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Abstract

We present a mixed finite element method for a class of non-linear Stokes models arising in quasi-Newtonian fluids.
Our results include, as a by-product, a new mixed scheme for the linear Stokes equation. The approach is based on the
introduction of both the flux and the tensor gradient of the velocity as further unknowns, which yields a twofold saddle
point operator equation as the resulting variational formulation. We prove that the continuous and discrete formu-
lations are well posed, and derive the associated a priori error analysis. The corresponding Galerkin scheme is defined
by using piecewise constant functions and Raviart-Thomas spaces of lowest order.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In the recent papers [3,16] we analyzed dual-mixed formulations for non-linear boundary value problems
in plane elasticity. In the case of incompressible materials, we considered the non-Newtonian model from
[5,7], and applied the dual-mixed approach from [11] to study its solvability and finite element approxi-
mations. Since the non-linear constitutive law depends on the strain tensor, we introduced this variable and
the rotation as further unknowns, which yielded a twofold saddle point operator equation as the resulting
variational formulation. Then, we extended the well known PEERS space and defined a stable Galerkin
scheme, for which a Bank—Weiser type a posteriori error analysis was also developed.

The purpose of the present paper is to extend those results to the case of quasi-Newtonian flows whose
kinematic viscosities are a non-lincar monotone function of the gradient of the velocity of the fluid.
Actually, since this constitutive equation does not depend on the strain tensor but just on the above
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mentioned gradient, the present analysis is much simpler than in [3,16], and leads to a stable Galerkin
scheme with low-order finite element subspaces. Indeed, the extended PEERS space is not needed any more,
and it suffices to consider piecewise constant functions and Raviart-Thomas spaces of order zero. In
addition, the monotonicity certainly includes the linear case, and hence we obtain as a by-product a new
mixed finite element method for the usual Stokes equations.

In order to describe the boundary value problem of interest, we now let Q be a bounded and simply
connected domain in R? with Lipschitz-continuous boundary I'. Our purpose is to determine the velocity

Uy

u= | ) and the pressure p of a non-linear Stokes fluid occupying the region Q under the action of an
2

external force. More precisely, given f € [L2(Q)]” and g € [H'/2(I')]*, we look for (u, p) in appropriate spaces
such that

—div(y(|Vu))Vu—pl) =f in Q,

1.1

diviu)=0 inQ, and u=g onT, (1.1)
where div and div are the usual vector and scalar divergence operators, Vu is the tensor gradient of u, | - | is
the euclidean norm of R?, I is the identity matrix of R**, and i : R" — R is the non-linear kinematic
viscosity function of the fluid. We remark that g € [H'/*(I' )}2 must satisfy the compatibility condition
/g -vds =0, where v is the unit outward normal to I'. Hereafter, given any Hilbert space S, we denote by

S? and §2*? the spaces of vectors and tensors of order 2, respectively, with entries in S, provided with the

product norms induced by the norm of §. In addition, for any 7 := (1;;), { := ({;;) € R**?, we adopt the

notations tr(t) := 212:1 Ti, (1T 1= ZU 1 Gyt and 7= (7).

The kind of non-linear Stokes problem given by (1 1) appears in the modeling of a large class of non-
Newtonian fluids (see, e.g. [2,18,19,23]). In particular, the Ladyzhenskaya law for fluids with large stresses
(see [18]), also known as power law, is given by y(¢) := xo + Kk t#2 Vt € R", with kg = 0, x; > 0, and f > 1,
and the Carreau law for viscoplastic flows (see, e.g. [19,23]) reads y/(¢) := 1o + x1 (1 + )P/ vt € R*, with

>0,k >0,and > 1.

We now let v,; : : R”? — R be the mapping given by ;(r) ==y (|r)ry; for all r:= (ry) € € R¥?, for all
i,j € {1,2}, and deﬁne the tensor ¥ : R — R*? by y(r ) (zp (r)) for all r € R*2. Then, throughout
this paper we assume that \ is of class C' and that there exist C;,C, > 0 such that for all r:= (r;),
s := (s;;) € R*?, there holds

0 ..
|l//ij(l‘)|<C1Hl‘||R2xz, Fk,%"(r) <C1 Vl7]7kal € {172} (12)
and
09
?w (T)sys1 = CQHSHszz (1.3)
ijki=1 "k

It is easy to check that the Carreau law satisfies (1.2) and (1.3) for all ko > 0, and for all § € [1,2]. In
particular, with § = 2 we recover the usual linear Stokes model.

We recall here that the non-linear model satisfying the power law (with xy = 0) was studied in [20] by
using a dual-mixed variational formulation based on inverting the relation ¢ = (|Vu|)Vu to obtain Vu as
an explicit function of 6. It is important to emphasize that this relation is required to perform the corre-
sponding integration by parts, after multiplying by a suitable test function (see also Eq. (1.5) below), which
is the starting point in the derivation of variational formulations of dual-mixed type. However, we remark
that this procedure cannot be applied to the Carreau law since such explicit inversion formula is not
available in this case.



Certainly, one could also deal with (1.1) without requiring the inversion of that relation. In fact, mul-
tiplying the partial differential equations by test functions v € [H l(Q)]2 and ¢ € L*(Q), and integrating by
parts, we get

/¢(|Vu|)Vu:Vvdx—/pdivvdx:/f-vdx W e [H'(Q),
° ¢ ¢ (1.4)
/qdivudxzo Vg € L*(Q),

which constitutes the usual primal-mixed variational formulation of (1.1) (see, e.g. [17] for the well known
linear case). In this setting, the velocity u lives in the space [H' (Q)]z, and hence the corresponding finite
element subspace needs to be a subset of the continuous functions. In addition, the Dirichlet boundary
condition, being essential and non-homogeneous, cannot be incorporated neither in the continuous and
discrete formulations nor in the definitions of the spaces involved, and therefore one is necessarily lead to a
non-conforming Galerkin scheme.

Instead of primal-mixed methods, in the present work we are interested in a dual-mixed variational
formulation for the boundary value problem (1.1). In this case the velocity u becomes an unknown in
[L*(Q)), which gives more flexibility to choose the associated finite element subspace (in particular,
piecewise constant functions becomes a feasible choice). In addition, the Dirichlet boundary condition,
being now natural, is incorporated directly into the right hand sides (linear functionals) of the continuous
and discrete formulations. Indeed, multiplying Vu by a test function = and integrating by parts, we obtain

/Vu:rdx:—/u-diV't,'dx—&—/'t:v-uds7 (1.5)
Q Q r
which, after replacing u| by g, yields
/u-divrdx+/Vu:tdx:/rv-gds. (1.6)
Q Q r

Another important advantage of using a dual-mixed method lies on the possibility of introducing further
unknowns with a clear physical meaning. In this way, they are approximated directly, which avoids any
numerical postprocessing yielding additional sources of error. Then, the conservativity properties are
transferred to some of these unknowns (for instance, continuity of the normal components of the stresses),
which, as we will show below, can also be approximated with finite elements of very low order.

On the other hand, it is important to mention that additional variables such as Vu and other tensors are
also used in least-squares finite element methods (see, e.g. [6]). In this approach, the saddle point optimi-
zation arising from a primal-mixed formulation like (1.4) is replaced by an unconstrained minimization
leading to symmetric and positive definite systems that are much easier to solve than the primal-mixed
Galerkin scheme.

The mixed finite element method proposed in the present paper simply relies on the introduction of the
stress and gradient of the velocity tensors as auxiliary unknowns, and it does not require any inversion
process, whence the resulting variational formulation shows, as in [3,16], a twofold saddle point structure.
Therefore, the abstract theory for this kind of operator equation (see, e.g. [8,9,11,14,15]), which constitutes
a generalization of the well known Babu§ka—Brezzi theory, can also be applied to the present situation. In
particular, efficient iterative methods to solve the associated linear systems are available (see, e.g. [12,13]).
The extension of this approach to kinematic viscosity functions not satisfying (1.2) or (1.3), which includes
the Carreau law with ko = 0 or > 2, will be reported in a separate work.

The rest of this paper is organized as follows. In Section 2 we derive the continuous variational for-
mulation of (1.1) and prove that it is well posed. We include here a subsection containing the main abstract
results for the solvability and Galerkin approximations of twofold saddle point operator equations. Finally,



the associated mixed finite element scheme is studied in Section 3. We introduce there the finite element
subspaces of low order, prove that the discrete scheme is uniquely solvable, and derive the corresponding
quasi-optimal error estimate and rate of convergence.

2. The continuous variational formulation
2.1. The twofold saddle point equation

We introduce first 6 := /(| Vu|)Vu — pl and t := Vu in Q as additional unknowns. In this way, according
to the definition of the tensor ¥, the non-linear constitutive law and the equilibrium equation become,
respectively,

c=y(t)—pl and dive =—f in Q. (2.1)

In addition, since div(u) = tr(Vu), the incompressibility condition can be rewritten as tr(t) =0 in Q.
Consequently, multiplying the relation t = Vu by a tensor 7, integrating by parts, using that u = g on I' (see
(1.6)), and then testing appropriately the equations of (2.1) and the incompressibility of the fluid, we arrive
at the following mixed variational formulation of (1.1): Find (t, s, p,u) € [L2(Q)]”* x H(div; Q) x L*(Q)x
[L2(Q)])* such that

/inl(t):sdx—/go-:sdx—/gptr(s)dx:O,
—/Qt:tdx—/gqtr(t)dx—/Qu-divrdx:—(1:v,g>r7 (2.2)

—/v-divo'dx:/f~vdx
Q Q

for all (s,1,q,v) € [L2(Q)]7? x H(div; Q) x L*(Q) x [L2(Q)]".

Hereafter, (-,-), denotes the duality pairing of [H~"/2(I')]* and [H"/*(I')]” with respect to the [L*(I')]*-
22 satisfying div(t) € [L2(Q)]°. It is well
known that H (div; Q), provided with the inner product (, T>H(diV;Q) = {((, ‘L'>[L2<Q)12x2 + (div¢, divr>[L2(Q)]z, isa

inner product, and H(div; Q) is the space of tensors t € [L*(Q)]

Hilbert space, where (s 2@ and () 2 q)p stand for the usual inner products of [L2(Q))* and [L2(Q)]’,
respectively.

Before continuing the analysis, we remark that (2.2) is not uniquely solvable since adding (0, cI, —c, 0)
to (t,e,p,u), for any ¢ € R, yields further solutions of this problem. Therefore, in order to guarantee
uniqueness, we proceed as in [1] (see also [4,16]) and require additionally that fQ tredx = 0, which leads to
the introduction of a Lagrange multiplier ¢ € R as a further unknown.

Consequently, the mixed variational formulation of (1.1) is re-stated as follows: Find t := (t, 6, p,u, &) €
[L2(2)]77 x H(div; Q) x L2(Q) x [L2(R)]* x R such that

/Qn//(t):sdx—/go-:sdx—/gptr(s)dx:O,
—/Qr:tdx—/thr(t)dx—/Qu~div1:dx+é/tr1:dx:—<1:v,g>r7 (2.3)

Q
—/v-divadx+n/tr6dx:/f-vdx
Q Q Q



for all §:= (s, 7,q,v,7) € [L2(Q)]”** x H(div; Q) x L2(Q) x [L*(Q)]* x R. We note here that one knows in
advance that ¢ = 0. In fact, it suffices to take T = I and ¢ = —1 in the second equation of (2.3), and use the
compatibility condition for the Dirichlet data g. However, we do keep this artificial unknown since it is
needed to insure the symmetry of the whole formulation.

Next, we notice that (2.3) has a twofold saddle point structure. Indeed, let us introduce the spaces
X = [LZ(Q)]M, My = H(div; Q) x L*(Q), M :=[L*(Q)]" xR, and define the operators A, :X, — X],
B, : X; — M{, and B: M; — M’, and the functionals (G,F) € M| x M, as follows:

[Ai(r),s] := /Ql/l(l‘) :sdx,  [By(r),(z,q)] := —/Q‘L' crdx — /thr(r) dx, (2.4)
B(z,q), (v,n)] := f/gv -divedx + n/gtr (7)dx, (2.5)
[G,(1,9)] .= —(tv,g), and [F,(v,n)]:= /Qf-vdx (2.6)

for all r,s € X, (t,9) € My, and (v,n) € M, where [, -] stands for the duality pairing induced by the cor-
responding operators and functionals.

Then, it is easy to see that (2.3) can also be stated as: Find t:= (t, (¢, p), (u,&)) € X; x M; x M such
that

[A1(t),s] + [Bi(s), (,p)] = 0,
Bi (1), (v, 9)] + [B(z,9), (w,&)] = [G, (v, )], (2.7)
B(a,p), (v,n)] = [F, (v, )]

for all §:= (s, (,q), (v,n)) € X; x My X M.
The abstract theory for this kind of twofold saddle point operator equation is already available (see, e.g.
[8,9]), and their main results are collected in the following subsection.

2.2. Abstract theory for twofold saddle point equations

Let X;, M,, and M be Hilbert spaces, and consider a non-linear operator A; : X; — X/, and linear
bounded operators B, : X; — M| and B: M, — M’, with adjoints B} : M; — X| and B' : M — M|, respec-
tively. Then, we are interested in the following non-linear variational problem: Given (H, G,F) € X| x M| x
M, find (t,6,u) € X; x My X M such that

Al B, O\ [t H
B, O Bl|[s|=([G]. (2.8)
(58 8)()- ()

We have the following theorem.

Theorem 2.1. Let M, := ker(B), define Vi := {s € X, : [Bi(s),t] = 0 YVt € My}, and let I, : X| — V{ be the
canonical imbedding defined by IT,(H) = H|, for all H € X|. Assume that

(1) the non-linear operator A, : X| — X is Lipschitz-continuous with a Lipschitz constant y > 0, and for any
t € Xy, the non-linear operator I1 A, (- +t) : Vi — V] is strongly monotone with a monotonicity constant
o > 0 independent of t.



(i) there exists > 0 such that for all ve M

B(7),v
sup ) > il 29)
TEM) M,
1#0

(iii) there exists B, > 0 such that for all T € M,
s [B1(5)7

P sl
s#0

= Pilltlly, - (2.10)

Then, for each (H,G,F) € X] x M| x M’ there exists a unique (t,6,u) € X; x My x M solution of (2.8).
Moreover, there exists C > 0, independent of the solution, such that

[1(6, 05 )| casyson < CLUHI] + |G+ [[F]] + [|AL ()]}

Proof. See Theorem 2.4 in [8] (see also Theorem 2.1 in [14], Theorem 1 in [9], or Theorem 4.1 in [15]). O

Now, let X;,, My, and M, be finite dimensional subspaces of X;, M; and M, respectively. Then the
Galerkin scheme associated with (2.8) reads as follows: Given (H, G,F) € X| x M| x M’, find (t,, 65, u;) €
Xl‘h X Ml,h X M, such that

[A1(t),81] + Bi(sn), 04] = [H,sy],
[Bi(th), 4] + [B(zh), us] = [G, ], (2.11)
[B(o-h)7 Uh] = [Fa Uh]

for all (s;, Ty, v4) € X14 X My X M.
The discrete analogue of Theorem 2.1 is established next.

Theore£n 2.2. Let Ml,h = {‘E/,, S Ml,h : [B(‘Ch),l}h] =0V, € Mh}, deﬁne Ny = {Sh S Xl,h : [BI(S},)7T}1] =0
V1, € My, } and let 11, :Xll,h — Vl/,h be the canonical imbedding. Further, let Ay, := p,A; : X1 — X{, where
i X1y — Xy is the canonical injection with adjoint p), : X{ — X| ,. Assume that

(i) the non-linear operator A, : X\ — X{, is Lipschitz-continuous with a Lipschitz constant y, > 0, and for
any t € X, , the non-linear operator Hl,hAlyh(~ +t): Wy, — Vi, is strongly monotone with a monotonicity
constant o, > 0 independent of t.

(i) there exists 3, > 0 such that for all v, € M,

sup [B(Th) ) Uh]

B
1, #£0

= Ballvallys (2.12)

(iii) there exists B, > 0 such that for all t, € A~/117,,

Bi(s;), 7
sup BT g e (2.13)

- HShHXl
s, 7#0

Then, for each (H,G,F) € X| x M| x M’ there exists a unique (t,,6y,uy) € Xi, X My, X M, solution of
(2.11). Moreover, there exists C, > 0, independent of the solution, such that



(s 00, 1) Ly, ca s < CollHAI] + 1 Gall + [IFn]] + [|A14 (0)][},
where H;, :== H|X1,h’ G, :=Gl,,,, and F, .= F|,, .
Proof. See Theorem 3.2 in [8] (see also Theorem 3.1 in [14], Theorem 3 in [9], or Theorem 4.2 in [15]). O
Finally, concerning the error analysis, we have the following result.
Theorem 2.3. Assume that all the hypotheses of both Theorems 2.1 and 2.2 are satisfied, and let (t,6,u) € X| X
My x M and (t,, 6, u,) € X1 X My, x My, be thg unique solutions of (2.8) and (2.11), regpectively. In gddition,

suppose that there exist positive constants y, a, fp, and B such that y, <7y, o, = a, , = B, and B, , = p, for all
h. Then, there exists C > 0, independent of h, such that the following Céa error estimate holds:

||(t767u)_(th76hauh)”<c inf ||(t76au)_(sha7havh)”' (214)

(SnyTh,vn)
Xy XMy x M),

Proof. See Section 4 in [8] (see also Theorem 3.3 in [14] or Theorem 5 in [9]). O
2.3. Solvability of the continuous formulation
We need the following technical result.

Lemma 2.1. Let Hy(div; Q) := {z € H(div; Q) : [, tr(¢)dx = 0}. Then, for any v € [L*(Q)]’ there holds

v-divzdx v-divrdx
sup  Je¥ dividy o Jov-dived
€ H, (div;Q) ||T||H(div;!2) teH (div;Q) ||T||H(div;£2)
220 70

Proof. Since H,(div; Q) C H(div; Q), we easily see that

v-divzdx v-divrdx
sup f‘ﬂi < sup fgi (2.15)
2eHy(div;Q2) ”T"HH(div;!)) teH (div;Q) ||T||H(div;52)
40 #0

Now, it is not difficult to realize that H(div; Q) = Hy(div; Q) & RI. Then, given a tensor t € H(div; Q)
with [, v-divedx > 0, we let T € Hy(div; Q) and ¢ € R such that T =t + cI. It follows that dive = divz and
2 <12 - - 2 12
1z @22 = [I7] 2(@)? +2¢%(Q], which yields 1l aive) = 1%l aime) +2¢%(Q], and hence ||| o) =
121l (div.)- According to the above we deduce that

Jov-divtdx [, v-dividx < Jov-dividx

- ~ ~
||T||H(aiv;g) ||T||H(div;9) ||T||H(div;g)

)

which implies that

v-divtdx v-divzdx
sup ‘fgi < sup fngi (2.16)
TeH (div;Q) Iz HH(div;Q) 2€Hy (div;Q) ”t”H(diV:Q)
©#0 1#0

In this way, (2.15) and (2.16) provide the required result. [



The main theorem concerning the solvability of (2.3) can be established now.

Theorem 2.4. There exists a unique t := (t,6,p,u, &) € [L2(Q)]7? x H(div; Q) x L*(Q) x [L2(2)]" x R solu-
tion of problem (2.3). Moreover, there exists C > 0, independent of the solution, such that

[t < C{Hf||[L2(Q)]2 + ||g||[H1/Z(F)]2}'

Proof. The proof reduces to show that the hypotheses of Theorem 2.1 are satisfied by the formulation (2.7).
In fact, we first observe that for each € X; the Gateaux derivative ZA,(F) is a bilinear form on X; x X,
which is uniformly bounded and uniformly X;-elliptic. In fact, using the definitions of A; and ¥, we find that

2
- 0 -
@Al(r)(r,s) = / { Z aTszj(r)rklsij}dx VI',S € Xla
Q ijki=1 2Tk
which, according to (1.2) and (1.3), implies the existence of positive constants C; and C», such that
|ZALF)(r,8)| < CilIrlly Islly, and  ZA(F)(s,s) = Colls}, (2.17)

for all r,r,s € X;. Then, it is well known that the above properties yield the strong monotonicity and
Lipschitz continuity of the non-linear operator A;.

We now check that the linear operator B verifies the inf—sup condition on M; x M. Given (v,5) € M,
we have

BT) , (V.1 BV]I,O,V,H
oup LI > B L~ 2l 218)
(r.9)EM, v q)HMl ”’7 ||H(div;Q)
(t.9)#0

Next, using Lemma 2.1 in the first equality below, we deduce that

wp BEOO B0 BEOMOL = fpy-diveds
(r.g)eM 1z, )l ey (div;2) Il aivc teH (div;) Illaive teH (div:Q) el aiva
(1,9)#£0 140 T£0 £0

which, similarly as shown in Theorem 4.3 of [11], yields the existence of ﬁ > 0 such that

sup B e (2.19)

ISR C]
(vq)70
Therefore, (2.18) and (2.19) provide the continuous inf-sup condition for B.
We now introduce the null space of the operator B, that is, M, := {(t,q) € M, : [B(t,q),(v,n)] =0
¥(v,n) € M}, which gives M, := {(t,q) € M; :divt =0 in Q and [, tr(r)dx = 0}. It follows that there
exists #, > 0 such that for all (z,q) € M; there holds

sup [B1(S); (r,q)] > B, (x, q)”Ml' (2.20)

T sl
s#£0
In fact, we prove (2.20), the continuous inf-sup condition for B;, by bounding below the expression
B
sup [ 1(5)3 (T7q)]

P sl
s#£0



with suitable choices of s € Xi. If ||q|2(q) <%l a0y We take s:= —(t —1tr(¢)I) and then apply the
equivalence result given by Lemma 3.1 in [1] for tensors T € H (div; Q) satisfying |, tr (r) dx = 0. Similarly, if
1]l r(aiv:) < 19112 () We just consider s := —gI + t. We omit further details and refer the reader to Theorem
3.1 below for a similar procedure.

Consequently, noting that A;(0) is the null functional, a straightforward application of Theorem 2.1
completes the proof. [

3. The mixed finite element scheme

We assume for simplicity that I' is a polygonal curve, and let {7}, , be a regular family of triangu-
lations of Q by triangles T of diameter /7 such that # := max{s;: T € 7,} and Q=U{T : T € 7,}. For
each T € 7, we let RT((T) be the local Raviart-Thomas space of order zero, that is,

e =nf () (1 (1)}

where (? ) is a generic vector of R”. In addition, given a non-negative integer k and a subset . of R, we
2

let P;(%) be the space of polynomials defined on % of degree < k.
Then we define the following finite element subspaces:

Xip o= {s € [LX(Q)]"? : 8|, € [Po(T)]” VT € T,},

My, = {1 = (vy) € H(div; Q) : (tatn)'|; € RTo(T) Vi € {1,2}, VT € 7},
My, = {q € L*(Q): ql, € Po(T) VT € T},

My = M7, x M,

M = {v e [LX(Q) :v|, € [Po(T)]* VT € T4}
and
M, =M} xR.
Hence, the Galerkin scheme associated with (2.7) is: Find ¢, := (ts, (61, p1), (W, &) € X X My X M,
such that
[A1(ts), 4] + Bi(sn), (6, 24)] = O,
[Bi(th), (ts, gn)] + [B(th, qn), (wy, €)] =[G, (24, 9], (3.1)
[B(an, pn)s (Vs m,)] = [F, (vas )]

fOf all §h = (Sha (Thaqh)7 (V;”;’]h)) S Xl,h X Ml,h X Mh'
The following theorem establishes that (3.1) is well posed and provides the corresponding quasi-optimal
error estimate.

Theorem 3.1. There exists a unique t, € Xip X My x My, solution of the Galerkin scheme (3.1). Moreover,
there exist ¢, C > 0, independent of h, such that

(€]l <C{||f||[L2(9)]z + ||g||[Hl/2(r)]2}



and
[t—6l<C. inf  |[€—§,.

SHEXT XMy XMy,

Proof. We now apply the abstract Theorems 2.2 and 2.3. To this end, and since we already established that
A, is strongly monotone and Lipschitz-continuous, it only remains to show that B and B, satisfy the
corresponding discrete inf-sup conditions with constants independent of 4.

Given (v, n,) € M), we have the discrete analogue of (2.18), that is,

sup [B(Thaqh)v(vhvnh)] > [B(V’hLO)a(Vh?nh)] _ (2|Q|)1/2|nh“ (32)
(ehgn)EMi | (hs qn) ||M1 ||’7hI||H(div;Q)
(tqn)#0

Now, since My, = M{’ » @RI, with Mﬁh =My, N Hy(div; Q), we also deduce, using the discrete analogue
of Lemma 2.1 in the first equality below, that

Bz, gn)s (Vi m)] sup [B(4,0), (vi, ;)] sup [B(71,0), (v1,0)]

sup =

(thqn)EM) H(Tha qh)”Ml %hGM;'h ”%hHH(div;Q) _—s HTh”H(div;Q)
(Tnqn)#0 %h#oy ‘th#o.
- fQ A/ diVThdx
sup —2 - 7
TEM?, [k HH(div;Q)
7,70
and hence
qp B Oum)l = Jotudivede g, g o (3.3)
= ) b .
(T -qn) EM1 1Cens qn) ||M| 470 ch,i||H(div:Q>
(Th,qn) 70

where v;,; and 1;,; are the ith component and ith row of the vector v, and tensor t, respectively. Then, using
the properties of the equilibrium interpolation operator (see, €.g. [4,22]), as we did in Lemma 5.6 of [15] (see
also Lemma 4.3 of [21]), one can show that there exists § > 0, independent of 4, such that

— | vpidive,;dx -
SotwdVondy

Sup e vie{l,2}. (3.4)

i #0 ||rh~iHH(div;Q)
In this way, (3.2)—(3.4) imply the discrete inf-sup condition for B.
On the other hand, the discrete kernel of B is defined by

My = {(th,qn) € M1y : B(th, qn), (Vi m)] = 0 V(vi,m,) € My},

which, according to the definition of B and the properties of the subspaces M7, and M, yields Mu, = M{’ X
MY, with MY, := {r, € M7, : dive, =0 in Q and [, tr(z;)dx = 0}. )

We prove now the discrete inf-sup condition for By. Given (t,q,) € M;,, we assume first that
Ignll 20y < 174l s1(aiv-) @nd define §, := —(z) — 3tr (z,)I), which verifies tr (s;) = 0. Since dive, = 0 in Q, we

deduce that s, belongs to X, ;, and hence
[Bi(sn), (Th, qn)] S (Bi(Sh), (Th; qn)]

= ~
SHEX LA ”Sh”X1 HShHXl
Sh#O

1
Ty — Etr (Th)l

[LZ(Q)]Z“'

Thus, applying the equivalence result given by Lemma 3.1 in [1], we conclude that there exists Bl >0,
independent of 4, such that
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(Bi(sn) (tn,qn)] _ 7 By
sup T 2 Billtllaive) = 5 11(eh qa)llas,- (3.5)
SHEX| S X
S/ﬁéo
Next, we assume that ||‘L'hHH<div:Q) < ||qh||Lz(Q) and define §, := —q,1 + 7,,. It follows easily that §, € X;,, and
therefore
. 2 2 .
[Bl(Sh) (’%q;.)] [Bl(Sh) (‘Fh CIh)] 2||‘1h||L29 - ||Th||Hd' Q - p
sup ’ > S = S D> Billanllie = 5 1 @)l
S sl T8l [T
s, #0

with Bl = m This inequality and (3.5) provide the discrete inf-sup condition for B;.
Consequently, a straightforward application of Theorems 2.2 and 2.3 completes the proof. [

We now recall the following approximation properties of the subspaces Xi,, M7,, M}, and M},
respectively, which follow from classical error estimates for projection and equilibrium interpolation
operators (see, e.g. [22])

(AP, ,) For all s € [H'(Q)]*? there exists s, € Xy, such that

||S — Sh”[Lz(Q)]ZxZ < Ch”S”[Hl(Q)]ZxZ.
(APT,) For all 7 € [H'(Q)]”* with dive € [H'(Q)]’, there exists 7, € M7, such that
[z — ThHH(div;Q) < Ch{HTH[Hl(Q)]ZXZ + ||diVTH[H1(Q)]2}-
(APY,) For all g € H'(Q) there exists g, € M7, such that
lg = aull 2 (@) < Chllgll 1 q)-
(APY) For all v € [H'(Q)] there exists v, € M" such that
[[v— Vh||[L2(Q>]2 < Ch||V||[H1(Q)]2-
Then we have the following result on the rate of convergence of the mixed finite element scheme (3.1).
Theorem 3.2. Let t := (t, (6, p), (u, &) and t, := (t,,, (64, p), (W, &,)) be the unique solutions of the continuous

and discrete formulations (2.7) and (3.1), respectively. Assume that t € [H'(2)]”?, ¢ € [H'(2)]”?, dive €
[H'(Q)), p € H(Q), and u € [H'(Q)]*. Then there exists C > 0, independent of h, such that

[t — ]| < Ch{”tH[Hl(g)]M + ol i1 gz + [1dive | 1 o + (1Pl o) + ||u||[H‘(Q)]2}'

Proof. It is a consequence of the Céa estimate from Theorem 3.1 and the approximation properties stated
above. O

Finally, we remark that an a posteriori error analysis yielding a reliable and quasi-efficient estimate for
our mixed finite element method, together with several numerical results, are provided in the second part of
this work (see [10]).
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