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Abstract—The individual consistency and the consensus degree
are two basic measures to conduct group decision making with re-
ciprocal preference relations. The existing frameworks to manage
individual consistency and consensus degree have been investigated
intensively and follow a common resolution scheme composed by
the two phases: the consistency improving process, and the consen-
sus reaching process. But in these frameworks, the individual con-
sistency will often be destroyed in the consensus reaching process,
leading to repeat the consistency improving process, which is time
consuming. In order to avoid repeating the consistency improving
process, a consensus reaching process with individual consistency
control is proposed in this paper. This novel consensus approach is
based on the design of an optimization-based consensus rule, which
can be used to determine the adjustment range of each preference
value guaranteeing the individual consistency across the process.
Finally, theoretical and numerical analysis are both used to justify
the validity of our proposal.

Index Terms—Consensus, consistency, group decision making
(GDM), optimization, preference relations.

I. INTRODUCTION

THE reciprocal preference relation (RPR) is one of the most
widely used preference representation structures in deci-

sion problems. Various types of RPRs have been proposed, such
as additive preference relations (also called reciprocal fuzzy
preference relations) [1]–[4], multiplicative preference relations
[5]–[9], and linguistic preference relations [10], [11]. In group
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decision making (GDM) problems with RPRs, there are the fol-
lowing two measures that have been considered before obtaining
a final solution [12].

1) Individual consistency. The individual consistency is ap-
plied to ensure that decision maker is being neither random
nor illogical in his/her pairwise comparisons.

2) Consensus. Consensus means that the group of decision
makers agreed to their preferences to some extent.

In order to effectively manage individual consistency and
consensus in the GDM with RPRs, Chiclana et al. [12] and
Herrera et al. [13] initiated the consensus framework for inte-
grating an individual consistency measure in GDM with additive
RPRs. This consensus framework deals with a two-step proce-
dure: consistency improving process and consensus reaching
process. Dong et al. [14] proposed a new automatic consen-
sus framework to address the GDM with multiplicative RPRs
by incorporating consistency and consensus measures into one
phase. Based on the framework presented in [14], Wu and Xu
[15] presented a consistency consensus based model for GDM
with additive RPRs. In recent years, these frameworks were
extended to interval-value preference relations [16], intuitionis-
tic preference relations [17], [18], hesitant preference relations
[19]–[21], and linguistic preference relations [22]–[26] to man-
age individual consistency and consensus in GDM.

Although the frameworks to manage individual consistency
and consensus have been investigated intensively, and they are
very useful in GDM, there still exist gaps that must be filled
because of the following reasons.

1) In GDM problems with RPRs, the individual consistency
improving process is applied before the consensus reach-
ing process [12], [13] and it could happen that the adjusted
preferences in the consensus process are not consistent.
Hence, the inconsistency of the individual preferences
leads to repeat the consistency improving process and the
consensus process again, which is time consuming.

2) The consensus frameworks that can simultaneously man-
age the individual consistency and consensus in one phase
without repeating consistency improving processes [14],
[15] are based on an automatic consensus process that
does not consider decision makers’ opinions during the
consensus reaching process.

In order to overcome previous shortcomings, this paper pro-
poses a novel consensus approach to manage individual con-
sistency and consensus in GDM with RPRs. This proposal is
carried out by the following points.
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1) An optimization-based consensus rule (OCR) is defined,
which is the core idea of this novel consensus approach.
The OCR can be used to determine the adjustment ranges
of each preference value and guarantee the individual con-
sistency of the RPRs adjusted in the adjustment ranges.
In order to obtain the optimum solution of the proposed
consensus rule, an approximate algorithm (Algorithm 1)
with an adjustment parameter is proposed. It provides a
good approximate performance.

2) We develop a consensus reaching process with indi-
vidual consistency control and provide an algorithm
(Algorithm 2) to describe this process. In this process,
the decision makers’ opinions are considered and the con-
sensus is achieved with the decision makers’ participation.
Besides, the theoretical analysis shows that the adjusted
RPRs are of acceptably consistency and acceptable con-
sensus in the consensus reaching process. Moreover, based
on Algorithm 2, we present Algorithm 3 to automatically
simulate the proposed consensus reaching process.

Finally, some experimental simulations regarding the consen-
sus convergence with the individual consistency are provided.
They show that the consensus improves for each iteration and
the individual consistency is guaranteed without repeating the
consistency improving process, which justifies the feasibility
and viability of the proposed consensus approach.

In order to develop our proposal, we consider the consistency
improving method proposed in [27] and the identification and
direction rules from the consensus approach presented in [28].

The remainder of this paper is organized as follows: Section II
introduces the background regarding the consistency and con-
sensus methods in GDM with RPRs. Section III presents the
motivation of this study: how to deal with both the consistency
and the consensus in GDM. Section IV develops a consensus
rule with individual consistency control via an optimization-
based model in GDM with RPRs and also presents the consen-
sus reaching process based on the proposed consensus rule.
Section V explores the use of the consensus reaching pro-
cess with individual consistency control by means of simu-
lation experiments. Finally, concluding remarks are included
in Section VI.

II. PRELIMINARIES

This section introduces some basic concepts about GDM
based on RPRs, measuring and improving individual consis-
tency and group consensus in GDM with RPRs.

A. GDM Based on RPRs

Let X = {x1 , x2 , . . . , xn}(n ≥ 2) be a finite set of alterna-
tives. When a decision maker makes pairwise comparisons us-
ing the preference values in [0, 1], he/she can construct a fuzzy
reciprocal preference relation (also called additive preference
relation) F = (fij )n×n , whose elements fij ∈ [0, 1] represent
the preference degree of alternative xi over xj . Fuzzy reciprocal
preference relations can be formally defined as follows.

Definition 1 ([4], [29]): A fuzzy reciprocal preference re-
lation F on a set of alternatives X = {x1 , x2 , . . . , xn} is

a fuzzy set on the product set X ×X , characterized by a
membership function μF : X ×X −→ [0, 1] fulfilling μF
(xi, xj ) + μF (xj , xi) = 1.

The preference relation may be conveniently represented by
the n× n matrix F = (fij )n×n with fij = μF (xi, xj ) ∈ [0, 1]
and fij + fji = 1 (∀i, j ∈ {1, 2, . . . , n}), where fij is inter-
preted as the preference degree or intensity of the alternative xi
over xj . fij = 1 indicates that the maximum degree of prefer-
ence of xi over xj and each value of fij in the open interval
(0.5, 1) indicates a definite preference of xi to xj with the in-
tensity of preference corresponding to the value of fij (a higher
value means a stronger intensity).

There are transformation functions between fuzzy reciprocal
preference relations and multiplicative preference relations [5],
[30]. In this paper, we focus our study on fuzzy reciprocal prefer-
ence relations, but the proposed results can be similarly applied
to multiplicative preference relations and linguistic preference
relations. In order to pursue generality, in this paper, fuzzy re-
ciprocal preference relations will be denoted as RPRs.

Let D = {d1 , d2 , . . . , dm}(m ≥ 2) be the set of decision
makers involved in the GDM problem and letFk = (fkij )n×n be
the RPR over the alternative setX = {x1 , x2 , . . . , xn}(n ≥ 2),
provided by a decision maker dk (k = 1, 2, . . . ,m). Tradition-
ally, a selection process is applied to a GDM problem to obtain a
ranking of alternatives and select the best one. It is divided into
two different phases: aggregation phase and exploitation phase
[31], [32].

1) In the aggregation phase, the individual RPRs are aggre-
gated into a collective RPR Fc = (fcij )n×n by using an
aggregation operator. There are different aggregation op-
erators that can be applied, such as the weighted average
(WA) [33], the ordered weighted average (OWA) [34], etc.
In this paper, without loss of generality, the WA operator
is used.

Definition 2: Let {f 1
ij , f

2
ij , . . . , f

m
ij } be the individual fuzzy

preference degrees of alternative xi over xj , i, j = 1, 2, . . . , n,
andW = {w1 , w2 , . . . , wm} be their associated weights. Then,
based on the WA operator, the collective fuzzy preference degree
fcij is obtained as follows:

fcij = WAW (f 1
ij , f

2
ij , . . . , f

m
ij ) =

m∑

k=1

wk · fkij , for i,

j = 1, . . . , n. (1)

2) The exploitation phase obtains the ranking of alternatives.
There are various approaches in the literature to rank al-
ternatives, such as the approaches based on dominance
and nondominance degrees of alternatives [29], [35].

B. Measuring and Improving Individual Consistency in GDM
With RPRs

In this section, we review the consistency index (CI) of RPRs
[29] and the optimization-based method to improve the con-
sistency of RPRs [27], which will be used as a basis of our
proposal.
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Herrera-Viedma et al. [29] proposed the CI based on the
additive transitivity to evaluate the individual consistency of an
RPR F as follows:

CI(F ) = 1 − 2
3n(n− 1)(n− 2)

n∑

i,j,k=1

|fij

+ fjk − fik − 0.5|. (2)

The larger the value of CI(F ), the more consistent F . If
CI(F ) = 1, then F is a consistent RPR.

In general, in GDM problems, decision makers may establish
a consistency threshold CI for the consistency index of an RPR
F . When CI(F ) ≥ CI, F is considered of acceptable consis-
tency; otherwise, F is considered of unacceptable consistency.

Zhang et al. [27] presented an optimization-based consistency
improving model. In order to obtain the adjusted RPR F ′ =
(f ′ij )n×n , which is not only of acceptable consistency but also
preserves as much information as possible in the original RPR
F , the optimization-based model [27] minimizes the Manhattan

distance between F and F ′, i.e., min
∑n

i,j=1
|fi j −f ′

i j |
n2 .

Simultaneously, to guarantee that the adjusted RPR F ′ of
acceptable consistency, we have

CI(F ′) ≥ CI.
Moreover, based on the definition of an RPR (Definition 1),

we have
f ′ij + f ′j i = 1.
As a result, an optimization model to deal with inconsistency

in F can be constructed as follows:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

min
n∑

i,j=1

|fi j −f ′
i j |

n2

s.t. f ′ij + f ′j i = 1

CI(F ′) ≥ CI.

(3)

Note 1: In this paper, we use model (3) to automatically deal
with the inconsistency of RPRs. If we use other consistency
improving methods (e.g., [3] and [12]), our proposal, in this
paper, will be still valid.

C. Consensus Reaching Process for GDM With RPRs

The consensus reaching process is defined as a dynamic and
iterative group discussion. By computing the consensus degree,
we can find out the actual level of consensus among the decision
makers. If the consensus level (CL) is not acceptable, a feedback
process should be applied to improve the consensus. Otherwise,
the CL is acceptable and the selection process should be applied
to obtain the final consensus solution to the GDM problem. A
general consensus process is shown in Fig. 1.

Different consensus models have been proposed during re-
cent decades [36]–[45]. Generally, the computation of consen-
sus measure for GDM is often done by measuring the difference
between individual opinions and group opinion. The CL asso-
ciated with the decision maker dk is given by [12], i.e.,

CLk = 1 −
n∑

i,j=1;i �=j

|fkij − fcij |
n(n− 1)

. (4)

Fig. 1. General consensus reaching process scheme [36].

The CL among the RPRs Fk = (fkij )n×n (k = 1, 2, . . . ,m),
associated with all decision makers {d1 , d2 , . . . , dm}, is given
as follows:

CL(F 1 , F 2 , . . . , Fm ) =
1
m

m∑

k=1

CLk . (5)

Clearly, CLk ,CL ∈ [0, 1]. A larger CL value indicates
a higher consensus degree among all decision makers
{d1 , d2 , . . . , dm}. If CL(F 1 , F 2 , . . . , Fm ) = 1, then all deci-
sion makers {d1 , d2 , . . . , dm} are of fully consensus.

In practice, a consensus threshold CL is established
for defining the necessary consensus level CL. When
CL(F 1 , F 2 , . . . , Fm ) ≥ CL, the consensus has been achieved;
otherwise, another discussion round starts with the feedback
process to make RPRs closer to each other.

In the feedback process, some advice is generated to achieve
a solution with a higher degree of consensus. To do so, it is
necessary to identify which decision makers are farther from the
collective RPR and how they should change their preferences.
Therefore, the following two consensus rules are introduced
[28].

1) Identification rule. The identification rule identifies the
decision makers contributing less to reach a high degree
of consensus. Generally, the decision maker dr , where
CLr = min{CL1 , . . . ,CLm}, needs to change his/her
preferences.

2) Direction rule. The direction rule finds out the direction
to change the preferences of decision makers. To do this,
the following two direction rules are defined.

a) If frij is smaller than fcij , then the decision maker dr
should increase the evaluation associated with the
pairwise (xi, xj ).

b) If frij is larger than fcij , then the decision maker dr
should decrease the evaluation associated with the
pairwise (xi, xj ).

III. CONSISTENCY VERSUS CONSENSUS: HOW TO DEAL WITH

BOTH CONCEPTS IN GDM

As mentioned previously in Section I, in the existing studies,
there are two main problems:

1) Losing consistency during the consensus process
[12], [13].

2) Ignoring decision makers during the consensus reaching
process [14], [15].

According to the two problems, one question has been raised:
How to deal with both the consistency and the consensus in
GDM? In Sections III-A and III-B, we wish to emphasize the
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Fig. 2. Consensus framework with individual consistency [12], [13].

motivations of this paper and illustrate the above two problems
in details.

A. Individual Consistency and Consensus Reaching Process:
Separate Processes

In [12] and [13], the implementation of the consensus building
with individual consistency in the GDM deals with a two-step
procedure (see Fig. 2).

1) Consistency improving process. This process is used
to help the decision makers obtain the preferences
with acceptable consistency. There are a number of
approaches to improve the consistency of RPRs [3], [12],
[27], [29]. Without loss of generality, in this paper, an
optimization-based model is used to improve individual
consistency [27].

2) Consensus reaching process. Once all RPRs are of accept-
able individual consistency, the consensus reaching pro-
cess is applied to reach an acceptable consensus among
all decision makers involved in the GDM problem. Iden-
tification rule and direction rule provided in Section II-C
are widely used in consensus models to generate the sug-
gestions to improve the CL.

Finally, the selection process is applied to rank alternatives
based on the adjusted RPRs with acceptably consistency and
acceptable consensus.

In the consensus framework shown in Fig. 2, the individual
consistency will often be destroyed in the consensus reaching
process, which leads to repeat the consistency improving process
until the adjusted RPRs with the acceptably consistency and
acceptable consensus are obtained simultaneously. Example 1
shows this issue.

Example 1: Suppose a GDM problem in which four decision
makers are involved and they express their preferences over a
set of four alternatives. The four RPRs are taken from [12] as
follows:

F 1 =

⎛

⎜⎜⎝

0.5 0.2 0.6 0.4
0.8 0.5 0.9 0.7
0.4 0.1 0.5 0.3
0.6 0.3 0.7 0.5

⎞

⎟⎟⎠

F 2 =

⎛

⎜⎜⎝

0.5 0.7 0.9 0.5
0.3 0.5 0.6 0.7
0.1 0.4 0.5 0.8
0.5 0.3 0.2 0.5

⎞

⎟⎟⎠

F 3 =

⎛

⎜⎜⎝

0.5 0.3 0.5 0.7
0.7 0.5 0.1 0.3
0.5 0.9 0.5 0.25
0.3 0.7 0.75 0.5

⎞

⎟⎟⎠

F 4 =

⎛

⎜⎜⎝

0.5 0.25 0.15 0.65
0.73 0.5 0.6 0.8
0.85 0.4 0.5 0.5
0.35 0.2 0.5 0.5

⎞

⎟⎟⎠ .

Based on (2), the CIs of these RPRs are the following ones:
CI(F 1) = 1,CI(F 2) = 0.7667,CI(F 3) = 0.65, and CI(F 4)

= 0.8333.
Let CI = 0.9 be the consistency threshold, it can be seen

that the decision makers d2 , d3 , and d4 need to change their
preferences. Using the consistency improving method [i.e., (3)]
to deal with the inconsistency in F 2 , F 3 , and F 4 , the adjusted
RPRs of F 1 , F 2 , F 3 , and F 4 are F 1,0 , F 2,0 , F 3,0 , and F 4,0 as
follows:

F 1,0 = F 1

F 2,0 =

⎛

⎜⎜⎝

0.5 0.7 0.8 0.778
0.3 0.5 0.6 0.7
0.2 0.4 0.5 0.778

0.222 0.3 0.222 0.5

⎞

⎟⎟⎠

F 3,0 =

⎛

⎜⎜⎝

0.5 0.685 0.5 0.491
0.315 0.5 0.254 0.3
0.5 0.746 0.5 0.252

0.509 0.7 0.748 0.5

⎞

⎟⎟⎠

F 4,0 =

⎛

⎜⎜⎝

0.5 0.25 0.15 0.65
0.75 0.5 0.6 0.8
0.85 0.4 0.5 0.7
0.35 0.2 0.3 0.5

⎞

⎟⎟⎠

where CI(F 1,0) = 1,CI(F 2,0) = 0.9,CI(F 3,0) = 0.9, and
CI(F 4,0) = 0.9.

Based on (1), let W = { 1
4 ,

1
4 ,

1
4 ,

1
4 } be the weighting vector

used to aggregate the individual RPRs and obtain the collective
RPR Fc,0

Fc,0 =

⎛

⎜⎜⎝

0.5 0.459 0.513 0.58
0.541 0.5 0.588 0.625
0.487 0.412 0.5 0.508
0.42 0.375 0.492 0.5

⎞

⎟⎟⎠ .

The CLs associated with the decision makers dk (k =
1, 2, 3, 4) are computed by using (4), i.e., CL1,0 =
0.813, CL2,0 = 0.82, CL3,0 = 0.793, and CL4,0 = 0.83.
Then, according to (5), the CL among {d1 , d2 , d3 , d4} is
CL1 , 0 +CL2 , 0 +CL3 , 0 +CL4 , 0

4 = 0.814.
Let CL = 0.84 be the consensus threshold, since CL3 =

min
k

CLk = 0.793 < 0.84, based on the identification rule, we

can see that the decision maker d3 needs to change his/her
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preferences. The new preference relation F 3,1 is obtained by
following the direction rule

F 3,1 =

⎛

⎜⎜⎝

0.5 0.68 0.51 0.56
0.32 0.5 0.3 0.62
0.49 0.7 0.5 0.3
0.44 0.38 0.7 0.5

⎞

⎟⎟⎠ .

Because F 1,0 , F 2,0 , and F 4,0 are not modified in the
first round, we have F 1,1 = F 1,0 , F 2,1 = F 2,0 , and F 4,1 =
F 4,0 in the new round. Based on RPRs Fk,1(k = 1, 2, 3, 4),
we obtain the CL associated with dk by using (4), i.e.,
CL1,1 = 0.828, CL2,1 = 0.838, CL3,1 = 0.855, and CL4,1 =
0.85. According to (5), the CL among {d1 , d2 , d3 , d4} is
CL1 , 1 +CL2 , 1 +CL3 , 1 +CL4 , 1

4 = 0.843.
It is clear that the CL among the decision makers {d1 ,

d2 , d3 , d4} has improved in this round of consensus reaching.
However, based on (2), we obtain the consistency index

CI(F 3,1) = 0.827 < CI = 0.9, which means that the individual
consistency in the RPR F 3,1 has been damaged in the consen-
sus reaching process. As a result, a repeating of the consistency
improving process must be used to deal with the unacceptable
consistency in F 3,1 .

Naturally, the repeating consistency improving process leads
to start with the consensus process again and is very time con-
suming. The aim of this paper is to develop the consensus
reaching process with individual consistency control to avoid
the repetition of the consistency improving process.

B. Automatic Consensus Reaching Process With Individual
Consistency: Ignoring Decision Makers

In [14] and [15], the automatic consensus process is pro-
vided to assist the decision makers reach consensus. Let
Fk = (fkij )n×n (k = 1, 2, . . . ,m) be the individual RPRs and
Fc = (fcij )n×n be the collective RPR. The main step for the

automatic consensus process is to construct a new RPR Fk ac-
cording to Fk . When establishing the new preference relation,
the following strategy is adopted:

fkij = λfkij + (1 − λ)fcij where 0 < λ < 1. (6)

This strategy is adopted until all RPRs reach an acceptable
consensus or the maximum number of iterations is obtained.

In the automatic consensus process, the modified RPR has
an acceptable individual CI. However, the decision makers are
ignored during the consensus reaching process, they cannot
change their preferences freely. In other words, all elements
in the RPR are changed based on (6) without the participation
of decision maker. Example 2 shows this issue.

Example 2: Let Fk,0 (k = 1, 2, 3, 4) and Fc,0 be as in
Example 1. According to Example 1, CL3 = mink CLk =
0.793 < CL = 0.84, so the RPR F 3,0 needs to be modified
for reaching an established consensus level CL. Based on (6),
set λ = 0.4, then F 3,1

ij = 0.4 × F 3,0
ij + 0.6 × Fc,0

ij , for i, j =
1, 2, . . . , 4.

Fig. 3. Consensus framework with individual consistency control.

The new RPR F 3,1 is obtained as follows:

F 3,1 =

⎛

⎜⎜⎝

0.5 0.549 0.508 0.544
0.451 0.5 0.454 0.495
0.492 0.546 0.5 0.406
0.456 0.505 0.594 0.5

⎞

⎟⎟⎠

where CI(F 3,1) = 0.955.
LetFk,1 = Fk,0 for k = 1, 2, 4. The new collective RPRFc,1

is obtained as follows:

Fc,1 =

⎛

⎜⎜⎝

0.5 0.425 0.515 0.593
0.575 0.5 0.639 0.674
0.486 0.361 0.5 0.546
0.407 0.326 0.454 0.5

⎞

⎟⎟⎠ .

According to (4), we obtain the CLs associated with
dk (k = 1, 2, 3, 4) are 0.827, 0.826, 0.886, 0.848, respectively.
Based on (5), the CL among decision makers is obtained,
CL(F 1,1 , F 2,1 , F 3,1 , F 4,1) = 0.847.

In Section IV, we will propose a consensus reaching pro-
cess to overcome the previous two problems. In the proposed
process, we will develop a consensus rule via an optimization
model to guarantee the individual consistency and to support
the participation of the decision makers.

IV. CONSENSUS BUILDING WITH INDIVIDUAL

CONSISTENCY CONTROL

In order to overcome the shortcomings of the consensus
process provided in Section III, we propose a consensus rule
with individual consistency control, and following the consen-
sus scheme shown in Fig. 2, a novel approach of consensus
building with individual consistency control is provided (see
Fig. 3).

The proposed consensus framework consists of two pro-
cesses: consistency improving process and consensus reach-
ing process. The main difference from the consensus frame-
work shown in Fig. 2 is that the OCR is used in the consensus
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reaching process. The proposed consensus rule provides a con-
sensus adjustable range for each preference and avoids repeating
the consistency improving process in the consensus reaching
process. Besides, in the consensus process based on the con-
sensus rule, the decision makers can adjust their opinions freely
within the adjustable range.

Section IV-A presents the consensus rule with individual con-
sistency control via an optimization model, and Section IV-B
introduces an algorithm to obtain its approximate optimal so-
lution. Section IV-C provides the consensus reaching process
based on the consensus rule. Finally, an algorithm to automati-
cally revise the preference values is proposed in Section IV-D.

A. Optimization-Based Consensus Rule

In this section, we model the consensus rule with individual
consistency control. Let Fk = (fkij )n×n (k = 1, 2, . . . ,m) be
the individual RPR of the decision maker dk andFc = (fcij )n×n
be the collective RPR.

The basic idea of the proposed consensus rule with individual
consistency control is to get the adjustable range [lkij , u

k
ij ] for

decision maker dk and pairwise (xi, xj ), based on Fk and Fc .
When the preference value fkij is revised within the adjustable
range [lkij , u

k
ij ] in the consensus reaching process, the adjusted

RPRs satisfy the following two conditions.
1) The CL among all the decision makers {d1 , d2 , . . . , dm}

is improved.
2) The adjusted RPRs are of acceptable consistency.
According to the direction rule to improve the CL among all

the decision makers {d1 , d2 , . . . , dm}, if fkij is smaller than fcij ,
then the decision maker dk is suggested to increase the evalu-
ation associated with the pairwise (xi, xj ); if fkij is larger than
fcij , then the decision maker dk is suggested to decrease the eval-
uation associated with the pairwise (xi, xj ). In other words, in
order to achieve a consensus, the revised preferences, associated
with decision maker dk and pairwise (xi, xj ), are suggested to
be within the interval [min{fkij , f cij}, max{fkij , f cij}].

Let [lkij , u
k
ij ] be the adjustable range, in order to guaran-

tee the improvement of the CL among the decision makers
{d1 , d2 , . . . , dm}, the adjustable range [lkij , u

k
ij ] should be con-

tained in the interval [min{fkij , f cij},max{fkij , f cij}], i.e.,

[lkij , u
k
ij ] ⊆ [fkij , f

c
ij ] if fkij ≤ fcij (7)

and

[lkij , u
k
ij ] ⊆ [fcij , f

k
ij ] if fkij > fcij . (8)

Let Lk = (lkij )n×n and Uk = (ukij )n×n . Let ϕk = {Ak =
(akij )n×n |akij ∈ [lkij , u

k
ij ], a

k
ij + akji = 1, i, j = 1, 2, . . . , n, k =

1, 2, . . . ,m} be the set of RPRs based on Lk and Uk .
Example 3 illustrates the set ϕk .

Example 3: Let

Lk =

⎛

⎜⎜⎝

0.5 0.2 0.45 0.35
0.7 0.5 0.7 0.55
0.5 0.2 0.5 0.3
0.45 0.4 0.5 0.5

⎞

⎟⎟⎠

and

Uk =

⎛

⎜⎜⎝

0.5 0.3 0.5 0.55
0.8 0.5 0.8 0.6
0.55 0.3 0.5 0.5
0.65 0.45 0.7 0.5

⎞

⎟⎟⎠ .

Then, for any RPR Ak that satisfies the condition akij ∈
[lkij , u

k
ij ] and akij + akji = 1 for i, j = 1, 2, 3, 4, we have Ak ∈

ϕk , such as

Ak =

⎛

⎜⎜⎝

0.5 0.25 0.47 0.45
0.75 0.5 0.75 0.57
0.53 0.25 0.5 0.4
0.55 0.43 0.6 0.5

⎞

⎟⎟⎠ .

In order to guarantee the consistency of the adjusted RPRs
based on the [lkij , u

k
ij ], it is required that for any Ak ∈ ϕk , it

should be of acceptable consistency, that is,

min
Ak ∈ϕk

CI(Ak ) ≥ CI. (9)

Equation (9) guarantees that the consistency of any RPR Ak in
the set ϕk is no less than the consistency threshold CI.

Finally, the decision makers should have the maximum degree
of freedom to revise their preferences, i.e., the width of [lkij , u

k
ij ]

is maximal, namely

max
n∑

i=1

n∑

j=i+1

(ukij − lkij ). (10)

Based on (7)–(10), an optimization-based model to obtain the
adjustable range [lkij , u

k
ij ] can be constructed as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
n∑
i=1

n∑
j=i+1

(ukij − lkij )

s.t.

[lkij , u
k
ij ] ⊆ [fkij , f

c
ij ] if fkij ≤ fcij , i, j = 1, 2, . . . , n

[lkij , u
k
ij ] ⊆ [fcij , f

k
ij ] if fkij > fcij , i, j = 1, 2, . . . , n

min
Ak ∈ϕk

CI(Ak ) ≥ CI

(11)

where lkij , u
k
ij (i, j = 1, 2, . . . , n) are decision variables in

model (11).
Because minAk ∈ϕk CI(Ak ) in model (11) can be equivalently

transformed into the following linear programming model:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min
aki j,a

k
j z ,a

k
i z

(
1 − ∑

i<j<z

4
n(n−1)(n−2) |akij + akjz − akiz − 0.5|

)

s.t.

akij ∈ [lkij , u
k
ij ] i, j = 1, 2, . . . , n

akij + akji = 1 i, j = 1, 2, . . . , n
(12)
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model (11) can be reorganized as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
n∑
i=1

n∑
j=i+1

(ukij − lkij )

s.t.

[lkij , u
k
ij ] ⊆ [fkij , f

c
ij ] if fkij ≤ fcij , i, j = 1, 2, . . . , n

[lkij , u
k
ij ] ⊆ [fcij , f

k
ij ] if fkij > fcij , i, j = 1, 2, . . . , n

min
aki j ,a

k
j z ,a

k
i z

(
1 − ∑

i<j<z

4
n(n−1)(n−2) |akij + akjz − akiz − 0.5|

)

≥ CI

akij ∈ [lkij , u
k
ij ] i, j = 1, 2, . . . , n

akij + akji = 1 i, j = 1, 2, . . . , n.
(13)

We call the method to obtain the adjustable range via the
optimization-based model (13) as the OCR and lkij , u

k
ij , a

k
ij

(i, j = 1, 2, . . . , n) are the decision variables in the OCR. In the
OCR, there exists a minimization model, and we will demon-
strate this problem in detail in the following section.

Solving the OCR yields the adjustable range [lkij , u
k
ij ]. When

the decision maker dk revises their preferences in the adjustable
range [lkij , u

k
ij ], the constraint conditions (7) and (8) guarantee

that the CL of the decision maker dk can be improved. The con-
straint condition (9) guarantees that the individual consistency
of the adjusted RPR associated with dk will not be damaged,
for the RPR Ak associated to [lkij , u

k
ij ], which has the worst

consistency, is of acceptable consistency.

B. Algorithm to the OCR

When implementing the OCR, a core problem is how to ob-
tain the optimal solution to the OCR. Particularly, in the con-
straint conditions of the OCR [model (13)], a linear program-
ming model [model (12)] is involved. The inclusion of model
(12) in the OCR leads to the difficulty to obtain the optimum
solution to the OCR. Therefore, we need to design an algorithm
that obtains an approximate optimal solution to the OCR.

In essence, model (12) is used to find out an RPR Ak =
(akij )n×n , whose CI is the smallest under the condition that
akij ∈ [lkij , u

k
ij ] and akij + akji = 1. When model (12) is used, we

have the following observation: if akij (i, j = 1, 2, . . . , n) are the
optimum solutions to model (12), then we find that in almost all
of the cases, there exist akij = lkij or akij = ukij . In other words,
some elements akij in the RPR Ak will be on the boundary of
the adjustable range [lkij , u

k
ij ]. Thus, we set ψk = {(i, j)|akij =

lkij or a
k
ij = ukij} and ψk �= ∅. Next, we provide Example 4 to

illustrate the set ψk .
Example 4: Let the matrices Lk and Uk be as in Example 3.

Based on model (12), we find out the RPR

Ak =

⎛

⎜⎜⎝

0.5 0.2 0.49 0.4
0.8 0.5 0.8 0.58
0.51 0.2 0.5 0.45
0.6 0.42 0.55 0.5

⎞

⎟⎟⎠

whose CI is the smallest under the condition that akij ∈ [lkij , u
k
ij ]

and akij + akji = 1 for i, j = 1, 2, 3, 4.
Then, it is clear that ak12 = lk12 , ak21 = uk21 , ak23 = uk23 and

ak32 = lk32 . So, we have ψk = {(1, 2), (2, 1), (2, 3), (3, 2))}.
Suppose (α, β) ∈ ψk and ukαβ − lkαβ = max(i,j )∈ψk (ukij −

lkij ). We may update the adjustable range [lkij , u
k
ij ] using the

following equations:

[lkij , u
k
ij ] = [lkij , u

k
ij ] for i, j �= α, β (14)

⎧
⎨

⎩
lkαβ = lkαβ + θ(ukαβ − lkαβ )

ukαβ = ukαβ

if akαβ = lkαβ (15)

and
⎧
⎨

⎩
lkαβ = lkαβ

ukαβ = ukαβ − θ(ukαβ − lkαβ )
if akαβ = ukαβ (16)

where [lkij , u
k
ij ] is the updated adjustable range, associated with

[lkij , u
k
ij ], θ ∈ {0, 1} is the adjustment parameter, and the larger

θ value implies the more adjustment amount.
Let [lkij , u

k
ij ] be the adjustable range for decision maker dk

with pairwise (xi, xj ) and let [lkij , u
k
ij ] be the updated adjustable

range based on (14)–(16). Then, we have a desired property for
(14)–(16).

Property 1: LetAk = (akij )n×n be the RPR with the smallest

CI under the condition akij ∈ [lkij , u
k
ij ] and letAk = (akij )n×n be

the RPR with the smallest CI under the condition akij ∈ [lkij , u
k
ij ]

and akij + akji = 1. Then, the consistency of Ak is greater than

or equal to the consistency of Ak , i.e., CI(Ak ) ≥ CI(Ak ).
Proof: According to model (12), CI(Ak ) = min(1 −∑
i<j<z

4
n(n−1)(n−2) |akij + akjz − akiz − 0.5|), where akij ∈

[lkij , u
k
ij ].

Since [lkij , u
k
ij ] ⊆ [lkij , u

k
ij ] and akij ∈ [lkij , u

k
ij ], we have

CI(Ak ) ≥

min

⎛

⎝1 −
∑

i<j<z

4
n(n− 1)(n− 2)

|akij + akjz − akiz − 0.5|
⎞

⎠ .

Thus, CI(Ak ) ≥ CI(Ak ).
This completes the proof of Property 1.
Property 1 shows that the worst consistency degree of the

RPRs can be improved by updating the adjustable range based
on (14)–(16).

Based on Property 1, we design an algorithm to obtain the
approximate optimal solution to the OCR. Initially, we set
[lkij , u

k
ij ] = [min{fkij , f cij},max{fkij , f cij}], and then update the

adjustable range based on (14)–(16). Follow this procedure
until CIAk ) ≥ CI and the obtained approximate optimal so-
lution to the OCR is [lkij , u

k
ij ]. The detailed algorithm noted as

Algorithm 1 is provided below.
Note 2: For the optimum solutions akij (i, j = 1, 2, . . . , n)

to model (12), we find that in almost all of the cases, there



326 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 27, NO. 2, FEBRUARY 2019

Algorithm 1 The Approximate Algorithm to the OCR.

Input. The established consistency threshold CI , the individ-
ual RPR Fk = (fkij )n×n with the acceptable consistency (i.e.,
CI(Fk ) ≥ CI), the collective RPR Fc = (fcij )n×n , the ad-
justment parameter θ and the established maximum number
of iterations M .
Output. The adjusted range [lkij , u

k
ij ] and the iteration number

t.
Step 1: Let t = 0, and [lk,tij , u

k,t
ij ] = [lk,0ij , u

k,0
ij ] =

[min{fkij , f cij},max{fkij , f cij}].
Step 2: Based on model (12), we find out a RPR Ak,t =
(ak,tij )n×n whose consistency index is the smallest under the

condition that ak,tij ∈ [lk,tij , u
k,t
ij ] and ak,tij +ak,tj i =1.

Step 3: IfCI(Ak,t) < CI and t < M , go to Step 4; Otherwise,
go to Step 5.
Step 4: Get [lk,t+1

ij , uk,t+1
ij ]. Suppose ψk,t = {(i, j)|ak,tij

= lk,tij orak,tij = uk,tij } and consider the following cases:
Case A: ψk,t �= ∅.

Let (α, β) ∈ ψk,t and uk,tαβ − lk,tαβ = max
(i,j )∈ψk , t

(uk,tij − lk,tij ).

Based on (14)–(16), we structure [lk,t+1
ij , uk,t+1

ij ] as
follows:

i) [lk,t+1
ij , uk,t+1

ij ] = [lk,tij , u
k,t
ij ] for i, j �= α, β

ii)

⎧
⎨

⎩
lk,t+1
αβ = lk,tαβ + θ(uk,tαβ − lk,tαβ )

uk,t+1
αβ = uk,tαβ

if ak,tαβ = lk,tαβ

iii)

⎧
⎨

⎩
lk,t+1
αβ = lk,tαβ

uk,t+1
αβ = uk,tαβ − θ(uk,tαβ − lk,tαβ )

if ak,tαβ = uk,tαβ

Case B: ψk,t = ∅.
Let uk,tαβ − lk,tαβ = max

i,j∈{1,2,...,n}
(uk,tij − lk,tij ). Then, we

structure [lk,t+1
ij , uk,t+1

ij ] as follows:

i) [lk,t+1
ij , uk,t+1

ij ] = [lk,tij , u
k,t
ij ] for i, j �= α, β

ii)

⎧
⎨

⎩
lk,t+1
αβ = lk,tαβ

uk,t+1
αβ = uk,tαβ − θ(uk,tαβ − lk,tαβ )

for i, j = α, β

Let t = t+ 1 and go to Step 2.
Step 5: Let [lkij , u

k
ij ] = [lk,tij , u

k,t
ij ]. Output the adjustable range

[lkij , u
k
ij ] as the approximate optimal solution to the OCR, and

output the iteration number t.

exist akij = lkij or akij = ukij . But, it is hard to prove this point
analytically. So, in Step 4 of Algorithm 1, we also consider
Case B, which will not change the essence of Algorithm 1.

An important problem of the approximate algorithm is its
approximate performance. The approximate performance re-
flects the degree of approximation between the approximate
solution and the optimal solution. Let [lkij , u

k
ij ] be the approx-

imate optimal solution to the OCR. Let [lk∗ij , u
k∗
ij ] be the opti-

mum solution to the OCR with Algorithm 1. According to the

theory of approximate algorithms [46], if
uk ∗i j −lk ∗i j
uki j −lki j

≤ ρ, then,

Algorithm 1 is considered to be a ρ-approximation algorithm.

Because uk∗ij − lk∗ij ≤ |fkij − fcij |,
uk ∗i j −lk ∗i j
uki j −lki j

≤ |f ki j −f ci j |
uki j −lki j

, so in this

paper, we set

ρ =
|fkij − fcij |
ukij − lkij

(17)

to measure the approximate performance of Algorithm 1.
Clearly, ρ ≥ 1. The smaller ρ value indicates a better perfor-
mance. When ρ = 1, [lkij , u

k
ij ] is the optimum solution to the

OCR. Section V will show the approximate performance of
Algorithm 1.

Example 5 illustrates the process of updating the adjustable
range [lkij , u

k
ij ] based on Algorithm 1.

Example 5: Suppose the consistency threshold CI = 0.85
and the adjustment parameter θ = 0.3. Consider the individual
RPR F 4,0 and the collective RPR Fc,0 provided in Example 1.

1) In the first iteration, let l4,0ij = min{f 4,0
ij , f

c,0
ij } and u4,0

ij =
max{f 4,0

ij , f
c,0
ij }. Solving model (12) obtains the RPR

A4,0

A4,0 =

⎛

⎜⎜⎝

0.5 0.459 0.15 0.58
0.541 0.5 0.588 0.8
0.85 0.412 0.5 0.508
0.42 0.2 0.492 0.5

⎞

⎟⎟⎠

where CI(A4,0) = 0.79.
Then, we have ψ4,0 = {(i, j)|i, j = 1, 2, 3, 4}. It is
clear that u4,0

13 − l4,013 = max(i,j )∈ψ 4 , 0 (u4,0
ij − l4,0ij ). Since

a4,0
13 = l4,013 , the range [l4,1ij , u

4,1
ij ] is updated as follows:

[l4,1ij , u
4,1
ij ] = [l4,0ij , u

4,0
ij for i, j �= 1, 3

and
{
l4,113 = l4,013 + 0.3(u4,0

13 − l4,013 )

u4,1
13 = u4,0

13 .

We have l4,113 = 0.2589 and u4,1
13 = 0.513. Based on

the new range [l4,1ij , u
4,1
ij ], solving model (12) obtains

CI(A4,1) = 0.836, where

A4,1 =

⎛

⎜⎜⎝

0.5 0.459 0.2589 0.58
0.541 0.5 0.588 0.8
0.7411 0.412 0.5 0.508
0.42 0.2 0.492 0.5

⎞

⎟⎟⎠ .

2) In the second iteration, let l4,1ij = min{f 4,1
ij , f

c,1
ij } and

u4,1
ij = max{f 4,1

ij , f
c,1
ij }.

We have ψ4,1 = {(i, j)|i, j = 1, 2, 3, 4}. It is clear
that u4,1

13 − l4,113 = max(i,j )∈ψ 4 , 1 (u4,1
ij − l4,1ij ) = 0.2541.

Since a4,1
13 = l4,113 , we update the range [l4,2ij , u

4,2
ij ] as

follows:
[l4,2ij , u

4,2
ij ] = [l4,1ij , u

4,1
ij ] for i, j �= 1, 3 and

{
l4,213 = l4,113 + 0.3(u4,1

13 − l4,113 )

u4,2
13 = u4,1

13 .
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We have l4,213 = 0.3351 and u4,2
13 = 0.513. Based on

the new range [l4,2ij , u
4,2
ij ], solving model (12) obtains

CI(A4,2) = 0.861, where

A4,2 =

⎛

⎜⎜⎝

0.5 0.459 0.3351 0.58
0.541 0.5 0.588 0.8
0.6649 0.412 0.5 0.508
0.42 0.2 0.492 0.5

⎞

⎟⎟⎠ .

C. Consensus Reaching Process Based on the OCR

In this section, a consensus reaching process with individual
consistency control is developed. The core of this approach is
based on the use of the OCR, which provides a powerful tool to
guide the decision makers to build the acceptably consistency
and acceptable consensus.

The proposed consensus reaching process includes the fol-
lowing two steps.

Step 1: We analyze the consistency degree of individual RPRs.
If the RPRs are not consistent enough, then the consistency im-
proving method is applied to generate the RPRs with acceptable
consistency.

Step 2: We analyze the CL among the decision makers
{d1 , d2 , . . . , dm}. If the decision makers are of unacceptable
consensus, then solving the OCR yields the adjustable range
[lkij , u

k
ij ], associated with the decision maker dk and the pairwise

(xi, xj ). Following this, decision makers dk (k = 1, 2, . . . ,m)
are suggested to revise their preferences under the adjustable
range [lkij , u

k
ij ] (i, j = 1, 2, . . . , n) to improve the CL. In other

words, the modified preferences regarding dk and (xi, xj )
should belong to the interval [lkij , u

k
ij ]. Follow this procedure

until the consensus is reached.
Algorithm 2 formally describes the consensus reaching pro-

cess with individual consistency control.
Note 3: In Step 4 of Algorithm 2, there exists the case

in which all decision makers do not adjust their preference
relations, i.e., Fk,h+1 = Fk,h (k = 1, 2, . . . ,m). In order to
avoid this issue, it is required that the pairwise preference
values with the biggest difference must be adjusted, i.e.,

if
∣∣fκ1 ,h
sτ − fκ2 ,h

sτ

∣∣ = max k1 ,k2 ∈{1,2,...,m}
i,j∈{1,2,...,n}

∣∣∣fk1 ,h
ij − fk2 ,h

ij

∣∣∣, then

fκ1 ,h+1
sτ ∈ (lκ1 ,h

sτ , uκ1 ,h
sτ ) and fκ2 ,h+1

sτ ∈ (lκ2 ,h
sτ , uκ2 ,h

sτ ).
Some desired properties of the consensus reaching pro-

cess with individual consistency control are explained in
Theorems 1 and 2.

Theorem 1: Let CI be the consistency threshold in
Algorithm 2. Let Fk,h = (fk,hij )n×n be the RPRs generated
by Algorithm 2 and CI(Fk,h) be the CI of Fk,h . Then,
CI(Fk,h) ≥ CI for k = 1, 2, . . . ,m;h = 0, 1, 2, . . . ,M .

Proof: In Algorithm 2, Fk,0 is the RPR with acceptable
consistency, i.e.,

CI(Fk,0) ≥ CI for k = 1, 2, . . . ,m. (18)

Because fk,h+1
ij ∈ [lk,hij , uk,hij ], where [lk,hij , uk,hij ] is the ad-

justable range obtained from the OCR, associated with the deci-
sion maker dk and the pairwise (xi, xj ). The constraint condi-
tion (9) guarantees that the individual consistency of the adjusted

Algorithm 2 The Consensus Reaching Process with Indi-
vidual Consistency Control.

Input. The individual RPRs Fk = (fkij )n×n (k = 1, 2, . . . ,
m), the weighting vector of the decision makers W =
{w1 , w2 , . . . , wm}, the established consistency thresholdCI ,
the established consensus threshold CL and the established
maximum number of iterations M .
Output. Adjusted RPRs Fk = (fkij )n×n (k = 1, 2, . . . ,m)
and the iteration number h.
Step 1: Calculate CI(Fk ). If CI(Fk ) ≥ CI for k =
1, 2, . . . ,m, go to Step 2; otherwise, apply the consistency
improving method (see Section II-B) to obtain the adjusted
RPRs with acceptable consistency (for the sake of simplicity,
they are still denoted as Fk ), and then go to Step 2.
Step 2: Let h = 0 and Fk,0 = Fk (k = 1, 2, . . . ,m).
Step 3: IfCL(F 1,h , F 2,h , . . . , Fm,h) ≥ CL or h > M , go to
Step 5; otherwise, go to Step 4.
Step 4: Aggregate the RPRs {F 1,h , F 2,h , ...., Fm,h} to obtain
the collective Fc,h . Then, based on Fk,h and Fc,h , we use the
Algorithm 1 to approximate the OCR to obtain the adjustable
range [lk,hij , uk,hij ], associated with the decision maker dk (k =
1, 2, . . . ,m) and the pairwise (xi, xj ) (i, j = 1, 2, . . . , n).
Next, for any decision maker dk (k = 1, 2, . . . ,m), she/he
can give the adjusted RPR Fk,h+1 = (fk,h+1

ij )n×n , where

fk,h+1
ij ∈ [lk,hij , uk,hij ]. Go to Step 3.

Step 5: Let Fk = Fk,h(k = 1, 2, . . . ,m). Output the ad-
justed RPRs Fk = (fkij )n×n (k = 1, 2, . . . ,m) and the iter-
ation number h.

RPR associated with dk will not be damaged, i.e., when h > 0

CI(Fk,h) ≥ CI for k = 1, 2, . . . ,m. (19)

Thus, CI(Fk,h) ≥ CI for k = 1, 2, . . . ,m;h = 0, 1, 2, . . . ,M .
This completes the proof of Theorem 1.
From Algorithm 2, the final adjusted RPRs Fk are obtained.

By Theorem 1, we have the following corollary.
Corollary 1: The consistency of the adjusted RPRs Fk is

greater than or equal to the consistency threshold CI, i.e.,
CI(Fk ) ≥ CI for k = 1, 2, . . . ,m.

Note 4: According to Theorem 1 and Corollary 1, the con-
sistency of the adjusted RPRs is higher than the consistency
threshold CI. To guarantee that the consistency of the adjusted
RPRs is not lower than the consistency of the original individual
RPRs, it should set CI as the largest consistency value of the
original RPRs.

Theorem 2: Let CL be the consensus threshold in Algo-
rithm 2. Let {Fk,h = (fk,hij )n×n |k = 1, 2, . . . ,m} be the ad-
justed RPRs sequence in Algorithm 2 and CL(F 1,h , F 2,h ,
. . . , Fm,h) be the CL among {F 1,h , F 2,h , . . . , Fm,h}. Then,
when setting CL = 1 and h→ ∞, we have lim

h→∞
(CL(F 1,h ,

F 2,h , . . . , Fm,h)) = 1.
Proof: Let f+ ,h

ij = maxk∈{1,2,...,m} f
k,h
ij and f−,hij =

mink∈{1,2,...,m} f
k,h
ij . Then, we have fk,h+1

ij ∈ [lk,hij , μk,hij ] ⊆
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[f−,hij , f+ ,h
ij ], for any i, j ∈ {1, 2, . . . , n} and k ∈ {1, 2,

. . . ,m}. So
[
f−,h+1
ij , f+ ,h+1

ij

]
⊆
[
f−,hij , f+ ,h

ij

]
. (20)

Meanwhile, if f+ ,h
sτ − f−,hsτ = max k1 ,k2 ∈{1,2,...,m}

i,j∈{1,2,...,n}
|fk1 ,h
ij −

fk2 ,h
ij | and f+ ,h

sτ − f−,hsτ =
∣∣fκ1 ,h
sτ − fκ2 ,h

sτ

∣∣, based on

L1,0 =

⎛

⎜⎜⎝

0.5 0.22 0.513 0.4
0.587 0.5 0.74 0.625
0.4 0.2 0.5 0.3
0.42 0.3 0.493 0.5

⎞

⎟⎟⎠

U 1,0 =

⎛

⎜⎜⎝

0.5 0.413 0.6 0.58
0.78 0.5 0.8 0.7
0.487 0.26 0.5 0.507
0.6 0.375 0.7 0.5

⎞

⎟⎟⎠

L2,0 =

⎛

⎜⎜⎝

0.5 0.459 0.5232 0.6079
0.3719 0.5 0.588 0.625
0.2948 0.4 0.5 0.508
0.222 0.3 0.3208 0.5

⎞

⎟⎟⎠

U 2,0 =

⎛

⎜⎜⎝

0.5 0.6281 0.7052 0.778
0.541 0.5 0.6 0.7
0.4768 0.412 0.5 0.6792
0.3921 0.375 0.492 0.5

⎞

⎟⎟⎠

L3,0 =

⎛

⎜⎜⎝

0.5 0.5125 0.5 0.491
0.337 0.5 0.4058 0.3404
0.487 0.4411 0.5 0.3592
0.42 0.5106 0.492 0.5

⎞

⎟⎟⎠

U 3,0 =

⎛

⎜⎜⎝

0.5 0.663 0.513 0.58
0.4875 0.5 0.5589 0.4894

0.5 0.5942 0.5 0.508
0.509 0.6596 0.6408 0.5

⎞

⎟⎟⎠

L4,0 =

⎛

⎜⎜⎝

0.5 0.25 0.3431 0.58
0.602 0.5 0.588 0.625
0.4089 0.4 0.5 0.5327
0.35 0.2226 0.3112 0.5

⎞

⎟⎟⎠

U 4,0 =

⎛

⎜⎜⎝

0.5 0.398 0.4911 0.65
0.75 0.5 0.6 0.7774

0.6569 0.412 0.5 0.6888
0.42 0.375 0.4673 0.5

⎞

⎟⎟⎠

Note 3, we have fκ1 ,h+1
sτ ∈ (lκ1 ,h

sτ , uκ1 ,h
sτ

) ⊆ (f−,hsτ , f+ ,h
sτ

)
and

fκ2 ,h+1
sτ ∈ (lκ2 ,h

sτ , uκ2 ,h
sτ

) ⊆ (f−,hsτ , f+ ,h
sτ

)
. So

[
f−,h+1
sτ , f+ ,h+1

sτ

] ⊆ (f−,hsτ , f+ ,h
sτ

)
. (21)

LetZh =
∑n

i=1
∑n

j=1;j �=i (f
+ ,h
ij − f−,hij ). Based on (20) and

(21), we have

Zh+1 < Zh. (22)

For any h, we have Zh ≥ 0. Thus, the sequence {Zh |h =
1, 2, . . .} is monotone decreasing and has lower bounds. Then,
we have limh→∞ Zh = inf{Zh |h = 1, 2, . . . }.

Suppose that inf{Zh |h = 1, 2, . . .} �= 0. Because CL(F 1,h ,
F 2,h , . . . , Fm,h) < CL = 1, Algorithm 2 will continue and the
Zh values will continue to decrease with the increase of h. This
contradicts the definition of infimum inf{Zh |h = 1, 2, . . .}. So,
when setting CL = 1, limh→∞ Zh = 0.

Because 1 ≥ CL(F 1,h , F 2,h , . . . , Fm,h) =

1
m

m∑

k=1

⎛

⎝1 −
n∑

i,j=1;i �=j

|fk,hij − fc,hij |
n(n− 1)

⎞

⎠ ≥ 1 − Zh

n
(n− 1),

therefore, limh→∞(CL(F 1,h , F 2,h , . . . , Fm,h)) = 1.
This completes the proof of Theorem 2.
Theorems 1 and 2 guarantee that the adjusted RPRs, obtained

by the proposed consensus reaching process, are of acceptable
consistency and consensus. We should point out that the consis-
tency improving method is only used in the first round because
of the use of the OCR. As shown in Theorem 1, the proposed
consensus reaching process can avoid repeating the consistency
improving process.

Example 6 illustrates the consensus reaching process with
individual consistency control.

Example 6: (Example 1 continuation): Same to Example 1
in Section III, let CL = 0.84 be the consensus threshold, let
CI = 0.9 be the consistency threshold and let F 1,0 , F 2,0 , F 3,0 ,
and F 4,0 be RPRs with acceptable consistency as Example 1.

As shown in Example 1, CL(F 1,0 , F 2,0 , F 3,0 , F 4,0) =
0.814 < CL, so we use the consensus reaching process with
individual consistency control (Algorithm 2) to improve the
consensus. Let [lk,0ij , u

k,0
ij ] be the adjustable range obtained

by using Algorithm 1. Suppose Lk,0 = (lk,0ij )4×4 and Uk,0 =
(uk,0ij )4×4 , k = 1, 2, 3, 4.

Based on Lk,0 and Uk,0 (k = 1, 2, 3, 4), the decision mak-
ers construct new RPRs Fk,1 = (fk,1ij )4×4 , where fk,1ij ∈
[lk,0ij , u

k,0
ij ], as follows:

F 1,1 =

⎛

⎜⎜⎝

0.5 0.3 0.55 0.45
0.7 0.5 0.8 0.65
0.45 0.2 0.5 0.4
0.55 0.35 0.6 0.5

⎞

⎟⎟⎠

F 2,1 =

⎛

⎜⎜⎝

0.5 0.6 0.7 0.61
0.4 0.5 0.6 0.65
0.3 0.4 0.5 0.55
0.39 0.35 0.45 0.5

⎞

⎟⎟⎠

F 3,1 =

⎛

⎜⎜⎝

0.5 0.55 0.51 0.54
0.45 0.5 0.41 0.4
0.49 0.59 0.5 0.5
0.46 0.6 0.5 0.5

⎞

⎟⎟⎠

F 4,1 =

⎛

⎜⎜⎝

0.5 0.39 0.49 0.62
0.61 0.5 0.59 0.71
0.51 0.41 0.5 0.55
0.38 0.29 0.45 0.5

⎞

⎟⎟⎠ .
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Based on (2), the consistency degrees of Fk,1(k = 1, 2, 3,
4) are obtained, i.e., CI(F 1,1) = 0.983, CI(F 2,1) = 0.953,
CI(F 3,1) = 0.97, and CI(F 4,1) = 0.97.

According to (1), and taking the weighting vector
{ 1

4 ,
1
4 ,

1
4 ,

1
4 }, the collective RPR Fc,1 is obtained as follows:

Fc,1 =

⎛

⎜⎜⎝

0.5 0.46 0.5625 0.555
0.54 0.5 0.6 0.6025

0.4375 0.4 0.5 0.5
0.445 0.3975 0.5 0.5

⎞

⎟⎟⎠ .

Based on (4) and (5), the CLs associated with dk are ob-
tained, i.e., CL1,1 = 0.896, CL2,1 = 0.928, CL3,1 = 0.908, and
CL4,1 = 0.938. The CL of {d1 , d2 , d3 , d4} is CL(F 1,1 , F 2,1 ,
F 3,1 , F 4,1) = 0.918.

Finally, let Fk = Fk,1(k = 1, 2, 3, 4) be the adjusted RPRs
with acceptably consistency and acceptable consensus. Com-
pared with the existing consensus model (see Example 1), our
proposal not only improves the CL among the decision mak-
ers greatly, but also maintains the individual consistency in the
adjusted RPRs, which avoid the repeating of the consistency
improving process.

D. Algorithm to Automatically Revise the Preference Values

In Section IV-C, we proposed Algorithm 2 to describe the
consensus reaching process with individual consistency con-
trol. In this section, based on Algorithm 2, we propose a
new algorithm (Algorithm 3) to automatically revise the de-
cision makers’ preference values in the consensus reaching
process.

Algorithm 3 will not change the essence of Algorithm 2,
and the aim of presenting Algorithm 3 is to explore the use
of the consensus reaching process with individual consistency
control by means of simulation experiments in Section V. In
Algorithm 3, we replace Step 4 from Algorithm 2 with Step 4’
as follows.

Step 4’: Aggregate the RPRs {F 1,h , F 2,h , . . . , Fm,h} to
obtain the collective Fc,h . If CLκ,h = mink∈{1,2,...,m} CLk,h ,
then using the OCR and Algorithm 1 obtains the adjustable
range [lκ,hij , uκ,hij ], associated with the decision maker dκ

and the pairwise (xi, xj ). Then, let Fκ,h+1 = (fκ,h+1
ij )n×n ,

where fκ,h+1
ij (i < j) is uniformly and randomly selected from

[lκ,hij , uκ,hij ] and fκ,h+1
j i = 1 − fκ,h+1

ij , and let Fk,h+1 = Fk,h

for k �= κ. Go to Step 3.
In Algorithm 2, the decision makers participate in the con-

sensus reaching process and modify their preferences according
to the adjustable range, whereas in Algorithm 3, the consen-
sus reaching process is automatic and the adjusted value is
uniformly and randomly selected from the adjustable range.
Algorithm 3 will not change the essence of Algorithm 2 and
it automatically simulates the consensus reaching process with
individual consistency control.

V. SIMULATION EXPERIMENTS

In this section, we explore the use of the consensus reaching
process with individual consistency control by means of sim-

Fig. 4. Process to improve the consensus based on Algorithm 3 using data
source 1. (a) CI = 0.84, (b) CI = 0.88, (c) CI = 0.92.

Fig. 5. Process to improve the consensus based on Algorithm 3 using data
source 2. (a) CI = 0.84, (b) CI = 0.88, (c) CI = 0.92.

ulation experiments based on Algorithm 3 from three aspects:
the CI, the CL, and the approximate performance.

In the simulation experiments, we use five case studies from
the existing literatures.
Case 1: Taken from Example 3, [12, Sec 3.3]. In this exam-

ple, four decision makers provide their RPRs over four
alternatives. The worst consistency and the best con-
sistency among the four RPRs are 0.65 and 1, respec-
tively. The CL among decision makers is 0.82.

Case 2: Taken from Example 4, [47, Sec. 3.2]. In this exam-
ple, four decision makers provide their RPRs over four
alternatives. The worst consistency and the best con-
sistency among the four RPRs are 0.7 and 0.97, re-
spectively. The CL among decision makers is 0.9.

Case 3: Taken from [48, Sec. 6.1]. In this case, four decision
makers provide their RPRs over four alternatives. The
worst consistency and the best consistency among the
four RPRs are 0.87 and 0.97, respectively. The CL
among decision makers is 0.86.

Case 4: Taken from Example 2, [49, Sec. 4]. In this example,
four decision makers provide their RPRs over four
alternatives. The worst consistency and the best con-
sistency among the four RPRs are 0.67 and 0.96, re-
spectively. The CL among decision makers is 0.81.

Case 5: Taken from [50, Example 1]. In this example, six deci-
sion makers provide their RPRs over four alternatives.
The worst consistency and the best consistency among
the six RPRs are 0.67 and 0.97, respectively. The CL
among decision makers is 0.81.

Following this, we set the consensus threshold CL = 0.99
(close to 1) and investigate the variation trends of the CI, the CL,
and the approximate performance under different consistency
thresholds CI (0.84, 0.88, and 0.92). They are illustrated in
Figs. 4–8, respectively.

From Figs. 4–8, the following observations can be drawn.
1) We can find that the CL can be improved rapidly by using

the consensus reaching process with individual consis-
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Fig. 6. Process to improve the consensus based on Algorithm 3 using data
source 3. (a) CI = 0.84, (b) CI = 0.88, (c) CI = 0.92.

Fig. 7. Process to improve the consensus based on Algorithm 3 using data
source 4. (a) CI = 0.84, (b) CI = 0.88, (c) CI = 0.92.

Fig. 8. Process to improve the consensus based on Algorithm 3 using data
source 5. (a) CI = 0.84, (b) CI = 0.88, (c) CI = 0.92.

tency control, and the number of the iterations depends on
the established consensus thresholds. For example, the CL
can reach 0.85 in about 2 iterations, reach 0.9 in about 4
iterations, and reach fully consensus (close to 1) in about
15 iterations. This shows that our proposal provides an
effective way to build consensus in the GDM with RPRs.

2) The CI in each iteration is not less than the consistency
threshold. Even the CI increases with the number of iter-
ations. This means that our proposal can avoid repeating
the consistency improving processes.

3) The largest value of the approximate performances ρ is
about 2 and rapidly decreases with the number of iter-
ations. The value of ρ is close to 1, not more than 8
iterations. This shows that Algorithm 3 can yield the so-
lution with a good approximate performance, although it
is difficult to obtain the optimum solution to the OCR.

Through the simulation experiments of the five case studies,
the above-mentioned observations show that by applying Algo-
rithm 3, the CL is improved and also the consistency of each
decision maker is guaranteed without repeating the consistency
improving process.

VI. CONCLUSION

In this paper, the consensus reaching process with individual
consistency control is proposed in the GDM with RPRs, and
its core part is based on the design of an optimization-based
consensus rule to determine the adjustment range of each pref-

erence value to guarantee the individual consistency in building
consensus. Compared with some existing studies, the consen-
sus reaching process with individual consistency control can
not only provide a new way to assist decision makers to reach a
consensus in the GDM with RPRs, but also avoid repeating the
consistency improving process, which is very time consuming.

In the future, we plan to work on the potential use of the
consensus reaching process with individual consistency control
for large-scale decision making [51]–[58] to handle large groups
with different preference representation structures.
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[48] T. González-Arteaga, R. Andrés-Calle, and F. Chiclana, “A new mea-
sure of consensus with reciprocal preference relations: The correlation
consensus degree,” Knowl.-Based Syst., vol. 107, pp. 104–116, 2016.

[49] Y. Wang and Z. Fan, “Fuzzy preference relations: Aggregation and weight
determination,” Comput. Ind. Eng., vol. 53, no. 1, pp. 163–172, 2007.

[50] F. Chiclana, F. Herrera, E. Herrera-Viedma, and L. Martı́nez, “A note on
the reciprocity in the aggregation of fuzzy preference relations using OWA
operators,” Fuzzy Sets Syst., vol. 137, no. 1, pp. 71–83, 2003.

[51] B. Liu, Y. Shen, X. Chen, Y. Chen, and X. Wang, “A partial binary
tree DEA-DA cyclic classification model for decision makers in complex
multi-attribute large-group interval-valued intuitionistic fuzzy decision-
making problems,” Inf. Fusion, vol. 18, no. 3, pp. 119–130, 2014.

[52] B. Liu, Y. Shen, Y. Chen, X. Chen, and Y. Wang, “A two-layer
weight determination method for complex multi-attribute large-group
decision-making experts in a linguistic environment,” Inf. Fusion, vol. 23,
pp. 156–165, 2015.

[53] Y. Liu, Z. Fan, and X. Zhang, “A method for large group decision-making
based on evaluation information provided by participators from multiple
groups,” Inf. Fusion, vol. 29, pp. 132–141, 2016.

[54] I. Palomares, L. Martı́nez, and F. Herrera, “A consensus model to de-
tect and manage noncooperative behaviors in large-scale group decision
making,” IEEE Trans. Fuzzy Syst., vol. 22, no. 3, pp. 516–530, Jun. 2014.

[55] F. Quesada, I. Palomares, and L. Martı́nez, “Managing experts behavior
in large-scale consensus reaching processes with uninorm aggregation
operators,” Appl. Soft Comput., vol. 35, pp. 873–887, 2015.

[56] T. Wu and X.-W. Liu, “An interval type-2 fuzzy clustering solution for
large-scale multiple-criteria group decision-making problems,” Knowl.-
Based Syst., vol. 114, pp. 118–127, 2016.

[57] X. Xu, Z. Du, and X. Chen, “Consensus model for multi-criteria large-
group emergency decision making considering non-cooperative behaviors
and minority opinions,” Decis. Support Syst., vol. 79, pp. 150–160, 2015.

[58] H. Zhang, Y. Dong, and E. Herrera-Viedma, “Consensus building for the
heterogeneous large-scale GDM with the individual concerns and satis-
factions,” IEEE Trans. Fuzzy Syst., vol. 26, no. 2, pp. 884–898, Apr. 2018.

Cong-Cong Li received the M.S. degree in manage-
ment science and engineering from Sichuan Univer-
sity, Chengdu, China, in 2015. She is currently pur-
suing the Ph.D. degree in management and computer
science at the Business School, Sichuan University
and the Department of Computer Science and Arti-
ficial Intelligence, University of Granada, Granada,
Spain.

Her research interests include decision making,
computing with words, and opinion dynamics.

Rosa M. Rodrı́guez received the B.Sc, M.Sc., and
Ph.D. degrees in computer science from the Univer-
sity of Jaén, Jaén, Spain, in 2006, 2008, and 2013,
respectively.

She has a Posdoctoral contract with the University
of Granada, Granada, Spain. She has more than 25
papers in journals indexed by the SCI. Her research
interests include linguistic preference modeling, de-
cision making, decision support systems, and fuzzy
logic based systems.

Dr. Rodrı́guez is an Editor Assistant for the Inter-
national Journal of Computational Intelligence Systems and an Associate Editor
for the International Journal of Fuzzy Systems. She was a recipient of the IEEE
Transactions on Fuzzy Systems Outstanding Paper Award 2012 (bestowed in
2015).



332 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 27, NO. 2, FEBRUARY 2019

Luis Martı́nez (M’10) was born in 1970. He received
the M.Sc. and Ph.D. degrees in computer sciences
from the University of Granada, Granada, Spain, in
1993 and 1999, respectively.

He is a currently a Full Professor with the De-
partment of Computer Science, University of Jaén
and a Lecturing Professor under the Chutian Scholar
Program with the Wuhan University of Technology,
Wuhan, China. He has coedited 14 journals spe-
cial issues on related topics to his interests and au-
thored/coauthored more than 100 papers in journals

indexed by the SCI as well as 33 book chapters and more than 150 contributions
in International Conferences related to his areas. He has been a main researcher
in 14 R&D projects. He is also a Visiting Professor with the University of
Technology Sydney and the University of Portsmouth, a Guest Professor with
the Southwest Jiaotong University, and an Honorable Professor with Xihua
University, both in Chengdu, China. Eventually, he has been appointed as a
Highly Cited Researcher 2017. His research interests include fuzzy multicrite-
ria decision making, data driven decision support, computing with words and
recommender systems.

Prof. Martı́nez is a member of the European Society for Fuzzy Logic and
Technology. He is a coeditor in Chief for the International Journal of Com-
putational Intelligence Systems and an Associated Editor for the IEEE TRANS-
ACTIONS ON FUZZY SYSTEMS, INFORMATION FUSION, etc. He received twice
the IEEE Transactions on Fuzzy Systems Outstanding Paper Award 2008 and
2012 (bestowed in 2011 and 2015 respectively) and the Da Ruan’s Award in the
FLINS Conference 2016.

Yucheng Dong received the B.S. and M.S. de-
grees in mathematics from Chongqing University,
Chongqing, China, in 2002 and 2004, respectively,
and the Ph.D. degree in management from Xi’an
Jiaotong University, Xi’an, China, in 2008.

He is currently a Professor with the Business
School, Sichuan University, Chengdu, China. He has
authored/coauthored more than 70 international jour-
nal papers in Decision Support Systems, European
Journal of Operational Research, IEEE TRANSAC-
TIONS ON BIG DATA, IEEE TRANSACTIONS ON CY-

BERNETICS, IEEE TRANSACTIONS ON FUZZY SYSTEMS, IEEE TRANSACTIONS

ON SYSTEMS, MAN, AND CYBERNETICS, OMEGA, among others. His research
interests include consensus process, computing with words, opinion dynamics,
and social network decision making.

Dr. Dong is a member of the editorial board of Information Fusion, and an
area editor for the Computers & Industrial Engineering.

Francisco Herrera (SM’15) received the M.Sc. and
Ph.D. degrees in mathematics from the University of
Granada, Granada, Spain, in 1988 and 1991, respec-
tively.

He is currently a Professor with the Department
of Computer Science and Artificial Intelligence, Uni-
versity of Granada. He has been the supervisor of
42 Ph.D. students. He has authored/coauthored more
than 370 journal papers, receiving more than 58000
citations (Scholar Google, H-index 120). He is a
coauthor of the books Genetic Fuzzy Systems (World

Scientific, 2001) and Data Preprocessing in Data Mining (Springer, 2015), The
2-tuple Linguistic Model. Computing With Words in Decision Making (Springer,
2015), Multilabel Classification. Problem Analysis, Metrics and Techniques
(Springer, 2016), among others. His research interests include soft computing
(including fuzzy modeling, evolutionary algorithms, and deep learning), com-
puting with words, information fusion and decision making, and data science
(including data preprocessing, prediction and big data).

Prof. Herrera is currently an Editor in Chief of the international journals
Information Fusion (Elsevier) and Progress in Artificial Intelligence (Springer).
He is also an editorial member of a dozen of journals.

He was the recipient of the following honors and awards: ECCAI Fellow
2009, IFSA Fellow 2013, 2010 Spanish National Award on Computer Science
ARITMEL to the “Spanish Engineer on Computer Science,” International Ca-
jastur “Mamdani” Prize for Soft Computing (Fourth Edition, 2010), IEEE Trans-
actions on Fuzzy System Outstanding 2008 and 2012 Paper Award (bestowed in
2011 and 2015 respectively), 2011 Lotfi A. Zadeh Prize Best paper Award (IFSA
Association), 2013 AEPIA Award to a scientific career in Artificial Intelligence,
2014 XV Andalucı́a Research Prize Maimónides, 2017 Security Forum I+D+I
Prize, and 2017 Andalucı́a Medal (by the regional government of Andalucı́a).
He has been selected as a Highly Cited Researcher http://highlycited.com/ (in
the fields of Computer Science and Engineering, respectively, 2014 to present,
Clarivate Analytics).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


