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. H \ Z R U G V� 0/6 0HWKRGV� HQULFKPHQW IXQFWLRQV� JURXQGLQJ

$ E VWU D F W
,Q WK H OD VW WK UHH G HFD G HV VR P H Q X P HULFD O IR UP X OD WLR Q V K D YH EHHQ G HYHOR SHG IR U VR OYLQ J

SR WHQ WLD O S UR EOHP V LQ HOHFWULFD O HQ JLQ HHULQ J D S S OLFD WLR Q V� ,Q WK H SD UWLFX OD U FD VH R I WK H
JUR X Q G LQ J D Q D O\VLV D UHD � LQ UHFHQ W \HD UV Z H K D YH G HYHOR SHG D JHQ HUD O Q X P HULFD O D S S URD FK

ED VHG R Q WK H % R X Q G D U\ ( OHP HQ W 0 HWK RG IR U K R P RJHQ HR X V D Q G LVR WUR S LF VR LO P RG HOV�
Z K LFK K D V EHHQ VX FFHVIX OO\ D S S OLHG WR WK H D Q D O\VLV R I OD UJH JUR X Q G LQ J V\VWHP V� 7 K LV

Q X P HULFD O D S S URD FK K D V EHHQ UHFHQ WO\ H[WHQ G HG IR U WK H VWX G \ R I HD UWK LQ J JULG V HP EHG G HG
LQ VWUD WLq HG VR LOV� Z K LFK HQ D EOHV WR VR OYH VR P H IUHTX HQ W S UD FWLFD O FD VHV� VX FK D V WK H WZ R �

OD \HUHG VR LO P RG HOV� 1 HYHUWK HOHVV� ER X Q G D U\ HOHP HQ W D S S URD FK HV LP S O\ D FR Q VLG HUD EOH

FR P S X WD WLR Q D O Hp R UW Z K HQ D S S OLHG WR WK H JUR X Q G LQ J D Q D O\VLV EX ULHG LQ P R UH VWUD WLq HG
VR LOV R U FR P S OHWHO\ K HWHURJHQ HR X V� 7 K H G Ls FX OW\ R I WK H H[WUHP HO\ K LJK FR VW D OVR D ULVHV

Z LWK WK H X VH R I VWD Q G D UG Q X P HULFD O WHFK Q LTX HV �) LQ LWH ' Lp HUHQ FHV R U ) LQ LWH ( OHP HQ WV�
Z K LFK UHTX LUH WK H G LVFUHWL]D WLR Q R I WK H Z K R OH G R P D LQ � WK H JUR X Q G �

6 LQ FH HD UO\ Q LQ HWLHV� VHYHUD O Q X P HULFD O P HWK RG V Z K HUH P HVK HV D UH X Q Q HFHVVD U\ �? P HVK �
OHVV P HWK RG V� � K D YH EHHQ S UR SR VHG LQ VHYHUD O HQ JLQ HHULQ J D S S OLFD WLR Q V� ,Q WK LV SD SHU� Z H

EULHr \ UHYLHZ VR P H R I WK HVH P HVK OHVV WHFK Q LTX HV� D Q G S UR SR VH WK H X VH R I D 0 R YLQ J / HD VW
6 TX D UH P HWK RG R ORJ\ Z LWK D SR LQ W FR OORFD WLR Q VFK HP H IR U VR OYLQ J S UR EOHP V LQ HOHFWULFD O HQ �

JLQ HHULQ J� ) X UWK HUP R UH� WK H X VH R I HQ ULFK P HQ W S URFHG X UH LQ WK HVH P HVK OHVV IR UP X OD WLR Q V
LV H[S OR UHG WR LP S UR YH UHVX OWV D Q G G HFUHD VH WK H FR P S X WD WLR Q D O FR VW UHTX LUHG �
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,Q ODVW GHFDGHV� WKH GHYHORSPHQW RI KLJK HsFLHQW QXPHULFDO PHWKRGV� VXFK DV )LQLWH
(OHPHQWV �)(� � %RXQGDU\ (OHPHQWV �%(� � )LQLWH 9ROXPHV �)9� RU )LQLWH 'LpHUHQFHV
�)'� � DQG DGYDQFHV LQ FRPSXWHU VFLHQFHV KDYH DOORZHG WR VSUHDG WKH QXPHULFDO VLPXOD�
WLRQ LQ PRVW RI WKH qHOGV LQ HQJLQHHULQJ DSSOLFDWLRQV� $V D JHQHUDO UXOH� WKHVH QXPHULFDO
PHWKRGV DUH EDVHG RQ GLYLGLQJ WKH VROXWLRQ GRPDLQ RI WKH SUREOHP �RU�DQG LWV ERXQG�
DU\� LQWR D QXPEHU RI VXEGRPDLQV� ZKHUH WKH LQWHJUDWLRQ SURFHVV UHTXLUHG WR VROYH LW LV
SHUIRUPHG� +RZHYHU� WKLV PHVK JHQHUDWLRQ SURFHVV �VSHFLDOO\ LQ �' SUREOHPV� IUHTXHQWO\
EHFRPHV WKH ERWWOH QHFN� 7KXV� LQ VRPH SUDFWLFDO DSSOLFDWLRQV VXFK DV SUREOHPV ZLWK
PRYLQJ ERXQGDULHV� ZLWK GLVFRQWLQXLWLHV LQ WKH GRPDLQ� RU ZLWK D YHU\ FRPSOLFDWHG JH�
RPHWU\� WKH GLVFUHWL]DWLRQ RI WKH GRPDLQ FDQ LQYROYH PRUH FRPSXWLQJ HpRUW �LQ PHPRU\
VWRUDJH DQG &38 WLPH� WKDQ WKH LQWHJUDWLRQ DQG VROYLQJ SURFHVVHV WKHPVHOYHV� )RU WKLV
UHDVRQ� VRPH QXPHULFDO PHWKRGV ?IUHH�RI�PHVKHV� KDYH EHHQ SURSRVHG LQ ODVW \HDUV�

7KH qUVW PHVKOHVV PHWKRGV ZHUH GHULYHG IURP qQLWH GLpHUHQFH DSSURDFKHV LQ HDUO\
VHYHQWLHV� � DQG WKH qUVW FODVV RI WKHVH ?SDUWLFOH PHWKRGV� �WKH 6PRRWK 3DUWLFOH +\GUR�
G\QDPLFV PHWKRG� 63+� ZHUH GHYHORSHG LQ WKH FRPSXWDWLRQDO SK\VLFV qHOG� �� � +RZHYHU�
WKH DSSOLFDWLRQ RI 63+ PHWKRG LQ HQJLQHHULQJ SUREOHPV KDYH EHHQ UHFHQWO\ SHUIRUPHG
LQ RUGHU WR VROYH SUREOHPV LQ VROLG DQG rXLG PHFKDQLFV� �� �

$ GLpHUHQW W\SH RI PHVKOHVV PHWKRGV �WKH 'LpXVH (OHPHQW 0HWKRG� '(0� � ZDV SUR�
SRVHG E\ 1D\UROHV� LQ ����� ,Q WKLV PHWKRG� D EDVLV IXQFWLRQ DQG D ZHLJKWLQJ IXQFWLRQ
DUH XVHG WR IRUP D ORFDO DSSUR[LPDWLRQ EDVHG RQ D VHW RI DUELWUDU\ QRGHV� ,Q �����
%HO\VWFKNR HW D O� PRGLI\ DQG UHqQH WKLV PHWKRG� SURSRVLQJ WKH (OHPHQW )UHH *DOHUNLQ
PHWKRG �()*0� � �� � LQ ZKLFK D PRYLQJ�OHDVW VTXDUHV �0/6� LQWHUSRODWLRQ LV XVHG WR
GHqQH WKH ORFDO DSSUR[LPDWLRQ� 2Q WKH RWKHU KDQG� /LX HW D O� KDYH SURSRVHG D PHVK�
OHVV WHFKQLTXH �WKH 5HSURGXFLQJ .HUQHO 3DUWLFOH 0HWKRG� 5.30� EDVHG RQ D FRQYROX�
WLRQ LQWHJUDO� ZKLFK LW LV VLPLODU WR 63+ PHWKRG� DOWKRXJK VHYHUDO FRUUHFWLRQ IXQFWLRQV
DQG UHqQHPHQWV DUH LQWURGXFHG LQ RUGHU WR DVVXUH FRQVLVWHQF\ QHDU ERXQGDULHV DQG IRU
QRQXQLIRUP VSDFLQJ� �

$ FODVV RI PHVKOHVV PHWKRGV WKDW FDQ SURYLGH DQ HsFLHQW ZD\ WR SHUIRUP K �S DGDSWLY�
LW\ DUH WKRVH EDVHG RQ SDUWLWLRQV RI XQLW\ �K S �&ORXGV PHWKRG� � DQG WKH 3DUWLWLRQ RI 8QLW\
)LQLWH (OHPHQW 0HWKRG � � � � 7KH\ LQWURGXFHG D SDUWLWLRQ RI XQLW\ ZLWK D PRYLQJ�OHDVW
VTXDUH LQWHUSRODWLRQ DQG WKH HQKDQFHPHQW RI WKH SRO\QRPLDO RUGHU RI WKH DSSUR[LPDWLRQ
WKURXJK DQ H[WULQVLF EDVLV� ZKLFK FDQ EH DGGHG ORFDOO\ WR QRGHV� � �

2Q WKH RWKHU KDQG� 2aQDWH HW D O� � � �� � KDYH SURSRVHG D PHWKRG ZKLFK FRPELQHV WKH
PRYLQJ OHDVW VTXDUH DSSUR[LPDWLRQ ZLWK D SRLQW�FROORFDWLRQ DSSURDFK WR FRPSXWH WKH
LQWHJUDO WHUPV� LQ FRQYHFWLYH WUDQVSRUW DQG rXLG rRZ SUREOHPV� 7KLV PHWKRG FRPSOHWHO\
DYRLGV WKH QHFHVVLW\ RI PHVK JHQHUDWLRQ� EHFDXVH QR DX[LOLDU\ JULG LV UHTXLUHG� )XUWKHU�
PRUH� GLpHUHQW WHFKQLTXHV FDQ EH GHULYHG LI WKH ZHLJKWLQJ IXQFWLRQ LV ?q[HG� �'LpXVH
/HDVW 6TXDUH PHWKRG� '/6� RU LW GHSHQGV RQ WKH SRLQW ZKHUH WKH DSSUR[LPDWHG YDOXH
LV FRPSXWHG �0RYLQJ /HDVW 6TXDUH PHWKRG� 0/6� �

2Q WKH EDVLV RI WKLV 0/6 PHWKRG� ZH KDYH UHFHQWO\ SURSRVHG D QXPHULFDO DSSURDFK
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WR VROYH SRWHQWLDO SUREOHPV LQ HOHFWULFDO HQJLQHHULQJ DSSOLFDWLRQV� � �� � � VXFK DV JURXQGLQJ
DQDO\VLV� ZKHUH WKH XVH RI VWDQGDUG QXPHULFDO PHWKRGV �VXFK DV qQLWH HOHPHQWV� DUH
SUHFOXGHG GXH WR WKH FRPSOH[LW\ RI WKH GRPDLQ� � � ,Q WKLV SDSHU� ZH UHYLHZ WKLV 0/6
LQWHUSRODWLRQ ZLWK D SRLQW FROORFDWLRQ DSSURDFK IRU VROYLQJ ERXQGDU\ YDOXH SUREOHPV�
IXUWKHUPRUH� WKH XVH RI HQULFKPHQW IXQFWLRQV LV DQDO\]HG IRU WKH VROXWLRQ RI WKLV NLQG RI
SUREOHPV�
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7KH 0RYLQJ /HDVW 6TXDUHV PHWKRGRORJ\ LV DQ HpHFWLYH QXPHULFDO WHFKQLTXH IRU WKH
DSSUR[LPDWLRQ RI D IXQFWLRQ E\ XVLQJ D VHW RI GLVRUGHUHG GDWD� ,W FRQVLVWV RI D ORFDO
ZHLJKWHG OHDVW VTXDUH qWWLQJ� YDOLG RQ D VPDOO QHLJKERXUKRRG RI D SRLQW DQG EDVHG RQ
WKH LQIRUPDWLRQ SURYLGHG E\ LWV Q FORVHVW SRLQWV �VXEGRPDLQ oN � � 7KH ORFDO FKDUDFWHU RI
WKH DSSUR[LPDWLRQ FRPHV IURP D ?PRYLQJ� ZHLJKWLQJ IXQFWLRQ ZKLFK WDNHV LWV PD[LPXP
YDOXH DW WKLV SRLQW DQG YDQLVKHV RXWVLGH D VXUURXQGLQJ UHJLRQ� � �� � �

,Q RUGHU WR GHqQH SURSHUO\ WKH DSSUR[LPDWLRQ DW HYHU\ SRLQW� LW LV QHFHVVDU\ WKDW
DOO VXEGRPDLQV oN FRYHU DOO WKH LQWHUSRODWLRQ GRPDLQ� +HUHE\� WKHVH VXEGRPDLQV PXVW
RYHUODS� DQG WKH FRPPRQ DUHDV KDYH WR LQFOXGH HQRXJK QRGDO SRLQWV LQ RUGHU WR HQVXUH
WKH FRQYHUJHQFH RI WKH PHWKRG� � � 7KH VHOHFWLRQ RI WKH QRGDO SRLQWV LQFOXGHG LQ WKH
VXEGRPDLQ RI D JLYHQ QRGDO SRLQW FDQ EH SHUIRUPHG E\ XVLQJ D HpHFWLYH WHFKQLTXH EDVHG
RQ WKH ?IRXU�TXDGUDQWV� FULWHULD� � �

,I oN LV WKH LQWHUSRODWLRQ GRPDLQ RI D IXQFWLRQ X �[[[[[[[[[[[[[[ � � LW FDQ EH DSSUR[LPDWHG E\

X �[[[[[[[[[[[[[[ � z AX �[[[[[[[[[[[[[[ �  
P;
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ZKHUH pppppppppppppp  >p � �p ������p P @
W LV D VHW RI XQNQRZQ FRHsFLHQWV� SSSSSSSSSSSSSS �[[[[[[[[[[[[[[ � FRQWDLQV D EDVH RI

LQWHUSRODWLQJ IXQFWLRQV �PRQRPLDO WHUPV� JHQHUDOO\� ZKLFK RUGHU LV P � 7KHVH EDVH LQ�
WHUSRODWLQJ IXQFWLRQV FDQ EH QRUPDOL]HG ZLWKLQ HDFK VXEGRPDLQ oN E\ GLYLGLQJ IRU WKH
PD[LPXP GLVWDQFH G EHWZHHQ HDFK SRLQW L RI WKH GRPDLQ DQG WKH VXUURXQGLQJ SRLQWV�
WKXV� LW LV SRVVLEOH WR GHqQH QRUPDOL]HG FRRUGLQDWHV �}}}}}}}}}}}}}} s >} �v �u @ � ZLWKLQ D VXEGRPDLQ
oN DV�
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ZKHUH X K
M DUH WKH YDOXHV RI XQNQRZQ IXQFWLRQ HYDOXDWHG LQ QRGDO SRLQWV RI oN �X

K
M  

X �[[[[[[[[[[[[[[ M � � M  ������Q � � AX M  AX �[[[[[[[[[[[[[[ M � DUH WKHLU DSSUR[LPDWHG YDOXHV� DQG SSSSSSSSSSSSSS M FRQWDLQV WKH
QRUPDOL]HG EDVH LQWHUSRODWLQJ IXQFWLRQV HYDOXDWHG LQ }}}}}}}}}}}}}} M �ZKHUH }}}}}}}}}}}}}} M  }}}}}}}}}}}}}} �[[[[[[[[[[[[[[ M � � �
7KH DSSUR[LPDWLRQ GHqQHG LQ ��� FDQ DOVR EH XQGHUVWRRG DV D JHQHUDOL]DWLRQ RI WKH

qQLWH HOHPHQW LQWHUSRODWLRQ� VLQFH WKLV DSSURDFK LV REWDLQHG LI WKH QXPEHU RI VXEGRPDLQ
SRLQWV Q LV FKRVHQ HTXDO WR RUGHU P RI WKH SROLQRPLDOV EDVH� � � ,Q JHQHUDO� LI Q ! P � 66666666666666
LV D UHFWDQJXODU PDWUL[ DQG WKH DSSUR[LPDWLRQ FDQQRW qW DOO WKH X K

M YDOXHV� +RZHYHU�

DSSUR[LPDWHG YDOXHV AX �[[[[[[[[[[[[[[ � FDQ EH GHWHUPLQHG E\ PLQLPL]LQJ WKH ZHLJKWHG VXP RI WKH
VTXDUH GLpHUHQFHV EHWZHHQ WKH H[DFW YDOXH X K

M DQG WKH DSSUR[LPDWLRQ AX �[[[[[[[[[[[[[[ M � DW HDFK
QRGDO SRLQW [[[[[[[[[[[[[[ M EHORQJLQJ WR WKH GRPDLQ RI QRGH [[[[[[[[[[[[[[ N � 7KH ZHLJKWLQJ IXQFWLRQ LV XVXDOO\
EXLOW LQ VXFK D ZD\ WKDW LW HTXDOV XQLW\ LQ SRLQW [[[[[[[[[[[[[[ N DQG YDQLVKHV RXWVLGH GRPDLQ oN �
,Q WKH 0RYLQJ /HDVW 6TXDUH DSSURDFK� WKLV IXQFWLRQDO FDQ EH ZULWWHQ DV

- �[[[[[[[[[[[[[[ �  
Q;

M �

� N �[[[[[[[[[[[[[[ M �[[[[[[[[[[[[[[ N � �X
K
M b AX �[[[[[[[[[[[[[[ M � �

� ���

ZKHUH � N �[[[[[[[[[[[[[[ M �[[[[[[[[[[[[[[ N � LV WKH ZHLJKWLQJ IXQFWLRQ FRPSXWHG LQ [[[[[[[[[[[[[[ M � ZKLFK VKDSH DQG VSDQ GHSHQG
RQ [[[[[[[[[[[[[[ N � ,W PXVW EH SRLQWHG RXW WKDW [[[[[[[[[[[[[[ N UHSUHVHQWV DQ DUELWUDU\ SRVLWLRQ DQG FDQ EH
UHSODFHG IRU D JHQHULF FRRUGLQDWH [[[[[[[[[[[[[[ �
1RZ WKH PLQLPL]DWLRQ RI IXQFWLRQDO ��� DOORZV WR REWDLQ� � �� � �

pppppppppppppp  $$$$$$$$$$$$$$ b � �[[[[[[[[[[[[[[ �%%%%%%%%%%%%%% �[[[[[[[[[[[[[[ �XXXXXXXXXXXXXX K $$$$$$$$$$$$$$ �[[[[[[[[[[[[[[ �  33333333333333 :::::::::::::: �[[[[[[[[[[[[[[ �33333333333333 W %%%%%%%%%%%%%% �[[[[[[[[[[[[[[ �  33333333333333 :::::::::::::: �[[[[[[[[[[[[[[ � ���

EHLQJ DX[LOLDU PDWULFHV 33333333333333 DQG :::::::::::::: �[[[[[[[[[[[[[[ � �

33333333333333  >SSSSSSSSSSSSSS �}}}}}}}}}}}}}} � � ��� SSSSSSSSSSSSSS �}}}}}}}}}}}}}} Q � @ :::::::::::::: �[[[[[[[[[[[[[[ �  G LD J
K
� N �[[[[[[[[[[[[[[ M �[[[[[[[[[[[[[[ �

L
� M  ������Q ���

1RZ� WKH VXEVWLWXWLRQ RI ��� LQ ��� DOORZV WR REWDLQ DQ DSSUR[LPDWLRQ WR IXQFWLRQ
X �[[[[[[[[[[[[[[ � LQ oN LQ WKH IRUP�

AX �[[[[[[[[[[[[[[ �  SSSSSSSSSSSSSS W�}}}}}}}}}}}}}} �[[[[[[[[[[[[[[ � �$$$$$$$$$$$$$$ b � �[[[[[[[[[[[[[[ �%%%%%%%%%%%%%% �[[[[[[[[[[[[[[ � XXXXXXXXXXXXXX K � ���

)URP WKLV H[SUHVVLRQ� ZH FDQ GHqQH ?VKDSH IXQFWLRQV� �11111111111111 W�[[[[[[[[[[[[[[ � LQ oN � LQ D VLPLODU ZD\
DV LQ qQLWH HOHPHQWV�

11111111111111 W�[[[[[[[[[[[[[[ �  SSSSSSSSSSSSSS W�}}}}}}}}}}}}}} �[[[[[[[[[[[[[[ � �&&&&&&&&&&&&&& �[[[[[[[[[[[[[[ � � &&&&&&&&&&&&&& �[[[[[[[[[[[[[[ �  $$$$$$$$$$$$$$ b � �[[[[[[[[[[[[[[ �%%%%%%%%%%%%%% �[[[[[[[[[[[[[[ �� ���

,W LV LPSRUWDQW WR UHPDUN WKDW WKH ORFDO YDOXHV RI WKH DSSUR[LPDWLQJ IXQFWLRQ GR QRW
qW WKH QRGDO XQNQRZQ YDOXHV � AX �[[[[[[[[[[[[[[ M � � X K

M � GXH WR WKH OHDVW�VTXDUHV FKDUDFWHU RI WKH
DSSUR[LPDWLRQ� ,W PXVW EH SRLQWHG RXW WKDW LI Q  P WKH )(0 W\SH DSSUR[LPDWLRQ LV
UHFRYHUHG DQG QR HpHFW RI ZHLJKWLQJ LV SUHVHQWHG� � � %HVLGHV� LI WKH ZHLJKWLQJ IXQFWLRQ LV
FRQVWDQW DQG HTXDOV WKH XQLW\� WKH VWDQGDUG OHDVW VTXDUH PHWKRG LV UHSURGXFHG�
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7KH HQULFKPHQW RI D )LQLWH (OHPHQW QXPHULFDO IRUPXODWLRQ LV DQ HpHFWLYHQHVV WHFK�
QLTXH WR DYRLG D KLJK UHqQHPHQW RI WKH PHVK LQ VRPH SUREOHPV LQ FRPSXWDWLRQDO PHFKDQ�
LFV� ,Q JHQHUDO� WKH HQULFKPHQW SURFHVV FRQVLVWV RI LQWURGXFLQJ VRPH LQIRUPDWLRQ DERXW
WKH VROXWLRQ RI WKH SUREOHP LQ WKH WULDO IXQFWLRQV �H�J� LWV EHKDYLRXU QHDU VLQJXODULWLHV RU
GLVFRQWLQXLWLHV LQ WKH GRPDLQ� � ,Q qQLWH HOHPHQW DSSURDFKHV� WKHVH HQULFKHG WHFKQLTXHV
ZHUH GHYHORSHG LQ PLG�VHYHQWLHV DQG VXFFHVIXOO\ DSSOLHG WR GLpHUHQW SUREOHPV� � �
5HFHQWO\� LW ZDV IRXQG RXW WKDW LW LV SRVVLEOH WR LQFRUSRUDWH LQIRUPDWLRQ DERXW WKH

VROXWLRQ LQ DSSOLFDWLRQV RI PHVKOHVV PHWKRGV LV VLPSOHU DQG HDVLHU WKDQ LQ qQLWH HOHPHQWV
IRUPXODWLRQV� � �� � � 7KH HQULFKPHQW RI PHVKOHVV PHWKRGV PD\ EH FDUULHG RXW H[WULQVLFDOO\
_L�H� DGGLQJ D VHW RI HQULFKPHQW IXQFWLRQV WR WKH WULDO IXQFWLRQV_ RU LQWULQVLFDOO\� WKDW
LV WKH HQKDQFHPHQW IXQFWLRQV DUH LQFOXGHG LQ WKH 0/6 LQWHUSRODWLRQ EDVLV�
,Q H[WULQVLF HQULFKPHQW RI 0/6 PHVKOHVV DSSUR[LPDWLRQV� D IXQFWLRQ _RU D VHW RI

IXQFWLRQV_ FORVHO\ UHODWHG WR WKH VROXWLRQ RI WKH SUREOHP LV LQFOXGHG LQ WKH SRO\QRPLDO
LQWHUSRODWLRQ� DV IRU H[DPSOH�

AX �[[[[[[[[[[[[[[ �  SSSSSSSSSSSSSS W�[[[[[[[[[[[[[[ �pppppppppppppp �
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v
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ZKHUH AX �[[[[[[[[[[[[[[ � LV WKH DSSUR[LPDWLRQ WR IXQFWLRQ X �[[[[[[[[[[[[[[ � � SSSSSSSSSSSSSS �[[[[[[[[[[[[[[ � LV D FRPSOHWH SRO\QRPLDO EDVLV
LQ WKH VSDWLDO FRRUGLQDWHV� pppppppppppppp LV WKH YHFWRU RI XQNQRZQV DVVRFLDWHG WR WKH EDVLV� Q I LV WKH
QXPEHU RI HQULFKPHQW IXQFWLRQV DGGHG ) M �[[[[[[[[[[[[[[ � � DQG N M �M  ��Q I � DUH JOREDO XQNQRZQV
DVVRFLDWHG ZLWK IXQFWLRQV ) M � 1RZ FRHsFLHQWV pppppppppppppp FDQ EH REWDLQHG LQ D VLPLODU ZD\ WR
WKRVH LQ ��� E\ XVLQJ D 0/6 PHWKRGRORJ\� +RZHYHU� DGGLWLRQDO WHUPV DULVH IURP WKH
LQFOXVLRQ RI WKH HQULFKPHQW IXQFWLRQV� 7KHUHIRUH� WKH 0/6 IXQFWLRQDO - LQ ��� PXVW EH
UHZULWWHQ LQ WHUPV RI WKH QHZ DSSUR[LPDWLRQ ��� � ,I WKH PLQLPL]DWLRQ SURFHVV RI WKLV
QHZ IXQFWLRQDO LV SHUIRUPHG� � � WKH qQDO H[SUHVVLRQ IRU AX UHVXOWV LQ

AX �[[[[[[[[[[[[[[ �  
Q;

L �

1 L�[[[[[[[[[[[[[[ �

�
X K
L b

Q I;
M �

u
N M ) M �[[[[[[[[[[[[[[ L�

v�
�

Q I;
M �

u
N M ) M �[[[[[[[[[[[[[[ �

v
����

ZKHUH VKDSH IXQFWLRQV 1 L�[[[[[[[[[[[[[[ � �L  ��Q � DUH LGHQWLFDO WR SUHYLRXVO\ GHqQHG LQ ��� �
$QRWKHU W\SH RI H[WULQVLF HQULFKPHQW LQ PHVKOHVV PHWKRGV� VLPSOHU DQG FRPSXWDWLRQ�

DOO\ IDVWHU WKDQ ���� � FDQ EH REWDLQHG E\ XVLQJ SDUWLWLRQ RI XQLW\ PHWKRGV� � � ,Q WKLV FDVH�
WKH DSSUR[LPDWLRQ LV PRGLqHG E\ DGGLQJ D EDVLV RI HQULFKPHQW IXQFWLRQV H[WULQVLFDOO\
WR WKH H[LVWLQJ 0/6 DSSUR[LPDWLRQ� 7KHVH QHZ IXQFWLRQV FDQ EH SRO\QRPLDOV RI KLJKHU
RUGHU WKDQ WKH 0/6 LQWHUSRODQWV EDVLV� RU IXQFWLRQV FRQWDLQHG LQ WKH H[DFW VROXWLRQ RI
WKH SUREOHP� ZKLFK DUH VPRRWKO\ DGGHG WR WKH 0/6 DSSUR[LPDWLRQ E\ PXOWLSO\LQJ LW E\
D SDUWLWLRQ RI XQLW\� � �� � � 6LQFH VKDSH IXQFWLRQV LQ 0/6 DSSUR[LPDWLRQV DUH SDUWLWLRQV RI
XQLW\� WKLV H[WULQVLF HQULFKPHQW SURFHGXUH IUHTXHQWO\ WDNHV WKH IRUP

AX �[[[[[[[[[[[[[[ �  
Q;

L �

1 L�[[[[[[[[[[[[[[ �

�%#X K
L �

Q I �L�;
M �

N LM ) M �[[[[[[[[[[[[[[ �

�&$ ����
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ZKHUH Q I �L� LV WKH QXPEHU RI HQULFKPHQW IXQFWLRQV RI QRGDO SRLQW L �LQ JHQHUDO� Q I FDQ
EH GLpHUHQW IRU HDFK QRGDO SRLQW� � DQG N LM DUH WKH XQNQRZQV DVVRFLDWHG WR WKH EDVLV RI
HQULFKPHQW IXQFWLRQV�

7KH SDUWLWLRQ RI XQLW\ PHWKRG SURYLGHV D JRRG WRRO IRU ORFDO HQULFKPHQW� 7KXV� VLQFH
WKH FRQVLVWHQF\ LV DVVXUHG E\ WKH SDUWLWLRQ RI XQLW\ 11111111111111 �[[[[[[[[[[[[[[ � IRUPHG E\ XVLQJ WKH EDVLV RI
0/6 LQWHUSRODQWV� WKH HQULFKPHQW RI WKH DSSUR[LPDWLRQ PD\ EH SHUIRUPHG ORFDOO\ E\
DGGLQJ H[WULQVLFDOO\ IXQFWLRQV RI D QHZ EDVLV� 2EYLRXVO\� LW VKRXOG EH UHPDUNHG WKDW
WKLV HQULFKPHQW PXVW EH DGGHG WR HDFK QRGH EHORQJLQJ WR WKH GRPDLQ RI LQrXHQFH LQWR
WKH UHJLRQ WR EH HQKDQFHG� � �

,QWULQVLF HQULFKPHQW RI PHVKOHVV PHWKRGV FRQVLVWV RI LQFOXGLQJ VSHFLDO IXQFWLRQV LQ WKH
FRPSOHWH SRO\QRPLDO EDVLV RI WKH 0/6 LQWHUSRODWLRQ� ,Q FRQWUDVW WR WKH H[WULQVLF SURFH�
GXUHV� WKLV PHWKRG LQYROYHV QR DGGLWLRQDO XQNQRZQV� +RZHYHU� VLQFH WKH VL]H RI WKH EDVLV
LQFUHDVHV� DGGLWLRQDO FRPSXWDWLRQDO HpRUW LV UHTXLUHG WR REWDLQ VKDSH IXQFWLRQV 11111111111111 �[[[[[[[[[[[[[[ � LQ
��� _GXH WR WKH LQYHUVLRQ RI PDWUL[ $$$$$$$$$$$$$$ �[[[[[[[[[[[[[[ �_� DQG VRPH SUREOHPV RI LOO�FRQGLWLRQLQJ FDQ
DULVH� )XUWKHUPRUH� ZKHQ WKLV HQULFKPHQW LV XVHG DW DQ\ QRGH RI WKH GRPDLQ LW PXVW
EH XVHG DW DOO QRGDO SRLQWV� 6LQFH LW LV QRW SRVVLEOH WR GHOHWH IXQFWLRQV IURP WKH EDVLV
EHFDXVH LW SURGXFHV GLVFRQWLQXLWLHV LQ WKH DSSUR[LPDWLRQ� D VSHFLDO WHFKQLTXH PXVW EH
XVHG WR PL[ QRGDO SRLQWV ZLWK GLpHUHQW EDVLV IXQFWLRQV� � �

,Q WKLV SDSHU� ZH ZLOO FRQVLGHU WKH H[WULQVLF HQULFKPHQW WHFKQLTXH EDVHG RQ SDUWLWLRQ
RI XQLW\ PHWKRG IRU 0/6 PHVKOHVV PHWKRGV� $OWKRXJK WKH QXPEHU RI GHJUHHV RI IUHHGRP
LQFUHDVHV ZLWK LWV XVH �LI D QRGDO SRLQW L LV HQULFKHG� WKHQ WKH WRWDO QXPEHU RI XQNQRZQV
WR REWDLQ IRU LW LV Q I �L� � �� LQVWHDG RI RQH� � WKLV HQKDQFHPHQW SURFHGXUH FDQ EH DSSOLHG
ORFDOO\ LQ GLpHUHQW SDUWV RI WKH DSSUR[LPDWLRQ� DQG LW LV DOVR TXLWH HDV\ WR LPSOHPHQW LQ
D PHVKOHVV FRGH�

� � 6 7 $ 7 ( 0 ( 1 7 2 ) 7 + ( ' ,6 & 5 ( 7 ,= ( ' ( 4 8 $ 7 ,2 1 6 2 ) $ % 9 3

,Q SUHYLRXV VHFWLRQV ZH KDYH SUHVHQWHG WKH 0/6 LQWHUSRODWLRQ DQG WKH GLpHUHQW NLQG RI
HQULFKPHQWV WKDW FDQ EH SHUIRUPHG� ,Q WKLV VHFWLRQ ZH UHYLHZ KRZ REWDLQ WKH GLVFUHWL]HG
HTXDWLRQV RI D ERXQGDU\ YDOXH SUREOHP� 7KXV� LI $ DQG % DUH WZR GLpHUHQWLDO RSHUDWRUV�
o WKH GRPDLQ RI RXU SUREOHP DQG c LWV ERXQGDU\ �c  cW > cX � � D VFDODU %93 FDQ EH
ZULWWHQ DV�

$ �X �  E LQ o ����

ZLWK ERXQGDU\ FRQGLWLRQV�

% �X �  W LQ cW

X b X S  � LQ cX
����

ZKHUH X LV WKH VROXWLRQ� E DQG W UHSUHVHQW WKH DFWLRQV RYHU o DQG DORQJ WKH ERXQGDU\
cW� DQG X S LV WKH SUHVFULEHG YDOXH RI X DORQJ cX �

�
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$SSOLFDWLRQ RI WKH ZHLJKWHG�UHVLGXDOV PHWKRG DOORZV WR REWDLQ D YDULDWLRQDO IRUP RI
WKH DERYH SUREOHP� LQ WHUPV RI WKH WULDO DSSUR[LPDWLRQ IXQFWLRQ AX RI WKH XQNQRZQ X � DV

=
o

: M >$ � AX � b E @ Go�
=
cW

F: M >% � AX � b W@ Gc�
=
cX

FF: M > AX b X S @ Gc  �� M  ������Q S ����

ZKLFK PXVW KROG IRU DOO PHPEHUV RI WKH VHW RI Q S IXQFWLRQV : M �
F: M DQG

FF: M RI D VXLWDEOH
FODVV RI WHVW IXQFWLRQV GHqQHG RQ o� cW DQG cX

� � �

1RZ� WKH GLpHUHQW VHOHFWLRQ RI WHVW IXQFWLRQV LQ WKH JHQHUDO YDULDWLRQDO IRUP ���� DOORZV
WR GHULYH GLpHUHQW QXPHULFDO IRUPXODWLRQV� ,Q RUGHU WR WDNH DGYDQWDJH RI WKH PHVKOHVV
FKDUDFWHU RI WKH DSSUR[LPDWLRQ� ZH FDQ XVH D SRLQW�FROORFDWLRQ DSSURDFK �: M  

F: M  FF: M  sM � ZKHUH sM LV 'LUDF GHOWD�
� � �� � � 2WKHU DXWKRUV� �� �� �� �� � KDYH SURSRVHG RWKHU LQWHJUDO

PHWKRGV� EXW UHTXLUH VRPH NLQG RI DX[LOLDU JULG WR HYDOXDWH WKH UHVXOWLQJ LQWHJUDOV� :LWK
D SRLQW�FROORFDWLRQ VFKHPH� WKH IROORZLQJ VHW RI HTXDWLRQV LV REWDLQHG�

>$ � AX � @ M b EM  �� M  ������Q S LQ o

>% � AX � @ M b WM  �� M  ������Q S LQ cW

AX M b X S  �� M  ������Q S LQ cX

����

1RZ� LI ZH GR QRW SHUIRUP DQ\ HQULFKPHQW� JLYHQ D VHW RI Q S VKDSH IXQFWLRQV GHqQHG
RQ o� DSSUR[LPDWLRQ AX WR WKH VROXWLRQ X FDQ EH GLVFUHWL]HG DV�

AX  

Q S;
L �

1 LX
K
L  11111111111111 WXXXXXXXXXXXXXX K � ����

EHLQJ Q S WKH WRWDO VFDWWHUHG SRLQWV RI WKH VROXWLRQ GRPDLQ� DQG ZKHUH 11111111111111 W FDQ EH EXLOW
E\ XVLQJ WKH SUHYLRXV 0/6 PHWKRGRORJ\� )LQDOO\� ZH REWDLQ WKH IROORZLQJ V\VWHP RI
OLQHDU HTXDWLRQV�

.............. XXXXXXXXXXXXXX K  IIIIIIIIIIIIII ����

ZKHUH FRHsFLHQW PDWUL[ .............. LV VSDUVH EXW QRW QHFHVVDU\ V\PPHWULF �. ML  >$ �1 L� @ M �
>% �1 L� @ M � � IIIIIIIIIIIIII LV DOVR NQRZQ �FRQWDLQV WKH FRQWULEXWLRQV IURP WHUPV E DQG W DQG SUHVFULEHG

YDOXHV X S � � DQG XXXXXXXXXXXXXX K FRQWDLQV WKH XQNQRZQ YDOXHV RI WKH IXQFWLRQ HYDOXDWHG LQ QRGDO SRLQWV�

2EYLRXVO\� DV LW KDV EHHQ H[SODLQHG LQ WKH SUHYLRXV VHFWLRQ� LI HQULFKPHQW IXQFWLRQV DUH
XVHG WR GHqQH WKH 0/6 LQWHUSRODWLRQ� WKHQ LW ZLOO EH QHFHVVDU\ WR XVH PRUH FROORFDWLRQ�
SRLQWV LQ ���� LQ RUGHU WR REWDLQ DOO WKH XQNQRZQV�

�
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Figure 1a

) LJ � � ��' QXPHULFDO H[DPSOH� &RPSDULVRQ RI UHVXOWV REWDLQHG E\ XVLQJ GLpHUHQW 0/6
IRUPXODWLRQV�

� � 1 8 0 ( 5 ,& $ / ( ; $ 0 3 / ( 6

,Q WKLV VHFWLRQ ZH SUHVHQW D YHU\ VLJQLqFDQW QXPHULFDO WHVW RI WKH 0/6 DSSURDFK
DSSOLHG WR WKH VROXWLRQ RI D �' ERXQGDU\ YDOXH SUREOHP� 7KLV WHVW �DOVR XVHG LQ qQLWH
HOHPHQW DQDO\VLV� � � DOORZV WR REWDLQ VKDUS RU VPRRWK IXQFWLRQV� GHSHQGLQJ RQ WKH FKRLFH
RI GLpHUHQW SDUDPHWHUV� 7KXV� LW ZLOO EH FRPSDUHG UHVXOWV REWDLQHG E\ XVLQJ D VWDQGDUG
0/6 DQG DQ HQULFKHG 0/6 DSSURDFK �DSSOLHG LQ WKH ZKROH GRPDLQ RU LQ D ORFDO ]RQH RI
WKH GRPDLQ� � ZKHQ TXDGUDWLF LQWHUSRODWLQJ LV XVHG�
7KH GLpHUHQWLDO HTXDWLRQ FRQVLGHUHG LV�

b G �X

G [ �
� X  I �[ � � � � [ � � � X ���  � X ���  � ����

EHLQJ

I �[ �  
�� >� � � ��� b q � �[ b q � @

>� � � ��[ b q � � @
� � �� b [ � >DWDQ�� �[ b q � � � DWDQ�� q � @ ����

7KH DQDO\WLFDO VROXWLRQ LV JLYHQ E\�

X �[ �  �� b [ � >DWDQ�� �[ b q � � � DWDQ�� q � @ ����
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Figure 3a

) LJ V� � � D Q G � �� �' QXPHULFDO H[DPSOH� &RPSDULVRQ RI UHVXOWV REWDLQHG E\ XVLQJ
GLpHUHQW 0/6 PHVKOHVV IRUPXODWLRQV�
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)RU D JLYHQ VHW RI Q S WULDO IXQFWLRQV 1 L GHqQHG RQ WKH GRPDLQ� DQG IRU WKH HQULFKPHQW
IXQFWLRQ DWDQ�[� � WKH DSSUR[LPDWLRQ AX WR WKH VROXWLRQ X FDQ EH ZULWWHQ LQ WKH IRUP�

:LWKRXW HQULFKPHQW IXQFWLRQV� AX  

Q S;
L �

1 LX
K
L

:LWK HQULFKPHQW IXQFWLRQV� AX  

Q S;
L �

1 L�X
K
L � D ��L) � �[ � � �

7RWDO HQULFKPHQW� ) � �[ �  DWDQ�[�� � � [ � ��

/RFDO HQULFKPHQW�

�!�!�
) � �[ �  �� � � [ � [ � �
) � �[ �  DWDQ�[� � [ � � [ � [ � �
) � �[ �  �� [ � � [ � � �

EHLQJ Q S WKH WRWDO QXPEHU RI QRGDO SRLQWV RI WKH VROXWLRQ GRPDLQ� 7KH ZHLJKWLQJ
IXQFWLRQ XVHG LV WKH WUXQFDWHG JDXVVLDQ� � ZLWK p  ���� DQG N  ��� � 3DUDPHWHUV � DQG
q DUH JLYHQ E\ �  ���� DQG q  ���� WKHVH YDOXHV SURGXFH D VKDUS IXQFWLRQ YHU\ GLsFXOW
WR DSSUR[LPDWH�
,Q qJXUH � ZH FRPSDUH WKH DSSUR[LPDWLRQV REWDLQHG E\ XVLQJ RU QRW HQULFKPHQW

IXQFWLRQV IRU GLpHUHQW QXPEHU RI VFDWWHUHG QRGDO SRLQWV ��� DQG ��� � ZKHQ VXEGRPDLQV
RI � SRLQWV DUH FRQVLGHUHG �L�H� � D qQLWH HOHPHQW DSSURDFK� � $V LW LV VKRZQ� LQ ERWK FDVHV�
WKH XVH RI DQ DSSURSULDWH ORFDO HQULFKPHQW DOORZV WR REWDLQ D JUHDW LPSURYHPHQW LQ WKH
UHVXOWV ZLWK RQO\ D VPDOO LQFUHDVH LQ WKH QXPEHU RI FROORFDWLRQ SRLQWV� ,Q WKLV H[DPSOH�
WKH FRPSXWDWLRQDO FRVW LV YHU\ VLPLODU ZKHQ VWDQGDUG 0/6 DQG ORFDO HQULFKPHQW 0/6
DUH XVHG� ZKLOH LV PXFK KLJKHU LI WKH HQULFKPHQW LV SHUIRUPHG LQ WKH ZKROH GRPDLQ�
,Q WKH VDPH ZD\ DV LQ qJXUH �� WKH DGYDQWDJHV RI WKH XVH RI ORFDO HQULFKPHQW IXQFWLRQV

LQ 0/6 LQWHUSRODWLRQV DUH VKRZQ LQ qJXUH �� ,Q WKHVH WHVWV� WKH VXEGRPDLQ RI HDFK SRLQW
DUH IRUPHG E\ � QRGHV� DQG WKH WRWDO QXPEHU RI VFDWWHUHG QRGDO SRLQWV LV �� DQG ���
7KH FRPSDULVRQ RI UHVXOWV REWDLQHG E\ XVLQJ 0/6 LQWHUSRODQWV ZLWK VXEGRPDLQV RI �

QRGDO SRLQWV DUH VKRZQ LQ qJXUH �� ,Q WKLV FDVH� DV WKH VL]H RI VXEGRPDLQV LQFUHDVHV� WKH
HQULFKPHQW VROXWLRQ LPSURYHV FRQVLGHUDEO\� ,W FDQ DOVR EH QRWLFHG WKDW WKH DSSOLFDWLRQ
RI HQULFKPHQW IXQFWLRQV LQ ORFDO SDUWV RI WKH GRPDLQ LPSURYHV WKH DSSUR[LPDWLRQ� LQ
VRPH FDVHV� PRUH WKDQ LI LW LV SHUIRUPHG LQ WKH ZKROH GRPDLQ�
,Q WKH OLJKW RI WKHVH �' WHVW H[DPSOHV LW FDQ EH FRQFOXGHG WKDW DSSUR[LPDWLRQV

REWDLQHG E\ XVLQJ PHVKOHVV PHWKRGV FDQ EH VXEVWDQWLDO\ LPSURYHG LI FHUWDLQ ]RQHV RI
WKH GRPDLQ DUH HQKDQFHG ZLWK VXLWDEOH HQULFKPHQW IXQFWLRQV� ,Q WKH QH[W VHFWLRQ� ZH
ZLOO WU\ WR DSSO\ WKHVH LGHDV WR SRWHQWLDO SUREOHPV LQ HOHFWULFDO HQJLQHHULQJ DSSOLFDWLRQV�
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$ JURXQGLQJ V\VWHP LV DQ HVVHQWLDO LQVWDOODWLRQ LQ HOHFWULFDO VXEVWDWLRQV� $ VDIH HDUWK�
LQJ HOHFWURGH PXVW JXDUDQWHH WKH LQWHJULW\ RI HTXLSPHQWV DQG WKH FRQWLQXLW\ RI WKH VHU�
YLFH XQGHU IDXOW FRQGLWLRQV ^SURYLGLQJ PHDQV WR FDUU\ DQG GLVVLSDWH HOHFWULFDO FXUUHQWV
LQWR WKH JURXQG^� DQG VDIHJXDUG WKDW SHUVRQV LQ WKH VXUURXQGLQJV RI WKH LQVWDOODWLRQ
DUH QRW H[SRVHG WR GDQJHURXV HOHFWULFDO VKRFNV� ,Q RUGHU WR DFKLHYH WKHVH JRDOV� WKH
HTXLYDOHQW HOHFWULFDO UHVLVWDQFH RI WKH JURXQGLQJ PXVW EH ORZ HQRXJK WR DVVXUH WKDW IDXOW
FXUUHQWV GLVVLSDWH PDLQO\ WKURXJK WKH HOHFWURGH LQWR WKH HDUWK� DQG PD[LPXP SRWHQFLDO
GLpHUHQFHV EHWZHHQ FORVH SRLQWV RQ WKH HDUWK VXUIDFH DUH NHSW XQGHU FHUWDLQ WROHUDQFHV�
7KH SK\VLFDO SKHQRPHQD WKDW XQGHUO\HV WKH GLVVLSDWLRQ RI IDXOW FXUUHQWV LQWR WKH

HDUWK FDQ EH PRGHOOHG E\ PHDQV RI 0D[ZHOO
V (OHFWURPDJQHWLF 7KHRU\� � � ,I WKH DQDO\VLV
LV FRQVWUDLQHG WR WKH HOHFWURNLQHWLF VWHDG\�VWDWH UHVSRQVH� DQG WKH LQQHU UHVLVWLYLW\ RI
WKH JURXQGLQJ HOHFWURGH LV QHJOHFWHG� WKH �' SUREOHP DVVRFLDWHG WR DQ HOHFWULFDO FXUUHQW
GHULYDWLRQ WR HDUWK FDQ EH ZULWWHQ DV

G LY ��������������  �� ��������������  b rrrrrrrrrrrrrr J U D G 9 LQ ( �
�������������� WQQQQQQQQQQQQQQ (  � LQ c( � 9  9 c LQ c� 9 b � �� LI M[[[[[[[[[[[[[[ M � � �

����

ZKHUH ( LV WKH HDUWK� rrrrrrrrrrrrrr LWV FRQGXFWLYLW\ WHQVRU� c( WKH HDUWK VXUIDFH� QQQQQQQQQQQQQQ ( LWV QRUPDO
H[WHULRU XQLW qHOG DQG c WKH HOHFWURGH VXUIDFH� 7KXV� ZKHQ WKH HOHFWURGH DWWDLQV D
YROWDJH 9 c �*URXQG 3RWHQWLDO 5LVH RU *35� UHODWLYH WR D GLVWDQW JURXQGLQJ SRLQW� WKH
VROXWLRQ WR ���� JLYHV SRWHQWLDO 9 DQG FXUUHQW GHQVLW\ �������������� DW DQ DUELWUDU\ SRLQW [[[[[[[[[[[[[[ � 2Q WKH
RWKHU KDQG� VLQFH 9 DQG �������������� DUH SURSRUWLRQDO WR WKH *35� LW FDQ EH DVVXPHG WKDW 9 c  �
ZLWKRXW DQ\ UHVWULFWLRQ�
,Q ODVW \HDUV� DXWKRUV KDYH GHYHORSHG D KLJK HsFLHQW QXPHULFDO DSSURDFK EDVHG RQ

WKH %RXQGDU\ (OHPHQW 0HWKRG WR DQDO\]H JURXQGLQJ V\VWHPV RI HOHFWULFDO VXEVWDWLRQV
HPEHGGHG LQ XQLIRUP DQG VWUDWLqHG VRLOV� � �� � � +RZHYHU� WKH DSSOLFDWLRQ RI WKHVH WHFK�
QLTXHV EDVHG RQ ERXQGDU\ HOHPHQWV LQ WKH FDVHV RI KHWHURJHQHRXV RU PXOWL�OD\HU VRLOV
LPSOLHV D FRQVLGHUDEOH FRPSXWDWLRQDO HpRUW� 2Q WKH RWKHU KDQG� WKH VSHFLqF JHRPHWU\
RI HDUWKLQJ V\VWHPV LQ SUDFWLFH �D JULG RI LQWHUFRQQHFWHG EXULHG FRQGXFWRUV� SUHFOXGHV
WKH XVH RI VWDQGDUG QXPHULFDO WHFKQLTXHV� VLQFH WKH REWHQWLRQ RI VXsFLHQWO\ DFFXUDWH
UHVXOWV ZRXOG LPSO\ XQDFFHSWDEOH FRPSXWLQJ HpRUWV EHFDXVH WKH GLVFUHWL]DWLRQ RI WKH
GRPDLQ �WKH HDUWK� LV UHTXLUHG� � � )RU WKHVH UHDVRQV� ZH KDYH WXUQHG RXU DWWHQWLRQ WR
LQYHVWLJDWH WKH DSSOLFDELOLW\ RI QXPHULFDO IRUPXODWLRQV EDVHG RQ PHVKOHVV PHWKRGV� � IRU
WKH VROXWLRQ RI WKLV NLQG RI SUREOHPV� ,Q DFFRUGDQFH ZLWK WKLV� ZH SUHVHQW WZR H[DP�
SOHV� 7KH qUVW RQH LV D �' SRWHQWLDO SUREOHP� ,Q WKLV WHVW� ZH ZLOO VWXG\ WKH VROXWLRQ
E\ XVLQJ 0/6 LQWHUSRODQWV ZLWK HQULFKPHQW IXQFWLRQV� DV D qUVW VWDJH RI D SUR MHFW WKDW
LV EHLQJ GHYHORSHG LQ RUGHU WR DSSO\ WKHVH WHFKQLTXHV WR �' SRWHQWLDO SUREOHPV� ,Q
WKH VHFRQG H[DPSOH� ZH DQDO\]H WKH IDXOW FXUUHQW GLVVLSDWLRQ LQWR WKH HDUWK WKURXJK D
WRURLGDO JURXQGLQJ HOHFWURGH E\ XVLQJ D 0/6 PHVKOHVV PHWKRG ZLWK QR HQKDQFHPHQW�

��
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$V D qUVW WHVW WR VWXG\ WKH SHUIRUPDQFH RI WKH VWDQGDUG DQG WKH HQULFKHG 0/6
LQWHUSRODWLRQV DSSOLHG WR D SRWHQWLDO SUREOHP� ZH ZLOO FRQVLGHU WKH IROORZLQJ ERXQGDU\
YDOXH SUREOHP�
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ZKLFK DQDO\WLFDO VROXWLRQ LV JLYHQ E\ 9 �U �  �
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7KXV� IRU WKH HQULFKPHQW IXQFWLRQ � U DQG IRU D JLYHQ VHW RI Q S WULDO IXQFWLRQV 1 L

GHqQHG RQ WKH GRPDLQ� WKH DSSUR[LPDWLRQ A9 WR WKH VROXWLRQ 9 FDQ EH ZULWWHQ LQ WKH
IRUP�

:LWKRXW HQULFKPHQW IXQFWLRQV� A9  

Q S;
L �

1 LX
K
L �

:LWK HQULFKPHQW IXQFWLRQV� A9  

Q S;
L �

1 L�X
K
L � D ��L) � �U � � �

7RWDO HQULFKPHQW� ) � �U �  � U� � � U � / �

/RFDO HQULFKPHQW�

�!�!�
) � �U �  �� � � U � U� �
) � �U �  � U � U� � U � U� �
) � �U �  �� U� � U � / �

EHLQJ Q S WKH WRWDO QXPEHU RI QRGDO SRLQWV RI WKH VROXWLRQ GRPDLQ� 7KH ZHLJKWLQJ
IXQFWLRQ XVHG� � LV WKH WUXQFDWHG JDXVVLDQ ZLWK p  ���� DQG N  ���� DQG WKH WRWDO
OHQJWK RI WKH GRPDLQ / LV ����
,Q qJXUH �� LW FDQ EH VKRZQ WKH FRPSDULVRQ RI WKH DSSUR[LPDWLRQV REWDLQHG E\ XVLQJ

0/6 LQWHUSRODQWV ZLWK RU ZLWKRXW HQULFKPHQW IXQFWLRQV� DQG ZLWK D GLpHUHQW QXPEHU
RI VFDWWHUHG QRGDO SRLQWV ��� DQG ��� DQG WKH QXPEHU RI SRLQWV RI WKH VXEGRPDLQV ��
DQG � QRGHV� � ,Q WKLV FDVH� WKH XVH RI HQKDQFHG DSSURDFKHV DOORZV WR REWDLQ YHU\ JRRG
UHVXOWV� VSHFLOO\ LQ WKRVH FDVHV LQ ZKLFK D ORFDO HQULFKPHQW LV SHUIRUPHG� $V LW LV VKRZQ� LQ
FRPSDULVRQ ZLWK VWDQGDUG 0/6� DQ DSSURSULDWH ORFDO HQKDQFHPHQW VXFFHVVIXOO\ LPSURYHV
WKH DSSUR[LPDWLRQ RQO\ DGGLQJ D IHZ FROORFDWLRQ SRLQWV DQG� WKHUHIRUH� ZLWK D PLQLPDO
LQFUHDVH LQ WKH FRPSXWDWLRQDO FRVW�

� �� � $ Q D O\ VLV R I D WR U R LG D O J U R X Q G LQ J H OH F WU R G H

7KH H[DPSOH SUHVHQWHG LQ WKLV SDSHU FRQVLVWV RI D WRURLGDO HOHFWURGH KRUL]RQWDOO\
EXULHG WR D GHSWK RI � P� 7KH LQWHULRU GLDPHWHU RI WKH ULQJ LV �� P DQG WKH HOHFWURGH
GLDPHWHU LV � P� &KDUDFWHULVWLFV RI WKH VRLO PRGHO XVHG LQ WKLV H[DPSOH DUH VKRZQ LQ
qJXUH �� DQG WKH UHODWLRQVKLS EHWZHHQ WKH VFDODU FRQGXFWLYLWLHV RI HDFK SDUW RI WKH VRLO
DUH� r �  � r � DQG r �  � r � � 'XH WR WKH D[LDO V\PPHWU\ RI WKH SUREOHP� VROXWLRQ

��
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) LJ � � �� &RPSDULVRQ RI UHVXOWV REWDLQHG E\ XVLQJ GLpHUHQW 0/6 DSSURDFKHV IRU WKH �'
QXPHULFDO WHVW�
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) LJ � � �� 'LVWULEXWLRQ RI QRGDO SRLQWV XVHG LQ WKH QXPHULFDO UHVROXWLRQ DQG VFKHPH RI
WKH JHRPHWU\ RI WKH SUREOHP�

FDQ EH REWDLQHG E\ XVLQJ D �' PRGHO� $ 0/6 PHVKOHVV PHWKRG ZLWK D SRLQW FROORFDWLRQ
VFKHPH KDV EHHQ XVHG �LQ WKLV H[DPSOH� QR HQULFKPHQW SURFHGXUH KDV EHHQ FDUULHG RXW� �
DQG WKH GLVWULEXWLRQ RI QRGDO SRLQWV ������ KDV EHHQ REWDLQHG E\ PHDQV RI WKH SURJUDP
*(1�8 �qJXUH �� � � � 7KH EDVH LQWHUSRODWLQJ IXQFWLRQV DUH OLQHDU DQG DOO VXEGRPDLQV
FRQWDLQ DW OHDVW qYH SRLQWV� )LJXUH � VKRZV WKH FRQWRXU OLQHV DQG WKH SRWHQWLDO GLVWUL�
EXWLRQ DURXQG WKH WRURGLDO HOHFWURGH FRQVLGHULQJ D QRQ�KRPRJHQHRXV VRLO PRGHO� 7KHVH
QXPHULFDO UHVXOWV DJUHH VLJQLqFDQWO\ ZLWK WKRVH REWDLQHG E\ XVLQJ D YHU\ GHQVH SRLQW
GLVWULEXWLRQ� 1RZDGD\V� LQ WKH DFWXDO VWDJH RI WKH GHYHORSPHQW RI WKH SURMHFW� ZH DUH
ZRUNLQJ WR LQFOXGH H[WULQVLF HQULFKPHQW WHFKQLTXHV WR WKLV NLQG RI SUREOHPV LQ RUGHU
WR LPSURYH WKH UHVXOWV� DQG GHFUHDVH WKH DFWXDO FRPSXWDWLRQDO FRVW� )XUWKHUPRUH� ZLWK
WKHVH HQKDQFHPHQW PHWKRGV ZH KRSH WR VROYH SUREOHPV ZLWK D GLpHUHQW GLVWULEXWLRQ DQG
QXPEHU RI HOHFWURGHV RI WKH JURXQGLQJ V\VWHP�

� � & 2 1 & / 8 6 ,2 1 6

,Q WKLV SDSHU� D 0RYLQJ /HDVW 6TXDUHV LQWHUSRODWLRQ PHWKRG ZLWK D SRLQW FROORFDWLRQ
DSSURDFK KDV EHHQ SUHVHQWHG IRU WKH DQDO\VLV RI SRWHQWLDO SUREOHPV LQ HOHFWULFDO HQJL�
QHHULQJ DSSOLFDWLRQV� 7KH DSSUR[LPDWLRQV WR WKH VROXWLRQ FDQ EH LPSURYHG E\ XVLQJ D
WRWDO RU SDUWLDO HQULFKPHQW LQ WKH EDVLV IXQFWLRQV RI WKH 0/6 LQWHUSRODQWV�

,Q WKLV NLQG RI SUREOHPV� LQ ZKLFK WKH XVH RI VWDQGDUG QXPHULFDO PHWKRGV LV SUHFOXGHG
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) LJ � � �� &RQWRXU OLQHV DQG SRWHQWLDO GLVWULEXWLRQ LQWUR WKH JURXQG DURXQG D WRURLGDO
HOHFWURGH GXULQJ D IDXOW FXUUHQW GHULYDWLRQ�

GXH WR ODUJH FRPSXWLQJ HpRUWV UHTXLUHG LQ WKH GLVFUHWL]DWLRQ SURFHVV� WKH PHVKOHVV FKDU�
DFWHU RI WKHVH 0/6 DSSUR[LPDWLRQV PD\ UHSUHVHQW DQ LPSRUWDQW LPSURYHPHQW LQ WKHLU
FRPSXWDWLRQDO DQDO\VLV� ,Q WKH JURXQGLQJ DQDO\VLV� VLQFH ZH NQRZ VRPH LQIRUPDWLRQ
UHODWHG WR WKH W\SH RI WKH IXQFWLRQ RI WKH VROXWLRQ� WKH XVH RI HQULFKPHQW IXQFWLRQV LQ
WKH 0/6 LQWHUSRODWLRQ FDQ DOVR EH YHU\ SURqWDEOH� ,Q WKLV SDSHU� ZH KDYH SUHVHQWHG
VRPH H[DPSOHV LQ �' FDVHV� 7KH JRRG SHUIRUPDQFH FDQ EH QRWLFHG LQ WKH WHVWV FDUULHG
RXW� )XUWKHUPRUH� LW KDV EHHQ YHULqHG WKDW YHU\ LQWHUHVWLQJ DGYDQWDJHV FDQ EH REWDLQHG�
VSHFLDOO\ LI ORFDO HQULFKPHQW LV XVHG�

7KH QH[W VWHS ZLOO EH WKH FRPSDULVRQ EHWZHHQ VWDQGDUG DQG HQULFKHG 0/6 PHVKOHVV
PHWKRGV LQ �' SUREOHPV� 7KH VWDQGDUG 0/6 DSSURDFK KDV DOUHDG\ EHHQ GHYHORSHG� DQG
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LW KDV EHHQ DSSOLHG WR WKH VROXWLRQ RI D WRURLGDO JURXQGLQJ V\VWHP� 5HVXOWV REWDLQHG
IRU GLpHUHQW SRLQW GLVWULEXWLRQV� HYHQ ZLWK D VWUDWLqHG VRLO PRGHO� DUH YHU\ SURPLVLQJ
DQG UHTXLUH D UHDVRQDEOH FRPSXWDWLRQDO FRVW� 0RUHRYHU� IXUWKHU DQDO\VLV UHODWHG ZLWK
PDWKHPDWLFDO DQG QXPHULFDO DVSHFWV PXVW EH GRQH WR DVVHVV WKH SUDFWLFDO IHDVLELOLW\ RI
WKLV DSSURDFK�

$ & . 1 2 : / ( ' * ( 0 ( 1 7 6

7KLV ZRUN KDV EHHQ SDUWLDOO\ VXSSRUWHG E\ WKH ? 6 X EG LUHFFLxR Q * HQ HUD O G H 3 UR \HFWR V G H

,Q YHVWLJD FLxR Q & LHQ Wxuq FD \ 7 xHFQ LFD �6 * 3 ,& < 7 � G HO 0 LQ LVWHULR G H ( G X FD FLxR Q \ & X OWX UD

�� ) ' � � �� � � � �� � FRqQDQFHG ZLWK )('(5 IXQGV DQG WKH SRZHU FRPSDQ\ ?8QLxRQ )HQRVD
,QJHQLHUxuD 6�$� �8),6$�� � DQG E\ UHVHDUFK IHOORZVKLSV RI WKH ?6HFUHWDUxuD *HQHUDO GH
,�' GH OD ;XQWD GH *DOLFLD� DQG WKH ?8QLYHUVLGDG GH /D &RUXaQD� �

5 ( ) ( 5 ( 1 & ( 6

>� @ -HQVHQ 3�6� ������ � ) LQ LWH G Lp HUHQ FH WHFK Q LTX HV IR U YD ULD EOH JULG V� &RPS� 6WUXFW� � � �
������

>�@ /XF\ /�%� ������ � $ Q X P HULFD O D S S URD FK WR WK H WHVWLQ J R I WK H q VVLR Q K \SR WK HVLV�
$VWURQRPLFDO -RXUQDO� � � � ����^�����

>�@ 0RQDJKDQ -�-� ������ � : K \ SD UWLFOH P HWK RG V Z R UN � 6,$0 -RXUQDO RI 6FLHQWLqF DQG
6WDWLVWLFDO &RPSXWLQJ � ��� � �����

>�@ 5DQGOHV 3�:� � /LEHUVN\� /�'� ������ � 6 P RR WK HG 3 D UWLFOH + \G RG \Q D P LFV� 6 R P H UH�
FHQ W LP S UR YHP HQ WV D Q G D S S OLFD WLR Q V� &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG
(QJLQHHULQJ� � � � � ���^����

>�@ %RQHW -� � /RN 7�6�/� ������ � 9 D ULD WLR Q D O D Q G P R P HQ WX P S UHVHYLQ J D VSHFWV R I 6 P RR WK

3 D UWLFOH + \G URG \Q D P LFV IR UP X OD WLR Q V� 6XEPLWWHG WR &RPSXWHU 0HWKRGV LQ $SSOLHG
0HFKDQLFV DQG (QJLQHHULQJ�

>�@ 1D\UROHV� %� � *� 7RX]RW� DQG 3� 9LOORQ ������ � * HQ HUD OL]LQ J WK H q Q LWH HOHP HQ W P HWK RG �
G Lp X VH D S S UR [LP D WLR Q D Q G G Lp X VH HOHP HQ WV� &RPSXWDWLRQDO 0HFKDQLFV� ��� ���^����

>�@ %HO\VWFKNR 7� � *X /� � /X <�<� ������ � ( OHP HQ W ) UHH * D OHUNLQ 0 HWK RG V� ,QWHUQDWLRQDO
-RXUQDO IRU 1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ� � � � ��������

>�@ %HO\VWFKNR 7� � .URQJDX] <�� 2UJDQ '� � .U\VO 3� ������ � 0 HVK OHVV P HWK RG V� $ Q

R YHUYLHZ D Q G UHFHQ W G HYHOR S P HQ WV� &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG
(QJLQHHULQJ� � � � � �^���

>�@ /LX� :�.� � 6� -XQ� DQG <�)� =KDQJ ������ � 5 HS URG X FLQ J NHUQ HO SD UWLFOH P HWK RG V�
,QWHUQDWLRQDO -RXUQDO IRU 1XPHULFDO 0HWKRGV LQ )OXLGV� � � � ����������

>��@ /LV]ND 7� � 'XDUWH &�$� � 7ZRU]\GOR :�: ������ � K S �0 HVK OHVV FOR X G V P HWK RG � &RP�
SXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ� � � � � ��������

>�� @ 0HOHQN� -�0� DQG ,�%DEXxVND ������ � 7 K H SD UWLWLR Q R I X Q LW\ q Q LWH HOHP HQ W P HWK RG �

% D VLF WK HR U\ D Q G D S S OLFD WLR Q V� &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG (QJL�
QHHULQJ� � � � �
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>��@ )OHPLQJ� 0�$� ������ � 7 K H ( OHP HQ W�) UHH * D OHUNLQ 0 HWK RG IR U ) D WLJX H D Q G 4 X D VL�

VWD WLF ) UD FWX UH � 3K�'� 7KHVLV� 1RUWKZHVWHUQ 8QLYHUVLW\�
>��@ 2aQDWH� (� � 6� ,GHOVRKQ� 2�&� =LHQNLHZLF]� 5�/� 7D\ORU� DQG &�6DFFR ������ � $ VWD EL�

OL]HG q Q LWH SR LQ W P HWK RG IR U D Q D O\VLV R I r X LG P HFK D Q LFV S UR EOHP V� &RPSXWHU 0HWKRGV
LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ� � � � � ��������

>��@ 2aQDWH (� � ,GHOVRKQ 6� � =LHQNLHZLF] 2�&� � 7D\ORU 5�/� ������ � $ q Q LWH SR LQ W P HWK RG
LQ FR P S X WD WLR Q D O P HFK D Q LFV� $ S S OLFD WLR Q V WR FR Q YHFWLYH WUD Q VSR UW D Q G r X LG r R Z � ,Q�
WHUQDWLRQDO -RXUQDO IRU 1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ� � � � ����������

>��@ &RORPLQDV ,� � &KDR 0�� 1DYDUULQD )� � &DVWHOHLUR 0� ������ � $ S S OLFD WLR Q R I P HVK OHVV
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