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ABSTRACT

Ve prooe the equioalettce betueen an operational and an
e*tensional eemantiee for pure d.a.taflou.

The terqn pu"e dataflou refere to datafloo nets i'n uhi'eh
the nodee aEjmeffi (i..e. the output hi'etong is a

funetion of the input hietony only) and. the arel are
tmbowtded fifo queuee.

Gi,LLea Kahn gaoe a method for the representation of cr

pure da.taflou net ae a eet of equationl; one equation for
eaeh are i.n the net. Ve pneeent a eontplete proof tlnt the
operutiona.L behaoiour of a pu"e dataflau net is exactly
deeeribed by the Least fioed poi.nt eolution to ite
assoeiated ebt of equations. )ur nodel ie eonrpletely general
sirue our nodee tnoe the uni.oerealitlt pnopert!, in tltat, for
an| eontinuoue historA -Ttmiiion there eni.ste a node tlta.t
vLLL contpute it. l,loreooer s'i.nee oun nets are not bui'Lt fr?m
a set of eequential primitioe nodea the nod.el is not in the
eommmieatlng sequential proeeesee frameuork. On the
eontrarg our neti haoe the abstraeti,on propertv in that any
net ean be eollapsed into a node-

The abooe proof gioes eomplementan'y DaAs of tsi'etLng
pure da.taflow nets, that is, ae ei.then eete of equati'ons or
ae graphs. f t moneotten gioes ni'ee to an elegant equatiornL
dataftou Language. Pure dataflou then takes on an i.ntportant
role sinee i.t ie a eonreet inrplementation for eueh a
funetionnl proqramning Languaqe; nodee being -irnplementatio.neffi -Tffirt6ns; ares and datons bei.ng
implementatione of historiee; and nets being mechani,ems for
eontputing the solutione to eete of equati,one.



0. Introduetion

Dataflou ie a method" of eomputation in uhieh the behaoiour of a netuork of

p"oee1see ie eontroLled by the flou of data through the netuork. A datafloo net

is a direeted. gnaph uhoee nodee are autonomoua eonputing etations and uhoee ares

are ehannela dovrt uhieh dntone* flou.

Although w gitse a general opervtional eemantiee for dataflou' De a?e

mainly interested i.n d.a.tafloo nets tith the follot'ttng pnopenti'ee:-

i) Eoeng nod.e i,n the net ie funeti,onal, i..e. the entire historg of i'te

outputs 'i.e d.eterrnined onLy bg the entire hietories of its input ( a

hietorg being the finite on infi.nite eequenee of dntona to hatse paseed

along an are ).

ii) Etseng are i.s eapable of etori,ng flatons in' an unbounded fifo queue.

Ne;s ttth the abooe propertiel are ealled pure datafloa nets, eo ealLed beeause

of their simple proPerti.ee.

GiLLee Kahn in [3J tns the finat to desc'r,ibe pune data flou and to point

out tlnt a pure flataflou net ean be nepresented by a eet of equati'on|; one

equati,on for eaeh an,e i.n the net. I'loe diagnan shous a pure dntaflou net attd ite

representati.on aB a set of equati,ons. .l"loreoDer Kahn realieed that the

operatior.nl behaoiour of a pu"e dataflou net is eraetLy deseribed by the Least

fired point solution to the netts equati,ons. Although Kahn aae the fi'rst to

state this pnineiple (ahieh oe caLL the Kahn prirtciple) he did not pnooe it'

r ie refen to an atomie
Thnoughout thie Wpe? De

eralitg, onlg datons of

'unit of data aa a daton-
eonei.den, uithout Loss of gen-

type natunal nttnber.
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A htne dataflor't net and.
ite repre*entati,on aB a
eet of equations.

Ve present a preeiee operutiona.L eemanties fon pure da.taflaa, uhieh is then

ueed to gioe a eomplete proof that the operationa.L beltavioun of a pure datafLots

net i.s eraetlg d.eseribeil by the Least ficed point solution to the set of

equatione representi,ng the net.

Th.e Kahn pnineiple hae many important eonlequeltcea, not the least of uhieh

ie the fact tlnt ue ean uae sete of equations (Like those abote) as a dataflott

prognanmLng Language. Thie equationa.L Languoge, tfuieh ie oery close to the

Language Lucid, i,e eonciee, elegant and abote aLL eaey to reaaon about becauee

it is sirnply mathematies aa it standa.

Fnom thts point of oieut ue do not consi.der a set of equatione aa

repnesenti.ng (deseribi,ng) pune dataflou nets; rather, de aee pure d.atafLou nets

as imoLementati,ons of equationaL pnograna. It folloaa that de aee pu"e dntaflou

nodes aB implementatione of hi.story ftmetions. From this point of oieu it does

not matter hoa bizarre an irnplementation maA be, i,f it eomputes a hietory

funetion it is a pur.e d-a.tafloo node. For tarious reaaons othera uho haoe studied'

pw.e datafloa ([0J,tl],t31) haue restrieted themseLtea to aequential noilea. lle
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opetu.tiortal semantiee for Pure

eornputee a hietong ftmetion'

eomputea a hietorY funetion

fully in a Later eeetion'

datafloa shouLd be able to

An erantple of d nttn-

ie the "prc'LLeL ot' node,

eemantiee in uhieh De ean

are therefore able to gite a
Ite preeent a eompletelg general operv'tional

fonally deseribe anV pu"e datafloa net' lle

complete pnoof of the Kahn pnitt'eipLe'

7. No4gg_ ae Autona.ta

lle thi,nk of nod.es as a continuoualg openating proeeasing stationa ( "blaek

bores"), t)ith il.atons being fed i'n' one by one, through input a"ea an'd datons

being output, one bg one, through output are|. Although a eimple 'node usuallg

produees output at the same rate at uthi.ch i't eonsumes inputr a mo?e eompLer node

nay prduee output at a different nate, perlnps faeter or slouer tlun the rate

at ahieh it conswnes inPut'

Hith eaeh node ue assoeiate an intermal state ahieh may ehange ae the node

mol)ea fnon one etage in ite eomputation to the nert' llhen a node ie first

,,act.Lt)ated,,, it motsee automatieally into a knotm ini'tial atate ' Thereafter it

mag mo1)e to other i.ntermal atatee d.epend'ing upon Dhat the node ia to eonpute' I'le

ean think of the interma.L etate of a nod"e ae havirtg tt'to distinet funetions'

one funeti.on is a8 a "na.rker", that i-s it marks the eurrent step in the

algorLthm speei,fying the nodes bevntsioun. The initial state is a "nurl<er't tO the

finst step i,n sueh an aLgot'Lthm. Consid"er a node Lnith tlto intennl etatea' o:n

input are aru| one output are. In its first etate (the initi'aL state) it eonsumee

the firat d.aton to arritte on its input an'e and' produces no output' llhen that
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step 1n the algoni,thm ie eonpLeted i,t moDel to tte eeeortd intermal etate' fn

thi.e state it outpute a iopy of the nert daton to be input' Sinee ue require

the node to nepeat thi,s Laet etep ad i.nfini,tun, ue foree the node i'nto the eame

1nternal etate. I,he node ue hante just deecribed i'e an i-mplementation of the

sinple hi,story ftmction tne&tt. (i.e. Let s be a fini'te or eountably infi'nite

sequerrce of natunal ntanbene, then nert@ ) i.e the sequenee d Dith ite firet

eomponent removed. )

The seeond" uee of i,nternal state i.s aa memorA' that is, to remember

preoi,oul inputs. To produee an output, a node may reqube a'eee7l to any of the

prel)ious inpute artd, therefore, a poes'LbLy unbotmded anount of internal memorA

mag be used. An erample of a node t\nt uses i,ntermal state a8 memong 4s the node

that pTodteey, thnough its one output ane, the mmni'ng total of the datons it

has eonsumed. thnough i.ts one input ore. rn this erantple ue thi'nk of the initi'aL

etate as i.nitialising the runni.ng total to zeno. l{hen the firet d-a'ton anri|es,

.i.ts tlalue 1LLL be eome latural ntnnben and. sirae there ane eotmtablg many natural

numbere the node muat haue eauntably many i'ntervn'L atates i'n onder to rememben

the ner) r,tmni.ng totat. sinee the eum of tuo ttoturaL runnbers is agai'n a natural

nunber, a eountably infinite nwnben of intermal states means that it i's possi'ble

to reeond, ueLng some intermaL etate, anA poesibLe nunni'ng totaL'

Although de ean thi,nk of intemtal memory as hauing tuo dieti-net funetions

this does not mean that nodes need aepa'r'ate i.ntemwl states for eaeh of theae

functions. on the eontrany, nodes mag eneode both of theee funeti'ons uttthi'n a

ei,ngle i.ntewtaL state.

A node.Ls eonneeted. to i.ts outsi.de aorld thnough i'nput and- output are-s' rt

i.s along these area that datons floa into a node, and. after some i.ntern'd'L
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eomputation fLoD out of the node. Coneider hoo nodee in uhieh the output are of

one nod"e ie the input ane of the other. If the aou"ee node produeee dntone at a

faater nate than that at uhieh the deetination node eonewnee them, then the are

eonneeting theee tuo nod.es must be able to store the surpLus datons i-n the order

in uhieh they anrLved. For this reason arel are taken to be tmbotmded fi'fo

queuea.

Vi.th eaeh of a nodes input area De aseoeiate a one plaee input buffen.

This buffer ie ernpty i,f the input queue ie empty, othem,vLae it holde the da.t'on

at the head. of the input queue. A node ie able to remooe a daton from an input

are bg enasi,ng the eontente of the eorresponding input buffer.

The eontente of eaeh input buffer together utLth the intewnL state giue a

snapshot d"escri.ption of a node. Thie snapehot i.s ealled the "eause" of

eOnrputation. Vith eUeTaA poeeibLe "eau*et' L)e as;eoe'Late aome t'effeet". An

,,effeet,, mall be to erzaae aome or aLL of the nodes i'nput buffer; i't nay be to
o,te"b

change i,ntermal state or it may be to-tfu a daton on aome or aLL of the output

a"ea or a eombLnation of these 3 aeti.tsities'

Fon erampLe, eonsiden the node that eomputes the nunning total of its

i,nputs. At eome point in thi.s node'e eomputati,on a sTlclpshot mag reueal that it

is in state er, (the subserLpt denoting the running total so far') ' ff a daton

uhose talue is 3 is i.n the input buffer thi,s t^zi,Ll "eauset' the follot'tirtg

,,effeet,,: the 3 uould be erased from the input buffer; the node uould moDe to

the ne1 internaL state Qso od a 30 uould be output. ltre ean eee from thie

erample ho1 ,,eausee,, and "effeets" af,e pained. ve eaLL eueh a pai'r a tranei'tion.

Ihe onLy pToperty ue nequire of transi,tions i.e that for eoerg "eaule" there ie

at Leaet one popei,ble "effeet". Si.nee a "eduxet' may hale mOre than one "effeet"

asaoeiated uttth it, oun nodes may be non-detewni,ni.atie.
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ff one or more of the input buffere aaeoei.ated urtth a "eaule,, iB empty,

then it ie still poseible to aeeoeiate an "effeet" Lrtth that t'eause,,. fn 6ome

eaees the "effeet" nay be to do nothing, ahieh ue eaLL buey tmiti,ng. on the

other hand. the t'effeet" nay be to eauee some actiott7, thie is ealled eomputing

on ernpty buffena. ft i,s possible fon sequential nodes to eompute uhen aome of
their buffene. are emptg, but onlg if they eompletely ignone the eontents of
theae buffene. (tei'ng Kahn's Vait pnimitiue, fon eaanple, it is possible t:o unit

fon the appearanee of a da.ton dotrn the fi,nst ane and. output i.t ahen it anr"i.oes

euen if the eeeond buffen is empty. But uhen a Vait ie i,nooked, the node rmtst

do iust tha.t and. hae no unA of knouttng ohethen or not anything has anvi,Ded. in
the othen buffer.

The mone genenal nodes, hou)eoen, ane eagtble of penforrning othen acti.uities
( sueh as output) uhile uniting fon input on eentain area - in other uond,e, they

are esaentiaLlg able to do mone than one thi.ng at the same time. A uerg sinple

example of eueh a node ie the 'double identtty' node. This node hae tao inputs

artd a,to outputs and. eehos the firat input on the fi.rst output, and" the seeond

input on the seeond output. Sueh a node eannot be sequenti,al beeause it eannot

alloa both outputs to 'nun dry' uhen onLg one of the inputs does so.

Ihe follouttng fortnaL definition of a node is baeed on the inforrnal ideas

preeented aboue. A node ean be defined if: ae knout the numben of input a1d.

output are;; the i.nitial internal state; the set of aLL possibLe intermal

statea, artd for eDer.! possible "eause,, t)e ha,Je at Least one ,'effeet,,.
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Definition A node is a eequence <QrernrmrT>

uhene
Q i-s a .finite or eountably i.nfi.ni.te eet uti.th

nil ff Q (the set of aLL poesi.ble internal states)

q e Q (the initi.al intewnl etate)

n,m e u (the ntnnben of input ponte and. output ponts
reepeeti.oely )

Tc(BnxQ)r(En t0" nm)
( the tnansition relati.on)

eueh that , n ,1 m
for anA ee(B''Q) there eti.ste ee(E"xQxB) :
<e'e> € T

uhene
B: tiv {nil}

d:Qu {nil}
E:{tt,niL}

Gioen a node uvLth n i.nput anes and. m output anes if ue Dere to drau the

node aB a blaek bor then ue uould numben the anes fnom the Left (e.9. the Left

most input ane aould be 0 and the rLght.most uouLd be n-l ).

To elarifg the abote defi,nition u)e erdnine in more detail the tnansiti-on

relation for a general node:

Tc(*rQ)"(*r6*{l

The braeketi.ng in the abote erpression delimi.ts the "eduse" and. "effeet"

components deseribed earlier. T'he "eaule" eomponent ie:

n
(B XQ)
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A "eau*e" ie of the forn

,bo,...,h-l'q'

uhere for ang i, e n
bi ie the eontente of input buffen i,

6-. : { niL meani.ng the i'th buffer is enpty
' L , meaning the i'th buffer eontai.ne

the natural nwnber s

lTte "effeet" eomponent is:

(En , $, an)

An "effeett' ie of the forn

tuo, . . . ran-7, "rbo, 
. . . rb^-7'

uhene fon ang i e n
e. denotee uhat urf.Ll happen to the contents of buffer i

4

n-. : { ni.L do nothi.ng to the i'th buffen
" Ltt errse the eontente of the i'th buffen

z denotea ahat uti.Ll happen to the intemtal state
, : {nil remai,n i,n the same intermal etate

L q mooe to internal etate q

fonangiem
b. denotee uhat uvi.Ll be output on arc i

1U

6. :{niL output nothi,ng on the ittlt output are
u 

L , output the natunal nttmber y on the i'th
output are

Ve nout present a fea eranples to illuetrate the defini.tton-

L. We preaent a forrnal definition of the node wLth one input are and one output

are tTtnt eomputee as output the nwtning total of the inputa -

<QrQotTtTrT>

uhene
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q:{qi leer'r)

T - {..nil, e o', 
<ni,Lrntl,nil>>,

4a 0 t 4o'r' tt'ni'L' 0 >>,

<< 7 , eg>r< tt, eL, 7 >>,

aa 2 t es>r< tt, eZ' 2 >>,

a.
a.

..ru), ezzr, .ni,L,n),il,nilr r,

a< 0 ,QZZ"< ttrnil, 27",

44 1- teZZr,< tteQ26, 28rr,

aq 2 ,eZZr,< tt,q^g, 29rr,

.a

!r?
J

Let us eram.Lne hso epeeifie elements of T to see more eLearly uhat is happening.

Consider the transition

< <n'LL, eo>, <nil 
" 
nil, ntl> >

The first eomponent of thi.s, <nil,qo>, is

<ni,Lrnil,nil>, is the "effeett'- Ve uould read

ini.tiaL stete uvi.th an empty input buffer d"o the

input. buffen; do not ehange intennal state

tniting). Consider the more aetive tranlition:

aa 2 ,eZZr,, ttrQZg, 29>>

Ve rea.d. thi.s as: in state q27 uyith a 2 on the input are, do the followLng: err.8e

the input buffer, motte to inter'nal Etate q,o , anC output 29.

the "ealtxe", and. the seeond',

the tranei"tion aa folloua' i.n the

folLa^ting: do not erlaae the

and do not output angthing (busY
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Before ae give anathen eratnpLe ue intnoduee the idea of a tranei,ti,on

aehema. Thie vtLLL gitte ue a more eoneise tMA of defining the eet of transi,tions.

The folloutt'ng eehema ie equioaLent to the set of tnansi.tiona T gioen abooe.

for ang i,x a u

<nil,41> -> .nil, nil,ni.L>

< 0 ,ei> -> < tt, nil, i >

( t ,Qi> -> , ttrQilrri+C,

Note the "eaLtae" eomponent appeare to the Left of the arrou) (tt->,,) a1d. the

"effeet" eornponent to the right.

2. Aa a eeeond" erample, ue pre*ent a node utith h,to input arel and. one output

are. The node Lnits fon a daton to arr.iue in either of the i.nput buffene. tlhen a

dnton anrtDes, it is eonswned and. a eopy ie output. If tuo datons aTiue

simultaneously, one at eaeh buffer, then one of the buffers is ehoeen at ra1.d.om,

the eontents is eonswned and a eopg is output. Thie node ie ealled the ,,unfain

mevge node".

tQ'Qr2rLrT>
uhene

Q:{q}

Tis

fon any E,A € u

<nil,nil, q > -> <nil,n'il rnil,nil>
<nil, A ,e > -> <nil, ttrnil, A >

< t ,niLrq
1 t, u tQ > --) t ttrnilrniL, * >

-> <nil, tt,nil, a >

3- The thind erample ie a node uvLth tuo input aree and. one output ane. In a

si.mple impLementation the nod.e tnits fon a d.a.ton to anrLue in eaeh input

buffer, i,t then eonaumel both inpute and. outpute the Logieal ,tort, of the
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inpute. I+te aaaume t wt the only i.nputs ane 1 and 0 denoti,rtg "tnue" and"

"falee" reepeetioely. Ve preeent a g.naLLeL impLementation of the t'or"

ftmeti.on uhieh ae eaLL "pa.nallel on". rn i.te initial state the node tnite

fon a da.ton t,o anr"Ltse in either of the tuo input buffers. For the eake of

argument ?ie aaaume a "true" d.a.ton annttee on the Left-hand. i,nput. Ihe node

vLLL then, tithout rniting fon the othen input, erale the Left-hand buffer,

and mope to an inte'mnl etate uthieh nemembens thnt it ltae eonsumed a Left-

hand "trLte". ft then outputa a t'true" Binee no matter uhat the

eorreaponding right-hand input is, it is ettlL obliged to output a "true".

ff another tttnlte" anriDel in the Left-hand. buffer and. still nothing has

anr,ited on the right-hand ei.d.e then it nepeats the Last etep ereept that it
motes to an intermal state uhi,eh remembens that i.t i,s tuo aheal on the

Left-hand input. The node ean earru ctn Like this indefinttely or unti,L a

"false" anrioes on the Left-hand input. Sinee i.t does not knou ahead of

ti,me uhat the eonrespond"ing rig'ht-hand eomponent uttll be it units for
n'Lght-hand. input to cateh up. (A similan algonithm can be used. to isnplement

"panaLLeL and".)

,Qrq r2rLrr>

ahere

Q: {tt l;er,:} u {R; le.r}

--r-D1 - uo- tto
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Tie

for any &tA e {T,F },i . u

<nilrniLrq > -> <ni,L,nil,

< T ,nil,q
< F ,nilrq > -> <nilrnil,

.nil, T ,e > -> <n'tl, tt,
<nil, F ,e > -> <nil,ni.L,

(trUtQ>'2<ttrttt

<n'LL,nil, Li>'> <ni,L,nil,

< T ,nil,Li
< F ,ni.LrLi> -> <nilrn'il,

<nil, U ,Li> -> <nil, tt,

<TrArLi>-><ttrtt,

< F , U ,.Li> -> <n'il, tt,

<nil rniL, Ri> -> <nil rnil,
<nil, 7 ,Ri> -> <nil, tt,

<nil, 7 ,Ri> -> <nilrni,L,

< Y ,nil,\
<YrT,ry>-rrttrtt,

<YrTrnir-><tt,n'Ll,

nil, nil>

L!'T

nil, nil>

R7'T

niL, nil>

nil,c A>

niL" nil>

Li*L'T

niL, nil>

L . -:nil>1,- J.

nil, T >

L ,_i,nil>

ni.L" niL>

Ri*j'?

nil, ni,L>

R 
O_ r,nil>

ni,L, T

R._rtniL>

q
N odes and Funetioru.Lj&

The nodes ae haue just defined", uith the exeepti.on of the "unfa'Lr merget'

node, possels an i.mportant propertg, namely fmetionaLitg. A node is sai.d to be

ftmetionnl iff the entire output hi.etory is deternined bg the entire input

history, (i.e. the node eomputee a histony functi,on). Funetionnlity i,e i,mpontant

sinee it allous us to neason about a node as a ftmetion rathen thnn ae a eornpler
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set of transitione, in the sarne

about a net in terqne of a aintPle

nehsonk of nodes artd" aree.

tmy tln

eet of

t the Kahn principle

eouations rather

alloue ua

tttan as a

to neaeon

eonpLee

Loosely speaking, thene ane h,to unye i'n uhieh a node maA faiL to be

funetional:

i) if thene ie rartd.omnese within the node i'tself

ii.) if the rate of arrioal of d.a.tons effects more than the rate of

departur.e of datons (i.e. the node i.s time aensitioe)

The "unfai,r menge" node is a elaesie eramp,Le of a non-funetiortnl node'

An obttLouy ud4 of defining uthat. it mea,ns fon a ncde N to eompute a hietony

funetion f is to aaaume that r"then eonputation beg.ins an infi'nite sequence of

d.etons hae olnea.d"g been pLaeed on eaeh of the node'a input ares' Ve airnplg

requi.r.e that there eriet an (infinite) eomputation sequerrce uhieh produees

(,,aeeumulatest' ni,ght be a betten aond) f(u) ( a the input) on the output areg.

Thia ,,obtti.ouy LnA" of defining funetionalitl| turns out to be unnatwal and"

ineorreet, for a oarLety of reasone.

Fon one thing a node uttlL neoer, (in use) haoe an 'i.nfinite sequeTlee of-

datons on its i,nput area. On the eontrarg, the input araes are usually empty to

begin tLth and. eDen at some interrnedi,ate stages in the computation. Sinee ue

allou nod.ee to eompute a1d" eoen pnoduee output uhiLe uni.ting for input' i.t is

not enough to nequi,re that the node ftmetion pnoperly (i..e. contpute f) only t'then

it ia pro7td.ed dntons at a faster rate than it eonsumel them. For eranple, ue

ean d"efine a node uthi.eh cop'Lee ite input buffen uhen it is fuLL but outpute

zeroa uhen the buf fen is emptg. this node uouLd, aeeonding to the abotse

d"efini.ti,on, eompute the id.entitu ftmetion - but in aetual praeti.ee it could uae
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ite enpty buffen tnaneition tLth dieastnoua effeet.

The eecond problem d.th the "obts'Loue" dzfini.ti.on pnopoeed is that i.t

requinee only that f(c) poseible as the output hietony, but not neees*arA. Sinee

ou? nodee a?e non-d.eterninieti.e, this dietinetion (betueen poesi,ble and

neeeesarA aeti,ttity) ie erueial. Ve ean eertainLy defi.ne a node uhieh outpute a

random sequerlce of datons, and. the node uould, aeeordi,ng to ou? hypothetieaL

definition, eornpute eoerA ftmetion!

Funtherrnore, De cannot rep.in thi.s Last problem bg requi,ning that eperll

sequenoe of tnaneiti,one produees f(e) ae output. This requirement i.s unfair (too

etriet) beeauee i,t rules out any eort of eontnoL on dineetion of the aetiuitg of

a node. Sueh eontrol, honeDen, is neeesaarA beeause our nodes are non-

deterninistie deoiees cag.ble of doing more than one thing (e.9. input and

output) at the sane ti.me. ff eomputation pnoeeeds at rand"om one DitaL aeti.tsity

may be rwgleeted. euen though the eonputati,on aa a uhole neuer stops. Ve eaLL

such a situation "LixeLoek" (the tern ie due to E. A; Aeheroft).

Eon erampLe, ue eould desi,gn a node uhich eomputee the i.denti.ty ftmetion

but uhose tnansi.tions eode up tuo diffenent intemta.L aeti.tsi.tiee. }ne aeti,oi.ty is

to build up an internal memorA (queue) of inpute, an the other is to output

etoekVLled d.atone. The node i,e non-d.eterrninietie beeause each eaule i,a

aseoeiated tith (poseiblg) aso effeets, one etoekfiLnng and. the othen outputi.ng.

A eomputation aequenee for uhieh aLL but finiteLy many openationa are

stoekViling operati.ons uould be in Litseloek and" uould fail to pnoduee the

nequi,ned output.

0f eounse ae eould' avoid aLL these pnobLems by nestnieting ourselves' to

deterqninistie and. sequential nodes, but ue nejeet this eounse fon reaaona



- 75 -

stated". fnatead. ue forrruLate a mone "dynatn'iet' uersion of the oboi-ous "etatie"

definition giten alneadY.

The tnouble utLth the t'stati.e" Dension i-s 'that i't alLous no "eho'i',ee" in the

Bequerrce of tnanei,ti,ons. The dynanie tsersLon tmtst aLLoD a node to be used in

eonjunetion ti,th a "fair" etnategy fon aooi,ding Lioeloek. Strategies uould be

ueed" to repeatedly ehooee the next transition to be perforTned, the ehoiee bei'ng

based on the prelious hietony of the eornputation.

If ue unnt to think in anthropomorphi.e terrno, De ean i.magine a etnategg

being used by the eontrollen of the node aho i.e attempting to ensure that the

node pnodueee the eonneet output. The contnoller's atrategy must oork no matter

hou the input anriuee fnom the enl'ironment of l;he node, i.e. no matter at uhat

-nate the input datons anritse. The faet that a node eomputes a funeti'on doee not

mean that the eontnoller sueeeeds no matter ahat ehoieea he makes; it means onLy

that he has aome strategy ufuieh enauren sueeell in hi's battle uvtth a "hostiLet'

enDironrtent.

7ur eorneet defi'ni.tion fornalises this anthnopomonphi'e

tti,nning etrategies fon infinite games-

The idea that nodes requt"ne eontroLling strategi'ee,

transitions, suggeet the folLot'tLng infinite game.

LetNbeanode

Let f be a history function

The i.nfinite game G(f ,N) is as follrn'ts

i-n temns of

i.) Tlne game begins tLth the node in its initial atate and. aLL the ares

enpta.

ii) The tuo players alterrnte in making mo|e\, 'I'playing finst'

0Leu

in onden to ehoose
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iii) 0n eaeh of his moDee 'I' plaeee a daton

(poseibly none).

its) 'ff ' on eaeh moue ehooeee a traneition.

v) tff ' vLne iff he mad.e an infinite sequerloe

a being the histony produeed by |f' mooe*.

fn thi.e gane a etnategg for plager 'ff i.e a

takes a sequenee of mooee fon tf' and pnoduees a

for 'rr'.

on aome or aLL input ares

of mooee pnodueing f(u),

monotonie funetion r thnt

sequerrce of (reeponses) noves

A utLnning stnategy for 'fft is then a strategy t sueh that if A is an

infinite Bequence of molel of 'I' that produee cthen i(l) +s aninfi.nite

sequenee of mooes for 'f f ' that pnod.uee f fu ). uhene i(A):.ur^ {Ali).

The use of infinite games allous the foLLo&ng definition of funetional'Ltg:

Wftntt+o"- A nod-e N ia said. to eornpute a hi,stong ftmet;i.on f iff there eciste a

urLnning strategg for player 'ff in G(f,N) and anq othen

strategy,f for 'ff ie eueh tlnt if A, an infinite eequenee of moves

fon 'I', pnodueee a thenifal produees an initial eegment of fb).

z.t RESULT Eoeny Vtistony fanetion eomputed by a node is eonti.nuous (in the eenee

of Kahd.

As nodes ar.e Been as i-mplementations of historg funetions it should be

possi.bLe to implenent ang funetion aa Bome node.
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Hint to proof: It ie possi.ble to eonstnuet a node sueh tha.t at the ntth step i.n

the eomputation the node uvi.Ll haoe output f (o,lilln.

These definitione ard nesults ean aleo be applied to nets as ueLL as nodes.

Sinee a net also eomputes a eontinuous hietony funetion, Result 2.2 i.ntpLies that

any net ean be eoLlapsed into a node ( the abstraetion pnopent!,t ) . fn other

donds, gioen an7 net (built up from ftmetional nodes) there ts a single

funeti.ornl node uhieh ean replaee it in aLL pure dataflrnt eonterts.

3. Nets and

There are h)o basi,e openations on nod.es from uhieh any LegaL net ean be

eon.strueted, these operv.tions are as folLpus:

i) Composition: the plaeing of tuo nodes together aide by side.

ii,) Iteration: joini-ng the output are of a node to an input ane of the ad.ne

node.

- t/ -

( the unioenaalitg property )

Euer.y eontinuous hi.story funetion ie the ftmetion eontputed by aome

node.
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( the Kahn pni.nei.pLe )

The operational bettaoiour of a pure datafloa net is eractlg deeerLbed

bg the Least fired point eoLution to the nette equati.ons.

Proof (outline)

Sinee it ie not poesible, ln the apaee, to gi,rte a proof of the

general eaae (see [2J).ue prole the eintplest non-tritti'al eale.

Let N be a tuto input antd" one output node utith the output bendi.ng baek

to the rLght-hand i,nput ane.

Let t be a uv|nning strategy fon the game G(f,N)

then thene exist a utinning stnategg r' for
G(h' ,N | ) sueh that

h' : \r, vA f (r,A)

N' is the one input one output node forned by

eneapsulati.ng N and ite right-hand. i.nput are.

r' is a etnategg deri,tsed from r ueing an

auriliany game in uhi.eh r ie applied to X and

its oun output.

Sinee r'is derLued fnom r, the first output of N' u>i.LL be f(x,t111 (sinee N has

no input to its tnight-hand ane). The seeond output of N'ttLLL be f(X,fft+)|;l)12
( einee 1 is playing againet iteelf) . If ue eontinue the proee*s De get the

foLLotLng
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tll = f(X,L)11 (N' fi.ret output)

ylz = f (x,f (x,L) 
11 )12 (N ' eeeond. output)

at'

rli+t : f(x,tli,)li+t (N' i+7'th output)
at'

ctl

henee N' aetuaLLg doee eom7ute

l,rr yg f(c,y)

4. Ertensi.ons

ff result 3.1 (the Kahn pnineiple) is seen aa a reeult of deseriptioe

semanties De uould Look for urA6 of ertend"i.ng the mathematieaL approaeh to

handle a b7oa.d.en eLass of nodes and neta (i.e. not iust pure 'dntaflou). }ne

aueh ertensi.on i.ntsoloes changing the basie domain of hi.stories by i.ntnodueirtg a

epeeid.L kind of daton eaLled a "h.ia.ton". A hiaton ean be thought of ae a unit

of d.elay that (notionaLly) trauels along tLth the ordirtany d.a.tons and. aLLoas a

node to pnoduee eomething neguLonLy exen if it Lne no real output. Hi.atonie

streams eode up t.i.ming inforrnati.on and i.t ehouLd be poeeible to use them to

handLe nodes and" nets uhi.eh are time sensiti-te.

0n the other hando +f the openational eemantiee i's aeen aB an

implementation of a ftmetional programmirE Language ( eo tlnt the Kahn ry'incipLe

states the eonreetness of the impLementation) then ue aould Look for uaAB to

ertend the Language. T'Lte most obui.ous extension ia to allot't the usen to include

equations defining ftmetions, ineluding reeur'Bixe equations. The implementation

of sueh a Langua.ge (uhich i.s similar to Stnuetured Luei'd) imsoLtsee either

dynanieaLLy gnoutLng nets orl (notiortnlly ) infi.nite nets (but stilL pure
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datafloa). The methode of this Wpe" extend fairly eaei.Ly to sueh nets dnd.

perni,t a proof of the eorrespondingLa extend.ed Kahn pninniple.
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