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Resumen

El desempleo es actualmente uno de los problemas mas importantes de nuestra sociedad.
Las medidas globales de lucha contra el desempleo no suelen ser satisfactorias para llevar
a cabo politicas efectivas a nivel local, de ahi la necesidad de herramientas que permitan
disponer con precisién de informacion del mercado de trabajo a nivel local. En Espana
la estimacién de los indicadores del mercado laboral se hace mediante la Encuesta de
Poblacién Activa que estd disenada para obtener informacion a nivel provincial. Los
tamanos de muestra por debajo del nivel de desagregacion de provincia son bajos y los
estimadores directos en las comarcas o en los municipios suelen tener poca precision. Por
tanto, el objetivo de esta tesis es la estimacion de indicadores del mercado laboral, tales
como ocupados, parados y tasas de paro, en las comarcas gallegas. Utilizamos técnicas
de estimacién en areas pequenas con modelos multinomiales mixtos. El primer modelo
que utilizamos para la estimacién de los indicadores laborales es un modelo multinomial
mixto a nivel de drea basado en Molina et al. (2007). Estos autores consideraron un
efecto aleatorio comun para las dos categorias multinomiales (ocupados y parados). En
el problema real esta situacion no es apropiada por las distintas caracteristicas de estos
dos grupos poblacionales. Esta es la razén por la cual nosotros introducimos en el mod-
elo dos efectos aleatorios, uno para cada una de las categorias multinomiales. Ademaés,
la disponibilidad de encuestas para distintos periodos de tiempo produce un importante
incremento en la muestra en las areas y nos permite introducir en el modelo efectos aleato-
rios independientes y correlados a lo largo del tiempo. La estimacion de la precision en los
estimadores de areas pequenas es fundamental porque a menudo estos son sesgados. En
este trabajo utilizamos diferentes métodos para la estimacién del error cuadratico medio,
mediante expresiones analiticas y mediante técnicas bootstrap.






Abstract

Unemployment is currently one of the most important problems of our society. Global
measures to fight against unemployment are usually not satisfactory to carry out effective
policies at the local level, hence the need of tools to provide accurate labor market infor-
mation at local level. In Spain the estimation of labor market indicators is made by means
of the Labour Force Survey that is designed to obtain information at the provincial level.
Sample sizes below the provincial level of disaggregation are low and direct estimators in
the counties or municipalities often have low precision. Therefore, the aim of this thesis
is to estimate labor indicators, such as employed, unemployed and unemployment rates,
in Galician counties. We use small area estimation techniques under area level multi-
nomial mixed models. We will first use estimators based on the area level multinomial
mixed model introduced by Molina et al. (2007). These authors considered a model with
a common random effect for the two multinomial categories (employed and unemployed
people). In the real data problem this may not be appropriate because of the very dif-
ferent characteristics of these two populations. This is the reason why we introduce in
the model two random effects, one for each of the multinomial categories. In addition,
the availability of surveys for different periods of time produces a significant increase of
the domain samples and allows us to introduce in the model independent and correlated
time random effects. The estimate of the accuracy of the estimators of small areas is a
fundamental issue because these estimators are often biased. In this work we use different
methods for estimating the mean squared error, by using analytical expressions and using
bootstrap techniques.
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Resumo

O desemprego ¢é actualmente un dos problemas mais importantes da nosa sociedade. As
medidas globais de loita contra o desemprego non adoitan ser satisfactorias para levar
a cabo politicas efectivas a nivel local, de ai a necesidade de ferramentas que permitan
dispor con precision de informacién do mercado de traballo a nivel local. En Espana a
estimacion dos indicadores do mercado laboral faise mediante a Enquisa de Poboacién Ac-
tiva que estd desenada para obter informacion a nivel provincial. Os tamanos de mostra
por debaixo do nivel de desagregaciéon de provincia son baixos e os estimadores directos
nas comarcas ou nos municipios adoitan ter pouca precision. Polo tanto, o obxectivo
desta tese ¢é a estimacién de indicadores do mercado laboral, tales como ocupados, para-
dos e taxas de paro, nas comarcas galegas. Utilizamos técnicas de estimacién en areas
pequenas con modelos multinomiais mixtos. O primeiro modelo que utilizamos para a es-
timacion dos indicadores laborais é un modelo multinomial mixto a nivel de area baseado
en Molina et al. (2007). Estes autores consideraron un efecto aleatorio comun para as
dias categorias multinomiais (ocupados e parados). No problema real esta situacién non é
apropiada polas distintas caracteristicas destes dous grupos poboacionais. Esta é a razén
pola cal nés introducimos no modelo dous efectos aleatorios, un para cada unha das cat-
egorias multinomiais. Ademais, a disponibilidade de enquisas para distintos periodos de
tempo produce un importante incremento da mostra nas areas e permitenos introducir no
modelo efectos aleatorios independentes e correlados ao longo do tempo. A estimacién da
precisién nos estimadores de areas pequenas é fundamental porque a miudo estes son nes-
gados. Neste traballo utilizamos diferentes métodos para a estimacion do erro cuadratico
medio, mediante expresions analiticas e mediante técnicas bootstrap.
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Chapter 1

Introduction

The study of the national labour market is a critical issue in every kind of analysis of
the economic structure of a country. It affects to different aspects of productive sectors
and, in fact, it is a valuable aid for sectorial analysis. Therefore, the knowledge of the
balances and imbalances between supply and demand in the labour market is important
for economical researchers (Pérez-Infante, 2006).

Unemployment is one of the most important problems nowadays. Sociological surveys
usually place it as one of the main concerns of citizens, and the fight against unemploy-
ment is a priority of the political action at all levels of Public Administration. Moreover,
in the context of the crisis in which the European Union is involved, the impact on the
Spanish labour market has been much more intense than in most advanced economies.
The Spanish unemployment rate in the third quarter of 2013 reached 25.98%, more than
14 percentage points higher than in 2008. The labour market situation in Galicia is not
very different, the unemployment rate is 21.6% and the number of unemployed people has
reached 277000. At this point, politicians at all levels of the administration are planning
and acting toward reducing unemployment.

Global political measures are not often satisfactory for local authorities, which can also
develop their own strategies for employment. They need some tools to determine, with
precision, reliability and acceptable punctuality, the main variables and labour market
indicators in order to implement their strategies. Among the main labour market indica-
tors, we can cite the totals of employed, unemployed and inactive people, the employment,
unemployment and occupation rates, and the corresponding disaggregations by gender,
age and economic activity.

In Spain, like in other European countries, the estimation of labour market indicators
is made by means of the Labour Force Survey (LFS). The Spanish Labour Force Survey
(SLFS) uses a stratified sampling design. The stratification variable is the size of the
municipality (INE, 2009). As most municipalities are not represented in the sample and
many of them are present with a very small sample size, the estimates at the municipal
level are not accurate enough. Small sample sizes and, in some cases, no sample at all is
the main problem when performing municipal estimations. In this situation the sample
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size could be enlarged but this, in addition to cause an increase in the costs and in the
denial by the respondents to answer the sample questionnaire, can lead to other kind
of damages due to delays in obtaining results and to the impact of non-sampling errors.
Therefore the increase of the sample size is not always advisable and even sometimes
unfeasible from an economic point of view.

The interest in developing small area estimation techniques to solve these problems in
a reasonable way is growing among statisticians. The term “small area” is often used to
refer to geographic areas but it can also be applied to other interesting areas with non
geographical boundaries (domains), like age groups, economic activity sectors and so on.
It is the small sample size in the domain, and consequently the large variance of the direct
estimators, the key point defining the concept of small area. It is not the actual size of the
area. In the small area estimation context, an estimator of a parameter in a given domain
is direct if it is based only on the sample data of the specific domain. A drawback of these
estimators is that they can not be calculated when there is no sample observations in an
area of interest.

Small area estimation (SAE) is a part of the statistical science that combines sample
information and inference in finite populations with statistical models. The use of small
area statistics was originated centuries ago. Brackstone (1987) mentions the existence
of these statistics in the eleventh century in England and in the seventeenth century in
Canada. These early statistics were based on censuses and administrative registers. Over
time, the sampling has been replacing the census as the most effective and economical
tool to obtain information on a wide range of topics.

Early attempts of small area estimations with survey data can be found in the classic
text Hansen et al. (1953), p.483-486, where regression estimators were proposed. Nev-
ertheless, the popularity of these estimators is basically due to Ericksen (1974). The
first reviews on small area estimation emphasize demographic methods for estimating the
population in post-census periods, at this point Morrison (1971) writes a review of the de-
mographic methods that exist before 1970. Purcell and Kish (1979) reviews demographic
and statistical methods for estimation in small domains. Later, Zidek (1982) introduces
a criterion to evaluate the relative performance of different methods for estimating the
population in small areas. Platek et al. (1987) summarizes some techniques and applica-
tions, Rao (1986) and Chaudhuri (1994) show traditional techniques and methods, which
at that time were more recent. Schaible (1996) reviews traditional and indirect estimators
based on the models that were used in U.S. Federal programs. Also, a large number of
conferences and workshops took place, a list of which is presented in the review of Ghosh
and Rao (1994) and Rao (2003). A large number of reviews were published, such as
Rao (1986, 1999, 2001), Chaudhuri (1994), Ghosh and Rao (1994), in addition to Marker
(1999), Pfeffermann (2002), Lahiri and Meza (2002), Jiang and Lahiri (2006) and Pfef-
fermann (2012). Two books were written: Mukhopadhyay (1998); Rao (2003). All these
activities have helped to spread the research in small area estimation and also they helped
to understand the methodology and applications.
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Generally small area estimation techniques can be divided into design-based methods
and model-based methods. Model-based methods are used both from a frequentist point
of view and from a Bayesian perspective. In some cases, as a combination of the two
approaches, which in SAE literature is known as "empirical Bayes”. Design-based meth-
ods often employ a model for the construction of the estimators, but the bias, variance
and other properties of the estimators are calculated taking into account the probability
distribution induced by the sampling design. However, the model-based methods make
inference by taking into account the underlying model. The estimators based on these
methods are useful because they give to practitioners an idea of how the data generation
process is and how the different sources of information are incorporated.

Although these two methods have differences, they also have common characteristics.
In both cases, they use auxiliary information obtained from samples and administrative
or census registers. The use of auxiliary information in SAE is critical, because in many
cases we find very small sample sizes. In small area estimation studies, even the most
elaborate model will not produce accurate estimates if it cannot be feeded with proper
auxiliary information about the target variable.

Depending on the availability of auxiliary information, small area models are classified
into two main types:

e Area level models: when auxiliary information is available only at the area level.
These models link the direct area estimator with an area specific covariate. It is
assumed that the area-level direct estimator follows a population model.

e Individual level models: when auxiliary information is available on the units of the
population. These models link the target variable with the covariates at the unit
level. Unit-level data is assumed to be a realization of a population model and the
sampling design distribution is not taken into account.

Model selection and validation play a vital role in the estimation process, because the
properties of the model-based estimators rely on the assumed model distribution.

Mixed models are suitable for small area estimation due to its flexibility to make an
effective combination of different sources of information and to its capacity to describe
the various sources of error (Searle et al., 1992). These models incorporate random area
effects that explain the additional variability that is not explained by the fixed part of
the model. In addition, small area parameters such as the mean or the total can be ex-
pressed as a linear combination of fixed and random effects and they can be estimated by
means of best linear unbiased predictors (BLUP). The BLUP minimizes the mean square
error inside the class of linear unbiased estimators. Its derivation does not require the
normality of the random effects and errors, but it assumes the existence of their second
order moments. The model variances and covariances can be estimated, for example,
by the maximum likelihood method (ML) or the restricted maximum likelihood method
(REML). By plugging the estimations of these variance components in the expression of
the BLUP we obtain the Empirical BLUP (EBLUP).
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Mixed models have been used in the U.S. to estimate the per capita income in small
areas (Fay and Herriot, 1979), the not included population in the census (Dick, 1995;
Ericksen and Kadane, 1985) and the poverty in schoolchildren studies (Council, 2000). It
is important to mention that using these estimators, the Department of Education of the
United States allocates more than 7000 million dollars in general funds to the counties,
and then the states distribute these funds among school districts (Rao, 2003). The use
of these techniques is not restricted to socioeconomic data. The work of Battese et al.
(1988) is an example of application in the field of agriculture using a linear mixed model
to estimate the area under cultivation of corn and soy in 12 counties of North-Central
Iowa. The inclusion of area random effects in the model is also a common practice in the
literature of SAE (Herrador et al., 2009; Molina et al., 2007; Rao and Yu, 1994; Saei and
Chambers, 2003). The random effects model the variability across the areas that is not
explained by the auxiliary variables and, additionally, allow the correlation between them.

The objective of this thesis is the estimation of labour market indicators (totals em-
ployed and unemployed people and unemployment rate) in the counties of Galicia using
small area estimation techniques under area level multinomial mixed models. The totals
of unemployed and employed people can be estimated by using two separate linear mixed
models relating the direct estimations of the respective proportions with other auxiliary
variables. In that case we cannot ensure that the estimated proportions are in the interval
[0, 1], which is an important disadvantage. Another disadvantage is that these models do
not take into account the natural relationship between the unemployed, employed and
inactive population, since the sum of totals of the three categories is the total of the
population aged 16 and over. These disadvantages can be overcome by using multinomial
logistic models. These models have been discussed in the literature. See for example, Saei
and Chambers (2003), Molina et al. (2007), Morales et al. (2007) and Gonzélez-Manteiga
et al. (2008Db).

For estimating labour indicators we will first use estimators based on the area level
multinomial logit mixed model introduced by Molina et al. (2007). These authors consid-
ered a model with a common random effect for the two multinomial categories (employed
and unemployed people). In the real data problem we are dealing with, this may not be
appropriate because of the very different characteristics of these two groups in Galicia. Al-
ternatively, we introduce models with two random effects, one for each of the multinomial
categories. Furthermore, the availability of time series produce a significant increase of
the domain samples and led us introducing in the model independent and correlated time
effects. This last idea is not new and has been developed in some papers (Pfeffermann
and Burck, 1990; Rao and Yu, 1994; Saei and Chambers, 2003; Tiller, 1992; Ugarte et al.,
2009a). As we will see, these models are naturally suited to the problem of interest, over-
coming the disadvantages of previous proposals and allowing a simultaneous estimation of
totals of employed, unemployed and inactive people. In this case, area-level models will be
applied to the sample data. To illustrate the inferential process, Galicia’s LFS data is used.

The estimation of the accuracy of the EBLUP is a fundamental issue in SAE because
these estimators are often biased. Several approaches have been published in the litera-
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ture. The first MSE simplification was obtained by Kackar and Harville (1981) assuming
normality in the errors and in the random effects. In a second paper Kackar and Harville
(1984) obtained an approximation of the MSE and proposed an estimator based on it.
Prasad and Rao (1990) gave a new approach to covariance block diagonal matrix. Datta
and Lahiri (2000) obtained analogous MSE estimator for models with covariance block
diagonal matrices and variance components estimated by ML or REML. More recently
Das et al. (2004) studied the prediction error approach in a wider class of models when
the variance components are estimated using ML or REML methods. When there are
not suitable estimators, the best option is to use resampling methods. Jiang et al. (2002)
using jackknife give asymptotically unbiased estimators specifying the order of consis-
tency. Pfeffermann and Tiller (2005) introduce parametric and nonparametric bootstrap
procedures in order to estimate the MSE in state space models. Hall and Maiti (2006)
present double bootstrap algorithms, Gonzélez-Manteiga et al. (2008b) apply bootstrap
procedures in mixed logistic regression models at area level and Gonzéalez-Manteiga et al.
(2008a) introduce bootstrap procedures in mixed linear models at individual level. Their
simulations show a reduction of bias compared with other estimators.

The fact that the estimators are biased has to be complemented with an accuracy
gain. Hence, in this thesis different approaches to estimate the mean square error (MSE)
are used, first through an analytical expression and second by bootstrap techniques. At
this point it is desirable to take into account that in the statistics of labour the Office
for National Statistics (ONS) in the UK considers that an estimate is publishable, and
therefore official, if the coefficient of variation is less than 20% (ONS, 2004).

The remainder of the thesis is organized as follows. Chapter 2 describes the data
sources on employment and unemployment in Spain and the direct estimators obtained
from these sources. Chapter 3 introduces the general theory of the multivariate generalized
linear mixed models (MGLMM) that we use in this work. Chapter 4 proposes a first
multinomial mixed model and presents a simulation study and an application to LFS data
from Galicia for the fourth quarter of 2008. Chapter 5 expands the model of Chapter 4
to include independent temporal effects and the corresponding application to data from
the third quarter of 2009 to the fourth quarter of 2011. Chapter 6 considers correlated
time effects, carries out the corresponding simulation study and gives the application to
data for the period between the third quarter of 2009 and the fourth quarter of 2011.
Chapter 8 presents the final conclusions. Finally, Chapter 7 gives a description of the
mme package developed in the R programming language. This package implements the
models discussed throughout this dissertation.
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Chapter 2

Statistical sources for measuring the
labour force: employment and
unemployment

2.1 The Labour Force Survey

In Spain there are only two regular statistics that measure simultaneously the different
situations of the labour force in the labour market (active or inactive people and employed
or unemployed people): The Population Census and the Labour Force Survey (LFS), both
conducted by the Spanisgh National Institute of Statistics (INE).

The Population Census is a comprehensive and decennial statistic operation, which
since 1981, is elaborated in the years ending in one (until 1970 was made in the years
ending in 0). The target population of the census is the whole population living in the
country. The variables related to the labour market considered in population censuses
are the active and inactive population, employed and unemployed people classified by
variables such as sex, age, professional status, studies, economic sectors and with a geo-
graphical breakdown reaching the census section level.

Despite the enormous advantages at obtaining information with the Census, it has
two major problems. The information obtained from the Census is very expensive and
consists on a collection of demographic, social and/or economical variables. The time
reference does not have, in many cases, the necessary update for users because of, among
other reasons, the delay in obtaining results due to the large size of the operation.

Although it is still useful for analyzing long-term trends in the labour market, the Cen-
sus is not the appropriate instrument to study the current situation and the evolution of
this market. In addition, until the last census of 2011 the respondent defines him /herself
as active, inactive, employed or unemployed. This self-assessment conducted by the re-
spondents completing the questionnaire may be influenced by subjective criteria, since
they had no objective definitions. This is not the actual case, where the determination
of the labour classifications is done by the set of rules established by the International
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Labour Organisation (ILO).

For all the above reasons, LFS is the only existing Spanish statistic with suitable
periodicity to carry out the study of the labour market situation and evolution. It also
permits international comparability because it uses ILO criteria for classifying people in
different situations related to the activity. The LFS is a sample survey conducted by the
INE since 1964 and is addressed to the population living in the country. From that date,
and until the end of 1968, results were obtained quarterly. From 1969 to 1974, results
were obtained every six months. Since 1975, it became quarterly once again.

In 1987, the survey questionnaire was modified and adapted to the latest international
recommendations given in the International Conference of Labour Statisticians in Geneva
1982. As one year before Spain became member of the European Community, at that
year the Spanish LFS was also adapted to the European Community Labour Force Sur-
vey. Further, retrospective series were recalculated with the new methodology beginning
in the third quarter of 1976. This is the origin of the so-called "homogeneous series” of
the LFS that is currently offered to users of INEBASE and other supports via the final
survey files available from that period and up to date.

Until 1999 the Labour Force Survey interviews were conducted during 12 weeks of
the 13 weeks of each quarter. Since 1999 the Labour Force Survey became a continu-
ous survey, given that the interviews were conducted throughout the whole period of 13
weeks. In 2002, a new operative definition of unemployment was introduced, producing
a break in the series of unemployed and active people. The impact of this modification
was calculated by compiling a double estimation of both definitions throughout the year
2001.

Finally, the last substantial methodological change up to date was produced in 2005.
It introduced a new questionnaire and a centralised control of the collection system, via
a computer-assisted telephone survey. On that year, part of the survey variables were
collected exclusively in an annual sub-sample that was representative of the average sit-
uation for the year, instead of obtaining them quarterly. These are the so-called annual
sub-sample variables, and the corresponding results are disseminated annually. With the
purpose of maintaining the homogeneity of the estimates, retrospective series were also
calculated in 2005 for the period 1996-2004. These calculations were done under the new
population base established for 2005. No more variations has been introduced since 2005.
The current figures of the survey are encompassed in the methodology founded in 2005.

The main objective of the LFS is to reveal information about economic activities
as regards their human component. It focuses on providing data on the main popula-
tion categories related to the labour market (employed, unemployed, active and inactive
population) and obtaining classifications of these categories depending on different char-
acteristics. It also allows the creation of homogeneous time series of results. Finally, since
all definitions and criteria used are in line with those established by international organi-
sations dealing with labour-related topics, all data can be compared with information of
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other countries.

Detailed results are available for the whole country. As regards autonomous commu-
nities and provinces, information is provided on the main characteristics with the level of
breakdown allowed by the variation coefficient of the estimators.

The LFS is aimed at the population living in family dwellings, namely, those used
throughout the whole year (or most of it) as the habitual or permanent dwelling. There-
fore, the survey does not consider group dwellings (hospitals, residences, barracks, etc.)
or secondary or seasonal dwellings (used during holiday periods, at weekends, etc.). The
survey does include families that, forming an independent group, reside in said group
establishments (for example, the director or caretaker of the centre).

The reference period for the results of the Survey are quarters. The reference period
for the information is the week (Monday to Sunday) just before the interview according to
the calendar. The answers to the questionnaire will, therefore, always refer to said week.
Nevertheless, some questions have special reference periods, such as seeking work meth-
ods, peculiarities of the working day and questions about studies refer to the four weeks
prior to the interview and the availability to work refers to the two weeks subsequent to
the Sunday of the reference week.

After the inclusion of Ceuta and Melilla in the second quarter of 1988, the LFS covers
the whole of the Spanish territory.

Definitions are based on the recommendations endorsed by the ILO:

e Active population: All persons 16 years old and older who, during the reference
week (week prior to the interview according to the calendar), fulfil all the conditions
required to be included among the employed or unemployed persons, as defined
below.

e Employed population: All persons 16 years old and older who, during the reference
week, either were employed by others or performed freelance work, according to the
next definitions:

— Persons employed by others or wage-earners are all persons described in the
following categories:

*x Working: Persons who worked for at least one hour during the reference
week, even sporadically or occasionally, in exchange for a salary, wages or
another form of remuneration in cash or in kind.

x Employed but not working: Persons who, having worked in their current
job, were absent from said job during the reference week, but are closely
tied to the job.

— Freelance or self-employed workers are all persons included in the following
categories:
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x Working: Persons who worked for at least one hour during the reference
week, even sporadically or occasionally, in exchange for personal gain or
family earnings, in cash or in kind.

x Employed but not working: Persons who should have worked during the
reference week in exchange for personal gain or family earnings, but were
temporarily absent from work, due to illness or accident, holidays, public
holidays, bad weather or other similar reasons. According to this defini-
tion, the following persons perform freelance work: entrepreneurs, inde-
pendent workers, members of cooperatives who work in said cooperatives
and unpaid family workers (family assistance).

e Unemployed population: Unemployed persons are those persons 16 years old or
older who combine the following conditions simultaneously:

— without work, in other words, who have not been employed by others or have
not freelanced during the reference week.

— seeking work, in other words, who have taken specific measures to look for work
employed by others or who have performed procedures to set up as freelancers
during the previous month.

— available to work, in other words, in conditions to start working within two
weeks from Sunday of the reference week.

Unemployed persons are also persons 16 years old and older who were without work
during the reference week, who are available to work and who were not seeking work
because they have found a job which they would be starting in the three months
following the reference week. This case does not require the effectively seeking work
criterion.

e Economically inactive population: comprises all persons 16 years old and older who
do not classify as employed, unemployed or population counted separately during
the reference week. This definition covers the following functional categories:

— Persons who perform household chores: persons who perform household chores
without performing an economic activity; for example, housewives and other
family members looking after houses and children.

— Students: persons who receive systematic instruction in any degree of education
without performing an economic activity.

— Retired or pre-retired persons: persons who have had a previous economic
activity and who because of their age or other reasons have abandoned it,
thereby receiving a pension (or some pre retirement income) because of their
previous activity.

— Persons currently perceiving a pension other than a retirement or pre retirement
income.

— Unpaid persons who perform social work, charitable activities, etc. (excluding
family assistance).
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— Incapacitated to work.

— Another situation: persons who, without exercising any economic activity, re-
ceive public or private aid and all those who are not included in any of the
previous categories, for example the independently wealthy.

e Unemployment rate: Quotient between the number of unemployed persons and the
active population.

Moreover, all defined characteristics refer to the national concept, not to the domestic
concept, in line with the definitions of the European System of National and Regional
Accounts (ESA-95, EUROSTAT-1996). This is due to the fact that information cannot
be collected for the population who work in Spain and live abroad, since the Survey is
aimed at the population resident in family dwellings on the Spanish territory.

The sample size is about 4000 dwellings in Galicia until the second quarter of 2009,
which are uniformly distributed throughout the 13 weeks of each quarter (every week is
interviewed the thirteenth part of the sample). In 2008, a collaboration agreement was
signed between the INE and the Galician Statistics Institute (IGE) increasing the sample
size in the Autonomous Community of Galicia. The goal of this sample increase is to
allow the population analysis related to the economical activity with further breakdown
of what was done until that time. As a result of this agreement, in the third quarter of
2009 additional sample is included, collected by the IGE (234 sections) using the same
methodology and the same system of fieldwork that INE. In the second quarter of 2009
the sample in Galicia is about 8000 households.

The survey uses a two-stage sampling with primary sampling units stratification. Pri-
mary sampling units (PSU) are composed by census sections, which are geographical areas
with a maximum of 500 dwellings or about 3000 people. Secondary sampling units are
composed by main family dwellings and permanent accommodations. Sub-sampling is
not carried out in secondary sampling units, information is collected on all persons who
regularly live in the same.

Census sections are grouped in strata, according to the province and the type of
municipality considering the following classification:

1. Stratum 1: Province capital municipality.

2. Stratum 2: Self-represented municipalities, important areas compared to the capital
or municipalities with more than 100.000 inhabitants.

3. Stratum 3: Municipalities between 50.000 and 100.000 inhabitants.
4. Stratum 4: Municipalities between 20.000 and 50.000 inhabitants.
5. Stratum 5: Municipalities between 10.000 and 20.000 inhabitants.

6. Stratum 6: Municipalities between 5.000 and 10.000 inhabitants.
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7. Stratum 7: Municipalities between 2.000 and 5.000 inhabitants.

8. Stratum 8: Municipalities under 2.000 inhabitants.

Census sections are grouped in substrata inside each strata, according to socioeconomic
conditions.

Sample selection is performed to ensure that in each stratum all family dwellings
have the same probability of being selected, in other words, to ensure that there are
self-weighted samples in each stratum. First stage units are selected with a probability
proportional to the number of main family dwellings. In each section selected in the first
stage, a pre-set number of family dwellings with the same probability is selected by im-
plementing a random start systematic sample. For this survey, 18 dwellings have been
selected per section.

Let P be the population of individuals aged 16 years old and older residing in family
households in Galicia. This population is divided in 4 provinces P,, p = 1,2,3,4. Each
province is divided into 9 strata, denoted by Py, p =1,2,3,4, h =1,...,9. The samples
are independent in each province, therefore we simplify notation and used P,. In addition,
the provinces are divided into domains P, defined by sex groups and regions. These
domains are not always nested in strata. Let S be the full sample and S, Sy, and Sy the
sub-samples inside the province p, stratum h and domain d, respectively. Let V},, be the
number of dwellings in the PSU a and in the stratum h, V}, is the number of dwellings in
the stratum h and my is the number of PSU selected in the stratum h. Therefore, the
probability of selection of each dwelling V' of the PSU a, belonging to the stratum h, can
be calculated by
Vha 18 o 18mh
Vi Via Vi
As all residents in the dwelling aged 16 years old or older are interviewed, the probability
m; of selecting an individual j of dwelling v coincides with the probability of selecting
the dwelling v. From the above formula it follows that this probability is constant within
each stratum. Thus, the selection probability and the sample weights of the individual j
in the stratum h are

P(Vha) = P(PSU}W)P(V}MlPSU}m) = My

8my (1) 1 Vi (1) .
=t = = = , Vj €S
3 Vh wj TiTh 18mhrh “h J h

where 7, is the relative frequency of responses in the stratum h.

2.1.1 Estimators provided by the LFS

Let Ny, be the size of the population aged 16 years old or older in the stratum h, according
to the population projections given by the INE, and let n; be the number of individuals
of the sample in the stratum h. Until the year 2001, the total Y}, of a province p was
calculated by using the ratio estimator

}//;LFS = Z % Z Zw](l)yj, where N, = Z Zw](-l) = w,(:)nh.

heP, *Vh ves, jev vES) jEV
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The ratio estimator can also be written as a weighted sum of the values y;, i.e.

R N (1) N
PLrS - Z wj(?)yj, where w](?) = Vi e S,
Ny, Th

JESp

Since the year 2002, calibration techniques are applied to the weights w](-Q) (Deville and
Sarndal, 1992) in order to adjust the estimates of the survey with the information from

external sources. New weights wj(.?’) are obtained by minimizing the sum of the weighted

differences between the old weights wj(»z) and the new ones wj(-?’). This is to say, by mini-
mizing

@ s
J
ij G(—g)
jes wj

in w](-g), subject to

S wPay =X k=1,.. K,

jes
where Xy, k =1,..., K are known population quantities. INE uses the disparity function
Lz—1)? i <z<
Glz) = 5(z—1)% if 0.1 <2< 10,
00 otherwise

Calibration equations match the totals of K known population variables with the cor-
responding weighted sums of the elements of the sample. The calibration variables are
category indicators, so that restrictions are used to match the sum of the calibrated
weights to the population sizes of

1. the sex-age groups in the autonomous region, with the age groups 16 — 19,20 —
24,25 — 29,30 — 34,35 — 39,40 — 44,45 — 49,50 — 54,55 — 59,60 — 64, > 65, and

2. the provinces.

To simplify the notation, the final calibrated weights will be denoted by w; = wj(-g), jes,
so that the final expression of the estimator of totals Y}, in the p province is

}/;)LFS — Z Ww;y;
JESp
In Galicia there are 53 counties but in this thesis we consider D = 96 domains. For all the
quarters preceding the third quarter of 2009, the considered domains are obtained from
crossing the 48 counties represented in the sample with the two sexes. Since the third
quarter of 2009, D = 102 domains will be considered because on that period there were
51 counties with sample representation.

We divide the D domains P, into subsets Py, Py and Py3 of employed, unemployed
and inactive people. Our goal is to estimate the totals of employed and unemployed people
and the unemployment rate, defined by

Ya. = Z Ydkj Ry

JEFP

Yao

=——, k=12,
Yo, + Yao
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where yqr; = 1 if the j individual of the d domain is in Py, and yg; = 0 in other case.

Official LFS data are not related to the domains (counties x sex) but the analogue
direct estimators of the total Yy, the mean Yy, = Yy /Ny, the size Ny and the unemploy-
ment rate R, are

. o y ydr
ar ar ar r r r
Yo = dejydkja Y =Yy /NG, NG = deja Ry = Wa k=12
jESy JESy dl d2
(2.1.1)
where Sy is the sample domain and wg;’s are the official calibrated sample weights that
take into account the non-response.

2.2 Employment measurement: Registrations in the
social security system

Besides LFS, which periodically estimates the unemployment and employment totals,
there is another source of statistical information that provides regular information on the
occupation: people registered in the social security system. The social security system
(SSS) register is an administrative register that is not intended to estimate direct employ-
ment but people registered and paying to Social Security. It is published monthly with
the data referring to the last day of each month and the average of the month. In this
work we use the data at the last day of the month.

The registration data shows the number of workers enlisted, doing a labour activity
(excluding unemployed or students) and are therefore forced to contribute to the public
system for the protection of at least retirement situations, disability and death. The reg-
istration data, as all data from registers, is sensitive to law changes that affect it. The file
can also contain fictitious contributors looking to get a pension in the future or the right
to receive unemployment insurance. There are people employed according to LFS that are
not required to pay into Social Security, as is the case with some family assistance (this
category of workers must be registered in the Social Security only when they work daily,
fundamentally and directly). There are also people who are required to be registered in
the Social Security and they are not.

The registration file does not include government employees registered with their own
mutual funds that do not perform any other activity that determine inclusion in any of
the schemes of the Social Security System. It also does not include students who do not
perform a work activity. Subsidized temporary agricultural workers are included in the
file whether they work or not that month. The papal clergy is registered in the social
security system but does not develop an economic activity in the strict sense, as discussed
in the LFS. Workers with special agreement do not work and, although they are members
in order to obtain benefits, with few exceptions, are not counted as such. Furthermore, it
should be noted that when referring to statistical registrations and not the people regis-
tered, people with multiple jobs are considered more than once.
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Although the two statistics, LF'S and SSS, have important differences. They also have
many similarities which will make us to use the variable registered in the social security
system as an auxiliary variable in the models proposed in the following chapters.

2.3 Unemployment measurement: Registered unem-
ployment

The two most important sources about unemployment in Spain are LFS and people reg-
istered as unemployed in the administrative register of employment claimants. There are
important differences between the two sources, which can be of methodological or con-
ceptual type and of dissimilarity of contents or considered population groups. Therefore
the two data sources produce significantly different estimates of labour force indicators.

Registered unemployment consists of the total employment demands, registered by
the administrative register of employment, existing on the last day of each month, ex-
cluding the ones that correspond to work situations described in the Ministerial Order
of 11 March 1985 (B.O.E. of 14/3/85) by introducing statistical criteria for measuring
registered unemployment.

Labour demand is the application for a job that makes a worker, unemployed or not,
to an administrative register of employment. For measuring the registered unemployment,
the unemployment register excludes all demands that, at the end of the reference month,
are in any of the following situations:

e Claimants seeking other employment compatible with their current job (moonlight-
ing). They are also excluded of the LFS unemployment.

e Claimants who, being employed, apply for a job to change it. They are also excluded
of the LFS unemployment.

e Claimants with unemployment benefits participating in Social Collaboration works.
They are also excluded of the LFS unemployment.

e Claimants who are retirement pensioners, pensioners with a huge absolute disability
and claimants aged 65 years or older (Retired). They are not excluded from LFS
unemployment.

e Claimants seeking employment for a period less than three months. They are not
excluded from LFS unemployment.

e Claimants applying for a time working less than 20 hours a week. They are not
excluded from LFS unemployment.

e Claimants who are studying for formal education if they are under 25 years old or
overcoming this age are seeking their first job. They are not excluded from LFS
unemployment.
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e Claimants attending to occupational training courses when their teaching hours
exceed 20 a week, with at least a scholarship to support and be seeking their first
job. They are not excluded from LFS unemployment.

e Claimants with suspended request while remaining in this situation since the sus-
pension of the request, usually processed at the request of applicant and good cause,
interrupts the job search. If demand is suspended for not being available for work,
they would not be LF'S unemployed.

e (Claimants with unemployment benefits which are compatibles by having a part-time
job. They are also excluded from LFS unemployment.

e Claimants who are receiving the farming benefit or who, having it spent, has not
elapse a period longer than one year from the date of entitlement (Benefited Agricul-
tural Temporary Workers). They are not excluded from LFS unemployment, unless
they had been working.

e Claimants who refuse job placement activities suited to their characteristics, as pro-
vided in Article 46, 1.2 of Law 8/88 of 7 April. The exclusion of LFS unemployment
depends on the characteristics of each person included in this group.

e Claimants not immediately available for work or in incompatible situation with
it, as claimants in situation of temporary disability or sick leave, claimants who are
performing military service or alternative service, claimants registered to participate
in a selection process for one particular job, job claimants exclusively for overseas,
claimants of a home-based work, claimants who, under an employment regulation
file, are in situation of suspension, and other causes.

If the claimants are available to work within 15 days, they would be LFS unemployed

As both data sources use different definitions of employment and unemployment, they
give different estimations of unemployment rates. On the one hand, in the LFS people
can seek employment in various ways, not only by registering in the administrative reg-
ister of employment; this fact would expect the LFS figure to be higher. On the other
hand, enrollment in the administrative register of employment within the registered un-
employment community does not include other conditions that are indeed necessary in
the LFS to assign the condition of unemployed (such as availability for working in the
next two weeks). This would favor a higher number of registered unemployment. The reg-
istered unemployment, like all figures from administrative registers, is strongly influenced
by changes in legislation that affects it. Also the potential attractiveness of registration
(ability to receive benefits, to receive training courses, etc.) has influence on registered
unemployment figures. Moreover, data from the LFS, like any survey, reflect the state-
ments made by the interviewees, which in some cases may not correspond to reality. Their
estimates have also the associated sampling error inherent to any survey.

An approximation to the analysis of LF'S unemployment can be done through regis-

tered unemployment. This is the reason why, in the models considered in Chapters 3, 4
and 5, this variable is included as an auxiliary variable for explaining of unemployment.
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Chapter 3

Multivariate generalized linear
mixed models

This chapter gives an introduction to multivariate generalized linear mixed models (GLMM)
and their applications to small area estimation. The more simpler linear mixed models
(LMM) and the linear models (LM) belong to the family of GLMM. To understand how
the GLMM works in practice, it is better to start by describing the behavior of the LM
and the LMM. Therefore, we first give some comments about the linear regression model.
This model can be expressed as y = X3 + €, where y is a vector of observations, X is
a matrix of known covariates, B is a vector of unknown regression coefficients and € is
a vector of errors. In this model the regression coefficients are fixed unknown constants.
However, there are some cases where it is better to assume that some of these coefficients
are realizations of random variables. These cases typically are when the observations are
correlated.

Let us see how a linear mixed model may be useful for modeling the correlations among
observations. Consider, for example, the mortality in 53 counties of Galicia. Assume that
the response variable y;;, measured at individual ¢ of county j, depends on a random effect
u; associated to the county j and whose value is unobservable. A linear mixed model may
be expressed as y;; = i +u; + €5, ¢ = 1,...,m, j = 1,...,53, where z;; is a vector
of known covariates, 3 is a vector of unknown regression coefficients, the random effects
ug,...,uss are assumed to be i.i.d. with mean zero and variance o2 and the €;;'s are 1.i.d.
errors with mean zero and variance 72. This is a simple LMM. In a general form LMM
may be expressed as

y=XB+ Zu+e€,

where y is a vector of observations, X is a matrix of known covariates, 3 is a vector of
unknown regression coefficients, which are often called fixed effects, Z is a known matrix,
u is a vector of random effects and € is a vector of errors. Note that w is unobservable
and 3 is unknown. This model assumes that the random effects and errors have mean
zero and finite variances and that w and € are uncorrelated (Jiang et al., 2002). These
models are used in small area estimation

Large-scale sample survey are usually designed to produce reliable estimates of various
characteristics of interest for large geographic areas. However, for effective planning of
health, social, and other services, there is a growing demand to produce similar estimates
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for smaller geographic areas for which adequate samples are not available. The usual
design-based estimator are unreliable for these areas. This makes necessary to "borrow
strength” from related areas for finding precise estimators without increasing the sample
size. Such estimators are typically based on linear mixed models or generalized linear
mixed models that provide a link to related small areas through the use of supplementary
data. This data may be a recent census data or current administrative records.

The LMM have been widely used in situations where the observations are continuous.
However, there are practical cases where the observations are discrete or categorical. For
example, the number of forest fires in a country or the number of employed, unemployed
and inactive people in a county. McCullath and Nelder (1999) proposed an extension of
linear models, called generalized linear models (GLM). They pointed out that the key
elements of a classical linear model are that the observation are independent, the mean of
the observation is a linear function of some covariates and the variance of the observation
is constant. The extension to GLM modifies the second and the third assumption. In
GLM the mean of the observation is associated with a linear function of some covariates
through a link function and the variance of the observation is a function of the mean. The
GLM include as special cases, linear regression and analysis-of-variance models, logit and
probit models for binary responses, log-linear models and multinomial response models
for counts and some commonly used models for survival data. Therefore, these models
are applicable to cases where the observations may not be continuous.

The GLM have in common with linear models that the observations area assumed to
be independent. But, in many cases, the observations are correlated, as well as discrete or
categorical. It is clear that it is necessary to extend the linear mixed models to cases where
the responses are both correlated and, at the same time, discrete or categorical. Besides,
many variables of interest in small area estimation are not normally distributed, and
therefore cannot be adequately modeled via the linear mixed models. For such variables
we can instead consider using a GLMM. Under this type of models, the distribution of the
vector y of population values of the variable of interest is assumed to depend on a vector
quantity m that is related to regression covariates and random components through the
equation n = X3 4+ Zwu. The linear predictor 7 is connected to y via a known function
g, defined by E(y|u) = g(n) (Saei and Chambers, 2003).

In the rest of the chapter we introduce the general theory of the multivariate gener-
alized linear mixed models (MGLMM) that we use in this work. First, we present the
model and then we describe the penalized quasilikelihood algorithm used to fit the model
and the predictors. Finally, we introduce an explicit-formula procedure to estimate the
mean squared error.

3.1 The model

Let uq,...,u,, be independent vectors such that

IU'ZNNVL(OaSOzEuz)v 'é:la"'ama
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where 3,1, . .., 3, are known symmetric and positive-definite matrices. Let u = (uf, ..., u! )
and v = >_" | v; be such that

u~ N,(0,V,), with V', = diag(¢p12u1, -+, PmZum)-

Let y,,...,y, be ¢ x 1 independent vectors whose densities, conditioned to u, belong
to the exponential family, i.e.

f(yj|u) = C(Z‘/j) exp {9}yj - b(ej)} , J1=1,...,n,

where 8, € ©, j = 1,...,n, are the unknown ¢ x 1 vectors of natural parameters. Let p; =

1(0;) and ¥; = %(0;) be the mean vector and the covariance matrix of y; conditioned to

u. If we use the matrix notation g‘g = gb a, where “” denotes the product of the column

vector & = (8‘21, ce az? )i«1 by the row vector axp,, then
ab(6,) ow;  0%0(0;)
0,) = Fly.|ul = 1 3(0,) = Ju] = =2 = J =1,...,n.

Let x; and z; be matrices of sizes ¢ X p and ¢ x v respectively. The linear predictors are
n=ziB+zu, j=1,...,n

Let us consider an injective link function g : M +— R?, where M C R? is the subset of
possible values of p(6,), and such that

9(m(0;)) =m;, j=1,...,n

The dependency of the natural parameters from the random effects is explicitly given by

the function d = (go u)7!, ie.

The natural link is g = p~!, so that
0j:azj,6'—i—zju, j:]_,...7n

In the next sections we present a penalized quasi-likelihood (PQL) method to estimate

the model parameters and to predict the random effects of multivariate generalized linear
mixed models (MGLMM) with natural link.

3.2 The Penalized quasi-likelihood algorithm

3.2.1 Estimation and prediction of 3 and u

The joint probability density function of y = (y,...,y})’, conditioned to u is

filylu) = [Hc Y, ] exp {Zn: (0iy; — b(ej))}
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and the log-likelihood is

hiylu) = e+ (65y; —b(8;)).

j=1

The probability density function of w is

—1
) = )2 5 e { Susiu.

and the log-likelihood is

lo(u) = cg—— {log|Zu| +u'S'u} = cn—= {Z v;log p; +log | 3.:| + (pilu§2;i1ui)} :
i=1

The ML-PQL estimator of 3 and predictor of w (see Breslow and Clayton (1993)) maxi-
mizes the joint likelihood

Hy,u) = L(ylu) + b(w).
In this section we derive a Newton-Raphson algorithm to calculate ML-PQL estimator of
B3 and predictor of wu.

Proposition 3.2.1. Under the MGLM model with natural link defined in the Section
3.2.1, the score vector and the Fisher information matrix of [(y,u) are

B 55(9) - F55(0> Fﬁu(e)
S<9)_{Su(e)}’ F(HS)_{FILB@ Ful®) I

where
S5(0) = 23:1 zc; [yj - ,UJJL S.(0) = Z?:l z; [yj - Nj] - 2;1’“;
Fpp(0) =57 z/%x;,  Fp,(0) =) x;%;z,
F.5(0) = Z?:l z; 3 w5, F..(0) = ZJ 1 ]2 z =3

Proof. Let [; = 0'-yj — b(0;) and remind that 8; = ;8 + zju, j =1,...,n. Then

_ Ol(y,u)  Ol(yl|u) ", 90’ 0 ™ _0b(8)) N B
Sﬁ - @ﬂ - aﬁ Za@ ij Y, 59], _;mj (y]

7=1
. 81(%“) - all(?ﬂ“) 812( ) . - ael 8l 1y — - / -1
Su = o T oa du <= 0u 08, Tu=) F (Y- w) — B

The second order partial derivatives are

as’ au " 96, Oy n
Hﬁg = ] :_Zaﬁ J j:—Zw;-Zjazj,
j=1
a8’ - 8;1,- ", 00 ou’; "
_ B8 _ J _ i _ '
His = 50 =72 5a ™= "2 Gupp &=~ 25
j=1 j=1 j=1
08!, .o . "0 Ou ) " .
Huu = Ju = — au,] j Eulz— a—JTJZj—EUIZ—ZZ;Eij—EUI.
j=1 j= J j=1



Finally Fgﬁ = —Hﬁg, Fug = F/Bu = —Huﬁ and Fuu = —Huu.
Algorithm A. Let ¢q,..., ¢, be known. The ML-PQL estimator and predictor of 3
and u can be calculated by applying the following Newton-Raphson algorithm:

(A.1) Set initial values: Do r =0, B = ginicial 4 4 (0) = gpinicial

(A.2) Iteration r + 1: Calculate

OE-T) =x,8" + zul, HY) = M(OY)), »m — ZJ(HY)), j=1,...,n.
Update 8" and u(™ by means of
(r)

{ﬂ(m) ] _ {5@) ] . (F(T))_l [ . Z/?_l m;(y{ — ) ]

(y; — ) = 2, ul

u(r+1) u("') . Z]
with
FO) { Fii Py ] IR DS RES LT SR i Lr
Fy Fo > z;Eg-r):nj P z;EgT)zj + 3t
and
(F(T))_1 - P _ | (Fu - FI2F2_21F21)_l _F11F12F2_21
| F?OF® | — R Fy F1 Fol 4+ R Fpy FUFLFLE |

(A.3) End: Repeat step (A.2) until convergence of 3" and 'u,lm, i=1,...,m.
3.2.2 PQL estimation of the variance components

Let us write [;(3,u) = [1(y|u) as a function of B and u. We expand [;(3,u) in Taylor
series around the values 3° and u° that maximizes [;(8,u). We obtain

0l (B°,u°) 0l (B°,u° 3
h(B,u) =~ l1(6°,uo)+( 1<§B’u>, 1(21;“))(5_50)
) o2, (3% ue) a2 (B° u°) Py
(@A _ o 0 a0l ﬁ ’ 8,8811/ - B°
I ] el [ G 28
aua/@’ ouou’

Let n = X3+ Zu and n° = X3° + Zu®, then
8[1 (977’ 0[1 ,8[1 3[1 87’]’% . Z,@ll 82l1 N X, 82l1 X

9B~ 9Bom T o ou Oouwdn " om 0BoB "~ omon
0?1, oy 0?1, z 0?1, _ 0l ‘
JBou’ onon’  Juow’ onon’

9
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As 8° and w° maximize [, (3, ), the linear term of (3.2.1) is null. Therefore

1 / o/ / o/ ' 82l - B°
Wl ~ ety 8- - () () 2 (20

S =) W (o — ) = (),

Q

%
o
|
|

where

(3.2.2)

W= —E {3211@!“)}

onon’

o

n=1
For the natural link we have n, = 6; and

Pl (ylu)
= E 150007 = o = diag (2(69)).
W= |t ||y = o llo-g = dis (5167)

Remark. Under the natural link it holds that n; = 6; and the partial derivatives of
l1(y|u) with respect to 6 are

Ol (y|u) _ 0(07y; —b(6;)) R 86(0]-)’ j=1,....n
00 00; J 00,

2 2 )

M = _8b(0],), j=1,...,n,
00,00, 0000,

9l (ylu) . .

—_— k k=1,....,n.
0,00, ~ O VAR SE=1om

Therefore
Ph(ylu)  Ph(ylu) _ _ _
o~ 00007 —diag(%y,...,%,)=-% and W =E[X]=%,

because the expectation is taken with respect to f(y|u) and w is fixed.

In summary, we have got that
[¢] 1 [¢] [¢]
h(ylw) = G(n°lw) = =5 (0° = XB — Zu) W (n° - XB - Zu).

This is to say, 1 (y|u) can be approximated to the likelihood function of multivariate linear
mixed model. The marginal probability distribution function should also be approximately
the same, i.e. I;(y) ~ £1(n°). Therefore, the values of ¢, ..., ¢, maximizing l,(y) should
be approximately the same to those maximizing ¢;(n°). On the other hand ¢,(n°) can be
obtained from ¢;(n°|u) and ly(w), which are both normal log-likelihoods. Therefore, we
have

e (1(n°) is the loglikelihood of n° ~ N(X3,%,), with ¥, = Z'S,Z + W,

e For 1° we assume the model n° = X3 4+ Zu + e, where e ~ N(0, W) and
u ~ N(0,X,) are independent.
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e The values ¢1,. .., p,, maximizing ¢;(n°) and ¢1(n°|u) + lx(u) should be approxi-
mately the same.

McGilchrist (1994) proposed to maximize ¢;(n°) for obtaining an updating equation for
©1y -, Pm. The PQL algorithm of McGilchrist for ¢4,..., ¢, can be implemented by
applying the ML or the REML method to ¢;(n°,u) = {1(n°|u) + l2(w).

The ML-PQL approach

The penalized maximum likelihood estimation of 1, ..., ¢, maximizes ¢1(n°) after ap-
proximating {4 (y|u) + lo(u) by ¢1(n°|u) + lo(w). We assume the approximate model

n°=XB+ Zu +e,

where e ~ N(0, W) and u ~ N(0,%,) are independent. Therefore n° ~ N(X3,%,),
with ¥, = Z¥,Z'+ W and B, = diag(¢p12.,, . - ., Ym Sy, ). The marginal density and
log-density of n° are

) = s, e { - - X8 o - XB) )

1

[e] nq 1 (o] — [e]
bur(n®) = == log2r — Slog|%| - 5(n - XB)s, (n° — XB).

Let G; = Z;X;Z'. By taking derivatives with respect to ¢;, i =1,...,m, we get
0%,

= Z:%.Z, =G,
Dp;
~ Obyr(n°) 1 0%, L, 1908y 1
S%. = 90, = 2tr Ey 9o, —|—2(77 Xp3) Ey 90 Ey (n XpB)
1 . L — 1/, 0
— _§tr(2y1G2)+§(n _X18> Eylalzyl(n _Xﬁ>7
82€ 770 1 _ _ ° I — — — o
&P%EP‘) §tr(2y1GjEy1Gi)_(n - XB) ZylGizylszyl(n - XB).
VP

We recall that
Ely'Qy] = tr {Qu(y)} + Ely/ QE[y].

The Fisher amount of information associated to (; is

F,. - p|-Zonm)] 1l sag e+ aEles 6z
wig; —W——gr(y jyi)+r(yiy =y y)
1
= étr(ZglezglGj)
For ¢ = (41, ..., vm) the updating equation of the Fisher-scoring algorithm is

P ="+ (") S ().
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The REML-PQL approach
The REML log-likelihood is

. 1 1 1, .
bremi(n°) = =5 (qn = p) log 2m — S log |K'S, K| — on™ P’,

where
P = 2;1 — 2;1X(X’E;1X)_1X’Z;1, K==W — WX(X’WX)_lX’W.

The first order partial derivatives of .., (n°) with respect to ¢; are

K3

1 1
S‘P' = —Etr(PGi)+§’l’]O/PGiPT]o, 1= 1,...,m.
The elements of the Fisher information matrix are

F,

PiPj

1
:étr(PG]PGl), i,jzl,...,m.

For ¢ = (¢1,...,vm) the updating equation of the Fisher-scoring algorithm is
P =" + FH (") S(¢").

3.2.3 The PQL algorithm

The PQL algorithm is

Algorithm B. This algorithm calculates the PQL predictors of w and estimators of 3
and @;, i =1,...,m.

(B.1) Do ¢ =1, where ¢ counts the external iterations. Set the values B9 4w and @51),
1=1,...,m.

(B.2) Run Algorithm A. Use gogg), cee 907(7? as know values and B8V, w1V as algorithm
seeds. Let B and u® be the output of Algorithm A.

(B.3) Update ¢; by using the ML or the REML Fisher-scoring updating equation
P ="+ FH (") S ().
(B.4) Repeat the steps (B.2)-(B.3) until the convergence of B, 'u,,ge) and go,ge), i=1,...,m.

3.3 Prediction and mean squared error

We are interested in predicting
0= Ay.
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If we fit the model u = E[y] = h(n), where n = X3 + Zu, we get the prediction of y,
h(n), where n = X3 + Zu. The predictor of § is

0 = Ah(),
and the difference is § — § = A[h(7n) — y]. Therefore, the MSE of the predictor § is
MSE(b) = E[(6 — 6)(6 = 0)] = E [A{h(n) — y} {h(n) -y} A].
Let Vg = El(y — h(n))(y — h(n))']. By summing and substracting h(n), we get
MSE@) = E[A{h(9) —h(n)} {h(7) - h(n)} A] + AV A’
AE [{h(n) — h(n)} {h(n) — y}'] A’
AE [{h(n) — y} {h(7) — h(n)}] A"

From the results in Kackar y Harville (1984), we have that the two last terms are null.
It is possible to obtain an approximation to the first term on the right hand side of the
above equality. Let us take an arbitrary element of h(n), for example h;(n,). We recall
that h;(n;) is a vector of size ¢, i.e. hj(n;) = (hj(n;),..., hj(n;))’. Let ¢; be an
admissible value of n;. We make a first-order Taylor series expansion of hj((;) around
n; = (Nj1, - - -, Mjq)'; and we do the substitution (; = f;. This to say,

_|_
+

L Ohi(n;)
hir(R;) — hye(m;) =20 ———22(fj0 — nj0).
J 7 J J = anﬂ J J

If we do the same with hj/(n;/) and we multiply both expressions, we get

e (71;) = ()| Rgrwe (R0y0) = how ()] = Hp (R — 1) (R0 — 1) Hpo,

where
. — [ahjk("?j) N 3hjk("7j)] ‘
7" Iin T Onjg
By doing the same calculations on the pairs j, k and by defining the matrices
[ Ohj(ny)  Ohu(my) ]
onj1 Mjq
H; = : : ,j=1,...,N, and H =diag{H,,...,Hy},
ahjq(”j) o ahjq(nj)

I Mg

we obtain

[h(7) = h(n)][h(7) — h(n)]" = H(n —mn)(n —n)H

Therefore, we can write

E [A{h(n) — h(n)} {h(n) — h(n)} A']

I

E[AH(n —n)(f —n) H' AT
= E[(%GE — TG)(%GE - TG)/] = MSE(%GE)’
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where
76 =Aen = Ac(XB + Zu), Tap = Aci) = Ac(XB+ Zu), Ag= AH.

In the case of using the maximum penalized likelihood approach for estimating 8 and ¢;,
it =1,...,m, we do following:

1. For estimating B and predicting w, maximize [, (y|u) + la(w).

2. For estimating ¢4, . . ., ¢, maximize the loglikelihood of the distribution N(X3, V),
where

, n°=XB°+ Zu".

n=n°

2
V=257 +W"', W=-E {_a ll(y'“)]

onon’

and (3°,u°) are the values of (3, u) maximizing {1(3,u) = 1 (y|u).

Observe that in step 2 we assume a normal mixed model with Ee_l = W. In what follows,
we show how to estimate the mean squared error M SE(7gg).
Let 7gp = Agn = Aq(XB + Zu) be the estimator of 74 that is obtained from

maximizing | (J|w) + lo(u) when the variance components ¢;, i = 1,...,m, are known.
For the predictor 7¢g, the MSE is

MSE(7¢gg) = MSE(i¢g) + El(iee — 7aB)(Tae — TaB)']
+ El(fer — Tes)(Tap — 7¢)| + El(fas — 76)(Tar — TaB)']-
As the estimators ¢;, that maximize 11(g|u) + ly(w), are translation invariant, we have
MSE(7¢g) = MSE(7¢) + E|(fer — 7a)(Tae — TaB)']-
Furthermore, the MSE of the 74p is
Z' Al

MSE(%GB) = [ AgX A(;Z ] IEl(ﬁ,u) |: XIA/G :| R

where Ir(8,u) is the Fisher information matrix derived from the joint p.d.f f°(y°,u) =
exp{{{(y°|u) + l>(w)}. It holds that

XWX  XWZ
rBw) = Z2wx zwz4s' |

Define T = (=" + Z’WZ)f1 and V = Z%,Z' + W', The inverse of Ir(3,u) is

_ P
]F(I@’u) b= |:Ql g:| )
where R=T+TZWXPX'WZT,Q =—-PX'WZT and P = (X'VX)~!. There-
fore

MSE(7ap) = Gi(e) + G2(p) + Gs(ep),
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where G () and Gy(¢p) are

Gi(p) = AHZTZ' H'A',
Golp) = [AHX — AHZTZWX|QIX'H'A' — X'WZTZ'H' A

In a similar way, we can adapt the results of Prasad and Rao (1990) to obtain the
approximation

m m

Gs(¢p) = El(far — 7o) (Fap — Fa) ] = Y D cov(py, ¢r,) AHL"WV LI H' A,

k1=1ko=1
where

T — Vu . Vuzlv—lzvu’ Q — (le—lx)—l’
LY = I-RV,V V,= g—v, R=V, V.
Pk
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Chapter 4

Multinomial logit mixed model

This chapter introduces the multinomial logit mixed model that will be used for the
estimation of totals of employed and unemployed people and of unemployment rates in
the D = 96 domains defined by the combination of the 48 counties of Galicia and the
two sexes. Section 4.1 describes the model, gives an algorithm to estimate the model
parameters and proposes small area estimators of labor market indicators. It also shows
how estimating the mean square errors. Section 4.2 presents two simulation experiments.
The first simulation compares the small area estimators obtained under the introduced
multinomial model with the corresponding ones obtained under the multinomial model
of Molina et al. (2007) and under independent binomial logit mixed models. The second
simulation studies the behavior of the three introduced MSE estimation methods. Finally,
Section 4.3 applies the proposed methodology to data from the SLFS in Galicia.

4.1 The model

This section introduces an area-level multinomial logit mixed model with domain random
effects associated to the categories of the response variable. We first give some notation
and assumptions. Let use indexes k = 1,...,¢ — 1 for the ¢ — 1 multinomial categories
of the target variable and d = 1,..., D for the D domains. In the real data presented in
Section 4.3 there are ¢ = 3 categories, i.e. employed, unemployed and inactive people.
However, there are only ¢ — 1 = 2 categories in the multinomial model, i.e. employed and
unemployed people. Let uge be the random effect associated to category k and domain
d, and define ug = col (ugr). We assume that uy ~ N(0,V,,) are independent with

1<k<q-1
covariance matrices V,,, = diag (p). We further assume that the response vectors
1<k<q-1
Y, = 1<ggl 1<ydk)’ conditioned to u,, are independent with multinomial distributions
<k<q-
yd|ud ~ M(Vdapdb . ,pdq_l), d= 1, cey D, (411)

where the v,;’s are known integer numbers. The covariance matrix of y,; conditioned to

uq is W = var(ylua) = vildiag(py) — papal; where py = col  (par) and diag(p,) =
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diag (pax). For the natural parameters nq; = log(2%), we assume the model
1<k<q—1 4

ndk:mdkﬁk+udk, d= 1,...,D, ]{?:1,...,(]—1, (412)

1 .
where &g, = col' (xgrr), By = col (Brr) and I = Y 7~ l;. The mean and the variance
1<r<ly, 1<r<ly,

of yar, conditioned to uy, are pgpy = Vgpar and wa, = Vgpar(l — pa), respectively. The
probability of the multinomial category k in the domain d is

exp{nax }
1+ 30 exp{nac}’

In matrix notation, the model is

Pdk = :1,...,D,k:1,...,q—1.

nd:XdB—i—Zdud, d= 1,...,D, (413)
where 1y = lggg}]_l(ndk)a Xq = 1;12?71(%]6)’ B = lggg}l_l(ﬁk) and Zq = I, with

I, ; being the (¢ — 1) x (¢ — 1) unit matrix. If we introduce the additional notation

n= 1§§£D<"d)’ X = 1§Cdong(Xd), u = 1§Cc?§1D<Ud) and Z = liﬁgD(Zd), then (4.1.3) can be

represented in the matrix form
n=Xp+ Zu, (4.1.4)
with V,, = var(u) = diag (V,,) and W = var(y|u) = diag (W ).

1<d<D 1<d<D

Alternatively, (4.1.3) can be expressed in the form
nd:Xdﬂ—i-ZdU, dzl,...,D, (415)

where u = lggg(ll_l(uk), the uy = 1<C¢?<1D(udk) ~ Np(0,prIp) are independent and Z; =

i v . We al press (4.1.
1§C}€1§§_1<1§?§D(5M)) We also can express (4.1.5) as

n=Xp+ Zu, (4.1.6)

where Z = col (Z,). We recall that (4.1.4) and (4.1.6) define the same model.

1<d<D

4.1.1 The PQL-REML fitting algorithm

To fit the introduced multinomial mixed model we combine the PQL method, described
by Breslow and Clayton (1993) for estimating and predicting the 3,’s and the u,’s, with
the REML method for estimating the variance components ¢;’s. The presented method
is based on a normal approximation to the joint probability distribution of the vector
(y,u). The combined algorithm was described in Section 3.2. It was first introduced by
Schall (1991) and later used by Saei and Chambers (2003) and Molina et al. (2007) in
applications of generalized linear mixed models to small area estimation problems. In this
chapter, we adapt the combined algorithm to the multinomial logit mixed model defined
by (4.1.1) and (4.1.2).
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The log-likelihood of y conditioned to w is

D q—1
b
hiylw) = {Zydk log =% + v4log pgy + log

d=1 k=1 Pdg

d=1 k=1 k=1

The partial derivatives of

Vq

vl )
Va

vl yagl |

D q—1 q—1
= Z {Zydk'fldk — vglog (1 + Zexp{ndk}) + log .

Pk
Tldk:ZxdkT/Bkr+udk7d:17"‘7Da ak:]'?"”q_l’
r=1

with respect to [, and ug, are

Onar —_— Oy,
OBkr " Ougy,

The first order partial derivatives of [; are

=1.

ol (ylu) & VaT akr eXp{1ar } o
S1.8 = — = Z {xdkrydk - g & } = Zxdkr(ydk — k),

8/Bk7"

oli(y|lu
Stugy = —(13(Ud|k ) = (ydk — k)

d=1

L+ 32700 exp{nac}

d=1

The vector expressions of the first order partial derivatives of [, are

Il (y|u)
Y
B o
_ Oh(ylu)
S T T g B

The second order partial derivatives of [, are

D
= Z . (Yax — pax), Si1p=__col (S

1<k<q-—1

D
= — E VaZ gir TagsPak (1 — Pak),
d—1

H o 82l1(y|u)
LBk'ﬁBks - m
%l (ylu
Hl»udkﬁkr = ﬁyayﬁ) = _dedkrpdk(l _pdk)a
Pl (ylu)
H Ugk Udk — A o 1-— ,
Lugr udr audkaudk Vdpdk( pdk)

and for the case k; # ko, we have

D
2
H o 0%l (y|u) i
1Bk rBrys — N VAT dkyr L dkgsPdky Pdks s
/Bkl’f' 61@28 d=1
2
H _—all(y\u) = V4 dkosPdks P
Ludr, Brogs — = VaZdkysPdky Pdks >
125 QUgr, OBys
2
_ 0Pli(ylu) , o
17u(ik1 7udk2 - audklaudk2 - dpdklpdk27 17ud1k17ud2k2
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The vector expressions of the second order partial derivatives of [; are

HlﬁklﬁkQ = (leﬂklrﬂkgs) r=1,...,pp ° Hp = <H176k118k2> ki=1,...,q—1 >
s=1 =

Hlvudﬁkg = <H17u4k15k2s> ki=1,...,q—1 > Hy s = (Hlvud5k2> d=

D -

....,D
s=1,...,Dk, ko=1,...,9—1
HLUdlu[iQ = (Hl,u(zlkl,ukoQ) kir=1,...,q—1 > Hl,uu = <H17“dlud2> di=1,...

ke =1,...,q—1 dy=1,...,D

It holds that H ,, = diag (H1uu,)-
1<d<D
The likelihood of w is
1 I,
) = o P gV
The loglikelihood of w is
D q—1 2
D 1 ug,
lQ(’U,):I{—Z {510g¢k+§_}’
d=1 k=1

where Kk = —@ log 2. The first order partial derivatives of Iy are

Udk = —— Udk

B Ougp, Pk
The vector expression of partial derivatives of [y are
Saw = 1§chng (1g§§£_1(52’“dk))'
The second order partial derivatives of [, are
1
HQ,udkudk — _EJ HQ,udlklud2k2 — 07 dl ?A d2 or kl # k2
The matrix of the second order partial derivatives of I are
H27ud1ud2 = (HQ,udlkl,ud2k2> ki=1,...,q—1 > HZUU = <H27ud1ud2> d=1,..., D
ke =1,...,q—1 dy=1,...,D

The log-likelihood of (y,u) is

Wy, u) = Li(ylu) + lx(u).
The first order partial derivatives [ are

Sg=S15 Su=581u+ S
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The blocks of the Fisher information matrix associated to [ are
Fsg=—Hyps, Fug=—Hyus, Fgu=F, 5 F,,=—Hiu— Hu.
We define

_ _( Ss _ _( Fss Fpu [ F” F™
s_aaw_(&J,F_mam_<Fw1%t,F = G

It holds that

F% = (Fys— Fp,F,'F )", F"=_-FFyF,!

uu

F = (F™), F"“=F_, +F, F F"F;F,.

The combined algorithm has two parts: A and B. Algorithm A updates the values of
Brandug, k=1,...,q—1,d=1,...,D. Algorithm B updates the variance components.

Algorithm A.
(A.1) Beginning: Assign the initial values [ = 0, B© = ginitial and 40 = qnitial,

(A.2) Iteration | +1: For d = 1,...,D, k = 1,...,q — 1, calculate F(B8", u®) and
S(ﬁ(l), u®) and update BY and u® by using the equation
(+1) )
[ §(l+1) ] = [ 5(1) ] + FH(BY, u)S(BY, u), (4.1.7)
where S and F' are the vector of scores (first order partial derivatives) and the

Fisher information matrix (minus expectation of second order partial derivatives) of
the joint log-likelihood of (y,u).

(A.3) End: Repeat the step (A.2) till convergence of BY and u® and obtain the final
values 3 and u.

Algorithm A maximizes [(y,u) in B and u for fixed values of ¢1,...,p,-1. To update
the values of the variance components, we assume that 3 and w are known and we adapt
the ideas of Schall (1991) to a multivariate setting. For this sake, we consider a Taylor
expansion of

Ydk
Sar = gr(yq) = log T g1
Vq — zz=1 Yae

around the point p,; = v4p,;. We obtain
Ea~ XiB+ Zgug + ey, (4.1.8)

where £, =  col 1(£dk), eqs = W, (y, — py). By assuming equality in (4.1.8), it holds

1<k<q-
that E[¢] = XB and V = var(§) = ZV,Z' + W', Schall (1991) proposed to update
the variance components by maximizing the normal approximation to the distribution
of &, with 8 and w fixed. This proposal assumes the approximation of /1(y) by the
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log-likelihood 14 (&) of the cited multivariate normal distribution. The basic idea is thus
maximizing [(&€,u) instead of I(y,w), where & is assumed to follow model (4.1.8) under
normality. The approximating REML log-likelihood is

1 1 1
Lremi (&) = —§(D(q —1) —t)log2m — 5 log | K'VK|— §£tP£,

where P=V ' - VIX(X'V'X)' X'V 'and K=W - WX(X'WX) ' X'W.

The update of the variance components can be done by applying the Fisher-Scoring
algorithm to the REML log-likelihood. The algorithm is described below.

Algorithm B.
(B.1) Do ¢ = 1. Initiate the values B8, u(® and ©©.

(B.2) Run the Algorithm A by using ¢(® as known value of the vector of variances and
BV and w* Y as initial values. Let B8 and u® be the obtained estimates and

predictors.
(B.3) Ford=1,...,D, calculate n((f) = X489 + Z,u® and apply the updating equation
P = 0 4 P ()5 (),

where S and F' are the vector of scores and the Fisher information matrix of the
log-likelihood ;e (€).

(B.4) Repeat the steps (B.2)-(B.3) until the convergence of B9, u(® and ©.

The variance components ; can be also updated by applying the formula

dim(uk)—Tk D—T]C7
=~rml =rml
where 3, = Ip, 7, = g—lktr(qulekk ) = Q—lktr(Tkk ) and T is the block (k, k) of the

matrix
~rml

T T+ TZWX(X'V X)L X'WZT,
with T = (ZWZ' +3,)", 8, = diag(oudp, . . ., pgIp) and V = 78,7/ + W,
Algorithm B (alternative).
(B.1) Do ¢ = 1. Initiate the values B, u(® and (.

(B.2) Run the Algorithm A by using ¥ as known value of the variance components,
and BV and uY as initial values. Let 8 and u® the obtained estimators and

predictors.
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(B.3) Calculate ng) = X,89 +Zu9 d=1,...,D.

0

N — G Py = _col (pl)), W = diag (vgldiag(py’) — pypy"])
1+ Zk 1 eXP(’?dk) 1skse—l 1<d<D

20 = diag(p\Ip, ..., ¢\ Ip), TO = (ZWZ+ SO v =750z + wO!

u

Trml(@) _ T(f) + T(Z)z/w(f)X(le(f)fl‘x)—lxlw(@)z-r(@)7 T]i@) — (gp]gf))—ltr(-l-;zll@))

(B.4) Update the variance components by using the equations

R CINC
§+)_—i—%y k=1,....q—1.

(B.5) Repeat the steps (B.2)-(B.4) until the convergence of 8, u® (0 u®) y o®.

The difference between this algorithm and the previous is that the last is a fixed-point
algorithm and the previous is an iterative Fisher-Scoring algorithm.

The above described algorithms require initial values for B, uw and ¢. We suggest
employing some easy-to-calculate estimates. More concretely, we use u(® = 0 and B =
B3, where 3 is obtained by fitting the non mixed variant of the model (4.1.1)- (4 1 2)
without the random effect w. The non mixed model is also used for calculating @ by
means of the formula

b

51 G fg)?, k=1,...,q—1, (4.1.9)
d=1

where fjg, = Byar and ﬁéfr) zlogzﬁ, k=1,...,q—1,d=1,...,D.

Under regularity conditions the asymptotic distribution of the REML estimator B

—1,..t, 1s the block sub-matrix of

the Fisher information matrix in the output of the fitting algorithm A. Therefore, an
approximate (1 — «)-level confidence interval for f, is

ﬁkriza/QQTm r= 17"'7tk7

where z, is the a-quantile of the normal distribution N(0,1). If we use By to test
Hy : Brr = 0 and we observe the realization [, = 8y, the approximate p-value is

p = 2Py, (Brr > |60]) = 2P(Z > |Bol //arr)

where Z follows a standard normal distribution.

4.1.2 Model-based small area estimation

In practice we are interested in estimating the domain totals

Y;lkzzydkj? dzl,...,D,k'Zl,...,q—l,

JEP
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where P, is the population domain with size Ny. A synthetic model-based estimator of Yy,
is de = Mg, = Ndﬁdk. Estimates of rates can be obtained by plugging the corresponding
estimators of totals. In this section we deal with the problem of estimating my; = Nyp,,
d=1,...,D, where Ny is an estimated population size that can be obtained from the
unit-level survey data or from administrative registers. As we are assuming the area-level
model approach, N, is treated as a known constant. In the application to real data, we
take Ny = N9 because N¥ is the official best estimate of the domain size. We further
estimate m, by means of my = Nyp,, where

. R . exp{nax } . - .
by = col  (Pax), Pax = — N v Nk = TarBy + Udr-
d 1§k§q71( ) 1+ 30 exp{ia}} g
Note that m, can be written in the form my = hq(n,), where hy = 1<1(§(<)1 1(hdk) and
SR>q—
. . exp
har(Ma) = Napar, = Na q_indk} . k=1,...,q—1.
L+ >0 exp{nac}
The partial derivatives of hg, are
oh . oh .
(97];][: = Ngpar(1 — par), 877;[:21 = —NaPak, Pk, k1 # ko,

and the matrix of derivatives is

Oha, 7
H,= (a a ) = Ny[diag(p,) — papy).
ndk2 kl,k2:1 q—l

.....

or equivalently to

ha(Nq) = ha(ng) = Ha(g —mng),  h(7) —h(n) =~ H(H—n).
where H = diag (H,) and h = 1§(?g1D(hd)' As my = AHT), with A = 1gcd?1g/D(5dd1Iq_1)’

1<d<D
then 7 can be viewed as a vector of EBLUPs in the linear mixed model (4.1.8). Therefore,
we propose to apply the methodology of Prasad and Rao (1990) as explained in Chapter

3 (Section 3.3). This is to say, we approximate the MSE of m, by means of

MSE(mq) = Gi(p) + Ga() + G3(e). (4.1.10)
where
Gi(¢) = AHZTZ' H'A
Ga(yp) [AHX - AHZTZWX|Q|X'H'A' - X'WZTZ'H' A'],
q—1 g—1
Gs(p) =~ ZZCOV(@W@kQ)AHL(kl)VL(kz)/H/A/7
k1 kg
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T = V,-V,ZV1'ZV, Q= XV 'Xx)!
V. = diag(Vw), Vw= diag (p), V=2V, Z + W= diag (V)),

1<¢<D 1<k<qg—1 1<¢<D
Z = diag(Zy), Z,=1,,, T= diag(Ty), Ti=Vu—VuV,; 'V,
1<¢<D 1<¢<D
1%
LW = I-RV, V! V.= v _ diag ( diag (6)), R=V,V L

&Pk 1<d<D 1<i<g—1
It holds that
Gi(p) = I, \HI, T, H;l, ,=H;T;H,.
The expression of Ga(¢p) is

92(90) = [Azl - A22]Q[A/21 - A/22]a

where
Apy =1, H;X;=H;X,;, Ap=I1, H, I, T, \W;X;,=H,/T;H;X,.

In the calculation of G3(¢), we observe that L) = diag (Lék)), where
1<d<D

Ly = (I~ diag (p)V;") diag ()V, "

1<i<q-1 1<i<q-1

and cov(Pk,, Pk,) is obtained from the inverse of the Fisher information matrix F' in the
algorithm B. The proposed analytic MSE estimator is

mse(ma) = Gi1(P) + Gao() + 205(@), (4.1.11)

where ¢ is the estimator of ¢ obtained from algorithm B.

Concerning the estimation of the MSE of mg., we can also use the approach of
Gonzalez-Manteiga et al.(2008a) by introducing the following parametric bootstrap method.

1. Fit the model (4.1.1)-(4.1.2) and calculate ¢y and 3,, k=1,...,¢— 1.

2. Generate uj ~ N(0, diag (¢r)) and yj; ~ M(va, pjy, - - - Piy_1), Where
1<k<q—1

eXP{UZk}
1 N
1+ 22:1 eXp{muz}

Da = M = BrZar+uy, My, = Napyeyd=1,..., D,k =1,...,¢—1.

3. Calculate ¢y, BZ and

Ak exp f]* A~k o* ~ % Ak 7 A%

Par = —1 P
L+ 75 exp{ng,}
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4. Repeat B times steps 2-3 and calculate the bootstrap mean square error estimator

1

In addition to msejL., we propose another estimator. The second bootstrap MSE estimator
is based on the analytic one (4.1.11) and follows the ideas of bagging from Breiman (1996).
The bootstrap approximation of MSE(my) is

mse* (myg) = EJG1 (@) + Ga(@") + 2G5 ()],

with the Monte Carlo approximation

=37 (G9") + (@) +265(%1).

b=1

mse*?(1g) =

4.2 Simulation study

In this section we present two simulation experiments designed to analyze the behavior
of the estimators S, ¢, pax and the proposed estimators of the MSE. We consider a
multinomial logit mixed model with two model categories (¢ — 1 = 2).

4.2.1 Sample simulation

Ford=1,...,D and k = 1,2, we generate the explanatory variables

k
Tar = i+ 0 Ui, Tay = i + O oho [p:Ua1 + /1 = p2Us)], Uge = 0 T

where 1 = o = 1, 0411 = 090 = 1 and p, = 0.75.
We generate random effects ug, ~ N (0, ¢r), with o1 = 1, g2 = 2. We also generate
the linear parameter

Nar = 50k + ﬁlkxdk + Uk, with 501 = 1.3, 502 = —1-27511 = —1.3, 512 =1, (4~2-1)
and the cell probabilities

_ eXP{Udk}
1+ exp{na } + exp{na}

Pdk

We finally generate the response variable

Yo = (ydla yd2)/ ~ M(Vdapdlade)a yg = (y:lbng), ~ M<Vgapdlapd2)7 d= 17 s 7D7

with 14 = 100, Ny = 1000, v/ = Ny — vy
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In matrix notation, model (4.2.1) can be written in the form

1 I zn 0 0 U11 €11
Ui 0 0 1 7z U2 €12
21 1 290 0 O Por U21 €21
M2 | =1 0 0 1 x9 P 4| w2 | 4| €2 |,
. : Bo2 . .
' B2
MID1 I zpy 0 O Up1 €p1
D2 0 0 1 zp Up2 ep2

or equivalently, in the more concise notation

™ X
N I e PR
77'D XD
where
I, 0
we () (4 0L ) e (00
0 I,

u ~ N(0790I2D)7 Y = (SOI, 902)-

4.2.2 Simulation experiment 1: model fit

We consider three area-level models. Model A is the multinomial mixed model described
in Section 4.1. Model B is the product of two independent binomial mixed models with
the same explanatory variables and model parameters as model A with this expresion:

Na1 = Bro + Brixar +ua, d=1,...,D

Naz = Bao + Ba1Taz + Ua2, d=1,...,D
Model C is Model A with a common random effect for all the categories, i.e. with
Ugr, = Ug in (4.1.2) and have this expresion.
Nak = Bro + Bra%ar +ug, d=1,...,D, k=1,2
Model C is the one considered by Molina et al. (2007).

Under Model A, the random effects are ug, ~ N (0, ), with ¢1 = 1 and ¢y = 2. The
target variable is ¥, = (Ya1, Yaz)' ~ M(Va, a1, Paz), where

_ eXp{Udk}
1+ exp{na} + exp{na}

P s Nak = Bro + Bri%ae + var, d=1,...,D, k=1,2,
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vg = 100, B9 = 1.3, fag = —1.2, B11 = —1.3 and f; = 1. Under model B, data is similar
to Model A, but y,; ~ M(vy, pa1, pa2) is substituted by independent yg ~ B(vg, pak),
k=1,2,3, pg3 = 1 — pa1 — paz and Uy = yq1 + ya2 + ya3 are taken as multinomial size
parameters for obtaining estimators based on models A and C. Under Model C, data is
similar to Model A, but ug is substituted by ug ~ N (0, ¢) with ¢ = (@1 + ¢2)/2.

The target of the first simulation is to analyze the behavior of the estimators Bk, Dk
and pgr. As efficiency measures, we consider the relative empirical bias (RBIAS) and
relative mean squared error (RMSE). The simulation is described below.

1. Repeat I = 1000 times (i = 1,...,1000)
1.1. Generate a sample (yar, Tar), d =1,..., D, k = 1,2, under Model A, B or C.
1.2 Calculate 8, ¢\ 6 and pY) with r =0,1,d=1,...,D, k=1,2.

2. Forr=0,1,d=1,...,D and k =1, 2, calculate

1 1
1
BIAS(By) = Z B — Bi), BIAS(¢ 72 — @r),

NIH

1 I
. 1 ~li . 1 A(i
MSE(Bir) = 7 (B = 6, MSE(@r) = 7 D81 —n)*,

RBIAS(fy,) = %ﬂﬁ“ RBIAS(2) = T2,
. MSE(By) MSE(;
RMSE(Prr) = TRl RMSE(¢r) = %7

1¢ ERRN MSE

_ - (1) (9)\2 _ d

Table 4.2.1 presents the RMSE-values for the parameters of models A and B under Model
A. We observe that the RSME is higher in model B than the rest of the models, so that
the use of a multivariate model produce a significant gain of efficiency. We also observe
that as D increases from 50 to 300 we obtain a great reduction in RMSE (around 60% in
model A). Table 4.2.2 presents the RBIAS-values for the parameters of models A and B
under Model A. Relative bias is greater for model B, so the use of the multinomial model

is again recommended.
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Model A Model B
D 50 100 150 200 300 | 50 100 150 200 300
RMSE(BOl) 0.73 0.53 0.42 0.35 0.28 | 0.90 0.62 0.50 0.47 0.39
RMSE(BOQ) 0.85 0.60 0.50 0.41 0.32|1.05 081 0.70 0.63 0.59
RMSE(BH) 0.78 0.56 0.45 0.37 030|137 124 118 1.14 1.11
RMSE(BIQ) 0.99 0.70 0.59 0.48 0.38|1.14 087 0.75 0.67 0.60
RMSE(¢) | 027 0.18 0.14 0.13 0.10 | 0.62 0.52 0.48 0.48 0.46
RMSE(ps) | 026 0.18 0.14 0.12 0.10 | 0.48 0.30 0.25 0.22 0.20
Table 4.2.1: RMSE for the parameters of models A and B under model A.
Model A Model B
D 50 100 150 200 300 | 50 100 150 200 300
RB]AS(B(H) -0.02 -0.02 0.001 -0.01 -0.02|0.18 0.16 0.17 0.21 0.19
RBIAS(BOQ) -0.05 -0.05 -0.05 -0.04 -0.03 {046 0.48 0.48 0.43 045
RBIAS(BH) -0.03  -0.02 -0.002 -0.01 -0.02|1.05 1.06 1.07 1.06 1.04
RB]AS(BH) -0.04 -0.05 -0.05 -0.02 -0.02|0.43 0.44 044 043 0.43
RBIAS(¢1) 0.01 -0.004 -0.01 -0.01 -0.02|0.49 046 044 045 043
RBIAS(p9) | 0.01 -0.002 -0.01 -0.01 -0.01]0.29 0.20 0.17 0.16 0.16

Table 4.2.2: RBIAS for the parameters of models A and B under model A.

In the previous simulations we do not present Model C, because this model only has one
variance component, then this model is not comparable with the others. To investigate
the behavior of the three candidate models, we have repeated the simulation experiment
generating data from models A, B and C. Further, to analyze the importance of including
a random effect per category (model A), we also include the estimators based on model C.
Table 4.2.3 presents the RMSE values of the estimators of the cell totals based on models
A, B and C (columns), when data is generated under models A, B and C (rows). The
number of domains is D = 100, which is the value of D from the first simulation that is

closest to the our real data case.
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Estimator

Scenario D Model A | Model B | Model C
Model A | RMSEy | d=1 0.09 0.15 0.38
d=1D| o011 0.16 0.48
d=D 0.14 0.13 0.57
RMSEs» | d=1 0.14 0.2 0.69
D/2 0.12 0.17 0.56
d=D 0.1 0.15 0.43
Model B | RMSEs; | d=1 0.15 0.08 0.5
d= %D 0.17 0.1 0.66
d=D 0.19 0.12 0.81
RMSE:; | d=1 0.2 0.13 0.94
D/2 0.17 0.1 0.78
d=D 0.16 0.09 0.61
Model C | RMSEs; | d=1 0.09 0.14 0.07
d=4D | 0.11 0.16 0.07
d=D 0.14 0.18 0.09
RMSE:; | d=1 0.15 0.2 0.1
=iD| 0.12 0.17 0.08
d=D 0.1 0.16 0.07

Table 4.2.3: RMSE;, for D = 100 and models A-C.

If data is generated under Model A, Table 4.2.3 shows that the loss of efficiency when
passing from model A to model B is not very high; however the loss is dramatic when
passing from model A to model C. This is somehow expected because substituting ug by
ug in (4.1.2) is a rather extreme simplification. If data is generated under model B, we
observe that the loss of efficiency when passing from model B to model A is negligible;
however there is a significant loss when passing from model B to model C. If data is
generated under model C, we observe that the loss of efficiency when passing from model
C to model A is also negligible; however the loss is larger when passing from model C
to model B. The final conclusion is that estimators based on model A behaves much
better than the corresponding ones based on models B and C when data is generated
under Model A. Furthermore, estimators based on model A still behaves well when data
is generated under model B or C. This last conclusion does not hold for estimators based
on models B or C.

4.2.3 Simulation experiment 2

The second simulation experiment is designed to study the behavior of the three mean
square error estimators (analytic and bootstrap). In this case we consider D = 100, which
is the closest to our real data case. The simulation has the following steps.
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1. Repeat I =500 times (i = 1,...,500)
1.1. Generate a sample (yél,g,xfilz) d=1,...,D, k = 1,2 in the same way as in
simulation 1.
1.2. Ford=1,...,D, k=1,2, r =0,1, calculate @5“, <p2 , ﬁkr, Pax. and

mseffzz = id)k((p(l)v 952 ) + gzdk(%)a@é)) + 2g3dk(901)795g))'

1.3. Repeat B = 500 times (b=1,...,B)
1.3.1. Ford=1,...,D, k=1,2, generate

*(ib i i
ugl” o~ NOG), 0 ﬁk w) + g,

*(ib) x(1b)  *x(ib)y\s x(ib)  x(ib) «(ib) exp{n*(lb)}
Ya = (ydl » Ydo ) ~ M(I/d, Pa1 > Pao ) Da =

*(ib)y °
1+ exp{ny"'} + exp{nzs"}
1.3.2. Calculate @i, i) pri®) 5ol el 4 — 1 9 p=0,1,d=1,...,D.
14 Ford=1,...,D, k= 1,2, calculate

S I
b;l
mseﬁ(” - %Z {91233 (¥ 1(zb)a 2 zb)) + gzdk (95{(“7)7 @*(zb ) + 2g3dk ( AT(Zb)a @Z(ib))} :
b=1
2. Calculate
BY = %i(msedk MSEy), B, = %Z(msedk —MSEy), k=1,20=1,2,
=1 1=

I
1 i
EY == Z(msefl,z—MSEdk)Q, EY =

I
1
I
=7 Z(msedk —MSEg4)?, k=12 (=12
i=1 =1

~| =

B*Z \/W
RBY, = —% _ REY = k= k=1,2,0=0,1,2
dk MSEdk’ dk MSEdkv ) y Ly
where the M SEy.’s were obtained in the simulation 1.

Table 4.2.4 shows that the bootstrap-based estimators give better results than his analytic
competitor.

d | mse mse* mse*? d | mse mse*!  mse*?
RBS | 1 /013 -011 -0.04 | RE5 | 1 033 014  0.07
50 | 0.07 -0.07 -0.01 50 [ 0.35 0.10  0.05
100 | 0.12  -0.04  0.05 100 | 0.49  0.11  0.09
RB% | 1 |008 010 018 | RE% | 1 |0.67 015 021
50 | 0.05 -0.03 0.04 50 | 052  0.09  0.07
100 | 0.06 -0.12  -0.04 100 | 0.42  0.14  0.08

Table 4.2.4: RBY,, RES, for D =100, k = 1,2, ¢ = 1,2, under model A.
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Figure 4.2.1 presents the box-plots of the simulated mseg,z, mseZi(i), k=1,2,0=1,2,
1 =1,...,500, for the three estimators in three particular domains d = 1, 50, 100. The
true MSE is plotted in a horizontal line. We observe that mse has the largest variability

and the best estimators are mse*! and mse*2.
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Figure 4.2.1: Boxplots of Simulation 2 for D = 100 and d = 1, 50, 100.

4.3 Application to real data

4.3.1 Data Description

We deal with data from the SLFS of Galicia in the fourth quarter of 2008. In this section
the domains of interest are the counties crossed with sex. As there are 48 counties in the
SLFES of Galicia for the fourth quarter of 2008, we have D = 96 domains P, partitioned in
the subsets Py, k = 1,2, 3, of employed (k = 1), unemployed (k = 2) and inactive (k = 3)
people. Our target population parameters are the totals of employed and unemployed
people and the unemployment rate, this is to say

Yao

dk Zydk]; d Ydl—i-ng’

JE€P4
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where yq,; = 1 if the individual j of domain d is in Py, and ya,; = 0 otherwise.

The SLFS does not produce official estimates at the domain level, but the analogous
direct estimators of the total Yy, the mean Yy, = Y. /Ny, the size Ny and the rate R, are

}A/dir
dzr dzr dzr dzr dir d2
E Waj Ydkj, Yd / ) = E Wy, R - Ydir }A/dir’ k= 172a
€Sy €S, a t Y
(4.3.1)

where Sy is the domain sample and the wy;’s are the official calibrated sampling weights
which take into account for non response. The design-based covariance cov,r(Yd‘ff, Yd‘ﬁ;),
ki, ke = 1,2, can be estimated by

~ dzr dzr - dir dir
cov. (Y, dky de § :wd] Waj — 1) (Yar,j — Yk, ) (Ydraj — de‘g) (4.3.2)
JESq

where the case ky = ky = k denotes estimated variance, i.e. Vy(Yir) = cov,(Vdir ydir),
The last formulas are obtained from Sérndal et al. (1992), pp. 43, 185 and 391, with
the simplifications wy; = 1/7mg;, 7gja; = Tg; and mg; g = TaiTg;, © 7 J in the second order
inclusion probabilities. The design-based variance of Rﬁ” can be approximated by Taylor
linearization, i.e.

O dir\ 2 -2 - dirydir
(Yvdl ) Or ordir Yd2 Or xordir 2Yd1 Yd2

#Vﬂ(yvdg )‘l’ﬁvﬂ-(ydl )— ~ ~ OVW(Ydle, der)‘
(Y +YEm) (Y + Y ) (Y + Y5

VW(RgZT) =
In the fourth quarter of 2008 the distribution of the sample sizes per domains in the SLFS
of Galicia has the quantiles ¢nin = 8, ¢1 = 24, ¢o = 47, g3 = 90 and @na, = 734. This
means that direct estimates in (4.3.1) and (4.3.2) are not reliable. Therefore, small area
estimation methods are needed.

Small area estimators based on unit level models (models stated for the individual
units) are likely to achieve high precision when the model is correctly specified. However,
the estimators derived from these models usually need auxiliary data for each unit of the
sample along with aggregated data for each domain, something not always available. Area
level models need only the domain totals of the auxiliary variables, information that can
be usually found in administrative registers. This is why we consider an area-level model
using as auxiliary variables the domain proportions of individuals within the categories of
the following grouping variables.

e SEX: This variable is coded 1 for men and 2 for women.

e AGE: This variable is categorized in 3 groups with codes 1 for 16-24, 2 for 25-54
and 3 for >55

e SS: This variable indicates if an individual is registered or not in the social security
system.

e REG: This variable indicates if an individual is registered or not as unemployed in
the administrative register of employment claimants.
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Figure 4.3.1: Proportions of employed (left) and unemployed (right) people versus AGE
categories.
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Proportion of registered in social security system Proportion of registered unemployed

Figure 4.3.2: Log-rates of employed and unemployed over inactive people versus propor-
tions of people in the social security system (left) and registered as unemployed (right)
respectively.

We first analyze the potential predictive power of these auxiliary variables through an
exploratory data analysis. Figure 4.3.1 plots the SLF'S estimated proportions of employed
(left) and unemployed (right) for each AGE category. Observe that both estimated pro-
portions vary considerably across the AGE categories. Moreover, comparing the left and
right plots, we can see that the lines are far from being parallel. This suggests that the
three estimated proportions vary differently across categories. Thus, these figures suggest
that the variable AGE can be a good predictor of the probabilities of being employed and
unemployed.

Figure 4.3.2 shows the scatterplots of the log-rates of employed over inactive people
against the proportions of people in social security system (left) and the log-rates of un-
employed over inactive people against the proportions of people registered as unemployed
(right). We observe that, despite the large variability observed in both plots, the log-rates
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of the two considered proportions seem to increase linearly with the proportions of people
in the social security system and registered as unemployed respectively. Then, the propor-
tions of people in the social security system and registered as unemployed could probably
be good covariates for modeling the two probabilities. Indeed, after fitting the model
described in Section 4.1, tests of significance for the regression parameters and diagnosis
of residuals confirmed the explanatory power of the auxiliary variables that were selected
for each model.

4.3.2 Model estimation

We are interested in estimating the totals of employed and unemployed people, and the
unemployment rates per sex in the counties of Galicia. We consider the multinomial
mixed model (4.1.1)-(4.1.2) with ¢ = 3 categories (employed, unemployed and inactive
people) and we choose inactive people as reference (third) category. The multinomial
size is vy = ng, where ng is the size of the domain sample S;. The target variable is
Yy, = (Ya1, Yaz)', where yg is the sample total

Ydr = Z Ydk;j

JESa

Yak; = 1 if individual j is in category k (k = 1,2) and y4; = 0 otherwise.

The explanatory variables are the domain means of the indicators of the categories of
SEX, AGE, SS and REG. Their values are taken from the SLFS and from administrative
registers. The model is firstly fitted to the complete data set. An analysis of residuals is
then carried out and two counties are marked as outliers. These two counties correspond
to the largest cities in Galicia (A Coruna and Vigo) where the relationships between
the auxiliary variables SS and REG with the employment and unemployment status are
typically weaker than in less populated counties. The model is finally fitted to the reduced
(excluding the two marked counties) data set. The rest of the statistical analysis is carried
out under the model fitted to the reduced data set. On the other hand, the sample sizes
of the excluded counties are large enough to produce reliable direct estimates. Therefore,
no model estimates are given for the excluded counties. Instead, direct estimates are used
for them.

Concerning Figure 4.3.2, we would like to say that by taking out few dots from the right
and left plots we would obtain much more linear clouds. The linearity of these clouds of
dots can also be measure via the estimated Pearson correlations of variables. They are 0.71
(left) and 0.41 (right) respectively. Further, the corresponding 95% confidence intervals
are (0.58, 0.79) and (0.21,0.59) respectively. Therefore, the proportions of people in the
social security system and registered as unemployed could probably be good covariates
for modeling the two probabilities. Indeed, after fitting the multinomial mixed model,
tests of significance for the regression parameters and diagnosis of residuals confirmed the
explanatory power of the auxiliary variables that were selected for each model.

For each category and data set, Table 4.3.1 presents the estimates of the regression
parameters and their standard deviations. It also presents the p-values for testing the
hypothesis Hy : Br, = 0. The estimates of the model variances and their standard
deviations (in parentheses) are ¢; = 0.17 (0.03) and @9 = 0.50 (0.13) for the model fitted

64



to the complete data set and they are ¢, = 0.17 (0.04) and @9 = 0.59 (0.10) for the model
fitted to the reduced data set.

Employed people Unemployed people
Variable Bkr Std.Dev. p-value | Variable Bkr Std.Dev. p-value
Constant | -1.979 0.196 0.000 | CONSTANT | -5.450 0.408 0.000
SS 1.146 0.669 0.087 | REG 13.105 3.830 0.001
AGE=1 2.750 0.369 0.000 | AGE=1 3.315 1.601 0.038
AGE=2 | -0.317 0.068 0.000 | AGE=2 4.356 0.754 0.000
SEX=1 1.684 0.510 0.001 | SEX=1 -0.394 0.138 0.004
Constant | -1.972 0.215 0.000 | CONSTANT | -5.254 0.429 0.000
SS 1.217 0.679 0.073 | REG 11.907 4.102 0.004
AGE=1 2.741 0.378 0.000 | AGE=1 3.959 1.640 0.016
AGE=2 | -0.356 0.073 0.000 | AGE=2 3.832 0.806 0.000
SEX=1 1.696 0.537 0.002 | SEX=1 -0.370 0.151 0.014

Table 4.3.1: Estimates f, for the full (top) and reduced (bottom) data set.

Figure 4.3.3 presents the boxplots of the domain standardized residuals of models
fitted to the full (left) and to the reduced (right) data set. The four dots outside the
interval (-3,3) correspond to the men and women counts in marked counties (A Coruna
and Vigo). The remaining model-based statistical analysis is carried out for the reduced
data set.

Figure 4.3.4 plots the domain standardized residuals of employment (left) and un-
employment (right) categories versus the proportions of people registered in the social
security system (SS) and registered as unemployed (REG). The residuals are randomly
distributed above and below zero and no rare pattern is observed. Therefore no diagnostics
problems are found for the two main explanatory variables: SS and REG.

4.3.3 Model diagnostics
Figure 4.3.5 plots the domain residuals

Yar — Ya
Yar
versus the predicted sample totals of employed and unemployed people. We observe that
the relative difference of the predicted values (g4 = ngpar) with respect to the observed
ones (yq) is below 2% in the case of employed people and below 4% in the case of

unemployed people.

Figure 4.3.6 plots the direct (V") versus the model-based estimates (N%"pg) of the
totals of employed and unemployed people. We observe that both type of estimates be-
have quite similarly for employed people. This is because there are enough observations
for these estimates. However, their behavior presents slightly greater differences for un-
employed people, which are due to the lower number of observations. We also observe
that the model-based estimates are in general smother than the direct ones.

Tdk = N le,...,96, ]{3:1,2,
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Residuals Residuals (without outliers)

Employed Unemployed Employed Unemployed

Figure 4.3.3: Boxplots of standardized residuals of models fitted to the full (left) and
reduced (right) data set.
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Figure 4.3.4: Domain standardized residuals of employment (left) and unemployment
(right) categories versus proportions of people registered in the social security system
(SS) and registered as unemployed (REG).

4.3.4 Small area estimates and RMSE

Figures 4.3.7 and 4.3.8 plot the estimated employment totals and unemployment rates
respectively for men (left) and women (right), with the counties sorted by sample size.
We observe that both estimates (direct and model-based) tend to be closer as soon as the
sample size increases.

Tables 4.3.2 and 4.3.3 present some condensed numerical results for men and women
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Figure 4.3.5: Domain residuals versus predicted values of employed people (left) and
unemployed people (right).
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Figure 4.3.6: Direct versus model-based estimates of the total of employed people (left)
and unemployed people (right).

respectively. The tables has been constructed in two steps. We sort the domains by
province and after that, in each province, we sort the domains by sample size, starting
by the domain with smallest sample size. We present the results of the direct and the
model-based estimates (labeled by “dir” and “mod” respectively) and the corresponding
RMSE estimates for five domains in each province. The chosen domains correspond to the
quintiles. The provinces are labeled by p and the sample sizes by n. Table 4.3.2 and 4.3.3
are partitioned in three vertical sections dealing with the estimation of totals of employed
and unemployed people and with unemployment rates. The RMSEs of the model-based
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Employed men (thousands) Employed women (thousands)

—_— Direct —_— Direct

8 21 40 70 123 10 22 42 75 129
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Figure 4.3.7: Men (left) and women (right) employment totals.

Unemployment rate — Men Unemployment rate — Women
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8 21 40 70 123 10 22 42 75 129
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Figure 4.3.8: Men (left) and women (right) unemployment rates.

estimators are calculated by using the parametric bootstrap method 1 (mse*!). The
RMSES of the corresponding direct estimates are estimated by using (4.3.2) and they are
much greater than their counterparts. By observing the columns of RMSEs we conclude
that model-based estimators are preferred to the direct estimates.

In domains d with ng = 0, direct estimates cannot be calculated. In those cases,
model-based estimates are calculated by using the synthetic part of the linear predictor,

ie. ﬁ;%nth = mdkék. Tables 4.3.2 and 4.3.3 present blank spaces in domains where 34, =
0k=1,2
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Employed people Unemployed people Unemployment rates

estimate rmse estimate rmse estimate rmse

n dir mod dir mod dir mod dir mod dir mod dir mod

13 2383 2259 242 17.0| 223 354 1003 432 | 86 13.5 239.0 38.6
21 4246 3836 18.0 16.2 | 634 598 68.1 423 |13.0 13.5 108.6 41.3
27 3676 3771 208 156 | 256 324 985 314 | 65 79 281.1 322
79 | 13998 13687 9.9 8.7 | 1233 1321 488 206 | 8.1 8.8 104.6 19.6
213 | 34425 31052 6.7 6.4 (2939 3172 315 144 | 79 93 729 144

11 814 764 471 288 48 54.3 5.9 46.2
32 2776 2890 21.3 15.7 101 43.2 3.4 40.5
41 6707 6121 11.8 109 | 697 499 725 323 | 94 7.5 1064 324
70 7525 6901 11.3 105 | 392 474 697 238 | 50 6.4 2059 229
300 | 30266 28235 4.8 4.6 | 1397 1787 31.6 13.7| 44 6.0 994 128

1104 840 43.9 334 44 67.1 5.0 62.7
33 5649 4759 150 16.0 | 327 236 981 374 | 55 4.7 2458 38.1
42 16567 2422 379 176 | 510 476 69.7 314|235 164 971 30.2
70 7852 7304 127 116 | 139 344 1003 268 | 1.7 45 7047 30.0
356 | 35758 32181 4.7 4.4 | 2190 2867 25.1 11.7| 58 82 719 11.6

17 2500 2158 22.6 18.1 | 303 298 963 44.6 | 108 12.1 170.0 42.2
41 7150 6231 114 13.1 | 483 478 693 330 | 6.3 7.1 159.0 299
90 | 12984 12223 9.1 8.2 | 1937 1838 348 19.7 | 13.0 131 54.8 19.6
123 | 17499 16593 8.3 7.5 | 2555 2081 344 185|127 11.1  5H1.7 1738
291 | 35624 32801 5.0 4.6 | 4871 4585 21.7 109 | 12.0 123 33.6 11.1

B bk B R R W W W W WY NN NN R R R
o

Table 4.3.2: Estimated men totals and rates with their estimated RMSE’s.

The Spanish Statistics Institute (INE) publishes LFS estimates of employed and un-
employed totals at province level. In the case of extending these publications to the more
disaggregated levels, Ugarte et al. (2009b) point out that Statistical Offices might be
interested in publishing data with the property that the sum of the estimated totals in all
the domains within a province coincide with the official province total estimate. In order
to fullfil this consistency criterion, we propose a modification of all the considered small
area estimators. Let Y;,d" be the SLFS estimator of the total Y, in province p. Assume

that province p is partitioned in D, domains. Let ?1, e ,}A/Dp be some given estimators
of totals Y1,...,Yp,. In general, the consistency property
DP
Y;? ir Z Y,
d=1
does not hold. In such cases, }Afl, e ,?Dp can be transformed into consistent estimators
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Table 4.3.4 presents the direct and model-based estimators for employed and unem-
ployed people at the province level for men (top) and women (bottom) in the SLFS. Table
4.3.4 also gives the consistency factors A\,. We observe that the deviations from the SLFS
estimation at province level are at most of 10% for employed people. This is something
expected as the amount of people in the category of employed is large. However, the de-
viations from the SLFS estimation at the province level goes up over 20% for unemployed
people in the two provinces with lower sample sizes.

Employed people Unemployed people Unemployment rates
estimate rmse estimate rmse estimate rmse
pl n dir mod dir mod dir mod dir mod | dir mod dir mod
1] 10 964 1300 475 27.2 | 223 263 994 48.2| 188 16.8 171.0 4l1.1
1] 22 2804 2571 25.0 19.8 | 909 638 53.6 40.0| 245 199 644 35.6
1| 48 8653 6954 13.7 15.5 332 30.5 4.6 28.0
1] 90 7435 7810 17.5 12.2 | 1583 1566 43.8 22.0| 17.6 16.7 69.6 22.2
1] 237 | 23884 22243 9.7 7.9 | 5553 4759 24.5 129|189 176 35.1 13.3
2| 18 645 866 52.7 27.7 52 41.5 5.6 39.6
2| 42 2120 1910 274 20.3 69 33.6 3.5 30.5
2| 47 2894 2836 23.2 17.1 136 37.3 4.6 38.1
2| 78 5996 5372 14.7 14.4 | 464 422 69.7 243 | 7.2 7.3 176.7 23.4
2 1350 | 24190 23401 6.4 6.0 | 2851 2797 23.3 11.0 | 10.5 10.7 493 114
31 15 293 693 96.9 32.6 72 51.0 9.4 42.2
3] 41 2661 2466 25.8 23.1| 769 381 558 32.0|224 134 727 30.9
3| 46 1483 1952 41.1 20.2 | 307 462 72.6 28.7|17.1 19.1 166.1 24.7
3179 4967 4941 16.1 11.6 | 181 355 99.1 256 | 3.5 6.7 425.1 24.6
3| 375 | 32114 30875 5.2 5.5 12394 2166 29.6 11.7 | 6.9 6.6 654 12.5
4| 22 2951 3221 22.0 182 | 323 571 96.9 285 | 9.9 151 184.0 274
4 | 47 4033 4379 22.1 16.6 | 1140 854 48.0 29.2 | 22.0 16.3 63.7 26.6
4| 97 | 10445 9754 121 11.9| 893 682 569 27.0| 7.9 6.5 131.1 23.6
41129 | 12524 11414 11.8 10.5 | 2208 2100 34.7 17.7 | 15.0 155 582 17.2
41362 | 31100 30473 6.5 5.7 | 5615 4426 22.2 9.8 153 127 315 9.4

Table 4.3.3: Estimated women totals and rates with their estimated RMSE’s.
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Employed people Unemployed people

Sex Province n dir mod Ap dir mod Ap
Men 1 1503 | 274405 262422 1.05 | 25593 26581 0.96
2 756 | 80538 76662 1.05 | 4142 4801 0.86

3 700 | 72563 69664 1.04 | 4370 5635 0.78

4 1641 | 231585 220953 1.05 | 29228 28493 1.03

Total 4600 | 659091 629701 1.05 | 63333 65510 0.97

Women 1 1700 | 233245 225775 1.03 | 27379 25374 1.08
2 860 | 61575 60658 1.02 | 5896 5560 1.06

3 757 | 58816 59231 0.99 | 4942 4931 1.00

4 1834 | 182339 178435 1.02 | 27442 25808 1.06

Total 5151 | 535975 524100 1.02 | 65658 61674 1.06

Table 4.3.4: Estimated men and women province totals.

Figures 4.3.9 plots the RMSEs for employed and unemployed men under the proposed
multinomial mixed model (Model A), under the two separate independent logit mixed
models (Model B) and under model proposed by Molina et al. (2007) (Model C). The
counties are sorted by sample size. We observe that the Model A estimates are generally
better (lower RMSEs) for unemployed men totals than the corresponding ones based on
the models B and C. This is the case where the direct estimates are the worst. For
employed men totals all the models give good results. This is because there are more
employed than unemployed men and therefore it is easier to obtain estimates with RMSEs
bellow 20%. We also observe that the employment category dominates the unique random
effect in Model C, so that model produce good estimates of employment totals and bad
estimates of unemployment totals. These results are also coherent with the simulation
experiment. As similar conclusion are obtained here for women, we skip the corresponding
figures.

The three candidate models (models A, B and C) can also be compared with the
usual measures for model comparison such as the loglikelihood or the AIC. The resulting
values of these measures are listed in Table 4.3.5. We can see that model A has the best
Loglikelihood and AIC. Therefore we recommend model A.

Model A | Model B | Model C

Loglikelihood -469.4 | -490.35 | -493.65
AIC 962.81 1004.7 1011.3

Table 4.3.5: Measures for model comparison.

The key point when comparing the multinomial models A and C is that model C has
only one common random effect for the two modeled multinomial categories. In the case of
labour data, it is hard to find examples where the categories of employed and unemployed
people could be modeled with the same random effect. As the range of values of totals of
employed and unemployed people and their variabilities are in general quite different, it
is more intuitive to use one random effect for each category.

Further simulations analysis could be done by bootstrapping the sample registers to
create population data files, or by using census data files, and later by carrying out design-
based simulation studies. As can be seen in Salvati et al. (2010), this approach is quite
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Figure 4.3.9: RMSE’s for employed and unemployed men under model A, B and C.

useful when implementing model-based methodologies in official surveys by Statistical
Offices.
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Chapter 5

Multinomial mixed model with
independent time and area effects

Like in the model of Chapter 4 traditional small area estimators borrow strength either
from similar small areas or from the same area across time. Nevertheless some authors
have developed contributions borrowing strength simultaneously across sections and time.
Estimators provided by Ghosh et al. (1996), Datta et al. (1999), Datta et al. (2002) and
You et al. (2001) exploit the two dimensions to produce estimates with good properties
for small areas. It is possible to take advantage from the availability of survey data from
different time periods by introducing in the model independent time effects. This ap-
proach has been implemented in other works that use linear models, see e.g. Pfeffermann
and Burck (1990), Rao and Yu (1994), Saei and Chambers (2003), Ugarte et al. (2009a)
and Esteban et al. (2012).

Unlike the work by Molina et al. (2007), we employ a multinomial model with two
random effects, one associated with the category of employed people and the other as-
sociated with the category of unemployed people. This is due to the different modeling
requirements for each labour category in the Galician data. Indeed, to take advantage
from the availability of survey data from different time periods we propose a multinomial
model with independent time and domain random effects.

This chapter is organized as follows. Section 5.1 introduces the multinomial logit mixed
model with time and domain random effects. Section 5.2 introduces the fitting algorithm.
Section 5.3 develops the proposed model-based estimators and the corresponding MSE
estimation procedures. Section 5.4 presents two simulation experiments. The first sim-
ulation studies the behavior of the estimates of the regression parameters, the variance
components and the target population indicators. The second simulation studies the per-
formance of the three introduced MSE estimation methods. Finally, Section 5.5 applies
the proposed methodology to data from the SLFS in Galicia.
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5.1 The model

In this section we introduce the multinomial mixed model with independent random ef-
fects that will be used on the estimation of domain totals of employed, unemployed and
inactive people and of unemployment rates.

Let us first observe that at the unit level yaw;, & = 1,2,3, are binary 0-1 vari-
ables such that ygiz; + Yaotj + yast; = 1. Therefore an adequate probability distribu-
tion for yu,; = (Ya14j, Yazej) is multi-Bernoulli with unknown probability vector parameter
Paj = (Paj, Pazej); such that pgig; > 0, paarj > 0 and paiy; + paze; < 1. If we assume
that the random vectors y,; are independent and that the corresponding probability
vectors pg; are constant within domain d at time t (i.e. pg; = pg for all j € Py),
then y, = Zj es,, Yarj 18 multinomially distributed with size parameter ng = #(S4) and
probability vector p,. This is because we introduce a multinomial logit mixed model
for estimating the domain totals of employed, unemployed and inactive people and the
unemployment rates. The multinomial models guarantee that the sum of estimated totals
of employed and unemployed people is lower than the total of people. This is a desirable
property that allows estimating the total of inactive people in a coherent way.

Let us start by giving some notation and assumptions for the more general problem
with ¢ categories. Let us use indexesd =1,...,D, k=1,....q—1landt=1,....T
for the D domains, for the ¢ — 1 model categories of the target variable and for the T
time periods, respectively. We recall that there are ¢ = 3 categories in the real data
presented in Section 5.2, i.e. employed, unemployed and inactive people. However, there
are only ¢ — 1 = 2 categories in the multinomial model, i.e. employed and unemployed
people and we considered the third category as the reference. Let wu; g and wuggre be
the random effects associated to category k, domain d and time . We suppose that the

random effects u; 4 = 1§1ng11—1(u1’dk) ~ N(O, 13112(1%1(90%)) and ug g = 1§i§2}1—1<u2’dkt) ~
N(0, diag (wor)),d=1,...,D,t=1,...,T, are independent. We also assume that the
1<k<q—1
response vectors y, = 1<ggl l(ydk.t), conditioned to uy 4 and wus 4, are independent with
<k<g-

multinomial distributions

ydt|u1,d7u2,dt ~ M(thvpdlta e 7pdqt—1)7 d = ]_, e ,D, t = ]_, e ,T, (511)

where the vy4’s are known integer numbers which are equal to ng in the considered real
data case. The covariance matrix of y,, conditioned to w; 4 and wg 4 is var(y | w1 4, w2 a) =

W = valdiag(py) — PaPyl, where py = col (pa) and diag(py,) = diag (pare)-
1<k<g—1 1<k<q—1
For the natural parameters 74, = log gj’“, k=1,...,q— 1, we assume the model
qt

ndkt:mdktﬁk+u17dk+u27dkt, dzl,...,D, k= 1,...,q—1,t:1,...,T, (512)

1 .
where xg; = lgoi’l (Taktr), B = 1<co<ll (Ber) and I = > 7", l,. The mean and the variance
ST Uk

of yare, conditioned to wi g and g, are pigr = VarPare and Ware = VarDart(1 — Pake),
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respectively. The probability of the multinomial category k at the domain d and the time
instant ¢ is

eXp{ﬁdkt} d
14+ 30 exp{nau}’

In matrix notation, the model is

Dkt = =1,....D, k=1,....q—1,t=1,...,T.

Nas :thﬁ—i—ZldtuLd—i—ngtuQ’dt, d= 1,...,D, t = 1,...,T, (513)

where n, =  col (ndkt)y Xy = gg(ll_l(wdkt), B = col (/Bk), Zigyy = Logr = Iq—l

1<k<g—1 1<k< 1<k<q—1
with I, being the (¢—1) % (g—1) unit matrix. If we introduce the additional notation n =

1£28p(Ta)> M =\ E91 (ha) X =, 601 (Xa), Xa = c0b (Xa) wa = (), vz =

col (col (uga)), Z = (Z1,2Z5), u = (u),u), Z, = diag (Z1a), Z1q = 1<Ct0<1:r’<Z1dt)’

1<d<D 1<i<T 1<d<D
Zy, = diag (Z24), Z2a = diag (Zaat), then (5.1.3) can be represented in the matrix form
1<d<D 1<t<T

Alternatively the model (5.1.3) can be expressed as

ndt = th,B + ZLdtul + Zg7dtu2 = th,B + Zdtu, d = 1, Ce ,D, t = 1, Ce ,T, (515)

where u = (uj,u5)’, up = col (uig), uz = col (usp), Zar = (Zvar, Zoar), Zrar =
1<k<g—1 1<k<g—1
. / _ . !/ !/
1§C}€1§§,l(1g%n(5€d)) and Zo g4 = 15{12?,1(1;?31D(12%T(5M55t)))‘ We further assume that
= | ~ N(O 1 d = | | ~ N(O I
Uik 1§C¢10§D(u1’dk) (0,15 p) and wuyy, 1gcf?gD(1gCtOgT(u2’dk)) (0, 2 Ipr) are

independent. In matrix notation (5.1.5) can be expressed as
n:X,@+21U1+ZQU2:X,6+ZU, (516)

where Z, = col ( col (Z,4)), r=1,2, and Z = (Zy,Z,). It should be remembered that

1<d<D ‘1<t<T

(5.1.4) and (5.1.6) are the same model.

5.2 The PQL-REML fitting algorithm

To fit the model we combine the PQL method, described by Breslow and Clayton (1996)
for estimating and predicting the 3,’s, the u;4’s and the uq,’s, with the REML method for
estimating the variance components ¢, and ¢,. The presented method was described in
Section 3.2. It is based on a normal approximation to the joint probability distribution of
the vector (y,u). The combined algorithm was first introduced by Schall (1991) and later
used by Saei and Chambers (2003) and Molina et al. (2007) in applications of generalized
linear mixed models to small area estimation problems. In this chapter, we adapt the
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combined algorithm to the multinomial logit mixed model defined by (5.1.1) and (5.1.2).
The log-likelihood of y conditioned to w is

D T q—1
Pdkt Vat
l y|U) = Yare log — + vy log pggr + log ——————
( ; ; ; U pag t " Yare -+ Yaqr!
D T (g-1 q—1 5
d
= Z Z Z YareNawe — Var log (1 + Z exp{nare}) + log — - e
d=1 t=1 (k=1 1 Ydit- -« Ydgt-

The partial derivatives of

p
ndkt:Zxdktrﬁr+u17dk+uzdkt,d:1,...,D,t:1,...,T,kzl,...,q—l,

r=1

with respect to 3, ui g, and ug gp are

Mk — Mkt 1 Mkt 1
0p, dantr: aul,dk ’ au2,dkt .

The first order partial derivatives of [; are

D q—1 1
[ q )
Sipe = m - Z Z {Z TdktrYdkt — Vit D oppmy Taktr OXP{Nakt } }

1
9B, d=1 t=1 (k=1 L+ %) exp{naw }
D T g—-1
= Z Z Taker (Yare — Hakt),
d=1 t=1 k=1
Oli(ylu) < ol (ylu)
Sturae = Oy an - Z(ydkt — fdkt)s  Sugane = Dy = (Yakt — Hakt)-

’ t=1

The vector expressions of the first order partial derivatives of [; are

O (ylu)
Sip = 13—,3 = Z Z Tt (Yarr — Hawe) = lgol (S1,8.),
d=1 t=1 k=1 =r=p

. oly(yl|u) _
Sl,u1 - (9’11,1 - 1§CC?§1D(1§£2}1_1(SLU1,¢1¢))7
B ol (y|u) _
St = 5= = 5, el (<ol (St )
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The second order partial derivatives of [; are

u Phiyle) 5y L pa)
1L,BkrBrs  — = - VatX dktr X dktsPdkt\1 — Ddkt
wrik aﬂlm‘aﬁks P — " B ’
T
82ll(y|u)
H = Ty = — VarTaktrPakt (1 — Dak
Luy, gk Brr aul,dkaﬁkr ; tL dktr P t( Y% t),
1 (y|u)
H, = " = —VaZaptrPakt(1 — Dat
7U2,dkt5kr auQ,dktaﬁkr T ( ) 9
T
02l (y|u)
H = IO N (1 —
1,u1,dk,u1,dk 3u1,dk3u1,dk tzl dtpdkt( pdkt)
82[1(y|u)
H = —_—m = = 1 J—
1,u2,dkt,u2,dkt audetaudet dtpdkt( pdkt)7
a2l1(y|u)
H p— —_— = = 1 J—
1,u1’dk,u2’dkt aulydkauldkt dtpdk’t( pdk‘t)7
and for the case ki # ko, we have
T
82[1(y|u)
H = a2 an Vat T dky tr Ldky sPdkq tPdk
Lﬁklrﬁkzs 85k1raﬁk23 o ; t 1tr 2sPdktPdkat
82[1(y|u)
H = — 7 = Vgt T
1,u1,dky Brgs au1,dk135k2s ; dtLdkotsPdkitPDdkat
H = —82l1(y|u) = VatXdkotsPdi ktPdk
1,u2 dkt Brys au?,dkltaﬁk‘gs t-LdkotsVdy ktPdkat)
T
6’211(y|u)
H = _— = Y%
1,u1,dk1,u1’dk2 aulydklaul’dk& ; dtpd]ﬂtpdkgt?
a2ll(y|u)
H17U2,dk1tyu2,dk2t = Otz a1 Otizdioyt = VatPdkt, Pdkts
3211(3/"“)
Hl,ulydk1u2’dkt2 aul’d—kl auQ’det = I/dtpdk’ltpdkgt-
The second order partial derivatives of [, are
%l (y|u
L,u1,dq ky581,dg kg 1(y| ) =0, d; 7é d27
O dy ky OUL gy
1 (y|u)
1,u2 dy kyty sU2,dokoty au2,d1k1t1au2,dzk2t2 =0, d; 7£ dy or t; 7é to,
82l1(y|u)

:O, d1 #dg

1u u
1,d1 k1 U2kg,dot aul,dlklaUQ,dgkgt
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The matrix expressions of the second order partial derivatives of [; are

H17ﬁk16k2 = <H17:8k11"ﬁ]€23> r:17---7pk1 ) H17ﬁﬁ = <H17ﬁk1ﬂk2> ki=1,...,9—1 >

s=1,...,Pk, ko=1,...,q—1
HLULdﬁkQ = (Hl,u1,dk15k25> ki=1,...,q—1 H, .z = <H1»ud6k2> d=1,...,D )
s=1,...,pk, ko=1,...,q—1
H17u2,dt6k2 = <H17u2,dk1t5kgs) ki=1,...,q—1 > Hl»“Q,dﬁ = <H17u2,dt/8k2> t=1,...,T )
5217"'7ka ko=1,...,q—1
Hl,uzﬁ = 1<C(§)<1D(H17“2,d5)7 Hl,u1,d1u2,d2t = <H1:u1,d1k1:u2,d2k2t> ki=1,...,q—1 >

ko=1,...,9—1
E— / E—
H17u1,dl U2, do, 12?lT(Hlvul,dlu2,d2t)7 HLUWQ - (Hl,m,dl 7u2,d2> di=1,...
do =

Equivalently, we can write

Hl,ﬁﬁ: <H17Bk1rﬁk28> r=1,...,pk;ki=1,...,9—1 >
S:]-a"'vka;kQZ:L?"'vq*l

HLBUI = (Hlﬁklrul,d@) ki=1,...,q—Lr=1,...,p,
d=1,....,D;ke=1,...,q—1

H175U2 = (Hlﬁklruz,dth) kr=1,...,q—Lir=1,...,px, )
d=1,...,D;ke=1,...,q—1t=1,...,T
H17u1u1 = <H1:u1,d1k1:u1,d2k2> di=1,...,D;k1=1,...,q—1 >

do=1,...,Dka=1,...,q—1

Juu2 T <H17u2,d1k1t17u2,d2k2t2> di=1,...,D;k1=1,...,q—1;ty =1,...,T >
do=1,...,D;ko=1,...,9q—1;ta=1,...,T

H17u1u2 = <Hlau1d1k1,u2,d2k2t> di=1,....,D;ky=1,...,q—1
do=1,...,D;ko=1,...,9—1t=1,...,T
It holds that
-1 T

D
/
H, 3 =— E VarPake (1 — Dat) T gps Tkt
d=1 k=1 t=1

LS

T

H,, 3= col col (— Z VarPare (1 — pdkt)wdkt)):

1<d<D ‘M<k<q— 1

(
H, .,z = 1£§§1D(1<,§2}1 1(1<c;)<1 ( — VarPare (1 — pdkt)wdkt)))-

The log-likelihood of w is
1 1,
= ——u'V
falw) (V2m) D)y 172 P { 2% “} ’
where M = DT'. The log-likelihood of u is

q—1

M
lh(u) = _10g901k+_10g902k+ ZlogT+

k=1 2 d 1 2 o d=1

D
Lujuy | 1 Ug kW2, dk
+ 5 E ,
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where Kk = —w log 2. The first order partial derivatives of Iy are
Sy g = = —— s Soun g, = =—— :
2ok Oy ag P1k 1,k Bz, ane OUg dj D2k H2,dkt

The vector expressions of the partial derivatives of [y are

S5, = col ( col (SQ,uldk))> So.u, = col ( col (col (S2vu2,dkt)))'

1<d<D ‘1<k<g—1 : 1<d<D ‘1<k<qg—1‘1<t<T
The second order partial derivatives of [, are

1 1

HQ,Ul,del,dk - ) HQ,uz dktU2,dkt

)
P1k P2k
H27u1,d1k1u1,d2k2 = 0, H27u2,d1k1t1u2,d2k2t2 =0, ki1 # ky or dy # da.

The matrix expressions of the second order partial derivatives of ly are Hy,, = 0
HQ,U1U1 = <H27u1,d1k1 :ul,d2k1> di=1,...,D;k1=1,...,q—1 >

do=1,...,D;ka=1,...,q—1

cq—Liti=1,...,T >

H2,U2U2 = <H27U2,d1k1t17u2,d2t2k1> di=1,...,D;k1 =1,.
k yeeyq—Lito=1,...,T

, D
d2:17"'7D; 2:1

HQ,U1U2 = <H2:u1,d1k1:u2,d2t2k1) di=1,...,D;k1=1,...,q—1
do=1,...,D;ka=1,...,q—1;to=1,...,T

The log-likelihood of (y,u) is

Wy, u) = Li(ylu) + la(u).
The first order partial derivatives of [ are
D q—
d

T
S = Sip= Z Z Xy (Yake — Mkt ),
t=1

1
=1 k=1 t=

T
1
,S’U1 = 51,u1+52,u1: col col g Ydkt — Hdkt ——Ul,dk)),
t=1

1<d<D 1<k<q 1 D1k
1
S = S S = col col col — - )
up Lug T O2uy 1§d§D(1§k§q—1(1§t§T((ydkt [hdkt) oo 2,dkt)))
The blocks of the Fisher information matrix associated to [ are
/
Fﬁﬁ = _Hlﬁﬁw Fmﬁ = _Hl,mB? Fﬁﬂu = Fu1 B FU27 _Hl,UQ57 FB,U2 = L uy s
Ful,ul = _Hl,ulul - H2,ulu17 Fuz,uz = _HLUqu - H27U2u27FU17U2 = _HLUIUQ’FU%Ul = F;l,uz

We define

_ Sﬁ _ SU1 _ FU1u1 Fuwz _ Fu16 _ v
S_(SU)’SU—<SU2>’Fw_<FU2U1 Fuwz 7FUB_ Fuzﬂ ’Fﬁu_FuB



_( Fss Fpu -1 _ FP8 phu [ Fuw paw
F = ( Fuﬁ Fuu ) ) F = FUB Fuv ; Fuu - Fueu  fruzuz .
It holds that

F? = (Fgs— Fp,F,,Fup)™', F=_FPFp,F,,

F = (F™), F"“=F, +F,FF’FyF_,
F* o = (Fulul - FUI“QF’;;U,QFQQUl)il’ F*"™ = _FUIU1FUIU2F’[:21UQ7
Fu2u1 (

Fu1u2)/, Fu2u2 — F—l + F—l FUQuIFululFuIUQF—l

U2U2 U2U2 u2u2”

The algorithm has two parts: A and B. In the first part the algorithm updates the
values of B, w; and ws. In the second part it updates the variance components. Algo-
rithm A maximizes the joint log-likelihood I(y,u) = {1 (y|u) + [2(w), with known vector
of variances ¢.

Algorithm A.
(A.1) Beginning: Assign the initial values [ = 0, B0 = ginitial and 40 = qginitial

(A.2) Iterationl+1: Ford=1,...,D, k=1,...,q—1,t=1,...,T calculate F(B8" u®)
and S(,B(l), u®) and update BY and u® by using the equation

u®

[ i ] - [ 0 ] + P70, u)S(8Y, ul), (5.2.1)

where S and F are the vector of scores (first order partial derivatives) and the
Fisher information matrix (minus expectation of second order partial derivatives) of
the joint log-likelihood of (y,u).

(A.3) End: Repeat the step (A.2) until convergence of BY and u® and obtain the final
values 3 and u.

Algorithm A maximizes [(y,u) in B and u for fixed values of ¢. To update the values of
the variance components, we assume that 3 and w are known and we adapt the ideas of
Schall (1991) to a multivariate setting. We consider a Taylor expansion of

Ydkt

q—1
Vat — 2521 Ydet

Eakt = gk(ydt) = log

around the point p, = vapy. We obtain
iy = XaB + Zigrqg + ZogUog + €4y, (5.2.2)

where &, = 1<gg(1]71(fdkt), es = W, (y, — pg). By assuming equality in (5.2.2), it holds

that E[¢] = XB and V = var(§) = ZV,Z' + W', Schall (1991) proposed to update
the variance components by maximizing the normal approximation to the distribution
of &, with 8 and w fixed. This proposal assumes the approximation of /1(y) by the
log-likelihood 14 (§) of the cited multivariate normal distribution. The basic idea is thus
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maximizing [(&€,u) instead of I(y,w), where & is assumed to follow model (5.2.2) under
normality. The approximating REML log-likelihood is

1 1 1
lremi (&) = —§(DT(q —1)—1)log2m — élog \KtVK] — §€tP€,

where P=V ' - VIX(X'V'X)'X'V'and K=W - WX(X'WX) ' X'W.

Algorithm B update the variance components. This can be done by applying the
Fisher-Scoring algorithm to the REML log-likelihood. The algorithm is described below.

Algorithm B.
(B.1) Do ¢ = 1. Initiate the values B8, u(® and .

(B.2) Run the Algorithm A by using ¢ as known value of the vector of variances and
BV and w* as initial values. Let B8 and u® be the obtained estimates and

predictors.

(B.3) Ford=1,...,D,t =1,...,T calculate n&? = thﬁ(g) + Zldtuﬁ) + Zthqut and
apply the updating equation

e =+ F()S(1),

where S and F' are the vector of scores and the Fisher information matrix of the
log-likelihood ¢/ (€).

(B.4) Repeat the steps (B.2)-(B.3) until the convergence of B9, u(® and ©®.

The variance components @, r = 1,2, k =1,...,q9— 1, can also be updated by using
the formula

~

~1 1~ ~
urkzu,.k Uy U Uy

@rk = 7. = ;
dlm(urk) — Trk Ap — Tog

A~

_ rml orml
where 3, = Ip, B, = Ipr, Ay = D, Ay = DT, 7o = Z-tr(3, ) Ty) = 5-tr(T o)
and T"7 is the block (k, k) of dimension A, of the matrix

~ —~ ~—1 ~
=T, +T.ZWX(X'V X)'X'WZT,,

where 'AI'T = (Z,WZ + f];rl)*l, f)ur = diag(pla,, - 0rg—114,), V= zf:uz’ +w!
and X, = diag(X,,, X,,). Then, we have an alternative Algorithm B.

Algorithm B (alternative).

(B.1) Do ¢ = 1. Initiate the values B, u(® and (.

(B.2) Run the Algorithm A. by using ¢ as known value of the vector of variance com-
ponents, and BV and uY as initial values. Let B8 and u® be the obtained

estimates and predictors.
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(B.3) Calculate 77[(1? = thﬁ(g) + Zldtugé) + Zthug), d=1,...,D,t=1,...,T. Calculate

©)
[ exXpi7 [4 [ .
p((i,k)t = ( dkt) ))7 pilt) = col (p((,‘lk)t)7 2 O = dlag (” d)a

L+ Zk 1 eXp(ndkt tsksa-t 1=d=D
0, L)y (0

Wd = dlag (th[dlag(pdt)> 2T ]))7 2 g) = dlag(gprl)IAm ce 790rq—lIAr)7

1<¢<T
TY = Zwz,+30H v =7z507 + wO-
7O = TO L TOZWOX(X'VOLX) X' WOZ TT L = (@) e (T

(B.4) Update ¢, using the equations

ey alaly
P = YU 9 k=1 g1
A

B.5) Repeat the steps (B.2)-(B.4) until the convergence of 39, u® (or u®) and ¢,
®

Like in the previous chapter, the difference between this algoritms is that Algorithm B
(alternative) is a fixed-point algorithm and the Algorithm B is an iterative Fisher-Scoring
algorithm.

The above described algorithms requires initial values for 3, u and ¢. A simple
possibility is u(®) = 0 and ﬁ(o) = B, where B is obtained by fitting the non mixed variant
of the model (5.1.1)-(5.1.2) without the random effect w. The non mixed model is also
used for calculating ¢® by means of the formula

T
Bric = Z () fg)?, k=1,...,q—1,r=1,2, (5.2.3)
d=1 t=1
where

Tkt = Brart, nc(li?)—log%, d=1,....D,k=1,...,q—1,t=1,...,T.
dqt

Under regularity conditions the asymptotic distribution of the REML-PQL estimator B
is multivariate normal N(B, F?), where F?? = (¢,,.),—1... ;, is the block sub-matrix of
the Fisher information matrix in the output of Algorithm A. Therefore, an approximate
(1 — «)-level confidence interval for Sy, is

ﬁkriza/QQ’r’ra r= 17'”alk7

where z, is the a-quantile of the normal distribution N (0,1). If we use Bkr to test
Hy : Brr = 0 and we observe the realization [, = 8y, the approximate p-value is

p = 2Pu, (B > |Bol) = 2P(Z > |Bol / \/arr)

where Z follows a standard normal distribution.
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5.3 Model-based small area estimation

Let us consider the population quantity mog = Nagpar, where Ngy = #(Py). In practice
Ny is unknown and it is estimated by combining administrative registers and population
projections models, so we are more rigorously interested in estimating my = Ngpa. In
the case of the SLFS, we use Ny = N%" because the sample weights are calibrated to
population projections by sex and age groups at the province level. We estimate my; by
means of mg = Ngp,,, where

A . R exp{n
Dy = col (pdkt); Pdkt = {ndkt}

Nakt = TareBy, + Ut ar + U2 drt
_ g—1 N P Tdkt k s , )
1sksg—1 1+ Zz:1 exp{ et }

and Bk, Uy, qr, and Ug gre are obtained from the output of the fitting algorithm A. We are
further interested in estimating the domain totals

Yo = > Wamjs d=1,....D, k=1, ,¢=1,t=1. T

JE€EPu

A synthetic model-based estimator of Yy, is det = Myp = thﬁdkt. Estimates of rates
can be obtained by plugging the corresponding estimators of totals.

For deriving an approximation to the mean squared error of Mg, we treat th as a
known constant. Let us write

eXp{Tldkt}
1+ 23;11 exp{naeu }

Mkt = hdkt(ndt) = thpdkt = th

The partial derivatives of hgy; are

Ohgy, . Ohy, <
t = Napart(1 — pagt), ot — NPk, tPdkst, k1 7 ka.
ONakt andkgt

We define

h(m) = (), hga(m)'s har(Ma) = (hare(Mar)s - hagr—1(Mar))',

Ohay s
Hy = < 5 ”) = Nut[diag(py,) — PaPlyl-
ndet kl,kQZ].,...,q*].

A Taylor expansion of hg(),) around 1, yields to

q—1
A gt , . . .
hawt(Mar) — Pare (Mae) = Z 87)[”; (Maee = Naer)s  har(Ma) — har(Mae) = Ha(Tge — Nay)-
=1

In matrix notation, we have

h(n) —h(n) ~ H(n—mn), H= diag ( diag (Ha,;,)).

1<di<D 1<é1<myg,

As my = AH7), with A = col' ( col' (8,044, L,-1)), N can be viewed as a vector
1<di1 <D '1<ti1<mg,

of EBLUPs in the lineal mixed model (5.2.2), we propose applying the methodology of
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Prasad and Rao (1990) to approximate the MSE of 1. For this sake, we first define the
variance matrices

V = ZV,Z + W', W = diag (W,), Wy= diag(Wy),

1<d<D 1<t<T
V. = wvar(u) =diag(V,,,Vy,), Vi, = diag (Vya), Vua= diag (o1x),
1<d<D 1<k<q—1
Vu2 - dlag (Vu2d)7 V’ugd - dlag (Vugdt)u Vuzdt - dla‘g (SOQk)
1<d<D 1<t<T 1<k<qg—1

The MSE is approximated by

MSE(1ar) = Gi(p) + Ga(p) + G3(p),

where

Gi(p) = AHZTZ'H' A,

Go(p) = [AHX —AHZTZ'WX|Q[X'H'A' - X'WZTZ H' A,
2(g—1) 2(¢g—1)

Gs(p) ~ > D cov(¢r, ¢r)AHLM VL™ H A,
ki=1 ko=1

or = o1 if k < q—1, pr = P9 otherwise and

Q=xv'xX)yr=v,-v,zZv1'zv,,

oV
LW = (I - R)W, V!, W’“:%’ R =Z\VaZ\V™, k=1,...,¢-1,
k
(k) -1 oV -1
L® = (I - R)W V!, Wk:%, Ry=V,V™, k=gq...,2(¢—1)
k

The covariance cov(Qx, , Pk, ) is obtained from the inverse of the Fisher information matrix
F' at the output of the algorithm B. The analytic MSE estimator is

mse(mart) = G1(@) + G2(@) + 2G3().

where ¢ is also obtained from algorithm B.

The elements of the formula G,(¢p) = AHZTZ'H'A' are

A = col col' (64,000, 1,-1)), H = dia diag (Ha,,)),
1§d1§D(1§t1§mdl( tt10da, Lg-1)) 1g41§D(1§t1§§Ld1( dit1))
_ -1 _ [ Tu Th _ 1y -1 v
21 L22

T, = V. -V,Z'V'Z,V,, Tyuy=V, -V,Z\V'Z,V,,
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We have T, = diag (Tapa), a,b = 1,2, where

1<d1<D
Ty = diag (pu) — diag (901k)Z/1dV51Z1d diag (p1x),
1<k<q—1 1<k<qg—1 1<k<qg—1
T = — diag (pw)Z,V ;' Z1a diag ( diag (o)),
1<k<g-1 I<t1<mg; 1<k<q—1
Toy = diag ( diag (p9r)) — diag ( diag (wzk))ngV;lZm diag ( diag (pax)).
1<ti1<myg, 1<k<g—1 1<t1<myg, 1<k<qg-1 1<t1<myg, 1<k<qg-1

We calculate this product ZT Z’
ZTZ/ — ZlTuz’l + Z1T12Z/2 + Z2T21Z/1 + Z2T22Z/2 - M11 + M12 + M/12 + M22.

We have My, = diag (M pa, ), where Mg, = Zoa, Tapa, Zyy,, a,b = 1,2. Finally

1<d1<D
Gi(p) = AH[M, + M5+ M\, + M»|H'A' = Gy; + G + Gy + Goo,
where

G = Hy| diag (p1x) — diag (%k)Z/mVElzldl diag ()| Hy,,

1<k<qg-1 1<k<q-1 <k<qg-1
Gy, = —Hy, diag (golk)ledVngld diag ( diag (p2r)) col (0w, Har,),
1<k<q—1 1<t1<mg, 1<k<q—1 1stisma,
Gy = col’ (5tt1Hdt1)[ diag ( diag (o)) — diag ( diag (o)) Z5yV ;' Zoa
I<ti<mg, 1<t1<mg, 1<k<g-1 1<t1<mq, 1<k<g—1

diag ( diag (szk))] <tC21n (Or, H at, )

1<t1<mgq, 1<k<q—1 lstisma,
The expression of Gy(¢p) is
Golp) = [AHX -~ AHZTZWX|Q| X' H'A—X'WZTZ H'A'] = [Ay— Az Q[AL, — Al),
where
Ay = AHX = col' ( col' (64a,01,1,-1)) diag ( diag (Hay,))

1<d1<D 1<t1<ma, 1<d1<D 1<t1<mg,

col ( col (Xdldtl)) = IqAHthdt =H X g,

1<d1<D '1<ti1<mg,

A22 = AHZTZIWX: COl, ( COI/ (5dd15tt1qul-Hd1t1))

1<di1 <D '1<ti1<myg,

dla‘g (M11d1 + M12d1 _I_ M21d1 + M22d1) %Ol ( COI (6dd1 5tt1 Wdlthdldt1)

1<di <D 1<d1<D 1<t <mg,
/
= col (5tt1 Hdt1 )) (Mlld + M12d + Mgld + Mggd) col (Wdthdtl).
1<t1<mgq, 1<t1<mq,

For the calculation of G5(¢), we have

A%
LY = (I-R)W, V™!, W, = Bor” R =Z\V,Z'V™', k=1, ,¢-1
k
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ov
0 k’
Concerning the estimation of the MSE of mg, we can also use the approach of

Gonzéalez-Manteiga et al. (2008a, 2008b) by introducing the following parametric boot-
strap method.

LY = (I - R)W, V!, W, = Ry =V,V k=gq,...,2(q—1)

1. Fit the model (5.1.1)-(5.1.2) and calculate @1y, P9 and Bk, k=1,...,q— 1.

2. Ford=1,...,D,t=1,...,T, generate the random effects uj , ~ N(0, diag (¢11))

1<k<q—1
and uj 4 ~ N(0, diag (par)), and the target variable ¥, ~ M(Var, Djig, - - - Pigr—1)
1<k<q—1
where
exp{ny } ; Y
Pake = : Makt = BTkt + UYL gp + Us ars  Marr = NatDgge-

L+ 3200 exp{g}
3. Ford=1,...,D,k=1,...,q—1,t=1...,T, calculate 9], ©5;, B:,

. exp{ﬁékt} A x X X A &
* * _ * * * _ *
Pakt = 1 s Nawe = BrTare + Uy g + U gres Mapy = NatDgpet -
+ >0 eXP{Udz

4. Repeat B times steps 2-3 and calculate the bootstrap mean square error estimator

B
msedkt Zmdkt mdth, d:]_,,D,k:l,,q_l,t:l,T

We also propose two other estimators. The second bootstrap MSE estimator is based on
the analytic one and follows the ideas of bagging from Breiman (1996). The bootstrap
approximation of MSE (M) is

mse™ (Mar) = Eu[G1(@%) + Ga(@") + 2G3(9")],

with the Monte Carlo approximation

L &) + GNP + 205(5")).

Mm

mse mdkt =
b:1

5.4 Simulation study
In this section we present two simulation experiments. The first experiment is designed

to analyze the behavior of the estimators Bk, D1k, Por and Mgy = thpdkt The second
simulation studies the behavior of the proposed MSE estimators.
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5.4.1 Sample simulation

We take th = 1000 and we consider a multinomial logit mixed model with three model
categories (¢ — 1 = 2). Ford =1,...,D, k = 1,2 and t = 1,...,T, we generate the
explanatory variables

1
Ukt = 3

d—D k t
3

D + = 1 —+ T) , Taie = Ml"‘o—igUdlt? Laot = M2+O—ié§ [pIUd1+ V 1- piUdgt},

where p; = po = 1, 0411 = 1, 05220 = 2 and p, = 0. The random effects are u; g ~

N(0, p1i) with 11 =1, p10 = 2 and ug gie ~ N(0, par) With o1 = 0.25, 99 = 0.5. The
target variable is Yu — (ydlta yd2t)/ ~ M(thapdltapd%)a where

exp{Nant }

» Nakt = Pok + PreTake + Urak + Uz.akt, 5.4.1
1+ exp{naw} + exp{naa } Nake = Bok + BT ane 1,dk 2,dkt ( )

Ddkt =

vg = 100, Bo1 = 1.3, Boe = —1, f11 = —1.6 and B3 = 1. We can write the model (5.4.1)
in the matrix form

i I i1 O 0 U111 U2,111
Tha1 0 0 1z Ui,12 U2,121
Thi2 1 zy2 O 0 U111 U2,112
22 0 0 1 2199 gm U1,12 U2122
. _ : 11 4 1 :
Boa
Np11 I zpin 0 O Bia u1,p1 U2 D11
Np21 0 0 1 zp:n U1, p2 U2 D21
ND12 I zpi2 0 O u1,p1 U2 D12
D22 0 0 1 zpaxw U1, p2 U2 P22
or, more concisely, in the form
M1 X1
YD) X
: = : B+ Ziu + Zyus,
Np1 X1
Npo Xpo
where Z1 = dlag (Z1d>, ZQ = I2D7
1<d<D
1 0 0 L ! Z
Nd1t Tqait 1d1
— , X — , I — c. . R Z — ,
Mt < Nazt ) at ( 0 0 1 gy > 2P td ( VAP )
0 I,

1 0
Ziyw =1, = ( 0 1 ), U NN(07901I2D)7 U2t NN(07802I2)‘
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5.4.2 Simulation experiment 1

The objective of this experiment is to analyze the behavior of the estimators of B, ¢4y,
Por and mgg;. As efficiency measures, we use the relative empirical bias (RBIAS) and the
relative mean squared error (RMSE). The simulation is described below.

1. Repeat I = 1000 times (i = 1,...,1000)
1.1. Ford=1,...,D, k=1,2, t =1,...,T, generate (Yart, Taxt)-
12 Ford=1,....D, k=1,2t=1,..,7,j = 0,1, 7 = 1,2, calculate 32",

Mkt

2. Forj=0,1,k=1,2,r=1,2, (d,t) = (1,1),(D/2,T), (D, T), calculate

1 I
5 1 Al . 1 i
BIAS(Bji) = 7 Z(ﬁj(k) — Bjk), BIAS(@pk) = 7 Z(SO£13 Pk);

i=1 =1

I I
1 1
MSE(Bj) = - Z . MSE($u) = 5 Z
1 1 ) ) 1 I . .
BIASg: = 7 Z(mgk)t - mgzzt% MSEg; = 7 Z(mglzt - mglzlzt)27
i=1 i=1
. BIAS(3; BIAS(p,
RBIAS(Bjx) = W» RBIAS($rk) = %7
J
) MSE(B;1) MSE($
RMSE(SB) = Iﬂ—klj RMSE($ri) = #,
J

! BIAS., VMSEqu

1
MFEAN i = = BIA MSEp, = —————.
T ZZI dkt7 i Skt = |MEANqg|’ RMS B | M E AN gjq|

Table 5.4.1 and Table 5.4.2 present the RMSE-values of the model parameter estimators
for T = 2 time periods and for D = 100 domains respectively. In the first case (T = 2),
as D increases from 50 to 200 we observe a reduction in RMSE of approximately 50%
for the B,’s and around 40% for ¢,, but there is no reduction in ¢,. In the second
case (D = 100), as T increases from 2 to 8, Table 5.4.2 shows that RMSE decreases by
approximately 70% for ¢,, but there is no reduction for ¢,. This simulation suggests that
the proposed multinomial mixed model should be used with more than two time periods.
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D 50 100 200 | D 50 100 200
RMSE(fBy) | 0.61 046 0.33 | RBIAS(fy) | -0.04 0.01 -0.04
RMSE(By) | 0.63 0.47 0.33 | RBIAS(By) | 0.05 0.00 0.05
RMSE(fy) | 062 044 0.32 | RBIAS(By) | 0.05 0.06 0.06
RMSE(fBy) | 0.62 043 0.31 | RBIAS(fy,) | -0.04 -0.05 -0.05
RMSE(¢11) | 024 017 0.12 | RBIAS($y) | -0.05 -0.04 -0.03
RMSE(¢15) | 023 017 0.14 | RBIAS($y2) | -0.07 -0.08 -0.08
RMSE($) | 056 0.60 0.62 | RBIAS($) | -0.54 -0.60 -0.62
RMSE($2) | 051 0.55 0.57 | RBIAS($) | -0.49 -0.54 -0.57
Table 5.4.1: RMSE and RBIAS for T' =
T 2 4 8|T 2 4 8
RMSE(fo) | 043 0.30 0.20 | RBIAS(fo1) | -0.07 -0.05 -0.03
RMSE(fy) | 045 0.31 0.21 | RBIAS(By) | 0.08 -0.06 0.03
RMSE(By) | 042 028 0.21 | RBIAS(By) | 0.09 0.06 0.07
RMSE(B) | 041 028 0.20 | RBIAS(fy) | 0.08 -0.05 -0.05
RMSE($y;) | 016 0.16 0.14 | RBIAS(¢11) | -0.01 -0.01 -0.01
RMSE(¢15) | 018 018 0.16 | RBIAS($12) | -0.1 -0.11 -0.09
RMSE($s) | 060 0.31 0.16 | RBIAS($) | -0.59 -0.31 -0.15
RMSE($2) | 056 0.30 0.17 | RBIAS($) | -0.55 -0.29 -0.16

Table 5.4.2: RMSE and RBIAS for D = 100.

Table 5.4.3 and Table 5.4.4 present the RMSE and RBIAS values of mgy for T = 2
and D = 100 respectively. We observe that all the RMSE values are below 14%, which
indicates a good behavior.

D 50 100 200 D 50 100 200
(d,t) (d,t)

RMSEg, | (1,1) 0.09 0.10 0.10 | RBIASy, | (1,1) -0.0027  0.0001 -0.0044
(D/2,2) | 0.14 0.13 0.12 (D/2,2) | 0.0087 0.0032 -0.0012
(D,2) |014 0.14 0.14 (D,2) |-0.0032 0.0007 0.0076

RMSEg, | (1,1) 0,13 0,13 0,13 | RBIASy, | (1,1) -0.0043  -0.0004  0.0060
(D/2,2) | 0.09 0.10 0.10 (D/2,2) | -0.0187 -0.0050  0.0001
(D,2) |0.08 0.09 0.08 (D,2) | -0.0049 0.0023 -0.0032

Table 5.4.3: RMSEy,; and RBIASy,; for T = 2.
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T 2 4 8 T 2 4 8
(d, ) (d. )

RMSEg; | (1,1) 0.10 0.09 0.08 | RBIASy, | (1,1) 0.001  0.004  0.003
(D/2,T) | 0.14 0.12 0.13 (D/2,T) | -0.002 -0.0003  0.002
(D,T) |0.14 012 0.12 (D,T) |-0.003 -0.0003  0.002

RMSEgp, | (1,1) 0.13 0.12 0.13 | RBIASs, | (1,1) -0.003 -0,004 -0,001
(D/2,T) | 0.09 0.08 0.09 (D/2,T) | 0.001 -0.0005 -0.0004
(D, T) |0.09 0.08 0.09 (D,T) | 0.004 -0.0005 -0.0004

Table 5.4.4: RMSFEy,; and RBIASy,: for D = 100.

5.4.3 Simulation experiment 2

The second simulation experiment is designed to study the behavior of the three mean
square error estimators (analytic and bootstrap). In this case we take D = 50 and T" = 2.
The steps of the simulation are

1. Repeat I =500 times (i =

1,...,

500)

(@)

1.1. Ford=1,...,50, k =1,2, t = 1,2, generate (ydkt,xggt)
1.2. Ford=1,...,D, k=1,2,t=1,2, calculate pfj,zt, mf,,gt, cfo(i), B(i) and
mse((ilgt = gldkt( D)+ g2dkt< D)+ 2gdkt< ).
1.3. Repeat B = 500 times (b=1,...,B)
1.3.1. Ford=1,...,D, k=1,2,t=1,2, generate ul(;b), uQ(le;),
*(ib ib *(ib *(2b
ydi ) = (ylr(lkrt)7y2c(lkt)) ~ M(thpdgt)?pdét))v
where
*(1b)
*(ib exp{ g *(ib ib
pdl(ct) = b) dkt +(ib) dkt 50k +51k dkt+ l(dk) tu 2(dk)t
1+ exp{nyi; } + exp{ngs,
; ~ (b *(17 ~*(1
1.32. Ford =1,...,D, k = 1,2, t = 1,2, calculate c,b*(Zb), B ( ), ﬁdéf), pd,(ctb),

14 Ford=1,...,

~ *(1b)
Mgy

*1(7)

mse ;.4

*2(17)

mse .;

Y

~ *(1b)
dkt

|~
)

& =
i

M=

1

M=

1

dkt

(*ib)
{ai

*(ib
dgct))27
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D, k=1,2,t=1,2, calculate

ib)  ~x(ib *(1b)  ~x(ib)
(@1, &) + Go) (21, g3

~x(ib)  ~x(ib
)+ 20550 (1™, 6™ }




2. Calculate

1 1

By, = 7 Z(mse&,ﬁt — MSEg), B, = 7 Z(msedﬁ) — MSEg.), {=1,2,
i=1 i=1
1¢ - 1 ¢ -
Egy, = 7 Z(mseﬁﬁt — MSEgy)*, Egyy = 7 Z(mseflf;(f) — MSEqgu)?, € =1,2,
i—1 i=1

B*Z /E*Z
RBY, = —%_ REy, = MSI;Z;’ £=012

where the M SFEy,; are taken from the output of the first simulation.

Figure 5.4.1 presents the box-plots of the values of the mse&z}zt,mseﬁg), k=1,2,

¢=1,2,i=1,...,500, in (d,t) = (1,1),(25,2),(50,2). The true MSE is plotted in a
horizontal line. We observe that mse have the largest variability and that the estimators
behaving best are mse*! and mse*?.
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Figure 5.4.1: Boxplots of Simulation 2 for (d,t) = (1, 1), (25, 2), (50, 2).
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5.5 Application to real data

5.5.1 Data description

We are interested in estimating the totals of employed and unemployed people, and the
unemployment rates per sex in the counties of Galicia. We deal with data from the SLF'S
of Galicia from the third quarter of 2009 to the fourth quarter of 2011.

As there are 51 counties in the SLFS of Galicia in this time period, we have D = 102
domains, denoted by Py at time ¢, and they are partitioned in the subsets Py, Pyo and
Py3 of employed, unemployed and inactive people. Our target population parameters are
the totals of employed and unemployed people and the unemployment rate, this is to say

Yaor

Yo = i Ry =——"—,
dkt Z Ydkt; dt Yo+ Yoot

JE€Pakt

k=1,2,

where ygre; = 1 if individual j of domain d at period ¢ is in labour category k and yg; = 0
otherwise.

The SLFS does not produce official estimates at the domain level, but the analogous
direct estimators of the total Yy, the mean Yy, = Y /Nat, the size Ny and the rate Ry
are

. A . y dir
dir __ dir __ dir dir dir __ dir d2t _
det - Z Wats Ydktj Yvdkt - det /th ) th - Z Waty, Rdt - }A/'dir Ydir, k= 1; 27
JESa JESat ait + Yo
(5.5.1)

where Sy is the domain sample at time period ¢ and the wg;’s are the official calibrated
sampling weights. The design-based covariance cov.(Y iy Y ), ki, ky = 1,2, can be
estimated by

~ Ordir Y dir dir dir
cova (Ve Yire,) = Z Watj(Watj — 1) (Yartrj — Ve, ) Yartaj — Yinty ) (5.5.2)

JESat

where the case k; = ky = k denotes estimated variance, i.e. Vi (Yr) = cov,(Ylir ydiry,
The last formulas are obtained from Sérndal et al. (1992), pp. 43, 185 and 391, with
the simplifications war; = 1/Tatj, Tatjarj = Tarj and Tari aej = TariTaj, ¢ # J in the second
order inclusion probabilities. The design-based variance of Eg};" can be approximated by
Taylor linearization, i.e.

ydir)2 o Y2 N
%Vw( it ) F Vo (Vi) -
dir dir\4 dir dir\4
(Y7 +Y5) (Y +Yar)

O dirydir
2Yd1t }/;l2t

(Y7 + YddQZZ)4

~ Ordir o dir
covr(Yary, Yy

VW(RZET) =
In the fourth quarter of 2011 the domain sample sizes lie all in the interval (13,1554),
with median 97. Therefore, the direct estimates in (5.5.1) and (5.5.2) are not reliable and
small area estimation methods are needed.
In this chapter we employ area-level models using auxiliary information from admin-
istrative registers. More concretely, we use as auxiliary variables the domain proportions
of individuals within the categories of the following grouping variables.
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e SEXAGE: Combinations of sex and age groups, with 6 values. SEX is coded 1 for
men and 2 for women and AGE is categorized in 3 groups with codes 1 for 16-24,
2 for 25-54 and 3 for >55. The codes 1,2,...,6 are used for the pairs of sex-age

(1,1),(1,2),...,(2,3).

e STUD: This variable describes the achieved education level, with values 1-3 for the
illiterate and the primary, the secondary and the higher education level respectively.

e REG: This variable indicates if an individual is registered or not as unemployed in
the administrative register of employment claimants.

e SS: This variable indicates if an individual is registered or not in the social security
system.

The last two variables (REG and SS) are the same as those used in the previous chapter.
Table 5.5.1 shows the variability of the proportions of employed and unemployed people
over the SEXAGE and STUD categories in the fourth quarter of 2011. Figure 5.5.1 shows
the scatterplots of the log-rates of employed over inactive people against the proportions
of people in social security system (left) and the log-rates of unemployed over inactive
people against the proportions of people registered as unemployed (right). We observe
that, despite the large variability observed in both plots, the log-rates of the two considered
proportions seem to increase linearly with the proportions of people in the social security
system and registered as unemployed respectively.

SEXAGE STUD
1 2 3 4 5 6 1 2 3
Employed 0.250 0.754 0.214 0.222 0.657 0.143 | 0.158 0.541 0.720
Unemployed | 0.169 0.153 0.026 0.121 0.156 0.018 | 0.055 0.137 0.104
Table 5.5.1: Proportions of employed and unemployed people by SEXAGE and
STUD categories in the fourth quarter of 2011.

Concerning Figure 5.5.1, we would like to say that the linearity of these clouds of dots
can also be measure via the estimated Pearson correlations of variables. They are 0.78
(left) and 0.42 (right) respectively. Further, the corresponding 95% confidence intervals
are (0.78, 0.81) and (0.36,0.47) respectively. Therefore, the proportions of people in the
social security system and registered as unemployed could probably be good covariates
for modeling the two probabilities. Indeed, after fitting the multinomial mixed model,
tests of significance for the regression parameters and diagnosis of residuals confirmed the
explanatory power of the auxiliary variables that were selected for each model.

5.5.2 Model estimation

We consider the multinomial mixed model (5.1.1)-(5.1.2) with ¢ = 3 categories (employed,
unemployed and inactive people) and we choose inactive people as reference (third) cate-
gory. The multinomial size is vg = ng, where ng is the size of the domain sample Sy in
time ¢. The target variable is Y, = (Yais, Yaoe)', where yge is the sample total

Ydkt = Z Ydktj

JESa
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Figure 5.5.1: Proportions of employed (left) and unemployed (right) over inactive people
versus the proportion of people registered as unemployed.

yart; = 1 if individual j is in category k (k = 1,2) and ygu; = 0 otherwise.

The explanatory variables are the domain means of the indicators of the categories of
SEXAGE, REG, SS and STUD. Their values have been taken from the SLFS and from
administrative registers. The model is firstly fitted to the complete data set. An analysis
of residuals is then carried out and six counties are marked as outliers. These six counties
correspond with the counties of A Coruna, Eume, Ferrol, Noia, Pontevedra and Vigo. A
Coruna, Ferrol, Pontevedra and Vigo are four of the most populous cities of Galicia where
the relationships between the auxiliary variables SS and REG with the employment and
unemployment status are typically weaker than in less populated counties. The model is
finally fitted to reduced data set. The sample sizes of A Coruna, Ferrol, Pontevedra and
Vigo are large enough to produce reliable direct estimates, then no model estimates are
given for this counties and direct estimates are used for them. For Eume and Noia we use
the synthetic estimator.

For each category, Table 5.5.1 and 5.5.2 presents the estimates of the regression param-

eters and their standard deviations. It also presents the p-values for testing the hypothesis

o : Brr = 0. The estimates of the model variances and their standard deviations are
presented at the bottom of Tables 5.5.1 and 5.5.2.
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Employed people Unemployed people
Variable Estimate p—value | Variable Estimate p—value
CONSTANT -1.43 0.00 | CONSTANT -3.87 0.00
SEXAGE=1 0.92 0.02 | SEXAGE=1 1.88 0.01
SEXAGE=2 2.05 0.00 | SEXAGE=2 2.35 0.00
SEXAGE=3 0.15 0.38 | SEXAGE=3 -0.48 0.11
SEXAGE=4 0.48 0.28 | SEXAGE=4 1.57 0.07
SEXAGE=5 1.68 0.00 | SEXAGE=5 1.51 0.00
STUD=1 -0.82 0.00 | STUD=1 -0.49 0.12
SS 1.49 0.00 | REG 11.84 0.00
o Estimate Std.Dev. Estimate Std.Dev.
©1 0.031 0.0032 0.086 0.0186
V2 0.013 0.0002 0.104 0.011

Table 5.5.2: Model parameter estimates for the full data set.

Employed people Unemployed people
Variable Estimate p—value | Variable Estimate p—value
CONSTANT -1.48 0.00 | CONSTANT -3.84 0.00
SEXAGE=1 0.93 0.02 | SEXAGE=1 1.83 0.02
SEXAGE=2 2.04 0.00 | SEXAGE=2 2.33 0.00
SEXAGE=3 0.20 0.26 | SEXAGE=3 -0.51 0.10
SEXAGE=4 0.79 0.08 | SEXAGE=4 1.53 0.10
SEXAGE=5 1.69 0.00 | SEXAGE=5 1.46 0.01
STUD=1 -0.82 0.00 | STUD=1 -0.50 0.14
SS 1.59 0.00 | REG 11.84 0.00
o Estimate Std.Dev. Estimate Std.Dev.
©1 0.033 0.0055 0.091 0.017
o 0.014 0.0021 0.108 0.012

Table 5.5.2: Model parameter estimates for the reduced data set.

Figure 5.5.2 plots the domain standardized residuals of models fitted to the full (left)
and reduced (right) data set. The dots outside the interval (-3,3) correspond to the men
and women counts in marked counties (A Coruna, Eume, Ferrol, Noia, Pontevedra and
Vigo). The remaining model-based statistical analysis is carried out for the reduced data

set.

Figure 5.5.3 plots the domain standardized residuals of employment (left) and un-
employment (right) categories versus the proportions of people registered in the social
security system (SS) and registered as unemployed (REG). The residuals are randomly
distributed above and below zero and no rare pattern is observed. Therefore no diagnostics

problems are found for the two main explanatory variables: SS and REG.
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Figure 5.5.2: Boxplots of standardized residuals of models fitted to the full (left) and
reduced (right) data set.
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Figure 5.5.3: Domain standardized residuals of employment (left) and unemployment
(right) categories versus proportions of people registered in the social security system
(SS) and registered as unemployed (REG).

5.5.3 Model diagnostics

For carrying out the diagnosis of the model, we calculate the predicted sample totals
Yakt = NatPare and the domain residuals

g = QLT YA g 102, k=12, t=1,....4
Ydkt
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Figure 5.5.4 plots the domain residuals versus the predicted sample totals of employed and
unemployed people. We observe that the model residuals are symmetrically situated above
and below zero, so there is no prediction bias. Further, the variability of the residuals
decreases as predicted employed or unemployed sample totals increase. This pattern is
due to the fact that domains with greater amount of employed and unemployed people
also have greater sample sizes. We also observe that there are no high residuals in absolute
value or any other unusual pattern. Therefore, the fitted model seems to properly describe
the data.

T T T T T
0 200 400 600 0 50 100 150

Predicted employed people Predicted unemployed people

Figure 5.5.4: Domain residuals versus predicted sample totals

Figure 5.5.5 plots the direct estimates (Y#r) versus the model-based estimates (g =
Nagpart) of the population totals of employed and unemployed people (in a logarithmic
scale). We observe that both type of estimates behave quite similarly for employed people.
This is because the population of employed people is quite large and there are plenty of
sampled observations within this category. However, the direct and model-based estimates
behave slightly different for unemployed people, which is due to the lower number of
sampled observations within the category. We also observe that the model-based estimates
are lower than the direct ones for large values of the direct estimates. This is a typical
and desirable smoothing effect of model-based estimators.

5.5.4 Small area estimates and RMSE

Figures 5.5.6 and 5.5.7 plot the estimated women employment totals and women unem-
ployment rates respectively for all quarters of 2011, with the counties sorted by sample
size. We observe that the direct and the model-based estimators tend to be closer as soon
as the sample size increases. The same pattern is observe in the case of men. For the sake
of brevity we skip the corresponding figures.

Figures 5.5.8 and 5.5.9 plot the parametric bootstrap estimates (based on mse*!)
of the relative mean squared errors (RMSE) of the model-based estimators of totals of
employed women and of women unemployment rates. The RMSEs of the corresponding
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Figure 5.5.5: Direct versus model-based estimates.
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Figure 5.5.6: Direct (o) and model-based (x) estimates of totals of employed women in

each quarter of 2011.

direct estimates are much higher than their model-based counterparts. This is the reason
why they have not been plotted in Figure 5.5.9.

Tables 5.5.3 and 5.5.4 present some condensed numerical results for men and women
respectively and for the fourth quarter of 2011. The tables has been constructed in two
steps. We sort the domains by province and after that, in each province, we sort the do-
mains by sample size, starting by the domain with smallest sample size. We present the
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Figure 5.5.7: Direct (o) and model-based (%) estimates of women unemployment rates in

each quarter of 2011.
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Figure 5.5.8: RMSEs of direct (o) and model-based (x) estimates of women employment

totals in each quarter of 2011.

100



RMSE (%) - Unemployment rate - women - 1/2011 RMSE(%) - Unemployment rate - women - 3/2011

T T T T T T T T T T
15 41 67 109 197 13 40 73 110 203

Sample size Sample size
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Figure 5.5.9: RMSEs of model-based estimates of women unemployment rates in each
quarter of 2011.

results of the direct and the model-based estimates (labeled by n, dir, mod, rep and rey,
respectively) and the corresponding RMSE estimates for five domains in each province.
The chosen domains correspond to the quintiles. The provinces are labeled by p and the
sample sizes by n. Table 5.5.3 and 5.5.4 are partitioned in three vertical sections dealing
with the estimation of totals of employed and unemployed people and with unemployment
rates. The RMSEs of the model-based estimators are calculated by using the parametric
bootstrap method 1 (mse*!). The RMSEs of the corresponding direct estimates are esti-
mated by using (5.5.2) and they are much greater than their counterparts. By observing
the columns of RMSEs we conclude that model-based estimators are preferred to the di-
rect ones. At this point it is good to keep in mind that the Office for National Statistics
(ONS) in the United Kingdom considers that an estimate is publishable in the labour
force statistics, and therefore official, if the coefficient of variation is less than 20% (ONS,
2004).

In domains d with ngy = 0, direct estimates cannot be calculated. In those cases,
model-based estimates are calculated by using the synthetic part of the linear predictor,

ie. ﬁ;ﬁ?th = wdkték. Tables 5.5.3 and 5.5.4 present blank spaces in domains where
ydk:(),k: 1,2.
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Employed people

Unemployed people

Unemployment rates

pl n dir mod rep reps dir mod rep reps dir mod rep reps
1] 21 2638 2151 12.44 11.02 | 155 273 97.82 28.67 | 5.55 1595 201.87 27.81
1] 37 2602 2518 18.18 7.54 | 328 299 6898 27.07 | 11.21 14.32 129.74 25.52
1| 56 3515 3406 16.31  8.00 | 1316 1104 32.56 20.30 | 27.25 12.44 34.83 18.85
1100 | 8994 8746 8.96 6.05| 948 921 43.61 17.61 | 954 9.01 7816 13.22
1] 503 | 48106 45676 3.90 2.86 | 8005 7094 15.30 11.68 | 14.27 3.65 21.03  7.30
2| 12 410 176 40.10 11.21 93 57 95.60 31.24 | 18.62 25.61 146.41 26.72
2| 62 2613 2524 14.78 6.39 | 206 285 69.15 26.30 | 7.32 11.67 174.27 25.96
2179 4315 3962 11.28 6.62 | 623 590 44.38 19.01 | 12.63 10.80 70.06 18.50
21 95 4243 4054 11.06  5.67 | 447 371 50.17 19.59 | 9.54 9.98 96.01 18.74
2| 592 | 28402 27214 391 2.83 | 4661 4444 14.14 897 | 1410 3.49 21.18 8.63
3| 17 394 408 51.03 11.27 | 406 33 50.45 30.19 | 50.73 25.48 31.04 28.59
3| 58 2784 2863 16.55 6.84 | 687 596 45.51 21.33 | 19.80 12.74 56.39 19.51
3| 58 1993 2088 21.43 6.41 | 733 595 39.38 23.94 | 26.90 14.83  44.93 22.62
3| 107 | 4276 4137 13.54 497 | 1705 1551 25.21 19.63 | 28.51 10.74  26.48 19.00
31184 | 6739 6231 9.74 5.30 | 2124 2006 21.46 13.92|23.97 7.67 2511 11.76
4| 47 2593 1188 18.64 7.57 | 572 522 50.66 22.79 | 18.09 17.28 7193 21.67
4| 94 6271 5650 8.84 6.26 | 383 533 5H7.27 17.26 | 5.76 10.45 137.13 18.80
4| 138 | 8114 7767 9.89 4.80 | 2690 2453 21.75 16.95 | 24.90 840 24.44 14.23
41262 | 17193 16390 6.58 4.04 | 5985 5392 14.59 13.03 | 25.82 5.75  15.68 13.38
4 | 413 | 24814 23767 493  3.53 | 65678 5600 14.06 9.94 | 20.95 4.56 16.08 7.65

Table 5.5.3: Estimated totals and rates

Employed people

with their RMSE’s in the fourth quarter of 2011 for men.

Unemployed people

Unemployment rates

pl n dir mod rep reps dir mod rep reps dir mod rep reps
1| 20 1652 1512 23.55 7.05 | 170 113 97.23 3559 | 9.37 20.60 208.55 28.60
1] 32 1859 1957 2286 6.10 | 162 265 97.99 30.45 | 8.04 17.34 241.60 27.03
1] 56 3397 3004 16.97 565 | 691 517 4855 25.41 | 16.92 14.39 71.25 23.57
1179 3277 3051 18.21 5.44 | 1135 1086 36.36 21.09 | 25.72 12.41  41.00 18.44
1149 | 7272 7219 1236 3.78 | 2396 1958 27.05 17.59 | 24.78  9.77  29.87 15.70
2] 13 291 311 50.55 9.59 | 172 123 65.95 33.19 | 37.20 26.66 58.99 25.73
2| 54 1127 1105 25.37 6.41 98 80 98.45 26.72 | 8.03 15.28 267.95 28.61
21 97 3339 3068 14.12 4.09 | 190 277 70.05 23.29 | 540 11.51 234.42 22.60
2 1107 | 4061 3839 11.99 3.91 | 977 687 37.24 24.25| 19.39 10.09 42.52 22.87
2| 643 | 26735 25852 4.24 1.73 | 3936 3533 15.64 12.98 | 12.84 4.10 25.65 12.48
3| 14 644 555 35.94 10.52 45 30.07 27.62 22.46
3| 54 1511 1576 24.87 6.27 | 311 350 72.13 23.33 | 17.09 17.05 101.72 20.31
3] 69 2474 2137 19.46 6.29 | 586 620 43.60 21.69 | 19.17 14.78 67.89 19.98
31108 | 3594 3586 12.42 3.78 | 1054 832 29.80 20.19 | 22.68 10.38 34.85 18.56
31193 | 4616 4818 12.68 3.85 | 1760 1746 22.57 14.92 | 27.61  9.22  25.20 14.18
4| 40 1428 1475 29.24  7.52 | 473 493 55.94 22.51 | 24.90 17.05 68.63 21.68
4 | 115 | 4586 5030 1549 4.05 | 2887 2188 23.22 15.51 | 38.63 11.64 17.74 13.55
4| 144 | 4803 5040 14.76  3.62 | 2968 2420 20.75 15.20 | 38.20 9.70 16.72 14.73
4 | 311 | 14887 14724 7.76  2.60 | 4113 3686 17.61 11.94 | 21.65 6.59  22.97 12.70
41324 | 12342 11984 855 251 | 3139 2943 19.75 11.42 | 20.28 7.03 27.59 10.76

Table 5.5.4: Estimated totals and rates with their RMSE’s in the fourth quarter of 2011 for women.

The Spanish Statistics Institute (INE) publishes LFS estimates of employed and un-

102




employed totals at province level. In the case of extending these publications to the more
disaggregated levels, the Statistical Offices might be interested in publishing data with the
property that the sum of the estimated totals in all the domains within a province coincide
with the official province total estimate. In order to fulfil this consistency criterion, we
propose a modification of all the considered small area estimators for this model. Let Y;,‘f"
be the SLFS estimator of the total Y, of a variable y in the province p and the time period
t. Assume that the province p is partitioned in D, domains, labelled by d = 1,..., D,.
Let }A/;,,lt, . ,ﬁ,ppt be some given estimators of the totals Y, 1;,...,Y}, p,¢ of the variable
y in the domains d = 1,..., D, and the period ¢. In general, the consistency property

DP
?dir _ 5/\'
pt p,dt
d=1

does not hold. In such cases, Y, 1;,...,Y, p ; can be transformed into consistent estimators
) D, ) ? p, P
by
U dir
Y

S ~
Y,dt = )‘pty;?,dtv )‘pt

’ ZdD:p1 Y;o,dt

Table 5.5.5 presents the direct and model-based estimator for employed and unemployed
people at the province level for men (top) and women (bottom) for the fourth quarter of
2011 in the SLFS. In this table we can see also the consistency factors )\,. We observe that
the deviations from the SLFS estimation at province level are at most of 6% for employed
people. However, the deviations from the SLFS estimation are bigger but under 14%.

Employed people Unemployed people

Sex | Province n dir mod A, dir  mod A,
Men 1 2874 | 248516 234541 1.06 | 45969 40280 1.14

2 1541 | 72917 68457 1.07 | 9307 9448 0.99

3 1336 | 59824 57573 1.04 | 13883 12432 1.12

4 2088 | 192842 181464 1.06 | 53477 47165 1.13

Women 1 3258 | 225489 220277 1.02 | 44696 41029 1.09
2 1659 | 63163 60034 1.05 | 9304 8494 1.10

3 1479 | 51726 50497 1.02 | 12418 11847 1.05

4 3427 | 158415 157926 1.00 | 51303 48157 1.07

Table 5.5.5: Estimated men and women province totals for IV /2011.

Figure 5.5.10 maps the estimates of unemployment rates per sex in each county of
Galicia for the fourth quarter of 2011. The colors are more intense in areas with higher
unemployment rates. We observe that the counties of the west coast are those that, in
general terms, have higher unemployment rates. That area is the most dynamic part of
Galicia and the least aged. In that area live the 75% of the Galician population and the
unemployment rates are also high because companies can not absorb as many workers. In
these figures we also observe that the unemployment rates for women are higher than for
men. More than half of the Galician counties have higher unemployment rates for women
than for men. Even in 14 counties there are more than five points of difference. This leads
us to conclude that we are still far from being close to equality in the labour market.
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Figure 5.5.10: Estimates of women (left) and man (right) unemployment rates in Galician
counties in the last quarter of 2011.

We further investigate if there are improvements in the estimates due to the inclusion
of all the quarters in the model. Figure 5.5.11 compares the RMSEs of the unemployment
rate estimates for the fourth quarter of 2011 based on the proposed model (Model A, de-
fined by (5.1.1)-(5.1.2), using the samples of the ten time periods) with the corresponding
ones based on the model that only uses the last time period (Model B). As the RMSEs are
lower for the Model A, we conclude that it is worthwhile to use the past data to improve
the estimates for the fourth quarter of 2011.

Another way of measuring the benefits of using Model A is to check the stability of the
estimates along the ten time periods. For this sake we also consider a multinomial mixed
model using data from only one time period, and we apply this model to the ten considered
quarters (Model B) in the small domains. Figure 5.5.12 plots the women unemployment
rates for six selected counties under the Model B and under the Model A. For this purpose,
we select the domains that divide the sample size distribution below its median into six
equal parts. In the considered counties, especially those with smaller sample size, we
observe that the results of Model A are much more stable than the results of the ten
separate models for each quarter. Stability is a property highly valued by the Statistical
Offices when publishing the survey results. For Statistical Offices it is hard to justify that
there are more than three points (in %) of difference between the unemployment rates of
two consecutive quarters in a given county. Therefore, stability is an important property
in public statistics.
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Figure 5.5.11: RMSEs of unemployment rates for models A and B in the fourth quarter

of 2011
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Figure 5.5.12: Women unemployment rates for models A and B and for all the periods
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Chapter 6

Multinomial logit mixed model with
correlated time and area effects

This chapter introduces a multinomial logit mixed model with correlated time and area
effects. Like in the model of Chapter 5 we employ a multinomial model with two random
effects, one associated with the category of employed people and the other associated with
the category of unemployed people. This is due to the different modeling requirements
for each labour category in the Galician data. Indeed, to take advantage from the avail-
ability of survey data from different time periods we propose a multinomial model with
correlated time and domain random effects.

The chapter is organized as follows. Section 6.1 introduces the multinomial logit mixed
model with correlated time and domain random effects. Section 6.2 develops the proposed
model-based estimators and the corresponding MSE estimation procedures and Section
6.3 presents two simulation experiments. The first simulation studies the behavior of the
estimates of the regression parameters, the variance components and the target population
indicators. The second simulation studies the performance of the two introduced MSE
estimation methods. Finally, Section 6.4 applies the proposed methodology to data from
the LFS in Galicia.

6.1 The model

The multinomial models guarantee that the sum of estimated totals of employed and
unemployed people is lower than the total of people. This is because we introduce a
multinomial logit mixed model for estimating the domain totals of employed, unemployed
and inactive people in a coherent way.

Like in the previous chapter, let us use indexes d = 1,...,D, k =1,...,¢q — 1 and
t = 1,...,T for the D domains, for the T time periods and for the categories of the
target variable respectively. In the real data there are ¢ = 3 categories, i.e. employed,
unemployed and inactive people. However, there are only ¢ — 1 = 2 categories in the
multinomial model, i.e. employed and unemployed people. We take inactive people as
the reference. Let g g and ug gr¢ be the random effects associated to category k, domain
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d and time t. In vector notation, the random effects

= ISCC?SID(ul’d)’ ul’d:1§1§g¢l]—1(ul’dk)’
Uz = ISC%D(U2,d)7 Ugq = lggg(lz_l(uldk)a U g = 1§?§1T(U2,dkt)-

We suppose that

1. u; and uy are independent,

2. u; ~ N(0,V,,), where V,, = diag ( diag (o)), k=1,...,q— 1.

1<d<D 1<k<g—1

3. ugar ~ N, Vi, ,),d=1,...,D, k=1,...,q—1, are independent with covariance
matrix AR(1); ie, Vi, ,, = @or§2a(¢r) and

1 b ... ¢LE el
Ll o
1 B ¢k T—2 .
A
—1 -2
ot el e 1)

It holds that V', = var(u) = diag(V'y,, Vu,), where V', = var(u,) = diag ( diag (Vu,,,))-

1<d<D 1<k<qg—-1

We also assume that the response vectors y, = 1<}(€3(<)1 l(ydkt)’ conditioned to uw; and wuo,
<k<q—
are independent with multinomial distributions
’ydt’u,hful2 ~ M(th,pdlt, e ;pdqt—l); d= 1, RN ,_D, t = 1, ce ,T. (611)

where the vy4’s are known integer numbers which are equal to ng in the considered real
data case. The covariance matrix of y,, conditioned to w; 4 and wg 4 is var(y | w1 4, w2 4) =

Wa = valdiag(py) — PPyl where pgy, = _col  (paw) and diag(py) = diag (paxe)-
1<k<g—1 1<k<q—1
For the natural parameters 74, = log %, k=1,...,q— 1, we assume the model
qt

ndkt:wdkt6k+ul,dk+u2,dkta d:1>"'7D7 k:L"'7q_1a tzL"'aTa (612)

_ / _ _ q—1
where Ty = g?glpr(xdktrL Br= S(;Oglpk(ﬁkr) and p =) 1~ Pk

In matrix notation, the model is
n=XB+ Zu + Zouy = X3+ Zu,
where Z = (Z,Z,), n = col (n,), X = col (X,), Z, = diag (Z14), Z> =

1<d<D 1<d<D 1<d<D
dlag (ZQd)7
1<d<D
M= GG (), Xa= dive (co), (%))
Zy = diag (1p), Zyg= diag( diag (1)) = Irg-1), 1p = col (1).
1<k<g—1 1<t<T 1<k<g—1 1<t<T
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Alternatively the model (6.1.2) can be expressed as

Ny = XaB+ Zigu +Zogus = XgB+Zgyu, d=1,...,D,t=1,...,T, (6.1.3)

where u = (uj,u}), up = col (uyy), up = col (ugy), the uyy = col (uggp) ~
1<k<g—1 1<k<g—1 1<d<D
N(0,¢1,Ip) and the us g0 ~ N(O, Vu2 a) where Vo, = 0uQa(dr), Zar = (Zr,at, Loar),
Z = i | Z = | | 1 i i
1 dt 1525—1(15?_ (5&1)) 9.dt 1<c}€1<abqg 1(12?<D(12?< (0¢a0s¢))). In matrix notation

(6.1.3) can be expressed as
n=XB+Ziu + Ly = XB + Zu, (6.1.4)

where Z, = col ( col (Z,4)), r = 1,2, and Z = (Z1,Z,). (6.1.2) and (6.1.4) are the

1<d<D 1<t<T
same model. The difference is only in the management of vector elements u (or u) of
random effects.

6.2 The PQL-REML fitting algorithm

To fit the model we combine the PQL method, described by Breslow and Clayton (1996)
for estimating and predicting the 3,’s, the ui4’s,the uqs’s and the ¢’s, with the REML
method for estimating the variance components ¢;, ¢, and ¢. The presented method
was described in Section 3.2. It is based on a normal approximation to the joint proba-
bility distribution of the vector (y,w). The combined algorithm was first introduced by
Schall (1991) and later used by Saei and Chambers (2003) and Molina et al. (2007) in
applications of generalized linear mixed models to small area estimation problems. In this
chapter, we adapt the combined algorithm to the multinomial logit mixed model defined
by (6.1.1) and (6.1.2). The loglikelihood of y conditioned to w is

D T q—1
Vat
Lhiylu) = Yare 108 P 4 1 10g pagy + log —— 2
1(ylu) ZZ{Z 1108 g+ ValO8 P+ o8 L
D T (g-1 g1 5
d
= Z Z Z YareNare — varlog (1 + Z exp{nare}) + log % :
d=1 t=1 k=1 ydlt' e ydqt-
The partial derivatives of
Pk
Ndkt = Zidktrﬁkr+u1dk+u2dkt7 d=1,....D,t=1,.... T, k=1,...,q—1,
r=1
with respect to By, U1 qr and ug gpe are
andkt andkt andkt

= Taptr, - =1, =
aﬁkr aul,dk au2,dkt
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The first order partial derivatives of [; are

ol (y|u)
S]-kar = aﬂk
d=1 t=1
g B ol (y|u)
hde Ou ag,

T
= g (ydkt - ,udkt>’ Slu“Q,dkt =
t=1

¥y

d=1 t=1

{fdktrydkt -

VatZ ditr eXp{ﬂdkt}
1+ Zg;i exp{ et }

Z Z Taktr (Yakt — [kt

Ol (ylu)

= (?Jdkt
Oug dg

The vector expressions of the first order partial derivatives of [; are

- Mdkt)a

D T
St = 1§lg(§)¢11—1(1§0§1pk(81”8”) B 1<1§2¢£ 1 <thzlwdkt Ydkt — #dkt)) )
S ISCc?SlD(lSlggcl;—l(Sl’ul’dk))’ St = 1<C(?<1D(1<Iggtlz 1(1£?<1T<Sl uzare)))-

The second order partial derivatives of [, are

Hlvﬁkrﬂks

Hlﬂh,dkﬁkr
H17u2,dkt/8kr
HLul,dkul,dk

H17u2,dktu2,dkt

Hl,u1,dku2,dkt

02l1(yIU)

82l1(y|u)

ale y|u D T
m - Z ; thxdktrxdktspdkt(l - pdkt),
0l (y|u T
W == Z VarTarerPakt(1 — Part),

0l (y|u
W = —VarZakerPart (1 — Pakt),

0%l (y|u)

T
NI 1—
aul,dk 8ul,dk ; thpdkt( pdkt)7

3 5 = —VaPait(1 — Part),
U2, dkt OU2 dkt

= —VatPakt(1 — Dakt)-
Ou qi 02, dit ( )

For the case ki # ks, we have that

Hl?/Ble‘/BkQS

Hlaul,dkl /31625

H17u2,dk1 tlBk2S

82l1 y”u, D T

aﬂklraﬁkzs dz: ; VatLdkytr¥dkysPdkytPdkot
0l (ylu)

m - tzl thxdkzt‘gpdkltpdkgty
0l (ylu)

a5 = VatTdkytsPdk,tPdkst
Ous dkltaﬁkzs

109



and that

2 T
H o li(ylu) ViaeDaissD
101 g = ——E AtPdk, tPdkot
1,dk1 U1,dky aul,dklaul,dkz - 1 ot
2
H o 9%l (y|u) = VaDaintD
1, = ———————— = VqtPdktPdkot
U2,dkqtU2,dkot auQ,dkltaUQdkzt 1 219
2
H Fh(ylu) — VaDaintD
1, T = VatPdktPdkot-
UL,dkq U2,dkot aul,dkl auQ,dkzt 1 2
Finally, for the case d; # ds, we have
Lut,dkq Ut,dgky o P} — Y, 1 7é 25
UL, dy k OUL,ds ko
Pl (y|u)
Hy, = =0,dy #dyorty #t
yU2,dq kit U2,dok , U1 2 1 2
et 2h2t2 8u2,d1k21t18u2,d2k22t2
0l (ylu)
Hlaul,dlkluZdszt = =0, d 7é da.

O dy iy OU2 dokiot

The matrix of the second order partial derivatives of I; are

Hlﬂﬁz (H175k1r5k25> kr=1,...,q—1Lr=1,...,p,
k2:17---7q—1§5:17~-~,17k2

Hl,,Bul = <H1»Bk1rul,dk2> ki=1,...,q—Lir=1,...,pg,
d=1,...,D;ka=1,...,q—1

H1:5U2 = <H1»Bk1ru2,dk2t) ki=1,...,q—Lr=1,...,pk, )
d=1,....,D;ke=1,...,q—Lt=1,...,T

HLulUl = <H17U1,d1k1u1,d2k2) di =1,...
dy=1,...

7'--7q_1 ’

» D;
7D7 7"'7q71

k1=1
ka=1
Juguy T <H17u2,d1k1t1“2,d2k2t2> di=1,....,D;ki=1,...,q—1;t1=1,...,T >

do=1,...,D;ka=1,...,9—1;t2a=1,...,T

H o, = <H17u1,d1k1u2,d2k2t> di=1,...,D;ky=1,...,q—1
do=1,....D;ka=1,...,9—1;t=1,...,T

The likelihood of w is
B 1 1,
folw) = (V2m) M@=V, |1/2 P {_éu Ve u} ’

where M = DT. The loglikelihood of u is

qg—1

D / D ./ -1

D M 1 Uy ULk u Q U2 dk

lo(u) = K— E Bl log p1x + 5 log o, + 3 E log [Qqx| + —1; + E —Z’dk2 d
k=1 d—1 Pk = P2k

M log 2m and wi = col (urar).

where Kk = —
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The first order partial derivatives of [, are

/ -1
Sourax = D o Wk S2usa = ——— ol (000) 2y w2 an-
U7, dk Pik Yok 1<L<T

The vector expressions of the partial derivatives of [, are

S5, = col ( col (SQ,ul,dk))> Sou, = col ( col (col (S2vu2,dkt)))'

1<d<D M<k<q—1 1<d<D M<k<q—1 1<t<T

The second order partial derivatives of [, are

1 vk
— ti1to
H, = ——, H, =—— col (6;,0)07 col (8,,,) = ——22
UL, dk U1, dk @1k7 YU2,dkty U2,dkty Dok 1§E§T( 1 ) dk 1§£§T( 2 ) Dok ’
2,u1,d1 ky UL, doky H27u2,d1k1t1u2,d2k2t2 =0, k1 # ko or di # dy,

= 0, dl,dgzl,...,D, kl,kQIL...,q—l, tzl,...,T,

2,U1,dq kq 1U2,do kot

where /% is the element (t1,t) of the matrix ;.

The matrix expressions of the second order partial derivatives of [, are

7"'7(171;

H27u1u1 = <H27U1,d1klul,d2k2> di=1,...,D;
, D;

k1=1
do=1,... ko=1

H27uw2 = <H27u2,dlk1t1u2,d2k2t2> di=1,...,D;k1=1,...,q—1;t1 =1,..., T
do=1,...,.D;ka=1,...,9— L;ta =1,...,T

H2,u1u2 = <H2,u1,d1klu2,d2k2t) dy=1,...,D;k1=1,...,g—1 =0.
do=1,...,D;ka=1,..., q—1L;t=1, T
The loglikelihood of (y,u) is
y,u) = lL(y|u) + la(u).
The first order partial derivatives of [ are
Sﬁ:‘sl,ﬁa Su1 :Sl,u1 +S2,u17 Sug :Sl,u2+52,ug~
The blocks of the Fisher information matrix associated to [ are
Fﬁﬁ == _Hl,,ﬁﬁa Fulul == _Hl,u1u1 - HZ,u1u17 Fuguz = _Hl,uzuz - H2,’uzu27

Fulﬁ = _Hl,ulﬁa Fﬁu1 = ;175’ Fuzﬁ = _Hl,uzﬁv Fﬁuz = ;267

Fu1u2 - _H17U1U27 Fu2u1 - F;qu?'
We define

_ Sﬁ _ Sul _ Fuwl Fuwz _ Fu1ﬁ _
S—(S“)’Su—<sul>7Fuu_<FU2u1 Fuwz ’FUB_ FU2ﬁ 7Fﬁu_FuB’

Fgs Fjp, o FP8  pbu 1 Fuvr vz
F = ( ) , F = Fuﬁ Fue ) Fuu = Frew  prusu2 :
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It holds that

F% = (Fgs— Fp,F F,p)", F=—-F"FyF,.
F¥ = (F™), F'=F, +F, FsF"FsF,.
F*™ (Fulul - FuluzFljzluszul)il? F*“™ = _meFuluzF;zluz’

Fu2u1 — (Fulu2>,, F’u,guz — F*l + F*l Fugul Fulul FuluQFil

U2U2 U2U2 u2u2 "

The algorithm has two parts. In the first part it updates the values of 3, u; and uy. In
the second part it updates the variance components.

Algorithm A. Let @k, por, 0, Kk =1,...,q¢—1, known. The PQL estimator of 3 and u
are calculated by using the Fisher-scoring algorithm, which is described below.

(A1) Beginning: Assign the initial values 3 = g™l and (0 = yinitial,

(A2) Iterationr+1: Ford=1,....D, k=1,....,q—1,t=1,...,T, calculate

(r)
r r r r T eXpn T T
"7( ) = XIB( ) + Zlug ) + Z2ué )7 ék)t = { dktgi) ) Eik)t - thpgdk)t‘
1+ exp{ng}

Update the values of 87 and w(™ by using the equation
gy B g0 ) G(BE) 4yl

(A3) End: Repeat the step (A.2) until convergence of 8" and u(").

The updated variance components are obtained by applying the Fisher-scoring algorithm
to the REML loglikelihood of n = X 8+ Zu+e, where e ~ N(0, W) and u ~ N(0,V,)
are independent with

V = var(n) =2V, Z +W '=2Z\V, Z,+ Z,V ,Z), + W,

W = Wi(n)=var(ylu) = diag (W), Wa=Way + W,

1<d<D

Wa = diag (diag (thpdk:t>>> W = matrix (diag (_thpdkzltpdkgt))'
1<k<g—1 1<t<T 1<ki,k2<q—1 1<¢<T

The REML loglikelihood is
1 1 1
Lremi(M) = —§(n —p)log 2w — 5 log| K'VK| — 5 n'Pn,

where P=V ' -V IX(X'V'X)'X'V'and K =W - WX(X'WX) ' X'W.
We define

oV oV, . . . |
Vie = 5-—=2 Z\ = diag (Via), Viar = diag (17) diag () diag (17),

D1k 0p1 1<d<D 1<t<qe1  1<t<g-1  1<t<q-1
Vi = diag (dplrly),

1<f<q-1

ov oV, ) )
Vo = =27 2Zy = diag (Vaar), Vaoar = diag (6mQa(0)),

390% &sz 1<d<D 1<¢<q—1

ov oV, . ) :
Vi = —— =12, 27y = diag (Viaar), Var = diag (0mp20Qa(@r)).

oJo Oy, 1<d<D 1<0<q-1
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We also define

alreml 8lreml alreml
- . Sy = . Sy = .
D1k T Dpa 2T gy

The elements of the vector of scores are

1 1
Sak:_itr{Pvak}—i—én/PVakPna a=1,23, k= L...,q—L

We define

OSak,
6901/62

OSak,
8902762

Fogy 1k, = —F [ } y Fakyor, = —F [ a=1,2,3.

} ) {&%kl}

Ok,

The elements of the Fisher information matrix are
1
Fakl,bkg = 5 tl"{PVa]ﬂPkaQ}, a, b = 1, 27 3, k)l, kg = 1, e, q — 1

The Fisher-scoring method use this updating formula

oD — 5O 1 Ffl(a(i))s(a(i))‘

where o¥) is the actual version of vector & = (©11, .-+, P1g_1, P21 - - -, P2g-1> P - - Dg1),
S = col ( col (Su)) is the vector of scores and F = matrlx(Fab) is the Fisher infor-
1<a<3 ' 1<k<q—1 1<a,b<3
mation matrix, with components Fy, = matrix (F ok, ok, )-
1<k ,ka<q-1 ’

The update of the variance components can be done by applying the Fisher-Scoring
algorithm to the REML log-likelihood. The algorithm is described below.

Algorithm B.
(B1) Do ¢ = 1. Initiate the values 8%, u(©® and o

(B2) Run the Algorithm A by using o) as known value of the vector of variance com-
ponents, and BV, w1V as initial values. Let B0 and uw(® be the obtained
estimators and predictors.

(B3) Calculate n'¥) = X8Y + Zlug )+ Z2u2 Apply the updating equation
o =g + F1(aD)S(a™).

(B4) Repeat the steps (B.2)-(B.3) until the convergence of B u® and o

The updated variance components ¢, 7 = 1,2, k =1,...,q — 1, can also be calculated
by applying the formula

A/
—~ kE urk
Ork = 5 r= 17 27
dlm(uTk) — Tk
1.e. . .
'quulk ~ gy, 2, Usy,
<P1k = —A ok = ,
1 — Tk dlm(u%) — Tok
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— diag (Qu(6n)), A1 = D, Ay = DT, 7 = tx(S;1 Tlpy) and

ulk 1<d<D
T is the block (k, k) of dimension A, of the matrix

where ¥, =1Ip, ¥

U2k

=~rml

T T T, ZWX(X'V X) I X'WZ T,

T

with V = 28,2/ + W™, 8, = diag(S.,, Bu,), Tr = (ZWZ.+ 5, )" and

A~

2)u1 = diag(ﬁpllIAla ) 901Q71IA1)7 §u2 = dlag( dlag ((1021Qd(¢1))7 R ngigD((Pqule(¢qfl)))-

1<d<D
The update of ¢, k=1,...,9 — 1, can be calculated by applying the formula
—~ =rml - -
B = — P (tr(T oy, F) + Uy Ftioy,)
= - 2
+ 205, (tr(T%kE) + Uy, By,

1¢>2

The following calculations are useful.

0 1L . . (T—=1)gl?
1 0o - T —2)pl =3
: 1 . . ( ) g 201:Qa(0r)
Qd((bk)_l—qbi : c el T : +1_—¢’2€7
(T —2)¢} 3 o0 1
(T —1)pr 2 1 0
1 _— 0 0
— oy, 1+¢% — g 0 0

Q' (on) = 0 = I7 + ¢ E — ¢ F,
0 o =0 1407 —o
0 e e 0 — Ok
where I is the identity matrix of dimension 7', E is a diagonal matrix with diagonal
elements 0,1,...,1,0, and F' is a matrix with the diagonal elements immediately above

and below the main diagonal equal to -1 and the rest of elements equal to 0.

Algorithm B (alternative).
(B.1) Do ¢ = 1. Initiate the values B8, u(® and o™

(B.2) Run the Algorithm A by using o® as known value of the vector of variance com-
ponents, and ﬁ“*l) and u~Y as initial values. Let ,8(6) and u® be the obtained

estimators and predictors.
(B.3) Calculate nfﬁ) = th,B(Z) + zldtuf) + ngtuge), d=1,...,D,t=1,...,T. Calculate

®)

14 expin ¢ ¢ .
p E”‘?t - ( o) O szt) = _col (pfik)t); WO = diag (W),
1+ Zk 1 €XP(Ngpe) 1sk=q—1 1<d<D
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. . ¢ 0) (o) 1
W, = diag (valdiag(pl)) — pl/py]), B = diag(p{{ L4, ol 11 a,),

1<t<T

Egi) = diag( diag (9021 Qd(ﬁb )) , diag (902q 1Qd(¢ 1))

1<d<D 1<d<D
TO = (Zwz, +x0OH"1 v = z507 L w1
Tl — TOLTOZWOX(XVOLX) X WOZTO, 780 = (o) e (20T,

r ro Tre = Upk rkk

(B.4) Update ¢, and ¢y, using the equations

al)s 10g0)

@%jl) = %(z)rkv 7’:1,2,]{?:1,...,(]—1,
r Trk
0 B (T ) + @) Fay)
¢kﬁ = - 2 rml(@) 2 y k:17,q—1

¢ ¢
—ny "‘290%( )< tr(Top, E)+ gk)/EU’Qk)

1=¢3

(B.5) Repeat the steps (B.2)-(B.4) until the convergence of 3, u® (o u®) y o®.

Like in chapter 4 and 5 the difference between this algorithm and the previous is that th
last is a fixed-point algorithm and the previous is an iterative Fisher-Scoring algorithm.

The above described algorithms requires initial values of 3, uy, us and o. We suggest
employing some easy-to-calculate estimates. More concretely, we use ug) = ugo) =0,
$1=...= ¢g—1 = 0 and B = 3, where B is obtained by fitting the non mixed variant
of the model without the random effects w; and uy. The non mixed model is also used
for calculating ., by means of the formula

D T
1 (dir) ~
e = 55y 0 DGR~ k=log-Lr=12 (621

d=1 t=1

where

~ 2 ir dk
ndktzﬁkxdkta nc(lit)_log%? d=1,....,.D,k=1,...,¢q-1t=1,....T.
dqt

We also propose using as initial values for ¢, ... ,¢,—1 a consistent moment estimator
proposed in Rao and Yu (1994) that is given by

21‘11 Zfﬂ 5dt(5d,t+1 - 5d,t+2)
Zi’il ZtT;f 5dt(5d,t - 5d,t+1) ’

b = k=1,...,q—1,

where
O — ~(dir) -~
dt = Mgy Ndt -
Under regularity conditions the asymptotic distribution of the REML-PQL estimators ,[9
is multivariate normal N (3, F*?), where F*® = (g.),— 1.1, is the block sub-matrix of

Uk
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the Fisher information matrix in the output of Algorithm A. Therefore, an approximate
(1 — «)-level confidence interval for Sy, is

ﬁkriza/QQ’r’ra r= 17'”alk7

where z, is the a-quantile of the normal distribution N (0,1). If we use Bkr to test
Hy : Brr = 0 and we observe the realization [, = 8y, the approximate p-value is

p = 2Pu, (B > |6o]) = 2P(Z > |Bol / \/arr)

where Z follows a standard normal distribution..

6.3 Model-based small area estimation

Let us consider the population quantity mog = Ngpa, where Ny = #(Py). In practice
Ng is unknown and it is estimated by combining administrative registers and population
projections models, so we are more rigorously interested in estimating my, = thpdt. In
the case of the SLFS, we use Ny = N;;ﬁ because the sample weights are calibrated to
population projections by sex and age groups at the province level. We estimate mg by
means of mg = thj)dt, where

. . R expin
Dy = col (pdkt)a Pkt = {ndkt}

Nakt = TartBr + Ui.ar + U ake
B =1 - y o TNdkt k ; ARt
1<k<q—1 L+ >0 exp{fau }

and Bk, Uy1,4 and g 4. are obtained from the output of the fitting algorithm.
For deriving an approximation to the mean squared error of mgy;, we treat Ny as a
know constant. Let us write

eXP{ﬁdkt}
1+ 23;11 exp{ e }

Mkt = Pkt (M) = Nagbare = Nat

The partial derivatives of hg; are

Oha
Okt

= VatDakt(1 — Pakt), an nk — —VatPdi kDdtok, k1 7 ko.
dtok

We define

pw = h(n)= col (col (" col (ha))),

1<d<D 1<t<T 1<k<g—1

H = W= W(n) = dlag (Wd>, Wd = Wd1 + de,
1<d<D

Wd1 = diag (diag (%ltpdkt)), WdQ = matrix (diag (_thpdkltpdkzgt))'
1<k<q—1 1<t<T 1<k1,k2<q—1 1<t<T

In matrix notation, we have



Let o0 = (@117 ey P1g—1,P215 - - -5 P91, (bl, Ce 7¢q—1) = dlag (8k> the vector of vari-
1<k<3(g—1)

ance components. As mg; = Agm, where Ay = col' ( diag ( col' (8y,044,))), 71 can
1<d1<D 1<k<qg—1 1<, <T

be viewed as a vector of EBLUPs in the lineal mixed model (6.1.2), we propose applying
the methodology of Prasad and Rao (1990) to approximate the MSE of mg4;. Then the
MSE of my; is approximated by

MSE(’I’;’Ldkt) = gldt<0') + g2dt(0') + g3dt(a)7
where

Grlo) = AyHZTZ H' A,

Goat(o) = [AuHX — AyHZTZWX|QX'H'A,, - X'WZTZ' H'A))),
3(g—1) 3(¢—1) o

Gsar(0) =~ Z Z cov(Og,, Or,) A HL™V L*2 H' A/,

ki=1 ko=1

The covariance cov(ékl, ékz) is obtained from the inverse of the Fisher information matrix
F' at the output of the algorithm B.

V = van)=2v,Z+W' T=V,-V,ZV'ZV, Q= (XV'IX)!

vV
L(k) — (I — Rl)VlkV_l, Vlk - 8890 9 Rl - Zlvulzllv_la k = 17 e ,C] - 17
1k
(®) -1 v =
L = (I—RQ)VQkV s VZk:a(,Ok’ RQZVuQV 5 k’:(],...,2<(]—1),
2
(®) -1 oV -1
L = (I-Ry)VyV ! Vg,c:%, Ry=V,V, k=2¢-1,...,3(¢—1).
k

The estimator of the MSE is

mse(Mar) = Giar(0) + Goar(67) + 2G3a (o).
The elements of the formula G4(0) = Ay HZTZ H' A, are
Ay = col' ( diag ( col' (04,0a4,))), H =W,

1<d,<D 1<k<qg—1 1<, <T
Tll T12
T21 T22

T, = V., -V,ZV''Z,V,, Tyuy=V, -V, ,Z\V'Z,V,,.

T = VU o VUZ,V_IZVU = ( ) ) T12 = _VU1Z/1V_1Z2Vu2 = T,217

We have that T, = diag (Topa), a,b = 1,2, where

1<d<D

Tya = diag (o) — diag (o1x)21,V ;' Z1g diag (o),
1<k<qg—1 1<k<g—1 1<k<g—1

T = — diag (Solk)lechjlzld diag (Vuz,dk)>
1<k<g—-1 1<k<g—-1

Toy = diag (Vu2,dk)_ diag (Vuz,dk)zédvglzw diag (Vuz,dk)7
1<k<qg—1 1<k<g—1 1<k<g—1
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We calculate this product ZT Z'
ZTZ/ = Z1T11Z/1 + ZlT12Z/2 -+ Z2T21Z/1 —+ ZQTQQZ/Z = M11 —+ M12 —+ M/12 + M22.
We have Mab = dlag (Mabdl)a where Mabd1 = Zaleabdl ngl, a, b=1,2

1<d1<D

My, = diag (pul71;) — diag (gplle)Z'ldV;lZM diag (p1x17),
1<k<g—1 1<k<g—1 1<k<g—1

My = diag (owlr)Z,,V;'Z,, diag (V)
1<k<g-1 1<k<q—1 ’

Mg = diag (VU2,dk)_ diag (Vuz,dk)Z,QdVJIZQd diag (VU2,dk~)7
1<k<g—1 1<k<g—1 1<k<g—1

Finally
Grat(0) = AgH[M 1 + M5 + M, + My |H' Al = G11 + G2 + Gy + Gao,
where

Gw = AyHM H' A, = col (64a, diag ( col’ (0u,)))

<d1<D 1<k<g—1 1<, <T
diag (WdlMadeWdl) Col (5dd1 diag ( col (5tt1)))
1<d1<D 1<k<g—1 1st1<
= diag ( col (5tt1))WdMaded diag ( col (5“1)).
1<k<q—1 1shis 1<k<g—1 1<t1<

The expression of Gag (o) is
Gour(0) = [AuHX — AyHZTZWX|QX'H'A,, - X'WZTZ H' A,
= [Ay — Ap]Q[AY — A,
where

A21 = AdtHX— dla ( COI ((Sttl))Xda

1<k<q 1 1<t <T

A22 = AdtHZTZ WX = dlag ( CO] (5tt1>)Wd(M11d + M12d + M21d + Mggd)WdXd.

1<k<g—1 1st1<

For the calculation of Gs4 (o) are

v
L™ = (I-R)VyV™, V= 88g0 , Ri=Z\VaZ\V', k=1..q-1,
1k
(k) -1 ov -1
LW = (I-R)Vyu V7 V%:a , Ro=VypV, k=gq...,2(¢-1),
P2k
" . ov .
L® = (I-Ry)Vy3V ! ng_% Ry=V,V, k=2¢-1,...,3(¢—1).
k

The covariance Cov(ékn ékQ) are obtained from the inverse of the Fisher information ma-
trix at the output of the algorithm B.

Concerning the estimation of the MSE of mg, we can also use the approach of
Gonzalez-Manteiga et al. (2008a, 2008b) by introducing the following parametric boot-
strap method.
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1. Fit the model (6.1.1)-(6.1.2) and calculate @1z, Gor, dp and By, k=1,...,q¢— 1.
2. Ford=1,...,D,t=1,...,T, generate the random effects uj ; ~ N(0, diag (¢11))

1<k<g—1
and uj g ~ N (0, p2x$2(dx)), and the response variable yj, ~ M(Vas, Diyys - -+ Pige—1),
where
exp{ N b 7 S
* _ * _ * * * _ *
Parr = Nake = BrTart + Uy g T U gty Mage = Natpgpes -

—1 % )
1+ 23:1 eXp{ndet}
3. Ford=1,...,D,t=1.... T, k=1,...,q— 1, calculate &%,, 3%, &%, By,

exp{ﬁékt}
—1 e 1)
L+ >0 exp{jy }

Ak o F ~ % ~ % Ak ONT ok
Dkt = Nakt = BrTakt + UL g + U gryy Mgry = NatDigpe-

4. Repeat B times steps 2-3 and calculate the bootstrap mean square error estimator

mses, = Bzmdkt mi)?, d=1,....D, k=1,...,q—1, t=1....T.

In this chapter we only use one bootstrap estimates for the MSE because in previous
chapters we check that the parametric bootstrap has better performance.

6.4 Simulation study

In this section we present two simulation experiments. The first experiment is designed
to analyze the behavior of the estimators Bk, D1k, Por and Mgk = thpdkt The second
simulation studies the behavior of the proposed MSE estimators.

6.4.1 Sample simulation

We take th = 1000 and we consider a multinomial logit mixed model with three model
categories (¢ — 1 =2). Ford =1,...,D, k = 1,2 and t = 1,...,T, we generate the
explanatory variables

d—D k t
Udkt = 3 ( 5t — + T) , Tare = 0 Ui, Taz = Hat+0ony [p2Un1++/1 = p2Uan]

where 3 = po =1, 011 = 1, 04220 = 2 and p, = 0. The random effects are u g ~
N(O, (Plk) Wlth Y11 = 1, Y12 = 2 and u2,dk ~ N(O, V’uz,dk) Wlth Y21 = 025, Y22 = 05 and

1 o .. ¢p it

] Pk 1 L
Qaldn) = — .
k
by e g
ki ki “e e ¢k ]. TxT



We take ¢; = 0.5 and ¢ = 0.75.
The target variable is Y, = (Ya1e, Yaoe) ~ M(Vas, Pare, Pazt), where

eXP{Udkt}
1+ exp{na:} + exp{naz}

var = 100, Sor = 1.3, fo2 = —1, fu1 = —1.6 and i = 1.
If T'= 2, we can write the model (6.4.1) in the matrix form

Pkt = s Nake = Bok + BikTare + U1,ar + Uz,dke, (6.4.1)

M1 I i1 O 0 U1,11 U2111
Tha1 0 0 1z U1,12 U2,121
T2 I z12 O 0 Uz,11 U2,112
Tha2 0 0 1 w9 Bor U1,12 U2,122
. _ : B + + :
Boz
ND11 I zpin 0 0 B2 U1,D1 U2, D11
Np21 0 0 1 zpy U1, p2 Uz D21
TID12 1 zpi2 O 0 U1,D1 U2, D12
D22 0 0 1 zpaxw U1, p2 U2 D22

or, equivalently, in the more concise notation

N X1
N2 X2
— ﬂ+Z1u1+Z2u27
Np1 X1
Np2 X p2
where Z; = diag (Z14), Z2 = I1p,
1<d<D
1 0 0 L ’ z
Nd1t Tdi1t 1d1
— X — I = S s Z = s
Haz (nd%)’ a (0 0 1 xd%>’ 2P ' e (Zlda)
0 I,

10
Za =1 = ( 0 1 ) , up ~ N(0,0,12p), wzar, ~ N(0, 9o a(d1)).
6.4.2 Simulation experiment 1

The objective of this experiment is to analyze the behavior of the estimators of 3;, 1,
Vok, O and mggs. As efficiency measures, we use the relative empirical bias (RBIAS) and
the relative mean squared error (RMSE). The simulation is described below.

1. Repeat I = 1000 times (¢ = 1,...,1000)
1.1. Generate (Yagt, Taxt), d=1,..., D, k=1,2,t =1,2.
1.2 Calculate ptar = VarDare, Bar = (Have, flaat)'-
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1.3. Caleulate 8, @5, j = 0,1, k = 1,2, r = 1,2, and jige = Varbae, ftar =
(fare, fraot)'-

2. Output:
N 1< 1
BIAS(Bji) = 7 Z(ﬁ](‘;c)_ﬁjk)u BIAS (%) = 7 Z(@m—@k) J=0,Lk=12r=12
i=1 i=1
I I
~ 1 1 .
MSE(B) = 7 (B =Br)?, MSE(By) FZ Vo) j=0,1,k=127r=12
=1 i=1
1< :
MSEy, = FZ ) — (@) — ply, d=1,D/2,D, t =2.
BIAS(B; BIAS(3,
RBIAS(By,) = BIAS(B3) RBIAS(3,,) = BIAS(Gw) & g1 k—19r=12
|5jk| Pk
MSE(Bs MSE(G,
RMSE(B;,) = # RMSE($,,) = A, j=0,1k=1,27r=12
| Bk Ok
I
1 Nz \/MSEdt
MEANy = = O RMSE; = Y—""%  4=1,D/2,D,t=2.
dt T th dt |MEAth|’ ) / s

Table 6.4.1 gives the RMSE-values of the model parameter estimators for D = 100. As T
increases from 4 to 12 we observe a reduction in RMSE for the 3,’s. This reduction is much
higher for ¢,’s and for the ¢;. This simulation suggests that the proposed multinomial
mixed model should be used when the number of time periods is greater than eight.

T 4 8 12|T 4 8 12
RMSE(By) | 0.33 028 0.22 | RBIAS(By) | -0.04 -0.03 0.01
RMSE(fBy) | 034 028 0.23 | RBIAS(By) | -0.05 -0.02 0.01
RMSE(B1) | 034 036 0.31 | RBIAS(By) | -0.04 -0.06 -0.06
RMSE(B) | 0.34 035 0.32 | RBIAS(B2) | -0.03 -0.05 -0.05
RMSE($y) | 017 017 0.15 | RBIAS(Z11) | 0.02 -0.04 -0.05
RMSE($1) | 025 0.18 0.18 | RBIAS(%1,) | 0.15  0.07 -0.05
RMSE($5) | 039 0.19 0.13 | RBIAS(2y) | -0.39 -0.18 -0.11
RMSE($) | 039 0.18 0.12 | RBIAS(3y) | -0.39 -0.17 -0.11
RMSE(¢11) | 0.94 050 0.30 | RBIAS($11) | -0.57 -0.50 -0.29
RMSE($1) | 0.79 039 0.24 | RBIAS(d12) | -0.38 -0.33 -0.19

Table 6.4.1. MSE, RMSE, BIAS and RBIAS for D = 100.

Table 6.4.2 shows the RMSE and RBIAS values of mg; for D = 100 in different periods
of time. We give the behaviour for three particular small area d = 1, D/2, D. We observe
that all the RMSE values are below 13%, which indicates a good behavior.
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T 4 8 12 T 4 8 12

RMSFE1a1; 1 0.09 0.09 0.09 | RBIASa 1 0.004 -0.018 0.004
D/2 011 0.11 0.11 D/2 -0.008 0.001 0.005

D 0.13 0.14 0.12 D 0.002 0.015 0.010

RMS Esgo 1 012 0.12 0.13 | RBIAS1a 1 0.004 0017 0.012
D/2 0.09 0.0 0.10 D/2  0.005 0.009 -0.011

D 0.09 0.08 0.08 D -0.002 0.005 -0.003

Table 6.4.2. MSE, RMSE, BIAS and RBIAS for D = 100.

6.4.3 Simulation experiment 2

The simulation experiment is designed to study the behavior of the two mean square error
estimators (analytic and bootstrap). In this case we take D = 50 and 7' = 2,4, 6. We take
Ng = 1000 and we consider a multinomial logit mixed model with three model categories
and the last as the reference (¢ —1=2). Ford=1,...,D, k=1,2andt=1...,T, we
generate the explanatory variables

(d—D k t

o 1 + T) , Tare = pu+osiUaie, Taz = fia+0 s (Ui /1 — p2Uq0],

1
Uikt = 3

where 3 = po =1, 0411 = 1, 04220 = 2 and p, = 0. The random effects are u; g ~
N(O, gplk) with Y11 = 1, Y12 = 2 and U2 gk ~ N(O, Vuz,dk) with Y21 = 025, Y22 = 0.5 and

R N S
. O . o 2
Qd(¢k)=Qd,k=1—2 : :
k T2 .
(bk c 1 o
5—1 ;},F_Q e Ok 1 TxT
We take ¢; = 0.5 and ¢ = 0.75
The target variable is Y, = (Ya1s, Yaoe) ~ M(Var, Pare, Paze), where
ex
Dkt = DAart} s Nakt = Pok + BieTart + U1 ap + U2 - (6.4.2)

1+ exp{na:} + exp{naz }
vge = 100, Bo1 = 1.3, By = —1, f11 = —1.6 and S5 = 1.

The steps of the simulation are
1. Repeat I =500 times (i = 1,...,500)
1.1. Ford=1,...,50, k=1,2,t=1...,T , generate (yg,zt,a:gt).
12, Ford=1,...,D, k=1,2,t=1...,T , caleulate ), ), @, 3" and

msely), = G (6D) + G, (6D) + 265 (6).
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1.3. Repeat B = 500 times (b=1,...,B)

1.31. Ford=1,...,D, k=1,2,t=1...,T , generate uif;b), u;f;?,

*(1b *(1b ib
ydi(i ) = (%fikt)? 342211@2) M(”dtapdgt )’pdét ))a
where

(ib
*(ib) _ eXp{"?dk )}
dkt

*(1b ib
+(ib) dkt 50k + er xdkt l(dk) + u2(dk)t
I+ eXp{??du, b4 exp{n,0

i ~ x(i ~ *(1b
1.32. Ford =1,....,D, k = 1,2, t = 1...,T | calculate mdétb), o (b), B( )
~ *(1b)
dkt -

14 Ford=1,...,D, k=1,2,t=1...,T , calculate

Y

!

~ *(ib) *(1b) 2
msedkt = E, Maps — Marr )

b:
2. Output: msegy, msey,, d=1,...,50, k =1,2,t=1,2,2=1,...,500.

Figure 6.4.1 presents the box-plots of the values of the two simulated estimators
msely, msel\) k= 1,2 i =1,...,500, for d = 25 and ¢t = T, with T = 2,4,6 and
D = 50. The first column is for T = 2, second column is for T' = 4 and the last column
is for T'= 6. The true MSE is plotted in a horizontal line. It has been calculated by the

Monte Carlo formula ,

1 o ,
MSEg = 7 Z(mg}zt —mf,)?,
i=1
under I = 1000 iterations of the simulation experiment, excluding the bootstrap step. We
observe that the analytic estimator mse has larger variability than bootstrap estimator
mse* and the best estimator is mse*.
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Figure 6.4.1: Boxplots of MSE estimates for d = 25 and t = T, with T' = 2,4,6 and
D = 50.

6.5 Application to real data

6.5.1 Data description

The objective of this chapter is to estimate the totals of employed, unemployed and
inactive people and unemployment rates in Galician counties. We deal with data from
the SLFS of Galicia from the third quarter of 2009 to the fourth quarter of 2011. Our
domains of interest are the counties crossed with sex for each time period. As there are
51 counties in the SLFS of Galicia in this period of time, we have D = 102 domains,
denoted by Py at time t, and they are partitioned in the subsets Pyy, Py and Py, of
employed, unemployed and inactive people. Our target population parameters are the
totals of employed and unemployed people and the unemployment rate, this is to say

Yo
Yo = . Ry=——""—, k=1,2,
dkt Z Yaktj dt You + Yoo
JE€Pakt
where ygr; = 1 if individual j of domain d at period ¢ is in labour category k& and

Yart; = 0 otherwise. The LF'S does not produce official estimates at the domain level, but
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the analogous direct estimators of the total Yz, the mean Yy = Yy /N, the size Ny
and the rate Ry are

dzr
dkt

- di d d di YdinT
dir r r r r i
= E War Yares Vg = Yt /NG = E war, Ry = Tdir 4 pdir’ k=12,
JESar JESat dlt + d2t
(6.5.1)

where Sg is the domain sample at time period ¢ and the wg;’s are the official calibrated
sampling weights.
The target variable is y, = (Ya1¢, Yaot)', where ygr; is the sample total

Ydkt = Z Ydktj

JESq

yare; = 1 if individual j is in category k (k = 1,2) and ygu; = 0 otherwise.

We employ area-level models using auxiliary information from administrative registers.
We use the same auxiliary variables as in the previous chapter. More concretely, we use
the domain proportions of individuals within the categories of the following grouping
variables.

SEXAGE: Combinations of sex and age groups, with 6 values. SEX is coded 1 for
men and 2 for women and AGE is categorized in 3 groups with codes 1 for 16-24,
2 for 25-54 and 3 for >55. The codes 1,2,...,6 are used for the pairs of sex-age
(1,1),(1,2),...,(2,3).

STUD: This variable describes the achieved education level, with values 1-3 for the
illiterate and the primary, the secondary and the higher education level respectively.

REG: This variable indicates if an individual is registered or not as unemployed in
the administrative register of employment claimants.

SS: This variable indicates if an individual is registered or not in the social security
system. Figure 6.5.1 shows the scatterplots of the log-rates of employed over inactive
people against the proportions of people in social security system (left) and the log-
rates of unemployed over inactive people against the proportions of people registered
as unemployed (right).We observe that, despite the large variability observed in both
plots, the log-rates of the two considered proportions seem to increase linearly with
the proportions of people in the social security system and registered as unemployed
respectively.

In the fourth quarter of 2011 the domain sample sizes lie all in the interval (13, 1554),
with median 97. Therefore, the direct estimates in (A.0.1) are not reliable and small area
estimation methods are needed, as in previous chapter.
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Figure 6.5.1: Log-rates of employed and unemployed over inactive people versus propor-
tions of people in the social security system (left) and registered as unemployed (right)
respectively.

6.5.2 Model estimation

We consider the Model 3 defined in (6.1.1)-(6.1.2), the Model 2 defined in (5.1.1)-(5.1.2),
the Model 1 defined in (4.1.1)-(4.1.2). We also consider the Model 0 obtained by making
Upgr = ... = Uy 4q—1 in the Model 1. Model 0 is the model studied by Molina et al.
(2007). In the application to real data we apply the non temporal Models 1 and 0 to all
the considered periods. We consider ¢ = 3 categories (employed, unemployed and inactive
people) and we choose inactive people as reference (third) category. The multinomial size
is vg = ng, where ng, is the size of the domain sample Sy in time ¢.

Model 3 is firstly fitted to the complete data set. An analysis of residuals is then
carried out and nine counties are marked as outliers. These nine counties correspond
with the counties of A Coruna, Ferrol, Santiago de Compostela, Ourense, O Condado,
O Morrazo, Pontevedra, O Salnés and Vigo. A Coruna, Ferrol, Santiago de Compostela,
Ourense, Pontevedra and Vigo are six of the most populous cities of Galicia where the
relationships between the auxiliary variables SS and REG with the employment and un-
employment status are typically weaker than in less populated counties. The model is
finally fitted to reduced data set. The sample sizes of A Coruna, Ferrol, Santiago de Com-
postela, Ourense, Pontevedra and Vigo are large enought to produce reliable estimates,
then no model estimates are give for this counties and direct estimates are used. For O
Condado, O Morrazo and O Salnés we use the synthetic estimator. For Model 3 and for
each category, Table 6.5.1 presents the estimates of the regression parameters and their
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standard deviations with the complete data set and Table 6.5.5 with the reduced dataset.

Employed Unemployed

Variable Estimate  p-value | Variable Estimate  p-value
CONSTANT -1.47 0.00 | CONSTANT -4.40 0.00
SEXAGE=1 0.69 0.07 | SEXAGE=1 2.26 0.00
SEXAGE=2 2.14 0.00 | SEXAGE=2 2.98 0.00
SEXAGE=3 0.16 0.33 | SEXAGE=3 -0.45 0.06
SEXAGE=4 0.56 0.18 | SEXAGE=4 2.62 0.00
SEXAGE=5 1.71 0.00 | SEXAGE=5 2.13 0.00
STUD=1 -0.78 0.00 | STUD=1 -0.27 0.29
SS 1.50 0.00 | REG 12.40 0.00

Estimate Std.Dev. Estimate Std.Dev.
01 0.024 0.017 0.081 0.010
V2 0.013 0.017 0.098 0.010
0] 0.58 0.099 0.29 0.084

Table 6.5.1: Parameter estimates of Model 3 with the full data set.

Figure 6.5.2 plots the domain standardized residuals of model 3 fitted to the full (left)
and reduced (right) data set. The dots outside the interval (-3,3) correspond to the men
and women counts in marked counties (A Coruna, Ferrol, Santiago, Ourense, O Condado,
O Morrazo, Pontevedra and Vigo). The remaining model-based statistical analysis is
carried out for the reduced data set.

Figure 6.5.3 plots the domain standardized residuals of employment (left) and un-
employment (right) categories versus the proportions of people registered in the social
security system (SS) and registered as unemployed (REG). The residuals are randomly
distributed above and below zero and no rare pattern is observed. Therefore no diagnostics
problems are found for the two main explanatory variables: SS and REG.

For Models 0-3, the estimated regression coefficients and their corresponding p-values
for testing the hypothesis Hy : (. = 0 are presented in Tables 6.5.2-6.5.5. The estimates
of the model variances and their standard deviations are presented at the bottom of Tables
6.5.1-6.5.4. The 95% confidence intervals for ¢; and ¢, are 0.58 4+ 0.19 and 0.29 + 0.16
respectively. These intervals do not contain zero. Then we may recommend Model 3, i.e.
the model with time-correlated random effects.

6.5.3 Model diagnostics

For carrying out the diagnosis of the models, we calculate the predicted sample totals
Yakt = NatPare and the domain residuals

_ Ydkt — Ykt

Tdkt = N dzl,

Ydkt

Figure 6.5.4 plots the domain residuals versus the predicted sample totals of employed
and unemployed people for the four models. We observe that the model residuals are
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Figure 6.5.2: Boxplots of standardized residuals of models fitted to the full (left) and
reduced (right) data set.
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Figure 6.5.3: Domain standardized residuals of employment (left) and unemployment
(right) categories versus proportions of people registered in the social security system
(SS) and registered as unemployed (REG).

symmetrically situated above and below zero, so there is no prediction bias. Further, the
variability of the residuals decreases as predicted employed or unemployed sample totals
increase. This pattern is due to the fact that domains with greater amount of employed
and unemployed people also have greater sample sizes. We also observe that there are no
high residuals in absolute value or any other unusual pattern. Therefore, the fitted model
seems to properly describe the data.

Figure 6.5.5 plots the direct estimates (Y#7) versus the model-based estimates (g =
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Employed Unemployed

Variable Estimate  p-value | Variable Estimate p-value
CONSTANT -1.44 0.00 | CONSTANT -5.25 0.00
SEXAGE=1 -0.66 0.49 | SEXAGE=1 1.62 0.36
SEXAGE=2 1.85 0.00 | SEXAGE=2 3.86 0.00
SEXAGE=3 0.27 0.39 | SEXAGE=3 0.79 0.19
SEXAGE=4 -0.46 0.75 | SEXAGE=4 4.02 0.15
SEXAGE=5 1.64 0.00 | SEXAGE=5 3.75 0.00
STUD=1 -0.80 0.04 | STUD=1 0.79 0.24
SS 1.96 0.00 | REG 9.33 0.00

Estimate Std.Dev.
% 0.06 0.0055

Table 6.5.2: Parameter estimates of Model 0 for the fourth quarter of 2011.

Employed Unemployed

Variable Estimate  p-value | Variable Estimate  p-value
CONSTANT -1.44 0.00 | CONSTANT -5.39 0.00
SEXAGE=1 -0.66 0.49 | SEXAGE=1 1.73 0.36
SEXAGE=2 1.84 0.00 | SEXAGE=2 4.00 0.00
SEXAGE=3 0.26 0.41 | SEXAGE=3 0.81 0.22
SEXAGE=4 -0.41 0.78 | SEXAGE=4 3.71 0.22
SEXAGE=5 1.62 0.01 | SEXAGE=5 3.99 0.00
STUD=1 -0.80 0.04 | STUD=1 0.91 0.24
SS 1.98 0.00 | REG 9.27 0.00

Estimate Std.Dev. Estimate Std.Dev.
V1 0.010 0.007 0.096 0.037

Table 6.5.3: Parameter estimates of Model 1 for the fourth quarter of 2011.

Napare) of the population totals of employed (top line) and unemployed people (bottom
line) in logarithmic scale in the three models. We observe, in all the models, that the
direct and the model-based estimates behave quite similarly for employed people. This is
because the population of employed people is quite large and there are plenty of sampled
observations within this category. However, the direct and model-based estimates behave
slightly different for unemployed people, which is due to the lower number of sampled
observations within the category. We also observe that the model-based estimates are
lower than the direct ones for large values of the direct estimates. This is a typical and
desirable smoothing effect of model-based estimators.
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Employed Unemployed
Variable Estimate  p-value | Variable Estimate  p-value
CONSTANT -1.41 0.00 | CONSTANT -4.01 0.00
SEXAGE=1 0.83 0.04 | SEXAGE=1 1.92 0.02
SEXAGE=2 2.01 0.00 | SEXAGE=2 2.46 0.00
SEXAGE=3 0.16 0.38 | SEXAGE=3 -0.43 0.20
SEXAGE=4 0.60 0.21 | SEXAGE=4 1.84 0.06
SEXAGE=5 1.66 0.00 | SEXAGE=5 1.69 0.00
STUD=1 -0.92 0.00 | STUD=1 -0.43 0.23
SS 1.63 0.00 | REG 12.19 0.00
Estimate Std.Dev. Estimate Std.Dev.
V1 0.034 0.006 0.096 0.019
P2 0.015 0.003 0.119 0.014

Table 6.5.4: Parameter estimates of Model 2.

Employed Unemployed
Variable Estimate  p-value | Variable Estimate  p-value
CONSTANT -1.42 0.000 | CONSTANT -3.83 0.000
SEXAGE=1 0.89 0.027 | SEXAGE=1 1.98 0.005
SEXAGE=2 1.99 0.000 | SEXAGE=2 2.26 0.000
SEXAGE=3 0.15 0.398 | SEXAGE=3 -0.43 0.121
SEXAGE=4 0.58 0.209 | SEXAGE=4 1.39 0.117
SEXAGE=5 1.66 0.000 | SEXAGE=5 1.54 0.002
STUD=1 -0.92 0.000 | STUD=1 -0.47 0.114
SS 1.67 0.000 | REG 11.66 0.000
Estimate Std.Dev. Estimate Std.Dev.
V1 0.026 0.020 0.090 0.014
Vo 0.014 0.020 0.113 0.014
10) 0.58 0.117 0.29  0.0.095

Table 6.5.5: Parameter estimates of Model 3.

6.5.4 Small area estimates and RMSE

Figures 6.5.6 and 6.5.7 plot the estimated employment totals and unemployment rates
respectively per sex, for the fourth quarter of 2011 and for all the models, with the
counties sorted by sample size. We observe that for employed all the estimates are very
similar, this is because the population in this category is quite large. In the unemployment
rates the direct and the model-based estimators tend to be closer as soon as the sample
size increases. The same pattern is observe in the rest of quarters. For the sake of brevity
we skip the corresponding figures.
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Figure 6.5.4: Domain residuals versus predicted sample totals for the three models

Figures 6.5.8 and 6.5.9 plot the parametric bootstrap estimates of the relative mean
squared errors (RMSE) of the model-based estimators of totals of employed and of unem-
ployment rates for all the models. The RMSEs of the corresponding direct estimates are
much higher than their model-based counterparts. This is the reason why they have not
been plotted in Figures 6.5.8 and 6.5.9. We can see that the RMSE for Model 3 are, in
general terms, the best.

Tables 6.5.6 and 6.5.7 gives some condensed numerical results for the fourth quarter
of 2011, for all the models and for unemployment rates. For each sex we firstly sort the
domains by province and after that, in each province, we sort the domains by sample size,
starting by the domain with smallest sample size, and then we chose five domains in each
province. We show the results of the direct and model-based estimates (labeled by "dir”
and "mod” respectively) and the corresponding RMSE estimates. The sample sizes are
labeled by n. This tables present blank spaces in domains where yg.10 = 0,k = 1,2. By
observing the columns of RMSEs we conclude that model-based estimators that include
time effects are preferred to the direct ones.

Table 6.5.8 gives the direct and model-based estimator for Model 3 and for employed
and unemployed people at the province level for men (top) and women (bottom) for the
fourth quarter of 2011 in the SLFS. In this table we can see also the consistency factors
Ap, defined a in Chapter 5. We observe that the deviation from the SLFS estimation at
province level are at most of 1%.

Another way of measuring the benefits of using Model 2-3 is to check the stability of
the estimates along the time period. Figure 6.5.10 presents the unemployment rates for

131



Model 0 Model 1 Model 2 Model 3

< <+ < <
Ol g g ” g "
© 5] @ 5]
£ . E . E . E .
= = = =
7] 17} 7] 17}
[0} [0) Q [0)
g - g - g - g -
o ) o o
£ £ £ £
s . [ E o [
= £ = £
o - o
~‘-< 1 1 I
1 0 1 2 3 4 1 0 1 2 3 4 1 0 1 2 3 4 1 0 1 2 3 4
In(direct estimate) In(direct estimate) In(direct estimate) In(direct estimate)
Model 0 Model 1 Model 2 Model 3
~ o ~ «
5] 5] 3 @ 5]
€ 1S ° £ IS
o () [0} [0)
] o Y T T -
i T o %Yo o ! oS !
o o 1 . 2 / o o
£ £ % £ £
1= 1= . S o S«
£« £ . £’ c !
) )
o o
I
T T T T T T T T T T T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
In(direct estimate) In(direct estimate) In(direct estimate) In(direct estimate)

Figure 6.5.5: Direct versus model-based estimates. Total of employed in top line and total
of unemployed in bottom line.

women for six counties that divide the sample size distribution below its median into six
equal parts. In all the considered counties, we observe that the results of Model 2-3 are
much more stable than the results of the direct and Model 0-1. Stability is a property
highly valued by the Statistical Offices when publishing the survey results. For Statistical
Offices it is hard to justify that there are more than three points (in %) of difference
between the unemployment rates of two consecutive quarters in a given county.

Now, the best two models (model 2 and model 3) can be compared with the usual
measures for model comparison such as the loglikelihood or the BIC. The resulting values
of these measures are listed in Table 6.5.9. We can see that for model 3 including the ¢
parameter has the better Loglikelihood and BIC. Therefore we recommend this model.

Figures 6.5.11 and 6.5.12 map the estimates of unemployment rates per sex in each
county of Galicia for the fourth quarter of 2011 and the variation of the unemployment
rates between the fourh quarter of 2009 and the fourth quarter of 2011. The colors are more
intense in areas with higher unemployment rates an higher variation. We observe that
the counties of the west coast are those that, in general terms, have higher unemployment
rates. In this figures we can also see that in that area was where most unemployment
rates increased between 2009 and 2011, this increase was much higher in men than in
women.

Figures 6.5.13 shows the model-based estimators of unemployment rates for two quar-
ters, the fourth quarter of 2009 and the fourth quarter of 2011. Like in the maps, in these
figures we can observe that the unemployment rates for women are higher than for men.
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Figure 6.5.6: Direct and model-based estimates of totals of employed men and women in
the fourth quarter of 2011.

We can also confirm that in this period there has been a general increase in unemployment
rates, but this increase was much higher in men.
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Figure 6.5.7: Direct and model-based estimates of unemployment rates for men and
women in the fourth quarter of 2011.
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Figure 6.5.8: RMSEs of direct and model-based estimator of employment totals per sex
in the fourth quarter of 2011.
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Figure 6.5.9: RMSEs of model-based estimator of unemployment rates in the fourth
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pl n dir mody mod; mod; mods dir mody mod; mod, mod;
1] 21 5.55 1143 922 11.24 10.57 | 201.87 10.58 39.14 30.49 23.98
1 37 | 11.21 17.24 14.46 10.52 10.59 | 129.74 16.49 28.24 24.95 20.30
1| 46 | 1048 20.62 11.71 11.29 11.34 | 106.40 16.40 22.79 21.33 20.99
1| 65 |19.03 19.13 17.42 17.58 17.85| 51.53 28.62 17.79 21.29 20.49
11384 ] 1559 1534 16.32 1523 1530 | 24.94 9.28 10.07 11.23 943
21 13 | 18.62 19.47 20.05 1593 15.93 | 146.41 23.54 39.66 31.12 24.90
2| 62 7.32 12.80 10.50 10.15 10.36 | 174.27 14.88 26.69 25.97 18.20
2179 | 12.63 1521 13.72 1297 1281 | 70.06 9.70 24.29 21.28 16.66
21 95 9.54 13.32 10.73 838 890 | 96.01 14.84 2273 19.90 16.72
2592 | 14.10 13.19 15.04 1398 14.13 | 21.18 829 868 1047 8.84
31 15 | 50.73 24.29 36.33 33.43 36.18 | 31.04 27.60 40.97 25.25 25.84
3] 58 | 19.80 16.32 18.96 17.22 17.58 | 56.39 13.96 25.18 2245 17.42
31 58 2690 17.76 25.80 22.29 2390 | 44.93 16.78 25.21 2199 18.81
31107 | 2851 17.52 27.75 27.17 2833 | 2648 15.13 21.10 18.46 16.88
3| 184 |23.97 2323 2450 24.33 24.36 | 25.11 12.08 14.47 12.49 10.80
41 40 | 18.09 23.43 22.16 20.79 22.01 | 71.93 2459 27.17 22.03 19.60
4| 94 576 17.56 867 861 857 |137.13 11.81 19.31 17.18 16.13
41138 12490 23.18 24.51 23.83 2399 | 24.44 13.80 13.20 15.33 12.42
41262 | 2582 2221 25.08 24.64 24.78 | 15.68 10.59 981 11.99 9.83
41413 120.95 19.53 19.78 19.02 1898 | 16.08 7.67 840 10.26 9.13

Table 6.5.6: Men unemployment rates (left) and their estimated RMSEs (right).
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pl n dir mody mod; mod; mods dir mody mod; mod, mod;
1] 20 9.37 17.67 1493 7.09 6.76 | 208.55 4.14 30.28 25.11 23.35
1| 32 8.04 16.37 1283 11.93 11.63 | 241.60 8.07 26.85 24.88 19.75
1] 56 | 16.92 1856 16.63 14.52 14.66 | 71.25 20.95 23.59 19.79 16.78
1179 | 25.72 2330 23.14 26.07 25.03| 41.00 16.42 20.40 17.21 15.51
1114|2229 1331 19.09 1797 18.24| 33.81 929 17.16 16.91 15.71
21 13 | 37.20 18.57 26.16 28.58 2854 | 5899 16.65 38.57 30.12 2441
2] 54 8.03 873 861 6.61 7.59|267.95 6535 38.72 24.01 26.07
2|1 97 | 540 11.16 835 813 829 |23442 2222 2501 19.36 18.14
21107 | 19.39 13.24 1587 15.10 1539 | 4252 1231 19.35 17.61 14.14
2|643 | 12.84 13.61 1256 11.90 11.89 | 25.65 6.17 804 9.61 8.35
3] 14 18.76 13.66  7.63  7.48 17.35 34.99 33.35 22.85
31 54 | 17.09 1590 15.03 17.98 18.66 | 101.72 38.34 28.77 22.15 19.08
31 69 | 19.17 1521 1942 2238 23.74| 67.89 34.77 27.27 18.96 19.90
3] 108 | 22.68 2144 21.03 18.88 18.84 | 34.85 7.03 15.80 16.68 14.36
31193 |27.61 24.16 2529 26.41 26.35| 2520 1840 13.11 12.68 10.58
41 40 | 2490 21.10 2253 2531 24.79 | 68.63 29.75 2592 21.23 18.76
41103 | 17.03 17.14 17.13 14.39 14.20 | 50.11 13.16 19.21 17.62 14.51
41139 |21.63 1494 17.15 15.65 16.22 | 34.94 12.52 1873 17.17 14.92
41144 | 38.20 26.34 33.40 3224 3265 | 16.72 10.39 13.84 12.14 10.73
41189 | 21.73 24.70 2046 1893 18.63 | 32.13 849 11.58 13.22 9.85

Table 6.5.7: Women unemployment rates (left) and their estimated RMSEs (right).

Employed people

Unemployed people

sex Province n dir  mod3 Ap dir mod3 Ap
Men 1 2874 | 248516 238993 1.04 | 45969 43689 1.05

2 1541 | 72917 69103 1.06 | 9307 9439 0.99

3 1336 | 59824 60034 1.00 | 13883 13481 1.03

4 2988 | 192842 187530 1.03 | 53477 50195 1.07

Women 1 3258 | 225489 222590 1.01 | 44696 42160 1.06
2 1659 | 63163 60697 1.04 | 9304 8548 1.09

3 1479 | 51726 50753 1.02 | 12418 11825 1.05

4 3427 | 158415 160645 0.99 | 51303 49675 1.03

Table 6.5.8: Estimated men and women province totals for IV /2011.
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Figure 6.5.10: Unemployment rates in some counties and all the periods.

Time, n= 64

Model 2 | Model 3
Loglikelihood | -5269.5 | -5037.6
BIC 10593.1 | 101354

Table 6.5.9: Model comparison.
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Figure 6.5.11: Estimates of men unemployment rates in Galician counties in the last
quarter of 2011 (top) and estimates of the variation between men unemployment rates in
the last quarter of 2011 in front of the last quarter of 2009 (bottom).
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Figure 6.5.12: Estimates of women unemployment rates in Galician counties in the last
quarter of 2011 (top) and estimates of the variation between women unemployment rates
in the last quarter of 2011 in front of the last quarter of 2009 (bottom).
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Figure 6.5.13: Model-based estimator of unemployment rates for fourth quarter of 2009
and fourth quarter of 2011.
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Chapter 7

Conclusions and future lines

In this thesis we study the problem of estimating totals of employed and unemployed peo-
ple and unemployment rates in the counties of Galicia. The problem is how to produce
reliable estimates of this characteristics for areas (counties) where only small samples or
no samples are avaliable, and how to assess their precision. We propose three area level
multinomial mixed models with time and area effects and with independent random effects
on the two categories of the target vector. Unlike the work by Molina et al. (2007), we
employ multinomial models with two random effects, one associated with the category of
employed people and the other associated with the category of unemployed people. This
is due to the different modeling requirements for each labour category in the Galician
data. We use area-level models because they have wider scope than the unit level models
because area-level auxiliary information is more readily available than unit-level auxiliary
data. The use of auxiliary information for SAE is vital because with the small sample
sizes often encountered in practice, even the most elaborated model can be of little help
if it does not involve a set of covariates with good predictive power for the small area
quantities of interest (Pfeffermann (2012)).

The obtained model-based estimates for all the models are compared with the di-
rect ones. They have lower mean squared errors, especially for counties with small sample
size. Another advantage of the proposed model-based estimators is their property of being
consistent in the sense that estimates of domain totals of employed, unemployed and in-
active people sum up to the size of the domain. This is a desirable benchmarking property.

In two of the models we propose the use of time effects. The inclusion of time effects
allows to obtain estimates of employed, unemployed totals and of unemployment rates in
a more accurate and stable form than if separate models were fitted for each time period.
Because of these properties, the proposed methodology is very suitable for being used in
official statistical offices. Further, as estimates follow the pattern of direct estimators for
large counties and behave stably for small counties, the smoothing effect of using past
time periods seems reasonable.

We have presented an application where the temporal models are fitted to the 10 most
recent quarters. Another important issue is how the proposed models may be applied
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for repeated surveys and more concretely in the SLFS. The use of 10 quarters is the
consequence of using all our available data and therefore is arbitrary for this purpose.
The simulations suggest using at least the 5 and the 9 most recent quarters when using
Model 2 and Model 3, respectively.

By using all the data up to the last quarter, the introduced temporal models give
estimates for any of the considered quarters. Nevertheless, we suggest using these models
for obtaining only estimates in the last quarter. Because of the practical difficulties that
Statistical Offices have with revising published data and with running time consuming
computational procedures, we propose using a dynamic fixed length time “window” by
adding each time the current quarter and discarding the earliest one. If this methodology
were ever put in production, we recommend windows of 5 and 9 quarters for Models 2
and 3, respectively.

We would like to emphasize that the introduced approach to estimating labour force
indicators, and also the ones by Molina et al. (2007) and Lépez-Vizcaino et al. (2013),
are not adapted to the particularities of a complex sampling design. They are derived for
simple random sampling and do not take into account for potential LFS sampling-design
effects. The sampling weights are only used through NC‘;ZT when calculating the model-
based estimates of domain totals of employed and unemployed people. They are also used
in the calibration to the province totals. Many area-level small area estimation methods
introduce the complex sampling design information through the direct estimator of the
domain total or mean (Y or Y&} and their moments. As a multinomially distributed
vector is the sum of i.i.d. multi-Bernoulli vectors, the survey domain totals of employed
and unemployed people can be modeled by means of multinomial distributions. The mod-
elization of (Y, ..., Y4 ) as multinomial seems to be unrealistic.

An issue that should be taken into account is that true domain size Ny is a known
quantity and that it is assumed to be equal to N dirIn practice, this is not true. Therefore,
when estimating the MSE of the estimators of domain totals of employed and unemployed
people we are ignoring the uncertainty in \ dir and its correlation with pgy;. To proceed
in a rigorous way, the estimation of the extra variability and of the ignored correlation
is needed. This might require implementing some bootstrap or Jackknife method at the
unit-level, something that might have a high computational cost. Nevertheless, the direct
domain size estimates, N dir are constructed from the official calibrated sampling weights,
that are obtained after correcting the non response and after calibrating to the “known”
populations sizes. They can be considered as the official best estimates of our domain
sizes. In this sense, we may admit the simplification of assuming that the true domain
sizes are equal to the direct domain size estimates.

As calibrated weights enter in the estimation process through the direct estimators
N it is worthwhile to investigate how large is the correlation between the N%" and the
Paxt values. The estimated correlations for the target period IV /2011 are 0.27 and 0.29 for
the categories of employed (k = 1) and unemployed (k = 2) people respectively, which are
rather low. From the socioeconomic perspective, this positive correlation shows something
that it is well known. The Galician rural counties tend to have lower population size and
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higher proportion of inactive people.

It is interesting to analyze if the estimation procedure uses direct estimators N 4ir hased
on weights that are calibrated for the model covariates. In the presented application to
real data, the multinomial models use the auxiliary variable SEXAGE at the county level.
On the one hand, SEXAGE contains the combinations of sex and age groups with 3 age
groups. On the other hand, the weights are calibrated to 11 age groups at the whole
population (Galicia), which is in strict sense a different auxiliary variable. Therefore, we
have not applied the proposed methodology by using twice the same auxiliary variables,
first in the calibration of weights and second in the multinomial models.

This work produces estimates for sex by county domains, but it does not deal with the
fact that the multinomial outcomes for males and females from the same county might be
correlated. The proposed Model 2 and Model 3 have not separate fixed effects for males
and females and so essentially handle this problem via the correlation between males and
female values of the model covariates. Further generalizations could be done by adding
a new sex index s = 1,2 to the set of data indexes (d, k,t) and by considering possible
correlation structures between sexes.

The estimator defined in (6.3.1) is a plug-in estimator of the expected value of the
small area proportion given the small area distribution of the covariates and the random
effects in the model. It can be calculated with a low computational cost. It is a parsimo-
nious estimator. The optimal estimator is the so-called Empirical Best Predictor (EBP)
of the population proportion, which is a plug-in estimator of the conditional expectation
of the small area proportion given the small area distribution of the covariates and the
sample data. The EBP can be obtained by approximating two 2(7" + 1)-variate integrals
by Monte Carlo Integration and its corresponding mean squared error can be calculated
by parametric bootstrap. The high computational cost is thus the main drawback for
using the EBP under Model 3. This is the main reason why we prefer employing the
plug-in estimator in this work.

Indeed model-based predictors permit predictions of non sampled area for which no
design-based theory exists. This is not to say that design-based estimators have no role
in model-based prediction. The design-based estimators are the input data for the models
and we use the design-based estimators to assessing the model-based predictors and for
calibrating them via benchmarking. The benchmarking has the advantage of guaranteeing
consistency of publication between the model-based small area predictors and the design-
based estimator for the aggregated area. This is often required by statistical offices. In
this case we use the ratio adjustment, but an extension of this work may be use quarterly
benchmark constraints in the model, like in the paper of Pfeffermann and Tiller (2006).

As stated in the introduction, an important aspect of SAE is the assessment of the
accuracy of the predictors. Three procedures for estimating the mean square error (MSE)
have been considered. The first one has a explicit form of the type G; + G2 + 2G3 based on
Prasad and Rao (1990). It is based on a Taylor linearisation. The remaining procedures
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rely on bootstrap methods and they also allows the MSE estimation of non linear predic-
tors. In the simulations we have observed that the bootstrap methods present a better
behavior.

We have carried out an application to real data from the SLFS of Galicia and we have
noticed that the introduced model-based procedure gives estimates with lower RMSE
than the direct ones, in similar sense to other small area estimation studies in this context
(Esteban et al., 2012; Herrador et al., 2009; Molina et al., 2007; Ugarte et al., 2009a). In
this case, the best model in terms of RMSE is the model that has correlated time and
area effects. This is the best model in terms of AIC. Nevertheless we would like to point
out that the Akaike information criterion (AIC) is a popular, but not well established,
model selection criterion for generalized linear mixed-effects models. The conditional AIC
(cAIC) was derived for linear mixed-effects models by Vaida and Blanchard (2005). It is
an appropriate information criteria for linear mixed model selection. However, the ap-
plication of cAIC to generalized linear mixed models is not straightforward and requires
further research to obtain specific derivations. This is pointed out by Lian (2012) when
deriving the cAIC for Poisson regression models with random effects. The derivation of
the cAIC for multinomial mixed model is also not straightforward. As far as we know, this
is still a research problem that has not been treated in the literature and that deserves an
specific future research. Therefore the obtained estimates of labour indicators are useful
for policy making at county level.

An extension of these models can incorporate spatial correlations between domains.
In practice it is often reasonable to assume that the effects associated with neighboring
areas (defined, for example, by a contiguity criterion) are proportionally correlated to a
measure of distance (not necessarily geographical), with correlations decreasing to zero as
the distance increases. That is, small area models should allow for spatial correlation of
area random effects. Such models are common in spatial statistics (Cressie, 1993) and in
SAE when linear mixed models are used (Chandra and Chambers, 2009).

As for the labour market results in Galicia we can conclude that there has been a
general increase in unemployment rates in the considered period and in almost all the
counties, although this increase was greater for men. This can be conditioned, inter alia,
by the sharp fall in employment in the construction sector, which employs mainly men.
Due to the economic situation in Spain, with a fall in gross domestic product in 2012 of
1.9%, this population has not been able to find work in another field of activity. We also
conclude that the counties of the west coast of Galicia are those that, in general terms,
have higher unemployment rates. In this part was, also, where most unemployment rates
increased between 2009 and 2011. That area is the most dynamic part of Galicia and the
least aged. In that area live the 75% of the Galician population and the unemployment
rates are high because companies can not absorb as many workers.
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Chapter 8

Software: The mme package

The mme package is the result of the implementation of the models discussed through-
out this dissertation. Over the last years, the R computing environment has become
a powerful scientific tool that offers a rich collection of classical and modern statistical
modeling techniques. Motivated by its flexibility and its widely acceptance among the
scientific community, we have chosen R as programming language to develop this library
of functions.
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Package ‘mme’
February 5, 2014

Type Package

Title Multinomial Mixed Effects Models

Version 0.1-4

Date 2013-06-10

Author E. Lopez-Vizcaino, M.J. Lombardia and D. Morales
Maintainer E. Lopez-Vizcaino <mestherlv32@gmail.com>
Depends R (>= 1.8.0),mixstock,MASS, Matrix

Description mme fit Gaussian Multinomial mixed-
effects models for small area estimation: Model 1, with one
random effect in each category of the response variable; Model 2, introducing
independent time effect; Model 3, introducing correlated time effect.
mme calculates analytical and parametric bootstrap MSE estimators.

License GPL (>= 2)

LazyData yes

R topics documented:
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mme-package Multinomial Mized Effects Models

Description

The mme package implements three multinomial area level mixed effects models for
small area estimation. The first model (Model 1) is based on the area level multino-
mial mixed model with independent random effects for each category of the response
variable (Lopez-Vizcaino et al, 2013). The second model (Model 2) takes advantage
from the availability of survey data from different time periods and uses a multinomial
mixed model with independent random effects for each category of the response vari-
able and with independent time and domain random effects. The third model (Model
3) is similar to the second one, but with correlated time random effects. To fit the mod-
els, we combine the penalized quasi-likelihood (PQL) method, introduced by Breslow
and Clayton (1993) for estimating and predicting th fixed and random effects, with
the residual maximum likelihood (REML) method for estimating the variance compo-
nents. In all models the package use two approaches to estimate the mean square error
(MSE), first through an analytical expression and second by bootstrap techniques.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ;,153-178.

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Breslow, N, Clayton, D (1993). Aproximate inference in generalized linear mixed
models. Journal of the American Statistical Association, 88, 9-25.

addtolist Add items from a list

Description

This function adds items from a list of dimension d*t, where d is the number of areas
and t is the number of times periods.

Usage
addtolist(B_d, t, d)
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Arguments

B_d a list in each area.
t number of time periods.
d number of areas.

Value

B_d a list of dimension d.

See Also

Fbetaf.it, Fbetaf.ct, modelfit2, modelfit3

Examples

k=3 #number of categories for the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata2) # data

mod=2

datar=data.mme(simdata2,k,pp,mod)

##Add the time periods
l=addtolist(datar$X,datar$t,datar$d)

addtomatrix Add rows from a matriz

Description

This function adds rows from a matrix of dimension d*t*(k-1) times d*(k-1).

Usage

addtomatrix(C2, d, t, k)

Arguments
C2 a matrix of dimension d*t*(k-1) times d*(k-1).
d number of areas.
number of time periods.
k number of categories of the response variable.
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Value
C22 a matrix of dimension d*(k-1) times d*(k-1).

See Also

Fbetaf.it, Fbetaf.ct, modelfit2modelfit3

Examples

k=3 #number of categories of the response variable
d=15 # number of areas

t=2 # number of time periods
mat=matrix(1,d*t*x(k-1),d*(k-1)) # a matrix

##Add items in the matrix
mat2=addtomatrix(mat,d,t,k)

ci Standard deviation and p-values of the estimated model param-
eters

Description

This function calculates the standard deviations and the p-values of the estimated
model parameters. The standard deviations are obtained from the asymptotic Fisher
information matrix in the fitting algorithms modelfit1, modelfit2, modelfit3, de-
pending of the current multinomial mixed model.

Usage
ci(a, F)
Arguments
a vector with the estimated parameters obtained from modelfit1, modelfit2
or modelfit3.
F inverse of the Fisher Information Matrix obtained from modelfiti,
modelfit2 or modelfit3.
Value

A list containing the following components.

Std.dev vector with the standard deviations of the parameters. The parameters
are sorted per category.

p.value vector with the p-values of the parameters for testing HO:a=0.
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References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also
modelfitl, modelfit2, modelfit3.

Examples

library(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #Type of model

datar=data.mme (simdata,k,pp,mod)

#Model fit

result=modelfitl(pp,datar$Xk,datar$X,datar$Z,datar$initial ,datar$yl[,1: (k-1)],
datar$n,datar$N)

beta=result[[8]][,1] #fixed effects

Fisher=result[[3]] #Fisher information matrix

##Standard deviation and p-values
res=ci(beta,Fisher)

data.mme Function to generate matrices and the initial values

Description
Based on the input data, this function generates some matrices that are required in
subsequent calculations and the initial values obtained from the function initial.values.
Usage

data.mme(fi, k, pp, mod)

Arguments

fi input data set with (d x t) rows and 4+k+sum(pp) columns. The
first four columns of the data set are, in this order: the area indicator
(integer), the time indicator (integer), the sample size of each domain
and the population size of each domain. The following k columns are
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the categories of the response variable. Then, the auxiliary variables:
first, the auxiliary variables of the first category, second, the auxiliary
variables of the second category, and so on. Examples of input data
sets are in simdata, simdata2 and simdata3.

k number of categories of the response variable.
PP vector with the number of auxiliary variables per category.
mod a number specifying the type of models: 1=multinomial mixed model

with one independent random effect in each category of the response
variable (Model 1), 2=multinomial mixed model with two independent
random effects in each category of the response variable: one domain
random effect and another independent time and domain random effect
(Model 2) and 3= multinomial model with two independent random
effects in each category of the response variable: one domain random
effect and another correlated time and domain random effect (Model
3).

Value

A list containing the following components.

n vector with the area sample sizes.
vector with the area population sizes.
design matrix of random effects.

Xk list of matrices with the auxiliary variables per category. The dimen-
sion of the list is the number of domains

X list of matrices with the auxiliary variables. The dimension of the list
is the number of categories of the response variable minus one.

y matrix with the response variable. The rows are the domains and the
columns are the categories of the response variable.

initial a list with the initial values for the fixed and the random effects ob-
tained from initial.values .

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also

initial.values, wmatrix, phi.mult, prmu, Fbetaf, phi.direct, sPhikf, ci, modelfitl,
msef, mseb
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Examples

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata2) #Data

mod=2

##Needed matrix and initial values
datar=data.mme(simdata2,k,pp,mod)

Fbetaf

Inverse of the Fisher information matrix of the fived and ran-
dom effects in Model 1

Description

This function calculates the inverse of the Fisher information matrix of the fixed effects
(beta) and the random effects (u) and the score vectors S.beta and S.u, for the model
with one independent random effect in each category of the response variable (Model
1). modelfitl uses the output of this function to estimate the fixed and random
effects by the PQL method.

Usage

Fbetaf (sigmap, X, Z, phi, y, mu, u)

Arguments
sigmap

X

phi

mu

a list with the model variance-covariance matrices for each domain.

list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable.

design matrix of random effects.
vector with the values of the variance components obtained from modelfit1.

matrix with the response variable except the reference category. The
rows are the domains and the columns are the categories of the response
variable minus one.

matrix with the estimated mean of the response variable obtained from
prmu.

matrix with the values of random effects obtained from modelfit1l.
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Value

A list containing the following components.

F.beta.beta the first diagonal element of the inverse of the Fisher information ma-

trix.

F.beta.u the element out of the diagonal of the inverse of the Fisher information
matrix.

F.u.u the second diagonal element of the inverse of the Fisher information
matrix.

S.beta beta scores.

S.u u scores.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ;,153-178.

See Also

data.mme, initial.values, wmatrix, phi.mult, prmu, phi.direct, sPhikf, ci,
modelfitl, msef, mseb.

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

datar=data.mme (simdata,k,pp,mod)

initial=datar$initial
mean=prmu(datar$n,datar$Xk,initial$beta.0,initial$u.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

#Inverse of the Fisher information matrix

Fisher=Fbetaf (sigmap,datar$X,datar$Z,initial$phi.0,datar$y[,1:(k-1)],
mean$mean,initial$u.0)

155



Fbetaf.ct Inverse of the Fisher information matriz of fized and random
effects in Model 3

Description

This function calculates the score vector S and the inverse of the Fisher information
matrix for the fixed (beta) and the random effects (ul, u2) in Model 3. This model
has two independet sets of random effects. The first one contains independent random
effects uldk associated to each category and domain. The second set contains random
effects u2dkt associated to each category, domain and time period. Model 3 assumes
that the u2dk are AR(1) correlated across time. modelfit3 uses the output of this
function to estimate the fixed and random effect by the PQL method.

Usage
Fbetaf.ct(sigmap, X, Z, phil, phi2, y, mu, ul, u2, rho)

Arguments

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

VA design matrix of random effects.

phil vector with the values of the variance components for the first random
effects obtained from modelfit3.

phi2 vector with the values of the variance components for the second ran-
dom effects obtained from modelfit3.

y matrix with the response variable, except the reference category. The
rows are the domains and the columns are the categories of the response
variable minus one.

mu matrix with the estimated mean of the response variable.

ul matrix with the values of the first random effect obtained from modelfit3.

u?2 matrix with the values of the second random effect obtained from
modelfit3.

rho vector with the values of the correlation parameter obtained from
modelfit3.
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Value

A list containing the following components.

F the inverse of the Fisher information matrix of (beta, ul, u2).
S (beta, ul, u2) score vectors
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

See Also

data.mme, initial.values, wmatrix, phi.mult.ct, prmu.time, phi.direct.ct, sPhikf.ct,
ci, modelfit3, msef.ct, omega, mseb

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3)

datar=data.mme (simdata3,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities) #variance-covariance

##The inverse of the Fisher information matrix and the score matrix
Fisher.beta=Fbetaf.ct(sigmap,datar$X,datar$Z,initial$phil.O,initial$phi2.0,
datar$y[,1:(k-1)],mean$mean,initial$ul.O0,initial$u2.0,initial$rho.0)

Fbetaf.it The inverse of the Fisher information matriz of the fized and
random effects for Model 2

Description

This function calculates the score vector S and the inverse of the Fisher information
matrix for the fixed (beta) and the random effects (ul, u2) in Model 2. This model
has two independet sets of random effects. The first one contains independent random
effects uldk associated to each category and domain. The second set contains random
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effects u2dkt associated to each category, domain and time period. Model 2 assumes
that the u2dk are independent across time. modelfit2 uses the output of this function
to estimate the fixed and random effect by the PQL method.

Usage
Fbetaf.it(sigmap, X, Z, phil, phi2, y, mu, ul, u2)

Arguments

sigmap a list with the model variance-covariance matrices for each domain.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

VA design matrix of random effects obtained from data.mme.

phil vector with the first variance component obtained from modelfit2.

phi?2 vector with the second variance component obtained from modelfit2.

y matrix with the response variable, except the reference category ob-
tained from data.mme. The rows are the domains and the columns are
the categories of the response variable minus one.

mu matrix with the estimated mean of the response variable obtained from
prmu.time.

ul matrix with the values of the first random effect obtained from modelfit2.

u?2 matrix with the values of the second random effect obtained from
modelfit2.

Value

A list containing the following components.

F the inverse of the Fisher information matrix.
S (beta, ul, u2) scores
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

See Also

data.mme, initial.values, wmatrix, phi.mult.it, prmu.time, phi.direct.it, sPhikf.it,
ci, modelfit2, msef.it, mseb.
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Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=2 #Type of model

data(simdata2) #data

datar=data.mme(simdata2,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

##The inverse of the Fisher information matrix of the fixed effects
Fisher=Fbetaf.it(sigmap,datar$X,datar$Z,initial$phil.0,initial$phi2.0,
datar$y[,1:(k-1)] ,mean$mean,initial$ul.0,initial$u2.0)

initial.values Initial values for fitting algorithm to estimate the fized and
random effects and the variance components

Description

This function sets the initial values. An iterative algorithm fits the multinomial mixed
models that requires initial values for the fixed effects, the random effects and the
variance components. This initial values are used in modelfitl, modelfit2 and
modelfit3.

Usage

initial.values(d, pp, datar, mod)

Arguments
d number of areas.
PP vector with the number of auxiliary variables per category.
datar output of function data.mme.
mod a number specifying the type of model: 1=multinomial mixed model

with one independent random effect for each category of the response
variable (Model 1), 2=multinomial mixed model with two independent
random effects for each category of the response variable: one domain
random effect and another independent time and domain random effect
(Model 2) and 3= multinomial mixed model with two independent
random effects for each category of the response variable: one domain
random effect and another correlated time and domain random effect
(Model 3).
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Value

A list containing the following components, depending on the chosen model.

beta.0 a list with the initial values for the fixed effects beta per category.

phi.O vector with the initial values for the variance components phi of Model
1.

phil.o0 vector with the initial values for the variance components phil of Model
2 or 3.

phi2.0 vector with the initial values for the variance components phi2 of Model
2 or 3.

u matrix with the initial values for the random effect for Model 1.

ul.o matrix with the initial values for the first random effect for Model 2 or
3.

u2.0 matrix with the initial values for the second random effect for Model
2 or 3.

rho.0 vector with the initial values for the correlation parameter for Model
3.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

See Also
data.mme, wmatrix, phi.mult.it, prmu.time, Fbetaf.it, phi.direct.it, sPhikf.it,
ci, modelfit2, msef.it, mseb

Examples

library (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata)

D=nrow(simdata)

mod=1 #Type of model

datar=data.mme (simdata,k,pp,mod)

## Initial values for fixed, random effects and variance components
initial=datar$initial
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mmedata Create objects of class mmedata

Description

This function creates objects of class mmedata.

Usage
mmedata(fi, k, pp)

Arguments
fi input data set with (d X t) rows and 4-+k+sum(pp) columns. The
first four columns of the data set are, in this order: the area indicator
(integer), the time indicator (integer), the sample size of each domain
and the population size of each domain. The following k columns are
the categories of the response variable. Then, the auxiliary variables:
first, the auxiliary variables of the first category, second, the auxiliary
variables of the second category, and so on. Examples of input data
set are in simdata, simdata2 and simdata3.
k number of categories of the response variable.
PP vector with the number of auxiliary variables per category.
See Also

modelfitl, modelfit2, modelfit3

Examples

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata)

r=mmedata(simdata,k,pp)
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model

Choose between the three models

Description

This function chooses one of the three models.

Usage

model(d, t, pp, Xk, X, Z, initial, y, M, MM, mod)

Arguments

d
t

pp
Xk

Z
initial

y

MM

mod

Value

number of areas.
number of time periods.
vector with the number of the auxiliary variables per category.

list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

design matrix of random effects obtained from data.mme.
output of the function initial.values.

matrix with the response variable obtained from data.mme. The rows
are the domains and the columns are the categories of the response
variable.

vector with the area sample sizes.
vector with the population sample sizes.

a number specifying the type of models: 1=multinomial mixed model
with one independent random effect in each category of the response
variable (Model 1), 2=multinomial mixed model with two independent
random effects in each category of the response variable: one domain
random effect and another independent time and domain random effect
(Model 2) and 3= multinomial model with two independent random
effects in each category of the response variable: one domain random
effect and another correlated time and domain random effect (Model
3).

the output of the function modelfit1, modelfit2 or modelfit3.
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References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ;,153-178.

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Examples

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #Model 1

datar=data.mme(simdata,k,pp,mod)

result=model (datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N, mod)

modelfitl Function used to fit Model 1

Description

This function fits the multinomial mixed model with one independent random effect
per category of the response variable (Model 1), like in the formulation described in
Lopez-Vizcaino et al. (2013). The fitting algorithm combines the penalized quasi-
likelihood method (PQL) for estimating and predicting the fixed and random ef-
fects with the residual maximum likelihood method (REML) for estimating the vari-
ance components. This function uses as initial values the output of the function
initial.values

Usage

modelfitl(pp, Xk, X, Z, initial, y, M, MM)

Arguments

PP vector with the number of the auxiliary variables per category.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

VA design matrix of random effects obtained from data.mme.
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initial output of the function initial.values.

y matrix with the response variable except the reference category ob-
tained from data.mme. The rows are the domains and the columns are
the categories of the response variable minus 1.

M vector with the area sample sizes.
MM vector with the population sample sizes.
Value

A list containing the following components.

Estimated.probabilities
matrix with the estimated probabilities for the categories of response

variable.
Fisher.information.matrix.phi

Fisher information matrix of the random effect.
Fisher.information.matrix.beta

Fisher information matrix of the fixed effect.
u matrix with the estimated random effects.
mean matrix with the estimated mean of the response variable.
warningl 0=0K,1=The model could not be fitted.

warning? 0=0K,1=The value of the variance component is negative: the initial
value is taken.
beta.Stddev.p.value

matrix with the estimated fixed effects, its standard deviations and its
p-values.

phi.Stddev.p.value
matrix with the estimated variance components, its standard devia-
tions and its p-values.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also

data.mme, initial.values, wmatrix, phi.mult, prmu, phi.direct, sPhikf, ci,
Fbetaf, msef, mseb.

164



Examples

library(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

datar=data.mme (simdata,k,pp,mod)

#Model fit
result=modelfitl(pp,datar$Xk,datar$X,datar$Z,datar$initial,datar$yl[,1: (k-1)],
datar$n,datar$N)

modelfit2 Function to fit Model 2

Description

This function fits the multinomial mixed model with two independent random effects
for each category of the response variable: one domain random effect and another
independent time and domain random effect (Model 2). The formulation is described
in Lopez-Vizcaino et al. (2013). The fitting algorithm combines the penalized quasi-
likelihood method (PQL) for estimating and predicting the fixed and random effects,
respectively, with the residual maximum likelihood method (REML) for estimating the
variance components. This function uses as initial values the output of the function
initial.values.

Usage

modelfit2(d, t, pp, Xk, X, Z, initial, y, M, MM)

Arguments

d number of areas.

t number of time periods.

PP vector with the number of the auxiliary variables per category.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

VA design matrix of random effects data.mme.
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initial output of the function initial.values.

y matrix with the response variable obtained from data.mme, except the
reference category. The rows are the domains and the columns are the
categories of the response variable minus one.

M vector with the area sample sizes.
MM vector with the population sample sizes.
Value

A list containing the following components.

Estimated.probabilities
matrix with the estimated probabilities for the categories of response

variable.
Fisher.information.matrix.phi

Fisher information matrix of the variance components.
Fisher.information.matrix.beta
Fisher information matrix of the fixed effects.

ul matrix with the estimated first random effect.
u2 matrix with the estimated second random effect.
mean matrix with the estimated mean of response variable.

warningl 0=0K,1=The model could not be fitted.

warning? 0=0K,1=The value of the variance component is negative: the initial
value is taken.
beta.Stddev.p.value

matrix with the estimated fixed effects, its standard deviations and its
p-values.

phi.Stddev.p.value
matrix with the estimated variance components, its standard devia-
tions and its p-values.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

See Also

data.mme, initial.values, wmatrix, phi.mult.it, prmu.time, phi.direct.it, sPhikf.it,
ci, Fbetaf.it, msef.it, mseb
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Examples

library(mixstock)
library(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=2 #type of model

data(simdata2) #data

datar=data.mme (simdata2,k,pp,mod)

##Model fit
result=modelfit2(datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N)

modelfit3 Function used to fit Model 3

Description

This function fits the multinomial mixed model with two independent random effects
for each category of the response variable: one domain random effect and another
correlated time and domain random effect (Model 3). The formulation is described
in Lopez-Vizcaino et al. (2013). The fitting algorithm combine the penalized quasi-
likelihood method (PQL) for estimating and predicting the fixed and random effects,
respectively, with the residual maximun likelihood method (REML) for estimating the
variance components. This function uses as initial values the output of the function
initial.values.

Usage

modelfit3(d, t, pp, Xk, X, Z, initial, y, M, MM, b)

Arguments
d number of areas.
t number of time periods.
PP vector with the number of the auxiliary variables per category.
Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.
X list of matrices with the auxiliary variables obtained from data.mme.

The dimension of the list is the number of categories of the response
variable minus one.
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VA design matrix of random effects obtained from data.mme.
initial output of the function initial.values.

y matrix with the response variable obtained from data.mme, except the
reference category. The rows are the domains and the columns are the
categories of the response variable minus one.

M vector with the area sample sizes.

MM vector with the population sample sizes.

b parameter that indicates the bootstrap.
Value

A list containing the following components.

Estimated.probabilities
matrix with the estimated probabilities for the categories of response

variable.
Fisher.information.matrix.phi

Fisher information matrix of phi.
Fisher.information.matrix.beta
Fisher information matrix of beta.

ul matrix with the estimated first random effect.
u?2 matrix with the estimated second random effect.
mean matrix with the estimated mean of the response variable.

warningl 0=0K,1=The model could not be fitted.

warning? 0=0K,1=The value of the variance component is negative: the initial
value is taken.
beta.Stddev.p.value

matrix with the estimated fixed effects, its standard deviations and its
p-values.

phi.Stddev.p.value
matrix with the estimated variance components, its standard devia-
tions and its p-values.

rho estimated correlation parameter.

rho.Stddev.p.value
matrix with the estimated correlation parameter, its standard devia-
tions and its p-values.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.
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See Also

data.mme, initial.values, wmatrix, phi.mult.ct, prmu.time, phi.direct.ct, sPhikf.ct,
omega, ci, Fbetaf.ct, msef.ct, mseb

Examples

## Not run:
library (mixstock)
library(Matrix)
library (MASS)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3)  #data

datar=data.mme (simdata3,k,pp,mod)

##Model fit

result=modelfit3(datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N,0)

## End (Not run)

mseb Bias and MSE using parametric bootstrap

Description

This function calculates the bias and the mse for the multinomial mixed effects models
using parametric bootstrap. Three types of multinomial mixed models are considered,
with one independent domain random effect in each category of the response variable
(Model 1), with two random effects: the first, with a domain random effect and with
independent time and domain random effect (Model 2) and the second, with a domain
random effect and with correlated time and domain random effect (Model 3). See
details of the parametric bootstrap procedure in Gonzalez-Manteiga et al. (2008)
and in Lopez-Vizcaino et al. (2013) for the adaptation to these three models. This
function uses the output of modelfitl, modelfit2 or modelfit3, depending of the
current multinomial mixed model.

Usage

mseb(pp, Xk, X, Z, M, MM, resul, B, mod)
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Arguments

pp
Xk

MM

resul

mod

Value

vector with the number of the auxiliary variables per category.

list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

design matrix of random effects obtained from data.mme.
vector with the area sample sizes.

vector with the population sample sizes.

output of the function modelfitl, modelfit2 or modelfit3.
number of bootstrap replications.

a number specifying the type of models: 1=multinomial mixed model
with one independent random effect in each category of the response
variable (Model 1), 2=multinomial mixed model with two independent
random effects in each category of the response variable: one domain
random effect and another independent time and domain random effect
(Model 2) and 3= multinomial model with two independent random
effects in each category of the response variable: one domain random
effect and another correlated time and domain random effect (Model
3).

a list containing the following components.

bias.pboot

mse.pboot

rmse.pboot

References

BIAS of the parametric bootstrap estimator of the mean of the response
variable

MSE of the parametric bootstrap estimator of the mean of the response
variable

RMSE of the parametric bootstrap estimator of the mean of the re-
sponse variable

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ,153-178.

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Gonzalez-Manteiga, W, Lombardia, MJ, Molina, I, Morales, D, Santamaria, L. (2008).
Estimation of the mean squared error of predictors of small area linear parameters
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under a logistic mixed model, Computational Statistics and Data Analysis, 51, 2720-
2733.

See Also

data.mme, initial.values, wmatrix, phi.mult, phi.mult.it, phi.mult.ct, prmu,
prmu.time, phi.direct, phi.direct.it, phi.direct.ct, sPhikf, sPhikf.it, sPhikf.ct,
modelfitl, modelfit2, modelfit3, omega, Fbetaf, Fbetaf.it, Fbetaf.ct, ci.

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata)

mod=1 # Type of model

datar=data.mme (simdata,k,pp,mod)

##Model fit

result=modelfitl(pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$yl[,1:(k-1)],datar$n,datar$N)

B=1 #Bootstrap iterations
ss=12345 #SEED
set.seed(ss)

##Bootstrap parametric BIAS and MSE
mse.pboot=mseb(pp,datar$Xk,datar$X,datar$Z,datar$n,datar$N,result,B,mod)

msef Analytic MSE for Model 1

Description

This function calculates the analytic MSE for the multinomial mixed model with one
independent random effect per category of the response variable (Model 1). See Lopez-
Vizcaino et al. (2013), section 4, for details. The formulas of Prasad and Rao (1990)
are adapted to Model 1. This function uses the output of modelfitl.

Usage

msef (pp, X, Z, resul, MM, M)
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Arguments

resul the output of the function modelfitil.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

Z design matrix of random effects obtained from data.mme.
PP vector with the number of the auxiliary variables per category.
M vector with the area sample sizes.
MM vector with the population sample sizes.
Value

mse is a matrix with the MSE estimator calculated by adapting the explicit formulas
of Prasad and Rao (1990).

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

Prasad, NGN, Rao, JNK (1990).The estimation of the mean squared error of small
area estimators. Journal of the American Statistical Association, 85, 163-171.

See Also

data.mme, initial.values, wmatrix, phi.mult, prmu, phi.direct, sPhikf modelfitl,
Fbetaf, ci, mseb.

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category

data(simdata) #data

mod=1 # type of model

datar=data.mme (simdata,k,pp,mod)

# Model fit

result=modelfitl(pp,datar$Xk,datar$X,datar$Z,datar$initial,datar$yl[,1: (k-1)],
datar$n,datar$N)

#Analytic MSE
mse=msef (pp,datar$X,datar$Z,result,datar$N,datar$n)
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msef.ct Analytic MSE for Model 3

Description

This function calculates the analytic MSE for the multinomial mixed model with two
independent random effects for each category of the response variable: one random
effect associated with the domain and another correlated random effect associated
with time and domain (Model 3). See details of the model and the expresion of mse
in Lopez-Vizcaino et al. (2013). The formulas of Prasad and Rao (1990) are adapted
to Model 3. This function uses the output of modelfit3.

Usage
msef.ct(p, X, result, M, MM)

Arguments

P vector with the number of the auxiliary variables per category.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

result the output of the function modelfit3.

M vector with the area sample sizes.

MM vector with the population sample sizes.

Value

mse.analitic is a matrix with the MSE estimator calculated by adapting the explicit
formulas of Prasad and Rao (1990).

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Prasad, NGN, Rao, JNK (1990).The estimation of the mean squared error of small
area estimators. Journal of the American Statistical Association, 85, 163-171.

See Also

data.mme, initial.values, wmatrix, phi.mult.ct, prmu.time, phi.direct.ct, sPhikf.ct,
modelfit3, Fbetaf.ct, ci, omega, mseb.
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Examples

## Not run:
library(mixstock)
library (Matrix)
library (MASS)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category

mod=3 #type of model

data(simdata3) #data

datar=data.mme (simdata3,k,pp,mod)

##Model fit

result=modelfit3(d,t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N,0)

##Analytic MSE
msef=msef.ct(pp,datar$X,result,datar$n,datar$N)
## End(Not run)

msef.it Analytic MSE for Model 2

Description

This function calculates the analytic MSE for the multinomial mixed model with two
independent random effects for each category of the response variable: one random
effect associated with the domain and another independent random effect associated
with time and domain (Model 2). See details of the model and the expresion of mse
in Lopez-Vizcaino et al. (2013). The formulas of Prasad and Rao (1990) are adapted
to Model 2. This function uses the output of modelfit2.

Usage

msef.it(p, X, result, M, MM)

Arguments

P vector with the number of the auxiliary variables per category.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

result the output of the function modelfit2.

M vector with the area sample sizes.

MM vector with the population sample sizes.
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Value

mse.analitic is a matrix with the MSE estimator calculated by adapting the explicit
formulas of Prasad and Rao (1990). The matrix dimension is the number of domains
multiplied by the number of categories minus 1.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Prasad, NGN, Rao, JNK (1990).The estimation of the mean squared error of small
area estimators. Journal of the American Statistical Association, 85, 163-171.

See Also

data.mme, initial.values, wmatrix, phi.mult.it, prmu.time, phi.direct.it, sPhikf.it,
modelfit2, Fbetaf.it, ci, mseb

Examples

library(mixstock)
library (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category

mod=2 #type of model

data(simdata2)

datar=data.mme (simdata2,k,pp,mod)

##Model fit

result=modelfit2(datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N)

##Analytic MSE
msef=msef.it(pp,datar$X,result,datar$n,datar$N)

omega Model correlation matriz for Model 3

Description

This function calculates the model correlation matrix and the first derivative of the
model correlation matrix for Model 3. Model 3 is the multinomial mixed model with
two independent random effects for each category of the response variable: one domain
random effect and another correlated time and domain random effect.
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Usage
omega(t, k, rho, phi2)

Arguments
t number of time periods.
k number of categories of the response variable.
rho vector with the correlation parameter obtained from modelfit3.
phi2 vector with the values of the second variance component obtained from
modelfit3.
Value

A list containing the following components.

Omega.d correlation matrix.
First.derivative.Omegad
Fisher derivative of the model correlation matrix.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

See Also

data.mme, initial.values, wmatrix ,phi.mult.ct, prmu.time, phi.direct.ct, Fbetaf.ct,
sPhikf.ct, ci, modelfit3, msef.ct, mseb

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3)  #data

datar=data.mme (simdata3,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)

##The model correlation matrix
matrix.corr=omega(datar$t,k,initial$rho.0,initial$phi2.0)
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phi.direct Variance components for Model 1

Description

This function calculates the variance components for the multinomial mixed model
with one independent random effect in each category of the response variable (Model
1). These values are used in the second part of the fitting algorithm implemented in
modelfitl. The algorithm adapts the ideas of Schall (1991) to a multivariate model
and the variance components are estimated by the REML method.

Usage

phi.direct(sigmap, phi, X, u)

Arguments

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

phi vector with the initial values of the variance components obtained from
modelfitl.

u matrix with the values of the random effects obtained from modelfit1.

Value

a list containing the following components.

phi.new vector with the variance components.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ;,153-178.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,

78,719-727.

See Also

data.mme, initial.values, wmatrix, phi.mult, prmu, Fbetaf, sPhikf, ci, modelfitl,
msef, mseb.
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Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

datar=data.mme (simdata,k,pp,mod)

initial=datar$initial
mean=prmu(datar$n,datar$Xk,initial$beta.0,initial$u.0)

#model variance-covariance matrix
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

##Variance components
phi=phi.direct(sigmap,initial$phi.0,datar$X,initial$u.0)

phi.direct.ct Variance components for Model 3

Description

This function calculates the variance components for the multinomial mixed model
with two independent random effects for each category of the response variable: one
domain random effect and another correlated time and domain random effect (Model
3). This variance components are used in the second part of the fitting algorithm
implemented in modelfit3. The algorithm adapts the ideas of Schall (1991) to a
multivariate model. The variance components are estimated by the REML method.

Usage
phi.direct.ct(p, sigmap, X, theta, phil, phi2, ul, u2,
rho)
Arguments

P vector with the number of auxiliary variables per category.

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

theta matrix with the estimated log-probabilites of each category in front of

the reference category obtained from prmu.time.
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phil vector with the initial values of the first variance component obtained
from modelfit3.

phi2 vector with the initial values of the second variance component ob-
tained from modelfit3.

ul matrix with the values of the first random effect obtained from modelfit3.

u2 matrix with the values of the second random effect obtained from
modelfit3.

rho vector with the initial values of the correlation parameter obtained

from modelfit3.

Value

a list containing the following components.

phil.new vector with the values of the variance component for the first random
effect.
phi2.new vector with the values of the variance component for the second random
effect.
rho.new vector with the correlation parameter.
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,
78,719-727.

See Also

data.mme, initial.values, wmatrix, phi.mult.ct, prmu.time, Fbetaf.ct sPhikf.ct,
ci, modelfit3, msef.ct, mseb, omega

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3) #data

datar=data.mme (simdata3,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)
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##The variance components
phi.ct=phi.direct.ct(pp,sigmap,datar$X,mean$eta,initial$phil.o,
initial$phi2.0,initial$ul.0,initial$u2.0,initial$rho.0)

phi.direct.it Variance components for Model 2

Description

This function calculates the variance components for the multinomial mixed model
with two independent random effects for each category of the response variable: one
domain random effect and another independent time and domain random effect (Model
2). This variance components are used in the second part of the fitting algorithm
implemented in modelfit2. The algorithm adapts the ideas of Schall (1991) to a
multivariate model. The variance components are estimated by the REML method.

Usage
phi.direct.it(pp, sigmap, X, phil, phi2, ul, u2)

Arguments

PP vector with the number of auxiliary variables per category.

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable.

phil vector with the initial values of the first variance component obtained
from modelfit2.

phi2 vector with the initial values of the second variance component ob-
tained from modelfit2.

ul matrix with the values of the first random effect obtained from modelfit2.

u2 matrix with the values of the second random effect obtained from
modelfit2.

Value

a list containing the following components.

phil.new vector with the values of the variance component for the first random
effect.

phi2.new vector with the values of the variance component for the second random
effect.
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References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,
78.719-727.

See Also

data.mme, initial.values, wmatrix, phi.mult.it, prmu.time, Fbetaf.it sPhikf.it,
ci, modelfit2, msef.it, mseb

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
d=10 #number of areas

mod=2 #Type of model

data(simdata2)  #data

datar=data.mme (simdata2,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities) #variance-covariance

## The variance components
phi.it=phi.direct.it(pp,sigmap,datar$X,initial$phil.O,initial$phi2.0,
initial$ul.0,initial$u2.0)

phi.mult Initial values for the variance components for Model 1

Description

This function is used in initial.values to calculate the initial values for the variance
components in the multinomial mixed model with one independent random effect in
each category of the response variable (Model 1).

Usage

phi.mult(beta.0, y, Xk, M)
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Arguments

beta.0 initial values for the fixed effects obtained in initial.values.

y matrix with the response variable obtained from data.mme. The rows
are the domains and the columns are the categories of the response
variable.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

M vector with the sample size of the areas.

Value

phi.0 vector of inicial values for the variance components

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also

data.mme, initial.values, wmatrix, prmu, Fbetaf, phi.direct, sPhikf, ci, modelfitl,
msef, mseb.

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

datar=data.mme (simdata,k,pp,mod)

##t#tbeta values

beta.new=1list()

beta.new[[1]]=matrix(c( 1.3,-1),2,1)

beta.new[[2]]=matrix(c( -1.6,1),2,1)

##Initial variance components
phi=phi.mult(beta.new,datar$y,datar$Xk,datar$n)
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phi.mult.ct Initial values for the variance components in Model 3

Description

This function is used in initial.values to calculate the initial values for the variance
components in the multinomial mixed model with two independent random effects
for each category of the response variable: one domain random effect and another
correlated time and domain random effect (Model 3).

Usage

phi.mult.ct(beta.0, y, Xk, M, ul, u2)

Arguments

beta.0 a list with the initial values for the fixed effects per category obtained
from initial.values.

y matrix with the response variable obtained from data.mme. The rows
are the domains and the columns are the categories of the response
variable minus one.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

M vector with the sample size of the areas.

ul matrix with the values for the first random effect obtained from initial.values.

u2 matrix with the values for the second random effect obtained from
initial.values.

Value

A list containing the following components.

phi.O vector of the initial values for the variance components.
rho.0 vector of the initial values for the correlation parameter.
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

183



See Also

data.mme, initial.values, wmatrix, prmu.time, Fbetaf.ct, phi.direct.ct, sPhikf.ct,
ci, modelfit3, msef.ct,omega, mseb.

Examples

require(Matrix)

k=3 #number of categories of the response variable
pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3) #data

D=nrow(simdata3)

datar=data.mme (simdata3,k,pp,mod)

###Fixed effects values

beta.new=1list ()

beta.new[[1]]=matrix(c( 1.3,-1),2,1)
beta.new[[2]]=matrix(c( -1.6,1),2,1)

## Random effects values

ul.new=rep(0.01, ((k-1)*datar$d))
dim(ul.new)=c(datar$d,k-1)

u2.new=rep(0.01, ((k-1)*D))

dim(u2.new)=c(D,k-1)

## Initial variance components
phi=phi.mult.ct(beta.new,datar$y,datar$Xk,datar$n,ul.new,u2.new)

phi.mult.it Initial values for the variance components in Model 2

Description

This function is used in initial.values to calculate the initial values for the variance
components in the multinomial mixed model with two independent random effects for
each category of the response variable: one domain random effect (ul) and another
independent time and domain random effect (u2) (Model 2).

Usage
phi.mult.it(beta.0, y, Xk, M, ul, u2)
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Arguments

beta.0 initial values for the fixed effects obtained from initial.values.

y matrix with the response variable obtained from data.mme. The rows
are the domains and the columns are the categories of the response
variable.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

M vector with the sample size of the areas.

ul vector with the initial values for the first random effect obtained from

initial.values.

u2 vector with the initial values for the second random effect obtained
from initial.values.

Value

phi.0 vector of the initial values for the variance components.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also

data.mme, initial.values, wmatrix, prmu.time, Fbetaf.it, phi.direct.it, sPhikf.it,
ci, modelfit2, msef.it, mseb.

Examples

require(Matrix)

k=3 #number of categories of the response variable
pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata2) #data

mod=2 #Type of model
datar=data.mme(simdata2,k,pp,mod)

D=nrow(simdata2)

###fixed effects values

beta.new=1list ()

beta.new[[1]]=matrix(c( 1.3,-1),2,1)
beta.new[[2]]=matrix(c( -1.6,1),2,1)

## random effects values

ul.new=rep(0.01, ((k-1)*datar$d))
dim(ul.new)=c(datar$d,k-1)

u2.new=rep(0.01, ((k-1)*D))
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dim(u2.new)=c(D,k-1)

##Initial variance components
phi=phi.mult.it(beta.new,datar$y,datar$Xk,datar$n,ul.new,u2.new)

print.mme Print objects of class mme

Description

This function prints objects of class mme.

Usage
## S3 method for class mme
print(x, ...)
Arguments
X a list with the output of modelfitl, modelfit2 or modelfit3.

further information.

See Also

modelfitl, modelfit2, modelfit3

Examples

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=1 # Type of model

data(simdata)

datar=data.mme (simdata,k,pp,mod)

##Model fit

result=modelfitl(pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N)

result
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prmu Estimated mean and probabilities for Model 1

Description

This function calculates the estimated probabilities and the estimated mean of the
response variable, in the multinomial mixed model with one independent random
effect in each category of the response variable (Model 1).

Usage
prmu(M, Xk, beta, u)

Arguments
M vector with the area sample sizes.
Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.
beta fixed effects obtained from modelfit1.
u values of random effects obtained from modelfit1.
Value

A list containing the following components:

Estimated.probabilities
matrix with the estimated probabilities for the categories of response

variable.
mean matrix with the estimated mean of the response variable.
eta matrix with the estimated log-rates of the probabilities of each category

over the reference category.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 153-178.

See Also

data.mme, initial.values, wmatrix, phi.mult, Fbetaf, phi.direct, sPhikf, ci,
modelfitl, msef, mseb.
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Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

D=nrow(simdata)

datar=data.mme (simdata,k,pp,mod)

initial=datar$initial

##Estimated mean and probabilities
mean=prmu(datar$n,datar$Xk,initial$beta.0,initial$u.0)

prmu.time Estimated mean and probabilities for Model 2 and 3

Description

This function calculates the estimated probabilities and the estimated mean of the
response variable, in the multinomial mixed models with two independent random
effects, one random effect associated with the area and the other associated with the
time, for each category of the response variable. The first model assumes independent
time and domain random effect (Model 2) and the second model assumes correlated
time and domain random effect (Model 3).

Usage

prmu.time(M, Xk, beta, ul, u2)

Arguments

M vector with the area sample sizes.

Xk list of matrices with the auxiliary variables per category obtained from
data.mme. The dimension of the list is the number of domains.

beta a list with the values for the fixed effects beta per category obtained
from modelfit2.

ul a vector with the values of the first random effect obtained from modelfit?2
or modelfit3.

u2 a vector with the values of the second random effect obtained from

modelfit2 or modelfit3.
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Value

A list containing the following components:

Estimated.probabilities
matrix with the estimated probabilities for the categories of response

variable.
mean matrix with the estimated mean of the response variable.
eta matrix with the estimated log-rates of the probabilities of each category

over the reference category.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicator under a multinomial mixed model with correlated time and
area effects. Submited for review.

See Also

data.mme, initial.values, wmatrix, phi.mult.it, Fbetaf.it, phi.direct.it, sPhikf.it,
ci, modelfit2, msef.it, mseb

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=2 #Type of model

data(simdata2) # data

datar=data.mme(simdata2,k,pp,mod)

initial=datar$initial

## Estimated mean and estimated probabilities
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)

simdata Dataset for Model 1

Description

Dataset used by the multinomial mixed effects model with one independent random
effect in each category of the response variable (Model 1). This dataset contains 15
small areas. The response variable has three categories. The last is the reference
category. The variables are as follows:
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Format

A data frame with 15 rows and 9 variables in columns

Detalils

e area: area indicator.

e Time: time indicator.

e sample: the sample size of each domain.

e Population: the population size of each domain.

e Y1: the first category of the response variable.

e Y2: the second category of the response variable.

e Y3: the third category of the response variable.

e X1: the covariate for the first category of the response variable.

e X2: the covariate for the second category of the response variable.

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category

data(simdata) #data

mod=1 # type of model

datar=data.mme (simdata,k,pp,mod)

# Model fit

result=model (datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$y[,1:(k-1)],datar$n,datar$N,mod)

#Analytic MSE
mse=msef (pp,datar$X,datar$Z,result,datar$N,datar$n)

B=1 #Bootstrap iterations
ss=12345 #SEED

set.seed(ss)

##Bootstrap parametric BIAS and MSE
mse.pboot=mseb (pp,datar$Xk,datar$X,datar$Z,datar$n,datar$N,result,B,mod)
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simdata2

Dataset for Model 2

Description

Dataset used by the multonomial mixed effects model with two independent random
effects in each category of the response variable: one domain random effect and another
independent time and domain random effect (Model 2). This dataset contains 10 small
areas and two periods. The response variable has three categories. The last is the

reference category. The variables are as follows:

Format

A data frame with 30 rows and 9 variables in columns

Details
e area: area indicator.
e Time: time indicator.
e sample: the sample size of each domain.
e Population: the population size of each domain.
e Y1: the first category of the response variable.
e Y2: the second category of the response variable.
e Y3: the third category of the response variable.
e X1: the covariate for the first category of the response variable.
e X2: the covariate for the second category of the response variable.
Examples
library (mixstock)
library(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata2)

mod=2 #type of model

datar=data.mme(simdata2,k,pp,mod)

##Model fit
result=model (datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,

datar$y[,1:(k-1)],datar$n,datar$N,mod)
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##Analytic MSE
msef=msef.it(pp,datar$X,result,datar$n,datar$N)

B=1 #Bootstrap iterations
s5=12345 #SEED
set.seed(ss)

##Bootstrap parametric BIAS and MSE
mse.pboot=mseb (pp,datar$Xk,datar$X,datar$Z,datar$n,datar$N,result,B,mod)

simdata3 Dataset for Model 3

Description

Dataset used by the multonomial mixed effects model with two independent random
effects in each category of the response variable: one domain random effect and another
correlated time and domain random effect (Model 3). This dataset contains ten small
areas and four periods. The response variable has three categories. The last is the
reference category. The variables are as follows:

Format

A data frame with 40 rows and 9 variables in columns

Detalils

e area: area indicator.

e Time: time indicator.

e sample: the sample size of each domain.

e Population: the population size of each domain.

e Y1: the first category of the response variable.

e Y2: the second category of the response variable.

e Y3: the third category of the response variable.

e X1: the covariate for the first category of the response variable.

e X2: the covariate for the second category of the response variable.
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Examples

## Not run:
library(mixstock)
library (Matrix)
library (MASS)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category

mod=3 #type of model

data(simdata3) #data

datar=data.mme (simdata3,k,pp,mod)

##Model fit

result=model (datar$d,datar$t,pp,datar$Xk,datar$X,datar$Z,datar$initial,
datar$yl[,1:(k-1)],datar$n,datar$N,mod)

##Analytic MSE
msef=msef.ct(pp,datar$X,result,datar$n,datar$N)

B=1 #Bootstrap iterations
s5=12345 #SEED
set.seed(ss)

##Bootstrap parametric BIAS and MSE
mse.pboot=mseb (pp,datar$Xk,datar$X,datar$Z,datar$n,datar$N,result,B,mod)
## End (Not run)

sPhikf Fisher information matriz and score vectors of the variance
components for Model 1

Description

This function computes the Fisher information matrix and the score vectors of the
variance components, for the multinomial mixed model with one independent random
effect in each category of the response variable (Model 1). These values are used in
the fitting algorithm implemented in modelfitl to estimate the random effects. The
algorithm adatps the ideas of Schall (1991) to a multivariate model. The variance
components are estimated by the REML method.

Usage
sPhikf (pp, sigmap, X, eta, phi)
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Arguments

PP vector with the number of the auxiliary variables per category.

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

eta matrix with the estimated log-rates of probabilities of each category
over the reference category obtained from prmu.
phi vector with the values of the variance components obtained from modelfit1.
Value

A list containing the following components.

S.k phi score vector.
F Fisher information matrix of the variance component phi.
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13 ,153-178.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,
78.719-727.

See Also

data.mme, initial.values, wmatrix, phi.mult, prmu, phi.direct, Fbetaf, ci,
modelfitl, msef, mseb.

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
data(simdata) #data

mod=1 #type of model

datar=data.mme (simdata,k,pp, mod)

initial=datar$initial
mean=prmu(datar$n,datar$Xk,initial$beta.0,initial$u.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

##Fisher information matrix and score vectors
Fisher.phi=sPhikf (pp,sigmap,datar$X,mean$eta,initial$phi.0)
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sPhikf.ct

Fisher information matriz and score vectors of the variance
components for Model 3

Description

This function computes the Fisher information matrix and the score vectors of the
variance components, for the multinomial mixed model with two independent random
effects for each category of the response variable: one domain random effect and
another correlated time and domain random effect (Model 3). These values are used
in the fitting algorithm implemented in modelfit3 to estimate the random effects.
The algorithm adatps the ideas of Schall (1991) to a multivariate model. The variance
components are estimated by the REML method.

Usage

sPhikf.ct(d, t, pp, sigmap, X, eta, phil, phi2, rho, pr,

M)

Arguments

d
t

pp

sigmap

eta

phil

phi2

rho

pr

number of areas.
number of time periods.
vector with the number of the auxiliary variables per category.

a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

matrix with the estimated log-rates of probabilites of each category
over the reference category obtained from prmu.time.

vector with the values of the first variance component obtained from
modelfit3.

vector with the values of the second variance component obtained from
modelfit3.

vector with the correlation parameter obtained from modelfit3.

matrix with the estimated probabilities of the response variable ob-
tained from prmu.time.

vector with the area sample sizes.
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Value

A list containing the following components.

S (phil, phi2, rho) score vector.
F Fisher information matrix of the variance components (phil, phi2, rho).
References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,

78,719-727.

See Also

data.mme, initial.values, wmatrix, phi.mult.ct, prmu.time, phi.direct.ct, Fbetaf.ct,
omega, ci, modelfit3, msef.ct, mseb

Examples

require (Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=3 #type of model

data(simdata3) #data

datar=data.mme (simdata3,k,pp, mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.O0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

## Fisher information matrix and the score vectors
Fisher.phi.ct=sPhikf.ct(datar$d,datar$t,pp,sigmap,datar$X,mean$eta,initial$phil.o,
initial$phi2.0,initial$rho.0,meanPestimated.probabilities,datar$n)

sPhikf.it Fisher information matriz and score vectors of the variance
components for Model 2

196



Description

This function computes the Fisher information matrix and the score vectors of the
variance components, for the multinomial mixed model with two independent random
effects for each category of the response variable: one domain random effect and
another independent time and domain random effect (Model 2). These values are
used in the fitting algorithm implemented in modelfit2 to estimate the random effects.
The algorithm adatps the ideas of Schall (1991) to a multivariate model. The variance
components are estimated by the REML method.

Usage
sPhikf.it(d, t, pp, sigmap, X, eta, phil, phi2)

Arguments

d number of areas.

t number of time periods.

PP vector with the number of the auxiliary variables per category.

sigmap a list with the model variance-covariance matrices for each domain
obtained from wmatrix.

X list of matrices with the auxiliary variables obtained from data.mme.
The dimension of the list is the number of categories of the response
variable minus one.

eta matrix with the estimated log-rates of probabilities of each category
over the reference category obtained from prmu.time.

phil vector with the values of the first variance component obtained from
modelfit2.

phi2 vector with the values of the second variance component obtained from
modelfit2.

Value

A list containing the following components.

phi score vector.

F Fisher information matrix of the variance components phil and phi2.

References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Small area estimation
of labour force indicators under a multinomial mixed model with correlated time and
area effects. Submitted for review.

Schall, R (1991). Estimation in generalized linear models with random effects. Biometrika,
78,719-727.
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See Also

data.mme, initial.values, wmatrix, phi.mult.it, prmu.time, phi.direct.it, Fbetaf.it,
ci, modelfit2, msef.it, mseb

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=2 #Type of model

data(simdata2) #data

datar=data.mme(simdata2,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
sigmap=wmatrix(datar$n,mean$estimated.probabilities)

##Fisher information matrix and score vectors
Fisher.phi=sPhikf.it(datar$d,datar$t,pp,sigmap,datar$X,mean$eta,initial$phil.o,
initial$phi2.0)

wmatrix Model variance-covariance matrixz of the multinomial mized
models

Description

This function calculates the variance-covariance matrix of the multinomial mixed mod-
els. Three types of multinomial mixed model are considered. The first model (Model
1), with one random effect in each category of the response variable; Model 2, intro-
ducing independent time effect; Model 3, introducing correlated time effect.

Usage

wmatrix(M, pr)

Arguments
M vector with area sample sizes.
pr matrix with the estimated probabilities for the categories of the re-
sponse variable obtained from prmu or prmu.time.
Value

W a list with the model variance-covariance matrices for each domain.

198



References

Lopez-Vizcaino, ME, Lombardia, MJ and Morales, D (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling,13,153-178.

See Also

data.mme, initial.values, phi.mult, prmu, prmu.time Fbetaf, phi.direct, sPhikf,
ci, modelfitl, msef, mseb

Examples

require(Matrix)

k=3 #number of categories of the response variable

pp=c(1,1) #vector with the number of auxiliary variables in each category
mod=2 #type of model

data(simdata?2)

datar=data.mme (simdata2,k,pp,mod)

initial=datar$initial
mean=prmu.time(datar$n,datar$Xk,initial$beta.0,initial$ul.0,initial$u2.0)
##The model variance-covariance matrix
varcov=wmatrix(datar$n,mean$estimated.probabilities)
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Appendix A

Resumen en espanol

El paro es actualmente un problema de primer orden. Las encuestas sociolégicas lo sitiian
habitualmente como una de las preocupaciones principales de los ciudadanos, y la lucha
contra el paro es prioritaria en la actuacién politica de todos los niveles de la Adminis-
tracion Publica. Es mas, en el contexto de crisis en el que esta inmersa la Uniéon Europea,
en Espana el impacto de esta crisis en el mercado de trabajo ha sido mucho mas intenso
que en la mayoria de las economias avanzadas, la tasa de paro en el tercer trimestre del
2013 alcanzé el 25.98%, mas de 14 puntos superior a la del 2008. En Galicia la situacién
del mercado de trabajo no es muy diferente, la tasa de paro estéd en el 21.6% y el ntiimero
de parados alcanza ya las 277 mil personas. En esta situacién los politicos de todos los
niveles de la administracion planifican y actuan con el objetivo de reducir el paro.

En general las medidas politicas de caracter global no suelen ser satisfactorias para las
entidades locales, que también pueden desarrollar sus propias estrategias de empleo. Para
ello necesitan algunas herramientas que les permitan determinar -con precision, fiabilidad
y puntualidad aceptables- las principales variables e indicadores del mercado laboral: em-
pleo, paro, poblacién activa, tasa de empleo y paro, y la ocupacion en funcién de sexo,
edad y sector de actividad, entre otros, para asi poder desarrollar sus competencias. En
Espana, como en otros paises europeos, la estimaciéon se realiza mediante la Encuesta de
Poblacién Activa (EPA), que utiliza un disefio estratificado con el criterio principal del
tamano del municipio (INE, 2009). La mayoria de los municipios no estan representados
en la muestra, y muchos de los que si lo estan tienen un tamano muestral muy reducido,
lo que hace que las estimaciones a nivel municipal tengan una precisiéon inaceptable. El
problema que se plantea, entonces, es el de la insuficiencia de tamano muestral, e incluso
ausencia total en algunos casos, para llevar a cabo tales estimaciones. Ante esta situacion
se puede ampliar el tamano muestral, pero esto, ademés de originar un evidente aumento
en los costes y en la carga de respuesta a los informantes, puede conllevar otras pérdidas
de calidad debidas a posibles retrasos en la obtencion de los resultados y al impacto de
los errores ajenos al muestreo. Por tanto, el aumento del tamano muestral no es siempre
aconsejable e incluso algunas veces inviable desde el punto de vista econdmico.

El interés por desarrollar técnicas de estimacion para areas pequenas que permitan
resolver razonablemente estos problemas es creciente entre los investigadores de la Es-
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tadistica. El término ”area pequena”, se utiliza frecuentemente para referirse a zonas
geograficas, pero también se puede aplicar a otros dominios de interés como limites no
geograficos, grupos de edad, sectores de actividad, etc. Es el tamano muy reducido de la
muestra en el dominio, y consecuentemente la gran varianza de los estimadores "directos”
lo que define el area pequena, y no el tamano del area en si mismo. En el contexto de la
estimacion en areas pequenas, se dice que un estimador de un parametro en un dominio
dado es directo si esta basado solamente en los datos muestrales del dominio especifico. El
problema de estos estimadores es que cuando no hay observaciones muestrales en alguna
area de interés no se pueden calcular.

En este trabajo el objetivo es la estimacién de las variables relacionadas con el mercado
laboral (ocupados, parados y tasa de paro) en las comarcas gallegas utilizando técnicas de
estimacion en areas pequenas con modelos multinomiales mixtos de area. Los parados y
ocupados se pueden estimar mediante dos modelos lineales mixtos separados, relacionando
las estimaciones directas de las respectivas proporciones con otras variables auxiliares. En
esta situacion nadie nos asegura que las estimaciones caigan en el intervalo [0, 1], lo cual
es una desventaja importante. Otra desventaja es que estos modelos no tienen en cuenta
la relacion natural existente entre los parados, ocupados y la poblacién inactiva, pues la
suma de las tres categorias es el total poblacional de 16 y mas anos. Estas desventajas se
pueden superar usando modelos logisticos. Estos modelos se usaron en los trabajos de Saei
and Chambers (2003), Molina et al. (2007), Morales et al. (2007) y Gonzéilez-Manteiga
et al. (2008b).

Por tanto, para llevar a cabo nuestro objetivo usaremos estimadores EBLUP basa-
dos en modelos multinomiales mixtos a nivel de area ya introducidos por Molina et al.
(2007), en los que se asume una distribucién multinomial logistica conjunta con efectos
aleatorios de area para las proporciones de parados y ocupados. En el modelo descrito en
Molina et al. (2007), solo se consideraba un efecto aleatorio de area para cada una de las
areas y, por tanto, este efecto era el mismo para las dos clases multinomiales (ocupados
y parados). En el problema que nos ocupa en este trabajo esta situacién puede no ser
apropiada, motivada por las caracteristicas tan diferentes de estos dos colectivos en la
comunidad gallega, lo cual llevé a que consideraramos dos efectos aleatorios, uno para
cada una de las categorias multinomiales. Ademas, la disponibilidad de series de tiempo
permite un aumento significativo de la muestra total en el dominio de estudio, lo cual
nos llevé a introducir en el modelo efectos de tiempo independientes y correlacionados
tal y como ya se ha hecho en otros trabajos de caracteristicas similares (Pfeffermann and
Burck, 1990; Rao and Yu, 1994; Saei and Chambers, 2003; Tiller, 1992; Ugarte et al.,
2009a). En este caso, se aplican los modelos de area a los datos muestrales y para ilustrar
el proceso se utilizan datos de la EPA de la Comunidad Auténoma de Galicia.

La finalidad principal de la EPA es conocer la actividad econémica de la poblacién en lo
relativo a su componente humano. Esta orientada a dar datos de las principales categorias
poblacionales en relacién con el mercado de trabajo (ocupados, parados, activos, inactivos)
y a obtener clasificaciones de estas categorias segin diversas caracteristicas. La EPA esta
basada en definiciones y criterios internacionales y sus resultados permiten la compara-
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bilidad con otros paises europeos. Se trata de una encuesta trimestral que utiliza un
muestreo estratificado bietdpico con estratificacion de las unidades muestrales primarias
(UMP). Las UMP estan constituidas por secciones censales que son areas geograficas con
un maximo de 500 viviendas o aproximadamente 3000 personas. Las unidades de segunda
etapa estan constituidas por las viviendas familiares principales y los alojamientos fijos.
Dentro de las unidades de segunda etapa no se realiza submuestreo alguno, recogiéndose
informacion de todas las personas que tengan su residencia en las mismas.

En este trabajo los dominios de interés son las comarcas cruzadas con el sexo. En
Galicia hay 53 comarcas pero vamos a considerar D = 96 o D = 102 dominios, obtenidos
de cruzar las 48 o 51 comarcas en las que hay muestra con los 2 sexos. Utilizaremos
datos desde el tercer trimestre del 2009 hasta el cuarto trimestre del 2011, i.e., para
T = 10 periodos. Como hay 48 o 51 comarcas en la EPA de Galicia, tenemos D = 96 o
D = 102 dominios Py que denotan la poblacién del dominio d en el periodo de tiempo t.
Estos dominios los podemos particionar en los subconjuntos Pyi¢, Py v Pis: de ocupados,
parados e inactivos. Nuestro parametro poblacional objetivo es el total de ocupados
parados y las tasas de paro, esto es

Yan

Yo = k=12, Ry = ———,
dkt Z Ydktj dt Yo+ Yoo

JEPu

donde yar; = 1 si el individuo j del dominio d y el periodo de tiempo ¢ esta en Py, y
Yart; = 0 en otro caso.

La EPA no produce estimaciones oficiales a nivel de dominio, pero los estimadores
directos andlogos del total Yy, de la media Yy = Y /Ny, del tamano Ny y de la tasa
R4 son

. A e " . y dir
dir dir dir dir o dir __ dir d2t
Yire = E Watj Yakt, Yare = Yare /Nat'» kb =1,2, Ng" = E  waj, Ry = ydir 4 yrdir’
JESat JESay aie T Yaor
(A.0.1)

donde Sy es el dominio muestral y los wg; son los pesos oficiales calibrados teniendo
en cuenta la no respuesta.

En este punto describimos los modelos multinomiales mixtos empleados en este tra-
bajo. Definimos los efectos aleatorios uj g y u2 4k asociados al dominio d, la cate-
goria k y el periodo de tiempo t, respectivamente. Consideramos dos conjuntos de

efectos aleatorios. El primero es u; = (ujy,...,u}p), con urg = (a1, ur,a2). El

/ / / / / / /
Segundo €S U2 = (u2,17 s 7’u'27D) , CONl U2 g = (u27d17u2’d2) y U2 dk = <u2,dk1a s 7u2,dkT) )
k= 1,2,y uoa = (U241, u242). La variable objetivo es y = (y),...,y))’, donde

Yo = Yo, Yyp) and yy = (YareYa2e)’s d = 1,...,D, t = 1,...,T. Entonces, el
modelo principal (Modelo 3) asume que

1. uy y uy son independientes,

2. u; ~N(0,V,,), donde V,, = diag (diag(v11, ¥12))-
1<d<D
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3. ugar ~ N(O,Vy,,), d=1,...,D, k = 1,2, son independientes con matriz de
covarianzas AR(1), i.e. Vi = go%Q(QzS )y

| A Y
1 ¢ 1T b
k
o7 TR S

or it gy 1

TxT

El Modelo 3 también asume que la variable respuesta y4, condicionada a w4 y w2 4, €s
independiente con distribuciéon multinomial

ydt|u1,d7u2,dt ~ M(ndt,pdlt,pdgt), d = 1, e ,D, t = 1, e ,T. (AOQ)

Para los pardmetros naturales ngy = 1og(paxt/past), €l Model 3 asume

Ndkt :wdktﬁk+u17dk+u27dkt, d: 1,...,D, ]{Z: 1,2, t= 1,...,T, (A03)
donde ®art = (Taktrs - - - Taktp,) and By = (Bk1, - - -, Brp,)’- Equivalentemente, podemos
escribir

exp{ Nkt }

d=1,....D, k=12, t=1,...,T.

P T exp (e} + exp{naae)
Del Modelo 3, se pueden derivar los restantes dos modelos empleados en este trabajo.
El Modelo 2 se obtiene haciendo en el Model 3 ¢; = ¢2 = 0 y por tanto tiene efectos
aleatorios independientes ug g1:. El Model 1 se obtiene considerando que el Modelo 2 es
para un periodo de tiempo (7' = 1) y considerando solo un efecto aleatorio u;. Este es el
modelo estudiado en Lopez-Vizcaino et al. (2013a). El modelo de Molina et al. (2007) se
obtiene haciendo u; 41 = u; 42 en el Modelo 1.

El ajuste de los modelos se llevo a cabo usando una combinacion del método de méxima
verosimilitud penalizada (PQL), introducido por Breslow and Clayton (1996), para la esti-
macién de f,’s, 1os Uy gr’s y 10s ug gxt’s, con la maxima verosimilitud restringida (REML)
para la estimacién de las componentes de la varianza @y, w9 and ¢y, k=1,...,q—1. El
método se basa en una aproximacién normal de la distribucién de probabilidad conjunta
del vector (y,u). Este algoritmo combinado lo introdujo Schall (1991), y posteriormente
lo utilizé Saei and Chambers (2003) en el contexto de estimacién de dreas pequefias con
modelos lineales generales mixtos. En este trabajo se adapta el método de ajuste al mod-
elo multinomial mixto introducido.

En la practica estamos interesados en estimar los totales de los dominios

det Zydktju = "7Dak:17"'7q_17t:17"'7T7

JE€Pat
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donde Py es la poblacién del dominio con tamano Ng. Un estimador sintético de Yy,
es f/dkt = Mgpt = thﬁdkt. Las estimaciones para las tasas se pueden obtener usando los
correspondientes estimadores de los totales con el método plugging. El interés esta en
estimar my = thpdt, d=1,....,D,t=1,...,T, donde Ny es un estimador del tamafio
de la poblacién que puede ser obtenido de los microdatos de la encuesta o de algtin registro
administrativo. Como estamos en un contexto de un modelo de area, th se trata como
una constante. En la aplicacion a datos reales, se tomara th = Ngfr y se estimara mg
por medio de mg = thf)dt, donde

exp{ Mkt }
1+ exp{7a1t} + exp{7aat}’

/ ~ > A~ A~
) Nakt = TapeBy + Ur,ax + Uz, dkt,

(A.0.4)

ﬁdt - (ﬁdlt;ﬁdzt) ﬁdkt =

y Bk, Uy, qr and s gx Se obtienen de la salida del algoritmo de ajuste PQL.

Estos estimadores suelen ser sesgados, por eso la acuracidad de las estimaciones es un
tema fundamental en la SAE de la que se han publicado diversas aproximaciones en la
literatura. El hecho de que los estimadores sean sesgados hay que complementarlo con
ganancia en acuracidad. De ahi que en este trabajo se utilicen diferentes aproximaciones
al error cuadratico medio (MSE), mediante una expresién analitica y mediante técnicas
bootstrap. En este punto es deseable tener en cuenta que en las estadisticas de fuerza
de trabajo la Office for National Statistics (ONS) del Reino Unido considera que una
estimacion es publicable, y por tanto oficial, si su coeficiente de variacion es inferior al
20% (ONS, 2004).

Una vez decididos los modelos, los estimadores y la estimacion del MSE, necesitamos
obtener variables auxiliares para llevar a cabo el ajuste de los modelos. Las variables
auxiliares que se utilizaron provienen de registros administrativos y de los datos que nos
proporciona la EPA. Se utilizan las proporciones de personas en los dominios y dentro de
las categorias que definen las siguientes agrupaciones.

e SEXAGE: Combinaciones de sexo y grupos de edad, con 6 valores. El sexo se
codifica 1 para hombres y 2 para mujeres y la edad estd categorizada en 3 grupos
con codigos 1 para 16-24, 2 para 25-54 y 3 para >55. Los codigos 1,2, ...,6 se usan
para los pares sexo-edad (1,1),(1,2),...,(2,3).

e STUD: Esta variable describe el nivel de educacién alcanzado, con valores 1-3 para
los analfabetos y educacién primaria, la secundaria y el nivel de educacion superior,
respectivamente.

e REG: Esta variable indica si un individuo estd registrado o no como desempleado
en las oficinas de empleo ptblico. El desempleo se puede medir a través de los datos
proporcionados por las oficinas de empleo publico y mediante los datos proporciona-
dos por la EPA (variable de estudio). Los datos de desempleo en estas dos fuentes
son diferentes pero correlacionados. Nosotros estamos interesados en la definicién
de la EPA, pues esta es la que sigue las recomendaciones de la Organizacién Interna-
cional del Trabajo (OIT) y EUROSTAT; es decir mide el desempleo como el nimero
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de personas sin empleo que quieren trabajar, estan disponibles para trabajar y estan
buscando activamente empleo.

e SS: Esta variable indica si un individuo esta afiliado a la Seguridad Social en alta
laboral.

Ahora los modelos se ajustan a los datos y al conjunto de variables auxiliares signi-
ficativas. La seleccion de los modelos se hace utilizando herramientas descriptivas y de
contraste. Finalmente, se obtienen las estimaciones basadas en el modelo de los totales de
ocupados, parados y tasas de paro y sus errores cuadraticos medios. Si se comparan estas
estimaciones con las que se obtienen con los estimadores directos de la EPA, se puede ver
que se comportan mucho mejor en términos de MSE, sobre todo para las comarcas con
tamano de muestra pequeno, constituyendo esta metodologia una alternativa para hacer
estimaciones a nivel comarcal. Otra ventaja de estos estimadores basados en el modelo es
que tiene la propiedad de que son consistentes en el sentido de que la suma de ocupados,
parados e inactivos es la poblacién total del dominio (poblacién de 16 y més anos).

Ademas en este trabajo se propone el uso de dos modelos con efectos de area y de
tiempo combinados. El hecho de incluir un efecto de tiempo hace que obtengamos unas
estimaciones de los ocupados, parados y tasas de paro con mas precision y mas estables
que si se ajustaran modelos independientes para cada periodo temporal. Estas caracteris-
ticas hacen que esta metodologia sea atractiva para su uso en las oficinas de estadistica
oficial, pues las estimaciones siguen el patrén de los estimadores directos para las comar-
cas grandes y para las comarcas pequenas se comportan con estabilidad, con lo cual el
efecto del suavizado por el uso de varios periodos de tiempo parece razonable.

Ademas los predictores basados en el modelo permiten hacer predicciones para do-
minios sin muestra, para los cuales no existen los estimadores basados en el diseno. Esto
no quiere decir que los estimadores basados en el diseno no tengan ningin papel en la
prediccién basada en modelos. Los estimadores basados en el diseno son los datos de
entrada para los modelos y se utilizan para la evaluacién de los estimadores basados en
modelos y para la calibracion de estos a los datos provinciales. La calibracion tiene la
ventaja de garantizar la consistencia en la publicacién de los estimadores basados en el
modelo y los estimadores basados en el diseno para areas mas grandes. Esto lo requieren
a menudo las oficinas de estadistica.

También se han propuesto diferentes aproximaciones para el calculo del error cuadratico
medio. Una de ellas se basa en la aproximacion de Prasad and Rao (1990) y las restantes
estan basadas en técnicas bootstrap. En las simulaciones se observa un mejor compor-
tamiento de las técnicas bootstrap.

En lo referente a los resultados del mercado de trabajo en Galicia se puede concluir
que hubo un crecimiento general en las tasas de paro en el periodo considerado en casi
todas las comarcas, aunque este incremento fue superior en los hombres. Esto puede
estar condicionado, entre otras cosas, por la brusca caida del empleo en el sector de la
construccion, que emplea principalmente a hombres. Debido a la situaciéon econémica en
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Espana, con caidas del Producto Interior Bruto, este poblacion no ha sido capaz de en-
contrar trabajo en otro sector de actividad. También se puede observar que las comarcas
de la costa oeste de Galicia son aquellas que, en términos generales, tienen mayores tasas
de desempleo. Esta area es la mas dinamica de Galicia y con la poblacién més joven. En
esta drea vive aproximadamente el 75% de la poblacién gallega y las tasas de paro son
tan altas porque las empresas no pueden absorver a tantos trabajadores.

Los modelos propuestos en esta tesis se han implementado en un paquete de R con
el nombre mme. En los tdltimos anos el software R se ha convertido en una poderosa
herramienta cientifica que ofrece una coleccion rica de técnicas estadisticas modernas y
clasicas. Motivado por su flexivilidad y su amplia aceptacion en la comunidad cientifica
hemos elegido R como lenguaje de programacion para desarrollar la libreria de funciones
necesarias para el ajuste de los modelos propuestos en este trabajo.

En el paquete mme hemos introducido una serie de nuevas funciones que pueden se
de interés para aquellos que estan haciendo investigacién aplicada. Las ocho funciones
principales se resumen en la tabla siguiente:
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Funcion

Descripcion

Referencia

data.mme

fitmodell

fitmodel2

fitmodel3

msef

msef.it

msef.ct

mseb

Basada en los datos introducidos esta fun-
ciéon genera algunas matrices necesarias
para cdlculos posteriores y los valores ini-
ciales de los efectos fijos y aleatorios para
el algoritmo de ajuste.

Funcién empleada para el ajuste del mod-
elo multinomial mixto con efectos aleato-
rios independientes para cada una de las
categorias de la variable respuesta (Mod-
elo 1)

Funcién empleada para el ajuste del mod-
elo multinomial mixto con do efectos
aleatorios independientes por cada cate-
goria de la variable respuesta: un effecto
aleatorio debido al dominio y otro efecto
aleatorio independiente debido al tiempo
y al dominio (Modelo 2)

Funcién empleada para el ajuste del mod-
elo multinomial mixto con do efectos
aleatorios independientes por cada cate-
goria de la variable respuesta: un effecto
aleatorio debido al dominio y otro efecto
aleatorio correlado debido al tiempo y al
dominio (Modelo 3)

Esta funcién se usa para calcular el MSE
analitico para el Modelo 1

Esta funcién se usa para calcular el MSE
analitico para el Modelo 2

Esta funcién se usa para calcular el MSE
analitico para el Modelo 3

Funcién usada para calcular el sesgo y el
MSE para los modelos multinomiales mix-
tos utilizando bootstrap paramétrico

Lépez-Vizcaino et al (2013a)

Loépez-Vizcaino et al (2013a)

Lépez-Vizcaino et al (2013b)

Loépez-Vizcaino et al (2013b)

Lépez-Vizcaino et al (2013a)
Lépez-Vizcaino et al (2013b)
Lépez-Vizcaino et al (2013b)

Loépez-Vizcaino et al (2013a)
and Lopez-Vizcaino et al
(2013b)
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