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This paper devises a class of endogenous growth models with physical capital, human capital
and product varieties. Unlike previous literature, we introduce a general specification of produc-
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The consequences of separating both parameters on the equilibrium dynamics of the model are
analyzed. We find that the long-run growth rate ceases to depend on the markup when it
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related to the development process of industrialized countries.
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1 Introduction

There is a broad consensus in the literature that physical capital accumulation, knowledge forma-
tion, and R&D-based technological progress are the three main sources of growth. Arnold (2000a)
and Funke and Strulik (2000) (AFS henceforth) have combined them into an endogenous growth
model whose equilibrium dynamics has been analyzed by Gómez (2005). In the AFS model inven-
tion of new ideas depends solely and linearly on the share of human capital devoted to this activity.
Recently, Sequeira (2011) and Gómez (2011a,b) (SG henceforth) have incorporated R&D spillovers
in innovation and an externality associated to the duplication of research effort, and have analyzed
the equilibrium dynamics of the extended model.

The underlying structure of the AFS-SG model, in the tradition of Romer (1990), is such that
the gains from specialization are rigidly linked to the elasticity of substitution between varieties,
and thus, to the monopolistic markup in the economy. However, as argued e.g. by Kim (2004),
there is no a-priori reason for such a restrictive link to exist. Following early work by Ethier (1982),
a large literature has shown that breaking the connection between the gains of specialization and
the markup has significant consequences on several issues as the persistence of technology shocks
(Bénassy, 1996a), the optimal capital income tax (Coto-Mart́ınez et al., 2007) and, specially, the
optimality of R&D investments (Bénassy, 1996b, 1998, de Groot and Nahuis, 1998, 2002, Jones and
Williams, 2000, Alvarez-Pelaez and Groth, 2005, Sequeira and Reis, 2007). Separating these pa-
rameters also makes possible a more sensible calibration (e.g., Jones and Williams, 2000). However,
aside from Sequeira and Reis (2007), none of these models include human capital accumulation as
an engine of growth. Furthermore, most of them —and, in particular, Sequeira and Reis (2007)—
focus on analyzing the results in the steady state, so they do not solve for the transition dynamics.

This paper devises a model with physical capital accumulation, knowledge formation and in-
creasing varieties in the line of the AFS-SG model. The fundamental difference is that, following
Alvarez-Pelaez and Groth (2005), we introduce a general specification of production that allows for
disentangling the gains from specialization from the elasticity of substitution between varieties and
thus, from the markup. The R&D technology is specified á la Jones (1995a) to allow for both R&D
spillovers in innovation and externalities associated to duplication of research. Hence, as particular
cases, we consider the models with no externalities in R&D (as in Arnold, 2000a, and Funke and
Strulik, 2000), with only R&D spillovers (as in Sequeira, 2011), with only duplication externalities
(as in Gómez, 2011b, which also includes externalities in human capital accumulation) and with
both types of externalities (as in Gómez, 2011a).

Our main objective is to analyze the equilibrium dynamics of the generalized model and, in
particular, the effect of separating the gains from specialization from the markup. First, we provide
conditions for the existence of a unique feasible steady-state equilibrium with positive long-run
growth. Differently to what happened in the AFS-SG model —and also to the findings of Jones and
Williams (2000) and Alvarez-Pelaez and Groth (2005)—, once the monopolistic markup is separated
from the returns to specialization the long-run growth rate ceases to depend on the markup. We
then study the (local) stability of the model. The transition dynamics is represented by a two-
dimensional stable manifold and, in spite of the complexity of the dynamic system, we provide a
sufficient condition for stability — though the instability outcome cannot be ruled out. We find
that the markup does not enter in the stability conditions of the general model, whereas it played
a prominent role in the corresponding conditions for the SG model. A detailed numerical analysis
shows that the introduction of spillovers in R&D causes a deep drop in the instability outcomes for
the relevant set of parameters. The further introduction of the duplication externality decreases
even more the instability cases and, in fact, we find that instability is quite rare in the general
version of the model with both R&D spillovers and duplication externalities. Thus the increasing
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generalization of the R&D production structure brings about a noticeable increase in the stability
outcomes of the steady state of the model. We also find that the steady-state equilibria of the
model that disentangles parameters are more prone to be stable than those of the AFS-SG model.

Furthermore, we present some simulation results in order to gain some insight on the implied
dynamics of the model. Using a typical calibration for the parameters set, the steady state is un-
stable when there are no external effects associated to the R&D law of motion. When spillovers in
R&D are introduced into the model, the steady state becomes saddle-path stable. Then, we show
that the model is able to replicate the typical sequence of development in which education precedes
innovation (e.g., Funke and Strulik, 2000) and also a transition in which innovation precedes knowl-
edge formation. As recently argued by Iacopetta (2010), an innovation-education sequence could
agree better than an education-innovation transition with the empirical fact that the rise in formal
education to the masses follows rather than precedes the process of industrialization. Adding dupli-
cation externalities as well as R&D spillovers, we show that the model is able to generate a realistic
transition yielding a roughly constant growth rate during the last century, together with increasing
time allocated to education and (more modestly than to education) to research. Furthermore, the
model can also replicate a decreasing trend in the ratio between outputs and inputs to R&D while
the value of patents increases more than wages.

This paper also contributes to a strand of the literature that investigates the transitional dy-
namics of endogenous growth models with R&D. Arnold (2000b,c) proves that the steady states of
both the socially-planned and the decentralized economies in the Romer (1990) model are saddle
points. Eicher and Turnovsky (1999, 2001) develop a two-sector non-scale growth model and study
the transition dynamics of the socially planned economy, whereas Steger (2005) studies its market
equilibrium counterpart. Nevertheless, due to the complexity of the involved dynamic systems, a
complete stability analysis is not provided. Arnold (2006) studies the dynamics of the Jones (1995a)
model and proves that the economy converges in a saddle-path stable manner to the steady state
along a two-dimensional stable manifold. Arnold and Kornprobst (2008) analyze the transition
dynamics of the Romer (1990) model with quality upgrading à la Grossman and Helpman (1991)
instead of increasing product variety. However, differently to ours, none of these models include
human capital as a production factor, either in final goods production or in R&D.

The rest of this paper is organized as follows. Section 2 describes the model. Section 3 analyzes
the balanced growth equilibrium and its stability. Section 4 presents some numerical results. Section
5 concludes.

2 The model

We consider a closed economy inhabited by a constant population of identical representative agents.
For simplicity, population is normalized to one, so that we may read all variables as per capita values.

2.1 Production

The final good, Y , which we take as numeraire, is produced with a Cobb-Douglas technology:

Y = DβH1−β
Y nη, 0 < β < 1, η > 0, (1)

where HY is human capital allocated to the final good production, D is an index of intermediate
capital goods, and n denotes the number of available varieties. Thus, the parameter η captures the
gains from specialization in the final good production. Following Alvarez-Pelaez and Groth (2005),
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the composite index D is a CES aggregate of quantities of specialized capital goods:

D = n

(
1
n

∫ n

0
xα

i di

)1/α

, (2)

where xi is the intermediate capital good i, and α determines the elasticity of substitution between
varieties. Intermediate goods are produced in a differentiated goods sector with physical capital,
Kx:

xi = Kxi . (3)

Production of a new intermediate good requires the invention of a new blueprint. The pro-
duction of new ideas is determined by human capital employed in R&D labs and by the stock of
disembodied knowledge n according to the Jones (1995a) technology:

ṅ = ε̄Hn = εH̄λ−1
n nφHn, ε > 0, 0 < λ ≤ 1, 0 ≤ φ < 1, (4)

where Hn represents the allocation of human capital to R&D sector. The parameter φ measures
the (positive) spillovers in R&D. The term H̄n represents average human capital devoted to inno-
vation, so this specification incorporates the potential of (negative) externalities associated to the
duplication of research effort.

The final good, Y , is used for consumption, C, and investment. For simplicity, we neglect
depreciation of physical capital, which leads to the economy’s resource constraint,

Y = C + K̇. (5)

Human capital is accumulated according to

Ḣ = ξHH , ξ > 0, (6)

where HH represents the allocation of human capital to knowledge accumulation.

2.2 Agents

Human capital H is supplied inelastically. Therefore, full employment requires that

H = HH + Hn + HY = (uH + un + uY )H, (7)

where uH , un and uY are the shares of human capital allocated to human capital accumulation,
R&D activities and the final good production, respectively.

The representative agent earns wages, w, per unit of employed human capital, H − HH . He
also earns returns, r, per unit of aggregate wealth, W , which leads to a budget constraint Ẇ =
rW + w(H − HH) − C. Subject to this constraint and the knowledge formation technology (6), he
maximizes the intertemporal utility

U =
∫ ∞

0

C1−θ − 1
1 − θ

e−ρtdt, (8)

where ρ > 0 denotes the time preference rate, and 1/θ > 0 is the elasticity of intertemporal
substitution. Agents take the aggregate rate of innovation as given.
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Let gx denote x’s growth rate, gx = ẋ/x. The first order conditions for an interior solution
yield1

gC = (r − ρ)/θ, (9)

gw = r − ξ. (10)

The first of these equations is the standard Ramsey rule. The second indicates that the growth
rate of wages must be sufficiently high compared to the interest rate in order to ensure investment
in human capital.

2.3 Firms and markets

The markets for the final good and its inputs are perfectly competitive. This implies that

w = (1 − β)Y/HY , (11)

pD = βY/D, (12)

where pD represents the price for the index of intermediate capital goods.
The demand for each intermediate good results from the maximization of profits in the final

good sector. Each firm in the intermediate goods sector owns an infinitely-lived patent for selling
its variety xi. Producers act under monopolistic competition and maximize operating profits,

πi = (pi − r)xi, (13)

where pi denotes the price of intermediate good i and r is the unit cost of xi. Profit maximization
in this sector implies that each firm charges a price of

pi = p = r/α. (14)

With identical technologies and symmetric demand, the quantity supplied is the same for all
goods, xi = x. Hence, Eq. (2) can be written as

D = nx = K, (15)

using the fact that intermediate goods are produced with capital goods. Therefore, combining (1)
and (15), the production function can be re-written as

Y = KβH1−β
Y nη. (16)

Hence, differently to the AFS-SG model, this specification allows for disentangling the gains from
specialization, η, from the markup, 1/α.2

From pDD = pxn, together with equations (12) and (14), we obtain that

xn = K = αβY/r. (17)

After insertion of (14) and (17) into (13), profits are given by

π = (1 − α)βY/n. (18)

1We shall focus on a fully industrialized economy with both education and innovation.
2In the AFS-SG model, production of the final good in equilibrium is given by Y 1−η = (αη)ηKβH1−β−η

Y n(1−α)η/α.
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An innovation is worth the present value of the stream of monopoly profits, υ(t) =
∫∞
t e−R(τ,t)π(τ)dτ ,

with R(τ, t) =
∫ τ
t r(s)ds. Differentiating this expression with respect to time yields the no-arbitrage

equation
gυ = r − π/υ. (19)

Finally, in an equilibrium with innovation, free-entry into R&D requires3

wHn = υε̄Hn = υεH̄λ−1
n nφHn. (20)

2.4 Equilibrium dynamics

Henceforth we shall take into account that H̄n = Hn in equilibrium. As usual, we shall express the
dynamics of the economy in terms of variables that are constant in the steady state.4 Let χ ≡ C/K
denote the consumption to physical capital ratio, and ψ ≡ Hλ/n1−φ, the knowledge-ideas ratio.
Using (17), the economy’s resource constraint (5) can be rewritten as

gK =
1

αβ
r − χ. (21)

Some equations will be needed for solving the model. Log-differentiating (11) and (16) and
solving for guY , we obtain

guY = −
1
β

gw +
η

β
gn + gK − gH . (22)

Log-differentiating (4) yields
ggn = λ(gun + gH) − (1 − φ)gn. (23)

Furthermore, log-differentiating (20) and substituting gw from (10), gυ from (19), π from (18), υ
from (20) and w from (11) we get

(λ − 1)(gun + gH) = −ξ +
(1 − α)βuY

(1 − β)un
gn − φgn. (24)

If λ < 1 and 0 ≤ φ < 1, the dynamics of the economy in terms of the variables r, χ, uP , ψ and
gn is determined by the following fifth-order system:

gχ =

(
1
θ
−

1
αβ

)

r + χ −
ρ

θ
, (25)

gr = −
1 − β

β
(r − ξ) +

η

β
gn, (26)

guY =

(
1 − α

αβ

)

r +
η

β
gn − χ − ξ

(
1 − uY − ε−1/λψ−1/λg1/λ

n

)
+

ξ

β
, (27)

gψ = λξ
(
1 − uY − ε−1/λψ−1/λg1/λ

n

)
− (1 − φ)gn, (28)

3Alternatively, proceeding in a similar way to Iacopetta (2011), we could consider that the agent is subject to the
dynamic budget constraint Ẇ = rW +wuY H +υṅ−C, where υṅ accounts for the entrepreneurial gain of establishing
new intermediate good firms. The agent would then seek to maximize the utility function (8) subject to the budget
constraint, the constraint on human capital accumulation (7), and the flow of innovation (4). From the first-order
conditions of this problem, we would also get (9), (10) and (20).

4Making a change of variables to analyze the dynamic properties of balanced growth paths is a standard practice
in the endogenous growth literature (e.g., Benhabib and Perli, 1994, Barro and Sala-i-Martin, 1995, Benhabib et al.,
2000, Mino, 2001, and Arnold, 2000b, 2006).
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ggn = −
λ(1 − α)β

(1 − β)(1 − λ)
uY ε1/λψ1/λg1−1/λ

n +
λξ

1 − λ
− gn +

φ

1 − λ
gn. (29)

We have used that uH = 1 − uY − un and that un = ε−1/λψ−1/λg
1/λ
n from (4). Combining (9)

and (21) we obtain (25). Using that gr = gY −gK from (17) and combining the growth rate version
of (11) and (16) with (10), we get (26). Eq. (27) results from (22), using (10), (21) and (6). Eq.
(28) is obtained by using the definition of ψ. Substituting (24) in (23), we get (29).

If λ = 1 and 0 < φ < 1, from (24) and using (4), which becomes gn = εunψ, we get

gn =
1
φ

[
(1 − α)βεuY ψ

1 − β
− ξ

]

. (30)

Thus, the dynamics of the economy is driven by the system (25)–(28), where gn should be substi-
tuted with (30).

Finally, if λ = 1 and φ = 0, from (24) and using that gn = εunψ from (4), we get

uY =
(1 − β)ξ

(1 − α)βεψ
. (31)

Hence, guY
= gn − gH , which combined with (27) entails that

gn =
(1 − α)r − αβχ + αξ

α(β − η)
. (32)

Thus, if λ = 1 and φ = 0, the evolution of the economy is described by the system (25), (26) and
(28), where uY and gn should be replaced with (31) and (32), respectively.

3 Steady state: existence and stability

In this section, we focus on a balanced growth path (or steady state) equilibrium in which all
variables grow at constant but possibly different rates, and the shares of human capital in its
different uses are constant.

3.1 Existence

The following proposition provides conditions for the existence of a unique feasible steady state
with positive long-run growth.5

Proposition 1. Let ξ > ρ. The economy has a unique positive steady-state equilibrium with positive
long-run growth, in which the interest rate is

r̂ =
(1 + M)θξ − ρ

(1 + M)θ − 1
, (33)

the ratio of consumption to physical capital is

χ̂ =

(
1

αβ
−

1
θ

)

r̂ +
ρ

θ
, (34)

5The fact that this proposition is true for 0 < λ ≤ 1 and 0 ≤ φ < 1 results evident from its proof.
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the long-run growth rate of intermediates is

ĝn =
λM(ξ − ρ)

(1 − φ)[(1 + M)θ − 1]
, (35)

the long-run growth rate of human capital is

ĝH = (1 − φ)ĝn/λ, (36)

the share of human capital devoted to R&D and production can be obtained from

ûn =
(1 − α)βĝn

(1 − β)(ξ − ĝH + ĝn) + (1 − α)βĝn

(

1 −
ĝH

ξ

)

, (37)

ûY = 1 − ûn −
ĝH

ξ
, (38)

the knowledge-ideas ratio is given by

ψ̂ =
ĝn

εûλ
n

, (39)

and the long-run growth rate of income, consumption, and physical capital is

ĝY = ĝC = ĝK = (1 + 1/M)ĝH , (40)

where M = (1 − β)(1 − φ)/(ηλ), if and only if

θ > θmin =
1 + M (1 − ρ/ξ)

1 + M
. (41)

Proof. In the Appendix.

It should be noted that a simple sufficient condition for the condition (41) to hold is θ ≥ 1. The
former Proposition shows that long-run growth does not depend on the market power parameter
α, as in the Jones (1995a) model. This result is in sharp contrast with the AFS-SG model (see,
e.g., Gómez, 2011a, Proposition 1), in which it can be easily shown that the long-run growth
rate of income decreases as α increases, whereas the long-run growth rates of human capital and
intermediates are increasing, decreasing or constant as α increases depending on whether θ > 1,
θ < 1 or θ = 1, respectively. Thus, the growth effect of the elasticity of substitution between
varieties —and, therefore, of the markup— in the AFS-SG model results from its link to gains
from specialization. Furthermore, our invariance result also differs from the findings in Jones and
Williams (2000) and Alvarez-Pelaez and Groth (2005), where the long-run growth rate of income
—in the market economy— decreases as the elasticity of substitution in intermediates α increases.

3.2 Stability: analytical results

Now, we study the equilibrium stability in the neighbourhood of the steady state. As usual,
we assume that the stocks of physical capital, human capital and the number of varieties move
sluggishly, so that K(0), H(0) and n(0) are given by their historical values. The analysis of the
linearized system around the steady state will establish that the system that drives the dynamics of
the economy features two state-like variables. Therefore, we will look for conditions that ensure the
presence of two stable roots, so that the stable manifold is two-dimensional. Henceforth, we will
say that the steady state is unstable when the dimension of the stable manifold —the number of
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stable roots of the linearized dynamics— is less than two —the number of predetermined variables.
In this case, the system that describes the dynamics of the model has “too many” unstable roots,
so it is not possible to make the system stable for arbitrary initial values of the predetermined
variables.6

We shall first analyze the stability of the steady state in the general model with both R&D
spillovers and duplication externalities, λ < 1 and 0 < φ < 1, and in the model with only duplication
externalities, λ < 1 and φ = 0. The following proposition proves that the steady state is either
saddle-path stable or unstable, and provides a simple sufficient condition to rule out instability.

Proposition 2. If λ < 1 and 0 ≤ φ < 1, in the conditions of Proposition 1:
a) the steady-state equilibrium is either saddle-path stable or unstable,
b) a sufficient condition to rule out the instability outcome is

β(1 − φ) ≥ ηλ.

Proof. In the Appendix.

The following example shows that instability cannot be ruled out in the general model.

Example 1. The parameterization β = 0.80, η = 1.64, α = 0.99, ξ = 0.0274, ρ = 0.023, θ = 1.25,
φ = 0.95 and λ = 0.95 yields the (feasible) steady state: r̂ = 0.04425, χ̂ = 0.0389, ûY = 0.9932,
ûH = 0.0040, ûn = 0.0028, ĝn = 0.0021, ẑ = 0.5292, ĝH = 0.0001 and ĝY = ĝK = 0.017. The
eigenvalues of the linearized system are 0.0455±0.0330i, 0.0015±0.0162i and 0.02725 and, therefore,
the steady state is unstable.

In the case that there are only spillovers in R&D, λ = 1 and 0 < φ < 1, the following proposition
studies the stability of the steady state.

Proposition 3. If λ = 1 and 0 < φ < 1, in the conditions of Proposition 1:
a) the steady-state equilibrium is either saddle-path stable or unstable,
b) a sufficient condition to rule out the instability outcome is

β(1 − φ) ≥ η.

Proof. In the Appendix.

To complete the former result, the following example shows that the instability outcome cannot
be ruled out.7

Example 2. The parameterization β = 0.80, η = 1.64, α = 0.99, ξ = 0.0316, ρ = 0.023, θ = 1.5,
φ = 0.95 and λ = 1 yields the (feasible) steady state: r̂ = 0.0485, χ̂ = 0.0442, ûY = 0.9943,
ûH = 0.0033, ûn = 0.0024, ĝn = 0.0021, ẑ = 0.8390, ĝH = 0.0001 and ĝY = ĝK = 0.017. The
eigenvalues of the linearized system are 0.0061 ± 0.0233i, 0.0901 and 0.0315 and, therefore, the
steady state is unstable.

6Note that the change of variables made satisfy the conditions (7)–(9) stated in Mart́ınez-Garćıa (2003), —i.e.,
the new variables explain their own dynamics, as it happens in the dynamic system (25)–(29), when this system is
evaluated at the balanced growth path the result is a steady state, and they explain the growth rates of the state
and costate variables—, as well as the conditions in her Lemmas 1 and 2. Hence, analyzing the existence of paths
converging to the balanced growth path is equivalent to studying the stability of the steady state in (25)–(29).

7Note that, in this case, the dynamics of the economy are driven by the system (25)–(28), where gn should be
substituted with (30).
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In the simplest case in which there are neither R&D spillovers nor duplication externalities,
λ = 1 and φ = 0, we can state the following proposition.

Proposition 4. Let λ = 1 and φ = 0. In the conditions of Proposition 1, the steady state is
saddle-path stable if and only if η > β and one of the following conditions is verified:

i) α(1 − β + η) ≤ 1, or
ii) α(1 − β + η) > 1 and θ < θ0, where

θ0 =
α(1 − β + η)[ξ(β − η) − βρ] + ηρ

ξ[1 − α(1 − β + η)](1 − β + η)
. (42)

Proof. In the Appendix.

Thus, in the simplest model with no externalities in R&D, λ = 1 and φ = 0, we have been
able to establish a necessary and sufficient condition for saddle-path stability of the steady state.
However, given the complexity of the dynamic system that leads the economy, we could devise only
sufficient conditions for stability in the most general model with R&D spillovers and duplication
externalities, λ < 1 and 0 < φ < 1, in the model with only duplication externalities, λ < 1 and
φ = 0, and in the model with only R&D spillovers, λ = 1 and 0 < φ < 1. Interestingly, we can
observe that in these models the markup does not enter in the stability condition, whereas it played
a prominent role in the corresponding conditions for the SG model.8 This fact suggests that the
influence of the markup on the stability conditions in the SG model could be caused more by its
link with gains from specialization than by its own relevance. Therefore, it would be interesting to
compare the stability properties of the present model with those of the AFS-SG model.

3.3 Stability: a quantitative assessment

The former section has studied analytically the conditions for saddle-path stability of the steady
state. However, the theoretical results obtained do not allow to derive neat conclusions on the
effect that introducing external effects in R&D has on the stability of the steady state. Therefore,
we will make a numerical experiment to compare the stability properties in the different models.
Furthermore, we will compare the results with those attainable in the AFS-SG model to investigate
the consequences of disentangling the gains from specialization from the markup. To this end,
we construct a grid of plausible values for the parameters. For each of the cases considered we
compute the eigenvalues of the linearization of the dynamic system that drives the economy. We
then calculate the percentage of instable cases; i.e., the number of cases in which we obtain less
than two stable roots, over the number of total cases considered.

Table 1 presents our assumptions about the parameter space considered. We keep fixed the
preference parameters θ = 2 and ρ = 0.023, which are standard values (e.g., Funke and Strulik,
2000, Gómez, 2005, Sequeira, 2011).9 The share of physical capital β begins in 0.1 and ends at 0.7, so
that it covers the range of plausible values for this parameter. The market power parameter α varies
between 0.2 and 0.95 which comprises with a wide margin the range of empirical estimates obtained
by Norrbin (1993) and Basu (1996). The parameter that measures gains from specialization η takes
values in the interval 0.1–1.65, which is in the range considered by Jones and Williams (2000). We
leave the parameters φ and λ to take values in a wide interval between 0.1 and 0.95 in the general
model. Of course, in the model without externalities, we set φ = 0 and λ = 1, and in the model

8The sufficient stability condition in the SG model is αβ(1 − φ) ≥ (1 − α)ηλ (see Gómez, 2011a, and Gómez and
Sequeira, 2011).

9Extensive simulation has shown that our conclusions do not change if different plausible values of these parameters
are considered.
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Table 1: The instability ratio in the new model

Parameters ρ θ β η α φ λ

Range 0.023 2 [0.1, 0.7] [0.1, 1.65] [0.2, 0.95] [0.1, 0.95] [0.1, 0.95]

R&D function φ = 0, λ = 1 0 < φ < 1, λ = 1 0 < φ < 1, λ < 1

Step 0.01 0.025 0.05

Instable cases 323628 26933 0
Total 718589 1708875 2156544
% Instable cases 45.04% 1.58% 0.00%

with only R&D spillovers, λ = 1. As a sort of normalization, the parameter ξ —not reported in
the Table— is set so that the long-run growth rate of income is equal to 1.7 percent in all the
cases.10 Table 1 also reports the step taken between consecutive values of the parameters in the
range considered. In the model with no externalities in R&D the step between consecutive values
of the parameters is 0.01; in the model with only R&D spillovers is 0.025, and in the model with
duplication externalities as well the step is 0.05.11 As Table 1 shows, the probability of saddle-
path stability of the steady state increases significantly with the introduction of externalities in
the R&D sector. A big drop in instability cases is observed when the model incorporates R&D
spillovers —from 45.04% to 1.58%—, with a smaller drop when the model incorporates duplication
externalities as well —from 1.58% to zero.12

Table 2: The instability ratio in the AFS-SG model

Parameters ρ θ β η α φ λ

Range 0.023 2 [0.1, 0.7] [0.1, 0.95 − β] [0.2, 0.95] [0.1, 0.95] [0.1, 0.95]

R&D function φ = 0, λ = 1 0 < φ < 1, λ = 1 0 < φ < 1, λ < 1

Step 0.01 0.025 0.05

Instable cases 167122 37880 0
Total 213076 515375 673920
% Instable cases 78.43% 7.35% 0.00%

In order to compare the stability properties of the present model with those of the AFS-SG
model, Table 2 reports the results of a similar exercise to that described above. However, given
that in the AFS-SG model the elasticity of human capital in the final good production is 1 −β − η,
we consider 0.95 − β as an upper bound of η, so that the elasticity of human capital is at least
0.05. As in the former case, the probability of stability increases significantly with the introduction
of externalities associated to R&D. However, comparing the results displayed in Tables 1 and 2,

10Given that ξ > ρ and θ > 1 > θmin, Proposition 1 ensures that there exists a unique and positive steady state
for all the parameters configurations considered.

11We consider higher steps as we extend the model to incorporate spillovers in R&D and duplication externalities
because of the huge increase in the number of cases to be considered.

12Of course, as shown in Example 1, this does not mean that instability can be ruled out but only that it is highly
unlikely.
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we observe that for the two models without duplication externalities (λ = 1), the steady-state
equilibria of the present model —which disentangle parameters— are more prone to be stable than
those of the AFS-SG model. In the model without R&D externalities, from an ‘instability ratio’
of almost 80% in the AFS-SG model, the ratio drops to 45% in the model with a more general
functional form for the final good production. In the model with spillovers in R&D the drop is still
important, from 7.35% to 1.58%. Concerning the comparison of the most general model —with
both externalities in the R&D sector—, it is not possible to reach a clear conclusion as the exercise
yields no instability cases in both of them. This suggests that instability is highly unlikely in both
models.

4 Simulation results

In order to gain insight on the transition dynamics generated by the model, this section presents
some simulation results. The benchmark parameterization and the implied steady-state values
are displayed in Table 3. Preference parameters, θ and ρ, are standard (e.g., Funke and Strulik,
2000, Gómez, 2005, Sequeira, 2011). Technology parameters in the final good production, β and η,
and the markup, 1/α, are taken from Jones and Williams (2000). Regarding the R&D technology
parameters, we could consider as a benchmark the case in which there are no externalities associated
to R&D, λ = 1 and φ = 0. However, for this calibration the steady state is unstable because the
stability condition stated in Proposition 4 is not satisfied as β > η. Therefore, we first consider
the case with R&D spillovers and no duplication externalities, λ = 1 and φ > 0, and follow Jones
and Williams (2000) to set φ = 0.457.13 Then we introduce mild duplication externalities into
the model, λ = 0.9, in order to illustrate its effect on the transition dynamics. In both cases the
productivity parameter in human capital accumulation, ξ, is adjusted so that the long-run growth
rate of income is equal to 1.7 percent. Table 3 shows that the steady-state shares of time devoted
to work, education and innovation, as well as the interest rate, have plausible values.

Let us first consider the Case 1 in which there are R&D spillovers and no duplication external-
ities, λ = 1 and φ = 0.457. Figures 1 and 2 display two possible transition dynamics computed
by backward integration (e.g., Brunner and Strulik, 2002, and Atolia and Buffie, 2009). Several
features of the displayed dynamics merit attention. First, the model can generate an education-
innovation development sequence in which human capital accumulation precedes R&D (Figure 1) or
and innovation-education sequence in which innovation precedes knowledge accumulation (Figure
2).14 Funke and Strulik (2000) suggested that the typical phases of development are character-
ized in a temporal order by physical capital accumulation, knowledge formation and innovation.
However, historical data examined by Galor (2005) shows that in the first phase of the Industrial
Revolution, human capital played a limited role in the production process. In the second phase of
the Industrial Revolution, the increasing pace of technological progress ultimately brought about
an industrial demand for human capital that stimulated human capital formation. Therefore, a
sequence in which innovation precedes education could agree with historical evidence as suggested
by Iacopetta (2010). He also shows that the AFS model is able to generate transition dynamics in
which innovation precedes education as well as the typical education-innovation sequence.15 Fig-
ures 1 and 2 show that our model is also able to generate both sequences of the phases of economic

13This relatively low value for φ is also adequate for a model with human capital accumulation, as argued by
Sequeira and Reis (2007).

14We also depict the time path of the variable z ≡ ε1/λψ1/λuY , which is used to analyze the stability of the steady
state (see Appendix).

15However, numerical results recently provided by Gómez (2011b) cast doubts on the ability of the AFS model to
describe the development process in a realistic fashion.
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Table 3: Parameter and steady-state values

Baseline parameters β η α ρ θ

0.36 0.196 0.773 0.023 2

Case 1 λ φ ξ

1 0.457 0.0509

r̂ ĝn ĝH ĝY ûY ûH ûn stable roots
0.057 0.0200 0.0109 0.0170 0.7542 0.2137 0.0321 −0.0678 ± 0.0568i

Case 2 λ φ ξ

0.90 0.457 0.0513

r̂ ĝn ĝH ĝY ûY ûH ûn stable roots
0.057 0.0187 0.0113 0.0170 0.7496 0.2199 0.0305 −0.0658 ± 0.0105i

Case 3 λ φ ξ

0.875 0.10 0.0531

r̂ ĝn ĝH ĝY ûY ûH ûn stable roots
0.057 0.0127 0.0131 0.0170 0.7308 0.2467 0.0225 −0.0735 ± 0.0095i

development. Thus, it is sufficiently general to encompass different possible trajectories of modern
economies as, e.g., the British Industrial Revolution in which innovation preceded education of
masses and other later industrialization experiences in which investments in education may have
preceded large-scale innovation investments.

Now, let us introduce duplication externalities in the model as well. To this end, we set λ = 0.9
and keep constant the remaining parameters (aside from ξ). The dynamics of the economy is
depicted in Figure 3. The model generates transitional dynamics in which innovation precedes
knowledge formation which, as discussed above, accords with the empirical fact that the rise in
formal education to the masses follows rather than precedes the process of industrialization.16 As
it can be observed, the implied transition paths exhibit a more realistic behaviour. First, the
economy starts with a low time devoted to innovation. As the economy evolves, innovation time
increases steadily, and expands hand in hand with educational time at early stages of development.
This behaviour agrees with empirical evidence reported, e.g., by Jones (1995b, 2002). Second, the
growth rate of income remains relatively constant (with a very smooth increasing trend) along the
transition, which is also in accordance with data (e.g., Jones, 1995b, Stokey and Rebelo, 1995,
Maddison, 2001).

Figure 3 also shows that, as the pace of increase in technologies is low when compared with
the pace of the education rise, the facts according to which outputs of R&D increase less than
inputs and according to which the value of patents is increasing more than wages (see e.g. Kortum,
1993) are verified during the initial transition of the economy. However, the verification of these

16Actually, the condition for no time devoted to innovation, wHn > υεHλ
nnφ, cannot be satisfied if λ < 1, so that

the model with duplication externalities cannot generate an education-innovation sequence.
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Figure 1: Time paths of representative variables in the model without duplication externalities:
education-innovation sequence.
Note: Parameter values are shown in Case 1 of Table 3.

facts in the balanced growth path may require a slightly higher duplication and a lower spillover
externalities. The set of parameter values shown in Case 3 allows for the verification of these facts.
In Figure 4, the pace of variables is qualitatively similar to the pace shown in Figure 3. Even
though the economy begins with a positive technology growth rate, the human capital growth rate
rapidly overcomes it and ends out higher, which allows for the replication of the R&D-related facts
mentioned above. Intuitively, as the quantity of technologies grows less than human capital, the
ratio between outputs and inputs to the R&D sector decreases (both considering physical units or
expenditure to measure inputs). Meanwhile, the value of technologies is growing more than the
value of human capital (wages).
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Figure 2: Time paths of representative variables in the model without duplication externalities:
innovation-education sequence.
Note: Parameter values are shown in Case 1 of Table 3.

5 Conclusion

This paper devises a class of endogenous growth models with physical capital, human capital
and R&D. Innovation may be subject to the presence of spillovers in R&D and/or externalities
associated to the duplication of research effort. The main novelty with respect to the previous
literature is that the production structure allows for disentangling the gains from specialization
from the elasticity of substitution between varieties, and thus, from the markup. Separating both
parameters is shown to have significant consequences on the equilibrium dynamics of the model.
First, the long-run growth rate ceases to depend on the markup when it is disentangled from the
returns to specialization. Second, the transitional dynamics of the economy is represented by a two-
dimensional stable manifold, and a simple sufficient condition for stability is provided —though the
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Figure 3: Time paths of representative variables in the model with duplication externalities:
innovation-education transition.
Note: Parameter values are shown in Case 2 of Table 3.

instability outcome cannot be ruled out. When both parameters are separated, the markup does
not enter in the stability conditions of the general model, whereas it played a prominent role in
the corresponding conditions for the standard model. Third, a detailed numerical analysis shows
that the steady-state equilibria of the model that disentangles parameters are more prone to be
stable than those of the standard model. Furthermore, the introduction of external effects in the
R&D sector causes a huge drop in the instability outcomes of both models for the relevant set of
parameters.

Simulation results show that the model with spillovers in R&D is able to replicate a sequence
of development in which education precedes innovation as well as a transition in which innovation
precedes knowledge formation. Therefore, this model has the potential to generate different devel-
opment experiences. The additional incorporation of duplication externalities allows the model to
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Figure 4: Time paths of representative variables in the model with duplication externalities:
innovation-education transition.
Note: Parameter values are shown in Case 3 of Table 3.

replicate important stylized facts of the last century: a roughly constant growth rate of output, an
impressive increase of the resources allocated to education, and a (more modest) increase in the
resources allocated to R&D (when compared to human capital). Furthermore, the model can also
replicate a decreasing trend in the ratio between outputs and inputs to R&D while the value of
patents increases more than wages.
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Appendix

A Proofs

Proof of Proposition 1. Constancy of ĝC implies, by (9), constancy of r, i.e., ĝr = 0. Therefore,
ĝY = ĝK , from (17), and χ is also constant in the steady state, ĝχ = 0, from (5). Hence, ĝY = ĝC =
ĝK . Constancy of ĝn implies, by (4), constancy of ψ, i.e., ĝψ = 0. Evaluating (6), (25) and (23) at
the steady state we obtain (38), (34) and (36), respectively. Log-differentiating (16) with respect
to time, using (36), we get (40). Using (36) and (40) to express ĝC as a function of ĝn in (9), and
solving the resulting equation and (26) for r̂ and ĝn, yields (33) and (35). Finally, (37) results from
(24), using (38), and (39) is obtained from (4).

For the interior steady state to be feasible, we must have 0 < ûY , 0 < ûn, ûY + ûn < 1, r̂ > 0,
χ̂ > 0 and ψ̂ > 0. Eqs. (36) and (35) entail that condition 0 < ûY + ûn = (ξ − ĝH)/ξ < 1 is
satisfied if and only if (41) holds. Since (41) entails that θ > 1/(1 + M), Eqs. (33) and (35) entail
that r̂ > 0 and ĝn > 0 if ξ > ρ. Furthermore, ûY and ûn are positive because ξ − ĝH > 0. Hence,
Eq. (39) entails that ψ̂ > 0. Finally, the ratio of consumption to capital can be expressed as

χ̂ =
(1 + M)θξ − ρ − αβ(1 + M)(ξ − ρ)

αβ [(1 + M)θ − 1]
.

The denominator is positive and, as condition (41) can be equivalently rewritten as (1 + M)θξ >
ξ + M(ξ − ρ), the numerator is also positive because it is greater than (1 −αβ)(1 + M)(ξ − ρ) > 0,
and so χ̂ > 0. Hence, the steady state is feasible.

The transversality condition associated with aggregate wealth is equivalent to −r̂ + ĝK < 0
which, using that ĝK = ĝC and (9), can be rewritten as (θ − 1)r̂ + ρ > 0. If θ ≥ 1 it is immediately
satisfied. If θ < 1, using that r̂ > ξ, we get that (θ− 1)r̂ + ρ > (θ− 1)ξ + ρ > ρ/(1+M) > 0, where
the second inequality follows from (41). The transversality condition associated to human capital,
H, is equivalent to −ξ + ĝH < 0. Note that the fulfillment of the transversality condition also
ensures convergence of the utility integral because, using that ĝC = (r̂−ρ)/θ, it can be equivalently
expressed as (θ − 1)ĝC + ρ > 0. This completes the proof.

Proof of Proposition 2. It will be useful to rewrite the dynamics of the economy in terms of
the variables r, χ, gn, z ≡ ε1/λψ1/λuY , and uY . Using that gz = guY + (1/λ)gψ, we get that the
dynamics of the economy is driven by the system (25), (26), and

guY =

(
1 − α

αβ

)

r +
η

β
gn − χ − ξ

(

1 − uY −
g
1/λ
n

z
uY

)

+
ξ

β
, (A.1)

gz =

(
1 − α

αβ

)

r +

(
η

β
−

1 − φ

λ

)

gn − χ +
ξ

β
, (A.2)

ggn = −
λ(1 − α)β

(1 − β)(1 − λ)
zg1−1/λ

n +
λξ

1 − λ
− gn +

φ

1 − λ
gn. (A.3)

Note that the knowledge-ideas ratio, ψ = Hλnφ−1, is a predetermined variable. Hence, once
the jump variable uY places on its saddle-path stable trajectory, we have that

z(0) = ε1/λψ(0)1/λuY (0),

and
r(0) = αβn(0)η[uY (0)H(0)/K(0)]1−β
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are uniquely determined by the initial values of the predetermined variables K, H and n. Hence,
the system (25), (26), (A.1), (A.2) and (A.3) features three jump-like variables —χ, gn and uY —
and two predetermined-like variables —z and r—, so that saddle-path stability requires two stable
roots.

Linearizing the system (25), (26), (A.1), (A.2) and (A.3) around its steady state ( r̂, χ̂, ĝn, ẑ, ûY )
gives the following fifth-order system:









ṙ
χ̇
ġn

ż
u̇Y









=









J11 0 J13 0 0
J21 J22 0 0 0
0 0 J33 J34 0

J41 J42 J43 0 0
∙ ∙ ∙ ∙ J55

















r − r̂
χ − χ̂

gn − ĝn

z − ẑ
uY − ûY









= J ∙









r − r̂
χ − χ̂

gn − ĝn

z − ẑ
uY − ûY









,

where dots replace those elements that are irrelevant for the analysis, and

J11 = −
1 − β

β
r̂, J13 =

η

β
r̂,

J21 =

(
1
θ
−

1
αβ

)

χ̂ J22 = χ̂,

J33 = −

[

1 −
φ

1 − λ
−

(1 − α)βĝ
−1/λ
n ẑ

1 − β

]

ĝn, J34 = −
λ(1 − α)βĝ

2−1/λ
n

(1 − β)(1 − λ)
,

J41 =
1 − α

αβ
ẑ, J42 = −ẑ,

J43 =

(
η

β
−

1 − φ

λ

)

ẑ, J55 = ξ

(

1 +
ĝ
1/λ
n

ẑ

)

ûY .

The eigenvalues of J are the four eigenvalues of its upper left 4 × 4 submatrix (say, J̄) and its last
diagonal element, J55 > 0. Therefore, the number of stable roots of J is equal to that of J̄ . Using
the Routh-Hurwitz theorem, the number of roots of the characteristic equation of J̄ ,

p(x) = x4 − Δ3x
3 + Δ2x

2 − Δ1x + Δ0 = 0,

with negative real parts is equal to the number of variations of sign in the scheme:

1 Δ3 Ψ Π Δ0 (A.4)

where

Δ0 = det(J̄) =
(1 − α)λ(ξ − ρ)

θ(1 − λ)
ẑr̂χ̂ĝ1−1/λ

n > 0,

Δ1 = J11J22J33 + J13J41J34 − (J11 + J22)J34J43,

Δ2 = (J11 + J22)J33 + J11J22 − J34J43,

Δ3 = tr(J̄) = J11 + J22 + J33,

Ψ = Δ2 − Δ1/tr(J̄),

Π = Δ1 −
[
Δ3 det(J̄)/Ψ

]
.

It is easy to see that

J11 + J22 = (r̂ − ĝK) +

(
1 − α

αβ

)

r̂ > 0,

J33 = (ξ − ĝH) +
φ

1 − λ
ĝn > 0,
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where it has been used that r̂ − ĝK = ξ − ĝH > 0, which can be easily derived from (33), (36) and
(40). This means that Δ3 = tr(J̄) > 0. Given the positivity of the determinant and the trace, there
can be at most two variations of sign in the scheme (A.4). Hence matrix J̄ may have zero or two
roots with negative real parts. This, together with Example 1 in the main text, proves part a).

To prove part b), we first show that a sufficient condition to rule out the case of none stable
roots is that Δ1 < 0. If Ψ < 0, there are two variations in sign in (A.4) —irrespective of the sign
of Π. If Ψ > 0 then Π < 0 and, therefore, there are two variations in sign in (A.4). If Ψ = 0, we
substitute it by Ψ = ι > 0, and so, Π = Δ1 − tr(J̄) det(J̄)/ι. Taking the limit as ι → 0, we have
that Π → −∞ and, therefore, there are two variations in sign in the scheme (A.4). Given that
J11 +J22 > 0, J33 > 0 and J13J41J34 < 0, the expression for Δ1 indicates that a sufficient condition
for Δ1 < 0 is that J43 ≤ 0; i.e., that the condition in the proposition holds.

Proof of Proposition 3. In this case, the dynamics of the economy is driven by the system (25),
(26), (A.1) and (A.2), where gn should be substituted with (30). As in the proof of Proposition
2, it can be easily shown that this dynamic system features two jump-like variables —χ and uY —
and two predetermined-like variables —z and r—, so that saddle-path stability requires two stable
roots. Linearizing the dynamics of the economy, we get







ṙ
χ̇
ż

u̇Y





 =







J11 0 J13 0
J21 J22 0 0
J31 J32 J33 0
∙ ∙ ∙ J44













r − r̂
χ − χ̂
z − ẑ

uY − ûY





 = J ∙







r − r̂
χ − χ̂
z − ẑ

uY − ûY





 ,

where a dot represents an element that is irrelevant for the analysis, and

J11 = −
1 − β

β
r̂ < 0, J13 =

η(1 − α)
(1 − β)φ

r̂ > 0,

J21 =

(
1
θ
−

1
αβ

)

χ̂, J22 = χ̂ > 0,

J31 =
(1 − α)

αβ
ẑ > 0, J32 = −ẑ < 0,

J33 =
(1 − α)[η − β(1 − φ)]

(1 − β)φ
ẑ, J44 = r̂ − ĝK > 0.

Given the structure of J , the fourth diagonal element, J44 > 0, is an unstable root. The other
three roots are those of its upper left submatrix 3 × 3, say J̄ . Therefore, the number of stable
roots of J is equal to that of J̄ . Using the Routh-Hurwitz theorem, the number of roots of the
characteristic equation of J̄ , p(x) = −x3 + Δ2x

2 −Δ1x + Δ0 = 0, with negative real parts is equal
to the number of variations of sign in the scheme

1 Δ2 Ψ Δ0 (A.5)

where

Δ0 = det(J̄) =
(1 − α)(ξ − ρ)

θφĝn
r̂χ̂ẑ > 0,

Δ1 = J11J22 − J13J31 + (J11 + J22) J33,

Δ2 = tr(J̄) = J11 + J22 + J33,

Ψ = Δ1 − det(J̄)/tr(J̄).
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The determinant of J̄ is positive, Δ0 = det(J̄) > 0 and, therefore, there are 0 or 2 stable roots.
This, together with Example 2 in the main text, proves part a).

To prove part b), we show that a sufficient condition to rule out the case of none stable roots is
that Δ1 < 0. If tr(J̄) < 0 then there are two variations of sign in the scheme (A.5) —irrespective
of the sign of Ψ. If tr(J̄) > 0, then Ψ < 0 so that there are two variations in sign in (A.5). If
tr(J̄) = 0, we substitute it by tr(J̄) = ι > 0, and so, Ψ = Δ1 − det(J̄)/ι. Taking the limit as
ι → 0, we have that Ψ → −∞ and, therefore, there are two variations in sign in (A.5). Since
J11 + J22 > 0 (see the proof of Proposition 2), and J13J31 > 0, the expression of Δ1 entails that a
sufficient condition for Δ1 < 0 is that J33 ≤ 0; i.e., that the condition in the proposition holds.

Proof of Proposition 4. In this case, the dynamics of the economy is described by (25), (26)
and (28), where uY and gn should be replaced with (31) and (32), respectively. As in the proof
of Proposition 2, it can be easily shown that this dynamic system features one jump-like variable
—χ— and two predetermined-like variables —ψ and r—, so that saddle-path stability requires two
stable roots. Linearizing the system (25), (26) and (28) around its steady state ( r̂, χ̂, ψ̂) yields




ṙ
χ̇

ψ̇



 =




J11 J12 0
J21 J22 0
∙ ∙ J33








r − r̂
χ − χ̂

ψ − ψ̂



 = J ∙




r − r̂
χ − χ̂

ψ − ψ̂



 ,

where dots replace those elements that are irrelevant for the analysis, and

J11 = −
η − αβ(1 − β + η)

αβ(β − η)
r̂, J13 = −

η

β − η
r̂,

J21 =

(
1
θ
−

1
αβ

)

χ̂, J22 = χ̂,

J33 =
ξ

εψ̂

[
ξ(1 − β)
(1 − α)β

+ ĝn

]

> 0.

Let J̄ denote the upper left 2×2 submatrix of J . The structure of J entails that its eigenvalues
are its last diagonal element J33, which is positive, and the two eigenvalues of J̄ . The real parts of
the eigenvalues of J̄ are negative if and only if its determinant is positive and its trace is negative.

The determinant of J̄ is

det(J̄) =
θ(1 − β + η) − η

θ(η − β)
r̂χ̂.

Since the numerator of the former expression is positive if condition (41) is satisfied, det( J̄) > 0 if
and only if η > β.

The trace of J̄ is

tr(J̄) =
(1 − β + η){θξ[α(1 − β + η) − 1] − α(η − β)ξ − αβρ} + ηρ

α(η − β)[θ(1 − β + η) − η]
.

The denominator of the trace is positive if condition (41) is satisfied. Hence, there are two cases:

i) If the coefficient of θ in the numerator of the trace is non-positive; i.e., α(1− β + η) ≤ 1, the
trace is decreasing in θ. Now, the fact that θ > θmin entails that the trace is negative because

tr(J̄) < tr(J̄)θ=θmin
= −

ξ(1 − α)(1 − β + η)
α(1 − β)(η − β)

< 0.
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ii) If the coefficient of θ in the numerator of the trace is positive; i.e., α(1 − β + η) > 1, the
numerator of the trace is increasing in θ. Equalizing the numerator of the trace to zero, the
value of θ such that the trace is zero, θ0, is found to be given by (42). Hence, the trace is
negative if and only if θ < θ0. Note that θmin < θ0 because

θmin − θ0 =
(1 − α)(ξ − ρ)

ξ[1 − α(1 − β + η)]
< 0.

Under the former conditions, there are a single unstable and two stable roots. This completes
the proof.
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