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,Q VRPH SUREOHPV LQ HQJLQHHULQJ DSSOLFDWLRQV� WKH PHVK JHQHUDWLRQ SURFHVV UHSUHVHQWV
RQH RI WKH ELJ FKDOOHQJHV ZKHQ QXPHULFDO PHWKRGV VXFK DV qQLWH HOHPHQWV� qQLWH GLpHU�
HQFHV RU ERXQGDU\ HOHPHQWV DUH DSSOLHG� )RU WKLV UHDVRQ� VHYHUDO QXPHULFDO WHFKQLTXHV
�?PHVKOHVV PHWKRGV� � KDYH EHHQ UHFHQWO\ SURSRVHG WR RYHUFRPH WKH SUREOHPV UHODWHG
ZLWK WKH GLVFUHWL]DWLRQ RI WKH GRPDLQ� 7KHVH PHWKRGV FDQ UHSUHVHQW DQ LPSRUWDQW LP�
SURYHPHQW LQ &RPSXWDWLRQDO 0HFKDQLFV� DQG DPRQJ RWKHUV LQ WKH HOHFWULFDO HQJLQHHULQJ
qHOG� ,Q WKLV SDSHU� ZH SUHVHQW D PHVKOHVV WHFKQLTXH EDVHG RQ WKH 0RYLQJ /HDVW 6TXDUH
PHWKRG ZLWK D SRLQW FROORFDWLRQ DSSURDFK IRU VROYLQJ SUREOHPV LQ 3RWHQWLDO 7KHRU\
LQ HOHFWULFDO HQJLQHHULQJ DSSOLFDWLRQV� )XUWKHUPRUH ZH SURSRVH WKH XVH RI HQULFKPHQW
QXPHULFDO DSSURDFKHV DSSOLHG WR WKHVH PHVKOHVV SURFHGXUHV�
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$GYDQFHV LQ QXPHULFDO PHWKRGV� WRJHWKHU ZLWK WKH GHYHORSPHQW RI FRPSXWHU VFLHQFHV�
KDYH UHSUHVHQWHG D VLJQLqFDQW LPSURYHPHQW LQ WKH WUHDWPHQW RI VRPH HQJLQHHULQJ SURE�
OHPV� +RZHYHU� LQ VRPH SUDFWLFDO DSSOLFDWLRQV �H�J� � SUREOHPV ZLWK PRYLQJ ERXQGDULHV
DQG GLVFRQWLQXLWLHV RU LQ FDVHV RI GRPDLQV ZLWK YHU\ FRPSOLFDWHG JHRPHWU\� GLsFXOWLHV



DULVH ZKHQ VWDQGDUG QXPHULFDO WHFKQLTXHV ZKLFK UHTXLUH WKH GLVFUHWL]DWLRQ RI WKH ZKROH
GRPDLQ DUH DSSOLHG �%HO\WVFKNR HW D O�� ����� 2aQDWH HW D O�� �����E� � ,Q IDFW� ZKHQ DQ
HsFLHQW JULG LV QHHGHG� WKH PHVK JHQHUDWLRQ SURFHVV IUHTXHQWO\ EHFRPHV WKH ERWWOH QHFN�

7R RYHUFRPH WKHVH SUREOHPV� LQ UHFHQW \HDUV VRPH GLpHUHQW QXPHULFDO WHFKQLTXHV KDYH
EHHQ SURSRVHG� VXFK DV QXPHULFDO PHWKRGV ZKHUH H[SOLFLW HOHPHQW PHVKHV DUH XQQHF�
HVVDU\ ��PHVKOHVV PHWKRGV� � �%HO\WVFKNR HW D O�� ����� DQG QXPHULFDO PHWKRGV ZKHUH
DSSUR[LPDWLRQV DUH HQULFKHG E\ XVLQJ IXQFWLRQV RI WKH VDPH W\SH WKDW WKH VROXWLRQ �%H�
O\WVFKNR HW D O�� ����� 7D\ORU HW D O�� ����� �

,Q PHVKOHVV PHWKRGV� WKH VROXWLRQ GRPDLQ LV IRUPHG E\ D VHW RI QRGDO SRLQWV� (YHU\ SRLQW
KDV DQ DVVRFLDWHG VXEGRPDLQ LQFOXGLQJ LWV FORVHVW SRLQWV DQG WKHUHIRUH� D ORFDO DSSUR[L�
PDWLRQ FDQ EH DFKLHYHG LQ HDFK QRGH� 7KXV� IRU HYHU\ FHQWUDO QRGH RU � VWDU QRGH� WKLV
DSSUR[LPDWLRQ LV EXLOW ZLWK WKH LQIRUPDWLRQ SURYLGHG E\ LWV VXEGRPDLQ SRLQWV� :LWKLQ
WKH OLPLWV RI WKHVH WHFKQLTXHV VHYHUDO PHWKRGV KDYH DSSHDUHG LQ ODVW \HDUV� 2QH RI WKHP
LV EDVHG RQ OHDVW VTXDUHV IRUPXODWLRQV FRPELQHG ZLWK 3RLQW &ROORFDWLRQ DSSURDFKHV WR
FRPSXWH WKH LQWHJUDO WHUPV� WKHUHIRUH QR DX[LOLDU\ JULG LV UHTXLUHG� )XUWKHUPRUH� LQ WKLV
PHWKRG� GLpHUHQW LQWHUSRODQWV FDQ EH GHULYHG GHSHQGLQJ RQ WKH ZHLJKWLQJ IXQFWLRQ� LW
FDQ EH q[HG ZLWKLQ HDFK VXEGRPDLQ� DV LQ WKH 'LpXVH /HDVW 6TXDUH 0HWKRG �'/6� � RU LW
FDQ GHSHQG RQ WKH SRLQW ZKHUH WKH DSSUR[LPDWHG YDOXH LV WR EH FRPSXWHG� DV LQ 0RYLQJ
/HDVW 6TXDUH 0HWKRG �0/6� �&KDR� ����� �

2Q WKH RWKHU KDQG� WKH HVVHQWLDO LGHD RI WKH XVH RI � HQULFKPHQW IXQFWLRQV� LV WR LP�
SURYH WKH UHVXOWV REWDLQHG ZLWK RWKHU QXPHULFDO PHWKRGV E\ DGGLQJ IXQFWLRQV WR EDVH
DSSUR[LPDWLRQV ZKLFK DUH D SDUWLWLRQ RI XQLW\� 7KLV ODVW SURSHUW\ FRUUHVSRQGV WR WKH
DELOLW\ RI WKH VKDSH IXQFWLRQV WR UHSURGXFH D FRQVWDQW� EHLQJ FUXFLDO IRU FRQYHUJHQFH
�%HO\WVFKNR HW D O�� ����� � 7ZR NLQGV RI HQULFKPHQW KDYH EHHQ SURSRVHG� WKH qUVW RQH
HPSOR\V IXQFWLRQV LQYROYHG LQ WKH VROXWLRQ RI WKH SUREOHP �%HO\WVFKNR HW D O�� ����� � DQG
WKH RWKHU RQH SURSRVHV WR HQULFK ZLWK SRO\QRPLDO IXQFWLRQV �7D\ORU HW D O�� ����� �

,Q WKLV SDSHU D PRYLQJ OHDVW VTXDUH DSSURDFK XVLQJ EDVH LQWHUSRODWLQJ IXQFWLRQV QRUPDO�
L]HG ZLWKLQ GRPDLQ� ZLWK D SRLQW FROORFDWLRQ VFKHPH LW LV SURSRVHG IRU VROYLQJ SRWHQWLDO
SUREOHPV LQ HOHFWULFDO HQJLQHHULQJ DSSOLFDWLRQV� )XUWKHUPRUH� WKH SHUIRUPDQFH RI WKLV
PHWKRG FRPELQDWHG ZLWK HQULFKPHQW IXQFWLRQV LV DQDO\]HG LQ VRPH QXPHULFDO WHVWV�
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0RYLQJ /HDVW 6TXDUH DSSUR[LPDWLRQV OLH LQ D ORFDO ZHLJKWHG OHDVW VTXDUH qWWLQJ� YDOLG RQ
HDFK FROORFDWLRQ SRLQW VXEGRPDLQ IRUPHG E\ LWV Q FORVHVW QRGDO SRLQWV �VXEGRPDLQ oN � �
7KH ORFDO FKDUDFWHU RI WKH DSSUR[LPDWLRQ FRPHV IURP D PRYLQJ ZHLJKWLQJ IXQFWLRQ ZKLFK
WDNHV LWV PD[LPXP YDOXH DW WKLV FROORFDWLRQ SRLQW DQG YDQLVKHV RXWVLGH D VXUURXQGLQJ
UHJLRQ �2aQDWH HW D O�� �����D� �

7KH SURSHU GHqQLWLRQ RI WKH DSSUR[LPDWLRQ DW DQ\ SRLQW LPSOLHV WKDW DOO VXEGRPDLQV
oN FRYHU DOO WKH LQWHUSRODWLRQ GRPDLQ� +HUHE\� WKHVH VXEGRPDLQV PXVW RYHUODS DQG WKH
FRPPRQ DUHDV KDYH WR LQFOXGH HQRXJK QRGDO SRLQWV LQ RUGHU WR HQVXUH WKH FRQYHUJHQFH
RI WKH PHWKRG� 7KXV� IRU D JLYHQ FROORFDWLRQ SRLQW WKH VHOHFWLRQ RI WKH QRGDO SRLQWV
EHORQJLQJ WR LWV VXEGRPDLQ KDV EHHQ SHUIRUPHG DFFRUGLQJ WR DQ HpHFWLYH WHFKQLTXH
EDVHG RQ WKH ?IRXU TXDGUDQWV� FULWHULXP �2aQDWH HW D O�� �����D� �

/HW oN EH WKH LQWHUSRODWLRQ GRPDLQ RI D IXQFWLRQ X �[[[[[[[[[[[[[[ � � $ ORFDO DSSUR[LPDWLRQ WR X �[[[[[[[[[[[[[[ �
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RI WKH VTXDUH GLpHUHQFHV EHWZHHQ WKH H[DFW YDOXH X K
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QRGDO SRLQW [[[[[[[[[[[[[[ M EHORQJLQJ WR WKH GRPDLQ RI WKH DUELWUDU\ FROORFDWLRQ SRLQW [[[[[[[[[[[[[[ N �2aQDWH HW

D O�� �����E� � 7KH ZHLJKWLQJ IXQFWLRQ LQ PRYLQJ OHDVW VTXDUH DSSUR[LPDWLRQ FRPSXWHG LQ
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DQG YDQLVKHV RXWVLGH GRPDLQ oN � ,Q WKH H[DPSOHV SUHVHQWHG LQ WKLV SDSHU� WKH WUXQFDWHG
JDXVVLDQ GLVWULEXWLRQ KDV EHHQ XVHG�

,Q JHQHUDO� WKH GHqQLWLRQ RI D GLpHUHQW ZHLJKWLQJ IXQFWLRQ IRU HYHU\ LQWHUSRODWLQJ SRLQW [[[[[[[[[[[[[[ N
LV YHU\ GLsFXOW� SUHVHQWLQJ DQ LQqQLWH QXPEHU RI SRVLELOLWLHV� 7R RYHUFRPH WKLV SUREOHP�
ZH FDQ GHqQH WKH ZHLJKWLQJ IXQFWLRQV DW QRGDO SRLQWV [[[[[[[[[[[[[[ M � DQG XVH WKHP HYDOXDWHG LQ WKH
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,W PXVW EH WDNHQ LQWR DFFRXQW WKDW WKH ORFDO YDOXHV RI WKH DSSUR[LPDWLQJ IXQFWLRQ GR
QRW qW WKH QRGDO XQNQRZQ YDOXHV� AX �[[[[[[[[[[[[[[ M � � X K

M � GXH WR WKH OHDVW VTXDUH FKDUDFWHU RI WKH

DSSUR[LPDWLRQ� ,W PXVW DOVR EH SRLQWHG RXW WKDW LI Q  P � WKH )(0 W\SH DSSUR[LPDWLRQ
LV UHFRYHUHG DQG QR HpHFW RI ZHLJKWLQJ LV SUHVHQWHG �2aQDWH HW D O�� �����D� � %HVLGHV� LI WKH
ZHLJKWLQJ IXQFWLRQ LV FRQVWDQW DQG HTXDOV WKH XQLW\� WKH VWDQGDUG OHDVW VTXDUH PHWKRG
LV UHSURGXFHG�
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7KH LQWURGXFWLRQ RI HQULFKPHQW IXQFWLRQV WR PRYLQJ OHDVW VTXDUH DSSURDFKV FRQVLVWV RI
DGGLQJ WR WKH DSSUR[LPDWLRQ IXQFWLRQ ��� QHZ WHUPV ZKLFK FRQWDLQ LQIRUPDWLRQ DERXW
WKH VROXWLRQ� LQ RUGHU WR GHFUHDVH WKH JOREDO FRPSXWDFLRQDO FRVW� 7KXV� ZKHQ WKH NLQG
RI IXQFWLRQV LQ WKH VROXWLRQ LV NQRZQ� WKH DSSOLFDWLRQ RI WKLV LGHD FDQ EH YHU\ XVHIXO� ,Q
WKLV FDVH� WKH DSSUR[LPDWLRQ WDNHV WKH IRUP RI DQ H[WULQVLF HQULFKPHQW �%HO\VWFKNR HW
D O�� ����� DQG FDQ EH ZULWWHQ DV�
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ZKHUH AX LV WKH DSSUR[LPDWLRQ WR WKH H[DFW VROXWLRQ X LQ WKH GRPDLQ oN � Q I LV WKH WRWDO
QXPEHU RI HQULFKPHQW IXQFWLRQV ) N � DQG Q LV WKH WRWDO QXPEHU RI QRGDO SRLQWV� 7KH
DSSUR[LPDWLRQ WR WKH VROXWLRQ UHTXLUHV WR NQRZ LQ HYHU\ RQH RI WKH Q QRGDO SRLQWV WKH
YDOXH RI Q I � � FRHsFLHQWV� XXXXXXXXXXXXXX M DQG DDDDDDDDDDDDDD N �M � )RU WKLV UHDVRQ ZKHQ WKH 0/6 DSSUR[LPDWLRQ

LV FRPELQHG ZLWK D SRLQW FROORFDWLRQ DSSURDFK� LW UHTXLUHV �Q I � ��Q FROORFDWLRQ SRLQWV�

2QH LPSRUWDQW SURSHUW\� LQ RUGHU WR VWXG\ WKH FRQYHUJHQFH RI WKLV PHWKRG� LV WKDW
DV 1 M �[[[[[[[[[[[[[[ � LV REWDLQHG LQ WKH VDPH ZD\ DV LQ 0/6 IRUPXODWLRQ� WKH SDUWLWLRQ RI XQLW\ LV
VDWLVqHG� 7KHUHIRUH� D KLHUDUFKLFDO HQULFKPHQW PD\ EH DGGHG XVLQJ DQ\ W\SH RI IXQFWLRQV
�7D\ORU HW D O�� ����� �

7KLV LGHD RI WKH HQULFKPHQW KDV EHHQ VXFFHVVIXOO\ DSSOLHG LQ )LQLWH (OHPHQWV DQG (O�
HPHQW )UHH *DOHUNLQ 0HWKRGV LQ HODVWLFLW\ SUREOHPV DQG IUDFWXUH PHFKDQLFV SUREOHPV
�%HO\VWFKNR HW D O�� ����� 7D\ORU HW D O�� ����� � ,Q WKH VDPH ZD\� LQ WKLV SDSHU ZH SUR�
SRVH WKH XVH RI HQULFKHG PHVKOHVV IRUPXODWLRQV �(0)� LQ VRPH DSSOLFDWLRQV LQ HOHFWULFDO
HQJLQHHULQJ�
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,Q RUGHU WR VWXG\ DSSOLFDWLRQV RI SUHFHGLQJ PHWKRGV� LQ WKLV VHFWLRQ DUH VWDWHG WKH
GLVFUHWL]HG HTXDWLRQV IRU D ERXQGDU\ SUREOHP�

/HW $ DQG % EH WZR GLpHUHQWLDO RSHUDWRUV� o WKH GRPDLQ RI RXU SUREOHP DQG c LWV
ERXQGDU\ �c  cW > cX � � ,Q WKHVH WHUPV� D VFDODU ERXQGDU\ YDOXH SUREOHP FDQ EH
ZULWWHQ DV�

$ �X �  E LQ o ����

ZLWK ERXQGDU\ FRQGLWLRQV�
% �X �  W LQ cW

X b X S  � LQ cX
����

ZKHUH X LV WKH VROXWLRQ� E DQG W UHSUHVHQW WKH DFWLRQV RYHU o DQG DORQJ WKH ERXQGDU\
cW� DQG X S LV WKH SUHVFULEHG YDOXH RI X DORQJ cX �

$SSOLFDWLRQ RI ZHLJKWHG UHVLGXDO PHWKRG DOORZV WR REWDLQ D YDULDWLRQDO IRUP RI WKH DERYH
SUREOHP� LQ WHUPV RI WKH WULDO DSSUR[LPDWLRQ IXQFWLRQ AX RI WKH XQNQRZQ X � DV=

o
lL >$ � AX � b E @ Go �

=
cW

ElL >% � AX � b W@ Gc �

=
cX

EElL >AX b X S @ Gc  � ����

ZKLFK PXVW KROG IRU DOO PHPEHUV lL� ElL DQG
EElL RI VXLWDEOH FODVVHV RI WHVW IXQFWLRQV

GHqQHG RQ o� cW DQG cX � 7KH VHOHFWLRQ RI WHVW IXQFWLRQV LQ WKH JHQHUDO YDUDWLRQDO IRUP
���� DOORZV WR GHULYH GLpHUHQW IRUPXODWLRQV� ,Q WKH H[DPSOHV SUHVHQWHG LQ WKLV SDSHU
D SRLQW FROORFDWLRQ PHWKRG KDV EHHQ LPSOHPHQWHG� LQ RUGHU WR WDNH DGYDQWDJH RI WKH
PHVKOHVV FKDUDFWHU RI WKH DSSUR[LPDWLRQ �&KDR� ����� � 2WKHU DSSURDFKHV EDVHG RQ
LQWHJUDO PHWKRGV KDYH EHHQ SURSRVHG �2aQDWH HW D O�� �����D� 7D\ORU HW D O�� ����� � EXW
UHTXLUH VRPH NLQG RI DX[LOLDU JULG WR HYDOXDWH WKH UHVXOWLQJ LQWHJUDOV�

7KH SRLQW FROORFDWLRQ VFKHPH �lL  ElL  
EElL  sL LQ H[SUHVVLRQ ���� � ZKHUH sL LV WKH

'LUDF GHOWD� OHDGV WR WKH VHW RI HTXDWLRQV�

>$ � AX � @ L b EL  � LQ o

>% � AX � @ L b WL  � LQ cW

AX L b X S  � LQ cX

����

,I IXQFWLRQ AX LV DSSUR[LPDWHG E\ OLQHDU FRPELQDWLRQ RI WKH VKDSH IXQFWLRQV ������ WKH
SUHYLRXV V\VWHP RI HTXDWLRQV PD\ EH ZULWWHQ LQ WKH VWDQGDUG IRUP DV�

.............. XXXXXXXXXXXXXX K  IIIIIIIIIIIIII ����

ZKHUH FRHsFLHQW PDWUL[ .............. LV EDQGHG �EXW QRW QHFHVVDU\ V\PPHWULF� � IIIIIIIIIIIIII LV DOVR NQRZQ

�FRQWDLQV WKH FRQWULEXWLRQV IURP WHUPV E DQG W DQG SUHVFULEHG YDOXHV X S � � DQG XXXXXXXXXXXXXX K FRQWDLQV
WKH XQNQRZQ YDOXHV RI WKH IXQFWLRQ HYDOXDWHG LQ QRGDO SRLQWV �&KDR� ����� �
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,Q WKLV VHFWLRQ ZH SUHVHQW WZR QXPHULFDO WHVWV RI WKH 0/6 DSSURDFK DSSOLHG WR WKH
VROXWLRQ RI D �' ERXQGDU\ YDOXH SUREOHP� 7KXV� LW ZLOO EH FRPSDUHG UHVXOWV REWDLQHG
E\ XVLQJ D VWDQGDUG 0/6 DQG DQ HQULFKPHQW 0/6 DSSURDFK�
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'HSHQGLQJ RQ WKH HOHFWLRQ RI SDUDPHWHUV � DQG q LQ ���� � ZH FDQ FRQWURO WKH VKDSH RI
WKH VROXWLRQ� ,Q WKLV FDVH �  ����� q  ��� SURGXFH D VKDUS IXQFWLRQ� WKDW LW LV YHU\
GLsFXOW WR DSSUR[LPDWH� EHLQJ D JRRG WHVW IRU WKH SHUIRUPDQFH RI WKH PHWKRG� 7KXV�
ZH FDQ DSSUR[LPDWH WKH VROXWLRQ WR ���� DQG ���� ZLWK D PHVKOHVV PHWKRG IRU D JLYHQ
VHW RI Q S WULDO IXQFWLRQV 1 L GHqQHG RQ WKH GRPDLQ� E\ XVLQJ RQH HQULFKPHQW IXQFWLRQ
�) � �[ �  DWDQ�[ � � LQ ���� � ,Q )LJXUH � LW LV VKRZQ D FRPSDULVRQ EHWZHHQ WKH DQDO\WLFDO
VROXWLRQ DQG WKH 0/6 DSSUR[LPDWLRQV ZLWK DQG ZLWKRXW HQULFKPHQW�

( [ D P S OH �

$V D VHFRQG H[DPSOH� ZH FRQVLGHU WKH %93 WKDW UHSUHVHQWV D VWULQJ RQ DQ HODVWLF IRXQ�
GDWLRQ �7D\ORU HW D O�� ����� �
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3DUDPHWHUV LQ ���� DUH JLYHQ E\ D  ���� DQG F  I  �� ,Q WKLV FDVH� WKH HQULFKPHQW
PHVKOHVV DSSUR[LPDWLRQ WR WKLV SUREOHP KDV EHHQ REWDLQHG E\ XVLQJ WZR HQULFKPHQW
IXQFWLRQV ) � �[ �  FRVK�[ � DQG ) ��[ �  VLQK�[ � LQ ���� � ,Q )LJXUH � LW LV VKRZQ D
FRPSDULVRQ EHWZHHQ WKH DQDO\WLFDO VROXWLRQ DQG WKH DSSUR[LPDWLRQV REWDLQHG�

,Q WKH OLJKW RI WKHVH �' WHVW H[DPSOHV LW FDQ EH QRWLFHG WKDW UHVXOWV REWDLQHG E\ XVLQJ
PHVKOHVV PHWKRGV FDQ LPSURYH LI HQULFKPHQW IXQFWLRQV DUH XVHG� $W SUHVHQW� ZH DUH
ZRUNLQJ LQ WKLV ZD\ LQ RUGHU WR LQWURGXFH HQULFKPHQW IXQFWLRQV LQ PHVKOHVV DSSUR[LPD�
WLRQV LQ �' DQG �' SUREOHPV� ,Q WKH IROORZLQJ VHFWLRQ ZH SUHVHQW DQ DSSOLFDWLRQ WR
JURXQGLQJ DQDO\VLV RI WKH 0/6 PHWKRG�
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*URXQGLQJ V\VWHPV LQ VXEVWDWLRQV KDV WR JXDUDQWHH WKH LQWHJULW\ RI HTXLSPHQWV DQG WKH
FRQWLQXLW\ RI WKH VHUYLFH XQGHU IDXOW FRQGLWLRQV ^SURYLGLQJ PHDQV WR FDUU\ DQG GLVVLSDWH
HOHFWULFDO FXUUHQWV LQWR WKH JURXQG^� DQG WR VDIHJXDUG WKDW SHUVRQV LQ WKH VXUURXQGLQJV
RI WKH JURXQGHG LQVWDOODWLRQ DUH QRW H[SRVHG WR GDQJHURXV HOHFWULFDO VKRFNV� 7R DFKLHYH
WKHVH JRDOV� WKH HTXLYDOHQW HOHFWULFDO UHVLVWDQFH RI WKH V\VWHP PXVW EH ORZ HQRXJK WR
DVVXUH WKDW IDXOW FXUUHQWV GLVVLSDWH PDLQO\ WKURXJK WKH JURXQGLQJ JULG LQWR WKH HDUWK�
ZKLOH PD[LPXP SRWHQFLDO GLpHUHQFHV EHWZHHQ FORVH SRLQWV RQ WKH HDUWK VXUIDFH PXVW EH
NHSW XQGHU FHUWDLQ WROHUDQFHV �VWHS� WRXFK DQG PHVK YROWDJHV� �

3K\VLFDO SKHQRPHQD XQGHUO\LQJ IDXOW FXUUHQWV GLVVLSDWLRQ LQWR WKH HDUWK FDQ EH PRGHOOHG
E\ PHDQV RI 0D[ZHOO
V (OHFWURPDJQHWLF 7KHRU\ �&RORPLQDV HW D O�� ����� � &RQVWUDLQLQJ
DQDO\VLV WR WKH REWHQWLRQ RI WKH HOHFWURNLQHWLF VWHDG\�VWDWH UHVSRQVH� DQG QHJOHFWLQJ WKH
LQQHU UHVLVWLYLW\ RI WKH HDUWKLQJ HOHFWURGH� WKH �' SUREOHP DVVRFLDWHG WR DQ HOHFWULFDO
FXUUHQW GHULYDWLRQ WR HDUWK FDQ EH ZULWWHQ DV

G LY ��������������  �� ��������������  b rrrrrrrrrrrrrr J U D G 9 LQ ( �

�������������� WQQQQQQQQQQQQQQ (  � LQ c( � 9  9 c LQ c� 9 b � �� LI M[[[[[[[[[[[[[[ M � � �
����

ZKHUH ( LV WKH HDUWK� rrrrrrrrrrrrrr LWV FRQGXFWLYLW\ WHQVRU� c( WKH HDUWK VXUIDFH� QQQQQQQQQQQQQQ ( LWV QRUPDO

H[WHULRU XQLW qHOG DQG c WKH HOHFWURGH VXUIDFH �%HO\VWFKNR HW D O�� ����� � 7KXV� ZKHQ
WKH HOHFWURGH DWWDLQV D YROWDJH 9 c �*URXQG 3RWHQWLDO 5LVH RU *35� UHODWLYH WR D GLVWDQW
JURXQGLQJ SRLQW� WKH VROXWLRQ WR WKLV SUREOHP JLYHV WKH SRWHQWLDO 9 DQG WKH FXUUHQW
GHQVLW\ �������������� DW DQ DUELWUDU\ SRLQW [[[[[[[[[[[[[[ � )XUWKHU DVVXPSWLRQ 9 c  � LV QRW UHVWULFWLYH DW DOO�
VLQFH 9 DQG �������������� DUH SURSRUWLRQDO WR 9 c�

7KH H[DPSOH SUHVHQWHG LQ WKLV SDSHU FRQVLVWV RI D WRURLGDO HOHFWURGH KRUL]RQWDOO\ EXULHG
WR D GHSWK RI � P� 7KH LQWHULRU GLDPHWHU RI WKH ULQJ LV �� P DQG WKH HOHFWURGH GLDPHWHU LV
� P� 7KH XSSHU OD\HU GHSWK LV �� P� 7KH VFDODU FRQGXFWLYLW\ DVVRFLDWHG ZLWK WKH ORZHU
OD\HU r � � LV IRXU WLPHV WKH RQH FRUUHVSRQGLQJ WR WKH XSSHU OD\HU r � �r �  � r � � � 'XH
WR WKH D[LDO V\PPHWU\ RI WKH SUREOHP� VROXWLRQ FDQ EH REWDLQHG E\ XVLQJ D �' PRGHO�
7KLV FDVH KDV EHHQ VROYHG ZLWK ���� SRLQWV REWDLQHG E\ PHDQV RI WKH SURJUDP *(1�8
�6DUUDWH� ����� � 7KH EDVH LQWHUSRODWLQJ IXQFWLRQV XVHG DUH OLQHDU DQG DOO VXEGRPDLQV
FRQWDLQ DW OHDVW qYH SRLQWV� )LJXUH � VKRZV WKH QRGDO SRLQW GLVWULEXWLRQ� WKH FRQWRXU
OLQHV DQG WKH SRWHQWLDO GLVWULEXWLRQ DURXQG WKH HOHFWURGH LQ WZR FDVHV� DVVXPLQJ WKH
K\SRWKHVLV RI KRPHJHQHRXV DQG LVRWURSLF VRLO RU FRQVLGHULQJ D WZR�OD\HU PRGHO� 7KHVH
QXPHULFDO UHVXOWV DJUHH VLJQLqFDQWO\ ZLWK WKRVH REWDLQHG E\ XVLQJ D YHU\ GHQVH SRLQW
GLVWULEXWLRQ DQG ZLWK UHVXOWV RI D ERXQGDU\ HOHPHQW SURJUDP�
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,Q WKLV SDSHU� D PRYLQJ OHDVW VTXDUH LQWHUSRODWLRQ PHWKRG ZLWK D SRLQW FROORFDWLRQ
DSSURDFK XVLQJ HQULFKPHQW IXQFWLRQV KDV EHHQ SUHVHQWHG� 7KLV WHFKQLTXH KDV EHHQ
FRPSDUHG IRU �' QXPHULFDO WHVWV ZLWK WKH DQDO\WLFDO VROXWLRQ DQG WKH 0/6 PHWKRG
ZLWKRXW HQULFKPHQW� 5HVXOWV VLJQLqFDQWO\ DJUHH DQG YHU\ JRRG UHVXOWV DUH REWDLQHG
ZKHQ HQULFKPHQW IXQFWLRQV DUH XVHG�



)XUWKHUPRUH WKH 0/6 DSSURDFK KDV EHHQ DSSOLHG WR WKH VROXWLRQ RI D SUREOHP LQ JURXQG�
LQJ DQDO\VLV� )LUVW UHVXOWV REWDLQHG IRU GLpHUHQW SRLQW GLVWULEXWLRQV� HYHQ ZLWK D WZR�OD\HU
VRLO PRGHO� DUH YHU\ SURPLVLQJ DQG UHTXLUH D UHDVRQDEOH FRPSXWDWLRQDO FRVW� 2EYLRXVO\�
IXUWKHU DQDO\VLV PXVW EH GRQH LQ ERWK PDWKHPDWLFDO DQG QXPHULFDO DVSHFWV LQ RUGHU WR
LQWURGXFH WKH HQULFKPHQW SURFHGXUH WR �' DQG �' SUREOHPV�
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7KLV ZRUN KDV EHHQ SDUWLDOO\ VXSSRUWHG E\ WKH ? 6 X EG LUHFFLxR Q * HQ HUD O G H 3 UR \HFWR V G H
,Q YHVWLJD FLxR Q & LHQ Wxuq FD \ 7 xHFQ LFD �6 * 3 ,& < 7 � G HO 0 LQ LVWHULR G H ( G X FD FLxR Q \ & X OWX UD
�� ) ' � � �� � � � �� � FRqQDQFHG ZLWK )('(5 IXQGV DQG WKH SRZHU FRPSDQ\ ?8QLxRQ )HQRVD
,QJHQLHUxuD 6�$� �8),6$�� � DQG E\ UHVHDUFK IHOORZVKLSV RI WKH ?6HFUHWDUxuD *HQHUDO GH
,�' GH OD ;XQWD GH *DOLFLD� DQG WKH ?8QLYHUVLGDG GH /D &RUXaQD� �
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%HO\VWFKNR 7� � .URQJDX] <� � 2UJDQ '� � .U\VO 3� ������ � ? 0 HVK OHVV P HWK RG V� $ Q R YHU�
YLHZ D Q G UHFHQ W G HYHOR S P HQ WV� � &0$0(� � � � � �����

%HO\VWFKNR 7� � %ODFN 7� ������ � ? ( OD VWLF & UD FN * UR Z WK LQ ) LQ LWH ( OHP HQ WV Z LWK 0 LQ LP D O
5 HP HVK LQ J� � 5HVHDUFK 5HSRUW RI WKH 7$0 *URXS� 1RUWKZHVWHUQ 8QLYHUVLW\�

&DUH\ *�)� � 2GHQ -�7� ������ � ? ) LQ LWH HOHP HQ WV� � 3UHQWLFH�+DOO ,QF� � YRO ,,� 1HZ -HUVH\�

&KDR 0� ������ � ? ,Q WURG X FFLxR Q D OR V 0 xHWRG R V 1 X P xHULFR V VLQ 0 D OOD � IX Q G D P HQ WD FLxR Q
\ G HVD UUR OOR G H IR UP X OD FLR Q HV G H P xuQ LP R V FX D G UD G R V SR Q G HUD G R V� � 5HVHDUFK 5HSRUW�
8QLYHUVLGDG GH /D &RUXaQD�

&RORPLQDV ,� � &KDR 0�� 1DYDUULQD )� � &DVWHOHLUR 0� ������ � ? $ S S OLFD WLR Q R I 0 HVK OHVV
0 HWK RG V WR WK H D Q D O\VLV D Q G G HVLJQ R I JUR X Q G LQ J V\VWHP V� � ,Q ?&RPSXWDWLRQDO 0HFKDQ�
LFV� 1HZ 7UHQGV DQG $SSO� � � 6� ,GHOVRKQ� (�2aQDWH� 'YRUNLQ (G� � &,01(� %DUFHORQD�

&RORPLQDV ,� � $QHLURV -� � 1DYDUULQD )� � &DVWHOHLUR 0� ������ � ? $ % R X Q G D U\ ( OHP HQ W 1 X �
P HULFD O $ S S URD FK IR U 6 X EVWD WLR Q * UR X Q G LQ J LQ D 7 Z R / D \HU ( D UWK 6 WUX FWX UH� � $GYDQFHV
LQ &RPSXWDWLRQDO (QJLQHHULQJ 6FLHQFH� 6HFWLRQ ?5HFHQW 'HYHORSPHQWV LQ %RXQGDU\ (O�
HPHQW 0HWKRG� � ���^���� 6�1� $WOXUL� *� <DJDZD (G� � 7HFK 6FLHQFH 3UHVV� $WODQWD�

2aQDWH (� � ,GHOVRKQ 6� � =LHQNLHZLF] 2�&� � 7D\ORU 5�/� ������D� � ? $ q Q LWH SR LQ W P HWK RG LQ
FR P S X WD WLR Q D O P HFK D Q LFV� $ S S OLFD WLR Q V WR FR Q YHFWLYH WUD Q VSR UW D Q G r X LG r R Z � � ,-10(�
� � � ����������

2aQDWH (� � ,GHOVRKQ 6� � =LHQNLHZLF] 2�&� � 7D\ORU 5�/� � 6DFFR &� ������E� � ? $ VWD ELOL]HG
q Q LWH SR LQ W P HWK RG IR U D Q D O\VLV R I r X LG P HFK D Q LFV S UR EOHP V� � &0$0(�� � � ���������

6DUUDWH -� ������ � ? 0 RG HOL]D FLxR Q Q X P xHULFD G H OD LQ WHUD FFLxR Q r X LG R �VxR OLG R UxuJLG R � ' HVD U�
UR OOR G H D OJR ULWP R V� JHQ HUD FLxR Q G H P D OOD V \ D G S WD ELOLG D G � � 3K' 7KHVLV� 83&� %DUFHORQD�

7D\ORU 5�/� � ,GHOVRKQ 6� � =LHQNLHZLF] 2�&� � 2aQDWH (� ������ � ? 0 R YLQ J / HD VW 6 TX D UH
$ S S UR [LP D WLR Q IR U VR OX WLR Q R I G Lp HUHQ WLD O HTX D WLR Q V� � 1R� ��� &,01(� %DUFHORQD�

7D\ORU 5�/� � =LHQNLHZLF] 2�&� � 2aQDWH (� ������ � ? $ K LHUD UFK LFD O q Q LWH HOHP HQ W P HWK RG
ED VHG R Q WK H SD UWLWLR Q R I X Q LW\� � &0$0(� � � � � ������
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Analytical Solution

) LJ � � �� ([DPSOH �� &RPSDULVRQ RI UHVXOWV RE�
WDLQHG E\ XVLQJ DQ HQULFKHG 0/6 DSSURDFK� D VWDQ�
GDUG 0/6 DSSURDFK �ERWK ZLWK TXDGUDWLF LQWHUSR�
ODWLRQ� � DQG WKH DQDO\WLFDO VROXWLRQ� D � �� QRGDO
SRLQWV� VXEGRPDLQV RI � SRLQWV� E � �� QRGDO SRLQWV�
VXEGRPDLQV RI � SRLQWV� F � �� QRGDO SRLQWV� VXE�
GRPDLQV RI � SRLQWV

) LJ � � �� ([DPSOH �� &RPSDULVRQ RI UHVXOWV RE�
WDLQHG E\ XVLQJ DQ HQULFKHG 0/6 DSSURDFK� D VWDQ�
GDUG 0/6 DSSURDFK �ERWK ZLWK TXDGUDWLF LQWHUSR�
ODWLRQ� � DQG WKH DQDO\WLFDO VROXWLRQ� D � � QRGDO
SRLQWV� VXEGRPDLQV RI � SRLQWV� E � � QRGDO SRLQWV�
VXEGRPDLQV RI � SRLQWV� F � � QRGDO SRLQWV� VXEGR�
PDLQV RI � SRLQWV



Figure 3.- Toroidal electrode buried to a depth of 7 m: a) Distribution of nodal points (npoin=3019), b) Domain
solution scheme, c) Contour lines around the electrode, considering the soil homogeneous and isotropic,
d) Potential distribution around the electrode, considering the soil as homogeneous and isotropic,

e) Contour lines around the electrode assuming a two- layer model ( f) Potential distribution

around the electrode
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