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Abstract

In this paper we present a summary of the Boundary Element Method developed for the analysis of potential problems
in the electrical engineering field. The numerical model proposed is shown as a general frame so that other existing
computer methods are recognized as particular cases. The stability of these models is analyzed identifying the sources of
error.
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1. Introduction

As it is known, a grounding system comprises all the
interconnected grounding facilities of an specific area, be-
ing the grounding grid its main element. In general, most
of grounding grids of electrical substations consist of a
mesh of interconnected cylindrical conductors, horizontally
buried, and supplemented by vertically thrusted ground
rods in certain places of the substation site. The most
important parameters that are required to design a safe
grounding system are the potential distribution on earth
surface when a fault current is derived into the soil and the
equivalent resistance of the system [1,2].

Equations governing the electrical current dissipation
into the soil through a grounded electrode are well-known
and can be stated from Maxwell’s Electromagnetic Theory.
Nevertheless, their application and resolution in practical
cases for grounding grids of large installations present
some troubles [1] (and, of course, no analytical solutions
can be obtained in a real problem).

Since the 1960s, several methods for the grounding
analysis and design of electrical substations have been
proposed. These methods (generally based on professional
practice, semi-empirical works, experimental data obtained
from scale model assays, or intuitive ideas) represented
an important improvement in the grounding analysis field.
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However, some problems (such as large computational
requirements, unrealistic results when segmentation of con-
ductors is increased, and uncertainty in the margin of error)
have been reported [2].

On the other hand, widespread numerical techniques
commonly used in other fields of engineering (such as the
FEM and the FDM) are precluded in grounding analysis,
due to the huge mesh resultant of the discretization of
the soil, around the cylindrical conductors and covering
semi-infinite domains [3].

2. Mathematical model

The problem can be stated by means of Maxwell’s
equations. Restricting the analysis to the electrokinetic
steady-state response and neglecting the inner resistivity of
the earthing conductors (potential is assumed constant on
the electrode surface), the 3D problem can be written as

div.σ / D 0I σ D �γ grad.V / in EI σ t nE D 0 in ΓE I
V D VΓ in ΓI V ! 0; if jxj ! 1; (1)

with E the earth, γ its conductivity tensor, ΓE the earth sur-
face, nE its normal exterior unit field and Γ the electrode
surface. Therefore, when the electrode attains a voltage
VΓ (Ground Potential Rise, or GPR) relative to a distant
grounding point, the solution to problem Eq. (1) makes
possible to obtain the potential distribution on the earth
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surface, the total surge current and the equivalent resistance
of the grounding system [1,3,4]. Since V and σ are propor-
tional to the GPR value, the normalized boundary condition
VΓ D 1 is not restrictive at all, and it will be used from here
on.

If the soil is considered homogeneous and isotropic, the
conductivity tensor γ can be substituted by an experimen-
tally obtained scalar value � . Nevertheless, if the electrical
properties of the soil change in the surroundings of the
electrical installation, it seems advisable to develop more
advanced soil models: a frequently proposed practical soil
model consists of assuming the soil stratified in a number
of horizontal layers, defined by their thicknesses and their
apparent scalar conductivities. In fact, it is widely accepted
that two-layer soil models should be sufficient to obtain
safe designs of grounding systems in most practical cases
[1]. Since the kind of techniques described in this paper can
be extended to multi-layer soil models, further discussion
is restricted to uniform soils.

As the surroundings of a substation site are levelled and
regularized during its constructive phase, the earth surface
ΓE can be assumed horizontal. Now, the application of
the “method of images” and Green’s Identity to problem
Eq. (1) yields the following integral expression [3,4] for
potential V .x/ at x 2 E :

V .x/ D 1

4³�

Z Z
ξ2Γ

k.x; ξ/ ¦ .ξ/ dΓ; 8x 2 E; (2)

where ¦.ξ/ is the leakage current density (¦ D σ t n, being
n the normal exterior unit field to Γ) at any point ξ of
the electrode surface Γ ² E , and with the weakly singular
kernel

k.x; ξ / D
�

1

r.x; ξ/
C 1

r.x; ξ 0/

�
; r.x; ξ/ D þþx � ξ

þþ; (3)

where ξ 0 is the symmetric of ξ with respect to the earth sur-
face. Since Eq. (2) holds on the earthing electrode surface,
the boundary condition VΓ D 1 leads to a Fredholm integral
equation of the first kind on Γ, the solution of which is
the unknown leakage current density ¦ . That equation can
be written in the weaker variational (or weighted residuals)
form

Z Z
χ2Γ

w.χ/

0
B@1 � 1

4³�

Z Z
ξ2Γ

k.χ; ξ /¦ .ξ/ dΓ

1
CA dΓ D 0; (4)

which must hold for all members w.χ/ of a suitable class
of so-called test (or weighting) functions on Γ [3].

3. BEM numerical model

Let us take a given set of N so-called trial (or interpolat-
ing) functions defined on Γ, a given set ofM 2D boundary
elements (portions of the electrode surface), and a given set

of N test functions defined on Γ [3]. The unknown leakage
current density ¦ and the electrode surface Γ can be dis-
cretized in that way. With this, it is possible to derive the
corresponding discretized form for the potential Eq. (2) and
for the integral equation Eq. (4). And so the approximate
solution to the problem can be obtained from solving a sys-
tem of linear equations [3,4], as usual in BEM models. The
coefficients of the matrix of that system (which is full) are
the result of double 2D integrations; besides, the number of
degrees of freedom is large. It can be easily understood that
it is necessary to make additional assumptions in order to
overcome the problem complexity.

The final form of the approximated 1D Boundary El-
ement Formulation is obtained after accepting three hy-
potheses [3]: (A) the leakage current is assumed uniform
around the perimeter of every cross section of the cylindri-
cal conductor, (B) the ends and junctions of the conductors
are not taken into account, and (C) the distances implied
in the kernel of the integrals can be approximated by an
expression that only depends on the distance between the
projections of those points over the axis of the elements
(in fact, that expression is the product of a quadrature that
saves us integrating along the circumference, combining
this with hypothesis A).

After applying these hypotheses, the coefficients of the
matrix of the system to solve are the result of double 1D
integrations; besides, the number of degrees of freedom
(points on the axis of the elements) is lower than in the
previous 2D model.

One fundamental difference between the 2D and the 1D
discretization models is that in the latter one the integral
kernels are non-singular [3].

4. Stability analysis

This stability analysis of the model implies studying
its behavior when the number of degrees of freedom n is
increased (by refining the segmentation of the conductors):
we expect that the discretized leakage current density and
the discretized potential will converge to their exact solu-
tions ¦.ξ/ and V .x/ as n rises. We can increase n either by
increasing the segmentation of the conductors, or by using
higher order elements.

The result of this analysis is that these formulations
fail to converge to the exact solution, since the discretized
leakage current density becomes polluted by increasing nu-
merical instabilities when discretization is refined beyond
a certain point, although the equivalent resistance seems to
converge [3]. We will try to find out the causes of those
instabilities, by analyzing the three hypotheses (A, B, C,
see above) [3,4] introduced to overcome the computational
complexity of the 2D BEM general formulation. Assump-
tions A and B are discarded as causes of the instabilities:
several numerical tests made by the authors [3] with a
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single bar prove that hypothesis A is safe to assume; on
the other hand, experience has shown that assumption B
could affect the results around the ends or the joints of the
electrodes, but it does not seem to compromise the global
behavior of the model.

So the origin of the instabilities must be attributed
to the assumption C. The fact is that the mentioned ap-
proximations are not valid for short distances. When the
discretization is refined, the size of the segments become
comparable to or smaller than the diameter of the conduc-
tors. Then, approximation C introduces significant errors in
the coefficients of the linear system, particularly in the di-
agonal terms: these terms correspond to coupling points of
the same elements, and so can be very affected by the bad
approximation of the circumferential integral, as the dis-
tances are all very short. On the other hand, when the ratio
diameter=length of the elements is small, the bad approxi-
mations due to short distances are hidden by the dominant
good approximations, as the elements are long enough.
From another point of view: it is a known theoretical result
for Fredholm equations of the first kind that the inverse
of a completely continuous operator is unbounded [5]; in
plain words: if approximation C is used, the exact solution
of the ill-conditioned simplified problem can not be found
numerically, since one can always come upon very differ-
ent leakage current distributions that apparently verify the
boundary condition V D VΓ with arbitrarily small errors.
This explains why unrealistic results are obtained when
discretization is refined, and convergence is precluded.

5. Application to real cases

The techniques derived by the authors have been im-
plemented in a computer aided design system for earthing
grids of electrical substations. At present, the single-layer
code runs in real-time in personal computers. Some of these
results can be found in [3,4]. The techniques described in
this paper can be extended for multi-layer soil models,

although computing time becomes not contemptible what-
soever. The proposed formulation has been implemented
in a high-performance parallel computer and the code has
been applied to the analysis of several real grounding sys-
tems [6].
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