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ABSTRACT

Many problems in pure and applied mathematics entail studying the structure of
solutions to F'(x,y) = 0, where F' is a nonlinear operator between Banach spaces
and y is a real parameter. A parameter value where the structure of solutions of F’
changes is called a bifurcation point. The particular method of analysis for bifurcation
depends on the dimension of the kernel of D,F (0, \), the linearization of F'.

The purpose of our study was to examine some consequences of a recent
theorem on bifurcations with 2-dimensional kernels. This resent theorem was com-
pared to previous methods. Also, some specific classes of equations were identified in
which the theorem always holds, and an algebraic example was found that illustrates

bifurcations with a 2-dimensional kernel.
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CHAPTER I

INTRODUCTION

Many problems in pure and applied mathematics entail studying the structure of
solutions to F(x,y) = 0, where F': U x V — Z is a continuous nonlinear map,
UxV C X xY isopen, and X, Y, and Z are Banach spaces. Typically, y is a
parameter, and Y is one-dimensional. A bifurcation is a change in the structure of the
solutions at a particular parameter value. The study of bifurcations arises naturally
from the mathematical description of the states of physical systems as these states
undergo changes in stability [1]. These descriptions often take the form of nonlinear

differential equations whose solutions correspond to the state of the system.

A~ T

Mo n

=N F

Figure 1.1: Pitchfork bifurcation

The solution to a bifurcation problem is often described graphically by a
bifurcation diagram. A simple example is depicted in Figure 1.1. The point labeled

Yo is not a bifurcation point; at yy any small change in the parameter will not change
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change the structure of the solutions. However, the point labeled y; is a bifurcation
point. Values less than y; yield only one solution, whereas greater values yield three.
Bifurcations of the type in Figure 1.1 are appropriately called pitchfork bifurcations.
Bifurcations, such as the one at y;, are often associated with a loss of stability of the
solution x = 0.

Bifurcation problems are often formulated so that F(0,y) = 0, Yy € Y, so
the line = 0 is a branch of solutions, referred to as the trivial branch of solutions. A
concern thus becomes identifying the nontrivial branches of solutions, which typically
emanate from the trivial branch at bifurcation points. Hence, we must know the
bifurcation points. These can be found using D, F(z,y), the linearization of F(z,y)
with respect to x. The Implicit Function Theorem implies that the points where this
linearization has no bounded inverse are the candidates for the bifurcation points,
and hence, are the candidates for the points where the structure of the solution set
changes.

The Implicit Function Theorem provides necessary conditions for bifurcation.
However, these conditions are not sufficient; results giving sufficient conditions for
bifurcation typically depend on both the dimension of the kernel of D,F(z,y) and
the dimension of the parameter space. This is plausible because the dimension of the
kernel of D, F(x,y) at a bifurcation point is a determining factor in the existence of
a bounded inverse. There are several methods for analyzing bifurcations when the
dimension of the kernel is one. In particular, the Crandall-Rabinowitz Theorem is an
important theorem providing sufficient conditions for bifurcation when the dimension

2



of the kernel of the linearization and the dimension of the parameter space are both
one. The proof of this theorem relies on the Implicit Function Theorem and can be
found in [2].

Problems with higher dimension kernels and one-dimensional parameter
spaces are less readily analyzed. A recently published theorem by Koémer et al. [3]
provides a relatively simple method for analyzing bifurcations when the dimension
of the kernel of the linearization is two, and the dimension of the parameter space is
one. While other methods currently exist for problems with higher dimension kernel,
these methods are often difficult to use in practice [2].

The purpose of this thesis is to explore some specific consequences of the new
result of Kromer et al. and to construct several examples illustrating applications of
Kromer’s result. We begin by presenting sufficient background to state the theorem.
This background includes a discussion of the reduction method of Lyapunov-Schmidt.
Specific examples are given that meet the different sufficiency conditions of each
theorem. Next, we discuss several algebraic examples illustrating Kromer’s Theorem.
To conclude, we analyze a differential operator that meets the sufficiency conditions
of the theorem by Kromer et al. and not the other theorems. The final chapter
presents a variation on the Crandall-Rabinowitz Theorem that is related to problems

with higher dimension kernels.



CHAPTER II

BACKGROUND

In this chapter we present the background material necessary to state the bifurcation

theorem of Kromer et al.

2.1  The Implicit Function Theorem and Fredholm Operators

There are several methods for examining the solution sets for nonlinear mappings.
Many of these methods rely at some point upon the Implicit Function Theorem.

Proof of this theorem can be found in [4].

Theorem 2.1.1 (Implicit Function Theorem). Suppose X,Y,Z are Banach spaces,
UCX,V CY areopen sets, F: UxV — Z is continuously differentiable, (xo,yo) €
UXxV, F(xg,90) = 0, and D,F(x9,v0) has a bounded inverse. Then there is a
neighborhood Uy x Vi C U XV of (xo,y0) and a function f: Vi — Uy, with f(yo) = xo
such that F(z,y) = 0 for (x,y) € Uy x Vi if and only if v = f(y). If F € C*(UxV, Z),
k > 1 or analytic in a neighborhood of (xq,vo), then f € C*(Vy, X) or is analytic in

a neighborhood of yo [5].

Bifurcation problems on infinite-dimensional Banach spaces can often be re-

duced to problems on finite-dimensional spaces. A commonly used method for this is



the Reduction Method of Lyapunov-Schmidt, which relies on the Implicit Function
Theorem. A sufficient condition to apply the Method of Lyapunov-Schmidt is that

F satisfy the following definition:

Definition 2.1.2. A continuous mapping F: U — Z, where X and Z are Banach
spaces and U 1is open in X, is a nonlinear Fredholm operator if it is Fréchet differen-

tiable on U and if D, F(x) has the following properties:
(i) dimN (D, F(x)) < oo where N(D,F') is the kernel of D, F,
(i1) codimR(D,F(x)) < co where R(D,F') is the range of D, F,
(i1i) R(D,F(x)) is closed in Z [2].
The Lyapunov-Schmidt method exploits the fact that the kernel of the lin-

earization of a Fredholm operator F' has finite dimension to split the domain and
range of F' by projecting the entire Banach spaces X and Z onto finite-dimensional
subspaces. To further explain the Lyapunov-Schmidt reduction requires some back-
ground information from functional analysis on projection operations in Banach

spaces.

2.2 Functional Analysis Background

Definition 2.2.1. Let X be a Banach space, and let M, N C X be linear manifolds.
M and N are complementary subspaces of X if M + N = X and M NN = {0}. If

M and N are complementary subspaces of X, we write X = M & N [6].

Definition 2.2.2. Let X be a Banach space, and let M C X be a linear manifold.

M has finite codimension if there is a finite-dimensional linear manifold N such that

X=M®&N.



Definition 2.2.3. Let X be a Banach space, and let P: X — X be a linear trans-

formation. Then P is a projection if P? = P.

The next several observations establish some conditions under which a linear
manifold M of a Banach space X has a complementary subspace and is the image
of a continuous projection on X. These results, which are well-known, are collected

here for convenience. Theorems 2.2.4, 2.2.5, and 2.2.6 are exercises in [6].

Theorem 2.2.4. Let X be a Banach space and let P: X — X be a projection. If P

is continuous, then M = R(P) and N = N(P) are closed, complementary subspaces

of X [6].

Proof. First note that since P is a bounded, linear operator, N is a closed, linear
subspace of X [6]. Now let Pz, C M such that Pz, — x ¢ M. Then (Px, —x) — 0,
and since P is continuous, (P*x, — Pr) = (Pxz, — Px) — 0. Hence z = Pz, which is
a contradiction, so x € M and M is closed.

Next, P?x = Px =y € M implies P?z = Py, and y = Py. Thus, M N N =
{0}. Recall that M+N = {m+n | m € M,n € N}. Clearly, since M, N C X, we have
M+ N C X. Now, let x € X, and note that x can be written as x = (I — P)x + Px.
Since P(I — P)x = (P — P?)z = 0, we have that (I — P)x € N, so z is the sum of an

element in N and an element in M. Hence, X C M + N. ]

Also, there are cases when a projection is not needed in order to know of the

existence of a complementary space, as seen in the following theorem.



Theorem 2.2.5. Let X be a Banach space and let P: X — X be a projection. If

R(P) and N(P) are closed subspaces of X, then P is continuous.

Proof. Since P is a projection, we know (I — P): X — N(P). Let x € N(P)N R(P),
so Pz = 0. Then for y € X such that Py = x, we have © = Py = P?y = Px = 0,
which implies that y = 0. Hence, R(P) N N(P) = {0}.

Now for x,, C X such that x,, — z, suppose that Pz, — y for some y € R(P).
Then (I — P)x, = x, — Px,, —» x —y € N(P) because N(P) is closed. Also, P maps
to R(P),s00= P(z—y) = Px— Py = Prx—y, sincey € R(P), and P is a projection.
Hence, Pz = y, so if x = 0, then it must also be that y = 0, so the graph of P is

closed. Then by the Closed Graph Theorem [6], P is continuous. ]

Theorem 2.2.6. Let X be a Banach space and M be a finite-dimensional linear
manifold in X. Then there is a continuous projection of X onto M and M has a

closed complementary subspace [6].

Proof. Since M has finite dimension, M is closed [6], and we have M

= span{zy,...,x,}. Then for 1 < ¢ < n, define a linear functional f;: M — R by
filx) = filonzy + -+ + apzy) = ;. Let ||z|| = max?,{|]a1|}, and note that since
M has finite dimension, all norms are equivalent [6]. It is clear then that each f;
is bounded since |f;(x)| < ||z||. By the Hahn-Banach Theorem, there is a bounded
linear functional F;: X — R such that F; |y= f;.

Now define P: X — M by P(w) =>_7" | Fi(w)z;. Observe that

ZFi(w)wi < ZHFi(w)xill < (Z ||Fz'||||fcz'||) [w]].

7

[P(w)]] =




Hence, P is bounded. Since each Fj(w) € R, we have > | Fj(w)z; € M. Then

Pw) = P@Fi(wm)
. izn;Fi(w)xi:P(w).

Hence, P is a projection, and then by Theorem 2.2.4, N(P) is complementary to

M. [l

Theorem 2.2.7. Let X be a Banach space and M be a closed linear manifold in X

with finite codimension. Then there is a continuous projection of X onto M.

Proof. By Definition 2.1.2, there is a finite-dimensional linear manifold N such that
X=M®N. Forx € X, write x = m+n, where m € M and n € N. Define Px = m.
Then P? = P, R(P) = M, and N(P) = N. Also, note M and N are closed, so by

Theorem 2.2.5, P is continuous. [

2.3 Reduction Method of Lyapunov-Schmidt

The information presented in Section 2.2 provides the tools necessary to explain the
Reduction Method of Lyapunov-Schmidt. We begin by assuming that F' is a map

from U x V into Z, where U is open in X, V is open in Y, and X,Y, and Z are



Figure 2.1: Partitioning of the spaces X and Z

Banach spaces. Also, we assume

F(z0,y0) = 0 for some (zg,40) € U x V,
FeCUxV,2), (2.1)
D,F € C(U x V, L(X, Z)).

We assume that F'(-,yp) is a nonlinear Fredholm operator. We define
N = N(D,F(xo,y)) and R = R(D,F(xo,y)). Since D,F(xg,yo) is continuous, we
know N is closed, and since F'is a Fredholm operator, we know dimN < oo and
that R is closed with finite codimension. Finally, by Theorems 2.2.6 and 2.2.7, we
can write X = N & Xy and Z = R @ Zy, where Xy and Z; are closed, and we
can define continuous projections P: X — N and Q: Z — Z;. We note that Z, is
finite-dimensional.

Clearly, we have that x = Px + (I — P)x. In a similar, though less intuitive

fashion, the equation F'(z,y) = 0 can be written equivalently as the two equations

QF(z,y) = 0,
(I -Q)F(z,y) = 0.
9

(2.2)



Figure 2.2: Projections P and @)

To see this, begin by assuming F(x,y) = 0. Then it is clear that QF(z,y) = 0 and
(I —Q)F(z,y) = 0 are both true. Now, assume QF(z,y) =0 and (I —Q)F(z,y) = 0.
Then we have QF (z,y) = (I — Q)F(x,y), and because QF(z,y) € Zy and (I —
Q)F(z,y) € R are members of two complementary spaces, it must be that F(z,y) =

0. It follows that the equation F(z,y) = 0 is equivalent to the system of equations

QF(Px+ (I — P)x,y) = 0 (2.3)

(I -Q)F(Pz+ (I — P)z,y) = 0. (2.4)

Hence, we have effectively “split” the equation F'(x,y) = 0 by using the linearization

of F' to define complementary spaces.

10



Now define a function G: U; x W x Vi — R by

Gv,w,y) = (I —Q)F(v+w,y) (2.5)

where v = Pr € Uy C N and w = (I — P)x € W; C Xy. Note for vy = Pxy and
wo = (I — P)zo that D, G(vg, wo, o) = (I — Q) D, F(x0,yo), which as a map from X,
to R is bijective and bounded [2]. Then by the Implicit Function Theorem, we have
a function ¢: Uy x Vj — Xo, where Uy x Vj is a neighborhood of (vg, 39), such that
G(v+9(v,y),y) =0.

Then using the implicit function ¢ in (2.3), we define ®: Wy x Vy — Z, by

O(v,y) = QF (v +¥(v,y),y). Thus we have reduced (2.3) and (2.4) to

®(v,y) =0. (2.6)

Equation (2.6) is called the bifurcation function; studying F'(z,y) = 0 is equivalent
to studying (2.6) near the bifurcation point yy. However, ®: W, x Vj — Zy, so this

method has reduced the problem to a finite dimensional one.

11



CHAPTER III

A THEOREM OF KROMER ET AL.

The Implicit Function theorem provides a necessary but not sufficient condition for
the existence of a solution branching from the trivial branch at a bifurcation point.
When the kernel of the linearization about the trivial branch is one-dimensional, the
Crandall-Rabinowitz theorem is a well-known theorem that provides a sufficient con-
dition for bifurcation. However, the Crandall-Rabinowitz theorem does not directly
generalize to higher-dimensional problems depending on a single real parameter. Re-
cently, Kromer et al. [3] offered a method for proving the existence of local continua
through a bifurcation point when the kernel of the linearization is two-dimensional.

In this section we briefly describe the results of Kromer et al.

3.1 Background for the Theorem

We consider the non-linear problem F(z, ) = 0, where F': UxV — Z where U C X
is open, V' C R is open, and both X and Z are Banach spaces. We assume that

F(0,\) =0 for all A € R,
IX\ € V such that F (-, \g) is a Fredholm operator
dimN (D, F(0, \)) = codimR(D, F(0, \g)) = 2,
FeC*UxV,Z),where 0 € U C X and \g € V C R.

(3.1)

12



After performing the Method of Lyapunov-Schmidt to F(xz, \) = 0, we are
left with ®(v, \) = 0, where ®: Uy x Vj — Zj, using the notation from Section 2.3.
Next we write the Taylor expansion about (0,g) of ®. To do so, introduce the

following notation
1 .
. — - pipi
Dii(v) = j!i!D”D’\CD(O’ o) v, ..., v]. (3.2)
Hence, we can write

O(v,A) = Y NOj(v)+ R(v,\). (3.3)

j=0
1=1
We let & be the order of the first non-zero pure v-derivative of ® at (0, Ag). Then we
write
D (v, A) = Poi(v) + AP11v + R(v, ). (3.4)
It can be shown that the remainder term R(v, A) in (3.4) contains the following terms:

e terms of order 0 in A and order greater than or equal to k£ + 1 in v,
e terms of order 1 in A and order greater than or equal to 2 in v,

e terms of order greater than or equal to 2 in A.

See Table 3.1, which represents the terms in the Taylor expansion of ®. The top
row is the order of the A-derivative, and the left-most column is the order of the
v-derivative. Terms left in the remainder are labeled with an R in the table, and
terms that vanish are labeled in the table with 0.

Let {01,702} be a basis for N, so Vv € N, we can write v = x10; + X209, for

x1, x9 € R. The following theorem is proved in [3].

13



0 1 213 -
0 0 0 |0]0 -
1 0 0| R|R -
2 0 R |[R|R-
v
k || P(v)| R |R|R
k+1 R R |[R|R -

Table 3.1: Taylor expansion of ®(v, A).

Theorem 3.1.1. Let F' satisfy the hypotheses (3.1). Let R/, denote the rotation

Ry /o0 = —2901 + 21 03;

observe that (v, Rx/ov) = 0 for all v € Z. (3:5)
Assume that
Oy, = QD% F(0,)): N — Z (3.6)
1S an isomorphism
and that there exist 01,03 € N with ||01]] = ||02]] = 1 such that
(Por(01), Rrj2®1101) <0, (3.7)

(Pok(D2), RrjoP1102) > 0.
Then there exists a local continuum C' C X X R of non-trivial solutions of F' through

(0, X), and C/{(0,\)} consists of at least two components [3].

We see in several examples in the next chapter that the hypotheses of this the-
orem are straightforward to check. However, the theorem provides little information

about the nature of the bifurcation branches.
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CHAPTER IV

BIFURCATION IN SPECIFIC CASES

In this chapter, we begin by illustrating a specific example in R3 of the Lyapunov-
Schmidt reduction and an application of Theorem 3.1.1. This is followed by two
different generalizations of this example; both establish a set of sufficient conditions
to apply Theorem 3.1.1. The chapter concludes with a discussion of the theorem from
Kromer et al. as compared to classical methods for studying bifurcation problems with

two-dimensional kernels.

4.1 Example in R?

Consider the map F: R? x R — R? defined by

Ji(z, A) x18in(\) + xq sin(xq)
F(z) = F(z1,72,23,\) = | folwa, \) | = | xasin()) + zgsin(xy) |, (41)
fs(xs) sin(z3)

where © = (21, x9, 23). Let \g = 0. One checks that

f1(0,A) =0, f2(0,2) =0, f3(0) =0,
Dy, f1(0,A0) =0, Dqy f2(0,X0) =0, Dy f3(0) =1, (4.2)
Dil)\fl(o, o) = 1, Di2>\f2(0,)\0) =1.
Also,
D2 f1(0,X9) = cos(0) 4 cos(0) — 0sin(0) = 2, (4.3)
D2 f>(0,X) = cos(0)+ cos(0) — 0sin(0) = 2.

15



Next, we note that D, F(x, \) equals

sin(A) + sin(z1) + 2 cos(z1) 0
0 sin(\) + sin(xzg) + @9 cos(xg) 0 . (4.4)
0 0 cos(x3)
and hence
0 00
D,F(0,0)=|0 0 0 [. (4.5)
0 01

Clearly, (4.5) implies that
dim [N (D, F (0, \))] = codim [R (D, F (0, \))] = 2.

Note that F' satisfies (2.1) and is a Fredholm operator, so the method of
Lyapunov-Schmidt can be applied to this example. Let N = N (D,F(0,)\y)) and
R = R(D,F(0,)y)). Moreover, let Xy and Z, be their respective complements.
From (4.3), it is clear that N = Zy = {(21,22,0): 21,22 € R} and Xy = R
= {(0,0,z3): z3 € R}. Hence, the projections P: R® — N and Q: R® — Z; are
both defined by (x1, z9, x3) — (21, 29,0). Also, the map G(v,w,\) = (I — Q)F(v +
w, A) defined by (2.5) is (v,w,\) = ((z1,22,0),(0,0,23),A) — (0,0,z3). Hence,
D,,G(0,0, \g) is the same as the right hand side of (4.5), which is bijective as a map
from X, to R. Here, the implicit function % is identically 0. See the paragraph

containing (2.5). We have

Sy, A)
(v, A) = QF (v +9(v,A), ) = | fo(z2,A)
0
1 sin(A) + xy sin(z4)
= Ty sin(A) + xgsin(zz) | = 0.
0
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Note that in this situation ® does not depend on the implicit function .

Now we verify that @ satisfies the hypothesis of Theorem (5.1). For notational
convenience, we drop the third component of ®, which is identically 0, and we write
v = (1, x2,0) as just (z1,x2). We Taylor expand ® about (0, \),

B(v,A) = (A — Ag) D2, ®(0, Ag)v + L D20(0, Ao)[v, 0] + R(v, ). (4.7)

From (4.1), we see that

D,®(0,\)v = ( sino()\) sino()\) ) v.

1 0
D%, ®(0,\) v = v = = ,
0 1 i)

and hence, D?, (0, \) is an isomorphism, fulfilling the hypothesis in (3.6).

It follows that

For the next computation, we have

wer (5 0) ()

D23(0, \)[v, 0] = —9 ( a’lz ) .

o (326

Then substituting into (4.7), we have

D)) = (A=) ( o ) + ( xlz > + R(v,\). (4.8)

2 2

To satisfy the hypothesis (3.7) of Theorem 3.1.1, it remains to show that

), d= (d1>, and ||é]| = ||d|| = 1 such that
Co d2
2 0 —1 |
2 “ = (4.9)
d? 0 —1 dy
: > 0,
d22 1 O d2 |
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there exist ¢, d € R? with ¢ = ( !




- w— ]
- -
”
/’
/ \

! \
! \
| l

1
\
L
"'h.__._

Figure 4.1: Unit vectors ¢ and d, which satisfy hypothesis (3.7) of Theorem 3.1.1

or
ClcQ(CQ—Cl) < O,

(4.10)
dldQ(dQ—dl) > 0.

The inequalities in (4.10) are true, thus satisfying hypothesis (3.7), for any unit

vector ¢; = (cos by, sinf;) where ; € (0, %) U (%,7?) U (%’r, 37”) and any unit vector

dy = (cos By, sin 6y) where 6 € (%, %) U (7?, %”) U (37“, 27r), as illustrated in Figure 4.1.

- (5)4- ()

At this point, we have satisfied all of the hypotheses of Theorem 3.1.1, so the

For example, we can pick

result hold.
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4.2 Generalization of Example in R?

The example in Section 4.1 suggests the following result, which generalizes the ex-

ample and a is special case of Theorem 3.1.1.

Theorem 4.2.1. Let F satisfy (3.1), and let N, Xy, R, and Zy be as in Section 2.5.
Let {01, 09} be a basis for N, so Vv € N, we can write v = x101 + 209, for x1,x9 € R.
Also, let {1, 22} be a basis for Zy. Suppose that by using the method of Lyapunov-

Schmidt F(x,\) =0 is reduced to
(v, A) = ©(z101 + @202, A) = fi(w1,A)21 + fa(22, M) 22 = 0,
where fi: R — R for i = 1,2. Suppose there are constants oy, s € R such that
a1 #0, ag # 0, and
D?gl,\fl(O,)\o) = afq, D§2Af2(0, o) = Q. (4.11)
Suppose that D1 f1(0, ) = D2, f2(0,A) = 0 for 1 < j < k, and further suppose that
Dy f1(0,20) = s, DY, f2(0,X0) = au, (4.12)

where as and a4 are not both 0. Then there exists a local continuum C' C X X R
of non-trivial solutions of F' through (0, \y), and C/{(0, )} consists of at least two

components.

Proof. We verify that the hypotheses of Theorem 3.1.1 hold in this situation. Using

the bases {01, 09} and {21, 22}, we let © = (21, x2) and see that ®(v, A) = 0 yields

= = fl(xlv)‘) 0
P(x,\) = Py, 20, \) = = . 4.13
)=l ) ( fa(wa, N) > ( ) 1

19



First, we check hypothesis (3.6). Let v = (v1,v2) € R?. Here QD?, F(0, \g) =

D?,®(0, \g), and

~ D, 0 0
D2,®(0,\o)v = Dy W v=|[ ™ v,
0 Dx2f2 0 (0%}

which is an isomorphism because by assumption (4.11), both a; and a5 are non-zero.

Now we check hypothesis (3.7). We claim that for j > 1,

D;&S((L )\0)[1),...,1}} = ( Délfléo,)\o) D3 f(ZO A ) ) (Zi) (414>
z2J2(Us Ao 2

Note first that for j = 1, (4.14) is clear.

Suppose that for j > 1,

Did(0,\)[v, ..., v] = ( DilfléO,M N f(ZO . ) <le> (4.15)
z2J2\Us Ao 2

and observe that to find D& (0, \o)[v, ..., v], we first compute

D, [( D, fi(x1, Ao) | 0 ) (7}1])]
0 D%ng(l'g, )\0) vy’

DI fi (21, Ao)vr? 0
0 Dgc—;lfg (332, )\0)U2j '

Evaluating with z; = o = 0 and letting this matrix act on v yields

DIF19(0, \)[v, ..., v] = Dar f1(0, %) 0 (”15“). (4.16)
’ 0 DIt (0, X)) \v2?*!

Hence, the claim follows by induction. Then, using our assumption (4.12) about the

k-derivatives, we have

B(v, ) = ()\—)\0)<a1 O)v

0 [6%)

1 (0% 0 (U1k>
+ - + R(v, \).
k ( 0 au ) vok (v 4)
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k—1even — ] k—1odd - ——
-y = e
- - e - - 5
”
(—a10, ag0y) 7 (—oy s, ap0y)
/ \ A
/ \ \
! | \
! 1 l
i i1 1 1
\ ! \
A z A
\\\\\‘hn___ \\\\~\\h-__ ’
-

Figure 4.2: Unit vectors ¢ and d, which satisfy hypothesis (3.7) of Theorem 3.1.1

- /d 5
exist ¢ = (Cl) and d = < 1) with ||¢]| = ||d|| = 1 such that
C2 dy

or

are not 0. Since (—ayas, asay) # 0, -

SR
) ) ()

k—1 k-1

A7 el - (s, anay)] <0,
(dqds) [(d’ffl,dg’l) . (—051043,062064)} > 0.

1

To satisfy hypothesis (3.7) of Theorem 3.1.1, it remains to show that there

(4.17)

There are always vectors ¢ and d to satisfy this provided the inner products

and d*~! are required to be neither the

zero vector nor orthogonal to (—ajas, asay). The inequalities in (4.17) are thus true,

satisfying hypothesis (3.7). See Figure 4.2.
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4.3 General Example in R?

The example in Section (4.1) also suggests the following result, which is another

generalization of the example in Section 4.1 and a special case of Theorem 3.1.1.

Theorem 4.3.1. Let F satisfy (3.1), and let N, X, R, and Zy be as in Section 2.3.
Let {01, 09} be a basis for N, so Vv € N, we can write v = x101 + 209, for x1,x9 € R.
Also, let {1, 22} be a basis for Zy. Suppose that by using the method of Lyapunov-

Schmidt F(x,\) = 0 is reduced to
(v, \) = (2101 + 2202, A) = fi(21, T2, A)21 + fo(21, 72, A) 22 = 0. (4.18)

Also, suppose there are constants oy, B, v € R with 1 <1 < 4,

Da?f1<0a 07/\0) = (070)7 D$f2<0a07/\0) = (070)7
Dg)\fl (07 07 )‘0) = (al? 0)7 Dg)\f2(07 07 )‘0) = <07 a2)7

Dg'lfl D3231:B2f1 o /81 52 D3231f2 D§122f2 _ ,yl 72
ngxl fi D§;2f1 Ba B ’ D§2x1f2 D§2f2 Y2 Y4 ’
where the second partial derivatives in the last two equalities are evaluated at (0,0, \g).

Finally, suppose that oy, as, By, 71 # 0, and the following quantities are not both zero:
2007 — a1y and aoyy — 200 5. (4.19)

Then there exists a local continuum C' C X x R of non-trivial solutions of F' through

(0, Xo), and C'/{(0,Xg)} consists of at least two components.

Proof. As in the previous proof, we verify that the hypotheses of Theorem 3.1.1 hold
in this situation. Using the bases {01, 02} and {21, 22}, we see that ®(v,\) = 0 is
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equivalent to

~ = fi(w1, 2, \) 0
D(x,\) = D(x1, 29, ) = = , 4.20
(z,A) = & ) ( (0, ) ) ( 0 > (4.20)

where x = (21, 23).
First, we verify that hypothesis (3.6) holds in this situation. Let v = (v, v5) €
R2. Here

~ 0
QD2 F(0,)\) = D?,® (0, \g) v = ( (El ) v,
Qi

which is an isomorphism because both a; and ay are non-zero by assumption.

Now we check hypothesis (3.7). Note that D?®(0, \¢)[v, v] equals

51 52 (%1
(U1,U2)' ( ) ( )
Ba s U2 _ < Brv1v1 + 2820102 + 40202 )

(01, v2) M Ve (711) Y1101 + 2720102 + Y4U2V2
1,02) "
Y2 Va U2

Hence, we have

B(v,\) = (A—A0)<a1 0 >v

0 (0D)]

1 < Biv1v1 4 2320102 + 40209
3

> + R(v, A).

Y1V1U1 + 2720102 + 40202
To satisfy hypothesis (3.7) of Theorem 3.1.1, it remains to show that there

exist ¢ d € R? with & = <61> and d = <§1) with ||&|| = ||d|| = 1 such that
2

Co
Bicicr + 2P2ci¢o + Bacacy ‘ 0 —om Cq ] < 0
Y1€161 + 272€1C + YaC202 a0 c2 /) |
Brdidy + 2B2d1dy + Badads ‘ 0 —m dy ] > 0
Y1didy + 272didy + Yadady az 0 dy /|
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m
Let m € R? with m = < 1) and |jm|| = 1, and let 6 denote the expression
m2

Biv1v1 4 2320102 + 40209 _ 0 —oy U1
Y1U1V1 + 279201V + Y4V a0 mo

Then 6 equals

2 2 3 3 2 2
—a181my mg — 201 Bamimae” — a1 Bame® + agyima® + 2072my ‘Mg + yamime

= m,> [042717711 + (204272 - a1ﬁ1) mz] + mo? [(04274 - 204152) my — alﬂ4mg] .

Then define w = (971, 2027, — 1) and z = (agyy — 201 B2, —1 B4), SO we have
0 = (m%,my?) - (m-w,m-z). (4.21)

Existence of vectors & and d is thus dependent on the vectors w and z, and

hypothesis (4.19) gives w, z are not both the zero vector. We have
0= (mi®,me?) - (m-w,m-2) = mi*(m-w)+my*(m-2).

If either m - w or m - z is zero, the choice of ¢ and d becomes clear. Also, if w = z,
then m - w = m - 2, so choose & to be any vector in the third quadrant and d in the
first quadrant. If w L z, then choosing ¢ and d to be +w or +z reduces the sum
mi%(m - w) +mo?(m - 2) to one term whose sign is determined by the sign of w or z.

Now suppose w # z and w - z # 0, so without loss of generality, we have the
following situation: with regard to the quantity m;?(m - w) + my?(m - z). Note that
m - w (and hence, m;%(m - w)) will be approach 0 for m chosen near w*. Thus, the
sign of my2(m - w) + my?(m - 2) is determined by the sign of m. Should w! happen

to be the 0 vector, choose m near z*.
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Figure 4.3: Unit vector m, which determines ¢ and d, satisfying hypothesis (3.7) of
Theorem 3.1.1

Hence, provided w and z are not both 0, there are vectors é,ci € R?, thus

satisfying all hypotheses of Theorem 3.1.1. [

4.4 A Comparison to Other Techniques for Two-Dimensional Kernels

Theorem 3.1.1 provides a method for finding a nontrivial solution curve for single-
parameter bifurcation problems with a two dimensional kernel. Classical analytical
techniques based on the Implicit Function theorem can also be used to analyze single
parameter bifurcation problems with two-dimensional kernels. In this section, we
give a class of algebraic examples to which Theorem 3.1.1 applies but to which the
classical analytical techniques cannot be applied.

First we describe briefly the classical analytical techniques appropriate for
single parameter problems with two-dimensional kernels. We consider F(z,\) = 0,

where F' satisfies (3.1) and is a Fredholm operator. Let ®(v, A) = 0 be the reduced
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problem after applying the method of Lyapunov-Schmidt. Also, we call an operator

regular if it is invertible.

Theorem 4.4.1 (Kielhofer). Suppose ® satisfies

Doa[vo, vo] + P11vg = 0 for some vy # 0,

(4.22)
2®gs[vo, <] + P11 is reqular in L(N, Zy).

Then there is a nontrivial solution curve with ©(0) = ¥y,

{()\17()\)7)\)')\ € (-9, 5)} (4.23)
of ®(v,\) =0 [2].

Proof of this theorem can be found in [2]. Note that the conclusion here
gives information regarding the smoothness of the branching solution. We note that
by contrast, Theorem 3.1.1 presents a more relaxed set of sufficient conditions for
establishing the existence of non-trivial solutions. These conditions are easier to
verify in practice than the conditions in (4.22). On the other hand, Theorem 3.1.1
provides only the existence of a local continuum of non-trivial solutions consisting
of at least two components. In particular, there is no further information about the
behavior or smoothness of the branching solutions.

The purpose the examples in this section is to explore differences between
these two methods. In particular, we provide an example where Theorem 3.1.1 can
be applied, but Theorem 4.4.1 cannot. The example in Section 4.3 addresses the
same problem as the methods of Theorem 3.1.1 and 4.4.1, but begins in a less general

setting. While making use of Theorem 3.1.1, our next claim requires a set of conditions
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more specific than Theorem 3.1.1. The goal is to eventually establish how much more
specific we must be with the conditions of Theorem 3.1.1 in order to gain more

information about the non-trivial solution curve.

Theorem 4.4.2. With regard to a specific instance of the hypotheses of Theorem
4.3.1, the sufficiency conditions of Theorem 3.1.1 are met, but the conditions of The-

orem 4.4.1 are not.

Proof. It was shown in an earlier proof that Theorem 3.1.1 holds with the hypotheses

from Theorem 4.3.1. Further suppose that

Bo=172=0,
512542’712742%,

a1 = Qg = 1.
If ®gzfve, vo] + P11vg = 0 for some vy # 0, then the conditions of Theorem 4.4.1 with

these hypotheses yield

Broroy + 2000103 + Bavgva + qvy \ [ joi 4 jue® B 0
YUV + 2720102 + YaUaUs 4 QU2 112+ Tuo? + vy 0

This implies that 1 + v; + vo = 0. Moreover, we also have

9 ( B Ba ) <U1>
2Qgs[vg, ] + P11 = P2 bs " + ( o0 >
5 ( MY > <U1) 0 ap
Y2 V4 V2
B 26101 + 2600 + 26201 + 28409 )
N 27101 + 27202 27201 + 27402 + Qo

B v+1 v
V1 ’U2+1 ’
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which must be regular. Note however that this is not the case because

(1 + 1) (va+ 1) —vvy = (v3 +v2+ 1)+ v3v9 — V309 = 0.

Hence, it is not possible under these circumstances to satisfy the sufficiency conditions
of Theorem 4.4.1. Recall however, that the sufficiency conditions of Theorem 3.1.1

were met. ]
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CHAPTER V

AN ALGEBRAIC APPROACH

Theorem 3.1.1 provides sufficient conditions for the existence of a local continuum of
nontrivial solutions for a bifurcation problem with a two-dimensional kernel. In this
chapter, we construct an example with a specific bifurcation equation, and plot its
bifurcation branches. We then use the method outlined in the proof of Theorem 3.1.1
[3] on the same bifurcation equation to generate an example of the results provided

by Theorem 3.1.1.

5.1 The Bifurcation Equation Graphically

Let F satisfy (3.1), and let N, Xy, R, and Zy be as in Section 2.3. Let {01, 02} be
a basis for N, so Yv € N, we can write v = x101 + X909, for z1, 25 € R. Also, let
{Z1, 22} be a basis for Z,. Suppose that by using the method of Lyapunov-Schmidt

F(x,\) =0 is reduced to

@(U, )\) = (I)(xl@l + JIQ’[JQ, )\) = fl(l‘l, )\)2?1 + f2($2, >\)22 = 0,

where f;: R — R for ¢ = 1,2. Here, we assume k = 2, where k is the order of the
first non-zero v-derivative. We also suppose that all but three remainder terms in the

Taylor expansion of ®, about a particular solution (0, \), vanish.
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0 1 |23 -
0l o0 0 [0]0-
1| 0o |®yw|0]|0-
2| @) | R |00 -
3| R R [0]0 -
4l o 0 [0]0-

Table 5.1: Taylor expansion of a specific (v, \)

Specifically, we assume that the Taylor expansion of & is
D(v,\) = APv+ Pga(v) + Poz(v) + AP12(v) + AP3(v)
(5.1)
= AD,D)\®(0, \g)v + %Dg@(o, o) (v)
+2D3®(0, Ao)(v) + SADZDAD(0, Ag)(v) + £ADIDAD(0, Ag)(v)
Next, we must calculate partial derivatives. We will represent the first v-derivative
using the gradient and the second v-derivative with a Hessian. To simplify calculations
and maintain a degree of generality, we assign a sequence of variables to the derivative
entries of each of the matrices. For example,

Du,fi D,
AD,Dy\®(0, )y = ADA< S fl)v

Dx1f2 Dx2f2

] Qg QU1 + Qo
= A v= A\ ,
3 Oy 3V + (07X
where we have assumed

Dgzclel Diz,\f2 _ a1 Qg
Dgl,\fQ Dgg,\f2 Q3 Qy

30

(5.2)



1D2B(0, M) (v) = $D,(Dy®(0,))[v, 0]

- %m(Dg“fl D”fl>[v,v]
Dx1f2 Dx2f2

b1 Do vy
[Ula U2] *
1 ﬂ3 ﬁ4 U2
’ 12 U1 (5.3)
[U17 UZ] :
V3 Va b2
_ 1 [ Brnvr + Baviva + Favavr + [avavy
’ V1U1V1 + Y201V2 + Y3V2U1 + Y4U2U2
[ Brvivr + Bavrvg + Bavavs . )
= 3 after reindexing.
Y1U101 + Y2U1V2 + Y3U2U2

where we have assumed

Difi Diofi\ [ B B Dife Diofa\ [m
Doyor /1 D2 N1 By B ) D2, fo Difs Y2 V4

After similar calculations for the last three terms of ®, we have

+
O, \) = A Q11 T Qa2
Q3V1 + QqU9

41 ( Brv1? + Pavrvg + Bav9” )

2
Y1012 + V20102 + Y3092

L[ a1 + agui®vy + azv1v® 4 agvs®
+35 5 ) ) 5 (5.4)
b1v1° 4 byv17vy + b3v1va” + byvs
\ 1012 + CoU1Ug + 3092
d1U12 + dQUlUQ + d3’U22
e101% + eqv12v9 + e3v1v92 + eqvs®
3 2 2 3
f101° + favi“va + fav109° + favs

+

N[

=
>~

This illustrates how difficulty often arises in dealing with bifurcation equa-
tions with higher dimensional kernels. Even while using our very conservative re-

straints, this example has quickly become cumbersome. For simplicity of calculation,
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Figure 5.1: The intersection of the zero sets of ¢; and ¢, correspond with the solution
set of (v, A) = 0. The non-trivial solutions are indicated by the red lines.
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we suppose at this point that {a;}:, = {1,0,0,1}. We further suppose that any
coefficient of a term containing both v; and vy to be 0, and all others to be the

appropriate constants such that all non-zero coefficients are 1. We then have
2 2
v Yt
@(v,A>=A<1)+<Z )
v V17 + v
2 1 2 (5.5)
n ’U13 + U23 1A ’1112 + U22 1 U13 + U23
U13 + 1)23 ’012 + ’022 'U13 + ’U23
If we regard ® as two functions, one in the first component and one in the second,

we define

d1(v1, v, \) = vy + 0,2 + 52
+012 + 093 4+ A2 + Ao + Mo 4 g
(5.6)
Ga(v1,v2,\) = Avg + 112 + 52
+012 + % + Avi? + Mo? + A3 + Awg?,

Then the solutions of ® = 0 correspond with the intersection of the surfaces ¢; = 0
and ¢ = 0. These surfaces are plotted together in Figure 5.1. Since ¢; = ¢ = 0
implies

d1(v1,09, A) — P2(v1,02,\) = A(vg —wvg), (5.7)
our solutions are the intersection of the surfaces where v; = vy. This is illustrated by

the red line in Figure 5.1.

5.2 Kromer’s Method

We now provide an example of the non-trivial solution branches as they result from

Theorem 3.1.1. To do this, we follow the steps outlined in the proof [3]. Suppose ®
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is as in the previous section. We first make the substitutions v = s0, where ||7]| = 1,
and \ = s\ yield:

D(0,N,8) = s2AD10 + 2DPe(D) + P D3 (D) 4+ P AD15(0) + 4 )@13 (0)

2 (3. (5.8)
= s (/\CI’HU + Do (0) + sPo3(0) + S)\(I)u( + s )\‘I)13

\/

so we can define

D(0,N,5) = NP1+ Ppa(D) + sPg3() + sSAD12(0) + 52 AD3(D). (5.9)

We can also make this substitution in ¢; and ¢,, and after removing a factor of s,

define

¢1(U1,U2,5\78) = XUl +U12+U22
501 + 5057 + s 12 + sAvp? 4 2?4+ 52 Ay?,

(5.10)
(ZBQ(’Ul, Vo, 5\, S) = :\UQ —+ U12 + U22
+svl3 + 3?}23 + 8:\1)12 + 35\v22 + 825\1)13 + 32:\1)23.
Also, we have &)(T), A, s) = 0 if and only if
QEI(UMUQaS\?S) :Q;Q(Ulav%xa S) = 0. (511>

We now reformulate the problem as in the proof of Theorem 3.1.1 [3]. Define
- A
fl(ﬁa)‘wg) = ¢1(U17U2’ ~7S) ’ o > (512)
¢2(01,U2,/\,S) Vg

- A _
o ds) = [ Ol Al e (5.13)
¢2<Uluv27)‘)8) U1
Note now that for s # 0, é(f),j\, s) = 0 if and only of fl(ﬁ,j\,s) = fg(f),:\,s) = 0.

Since we have explicit definitions of f; and f,, we can solve for A in f; = 0 and

substitute the resulting function into fo = 0. Then we will have a function in ¥ and
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s only, whose solutions (for s # 0) are the nontrivial solution branches of ®(v,\) =0
near (0, Ag).
We have that (5.12) yields
(5\1)1 4+ 012 + 22 + 5013 + 5023 + A 2 + sAve? + s2Aud + 525\1123) vy

+ (5\2)2 + 1112 + 1122 + 31113 + 3023 + 35\v12 + 35\022 + 325\1)13 + 825\1)23) V9

=\ (012 + sv13 + sv?v; + st + 520301 + 192 + 5120y + sv93 + 520130 + s%0n?)
+012 + vo?u; + st 4 sv2301 + V1209 4 V22 + 5130 + st = 0.
(5.14)
Similarly, we have that (5.13) yields

<5\U2 + v12 4 092 + 5013 + sved + 35\2)12 + s:\v22 + 325\1)13 + 825\2)23> Vg
— (5\’01 + U12 + U22 + 8U13 + 81)23 + 85\’012 + S;\'UQQ + 825\1)13 + 525\’023) U1

= A (022 + 51209 + V23 + %V + s2t — 11?2 — sv13 — svPv; — sPut — sPwLduy)
+1)121)2 + U23 + SU13UQ + SU24 — vl?’ — ngvl — 51114 — SU23U1 =0.

(5.15)

Since v; and v, are orthogonal unit vectors, we have v;2 + v,2 = 1, so simplifying

yields
fi(o, 5\, s) = A (1 + s(vy + vo) + s%(v1* + vive + 1a?)) (5.16)
vy + v2 + s(v1 4+ v2)(v1® + v2%) =0, .
and
20,0, 8) = A(va2 — 012+ 5(vy — 1) + 5%(vg — v1) (0> + v13)) (5.17)
+vg — v1 + s(vg — v1) (V23 + 1,3) = 0. '
Solving (5.16) for \ yields
5\(’[),8) _ (%1 +U2+8(U1 +U2)(U13 +U23) (518)

1+ (v + va) + (012 + vyvs + ot)

35



Then we can define g(vy, v, s) = fo(0, \(9, 5), 5) =

vg — vy + s(vg — v1)(v2® + v13)

U1 + (%) + S(Ul + UQ)(U13 -+ U23) 9 9
- | (v2® —v%)
1+ s(vy + v9) + 82(v1* + vivg + va?)

(5.19)

B v 4 vy + s(v; + 02)(013 + 023)
1+ s(vg + v) + s2(v1* + vivg + va?)

) (st = )

_ U1 + V2 + S(Ul + UQ)(UlS + U23)
1+ s(vg + ve) + s2(v1* + vivg + va?)

) (52(U2 — ?)1)(?)23 + ’U13)) .
Define ¢(0, s) by substituting v; = cosf and ve = sin . After simplifying, we have

2ssin 6 cos® @ + sinf — ssinf cosf + s — 2s cos? @ — cos b
ssinf + s2sinf cos + 2s2cost 0 + s2 — 2s2cos?2 0 4+ scosf + 1

9(0,s) = (5.20)

The graph of ¢g(#, s) in Figure 5.2 is a bifurcation diagram, depicting the behavior of
the nontrivial solutions of & = 0 for s in a neighborhood of 0. Since s is a parameter-
ization relating v and A, this is equivalent to a neighborhood of the bifurcation point,
(0, A0). Note that in this neighborhood, § = %, and this is equivalent in rectangular
coordinates to v, = vy, as we saw in Section 5.1. We can generate another bifurcation
diagram by defining a function h(vy, ve, s) by translating g(0, s) back into rectangular

coordinates, so

h(vy,ve,8) =
(012 + o2 + v + 12%) (12 — 1% — V1ve? + Vo 2) (5.21)
82 (U12 + U13 + U1U22 + 1114 + U1U23 + 7122 + 021}12 + 1123 + 1)22)13 + U24) '

The & factor is a result of the s? that was removed from ® to define ® in (5.9), so

]’L(Ul, ’UQ) =
(112 4+ vo? + v1® + %) (v® — V1 — V12 + Vovy?) (5.22)
(U12 + ’013 + ’U1U22 + ’Ul4 + U1U23 + 1222 + ’U2U12 + ’U23 + U2U13 + U24) )

This bifurcation diagram can be seen in Figure 5.3.
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CHAPTER VI

A DIFFERENTIAL OPERATOR EXAMPLE

We now examine the application of Theorem 3.1.1 to an infinite-dimensional problem.

We consider a nonlinear boundary-value problem

"

+ 2" 4 du +ud =0,
0<x<m,

Consider (6.1) as an operator

F: X xR — Z by

mn

F(u,\) =u"" + M + 4u + u?, where

X ={u e C*([0,7],R) : u satisfies (6.2)},
Z=C([0,7],R).

Our bifurcation problem takes the form

F(u,\) = 0.

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

We must check that hypotheses (3.1), (3.6), and (3.7) of Theorem 3.1.1 are

satisfied. Part of checking (3.1) is verifying that F'(-, \) is Fréchet differentiable, and

part of checking this is showing that D, F'(0, \) is a bounded operator. For differential

operators, this entails addressing certain technicalities related to the choice of function

spaces. These are not central to our main goal of applying Theorem 3.1.1, so while we
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do eventually work in L? ([0, 7]), we do not show below that D, F(0,)) is bounded.
See [7] and [§].

We begin by analyzing the linearization of F'. Then we perform the reduction
method of Lyapunov-Schmidt and verify that the kernel of the linearization and the
codimension of the range of the linearization both have dimension two. Finally,
we calculate partial derivatives in order to generate the Taylor expansion of the
bifurcation equation and verify (3.6) and (3.7). We conclude this chapter with some

plots of the graph of the bifurcation equation.

6.1 The Linearization of F

We start by noting that uy = 0, the zero function, is a solution to (6.5) for any .
Next we linearize about the trivial branch. To calculate D, F'(0, \), we set u = ug+ €t

in (6.5), and take the partial derivative with respect to e. We get

;

(ug + €tr) NS\ (uo + eﬂ)” + 4 (ug + ea) + (up + euw)” =0,
up(0) + eu(0) = 0,
o up(m) + eti(m) = 0, (6.6)
(uo + €tt)” (0) =0,
(uo + €tt)” () = 0,

which yields

N Nz

" 4 M+ At + 3 (ug + eit)? i = 0,
u(0) =0, u(m) =0, (6.7)
' (0)=0, @ (7)=0.
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Then setting € = 0 gives

2

+ & 4 4it 4 3upt = 0,
u(0) =0,  a(r) =0, (6.8)

i (0)=0, ' (m)=0.
Hence, the linearization D, F'(0, \)u = 0 of (6.5) about the trivial branch corresponds

to the linear boundary-value problem
(0) = u(m) =0, (6.9)
)

To find the candidates for bifurcation points of (6.5), we must find the values
of A for which the Implicit Function Theorem fails, or where D, F'(0, \) does not have
a bounded inverse. It is sufficient to locate values where N (D, F'(0, \)) has dimension

greater than 0, which correspond to points where (6.9) has non-trivial solutions.

6.2 Analysis of D,F(0,\)

To find the general solution to (6.9), observe that (6.9) yields the characteristic equa-

tion m* + Am? + 4 = 0, which has roots

m = ) ARG (6.10)

We assume A > 4, in which case the 4 roots are distinct. Then the general solution is

B —2 V2216 51/ ZA=VA2—16 _gy) ZA=VA2—16 _sy) ZA=VA2—16
ﬂ:cle\/ 2 +cze\/ 2 + c3e \/ 2 + cye \/ 2 )
(6.11)
To rewrite (6.11) in a more useful form, we consider how the roots (6.10)

depend on \. Consider the functions f and g defined by
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Figure 6.1: Left to right: i - mqy(X), i - ma(N), i - mg(A), i - mg(N)

f()\) —_ 7/\+\/f1 ()\) — f)\f\/Qm.

and g

Note that for A > 4, it is alway the case that —\ =/ A? — 16 < 0, and note also that
f(A) — 0 and g(\) — —o0 as A — oo. Noting that the function h: C — C defined

by h(z) = z'/? takes a point with argument 6 to a point with argument g, we define

functions m;, i = 1,...,4, by
i-mi(\) = 7)\+\//\2716 _ Aﬂ/,\2 G
i-ma()) = )\—\/AQ 6 _ A—i-\//\? 6
(6.12)
i 3(/\) _ )\+\/)\2 16 _ )\—\/A2 16 —zml /\
i m4(>\) _ )\f\//\2 16 _ )\+\//\2 16 _ —zm2 /\

These functions are sketched parametrically in Figure 6.1. For A > 4, im; and img
are conjugates, and ¢my and imy4 are conjugates. Hence, in the usual way, we can

rewrite the general solution (6.11) for A > 4 as

i = cpcos(smy(N)) + cpcos(sma(N)) + cgsin(smy(N)) + ey sin(sma(N)).  (6.13)
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To enforce the boundary conditions in (6.9), we note that

i = —cymi(\)sin(smyi())) — cama(N) sin(sma(N))
+cgmy () cos(smy(N)) + cama(A) cos(sma(N))
(6.14)
i = —ci(mi(N)?cos(smi(N)) — cama((N))? cos(sma(N))
—c3(my(N))?sin(smy (X)) — ca(ma(N))?sin(sma(N))
Imposing the boundary conditions, we have
w(0) =0 = c¢1c08(0)+ cgcos(0) + c3sin(0) + ¢4 sin(0)
= (1 + ¢,
u(m) =0 = cycos(mmy(N)) + co cos(mma(N))
+cgsin(mmy(A)) + ey sin(mma(N)),
. (6.15)
w (0)=0 = —ci(mi1(N))?cos(0) — cama((N))? cos(0)
—c3(my1(N))?sin(0) — c4(ma(N))?sin(0)
= —ci(mi(N)? = ca(ma(N))?,
@' () =0 = —ci(mi(N))?cos(mmi(N)) — c2(ma(N))? cos(mma(N))
—c3(my(N))?sin(mmy(N)) — ca(ma(N))? sin(rma(N)).
If we define A by
1 1 0 0
cos(mmy) cos(mms) sin(mmy) sin(mms)
g iy 0 0 (6.16)
—my2cos(mmy) —ma?cos(mmsy) —mi?sin(mmy) —ms?sin(mmsy)
then (6.16) is equivalent to
Al % |=o0 (6.17)
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det(A)

10

-10

Figure 6.2: det(A) as a function of A

Therefore the )\ values for which the determinant of A is zero are the values for which

(6.9) has non-trivial solutions. A straightforward computation shows that

det(A) = (A\? — 16) sin(mmy (X)) sin(wma(N)). (6.18)

Since we assume that A > 4, det(A) = 0 exactly when m;(A) € Nor ma(A) € N,
which happens when A\ = n? + 4n~2 with n € N. Figure 6.2 shows a graph of det(A)
as a function of .

The first value of A greater than 4 for which det(A) = 0 is A = 5, and

my(5) = 1, ma(5) = 2. Also, for A = 5,
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1 1 00 1000
A -1 1 00 N 0100 (6.19)
-1 —4 0 0 0000
1 —4 00 0000
Note that

0 0
0 0
11710
0 1

is a basis for the null space of A for A = 5. These two vectors have entries that
correspond to the four ¢; values from the general solution (6.13), so using the general
solution, we have {sin(s), sin(2s)} as a basis for N(D,F(0,5)). Now we seek to estab-
lish a bifurcation for (6.5) at A\ = 5 by performing the Lyapunov-Schmidt reduction
and then applying Theorem 3.1.1.

As preparation for the Lyapunov-Schmidt reduction, we study the range of

D,F(0,5). We consider D, F'(0,5) as a map from L*(0,7) to L*(0, ) [8] with

"

domD,F(0,5) = {u: u" is a.c. on [0,7],u"" € L*(07),u satisfies (6.9)} . (6.20)

Also, we have by definition
dom [D,F(0,5)]" ={g € L? | u— (D,F(0,5)u, g) bounded on domD, F(0,5)},

where [D,F(0,5)]" is the adjoint of D,F(0,5). To find the adjoint, we pick u €
domD, F(0,5), and let g € L?(0,) such that ¢" is a.c. and g € L?(0,7). We then

compute
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(DuF(0,5)u,q) = <u + 5u” + 4du, g> _ / <u +5u 4 4u> g (621)
0

= /u””g—i—5/ u”g+4/ ug (6.22)
0 0 0

We evaluate the first two integrals in (6.22) using integration by parts. The first

integral is
™ ™ ™
" " "ot
/ g = u gl — / u g
0 0
™ ™
n "o non
= u gl —ug| + / ug
0

” _ / u/g/// (623)
0

3y ©

" mno

" "

— u///g _|_ u/g// + / ug////’
o Jo
where in the last equality in (6.23) we use that u satisfies the boundary conditions

(6.9). The second integral in (6.22) is

5/ u”g = 5u/g —5/ u/gl
0 0 0

+5/ ug (6.24)
0 0

= 5ug| —ug
0

= 5u'g —1—5/ ug",
0 0

where again, we have used (6.9). Hence, if we require ¢ to satisfy the same boundary
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conditions (6.9) as u, then

(D F(05)u,g) = / ug” +5 / ug’ + 4 / ug
0 0 0

_ / u <gm/ + 59// + 4g> (625)
0

— <u7 g//// —"_ 5g// —"_ 4g> )
If follows that D, F(0,5) is self-adjoint. Moreover, since [R (D, F(0,5))]" = N([D.F(0,5)]*)
[6] and {sin(s),sin(2s)} is a basis for N(D,F(0,5)) = N([D,F(0,5)]*), we know

{sin(s),sin(2s)} is a basis for [R (D, F(0,5))]".

6.3 Lyapunov-Schmidt Reduction

Now we apply the method of Lyapunov-Schmidt to find the bifurcation equation for
the nonlinear problem F'(u, A) = 0 defined in (6.2) to (6.5). The first step is to define
the appropriate projections. We let N = N(D,F(0,5)) and Zy = [R (D, F(0,5))]".
Noting that [ sin(s)sin(2s)ds = 0, we normalize the elements of {sin(s),sin(2s)}
to get {\/g sin(s), \/g sin(QS)}, which, by the result in the previous section, is an
orthonormal basis for both N and Z,. We set ¢; = \/gsin(s) and ¢ = \/gsin(Qs).

Next we define

Ll(f) = <fa¢1>:/owf¢1d8a

(6.26)
Ly(f) = (f,d2) = / Jads.
0
We then define the projections P: X — N and Q: Z — Z;, by
Pf=Qf = Li(f)$r + Lao(f) 2. (6.27)
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Now, just as in Section 2.3, the equation F'(u,\) = 0 can be rewritten as the

pair of equations
QF(Pu+ (I — P)u,\) = 0,

(I —=Q)F(Pu+ (I —P)u,\) = 0. (6.28)

Then we define
G(z,w,\) = (I —Q)F(x+w,\) =0, where z € N,w € N*. (6.29)

We apply the Implicit Function theorem to (6.29), which yields a function ¢: Wy x
Vo — N+ such that W is a neighborhood of 0 in N and Vj is a neighborhood of 5 in
R, and G(z 4+ (x, ), ) = 0 on Wy x V. Hence, we have reduced solving F'(u, \) = 0

to the finite-dimensional problem
QF (& +(x, \), \) =0, (6.30)
where
Wo x Vo 3 (2,)) = QF (x + (2, \), \) € Z, (6.31)

and Wy x Vyp € N x R with N and Z, both 2 dimensional. Now we introduce
coordinates. For any x € N, we can write x = x1¢1 + x2¢9 and define

F(xy1,29,\) = F(2101 + 2202 + Y (x161 + 2202, A), ), (6.32)

hl(l'l,l'g,)\) = Ll(Qﬁ(Qﬁl,l'Q,)\)),

~ (6.33)
hg($1,1]2,)\) = LQ(QF(Z‘l,ZEQ,)\)),
[ ha(zr, @, A)
H(xq,x9,\) = ( halr. 20\ > . (6.34)
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Then H: R? x R — R? and (6.30) is equivalent to H(x1,z2,\) = 0. We note that
for any A\ € Vj, we have
hl(ovoa )\) = Ll QF 0707>\))

(6.35)
h2(0707 )‘> = L2

6.4 Verifying the Hypothesis of Theorem 3.1.1

In this section, we verify the hypotheses of Theorem 3.1.1 for F(u,\) =0 at A = 5.
Note that here H plays the role of ® in the statement of Theorem 3.1.1, so the
hypotheses we need to check are on Hy; and Hg,. Checking the hypotheses entails
generating the Taylor expansion of H around the bifurcation point (0,0,5). In the
course of taking partial derivatives of H, we must compute various derivatives of F'
with respect to u. We showed above in (6.6) to (6.8) that D, F(ug, 5)v1 = v, +5v] +

4v; + 3ug?v;. To compute higher order derivatives, we let uy = ugy + €vs. Then

D DuF(ugo + eva)vr = 2 (v)" +5v) + 4v1 + 3(ugo + €v2)?01) , S0 (6.36)

D F(ugo, 5)[va, v1] = 6ugovyvs.
Then since Dy, F'(ugo, 5)[v1, v2] = Bugovive, we let ugy = ug + €vs and calculate

DuuuF(u07 5)[2}37 Vg, Ul] = %DuuF(u()y 5) [Uly UQ]
% [6(uo + €vs)vivs) (6.37)

= 6v1v9vs.

Then we have

"

D,F(0,5)0;, = v, +5v) + 4vy,
Dy F(0,5)[vg,v1] = 0, (6.38)
DuuuF(O, 5) [1)3, V2, Ul] = 6’011)2’03.
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The computation of the partial derivatives of h; and hs at (0,0, 5) are similar.
These computations are carried out in Appendix B. The partial derivatives of h; and
hy also require derivatives of the implicit function v (z, A), and these can be seen in

Appendix A. From these appendices, we have the following results:

o = a3 = < < ,
oz, (0,0,5) asz(o,o, 5) = 0 forl1<i,j<2, (6.39)
O (0,0,5) = 6L,Qdip;¢p for 1 <mn,i,j,k <2 (6.40)
8%18%8% T - n iYiPk =110,k 4 .
0?hy )
= = - 6.41
0/\8x1 (Oa075) L1Q¢1 1, ( )
0hs )
NOTo = = - 6.42
a)\a$2 (O’ O? 5) L2Q¢2 47 ( )
a2]711 a2h2

(0,0,5) = 0. (6.43)

8/\8xg< ,0,5) = ONOTL,

From (6.39) it follows that both Hy; and Hoy are the zero operator, where we

are using the notation introduced in (3.2). Also, letting = (z1, x2), we have that

1

H03(I> 3‘

(6.44)

D3y (0,0,5)[z, 7,
DEH(0,0,5)[x,z.2] = < I )[mx]>7

D3h2(07 O? 5)[%, Z, $]

T
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and we have that

Dihl(ov 07 5)[:["7 Z, l’]

(z1,72) - (
(wlax2> ' <
(z1,72) - (
(z1,22) - <

_ 9.3 18 2
—ﬂiCl + lexQ

DihQ(Ov 07 5)[1’, Z, $]

(21, 72) - (
(x17x2> ' <
(z1,72) - (
(z1,22) - <

18

™

x12s + 225,

axlxm:l hl (Oa 07 5) axlxlxz h1(07 07 5) X1
a’rlmxl h‘l (Oa 07 5) aﬂﬁw@mhl(oa 07 5) T2
: (xla 'IQ)
&mm hl (0, O7 5) (91211362111(0, 0, 5) X1
axzmzarlhl (Oa 07 5) 6x2x2x2h1(07 07 5) i) ]
0 % i)
0 % - (21, 22)
g 0 To
aﬂ&lxwlh?(Oa 07 5) 0961901962 h2(07 07 5) €
a’rlmxl h2<07 07 5) aml$2x2h2(07 07 5) T2
: (xla 'IZ)
a172351271hQ<07 07 5) ar2$1w2 h2(07 07 5) I
axzmzccth(Oa 07 5) axzxgzg h2(07 07 5) i) ]
0 % ) < il
& 0 T
% O - : (xla x?)
0 % To
3
(6.45)

9,34 18 2 3343 2

il e e SR _ 501" + 2T1T2 . (6.46)

Bri?wy + 2ay® 300200 + - 19®
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Note that in (6.46) and in several places below we use 0,,h for %, etc., to save space.

Next we compute

Diy2hi(0,0,5
Hyx = Dy, H(0,0,5)z = 2a1(0,0,5) > x

Dizhs(0,0,5)

(OAz111(0,0,5), Oxg, h1(0, 0, 5)) )

= X
OAL1hy(0,0,5), Brg,h2(0,0,5
( x1 2( s Jy )7 A 2( )) (647)

-1 0

= X
0 —4
—4£L‘2 .

Finally, using (6.46) and (6.47), we have the Taylor expansion of H around

the bifurcation point (0,0, 5):
H(l’l, Ta, )\) = H([E, )\) = (/\ — 5)H11£C + Hog(x) + R(l’, )\)
—z 3203 + 3aq20?
= (A-5) P [ T T ) RN,
—4.’13‘2 %LClQSL’Q + %1’23
(6.48)
Hy; is clearly an isomorphism from R? — R? so (3.6) is satisfied. To satisfy

hypothesis (3.7) of Theorem 3.1.1, it remains to show that there exist ¢, d € R? with

~ d ~
o= ()= () anc el = ] = 1 sueh
Co d2

3 .3 3 2 1

3343 0 4

(2o ) (5] <o

- C1 3C2 m C22 €2 - (649)
%Ch +%d1d2 0 4 dy > 0

%d12d2+%d23 -1 0 dy ) | |

This is equivalent to

%0102 (2c1% + 7c?) < 0,

6.50
%dldQ (2d12 + 7d22) > 0. ( )

Since 2¢;2 4 7cy? > 0, Ve; € R, it is clear that this condition is met for any ¢ in the

second or fourth quadrant and any d in the first or third quadrant. We then have
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from Theorem 3.1.1 that there is a local continuum of nontrivial solutions of F'(z, \)
through (0, 5).

Because we have computed the Taylor expansion for the bifurcation equation
in this case, we can, as in Section 5.1, sketch approximately the graph of the nontrivial

branches. Recall H(z1,z2, A) from (6.48). We define

P11, 22, A) = (5—A)z1+ 2—?;%3 + %931@27 (6.51)
¢2($1,3§'2, )\) = (5 — )\)4%2 + %%12332 + %9@3. '

Then plotting the solution sets to ¢; and ¢4 yields two surfaces, and as in Section 5.1,

the intersection of the two surfaces approximates the solution set to H(zq,x2,\) =0

for (21,22, A) near (0,0,5). This can be seen in Figure 6.3. The non-trivial solutions

are indicated by the red lines.
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CHAPTER VII

THE CRANDALL-RABINOWITZ THEOREM
7.1 The Crandall-Rabinowitz Theorem

The Crandall-Rabinowitz Theorem is a well-known result that provides a sufficient
condition for bifurcation in problems for which the kernel of the linearization is one-
dimensional. In this section we note a variation on the Crandall-Rabinowitz Theorem
relevant for problems in which the kernel has dimension greater than one.

First we state the standard Crandall-Rabinowitz Theorem. We assume
F: X xR — Z, where X and Z are Banach Spaces, and we also assume that F

satisfies
F(0,)\) =0 for all A € R,

and 3)\; € R such that (7.1)
dimN (D, F(0,)\g)) = codimR(D,F(0,\)) = 1.
Theorem 7.1.1 (Crandall-Rabinowitz Theorem). Let F' satisfy the conditions in

(7.1) and suppose

F e C*U x V,Z), where Fis a Fredholm operator on U,
0eUCX,UopeninX, and \g € V CR, V open in R,
N(D,F(0,))) = span|ip], o € X, ||0o]] = 1,

D2, F(0, M)t & R(D,F(0,\p)).

Then there is a nontrivial continuously differentiable curve through (0, Ao),

{1000

s € (=4,9), (z(0), A(0)) = (0, )\0)},
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such that
F(z(s),A(s)) =0 for s € (=6,06),

and all solution to F'(x,\) in a neighborhood of (0, o) are on the trivial solution line

or on this nontrivial curve [2].

Shortly we present a result whose proof is based on the basic idea in the proof
of the Crandall-Rabinowitz Theorem. We illustrate this idea by considering the stan-
dard example of the pitchfork bifurcation. Hence, we define G: R? — R by G(x,\) =
23+ \x. We emphasize that the point of this discussion is to illustrate the basic idea in
the proof of the Crandall-Rabinowitz Theorem, not to analyze the equation G(z, \).
We know from elementary algebra that G(xz,\) = 0 has a pitchfork bifurcation at

Ao = 0, as seen in Figure 7.1. To illustrate the idea of the proof, we note that
dimN(D,G(0,0)) = codimR(D,G(0,0)) =1, (7.3)
and hence, 0y = 1 is a basis for N(D,G(0,0)). Also,
D2,G(0,0)d0 = o ¢ R(D,G(0,0)) =0,

so the hypotheses of the Crandall-Rabinowitz Theorem are satisfied.
Having noted that G(0,A) = 0 for all A € R, we have the line z = 0 as the

trivial branch of solutions. Now we write

1 1 1
G(z,\) = /O%G(tw,)\)dt:/o DJ;G(tz,)\)zdt:x/O D,G(tz,\)dt. (7.4)

We define )
Gz, \) = / D,G(tx, \)dt
0

= (224 )).
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Figure 7.1: G(z,\) =0

After “factoring out” x, the idea now is to apply the Implicit Function Theorem to the
equation G(z, ) = 0 in order to describe X in terms of 2. Because G(z, \) = 2G(z, \),
a non-trivial branch of solutions to G(x, \) = 0 corresponds to a non-trivial branch

of solutions to the original equation. We have that

DyG(0,0) = / 1D?;AG(O,O)dlﬁ (7.6)

= D?,G(0,0) # 0.
Hence, the Implicit Function Theorem implies that A = ;\(x) = —22, and this de-
scribes the non-trivial solution curve. We see that, loosely speaking, the basic hy-
pothesis D,y F (0, \o)v ¢ R(D,F(0,)\o) in (7.2) is used in the proof to show that
the Implicit Function Theorem applies to the equation after factoring out the trivial

branch.
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7.2 Crandall-Rabinowitz in 2 Dimensions

We show in this section that the key assumption in the Crandall-Rabinowitz Theorem,
that D%, F(0,\g)0g & R(D,F(0, X)), is sufficient to guarantee the existence of non-

trivial solutions near (0, Ag) even when N(D,(0, \g)) has dimension greater than one.

Theorem 7.2.1. Let X and Z be Banach spaces, and let F': X x R — Z such that
F e C}(U x V,Z) where 0 € U C X, U is open, and V is open in R. Suppose
F(0,A) =0, VA € R. Also, suppose \g € V' such that F(0, \o) is a Fredholm operator
on U and dimN(D,F(0,)\)) = 2, and codimR(D,F(0,X)) = 1. Let {01,02} be a
basis for N, and suppose D2, F(0,X)01 ¢ R(D,F(0,)). Under these conditions,

there exists a nontrivial continuously differentiable curve through (0, Ag).

Proof. Applying the Lyapunov-Schmidt reduction gives that solving F'(x, A) = 0 near

(0, \o) is equivalent to solving

®(v,\) =0, where
(0,M) €Uy x Vi € N xR and ®: Uy x V; — Zy with dimZy =1, and  (7.7)
d e C*(Uy x Vi, Zy)
We know that ®(0,\) = 0 for all A € V5. Since N has 2 dimensions, by introducing
coordinates, we can write v € N as v = (v, v2) and write ®(v,\) as ®(vy,v9, ). We
have
%q)(tﬁl) A) = qu)(t@h A){)17 (78>
and hence
Ld
B(in, ) — / {1, )
0, @t (7.9)
_ / Dy (tin, \)i dt.
0
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Next we let s € (—4,0) and observe that

1
CI)(SlA)l, /\) = / DUqD(StlA}h /\)S@ldt (7 10)

0
= 5 [i D,®(stin, \)indt.
Then we define

1
B(s,\) = / Dy ®(stin, A)idt. (7.11)
0

Having factored out an s, we now seek to use the Implicit Function Theorem. We

calculate D,®(0, o). Since

1
Dy®(0,\) = D, /O D,®(0, \)dydt (712)

— Dy (Dy®(0, \)on)
we must calculate Dy (D,®(v, A)0;), which, recalling the definition of ® in the para-

graph containing (2.6), entails computing

Dy {QD.F(v+¥(v,\), \) (01 + Dytb(v, \)o1) }
= D)\[QD.F(v+ (v, A), \)](01 + Dytp(v, \)D1)
+QDF(v+ ¥(v + A), A)Dx[(01 + Dyt (v, A)01)]
= QD2 F(v+9P(v,\), )[Day(v, A), 01 + Dyib(v, \)ii]
QDL F (v + (v, ), M) (01 + Dutp(v, A1)
+QD,F(v+ (v, \), \) D3, ¥ (v, \)0y.
Then substituting (v, A) = (0, Ag), we have

(7.13)

DA®(0, ) = QD2 F(0+41(0,X0), Xo)[Datp(0, Xo), 01 + Dytp(0, Xo)01]
FQD2,F(044(0, M), Xo) (01 + Dutp(0, Xo) 1)
+QD,F(0 + (0, Xo), M) D3,%(0, Ao)

= QD2,F(0,0)[01,0] + QD2,F(0, Ao)ty
+QD,F(0, M) D3,1(0, Ao) 01
= QD23 F(0,X)0;.
Recall that @ projects onto Z,, which is complementary to R(D,F (0, X)),

(7.14)

and recall that by hypothesis D, F'(0, A\g)v1 ¢ R(D,F (0, \g)), so the previous calcu-

lation shows that Dy®(0, A\g) = QD2 F(0, X\g)ty # 0.
o8



Then by the Implicit Function Theorem, there is § > 0 and a continuously
differentiable function ¢: (—9,d) — Vo C Vi, with V5 open and \g € V3, such that
$(0) = Ao and such that ®(s, A) = 0 for (s,\) € (=0,8) x V4 if and only if A = ¢(s).

Hence, (s, ¢(s)) = 0 for all s € (—4,5). Then we have
B (501, d(s)) = sP(s, p(s)) =0 for s € (=4, ), (7.15)
and hence, we have a non-trivial branch of solutions through (0, Ag). O

Note that in the proof, ® is a map from R? x R — R, and hence, we expect
in general that the non-trivial branch is contained in a larger set of solutions forming
a surface. It is for this reason that Theorem 7.2.1 does not assert that all non-trivial
solutions in a neighborhood of the bifurcation point are on the non-trivial branch.

We illustrate this in an example by defining F': R2xR — R by F(x1, 22, \) =

212 + Ax1 + 292 Then the verify the hypotheses of Theorem 7.2.1, we calculate

312+ )\
DxF(xlax%)\) = ( x; > )
o)

1
DoyF(x1,29,\) = ( 0 ) :

Evaluating these at (0,0,0), we have

D,F(0,0,0) = ( 8 ) , DuyF(0,0,0) = ( (1) > , (7.17)

and it is clearly the case that dimN (D, F (0,0, Ag)) = 2, and codimR(D,F(0,0, \g)) =

(7.16)

1. Moreover, if we have {1,1} as a basis for N, then D?, (0,0, A\¢)1 = 1. Note that

1 ¢ R(D,F(0,0, o). Thus, the results of Theorem 7.2.1 hold.

29



We illustrate the results by following the procedure outlined in the proof.

Note that .
d
Flz,)) = / L ptay, Nt
0, dt
0
1
~ / D, F(tzy, \)dt,
0
so define .
F(z1,\) = D, F(tzy, \)dt
@) = [ DuF(a 710)
= 1312 + A
This yields a nontrivial solution curve , A = —x;?, which can be seen in Figure

7.2. Note, however, that the nontrivial solution is not the only nontrivial solution
for F' through the bifurcation point, (0,0,0). This can be seen in Figure 7.2. The

non-trivial solution curve provided by Theorem 7.2.1 is indicated by the red line.
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CHAPTER VIII

CONCLUSION

The main goal of this thesis is to examine several special cases of a recent theorem of
Kroémer et al. on bifurcation with two dimensional kernel. We also develop a number
of examples of applications of the theorem.

We began by developing the background necessary to state the theorem, in-
cluding an extensive treatment of the reduction method of Lyapunov-Schmidt. Then
we presented two special cases of the theorem that identify specific classes of equations
in which the theorem always holds, and we used these to construct several examples
illustrating applications of Kromer’s result. Specific examples are given that meet the
different sufficiency conditions of the theorem of Kromer et al. and classical bifur-
cation theorems. An algebraic example illustrating the results of Kromer’s Theorem
was presented.

Additionally, we analyzed a non-linear boundary value problem that meets
the sufficiency conditions of the theorem by Kromer et al. and not the classical theo-
rems. Finally, we presented a variation on the Crandall-Rabinowitz Theorem that is

related to problems with kernels of dimension two.
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APPENDIX A

DERIVATIVES OF v

From the Implicit Function Theorem we know that (I — Q)F(x + ¥(x,A\),\) = 0
V(z,A) in a neighborhood of (0,5), and we will exploint this fact to find ways to
define the derivatives of ¢ (x, ). We now calculate D, (I —Q)F(0,5) in order to find
D,1(0,5). Since we already have that (I — Q)F(x + ¥ (xz,\),\) =0,

= D,(I - Q)F(x+¢(z,\), ), so
(I — Q)DF(x+1(x,\),\)(In + Dytb(z,\)), so (A1)
0 = (I —Q)DyF(x+v(z,\),\)Dyb(x,\).

Evaluating this at (0,5), we have

0 = (I =@Q)DuF(¥(0,5),5)D21(0,5)

(A.2)
= (I —-Q)D,F(0,5)D,¥(0,5) since 1(0,5) = 0 by (6.30).

Since (I — Q) maps to R = ranD, F(0,5), it must be that D, (0,5) = 0. We can use
this to calculate D, (I — Q)F(0,5) in order to find D,,(0,5).

0 = D, [(I - Q)DUFCC + w(% )‘)7 A)(IN + wa(%)\))] ) 8O

0 = (I - Q)DuuF(x +¢(xa>‘)7)‘)[IN + Dx@b(IvA)vIN + Dx@/J(I,A)}
+(I — Q)D, F(x + (x,\), \)Dyptp(x, A), S0

0 = (I - Q)DuuF(075)[IN7IN] + (I - Q)DuF(O>5)DzL’x¢(075)’ S0
0 = (I—Q)DyF(0,5)Dub(0,5) by (6.38).
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Since (I — Q)D,F(0,5): N+ — Z is bijective, it must then be that D,,1(0,5) = 0.

Again we can use A.3 to calculate D,..(I — Q)F(0,5) in order to find D,,,1(0,5).

0=
D, (I = Q)DyuF(x + Y(x, \),\)[In + Dytp(x, N), In + Dytp(x, N)]

+ (I —Q)DyF(x + ¢(x,\), \)Dyzth(z, A) |, so

(I — Q)Dyu F(x + t(x, \)
I —Q)Dy F(x + ¢(x, A), N)[Dyath(x, ), In + Dot)(,

A) U+ Dotp(z,A), In + Dpb(w, N), In + Dotp(z, M)
), A A)
Dy F(x + ¢(z, A), N[In + Dotp(2, A), Deatp (2, A)
), A A)
)

(

]

]
Do F'(x 4 ¥(, A), N[In + Datp(2, A), Dawt) (2, M)
Dy F(z +¢(2, A), A) Deaath(2, A), 50

(I = Q)Duu F'(0,5)[In + Datp(0,5), In + Datp(0,5), Iy + Dytp(0,5)]
+(I = Q) DuuF'(0,5)[Dayt0(0,5), Iy + Dy1p(0,5)]

+2(I = Q) DyuF'(0,5)[Deat)(0,5), Dat(0,5)]

+(I = Q)DuF(x + 9(x, A), A) Dawat) (2, ), 50

0=
(I - Q)DuuuF(07 5>[IN7 IN, IN] + (I - Q)DuF(07 5>Dacxx¢(0> 5) by (630)
(A.4)
Then since (I — @)D, F(0,5) is bijetive, we have
Duuat0(0,5) = —((I = Q)DuF(0,5)) ™ (I = Q) Dy F(0,5)[In, Iy, In]) # 0.
(A.5)
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APPENDIX B

PARTIAL DERIVATIVES FOR THE TAYLOR EXPANSION OF H
B.1 Partial Derivatives with Respect to x

We must calculate the first three partial derivatives of h; with respect to x;. We

begin by calculating 7~ Ohy £(0,0,5). We have

oy (11@F,0.9))

= L1 Qa4 F(@1,0.5)) (B.1)
= LiQz% F(a1¢1 + ¥(2191,5),5)

= LiQDF(z1¢1 + ¢(21¢1,5),5) (¢1 + Dot (2161,5) 1) -

Hence, evaluating at (0,0, 5), we have

ohy B
G (0.0.5) = LQDF(0.5) (¢1 + D(0.5)0) 52

= LiQD,F(0,5)(¢1) = 0 by (B.2) and (6.38).

Next we compute 82'@ 0,0,5). Using (B.1), we compute
oz

0

9 {MQD F($1¢1 +Y(2101,5),5) (¢1 + Db (2101, 5)01) }

1623—561 DuF($1¢1 + ¢(2161,5),5) (61 + Dop(2191, 5)¢1)1

= LlQa%l D, F (141 + (2161, 5), 5)1 (1 + Detp(2101,5)01)

+L1QDyF (2161 + ¢(2161,5),5) 52 [6151 + Dap(2191,5) 01 ]

= LiQDuF(x1¢01 +1(2161,5),5) [01 + Dot (z161,5) 1, d1 + Dath (2101, 5) 1]

+L1QD,F(x1¢1 + Y (x161,5),5) Dyytp (101, 5) (01, P1] -
(B.3)
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Hence, evaluating at (0,0, 5), we have

%(O, 0,5) = L1QD.F(0,5)[¢1,¢1], since D,1p(0,5)¢p; = 0 by (A.2)

8112
+L1QD,F(0,5)Dy0th(0,5) [1, 1 (B.4)

Next we compute 2 (0,0,5). Using (B.3), we compute

Or13

0

a_xl{LlQDuuF(xl(rbl +(2101,5),5) - [¢1 + Dyth(2101,5) 01, 1 + Dytp(2101,5) 1]

+ L1QD F (2101 + 9 (2161,5),5) Dygth (2161, 5) [¢1, P1] }
(B.5)
= L1Qa%l {DWF(%% + (2101,5),5) - [¢1 + Dath(x101,5) 01, $1 + Dytb(2101,5) 1]

+L1Q@%1 [DuF(371¢1 + 1/1(1’1(251, 5); 5)Dm¢($1¢1; 5) [¢1, ¢1]}
(B.6)

The first term of (B.6) equals

Ll@% |:DuuF(x1¢1 +(z161,5), 5)} |1+ Dpp(z101,5) 1, 01 + Dpp(z101,5) 1]

+L1QDuy F (161 + (2161, 5),5) 3% { (01 + Dath(2161,5)¢1, ¢1 + Ditp(21601,5) 1]

= L1QDyuu F' (1101 + ¥(2161,5),5)
(o1 + Dop(x161,5)d1, 01 + Dot (2101, 5) 1, ¢1 + Dotp(w101,5) 1]
+L1QDy F(x191 + (2101, 5),5)
[Daat(2161,5)[¢1, 1], ¢1 + Dot (2191, 5) 1]
+L1QD o F (2101 + (2101, 5),5)
1 + Dotp(w161,5) 01, Daatp (2161, 5)[¢1, b1]]
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The second term of (B.6) equals

L1Qaix1 D, F(x1¢01 +(x101,5), 5)} Do) (x161,5) (@1, ¢1]

+L1QD, F(x1¢1 + (2161, 5), 5)(%1 |:sz¢($1¢17 5) [¢1, 1]

= L1QDy F(x1¢1 + (2161, 5),5) [01 + Dyh(161, 5) 1, Dogth (2161, 5) (01, d1]]

+L1QDuF($1¢1 + ¢($1¢1, 5)a 5)Dxxxw(xl¢1a 5) [¢17 ¢1a ¢1]
(B.8)

Using (B.7) and (B.8), and evaluating at (0,0,5), we have

Phy
_(07 07 5) = LIQDuuuF(07 5)[¢17 ¢17 §b1]

0x3

+L1QDyu F(0,5) [Dyatp(0,5)[d1, 1], d1 + Dytp(0,5) 1]
+L1QDuw F(0,5) [¢1 + Db (0,5)b1, Dyat)p(0,5) (1, ¢1]]
+L1QDuw F(0,5) [¢1 + D10 (0,5)d1, Diz(0,5) 1, $1]]
+L1QD,F(0,5)Dyyatp(0,5)[01, 1, h1]

= LiQDuuF(0,5)[é1, 61, 6] (B9)
+L1QDy, F(0,5) [0, ¢1]
+2L1QDy, F(0,5) [¢1,0], by (6.29)
+L1Q D F(0,5) Dy (0,5)[01, ¢1, ¢1]

= LiQDyuuuF'(0,5)[¢1, ¢1,¢1], by (6.38)

= L1Q6¢1¢1¢1, again, by (6.38).

As the only difference between h; and hs is the use of Ly rather than L, and
derivatives with respect to x5 rather than z; only change ¢, to ¢, we may use these

calculations for the other third order partial derivatives with respect to x.
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B.2 Mixed Partial Derivatives

0%h1_

We now calculate, Y

A. Using (B.1), we compute

0

2] QDL F (w161 + 601600 0) 01+ Davtmn N6 |

= % [LlQDuF($1¢1 + (101, N), )\):| (1 + Dpto(x101, A1)

FLAQDLF(s-+ it NN | 01+ Du(aion Mo |

= LiQD}, F(x161 4+ (2161, A), N[Dath (2161, A), o1 + Dot (w161, A) 1]
+QD2\F(z161 4+ h(x101, A), A)(¢1 + Doth(2161, \) 1)
+L1QD F (2161 + (2161, X), A) D3 1b (2161, Ny

Hence, evaluating at (0,0, 5), we have

0%hy
8)\81‘1

(0,0,5)

LlQDZuF(Q 5)7 A)[DA¢(07 5)7 ¢1 + Dx¢(07 5)¢1]

LiQD;,F(0,5)(¢1 + Dp1p(0,5) 1)
LiQD;,F(0,5)¢1.

+ o+

Thus, we have

mﬁ%@m]zgpﬂ%»

= % (Ul + )\vl + 4vy + 3uyg vl)

1

= v , 80

a2h 1
: (07075) = L1Q¢1 .

8)\81‘1

(0,0,5), the partial derivative of hy with respect to z, then

(B.10)

(B.11)

(B.12)

(B.13)

These calculations may also be used for the other mixed partial derivatives,

21(0,0,5), 222-(0,0,5), and 222(0,0,5).
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B.3 Evaluating Derivatives

Note first that for f € X,
LiQf = Li[Lifé1+ Lafoo]

- { / fondso, + / fqbzdscbz}
- /f¢1d$/ P d8+/ fgbgds/ D102 (B.14)

_ /0f¢1ds() /OfcbzdS()

™

S

- Llf
Since @ projects f to Zy, making it a linear combination of {¢y, o}, the basis of Zj.

L, and Lo use the fact that ¢, and ¢, are orthonormal to produce the coefficients of
the basis elements. For a function f € X projected by @, since L, f and Lo f are the
coefficients of the basis elements, we have that L;Q) = Ly and similarly, LoQ) = Ls.
Now we can calculate the following:

03hy

O, 3(0 0,5) = LiQDuuuF'(0,5)[¢1, 1, ¢1]
= L1Q6010101

3
= 6L, ‘/ﬂsm( ))

(B.15)
= %/ sin*(s)ds
TR
™ 8
= 9
Oh —  LoQDyuuF
a.ﬁU 3(0 0 5) - QQ uuY (07 5)[¢17¢17¢1]
= LyQ6¢19191
= 6L, Q@sm (B.16)
= = sin® s) sin(2s)ds
0
= 0.
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03hy

——(0,0,5)

8:1523

O3hy
3:1023

Dhy

8x126m2

D3y

aZL‘lzaJZQ

(0,0,5)

(0,0,5)

(0,0,5)

LlQDuuuF<Oa 5)[¢27 ¢27 ¢2]

L1Q6¢2¢202
6L, Q@ sin(25)>3
% / sin®(2s) sin(s)ds

0
24

(B.17)

LQQDuuuF<Oa 5) [(;527 ¢27 ¢2]

L2Q6¢202¢
6Ly (L2 sin(25))3

™

= / sin(2s)ds
0

s
8

(B.18)

3 o

[\~}
ml»lk

3o 3

Ohy
W(O’ 0,5)
LIQDuuuF(Oa 5)[¢27 ¢17 (bl]
L1Q6p2¢1¢1
614 @) ’ sin(2s) sin?(s) (B.19)
% . 3 .
= /o sin”(s) sin(2s)ds
o
0.
Ohy
8[E28!L‘12 (07 07 5)
L2QDuuuF(0; 5)[¢27 ¢17 ¢1]
LyQ6p2¢1¢1
6Ls @) ’ sin(2s) sin?(s) (B.20)

24

E sin'(s)ds

»»i:\ O\

|1o=1
g

N

3o 3



0*hy
8)\8331

0*hy
0)@@

0?hy
8)\8:1:2

Ohy
012201,
= LiQDuuul(0,5)[¢a, P2, ¢1]
= L1Q06p20291
= 6L @)3 sin(s) sin?(2s) (B.21)

(0,0,5)

= 23 [ sin®(s)sin®(2s)ds
0
24

27

3o 3

D3hy
= gz 0.0:5)
= LZQDuuuF(Oa5)[¢27¢2;¢1]
= L2Q6¢20201
3
= 6L @) sin(s) sin?(2s) (B.22)
= i—‘é/ sin(s) sin®(2s)ds

= 0.

= LQ¢)

= —VTQ?Llsin(s)

= —%/ sin(s)ds
0

= —1

(B.23)

LiQo,

(B.24)
2T sin(2s) = 0.

= L:Qd,
= —@Lgsin@s)

/7r sin(2s)ds (B.25)

| |
3o 3|0

B

I
|
=~

-3
w



0?hy
8)\83:1

= L,Q¢)

(B.26)
= —*/727L2 sin(s) = 0.
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