View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by Digital Commons @ Butler University

Butler University
i/ LIBRARIES Butler University
Digital Commons @ Butler University
Scholarship and Professional Work - LAS College of Liberal Arts & Sciences
2009

The Hamiltonian index of graphs

Zhi-Hong Chen
Butler University, chen@butler.edu

YiHong
Jian-Liang Lin

Zhi-Sui Tao

Follow this and additional works at: http://digitalcommons.butler.edu/facsch papers

b Part of the Computer Sciences Commons, and the Mathematics Commons

Recommended Citation
Chen, Zhi-Hong; Hong, Yi; Lin, Jian-Liang; and Tao, Zhi-Sui, "The Hamiltonian index of graphs" Discrete Mathematics / (2009):

288-292.
Available at http://digitalcommons.butler.edu/facsch_papers/143

This Article is brought to you for free and open access by the College of Liberal Arts & Sciences at Digital Commons @ Butler University. It has been
accepted for inclusion in Scholarship and Professional Work - LAS by an authorized administrator of Digital Commons @ Butler University. For more

information, please contact fgaede@butler.edu.


https://core.ac.uk/display/62435496?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://digitalcommons.butler.edu?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.butler.edu/facsch_papers?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.butler.edu/las?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.butler.edu/facsch_papers?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/142?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.butler.edu/facsch_papers/143?utm_source=digitalcommons.butler.edu%2Ffacsch_papers%2F143&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:fgaede@butler.edu

The Hamiltonian index of graphs

Yi Hong , Jian-Liang Lin , Zhi-Sui Tao -, Zhi-Hong Chen’

Abstract
The Hamiltonian index of a graph G is defined as
h(G) = min{m : L""(G) is Hamilionian).

In this paper, using the reduction method of Catlin [P.A. Catlin, A reduction method to find spanning Eulerian subgraphs, J. Graph
Theory 12 (1988) 20-44], we constructed a graph H)(G) from G and prove thatif A(G) > 2, then

h(G) = min{m : H")(G) has a spanning Eulerian subgraph|.

1. Introduction

We follow Bondy and Murty [1] for basic terminologies and notations. Let G be a connected graph, which is neither
a path nor a cycle, i.e. 4(G) > 2. A (u, v)-path is a path with end-vertices 1 and v. We will also denote a (u, v)-path
by P{u,v]. If G has a cycle containing every vertex of G, then G is called Hamiltonian. A graph is Eulerian it it is
connected and every vertex has even degree. An Eulerian subgraph H of G is called a spanning Eulerian subgraph
if V(H) = V(G). An Eulerian subgraph H of G is called a D-circuit if E(G — V(H)) = §. The line graph of G is
denoted by L(G) or L'(G). For a positive integer m, define L™ (G) = L(L"’_l (G)); LY%G) = G. Define

h(G) = min{m : L™ (G) is Hamiltonian),

h(G) is called the Hamiltonian index of G. A relationship between a D-Circuit and Hamiltonian line graph was given
by Harary and Nash-Williams [7].

Theorem A (Harary and Nash-Williams [7]). Let G be a connected graph with at least three edges. L(G) is
Hamiltonian if and only if G has a D-circuit.



For a graph G with a connected subgraph H, the contraction G/H is the graph obtained from G by replacing H
by a vertex UH, such that the number of edges in G/H joining any vertex v € V(G — H)tovy in G/H equals to the
number of edges joining v in G to V(H).

Using Catlin’s reduction method (2], Lai [3] gave several results on the Hamiltonian index of a graph. For this
problem and other related topics, see [4-6,8]. In this paper, we will give new results on Hamiltonian index which
generalize some of Lai’s results. We will discuss some properties on collapsible graphs in the next section first. The
main results will be given in Section 3. Several corollaries of the main results will be given in the last section.

3. Collapsible graphs

In [2], Catlin introduced the concept of collapsible graphs. A graph G is called collapsible if for every even subset
§ € V(G), there is a subgraph H of G (called the S-subgraph of G) such that G — E(H) is connected and S = O(H),
O(H) is the set of vertices of odd degree of H.

First we give some equivalent conditions for collapsible graphs.

Theorem 1. The following conditions are equivalent:

(1) G is collapsible;

(2) for any even set S € V(G), G has a spanning connected subgraph Gs with S = O(Gy);

(3) for any even set S C V(G), (S| = 2m, there are edge-disjoint paths Py, P, .... Py, joining the vertices in §
pairwise, such that G — E(Py Ur - U Pw) is connected.

Proof. (1) = (2) Let S € V(G) be an even set. Let X = SAO0(G) (AAB = (A — B)|J(B — A) is the symmelric
difference of sets A and B). Then X is an even subset. Since G is collapsible, G has an X-subgraph H. Then
Gs = G — E(H) is a spanning connected subgraph of G and S = XAO(G) = O(Gy).

(2) = (1) Let § € V(G) be an even subset. Let X = SAO(G). Then X is an even subset of V(G). By (2), G has
a connected spanning subgraph Gx with X = O(Gx). Let H = G — E(Gx). Then H is the S-subgraph of G, since
G — E(H) = Gy is connected and S = XAO(G) = O(H).

(1) = (3) Let § € V(G) be an even set and let H be an S-subgraph of G. Since O(H) = §, for any vertex
v) € S, there is a path Py in H beginning at v; and ending at another vertex in S, say vy. Thus we have paths
Py, P2, ..., Py C H,joining the vertices in § pairwise.

Assume that the paths P (joining vy, v2 € §) and P (joining v3, v4 € §) have common edges. Let v/l, 1/2 be the
first and the last vertices on P, which are also on P. Then the paths Py[vy, v’l] and Py [v’z, v9] are two sub-paths on P;
which have no internal vertices on Py. The vertices v| and v, divide P; into three paths, say Pa[v3, v{], P2[v], v3] and
Pz[vé, v4]. Then, we have a path P{v;, v3] formed by P[vi, v/l] and Pz[vi, v3] joining v) and v3, and a path formed
by Pi[uva, v3] and Pa[vy, v4] joining v and vy. Obviously, P[vy, v3] and P{v, v4] are edge-disjoint paths.

Following the same arguments, we can find edge-disjoint paths Py, Pj, ..., P,, joining the vertices of S pairwise
such that P{ | J P, - - Up,cPiUP--\UPn S H.Since Hisan S-subgraph of G, G — E(H) is connected.
Since G — E(H) € G ~ E(P{UPsU---UPw.G—EPUP,U---UP,) is connected.

(3) = (1) Assume that Py, Pa, ..., P, are edge-disjoint paths joining the vertices of S pairwise, and G —
E(PyJP2J---U Pn) is connected. Then H = P Py J---\J Pu is an S-subgraph of G. The theorem is
proved. [

3. Main results

Let G be a connected graph. Let D2(G) be the subset of V(G) containing all vertices of degree 2. Let Vp =
V(G) — D3(G). The components of the subgraph G[Vy] are denoted by C1, Ca, ..., Ci (some of them may contain
only a single vertex). Let Eg = E(G[Vp)). A lane m of G is either a path whose internal vertices are of degree 2
and its end vertices belong to two (or one) components of G[Vp] (we say joins these two components), or a cycle
which has a vertex of degree >3 in G and other vertices are of degree 2. We also use 7 (u, v) 10 denote a lane with the
end-vertices u and v. The length I(r) of a lane 7 is defined as the number of the edges of 7. A lane 7 of G is called
;l)n end-lane if one of its end-vertices is of degree 1. It is easy to see that E(G) — Ejq is the union of all lanes in G.

efine

1(G) = max{l(;) :  is a lane of G but not a cycle}.
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G(m =3) LG H®(G) HO(G)
Fig. 1.

If G has no such lanes, then define [(G) = 1.

In the following we assume that {(G) > 2. For a positive integer m > 2, let G(m) be the union of lanes of
length < m. Denote the components of G[Vo]|J Gm) by I'1, I, ..., I'y. Each I'; consists of components of G[Vj]
connected by lanes of length < m.

For alane 7 of G, each edge of 7 corresponds to a vertex in L(G) and each internal vertex of & corresponds to an
edge in L(G). Thus & corresponds to a path in L(G) of length I(;r) — 1, denote by I (7). If (7)) > 2, I(7) is a lane
in L(G). If [(m) = 2, I(m) is an edge in L(G) joining two complete subgraphs K;, and Ky, (ny.n2 # 2), which is
called a degenerate lane in L(G).

Consider a component C; of G[Vp], which is not a single vertex of degree 1 in G. Each edge in C; is adjacent to a
vertex of degree at least 3. Let C’/ be the subgraph of G consisting of C; and the edges with one end in C;. Then each
edge of L(C}) belongs to a triangle of L(G). Thus L(C’/) is collapsible.

Thus, L(G) consists of collapsible subgraphs AL(C;), L(C),....L(C}) and lanes (degenerated lancs)
I(my), I(m2), ..., (), with [(J(7r;)) = I(n;) — 1,1 < i < t. Now consider the graph LYG). If L(C;l) and
L(C}Z) are joint by a degenerated lane 7, then L(L(C}l)U L(C_;.z) {Jm) is collapsible and all its vertices are of
degree >3.

For m > 2, let = be alane of G. If () > m + 1, then 7 corresponds to a lane in L"~!(G) (denoted by " Yy
of length I(m) — m + 1. If I() = m, then 7 corresponds to a degenerated lane of L™~ 1(G). Also each lane w in
L’”_I(G) can be obtained from a lane 7 in G such that w = 1’"“](71). And each component I" of G[Vj] U G(m)
corresponds to a collapsible subgraph (denoted by L= (") of L"~(G).

Let H"(G) be the graph obtained from G by contracting subgraphs I, I;, . .., I, to distinct vertices. A vertex
in H")(G) obtained by contracting a I' € {I'y, I5, ..., Iy} is called a contraction image of I,

Now we construct a graph H ") (G) from H"(G) by the following process.

(1) Delete all lanes beginning and ending at the same vertex I';.

(2) Let I';, and I';, be two vertices in H(G) corresponding to two components of G[Vo]lJ G(m), if they are
connected by more than two lanes with length >m, say m, lanes with length >m + 1 and n; lanes with length m
or m+ 1 (thus m; + ny > 3), then we delete some of them, so that there are m3 lanes with length >m + 1 and n3
lanes with length m or m + 1, where

2,0) mypeven,n; =0;

(1,0) myodd,ny =0;

(L) m =1L

©0,2) ny =2

(3) Delete all end-lanes of length m and replace each lane with length m or m 4 1 by a single edge (see Fig. 1).

(my, n2) =

Now we give the following theorem.

Theorem 2. The following are equivalent:

(1) L™~ Y(G) has a D-circuit;
(2) H ) (G) has an Eulerian subgraph obtained by deleting some lanes of length m and m + 1;
(3) H"™)(G) has a spanning Eulerian subgraph.

Proof. (1) = (2) Let M be a D-~circuit of L= Y(G). Let 6 be the contraction homomorphism from L™ YG) to
the graph L""~1(G) by contracting L™"~")(I';) to a single vertex denoted by I';(1 < j < s). For 1 < j < s, if
Z(’”_”(Fj) is not a single vertex, then My contains at least one of them, so 6 (M) contains f, If a vertex v of degree
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2 (in L"~Y(G)) is not in My, then it must belong to a lane of length 2. Thus Mg contains all lanes of length >3 of
L~ 1(G). Note that L"=D(G)y = 6(L"™1(G)) is obtained from H™(G) by contracting all lanes of length /() to
[(m) —m + 1 (if [(;t) = m). Denote this contraction homomorphism by 6. Thus 8; induces a bijection between the
sets of lanes in H(G) and Z(’””I)(G) (if a cycle contains a vertex of degree 2, it must contain the lane containing
this vertex). Hence 6)1"1 (6(My)) is an Eulerian subgraph of H"(G) obtained by deleting some lanes of length m and

m+ 1
(2) = (3) Let M| be an Eulerian subgraph of H)(G) obtained by deleting some lanes of length n and m + 1.

M; contains all lanes of length >m + 1. If M| contains more than two lanes joining two vertices I';, and I'j,, then
delete even number of them, we obtain a graph M| which is also an Eulerian subgraph of H"(G). By the same
process, we can find an Eulerian subgraph M7 of HU(G), so that each pair of vertices I';, and I';, arc joint by
no more than 2 lanes in M}. M7 passes through all vertices Iy, Ia, ..., I'y. Deleting lanes ending at same vertex
I';, replace the lanes of length m and m + 1 in M by a single edge, we obtain a spanning Eulerian subgraph
of H"(G).

(3) = (1) Now assume that M is a spanning Eulerian subgraph of H")(G). Recover all lanes of length >m + 1
deleted (when the number of such lanes joining vertices [';, and I';, are odd, we can recover one lane of length m
or m + 1, or delete one lane of length m or m + 1 in M3, so that the total number of lanes recovered is even), we
obtain an Eulerian subgraph M, which can be obtained by deleting some lanes of length m or m + 1 from H"(G).
Contracting each lane 7 to a lane of length /(7)) — m + 1, we obtain an Eulerian subgraph M) of L"=D(G), which
contains vertices I't, I'», ..., I'y and all lanes with length >3. If a lane of length 2 or a degenerated lane is not in Mé/
then its vertices are in M5, thus M} is a D-circuit of L™~ D(G). Since L™~1(G) is obtained from L"~'(G) by
contracting collapsible graphs I:(’”‘l)(Fj), | < j < s, thus the conclusion is obtained by the following lemma. O

Lemma. Let G be a graph, H be a collapsible subgraph of G. Then G has D-circuit if and only if G/H has a
D-circuit.

Proof. Let I' be a D-circuit of G, then I'/H is obviously a D-circuit of G/ H.

Assume that G/H has a D-circuit I, Then E(I") is a subset of E(G) ~ E(H). Let Gg = G[E(I")]. Since the
number of edges in E(I"") incident to H is even, and each vertex in V(Go) — V (H) is of even degree (in Gg), we have
O(Go) C V(H). Since H is collapsible, there is a connected spanning subgraph I of H with O(I"") = O(Gy). Let
I'o = GolJ T, then Iy is connected and

O(Iy) = 0(Gp)AoI") = 0,
Again, each edge of G is in [ or incident to an edge in Iy. This means I is a D-circuitof G. [
Theorem 3. If G is connected, A(G) > 3, h(G) > 2, then
h(G) = min{m : H"™(G) has a spanning Eulerian subgraph}.

Proof. By Theorem A, we have, if #(G) > 2, L"~1(G) has a D-circuit if and only if L"(G) is Hamiltonian. Thus,
Theorem 3 follows from Theorem 2. O

4. Corollaries

As corollaries of Theorem 3, we give the following results.

Corollary 1. For a connected graph G, such that A(G) > 3, then h(G) < |V(G)| — A(G).

Proof. Let n = |V(G)| and k = |V(G)| — A(G). Then k > 1.If k = 1, then G is spanned by a K| ,_1, and so by
Theorem A, L(G) is Hamiltonian (h(G) < 1). Therefore, we assume that k > 2.

If h(G) < 2, then h(G) < k = |V(G)| — A(G). Thus we assume that #(G) > 2. Since G has a vertex v, which is
adjacent to n — k vertices in G. Then the lanes of G are either of length <k, or contained in a cycle of length at most
k + 2. Thus, G[Vy] |J G (mm) has only one component (i.c., is connected), so H®(G)isa single point.

Corollary 2 (Lai [3]). h(G) <I(G)+ 1.
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Proof. Let m = I(G) + 1, then H"(G) is collapsible, so h(G) < I(G)+ 1. O

Lai [3] also gave the condition such that #(G) = I[{G) + 1, which is also implied in Theorem 3.
Sarazin [9] gave the following results, which is also implied by Theorem 3. A bridge-lane is a lane containing a
bridge.

Corollary 3 (Sarazin [9]). If G is not a path and all cyclic blocks of G are Hamiltonian, then
h(G) = max{{(P) + 1, 1(Q)}.
Where the maximum is taken over all bridge-lanes P and all end-lanes Q.

Proof. Letm = max{I(P)+1,1(Q)}. Thenif G satisfies the condition, then 1:1(’")(G) has spanning Eulerian subgraph
and H"~D(G) hasnot. O
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