function as

g2 (a) = log(—log[R (t;sp)]) (5.4)

= log (— log (exp {— Yol + %tQ + W; tg) eXp (ﬁsD)])>

= log (%t + %tz + %7@) + Bsp.

The MLE of (5.4) is

—

g2 (o) = log (’yot + 721 + 3 > + ﬂs (5.5)

We carry out this simulation procedure for a few optimal designs that we have constructed in Chapters
2, 3 and 4. (Both 75 and 75 are 0 In Chapter 2 while in Chapter 4 the value of 73 is 0 when using (5.2),
(5.3), (5.4), and (5.5) )
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The SBIAS?, SVAR and SMSE of g;, i = 1,2 are

2221 9i (03) _ True

SBIAS? (gi (0)) = | == gl

2
— 1 e — 1~ —
SVAR (gi (0)) = T 9: (0;) — - 9: (0;)

Jj=1 Jj=1
o \2
B 1 r TR (23:1 gi (93‘))
= 1|« g; (0;) — r )
j=1

—

SMSE (g: (6)) = SBIAS? (4: (0) ) +SVAR (4: (0) ) .

5.3 Simulation using resulting designs

5.3.1 Performance of the optimal designs obtained in Chapter 2

Let the length of all subintervals equal to 5 hours. We demonstrate the performance of our resulting designs
for the constraint plan being C; which we obtained in Chapter 2. From Subsection 2.4.1, f?w =[r =
178.15, 79 = 223.57,s9 = 197.5], is an optimal design with fixed middle stress at so = 197.5°C. After we
update the sy from average to optimal middle stress level, we get new D-, A-, and Q-optimal designs for Cf.
Since the resulting D-, A- and Q-optimal designs are similar, we only present the simulation result for our
resulting Q-optimal design. The Q-optimal design we obtained in Subsection 2.4.2 is fé = [r; = 156.19,
To = 247.47, s5 = 155]. And we use the same initial values as Subsection 2.4.2 for the model parameters,
Yo = 0.0001, v; = 0.5 and § = —3800. Table 5.1 lists the efficiencies of 522 relative to f?w in terms of SBIAS?,
SVAR and SMSE of 74,77, B, (5.3) and (5.5) and Table 5.2 displays the standard error.

Table 5.1 The efficiencies of fé relative to 5?\/{ in terms of SBIAS?, SVAR and SMSE

B 7o M g1 g2
effs(Q,M) | 0.9824 0.9803 1.0000 1.0175 0.9986
effv (Q,M) | 2.2207 24508114.61 2.0038 1.7657 2.1449
effu (Q,M) | 0.9838 0.9851 1.0000 1.0345 1.0016
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Table 5.2 Standard error

Quantity | Design | standard error

; £, 5.6826
& 3.8133

Yo £, 2.2120-10~7
& | 446811071

o £, 1.6330-10~6
& 1.1536-10~°

g1 £, 1.5137-10°
& 1.1392-10°

go £, 6.6858-1073
£ 4.5651-107

Note: Reviewers suggest that we list the 95% confidence interval. However, the simulation data have not

been recorded. Thus, we display the standard error instead.

5.3.2 Performance of the optimal designs obtained in Chapter 3

Let the length of all subintervals equal to 5 hours. We demonstrate the performance of our resulting designs
which we obtained in Chapter 3. From Subsection 3.4.1, f?w = [r1 = 178.15, 79 = 223.57, s5 = 197.5], is an
optimal design with fixed middle stress at so = 197.5°C. After we update the so from average to optimal
middle stress level, we get the updated D-, A- and Q-optimal designs. The D-optimal design and Q-optimal
design are similar. Thus, we only present the simulation results for our resulting Q- and A-optimal designs
in this example. The updated Q- and A-optimal designs are f% = [r; = 178.15,79 = 245.96, 55 = 155]
and &% = [r; = 155.20, 75 = 247.47, sy = 155]. As Chapter 3, the initial value for model parameter are
Yo = 0.0001, v; = 0.5, v, = 0, 8 = —3800. Tables 5.3 and 5.4 display the efficiencies of 52) and 5?4 relative
to €3, in terms of SBIAS?, SVAR and SMSE. The standard errors are listed in Table 5.5.

Table 5.3 The efficiencies of 5% relative to 53’\4 in terms of SBIAS?, SVAR and SMSE

B Yo T 72 g1 9>
effe(Q,M) | 1.0271 31.4599 1.0004 199.0405 280.6279 4.3146
effv (Q,M) | 0.7898 6.8388 0.0149 309.2855 3.8197 0.2415
effu (Q,M) | 1.0258 9.8674 1.0004 29.3142 51.1622 3.7968

Table 5.4 The efficiencies of Ei relative to 5’\4 in terms of SBIAS?, SVAR and SMSE
B Yo " Y2 g1 2
effe (A, M) 1.0098 21.2561 1.0004 504.6733 313.2065 4.6529
effv (A, M) | 0.97136 11.4924 0.0277 | 420.4643 2.8329 0.2631
ef fa (A, M) 1.0097 14.0173 1.0004 42.7565 40.2554 4.0999
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Table 5.5 Standard error

Quantity | Design | standard error

B 137 7.6834
3
& 8.6454
A 7.7959
Yo 137 1.2834-10°

& 4.9077-107°
£ 3.7859-10~6
o &, 5.8977-1077
& 4.8381-107F
& 3.5458.10~6

Yo £, 3.1505-10~7
£ 1.7914-10~%
€3 1.5365-10~8

g 37 2.2084-10°
£ 1.1300-10°
& 1.3121-106

g2 £, 2.1147-10~2
& 4.3036-10~2
& 4.1230-10~2

5.3.3 Performance of the robust designs obtained in Chapter 4

Let the length of all subintervals equal to 5 hours. We demonstrate the performance of our resulting robust
designs which we obtained in Chapter 4. The optimal design with fixed middle stress, {‘}\4 = [r1 = 160,
T9 = 201, s3 = 197.5], is obtained in Chapter 4 and the design, {» = [r1 = 160, 79 = 218, s2 = 155], is the
obtained robust design when s, is not fixed. The optimal criterion is to minimize the SBIAS?, SVAR and
SMSE. Suppose from previous experience, the initial parameters are vy, = 0.0001, v; = 0.5 and § = —3800.

We choose the initial value of v, within the 95% confidence interval.

95% CI : A3+ Zoos/Var (7)
= [0+0.0015]

However, the value should provide a reasonable baseline hazard function and reliability function under

sp. Thus, the reasonable value of v, should be within (0,0.0015]. The efficiencies of ¢ relative to £3; in
terms of SBIAS?, SVAR and SMSE are displayed in Tables 5.6, and 5.7.
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Table 5.6 The efficiencies of £ relative to £,

when the quantity of interest is hazard rate, g;.

v | effs(GM) | effv (G.M) | effar (G, M)
0.00015 0.8262 1.0595 0.9759
0.0003 1.0205 0.9309 1.0183
0.00045 1.0093 1.5160 1.0120
0.0006 1.0127 0.9331 1.0125
0.00075 0.9894 0.9329 0.9893
0.0009 1.0016 1.1942 1.0018
0.00105 1.0029 0.9752 1.0028
0.0012 1.0052 1.3337 1.0054
0.00135 0.9978 1.2210 0.9979
0.0015 1.0063 1.0273 1.0063
average 0.9872 1.1124 1.0022

We have gained efficiency by 11% and 0.22% for SVAR and SMSE.

Table 5.7 The efficiencies of £ relative to £,

when the quantity of interest is transformed reliability, go.

V2 effB (G, M) effv (G, M) effu (G, M)
0.00015 1.0131 0.9383 1.0123
0.0003 0.9815 1.0131 0.9823
0.00045 0.9652 1.5070 0.9810
0.0006 0.9484 0.8996 0.9449
0.00075 1.1013 0.8145 1.0641
0.0009 0.9564 1.3765 1.0248
0.00105 0.9419 0.8611 0.9036
0.0012 0.6281 1.6702 1.2759
0.00135 0.2672 1.1972 1.1943
0.0015 1.9854 0.9779 1.1027
average 0.9789 1.1255 1.0486

We indicate that the efficiency gain can be more than 12% for SVAR, and 5% for SMSE.

5.4 Comparison and discussion

5.4.1 On the resulting optimal designs for Model (2.1)

We have obtained all the SBIAS?, SVAR and SMSE of MLE for v, v;, 3, g1 and g2 based on two different
designs, 5?\4 and sz. The efficiencies of fé relative to f?w in terms of SBIAS?, SVAR, and SMSE are displayed
in the Table 5.1.

In Chapter 2, the optimal designs are obtained by minimizing the asymptotic variance of the 1. As we

expect, when Sé was adopted, we have gained 77% in terms of the SVAR( ¢1) compare to £3;. The SVAR
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of MLE of the model parameters are all very much reduced, the efficiencies of §2Q relative to éﬁ/f in terms
of SVAR(7,), SVAR( 77), and SVAR(B) we have gained are all higher than 100%. Moreover, SBIAS? and
SMSE of g; as well as SVAR and SMSE of g3 (although they are not used as the optimal criteria in Chapter
2) are also being reduced. All the results indicate that §2Q outperforms the design f?w.

5.4.2 On the resulting optimal designs for Model (3.1)

In Subsection 5.3.2, we have obtained SVAR of MLE of the model parameters 7, 71, 72 and S and SVAR
of MLE of g; and g2 when each of the three optimal designs: 5?\4, §3Q and 5?4 are adopted. The efficiencies
of 522 and 5?4 relative to 5%/[ in terms of SBIAS?, SVAR, and SMSE are listed in the Tables 5.3 and 5.4.
These two tables display that optimally setting the middle stress level and stress-changing time simulta-
neously, f% and €% can reduce the SVAR(g1) by 282% and 183% compare to £5,. We note that not all of
SVARs of MLE of model parameters have been reduced by using 5% or £%. Only SVAR(7;) and SVAR(73)
have significantly dropped among all SVARs. Moreover, we point out that the SBIAS? and SMSE of 7, 7,
B, g1 and g3 (although they are not used as the optimal criteria in Chapter 3) are all reduced by adopting
the either §3Q or £3. The efficiencies of §% and €3 in terms of SMSE(g1) are as high as 51.1622 and 40.2554
compared to 5?’\4. This indicates that the performance of f% and gi; update designs are about 50 or 40 times

better than 5%4 when experimenter is interested in estimating a hazard rate.

5.4.3 On the robust designs constructed in Chapter 4

Simulation study in Subsection 5.5.3 indicates that the performance of the design is sensitive to the initial
value of v,. The efliciencies of £, relative to f‘}w in terms of average of SBIAS?, SVAR, and SMSE are listed
in the Tables 5.6 and 5.7.

Table 5.6 shows that when the quantity of interest is hazard rate, the average efficiency gain in terms
of SMSE is only around 0.2%, however, the average efficiency gain in terms of SVAR is more than 11%.
Furthermore, the average efficiencies gain in terms of SVAR and SMSE are 12.55% and 4.86% when the
quantity of interest is transformed reliability. These results show that the design £, outperforms the f}l\/[.
However, the designs seems not protecting the estimation bias. This may be the reason why we loss the
efficiency of SBIAS? by 1.28% in Table 5.6 and 2.11% in Table 5.7.

5.4.4 General remarks

For a three-step-stress ALT, the practitioner would naturally set the average of high and low stress as the
middle stress level. From the results of simulation, we can see that the designs with optimal stress levels
result in much lower SBIAS?, SVAR and SMSE. We recommend designing a three-step-stress model with
an optimal middle stress level and optimal stress-changing times when a hazard rate is interested. We also
suggest that under constraints on minimum number of failure of each stress level the middle stress level
should be kept as close to the low stress level as possible. On the other hand, when a reliability estimation is
required, the inaccuracy of the assume baseline hazard function can cause unavoidable bias. The proposed
design methods seem not helping much in reducing such bias. However, the proposed designs performance

very well when the model assumed is correct.

63



Reference

Bai, D. S., Kim, M. S.; 1993. Optimum simple step-stress accelerated life tests for Weibull distribution
and Type-I censoring. Naval Research Logistics, vol. 40, no. 2, pp. 193-210.

Bai, D.S., Kim, M.S., Lee, S.H. 1989. Optimum simple step-stress accelerated life tests with censoring.
IEEE Transactions in Reliability, vol. 38, no. 5, pp. 528-532.

Elsayed, E.A., Zhang, H., 2005. Design of Optimum Simple Step-Stress Accelerated Life Testing Plans.
Proceedings of the 2nd International IE Conference.

Fard, N., Li, C., 2009. Optimal simple step stress accelerated life test design for reliability prediction.
Journal of Statistical Planning and Inference, vol. 139, pp. 1799-1808.

Fang, Z., Wiens, D.P.; 1999. Robust extrapolation designs and weights for biased regression models with

heteroscedastic errors. Canadian Journal of Statistics, vol. 27, no. 4, pp. 751-770.

Hu, C.H., Plante, R.D., Tang, J., 2012. Step-stress accelerated life tests: a proportional hazards—based
non-parametric model. IIE Transactions, vol. 44, pp. 754-764.

Hunt, S., Xu, X., 2012. Optimal Design for Accelerated Life Testing with Simple Step-Stress Plans.
International Journal of Performability Engineering, vol 8, pp. 575-579.

Jiao, L., 2001. Optimal allocations of stress levels and test units in accelerated life tests [PHD thesis]. New

Brunswick, New Jersey. Rutgers University-New Brunswick.

Ma, H., Meeker, W. Q., 2008. Optimum step-stress accelerated life test plans for log-location-scale distri-
butions. Naval Research Logistics, vol. 55, no. 6, pp. 551-562.

Miller, R., Nelson, W., 1983. Optimum Simple Step-Stress Plans for Accelerated Life Testing. IFEE
Transactions in Reliability, vol. 32, no. 1, pp. 59-65.

Meeker, W. Q., 1984. A Comparison of Accelerated Life Test Plans for Weibull and Lognormal Distribu-
tions and Type I Censoring. Technometrics, vol. 26, pp. 157-172.

Nelson, W., 2004. Accelerated Testing: Statistical Models, Test Plans, and Data Analyses. Wiley. New
York.

Nelson, W., Hahn, G. J., 1972. Linear Estimation of a Regression Relationship from Censored Data, Part
I: Simple Methods and Their Applications. Technometrics, vol. 14, pp. 247-269.

64



Nelson, W., Hahn, G.J., 1973. Linear Estimation of a Regression Relationship from Censored Data, Part
II: Best Linear Unbiased Estimation and Theory, Technometrics, vol. 15, pp. 133-150.

Nelson, W., Kielpinski, T., 1976. Theory for Optimum Censored Accelerated Life Tests for Normal and
Lognormal Life Distributions. Technometrics, vol. 18, pp. 105-114.

Nelson, W., Meekeer, W.Q., 1978. Theory for Optimum Censored Accelerated Life Tests for Weibull and
Extreme Value Distributions. Technometrics, vol. 20, pp. 171-177.

Pascual, F.G., 2006. Accelerated Life Test Plans Robust to Misspecification of the Stress-Life Relationship.
Technometrics, vol. 48, no. 1, pp. 11-25.

Pascual, F.G., Montepiedra, G., 2002. On Minimax Designs When There are Two Candidate Models.
Journal of Statistical Computation and Simulation, vol. 72, pp. 841-862.

White, H., 1982. Maximum Likelihood Estimation of Mis-specified Models. FEconometrica, vol. 50, pp.
1-25.

Wiens, D.P.; Xu, X., 2008. Robust Designs for One-point Extrapolation. Journal of Statistical Planning
and Inference, vol. 138, no. 5, pp. 1339-1357.

65



Appendix I: Notation

F - Fisher’s information matrix

n - total number of test units in experiment

sp - normal design stress level (stress under normal operating conditions)
s1 - low accelerated stress

s9 - middle accelerated stress

s3 - high accelerated stress

n; - number of failures under s;

71 - first stress-changing time

To - second stress-changing time

c - censoring time

3 - parameters of PH model when baseline hazard function is a linear form
«a - parameters of PH model when baseline hazard function is a quadratic form
T - prespecified period of time over which the estimate is of interest

A (t;s) - hazard function of failure time at stress level s

Ao (t) - the baseline hazard function

A (t;s) - cumulative hazard function of failure time at stress level s

R (t;s) - reliability function of failure time at stress level s

F (t;s) - cumulative distribution function of failure time at stress level s

f (t;s) - probability density function of failure time at stress level s

Lp - the determinant of covariance matrix of the model parameter estimators

L4 - the trace of covariance matrix of the model parameter estimators

Lq - the asymptotic variance of the hazard rate estimator over a period of time 7" at a design stress level sp
D ¢, - D-optimal design when the constraint plan is C;

Agci - A-optimal design when the constraint plan is C;

chi - Q-optimal design when the constraint plan is C;

M NF; - the minimum number of failures at s; stress level

C; - ith constraint plan for the MNF,; , MNF, and MNF}3

My - the model with quadratic baseline hazard function

Mg - the model with linear baseline hazard function

Ay (t;8) - MLE of the hazard rate at a time ¢ under stress s
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Rury, (t58) - MLE of the reliability at time ¢ under stress s

N (t;8) - the transform of Ry, (t; )

ABIAS? - asymptotic squared bias

AVAR - asymptotic variance

AMSE - asymptotic mean squared error

SBIAS? - simulated squared bias

SVAR - simulated variance

SMSE - simulated mean squared error

r - total number of simulations

g1 - the hazard rate over a time period T' under normal design stress level sp

go - the transformed reliability at time ¢ under normal design stress level sp

53\4 - the optimal design obtained in Chapter ¢ when the middle stress level is fixed and constraint plan is C;

522 - the Q-optimal design obtained in Chapter ¢ when the middle stress level is unfixed and constraint plan is Cy
§f4 - the A-optimal design obtained in Chapter ¢ when the middle stress level is unfixed and constraint plan is Cy

&q - the robust design obtained in Chapter 4 when the middle stress level is fixed and constraint plan is C}
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Appendix II: Programming Codes

A: Codes for subsection 2.4.1

%This code is for computing the optimal stress-changing times 71 and 75.

code for Matlabs
t1 = 145; t3 = 250; t2 =(t1+t3)*(1/2);
s = 1/(273.16+50); s1 = 1/(273.16+t1); 83 = 1/(273.16+t3); 52 =1/(273.16+t2);
gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;
¢ = 300; n = 200;
a=Q(tau) fsolve(@Q(a)-exp(-(gamma0.*tau(1)4(1/2)*gammal. *tau(1).”2)*exp(beta.*
s1))4exp(-(gamma0.*a+(1/2)*gammal.*a.” 2)*exp(beta.*s2)), 10)
b=@(tau) fsolve(@(b)-exp(-(gamma0.*(a(tau(1))+tau(2)-tau(1))+(1/2).*gammal.*
(a(tau(l))+tau(2)-tau(1)) ~2).*exp(beta*s2))+exp(-(gamma0.*b+(1/2). *gammal.*
b. A2)*exp(beta *33)), 10)

1=(1./2)*gammal . *exp(beta.*sl);

2=(1./2)*gammal.*exp(beta.*s2);

:(1./2) gammal.*exp(beta.*s3);

f1=Q(x) exp(-cl.*x.72)*1./x; £2=Q(x) exp(-c2.*x.”2)*1./x; £3=Q(x) exp(-c3.*x.”2)*1./x;
f4=Q(x) exp(-c1.*x.72); {5=Q(x) exp(-c2.¥x.72); f6=Q(x) exp(-c3.*x.”2);
f1=Q(x) exp(-c1.*x.72).*x; 8=Q(x) exp(-c2.*x.72).*x; {9=Q(x) exp(-c3.*x.72).*x
f10=Q@(x) exp(-cl.*x.72).*x.72; f11=Q(x) exp(-c2.*x.72).*x.”2; f12=Q(x )exp( 3 X.02).%x.72;
f13=Q(x) exp(-cl.*x.72).*x.73; {14=Q(x) exp(-c2.¥x.72).*x.”3; f15=Q(x) exp(-c3.*x.72).*x."3;
f16=Q(x,tau) (s1.72. *(gammao *x+(1/2).
(gamma2.*x.”24+gammal.*x+gamma0).*exp(beta.*s1)).*exp(-(gamma0.*x+(1/2). *gammal.*
x.724(1/3).*gamma2.*x." 3).*exp(beta.*sl))
f17=Q(x,tau) (s2.”2.*(gamma0.*(a(tau(l))+x-tau(1))+(1/2).*gammal . *(a(tau(1l))+x-tau(l)).” 2+
(1/3).*gamma2.*(a(tau(1l))+x-tau(1)).”3).*exp(beta.*s2).*(gamma0+gammal.*(a(tau(1))+x-tau(1))...
+gamma2.*(a(tau(1l))+x-tau(1)).”2).*exp(beta.*s2)).*exp(-(gamma0.*(a(tau(1))+x-tau(1))+(1/2).*
gammal.*(a(tau(l))+x-tau(1)).”24+(1/3).*gamma2.*(a(tau(1))+x-tau(1)).”3).*exp(beta.*s2))
f18=Q(x,tau) (s3.”2.*(gamma0.*(b([tau(l) tau(2)])+x-tau(2))+(1/2).*gammal.*(b([tau(l) tau(2)])+
x-tau(2)).”24+(1/3).*gamma2.*(b([tau(1) tau(2)])+x-tau(2)).”3).*exp(beta.*s3).*(gammal+
gammal.*(b([tau(1) tau(2)])+x-tau(2))+gamma2.*(b([tau(1) tau(2)])+x-tau(2)).~2).*exp(beta.*s3)).*
exp(-(gamma0.*(b([tau(1l) tau(2)])+x-tau(2))+(1/2).*gammal.*(b([tau(1l) tau(2)])+

*gammal.*x.”2+4(1/3).*gamma2.*x.~3).*exp(beta.*s1).*
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x-tau(2)).”24+(1/3).*gamma2.*(b([tau(1) tau(2)])+x-tau(2)).”3).*exp(beta.*s3))
) quad(fl,a,b); A2=@(a,b) quad(f2,a,b); A3=Q(a,b) quad(f3,a,b);

) quad(f4,a,b); B2=Q(a,b) quad(f5,a,b); B3=@(a,b) quad(6,a,b);

) quad(f7,a,b); C2=Q(a,b) quad(f8,a,b); C3=Q(a,b) quad(f9,a,b);

) quad(f10,a,b); D2=Q(a,b) quad(fl11,a,b); D3=Q(a,b) quad(f12,a,b);
E1=Q(a,b) quad(f13,a,b); E2=Q(a,b) quad(f14,a,b); E3=Q(a,b) quad(f15,a,b);
Bel=Q(tau,a,b) quadgk(@(x) f16(x,tau),a,b)

Be2=Q( (Q(x) f17(x,tau),a,b)

Be3=Q(tau,a,b) quadgk(Q(x) f18(x,tau),a,b)
MO0=@Q(tau)exp(beta.*sl)*exp(gamma0. "~ 2.*exp(beta.*s1)/(2.*gammal))*Al(gamma0/
gammal, gamma0/gammal+tau(1))./gammal+exp(beta.*s2)*exp(gamma0.”2.*

tau,a,b) quadgk

exp(beta.*s2)/(2*gammal))*A2(gammal/gammal+a(tau(l)), gamma0/gammal+
tau(2)-tau(1)+a(tau(l)))./gammal+exp(beta.*s3)*exp(gamma0. " 2. *exp(beta.*
s3)/(2*gammal))*A3(gammal/gammal+b([tau(l) tau(2)]), gamma0/
gammal-+c-tau(2)+b([tau(l) tau(2)]))./gammal
M1=@Q(tau)exp(beta.*sl)*exp(gamma0."2.*exp(beta.*s1)/(2.*gammal))*(gamma0.~2.*
Al(gamma0/gammal, gamma0/gammal+tau(l))./gammal. 2....
-2.*gamma0.*Bl(gamma0/gammal, gamma0/gammal+tau(1))./gammal+C1(gamma0/
gammal, gamma0/gammal+tau(1)))./gammal+exp(beta.*s2)*exp(gamma0.~2.*
exp(beta.*s2)/(2.*gammal))*(gamma0."2.*A2(gamma0/
gammal+a(tau(l)),gamma0/gammal+tau(2)-tau(l)+a(tau(l)))./gammal. 2
-2.*gamma0.*B2(gammal/gammal+a(tau(1)),gamma0/gammal+tau(2)-tau(1l)+a(tau(1)))./
gammal+C2(gamma0/gammal+a(tau(l)),gamma0/gammal+tau(2)-tau(l)+a(tau(1))))./gammal
+exp(beta.*s3)*exp(gamma0. ~2.*exp(beta.*s3) /(2.*gammal))* (gamma0. "~ 2.*A3(gamma0/
gammal+b([tau(l) tau(2)]),gammal/gammal+c-tau(2)+b([tau(l) tau(2)]))./gammal. 2
-2.*gamma0.*B3(gammal/gammal+b([tau(1l) tau(2)]),gammal/gammal+c-tau(2)+
b([tau(1) tau(2)]))./gammal+C3(gammal/gammal+b([tau(l) tau(2)]),gammal/gammal+
c-tau(2)+b([tau(l) tau(2)])))./gammal
MO01=@Q(tau)exp(beta.*s1)*exp(gamma0.”2.*exp(beta.*s1)/(2.*gammal))*
(B1(gamma0/gammal,gamma0/gammal+tau(1l))-gamma0.*Al(gamma0/
gammal,gamma0/gammal+tau(1))./gammal)./gammal+exp(beta.*s2)*
exp(gamma0.~2.*exp(beta.*s2)/(2.*gammal))*(B2(gamma0/gammal+a(tau(l)),
gamma0/gammal+tau(2)-tau(1l)+a(tau(l)))-gamma0.*A2(gamma0/gammal-+a(tau
(1)),gamma0/gammal+tau(2)-tau(l)+a(tau(1)))./gammal)./gammal+exp(beta.*
s3)*exp(gamma0.”2.*exp(beta.*s3) /(2.*gammal))*(B3(gammal/gammal+b([tau(l) tau(2)]),gamma0/
gammal+c-tau(2)+b([tau(1) tau(2)]))-gamma0.*A3(gammal/gammal+

b([tau(1) tau(2)]),gamma0l/gammal+c-tau(2)+b([tau(1l) tau(2)]))./gammal)./gammal
Mb=@(tau)Bel(tau,0,tau(1))+Be2(tau,tau(l),tau(2))+Be3(tau,tau(2),c)+Be3(tau,c,inf)
Dloss=@(tau)1/((MO(tau).*M1(tau)-M01(tau).~2).*n.~3*Mb(tau))
Aloss=@(tau)M1(tau)./(n.*(MO(tau).*M1(tau)-MO01(tau).~2))+MO(tau). /(n.*(MO(tau).*
M1(tau)-MO01(tau).”2))+1./(n.*Mb(tau))

t=87600
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Qloss=@Q(tau)exp(beta.*s).*(exp(beta.*s).*M1(tau).*t./(n.*(MO(tau).*M1(tau)-MO01(tau).” 2))-(1/2).*
t.72.*exp(beta.*s). *MO01 (tau)./(n.*(MO(tau).*M1 (tau)-MO01(tau).”2)))...
+exp(beta.*s).*((1/3).*exp(beta.*s).*M0(tau).*t.~3./(n.*(MO(tau).*M1(tau)-M01(tau).”2))-(1/2).*¥t.~ 2.*
exp(beta.*s).*M01(tau)./(n.*(MO(tau).*M1(tau)-M01(tau).~2)))...

+(1/3).*(gammal. *t+gamma0).” 3.*(exp(beta.*s)).”2.¥s.72./(n.*Mb(tau).*gammal)

A=[1-1]

B=]0]

tau0=[115 201]

1b=[0;0];

ub=[inf;inf];

%This code is the constraint function

function [c, ceq] = confun(tau)

t1 = 145; t3 = 250; t2 = 191.6536;

s = 1/(273.16450); s1 = 1/(273.16+t1); 83 = 1/(273.16+t3); 52 = 1/(273.16+t2);

gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;

¢ = 300; n = 200;

a=Q(tau) fsolve(Q(a)-exp(-(gamma0.*tau(1)+(1/2)*gammal.*tau(1).”2)*exp(beta.*s1))+
exp(-(gamma0.*a+(1/2)*gammal.*a.~2)*exp(beta.*s2)), 10)

b=@(tau) fsolve(@(b)-exp(-(gamma0.*(a(tau(1))+tau(2)-tau(1))+(1/2).*gammal.*(a(tau(1l))+
tau(2)-tau(1))~2).*exp(beta*s2))+exp(-(gamma0.*b+(1/2). *gammal.*b.” 2)*exp(beta.*s3)), 10)
cl=(1./2)*gammal.*exp(beta.*sl);

c2=(1./2)*gammal.*exp(beta.*s2);

c3=(1./2)*gammal.*exp(beta.*s3);

lambda0=@Q(t)gamma0+gammal.*t;

f19=@(t)(lambda0(t).*exp(beta.*s1). *exp(-(gamma0.*t+(1/2). *gammal.*t.” 2+
(1/3).*gamma2.*t.”3).*exp(beta.*s1)))
£20=Q(t)(lambda0(t).*exp(beta.*s2).*exp(-(gamma0.*t+(1/2).*gammal.*t.” 24+
(1/3).*gamma?2.*t.”3).*exp(beta.*s2)))

f21=@(t)(lambda0(t).*exp(beta.*s3). *exp(-(gamma0.*t+(1/2).*gammal.*t.” 2+
(1/3).*gamma2.*t.”3).*exp(beta.*s3)))
W1=@Q(a,b)quad(f19,a,b);W2=@Q(a,b)quad(f20,a,b);W3=Q(a,b)quad(f21,a,b);
h1=Q(tau)W1(0,tau(1))

h2=Q(tau)W2(a(tau(1)),a(tau(1))+tau(2)-tau(1))

h3=Q(tau)W3(b([tau(1) tau(2)]),c)

¢(1)=30-n.*h1(tau)

¢(2)=30-(n-n.*h1(tau)).*h2(tau)

¢(3)=10-(n-n.*h1(tau)-(n-n.*h1(tau)).*h2(tau)).*h3(tau)

ceq = [J;

end
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B: Codes for subsection 2.4.2

%This code is for computing the optimal stress-changing times 71, 7o and the optimal middle stress level.
code for Matlabs
t1 = 145; t3 = 250; t2 =Q(tau)tau(3);
s = 1/(273.16+50); s1 = 1/(273.16+t1); s3 = 1/(273.16+t3); s2 =Q(tau) 1/(273.16+t2(tau));
gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;
¢ = 300; n = 200;
a=Q(tau) fsolve(@(a)-exp(-(gamma0.*tau(1)+(1/2)*gammal.*tau(1).”2)*exp(beta.*s1))+
exp(-(gamma0.*a+(1/2)*gammal.*a.”2)*exp(beta.*s2(tau))), 10)
b=@Q(tau) fsolve(@Q(b)-exp(-(gamma0.*(a(tau)+tau(2)-tau(1))+(1/2).*gammal.*(a(tau)+tau(2)-tau(1)) ~2).*
exp(beta.*s2(tau)))+exp(-(gamma0.*b+(1/2). *gammal.*b.”~ 2)*exp(beta.*s3)), 100)
=(1./2)*gammal.*exp(beta.*sl);
c2=Q(tau)(1./2)*gammal.*exp(beta.*s2(tau))
=(1./2)*gammal.*exp(beta.*s3);
f1=Q(x) exp(-c1.*x.72)*1./x; 2=Q(x,tau) exp(-c2(tau).*x.”2)*1./x; 3=Q(x) exp(-c3.*x.72)*1./x;
f4=Q(x) exp(-cl.*x.72); {5=Q(x,tau) exp(-c2(tau).*x.”2); {6=Q(x) exp(-c3.*x.72);
f7=Q(x) exp(-cl.*x.72).*x; £8=Q(x,tau)exp(-c2(tau).*x.”2).*x; f9=Q(x) exp(-c3.*x.72).*x;
f10=Q(x) exp(-c1.¥x.72).*x.72; f11=Q(x,tau) exp(-c2(tau).*x.”2).*x.~2; f12=Q(x) exp(-¢3.¥x.72).*x.72;
f13=Q(x) exp(-c1.*x.72).*x.7 3; f14=Q(x,tau) exp(-c2(tau).*x.”2).*x.”3; f15=Q(x) exp(-c3.¥x.72).*x.7 3;
f16=Q(x,tau) (s1.”2.*(gamma0.*x+(1/2).*gammal.*x.”2+4(1/3).*gamma2.*x.”3).*exp(beta.*s1).*
(gamma2.*x.” 2+gammal.*x+gamma0).*exp(beta.*s1)).*exp(-(gamma0.*x+(1/2).*gammal.*x."2
+(1/3).*gamma2.*x.” 3). *exp(beta.*s1))
f17=Q(x,tau) (s2(tau).”2.*(gamma0.*(a(tau)+x-tau(1))+(1/2). *gammal.*(a(tau)+x-tau(1)).~24(1/3).*
gamma?2.*(a(tau)+x-tau(1)).”3).*exp(beta.*s2(tau)).*(gammal0+gammal.*(a(tau)+x-tau(1))...
+gamma2.*(a(tau)+x-tau(1)).”2).*exp(beta.*s2(tau))). *exp(-(gamma0.*(a(tau)+x-tau(1))+(1/2).*
gammal.*(a(tau)+x-tau(1)).”2+(1/3).*gamma2.* (a(tau)+x-tau(1)).~3).*exp(beta.*s2(tau)))
f18=Q(x,tau) (s3.72.*(gamma0.*(b(tau)+x-tau(2))+(1/2).*gammal.*(b(tau)+x-tau(2)).~2+(1/3).*
gammaZ2.*(b(tau)+x-tau(2)).”3).*exp(beta.*s3).*(gammal0+gammal.* (b(tau)+x-tau(2))...
+gamma2.*(b(tau)+x-tau(2)).~2).*exp(beta.*s3)).*exp(-(gamma0.*(b(tau)+x-tau(2))+(1/2). *gammal . *
(b(tau)+x—tau(2)) ~2+(1/3).*gamma2.*(b(tau)+x-tau(2)).”3).*exp(beta.*s3))
=Q(a,b) quad(fl,a,b); A2=Q(a,b,tau) quadgk(Q(x)f2(x,tau),a,b); A3=Q(a,b) quad(f3,a,b);
B1=@(a,b) quad(f4,a,b); B2=Q(a,b,tau) quadgk(Q(x)f5(x,tau),a,b); B3=Q(a,b) quad(f6,a,b);
C1=Q( ( Q
( (
(

5(
,b) quad(f7,a,b); C2=Q(a,b,tau) quadgk(@(x)f8(x,tau),a,b); C3=Q(a,b) quad(f9,a,b);
b

D1=@(a,b) quad(fl0,a,b); D2=Q(a,b,tau) quadgk(Q@(x)f11(x,tau),a,b); D3=Q(a,b) quad(f12,a,b);
E1=Q(a,b) quad(f13,a,b); E2=Q(a,b,tau) quadgk(Q(x)f14(x,tau),a,b); E3=Q(a,b) quad(f15,a,b);
Bel=Q(tau,a,b) quadgk(@(x) f16(x,tau),a,b)

Be2=Q(tau,a,b) quadgk(Q(x) f17(x,tau),a,b)

Be3=Q(tau,a,b) quadgk(Q(x) f18(x,tau),a,b)
MO=@(tau)exp(beta.*s1)*exp(gamma0.”2.*exp(beta.*s1)/(2.*gammal))*

Al(gamma0/gammal, gamma0/gammal+tau(l))./gammal...

+exp(beta.*s2(tau) ) *exp(gamma0. 2. *exp(beta.*s2(tau)) /(2*gammal))*A2(gamma0/

a
a
a
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gammal+a(tau), gamma0/gammal+tau(2)-tau(l)+a(tau),tau)./gammal...
+exp(beta.*s3)*exp(gamma0. ~2.*exp(beta.*s3) /(2*gammal))*A3(gammal/gammal+

b(tau), gamma0/gammal+c-tau(2)+b(tau))./gammal
M1=@(tau)exp(beta.*sl)*exp(gamma0."2.*exp(beta.*s1)/(2.*gammal))*(gamma0.~2.*
Al(gamma0/gammal, gamma0/gammal+tau(1l))./gammal.”2....
-2.*gamma0.*Bl(gamma0/gammal, gamma0/gammal+tau(1))./gammal+C1(gamma0/

gammal, gamma0/gammal+tau(1)))./gammal...
+exp(beta.*s2(tau))*exp(gamma0. 2. *exp(beta.*s2(tau)) /(2. *gammal ))*(gamma0. ~2.*
A2(gamma0/gammal+a(tau),gamma0/gammal+tau(2)-tau(l)+a(tau),taun). /gammal. 2....
-2.*gamma0.*B2(gammal/gammal+a(tau),gamma0l/gammal+tau(2)-tau(1l)+a(tau),tau)./gammal+
C2(gamma0/gammal+a(tau),gammal/gammal+tau(2)-tau(1l)+a(tau),tau))./gammal...
+exp(beta.*s3)*exp(gamma0. ~2.*exp(beta.*s3) /(2.*gammal))* (gamma0. "~ 2.*A3(gamma0/
gammal+b(tau),gamma0/gammal+c-tau(2)+b(tau))./gammal. 2....
-2.*gamma0.*B3(gammal/gammal+b(tau),gammal/gammal+c-tau(2)+b(tau))./gammal+
C3(gammal/gammal+b(tau),gamma0/gammal+c-tau(2)+b(tau)))./gammal
MO01=@Q(tau)exp(beta.*s1)*exp(gamma0.”2.*exp(beta.*s1)/(2.*gammal))*(B1(gamma0/gammal,
gammal/gammal+tau(l))-gamma0.*Al(gamma0/gammal,gamma0/gammal-+tau(1))./gammal)./gammal...
+exp(beta.*s2(tau) ) *exp(gamma0. 2. *exp(beta.*s2(tau)) /(2. *gammal))*(B2(gamma0/gammal+a(tau),
gamma0/gammal+tau(2)-tau(1l)+a(tau),tau)...
-gammal.*A2(gamma0/gammal+a(tau),gammal/gammal+tau(2)-tau(l)+a(tau),taun)./gammal)./gammal...
+exp(beta.*s3)*exp(gammal.~2.*exp(beta.*s3) /(2.*gammal))*(B3(gamma0l/gammal+b(tau),gamma0/
gammal+c-tau(2)+b(tau))...
-gammal.*A3(gamma0l/gammal+b(tau),gammal/gammal+c-tau(2)+b(tau))./gammal)./gammal
Mb=@(tau)Bel(tau,0,tau(1))+Be2(tau,tau(l),tau(2))+Be3(tau,tau(2),c)+Be3(tau,c,inf)
Dloss=@(tau)1/((MO(tau).*M1(tau)-M01(tau).~2).*n.~3*Mb(tau))
Aloss=Q(tau)M1(tau)./(n.*(MO(tau).*M1(tau)-M01(tau).~2))+MO0(tau)./(n.* (MO (tau).*

M1 (tau)-M01(tau).~2))+1./(n.*Mb(tau))

t=87600

Qloss=Q(tau)exp(beta.*s).*(exp(beta.*s).*M1(tau).*t./(n.*(MO(tau).*M1(tau)-MO01(tau).”2))-
(1/2).*t.”2.*exp(beta.*s). *M01(tau)./(n.*(MO(tau).*M1(tau)-M01(tau).~2)))...
+exp(beta.*s).*((1/3).*exp(beta.*s). *MO(tau).*t.~3./(n.*(MO(tau).*M1(tau)-M01(tau). ~2))-
(1/2).%t.”2.*exp(beta.*s).*MO1(tau)./(n.*(MO(tau).*M1(tau)-M01(tau).~2)))...

+(1/3).*(gammal . *t+gamma0)." 3.*(exp(beta.*s)).~2.*s.72./(n.*Mb(tau).*gammal)

A=[1-10]

B=[0]

tau0=[180 250 160]

1b=[0;0;155];

ub=[inf;inf;240];

%This code is the constraint function

function [c, ceq] = confunthree(tau)

t1 = 145; t3 = 250; t2 =Q(tau)tau(3);

s = 1/(273.16+50); s1 = 1/(273.16+t1); 83 = 1/(273.16+t3); s2 =Q(tau) 1/(273.16+
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t2(tau)); gamma0 = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;

¢ = 300; n = 200;

a=@Q(tau) fsolve(@(a)-exp(-(gamma0.*tau(1)+(1/2)*gammal.*tau(1).”2)*exp(beta.*sl))+
exp(-(gamma0.*a+(1/2)*gammal.*a.”2)*exp(beta.*s2(tau))), 10)

b=@(tau) fsolve(Q(b)-exp(-(gamma0.*(a(tau)+tau(2)-tau(1))+(1/2).*gammal.*(a(tau)+
tau(2)-tau(1))~2).*exp(beta.*s2(tau)))+exp(-(gamma0.*b+(1/2).*gammal.*b.~2)*exp(beta.*s3)), 100)
cl=(1./2)*gammal.*exp(beta.*sl);

c2=Q(tau)(1./2)*gammal.*exp(beta.*s2(tau));

c3=(1./2)*gammal.*exp(beta.*s3);

lambda0=@Q(t)gammal+gammal.*t+gamma2.*t.~2;
f19=@(t)(lambda0(t).*exp(beta.*s1).*exp(-(gamma0.*t4(1/2). *gammal.*t.” 2+
(1/3).*gamma?2.*t.”3).*exp(beta.*s1)))
f20=@(t,tau)(lambda0(t).*exp(beta.*s2(tau)).*exp(-(gamma0.*t+(1/2). *gammal.*t.” 2+
(1/3).*gamma2.*t.”3).*exp(beta.*s2(tau))))
f21=@(t)(lambda0(t).*exp(beta.*s3).*exp(-(gamma0.*t4(1/2). *gammal. *t.” 2+
(1/3).*gamma?2.*t.”3).*exp(beta.*s3)))
W1=@Q(a,b)quad(f19,a,b);W2=Q(tau,a,b)quadgk(Q(t)f20(t,tau),a,b) W3=Q(a,b)quad(f21,a,b);
h1=Q(tau)W1(0,tau(1))

h2=Q(tau)W2(tau,a(tau),a(tau)+tau(2)-tau(1))

h3=Q(tau)W3(b(tau),c)

¢(1)=20-n.*h1(tau)

¢(2)=10-(n-n.*h1(tau)).*h2(tau)

¢(3)=10-(n-n.*h1(tau)-(n-n.*h1(tau)).*h2(tau)).*h3(tau)

ceq = [

end

C: Codes for subsection 3.4.1

%This code is for computing the optimal stress-changing times 77 and 75.
code for Matlabs
t1 = 145; t3 = 250; t2 = (t1-+t3)*(1/2);
s = 1/(273.16450); s1 = 1/(273.16+t1); 83 = 1/(273.16+t3); s2 = 1/(273.16+t2);
gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;
¢ = 300; n = 200;
a=Q(tau) fsolve(Q(a)-exp(-(gamma0.*tau(1)+(1/2)*gammal.*tau(1).”2+(1/3).*gamma2.*tau(1).~3)*
exp(beta.*sl))+exp(-(gamma0.*a+(1/2)*gammal.*a.”2+(1/3).*gamma2.*a.~3)*exp(beta.*s2)), 40)
b=@(tau) fsolve(@(b)-exp(-(gamma0.*(a(tau(1))+tau(2)-tau(1))+(1/2).*gammal.*
(a(tau(l))+tau(2)-tau(1))~24+(1/3).*gamma2.*(a(tau(1))+tau(2)-tau(1))~3).*exp(beta*s2))+exp(-
(gamma0.*b+(1/2).*gammal.*b.”2+(1/3).*gamma2.*b.” 3)*exp(beta.*s3)), 80)
f1=Q(t) exp(beta.*sl).*exp(-(gamma0.*t4(1/2).*gammal.*t.”24+(1/3).*gamma2.*t.~ 3).*exp(beta.*s1))./

(gamma2.*t.” 2+gammal.*t+gamma0);
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f2=Q(t,tau) exp(beta.*s2).*exp(-(gamma0.*(a(tau)+t-tau(1))+(1/2). *gammal.* (a(tau)+t-
tau(1)).”2+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3). *exp(beta.*s2))./(gamma0+gammal.*
(a(tau)+t-tau(1))+gamma2.*(a(tau)+t-tau(1)).~2);
f3=Q(t,tau) exp(beta.*s3).*exp(-(gamma0.*(b(tau)+t-tau(2))+(1/2).*gammal.*(b(tau)+
t-tau(2)).~2+(1/3).*gamma2.* (b(tau)+t-tau(2)).”3). *exp(beta.*s3))./(gammal+gammal . *
(b(tau)+t-tau(2))+gamma2.* (b(tau)+t-tau(2)).~2);

f4=Q(t) t.”2.*exp(beta.*s1).*exp(-(gamma0.*t+(1/2).*gammal.*t.”2+(1/3).*gamma2.*t.~ 3).*
exp(beta.*sl)

f5=Q(t,tau) (
tau(1))+(1/2).*gammal.*(a(tau)+t-tau(1)).”~24+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*
exp(beta.*s2))./(gammal0-+gammal.* (a(tau)+t-tau(l))+gamma2.*(a(taun)+t-tau(1)).~2);
f6=Q(t,tau) (b(tau)+t-tau(2)).”2.*exp(beta.*s3).*exp(- (b(tau)+t-tau(2))+(1/2). *gammal.*
(b(tau)+t-tau(2)).”2-+(1/3).*gamma2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3))./
(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);
fr=Q(t) t.”4.*exp(beta.*sl).*exp(-(gamma0.*t+(1/2).*gammal.*t.”24(1/3). *gamma2.*t.~ 3) . *exp(beta.*sl))./
(gamma2.*t.” 2+gammal.*t+gamma0);

f8=Q(t,tau) (a(tau)-+t-tau(1)).”4.*exp(beta.*s2). *exp(-(gamma0.*(a(tau)+t-tau(l))+(1/2). *gammal.*(a(tau)+
t-tau(1)).~24(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*exp(beta.*s2)). /(gammal+gammal. *(a(tau)+t-tau(1))+
gamma2.*(a(tau)+t-tau(1)).~2);

f9=@(t,tau) (b(tau)+t-tau(2)).”4.*exp(beta.*s3).*exp(-(gamma0.* (b(tau)+t-tau(2))+(1/2).*gammal.*
(b(tau)+t-tau(2)).”2+(1/3).*gamma?2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3))./(gammal0+gammal.*
(b(tau)+t-tau(2))+gamma2.* (b(tau)+t-tau(2)).~2);

f10=Q(t) t.*exp(beta.*sl).*exp(-(gamma0.*t+(1/2).*gammal.*t.”2+(1/3).*gamma2.*t.~3).*
exp(beta.*sl))./(gamma2.*t.~ 2+gammal.*t+gamma0);

f11=Q(t,tau) (a(tau)+t-tau(l)).*exp(beta.*s2). *exp(-(gamma0.*(a(tau)+t-tau(1))+(1/2).*
gammal.*(a(tau)+t-tau(1)).”24(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*exp(beta.*s2))./
(gammal+gammal.*(a(tau)+t-tau(1l))+gamma2.*(a(tau)+t-tau(1)).~2);

f12=@(t,tau) (b(tau)+t-tau(2)).*exp(beta.*s3).*exp(-(gamma0.* (b(tau)+t-tau(2))+(1/2).*
gammal.*(b(tau)+t-tau(2)).”2+(1/3).*gamma?2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3))./
(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);

f13=Q(t) t.”3.*exp(beta.*s1).*exp(-(gamma0.*t+(1/2). *gammal.*t.”2+(1/3).*
gamma2.*t.”3).*exp(beta.*s1))./(gamma2.*t.” 2+gammal.*t+gamma0);

fl4=@Q(t,tau) (a(tau)+t-tau(l)).”3.*exp(beta.*s2).*exp(-(gamma0.*(a(tau)+t-
tau(1))+(1/2).*gammal.*(a(tau)+t-tau(1)).” 24+
(1/3).*gamma2.*(a(tau)+t-tau(1)).”3).*exp(beta.*s2))./(gammal+gammal.*
(a(tau)+t-tau(1))+gamma2.*(a(tau)+t-tau(1)).~2);

f15=Q(t,tau) (b(tau)+t-tau(2)).”3.*exp(beta.*s3).*exp(-(gamma0.*(b(tau)+t-tau(2))+
(1/2).*gammal.*(b(tau)+t-tau(2)).”24+(1/3).*gamma2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3))./
(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);

f16=Q(t) (s1.”2.*(gamma0.*t+(1/2).*gammal.*t.”2+(1/3).*gamma2.*t.”3).*exp(beta.*

s1).*(gamma2.*t.” 24+-gammal.*t4+gamma0).*exp(beta.*s1)).*exp(-(gamma0.*t+(1/2).*
gammal.*t.”2+(1/3).*gamma2.*t.~3).*exp(beta.*s1));

)./(gamma2.*t.” 24+-gammal.*t+gamma0);
a(tau)+t-tau(1)).”2.*exp(beta.*s2). *exp(-(gamma0.* (a(tau)+t-

(gamma0.*
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f17=Q(t,tau) (s2.72.*(gamma0.* (a(tau)+t-tau(1))+(1/2).*gammal.*(a(tau)+t-tau(1)).” 2+
(1/3).*gamma2.*(a(tau)+t-tau(1)).” 3).*exp(beta.*s2).*(gamma0+gammal.*(a(tau)+t-tau(1) )+
gamma2.*(a(tau)+t-tau(1)).”2).*exp(beta.*s2)). *exp(-(gamma0.*(a(tau)+t-tau(1))+(1/2).*
gammal.*(a(tau)+t-tau(1)).”24(1/3).*gamma2.*(a(tau)+t-tau(1)).~3). *exp(beta.*s2));
f18=Q(t,tau) (s3.”2.*(gamma0.*(b(tau)+t-tau(2))+(1/2).*gammal.*(b(tau)+t-tau(2)).~ 2+
(1/3).*gamma2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3).*(gammal0+gammal.*(b(tau)+t-tau(2))+
gammaZ2.*(b(tau)+t-tau(2)).”2).*exp(beta.*s3)). *exp(-(gammal.* (b(tau)+t-tau(2))+(1/2).*
gammal.*(b(tau)+t-tau(2 )) ~24(1/3).*gamma2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3));
A1=@(a,b) quad(fl,a,b); A2=@Q(tau,a,b) quadgk(Q(t) f2(t,tau),a,b);
B1=Q(a,b) quad(f4,a,b); B2=Q(tau,a,b) quadgk(Q(t)
) (@(t)
)

(
(a ( f5
1=Q( quad(f7,a,b); C2=Q(tau,a,b) quadgk(@(t) {8
( (
( (

Q

3
( )
8(t,tau),a,b); C3=Q(tau,a,b) quadgk(Q(t) f(t,tau),
(

b
b

o

1=Q@
1
Gl

%This code is the constraint function

a
a,
a

=

function [c, ceq] = confun3(tau)

t1 = 145; t3 = 250; t2 = (t1+t3)*(1/2);

s = 1/(273.16+50); s1 = 1/(273.16+t1); 83 = 1/(273.16+t3); 52 = 1/(273.16+t2); gamma0 = 0.0001;
gammal = 0.5; gamma2 = 0; beta = -3800; ¢ = 300; n = 200;

a=Q(tau) fsolve(@Q(a)-exp(-(gamma0.*tau(1)4(1/2)*gammal.*tau(1).”2+(1/3).*gamma2.*tau(1).~3)*
exp(beta.*sl))+exp(-(gamma0.*a+(1/2)*gammal.*a.”2+(1/3).*gamma2.*a.~ 3) *exp(beta.*s2)), 10)
b=@Q(tau) fsolve(Q(b)-exp(-(gamma0.*(a(tau(1))+tau(2)-tau(1))+(1/2).*gammal.*(a(tau(1l))+tau(2)-
tau(1))~24(1/3).*gamma2.*(a(tau(1))+tau(2)-tau(1))~3).*exp(beta*s2))+exp(-(gamma0.*b+
(1/2).*gammal.*b.”24(1/3).*gamma2.*b.~3)*exp(beta.*s3)), 10)
cl=(1./2)*gammal.*exp(beta.*s1);c2=(1./2)*gammal.*exp(beta.*s2);c3=(1./2)*gammal.*exp(beta.*s3);
lambda0=@Q(t)gammal+gammal.*t+gamma2.*t.~2;

f19=Q(t)
f20=Q(t)
21=Q(t)
Wi=@Q(a
W2=@Q(a
W3=@(a

,b)quad(f19,a,b);

,b)quad(f20,a,b);

,b)quad(f21,a,b);
h1=Q(tau)W1(0,tau(1))
h2=Q(tau)W2(a(tau(1)),a(tau(1))+tau(2)-tau(1))
h3=Q(tau)W3(b([tau(1) tau(2)]),c)
¢(1)=40-n.*h1(tau)
¢(2)=20-(n-n.*h1(tau)).*h2(tau)
¢(3)=10-(n-n.*h1(tau)-(n-n.*h1(tau)).*h2(tau)).*h3(tau)
ceq = [J;

end

W
W
W
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(lambdaO(t).*exp(beta.*s1).*exp(-(gamma0.*t+(1/2). *gammal.*t.”2+(1/3).*gamma2.*t.~ 3).*exp
(lambdaO(t).*exp(beta.*s2).*exp(-(gamma0.*t+(1/2). *gammal.*t.”2+(1/3).*gamma?2.*t.~ 3).*exp
(lambdaO(t).*exp(beta.*s3).*exp(-(gamma0.*t+(1/2).*gammal.*t.”2+4(1/3).*gamma?2.*t.~ 3).*exp

A3=Q(tau,a,b) quadgk(Q(t) f3(t,tau),a,b);
5(t,tau),a,b); B3=Q(tau,a,b) quadgk(Q(t) f6(t,tau),a,b);
C ) b);
quad(f10,a,b); D2=Q(tau,a,b) quadgk(Q(t) f11(t,tau),a,b); D3=Q(tau,a,b) quadgk(@(t) f12(t,tau),a,b);
Q(a,b) quad(f13,a,b); E2=Q(tau,a,b) quadgk(Q(t) {14(t,tau),a,b); E3=Q(tau,a,b) quadgk(Q(t) {15(t,tau),a,b);
@(a,b) quad(f16,a,b); G2=Q(tau,a,b) quadgk(Q(t) f17(t,tau),a,b); G3=Q(tau,a,b) quadgk(Q(t) f18(t,tau),a,b);

(beta.*sl)))
(beta.*s2)))
(beta.*s3)))



D: Codes for subsection 3.4.2

%This code is for computing the optimal stress-changing times 71, 7o and the optimal middle stress level.
code for Matlabs
t1 = 145; t3 = 250; t2 =Q(tau)tau(3);
s = 1/(273.16+50); s1 = 1/(273.16+t1); s3 = 1/(273.16+t3); s2 =Q(tau) 1/(273.16+t2(tau));
gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800;
¢ = 300; n = 200;
a=Q(tau) fsolve(@Q(a)-exp(-(gamma0.*tau(1)4(1/2)*gammal. *tau(1).2)*exp(beta.*s1))+exp(-(gamma0.*
a+(1/2)*gammal.*a.”2)*exp(beta.*s2(tau))), 10)
b=@Q(tau) fsolve(@Q(b)-exp(-(gamma0.*(a(tau)+tau(2)-tau(1))+(1/2).*gammal.*(a(tau)+tau(2)-tau(1)) ~2).*
exp(beta.*s2(tau)))+exp(-(gamma0.*b+(1/2). *gammal.*b.”~ 2)*exp(beta.*s3)), 100)
f1=Q(t) exp(beta.*s1).*exp(-(gamma0.*t+(1/2).*gammal.*t.” 24+(1/3).*gamma2.*t.~ 3).*exp(beta.*sl))./
(gamma?2.*t.” 2+gammal.*t+gamma0);
f2=Q(t,tau) exp(beta.*s2(tau)).*exp(-(gamma0.*(a(tau)+t-tau(1))+(1/2). *gammal . * (a(tau)+t-tau(1l)).~ 2+
(1/3).*gamma2.*(a(tau)+t-tau(1)).”3).*exp(beta.*s2(tau)))./(gamma0+gammal.*(a(tau)+t-tau(1))+
gamma2.*(a(tau)+t-tau(1)).”2);
f3=Q(t,tau) exp(beta.*s3).*exp(-(gamma0.* (b(tau)+t-tau(2))+(1/2).*gammal.*(b(tau)+
t-tau(2)).~24(1/3).*gamma2.*(b(tau)+t-tau(2)).” 3). *exp(beta.*s3))./(gamma0+gammal.*
(b(tau)+t-tau(2))+gamma2.* (b(tau)+t-tau(2)).~2);
f4=Q(t) t.72.*exp(beta.*s1).*exp(-(gamma0.*t+(1/2). *gammal.*t.” 2+(1/3).*gamma2.*t.” 3).*exp(beta.*
s1))./(gamma2.*t.” 24+-gammal . *t+gamma0);
f5=Q(t,tau) (a(tau)+t-tau(1)).”2.*exp(beta.*s2(tau)).*exp(-(gamma0.*(a(tau)+t-tau(1))+
(1/2).*gammal.*(a(tau)+t-tau(1)).”2+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*
exp(beta.*s2(tau)))./(gamma0+gammal.*(a(tau)+t-tau(l))+gamma2.* (a(tau)+t-tau(1)).”2);
f6=Q(t,tau) (b(tau)+t-tau(2)).”2.*exp(beta.*s3).*exp(-(gamma0.*(b(tau)+t-tau(2))+
(1/2).*gammal.*(b(tau)+t-tau(2)).”24+(1/3).*gamma2.*(b(tau)+t-tau(2)).~3).*exp(beta.*s3))./
(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);
fr=Q(t) t.”4.*exp(beta.*sl).*exp(-(gamma0.*t+(1/2).*gammal.*t.” 24 (1/3). *gamma2.*t.~ 3) . *exp(beta.*sl))./
(gamma?2.*t.” 2+gammal.*t+gamma0);
f8=Q(t,tau) (a(tau)+t-tau(l)).”4.*exp(beta.*s2(tau)).*exp(-(gamma0.*(a(tau)+t-tau(l))+
(1/2).*gammal.*(a(tau)+t-tau(1)).”2+(1/3).*gamma2.*(a(tau)+t-tau(1)).” 3).*exp(beta.*
s2(tau)))./(gamma0+gammal.*(a(tau)+t-tau(1))+gamma2.*(a(tau)+t-tau(1)).~2);
f9=Q(t,tau) (b(tau)+t-tau(2)).”4.*exp(beta.*s3).*exp(-(gamma0.*(b(tau)+t-tau(2))+
(1/2).*gammal.*(b(tau)+t-tau(2)).”24(1/3).*gamma2.*(b(tau)+t-tau(2)).”3). *exp(beta.*
$3))./(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);
f10=Q(t) t.*exp(beta.*sl).*exp(-(gammal.*t+(1/2).*gammal.*t.”2+(1/3).*gamma2.*
t.73).*exp(beta.*sl))./(gamma2.*t.” 2+gammal . *t+gamma0);
f11=Q(t,tau) (a(tau)+t-tau(1)).*exp(beta.*s2(tau)).*exp(-(gamma0.*(a(tau)+t-
tau(1))+(1/2).*gammal.*(a(tau)+t-tau(1)).~24+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*
exp(beta.*s2(tau)))./(gamma0+gammal.*(a(tau)+t-tau(1))+gamma2.*(a(tau)+t-tau(1)).”2);
f12=@(t,tau) (b(tau)+t-tau(2)).*exp(beta.*s3).*exp(-(gamma0.* (b(tau)+t-tau(2))+
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(1/2).*gammal.*(b(tau)+t-tau(2)).”24+(1/3).*gamma2.* (b(tau)+t-tau(2)).~3). *exp(beta.*
$3))./(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);
f13=Q(t) t.”3.*exp(beta.*s1).*exp(-(gamma0.*t+(1/2). *gammal.*t.”2+(1/3).*gamma?2.*
t.73).*exp(beta.*s1))./(gamma2.*t.” 2+gammal . *t+gamma0);
f14=Q(t,tau) (a(tau)+t-tau(l)).”3.*exp(beta.*s2(tau)). *exp(-(gamma0.* (a(tau)+t-
tau(1))+(1/2).*gammal.*(a(tau)+t-tau(1)).~24+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*
exp(beta.*s2(tau)))./(gamma0+gammal.*(a(tau)+t-tau(l))+gamma2.* (a(tau)+t-tau(1)).”2);
f15=@(t,tau) (b(tau)+t-tau(2)).”3.*exp(beta.*s3).*exp(-(gamma0.*(b(tau)+t-tau(2))+
(1/2).*gammal.*(b(tau)+t-tau(2)).”24(1/3).*gamma2.*(b(tau)+t-tau(2)).”3). *exp(beta.*
$3))./(gammal+gammal.*(b(tau)+t-tau(2))+gamma2.*(b(tau)+t-tau(2)).”2);
f16=Q(t) (s1.”2.*(gamma0.*t+(1/2).*gammal.*t.”2+(1/3).*
s1).*(gamma2.*t.” 24+-gammal.*t4+gamma0).*exp(beta.*s1)).*exp(-(gamma0.*t+(1/2).*
gammal.*t.”2+(1/3).*gamma2.*t.~3).*exp(beta.*s1));
f17=Q(t,tau) (s2(tau).”2.*(gamma0.*(a(tau)+t-tau(1))+(1/2).*gammal.*(a(tau)+t-
tau(1)).”2+(1/3).*gamma2.*(a(tau)+t-tau(1)).~3).*exp(beta.*s2(tau)).* (gamma0+
gammal.*(a(tau)+t-tau(1l))+gamma2.*(a(tau)+t-tau(1)).~2).*exp(beta.*s2(tau))). *exp(-
(gamma0.*(a(tau)+t-tau(1))+(1/2).*gammal.* (a(tau)+t-tau(1)).”2+(1/3).*gamma2.*
(a(tau)+t-tau(1)).”3).*exp(beta.*s2(tau)));
f18=Q(t,tau) (s3.72.*(gamma0.* (b(tau)+t-tau(2))+(1/2).*gammal.* (b(tau)+t-
tau(2)).”2+(1/3).*gamma2.*(b(tau)+t-tau(2)).”3).*exp(beta.*s3).*(gamma0+
gammal.*(b(tau)+t-tau(2))+gamma2.* (b(tau)+t-tau(2)).~2). *exp(beta. *s3)).*exp(- (gamma0.*
(b(tau)+t-tau(2))+(1/2).*gammal.*(b(tau)+t-tau(2)).”2+(1/3). *gamma2.*
(b(tau)+t-tau(2)).”3).*exp(beta.*s3));

=Q(a,b) quad(fl,a,b); A2=Q(tau,a,b) quadgk(Q(t) f2(t,tau),a,b); A3=Q(tau,a,b) quadgk(@(t) £3(t,tau),a,b);
) quad(f4,a,b); B2=Q(tau,a,b) quadgk(Q(t) f5(t,tau),a,b); B3=Q(tau,a,b) quadgk(Q(t) f6(t,tau),a,b);
) quad(f7,a,b); C2=Q(tau,a,b) quadgk(Q(t) f8(t,tau),a,b); C3=Q(tau,a,b) quadgk(Q(t) f9(t,tau),a,b);
) quad(f10,a,b); D2=Q(tau,a,b) quadgk(Q(t) f11(t,tau),a,b); D3=Q(tau,a,b) quadgk(Q(t) f12(t,tau),a,b);
) quad(f13,a,b); E2=Q(tau,a,b) quadgk(Q(t) f14(t,tau),a,b); E3=Q(tau,a,b) quadgk(Q(t) f15(t,tau),a,b);
G1=Q(a,b) quad(f16,a b), =Q(tau,a,b) quadgk(Q(t) f17(t,tau),a,b); G3=Q(tau,a,b) quadgk(Q(t) f18(t,tau),a,b);
M0=@(tau) A1(0,tau(l ))+A2(tau7tau(1) tau(2))+A3(tau,tau(2),c);
M1=@Q(tau) B1(0,tau(1))+B2(tau,tau(1),tau(2))+B3(tau,tau(2),c);
M2=@(tau) C1(0,tau(1))+C2(tau,tau(l),tau(2))+C3(tau,tau(2),c);
MO01=@Q(tau) D1(0,tau(1))+D2(tau,tau(1),tau(2))+D3(tau,tau(2),c);
M02=@(tau) B1(0,tau(1))+B2(tau,tau(1),tau(2))+B3(tau,tau(2),c);
M12=@Q(tau) E1(0,tau(1))+E2(tau,tau(l),tau(2))+E3(tau,tau(2),c);
Mb=@(tau) G1(0,tau(1))+G2(tau,tau(1),tau(2))+G3(tau,tau(2),c)+G3(tau,c,inf);
Dloss=@(tau)1/(n.”4.*(MO(tau).*M1(tau).*M2(tau)-M0(tau).*M12(tau).~2-M01(tau).” 2.*M2(tau)+
2.*¥MO01 (tau).*M02(tau). *M12(tau)-M02(tau).~2.¥*M1(tau)).*Mb(tau));
Aloss=@Q(tau)(M1(tau).*M2(tau)-M12(tau).~2)./(n.*(MO(tau). *M1(tau). *M2(tau)-MO(tau).*
M12(tau).”2-MO01(tau).~2.*M2(tau)+2.*M01(tau). *MO02(tau).*M12(tau)-M02(tau). ~2.*M1(tau)))
+(MO(tau).*M2(tau)-M02(tau).2)./(n.*(MO(tau).*M1(tau).*M2(tau)-MO(tau). *M12(tau).~2-M01(tau). ~2.*
M2(tau)+2.*MO01(tau).*M02(tau).*M12(tau)-M02(tau). ~2.*M1(tau)))...

gamma?2.*t.” 3).*exp(beta.*

)
)
)
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+(MO(tau).*M1(tau)-MO01(tau).”2)./(n.*(MO(tau).*M1(tau).*M2(tau)-M0O(tau). *M12(tau).~ 2-M01(tau). ~2.*
M2(tau)+2.*M01(tau).*M02(tau).*M12(tau)-M02(tau).~2.*M1(tau)))+1/(n.*Mb(tau))
T=87600
Qloss=@(tau)exp(beta.*s).*(exp(beta.*s).*(M1(tau).*M2(tau)-M12(tau).~2).*T./(n.*
(MO(tau).*M1(tau).*M2(tau)-MO(tau). *M12(tau).~2-MO01(tau).~ 2.*M2(tau)+2.*
MO1(tau).*MO02(tau). *M12(tau)-M02(tau).~2.*M1(tau)))...-(1/2).*T.~2.*exp(beta.*s).*
(MO1(tau). *M2(tau)-M02(tau). *M12(tau))./(n.*(MO(tau). *M1(tau). *M2(tau)-MO(tau). *M12(tau). " 2-
MO1(tau).”2.*M2(tau)+2.*M01(tau).*M02(tau). *M12(tau)-M02(tau).~2.*M1(tau)))...
+(1/3).*T.~ 3. *exp(beta.*s).*(MO1(tau).*M12(tau)-M02(tau).*M1(tau))./(n.*(MO(tau).*

M1 (tau). *M2(tau)-MO(tau).*M12(tau).~2-M01(tau).~2.*M2(tau)+2.*M01(tau).*M02(tau).*
M12(tau)-M02(tau).”2.*M1(tau))))...+exp(beta.*s).*(-(1/4). *exp(beta.*s).*(MO(tau). *
M12(tau)-MO01(tau).*M02(tau)).*T.~4./(n.*(MO(tau).*M1(tau). *M2(tau)-MO(tau).*
M12(tau).”2-MO01(tau). 2. *M2(tau)+2.*MO01(tau).*M02(tau). *M12(tau)-M02(tau). ~2.*M1(tau)))...
+(1/3).*exp(beta.*s).*(MO(tau).*M2(tau)-M02(tau).~2).*T.~ 3. /(n.*(MO(tau).*

M1 (tau).*M2(tau)-MO(tau).*M12(tau).~2-MO01(tau).~2.*
M2(tau)42.*M01(tau).*M02(tau).*M12(tau)-M02(tau).~2.*M1(tau)))...
-(1/2).*T."2.*exp(beta.*s). *(MO1(tau).*M2(tau)-M02(tau).*M12(tau)). /(n.*
(MO(tau).*M1(tau).*M2(tau)-MO(tau). *M12(tau). " 2-
MO1(tau).~2.*M2(tau)+2.*M01(tau).*M02(tau).*M12(tau)-M02(tau).~ 2.*M1(tau))))...
+exp(beta.*s).*((1/5).*exp(beta.*s).*(MO(tau).*M1(tau)-M01(tau).~2).*T.~5./
(n.*(MO(tau).*M1(tau).*M2(tau)-M0(tau). *M12(tau). "~ 2-
MO1(tau).~2.*M2(tau)+2.*M01(tau).*M02(tau).*M12(tau)-M02(tau).~ 2.*M1(tau)))...
-(1/4).*exp(beta.*s).*(MO(tau).*M12(tau)-MO01(tau).*M02(tau)).*T.~ 4./
(n.*(MO(tau).*M1(tau).*M2(tau)-MO(tau). *M12(tau). ~2-
MO1(tau).”2.*M2(tau)+2.*M01(tau).*M02(taun). *M12(tau)-M02(tau).~2.*M1(tau)))...
+(1/3).*T."3.*exp(beta.*s).*(M01(tau). *M12(tau)-M02(tau).*M1(tau))./(n.*
(MO(tau).*M1(tau).*M2(tau)-M0O(tau). *M12(tau). " 2-

MO1(tau). "~ 2.5M2(tau)+2.*MO1 (tau). *MO2(tau). *M12(tau)-M02(tau). ~2.4ML (tau))))...
+(exp(beta.*s)).”2.%s.72.%((1/5).*gamma2.~2.*T."54(1/2). *gammal . *gamma2.*
T.74+(1/3.*%(2.*gamma0.*gamma2+gammal.”2)).*T.” 34+

gamma0.*gammal. *T.” 2+gamma0.”2.*T) /(n.*Mb(tau))

A=[1-10]

B=]0]

tau0=[180 250 155]

1b=[0;0;155];

ub=[inf;inf;240];

%This code is the constraint function

function [c, ceq] = confun42(tau)

t1 = 145; t3 = 250; t2 =Q(tau)tau(3);

s = 1/(273.164+50); s1 = 1/(273.164t1); s3 = 1/(273.16+t3); 52 =Q(tau) 1/(273.16+t2(tan));
gammal = 0.0001; gammal = 0.5; gamma2 = 0; beta = -3800; ¢ = 300; n = 200;

a=Q(tau) fsolve(Q(a)-exp(-(gamma0.*tau(1)+(1/2)*gammal.*tau(1).~2)*exp(beta.*s1))+
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exp(-(gamma0.*a+(1/2)*gammal.*a.~2)*exp(beta.*s2(tau))), 10)

b=@Q(tau) fsolve(Q(b)-exp(-(gamma0.*(a(tau)+tau(2)-tau(1))+(1/2).*gammal.*(a(tau)+tau(2)-
tau(1))~2).*exp(beta.*s2(tau)))+exp(-(gamma0.*b+(1/2).*gammal.*b.~2)*exp(beta.*s3)), 100)
lambda0=@Q(t)gamma0+gammal.*t+gamma2.*t.”2;

f19=Q(t)(lambda0(t).*exp(beta.*s1). *exp(-(gamma0.*t+(1/2).*gammal. *t.~ 2+
(1/3).*gamma2.*t.”3).*exp(beta.*s1)))
f20=Q(t,tau)(lambda0(t).*exp(beta.*s2(tau)).*exp(-(gamma0.*t4(1/2). *gammal.*t.” 2+
(1/3).*gamma?2.*t.”3).*exp(beta.*s2(tau))))

21=Q(t)(lambda0(t).*exp(beta.*s3). *exp(-(gamma0.*t+(1/2). *gammal. *t.~ 2+
(1/3).*gamma2.*t.”3).*exp(beta.*s3)))
W1=Q(a,b)quad(f19,a,b);W2=Q(tau,a,b)quadgk(Q(t)f20(t,tau),a,b);W3=Q(a,b)quad (f21,a,b);
h1=Q(tau)W1(0,tau(1))

h2=Q(tau)W2(tau,a(tau),a(taun)+tau(2)-tau(1))

h3=Q(tau)W3(b(tau),c)

% Nonlinear inequality constraints

¢(1)=40-n.*h1(tau)

¢(2)=10-(n-n.*h1(tau)).*h2(tau)

¢(3)=10-(n-n.*h1(tau)-(n-n.*hl(tau)).*h2(tau)).*h3(tau)

% Nonlinear equality constraints

ceq = [J;

end

E: Codes for the benchmark design

%This code is for computing the best parameter values for a true model but fitting a linear model.
code for Maple
with(Optimization);

Minimize(abs(int(gamma2*t~2+gammal*t+gamma0-b*t-a, t = 0 .. 300)), assume = nonnegative);

%This code is for computing the ABIAS, AVAR and AMSE.

restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra);

s 1= 1/(273.16+50); s1 := 1/(273.164+145); s3 := 1/(273.164+250); 52 := 1/(273.16+197.5);
gammal := 0.le-3; gammal := .5; gamma2 := 0.15e-2; beta := -3800;

gam( := .7947; gam]1 := .7947; theta := -3800;

lambda0 := gamma2*t~2+gammal*t+gamma0;

‘&lambdast’ := lambda0*exp(beta*s);

‘&lambda;f* := gam1*t4gam0;

‘&lambda;tf := ‘&lambda;f**exp(theta*s);

¢ := 300; n := 200; taul := 160; tau2 := 201,

Delta := solve(1-exp(-(gam0*taul+(1/2)*gam1*taul ~2)*exp(theta*sl)) = 1-exp(-(gam0*a+(1/2)*
gaml*a~2)*exp(theta*s2)), a);
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a := Delta[2];

Eta := solve(1-exp(-(gam0*(a+tau2-taul)+(1/2)*gam1*(a+tau2-taul) ~2)*exp(theta*s2)) =
1-exp(-(gam0*b+(1/2)*gam1*b~2)*exp(theta*s3)), b);

b := Eta[2];

nl := evalf(n*(int((gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*
t724(1/3)*gamma2*t~3)*exp(beta*sl)), t = 0 .. taul)));

n2 := evalf((n-n1)*(int((gamma2*t ~24+gammal*t+gamma0)*exp(beta*s2)*exp(-(gamma0*t+(1/2)*gammal*
t724(1/3)*gamma2*t~3)*exp(beta*s2)), t = a .. attau2-taul)));

n3 := evalf((n-nl-n2)*(int((gamma2*t ~ 2+gammal *t+gamma0)*exp(beta*s3) *exp(-(gamma0*t+(1/2)*gammal*
t724(1/3)*gamma2*t~3)*exp(beta*s3)), t = b .. ¢)));

n4d := n-nl-n2-n3;

fl := (gamma2*t~2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*t~24(1/3)*
gamma2*t~3)*exp(beta*sl));

2 := (gamma0+gammal*(a+t-taul)+gamma2*(a+t-taul)~2)*exp(beta*s2)*
exp(-(gamma0*(a+t-taul)+(1/2)*gammal*(a+t-taul)~24(1/3)*gamma2*(a+t-
taul)~3)*exp(beta*s2));

3 := (gammaO+gammal*(b-+t-tau2)+gamma2*(b+t-tau2) ~2)*exp(beta*s3)*
exp(-(gamma0* (b+t-tau2)+(1/2)*gammal*(b+t-tau2) ~2+(1/3)*gamma2* (b+
t-tau2)~3)*exp(beta*s3));

A1l := n1*(int(f1/(gam1*t+gam0)~2, t = 0 .. taul))+evalf(n2*(int(f2/(gam0+
gaml*(a+t-taul))"2, t = taul .. tau2)))+evalf(n3*(int(f3/(gam0+gam1*

(b+t-tau2))~2, t = tau2 .. c)));

A22 := n1*(int(t~2*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+

t-taul) ~2*f2/(gam0+gam1*(a+t-taul)) "2, t = taul .. tau2)))+evalf(n3*(int((b+t-

tau2) " 2*f3/(gam0+gam1*(b+t-tau2))"2, t = tau2 .. c¢)));

A33 := evalf(n1*(int(s1~2*(gam0*t+(1/2)*gam1*t "~ 2)*exp(theta*s1)*f1, t = 0 .. taul))+
evalf(n2*(int(s2~2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*

2, t = taul .. tau2)))+evalf(n3*(int(s3"2*(gam0* (b+t-tau2)+(1/2)*gam1*(b+t-

tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))+(n-n1-n2-n3)*s3"~2*(gam0*(b+
c-tau2)+(1/2)*gam1*(b—+c-tau2)~2)*exp(theta*s3)* (gamma0+gammal*(b+
c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+
c-tau2)+(1/2)*gammal*(b+4c-tau2) ~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3d)));

A12 := n1*(int(t*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+t-taul)*f2/
(gam0+gam1*(a+t-taul)) "2, t = taul .. tau2)))+evalf(n3*(int((b+t-tau2)*f3/
(gam0+gam1*(b+t-tau2)) 2, t = tau2 .. c)));

A13 := evalf(n1*(int(s1*t*exp(theta*s1)*fl, t = 0 .. taul))+evalf(n2*(int(s2*(a+
t-taul)*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(nd3*(int(s3*(b+t-tau2)*exp(theta*
$3)*13, t = tau2 .. ¢)))+(n-n1-n2-n3)*s3*(b+c-tau2)*exp(theta*s3)* (gamma0+
gammal*(b+c-tau2)+gamma2* (b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+-c-
tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*gamma2*(b-+c-tau2) "~ 3)*exp(beta*s3)));

A23 := evalf(n1*(int((1/2)*s1*t~2*exp(theta*s1)*f1, t = 0 .. taul))+evalf(n2*(int((1/2)*
s2*(a+t-taul) ~2%*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*(int((1/2)*s3*(b+t-
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tau2) ~2%*exp(theta*s3)*f3, t = tau2 .. ¢)))+(1/2)*(n-n1-n2-n3)*s3* (b+c-tau2) ~2*
exp(theta*s3)*(gamma0+gammal*(b+c-tau2)+gamma2*(b+-c-tau2)~2)*
exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*
gamma2*(b+c-tau2)"3)*exp(beta*s3)));

‘&varpi;1¢ ;= int(t*(gamma2*t " 2+gammal*t+gamma0)*exp(beta*sl)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t "~ 3)*exp(beta*

s1)), t =0 .. taul);

‘&varpi;2* 1= int((a+t-taul)*(gammalO-+gammal*(a+t-taul)+gamma2*

(att-taul) ~2)*exp(beta*s2)*exp(-(gamma0*(a+t-taul)+(1/2)*gammal*
(att-taul)~24+(1/3)*gamma2*(a+t-taul) ~3)*exp(beta*s2)), t = taul .. tau2);

‘&varpi;3‘ := int((b+t-tau2)*(gammal0+gammal*(b+t-tau2)+gamma2*

(b+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*(b+t-tau2)+(1/2)*gammal™*(b+

t-tau2) ~2+(1/3)*gamma2*(b+t-tau2) ~3)*exp(beta*s3)), t = tau2 .. c);

thetal := int(t~2*(gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-
(gamma0*t+(1/2)*gammal*t~24+(1/3)*gamma2*t~3)*exp(beta*sl)), t = 0 .. taul);

theta2 := int((a+t-taul)”2*(gamma0+gammal*(a+t-taul)+gamma2*
(a+t-taul)~2)*exp(beta*s2)*exp(-(gamma0*(a+t-taul)+(1/2)*gammal* (a+t-
taul)~24+(1/3)*gamma2*(a+t-taul) ~3)*exp(beta*s2)), t = taul .. tau2);

thetad := int((b+t-tau2) ~2*(gammal0+gammal*(b+t-tau2)+gamma2*

(b-+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+t-tau2)+(1/2)*gammal*

(b+t-tau2) ~24(1/3)*gamma2*(b+t-tau2)~3)*exp(beta*s3)), t = tau2 .. c¢);

B11 := evalf((n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int((1/(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t =

taul .. tau2)))+evalf(n3*(int((1/(gam0+gam1*(b+t-tau2))-(b+t-tau2)*

exp(theta*s3))*3, t = tau2 .. ¢)))-(n-n1-n2-n3)*(1/(gam0+gam1*(b+c-tau2))-
(b+c-tau2)*exp(theta*s3))* (gamma0+gammal*(b+c-tau2)+gamma2*(b+
c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*
(b+c-tau2)~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3))) ~2+n1*
(-‘&varpi;1°~2+thetal)*(gaml~2/(gam1*&varpi;1‘+-gam0) ~4+exp(2*theta™
s1))+n2*(-‘&varpi;2‘~ 2+theta2)*(gam1~2/(gam1* &varpi;2‘+gam0) ~4+-exp(2*
theta*s2))+n3*(-‘&varpi;3‘~ 2+thetad)*(gaml ~2/(gam1*&varpi;3‘+gam0) ~4+
exp(2*theta*s3)));

B22 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t~2%*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)* (a+t-taul) ~2*exp(theta*s2))*

2, t = taul .. tau2)))+evalf(n3*(int(((b+t-tau2)/(gam0+gaml*(b+t-tau2))-(1/2)*(b+t-tau2) ~2*
exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*((b+c-tau2)/(gam0+gam1*(b+c-tau2))-(1/2)*
(b+c-tau2) ~2*exp(theta*s3))* (gamma0+gammal*(b+c-tau2)+gamma2* (b+c-tau2) ~2)*
exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~24(1/3)*gamma2* (b+c-
tau2) ~3)*exp(beta*s3)))~24+n1*(-‘&varpi;1‘ " 2+thetal )*((1/(gam1*&varpi;1‘+-gam0)+‘&varpi;1*
gaml/(gam1*&varpi;1‘+-gam0) ~2) ~24-exp(2*theta*sl)* &varpi;1°~2)+n2*(-*&varpi;2¢ ~ 2+theta2)*
((1/(gam1*&varpi;2‘+gam0)+ &varpi;2‘*gaml/(gam1* &varpi;2‘+gam0) ~2) ~ 2+exp(2*theta*s2)**
&varpi;2°~2)+n3*(-*&varpi; 3¢~ 2+theta3)*((1/(gaml* &varpi;3‘+gam0)+‘&varpi;3“*gaml/
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(gam1*‘&varpi;3‘+gam0) ~2) ~24+-exp(2*theta*s3)* &varpi;3‘ ~2);

B33 := (nl1*sl-n1*(int(s1*(gam0*t+(1/2)*gam1*t~2)*exp(theta*sl)*fl, t = 0 .. taul))+
evalf(n2*s2-n2*(int (s2*(gam0* (a+t-taul)-+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*

2, t = taul .. tau2)))+evalf(n3*s3-n3*(int(s3*(gam0*(b+t-tau2)+(1/2) *gam1*(b+t-tau2) ~2)*
exp(theta*s3)*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*s3*(gam0*(b+c-tau2)+(1/2)*gaml*c"2)*exp(theta*s3)*
(gammal+gammal*(b+c-tau2)+gamma2*(b—+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+-c-tau2)+(1/2)*gammal* (b+c-tau2) ~2+(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3))) ~2+
nl*s1~2%exp(2*theta*sl)*(gam1*‘&varpi;1‘+gam0) ~2*(-‘&varpi; 1~ 2+thetal )+n2*s2 "~ 2%*exp(2*
theta*s2)*(gam1*&varpi;2‘+gam0) ~ 2% (-‘&varpi;2‘ " 2+theta2)+n3*s3 "~ 2*exp(2*theta*s3)* (gam1*
&varpi;3‘4+gam0) ~ 2*(-‘&varpi;3‘ ~ 2+theta3);

B12 := (n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+evalf(n2*(int((1/
(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(nd*
(int((1/(gamO0+gam1*(b+t-tau2))-(b-+t-tau2)*exp(theta*s3))*3, t = tau2 .. ¢)))-(n-nl-n2-n3)*
(1/(gam0+gam1*(b+c-tau2))-(b+c-tau2)*exp(theta*s3))*(gamma0+gammal* (b+c-tau2)+
gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal* (b+c-tau2) 2+
(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3)))*(n1*(int((t/(gam1*t+gam0)-
(1/2)*t~2%exp(theta*sl))*fl, t = 0 .. taul))+evalf(n2*(int(((a+t-taul)/(gam0+gaml*
(att-taul))-(1/2)*(a+t-taul) ~2*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*(int(((b+

t-tau2) /(gam0+gam1*(b+t-tau2))-(1/2)* (b+t-tau2) ~2*exp(theta*s3))*3, t = tau2 .. c)))-
(n-n1-n2-n3)*((b+c-tau2)/(gam0+gam1*(b+c-tau2))-(1/2)*(b+c-tau2) ~2*exp(theta*s3))*
(gamma0+gammal*(b+c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+c-tau2)+(1/2)*gammal*(b—+c-tau2)~2+(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3)))

B13 := (n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+evalf(n2*(int((1/(gam0+
gaml*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*(int((1/(gam0+gam1*
(b+t-tau2))-(b+t-tau2)*exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*(1/(gam0+gam1*
(b+c-tau2))-(b+c-tau2)*exp(theta*s3))*(gamma0+gammal* (b+c-tau2)+gamma2*
(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*
(b+c-tau2)~2+(1/3)*gamma2*(b—+c-tau2) ~3)*exp(beta*s3)))*(n1*s1-n1*(int(s1*
(gam0*t+(1/2)*gam1*t"2)*exp(theta*s1)*fl, t = 0 .. taul))+evalf(n2*s2-n2*

(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul)~2)*exp(theta*s2)*{2, t = taul .. tau2)))+evalf(n3*
$3-n3*(int(s3*(gam0*(b+t-tau2)+(1/2)*gam1*(b+t-tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))-
(n-n1-n2-n3)*s3*(gam0* (b+c-tau2)+(1/2)*gaml*c"~2)*exp(theta*s3)* (gammal+gammal*(b+c-tau2)+
gamma2*(b+c-tau2)2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*
gamma2*(b+c-tau2)~3)*exp(beta*s3)))

B23 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t " 2*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)*(a+t-taul) ~2*exp(theta*

$2))*2, t = taul .. tau2)))+evalf(n3*(int(((b+t-tau2)/(gam0+gam1*(b+t-tau2))-(1/2)*

(b+t-tau2) ~2*exp(theta*s3))*3, t = tau2 .. ¢)))-(n-n1l-n2-n3)*((b+c-tau2)/(gam0+
gam1*(b+c-tau2))-(1/2)*(b+c-tau2) ~2*exp(theta*s3))*(gamma0+gammal*(b+
c-tau2)+gamma2*(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-
tau2) ~2+4(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)))* (n1*s1-n1*(int (s1*(gam0*t+(1/2) *gam1*t~2)*
exp(theta*sl)*f1, t = 0.. taul))+evalf(n2*s2-n2*(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*
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exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*s3-n3*(int(s3* (gam0* (b+t-tau2)+(1/2)*gam1*(b+t-
tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))-(n-n1-n2-n3)*s3*(gam0* (b+c-tau2)+
(1/2)*gam1*c"2)*exp(theta*s3)*(gammal+gammal®(b+4c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*
exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~24(1/3)*gamma2*(b+c-tau2) ~ 3)*exp(beta*s3)))
T := 87600;

ABIAS := int((-gamma2*t~2+gam1*t-gammal*t+gam0-gamma0)*exp(beta*s), t = 0 .. T);

A = Matrix(3, 3, {(1, 1) = A11, (1, 2) = A12, (1, 3) = A13, (2, 1) = A21, (2, 2) = A22, (2, 3) = A23,
(3,1) = A31, (3, 2) = A32, (3, 3) = A33}); B := Matrix(3, 3, {(1, 1) = B11, (1, 2) = B12, (1, 3) = B13,
(2, 1) = B21, (2, 2) = B22, (2, 3) = B23, (3, 1) = B31, (3, 2) = B32, (3, 3) = B33}); C := 1/A.B.(1/A)
R := (gam0*taul+(1/2)*gam1*taul ~2)*exp(theta*s)

AVAR := Vector[row](3, {(1) = diff(R, gam0), (2) = diff(R, gaml), (3) = diff(R, theta)}).C.Vector(

3, {(1) = diff(R, gam0), (2) = diff(R, gam1), (3) = diff(R, theta)})

AMSE := ABIAS~2+AVAR:

F: Codes for subsections 4.4.2 and 4.4.3

%This code is for fitting linear model and getting MLEs of 7, v; and 8 in Subsection 4.4.2;
and this code is also for Subsection 4.4.3 in each iteration.
%Global searching for 71 and 79 under constraint C;
code for maple
restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra);
s := 1/(273.16450); sl := 1/(273.16+145); s3 := 1/(273.16+250); s2 := 1/(273.164+197.5);
gammal := 0.1e-3; gammal := .5; gamma2 := 0.15e-2; beta := -3800;
gam( := .7947; gam1 := .7947; theta := -3800;
lambda0 := gamma2*t~2+gammal*t+gamma0;
‘&lambdast® := lambda0*exp(beta*s);
‘&lambda;f* := gam1*t+gam0;
‘&lambda;tft ;= ‘&lambda;f**exp(theta*s);
¢ := 300; n := 200; taul := 160; tau2 := 201;
Delta := solve(1-exp(-(gam0*taul+(1/2)*gam1*taul ~2)*exp(theta*sl)) = 1-exp(-(gam0*a+(1/2)*
gaml1*a~2)*exp(theta*s2)), a);
a := Delta[2];
Eta := solve(1-exp(-(gam0* (a+tau2-taul)+(1/2)*gam1*(a+tau2-taul) ~2)*exp(theta*s2)) =
1-exp(-(gam0*b+(1/2)*gam1*b~2)*exp(theta*s3)), b);
b := Etal[2];
nl := evalf(n*(int((gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*
t°24(1/3)*gamma2*t "~ 3)*exp(beta*sl)), t = 0 .. taul)));
n2 := evalf((n-n1)*(int((gamma2*t ~24+gammal*t+gamma0)*exp(beta*s2)*exp(-(gamma0*t+(1/2)*gammal*
t°2+4(1/3)*gamma2*t " 3)*exp(beta*s2)), t = a .. a+tau2-taul)));
n3 := evalf((n-nl-n2)*(int((gamma2*t ~ 2+gammal*t+gamma0)*exp(beta*s3) *exp(-(gamma0*t+(1/2)*gammal*
t°24+(1/3)*gamma2*t~3)*exp(beta*s3)), t = b .. ¢)));
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n4 := n-nl-n2-n3;

f1 := (gamma2*t~2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*
gamma2*t~3)*exp(beta*sl));

2 := (gammal+gammal*(a+t-taul)+gamma2*(a+t-taul) ~2)*exp(beta*s2)*
exp(-(gamma0*(a+t-taul)+(1/2)*gammal*(a+t-taul) ~2+(1/3)*gamma2*(a+t-
taul)~3)*exp(beta*s2));

3 := (gammal+gammal*(b+t-tau2)+gamma2*(b+t-tau2) ~2)*exp(beta*s3)*
exp(-(gamma0* (b+t-tau2)+(1/2)*gammal*(b+t-tau2) ~2+(1/3)*gamma2*(b+
t-tau2) " 3)*exp(beta*s3));

A1l := nl*(int(f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int(f2/(gam0+
gaml1*(a+t-taul))~2, t = taul .. tau2)))+evalf(n3*(int(f3/(gam0+gam1*
(b+t-tau2))"2, t = tau2 .. c)));

A22 := n1*(int(t~2*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+

t-taul) ~2*f2/(gam0+gam1*(a+t-taul))~2, t = taul .. tau2)))+evalf(n3*(int((b+t-
tau2)”2*f3/(gam0+gam1*(b+t-tau2)) "2, t = tau2 .. c)));

A33 := evalf(n1*(int(s1~2*(gam0*t+(1/2)*gam1*t " 2)*exp(theta*s1)*f1, t = 0 .. taul))+
evalf(n2*(int(s2~2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*

2, t = taul .. tau2)))+evalf(n3*(int(s3~2*(gam0*(b+t-tau2)+(1/2)*gam1*(b+t-
tau2)~2)*exp(theta*s3)*f3, t = tau2 .. ¢)))+(n-nl-n2-n3)*s3~2*(gam0*(b+
c-tau2)+(1/2)*gam1*(b+c-tau2) " 2)*exp(theta*s3)*(gamma0+gammal™(b+
)+gamma2*(b+-c-tau2) " 2)*exp(beta*s3)*exp(-(gamma0™(b+
c-tau2)+(1/2)*gammal*(b4-c-tau2)~2+(1/3)*gamma2* (b+c-tau2) ~3)*exp(beta*s3d)));
A12 := nl*(int(t*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+t-taul)*f2/
(gam0+gam1*(a+t-taul))~2, t = taul .. tau2)))+evalf(n3*(int((b+t-tau2)*f3/
(gam0+gam1*(b+t-tau2)) 2, t = tau2 .. c)));

A13 := evalf(n1*(int(s1*t*exp(theta*s1)*fl, t = 0 .. taul))+evalf(n2*(int(s2*(a+
t-taul)*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*(int(s3*(b+t-tau2)*exp(theta*
83)*3, t = tau2 .. ¢)))+(n-n1-n2-n3)*s3*(b+c-tau2)*exp(theta*s3)*(gammal+
gammal*(b+c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0™(b+-c-
tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)));
A23 := evalf(n1*(int((1/2)*s1*t~2*exp(theta*s1)*f1, t = 0 .. taul))+evalf(n2*(int((1/2)*
s2*(a+t-taul)~2*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*(int((1/2)*s3*(b+t-
tau2) ~2%*exp(theta*s3)*f3, t = tau2 .. c¢)))+(1/2)*(n-n1-n2-n3)*s3*(b+c-tau2) ~2*
exp(theta*s3)*(gamma0+gammal*(b+c-tau2)+gamma2*(b+-c-tau2)~2)*
exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*
gamma2*(b+c-tau2) ~3)*exp(beta*s3)));

‘&varpi;1* = int(t*(gamma2*t " 2+gammal*t+gamma0)*exp(beta*sl)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t "~ 3)*exp(beta*

s1)), t =0 .. taul);

‘&varpi;2 := int((a+t-taul)*(gammal+gammal*(a+t-taul)+gamma2*

(a+t-taul) ~2)*exp(beta*s2)*exp(-(gamma0* (a+t-taul)+(1/2)*gammal*
(a+t-taul)~2+4(1/3)*gamma2*(a+t-taul) "~ 3)*exp(beta*s2)), t = taul .. tau2);

c-tau2
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‘&varpi;3¢ := int((b+t-tau2)*(gammal+gammal*(b+t-tau2)+gamma2*

(b+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*(b+t-tau2)+(1/2)*gammal*(b+

t-tau2) ~24(1/3)*gamma2* (b+t-tau2) ~3)*exp(beta*s3)), t = tau2 .. c);

thetal := int(t"2*(gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-
(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*sl)), t = 0 .. taul);

theta2 := int((a+t-taul) " 2*(gamma0+gammal*(a+t-taul)+gamma2*

(a+t-taul) ~2)*exp(beta*s2)*exp(-(gammal* (a+t-taul)+(1/2)*gammal*(a+t-

taul) ~2+4(1/3)*gamma2*(a+t-taul) ~3)*exp(beta*s2)), t = taul .. tau2);

theta3 := int((b+t-tau2) ~2*(gamma0+gammal*(b-+t-tau2)+gamma2*

(b+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*(b+t-tau2)+(1/2)*gammal*
(b+t-tau2)~2+4(1/3)*gamma2*(b+t-tau2) ~3)*exp(beta*s3)), t = tau2 .. c);

B11 := evalf((n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int((1/(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t =

taul .. tau2)))+evalf(n3*(int((1/(gam0+gam1*(b+t-tau2))-(b+t-tau2)*

exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*(1/(gam0+gam1*(b+-c-tau2))-
(b+c-tau2)*exp(theta*s3))*(gammal+gammal*(b+c-tau2)+gamma2*(b+

c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*
(b+c-tau2)~2+(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3))) ~2+n1*
(-‘&varpi;1‘~2+thetal)*(gaml~2/(gam1*‘&varpi;1‘+gam0) ~4+exp(2*theta*

s1))+n2*(-‘&varpi;2‘ " 2+theta2)*(gaml~2/(gam1* &varpi;2‘+-gam0) ~44-exp(2*
theta*s2))+n3*(-‘&varpi;3‘ " 2+thetad)*(gaml ~2/(gam1*&varpi;3‘+-gam0) ~4+

exp(2*theta*s3)));

B22 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t~2%*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)* (a+t-taul) " 2*exp(theta*s2))*

2, t = taul .. tau2)))+evalf(n3*(int(((b+t-tau2)/(gam0+gam1*(b+t-tau2))-(1/2)*(b+t-tau2) ~2*
exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-nl-n2-n3)*((b+c-tau2)/(gam0+gam1*(b+c-tau2))-(1/2)*
(b+c-tau2) ~2*exp(theta*s3))* (gamma0+gammal*(b+c-tau2)+gamma2* (b+c-tau2) ~2)*
exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~24(1/3)*gamma2*(b+c-
tau2) ~3)*exp(beta*s3)))~24nl*(-‘&varpi;1‘ ~2+thetal )*((1/(gam1* &varpi;1‘+-gam0)+ & varpi;1*
gaml/(gam1*&varpi;1‘+gam0) ~2) " 24-exp(2*theta*sl)* &varpi;1°~2)+n2*(-*&varpi;2‘ ~ 2+theta2)*
((1/(gam1*&varpi;2‘+-gam0)+‘&varpi;2‘*gam1 / (gam1*‘&varpi;2‘+-gam0) ~2) ~ 2-+exp(2*theta*s2)*
&varpi;2‘~2)4+n3*(-‘&varpi;3‘ ~2+thetald)*((1/(gam1* &varpi;3‘+gam0)+‘&varpi;3*gam1/
(gam1*&varpi;3‘4+gam0)~2) "~ 24-exp(2*theta*s3)* &varpi; 3¢~ 2);

B33 := (n1*s1-n1*(int(s1*(gam0*t+(1/2)*gam1*t~2)*exp(theta*s1)*f1, t = 0 .. taul))+
evalf(n2*s2-n2*(int (s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*

2, t = taul .. tau2)))-+evalf(n3*s3-n3*(int(s3* (gam0*(b+t-tau2)+(1/2)*gam1*(b+t-tau2) ~2)*
exp(theta*s3)*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*s3*(gam0*(b+c-tau2)+(1/2)*gam1*c"2)*exp(theta*s3)*
(gammal+gammal*(b+c-tau2)+gamma2*(b—+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*gamma2*(b—+c-tau2) " 3)*exp(beta*s3))) ~2+
n1*sl~2%*exp(2*theta*sl)*(gam1*‘&varpi;1‘+gam0)~2*(-‘&varpi;1‘~ 2+thetal ) +n2*s2 "~ 2*exp(2*
theta*s2)*(gam1* &varpi;2‘+gam0) ~ 2*(-*&varpi;2‘ ~ 2+theta2) +n3*s3 " 2*exp(2*theta*s3)* (gam1**
&varpi;3‘4+gam0) ~ 2*(-‘&varpi;3‘ ~ 2+-theta3);
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B12 := (n1*(int((1/(gam1*t+gam0)-t*exp(theta*s1))*f1, t = 0 .. taul))+evalf(n2*(int((1/
(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*
(int((1/(gam0+gam1* (b+t-tau2))-(b+t-tau2)*exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-nl-n2-n3)*
(1/(gam0+gam1*(b+c-tau2))-(b+c-tau2)*exp(theta*s3))*(gammal0+gammal*(b+c-tau2)+
gamma2*(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~ 2+
(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3)))*(n1*(int((t/(gam1*t+gam0)-
(1/2)*t~2*exp(theta*s1))*fl, t = 0 .. taul))+evalf(n2*(int(((a+t-taul)/(gam0+gam1*
(att-taul))-(1/2)*(a+t-taul) ~2*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*(int(((b+
t-tau2)/(gam0+gam1*(b+t-tau2))-(1/2)*(b+t-tau2) ~ 2*exp(theta*s3))*f3, t = tau2 .. ¢)))-
(n-n1-n2-n3)*((b+c-tau2)/(gam0+gam1*(b+c-tau2))-(1/2)*(b+c-tau2) ~2*exp(theta*s3))*
(gamma0+gammal*(b+c-tau2)+gamma2*(b—+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*gamma2*(b+c-tau2) " 3)*exp(beta*s3)))

B13 := (n1*(int((1/(gaml*t+gam0)-t*exp(theta*sl))*f1, t = 0 .. taul))+evalf(n2*(int((1/(gam0+
gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*(int((1/(gam0+gam1*
(b+t-tau2))-(b+t-tau2)*exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*(1/(gam0+gam1*
(b+c-tau2))-(b+-c-tau2)*exp(theta*s3))*(gamma0+gammal* (b+c-tau2)+gamma2*
(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*
(b+c-tau2)~2+(1/3)*gamma2*(b—+c-tau2) ~3)*exp(beta*s3)))*(n1*s1-n1*(int(s1*
(gam0*t+(1/2)*gam1*t"~2)*exp(theta*s1)*fl, t = 0 .. taul))+evalf(n2*s2-n2*

(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul)~2)*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*
$3-n3*(int(s3* (gam0* (b+t-tau2)+(1/2) *gam1*(b+t-tau2) ~ 2)*exp(theta*s3)*f3, t = tau2 .. ¢)))-
(n-n1-n2-n3)*s3*(gam0*(b+-c-tau2)+(1/2)*gaml*c " 2)*exp(theta*s3)* (gamma0+gammal*(b+c-tau2)+
gamma2*(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*
gamma2*(b+c-tau2)~3)*exp(beta*s3)))

B23 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t~2%*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)* (a+t-taul) " 2*exp(theta*

$2))*2, t = taul .. tau2)))+evalf(n3*(int(((b+t-tau2)/(gam0+gam1*(b+t-tau2))-(1/2)*

(b-+t-tau2) ~2*exp(theta*s3))*3, t = tau2 .. ¢)))-(n-nl-n2-n3)*((b+c-tau2)/(gam0+
gam1*(b+c-tau2))-(1/2)*(b+c-tau2) " 2*exp(theta*s3))* (gamma0+gammal™(b+
c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal* (b+c-

tau2) ~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)))*(n1*s1-n1*(int (s1*(gam0*t+(1/2)*gam1*t~2)*
exp(theta*s1)*fl, t =0 .. taul))+evalf(n2*s2-n2*(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul)~2)*
exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*s3-n3*(int(s3* (gam0* (b+t-tau2)+(1/2)*gam1*(b+t-
tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))-(n-n1-n2-n3)*s3*(gam0* (b+c-tau2)+
(1/2)*gam1*c"2)*exp(theta*s3)*(gamma0+gammal*(b+c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*
exp(-(gamma0*(b+c-tau2)+(1/2)*gammal* (b+c-tau2) ~2+(1/3)*gamma2* (b+c-tau2) ~3)*exp(beta*s3)))
T := 87600;

ABIAS := int((-gamma2*t~2+gam1*t-gammal*t+gam0-gamma0)*exp(beta*s), t = 0 .. T);

A == Matrix(3, 3, {(1, 1) = Al1, (1, 2) = A12, (1, 3) = A13, (2, 1) = A2L, (2, 2) = A22, (2, 3) = A23,
(3,1) = A31, (3, 2) = A32, (3, 3) = A33}); B := Matrix(3, 3, {(1, 1) = B11, (1, 2) = B12, (1, 3) = B13,
(2, 1) = B21, (2, 2) = B22, (2, 3) = B23, (3, 1) = B31, (3, 2) = B32, (3, 3) = B33}); C := 1/A.B.(1/A)
R := (gam0*taul+(1/2)*gaml*taul ~2)*exp(theta*s)
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AVAR := Vector[row](3, {(1) = diff(R, gam0), (2) = diff(R, gam1), (3) = diff(R, theta)}).C.Vector(
3, {(1) = diff(R, gam0), (2) = diff(R, gam1), (3) = diff(R, theta)})
AMSE := ABIAS"2+AVAR:

G: Codes for subsections 4.4.4 and 4.4.5

%The code for graphing Figures 4.1, 4.2 and 4.3 in Subsection 4.4.4.
code for Maple
pointplot3d([[160, 201, (-1.3928)~2], [150, 191, (-1.4982)"2], [140, 181, (-1.7495)~2], [130, 171,
(-1.9037)~2], [120, 161, (-2.0860)"2], [110, 151, (-2.3091)~2], [100, 141, (-2.3091)~2], [90, 131,
(-2.3091)"2]], color = blue, symbol = box, connect = true, labels = ["&tau;1", "&tau;2", ""], title =
"&tau;l,&tau;2 vs ABIAS~2")
pointplot3d([160, 201, 640.3515], [150, 191, 1025.8606], [140, 181, 2079.1538], [130, 171,
3176.9778], [120, 161, 4666.4500], [110, 151, 6774.7227], [100, 141, 5842.5740], [90, 131,
4781.0526]], color = blue, symbol = box, connect = true, labels = ["&tau;1", "&tau;2", ""], title =
"&tau;l,&tau;2 vs AVAR")
pointplot3d([[160, 201, 642.2914], [150, 191, 1028.1051], [140, 181, 2082.2146], [130, 171,
3180.6017], [120, 161, 4670.8012], [110, 151, 6780.0547], [100, 141, 5847.9060], [90, 131,
4786.3846]], color = blue, symbol = box, connect = true, labels = ["&tau;1", "&tau;2", ""], title =
"&tau;l,&tau;2 vs AMSE")

%The code for fitting linear model and getting MLEs of v, 7; and § in Subsection 4.4.4;
and this code is also for Subsection 4.4.5 in each iteration.

%Global searching for 71 and 79 under constraint C;

%The difference between codes in F and G is that we compute ABIAS?, AVAR and AMSE
for the estimated hazard rate in F' (in Subsections 4.4.2 and 4.4.3), and for the estimated
transformed reliability in G (in Subsections 4.4.4 and 4.4.5).

restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra);

s := 1/(273.16450); sl := 1/(273.16+145); s3 := 1/(273.16+250); s2 := 1/(273.164+197.5);
gammal := 0.le-3; gammal := .5; gamma2 := 0.15e-2; beta := -3800;

gam0 := .7947; gam] := .7947; theta := -3800;

lambda0 := gamma2*t~2+gammal*t+gamma0;

‘&lambda;t’ := lambda0*exp(beta*s);

‘&lambdasf* := gam1*t+gam0;

‘&lambda;tf* ;= ‘&lambda;f**exp(theta*s);

¢ := 300; n := 200; taul := 160; tau2 := 201;

Delta := solve(1-exp(-(gam0*taul+(1/2)*gam1*taul ~2)*exp(theta*sl)) = 1-exp(-(gam0*a+(1/2)*
gaml*a”2)*exp(theta*s2)), a);

a := Delta[2];

Eta := solve(1-exp(-(gam0*(a+tau2-taul)+(1/2)*gam1*(a+tau2-taul) ~2)*exp(theta*s2)) =
1-exp(-(gam0*b+(1/2)*gam1*b~2)*exp(theta*s3)), b);
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b := Etal[2];

nl := evalf(n*(int((gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*
t°24(1/3)*gamma2*t~3)*exp(beta*sl)), t = 0 .. taul)));

n2 := evalf((n-n1)*(int((gamma2*t ~24+-gammal*t+gamma0)*exp(beta*s2) *exp(-(gamma0*t+(1/2)*gammal*
t724(1/3)*gamma2*t "~ 3)*exp(beta*s2)), t = a .. attau2-taul)));

n3 := evalf((n-nl-n2)*(int((gamma2*t ~ 2+gammal*t+gamma0)*exp(beta*s3)*exp(-(gamma0*t+(1/2)*gammal*
t°24(1/3)*gamma2*t~3)*exp(beta*s3)), t = b .. ¢)));

n4 := n-nl-n2-n3;

fl := (gamma2*t"2+gammal*t+gamma0)*exp(beta*sl)*exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*
gamma2*t~3)*exp(beta*sl));

{2 := (gamma0+gammal*(a+t-taul)+gamma2*(a+t-taul)~2)*exp(beta*s2)*
exp(-(gamma0* (a+t-taul)+(1/2)*gammal*(a+t-taul) ~2+4(1/3)*gamma2* (a-+t-
taul)~3)*exp(beta*s2));

f3 := (gammaO+gammal*(b+t-tau2)+gamma2*(b+t-tau2) ~2)*exp(beta*s3)*
exp(-(gamma0*(b+t-tau2)+(1/2)*gammal*(b+t-tau2)~24(1/3)*gamma2*(b+
t-tau2)~3)*exp(beta*s3));

A1l := n1*(int(f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int(f2/(gam0+
gaml1*(a+t-taul))~2, t = taul .. tau2)))+evalf(n3*(int(f3/(gam0+gam1*

(b+t-tau2))~2, t = tau2 .. ¢)));

A22 := n1*(int(t~2*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+

t-taul) ~2*f2/(gam0+gam1*(a+t-taul)) "2, t = taul .. tau2)))+evalf(n3*(int((b+t-

tau2) ~2*f3/(gam0+gam1*(b+t-tau2)) "2, t = tau2 .. c)));

A33 := evalf(n1*(int(s1~2*(gam0*t+(1/2)*gam1*t "~ 2)*exp(theta*s1)*f1, t = 0 .. taul))+
evalf(n2*(int(s2"2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*

2, t = taul .. tau2)))+evalf(n3*(int(s3"2*(gam0* (b+t-tau2)+(1/2)*gam1*(b+t-

tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))+(n-n1-n2-n3)*s3"~2*(gam0*(b+
c-tau2)+(1/2)*gam1*(b+c-tau2)~2)*exp(theta*s3)* (gamma0+gammal*(b+
c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+
c-tau2)+(1/2)*gammal*(b+c-tau2)~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3d)));
A12 := nl*(int(t*f1/(gam1*t+gam0) "2, t = 0 .. taul))+evalf(n2*(int((a+t-taul)*f2/
(gam0+gam1*(a+t-taul))~2, t = taul .. tau2)))+evalf(n3*(int((b+t-tau2)*f3/
(gam0+gam1*(b+t-tau2)) "2, t = tau2 .. c)));

A13 := evalf(n1*(int(s1*t*exp(theta*s1)*fl, t = 0 .. taul))+evalf(n2*(int(s2*(a+
t-taul)*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*(int(s3*(b+t-tau2)*exp(theta*
$3)*13, t = tau2 .. ¢)))+(n-n1-n2-n3)*s3*(b+c-tau2)*exp(theta*s3)*(gamma0+
gammal*(b+4c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*(b4-c-
tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)));

A23 := evalf(n1*(int((1/2)*s1*t~2*exp(theta*s1)*f1, t = 0 .. taul))+evalf(n2*(int((1/2)*
s2*(a+t-taul)~2*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*(int((1/2)*s3*(b-+t-
tau2) ~2%*exp(theta*s3)*f3, t = tau2 .. c¢)))+(1/2)*(n-n1-n2-n3)*s3* (b+c-tau2) ~2*
exp(theta*s3)*(gamma0+gammal*(b+c-tau2)+gamma2*(b+c-tau2)"~2)*
exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*
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gamma2*(b+c-tau2)~3)*exp(beta*s3)));

‘&varpi;1* = int(t*(gamma2*t~2+gammal*t+gammal)*exp(beta*sl)*
exp(-(gamma0*t+(1/2)*gammal*t~2+4(1/3)*gamma2*t "~ 3)*exp(beta*

s1)), t =0 .. taul);

‘&varpi;2¢ := int((a+t-taul)*(gamma0+gammal*(a+t-taul)+gamma2*

(att-taul) ~2)*exp(beta*s2)*exp(-(gamma0*(a+t-taul)+(1/2)*gammal*

(a+t-taul) ~2+(1/3)*gamma2*(a+t-taul) ~3)*exp(beta*s2)), t = taul .. tau2);

‘&varpi;3* = int((b+t-tau2)*(gamma0+gammal*(b+t-tau2)+gamma2*

(b+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+t-tau2)+(1/2)*gammal* (b+
t-tau2)~2+(1/3)*gamma2*(b+t-tau2) ~3)*exp(beta*s3d)), t = tau2 .. c);

thetal := int(t~2*(gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*sl)*exp(-
(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*sl)), t = 0 .. taul);

theta2 := int((a+t-taul) " 2*(gamma0+gammal*(a+t-taul)+gamma2*

(att-taul) ~2)*exp(beta*s2)*exp(-(gamma0*(a+t-taul)+(1/2)*gammal*(a-+t-
taul)”24(1/3)*gamma2*(a+t-taul)~3)*exp(beta*s2)), t = taul .. tau2);

theta3d := int((b+t-tau2) ~2*(gammal+gammal*(b+t-tau2)+gamma2*

(b+t-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+t-tau2)+(1/2)*gammal*
(b+t-tau2)~2+4(1/3)*gamma2* (b+t-tau2)~3)*exp(beta*s3)), t = tau2 .. c¢);

B11 := evalf((n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int((1/(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t =

taul .. tau2)))+evalf(n3*(int((1/(gam0+gam1*(b+t-tau2))-(b+t-tau2)*

exp(theta*s3))*f3, t = tau2 .. ¢)))-(n-n1-n2-n3)*(1/(gam0+gam1*(b+c-tau2))-
(b+c-tau2)*exp(theta*s3))* (gamma0+gammal*(b+c-tau2)+gamma2*(b+
c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*
(b+c-tau2)~2+(1/3)*gamma2*(b+c-tau2)~3)*exp(beta*s3))) ~2+nl*
(-‘&varpi;1‘~2+thetal ) *(gam1~2/(gam1*“&varpi;1‘+gam0) ~4+exp(2*theta*
s1))+n2*(-‘&varpi;2‘~ 2+theta2)*(gaml~2/(gam1* &varpi;2‘+-gam0) ~4+-exp(2*
theta*s2))+n3*(-‘&varpi;3‘ " 2+thetad)*(gaml ~2/(gam1*&varpi;3‘+gam0) ~4+
exp(2*theta*s3)));

B22 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t~2%*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)* (a+t-taul) ~2*exp(theta*s2))*

2, t = taul .. tau2)))-+evalf(n3*(int(((b+t-tau2)/(gam0+gaml*(b+t-tau2))-(1/2)*(b+t-tau2) ~2*
exp(theta*s3))*3, t = tau2 .. ¢)))-(n-n1-n2-n3)*((b+c-tau2)/(gam0+gam1*(b+c-tau2))-(1/2)*
(b+c-tau2) ~2*exp(theta*s3))* (gamma0+gammal*(b+c-tau2)+gamma2* (b+c-tau2) ~2)*
exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~24(1/3)*gamma2*(b+c-
tau2) ~3)*exp(beta*s3))) ~24+nl*(-‘&varpi;1‘~2+thetal )*((1/(gam1* &varpi;1‘+-gam0)+ ‘& varpi;1*
gaml/(gam1* &varpi;1‘+gam0)~2) ~2+exp(2*theta*sl)* &varpi;1‘ ~2)+n2*(-‘&varpi;2‘ ~ 2+theta2)*
((1/(gam1*&varpi;2‘+-gam0)—+*&varpi;2*gam1/(gam1*‘&varpi;2‘+gam0) ~2) ~ 2+exp(2*theta*s2)**
&varpi;2‘~2)+n3*(-‘&varpi;3‘ ~2+thetad)*((1/(gam1* &varpi;3‘+gam0)+‘&varpi;3“*gam1/
(gam1*&varpi;3‘4+gam0) ~2) "~ 24-exp(2*theta*s3)* & varpi; 3¢~ 2);

B33 := (nl1*sl-n1*(int(s1*(gam0*t+(1/2)*gam1*t~2)*exp(theta*s1)*fl, t = 0 .. taul))+
evalf(n2*s2-n2*(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~ 2)*exp(theta*s2)*
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2, t = taul .. tau2)))+evalf(n3*s3-n3*(int(s3* (gam0* (b+t-tau2)+(1/2)*gam1*(b+t-tau2) ~2)*
exp(theta*s3)*f3, t = tau2 .. ¢)))-(n-n1l-n2-n3)*s3*(gam0*(b+c-tau2)+(1/2)*gam1*c"2)*exp(theta*s3)*
(gammal-+gammal*(b+c-tau2)+gamma2*(b-+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+c-tau2)+(1/2)*gammal*(b+c-tau2) " 2+(1/3)*gamma2*(b+c-tau2) " 3)*exp(beta*s3))) ~2+
n1*s1~2*exp(2*theta*sl)*(gam1*‘&varpi;1‘+gam0) ~2*(-‘&varpi; 1~ 2+thetal ) +n2*s2 "~ 2*exp(2*
theta*s2)*(gam1*‘&varpi;2‘+gam0) ~ 2*(-*&varpi;2‘ ~ 2+theta2)+n3*s3~ 2*exp(2*theta*s3)* (gam1**
&varpi;3‘+gam0) ~ 2*(-‘&varpi; 3~ 2+theta3);

B12 := (n1*(int((1/(gam1*t+gam0)-t*exp(theta*sl))*f1, t = 0 .. taul))+evalf(n2*(int((1/
(gam0+gam1*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*
(int((1/(gam0+gam1*(b+t-tau2))-(b+t-tau2)*exp(theta*s3))*f3, t = tau2 .. c)))-(n-n1-n2-n3)*
(1/(gam0+gam1*(b+c-tau2))-(b+c-tau2)*exp(theta*s3))*(gamma0+gammal*(b+c-tau2)+
gamma2*(b+c-tau2) " 2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~ 2+
(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)))*(n1*(int((t/(gam1*t+gam0)-
(1/2)*t"~2*exp(theta*sl))*f1, t = 0 .. taul))+evalf(n2*(int(((a+t-taul)/(gam0+gam1*
(a+t-taul))-(1/2)*(a+t-taul) ~2*exp(theta*s2))*f2, t = taul .. tau2)))+evalf(n3*(int(((b+

t-tau2) /(gam0+gam1*(b+t-tau2))-(1/2)*(b+t-tau2) ~2*exp(theta*s3))*f3, t = tau2 .. ¢)))-
(n-n1-n2-n3)*((b+c-tau2)/(gam0+gaml*(b-+c-tau2))-(1/2)*(b+c-tau2) ~2*exp(theta*s3))*
(gammal+gammal*(b+c-tau2)+gamma2*(b—+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0*
(b+-c-tau2)+(1/2)*gammal*(b+c-tau2) ~24+(1/3)*gamma2* (b+c-tau2) ~3)*exp(beta*s3)))

B13 := (n1*(int((1/(gam1*t-+gam0)-t*exp(theta*sl))*fl, t = 0 .. taul))+evalf(n2*(int((1/(gam0+
gaml*(a+t-taul))-(a+t-taul)*exp(theta*s2))*f2, t = taul .. tau2)))-+evalf(n3*(int((1/(gam0+gaml*
b+t-tau2))-(b+t-tau2)*exp(theta*s3))*f3, t = tau2 .. c)))-(n-n1-n2-n3)*(1/(gam0+gam1*
b+c-tau2))-(b+c-tau2)*exp(theta*s3))*(gamma0+gammal* (b+c-tau2)+gamma2*

b+c-tau2) ~2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*

b+c-tau2) ~24(1/3)*gamma2*(b+c-tau2) " 3)*exp(beta*s3)))* (nl1*sl-n1*(int(s1*
gam0*t+(1/2)*gam1*t~2)*exp(theta*sl)*fl, t = 0 .. taul))+evalf(n2*s2-n2*
int(s2*(gam0*(a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*
$3-n3*(int(s3*(gam0* (b+t-tau2)+(1/2)*gam1*(b+t-tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))-
(n-n1-n2-n3)*s3*(gam0* (b+c-tau2)4(1/2)*gam1l*c"~2)*exp(theta*s3)*(gammal+gammal*(b+c-tau2)+
gamma2*(b+c-tau2)~2)*exp(beta*s3)*exp(-(gamma0*(b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~2+(1/3)*
gamma2*(b+c-tau2)~3)*exp(beta*s3)))

B23 := (n1*(int((t/(gam1*t+gam0)-(1/2)*t~2%*exp(theta*sl))*fl, t = 0 .. taul))+
evalf(n2*(int(((a+t-taul)/(gam0+gam1*(a+t-taul))-(1/2)* (a+t-taul) " 2*exp(theta™

$2))*2, t = taul .. tau2)))+evalf(n3*(int(((b+t-tau2)/(gam0+gam1*(b+t-tau2))-(1/2)*

(b+t-tau2) ~2*exp(theta*s3))*3, t = tau2 .. ¢)))-(n-nl-n2-n3)*((b+c-tau2)/(gam0+
gam1*(b+c-tau2))-(1/2)*(b+c-tau2) "~ 2*exp(theta*s3))* (gamma0+gammal*(b+
c-tau2)+gamma2*(b+c-tau2) " 2)*exp(beta*s3)*exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-
tau2) ~24(1/3)*gamma2*(b+c-tau2) ~3)*exp(beta*s3)))* (n1*s1-n1*(int (s1*(gam0*t+(1/2)*gam1*t~2)*
exp(theta*sl)*f1, t = 0.. taul))+evalf(n2*s2-n2*(int(s2*(gam0* (a+t-taul)+(1/2)*gam1*(a+t-taul) ~2)*
exp(theta*s2)*f2, t = taul .. tau2)))+evalf(n3*s3-n3*(int(s3*(gam0* (b+t-tau2)+(1/2)*gam1*(b+t-
tau2) ~2)*exp(theta*s3)*f3, t = tau2 .. c)))-(n-n1-n2-n3)*s3*(gam0* (b+c-tau2)+
(1/2)*gaml*c"~2)*exp(theta*s3)*(gammal-+gammal*(b+c-tau2)+gamma2*(b+c-tau2) ~2)*exp(beta*s3)*

o~ o~ o~ o~ o~ o~
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exp(-(gamma0* (b+c-tau2)+(1/2)*gammal*(b+c-tau2) ~24(1/3)*gamma2*(b+c-tau2) ~ 3)*exp(beta*s3)))
T := 87600;

ABIAS := int((-gamma2*t~2+gam1*t-gammal*t+gam0-gamma0)*exp(beta*s), t = 0 .. T);

A = Matrix(3, 3, {(1, 1) = Al1, (1, 2) = A12, (1, 3) = A13, (2, 1) = A21, (2, 2) = A22, (2, 3) = A23,
(3,1) = A31, (3, 2) = A32, (3, 3) = A33}); B := Matrix(3, 3, {(1, 1) = B11, (1, 2) = B12, (1, 3) = B13,
(2,1) = B21, (2, 2) = B22, (2, 3) = B23, (3, 1) = B31, (3, 2) = B32, (3, 3) = B33}); C := 1/A.B.(1/A)
R := In(gam0*T+(1/2)*gam1*T " 2)+theta*s;

AVAR := Vector[row](3, {(1) = diff(R, gam0), (2) = diff(R, gam1), (3) = diff(R, theta)}).C.Vector(

3, {(1) = diff(R, gam0), (2) = diff(R, gam1), (3) = diff(R, theta)})

AMSE := ABIAS"2+AVAR:

H: Codes for subsection 5.3.1

%This code is for simulating the data for linear baseline function then finding MLEs of v, v; and 8
and computing the SBIAS?, SVAR and SMSE with fixed designs 5?% and sz obtained in Chapter 2.
code for Maple
restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra); with(Optimization);
s = 1/(273.164+50); s1 := 1/(273.16+145); s3 := 1/(273.164+250); 2 := 1/(273.16+155);
gammal := 0.le-3; gammal := .5; beta := -3800;
¢ := 300; n := 200; taul := 178.15; tau2 := 247.44; u := 1000;

Delta := solve(1l-exp(-(gamma0*taul+(1/2)*gammal*taul ~2)*exp(beta*sl)) = l-exp(-(gamma0
*a—+(1/2)*gammal*a"2)*exp(beta*s2)), a);

a := Delta[2];

Eta := solve(1-exp(-(gamma0* (a+tau2-taul)+(1/2)*gammal*(a+tau2-taul)~2)*exp(beta*
s2)) = l-exp(-(gamma0*b+(1/2)*gammal*b~2)*exp(beta*s3)), b);

b := Eta[2];

fl := proc (L, T) options operator, arrow; int((gammal*t+gamma0)*exp(beta*sl)*exp(-
(gamma0*t+(1/2)*gammal*t~2)*exp(beta*sl)), t = L .. T) end proc;

{2 := proc (L, T) options operator, arrow; int((gammal*t+gamma0)*exp(beta*s2)*exp(-
(gamma0*t+(1/2)*gammal*t~2)*exp(beta*s2)), t = L .. T) end proc;

{3 := proc (L, T) options operator, arrow; int((gammal*t+gamma0)*exp(beta*s3)*exp(-
(gamma0*t+(1/2)*gammal*t~2)*exp(beta*s3)), t = L .. T) end proc;

for i to (1/5)*taul-1 do for j to u do X[j, 1] := Statistics:-Sample(Binomial(200, f1(0, 5)), 1);
X[j, i+1] := Statistics:-Sample(Binomial(200-X[j, i][1], f1(5*i, 5*(i+1))), 1) end do end do;
for j to u do sumx|j] := add(X[j, i], i =1 .. (1/5)*taul) end do;

for i to 8 do for j to u do Y[j, 1] := Statistics:-Sample(Binomial(200-sumx[j][1], f2(a, a+5)), 1);
Y[j, i+1] := Statistics:-Sample(Binomial(200-sumx[j][1]-Y[j, i|[1], £2(a+5*i, a+5*(1+1))), 1)
end do end do;

for j to u do sumy[j] := add(Y[j, i],i =1 .. 8) end do;

for i to 20 do for j to u do Z[j, 1] := Statistics:-Sample(Binomial(200-sumx[j][1]-sumy|[j][1],
£3(b, b+5)), 1); Z[j, i+1] := Statistics:-Sample(Binomial(200-sumx][j][1]-sumy/[j][1]-Z[j, i][1],
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£3(b+5*1, b+5*(i4+1))), 1) end do end do;

for j to u do sumz[j] := add(Z[j, i|,i = 1 .. 20) end do;

for j to u do logl[j] := -sumx][j][1]*bh*s1+add(X][j, i][1]*(In(5*glh*i4+g0h)-(5*g0h*i+(1/2)*glh*
(5*1)~2)*exp(-bh*sl)), i = 1 .. 32)-sumylj][1]*bh*s2+add(Y]j, i][1]*(In(g0h+glh*(a+5%1))-(gOh*
(a+5%1)+(1/2)*glh*(a+5*1) ~2)*exp(-bh*s2)), i = 1 .. 8)-sumz[j][1]*bh*s3+add(Z]j, i][1]*(In(gOh
+g1h*(b+5*1))-(g0h*(b+5%1)+(1/2)*glh*(b+5*i)~2)*exp(-bh*s3)), i = 1 .. 20)-(200-sumx[j][1]-
sumy|[j][1]-sumz[j][1])*(gOh*(b—+c-tau2)+(1/2)*glh*(b+c-tau2) ~2)*exp(-bh*s3) end do;

for j to u do malj] := Maximize(logl[j], initialpoint = {bh = 3700, gOh = .1, glh = 0.15e-2},
assume = nonnegative, iterationlimit = 400) end do;

aver := [add(ma[j][2][1],j =1 .. u)/u, add(malj][2][2],j = 1 .. u)/u, add(malj][2][3],j =1 .. u)/ul;
av := eval([bh, gOh, glh], aver);

for j to u do A[j] := eval([(bh-av[1])~2, (gOh-av[2])"~2, (glh-av[3])~2], mal[j][2]);

BJj] := eval([(-bh-beta)~2, (g0h-gamma0) "2, (glh-gammal)"2], mal[j][2]) end do;

bias := [(-av[l]-beta) "2, (av[2]-gamma0) "2, (av[3]-gammal)"2]

var := add(Afj, j =1 .. u)/(u-1)

mse := add(B[j],j=1.. u)/u

I: Codes for subsection 5.3.2

%This code is for simulating the data for quadratic baseline function then finding MLEs of v, 7,
v, and 3 and computing the SBIAS2, SVAR and SMSE with fixed designs £3;, 53(22 and €3 obtained
in Chapter 3.
code for Maple
restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra); with(Optimization);
s 1= 1/(273.16+50); s1 := 1/(273.164+145); 83 := 1/(273.164+250); 52 := 1/(273.16+197.5);
gamma0 := 0.1e-3; gammal := .5; gamma2 := 0; beta := -3800;
¢ := 300; n := 200; taul := 178.15; tau2 := 223.57; u := 1000;
Delta := solve(1-exp(-(gamma0*taul+(1/2)*gammal*taul ~2+(1/3)*gamma2*taul ~3)*exp(beta*
s1)) = l-exp(-(gamma0*a+(1/2)*gammal*a”~2+(1/3)*gamma2*a”3)*exp(beta*s2)), a);
a := Deltal[2];
Eta := solve(1l-exp(-(gamma0*(a+tau2-taul)+(1/2)*gammal*(a+tau2-taul)~2+4(1/3)*
gamma2*(a+tau2-taul)~3)*exp(beta*s2)) = 1-exp(-(gamma0*b+(1/2)*gammal*b~2+(1/3)*
gamma2*b~3)*exp(beta*s3)), b);
b := Etal[2];
f1 := proc (L, T) options operator, arrow; int((gamma2*t"~2+gammal*t+gamma0)*exp(beta*sl)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*sl)), t = L .. T) end proc;
{2 := proc (L, T) options operator, arrow; int((gamma2*t~2+gammal*t+gamma0)*exp(beta*s2)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*s2)), t = L .. T) end proc;
3 := proc (L, T) options operator, arrow; int((gamma2*t"~2+gammal*t+gamma0)*exp(beta*s3)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*s3)), t = L .. T) end proc;
for i to (1/5)*taul-1 do for j to u do X[j, 1] := Statistics:-Sample(Binomial(200, f1(0, 5)), 1);
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X[j, i+1] := Statistics:-Sample(Binomial (200-X[j, i][1], f1(5*i, 5*(i+1))), 1) end do end doj;

for j to u do sumx[j] := add(X[j, i, i =1 .. (1/5)*taul) end do;

for i to 9 do for j to u do Y[j, 1] := Statistics:-Sample(Binomial (200-sumx|[j][1], {2(a, a+5)), 1);
Y[j, i+1] := Statistics:-Sample(Binomial(200-sumx[j][1}-Y[j, i][1], £2(a+5*, a+5*(i+1))), 1)

end do end do;

for j to u do sumyl[j] := add(Y[j, i],i=1.. 9) end do;

for i to 15 do for j to u do Z[j, 1] := Statistics:-Sample(Binomial(200-sumx[j][1]-sumy[j][1],

f3(b, b+5)), 1); Z[j, i+1] := Statistics:-Sample(Binomial(200-sumx][j][1]-sumy/[j][1]-Z]j, iJ[1],
£3(b+5*i, b+5*(i+1))), 1) end do end do;

for j to u do sumz[j] := add(Z[j, i, i =1 .. 15) end do;

for j to u do logl[j] := -sumx][j][1 ]*bh*sl—t—add( i, i][1]*(In(g0h+5*g1h*i+(1/2)*g2h*(5*1) ~2)-(5*
gOh*i+(1/2)*g1h*(5%1)~24+(1/3)*g2h*(5*i) ~3)*exp(-bh*s1)), i = 1 .. 35)-sumy]j][1]*bh*s2+
add(Y[j, iJ[1]*(In(gOh+glh*(a+5*1)+(1/2)*g2h* (a+5%*i) ~2)-(gOh* (a-+5*1)+(1/2)*glh*(a+5%i) "2
(1/3)*g2h*(a+5*1) ~3)*exp(-bh*s2)), 1 = 1 .. 9)-sumz[j][1]*bh*s3+add(Z[j, i][1]*

(In(gOh-+glh* (b+5%1) 4 (1/2)*g2h* (b-+5*1) ~2)-(g0h* (b-+5*1)+ (1/2)*g1h* (b-+5*i) ~ 24 (1 /3) *g2h*
(b+5*1)~3)*exp(-bh*s3)), i = 1 .. 15)-(200-sumx]j][1]-sumy [j][1]-sumz[j][1])*(gOh*(b+
c-tau2)+(1/2)*glh*(b+-c-tau2) ~2)*exp(-bh*s3) end do;

for j to u do malj] := Maximize(logl[j], initialpoint = {bh = 3700, g0h = .1, glh = 0.15e-2, g2h = 0},
assume = nonnegative, iterationlimit = 400) end do;

aver := [add(mal[j][2][1],j = 1 .. u)/u, add(mal[j][2][2],j = 1 .. u)/u, add(malj][2][3],

j=1. u)/u, add(malj][2][4],j =1 .. u)/u];

av := eval([bh, gOh, glh, g2h], aver);

for j to u do A[j] := eval([(bh-av[1])~2, (gOh-av[2])"2, (glh-av[3]) "2, (g2h-av[4])~2], malj][2]);
BJ[j] := eval(](-bh-beta)~2, (g0h-gamma0) "2, (glh-gammal) "2, (g2h-gamma2) 2], malj][2]) end do
bias := [(-av[l]-beta) "2, (av[2]-gamma0)~2, (av[3]-gammal) "2, (av[4]-gamma2)"2]

var := add(Afj],j =1 .. w)/(u-1)

mse := add(B[j,j =1 .. u)/u

J: Codes for subsection 5.3.3

%This code is for simulating the data for a model with a quadratic baseline function then finding
MLEs of 7, 7;and 3 by fitting a model with a linear baseline function and computing the SBIAS?,
SVAR and SMSE with fixed designs f}lw and £, obtained in Chapter 4.
code for Maple
restart; with(linalg); with(stats); with(plots); with(Statistics); with(LinearAlgebra); with(Optimization);
s := 1/(273.16+50); sl := 1/(273.164+145); s3 := 1/(273.16+250); s2 := 1/(273.16+197.5);
gamma0 := 0.le-3; gammal := .5; gamma2 := 0.15e-2; beta := -3800;
lambda0 := gamma2*t~2+gammal*t+gamma0;

‘&lambda;t® := lambda0*exp(beta*s);
‘&lambda;f* := gam1*t+gam0;
‘&lambdastft ;= ‘&lambda;f**exp(theta*s);
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¢ := 300; n := 200; taul := 160; tau2 := 201; u := 1000;

Atrue := int((gamma2*t "~ 2+gammal*t+gamma0)*exp(beta*s), t = 0 .. 87600);

Btrue := eval(log(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t"~3)+beta*s, t = 8760);

Delta := solve(1-exp(-(gamma0*taul+(1/2)*gammal*taul ~2+(1/3)*gamma2*taul ~3)*exp(beta*
s1)) = l-exp(-(gammaO*a+(1/2)*gammal*a”2+(1/3)*gamma2*a"3)*exp(beta*s2)), a);

a := Delta[l];

Eta := solve(1l-exp(-(gamma0*(a+tau2-taul)+(1/2)*gammal*(a+tau2-taul)~2+(1/3)*gamma2*
(attau2-taul)”3)*exp(beta*s2)) = l-exp(-(gamma0*b+(1/2)*gammal*b~24(1/3)*gamma2*b~3)*
exp(beta*s3d)), b);

b := Eta[l];

fl := proc (L, T) options operator, arrow; int((gamma2*t~2+gammal*t+gamma0)*exp(beta*sl)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*sl)), t = L .. T) end proc;
2 := proc (L, T) options operator, arrow; int((gamma2*t~2+gammal*t+gamma0)*exp(beta*s2)
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*s2)), t = L .. T) end proc;

*

3 := proc (L, T) options operator, arrow; int((gamma2*t~2+gammal*t+gamma0)*exp(beta*s3)*
exp(-(gamma0*t+(1/2)*gammal*t~2+(1/3)*gamma2*t~3)*exp(beta*s3)), t = L .. T) end proc;

for i to (1/5)*taul-1 do for j to u do X[j, 1] := Statistics:-Sample(Binomial(200, f1(0, 5)), 1);

X[j, i+1] := Statistics:-Sample(Binomial (200-X[j, i][1], f1(5*i, 5*(i+1))), 1) end do end do;

for j to u do sumx[j] := add(X[j, i, i =1 .. (1/5)*taul) end do;

for i to 8 do for j to u do Y[j, 1] := Statistics:-Sample(Binomial(200-sumx[j][1], {2(a, a+5)), 1);

Y[, i+1] := Statistics:-Sample(Binomial (200-sumx[j][1]-Y[j, i][1], £2(a+5*i, a+5*(i+1))), 1) end do

end do;

for j to u do sumyl[j] := add(Y[j, i],i=1 .. 8) end do;

for i to 20 do for j to u do Z[j, 1] := Statistics:-Sample(Binomial(200-sumx][j][1]-sumy][j][1], £3(b,

b+5)), 1);

Z[j, i+1] := Statistics:-Sample(Binomial(200-sumx][j][1]-sumy/[j][1]-Z[j, i][1], £3(b+5*i, b+5*

(i+1))), 1) end do end do;

for j to u do sumz[j] := add(Z[j, i], i = 1 .. 20) end do;

for j to u do logl[j] := -sumx[j][1]*bh*s14+add(X[j, i][1]*(In(5*glh*i4+g0h)-(5*g0h*i+(1/2)*glh*(5*i)~2)*
exp(-bh*sl)),i=1.. 32)-sumylj][1]*bh*s2+add(Y]j, i][1]*(In(g0h+glh*(a+5%i))-(g0h*(a+5*1)+(1/2) *glh*
(a+5*1)~2)*exp(-bh*s2)),i=1.. 8)-sumz[j][1]*bh*s3+add(Z[j, i][1]*(In(g0h+glh*(b+5*1))-(g0h* (b+5*i)+
(1/2)*glh*(b+5%1)"2)*exp(-bh*s3)), i =1.. 20)-(200-sumx][j][1]-sumy][j][1]-sumz[j][1])* (gOh* (b+c-tau2)+
(1/2)*glh*(b+c-tau2)~2)*exp(-bh*s3) end do;

for j to u do malj] := Maximize(logl[j], initialpoint = {bh = 3700, gOh = .1, glh = .15},

assume = nonnegative, iterationlimit = 400) end do;

for j to u do AJ[j] := eval([(glh*t+gO0h)*exp(-bh*s)], malj][2]); M[j] := int(A[j][1], t = 0 .. 87600) end do;
‘&Delta;Alt := add(M[i], i =1 .. u);

‘&Delta;A2¢ := add(M[i]~2,i=1 .. u);

bias2A := (‘&Delta;Al‘/u-Atrue)"2;

varA := (‘&Delta;A2-‘&Delta;A1°2/u)/(u-1);

mseA := bias2A+varA;

for j to u do BJj] := eval([log(g0h*t+(1/2)*glh*t~2)-bh*s], mal[j][2]); N[j] := eval(B][j][1], t = 8760)
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end do;

‘&Delta;B1 := add(N[i], i = 1 .. u);
‘&Delta;B2° := add(N[i]~2,i=1 .. u);
bias2B := (‘&Delta;B1‘/u-Btrue)~2;

varB := (‘&Delta;B2'-‘&Delta;B1¢~2/u)/(u-1);

mseB := bias2B+varB;
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