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Abstract

This paper presents two approximations of the solution functions of
Abel’s integral equations belonging to classes H[0,1), H?[0,1) by
(AR — 1, M) partial sums of their second kind Chebyshev wavelet
expansion in the interval [0,1), for A > 1. These approximations

are ESCLLL v Eﬁlbl’ 1 (). Chebyshev wavelets of the second
kind were used to solve the Abel’s integral equations. The
Chebyshev wavelet of the second kind leads to a solution that is
almost identical to their exact solution. This research paper’s
accomplishment in wavelet analysis is noteworthy.

Keywords: H%[0, 1) class, H?[0, 1) class, Chebyshev wavelet of the
second kind and Abel’s integral equations.
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1 Introduction

In recent years, wavelets have become widely utilized across diverse fields
such as biology, mathematics, and engineering. These are primarily used for
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signal analysis tasks such as time-frequency analysis and waveform segmenta-
tion, provide quick results for straightforward performance. Additionally, they
utilize efficient organization of numerical data to compute solutions to integral and
differential equations effectively. This capability presents a significant advantage
in various scientific and engineering applications, where accurate and efficient
computation is paramount. This research study investigates the properties
associated with Holder’s classes H[0, 1) and H?|[0, 1), presenting an innovative
concept in the fields of mathematical sciences and physics. Numerous esteemed
researchers have contributed to the understanding of functions within Holder’s
class with order o (0 < a < 1). Notable among them are Chui [1], Debnath [2],
Kumar et al. ([4], [9]) Lal and Yadav ([7], [8]), Lepik [10], Meyer [11], Pandey
et al. ([3], [12], [13], [14], [15], [16]), Ray and Sahu [17] and Sripathy et al.
[18], whose extensive studies have paved the way for advancements in function
approximation theory and related fields. Their work provides a solid foundation
upon which this study builds, extending the understanding of Holder’s classes and
their applications. This paper explores solving integral equations by employing
the Chebyshev wavelet of the second kind within the interval [0,1), enhancing
efficiency and broadening the toolkit for mathematical and computational scien-
tists. For instance, the method for solving Abel’s integral equations of the form:

t

i = 0+ [ 2 m
0o Vt—=x

has been introduced using second kind Chebyshev wavelet.

This research paper aims to achieve several objectives. Firstly, it seeks to
define the Chebyshev wavelet of the second kind within the interval [0,1),
providing a clear understanding of its properties and characteristics. Secondly, it
aims to define Holder’s classes H®[0,1) and H?[0,1), portraying their
significance in mathematical analysis. Thirdly, the paper aims to assess the
approximation of function f within these classes, exploring the effectiveness of
wavelet-based techniques in function approximation. Additionally, the
procedure for solving Abel’s integral equations utilizing the Chebyshev wavelet of
the second kind have been discussed, offering insights into the
practical application of wavelet methods in solving integral equations. Lastly,
the paper intends to compare the exact solutions of Abel’s integral equations with
the approximate solutions obtained using various types of wavelets, including the
Legendre wavelet and both kinds of Chebyshev wavelets, shedding light on the
comparative efficacy of different wavelet approaches.

The subsequent sections of this paper are structured as follows: Section 2
outlines the definitions and properties of Holder’s class, the Chebyshev wavelet of
the second kind, and their orthonormality. Section 3 examines the approximation
of solution functions of Abel’s integral equations using Chebyshev wavelets of
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the second kind. Theorems are presented in Section 4, with their proofs in Section
5. Section 6 presents the algorithm for solving Abel’s integral equations using
the Chebyshev wavelet of the second kind within the interval [0,1). Section 7
demonstrates the solutions of Abel’s integral equations using this wavelet. Finally,
the conclusions of this research paper are summarized in Section 8.

2 Definitions and Preliminaries
2.1 Function of Hélder’s class
A function f € H*[0,1),0 < o < 1 if

flx+1t)— f(x) =0(t%), Yo +1t, x, t €[0,1) (Titchmarsh[19]).

2.2 Function of Holder’s class H?[0, 1)
A function f € H?[0,1),0 < a < 1if
[l +1) = f(x) = O((Jt]), Vo +1, 2, t €0,1),
where ¢(t) is a positive monotonic increasing function of ¢ such that ¢(|¢t|) — 0
ast — 0. If ¢(t) = |[t|* then H?[0, 1) class reduces to H%[0, 1) class.
2.3 Chebyshev wavelet of the second kind

Chebyshev wavelet of the second kind is denoted by w,(f%@ and defined by

P,

2N\ (0 —on — 1), if t € [Ry, LY.
(t) :{ ? ( n )7 1 [,\k+ ’ Nkt )7 (2)

0, otherwise,
wheren = 0,1,2, ..., A1 =1, m =0,1,2,..., M —1 and k, ) are positive integer.
Upn(t) are the second kind Chebyshev polynomial of degree m which are

orthogonal with respect to weight function w(t) = v/1 — ¢2 on [-1,1] and satisfy
Up(t) = 1,Us(t) = 2t and U1 (t) = 2tU,(t) — Upp—a(t), m € {1,2,3, ... }.

2.4 Orthonormality of the second kind Chebyshev wavelets

Proposition 2.1. {¥\{0(t), n = 0,1,2, .. A+ — 1, m = 0,1,2,...,. M — 1}
forms an orthonormal set. i.e.

! o/ .
e 0, otherwise.

O Y = {L if n=n' and m = m'

24



Harish Chandra Yadav, Abhilasha and Susheel Kumar

Proof. Form =0andn = n/,
WO 6Ny = / SO0 (bt
_ / (WO s (t)dt
0
_ 4 / i ARy (#)dt

Ae+1

= —/ sin? 0df = 1, 2A\F 't — 2n + 1 = cosé.
0

For m # 0,

1. Form =m/'and n = n/,

W0 tas = [ MO R s

- / D0, (8) P (£

n
Ak+1

n+1
4 k+1
_ 4 / N2 (0F 2 4 o ()

2 ™
= —/ U2 (cos 0) sin® 0dO, 2\**'t —2n + 1 = cos

T Jo

2 ™
= —/ sin?(m + 1)0df = 1.

0
2. Forn # n/,
Wt = [ OV Dt

Since, zb?(fy)n is defined in [y, £55) C [0,1) and 1/1 is defined in | /\,Zil : ’;;ﬂ)

C [0,1), therefore if n # 7/, then the intervals [A,ﬁrl, /7\11:;11> and [y, %) are

disjoint i.e.
n n+1 n n+1
MNe+L7 Zk+1 n Ae+17 \k+L = 0.

Therefore (1o, @/)i;'\,)m%n,k =0if n#n Vm,m.
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3. For m # m/,

A
Wt ans = [ VMOV Dt
= 0, bythe orthogonality of Chebyshev polynomials.

3 Approximation of functions and Multiresolution analysis

This section contains the approximations of the solution functions of the Abel’s
integral equations and Multiresolution analysis by the second kind Chebyshev
wavelet.

3.1 Approximation of functions

Since {M(ﬁ\)n} forms an orthonormal basis for L?[0, 1), therefore the solution
function f € L?[0,1) of the Abel’s integral equations can be expressed into
Chebyshev wavelet of second kind as

- Z Z Cn,mlby(g\,)n(t)a Cn,m = <f7 ¢7(7i\,)n>wn,k' (3)

n=0 m=0

The (A*F! — 1, M)™ partial sum (Sye+1_q 5 f)(2) of wavelet series (3) is given by

AFHL_1 M—1
T, (A
(S ) = D0 > enmth (1) = CTpN (1), )
n=0 m=0
where C' = [ 0,601,.. Co,M—1,C1,05+++3 C1L,M—1y «+-y Ck+1_ 10,...,C>\k+1_17M_1]TaIld

-1
9(8) = WO B0, (), SR, 9 TR (5 oo
Yo O

The second kind Chebyshev wavelet approximation Eyi+1_y 5 (f) of f by
(AP — 1, M)™ partial sum (Syr+1_1 5, f) of the wavelet series (3) is defined by

By (f) = | f = (Sxe+1-1.00f)||2 (Lal and Priya [5]).  (5)

(SAkH 1 JVIf)

Eyi+1-1 3(f) is said to be best approximation of the function f if Eye+1_y 5/ (f) —
Oask — 0o, M — oo (Zygmund [20]).
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3.2 Multiresolution analysis

The sequence of subspaces {Vn@)};’fzo of L?[0,1) is defined by

v _@W VoMo ..o WY,

where W = 021[05)<1/1n’\m :m e NU{0}), n=0,1,2,.., \"™ — 1,
2o, "

then {V,fk)}ffzo is a multiresolution analysis of L?[0, 1) (Chui [1]).

4 Theorems

The following theorems have been proved in this section:

4.1 Theorem 4.1
If a function f € H[0, 1) and its second kind Chebyshev wavelet expansion

be
- Z Z Cn,mwg\r)n (t)

n=0 m=0
having (\**! — 1, M)™ partial sums
A1 M—1

(S)\k"'l 1 Mf Z Cn mw(/\)
=0 m=0

then the second kind Chebyshev wavelet approximation of f is given by

Netl_1 M—1 1
(1) _ A
E)\k+1—17M( f) = min|[f - Z Z Cnml/)( ) )l = (m) , M > 1.

n=0 m=0

4.2 Theorem 4.2

If a function f € H?[0, 1) class such that ¢(|t|) — 0 as ¢ — 0 then the second
kind Chebyshev wavelet approximation of f by (Syx+1_1 5 f) satisfies for M > 1

Netl_q p—1 1 1
2
E/(\k)+1_1,M() = min|[f — Z Z nm@b()\) B2 =0 ()\k+1m¢ ()\k-i-l))‘

n=0 m=0
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5  Proof of Theorems

5.1 Proof of Theorem 4.1

f(t> = Z Z Cn,mwr(:\r)n<t>

n=0 m=0
Com = (Lo
/\nk-:}l
= E) U (£ i (£)dt
)J@Z—l
-
- / (0 =1 () ) Oty
Ak+1
n+
n AR+T
s () [ e
Ake+1

1 « AF+T A a
ennl < N (m / U (Owes()d|, f € HO0,1)
T
I\ [T 2 &1 sin 6
= N(}\Hl) /0 ﬁ)\ > Uy (cosﬁ)w(cosﬁ)wdﬁ‘
B N T , _ sin(m +1)0
= W /0 Sln(m + 1)9 sin 6df 5 Um(COS 8) = W
N ™
= Py /o cosmf — cos(m + 2)0do
N 1d 1 d
< - = = (si - “
< 27}\(k+1)(a+é)( i mdQ(Slan)d0’+ s 2d9(sm(m—|—2)0)d9D
< s (o (max (sme) )+ (sin(m + 2)0)
S o) \m \oas S m 2 \gsae s
B N
T A (1 2)
Netl_1 M—1
n=0 m=0 n=0 m=0
A+l oo
= Z Z Cn,mzﬁg\}n(t)
n=0 m=M
Then, (B (5 = [IF(5) = (Swenia H) (B3
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Al

= 2 D lewnl’

n=0 m=M
Aetl 1 o 2
N
<
- 2)\2 (k+1)a Z m+2
m:M
< °° dm
= 7r2)\2 (k+1)a M M (m + 2)?
1 2N?
< 2)\2k+1 M2 M = 2 )\2(k+Da

Therefore, Eik)H ) £ —— ==

R M > 1.
7T)\(k+1) \/M ()\(k—i-l) \/M) ’

This completes the proof of the Theorem 4.1.

5.2 Proof of Theorem 4.2

Following the proof of Theorem 4.1 and for f € H?[0,1) class

/ 1
ol < o W)
i sin 6
= No¢ )\k+1 \/_ Up(cos 0)w(cos ) —— S\ ——d#
N W/i\:;lgb ()\Ic+1) ‘/ sin(m + 1) sin Gdﬁ‘

N
= 27r)\k§1¢(/\k+1> ‘/ cosm&—cos(m+2)«9d8'

n+1

k
[ e et

)\k:+1

N 1

T A 2)¢(A’“+l)' @

Metl_1 oo
(B (1) = D0 D Il

n=0 m=M
MNetl_1 o N 1 2

<

- E:; n;w(ﬂ@l(mw)qb(”“)
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N2 L1 o 1

T m2)\kHL ¢ Mo+l (m 4 2)2
N2 (1

T2 \k+1 ¢ AT
oON? [ 1

7T2/\k+1M¢ NEFL )

(2) B 1 1
Therefore, E/\Hl_LM(f) = 0 <)\k“\/ﬂ¢ (/\k+1)) , M > 1.

This completes the proof of the Theorem 4.2.

IN

IA

6 Method for solving Abel’s integral equations by second kind Chebyshev
wavelet

Consider the Abel’s integral equation (1). Let us consider the wavelet series
expansion,

yt) = D cnmth(#) ®)

n=0 m=0

and (A*T! — 1, M) partial sum of series (8) which is the approximate solution of
(1) i.e.
A1 M—1
() = D D cumtiin(t) = CTEN(0). ©)

n=0 m=0

In Eqn. (9), CT contains A**'M unknown coefficients Cn,m. For determining
the values of A**! M unknown coefficients c,, ,,,, taking suitable collocation points
near t; = sy, 0 = 1, ..., A""1 M, the ¥ M system of algebraic equations are
obtained. By solving these A**' M system of algebraic equations, the values of
cnm have been obtained. Substituting these values in Eqn. (9), the second kind

Chebyshev wavelet solution of the integral equation (1) is obtained.

7 Results and Discussion

In this section, the second kind Chebyshev wavelet method has been used to
find the approximate solution of Abel’s integral equations. The exact solutions of
Abel’s integral equations are compared with the Legendre wavelet, first kind, and
second kind Chebyshev wavelet solutions (Sharma and Lal [6]). This is illustrated
in the following examples:
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7.1 Example 1

Consider the Abel’s integral equation of the first kind

2V/t(8t* + 10t + 15

y@) o V(812 + 10t + 15) 10)
0 Vi—1x 15

It is obtained by taking v(t) = 0, f(t) = —w in Abel’s integral

equation (1). The exact solution of Eqn. (10)is y(¢) = ¢* + ¢ + 1.

The six basis function of the second kind Chebyshev wavelet for £ = 0,

M = 3, \ = 2 are as follows:

1
If 0<t<—

wé”<t>—2\/§ wio () \f
%%w=4¢%&—n Uit =4 J?u—@
%@w-zJ%&u—w?—n viB() = J%a&—3f—w

By using the algorithm of the second kind Chebyshev wavelet method described in
Section 6, the first kind Abel’s integral equation has been solved. The approximate
solution y(t) will be

W) = cntfO+ tlo + i, te |o.3)

2 2 2
—~ 2\/;0,0 + 4\/j(4t — Deoq + 2\/j(4(4t —1)> = Dega. (11)
m m m

y(t) = Cl,olbfg@) + 01,11/’%,21)( )+ 215(2)( b te B’ 1)

2 2 2
= 2\/;;170 + 4\/j(4t — 31y + 2[(4(475 —3)2 = 1)cre. (12)
m m m

For values of unknowns ¢ o, ¢ 1, €2, €10, €1,1, and ¢ 2, we collocate equation
Eqgn. (10) at ¢ = 0.15,0.3,0.45,0.6,0.75, and 0.9, six system of algebraic equa-
tions are obtained. Solving these systems of algebraic equations, the values of the
unknowns are obtained as follows:

co0 = 0.832278919311074, cp1 = 0.117498200373328,
cp2 = 0.009791516697778, c1 9 = 1.458935987968824,
c11 = 0.195830333955546, c; 2 = 0.009791516697777. (13)
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Putting the values of ¢y, co 1, Co2, €10, 1,1, and ¢; 2 from Eqn. (13) into Eqns.

(11) and (12).

y(t) = 0.832278919311074

+ 0.009791516697778

y(t) = 1.458935987968824

+ 0.009791516697777

2 2
2\/%) + 0.117498200373328 <4\/;(4t — 1))

2 z(4(415 —1)*— 1)) Jl€E {0, 5) :

™

2 2
2\/j) + 0.195830333955546 (4\/j(4t — 3))
s s

2 %(4(4t—3)2 - 1)>  te {%1) .

The approximate solution of the first kind Abel’s integral equation (10) obtained
by the second kind Chebyshev wavelet method (SKCWM) for different values
of ¢ in the interval [0,1) has been obtained. The comparison of exact solutions
(ES) of Abel’s integral equation with the Legendre wavelet method (LWM), first
kind Chebyshev wavelet method (FKCWM), and second kind Chebyshev wavelet
method are given in Table 1.

Table (1)

ES

LWM

FKCWM

SKCWM

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.11
1.24
1.39
1.56
1.75
1.96
2.19
2.44
2.71

0.929532564
1.115745774
1.309633163
1.511194733
1.720430483
1.937340412
2.161924522
2.394182812
2.634115282

1.0719999995
1.1546666661
1.2479999994
1.3519999994
1.4666666667
1.5919999994
1.7279999994
1.8746666661
2.0319999994

1.10999999999999
1.23999999999999
1.38999999999999
1.56000000000000
1.75000000000000
1.96000000000000
2.18999999999999
2.44000000000000
2.70999999999999

Table(1): Comparison between exact and approximate solutions of Eqn. (10).

The graphs of the exact solution and approximate solution of the Abel’s integral

equation (10) are shown in Figure 1.
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1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t

Fig.(1): The graphs of exact and approximate solutions of Eqn. (10).

7.2 Example 2

Consider the Abel’s integral equation of the second kind
t
y(t) = Atz — / y(z) dx (14)
0

It is obtained by taking v(¢) = —1, f(¢) = —4¢2 in the Abel’s integral equation
(1). The exact solution of Eqn. (14) is y(t) = 3t + 2(1 — 2/t — er fe(V/7t)).
Following the procedure of example (1), the approximate solution y(t) will be

2 2
y(t) = 0.203127378663919 2\/;>+0.1245710999898258 (4\/;(475—1))
2 ) 1
+ 0.007508790407423 { 24/ ~(4(4t — 1)’ = 1) | . 1 € |0.5 ) .
2 2
y(t) = 0.788695399256314 2\/;>+0.159580510841338 <4\/;(4t—3)>
2 ) 1
+ 0.002685161812766 ( 24/ ~(4(4t —3)* = 1) | . t € | 5.1 ).
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The exact solution and approximate solutions of the second kind Abel’s integral
equation (14) are shown in Table 2.

Table (2)

t

ES

LWM

FKCWM

SKCWM

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0914468358
0.2313248892
0.3928020550
0.5682530617
0.7538699265
0.9473720681
1.1472485450
1.3524303100
1.5621248430

0.0296708741
0.1868894237
0.3529379159
0.5278163507
0.7115247282
0.9040630482
1.1054313110
1.3156295160
1.5346576640

0.0772954668400
0.1890183222312
0.3135382389570
0.4467872378730
0.5858830996710
0.7291945119710
0.8762823974830
1.0263605224509
1.1786727537049

0.09087255103875016
0.23456458416817604
0.39359395601475531
0.56796066657848785
0.76212315618636044
0.95487673780814230
1.15311498926330412
1.35683791055184616
1.56604550167376791

Table(2): Comparison between exact and approximate solutions of Eqn. (14).

The graphs of the exact solution and approximate solution of the second kind Abel’s
integral equation (14) are shown in Figure 2.

+
(
%*

ES
LWM
FKCWM
SKCWM

Fig.(2): The graphs of exact and approximate solutions of Eqn. (14).

7.3 Absolute Error

The absolute error in the approximate solution of the Abel’s integral equations (10)
and (14) are shown in Tables 3. This shows that absolute error is negligible by the second
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kind Chebyshev wavelet method as compared to Legendre wavelet method, and first kind
Chebyshev wavelet method.

Table (3)
Absolute error in solution of Example 1 | Absolute error in solution of Example 2

t LWM | FKCWM SKCWM LWM | FKCWM SKCWM
0.1 | 0.18046 | 0.03800 | 0.222x10~'" [ 0.06177 | 0.01415 0.00057
0.2 | 0.12425 | 0.08533 0.222x1071% | 0.04443 | 0.04230 0.00323
0.3 | 0.08036 | 0.14200 0 0.03986 | 0.07926 0.00079
0.4 | 0.04880 | 0.20800 0 0.04043 | 0.12146 0.00029
0.6 | 0.02956 | 0.28333 0 0.04234 | 0.16798 0.00825
0.6 | 0.02265 | 0.36800 0 0.04330 | 0.21817 0.00750
0.7 | 0.02807 | 0.46200 0 0.04181 | 0.27096 0.00586
0.8 | 0.04581 | 0.56533 0 0.03680 | 0.32606 0.00441
0.9 | 0.07588 | 0.67800 0 0.02746 | 0.38345 0.00392

Table(3): Absolute error in approximate solutions of Eqns. (10) and (14).

8 Conclusions

1. The second kind Chebyshev wavelet approximations of Theorem 4.1 and 4.2 are

given by E/(\}CLI_I’M(f) =0 (m) — 0ask — ooand M — oc;

and E/(\i)Jrl_LM(f) =0 <m¢ (ﬁ)) —0ask — ococand M — co.

Therefore, estimators ESC)JFLL 4 (f) and E/(\i)JrliL 17 (f) of the solution function of the
Abel’s integral equations are best possible in wavelet analysis.

2. From the tables 1, 2, 3 and figures 1, 2, it is observed that the solutions of the Abel’s
integral equations by the second kind Chebyshev wavelet method coincide with their exact
solution as compare to Legendre and first kind Chebyshev wavelet method. This shows

the validity and applicability of the proposed algorithm.
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