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ARTICLE INFO ABSTRACT

Keywords: This work presents some existence, non-existence and location results for the problem

Ambrosetti-Prodi equations composed by the fourth-order fully nonlinear equation
Lidstone boundary conditions

Lower and upper solutions u® ) +f (x, ux),u &, u x,u” (x)) = sp(x)
One-sided Nagumo condition
Degree theory forx € [0, 1], where f : [0, 1] x R* — Randp : [0, 1] — R* are continuous functions

and s is a real parameter, with the Lidstone boundary conditions
u(0) =u(1l) =u"(0) =u"(1) = 0.

This problem models several phenomena, such as, the bending of an elastic beam simply
supported at the endpoints.

The arguments used apply a lower and upper solutions technique, a priori estimations
and topological degree theory. In this paper we replace the usual bilateral Nagumo
condition by some one-sided conditions, which enables us to consider unbounded
nonlinearities.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Fourth-order differential equations are often called beam equations due to their relevance in beam theory, namely in the
study of the bending of an elastic beam. This paper considers the nonlinear full equation

u®™ ) +f (xu @), v @, u" @, u" ®) =sp X W

forx € [0, 1], where f : [0, 1] x R* = Randp : [0, 1] = R* are continuous functions and s is a real parameter, with the
boundary conditions

u(O) = u(l) = u”(O) = u”(l) =0. (2)

These types of condition, known as Lidstone boundary conditions, appear in several physical and engineering situations
such as simply supported beams [1,2] and suspension bridges [3,4]. The related problems have been studied by many
authors, either from a variational approach [5,6] or with topological techniques [7-10] or both [11]. Recently, some
papers applied the lower and upper solutions method to more general boundary conditions such as nonlinear [12-14] and
functional cases [15,16], some of them including the Lidstone case.
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The bilateral Nagumo condition, used in some of the above papers, plays an important role to control the growth of the
third derivative. In this work we apply a more general Nagumo-type assumption: a unilateral condition. Using this point
of view, the results that exist in the literature for problem (1)-(2) [17,18] are improved, because the nonlinearity can be
unbounded from above or from below, following arguments suggested by [19,20].

It is pointed out that, for Lidstone problems, where there is no information about the third derivative on the boundary, the
replacement of the bilateral condition by a unilateral one is not trivial. It requires a new a priori lemma and a new auxiliary
problem in the proof of the main result.

The example contained in the final section illustrates this improvement and highlights some of the advantages of the
lower and upper solutions in these boundary value problems, providing existence results, locating the solution and some
derivatives, and adding some qualitative informations on them, for the values of the parameter s such that there is a pair of
lower and upper solutions of (1)-(2).

2. Definitions and auxiliary results

In this paper C*([0, 1]) denotes the space of real valued functions with continuous i-derivative in [0, 1], fori = 1, ..., k,
equipped with the norm

I llee = max {|y® ()| : x € [0, 11}

By C([0, 1]) we denote the space of continuous functions with the norm ||y|| = maxye(o,17 [y(x)| .
The one-sided Nagumo-type condition to be used and the consequent a priori estimation are precise, as follows:

Definition 1. Given a subset E C [0, 1] x R*, a continuos function f : E — R is said to satisfy the one-sided Nagumo-type
condition in E if there exists a real continuous function hg : ]R(J{ — [k, +0o0], for some k > 0, such that

F & y0,y1,¥2,¥3) <hg (Iysl), V(X Y0,¥1,¥2,¥3) €E (3)
or
fx Y0,¥1,¥2,¥3) = —he (lysl), ¥V (x,Y0,¥1,¥2,¥3) €E, (4)
with
too ot
/0 e dt = 4-o0. (5)

Lemma 2. Let f : [0, 1] x R* — R be a continuous function, verifying Nagumo-type conditions (3) and (5) in
E= {(X7y07y17y27y3) S [05 1] X R4 Vi (X) Syl < E(X) ) i= Os 132} 5

where y; (x) and I (x) are continuous functions such that, for i = 0, 1, 2, y; (x) < I; (x), forevery x € [0, 1].
Then for every p > 0 there is R > 0 such that every solution u (x) of Eq. (1) verifying

"

u"(0) = —p, U =p (6)
and

vi =u® ) <L, vxelo 1], (7)
fori=0, 1,2, satisfies H u” H <R.

Proof. Consider u, a solution of the Eq. (1) that satisfies (6) and (7), and define the non-negative real number r :=
max {I3(1) — y2(0), [2(0) — v2(1)}.

Suppose p > 0 be large enough such that for every u solution of (1) we have |u”’(x)| < p,foreveryx € [0, 1],and p > r.
If p = R then the proof is concluded.

Consider now that there is u, a solution of (1) and xo € [0, 1], such that |u” (xo)| > p.If |u” (x)| > p, forevery x € [0, 1],
then, for u”’(x) > p, we obtain the following contradiction:

1
1) = 12(0) = u'(1) — ' (0) = / W (v)de
0

1 1
> / pdr > f rdt > (1) — y2(0).
0 0

The case u”(x) > —p, for every x € [0, 1], follows similar arguments. So there is x € [0, 1] such that ]u’”(x)| < p.
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As the integrals f0+ i (t)dt and fo mdr are of the same type, by (5), take R; > p such that
/ N S ) ®. (8)
——dt > max 2x—mmy2x
o he(@) + sl lIpll x€[0,1] xelo,

" "

Consider x; € [0, 1[ such that u”'(x;) < —p or x; €]0, 1] such that u
0 < X; < x; and, for every x € [Xq, x1[,

*x) < —p. 9)
By an adequate change of variable and (8), we obtain

—u" (x1) X1 g )
[t [ gy
—w@) he(™) +IslIpll % he(=u"(x) + Isl [pll

“f (xu,u, u”, u”) — sp (x)
% he(=u” ) + Is| Ipll

(x1) > p.In the first case take X; such that

"

u"(®)=—p and u

(—u"(x)) dx

X1
< / —u"(dx = u"(x1) — u" (x1)
X1
< max Iy(x) — mln )/z *)

x€[0,1]

R T
< / ————dr,
o he(@) + sl lipll

and therefore that u”'(x;) > —R;. By the arbitrariness of x;, then for every x € [0, 1[ such that u”” (x) < —p the inequality
u” (x) > —R; holds. In a similar way it can be proved that u”'(x;) < Ry, and so |u/”(x)| < Ry, foreveryx € [0, 1].
Consider now p < r, and take R, > r such that

Ry .
—————dt > max I3(x) — mm (). (10)
/r he(r) + sl Ipll -~ xeldn)”’ &

By (6), there is x € [0, 1] such that ]u’”(x)J <rlf ‘u”’(x)] < r holds for every x € [0, 1], then the proof is concluded.
Otherwise, we take x, € [0, 1[ such that u”’ (x;) < —r or x, €]0, 1] such that u”’(x;) > r. In the first case consider
0< )22 <X with

"

u"®) =—r and u”(x) < —r, Vx € [X2, x

Applying a similar method as in (9), we obtain

—u"(x2) . Ry .
/ ————dt < / —dt
—u®y he(T) + sl lipll r he(@) + sl pll
and so u”(x;) > —R,. Arguing as above it can be shown that when u
Therefore u’”(x)| < Ry, foreveryx € [0, 1].
Taking R = max {Rq, R} then } " <R, foreveryx € [0,1]. W

"

(x2) > r the inequality u”’(x;) < Ry still holds.

Remark 3. If the function f verifies (4), the previous estimate still holds replacing, in Lemma 2, (6) by

u"(0) <p, u"(1) = —p. (11)

Remark 4. Observe that R depends only on the functions hg, y, and I, and not on the boundary conditions. Moreover, if s
belongs to a bounded set, then R can be considered the same, independently of s.

The functions used as upper and lower solutions are defined as a pair:
Definition 5. The functions o, 8 € C*(]0, 1[) N C? ([0, 1]) verifying

ax) < B, i=0,1,2,Yx€[0,1], (12)
define a pair of lower and upper solutions of problem (1)-(2) if the following conditions are satisfied:
(i)
o™ () +f (x a0,/ X, 2" @, ®)>pX,
B @) +f (B, X, X, (X)) <pX;
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(ii)
«(0)<0, o"(0)<0, a"(1) =0,
B0) =0, B"(0)=0, B"(1)=0;
(iii)
o' (0) = B (0) <min{B(0) — B (1), (1) —a (0)}.

As was shown in [17], condition (iii) cannot be removed for this type of definition. However, if the minimum in (iii) is
non-positive then assumption (12) can be replaced by «” (x) < B8” (x), for every x € [0, 1], as the other inequalities are
obtained from integration.

3. Existence and location result

For values of the parameter s such that there are lower and upper solutions of (1)-(2), we can be obtain the following
existence and location result, where the nonlinear part can be unbounded from above or from below.

Theorem 6. Suppose that there is a pair of upper and lower solutions of the problem (1)-(2), « (x) and B (x), respectively. Let
f 10, 1] x R* — R be a continuous function satisfying the one-sided Nagumo conditions (3), or (4) and (5) in

£ = [®Y0.y1.y2.3) € [0 1] xR e (1) <30 < B (),
: @)=y =X, X) <y =" ()

and
f(X,OlaOl/,yz,}@) Sf(X,yo,}’l,yz,}’3) Sf(x’ ﬂ’ ﬂ/v}’27}’3)7 (13)

fora(x) <yo < BX,a’ () <y; < B (x)and for fixed (x,y-,y3) € [0, 1] x R?. Then the problem (1)-(2) has at least a
solution u (x) € C* ([0, 1)), satisfying

a® ) <u® @ <pPx, fori=0,1,2,¥xel0,1].
Proof. Consider the continuous truncations §; given by
a® %) ify; <a®(x)
8 (e y) = Vi ifa? () <y <P ®, =012 (14)
B ify? > gV x)
For A € [0, 1], consider the homotopic equation
u™ (x) = A [sp(x) — f (x, 80 (x, 1), 81 (x. ), & (x,u”) ,u”)] +u” (%) — 183 (x, u") (15)
and the boundary conditions
u@0 =0, u(l)=0,
u” (0) = A[u” (0) +u"(0)], (16)
u” (1) =a[u” (1) —u"(D)].
Let r, > 0 be large enough, such that, for every x € [0, 1],
—n<ad" x<B"x <n, (17)
sp() —f (. B, 8 ), " (0),0) +1,— " (%) >0, (18)
sp(x) —f (X, @ (¥), ' (), 0" (x),0) —r; —a” (x) <0,
and, for every u solution of (15) and (16)
W] <r,  |[uWD|<r. (19)
Step 1- For every solution u (x) of the problem (15)-(16) we have

!u” (x)] <1,

v (x)| <r,lu@| <r, Vxel0,1],

withry :=r, + u' (0) and rq > rq, independently of A € [0, 1].
Let u be a solution of (15) and (16). By contradiction assume that thereare A € [0, 1]andx € [0, 1] such that |u” (x)| > 1.
In the case u” (x) > r, define

max u” (x) :==u" (xg) > 1, > 0.
x€[0,1]
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If x, €]0, 1[ then u”” (xo) = 0 and u'™ (xo) < 0. Therefore, by (13) and (18), for A € [0, 1] we obtain the following

contradiction:
0 > u™ (xo)

= A [sp(x0) — f (X0, 80 (Xo, 1), 81 (x0. '), B"(X0), 0) ] + u” (x0) — B” (x0)
A [sp(x0) — f (X0, B (X0) . B (x0) . B"(X0), 0)] + 12 — B" (x0) > O.
If xo = 0, for A €]0, 1], by (19) the contradiction is

0> u"(0)=A[u"(0)+u"(0)] =i (" (0)+r) > 0.

v

For A = 0, by (16), u”"(0) = 0 and 0 > u™ (0) = u”(0) > r, > 0. The situation is analogous for x, = 1, and, therefore,
u” (X) < r,, for every x € [0, 1]. The case u” (x) < —r; is similarly analogous, and so

" (x| <12, ¥xe€[0,1],VA €0, 1].
Integrating in [0, x], u'(x) — u’ (0) = gu”(s)ds < 1y, and
[W®)| <r+u ), Vvxelo,1],Vre0,1].

By integration, u(x) — u (0) = [y u/(s)ds < [y rids <1y < ro.
With the same arguments it can be proved that u(x) > —ry and

lux)| < rg, vx € [0, 1].
Step 2- There is R > 0, such that every solution u (x) of the problem (15)-(16) verifies
" ()| <R, Vxel0,1],

independently of A € [0, 1].
In order to apply the Lemma 2, define the set

Er = {(X Y0, ¥1,¥2,¥3) € [0, 1] x R*: —ry <y; <1,i=0,1, -1, <y; <13},
with r1, r, given by Step 1, and, for A € [0, 1], the function F;, : E, — R defined by
Fy (%, Y0, Y1, Y2, ¥3) = Af (%, 80 (%, Y0) , 01 (X, Y1), 82 (X, ¥2) , ¥3) + Y2 — Ad2 (X, y2) .
If f verifies (3) in E,, then
Fy (X, Y0,¥1,¥2,¥3) < Mhg, (lys]) + 12 — 2" (x) < hg, (lys]) + 2r2,

and F; satisfies (3) with hg replaced by f_lEr (x) = hg, (x) + 2rp in E,.
If condition (4) holds in E,, we will obtain, in a similar way,

F (X, Y0, Y1, ¥2,¥3) = —Ahg, (lys]) — 2 — AB"(x) = — (hg, (lys]) +2r2) .
Condition (5) holds as

—+00 t +o00 t
/ LI / g
o hg (t) o hg () +2r,

1 ot
= T / p dt = 4-o0.
1+52 Jo hg (O

By (19), Lemma 2 holds with y; () = —r1, [ (x) = 11,i = 0,1, 5 (X) = —1y, I3 (x) = 1rp and p = r,. Therefore, there is
R > 0 such that

[u” 0] <R, Vxel0,1].

Observe that as r, and hg, do not depend on A then R does not depend on A.
Step 3- Problem (15)-(16) has at least a solution uy (x) for A = 1.
Define the operators .£ : C* ([0, 1]) € C3 ([0, 1]) — C ([0, 1]) x R* given by

Lu= (U™ —u" u(),u),u” (©0),u" (1)
and W, : C3 ([0, 1]) — C ([0, 1]) x R* by

o= (* [sp(0) —f (x, 80 (%, u) , 81 (x, u), & (x,u”) ,u"” ()] — A8 (x, u”),
T 0,0, A [u” (0) +u" (O], A[u" (1) —u"(D] '
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As £7"is compact then we can define the completely continuous operator 7;, : (C* ([0, 1]), R) — (C* ([0, 1]), R) given
by 75, (1) = L7 N, ().
For r1, r; and R given by Steps 1 and 2, consider the set

={yecqo1): |y?] <r,i=0,1,]

V' <y <R}

Therefore, the degree d (73, §2, 0) is well defined for every A € [0, 1], and by the invariance under homotopy, d (7o, £2, 0) =
d ({‘Fl ’ Q? 0)'
The equation Ty (u) = u is equivalent to the homogeneous problem

U@ —u" %) =0
u@=u=u"1)=u"0)=0

that admits only a trivial solution. Then, by degree theory, d (7, £2, 0) = =1, and the equation u = 77 (u) has at least a
solution. That is, the problem composed by the equation

u™ (x) = sp(x) — f (x, 80 (x, 1), 81 (x. u') , & (x, u”) ,u” ®) +u" (x) — & (x, u”)

with the initial boundary conditions (2) has at least one solution u; (x) in £2.

Step 4- The function u, (x) is a solution of the problem (1)-(2) '

The function u; (x) will be a solution of the initial problem (1)-(2) if it verifies &® (x) < u{ (x) < g (x),i = 0, 1,2,
vx € [0, 1].

Suppose, by contradiction, that there is x € [0, 1] such that «” (x) > uj (x), and define

min [u] (x) —a” (0] = u] (x1) —a” (x1) < 0.
x€(0,1]

Ifx; €]0, 1[, then u}’ (x;) = & (x1) and u™ (x;) — ™ (x1) > 0.
By Definition 5 and (13) we obtain the contradiction

a®™ (x1) < ul” (%)
= sp(x1) — f (X1, 80 (X1, 1), 81 (x4, u) & (x1), " (x1)) + U (x1) — &” (x1)
<sp(x1) —f (k1,0 (1) &' (x1) . @ (1), 0" (x1)) <™ (x1).

If x; = 0 or x; = 1 the contradiction is trivial, by Definition 5(ii).

Therefore «” (x) < uf (x), for every x € [0, 1]. In a similar way it can be proved that uj (x) < p” (x), and so
a” (x) < uf (x) < B” (x), forevery x € [0, 1].

As, by (2),

1 1 X
f Uy (x)dx = / <u’] 0) + / uf (s) ds) dx
0 0

0
1 X
u) (O)—|—/ / uy (s) dsdx,
o Jo

thenu} (0) = — f(; Ox u’/ (s) dsdx. By this technique

0

1 X
/ / a” (s)dsdx = (1) — a(0) — o’ (0),
o Jo

and, by Definition 5(iii) and (17),
1 X
—B'(0) < a(1) —a(0) —a'(0) = / / o (s) dsdx
0 0
1 X
< / / uy (s)dsdx = —u (0) .
o Jo
Therefore, 1 (0) < B'(0) and, by integration of (17), one obtains

uy (x) —uy (0) = / uj (s)ds < / B (s)ds = B'(x) — B'(0)
0 0
and

up(x) < B'(x)— B'(0)+u) 0 <B'(x), Vxelo,1].
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The relation o’ (x) < u} (x), for every x € [0, 1], can be proved by similar arguments. Then &’ (x) < u} (x) < B’ (x), for
every x € [0, 1]. By Definition 5 (ii)

a(x) < /xa/(s)ds < /Xu/1 (s)ds =u; (x)
0 0
< [ B’ (s)ds = B(x) — B(0) < B(x).
0
Therefore uq (x) is a solution for problem (1)-(2). m

4. Example

Consider, for k € Ny, the fourth-order equation

u™ (x) + "™ + arctan (u' (x)) —u” (x)* — [u” (x)]2k+4 =sp(x). (20)
The functions « and 8 given by o := —x* — 1and 8 := x+ 1 are, respectively, upper and lower solutions of the problem
(20)-(2), for values of s such that
e+ e?-2+38
(g = —F——— <s< —— =K;.
min p (x) max p (x)
xe[0,1] x€[0,1]

Defining
E — (*,Y0,¥1,¥2,¥3) € [0, 1] x R* : =x* =1 <yp <x+1,
- —2x<y;=1,-2<y, <0 ’

the continuous function f : E’ — R, given by

f (X, ¥0,¥1,¥2,¥3) = exp (¥o) + arctan (1) — y3 — y3* k € No, (21)

verifies the Nagumo condition (3) and assumption (13), with hg (y3) = e* + % Then, by Theorem 6, there is a solution u (x)
of problem (20)-(2) such that

X —1<u@<x+1,-2%x<uv®<1,-2<u"(x)<0, Vxelo,1].

Notice that the nonlinearity f given by (21) does not verify the two-sided Nagumo type conditions and, therefore, [17]
cannot be applied to (2) and (20). In fact, suppose by contradiction that there are a set E and a positive function ¢ such that

If &%, ¥0,¥1,¥2,¥3)| < @ (lys)) inE and

+00 s
— =4
/o o

Consider, in particular, that

f & y0,y1,¥2,¥3) <@ (ysl), V(X Y0,¥1,Y2,¥3) € E
and (0,0, 0,y3) € E.So,forx € [0,1],y0=0,y; =0,y, =0andy; € R,

f(x,0,0,0,y3) = 14+y5" < 0 (Iy3]).

As 0+°° mﬁds' k € Ny, is finite, then the following contradiction is obtained:

“+00 s +o00 s
——ds > —ds = .
oo /o Trsra = /0 IS R
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