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ABSTRACT

In this thesis we identify the complexity of the conjugacy problem of automor-
phisms of regular trees. We expand on the results of Kechris, Louveau, and Friedman
on the complexities of the isomorphism problem of classes of countable trees. We see
in nearly all cases that the complexity of isomorphism of subtrees of a given regular
countable tree is the same as the complexity of conjugacy of automorphisms of the

same tree, though we present an example for which this does not hold.
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CHAPTER 1

INTRODUCTION

Many classification problems in mathematics can be encoded as equivalence relations
on a standard Borel space of objects. For instance, some common, or otherwise

studied, classification problems arising in mathematics are

e Banach spaces up to isometry or isomorphism.

Separable C*-algebras up to isomorphism.

Countable divisible groups up to isomorphism.

Countable torsion-free groups up to isomorphism.

Ergodic actions of a countable group up to conjugacy of the action.

For a more concrete example we consider countable graphs. We note that a
countable graph can be encoded as a binary relation on w, as an element of 2¢*“.
The isomorphism classification problem of graphs can be represented as an equivalence
relation on a subset 2“*“ | consisting of the symmetric and irreflexive binary relations,
corresponding to the set of all countable graphs. The equivalence relation is defined
as follows: we say that «, 3, symmetric and irreflexive binary relations on w, are
equivalent if, and only if, the graphs produced by considering o and [ as edge
relations are isomorphic. Equivalently, we can conclude that «, 8 countable graphs

are equivalent if there exists a permutation o of w such that {ole] |e € a } = f.



This is just a single case of a general family of examples arising from model theory.
In a more general case, we can drop the requirement that our structure being encoded
is a graph, and instead examine any Borel class of countable structures Mod(L) of a
countable language L.

Finally, in the most general case, we have arbitrary standard Borel spaces with
arbitrary equivalence relations. We will introduce this theory in the following chapter
on Borel reducibility.

In this thesi,s we will identify the complexity of the classification of automorphisms
of trees up to conjugacy. In many of our key examples, we will notice that the
complexity of the automorphism group of a fixed regular tree is just as complex as
the class of subtrees of that fixed tree up to isomorphism. Conjugacy is an example
of the general case of isomorphism of structures. If £ is a countable language and M
a model of that language, we have that if a,a’ € Aut(M), the two are conjugate if
and only if the expanded structures (M, «) and (M, ') are isomorphic. Here (M, «)
denotes the structure in the language £ = LU { f }, where f ¢ L is a new function
symbol, where « is the interpretation of the new function f.

Invariant descriptive set theory provides a notion of reducibility, which will make
rigorous our admittedly vague use of the word complexity up until now. In particular,
we will be using Borel reductions, which is an equivalence preserving Borel mapping.
The theory will also give us numerous complexity benchmarks with which to compare
our examples.

For instance, we have developed some basic idea concerning the complexity of
Mod (L) for a countable language £, which contains at least one binary relation. We’ll
start by introducing what will become the ‘top’ or most complex among model-

theoretic examples. We call this complexity Borel complete, which we will take as



definition to be exactly the complexity of Mod(L) up to isomorphism for countable L.
For a more illuminating definition, we say that Borel complete is exactly the maximum

complexity formed by models up to isomorphism of all countable languages.

At the ‘bottom’ of the complexity hierarchy are the following simple relations.
First, id(n), which denotes the complexity of standard equality on the finite natural
number n. Next, id(w) is the least complex of any equivalence relation over a
countable class, and is defined to be standard equality of elements of w. Neither
id(n) nor id(w) will be present in the diagram of our results. Then, there is 1d(2¥),
which will be the lowest complexity present in Figure 1. Silver’s dichotomy gives
that 1d(2¥), or equality on a Polish space, follows immediately in terms of Borel
reducibility after equality on w. We will often denote this complexity as id(2¥) or
id(w*) depending on context or for ease of proof. More about this complexity will

be shown in Chapter 2.

Of the other key benchmarks of intermediate complexity between id(2*) and Borel
complete, the next complexity we will be using is E.,, which denotes the universal
“countable” Borel equivalence relation. That is, the relation is universal for Borel

equivalence relations where each class is countable.

The next family of intermediate complexity examples can be defined using the
jump operation, defined as follows: Given a Borel equivalence relation £ on X, we
define E* on X“ by the equivalence relation formed by countable sequences of X
where two sequences are ET-equivalent exactly when the sets of E-classes of of the
sequences are set-wise equal. In this thesis, we will be using E’s where E* will be
strictly more complex than E, though this need not always be the case. Furthermore,
we note that the class of all such equivalence relations we inspect and their jumps

are ordered “nicely” by Borel reducibility. However, this is not the case in general.



There exists a multitude of complexities not mentioned in this thesis. In fact, a
comprehensive diagram of the best known complexities below Borel complete would

be overwhelmingly complex.

trees on w, N

(
Borel Complete ¢ { (countable trees ~)
(automorphisms of countable locally countable regular trees, ~)

Aut(wm 1)

Subtrees of w , )

id(2¢)* Aut(w

(Locally finite trees on w, =)
(automorphisms of countable locally finite regular trees, ~)

Esx s

1d(2w)+n ; { (subtrees of wn 2 )
{
{

1d(2¥) ¢ ¢ (Aut(b<),~)

{ (finitely branching trees on w, ~)
(Aut(w),~)

Figure 1.1: A figure of our results relative to benchmark equivalence relations.

The diagram is structured such that the mentioned benchmark equivalence re-
lations on the left are increasing in the sense of Borel reducibility from bottom to
top. The ordered pairs (X, E) are such that the first term is the space for which the
equivalence relation in the second term is defined. The two equivalence relations in
this diagram are ~ for isomorphism and ~ for conjugacy.

We reference in this thesis a proof by Friedman and Stanley showing that the
isomorphism relation on the class of countable connected graphs with isomorphism
is Borel complete. It then follows from this fact about graphs that the class of
countable rooted trees with isomorphism is Borel complete. The proof we present is
due to Friedman and Stanley [5]. Finally, as a corollary of the previous fact, we have
that the class of countable unrooted trees is Borel complete.

After restricting our focus from arbitrary trees, we arrive at some examples of



lower complexity. We present a result of Hjorth and Kechris stating that the class of
locally finite trees with isomorphism is bireducible to E., [7]. Furthermore, we show
that the class of locally finite rooted trees is smooth [6].

We build on these results by noting that each of these classes has a corresponding
regular tree such that each member of the class is a subtree of it. We will investigate
and determine the complexity of the automorphism groups of those regular trees for
each distinct class in our previous examples with respect to the conjugacy relation.
For instance, we prove that conjugacy over the class of automorphisms of the regular
b-branching rooted tree Aut(b<¥), b € w, is smooth. Furthermore, we have that the
automorphism group of the n-regular tree with conjugacy is bireducible to F.,, and
that conjugacy over the automorphisms of the countably-regular tree (either rooted
or unrooted) is Borel complete.

After these results, we can observe that it might seem that there is no complexity
gained by moving to the automorphism groups in this way. A natural question
is whether one can gain complexity in this way. We answer this question in the
affirmative by observing the subtrees of w™ up to isomorphism and comparing that

result to the complexity of Aut(w™) with conjugacy, which is strictly more complex.



CHAPTER 2

BOREL REDUCIBILITY

In this chapter, we will make clear what we meant by reduction in the previous chapter
as well as introduce the basic theory of Borel reducibility. A reduction between two
equivalences relations is a mapping between the underlying spaces of those relations
such that elements in the domain are equivalent if, and only if, their images are
equivalent. For given equivalence relations F and F', if such a reduction from E to
I exists, we write that £ < I’ and say that F is reducible to F. It is often useful
to impose some restrictions to which types of mappings can be used as a reduction
function; when this is the case we will include a subscript indicating this (e.g, £ <. F’
to indicate that a witnessing reduction is continuous). We will be working in this
paper with a restricted sense of reduction — Borel reductions.

Recall that a topological space, X, is metrizable if there exists a metric on X
that induces the topology of X. Furthermore, recall that a space X is separable if X
contains a countable dense subset. If X is a separable metrizable space such that the
resulting metric is complete, we say that the space is Polish.

If X is a Polish space, then a set A C X is said to be Borel if it is a member
of the smallest o-algebra containing all open sets of X. We say that f : X — Y is

Borel if for any open set U C Y, f~}(U) is Borel.

Definition 2.0.1. A Borel space is a set, X, with a corresponding o-algebra, B, of



subsets of X, which defines the Borel subsets of X, often written (X, B). A standard
Borel space is a Borel space, (X, B), when there exists a Polish topology of X such

that B is the Borel sets of X.

Note that for a Borel space, X, X2, X", and even X“ are all Borel spaces as well

by forming Borel sets from open sets in the product topology of each.

Definition 2.0.2. Let F and F' be equivalences relations on the standard Borel
spaces X and Y, respectively. A Borel function f : X — Y is said to be a Borel

reduction from E to F'if

Ve,y € X vFBy <= f(z)F f(y)
If such a function exists for a given F and F, we say that E is Borel reducible to
F, written F <g F. We also define:

0E<BFifE§BFandF£BE.

e I/ ~g Fif FE <g F and F <g E. In this case, we say that £ and F' are

bireducible.

Furthermore, we say that a Borel reduction f : X — Y is an embedding if f is
injective. Similar to our notation for Borel reduction, we denote by £ Cg F' to mean
that there exists a Borel embedding reducing E to F. If it is the case that ' <g F/,

we say that E is at most as complex as F'.
The following theorem is a classical result that applies to standard Borel spaces.

Theorem 2.0.1 (Borel Isomorphism Theorem). If X andY are uncountable standard

Borel spaces, then there is a Borel isomorphism from X toY (i.e, a Borel bijection).



Finally, we will later use a result of Kechris regarding equivalence relations whose

complexity can be encoded in a countable equivalence relation.

Definition 2.0.3. If a Borel equivalence relation is such that each equivalence class
is countable, we say the relation is countable. We say that an equivalence relation
on a standard Borel space is essentially countable if there exists a countable Borel

equivalence relation to which it is Borel bireducible.

We will make use of the following lemma due to Kechris for essential countability
[6].

Lemma 2.0.2. Let X, Y be standard Borel spaces, E a Borel equivalence relation on

X, and f: X =Y a Borel function. Suppose that

(1) for any v € X, { f(y) | yEx} is countable, and

(i1) for any z,y € X, if f(z) = f(y) then xEy.
Then E is essentially countable.

As mentioned, there exists a large spectrum of known benchmark equivalence
relations. Figure 2 depicts only a small portion of the common equivalence relations
that we will be working with, and some that will not be defined in this paper. The
undefined relations can be found in Gao [6], as well as a more (but still incomplete)
detailed figure.

Figure 2 is read in the following way: for two equivalences relations F and F', if
E' is closer to the bottom of the figure than F' and there exists a path from E to F,
then E reduces to F. It is important to reiterate that the diagram is incomplete;
there exists a multitude of other equivalences relations and reductions not present in

the figure.



Borel Complete »
_+ad

=T or equivalently id(w*)" e

W
o0,

By E..
Ey

id(2v)

id(w)

Figure 2.1: A small view of the Borel complexity hierarchy.

The remainder of this chapter will be dedicated to defining most of those equiva-
lence relations present in the diagram. We will forgo mentioning the more technical

relations, which will not be mentioned later in the paper, i.e, By and E%.

Definition 2.0.4. Let X be a standard Borel space. The identity relation of X

denoted id(X) (or sometimes A(X)) is the relation { (z,y) € X x X |z =y }.

In our case, the least complexity would be id(w). An equivalence relation E is
Borel reducible to id(w) when the E-equivalence classes can be labeled with distinct
natural numbers. Certainly this is the case when FE is over a finite set, though we

will see some cases where E is over a countable set and is not reducible to id(w).

2.1 Smooth Equivalence Relations

Definition 2.1.1. For a Borel equivalence relation E, we say that E is smooth if

E <p 1d(2¢).
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Definition 2.1.2. We call a family F of subsets of X a generating family of an
equivalence relation £ on X if for any x,y € X zFy if, and only if, VI € F x €

F<yeckl.

Proposition 2.1.1. Let E be a Borel equivalence relation over a standard Borel space

X. E is smooth if, and only if, there is a countable generating family of E.

Proof. Let E be a smooth equivalence relation over X and f : X — 2“ a Borel
reduction witnessing that F <g id(2¥). Define the family F = { F; e P(X) | i € w }
where F; = {z € X | f(z); = 1}. We now check that F is in fact a generating family
for . This holds as for z,y € X we have that xFEy if, and only if, f(x) = f(y),
which is the case exactly when Vi € w f(z); = f(y);, which is sufficient and necessary
for Vi e w, x € F; <=y € F,.

For the converse direction, let F = { Fy,..., F;,...} be a generating family for
E. We claim that £ <g id(2¥). To show this, we induce a reduction f : X — 2
defined from to binary w-sequences, as: for every i € w f(z); = 1 when z € F; and 0
otherwise. We note that xFEy if, and only if, VF € F, z € F' <= y € F and hence

xEy if, only if, Vi € w, fi(z) = fi(y). Thus f witnesses that F <g id(2¥). O

A consequence of the following theorem is that the class of smooth equivalence
relations is linearly ordered with respect to Borel reducibility. While this fact is
interesting, it speaks only for a minute subset of the overall class of Borel equivalence
relations and is not representative of the rest of the structure. It does on the other

hand simplify the process of determining some complexities.

Theorem 2.1.2 (Silver’s dichotomy). For E a smooth equivalence relation, precisely

one of the following holds:
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o [ ~pid(2¥)
o [ <pidw).

The proof of this is relatively simple with the use of the following theorem, which

is also attributed to Silver.

Theorem 2.1.3 (Silver). Let E be a coanalytic equivalence relation over a standard
Borel space. Then either E has countably many E-equivalence classes or there are

perfectly many E-equivalence classes.

The proof of this theorem is outside the breadth of this paper, though the original
statement and proof can be found in Silver [10]. Alternatively, our presentation of

Theorem 2.1.3 and its proof can be found in Gao [6].

Proof of 2.1.2. By Silver’s theorem above we have that E has either countably many
equivalence classes or perfectly many. In the case that F has countably many,
enumerate the E-equivalence classes as C; for i € w and define f(z) = ¢ if, and
only if, z € C;. This shows that F <p id(w).

In the case that F has perfectly many equivalence classes, we have that id(2¥) <g
E holds by selecting an injection from the perfectly many elements of 2 to the
perfectly many FE-classes. Meanwhile we have that E <g id(2*) by smoothness,

hence E ~p 1d(2¥). O

The immediate consequence of this dichotomy is that there is nothing Borel
intermediate between id(w) and 1d(2¥). From the previous theorems, we see that the
class of smooth equivalence relations is large. Since any two uncountable standard
Borel spaces are isomorphic, it is clear from the definition that E is smooth if, and

only if, E <g id(X) for any uncountable Polish space X.
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Corollary (Silver). If E is an equivalence relation with uncountably many equivalence

classes, then id(R) <p E.

2.2 The E, Equivalence Relation

Definition 2.2.1. Let G be a group and X a standard Borel space. We say that X
is a G-space when it is the case that there exists a Borel a : G x X — X satisfying
that a(lg,z) = = and a(g, a(h,z)) = a(hg, x), called the action of G on X. When it
is clear from the context, we will write for g € G and € X gz to mean a(g, z). For
G a group and X a standard Borel space we denote the orbit equivalence relation
by E&. Where two elements z,y € X, are orbit equivalent, written zEZ&y, when it is

the case that there exists g € G (gz = ).

A more detailed discussion and presentation of the ideas of this section are avail-

able in Jackson, Kechris, and Louveau [8].

Definition 2.2.2. Let F, denote the free group generated by two elements. FE
denotes the shift equivalence relation of Fy acting on subsets of 5 by sending s € Ty
and A CFyto sA={sa|ac A}. For A, A" CF,, we say that A’ is shift equivalent

to A, if there exists some s € Fy such that sA={sa|ac A} = A"

Definition 2.2.3. A countable Borel equivalence relation E is called universal if

for any other countable Borel equivalence relation, F', F' <g F.
Theorem 2.2.1. E, is a universal countable equivalence relation.

The theorem is proved in a sequence of propositions.

2]Fn X w

Proposition 2.2.2. Let1 <n <w, and E = Ej s then E is a universal countable

n

equivalence relation.
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While we use the above proposition in the proof of Theorem 2.2.1, we will instead
show the following slightly stronger result. Feldman and Moore show in [3] that for
any countable Borel equivalence relation £ on X, there exists a countable group G
and Borel action of G on X such that E = EZ. Though, it is a fact of group theory
that any countable group G is a quotient of F,,, the free group of countably many
generators. Meanwhile, F,, can be embedded as a subgroup of Fy, and hence can be
embedded as a closed subgroup of any F,, for 1 < n < w. Thus giving that G itself
can be embedded into I, as a closed subgroup, therefore to show 2.2.2 we need only

to show the following.

Proposition 2.2.3. Let Gy, Gy be countable groups, Y a Polish space, and define
for i = 1,2 the spaces X; = Y% with the shift action of G; and the corresponding

equivalence relation E; = Egl We have then that if G1 <, Gy then Ey Cg FEs.

Here the notation for <, means: for G and H Polish groups, we say that H is

involved in GG, denoted H <, G, if H is isomorphic to a closed subgroup of a quotient

of GG.

Proof. Let G7 and G5 be countable groups. If G; < Gy, then (G is a closed subgroup
of Gy. If it is the case that G; = G5 we are done, we continue assuming that this is
not a case and select yp € Gy \ G;. We then define a Borel embedding ¢ : X; — X5

as follows

flg) g€

v g¢G.

¢(f)g) =

Note that ¢ is sending functions f : G; — Y to ¢(f) : Go — Y. We now aim to

show that ¢ is a Borel embedding.
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Certainly, from the definition of ¢, it follows that if g; € G then ¢(g1f) = g16(f)..
This is because, for g & G1, ¢(91f)(g9) = yo. Otherwise, g € G and so ¢(g1f)(g) =
g1f(g). Hence, we have that if fE;f’ then ¢(f)E2¢(f’), as fE;f means that [’ is a
shift of f by some element g; € G, which also shows that ¢(f’) is a shift of ¢(f) by
the previous equality.

For the converse, suppose that go(f) = ¢(f’) for some g € Gy. If g € Gy as well
then gf = f’ as desired, so g € G1. Then f, f' : G; — Y must take constant value
10, and hence the two are equal.

Now, suppose that Gy is a quotient of G5, that is we have an injective homomor-
phism 7 : G; — G, and define ¥ : X; — X5 as ¥(f)(g9) = f(7w(g)). Then, it follows
that as g € Go, gi0(f) = ¥(n(g9)f), and hence we have that F; Cg Es.

For the general case, G; <, G5 is the composition of the above cases. The result

then follows from the transitivity of Borel embeddings.

]

Proposition 2.2.4. Let G be a countable group, E = Eéaxw, and Y = 3%%7 with the

shift action of G X Z and F the orbit equivalence relation on'Y. Then E Cg F.

Proof. We have that 2¢* and 26*%\0 are Borel isomorphic as G-spaces hence, without
loss of generality, we can regard the two as the same. Define ¢ : 2672\ 0} 5 3GXZ 5
follows:

f(hy,n) n#0

2 n =20.

¢(f)(h,n) =

We then note that, for any g € G, ¢(g9f) = (9,0)¢(f). Now, if we suppose that
o(f) = (g,m)o(f) for some g € G and m € Z, then m = 0, and hence f' = gf.
This is because, if m # 0 then ¢(f)(h,0) = 2 for all h € G and hence, Vh €
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G, o(f)(h,m) = (g,m)p(f)(h,m) = ¢(f)(g~'h,0) = 2. Though this contradicts
that ¢(f")(h,m) = f'(h,m) € {0,1}. Hence, shifts of a function in either space are

preserved through ¢, and so ¢ is a reduction. O]

Proposition 2.2.5. Let G be a countable group and E = EE’;G. Let F' be the orbit

equivalence relation of the shift action of G X Zy on 29%%2. Then E Cg F.

Proof. We encode elements of 3 as 00 for 0, 10 for 1, and 11 for 2, and define a

function ¢ : 3¢ — 26%22 a5 follows:

0 if f(h)=0or (f(h) =1andi=0)
¢(f)(h,1) =
1 if f(h)=2or (f(h)=1andi=1)

Note that if ¢ € G we have that ¢(gf) = (9,0)¢(f). In the other direction, if
we have that ¢(f") = (g,i)¢(f) for some g € G and i € Zo, leaving us to check
the two options for i € Z,. For the first case, note that if ¢(f') = (g,0)¢(f), then
we have cither ¢(f') = ¢(gf) or f' = gf. Now suppose that ¢(f') = (g, 1)6(f).
From the encoding ¢, we have that if ¢(f")(h,0) = 1 then ¢(f")(h,1) = 0 as well.
Similarly it holds that if ¢(f’)(h,1) = 0 then ¢(f")(h,0) = 0. Now, from the original
assumption, we have that ¢(f’) = (1g,1)é(gf) so without loss of generality we can
assume that ¢(f') = (1g,1)¢(f). Now we have that if ¢(f)(h,1) = ¢(f')(h,0) =1
then ¢(f)(h,0) = ¢(f")(h,1) = 1. We have the same for the case that ¢(f)(h,1) = 0.

From the previously observed properties of our encoding, we have that, for all h € G,

¢(f)(h,0) = &(f)(h, 1) = ¢(f))(,0) = ¢(f')(h, 1) and hence f = f'. O

Finally, with the previously presented propositions we are prepared to prove

Theorem 2.2.1
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Proof of 2.2.1 . Using Proposition 2.2.2, we obtain that the orbit equivalence relation
of Fy acting on 22 is a universal countable Borel equivalence relation. Now, using
Proposition 2.2.4, we have that Fy acting on 22 is Borel embeddable into the orbit
equivalence relation of Fy x Z acting on 3¥2%%. Hence, from Proposition 2.2.5, we have
that the latter orbit equivalence relation is Borel embeddable into the shift action of
Fy x Z X Zo acting on 2F2XZxZz

Now, Fy X Z X Z4 is a quotient of I, and hence, by using proposition 2.2.2 again,
we have that the shifting action of 2¥2%%2*22 Borel embeds into F,, shifting 2¥<. This
shows that IF,, acting on 2"~ is a universal countable equivalence relation and, as F,,

is isomorphic to a subgroup of Fy, by Proposition 2.2.4, E, is universal as well. [

2.3 The =" Equivalence Relation

Definition 2.3.1. Let X be a standard Borel space and E an equivalence relation on
X. The Friedman-Stanley jump (or jump for short) denoted E is the equivalence

relation on X%, defined as:

vETy = {lmlpnewl ={lmlz|necw}.

We will use E™" to mean the jump operator applied n-times to E.

We have the following equivalent characterization of E7:

rEty <= (VnIm x,Ey,) A (YnIm z,,Ey,).

This shows explicitly that for any Borel equivalence relation E, E* is Borel as well.
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When it is the case that E is 1d(2¥) (or any Polish space, for that matter), then
successive jumps of F produce the hierarchy presented in Figure 2, which follows from
the following.

The hierarchy presented in Figure 2 follows from the next Theorem, due to
Frieman [4] in the case that FE is equality over the reals (or equality over any standard

Borel space).

Theorem 2.3.1 (Friedman). Let X be a standard Borel space and E a Borel equiva-

lence relation. Then there does not exist an F : X¥ — X such that for all x,y € X¥
e if tEty then F(x)EF(y) and
o forallnecw (F(x),x,) ¢ E.
Corollary. For a Borel equivalence relation, E on a standard Borel space, we have
E<gp ET.
2.4 Borel Complete

Finally, the last benchmark Borel equivalence relation, we will introduce is the Borel
complete complexity. Let £ = { R; },.; be a countable language where I is a countable
set of indices and {n; },.; such that for all 7 € I, R; is an n;-ary relation. We will

assume that the constants of £ is the set w.

Definition 2.4.1. A logic action, 7 € S, on Mod(L) is defined as gM = N for
M, N € Mod(£) if, and only if,

Viel, Y(zy,...,2n) €W, RN (zy,...,2,,) <= R (77 (21),...,7 *(zn,))
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Definition 2.4.2. The universal S..-orbit equivalence relation is S., Mod(L)

where £ contains infinitely many relations of every arity.

Definition 2.4.3. An invariant Borel class of a countable L-structure is a Borel

subset of Mod(L), which is S,-invariant.

Definition 2.4.4. Let C be an invariant Borel class. We say that C is Borel
Complete if ismorphism on C is bireducible with the universal S,.-orbit equivalence

relation.
For an example of a natural Borel complete class, we have:

Theorem 2.4.1. The class of all countable connected graphs with isomorphism is

Borel complete.

In particular, we have that isomorphism over the models of a far simpler language,
L, containing exactly one binary relation is Borel complete.

The proof strategy for this theorem is straightforward although somewhat detailed.
We provide only a skeleton of the proof, which includes the basic proof strategy we
will use later. The full proof of this statement can be found in Section 13 of [6].

To show that the class of all countable connected graphs with isomorphism is Borel
complete, it suffices to show that there exists a Borel reduction from a Borel complete
equivalence relation to countable connected graphs. In Gao’s proof of Theorem 2.4.1
in Section 5 of [6], we know that for a countable language £ = { R,, },.,, where each
R, is an n-ary relation, Mod(L) is Borel complete. Hence, the desired reduction will
be from Mod(L) to countable graphs. This is done by taking any M € Mod(L) and, for
each n > 1, defining what we will call an n-tag as a graph encoding that the relation

R, is relates the elements ay,as, ..., a,, an illustration of this is given in Figure 2.4.
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Figure 2.2: The n-tag encoding of a relation in M € Mod(L)

The graph encoding any m € Mod(L) is the graph composed of n-tags for each
(ay,as,...,a,) € R, sharing f as a common vertex.

Note that each n-tag has no symmetry and each vertex can be uniquely determined
(i.e, its length from a leaf or the singular 3-cycle). To check that the reduction
preserves isomorphism of models of £, we note that the isomorphism seeing that two
models are isomorphic induces an isomorphism of their representing n-tag graphs.

The other direction is similar. We begin with two isomorphic n-tag graphs.
A witnessing isomorphism then induces an isomorphism of the encoded structures
by first applying the isomorphism to the vertices of degree 1 of each tag to gain a
mapping between the variables of the space. That is, applying the isomorphism to
the vertices of the n-tags encoding the variables of M. Later, the graph isomorphism
is applied to the coded relations of the structures to produce the isomorphism of the

two structures.
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CHAPTER 3

ISOMORPHISM OF REGULAR TREES

3.1 Set Theoretic Trees

Definition 3.1.1. w<% is the set of all finite sequences on w. For a finite sequence
s € w<¥, we write |s| to indicate the length of s. That is, |s| is the domain of s. For
finite sequences t, s € w<¥, we say that t is an initial segment of s, written t < s, if

[t] < |s| and Vn < |t| t, = sp.

Definition 3.1.2. A tree T on w, which we will often refer to as a set theoretic tree,
is a subset of w<* closed under initial segments. That is, Vs € T'if t < s, then t € T.
Certainly, for every tree T, the empty sequence is an initial segment of all s € T.

This unique element is what we will refer to as the root of T

Definition 3.1.3. For a given tree, T on w, and for n € w, we write

T,={teT||f|<n}

to mean the subtree of T cut off at the n™ level.

[somorphisms between trees are defined in terms of the initial segments of the
trees. That is, T and S are isomorphic if, and only if, there exists ¢ : T — S a

bijection such that for all t,¢ € T, t <t <= o(t) < o(t').
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Definition 3.1.4. A tree T on w is finitely branching if for every initial segment
s € T there are only finitely many initial segments s € T of length |s| + 1 extending

S.

Theorem 3.1.1. The isomorphism relation on the class of finitely branching trees on

w 18 smooth.

Proof. Let F be the class of all finitely branching trees on w. Call Fy C F' the set
produced by picking a representative element of each isomorphism class of the finite
trees in F' and # a map from finite trees in F' to its isomorphism-class representative
element in Fy. Certainly, for all S,7 € F S ~ T if, and only if, 6(S) = 0(T).
Finally, for any n € wand T' € F, let T,, = {t € T'| |t| < n} denote the subtree of T’
composed of the first n levels of T'.

To show our bireduction to a Polish space with equality, we will use the function

f: F — FY¢ defined as f(S) = (6(S,))

new’

We now show that f is a Borel reduction from the set of all finitely branching
trees to FY. First, S ~ S"if, and only if, f(S) = f(S’). Asif S and S’ are isomorphic,
then the partial layers S, and S/, are isomorphic as well and are represented by the
same representative element of their mutual class.

The converse is true; if S, 5" € F such that Vn € w S,, ~ S/, and hence f(S) =
f(S), then we can construct an isomorphism between S and S’. That is, let f(S) =
f(S") and, from the construction of f we have that for all n € w, S, ~ S!. Let o,
witness this isomorphism. Note that for s € S a partial sequence we have that for
all n > |s| |on(s)| = |s|. As, for any n € w, there are only finitely many s € S’ with
|s'| = n. Call Ny C w such that, for all n,m € Ny, the partial isomorphisms from S

to S’, 0, and o,,, agree on s. That is, the o, are constant. The same can be applied
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to s’ € S’ for ~ 1. Note that for each s, the set N, must be infinite by the pigeonhole
principle.

Hence, we can construct N, a subset of w, such that for all s € S, and, for all
but finitely many n € N, o, is constant. This is similarly done for s’ € S’ and o,
Define, for all s € S, o(s) as the eventually constant value o, (s) for sufficiently large
n € N, and similarly for 07!(s). This o defines an isomorphism from S to 5.

We now have that f is Borel reduction from F' to the space of w-sequences, w*. We
finish the proof by observing that there are uncountably many isomorphism classes

of F', and hence F' with isomorphism is smooth. O

If we drop the necessity that such trees must be finitely branching, we can achieve

much higher complexity. The following is a result due to Friedman and Stanley [5].

Theorem 3.1.2 (Friedman-Stanley). The class of trees on w with isomorphism is

Borel complete.

Proof. We have already stated that the class of countable connected graphs is Borel
complete. This gives us that the class of countable trees on w as a subset of the class
of countable connected graphs is at most Borel complete. It then suffices to show
that we can reduce countable connected graphs into countable trees on w.

Let Tj be the tree of non-repeating finite sequences in w<“, and let I' be a countable
graph with vertex set w and edge relation R. We will encode the edges of ' in a
countable tree formed by adding a leaf to vertices in Tj.

For 0 < n,m € w, we encode R by adding a terminal edge from the vertex z; to
the end of every sequence s = (x1, ..., Tonzm) € Ty if, and only if, R(x,,x,,). We call

the resulting tree T'(I").
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Let 7 : I' ~ IV and define 7’ : w<¥ — w<¥ as 7'(s1...s) = 7(s1),...7(s1).

Certainly, we have that 7'(Ty) = Ty. Now

(x1,...,x,21) € T(T)
—3<nmew(k=2"3"AR (z,,2m))
30 <nmew(k=2"3"AR(1(z,), 7(x,)))

= (r(z1),...,m(x)) € T(I")

Thus, #'(T(T')) = T(I'), and T'(I") ~ T(T").

In the other direction, let o : T(I') ~ T'(I'"). We will construct two permutations
of w, m and 7', by induction on [ € w such that o(7(0)...7(l)) = «'(0)...7'(l). First,
in the case that [ = 0, we let 7(0) = 0 and define 7'(0) = o(s), where s is the singleton
sequence 7(0). We now continue by induction. Suppose that distinct 7(0),..., ()
and 7'(0),...,7'(l) have been defined. If [ is odd, let w(l + 1) be the least element of
w not in { w(0),...,7(l) } and s the sequence 7(0),...,w(l), 7({ + 1). We then define
oon saso(s)=(7(0),...,7(l),y), for some y # 7'(0),...,7'(l), and finally we let
7m'(l+ 1) = y. For [ even we repeat the case for | = 0.

We now claim that 7/7~! is an isomorphism from I" to I". Suppose that R (a,b),
andlet m = 77 (a)—1,n=7")—1, and k = (m,n). Then 7(0),...,m(k—1),7(0)
is a terminal node in 7'(I"") and hence o(7(0),...,7(k —1),7(0)) = 7'(0),...,7'(l —
1), 7'(0) € T(I), thus R" (7'(m), 7'(n)) or equivalently R" (7’7~ (a), 7’7 (b)). Hence
R(a,b) <= RY(x'm(a),n'7*(b)) for any a,b € w and 7’7" is an isomorphism.

O

Now that we know we can cover a large range of complexities with these structures,
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we must ask ourselves if we can have any sort of intermediate complexities. In fact,

we can.
Definition 3.1.5. For each n € w denote by H,, the class of subtrees of w".

Theorem 3.1.3. For each n € w isomorphism on the class Hy, o s bireducible with

id(29)*,

Proof. Certainly, for the base case, n = 0, we have that elements of Hy can be viewed
as sets of natural numbers, and in doing so, we obtain that Hs reduces to id(2%).
We now need only to apply Silver’s dichotomy 2.1.2 to Hy with the fact that there
are uncountably many isomorphism classes of Hy to obtain that Hy is bireducible to
id(2v).

For the successor cases, we will need to show that for an equivalence relation
on X, if £ x id(w + 1) <g E then ET ~p E*. Note E* is the equivalence relation
over X=¥ given by {x; } E*{y; } if, and only if, { z; } and {y; } enumerate the same
multisets, where two sequences enumerate the same multisets if, and only if, each
E-equivalence class occurs the same number of times in each.

Certainly, £ is reducible to E* by eliminating any duplicates.

For the other direction, let f: X x (w+1) — X a Borel reduction. We now claim
that E* is reducible to E* by the map which sends {z;} € X=* to { f(z;,n}") }
where 27" is the number of times for which [z;]p appears in {z; }. In the case that
{z; } visits only finitely many FE-classes, we pad { z; } with countably many FE-class
representatives { y; } and corresponding n?* = 0 for all i. This gives a reduction as F’
provides a set of labeled equivalence classes in the sense of f which encodes a class
and a countable label into F, labeled by the number of occurrences of each visited

class.
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We now need to check that id(2¢)™™ ~p id(2¥)™ x id(w + 1). For the <g
case, we use the reduction which sends s € (2)“" to (s,0) € (2*)“" x (w + 1).
In the >p direction, we note that Silver’s dichotomy 2.1.2 gives us that id(2¥) ~p
id((w + 1)¥) and hence 1d(2%)*" ~p id(w*)*™. By observing that the mapping that
sends (s,0) € (2¥)“" X w to the sequence L, sg, $1, S2, -+ € (w*)*", where L is the
constant sequence, of sequences of sequence, ..., n-many times as required for the n
jumps, taking value ¢, we see that id((w + 1)¥)™ >p id(2¥)™ x id(w + 1). Thus,
1d(2¢9)™ ~p id((w + 1)¥)*" >p 1d(2¥)™ x id(w + 1) as desired.

We finish the proof by inducing on n. Suppose that H, is bireducible with
id(2¥)*". We note that any tree in H,,; can be encoded as a < w-sequence of
trees in H,. This is done for a tree T' € H,, 1 by letting I C w be the first level of T’
and {T; },., the < w-sequence of trees in H,, formed by the tree of all the successors
of i.

Isomorphism would then correspond to multiset subsets of H,,. That is, two
sequences of subtrees of H,,, T; and S;, are isomorphic in H, ., if, and only if, those
sequences enumerate the same isomorphism classes in H,, with the same number of
occurrences. This gives us that H,,, is Borel bireducible with (1d(2+)*")", which we

have already shown to be bireducible with id(2%)*("+1),

3.2 Graph Theoretic Trees

Definition 3.2.1. A graph, in the terms of graph theory, is a set V' whose elements
are referred to as vertices and, a set of vertex pairs, F, called edges such that Vv € V

(v,v) ¢ E. A graph is often denoted as the ordered pair G = (V| E).
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The edges of a graph need not be ordered pairs. In the case that the edges
are ordered pairs, we call the graph directed, otherwise the graph is said to be
undirected. For any two vertices v, u in a graph, we say that v and u are adjacent
if there exists an edge from u to v. Furthermore, if u and v are adjacent then they are
called the endpoints of any edge witnessing they are adjacent. In the case of directed
graphs, we would say (v,u) € E where v would be the initial vertex of (v,u), and u

the terminal. For our purposes, we will only be interested in the undirected edges.

Definition 3.2.2. A walk of a graph G = (V| F) is a sequence of alternating vertices
and edges vy, €1, 9, €3, ... Where, for each 7, ¢; has the preceding and following vertices
in the walk as endpoints. A closed walk is a walk whose first and final vertices are
the same. A path is a walk for which each vertex in the walk is distinct, and hence
each edge is distinct as well. We say that a graph is connected if for any two vertices
in the graph there exists a finite path starting from one and ending at the other. A
closed path is called a cycle. An acyclic graph is a graph for which every path is not
a cycle. A connected acyclic graph is called a tree. A graph such that every vertex

is adjacent to finitely many other vertices is called locally finite.

Theorem 3.2.1 (Jackson-Kechris-Louveau). The isomorphism relation on the class

of all locally finite trees is bireducible with E.

Proof. For any locally finite tree, T', and vertex ¢t € T', call T} the finitely branching
tree on w where t is regarded as the root. That is, for ¢t € T, T; is the set theoretic
tree such that for all vertices s in T ¢t < s in 7T}, and for all s and s’ vertices of
T we say that s < s in T; if s is in the path from s’ to ¢t. Let the spaces F, Fj,
and Il;c, F; along with the function f be as presented in the proof of Theorem 3.1.1.
Hence f(T;) € Ile, F; as before.
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Given a countable tree T', we consider its underlying vertex set to be w and select

t € T canonically; say we select the zero element of w, and define the mapping ¢ as

g(T) = f(T;). We then claim that the set of all countable locally finite trees with

isomorphism is essentially countable. This is because we have that g satisfies the

conditions of Lemma 2.0.2:

(i)

(i)

Let T be a countable locally finite tree and A(T) be the set of all isomorphism
class representatives of rooted countable locally finite graphs, given by f for a

selection of a rooted t € T', or, more clearly,

AT ={f(T)|teT}.

Note that here we are using the result of Theorem 3.1.1, that isomorphism of
rooted finitely branching trees is smooth. Certainly, A(T') is countable as the
number of options for a root of T is countable. Furthermore, we have that
{g(T") | T is isomorphic to T } is countable as if o : T — T an isomorphism
then for a selection of the root ¢ € T”, we have that f(7},) = f(T,u), as T}, is

isomorphic to T5y). Hence, every isomorphism class is countable.

Certainly if g(T) = g(T"), then we must have a ¢t € T and ¢’ € T’ such that
f(Ty) = f(T}), from the definitions of g and f. This implies that T; and T},

must be isomorphic, so that T" and 71" are isomorphic as well.

This concludes that g, and the set of locally finite trees, satisfies the conditions

for Lemma 2.0.2. Hence isomorphism on the set of locally finite countable graphs is

essentially countable and so there exists a Borel reduction to the universal countable

equivalence relation F..
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We now aim to code the shift equivalence relation of Fy 22 into isomorphism of

countable locally finite trees, to finish our proof.

Begin by calling the generators of Fy a and b. For any A C Fy, we code A into a

tree T'(A), as follows.

Define a labeled directed tree K, with the vertex set Fy, and edge relations R,
and R,. We let R,(x,y) if there is a directed edge zy in K, with label a and similarly
for Ry(x,y) with label b. That is,

R.(z,y) <= za =y and Ry(z,y) < xzb=1y.

We then encode the directed labeled graph K as the locally finite tree Ty obtained

by the following:

(i) For each edge zy labeled a in K, replace the edge with the graph T,(x,y) with

the vertex set:

{f,y}U{U,U,l,U,Ul,’Ug}

and edge set:

{ zu, uuy, uv, voy, V1v9, VY }.

(%
U U1

(ii) For each edge xy labeled b in K, replace the edge with the graph Tj(x,y), with

the vertex set:

{z,y } U{wu,uy,v,v,v9,03}
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and edge set:

{ zu, uuy, uv, VU1, V1V, VoV3, VY } .

<

(ST
=N W

S o—eo—0—o

The final graph T'(A) is then obtained from the graph T}, by adding a new vertex z*
for every € A, and adjoining x to z* by an edge xzz*. We now note that Tj is a tree,
and a vertex x € Tj has degree 4 if, and only if, z is a member of . Furthermore, in
T(A) a vertex has degree > 4 if, and only if, the vertex encodes a vertex in Fy; and
finally x in T'(A) has degree equal to 5 if, and only if, = is a member of A.

We now claim that this map 7" is a Borel reduction from Fy2"2 to the class of
countable locally finite trees with isomorphism. This is because if we suppose that
A, A" C Fy such that there is a g € [y, which shifts A to A’, then gA = A’. Call
o4(x) = gr the map witnessing the shift relation of A and A’. Certainly o, induces
an automorphism of the directed graph K. Namely, the induced automorphism from
o4 is one which sends elements of F, to their image through o, and preserves edge
relations. Moreover, o, induces an automorphism of 7j in the natural way. Finally,
the induced automorphism of 7 from o, can be extended to an isomorphism from
T(A) to T(A"), by taking the vertex z* to (gx)* in T'(A").

For the converse, suppose that T'(A) and T'(A’) are isomorphic for A, A" C F,.
Let o : T(A) — T'(A’) be an isomorphism. We have that o(Ty) = Ty and o(T(A)) =
T(A’), and hence o induces an automorphism of K. We can write any = € Fy as

€1, .

a unique sequence of z{'z$* ...z where xq,2s,...,2, € {a,b} and €, €9,... €, €

{—=1,1}. These finite sequences correspond to a unique path from 1p, in K to an
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element x. Let g = o(1y,). We then have that, for any = € Fy, o(x) = gx. Finally,
as o is an isomorphism that induces an automorphism of K in the form z +— gz, we

have that gA = A’ as desired. ]

The following is a consequence of the theorem that the class of arbitrary trees on

w is Borel complete.

Corollary (Friedman-Stanley). The isomorphism relation on the class of all count-

able graph theoretic trees is Borel complete.

Proof. Again, recall that the class of countable graphs with isomorphism is Borel
complete. Hence, the class of all countable trees with isomorphism as a subclass is
at most Borel complete. We know that isomorphism on the class of trees on w is
Borel complete from Theorem 3.1.2. Hence, we can induce a reduction from trees on
w to countable trees by a function that encodes the root of those set theoretic trees,
producing a countable (unrooted) tree, thus showing that countable trees are at least
Borel complete.

We do this by taking an arbitrary tree, 7', on w, and expand each edge in 1" by
adding a new vertex adjacent to the endpoints of the edge and removing the original
edge. That is, the edge zy is removed and the new edges xu,, and u,,y are added to
the tree T" along with the requisite vertex ug,. Finally, we mark the root, r, of T by
adding the vertices { 7o, 71,72, 73 } and edges {rrg,rori, ror2, 7073 }. These marking
points then uniquely identify the previous root of T as after expanding all of the
previous edges we have that r is the only vertex adjacent to a vertex with degree 3
and with a path of length 2 to a leaf.

Certainly, this is a reduction in the forward direction. In the opposite direction,

let T and T" be trees on w and suppose that 7 and T’ are isomorphic trees formed
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by edge expansions and root marking. If there exists an isomorphism ¢ from 7 to
T, we want to show that we can restrict ¢ to a subset of the vertices of 7, S such
that o [g is an isomorphism from 7" to T".

To do this, call » the unique vertex marked as the root of 7. As o is an
isomorphism, we have that o(r) must be adjacent to a vertex of degree 3 and have a
path of length 2 to a leaf vertex. Hence, o(r) is also marked as the root vertex.

Next, let S be the set of all paths from r to leaf nodes of 7 such that the second
vertex in the path has degree 2. That is, from the construction of the tree 7, all of
the paths from the marked root vertex to the leafs of 7 which do not include vertex
ro correspond to sequences in the original tree T'. Note that any path in & has even
length. This is because any leaf in 7 was a leaf in the original tree T'. Let ¢ be the
distance from that leaf to the root of 7. Then, in our expansion to 7, we added a
new vertex for every edge along that path and, hence, the length of that path in T
is 2¢. Finally, we can identify the added vertices in T as the set of vertices which
appear in a path in & at an odd index. Hence, by restricting o to the set of vertices
which appear at an even vertex for a path in & we obtain a mapping from 7" to T".
It follows from the construction of this expanded tree that o restricted in this way is

an isomorphism.
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CHAPTER 4

AUTOMORPHISMS OF REGULAR TREES

4.1 Set Theoretic Trees

X

Figure 4.1: Image of the standard Cantor tree 2<“ and the 3 branching variation of
the Cantor tree, 3<%,

Pictured above are two examples of trees on w: the Cantor tree 2<“ and the
3-branching variation 3<“.

In this section, we classify automorphisms of regularly branching rooted trees,
such as b<* for b a finite natural number. See Figure 4.1 for depictions of the Cantor
tree 2<¢ and the 3-branching variant 3<%.

The following is a generalization of Dougherty, Jackson, Kechris.

Theorem 4.1.1. For any natural number b, the conjugacy relation on the automor-

phism group of locally finite tree on w b<¥ is smooth.

In the proof of this statement, we will use the following definition as a means to

define partial automorphisms of T" acting on just 7,,, the tree truncated to height n.
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Definition 4.1.1. Given a tree T, and permutations 7 and o of T,, and T,, respec-

tively, we say that m < o, read 7 is extended by o, if n < m and for every s € T,

This allows us to produce some ordering of these partial automorphisms.

Definition 4.1.2. Let 7m and o be permutations of 0" and b™, respectively, then we

say that o extends m,m < o, if and only if n < m and Vs € b™

Automorphisms of b<“ can be completely defined by sequences of partial auto-
morphisms. That is, V¢ € Aut(b<*) there exists a sequence ¢y < ¢ < ..., such that
¢ = |Jm. This is because we can simply take ¢, = ¢ [,<» and not that ¢, < ¢,41

holds trivially for each n € w.

Definition 4.1.3. For a given automorphism ¢ € Aut(b<*), we say that O C b" is
an orbit of ¢, if for every s,t € O there exists an i such that ¢‘(s) = t. For any orbit
O of ¢,, and O’ of ¢,,, we say that O’ extends O or O’ is an extension of O, written

as O < O, if n < m and for every s € O’ s [,€ O.

Lemma 4.1.2. If ¢ is an automorphism of b=, and O < O orbits of ¢, and ¢,41

respectively, then |O] < |0'| < b|O| and |O| divides |O|.

Proof. Suppose that O = { s1,2,...,5 } and Vi < k ¢,(8;) = Si+1 mod k for k =|0O].
As O < O', we have that for any s € O’ s [,,€ O giving us that |O| < |0’|. Moreover,

as b<“ is such that there are exactly b immediate successors of any element, we have
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that |0’] < b|O|. Finally, for any s’ € O’ with ¢ |,,= s;, we have that ¢ (s') [,= s,

V2

therefore there must exist an n, 0 < n < b such that ¢}

¥ .(s") = ¢, hence |O] must

divide |0/

We now have the requisite tools to prove Theorem 4.1.1.

Proof of 4.1.1. Let ¢ € Aut(b=¥) be given, and O, be the set of all orbits of ¢,
together with a label for their size, i.e. elements of O,, are of the form (O, |O|) for O

an orbit. Let |J - O,,= O and define what we will call the orbit tree of ¢, denoted

new
by T, as the labeled tree formed by O with the relation of orbit extension. We
refer to T}, as the orbit tree of ¢. These trees were initially constructed and refined
from the work done by Dougherty, Jackson, and Kechris in Section 10 in [2]. Tt is
an immediate consequence of Lemma 4.1.2 that for O an orbit of an automorphism
¢ € Aut(b<¥), there exists at most b many immediate extensions of O. From this, we
have that T is finitely branching with each orbit branching to at most b immediate
successors. We note that we can encode this labeled tree as a subtree of (b+ 1)<“ by
observing that each orbit is extended by infinitely many orbits, and the size of that
orbit is finite. The encoding is done by attaching an edge from O to a copy of bl
For the remainder of this proof, we will regard the orbit tree as a labeled subtree of
b<* with labels from the natural numbers.

Hence, we can define the Borel function f : ¢ +— T}, which sends automorphisms of
b<¥ to subtrees of b<“. To finish this proof, we need only to show that this f is a Borel
bireduction and note that the space of subgraphs of b6<“ with isomorphism is smooth
as shown in Theorem 3.1.2. That is, we need to show that for any ¢, € Aut(b<¥),

¢ is conjugate to v if, and only if, Ty is isomorphic to Ti;. The bireducibility is then
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an application of Silver’s dichotomy and an observation that the set of automorphism

equivalence classes is uncountable.

Let ¢ and 1 be conjugate automorphisms of b6<“, and a € Aut (b*) such that
a¢ = Ya. We aim to construct an isomorphism ap : Ty — T3y from a. Given ¢, 9, a €
Aut (b<¥), we have that there exists a countable increasing, in the sense of extension,
sequence ¢, ¥,, a, encoding the partial actions of their respective automorphisms.
This is because, for any ¢ € Aut (b=“) we can define for each n € w ¢, = ¢ [p<n to
obtain our increasing sequence. Certainly, as a witnesses that ¢ and ¢ are conjugate,
we have that Vi «o;¢; = ¥;c;. In particular, we have that for any i, the existence
of the «a; indicates that the number of orbits at the "™ level of ¢ and v are equal
and furthermore that there must be a one-to-one correspondence between the sizes

of these orbits.

Let G be the finite set of isomorphisms between the orbits at the ™" layer of Ty,
and T. Index its members as g; ;. For a selection g; ;, of how the layers correspond,
let F; ; be the set of all sequences of bijections witnessing that g, ; maps equal orbits
in T} at layer i to equal sized orbits in Oy at layer i. Let G = |, Gi

We define a partial ordering on G by ¢;; < g -, when it is the case that ¢ < ¢’
and for any O an orbit at layer ¢ which is extended by O’ at layer ¢’ then g; ;(O) is an
initial segment of gy ;(O’). Note that any g; ; has finitely many immediate extensions,
and there are infinitely many g; ;. We then have from the use of Konig’s tree lemma
that G contains an infinite branch. This infinite branch corresponds to an increasing

sequence of partial isomorphisms between the layers of the orbit trees T, and T,;,. The

union of this branch is hence a full isomorphism of the orbit trees.

In the reverse direction, let T}, be isomorphic T, generated by ¢,v¢ € Aut(b<*),

and let oy be a witnessing isomorphism. Let O, be the set of ¢ orbits of the n'
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level of b<“. This is exactly the unlabeled leafs of (T,) . As oy is an isomorphism
between two labeled trees, it must preserve the labels of the orbits in T}, that is
YO € O, |ar(0)| = |O|. Namely ar must act as a permutation of O,,. Furthermore,

for each n € w, each O € O,, is finite.

Call A, the set of all permutations, a, of b" such that VO € O, a[O] = ar(O)
and a¢, = 1,a. Note that for each n € w A, # () as when n = 0 Ay is the singleton
taking the root of T, to the root of T}. If we suppose that A, is not empty, then
the map a which agrees with ay on the orbits of O, and each orbit 0 € O,,;1 acts
as a permutation of ¥¢lar(o). As each O, is a finite set of finite sets, the set of

permutations of O, is finite and hence A,, must be finite as well.

We now form the infinite tree (Un€w Ay, <), where < in this context means
standard function extension, and note that each vertex a has finitely many immediate
extensions. We now note that (UnEw Ay, <) satisfies the hypothesis of Konig’s lemma

and hence there must exists an infinite path {a;} This gives as an infinite

€W’
sequence of increasing partial automorphisms witnessing the conjugacy of each finite

level of ¢,, and v,,. Hence, o = J._, «; satisfies that g = av.

€W

Figure 4.2: A representation of a finite height rooted w-branching tree.
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Recall that H,, for n € w is the set of all rooted trees of height n. We will show
next that the automorphisms of the full tree w™*! with conjugacy is bireducible with

1d(2¢)*,

Theorem 4.1.3. For any n € w the conjugacy relation on the set of automorphisms

of w="T1 with is bireducible with id(2¥)™

Proof. We prove this by induction on n. For n = 0, an automorphism of w<S! is
an element of S, and any two automorphisms are conjugate if and only if those
permutations of S,, are conjugate. This is because any automorphism of w<! must
fix the root vertex and hence can only permute copy of w present at the first layer of
the tree. It is well known that conjugacy on S, is bireducible to id(R). Hence the
automorphisms of w=! with conjugacy is bireducible to id(R), a Polish space, and
thus bireducible with id(2¥) = id(2¥)™ as desired.

§n+1)

For the successor case, suppose that Aut(w with conjugacy is bireducible

<n+2

with id(2¥)™. Then an automorphism of w must preserve the root, and thus

must also preserve the length of sequences, hence preserving levels of w<"*!. So,
we can decompose any ¢ € Aut(w=""?) into an w-sequence ¢; € Aut(w=""') and
an element m € S,; such that V& € w and Vs € w=""' (note that t,sp,s1, - €
w2 ) B(t, sg, 81, .. ) = 7(t), sp, 81, Sh, ... where s = ¢(s). From [1], we have that

§n+2) Sn-i—l)'

conjugacy on Aut(w is bireducible to the jump of conjugacy on Aut(w
That is, Aut(w<""?) is bireducible to 1d(2*)**1) x 1d(2¥) by induction hypothesis.
We now note that (2¢)*" <g (2¥)*" x 2%, by the reduction sending s to (s,0), where
0 € 2% is the constant sequence 0.

We begin on the other direction by showing: for a Borel equivalence relation

Eover X,if ExFE <g F and F <g E*, then E™ x E <g E™ x Et" <g
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E*" for 0 < n € w. This is because, if E x F <g E, then (F x E)™ <g E*".
We now argue that ET" x E™" <p (F x E)*". This is shown by the reduction
that sends ({2, },{yn}) to { (Zo(m)e» Yo(n)) } Where o is a fixed bijection from w
to w X w. This is because ({z, },{vy.}) and ({2}, },{vy, }) are equivalent if, and
only if, { [ral s |7 €w} = {[h]peon | n€w} and {[galgron |nEw} =

{[y.]g+-v | n € w} holds if, and only if,

{ 1 @om)os Yoy )| Ere-nxpre-n | N Ew }
= {[(@n, ym)]prn-vxpronn [ nm Ew}
={lza]pron [n€w} x{{pn]gre-n [n €W}
={[zh)pron In€w} x{[y)pte-v [nEW}
= { (2}, yp) ] prn-vxpre-n | n,m € w}

= { 1@ 30 Yo (my) - x - | € W}

showing the desired reduction. To finish, we note that E*" x E <g E™" x E™" by
noting that if £ <g E* implies that £ <g E*". Note that if f witnesses £ <g E*",
then certainly the F': X“" x X — X" x X*" defined by F : (s,e) — (s, f(s)) is a
reduction.

We now observe that 1d(2) x id(2¥) ~p 1d(2¥*“), which is bireducible to 1d(2*)
by an application of Silver’s dichotomy. Hence id(2¢)* ("1 x 1d(2¥) <p id(2v)* D
from our claim, thus id(2%)*(™*Y) x id(2¥) ~pg id(2¥)T™+1). Finally, this gives us
that Aut(w="*?) with conjugacy is Borel bireducible with 1d(2¥)*("+1) as desired.

]

Theorem 4.1.4. The conjugacy relation on the automorphisms of w<¥ is Borel
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complete.

Proof. 1t suffices to show that we can reduce the class of trees on w with isomorphism
to the automorphism group of w<¥ with conjugacy. We do this by taking any tree
T on w and create from 7 an automorphism ¢ of w<* such that ¢r fixes T as a
subset. Let T" be a subtree of w<* and for every s = {s; } € T call 2s the sequence
(2s); = 2-s;, we form the new tree 27" as the set of all 2s for s € T'. Define for s € 2T
the S(s) as the set of all immediate successors of s in w<“ not in 27.

Fix a permutation 7 of w such that 7 has no fixed points. We then define ¢ from
a tree on w T as ¢r(s) = s when s € 2T and ¢r(s) = So, S1,- -, Si, T(Sit1), Sivg ... if
ds’ € 2T such that s either is in or extends an element of S(s') and ¢ is the length of
s’. We note that ¢p is an automorphism that fixes exactly the tree 27, and hence its
fixed points are isomorphic to 7.

We claim that the map that sends trees on w to the automorphism ¢r is a Borel
reduction. First, if ¢ and ¢ are conjugate for trees on 1" and 7" on w, then fixed
points of those automorphisms must be isomorphic and hence T' ~ 2T ~ 27" ~ T".
In the other direction, suppose that 7" and 7" are isomorphic. This implies that
2T ~ 27" let o : 2T — 27" be an isomorphism witnessing this. We can then describe
¢ equivalently as the automorphism that fixes those vertices in ¢(27") and permutes
S(s) by m for s € ¢(2T). We define ¥ an automorphism that sends 27 to 27" as
subtrees of w<* but is otherwise the identity, i.e. ¥(21") = 0(27") = 27". Then, from
our alternate description of ¢+, we get that ¢ = ¥ ~1¢r1) showing that ¢ and ¢
are conjugate.

This gives a reduction from a Borel complete class into conjugacy of the automor-

phisms of w<“ thus conjugacy over this class of automorphisms is Borel complete.

]
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4.2 Graph Theoretic Regular Trees

Definition 4.2.1. For each n € w denote by RT,, the regular countably-infinite tree

where each vertex has degree exactly n.

Proposition 4.2.1. For each n € w RT,, is unique up to isomorphism.

Proof. Let n € w be given and S and T' be countably-infinite trees where each vertex
has degree exactly n. Without loss of generality, we assume that S and 7T have
vertex set w. Let j € w a vertex of T, and define 0¢(0) = j. Now, using Np(i) =
{7 |7 a vertex of T adjacent to i }, we have that |Ng(0)] = n = |Nr(j)| and define
o, as a witnessing bijection to that fact. We continue by defining o, ; for i € Ng(0),
witnessing bijections to the fact that for each of these i [Ng(i) \ {0} ] = |Nr(o1(7) \
{7 }]. (Define o3 = ;e g0y 02:-) As S and T trees, we have that oy is a function
as otherwise oy would attempt to map a vertex in S to two separate vertices in T,
implying that there exists a cycle in T

We continue constructing o; in this fashion by induction. Suppose that oy has
been defined for all £ < ¢ has been defined as above, we then define 0,4, for each
k € dom(o;) as witnessing bijections to |[Ng(k) \ dom(o;—1)| = |Nr(o:k) \ ran(o;—1)|.
Finally, we set 0,41 = Ukedom(ai) Tit1 -

We have then that o = J; € wo; is an isomorphism from S to T', as desired.
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Theorem 4.2.2. For a given n € w, the conjugacy relation on the set of automor-

phisms of RT,, is Borel bireducible with F..

Proof. Tt is a result of Serre [9] that any automorphism ¢ of a regularly-branching

tree T is precisely one of the following;:

(i) ¢ is an edge flip; that is for some z,y € T, z is adjacent to y, and ¢(x) =

y N oly) = .

(ii) ¢ shifts an infinite branch; that is for some Z-sequence { s; },,, such that ¢ # id

and for each i € Z s; is adjacent to s;1 and s;_1, we have ¢[s] = s.

(iii) Or finally ¢ preserves a fixed subtree S C T

These results can be found in Proposition 25 on page 63 in Serre [9], though note
Serre makes the standing assumption that the automorphisms he is investigating are
not an edge flip. From this result, we can partition the automorphism group of RT,

into those three classes, and examine their complexities separately.

(i) In the case that ¢ € Aut(RT,) is an edge flip, we can encode the action of ¢
as an automorphism of the w tree (n — 1)<¥, which with conjugacy we have already
shown to be smooth. Note that in the case that n = 2, there is exactly one such
automorphism, and hence the reduction to a smooth equivalence relation is trivial.
We show a reduction for greater n by regarding the first and second vertices in the
first level of (n — 1)< as x and y and induce a new automorphism ¢, which agrees

with ¢ on sequences starting with x or y but is otherwise the identity.
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This gives a reduction as for any automorphisms of RT,, which flips an edge, nei-
ther expanding an edge nor adding or removing vertices for which the automorphism
is invariant on changes the conjugacy class. Thus the edge flipping automorphisms
are at most smooth.

(ii) In the case that an automorphism ¢ shifts a fixed branch. We can encode these
shift automorphisms, ¢, as an integer s and a sequence { ¢; },., of automorphisms.
Where each ¢; is an automorphisms of n — 2 copies of b"~! whose roots are adjacent
to a single vertex, we will write this tree as S. Here s represents the magnitude of the
shift along the fixed branch of ¢, which we will make precise in the next paragraph,
and each ¢; encodes the action of ¢ from the i*" copy of S of the fixed branch to the
(i + s)*™ copy.

We will now show a slightly more general claim where we regard S as some
arbitrary structure and (S X Z,<z) a linear ordering of countably many copies
of S. Within this linear ordering of structures, we will address specific copies of
S as S; = S x {i}. Note that we have that S;_1 < S; < S;11. Given any
¢ € Aut ((S X Z,<z)) and any i € Z, if ¢(S;) = Sitn, then Vj € Z ¢(5;) = Sjin. We

call this unique n the shift of ¢.

Claim 4.2.3. Given any ¢, € Aut ((S X Z,<z)) with respective shifts n and m,

then ¢ is conjugate to 1 if and only if n = m.
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Proof. Let ¢ and 1) be conjugate automorphisms of (S x Z, <z), and suppose « is an
automorphism of (S x Z, <z) such that ¢ = a~'1a. Let n,m, and [ be the magnitude
of the shifts of ¢, 1, and «, respectively. The shift of the composition a1 would
be first a shift of [, then a shift of n and finally a shift of —[, the cumulative shift
the composition would be —[ + n + [ = n. Though, from the assumption that ¢ and
1) where conjugate, and o a conjugation, we conclude that the ¢ and ¢ have equal
shifts, n = m.

For the converse direction, we can represent any ¢ and v as collections of auto-
morphisms on S indexed by integers. It suffices to show for n = 1 that there exists a

collection of «;’s such that the following diagram commutes:

¢i73 ¢i72 ¢i71 (bz ¢i+1 ¢i+2

¢ Si—2 Si1 — 5 — Sip1 —— Sipa —— -+

[ Q2 k Qi1 Qv l Qi1 [ (O TR
Vi3 hio Yi1 i (L) (T
2

Uk Si— Si-1 —— Si —— Sig1 —— Sipa —— -+

Assuming that the case for n = 1 is true, for larger 0 # |n| > 1, we need only to look
at the n disjoint sequences of ¢ and 1) and perform the case that n = 1 and recombine
with the appropriate shifting.

To construct «, we assume without loss of generality that for some i € Z, «; €
Aut(S) is arbitrary selection, for simplicity we will assume that o is the identity.

Working in the positive direction along Z gives us that:

a1¢g = Yoo

— oy =t id ¢y = Yoy

Continuing this inductively with the indices increasing we get that:
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Qi1 = iy
— a1 = g
= it Prdody O 0oy
= i1 o (Gighia -+ dido)

The negative direction along Z is similar:

¢—104—1 = 040¢—1

= a1 =971 id ¢_1 = ¢ {d_1.

Furthermore:
Vi1 = Py
- Q-1 = @/);110%@—1
=YWy YTy God-1 - Pina i
= Wo?ﬂfl T wi+l¢i)71 PoP—1 " Piy1Qit1-
Thus, for each 7, o; witness that ¢; and v; are conjugate, and thus a¢ = ¢a. O

This gives us that conjugacy on the set of all automorphisms with a fixed branch
is just as complex as Z with equality, and is hence bireducible with id(w).

(iii) Finally, we examine the case that an automorphism, ¢ has a fixed tree. Let
¢ and 9 be conjugate automorphisms of RT,, with a fixed subtree. Being conjugate
automorphisms implies that those fixed trees are isomorphic, let ¢ be a witnessing

isomorphism. Let 7 be a vertex in the tree fixed by ¢, and call ¢, and 1, the
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automorphisms where we regard r and o(r) as the root. Certainly ¢, and v, are
conjugate, as ¢ and 1) are. Moreover, as RT}, is a countable structure, the subtree
of RT, fixed by ¢ must in turn be countable. Hence, there are countably many
vertices to be selected for a root, thus we satisfy the first condition of Lemma 2.0.2.
We satisfy the second condition as well: as for any two automorphisms with fixed,
not necessarily isomorphic, subtrees if there exists a root selections such that the
rooted automorphisms are conjugate then so must be the original automorphisms.
Hence, the automorphisms of RT,, with a fixed tree are essentially countable and thus

reducible to F.

We now finish the argument by presenting a reduction from F., to automorphisms
of RT, with conjugacy. The argument used is a refinement of the one used in the
proof of Theorem 3.2.1. We aim to produce an automorphism of R,, from a subset A

of F5 in such a way that the original subset A C [F5 can be recovered up to a shift.

We begin by generating a subset of RT,, that encodes A. Let a and b be generators
of F5 and let K be the Cayley graph of Fy generated by a and b. We replace every

vertex x of K, we expand x into the tree with vertices

{Z00,%01,.-,T1n-2}

U{ 10,2015+, T1n—3}
U{ 220, %21, T2n-3}
U{ 230,231, T3n-2},

and edge set



{ 20,021,0, L1,0L2,0, L2,0L3,0 }
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U{ 20,0%0,1, 0,002, - - -, 0,0T0n—2 }
U{Z10%11, 210125 -+, T1,0T1,0—3 }
U{ Z20%21, 2022, - - -, T2,0T20—3 }
U{ Z30%31, 3032, .-, T30T30—2 }-
(bx)1,0

xT ax

b la

T3, n—2

(az)2,0

To,m—3

(b~ tz)z0

Figure 4.3: A vertex coding tree for vertices in the Cayley graph of Fy such that every
vertex has degree n or 1.

Furthermore, we replace all edges xy with label a in K with the tree with vertex

set

and edge set

{x>U0,07U170aU2,an}

U{uo1, U2, - Uop—2 }
U{wii,uig, ..., Uip2}
U{ugi,us2,...,usp—2}

U U {Vi0,vig, ., Vip—2},

i€{0,1,....n—2}
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{ TUp,0, Up,0U1,0, U1,0U2,0, U2,0Y }

U { wo,0u0,1, UooUo 2, - - -, UooUon—2 }
U { w1 0u11, ur U, ..., Ut oUsn—2 }
U { ug g, us oo, . .., Uz oUspn—2 }
U U { w2050, U2 Vi1, .. U2 1V 1 } -

i€{1.2,..,n—2}

Figure 4.4: An edge coding tree for edges in the Cayley graph of Fy with label a such
that every vertex has degree n or 1.

A similar operation is done for edges labeled b, though to distingusih the b labeled
edges from the a labled edges we add some extra structure. For all edges xy with

label b in K, we replace xy with the tree with vertex set

{ T, Up,0, UL,0, U2,05, U3,0, U4,0,Y }

U{uo1, w2, Un—2 }
U{ui1,uro, ..., Un_2}
U{uz1,u292,..., U202}
U{us1,us2, ..., Uusn_2}

U U {vio vt Vi }

i€{0,1,....n—2}

U{ugr, tag, ..., Usp2},
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and edge set

{ TUp,0, Uo,0U1,0, UL,0U2,0, U2,0U3,0, U3,0U4,0, U4,0Y }

U { wo,0u0,1, Uo0U02, - - -, UooUon—2 }
U { w1,0U1,1, U108 2, - -+ Ut 0ULn—2 }
U {ugousn, usoing, ..., UsglUsn_2 }
U {usousn, usousso, ..., usoUsn_2 }
U U {us,ivi0, Uz Vi, - U1Vt }

i€{1,2,....n—2}

U { wa0Ua1, UapUa, . .., UsoUsp—2 } -

Figure 4.5: An edge coding tree for edges in the Cayley graph of F, with label a such
that every vertex has degree n or 1.

Let K’ be the graph formed by the composition of the vertex and edge expansions
described above. Note that every vertex of K’ has degree either n or 1. Furthermore,
vertices of K, and hence elements of Fy, can be recovered from K’ in the following

fashion. A path p of length 4 in K’ is said to encode a vertex in K if:

(a) the middle two vertices of the path, p; and ps, are adjacent to exactly n — 3

vertices of degree 1;
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(b) the first and last vertices, py and ps, are adjacent to exactly n — 2 vertices of

degree 1;

(c) po is adjacent to a vertex not in the path not adjacent to a vertex of degree 1;

(d) po has exactly one path, ¢ of length 4 to a vertex adjacent to n — 3 vertices of

degree 1, and no other vertex in ¢ is adjacent to n — 3 vertices of degree 1;

(e) and finally p; has exactly one path of length 6 to a vertex adjacent to exactly

n — 3 vertices of degree 1.

Furthermore, given two paths in K’ encoding vertices in K, we can deduce whether
the two vertices were adjacent in K as well as the label and direction of that edge.
Let p and ¢ be paths in K’ encoding vertices u and v in K respectively. If there exists
a path of length 4 from py to gy disjoint from any other vertices in p and ¢, then
from our construction of K’ we have that there is a directed edge labeled a from u
to v in K. If on the other hand there is a path from g5 to pg, disjoint from p and ¢,
then there is a directed edge labeled a from v to w in K. Similarly, if we have a path
from ps to ¢; of length 6 disjoint from both p and ¢, then there exists a directed edge
labeled b from u to v in K. Finally, if the length 6 path is instead from g3 to pi, the
direction of the b labeled edge in K is from v to u.

As every vertex of K’ has degree either n or 1, K’ is a proper subtree of RT,,. We
capitalize on this fact to produce out automorphism. Now, for a given A C Fy we
produce a tree from K’ K’(A). Let p be a path in K’ encoding a vertex, v in A, and
q the path of length 6, originating at q;, encoding that there exists an edge from b~1v
to v in K. To every vertex, u, of degree 1 adjacent to q; — the first vertex of ¢ not in

p —add n — 1 vertices adjacent to u. We denote the graph produced by adding these
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extra vertices encoding v € A K'(A). From this encoding of A, K'(A), we produce an
automorphism ¢4 of RT,, for which K (A) is the fixed tree. We do this by permuting
the n — 1 vertices in RT,, not in K'(A) C RT, adjacent to a vertex of degree 1 in
K'(A). That is, for every vertex v in K'(A) with degree 1, let vy, vy, ...,v,_2 be the
vertices adjacent to v not in K'(A). Now define ¢4(vi) = vit1 mod (n—1)- Finally, for

all vertices u in K'(A), define ¢4(u) = u.

We claim that the mapping taking A C Fy to ¢4 is a reduction from E., to the
automorphisms of RT,, with conjugacy. This follows by a similar argument to the
proof of Theorem 3.2.1. Suppose that A and A’ are such that there exists a g € s
such that gA = A’. Certainly the fixed tree of ¢4 and ¢4 are isomorphic as witnessed
by the isomorphism induced by the mapping «, sending any path p corresponding
to a vertex v in A to the path ¢ corresponding to gv in A’, here ay(p;) = ¢; for each
i€ {0,1,2,3}. From this isomorphism we form ¢ an automorphism of RT,, where
o agrees with the induced isomorphism from ¢4 to ¢4. For every vy, vi,...,v, o
vertices not in K'(A) adjacent to v of degree 1 in K’(A) and ug, u1, ..., u,_o vertices
not in o(K'(A)) = K'(A’) adjacent to o(v) of degree 1 in K'(A’), we define o(v;) =
Vi1 mod (n-1)- That is, we perform the inverse of the permutations performed by ¢4,
hence giving that cg 0! = ¢ 4.

In the other direction, suppose that A, A’ C Fy are such that ¢4 and ¢4 are
conjugate. Let K'(A) and K’(A’) be the fixed trees of ¢4 and ¢4. As the two are
conjugate, there must exist an isomorphism from K’(A) to K'(A’). We finish by
referencing the proof of Theorem 3.2.1, where we saw that the only isomorphisms of
the marked Cayley trees of Fy are those of the form m(v) = gv for some fixed g € F,.
Hence as we can recover from K'(A) and K’(A’) and recreate the encodings used in

the proof of Theorem 3.2.1 we have that A and A’ are shift equivalent.
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Thus the automorphisms of RT,, which fix a subtree is bireducible with E.

As edge flipping, fixed branch, and fixed tree automorphisms are both reducible
to F, we obtain that the maximum complexity of automorphisms is E.,. Though
we showed that F., is reducible to automorphisms of RT,, with conjugacy we obtain

that automorphisms of RT,, with conjugacy is bireducible with F . O
Finally, we conclude by investigating the w-branching tree.

Theorem 4.2.4. The conjugacy relation on the set of automorphisms on the graph

theoretic tree where every vertex has countable degree, RT,,, is Borel complete.

Proof. To prove this Theorem, we need only to make some adjustments to the proof
of Theorem 4.1.4, buy removing the rooted aspects of the argument. Let T be a
countable tree, like before we will create an automorphism that has T as a fixed
tree. Fix a permutation 7 of w such that 7 has no fixed points. From the assertion
that T" only uses even natural numbers as its vertex set, there exists an embedding
of T into the regular tree where every vertex has countable degree such that every
vertex in the embedding of 7' is adjacent to countably vertices not in 7. We form
the automorphism ¢, which for each vertex v in the embedding of T" permutes those
vertices adjacent to v not in T by the fixed permutation 7. Finally, the claim that
the mapping sending 7" a countable tree to ¢, the automorphism with 7" as a fixed
tree, is a Borel reduction. This claim follows exactly the similar claim shown in the
proof of Theorem 4.1.4.

Finally, this gives a reduction from isomorphism of countable trees, which we know
to the Borel complete, to conjugacy on the desired class. Thus conjugacy on the set
of automorphisms of the graph theoretic tree where every vertex has countable degree

is Borel complete [
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