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Kernel Based Quadrature on Spheres and Other Homogeneous
Spaces

E. Fuselier! T. Hangelbroek! F. J. Narcowich! J. D. Ward*, G. B Wright?

July 19, 2013

Abstract

Quadrature formulas for spheres, the rotation group, and other compact, homogeneous man-
ifolds are important in a number of applications and have been the subject of recent research.
The main purpose of this paper is to study coordinate independent quadrature (or cubature)
formulas associated with certain classes of positive definite and conditionally positive definite
kernels that are invariant under the group action of the homogeneous manifold. In particular,
we show that these formulas are accurate — optimally so in many cases — and stable under an
increasing number of nodes and in the presence of noise, provided the set X of quadrature
nodes is quasi-uniform. The stability results are new in all cases. In addition, we may use
these quadrature formulas to obtain similar formulas for manifolds diffeomorphic to S™, oblate
spheroids for instance. The weights are obtained by solving a single linear system. For S?, and
the restricted thin plate spline kernel 72 log 7, these weights can be computed for two-thirds of
a million nodes, using a preconditioned iterative technique introduced by us.

1 Introduction

Quadrature formulas for spheres, the rotation group, and other compact, homogeneous manifolds
are important in many applications and have been the subject of recent research [9,17-19, 28,
33,34, 36]. In particular, numerical integration on spheres is an indispensable tool in applications
ranging from spectral analysis of experimental data to boundary integral methods for solving partial
differential equations [1, Chapter 5 and 6]. Often these applications demand quadrature formulas
that are accurate, computationally cheap to generate, stable in the presence of noise, and flexible
in terms of locations where data is given. The generation and analysis of such formulas are the
focus of this paper.

The quadrature (or cubature) formulas we study are associated with certain classes of positive
definite and conditionally positive definite kernels that are invariant under the group action of the
homogeneous manifold. The invariance of these kernels leads to simple, easy to construct linear
systems that determine the weights. In particular for S2, techniques that we have developed in [12]
allow us to solve these systems when the number of nodes varies over a substantial range, from a
few thousand to two-thirds of a million. Numerical tests validating this are described in section 5.
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In the course of studying the accuracy of these formulas for various spaces, we obtain new error
estimates for interpolation/reproduction problems on two-point homogeneous manifolds. First, for
a general such manifold, the estimates hold for f € WJ*(M), which is the reproducing Hilbert space
(native space) of the kernel. Second, for spheres and real projective spaces, the estimates apply to
[ € W§, with n/2 < g < m. Thus the estimates allow an “escape” from the native space, in the
sense that they are for functions not smooth enough to be in that space.

The quadrature formulas developed here are for the general setting of a compact, homogeneous,
n-dimensional manifold M that is equipped with a group invariant Riemannian metric g;; and its

associated invariant measure du(z) = \/det(gi;(x))dz; namely,

/M F@)du(z) = S e f(€) = QUf), f € ). (11)

{eX

The finite set X C M is composed of centers/nodes, and the weights {c¢}e¢cx are chosen so that Q
integrates exactly a given finite dimensional space of continuous functions, V.

In the case of S" and SO(3), popular choices for V' are spaces of spherical harmonics [18, 28,
33,34], and Wigner D-functions [19]. Work also has been done on compact two-point homogeneous
manifolds [6] and on general compact homogeneous manifolds [36], with V' being chosen to be a
set of eigenfunctions of a manifold’s Laplace-Beltrami operator. We will use the term polynomial
quadrature for methods that integrate such spaces exactly; this is because, for spheres and a few
other spaces, V' consists of restrictions of harmonic polynomials.

The quadrature methods developed here are kernel methods; they use a space V' consisting
of linear combinations of kernels. In [42], Sommariva and Womersley used spaces of rotationally
invariant radial basis functions (RBFs) and spherical basis functions (SBFs) to derive a linear
system of equations for the weights c¢. However, neither accuracy, control over the size of the
weights, nor stability was addressed in [42]. In this paper these and other issues are dealt with
employing recent results developed by us in [12,21,22].

There are situations where the manifold M involved is not a homogeneous space, but quadrature
formulas can still be obtained. If M is diffeomorphic to a homogeneous space, then it is possible
to obtain quadrature weights for M from the ones for the corresponding homogeneous space. In
section 6, we will show how this can be done for S®. We will then apply this to the specific
case where M is an oblate spheroid (e.g., earth with flattening accounted for), which is of course
diffeomorphic to S?.

Accuracy is measured in terms of the mesh norm A, which is defined in section 2. All the kernels
we deal with are associated with a Sobolev space W3", for some m in N. Previous error estimates
for quadrature with positive definite kernels on S? were given in [28]. For the general case of a
homogeneous manifold, the error we obtained is O(h™), for functions in W3*. However, on S™ or
SO(3), we get even better rates, in fact optimal: if a function is in C?™, then the order is O(h*™).
For example, the thin-plate spline kernel restricted to S? (i.e., surface spline) has m = 2, so, for a
function in C4(S?), the error would be O(h%).

These quadrature formulas are stable both under an increase in the number of points and in the
presence of noise. If the number of points is increased, then the norm of the quadrature operator
remains uniformly bounded, as long as the level of quasi-uniformity is maintained. Thus there is
no oscillatory “Runge phenomenon.” To examine the effect of noise, we assume the measured func-
tion values differ from the actual ones by independent, identically distributed, zero mean random
variables. Under these conditions, the standard deviation of the quadrature formula decreases as
O(N~2).



This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at
Numerische Mathematik, published by Springer Berlin Heidelberg. Copyright restrictions may apply. doi: 10.1007/s00211-013-0581-1

The paper is organized this way. Section 2 begins with a brief discussion of positive defi-
nite/conditionally positive definite kernels, notation, and, in section 2.1, interpolation. Section 2.2
contains a derivation and discussion of kernel quadrature formulas, with special emphasis on the
role played by group invariance of the kernel employed in the formula. In section 2.3, the questions
of accuracy and stability mentioned in the introduction are taken up. The results obtained there
are aimed at invariant kernels, such as Sobolev and polyharmonic kernels discussed in sections 3
and 4.

Sobolev kernels on a compact manifold are positive definite reproducing kernels for the Sobolev
space W3, m > n/2. In section 3, we study these in terms of their invariance, interpolation errors,
and properties of their Lagrange functions and Lebesgue constants. Finally, in section 3.4 we look
at their use in quadrature formulas.

Section 4 is devoted to a very important class of kernels on a compact, two-point homoge-
neous manifold: the polyharmonic kernels. These kernels, which may be either positive definite
or conditionally positive definite, are Green’s functions for operators that are polynomials in the
the Laplace-Beltrami operator. On spheres, they include restricted surface splines, and on SO(3)
similar kernels. All of these are given in terms of simple, explicit formulas. The whole section is a
self-contained discussion of these kernels, culminating in their application to quadrature formulas.

The results of various numerical tests that we conducted are discussed in detail in section 5.
They were carried out for M = S?, in connection with the restricted thin-plate spline. The sets of
quasi-uniform nodes were generated via three different, commonly used methods.. The number of
nodes employed varied from a few thousand to two-thirds of a million. Weights corresponding to
these nodes were computed using a pre-conditioning method developed in [12]. The tests themselves
focus on the accuracy and stability of the method, and give excellent results, in agreement with
the theory.

In section 6 we discuss ways of using quadrature weights for a compact, homogeneous manifold
M to obtain invariant, coordinate independent weights for manifolds diffeomorphic to M. As an
example, we show how to obtain quadrature formulas for oblate spheroids — i.e., the approximate
shape of the surface of a planet. Finally, in section 7 we summarize the results of the paper.

2 Interpolation and Quadrature via Kernels

One of the key ingredients in constructing our quadrature formulas on homogeneous manifolds is
interpolation via positive definite or conditionally positive definite kernels. However, for kernel
interpolation generally we need very little in the way of structure. In fact, we could take our
underlying space M to be a metric space.

Throughout the sequel, we will let X C M denote a finite set of distinct points. In interpo-
lation or approximation problems, points in X are called centers or nodes. Its mesh norm (or
fill distance) h := sup,y dist(z, X') measures the density of X in M, while the separation radius
q = %inf&CEX dist(&, ¢) determines the spacing of X. The mesh ratio p := h/q measures the

uniformity E:fécthe distribution of X in M.
We say that a continuous kernel x : M x Ml — R is (strictly) positive definite on M if, for every
subset X C M, the matrix A with entries A¢, := (£, n), {,n € X, is positive definite.
Conditionally (strictly) positive definite kernels are defined with respect to a finite dimensional
space II := span{¢y, : M — R} || where the 14’s are linearly independent, continuous functions
on M. we say that the kernel x is conditionally (strictly) positive definite if for every X and every
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nonzero set {a¢ € R}¢cx such that Zg agr(§) =0, k=1,..., M, one has

Z agank(§,m) > 0. (2.1)

&neX

Given a finite set of centers X C M, where we let N := #X be the cardinality of X, we say
that IT is unisolvent on X if the only function ¢ € II for which ¥|x = 0 is ¢ = 0. This means that
{¥r]x }j-, is a linearly independent set in RY. Unisolvancy is a mild condition, but it is necessary
in interpolation problems involving conditionally positive definite kernels.

2.1 Interpolation

Positive definite and conditionally positive definite kernels can be used to interpolate a continuous
function f: M — R, given the data f|x, by means of a function of the form

M
s = Z agk(-, &) + Zbkwk, where Z agr(§) =0, k=1,..., M. (2.2)

tex k=1 cex

We will denote the space of such functions by Vy.

In the case where the kernels are RBFs or SBF's, the space II is usually taken to be either the
polynomials or spherical harmonics with degree less than some fixed number.

We now turn to the interpolation problem. Let WUy = ¢x|x, k = 1,..., M, and define the N x M
matrix ¥ = [U; Wy ¥y, In addition, let a = (ag)eex and b = (b ---bp)T. The constraint
condition that Zg agp(§) = 0 can now be stated as ¥Tq = 0. Requiring that s interpolate a
function f € C(M) on X is then f|x = s|x = Aa + Wb, where A¢, = (£, 7). Written in matrix
form, the interpolation equations are

(\IflT OM\ILM><Z>:<Q‘QZ>- (2.3)

N~

A

Using the constraint condition ¥7'a = 0 and the positivity condition (2.1), one can show that
the matrix A on the left above is invertible [47, Section 8.5]. In addition, the interpolation process
reproduces 1I; that is, if f € II, then s = f. Finally, much is known about how well s fits f. In
many cases, the approximation is excellent (cf. [47] and references therein).

In the sequel, we will need the Lagrange function centered at { € X, x¢ € Vx. We define x¢ to
be the unique function in Vx that satisfies x¢(n) = 0¢,; that is, x¢ is 1 when 2 = £ and 0 when

r=necX,n#

2.2 Quadrature

We will now develop our quadrature formula for a C°°, n-dimensional Riemannian manifold M that
is a homogeneous space for a Lie group G [46]. This just means that G acts transitively on M: for
two points z,y € M there is a v € G such that y = vx. Equivalently, M is a left coset of G for a
closed subgroup.

S? is a homogeneous space for SO(3). In fact, the Lie group G is a homogeneous space for itself.
Thus, SO(3) is its own homogeneous space. Homogeneous spaces also include Stiefel manifolds,
Grassmann manifolds an many others. All spheres and projective spaces belong to a special class
known as two-point homogeneous spaces. Such spaces are characterized by the property that if two



This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at
Numerische Mathematik, published by Springer Berlin Heidelberg. Copyright restrictions may apply. doi: 10.1007/s00211-013-0581-1

pairs of points z,y and 2’y satisfy dist(x,y) = dist(a’,y’), then there is a group element v € G
such that 2’ = vz and 3’ = yy. While spheres and projective spaces are compact, there are also
non compact spaces: R™ and certain hyperbolic spaces also belong to the class.

Invariance under G plays an important here. We will assume throughout that the kernel x is
invariant [45, §1.3.4] (also see [7]), under G. Moreover, we will take dy to be the G-invariant measure
associated with the Riemannian metric tensor for M [45, §1.2.3]. Thus, for all z,y € M, v € G, and
f € Li(M) we have

(v, vy) = k(z,y) and / f(z)du(x / flyz)dp(x (2.4)

In particular, all SBF kernels on S™, which have the form ¢(z - y), are invariant, as is the standard
measure on S". The following lemma is a consequence of x and du being invariant.

Lemma 2.1. The integral J(y fM k(z,y)du(x) is independent of y.

Proof. Take z € M to be fixed. Because of the group action on M, we may ﬁnd ~v € G such that z =
vy. From the invariance of x under v, we have r(z,y) = k(yz, z). Hence, J(y) = [;; 6(vz, 2)dp(x).
However, the integral being invariant under G then yields

I0) = [ o 2duta) = | wl2)duta) = I,

which completes the proof. O

Since J(y) is independent of y, we may drop y and denote it by Jy, which we will do throughout
the sequel. Note that Jy may be 0. In addition, we define these quantities.

Jp = fM¢k(m)du(x), k=1,...,M;
J = (Jl . JM)T,
1 = l|x.

We point out that, for the constant function 1 on M, 1 = 1|x is the column vector in RY with all
entries equal to 1.

The result below gives a formula for the integral of a function s € Vx and provides a system of
equations that determine the quadrature weights. It follows the one given in [42], with rotational
invariance replaced by the invariance under G proved in Lemma 2.1.

Proposition 2.2. Let x and du satisfy (2.4) and suppose that ¢ and d are the N x 1 and M x 1
column vectors that uniquely solve the (N + M) x (N + M) system of equations

Ac+Vd = Jy1 and Ve = J. (2.5)

If s € Vx, then
| st)duta) = Tolx = 3 ceste) (2.6)

feX

In addition, if x¢ € Vx is the Lagrange function centered at &, then we also have

ce = /ng(x)d,u(x) and |ce¢| < ||X£||L1(M) 2.7)
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Proof. Integrating s(x) from (2.2) results in this chain of equations:

| st@)duta)

M
> ac [ w@&)dnta) + 3o [ wnle)duta) (28)

X Y — k=l
Jo Jk

= Jo1Ta+JTb
= (Jo1T JT) ( Z >

Using (2.3), with f|x replaced by s|x, together with the invertibility and self adjointness of A, we

obtain o1 T < Z ) _ {A_l < ng ) }T( Oiil ) =Ts|x.
—_——
(4)

Multiplying ( d ) by A and writing out the equations for ¢, d yields the system (2.5). Combining

the two previous equations then yields (2.6). Moreover, from (2.6), with s replaced by x¢ and the
values of s|x replaced by those of x¢ on the set X, we obtain the formula for c¢ in (2.7). Finally,
the bound on the right in (2.7) follows immediately from the integral formula for cg. O

As we mentioned earlier, the quadrature formula for f € C(M) is obtained by replacing f with
its interpolant in Vy. To that end, we define the linear functional Qv (f) that will play the role
of our quadrature operator.

Definition 2.3. Let f € C(M) and let sy € Vx be the unique interpolant for f, so that s¢|x = f|x-
Then, we define the linear functional Qv : C(M) — R via

Quy (f) = /M sp(@)du(z) = 3 cef(©), (2.9)

feX
where the c¢’s, the weights, are given in Proposition 2.2.

The invariance assumption on the kernel x produces a system with the same attractive feature
as one for an SBF ¢(x - y). The integral Jy depends only on x and M it is entirely independent of
X. This is also true of the other Ji’s. As a result the equations (2.5) defining the weight vector
c only depend on X through function evaluations. The integrals Jy, J1, ..., Jy are all known in
advance and are independent of X.

It is important to note that, without the invariance of x, obtaining the system for ¢ would require
computing integrals of the form [, r(x,&)du(x) for each £ € X. This follows just by looking at
equation (2.8) in the derivation of (2.5). This would make finding ¢ numerically very expensive,
not only because each integral would have to be computed for every & € X, but also because the
whole set would have to be recomputed whenever X was changed.

2.2.1 Weights

In many cases, the weights appearing in the quadrature formula above may be interpreted as
coming from simple interpolation problems. In particular, if s is strictly positive definite and
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IT = {0}, then the system (2.5) becomes Ac = Jyl. This is the set of equations for interpolating
the function f(z) = 1/Jp. To obtain the interpolation problem for quadrature with x being merely
conditionally positive definite with respect to 1l requires manipulating the saddle point system
(2.5) as follows (see [4] for background). First, let U7c = J. This equation completely determines
the orthogonal projection of ¢, ¢ := Pc, onto the range of U: The standard normal equations
give ¢ = Pc = U(UTw) 10T = U(UTW)~1J. Thus, ¢ is known. Next, let ¢ := Pt¢, which
obviously satisfies Pc, = 0, so ¥'¢; = 0, and, consequently, the following system:

Ac; +9d = Jy1 — AV(UTW)"1] and ¥T¢, = 0. (2.10)
This is the interpolation problem (2.3), with fx = Jo1 — AU(¥TW)~1J. The final weights are then

c=c, +u(wTw)~ly. (2.11)
C
I

Note that (2.10) may be solved for ¢, without also having to solve for d as follows. Start by
eliminating d from (2.10). Multiply both sides of (2.10) by P+. Since Ptc, = ¢, and P+¥ = 0,
we get

PLAPYe, = JyPt1 — PLAYU(OT W)L (2.12)

Because & is conditionally positive definite relative to II, P-AP' is positive definite on the or-
thogonal complement of the range of ¥. Restricted to that space, it is invertible. Carrying out the
inverse gives us c .

Often, the space II contains the constant function; that is, 1 € II. When this happens, the term
with Jy drops out of (2.12), which then becomes

PYAPcy = —PTA¢) = —PTAY(UT0)71

This equation is homogeneous in A and is therefore independent of .Jy. This implies that ¢, can
be determined independently of Jy.

There is another consequence of having 1 € II. First, the column vector 1 is in the range of W,
so P1 = 1. Let {c,) be the average of ¢ . Since Pc; = 0, we have N{c,) = 1T¢c; = (P1)Tc, = 0.
Second, since 1 € II, we also have that the quadrature formula is exact for it, and so Q(1) =
vol(M) = 17¢ = N{c). Using ¢ = ¢y + ¢, along with a little algebra, yields

(1) =0, (c) ={c)) = VOl]i]MI), provided 1 € II. (2.13)

Weights in quadrature formulas are usually positive. This is true for the polynomial quadra-
ture formulas developed for spheres [33] and for two-point homogeneous manifolds [6]. Numerical
experiments by Sommariva and Womersley [42] produced negative weights for kernels formed by
restricting Gaussians to S?. On the other hand, their experiments involving the thin-plate splines
(cf. section 4) restricted to S? resulted in only positive weights.

Determining for what kernels and with what restrictions on X all of the weights are positive is
an open problem.

2.3 Accuracy and Stability of Qy,

There are two important questions that arise concerning the quadrature method that we have been
discussing. First, how accurate is it? Second, how stable is it?
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The accuracy of Qy, depends on how well the underlying space of functions, Vx in our case,
reproduces functions from the class to be integrated. Specifically, we have the following standard
estimate:

|Qux () — /Mf(fﬂ)du(w)\ < llsy = fllagay < (volM)Y2 s = £l Ly coay- (2.14)

This inequality converts estimates of the accuracy of Qv (f) to error bounds for kernel interpola-
tion. These are known in many cases of importance.

Stability is related to how well the quadrature formula performs under the presence of noise.
Lack of stability can amplify the effect that noise in f|x will have on the value of Qv (f). Stability
also relates to performance as the number of data sites increases. Standard one-dimensional equally
spaced quadrature formulas that reproduce polynomials can be quite unstable, due to the well-
known Runge phenomenon.

A measure of stability is the C'(M) norm of the quadrature operator. From the definition of
Qv in (2.9) and equation (2.7), we have that

1Qvclloan = D leel < > IIxelly aay- (2.15)
feX feX

When M is a compact manifold, this bound can be given in terms of the Lebesgue constant,
Avy = maxgem ) cex [Xe(2)]- The reason is that

Qv loan < ) IxellLyauy < Z/ Ixe(z)|dp(z) < vol(M)Avyy. (2.16)
cex cex /M

Let us briefly see how noise affects Qv (f). Suppose that at each of the sites £ we measure f(£)+
Vg, where v¢ is a zero mean random variable. Further, we suppose that the v¢’s are independent
and identically distributed, with variance o2. Our quadrature formula gives us Qvy (f + v) rather
than Qv, (f). Because the v¢’s have zero mean, we have that the mean E{Qv, (f +v)} = Qv (f).
The variance of Qv (f + v) is thus

0d = E{(Qux (f +v) = Quy ()"} = E{Quy ()} (2.17)
We can both calculate and estimate oq:

Proposition 2.4. Let v¢ be independent, identically distributed, zero mean random variables having
standard deviation o,. Then the standard deviation ogq satisfies

04 = apllell3 < opllelliliells < vol(M)oy Avy max fIxellz, oy (2.18)
Proof. We begin by evaluating the term on the right in (2.17). to do this, we need to compute
E{vevy}. Since the v¢’s are i.i.d., we have E{ver,} = 028 ,,. It follows that 0622 = E{Qv, (v)*} =

o2||c||3. Moreover, ||c||3 < |c|loollc|l1. Combining this with (2.7) and the previous equation results
in (2.18). O

3 Sobolev Kernels

There are two classes of kernels that we will discuss here. The first class was introduced in [21, § 3.3],
in the context of a compact n-dimensional Riemannian manifold' M equipped with a metric g. This

!See [21] for a discussion of the Riemannian geometry involved, including metrics, tensors, covariant derivatives,
etc.
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class comprises positive definite reproducing kernels for the Sobolev spaces WJ*(M), as defined
in [2,26]. For Ml a homogeneous space with g being the invariant metric that M inherits from a Lie
group G, we will show below that these kernels are invariant under the action of G.

The second class, which was introduced and studied in [22], comprises polyharmonic kernels on
two-point manifolds — spheres, projective spaces, which include SO(3), along with a few others.
These kernels are conditionally positive definite with respect to finite dimensional subspaces of
eigenfunctions of the Laplace-Beltrami operator and they are invariant under appropriate transfor-
mations. We will discuss these in section 4 below.

The Sobolev space W3 (M), m € N, is defined as follows. Let (-,-)4, be the inner product for
a Riemannian metric g defined on TM,, the tangent space at x € M. The norm associated with
this inner product will be denoted by |- |4 .. This inner product can also be applied to spaces of
tensors at x, via (S, T)g,x => Silﬁ"""’vThw’ik. We denote by V¥ the k" order covariant derivative
associated with the metric g, and let du be the measure associated with g. For W3"(M), define the
inner product

o) = U W =3 / (V) du(a), (3.1)
k=0 M

and norm ||f||znMI = (f, f)mm, where f,h : M — R are assumed smooth enough for their W3"
norms to be finite. The advantage of this definition is that it yields Sobolev spaces that are co-
ordinate independent and can also be defined on measurable regions 2 C M. Using the Sobolev
embedding theorem for manifolds [2, §2.7], one can show that if m > n/2 these spaces are repro-
ducing kernel Hilbert spaces, with x,, being the unique, strictly positive definite reproducing kernel
for W3 (M); that is,

F(@) = () B, Y hms

In the remainder of this section we will discuss invariance, interpolation error estimates, Lagrange
functions, Lebesgue constants, and quadrature formulas derived from x,,.
For completeness sake, we define norms for W"(M), 1 < p < oc:

m 1
(S0 g IV 1R, du(p)) 7P, 1< p < oo;

maxo<k<m |||V flonll,qay P =00

1 lwmny == (3.2)

3.1 Invariance of k,,

We now turn to a discussion of the invariance of k,, under the action of a diffeomorphism that is
also an isometry. We will then apply this to the case of a homogeneous space. Here is what we will
need.

Proposition 3.1. Let M be a compact Riemannian manifold of dimension n with metric g. If ® :
M — M is a diffeomorphism that is also an isometry, then the kernel ky, satisfies kpy (®(z), P(y)) =

(2, y) and dp(®(x)) = dp(z).

Proof. The proof proceeds in two steps. The first is showing this. Let f : M — R and let f® = fo®
be the pullback of f by ®. Then,
kp® ok ® kg ok
(VEFEVERT) o = (VEE VIR - (3.3)
We will follow a technique used in [27, Proposition 2.4, p. 246] and in [22]. Let (i, ¢) be a local chart,
with coordinates u/ = ¢’(x), j = 1,...,n for € &f. Since ® is a diffeomorphism, (® (L), p o 1)
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is also a local chart. Let ¢ = ¢po®~ !, and use the coordinates v/ = ¢/ (y) for y € ®(). The choice
of coordinates has the effect of assigning the same point in R"™ to = and y, provided y = ®(z) —
i.e., u?(x) = v/ (y). Thus, relative to these coordinates the map @ is the identity, and consequently,
the two tangent vectors ( av]) € T,M and ( (%J) € T, M are related via

0 0
<(%j>q>() P <6 ])

So far, we have only used the fact that ® is a diffeomorphism. The map ® being in addition an
isometry then implies that

15, 0 0 15) 0 0
<avwavk>¢() <‘”> <af) s (a k>>¢@r<amw>;

The expressions on the left and right are the metric tensors at y = ®(z) and z; the equation implies
that, as functions of v and u, gji(v) = g;k(u). From this it follows that the expressions for the
Christoffel symbols, covariant derivatives and various expressions formed from them also will be
the same, as functions of local coordinates. In addition, note that the local forms for f® and h®
at u = u(x) are f® op~! and h® o ¢!, respectively, and those for f and h at v = v(y) are fo™!
and ho¢™t At uw = u(z) and v = v(y), y = ®(z), fory ™ (v) = fod o™ (v) = f* o (v),
and similarly for h. Again, this is functional equality in local coordinates, so matching partial
derivatives are also equal. Consequently, (3.3) holds.

The equality of the coordinate forms of the metric g;,, which was established above, implies
invariance of the Riemannian measure:

dp(x) = 4/ det(g;r(u = /det(gjk(v (). (3.4)

Using this we see that

|, dua) = [ (TR, g )

= . ka) Vk @(I)dﬂ(q)(x))

= / (VFF,VER), dily)
M I
Finally, from this and (3.1), we have invariance of the Sobolev inner product:

<fq>7 hq)>m,M = <f’ h)m,M (35)

The second step is to show that the kernel is invariant. Since k,, is a reproducing kernel, we

have f(z) = (f(); m(2, ))mp- By (3.5), we also have f(z) = (f*("), km(x, @(-)))m . Replacing
x by ®(x) then yields

F(@(@)) = (@) = (f* (), km(D(x), D(-)))m,pa-
Finally, replacing f by f®~ above gives us

f(@) = (£, hm(@(2), R()))mm,

from which it follows that k., (®(x), ®(y)) is also a reproducing kernel for WJ*(M). But, reproducing
kernels are unique, so Kk, (®(z), ®(y)) = km(x,y). Thus Ky, is invariant. O

10
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Homogeneous spaces have two properties that allow us to use the proposition just proved. First,
they inherit a Riemannian metric invariant under the action of the Lie group G. Second, the action
of a group element produces an isometric diffeomorphism [27,45]. These observations then yield
this:

Corollary 3.2. Let M be a homogeneous space for a Lie group G and suppose that M is equipped
with an invariant metric g from G. Then the reproducing kernel Ky, for W3 (M) is invariant under
the action of v € G.

3.2 Error estimates for interpolation via k,,

Recall that the accuracy of the quadrature formula associated with x,, is directly dependent on
error estimates for interpolation via k,,. To obtain these, we will first state a theorem that provides
estimates on functions with many zeros, quasi-uniformly distributed over a compact manifold.

Theorem 3.3 ( [22, Corollary A.13] “Zeros Lemma”). Suppose that M is a C*°, compact, n-
dimensional manifold, that 1 < p < oo, m € N, and also that u € W (M). Assume that m > n/p
when p > 1, and m > n when p = 1. Then there are constants Cy = Co(M) and Cy = C1(m, k, M)
such that if u|x = 0 and X C M has mesh norm h < Cy/m?, then

lullws ey < CLA™*[[ullwn - (3.6)

Using this “zeros lemma” we are able obtain an estimate for s — f|| ., ), provided f € W3*(M)
and sy is the interpolant for f.

Proposition 3.4. Let m > n/2, f € W3"(M), and let sy be the ky-interpolant for f from Vx.
Then, with the notation from Theorem 3.3, if h < Co/m?, we have

Isf = fllLomy < CLB™ || fllwgr - (3.7)

Proof. Clearly sy — f € W3" and (s¢ — f)|x = f|x — fx = 0. Applying Theorem 3.3 to s; — f with
k =0 yields [|sf — fll,am < C1h™([sy — fllwg ). Since the space W3"(M) is the reproducing
Hilbert space for i, the interpolant sy minimizes (g — f|lw; @) among all g € W3"(M) (see [47,
Section 10.1]). Thus, taking g = 0 yields |[sy — fllwpar) < 10— fllwzaa) = | fllwy@ay, from which
the inequality (3.7) follows immediately. O

The bounds in (3.7) hold whether or not M is homogeneous. In one respect, the bounds are not
as strong as we would like. The assumption that f is in the reproducing kernel space W3 precludes
estimates for less smooth f, in WQI“(M), with k& < m. Stronger bounds do hold in important cases,
though. For example, in section 4, we will see that the stronger result for f € WJ¥ holds for the class
of “polyharmonic” kernels, where M can be a sphere or some other two-point homogeneous space.
We conjecture that, at least for x,,, the stronger result holds for general C*° compact, Riemannian
manifolds.

3.3 Lagrange functions and Lebesgue constants

The Lagrange functions {x¢ }¢cx associated with &, have remarkable properties. For quasi-uniform
sets of centers, Lebesgue constants are bounded independently of the number of points and the L
norms of the Lagrange functions are nicely controlled. Specifically, we have the result below, which
holds for a general C'*° metric g.

11
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Theorem 3.5 ( [21, Theorem 4.6] [20, Proposition 3.6]). Let M be a compact Riemannian manifold
of dimension n, and assume m > n/2. For a quasi-uniform set X C M, with mesh ratio h/q < p,
there exist constants Cyi and Cyiy, such that if h < C’M/mQ, then the Lebesgue constant Ay, =
maxgem ) ¢ex |Xe(¥)| associated with ki, satisfies

Ay, < Cymp”.
In addition, we have this uniform bound on the Li-norm of the Lagrange functions:

max IxellL, ) < Commq™
Proof. In the statement of the theorem used above, we have made explicit the p dependence of the
bound on Ay, found in the proof of [21, Theorem 4.6]. We have also adapted the notation there to
that used here. The bound on |[x¢||r, ) follows from [20, Proposition 3.6], with s = x¢ and p = 1.
In that proposition, the coefficients A, = q”/pcsgm and so [|Ap.||, = ¢"/?. For p =1, |A1.]l1 = ¢4,
and so || x¢llz, ) < Cpmq™- O

3.4 Kernel quadrature via k,,

The positive definite Sobolev kernel k,, is invariant under the action of G, by Corollary 3.2. This
is the bare minimum requirement for a kernel to be able to give rise to a computable quadrature
formula. The other properties of k,, established in the previous sections give us the result below
concerning accuracy and stability.

Theorem 3.6. Let X C M be a finite set having mesh norm px < p. Take A = (kn(§,1))|enex and
suppose f € Wa(M). Then the vector of weights in Qv,, is ¢ = JoA~11, the error for Qv, satisfies
Qv (f) = Jyr faul < (| fllwgruy, and the norm of Qvy is bounded by ||Qvy lcary < Cvmp™-
Finally, the standard deviation defined in Proposition 2.4 satisfies the bound og < Cp7m7Mayh”/2.

Proof. The formula for the weights is a consequence of two things. First, by Corollary 3.2 the kernel
is invariant and so by Lemma 2.1 the integral [, £m(z,-)du(x) is a constant, namely Jy. Second,
since the kernel is positive definite, Proposition 2.2 provides the desired formula for the weights.
The error estimate is a consequence of (2.14) and Proposition 3.7, and the norm estimate follows
from (2.16) and Proposition 3.5. Finally, the bound on og is a consequence of Proposition 2.4,
Proposition 3.5, and of the fact that p"¢" = h". ]

There are two significant implications of this result. The first is just what was noted in sec-
tion 2.2; namely, the weights are obtained by directly solving a linear system of equations. The
second is that the measures of accuracy and stability hold for any X with mesh ratio less than a
fixed p.

There are several drawbacks. In the case of a general homogeneous space M, the formulas for
kernels k,, are not yet explicitly known. This may be less of a problem when specific cases come
up in applications; we will see such explicit formulas in equations (4.3) and (4.4) for spheres and
SO(3). Also, the error estimates, which provide the chief measure of accuracy, hold for f in the
space W3"(M). We would like to “escape” from this “native space” (reproducing kernel space)
and have estimates for less smooth f. As we shall see in the next section, the situation is much
improved in the case of spheres, projective spaces, and other two-point homogeneous manifolds. In
the case of S?, not only do we have the requisite kernels, but in important cases we can also give
fast algorithms for obtaining the weights (cf. section 5).

12
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4 Polyharmonic Kernels

In this section we discuss both interpolation and quadrature on two-point homogeneous manifolds,
e.g. spheres, SO(3) and similar spaces (see [27, pgs. 167 & 177] for a list), employing polyharmonic
kernels, which are related to Green’s functions for certain differential operators. Important examples
include restrictions of thin-plate splines [22] to spheres and certain kernels for SO(3). These kernels
are useful because they are given via explicit formulas. Our aim is to get error estimates for
the associated interpolation problems and the use them to obtain such estimates for associated
quadrature formulas.

The differential operators are polynomials in the Laplace-Beltrami operator. Since, on a com-
pact Riemannian manifold —A is a self adjoint operator with a countable sequence of nonnegative
eigenvalues \; < Aj;1 having 400 as the only accumulation point, we can express a polyhar-
monic kernel in terms of the associated eigenfunctions —Ag; s = X\jp;s, s = 1,...,d;, d; being the
multiplicity of A;. To make this clear, we will need some notation.

Let m € N such that m > n/2 and let 7, € II,,,(R) be of the form m,,(z) = >""" , c,x”, where
¢m > 0 and let £,,, be the 2m-order differential operator given by L, = 7, (—A). We define 7 C N
to be a finite set that includes all j for which the eigenvalue 7,,();) of L, satisfies m,,(A;) < 0. (In
addition to this finite set, J may also include a finite number j’s for which m,,(A;) > 0.) We say
that the kernel k : Ml x Ml — R is polyharmonic if it has the eigenfunction expansion

K(z, Z@(Z%s z)pjs(y >, where/%j::{wm( M) (4.1)

= pary arbitrary, j € J.

The kernel x is conditionally positive definite with respect to the space II; = span{¢;, : j €
J, 1 < s <d;}. In the sequel, we will need eigenspaces, Laplace-Beltrami operators and so on
for compact two-point homogenous manifolds. Without further comment, we will use results taken
from the excellent summary given in [6]. This paper gives original references for these results.
Polyharmonic kernels are special cases of zonal functions, which are invariant kernels that
depend only on the geodesic distance d(z,y) between the variables x and y; d is normalized so
that the diameter of M is w7 — i.e., 0 < d(x,y) < m. To see that polyharmonic kernels are zonal
functions, we need the addition theorem on two-point homogeneous manifolds. If PK(OC”B ) denotes

I'((4a+1)
T+ (a+1)

states that for any orthonormal basis {¢;, s}fil of the eigenspace corresponding to \; we have

the ¢ degree Jacobi polynomial, normalized so that Pe(a”g )(1) = then this theorem

20+ 5+BT(B+1)I(+ 5 +0)

- (252.8) —1 .
Z¢JS ¢], - EJPEj (COS(€ d(ZE,y))), Cp = F(6+ nT_A,_Q)F(E_'_IB_i_ 1) )

where the parameters € and 3, and of course \;, depend on the manifold. These are listed in the
table below. In summary, every polyharmonic kernel has the form k(x,y) = ®(cos(e~td(z,v))),

where
o0

n—2
=S hjePLT ), —1<e < (4.2)
j=0
An important class of polyharmonic kernels on S™ are the surface (thin-plate) splines restricted
to the sphere. The surface splines on R™ are defined in [47, Section 8.3]; their &;’s are computed
in [3]. When m > n/2, these kernels have expansion coefficients of the form (4.1). Below, we list
both kernel and the coefficients %; in terms of the parameter s = m —n/2; they are also normalized

13
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Manifold € \j
s L[ 52 ] jG+n=1
RP" 2] "5 [2j(2j +n—1)
c Ll o] iG+3)
Quaternion P" | 1 1 35+ %‘F?)
Cayley PI | 1] 3 i +12)

Table 1: Parameters for compact, two-point homogeneous manifolds .

to conventions used here (see also [32]). The first formula is used for odd n and the second for
even n. These kernels are conditionally positive definite of order m, meaning that the polynomial
operator 7y, (—A) corresponding to them annihilates eigenfunctions of A corresponding to \;, with
7 < m — 1. Thus the corresponding space II is the span of these eigenfunctions.

@(t)_{ (—1) (1= 1), s=m—%eN+j
(=1 (1~ 1)*log(1~1), s=m—-3FeN. (4.3)
Ry = Cs,n%’ where, for even n, j > s.

The factor Cs,, is given by

sin(7s) . n 1

n —= s=m-—42 N+ 5

Com = 2" "w8D(s + DD(s + 2) 4 T 2 2
2 17 s € N.

For the group SO(3) (= RP?), the following family of polyharmonic kernels, which are similar to
those above, was discussed in [23]:

= (s (5N s ”

Here w(z) is the rotational angle of z € SO(3). Adjusting the normalization given in [23, Lemma 2]
to that used here, the polynomial 7(x) associated with « is 7(z) = [[JL,(x + 1 — 4v%). We remark
that derivation of the kernels given in [23] used the theory of group representations along with a
generalized addition formula that holds for any compact homogeneous manifold (see [13]).

Remark 4.1. For two-point homogeneous manifolds, the Sobolev kernels k., are in fact polyhar-
monic. The reason is that k, is the Green’s function for the linear operator L, = > /" VEIVE,
However, by [22, Lemmas 4.2 & 4.3], Ly, = Tm(—A), where mp,(z) = 2™ + S Le,a¥, so it
has to have the form (4.1). Also, it is easy to show that m,,(\;) > 0 for j = 0,1,..., and that
Kmj = Tm(Aj) 71 ~ A; ™ for j large.

There are two reproducing kernel Hilbert spaces associated with a polyharmonic kernel k. We
will take #; > 0 for j € J. These spaces are often called “native spaces,” and are denoted by N,
and N, 7. Consider the inner products

oo dj P dj f E
»$ ) i ’
(Fgle =D 7 and (figheg =D > 2
j=0 s=1 J jeT s=1 J
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The first of these is the inner product of the reproducing kernel Hilbert space for « itself, N, and
the second is the semi-inner product for the Hilbert space modulo Iz, N, 7. The series form of
the inner products above has an important consequence.

Remark 4.2. The norms for W} and N,; are equivalent,

1f 1l = (1 fllwg - (4.5)

This follows from two facts. First, by Remark 4.1 the Sobolev kernel k,, for a two-point homoge-
neous manifolds the is itself polyharmonic, and so the inner product for W3* has the form of the
series (f, g), in the equation above. Second, a polyharmonic kernel k associated with a polynomial
() = ema™ + ¢pm—1 + - - - + ¢o also has an inner product that can be expressed in term of the same
type of series. As mentioned above, the coefficients involved are asymptotically equivalent, up to
constants. The norms are therefore equivalent. In fact by the same argument, this will be true for
any kernel, polyharmonic or not, having a series expansion similar to (4.1), with coefficients that
asymptotically behave like )\j_m for j large.

4.1 Interpolation with polyharmonic kernels

If we choose £; > 0 for j € J, the kernel will be positive definite, and so we can interpolate any
f € C(M) given data on a finite, discrete set X C€ M. The form of the interpolant will be

Ixf = Z agk(x,§). (4.6)

{eX

with the coefficients being obtained by inverting f|x = Aa, where A = [k&,n)]¢nex and the
components of a are the a¢’s.

Let’s look at error estimates, given that f € W3"(M). Before we start, we begin with the
observation that (4.5) and the usual minimization properties of | - ||, imply that

I xf = fllwpon < CillIx f = flle < Cllfllx < Collfllwg -

This inequality was the key to proving Proposition 3.4, where the reproducing kernel Hilbert space
was itself W3"(M). Hence, repeating the proof of that proposition, with the inequality changed
appropriately, we obtain the estimate

Hxf = flloon < CP™ | fllwgr oy, £ € W3 (M), (4.7)

which holds for a polyharmonic kernel (4.1), provided the conditions on X in Proposition 3.4 are
satisfied. There are no restrictions on the two-point homogeneous manifold M.

There are, however, restrictions on the smoothness of f — namely, f must be at least as smooth
as k. Put another way, f has to be in the reproducing kernel Hilbert space N.

In the case of S”™ or RIP", it is possible to remove this restriction and “escape” from the “native
space” of k. We will first deal with S”. From (4.2), we see that polyharmonic kernels on S™
are spherical basis functions (SBFs), provided coefficients with j € J are taken to be positive.
Moreover, kj ~ )\;m for j large. We may then apply [35, Theorem 5.5], with ¢, 7, 8, u — ®,m, 1,0,
to obtain the estimate below. (Note that for an integer k, the space Hy(S") in [35] is W5 (S") here.)
This result applies to functions not smooth enough enough to be in W3".
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Proposition 4.3 (Case of S™). Let k be a polyhamonic kernel of the form (4.2), with deg(m(x)) =
m, and with /;, j € J, chosen to be positive. Assume that the conditions on X C S™ in Proposi-
tion 3.4 are satisfied. If p is an integer satisfying m > p > n/2 and if f € W§(S™), then, provided
h s sufficiently small,

I xf = fllLasmy < ORI fllwpsny- (4.8)

The n-dimensional, real projective space, RP", is the sphere S™ with antipodal points identified.
Thus each x € RP" corresponds to {z, —z} on S”. We will use this correspondence to lift the entire
problem to S™, which is an idea used in [16,23] in connection with approximation on SO(3). As we
mentioned earlier, the distance d(x,y) = drpr(z,y) has been normalized so that the diameter of
RP" is 7, rather than the 7/2 one would expect from its being regarded as a hemisphere of S". In
fact, the two distances are proportional to each other. The natural geodesic distance on projective
space is simply the angle between two lines passing through {z,—z} and {y, —y}, with =,y € S",
which is just § = arccos(|z - y|), 0 < 0 < 7/2. The distance dgpr, in which the diameter of M is 7,
satisfies dgpr (z,y) = 2arccos(|x - y|). If we use this in (4.2), then t = |z -y| and k(z,y) = ®(|z - y|).
One can take this farther. In the case of RP", the series representation for @ is

n—2 n—2

B(t) =3 Rjea P72 (0).
§=0

Since the Jacobi polynomials PénTQ’nT%(t) are even or odd, depending on whether n is even or
odd, and since the series for ® contains only polynomials with n even, it follows that ®(—t) = ®(¢).
As a consequence we have that k(z,y) = ®(z - y). Thus, if we regard the variables x and y to be
points on S, the kernel x is even in both variables, and is nonnegative definite on S™.

Our aim now is to lift ¥ to a polyharmonic kernel k* on S", with a view toward lifting the
whole interpolation problem to S™. To begin, note that the eignvalues for —Agn have the form
A} =3j(j +n—1) and so those the RP" may be written as \; = A3;. Next, let 7(z) € 1L, be the
polynomial associated with the kernel £ in (4.1) and let &} = 77()\;?)_1, except where m(A7) < 0.

J
For these we only require that the corresponding /%;“ > 0. Define the function

n—2

° n—2
o*(t) =S e PR (1),
j=0

which is associated with the polyharmonic kernel £*(z,y) = ®*(x-y) on S™. In constructing ®* we
have simply added an odd function to ®. Thus,

d(t) = %((I**(t) + ®*(—t)).

Start with the centers X on RP". Each center in X corresponds to {{, —£} on S™, so we may
lift X to X* = {£+£ € S": {¢, —¢} € X}. Following the proof in [16, Theorem 1|, we may show
that ¢x = %qX and hy: = %hx, where dgpr is used for ¢ and h in X. In addition, we may, and
will, identify each f € C(RP") with an even function in C(S™). Now, interpolate an even f on S™
at the centers in X*. This gives us

Ix-f(x) = ) air’(@,0) (4.9)

CeXx*
Note that k*(—z,¢() = ®*((—x) - () = ®*(z - (—()) = k*(x, —(). Since both ¢ and —( are in X*.
it follows that Iy« f(—2) = 3 .cy« a’ (" (2, (). Moreover, Ix-f(—=§) = f(=§) = f(§) = Ix+f(§).
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Since interpolation is unique, and the two linear combinations of kernels agree on X*, they are
equal, and so we have Ix-f(—z) = Ix-f(z) and a*, = af. Because Iy«f is even, we have,
from (4.9), that Ix~f(z) = > rcx- aZ%(/{*(x,C) + k*(z,—()). Since £*(z,¢) = ®*(x - ¢), we have
K*(x,C) + k*(z, —() = 2k(x, (). Consequently,

IX*f(x):ZaCK:UC Za<l€l‘§

(eX™* (eX

where a; = az + a"jc = 2&2. The sum on the right above is the interpolant to f on RP", Ix f(x).
Thus, Ix«f(z) = Ix f(2).

Corollary 4.4 (Case of RP"). Let k be a polyhamonic kernel of the form (4.2), with deg(m(z)) =
m, and with k;, j € J, chosen to be positive. Assume that the conditions on X C RP" in

Proposition 3.4 are satisfied. If ju is an integer satisfying m > p > n/2 and if f € W§'(RP"), then,
provided h is sufficiently small,

Ix f = fllLo@ery < CRF| fllwg @ery- (4.10)

Proof. The metric dsgpr we are using for RP" is twice the metric inherited from the sphere; that
is, dsgpr = 2dsgn. From the point of view of integration, it is easy to see that dugpr = on/ 2dugn.
Thus various integrals and norms are merely changed by d-dependent constant multiples — e.g.,
ILx f = fllo@eny = 21215 f = fll1ysm)- By Proposition 4.3,

1% f = fllLasny < Crblieu|[ Lo f = Fllwgsny < CobilIx f = fllwemen)-

The inequality (4.10) then follows immediately from this and the remarks above. O

4.2 Error estimates for interpolation reproducing II;

The interpolation operator associated with « that reproduces II; = span{¢;,:j € J, 1 < s < d;}
is
Ixgf=> acgr(,&) +pg, ps €lly, and D aes0;5(6) =0, j € J.
geX cex

We wish to estimate the Lo-norm of Iy 7 f — f. To do that, we will need to obtain various equations
relating Iy 7 f, Ixf, and py. (Since the choice of k;, j € J, obviously has no effect on Iy 7, we
can and will assume that #; > 0, j € J.) Let P7 be the Ly orthogonal projection onto II;. Note
that the interpolant Ix 7f = dex ag, 7k(x, &) + pg consists of two terms. It is easy to show that

the first term belongs to (I17)* and, of course, ps € II7. Consequently,

Py(Ixgf—1f)=ps—Psf (4.11)
Next, because both interpolate f, the difference » ..y (as — a¢ 7)r(x,§) interpolates ps. This
implies that

Ixf—Ixgf=Ixps —p7,
From this, we have

I x.7f = oo < Hxf = fllooony + 11p7 — Ixpa oo (4.12)

Since py — Ixps|x = 0, the second term on the right can be estimated via Theorem 3.3, provided
h is sufficiently small. Making the estimate yields this bound:

Ipg = IxpgllL,on) < CR™lpg — Ixpallwy o
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In addition, by (4.5), the norm induced by & is equivalent to the W3"(M) norm, and thus we have
that lps7 —Ixpsllwpon < Cllpg —Ixpslle < Cllpg|x, where the rightmost inequality follows from

the minimization properties of Ixps in the norm || - ||x. From the definition of the x norm, where
we have assumed /; = 1, j € J, it is easy to see that ||p7|x = [[p7l/z,m). Combining the various
inequalities then yields

lp7 — IxpsllLny < CR™ D7 | Loy
Using this on the right in (4.12) gives us

1 x.7f = flloon < Mxf — fllooen + CR™ lp7 |l o )- (4.13)

Furthermore, employing (4.11) in conjunction with this inequality, we see that

1Ix,7f = flleoony < xS = flloon + CR™ (1 x.gf = fllzoon + 1P fllLooa)

Choosing h so small that Ch'™ < % and then manipulating the expression above, we obtain this
result.

Lemma 4.5. Let f € Lo(M). For all h sufficiently small, we have

I x,.7f — flloony < 2Ix f — fllzy@a) + CR™ [ P7 fl Loo)- (4.14)

We now arrive at the error estimates we seek.

Theorem 4.6. Let M be a two-point homogeneous manifold and let k be a polyhamonic kernel of
the form (4.2), with deg(w(x)) = m. Assume that the conditions on X C M in Proposition 3.4 are
satisfied. If p is an integer satisfying m > p > n/2, then, provided h is sufficiently small,

Ch™ | fllwgny, all M, and f € W3 (M),

Ixgf—f < 415
1x.75 = a0 { Che| fllwpan, M =S",RP", and f € W4 (b). (4.15)

Proof. In (4.14), we have || Py f||L,0m) < [Ifllo0m < [If]lwe e in addition, the various bounds on
I Ix f — fllz,) follow from (4.7), (4.8), and (4.10). Combining these yields (4.15). O

4.2.1 Optimal convergence rates for interpolation via surface splines

For spheres, the interpolants constructed from the restricted thin-plate splines defined in (4.3)
converge at double the rates discussed above — namely, O(h?™) rather than O(h™) —, provided f
is smooth enough. This also applies in SO(3) for the kernels given in (4.4). The spaces II7 being
reproduced here are, for S”, the spherical harmonics of degree m — 1 or less; and for SO(3), the
Wigner D-functions for representations of the rotation group, again having order m —1 or less. The
precise result is stated below.

Proposition 4.7 ( [22, Corollaries 5.9 & 5.10]). Suppose m > n/2 and let Ix 7 denote the inter-
polation operator corresponding to the restricted surface spline defined in (4.3) for s = m —n/2.
Then, there is a constant C depending on p, m and n such that, for a sufficiently dense set X C S”,
and for f € C*™(S"™), the following holds:

1,7 f = flloo < CH*™ | fllc2m(sm),

Similarly, for the kernels in (4.4), if f € C*™(SO(3)), then |[Ix 7] — flloo < CR*™||fllc2m(soe))-
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4.3 Lagrange functions and Lebesgue constants

If x¢(x) is the Lagrange function associated with a kernel x and a space Il 7, then, by (2.7), the
weights in the quadrature formula have the form ¢ = [, xe(z)dp(z), € € X. Our aim is to use
properties of x¢ to obtain bounds on these weights. Before we do this, we will need the following
decay estimates for xe.

Proposition 4.8 ( [22, Theorem 5.5]). Suppose that M is an n-dimensional compact, two-point
homogeneous manifold and that k is a polyharmonic kernel, with deg(m(x)) = m, where m > n/2.
There ezist positive constants hg, v and C, depending only on m, M and the operator L,, = m(—A)
so that if the set of centers X is quasi-uniform with mesh ratio p and has mesh norm h < hg, then
the Lagrange functions for interpolation by x with auxiliary space 117 satisfy

Ixe(z)| < Cp™ "% max (exp (—%d(m,f)) ,h2m) . (4.16)

There are two results that we want to obtain. First, we want to estimate the size of each weight
in terms of the mesh norm h; and second, we want to estimate » ¢ v [cel-
We only need to estimate ||x¢l[z,mr), since [ce| < [[xellr, - Our approach is to divide the

manifold into a ball B = B¢ g, , having radius R, and center &, and its complement BC. The radius
Ry, is the “break-even” distance in (4.16); it is obtained by solving exp (—%Rh) = h?" for Ry,. The
result is Rj, = 22h|log(h)|. By (4.16), we obtain

/Bc |Xe (@) |[dp(a) < Cp™ 2 (MR,

Next, again by (4.16), we have that

Ry, 0o
L‘Xﬁ(x)’d,u(x) SC«/pmn/Q\/O 67"1//hrn1dr<cflpm11/2/0 efru/hrnfldr

g

(n—1)!(h/v)"

Consequently, [ce| < [[xellr, o < Cp™=™2(h/v)"(1 + h¥"~"™). Because 2m > n, for h small
enough, it follows that
el < lIxellzay < C'o™ 20", (4.17)

where C" = C'(M, &, J).
The next result concerns the boundedness of the Lebesgue constant, which played a significant
role in section 2.3 in the analysis of the stability of the quadrature operator.

Proposition 4.9 ( [22, Theorem 5.6]). Let the notation be the same as that in Proposition 4.8. If
h < hg, then the Lebesgue constant, Ax 7, = maxzem deX Ixe(x)], associated with X, J, and K,
satisfies the bound Ax, 7, < C, where C' depends only on m, p, and M.

4.4 Quadrature via polyharmonic kernels

In this section, we will employ the various properties of polyharmonic kernels, which are of course
invariant, to obtain results concerning accuracy and stability of the associated quadrature formulas.

Theorem 4.10. Suppose that M is an n-dimensional compact, two-point homogeneous manifold
and that k is a polyharmonic kernel, with deg(mw(x)) = m, where m > n/2. Let X C M be
a finite set having mesh ratio px < p, Il = span{¢;s : j € J,1 < s < d;}, and Qy, be
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the corresponding quadrature operator given in Definition 2.3 . The norm of Qv is bounded,
1Qvy ey < v(M)Ax, 7.k < Cipm, and the error satisfies the estimates

Ch™ ([ fllwgauy, all M, and f € W3 (M),

Q —/ dp| < 4.18
[Qux(f) Mf g { Ch¥(| fllweaey, M=S"RP" and f € Wi(M), n/2 <pu<m. (4.18)

Finally, the standard deviation og from Proposition 2.4 satisfies og < Co,h"'?, where C =
C(p,m,M, ).

Proof. The norm estimate follows from (2.16) and Proposition 4.9. The error estimate is a conse-
quence of (2.14) and Theorem 4.6. Finally, the bound on o¢ is a consequence of Proposition 2.4,
Proposition 4.9, and the bound on || x¢| in (4.17). O

At present, the most important compact two-point homogeneous manifolds are spheres and pro-
jective spaces (especially S? and SO(3)). As we discussed in section 4.2.1, the restricted thin-plate
splines (4.3) on S™ and similar kernels (4.4) on SO(3) give interpolants with optimal convergence
for smooth target functions. This also is reflected in the accuracy of the corresponding quadrature
formulas:

Corollary 4.11. Let X, px, p, m, Il 7 be as in Theorem 4.10. Take M = S™ or SO(3) and Q to
be the quadrature operator corresponding to the restricted surface spline defined in (4.3) or to that

for the polyharmonic kernel in (4.4). If X is a sufficiently dense in M, then there is a constant
C = C(m,n,p) such that for a sufficiently dense set X C S"™ and for all f € C?*™(S"),

Q) - /M fdu| < CH2™ | fl|amgny. where C = C(m,n, p),

in addition to the bounds on ||Q|| and og from Theorem 4.10 holding.

Because of applications in physical sciences and engineering, S? is undoubtedly the most im-
portant of the manifolds treated here. In the next section, we give some numerical examples for S?
and the m = 2 surface spline ®(t) = (1 — ¢) log(1 — t) that validate the above theory.

5 Numerical results for S2

We begin with a brief overview of how the quadrature weights can be computed in an efficient
manner for the m = 2 surface spline ®(¢t) = (1 — t)log(1 — t) defined in (4.3), using the local
Lagrange preconditioner developed in [12]. This is followed by a description of the nodes used in
the numerical experiments and some properties of the resulting surface spline quadrature weights
and their stability. Finally, we give some results validating the error estimates from the previous
section.

5.1 Computing the quadrature weights

The m = 2 surface spline kernel is conditionally positive definite of order 1 and the finite di-
mensional subspace 1l associated with it consists of all spherical harmonics of degree < 1, i.e.
IT := span{Yy, Y10, Y1,1, Y12}, where Y, is the degree ¢ and order k spherical harmonic and
0<k<20+1. Given a set X = {xj}é-v:l of distinct nodes on SQ, the quadrature weights ¢ for
this kernel can be computed by first solving (2.10) for ¢, and then computing ¢ via (2.11). In
these equations, A;; = (1 — x; - j)log(1 — z; - z5), i,j = 1,..., N, and V¥ is the N-by-4 matrix
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with columns V¥, 1 = Yy o(x;) and W, 0 = Y i(2;), for i = 1,--- | N, k = 0,1,2. Additionally,
J=T[4r 0 0 0]" and Jy = 2r(4log(2) — 1).

Since ¥ only has 4 columns, computing ¥(¥7W)~1J in (2.10) can be done rapidly using,
for example, QR decomposition. Thus, the bulk of the computational effort in computing the
quadrature weights is in solving for ¢ in (2.10). Since the matrix A is dense, direct methods cannot
be realistically applied for large N, and one must then resort to iterative methods. However, for
iterative methods to be useful, one must apply an effective preconditioner to the system. In [12],
we developed a powerful preconditioner for (2.10) based on local Lagrange functions and combined
it with the generalized minimum residual (GMRES) iterative method [38]. The basic idea of the
preconditioner is, for every node z; € X, to compute the surface spline interpolation weights for a
small subset of nodes about z; consisting its p = M (log N )2 nearest neighbors, where M is suitably
chosen constant. The data for each interpolant is taken to be cardinal about x;. This is similar to
the preconditioner used in [8] for interpolation on a 2-D plane, however, in that study the number
of nodes in the local interpolants did not grow with N and it was observed that the preconditioner
broke down as N increased. As demonstrated in [12], by allowing the nodes to grow very slowly with
N the preconditioner remained effective and the total number of iterations required by GMRES to
reach a desired tolerance did not increase with N. We refer the reader to [12] for complete details
on the construction of the preconditioner.

In the numerical results that follow, we used the preconditioned GMRES technique from [12]
with p = 2[(log N)?] and a relative tolerance of 107!2 to solve for ¢, in (2.10). We then used this
in (2.11) to find c. Table 2 lists the number of GMRES iterations required to compute ¢, for three
different quasi-uniform node families, which are described in the next section. We see from the
table that the number of iterations remains fairly for constant as N grows for all three families of
nodes.

Icosahedral Fibonacci Min. Energy
N | Iterations N | Tterations N | Tterations

2562 8 2501 9 2500 9
10242 7 10001 8 10000 8
23042 7 22501 11 22500 7
40962 7 40001 8 40000 8
92162 6 62501 10 62500 7
163842 7 90001 10 90000 7
256002 6 160001 8 160000 7
655362 6 250001 10 250000 7

Table 2: Number of GMRES iterations required to compute ¢, in (2.10) using the preconditioned
iterative method developed [12] for determining the m = 2 surface spline. The quadrature weights
are then computed from (2.11). In all cases, the relative tolerance of the GMRES method was set
to 10712,

We conclude by noting that as part of the iterative method, matrix-vector products involving
A must be computed. Since A is dense, this requires O(NN?) operations per matrix-vector product.
In the computations performed for this study, these products were computed directly, making the
overall cost of the weight computation O(N?). In a follow up study we will explore the use of fast,
approximate matrix-vector products using the algorithm described in [30]. By using this algorithm,
it may be possible to reduce the total cost of computing the weights (or a surface spline interpolant)
to O(Nlog N).
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5.2 Nodes, weights, and stability

We consider three quasi-uniform families of nodes for the numerical experiments. The first is the
icosahedral nodes, which are obtained from successive refinement of the 20 spherical triangular faces
formed from the icosahedron. The second are the Fibonacci (or phyllotaxis) nodes, which mimic
certain plant behavior in nature (see, for example, [15] and the references therein). The third are
the quasi-minimum energy nodes, which are obtained by arranging the nodes so that their Riesz
energy is near minimal [25]. In the examples below, a power of 3 was used in the Riesz energy and
the nodes were generated using the technique described in [5]. The mesh norm for all three of these
families satisfies h ~ J%’ where N is the total number of nodes. The mesh ratio p stays roughly
constant for the Fibonacci and quasi-minimum energy nodes as N increases. For the icosahedral
points p grows slowly with /N since the spacing of the nodes decreases faster towards the vertices of
the triangles of the base icosahedron than at the centers [39]. However, in the numerical examples
that follow, this increase seems to be of little concern. All three of these families of nodes are quite
popular in applications; see, for example [14,31,37,43] for the icosahedral nodes, [29,41,44] for the
Fibonacci nodes, and [10, 11,40, 50] for the quasi-minimum energy nodes. Quadrature over these
nodes also plays an important role in applications, for example, for computing the mass of a certain
quantity, the energy for a certain process, or the spectral decomposition of some data.

It should be noted that previous studies have been devoted to developing quadrature formulas
and error estimates for icosahedral [1, Ch. 5] and Fibonacci [24] nodes. However, these results rely
on the specific construction of the node sets and cannot be applied to more general quasi-uniformly
distributed nodes such as the quasi-minimum energy nodes.

Figures 1 (a)—(c) show examples of the different families of nodes and provide a visualization
of the values of the corresponding quadrature weights for the m = 2 surface spline. The geometric
pattern of the icosahedral nodes in part (a) of this figure are clearly reflected in the values of the
corresponding quadrature weights. This is also true of the Fibonacci nodes in part (b), which have
a slight clustering near their seed value (in this case the north pole), but then are quasi-uniformly
distributed. There are no clear patterns for the minimum energy nodes in part (c) of Figure 1, as
these are not distributed in a discernible pattern. Looking at the color bars in each of the plots
we see that the range of values of the weights is similar between the different node families and
comparable to 1/N, and are also positive.

To estimate o in (2.17), and hence the stability of the quadrature weights in the presence of
noise, we performed the following experiments. For each family of nodes, a value of N was selected
and then a sample set was generated consisting of 500 values of the N-point quadrature of different
independent, identically, distributed, zero mean (quasi) random data. The standard deviation of
the sample sets was then computed to estimate og. The results are plotted in Figure 2 as a function
of N for each of the three families of nodes. Comparing the results to the dashed line on the plot,
we see that the estimated o decreases like O(N~1/2), or like O(h) since h ~ N~Y/2 for these
families of nodes. This is in perfect agreement with the rate predicted by the last part of Theorem
4.10 for the surface splines.

5.3 Convergence results

Two target functions of different smoothness were used to test the error estimates of Theorem 4.10
and Corollary 4.11. The target functions were chosen so that the Funk-Hecke formula (see, for
example, [1, §2.5]) could be used to determine their exact integral over S2. Letting z, 2. € S? and
g be a zonal kernel, i.e. g(x,z.) = g(x - x.), such that g € L'[—1,1], the Funk-Hecke formula gives
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Figure 1: Visualization of the different families of nodes used in the numerical experiments and the
corresponding quadrature weights for the m = 2 spherical spline. The nodes are plotted on S? using
an orthographic projection about the north pole. Each node has been given a color corresponding
to the value of the quadrature weight for that node.

the following result:

[ 6@ e0Vasla)duta) = 3 Vin(eo) (5.1)

where Yy ;. is any degree £, order k spherical harmonic, and ay is the £th coefficient in the Legendre
expansion of g(t).
The following two kernels were used in constructing the target functions:

a(t) = —(2 —2t)'/4, (5.2)
1—¢2
gaot) = ————— (0<e<), (5.3)
(1+e2—2et)2
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Figure 2: Estimate of the standard deviation og in (2.17) for the different families of nodes. The
estimate is based on sample sets of 500 N-point quadratures of different independent, identically,
distributed, zero mean (quasi) random data with a standard deviation of 1. The dashed line
corresponds to taking all weights equal in (2.17), which gives oo = 47, N~Y/2. This confirms the
stability estimate in the last part of Theorem 4.10.

which are known as the potential spline kernel of order 1/4 and the Poisson kernel, respectively.
The Legendre expansion coefficients for these kernels are given as follows (see [3]):

g e CDIVAC )RR
rE-orG+o
g2:  ap=(20+ 1) (5.5)

(5.4)

The smoothness of these kernels is of course determined by the decay rate of the Legendre coeffi-
cients ap. For g1, we have ay ~ £73/2, which means ¢; belongs to every Sobolev space W4 (S?) with
u< % While for g, the Legendre coefficients decay exponentially fast, which means go € C*°(S?),
analytic in fact.

Using the above results, we define the following two target integrands:

41

fi(z) = sign(Yao k() Yoo,k (2)g1 (2 - ), (5.6)
k=1
41

fo(z) = ZSign(YzoJc(ﬂﬁc))YQo,k(fU)m(l‘ - Te), (5.7)
k=1

where x. = (cos(—2.0281) sin(0.76102), sin(—2.0281) cos(0.76102), sin(0.76102)) and € = 2/3 for ga;
see Figure 3 (a) and (b) for plots of these respective functions. Integrating these functions over S?
and applying the Funk-Hecke formula (5.1) gives

/S fi(@)dp(x) = 0.014830000415995, (5.8)

/S  Ja(x)dp(x) = 0.032409262543520. (5.9)
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(a) f1 (b) f2

Figure 3: Target integrands used to test the error estimates. (a) fi(z) from (5.6) and (b) fa(z)
from (5.7).

Both f1 and fo inherit their smoothness directly from g; and gs, respectively. Thus, f; belongs to
every Sobolev space W4 (S?) with 1 < 5 and fo € C>(S?).

Tables 3 and 4 display the relative errors in the N-point quadrature of fi; and fs, respectively, for
the different family of nodes, while Figures 4(a) and (b) display these respective results graphically
on a log — log scale. Focusing first on the results for f; in Figure 4(a) and comparing the results to
the included dashed line, it is clear that for all three families the error is decreasing approximately
like O(N~12%). Since h ~ N~/2 for these families of nodes, this observed rate of decrease in the
error is approximately O(h%?), which is precisely the rate predicted by the estimates in Theorem
4.10 for functions with fi’s smoothness. Doing a similar comparison of the results for fo in Figure
4(b), we see that the errors associated with the icosahedral nodes very clearly decrease like O(N ~2).
The results for the other two nodes are not as clear, but for larger values of N the errors do appear
to be decreasing approximately like O(N~2). Again, because of the relationship between h and N
for these nodes, the errors for fy are thus decreasing approximately like O(h*). This is the expected
rate from Corollary 4.11 since fs is infinitely smooth and we have used the m = 2 surface spline.

Icosahedral Fibonacci Min. Energy
N ‘ Rel. Error N ‘ Rel. Error N ‘ Rel. Error

2562 | 1.926 x 107! 2501 | 5.112 x 103 2500 | 3.048 x 102
10242 | 3.533 x 1072 || 10001 | 5.549 x 10~3 || 10000 | 6.848 x 102
23042 | 1.286 x 1072 || 22501 | 1.770 x 1073 || 22500 | 2.480 x 102
40962 | 6.268 x 1073 || 40001 | 1.040 x 1073 || 40000 | 1.217 x 102
92162 | 2.273 x 1073 || 62501 | 6.460 x 10~* || 62500 | 6.989 x 10~3

163842 | 1.107 x 1072 || 90001 | 4.068 x 10~* || 90000 | 4.393 x 1073
256002 | 6.330 x 10~* || 160001 | 1.844 x 10~* || 160000 | 2.083 x 10~3
655362 | 1.957 x 10~* || 250001 | 1.085 x 10~* || 250000 | 1.228 x 103

¢

Table 3: Relative error in the N-point quadrature of the
different families of nodes.

‘rough” target function f; in (5.6) for the
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Icosahedral Fibonacci Min. Energy
N Rel. Error N Rel. Error N Rel. Error

2562 | 3.358 x 1072 2501 | 1.045 x 104 2500 | 6.951 x 1072
10242 | 1.888 x 1073 || 10001 | 4.690 x 10~° || 10000 | 5.932 x 10~*
23042 | 3.642 x 10~* || 22501 | 3.189 x 1079 || 22500 | 1.077 x 10~*
40962 | 1.143 x 10~* || 40001 | 7.437 x 10=% || 40000 | 2.730 x 10~°
92162 | 2.245 x 107° || 62501 | 1.805 x 1075 || 62500 | 8.276 x 106

163842 | 7.098 x 1079 || 90001 | 9.204 x 10~7 || 90000 | 6.944 x 106
256002 | 2.897 x 1076 || 160001 | 3.009 x 10~ || 160000 | 1.250 x 106
655362 | 4.433 x 10~7 || 250001 | 1.411 x 10~7 || 250000 | 5.414 x 107

Table 4: Relative error in the N-point quadrature of the “smooth” target function fs in (5.7) for
the different families of nodes.

—— Min. Energy —s—— Min. Energy

—&—Icosahedral —4— Icosahedral

~ . . . .
N —oe— Fibonacci ——e— Fibonacci

_ ~ ~
10 | ~ —— N-L25 B N N2
N I I

Relative error
Relative error

‘ ‘ ‘
10° 10* 10° 10° 10° 10* 10° 10°
N N

(a) Rough target, fi. (b) Smooth target, fo.

Figure 4: Relative errors in the N-point quadratures of (a) fi; and (b) f2 for the three different
families of nodes. The mesh-norm for all three families of nodes satisfies h ~ N~1/2, so that the
dashed lines in the figures indicate convergence like (a) O(h*®) and (b) O(h*). These are the
predicted convergence rates from Theorem 4.10 and Corollary 4.11, respectively.

We conclude by noting that the nodes and quadrature weights used in the numerical experiments
above are available for download from [49].

6 Quadrature on Manifolds Diffeomorphic to Homogeneous Spaces

Numerical integration of functions defined on smooth surfaces that are diffeomorphic to S? arise
in a number of applications. For example, the shape of the earth, as well as the other planets, is
a “flattened sphere” — i.e., an oblate spheroid, which is diffeomorphic to a sphere. To numerically
compute integrals over the earth’s surface then requires quadrature formulas over oblate spheroids.
In addition, the need for numerical integration over various surfaces also arises in boundary element
formulations of continuum problems in R3 [1, Ch. 6]. In this section, we discuss quadrature in a
more general context. We will show how to use quadrature weights for a homogeneous manifold
M to obtain an invariant, coordinate independent quadrature formula for a smooth Riemannian
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manifold L diffeomorphic to M. Of course, the case in which L is an oblate spheroid and M = S?
is of special interest.

Recall that a C'°° manifold L is diffeomorphic to M if there is a C'™ bijection F': M — L. Let
gij be the Riemannian metric for M. Suppose that L. has the metric h;;. Consider a local chart
(U,¢ : U — R™) near pg € M. Using this chart we have coordinates x = (z!,...,2") = ¢(p) and a
parametrization p = ¢~ (z).

We can use (U, ¢) to produce a local chart (V7 : V — R™) near gy = F(pg) € L. Simply let
V =F(U) CLand = ¢oF~!. The coordinates for V are thus x = ¥(q), and so the two metrics
gij and h;; can be expressed in terms of the same set of coordinates. In these coordinates, the
volume elements are given by

duni(w) = /det(gij(x)) dz' - dz™ and dpy(x) = y/det(h;;(x) dxt - da™.

It follows that
det(hij ($))
det(gq;(x))
~—_——
w(z)

dp(z) = dpin (). (6.1)

Suppose that we now make a change of coordinates, from = = ¢(p) to new coordinates y = ¢(p),
or x = x(y). Let 2/(y) be the Jacobian matrix for the transformation, and let J(y) = det(z/(y)).
In y coordinates, the metrics are §(y) = (2'(y))Tg(z(y))z'(y) and h(y) = (&'(y)Th(z(y))= (y).
Consequently, we have that

det(gi;(y)) = J(y)* det(gij(z(y))) and det(h;(y)) = J(y)* det(hij(z(y))),

and, furthermore, that

W) =\ Sttt | et O

This means that w o ¢(p) = w o (p) =: W (p) is thus a scalar invariant that is independent of the
choice of coordinates. In terms of integrals, we have

/f(CI)dMJL(Q):/ fo F(p)W(p)dum(p)- (6.2)
L M

An invariant, coordinate independent quadrature formula for I can be obtained from the one
for Ml. We have the following result.

Proposition 6.1. Let X denote the set of centers on I and let X' = F~1(X) be the corresponding
set on M. Suppose that we have a quadrature formula for M with weights {C¢ }ercxr. Then we
have the following quadrature formula for L,

QL(f) == Z f(&)ce, where ce := W(F~H(€))Cp-1(g). (6.3)
gex

Proof. Applying the quadrature formula for the homogeneous manifold M to the integral on the
right-hand side of (6.2) yields

Qu(f o F(p)W(p)) = > foF(YW()Ce.

é‘/eXl

Since ¢ = F~1(€), we have foF(¢') = f(£) and W (&) = W(F~1(€)). Taking ce = W(F~(£))Cp-1¢)
we obtain (6.3). O
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Oblate spheroid Consider the oblate spheroid L, 22 + y? + 2?/a®? = 1, where 0 < a < 1, and
the 2-sphere S?(= M), X2 + Y2 + Z2 = 1. The diffeormorphism between the two manifolds is
F(X,Y,Z) := (X,Y,aZ); that is, (z,y,2) = (X,Y,aZ). Our aim is to find the scale factor W.
Since the end result will be coordinate independent, we choose to work in spherical coordinates
(0, ¢), where @ is the longitude and ¢ is the latitude on S2. (The north pole is (0,0, 1).) Obviously,
for . we have = sinfcos¢, y = sinflsing, z = acosf. The metric for the sphere is dS? =
df? + sin?(0)d¢?. The metric for L is the Euclidean metric dz? + dy? + dz? on R? restricted to L
Making a straightforward calculation, one can show that the metric for L is

ds* = (cos? 6 + a®sin? 0)d6? + sin? 0d¢? = (a® + (1 — a?) cos® 0)dO? + sin® Od¢”.

Consequently, the volume element for L is

dpg, = /a2 + (1 — a2) cos2 0 sin @ dfdp = /a2 + (1 — a2) cos? 0 dpuge

w(0,6)
To put this in invariant form on S?, we use Z = cosﬁ to obtaln W X,Y,Z) = /a2 + (1 —a?)Z2.
Pulling this back to L, we have W o F~Y(z,y,2) = /a2 + 1)22. The Welghts for Q]L are

thus

ce = Va4 (a2 = 1) Ce, e, £.a)-

As we mentioned above, the earth is approximately an oblate spheroid. The parameter a is the
ratio of the polar radius to the equatorial radius. The flattening of the earth is f =1 — a, and has
the approximate value f ~ 1/300 (cf. Earth Fact Sheet [48]). From this, we get that a ~ 299/300,
and so W o F~Y(z,y, 2) ~ 1/0.993 + 0.007z2. This factor varies between 0.9967 and 1, about 0.3%.
Even so, it could affect the accuracy of the quadrature formula for functions with large values near
the equator. As an aside, Jupiter has f &~ 1/15 (cf. Jupiter Fact Sheet (ellipticity) [48]), and for it
the change in W o F~! would be a hefty 7%.

7 Concluding Remarks and Acknowledgments

In this paper we provide a general method for generating accurate and stable quadrature rules for
scattered nodes on homogeneous spaces. This extends an approach to kernel quadrature on spheres
in two important directions. First, it provides an easy tool for obtaining quadrature weights on
general manifolds (homogeneous spaces) with more general kernels (conditionally positive definite
kernels) whereby weights are calculated by solving a single kernel interpolation problem. Second,
for problems on the sphere (and oblate spheroids) a number of recent breakthroughs in kernel
interpolation with certain conditionally positive definite kernels permits us to compute quadrature
weights in a stable and computationally efficient manner, and in such a way that quadrature error
decays at a nearly optimal rate.

We thank Professor Doug Hardin from Vanderbilt University for providing us with code for
generating the quasi-minimum energy points used in the numerical examples based on the technique
described in [5].

References

[1] K. ATKINSON AND W. HAN, Spherical Harmonics and Approximations on the Unit Sphere:
An Introduction, Lecture Notes in Mathematics, Springer, 2012.

28



This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at
Numerische Mathematik, published by Springer Berlin Heidelberg. Copyright restrictions may apply. doi: 10.1007/s00211-013-0581-1

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

T. AUBIN, Nonlinear analysis on manifolds. Monge-Ampére equations, vol. 252 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
Springer-Verlag, New York, 1982.

B. J. C. BAXTER AND S. HUBBERT, Radial basis functions for the sphere, in Recent progress
in multivariate approximation (Witten-Bommerholz, 2000), vol. 137 of Internat. Ser. Numer.

Math., Birkhauser, Basel, 2001, pp. 33-47.

M. BEnzi, G. H. GOLUB, AND J. LIESEN, Numerical solution of saddle point problems, Acta
Numerica, 14 (2005), pp. 1-137.

S. V. BoroDACHOV, D. P. HARDIN, AND E. SAFF, Low complezity methods for discretizing
manifolds via Riesz energy minimization. Submitted, 2012.

G. BROWN AND F. DAL, Approxzimation of smooth functions on compact two-point homoge-
neous spaces, J. Funct. Anal., 220 (2005), pp. 401-423.

R. CARTER, G. SEGAL, AND I. MACDONALD, Lectures on Lie groups and Lie algebras, vol. 32
of London Mathematical Society Student Texts, Cambridge University Press, Cambridge, 1995.
With a foreword by Martin Taylor.

A. FaurL AND M. J. D. POWELL, Proof of convergence of an iterative technique for thin plate
spline interpolation in two dimensions, Adv. Comput. Math., 11 (1999), pp. 183-192.

F. FiLBIR AND H. N. MHASKAR, A quadrature formula for diffusion polynomials corresponding
to a generalized heat kernel, J. Fourier Anal. Appl., 16 (2010), pp. 629-657.

N. FLYER, E. LEHTO, S. BLAISE, G. B. WRIGHT, AND A. ST-CYR, A guide to RBF-
generated finite differences for monlinear transport: shallow water simulations on a sphere, J.
Comput. Phys., 231 (2012), pp. 4078-4095.

N. FLYER AND G. B. WRIGHT, A radial basis function method for the shallow water equations
on a sphere, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 465 (2009), pp. 1949-1976.

E. J. FUSELIER, T. HANGELBROEK, F. J. NARCOWICH, J. D. WARD, AND G. B. WRIGHT,
Localized bases for kernel spaces on the unit sphere, STAM J. Numer. Anal., (in press).

E. GINE M., The addition formula for the eigenfunctions of the Laplacian, Advances in Math.,
18 (1975), pp. 102-107.

F. X. GIRALDO, Lagrange-Galerkin methods on spherical geodesic grids, J. Comput. Phys.,
136 (1997), pp. 197-213.

A. GONZALEzZ, Measurement of areas on a sphere using Fibonacci and latitude longitude lat-
tices, Mathematical Geosciences, 42 (2010), pp. 49-64.

M. GRAF, A unified approach to scattered data approzimation on S® and SO(3), Adv. Comput.
Math., (2011).

—, Efficient algorithms for the computation of quadrature points on Riemannian manifolds,
PhD thesis, Chemnitz University of Technology, Department of Mathematics, 2013.

M. GRAF, S. KUNIS, AND D. POTTS, On the computation of nonnegative quadrature weights
on the sphere, Appl. Comput. Harmon. Anal., 27 (2009), pp. 124-132.

29




This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at
Numerische Mathematik, published by Springer Berlin Heidelberg. Copyright restrictions may apply. doi: 10.1007/s00211-013-0581-1

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

M. GRAF AND D. PotTs, Sampling sets and quadrature formulae on the rotation group,
Numer. Funct. Anal. Optim., 30 (2009), pp. 665-688.

T. HANGELBROEK, F. J. NARCOWICH, X. SUN, AND J. D. WARD, Kernel approxzimation on
manifolds II: the Lo, norm of the Lo projector, SITAM J. Math. Anal., 43 (2011), pp. 662-684.

T. HANGELBROEK, F. J. NARCOWICH, AND J. D. WARD, Kernel approzimation on manifolds
I: Bounding the lebesgue constant, STAM J. Math. Anal., 42 (2010), pp. 175-208.

— Polyharmonic and Related Kernels on Manifolds: Interpolation and Approximation,
Found. Comput. Math., 12 (2012), pp. 625-670.

T. HANGELBROEK AND D. SCHMID, Surface spline approximation on SO(3), Appl. Comput.
Harmon. Anal., 31 (2011), pp. 169-184.

J. H. HANNAY AND J. F. NYE, Fibonacci numerical integration on a sphere, J. Phys. A:
Math. Gen., 37 (2004), pp. 115901-11601.

D. P. HARDIN AND E. B. SAFF, Discretizing manifolds via minimum energy points, Notices
Amer. Math. Soc., 51 (2004), pp. 1186-1194.

E. HEBEY, Sobolev spaces on Riemannian manifolds, vol. 1635 of Lecture Notes in Mathemat-
ics, Springer-Verlag, Berlin, 1996.

S. HELGASON, Groups and geometric analysis, vol. 83 of Mathematical Surveys and Mono-
graphs, American Mathematical Society, Providence, RI, 2000. Integral geometry, invariant
differential operators, and spherical functions, Corrected reprint of the 1984 original.

K. Hessg, I. H. SLOAN, AND R. S. WOMERSLEY, Numerical Integration on the Sphere, in
Handbook of Geomathematics, W. Freeden, Z. M. Nashed, and T. Sonar, eds., Springer-Verlag,
2010.

C. HUTTIG AND K. STEMMER, The spiral grid: A new approach to discretize the sphere and
its application to mantle convection, Geochem. Geophys. Geosyst., 9 (2008), p. Q02018.

J. KEINER, S. KuNis, AND D. PortTs, Fast summation of radial functions on the sphere,
Computing, 78 (2006), pp. 1-15.

D. Majewski, D. LiERMANN, P. ProHL, B. RITTER, M. BUucHHOLD, T. HANISCH,
G. PauL, W. WERGEN, AND J. BAUMGARDNER, The operational global icosahedral-hexagonal
gridpoint model GME: Description and high-resolution tests, Mon. Wea. Rev., 130 (2002),
pp. 319-338.

H. N. MHASKAR, F. J. NARCOWICH, J. PRESTIN, AND J. D. WARD, LP Bernstein estimates
and approximation by spherical basis functions, Math. Comp., 79 (2010), pp. 1647-1679.

H. N. MHASKAR, F. J. NARCOWICH, AND J. D. WARD, Spherical Marcinkiewicz-Zygmund
inequalities and positive quadrature, Math. Comp., 70 (2001), pp. 1113-1130. (Corrigendum:
Math. Comp. 71 (2001), 453-454).

F. J. NArRcowICH, P. PETRUSHEV, AND J. D. WARD, Localized tight frames on spheres,
STAM J. Math. Anal., 38 (2006), pp. 574-594.

30




This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at
Numerische Mathematik, published by Springer Berlin Heidelberg. Copyright restrictions may apply. doi: 10.1007/s00211-013-0581-1

[35] F. J. NaArcowIiCcH, X. SUN, J. D. WARD, AND H. WENDLAND, Direct and inverse Sobolev

error estimates for scattered data interpolation via spherical basis functions, Found. Comput.
Math., 7 (2007), pp. 369-390.

[36] I. PESENSON AND D. GELLER, Cubature formulas and discrete fourier transform on compact
manifolds. arXiv:1111.5900v1 [math.FA], 2011.

[37] T. D. RINGLER, R. P. HEIKES, AND D. A. RANDALL, Modeling the atmospheric general

circulation using a spherical geodesic grid: A new class of dynamical cores, Mon. Wea. Rev.,
128 (2000), pp. 2471-2490.

[38] Y. SAaAaD AND M. H. ScHuLTZ, GMRES: A generalized minimal residual algorithm for solving
nonsymmetric linear systems, SITAM J. Sci. Comput., 7 (1986), pp. 856-869.

[39] E. B. SAFF AND A. B. J. KUULAARS, Distributing many points on a sphere, Math. Intell.,
19 (1997), pp. 5-11.

[40] V. SHANKAR, G. B. WRIGHT, A. L. FOGELSON, AND R. M. KirRBY, A study of different
modeling choices for simulating platelets within the immersed boundary method, Appl. Numer.
Math., (2012), p. In Press.

[41] D. SLoBBE, F. SimMoNs, AND R. KLEES, The spherical Slepian basis as a means to obtain
spectral consistency between mean sea level and the geoid, Journal of Geodesy, 86 (2012),

pp. 609-628. 10.1007/s00190-012-0543-x.

[42] A. SOMMARIVA AND R. S. WOMERSLEY, Integration by rbf over the sphere. Applied Mathe-
matics Report AMRO05/17, U. of New South Wales.

[43] G. R. STUHNE AND W. R. PELTIER, New icosahedral grid-point discretizations of the shallow
water equations on the sphere, J. Comput. Phys., 148 (1999), pp. 23-53.

[44] R. SWINBANK AND R. JAMES PURSER, Fibonacci grids: A novel approach to global modelling,
Quarterly Journal of the Royal Meteorological Society, 132 (2006), pp. 1769-1793.

[45] N. J. VILENKIN, Special functions and the theory of group representations, Translated from
the Russian by V. N. Singh. Translations of Mathematical Monographs, Vol. 22, American
Mathematical Society, Providence, R. 1., 1968.

[46] F. W. WARNER, Foundations of differentiable manifolds and Lie groups, Scott, Foresman and
Co., Glenview, Ill.-London, 1971.

[47] H. WENDLAND, Scattered Data Approzimation, Cambridge University Press, Cambridge, UK,
2005.

[48] D. R. WiLLiaMS, Planetary Fact Sheets.  http://nssdc.gsfc.nasa.gov/planetary/
planetfact.html, 2005. Visited Nov. 1, 2012.

[49] G. B. WRIGHT, http: //math. boisestate. edu/ ~wright/ quad_ weights/. Accessed Oct.
30, 2012.

[50] G. B. WRIGHT, N. FLYER, AND D. YUEN, A hybrid radial basis function - pseudospectral
method for thermal convection in a 3D spherical shell, Geochem. Geophys. Geosyst., 11 (2010),
p- Q07003.

31



	Boise State University
	ScholarWorks
	5-1-2014

	Kernel Based Quadrature on Spheres and Other Homogeneous Spaces
	E. Fuselier
	T. Hangelbroek
	F. J. Narcowich
	J. D. Ward
	G. B. Wright

	Wright - Kernel Based Quadrature-typeset.pdf

