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ARTICLE INFO ABSTRACT

Keywords: In modeling of gas flow through porous media width adsorption, the thermodynamic properties of the adsorbed
Porous media ) phase are usually approximated by those of the bulk liquid. Using non-isothermal, gaseous transport of moist
Thermodynamics air through a porous insulation material as example, we show that this leads to violation of the second
;Izs(t)rt;f;?mt law of thermodynamics and a negative entropy production. To resolve this violation, we use information

about the adsorption and thermodynamic properties of bulk fluids to derive consistent thermodynamic
properties of the adsorbed phase, such as the chemical potential, enthalpy and entropy. The resulting
chemical potential of the adsorbed phase is a starting point for rate-based models for adsorption based on
non-equilibrium thermodynamics. Incorporating the consistent thermodynamic description into the energy,
entropy and momentum balances restores agreement with the second law of thermodynamics. We show that
the temperature evolution in the porous medium from the consistent description differs from the standard
formulation only if the adsorption depends explicitly on temperature. This highlights the importance of
characterizing the temperature dependence of the adsorption with experiments or molecular simulations for

Entropy production

accurate non-isothermal modeling of porous media.

1. Introduction

Due to the high surface to volume ratio of porous materials, the
amount of matter that can be adsorbed onto and into the porous struc-
ture may be large and strongly influence behavior [1-3]. This makes
porous materials like zeolites and metal organic frameworks candidates
to store hydrogen [4-6] or to capture CO, and methane [7-9]. Both
pressure and temperature swing adsorption are promising technologies
to capture CO, from power and industrial flue gases, as well as to re-
move green house gases from air to deliver negative emissions [10].
A challenge common to both of these examples is the necessity to
effectively manage and reduce the heat involved in the adsorption pro-
cess [11-13].

The heat of sorption is of importance to a wide variety of processes
and phenomena. It is necessary to account for this property to arrive at a
reliable description of the temperature evolution in insulation materials
for buildings [14-17]. In drying of paper, the duration of the process is
intimately related to the heat of sorption [18-20]. This is also the case
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for other drying processes, such as drying of soil in agriculture [21,22],
of pharmaceutical materials or food [23-25], paint [26,27] or coal [28].

Non-isothermal modeling of fluid flow through porous media has
been an important tool in the study of the examples mentioned above
and many other that involve adsorbed fluid phases [18,24,27]. In many
of these examples, only one component adsorbs onto and into the
porous structure. For instance, the water adsorbed in insulation ma-
terials is assumed to be pure, since the solubility of the components of
air such as nitrogen and oxygen is very low. Furthermore, the properties
of the adsorbed phase can be difficult to measure directly. A common
approach is therefore to approximate the thermodynamic properties of
the adsorbed phase with those of the bulk phase [15,22,29]. This is a
common, yet questionable approximation that is frequently used in non-
isothermal modeling of porous media [14,15,30,31]. In this work, we
present an in-depth and critical assessment of this approach. By deriv-
ing the entropy production of transient, non-isothermal flow through
porous media and performing numerical simulations, we show that if
the properties of the adsorbed phase are taken to be the same as those
of the bulk liquid phase, the entropy balance is not satisfied, and the
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second law of thermodynamics is violated. This demonstrates that the
entropy balance is an invaluable tool in evaluating the consistency in
modeling of flow through porous media [32-37].

To remedy the violation of the second law of thermodynamics, we
derive a consistent thermodynamic framework for single-component ad-
sorbed phases in contact with ideal gases, which is based on a work by
T. Hill from 1949 [38]. The advantage of the derived framework is
that it is self-consistent with the model or data used for the sorption
isotherm and the thermodynamic properties of the bulk fluids. By com-
bining this framework with the balance equations for energy, entropy
and momentum in the porous medium, we show that the entropy bal-
ance for the consistent description is satisfied, and in agreement with
the second law of thermodynamics [39]. Using non-isothermal, gaseous
transport of moist air through a porous insulation material as exam-
ple [16], we show that the temperature evolution in the porous medium
from the consistent description differs from the standard formulation
only if the adsorption depends explicitly on temperature. This high-
lights the importance of characterizing the temperature dependence of
the adsorption by use of experiments or molecular simulations [40-42]
for accurate non-isothermal modeling of porous media.

There are several reasons to use a thermodynamically consistent de-
scription of the adsorbed phase. For instance, sorption in porous media
has shown to exhibit an intriguing behavior, where slow and fast sorp-
tion sites simultaneously influence the kinetics [43-47]. Kohler et al.
presented the parallel exponential kinetics model to describe this phe-
nomenon [45,46]. In their work, they state that the chemical potential
difference between the vapor phase and the adsorbed phase is the true
driving force of mass transfer. However, since the chemical potential of
the adsorbed phase has been inaccessible, a difference in adsorbed mass
has been used as an alternative driving force [43-47]. This has lead
to sample-specific models of the adsorption kinetics, with limited pre-
dictive ability. The thermodynamic model for the adsorbed phase pre-
sented in this work establishes the foundation for developing more so-
phisticated sorption kinetics models that are based on non-equilibrium
thermodynamics [48]. A consistent description of the adsorbed phase
is also a prerequisite for analysis of thermodynamic stability heteroge-
neous microstructures such as adsorbed films and droplets in porous
media [49].

The article will be structured as follows. We present first a consistent
thermodynamic description of adsorbed phases in Sec. 2. The transport
equations are presented Sec. 3, where they are combined with the en-
tropy balance and the Gibbs relation to derive the entropy production.
Next, two cases studied using numerical simulations are described in
Sec. 4 and results are discussed in detail in Sec. 5. Concluding remarks
are provided in Sec. 6.

2. Thermodynamics of adsorbed phases

In this section, we derive a consistent thermodynamic description
of a single-component adsorbed phase based on a work by T. Hill
from 1949 [38]. The thermodynamic description takes the form of a
fundamental relation for the adsorbed phase, from which other thermo-
dynamic properties, such as chemical potential, density, enthalpy and
entropy, can be derived by differentiation.

A common procedure in modeling of transport through porous me-
dia is to assume that the thermodynamic properties of the adsorbed
phase are the same as those of a pure, bulk liquid at ambient condi-
tions. We will show in Sec. 5 that following this approach can lead to
violation of the second law of thermodynamics. Further details on the
thermodynamic description of the bulk liquid used here can be found
in the Supplementary Information (SI).

2.1. Consistent thermodynamic properties of the adsorbed phase

We will now derive a thermodynamic framework to describe the ad-
sorbed phase by following Hill [38]. In this description, the adsorbed
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phase (a) is, in general, different from a bulk liquid (#) or a bulk gas
phase (g). The total internal energy is U? (S?,V?2, A, N?) and its differ-
ential is

dU? =TdS? — pdV? — pdA + p*dN?. e8]

Herein, T is the temperature, S? is the entropy, p is the pressure, V2 is
the volume and N? is the number of particles in the adsorbed phase. In
addition, A is the area of adsorbent covered by the adsorbed phase and
@ is the spreading pressure. The latter is equal to y° — y where 79 is the
surface tension of the clean adsorbent and y? is the surface tension of
the adsorbent with the adsorbed phase on it.

The Euler equation for the adsorbed phase is [38]

U2=TS?—-pV2—pA+ u®N2. 2)

The Helholtz energy, the Gibbs energy and enthalpy follow from the
definitions that can be found in [38]. The definition of the enthalpy is
H?=U?+ pV2+ @A and the Gibbs-Duhem equation for the adsorbed
phase is

N3dp? = —S3dT + V3dp + Adg. 3)

As a new thermodynamic potential in addition to those defined in
[38], we will use X2 =U? — T'S? + pV2. This will be useful when de-
riving a fundamental relation for the adsorbed phase. Through Eq. (2)
the potential X? may also be expressed as

X%=—@pA+ N2 (€3]

Its differential is

dX? = —S%dT + V3dp — pd A + p*dN?, 5)

and its canonical variables are T, p, A and N2. The potential X? is
first-order homogeneous in A and N2, so that

AX*(T.p,A,N*) = X*(T,p,AA,AN?). (6)

Setting A = 1/N? yields the molar potential x?,

X*(T,p,A,N®) /JN*=X*(T,p,A/N°,1) =x*(T,p,T), )

where I'= N2/ A is the adsorption. Using Eq. (4), we get

X' =u* —q/T. ®

The differential of x? is

dx? = —s*dT + v*dp+ {@/T?} dT, 9)

where s? is the molar entropy and v? is the molar volume.

2.1.1. Calculating the spreading pressure from the adsorption

In this section, we will present a procedure for obtaining the spread-
ing pressure ¢ by integration of an empirical model for the adsorption
from a gas mixture. We assume that the adsorbed phase is pure, but
that the gas it adsorbs from is a mixture of M components. The ad-
sorbing component is Component 1 in the gas phase. Chemical equi-
librium between the adsorbed phase and the gas then implies that
u?(T,p,I) = y’f (T, p, z8), where z8 are the component mole fractions
in the gas. Bold symbols are used to indicate vector quantities. This
equation defines the equilibrium adsorption I' (T, p, z8). We will here
consider the less general form I" (ﬁ l,T) because it is commonly used in
the literature [16]. The quantity p; is the dimensionless partial pressure
of the adsorbing component,

25p
= psl"“ T (10)
where pj‘“ (T) is the saturation pressure and thus p; = 1 at saturation.
For water in air, p, is the same as relative humidity.

>

1
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The chemical potential of Component 1 in the gas phase can, in
general, be written as [50, pp. 34-37]

4 C8 (T, p,28) p28
4 (7. 28) =4 (7.5°) +zmog<$>,

(1D
where R is the universal gas constant, ﬂil (T, p°) is the ideal gas chemi-
cal potential evaluated at the reference pressure p° and ¢ f is the fugac-
ity coefficient. The differential of ;4;5, assuming constant 7" and p and
using that dz8, ZM ! dz8,

M 1 an aglg .
dﬂl 28 Z 6z - E dzi '
1 i=1 T,p,zi#‘_ M/ Tpzizym

12

Dividing the Gibbs-Duhem equation (3) by A, and assuming con-
stant 7" and p, gives

dop =Tdu?. (13)

We may now obtain the spreading pressure by integrating Eq. (13). Dur-
ing the integration, we let T and p be constant and assume equilibrium
between the gas and the adsorbed phase, so that du? = dy?. Further-
more, we let the change in z’,gw be such that only dz’lg in Eq. (12) is not
zero. The integration path starts at Zzlz =0, where there is no adsorption,
and the adsorption commences by increasing the mole fraction of Com—
ponent 1 in the gas phase to z . Since ¢ should be zero, i.e. y2 =y,
when zl =0 and there is no adsorpt10n [51], the integral of Eq. (13)
becomes

A
| acg ag
(p=RT/F LyL dz8.
LS s 4 !
0 1 T,p,zk#] 1 sz#

14)

Adsorption models are often functions of the partial pressure. For
simplicity, we will from here on assume that the gas phase is ideal. At
constant temperature and pressure, the differential of the dimensionless
partial pressure is

A p

dp; = —— dz5. 15
Pl piat 8) 1 (15)
Hence, for an ideal gas Eq. (14) reduces to
by
A r ..
go(pl,T)zRT/ﬁ— dp;. (16)
1
0

We can thus obtain the spreading pressure from an integral of the ad-
sorption " (5, T).

In the fundamental relation, which we derive in the next section,
we express ¢ as a function of parameters of the adsorbed phase only.
We accomplish this by assuming that I" ( p.T ) is a strictly increasing
function of p; for every value of 7. The function I (ﬁl,T) is then in-
vertible and the function p; (I, T) exists. In the next section we will
therefore treat ¢ as a function of I and 7" with the understanding that
this is accomplished by combining p; (I',T) and Eq. (16), which yields
the function ¢ (I, T) = ¢ ( p@.T), T). To ease notation, we define

h1

[,

where @ =0 unless I' has an explicit dependence on temperature. We
refer to functions I" that depend only on p, as temperature independent.
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2.1.2. A fundamental relation for the adsorbed phase

In this section, we will derive a fundamental relation for the ad-
sorbed phase. Such a relation is a mathematical expression for a ther-
modynamic potential in terms of its canonical variables [52]. With this
in place, other thermodynamic properties can be obtained by differen-
tiation.

To construct the fundamental relation, we use as starting point a
thick bulk liquid phase residing on the adsorbent. The liquid phase then
desorbs at constant 7" and p by reducing p,, i.e. by reducing the mole
fraction of the adsorbing component in the gas phase. The initial state
is 'y, corresponding to p; = 1 where the adsorbed phase behaves like
a bulk liquid. The resulting potential is found by integrating from I
toI:

r
x*(T,p,1)=x*(T,p,T +/ 18)

T

oo

r
—+/l% : 19

T

=u’ (T,p)—

We have here used Eq. (8) and that, when I'=T"_, then j; =1, y* = ut
and ¢ =% —y?, where y is the surface tension of the adsorbate surface
with a bulk liquid on top. Applying integration by parts,

eI.T)
r

x*(T,p.0)=u’ (T.p)— + RT log (p, T, 1)), (20)

and, multiplying with N?, we arrive at the fundamental relation of the
adsorbed phase,

X?(T,p,N*,A) = N*{ " (T.p)— Ap (N?/A,T) /N?

+RTlog(p; (N*/A,T)) }. 21

2.1.3. Volume, chemical potential, entropy and enthalpy

From the fundamental relation in Eq. (21) we can derive expres-
sions for the volume, chemical potential, entropy and enthalpy of the
adsorbed phase.

The volume is

a 4
Va: <aX ) :Na<aL> :Navf’ (22)
op T,N3,A op Jr

with the implication that the density of the adsorbed phase in the con-
sistent thermodynamic description is the same as that of a bulk liquid
phase at the same temperature and pressure. The chemical potential is

. ( oXa )
W =\oNa)rpa

=u’ + RT log (p;) . (23)

Herein, it is the term RT log ( 131) that makes chemical equilibrium pos-
sible between the adsorbed phase and Component 1 in the gas phase
away from saturation.

The entropy of the adsorbed phase is

A
= 5* = N*Rlog (1) + 2= + ATor. 24)

#=-(%)
dT /pAN=

Here, we have used the triple product rule and the relation [48, pp.
220-221]

4
sz—Na(aL> . (25)
o ), na

From X2, ¢ and S? we may now construct the enthalpy,

H*=H’ + A+ AT? . (26)

We have here used that HY =T.S% + u? N2.
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2.1.4. The BET model

To have a concrete example for numerical calculations, we will
apply the thermodynamic framework to the well-known Brunauer—
Emmett-Teller (BET) adsorption model for single-component adsorp-
tion [53,54],

at(T)p

rp.T)= _ / _ 27
PO = T -+ e @7
where
ﬁ = p/psat’ (28)
1
E(T) = j_f’ exp (Ae/kgT) . (29)

Furthermore, Ae = ¢! — ¢, ¢! is the potential energy per molecule in

the first adsorbed layer and ¢ is the potential energy per molecule in
subsequent layers. The ratio ! / jf is defined in [54].

We assume that the BET model can be extended to a pure adsorbed
phase connected to a multi-component ideal gas phase by replacing p
in Eq. (28) with the partial pressure of the adsorbing component in the

gas phase. Then p — z8p/p* = p;, and

aé(T) p,
{1—cp}{1-p+EMp}

We have here also introduced the constant c =1 — FL, which is smaller

r'(p.T)= (30)

than, but very close to 1, and ensures that I" ( p=1T)=T,.
We may now compute the spreading pressure by integrating Eq. (16)
with Eq. (30) inserted for I'. This gives

aé (T) ) <5(T)131 - P +1>
og = .
c+&E(T)-1 1 —cp

It is clear that ¢ =0 at p; =0.

For the cases with water adsorption to be considered in Secs. 4
and 5, the temperature dependence of the adsorption is unknown, as ad-
sorption isotherms are often measured only at a single temperature. To
explore the influence of temperature dependence, we linearize I" ( P> T)
around the temperature T, where the adsorption isotherm is measured.
The linearization is a first-order Taylor expansion,

A N aI’
C(pT) =T (0 To) +{T =T} (55), (32)

=F(131,T0){1—ﬂ{%—1}}, (33)

where we have defined the dimensionless parameter

or
T( )
0 X
9T /Ty

b= (34
T (h1,To)

In general, § will depend on p;, but we shall here assume that it is a
constant. The spreading pressure is now

(31

¢ (p1.T) = RT

¢ (1. T) ={T/To} {1-F{T/To = 1}} @0 (1) (35)
where @ (p;) = (1, Tp).

3. Balance equations for transport

In this section, we formulate balance equations for transport through
the pores of a solid matrix (s), where the pore space contains a gas
phase (g) and an adsorbed phase (a). These transport equations treat
the different phases as interpenetrating continua, i.e. all three phases
may be present at any given point in space, and are therefore appli-
cable at length scales much larger than the typical pore size. They are
therefore not suitable for resolving transport in individual pores. The
transport equations will be formulated on a mass basis and we there-
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fore use mass-based quantities for e.g. chemical potential, entropy and
internal energy, rather than molar quantities, in this section.

We assume local thermal, chemical and mechanical equilibrium, i.e.
that the temperature, pressure and chemical potential of the adsorb-
ing component are locally the same as in the gas phase. The solid is
assumed chemically inert and incompressible, so that the solid density
p° is constant and known. Also, the porosity ¢ is assumed known. The
mass balance for each component i in the gas phase is then

0, {aBpBul} + V- {a8j8} = P&, (36)

where a8 is the volume fraction of the gas phase, w? is the mass fraction
of Component i in the gas phase, p8 is the mass density of the gas phase
and ‘I’;‘.g accounts for mass exchange with the adsorbed phase. Since we
assume that only Component 1 is adsorbed, ‘Pf =—-¥2 and ‘Pf = 0.

The flux of Component i through the gas phase is jf.g

78 = wbpBv® = whptu® + & = j8 4 B, 37
where ]:g is the advective part, ]:5 is the diffusive part, also known as
the barycentric mass flux, and p8v8 = le\; w? P8 v;.°1. From the definition,
Z!Zl jf = 0. Summing over all components, the mass balance for the gas
phase is

o; {agpg} +V- {agpgvg} =P8, (38)

where V& = ZI}ZI 8. The mass balance for the adsorbed phase is iden-
tical to Eq. (38), with g replaced by a.
The momentum balance of the gas phase is,

0, {agpgvi} +9,, {agpgvivi} + a0, {p} =adp8g, + ®i + Uﬁ(‘l’g, (39)

where g, is the k-component of the gravitational acceleration, @i repre-
sents the dissipative viscous friction forces acting on the gas in direction
k and v}( accounts for the momentum transfer associated with mass
transfer between the fluid phases. The terms on the right-hand side
thus account for, respectively, gravitational forces, friction forces and
momentum transfer associated with mass leaving or entering the phase.

The momentum balance of the adsorbed phase is analogous, but con-
tains an additional term proportional to the gradient of the spreading
pressure,

0, {aapavi} +9,, {aapavivfn} +a?0, {p} +d°0; {@}
=a%pg, + 0% + Ui“l’a. (40)

Herein &® is the solid surface area per volume in the porous medium.
The energy balance for the solid phase is

o, {aspsus} +V- {asqs} =@, (41)

where u° is the internal energy of the solid phase, ¢° is the heat flux
and ®° accounts for heat transfer from the fluid phases. For the gas and
adsorbed phases, the total energy is e/ = u/ +v/ -1/ /2. For the solid, e° =
u®. The total density of all the phases is p =), j o/ p/. Correspondingly,
the total internal energy is pu= Y, o/ p/u/ and pe=Y, ; alpliel.

The balance equation for the total energy of all phases is

0, {pe} + V- Z {a/ v/ +a/pv’} + V- {dPpv*} +V - 2 tra
JjE€fga} 5
=atpig VB +a’p'g 07, (42)
where g/ is the heat flux through phase j. The heat flux through the gas
phase is [48]

M
— 7 838
=g+ ) nE “3

i=1

and, for the adsorbed and solid phases, it is
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9 =q, (44)
where g/ is the measurable heat flux and h? is the partial specific en-
thalpy.

Combining the mass and momentum balances, one may obtain a bal-
ance equation for the kinetic energy of the gas and the adsorbed phases.
We now make the choice vi = {UZ + Ui} /2, on the grounds that this
does not dissipate total kinetic energy, and subtract the kinetic energy
balances from the total energy balance and get the balance equation for
the internal energy

0, {pu} + 9y 2 {ajpjujvi} + 0, Z {ajqi}
Jje{ga} J
=- Z {Pak{af f}+v @j}—(pak{asui : (45)
Jje{ga}

The terms on the right hand side are due to mechanical volume work,
viscous dissipation and interfacial work, respectively. The internal en-
ergy equation may be rewritten in terms of an equation for the enthalpy
ph=3a/p'h,

o (ph)+9, Y {ajpjhjvi}+dk2{ajqi}
JjE€{ga} Jj
=0 (p}+ Y, {ajuidk{p}—vi(ﬂi}+a50,{(p}+asvzdk{(p}4
JjE€{g.al
(46)

3.1. The entropy balance

To evaluate the consistency of the governing equations for transport
through the porous medium, we will next derive the local entropy pro-
duction. The second law of thermodynamics requires that this quantity
is always non-negative.

We assume that the following thermodynamic Gibbs relations hold,
which means local equilibrium for each phase.

a _ a p a 2

du® = Tds? + {pa}de + = dr, 47)
’ M

duf =Tds® + ——dp® + Z pidu®, (48)
{r8} i=1

du® =Tds®. (49)

Inserting the Gibbs relations and the definition of the partial specific
enthalpy,

h{ = Ts{ - U, (50)

into the balance equation for internal energy (45), we obtain a balance
equation for the entropy,

o {ps}+V-j,=o0. (51)
Herein, ps = Y, @/ p/s/, the entropy flux is

Js= Z {a/p’s/v/+—} ang
}

JjE€fg.a

(52)

and, using Egs. (43), (44) and (50), we can formulate the entropy pro-
duction as

vT”t *: U;€®1c
{ }q+z< - Y A (53)

JjE€{g.al

The symbol V; means that variations in temperature are omitted when
evaluating the gradient. Also, j; = ag]'lg is the total diffusive mass flux
of component i and § =), ; a/§’ is the total measurable heat flux. The
three terms on the right-hand side of Eq. (53) can thus be attributed
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Fig. 1. Fitted (temperature-independent) BET models for (a) the L2 data set
from [55] and (b) the CNR data set from [56].

to, respectively, measurable heat flux, diffusive mass flux and viscous
dissipation.

4. Case studies: transport of moisture in porous insulation
materials

In this section, we will present the example cases discussed in Sec. 5.
As a simple yet timely example [55], we consider moisture transport in
porous insulation materials that includes adsorption of water onto and
into the porous matrix.

In all simulated cases, the adsorption is described by a temperature-
independent BET model fitted to the L2 data set from [55], obtained
from measurements with glass wool (see Fig. 1a). We have also fit-
ted the BET model to the CNR data set from [56], obtained from a
mineral wool with hydrophobic admixture (see Fig. 1b), to have an ad-
ditional example when discussing the thermodynamic properties of the
adsorbed phase. For both data sets, the parameters a = 0.18 molcm™2
and ¢ = 0.999 were used, and & was fitted to 1388 and 106 for the L2 and
CNR isotherms, respectively. When discussing adsorption of water, it is
common practice to use relative humidity RH in place of the dimension-
less partial pressure p; and we will therefore use RH in the following.
An area per adsorbed molecule of (0.3 nm)2 has be assumed, so that the
adsorption area per volume of insulation is ¢° = 6.39 x 10° m> m~3.

We use the following correlation for the saturation pressure of water:

72351() { 1K }8-2
X —_—

P2U(T) = 1 Pax exp (77.345 +0.0057K™'T — =

(54)

The thermodynamic models describing the gas, solid and bulk liquid
properties are listed in the SI. Both the liquid and solid phases are
approximated as incompressible and the air is treated as an ideal two-
component mixture of water and a single pseudo-component represent-
ing dry air.

4.1. Equilibrium case

In this section, we describe a case where a piece of highly porous,
humid insulation material is heated at constant pressure. The heating is
assumed to occur reversibly, such that the system is in equilibrium with
the environment at all times, and there are no internal driving forces in
the system. This case will therefore be referred to as the equilibrium case.
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AQ —34— AT - AT,ARH

Ap=10

10 cm

5cm

Fig. 2. Schematic illustration of the equilibrium case. A piece of porous insulation (beige) is heated by adding an amount of heat AQ. During the process, the gas is
allowed to expand so that Ap = 0. The addition of heat leads to an increase in temperature AT and resulting changes in adsorption AI" and relative humidity ARH.

The case and the numerical results will be used to discuss the effect of
incorporating a consistent thermodynamic description of the adsorbed
phase on the temperature evolution during a constant-pressure adsorp-
tion/desorption process.

We consider a closed container with a piece of porous material occu-
pying a part of its volume, as illustrated in Fig. 2. The porous material
contains a solid phase and an adsorbed phase, in addition to a gas phase.
The container has a cross section of 10cm X 10cm and an initial total
length of 15 cm. The porous material occupies 10 cm of its length and
the additional 5 cm consists of a gas-filled head space that can change
its volume to keep the pressure constant at 10° Pa. Initially, the relative
humidity is 0.6 and the temperature is 300 K.

The container is then heated by adding the amount of heat AQ. The
container remains closed, but the head space is allowed to expand in
volume so that the pressure remains constant, i.e. Ap =0. We assume
chemical equilibrium at all times, i.e. /llg_lzo = u?. The amount of porous
material in the container is fixed, so the adsorption area remains un-
changed AA =0 and, since the container is closed, any desorbing water
enters the gas phase, i.e. AN? = —ANEIZO and the amount of air in the

gas phase does not change, ANagir =0.

To assess the influence of a temperature-dependence of the adsorp-
tion, we use a linearization of the temperature dependence of the L2
adsorption, as described by Eq. (33), and perform calculations from dif-

ferent values of the parameter .
4.2. Non-equilibrium case

To study non-isothermal transport in the porous insulation material,
we will consider a one-dimensional, horizontal case and therefore set
the gravitational acceleration to zero. The adsorbed phase is further-
more assumed not to flow, so that j?lzo = (0. Mass transport of water
will then only occur through the gas phase. Heat can flow through all
three phases.

We assume gas flow at low Reynolds numbers and therefore choose
to model the viscous friction force to be proportional to the gas flow
velocity Ui and the gas viscosity 78,

8 — _ 8888
0 = —atatntu /x. (55)

This choice of model defines the permeability « of the insulation. We
assume instant relaxation to steady-state flow and neglect the contribu-
tion from ui‘l’g in the gas momentum equation (39). Furthermore, the
low Reynolds number assumption means that the inertial term can also
be omitted. Equation (39) then reduces to Darcy’s law.

The diffusive transport of mass is modeled using Fick’s law,

® 8
o =—PEDVuy o (56)

Herein, the diffusion coefficient is modeled by

T 1685
256K }

The total measurable heat flux, through all phases, is modeled by
Fourier’s law,

D(T)=197x 105 m?s~! x{ (57)

§=—AVT, (58)

Table 1
Transport properties of the porous insulation used in the
non-equilibrium cases.

Quantity Symbol Value Unit
Permeability K 3x 10710 m?
Thermal conductivity ~ 4 54x1072  Wm™'K!
Gas viscosity ne 1.8x 1075 Pas

where 4 is the bulk thermal conductivity of the insulation material. We
choose to model the total heat flux because the thermal conductivity of
insulation materials is most often measured as a bulk property and not
as contributions from the individual phases. The values of the transport
properties used in the non-equilibrium case are provided in Table 1 and
the numerical solution procedure used is outlined in Appendix A.

We shall here consider a non-equilibrium warm-up case were the
domain is heated from one side and heat and mass transport is driven
mainly by a sensible heat flux over one boundary. The main purpose
of this case is to show that a consistent thermodynamic description of
the adsorbed phase is required to arrive at a model for transport that
satisfies the second law of thermodynamics. In the SI, we also consider a
diffusion case where heat and mass transfer is driven by a concentration
difference.

A schematic illustration of the warm-up case is shown in Fig. 3. We
consider a one-dimensional domain that is 10 cm in length. Initially,
there is a temperature of 300K, a pressure of 10°Pa and a relative
humidity of 0.3. The domain is open on the eastern side where the
initial values are applied as boundary conditions. On the western side,
there is a wall boundary (with no mass flow across it) and a constant
temperature of 310 K that causes the domain to warm up. Simulations
were run from t =0s to t = 240s.

5. Results and discussion

5.1. The thermodynamic properties of water adsorbed in insulation
materials

We will first discuss the thermodynamic properties of the adsorbed
phase, calculated using the temperature-independent BET model fitted
to the L2 data set from [55] (see Fig. 1a) and the CNR data set from
[56] (see Fig. 1b) as adsorption models.

The resulting chemical potential difference between the adsorbed
phase and a bulk liquid phase is plotted against the relative humidity in
Fig. 4. As is evident from Eq. (23), this curve is the same for all choices
of adsorption model. The difference between the adsorbed-phase and
bulk-phase chemical potential is zero at saturation (RH = 1). At relative
humidities below 1, the chemical potential of the absorbed phase is
lower than that of a bulk liquid phase at saturation, and equilibrium co-
existence of an adsorbed phase with a gas phase is therefore possible.

The difference in enthalpy and entropy between the adsorbed phase
and the bulk liquid phase are shown in Fig. 5. At relative humidities
below 1, both the L2 and CNR temperature-independent isotherms give
enthalpies and entropies that are higher than that of the bulk liquid
phase. At saturation, the differences between the adsorbed phases and
the bulk liquid phase disappear, as expected. It is, however, not evi-
dent how a change in the enthalpy of the adsorbed phase affects the
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Fig. 3. Schematic illustrations of boundary and initial conditions in the warm-up case.
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Fig. 5. Differences in (a) enthalpy and (b) entropy between the adsorbed phase
and the bulk liquid phase for the L2 isotherm (solid black) and the CNR isotherm
(dashed blue). (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

temperature evolution during adsorption. The reason for this is that the
spreading pressure also enters into the thermodynamic description. This
will be discussed in greater detail in Sec. 5.2.

5.2. Equilibrium case: the thermal effects of adsorption/desorption at
constant pressure

In this section, we will discuss the equilibrium case described in
Sec. 4.1. The purpose is to clarify how the adsorption thermodynamics
influences the temperature in the porous medium.

Unless the adsorption model has an explicit temperature depen-
dence, there is no difference in the temperature evolution during ad-
sorption/desorption between the bulk model and the consistent ther-
modynamic description of the adsorbed phase. In the SI, we make this
argument by analytical means. Here we illustrate the same point by nu-
merically evaluating the connection between the heat AQ added and

the resulting temperature change AT. As it turns out, there is a one-
to-one mapping between the heat AQ added to the system and the
resulting temperature change AT. In the SI, we show this analytically
for small perturbations. For the present case this holds also for larger
changes, as can be seen in Fig. 6a, where AQ is plotted against AT.
Furthermore, for all values of g, the temperature increases when heat
is added and decreases if heat is removed.

To isolate the effect of the temperature dependence of the adsorp-
tion on the temperature response in the porous medium, we consider
AQ with the bulk-phase enthalpy changes subtracted. This is plotted
in Fig. 6b. It is clear that when the adsorption has no explicit tem-
perature dependence (f = 0), the temperature response is given by the
bulk-phase enthalpy, since the line with f =0 is constant and equal
to zero. This means that there will be no difference in the tempera-
ture change predicted if the bulk phase model was used in place of the
consistent thermodynamic framework. This is in-line with the analytical
arguments in the SI. When f # 0, on the other hand, then, depending on
the sign of f, the heat required to produce a given temperature increase
can be both larger and smaller than that predicted using the bulk-phase
description of the adsorbed phase. Negative values of f mean that more
heat is needed and positive values means that less heat is needed. Cor-
respondingly, more heat must be removed the system to reduce the
temperature when f is negative and less must be removed when it is
positive.

The change in adsorption AI is plotted in Fig. 6¢c and the change
in relative humidity ARH is shown in Fig. 6d. For this case, there is
a similar response in adsorption to temperature change for the differ-
ent values of f. The change in relative humidity, on the other hand,
is qualitatively different for different values of f and the relative hu-
midity may increase or decrease in response to a temperature increase,
depending on the f value.

In summary, the equilibrium case highlights the importance of char-
acterizing the temperature dependence of the adsorption by use of
experiments or molecular simulations for accurate non-isothermal mod-
eling of porous media.

5.3. Non-equilibrium case: the second law of thermodynamics

The non-equilibrium warm-up case was described in Sec. 4.2. We
have simulated this case numerically, as explained in Appendix A, us-
ing both the consistent thermodynamic framework and the bulk liquid
model for the adsorbed phase. The resulting temperature, relative hu-
midity, pressure, volume fraction of adsorbed water and mass fraction
of water in the gas phase after Os, 120s and 240s, using the consis-
tent thermodynamic description of the adsorbed phase, are shown in
Fig. 7. Initially, there is a uniform state in the insulation material and
a higher temperature on the western boundary wall. As the simulation
progresses, the western end of the domain is warmed up by the wall
(see Fig. 7a) and, as a result of this temperature increase, the relative
humidity drops near the western wall (see Fig. 7b). This drop in rela-
tive humidity causes desorption near the wall (see Fig. 7c) and release
of adsorbed water into the gas phase. The combined effect of desorption
and temperature increase, causes a small increase in pressure near the
heated wall. The pressure gradient and the gradient in water mass frac-
tion (see Fig. 7d) both cause transport of water away from the heated
wall and further into the domain. When the transported water eventu-
ally reaches a colder region, the relative humidity increases, leading to
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Fig. 6. Numerical results from the equilibrium case for different values of the parameter f, describing the explicit temperature dependence of the adsorption model.
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change.

3100

307.51°\
< \
= 305.0 1 .,
~ \

302.5 4 \,

N.
~.
300.0 _____I___I__r_-lm-u.—.T_-_
0.00 0.02 0.04 0.06 0.08 0.10
x (m)
(a)
0.030 NS
___f_______Lﬁ.m._ -

~ 0.029 4 :
3 /
% 0.0281 :/

0.027 A ./

7/
0.00 0.02 0.04 0.06 0.08 0.10
x (m)
(©)

R T~
0.300____7. ________ N S N—
To275{ /
T
& 0.250 - !
1
0.225 -/
0.00 0.02 0.04 0.06 0.08 0.10
x (m)
(b)
N
0.80 1 '\
3 \
5 i .
\é 0.75 \'
5 \.
0.70 \.
N,
e Tt ]
0.00 0.02 0.04 0.06 0.08 0.10
x (m)
@

Fig. 7. Results from the warm-up case at = 0 s (dashed blue), t = 120 s (dotted orange) and t = 240 s (dash-dotted green).

relative humidity values and amounts of adsorbed water in excess of the
initial level (see Fig. 7b and Fig. 7c). The result is an eastward-traveling
wave of relative humidity and adsorbed water.

When the balance equations are solved with the bulk liquid model
in place of the consistent model for the adsorbed phase, there is no
discernible difference in the profiles in Fig. 7. This is as expected for
the temperature-independent adsorption model used.

The contributions to the entropy production at ¢t = 240s from the
three terms in Eq. (53), viscous friction, sensible heat flux and mass
flux, are illustrated in Fig. 8. The dominant contribution in this case is
from the sensible heat flux, while there is a smaller contribution from
the mass flux. The contribution from viscous dissipation is negligible.

Fig. 9 shows the local entropy production ¢ from Eq. (53) at ¢ =
2405 This corresponds to the right-hand side of the entropy balance in
equation, Eq. (51). Also shown is the left-hand side of Eq. (51). If the
description of the porous medium is consistent with the second law of
thermodynamics, the left- and right-hand sides of the entropy balance
equation must be equal and non-negative. Fig. 9a shows that, when
using the consistent thermodynamic description for the adsorbed phase,
the entropy balance equation is satisfied and the entropy production is
non-negative everywhere. For the bulk liquid model, on the other hand,
we see from Fig. 9b that the entropy balance equation is not satisfied.
Furthermore, the left-hand side is negative in some parts of the domain
and the model thus violates the second law of thermodynamics.
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Fig. 9. Entropy balance at t = 240 s in the warm-up case using (a) the thermody-
namically consistent framework and (b) the bulk liquid model for the adsorbed
phase.

The reason for the thermodynamic inconsistency is evident by com-
paring the chemical potential of water in the adsorbed phase and the
gas phase. In Fig. 10, these are plotted at t = 240s. For the thermody-
namically consistent framework, the chemical potential of water is the
same in the gas and the adsorbed phase, consistent with the assumption
of chemical equilibrium. For the bulk-liquid model, however, the chem-
ical potential of the adsorbed phase does not match that of water in the
gas phase. The discrepancy between the right- and left-hand sides of the
entropy balance equation Fig. 9b can be attributed to this mismatch of
chemical potentials.

In the SI, we consider an additional non-equilibrium case where the
mass fluxes rather than the sensible heat flux are the main contribution
to the entropy production. Also in this case, the second law of thermo-
dynamics is violated if the bulk liquid model is used in place of the
consistent thermodynamic description of the adsorbed phase.

6. Conclusion

Sorption in porous media and the resulting thermal effects are of key
relevance to a wide range of examples such as capture of CO, and stor-
age of hydrogen with zeolites or metal organic frameworks, drying of
soil in agriculture, and drying of pharmaceutical materials, food, paint
and coal. Due to lack of experimental data and reliable models, a com-
mon assumption is that the thermodynamic properties of the adsorbed
phase are the same as those of the bulk fluid. In this work, we have
used non-isothermal, gaseous transport of moist air through a porous
insulation material as an example to show that this assumption leads to
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Fig. 10. Chemical potentials at t = 240s in the warm-up case using (a) the
thermodynamically consistent framework and (b) the bulk liquid model for the
adsorbed phase.

violation of the second law of thermodynamics and a negative entropy
production.

To remedy this, we have derived a consistent thermodynamic frame-
work for single-component adsorbed phases in contact with ideal gases,
which is based on a work by T. Hill from 1949 [38]. The advantage
of the derived framework is that it is self-consistent with the model or
data used to describe the sorption isotherm(s) and the thermodynamic
properties of the bulk fluids. From the framework, we obtain thermody-
namic properties such as the chemical potential, enthalpy and entropy.
Motivated by the present lack of predictive models, we argue that the
resulting chemical potential can be used as a starting point in consistent
and accurate models for adsorption kinetics based on non-equilibrium
thermodynamics.

By combining the consistent thermodynamic framework for the ad-
sorbed phase with the balance equations for energy, entropy and mo-
mentum through the porous medium, we show that the entropy balance
is fulfilled and that the entropy production is positive, in agreement
with the second law of thermodynamics. A key finding is that the
temperature evolution in the porous medium from the consistent de-
scription differs from the standard formulation only if the adsorption
depends explicitly on temperature. This highlights the importance of
characterizing the temperature dependence of the adsorption by use of
experiments or molecular simulations for accurate non-isothermal mod-
eling of porous media.
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Appendix A. Numerical solution of the non-equilibrium case

With the assumptions made in Sec. 4.2, the transport equations
to be solved reduced to two partial differential equations (PDEs) for
mass, one for water and one for air, and one PDE for enthalpy. These
were spatially discretized with the finite volume method (FVM) [57]
on a one-dimensional grid with 50 uniform cells, producing a system of
coupled ordinary differential equations (ODEs). Evaluation of the right-
hand-side of the ODEs required computation of temperature, pressure,
amount of adsorbed water etc. in each grid cell from the total compo-
nent masses and total enthalpy in each cell, assuming local equilibrium
and that the amount for adsorbed water was given by the BET model.
This involved solving two non-linear equations for each grid cell us-
ing Newton’s method [58]. The ODEs were integrated in time using the
backward Euler method [58] and a time step of 1 s. Each time step was
solved as a system of non-linear equations using the Scalable Nonlinear
Equations Solvers (SNES) component the PETSc library [59,60], with
fsolve from the optimize module of SciPy [61] as a fallback.

Appendix B. Supplementary material

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijheatmasstransfer.2024.125462.
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