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Abstract In this work it is presented an existence result for the impulsive problem composed
by the fourth order fully nonlinear equation

u(iv) x)=f (x’ u(x), u (x), u” (x), u” (.X))

fora.e.x € [0, 1] \ {x1,...,xu} where f : [0, 1] x R* — ]RisaLl-Carathéodory function,
along with the periodic boundary conditions

u®©) =u® (1), i=0,1,2,3,

and the impulses

o (65) =1 (7 (57),

where x; € (0,1),for j =1,...,m,suchthat 0 = xo < x| < -+ < X < Xpg1 = 1,
and gj, hj, k;,[; are given real valued functions satisfying some adequate conditions. The
arguments used apply lower and upper solutions technique combined with an iterative and
non monotone technique.
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Introduction

This work will study the nonlinear periodic fourth order impulsive problem composed by the
fully differential equation

W () = f (vou () u' () u” (x) " (30)) M

fora.e. x € I\ {x1,...,x,} with I :=[0, 1], where f : [ x R* > Risa Ll—Carathéodory
function. This equation is considered along with the boundary conditions

u® ) =u? (1), i=01,23, )

and the impulse conditions

3

where x; € (0,1),for j =1,...,m,suchthat 0 =xp < x; < -+ <X < Xpy1 = 1 and
gj> hj, kj and [; are given real valued functions verifying some adequate conditions to be
precise.

The theory of impulsive problems is experiencing a rapid development in the last few years,
mainly because impulsive differential equations have been used to describe real phenomena
where there are instantaneous changes at some time instants. These changes may occur not
only at a micro scale but also at a global level. Applications can be found in a wide range of
areas, such as physics, medicine, biology, control theory, population and/or gene dynamics
(see [1,11,18] and the references therein).

The monotone iterative technique coupled with lower and upper solutions is a powerful
method used to approximate solutions in several nonlinear problems in general and periodic
ones in particular (see, for instance, [7,10,12,14-17,19]).

As far as we know, it is the first time that the above methods are applied to fourth-order
periodic impulsive problem with a fully differential equation, that is, where the nonlinearity
can depend in every derivatives till the third order. Moreover, this paper introduces several
other new features:

e The assumptions on the nonlinear part f are more general than the ones usually con-
sidered. As example, we mention that no global monotonicity conditions are assumed,
neither a Nagumo-type condition to control a subquadratic growth of f on the third
derivative.

e An iterative technique, not necessarily monotone, is used to obtain the existence of
solutions.

e The impulsive effects, given by (3), are given by general functions, not necessarily linear.

The arguments make use of lower and upper solutions approach to higher order problems
suggested in [3-5,9,8], and an iterative method as in [2].

The work is organized in the following way: “Definitions and Auxiliary Results” section
contains the definitions used and a uniqueness result for some fourth order problems. The
main result, an existence and location theorem, is presented in “Existence of Solutions”
section. An example is shown in last section, to illustrate the main theorem.
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Definitions and Auxiliary Results

In this section some notations, definitions and auxiliary results, needed for the main existence
result, are presented.

FormeN,let0=xg <x; <+ <Xp <Xpme1 =1, D ={x1,...,xy} and
u(x) == lim u(x).
X—)X;{t

Definition 1 Denote by PC (1) the set of functions u : I — R continuous on / \ D where
u (x;) and u (x; ) exist with u (x; ) = u (x¢) fork = 1,2, ..., m.

For u € PC (I), we define the norm by

llull = sup |u (x)].
xel

Consider PC? (I),1 = 1,2,3, as the space of the real-valued functions u such that
u e PC (1), ut (x) and u (x;) exist with u) (x;7) = u (xg) for j =0, 1,2,3
andk=1,2,...,m.

Therefore u € PC3 (I) can be written as

ug (x) if x €1[0,xq],
up (x) it x e (xq, x2],
u(x)=

uy (x) if x € (o, 1],

where iy, = Uy (x; x,4,] With vn € C3 ([xi. xi1]) fori =0,1,....m.
Denote

PCH () ={ue PC(I):u" € AC (xi, xi41), i =0,1,...,m}
and for each u € PCSD (I) we set the norm
///”'

lullp = laell + a' || + || + |Ju

Moreover for p € L'(I) we consider the usual norm

Iplh 5=/|p(t)|dz.
1

Throughout this paper the following hypothesis will be assumed:

(H1) f:[0,1] x R* — Ris a L'-Carathéodory function, that is, f (x, -, -, -, -) is a contin-
uous function fora.e. x € I;
f (-, ¥0, ¥1, y2, y3) is measurable for (yg, y1, ¥2, ¥3) € R*; and for every M > 0 there
is a real-valued function ¥y € L' ([0, 1]) such that

If (x, y0. y1, y2, ¥3)| < ¥m (x) fora.e. x € [0, 1]

and for every (yo, ¥1, y2, ¥3) € R* with lyil <M fori =0,1,2,3.
(H2) the real valued functions g;, hj, k; and /; are nondecreasing for j = 1,...,m.

Definition 2 A function u € PC% (I) is a solution of (1)—(3) if it satisfies (1) almost
everywhere in I \ D, the periodic conditions (2) and the impulse conditions (3).
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Next lemma will have a key role in the results presented forward.

Lemma3 Let p: [0, 1] x R — R be a L' —Carathéodory function such that

p (x, v) is nonincreasing on v, for every x € [0, 1]. 4)
Then for each aj, bj, cj, dj € R, j=0,1,2,...,m, the initial value problem composed
by the equation
u® (x)y=p (x,u”(x)) for a.e.x €(0,1) 3
and the boundary conditions
u (x;r) = aj, M/ (x;r) = bj, u” (xf) = Cj, MW (xj) = d] (6)
has a unique solution u € PC3D ).
Proof The solution of problem (5)—(6) can be written as
2
+ (x ) x]+)
u(x) =aj +bj (x —xj) +cj#
3
+) x
X —Xx 3
( j (x—r)
+d; 3 +/ A (rou” (r)) dr. 0
i
As p (x) isboundedin /, we candefine N := H p (x, u’”(x)) ||1 and the following estimates
can be obtained:
AP 7 B L
u (1 = |aj| + || + == + 57 + N,
’ i i |df|
' ] = [bj| +|ej| + ==+ N,
W @) < Jes| + s |+ N,
" @] = lds| + .
Hence, for §:= |aj‘ +2 ’bj’ + % |cj‘ + % ’dj| + 4N,
lullp < 6. ®)
Letu € PC3) (I) such that [[ul|p < 8.
Define the operator 7 : PC3D ) — PC?) (I) given by
2
o )
Tu:=aj;+b; (x —xj)—i-c]'f
3
+) x
X —Xx; 3
( j (x—r)
+d; 3 + / 3 p (r, u/”(r)) dr. 9)
5

As p (x,u"”(x))is a L'-Carathé odory function, then 7 is continuous and, by (8),

1Tunllp = 1Tunll + || (Twn) | + | (Tun)"| + [|(Tun)”|| < 6.
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Given that 7 is uniformly bounded and equicontinuous, by Ascoli—Arzela’s theorem, 7°
is a compact operator. Then the set of solutions of the equation u = 7u is bounded. By
Schauder fixed point theorem, 7 has a fixed point u € PC% (I) which satisfies (7) and

u (x;r) =aj,u (xj) =bj, u” (xf) =cj and u"” (xf) =d;.
This proves the existence of solution for (5), (6).
To show uniqueness, we will assume that the problem (5), ( 6) has two solutions, u#; and
us, define z(x) = u{’(x) — uy'(x) for x €lx;, xj41].
By (4),

2(0)Z'(x) = [u]’ x) — uy @] [pCx, u] (%)) — p(x, u' (x)] <0
forx €lx;, xj41]

On the other hand as z (xj') =0,

o (&)

/ 207 (dr = =5 I

'\
X

So z(x) = 0 for every x €]xj, xj4+1]. By integration and (6), u}"(x) = u’'(x) for x €
1xj, xj41]

Another important tool used in the proof of the main result is the upper and lower solutions
technique. Definition is as follows:

Definition 4 A function o € PC% (1) is said to be a lower solution of the problem (1)—(3)
if:

(i) a™ @) < fr,a@), e (x),a" (x),a” (x) for ae xe(0,1).
(i) «(0) =a(l), & (0) =o' (1), " (0) =" (1), «”(0) =a” (1),

(i) o (x;") <gj (oz (x.,-)) , o (x?') <h; (a/ (x.,‘)) , o (xf) <kj (a” (xj)) , o (xj') <
L (@ (x5)).
Afunction 8 € PC%, (1) is an upper solution of problem (1)—(3) if the reversed inequalities
hold.

Existence of Solutions

In this section the main existence and location result is the following:

Theorem S Leto, B € PC 3D(I ) be, respectively, lower and upper solutions of (1)—(3) such
that

" (x)y<p”(x) on I\D (10)
and
a0 < gD, i=01,2. (11)
Assume that
[ o a” ys) < fx, 0. y1. 2, 93) < f (x. B. B B”. y3) (12)
€\ Springer
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for fixed (x,v3) € I xR, a® <y, < D for i = 0,1,2 and f(x, yo, y1, y2, ¥3) is
nonincreasing on y3 for x € [0, 1].

If conditions (H1) and (H2) hold, then the problem (1)—(3) has a solution u (x) € PC% (1),
such that

a® x) < u® x) < ,B(i) x), onl, for i=0,1,23.

Remark 6 As one can notice by (11), the inequalities o® (x) < 8@ (x) hold fori =0, 1,2
and every x € [.

Proof Consider the following modified problem composed by the equation

u (x) = f (x.80 (eou (0)) .81 (x.u' (x)) . 82 (x, 0 (x)) .83 (x.u” (x)))

—u" (x) + 83 (x.u" (1) (13)
for x € (0, 1) and x # x; where the continuous functions §; : R?Z - R, fori =0,1,2,3,
are given by

BO W), i >pV @,

8 (X, y1) = { ¥is D (x) <yi < B0 (), (14)

a® @), yi <o),

with the boundary conditions (2) and the impulse conditions ( 3).

To prove the existence of solution for the problem (13), (2), (3) we apply an iterative
technique, not necessarily monotone. Let (u,),cy be the sequence in PC3D (I) defined as
follows:

uo(x) = a(x), 5)
and forn =1, 2, ... the problem composed by Eq. (11)

u () = £ (x, 80 (x, up—1 (X)), 81 (x, upy_y (%)), 82 (x, up_; (X)), 83 (x, u) (x)))
+uy (x) =83 (x, uy (x)) fora.e. x € (0, 1) 1

n

with the boundary conditions

U (0) = up—1 (1), 1, (0) = up_; (1),

upy (0) =uy_ (1), uy (0)=u, (1), (I7)
and the impulsive conditions, for j =1, ..., m,
wn () = & anmr ()., (5F) = hy uy (37)
wp () =k Gy () (xF) =1 (0 (7). (18)

Problem (5)—(6) is an initial value problem, however considering in (13) fixed (yo, y1, ¥2)
the function f (yo, y1, y2, ¥3) verifies (5) and, therefore, the sequence (u,),,cy is well defined
by the uniqueness given by Lemma 3.

Remark that the initial value problem (16)—(18) will become the periodic impulsive prob-
lem (1)—(3), if the two following claims hold:

e Every solution u, (x) of the problem (16)—(18) verifies
a® (x) <uld (x) < P (x) for i =0,1,2,3,
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forall n € N and every x € I, which implies that

8; (x, ug) (x)) = u,(f) (x) fori=0,1,2,3,n € Nand every x € I.

o The sequence (up),cn IS convergent to a solution u € PC% of problem (16)—(18).

Step 1 - Every solution of problem (16)—(18) verifies
a® ) <uld (x) <D x) fori=0,1,2,3,

forall n € Nandevery x € 1.

19

Let u be a solution of the problem (16)—(18). To prove inequalities (19) we will rely on

mathematical induction.
For n = 0, by (15),

o (x) =uy (x) < B” (x) forxel
and by, Remark 6,
D () <ul () < B9 (x) for i=0,1,2, and x € I.
Suppose that fork = 1,...,n — 1 and every x € [ we have
o (x) < ul (x) < B (x)
for x = 0, by (17), (21) and Definition 4, we have
ul! (0) = u)ly (1) = & (1) = & (0).

If x = x;.“, j=1,...,m, from (18), (H2), (21) and Definition 4, then

() =1y () (50)) 2 1 (@ () = o (x7).

(20)

ey

For x elx;,xj41],j = 1,2,..., m suppose, by contradiction, that there exists x* €

1xj, xj41] such that o (x*) > u;’ (x*) and define

min  u) (x) —a” (x) == u) (x*) —a” (x*) < 0.
xelxj,xjy1]

As by (18), u)’ (xj) > o (xf) , then there is an interval (x,X) C (x;, x*) such that

ul (x) < a” (x) and ul (x) < @™ (x)Vx € (x, 7).
From (16) and (12) the following contradiction is obtained for x € (1, f):

0> uff”) x) — o™ (x)

= f(x.80 (x, un—1 (X)), 81 (x, 1)y (X)), 82 (x,up_; (%)), " (x))

_ u/// (x) + OlW (x) @ a(iv) (x)
f (x’a (x) 7(x/ (x) y a// (x) ,a/// (x)) _ u/// (x) +a/// (x)
—f(ra@),d @x),a" (x),a” (x)

o” (x) —u" (x) > 0.

v

v

As x* is taken arbitrarily in ]x;, x;41], then u) (x) > «” (x) for all n € N and every
x € I.In the same way it can be shown that u) (x) < " (x) Vx € I, Vn € N, and so (19)

is proved for i = 3.
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Assuming thatfork =1,...,n — l and every x € I,
o (x) <up (x) < g7 (x), (22)
then for x € [0, x1], by integration of the inequality u) (x) > & (x) in [0, x] we have
ul (x) —ul(0) > a” (x) —a” (0).
By (17) and (22),
up (x) = o’ (x) —a” (0) +uy,y_; (1)
>a" (x) —a" (0)+a" (1) = " (x)
hence u), (x) > &” (x), forall x € [0, x1].
For x €lxj,xj41], j = 1,2,..., m, by integration of the inequality u, (x) > " (x) in
x €lxj, xjq1l,
ur(x) > o (x) —a” (x;") +ul (x;'),
and by (18) and Definition 4
u;: x) > o (x)—a” (x;r) +k;j (14:1/,1 (xj)) > o (x),

obtaining that u), (x) > «” (x) for all n € N and every x € I. Using similar arguments it can
be proved that u), (x) < B” (x) and therefore

o' x)<u,(x)<p’(x) Vxel VneN. (23)

The remaining inequalities in (19) can be proved as above, by integration of (22) in [0, x1]
applying the correspondent hypothesis of induction, conditions (17), (18), and Definition 4.

Step 2 - The sequence (up),enis convergent to u solution of problem (16)—(18).

Fori = 0,1,2,3, let C; = max {||a®@|, |87 }. So there exists M > 0, with M :=
>3 ,Ciandforalln € N

lunllp = M. (24)
Let Q be a compact subset of R* given by
Q = {(wo, wi, wa, w3) € R* ¢ Jwy]| < C;,i =0,1,2,3}.

As fisa L'-Carathéodory function in £, then there exists a real-valued function /5y (x) €
L' (I) such that

|f (x, wo, wi, wz2, w3)| < hy (x) forevery (wo, wy, w2, w3) € Q2. (25)

By Step 1 and (24), (un, uj,, u, u)’) € Q for all n € N. From (16) and (25) we obtain

n

’u;iv) (x)l <hy(x)+2C3 forae. x €I,

hence uy” (x) € L' (I).
By integration in / we obtain that

X

) (x) = u) (0) + / ul (syds+ > 1 () (x))).

0 O<xj=<x
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therefore u) € AC (x X j+1) and u, € PC% (I). By Ascoli-Arzela’s theorem there
exists a subsequence, denoted by (u,),cn, Which converges to u € PC% (I). Then
(u,u' u" u") € Q.

Using the Lebesgue dominated convergence theorem, for x € (x js X j+1) ,

/ I (5,80 (s, tn—1 (), 81 (s, ),y (8)), 82 (5. u)_, (5)) .83 (s, u) ())) ds
—u) (s) + 83 (s, u) (5))

Xj

is convergent to

/ F (5,80 (s, u(s)), 81 (s, u' (5)), 82 (s, u” (5)) .83 (s, u” (5))) ds
—u"" (s) + 83 (s, u” (s))

Xj

asn — 00.
Therefore as n — oo

u'n” (x)

o r F (5,80 (s, un—1 (), 81 (s, u,_y (5)) . 82 (s, ), (), 83 (s, u)) ()))
= U (x1)+/ [_ uy) (5) + 83 (s, uyy () 1 | "

Xj

is convergent to

X

" _m . f(S, 50 (S,M(S))781 (svu/ (S)) ’82 (s,u” (S)) ’83 (S’um (S)))
u (X)—M (X]) +/ |:_ u (S) + 53 (S, u (S)) ds.

xj
As the function f is L'-Carathéodory function in (xj,xj41).thenu”" (x) € AC (xj, xj41).
Therefore u € PC % (1) and u is a solution of problem (16)—(18).
To prove that u is a solution of the boundary value problem (1)—(3) we note that taking
the limitin (17) and (18), as n — oo, by the convergence of u, then u verifies (2) and, by the
continuity of of the impulsive functions, u verifies (3). By (14), Step 1 and the convergence

of uy,, u verifies (1).
Then problem (1)—(3) has a solution u (x) € PC 2) (I), such that

oD (x) <u® x)<pP(x) for i=0,1,2,3

forx € 1. O

Example

Let us consider the following nonlinear periodic impulsive boundary value problem, com-
posed by the equation:

™ (x) = (u (x))> +arctan (u (x) + 1) +0.01 (" () + " [, 26)
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where 0 <6 <2andn < —677forallx € [0, 1] \ {%} along with the boundary conditions
(2) and for x; = % the impulse conditions

1+

(5 ) =me@),

W (;) =2 (' (3))
o (5) =g ()
(5) =@, @

withu; e RY,i=1,2,3,4.
Obviously this problem is a particular case of (1)—(3) with

£ (x,y0, ¥1, 2, v3) = (30)° +arctan (y1 + 1) +0.01 (y2)° + 7 [y31,

for all x € [0, 17\ {%} ,m=1,x = % and the nondecreasing functions g1, &1, k; and [
are given by

gi(x) = mx®, hi(x) = pox, k() =psdx, L(x) = pax’.

The functions « (x) = 0 and

432 +4x+3, xef0,1].
Bx) = 3 |
x7, xe(j,l]

are PC?) (I) for D = {%} with

1
5 s _[3x2+6x+4, xe o 1],
- 2

3x7°, X € (%, 1],
6x+6, x €0, 3],

p (X)=(6x, X € (%,l],

" (x)=6, xel0,1]
are lower and upper solutions, respectively, for problem (26), (2), (27), with

_ o4
1= 42875

1

3
Mzi?l, M3§\3/§, M4S@-

As f verifies (12), by Theorem 5 there is a non-negative solution u (x) € PC% (1), such
that

0<u?(x)<B?D(x) for i=0,1,2,3. (28)

Remark that this solution cannot be a trivial periodic one, as the only constant verifying
(26) is — /7 /4 and it does not satisfy (28).
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