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Abstract
Cooperative relaying has received widespread attention in recent years from both

academic and industrial communities. It offers significant benefits in enabling con-

nectivity as well as in increasing coverage, power saving, spatial diversity and channel

capacity. However, one of the main limitations of the conventional cooperative re-

laying system is the repetition of the received data by the relays, which reduces the

spectral efficiency and the data rate. In this thesis, signal space diversity (SSD) based

technique is proposed to incorporate into the conventional relaying system to enhance

spectral efficiency, data rate and system performance.

Firstly, SSD is introduced into a two-way cooperative relaying system with

three-phase two-way decode-and-forward (DF) protocol. In this system, four sym-

bols are exchanged in three time slots, thereby doubling the spectral efficiency and

the data rate compared to the conventional three-phase two-way DF relaying system

that uses six time slots to exchange the same four symbols. Next, SSD is employed

in a dual-hop relaying system using DF protocol without a direct link between the

source and the destination. In this system, two symbols are transmitted in three time

slots as compared to four time slots to transmit the same two symbols in the conven-

tional dual-hop DF relaying system. These proposed systems are designed to exploit

the inherent diversity in the modulation signal-space by rotating and expanding the

ordinary constellation. The improvement in spectral efficiency is achieved without

adding extra complexity, bandwidth or transmit power. A comprehensive analysis

of these proposed systems is carried out over Rayleigh fading channels, and closed-

form expressions for various performance metrics, including error probability, outage

probability and channel capacity, are derived and illustrated. An asymptotic approx-

imation for the error probability is obtained and is used to illustrate the impact of

system parameters and diversity gain on the system performance. The optimization

of relay location and power allocation in these systems is also examined. Extensive

Monte Carlo simulations are performed to ascertain the accuracy of the analytical re-

sults presented in the thesis. Indeed, it is observed that the use of SSD in cooperative

relaying can play a major role in the system design and performance improvement.

iii
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Chapter 1

Introduction

In the last few decades, wireless and mobile communication systems have tremen-

dously contributed to the development of our beautiful world in several ways, es-

pecially in terms of economy and social networking [1]. Today, these systems have

become an integral part of our daily lives and almost everyone has some kind of a

wireless device such as smartphone, tablet or laptop. The use of mobile devices has

grown enormously and it is projected that there will be over 10 billion mobile-ready

devices by 2020 [2]. Due to the growing use of wireless devices and bandwidth-hungry

applications, the mobile traffic has been projected to increase by nearly a thousand

times in less than a decade, compared to the traffic of present day [3]. In this con-

text, several challenges are required to be addressed in the design and development

of future mobile networks to meet the demands of high throughput and guaranteed

connectivity, particularly, in a limited radio spectrum that suffers from a variety of

interference, distortion, fading etc. The demand for a variety of services in mobile

networks is also growing at a fast pace requiring reliable and extremely high-speed

data transmission over radio channels.

The radio signals while propagating through wireless channels undergo rapid

signal fluctuations in amplitude and phase, known as channel fading resulting from

continuously changing physical environment consisting of reflectors, scatterers and

diffractors [4]. The nature of wireless environment thus results in multiple signal com-

ponents with random signal strengths and phases. Moreover, due to the movement
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of terminals, signal path characteristic can become time-variant causing random and

rapid changes in the received signals. Thus, the multipath signals at the receiver can

combine destructively and result in serious degradation in the system performance.

The disruptive characteristics of wireless channels make it difficult to accomplish the

objectives of wireless and mobile communications, posing research challenges in the

design and implementation of communication systems and networks.

A natural means to overcome the problems due to channel fading is to provide

several replicas of the transmitted signal at the receiver. It is highly unlikely that

all replicas will be in deep fade simultaneously, which can be used at the receiver to

detect and decode the received signals correctly. Such a kind of mechanism is known

as diversity [5,6], and can be accomplished by creating independently faded replicas of

transmitted signal in time, frequency, or spatial domains. There are various diversity

techniques used to overcome the effects of channel fading, such as time diversity,

frequency diversity, and space diversity. When the same signal is transmitted over a

wireless channel using more than one time slot, the technique is called time diversity.

In frequency diversity, signal copies are transmitted using different carrier frequencies,

and in space diversity or antenna diversity, multiple transmit and/or receive antennas

are used.

However, due to the size and cost limitations of wireless devices, installing mul-

tiple antennas is not always a feasible solution to achieve diversity. Thus, cooperative

diversity, an alternative way of providing spatial diversity, has emerged as a key tech-

nique to overcome the limitations in wireless devices [7]. Cooperative diversity is

beneficial in scenarios, where time, frequency and antenna diversity are not feasible.

In cooperative diversity, several nodes establish a network to assist each other with

their transmission and reception. In general, a source node broadcasts its information

message to intermediate nodes, known as relays, and these relays process the received
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message and then forward it to the intended destination node. In this way, the desti-

nation receives the information message from the source directly and via intermediate

relays, which can be combined to increase diversity without adding multiple antennas

and/or increasing transmit power.

Depending on the role relays play in processing the received information, cooper-

ative diversity techniques [8] can use the following protocols: (i) amplify-and-forward

(AF) [9], (ii) decode-and-forward (DF) [9], (iii) coded cooperation [10], (iv) compress-

and-forward (CF) [11], and (v) filter-and-forward [12]. The most extensively studied

protocols in cooperative diversity techniques are AF and DF. In AF, the relay am-

plifies the received information message from the source node before forwarding it to

the destination. In DF, the relay decodes the received information from the source

node before forwarding it to the destination.

1.1 Related Work and Problem Motivation

The concept of relay channel was first introduced by van der Meulen [13, 14]. Later,

Cover et al. [15, 16] worked on relay channels and proposed a general one-hop re-

lay system and examined it in additive white Gaussian noise (AWGN) channels. The

idea of cooperation among the neighbouring nodes to provide diversity was first intro-

duced by Sendonaris et al. [7,17,18], who examined the channel capacity and system’s

robustness of the cooperative diversity over fading channels. They showed that an

improvement in the outage performance can be achieved using cooperative diversity.

Later, Laneman et al. [9] provided the mathematical framework for cooperative di-

versity using AF and DF protocols. Hunter and Nosratinia [10,19] introduced coded

cooperation technique by combining channel coding and cooperative diversity with
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additional parities through relay channel to achieve enhanced decoding performance

at the destination.

Signal superposition approach in cooperative relay networks was introduced by

Larsson et al. [20], in which each user superposed their information message with other

users’ message received in the previous time slots for transmission. Due to different

power allocation in each users’ message, this signal superposition based cooperative

relaying approach is very sensitive to the power allocation. Zheng et al. [21] combined

this signal superposition approach with coded cooperation, where each user transmits

a combination of its own and other user’s incremental parity bits during the relay

phase. This resulted in a larger constellation to achieve better spectral efficiency

during the relay phase. Similarly, the concept of constellation rearrangement, adopted

from Hybrid Automatic Repeat-reQuest (HARQ) [22], was introduced in cooperative

relay networks [23], where the signal points of the ordinary constellation is rearranged

at the relay to benefit from the combination of source and the relay signals at the

destination. However, in this approach the complexity increases with the increase in

the constellation size to find the optimal symbol mapping at the relay.

The idea of signal space diversity (SSD) was pioneered by Boull and Belfiore

[24] and later expanded by Boutros and Viterbo [25]. SSD exploits the inherent

diversity in the modulation signal space by rotating and expanding the ordinary

constellation [25]. In SSD, the original symbol points in signal space are rotated by a

certain angle [26, 27] so that each signal point of the rotated symbols carries enough

information in its in-phase (I) and quadrature (Q) components in order to uniquely

represent the original symbols. An I/Q interleaver is employed to guarantee that

each component is affected by independent channel fading. In this way, the ordinary

constellation is rearranged to the expanded constellation, which contains all possible

combinations of different components of signal points in the ordinary constellation.
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Thus, SSD extracts the inherent diversity from the modulation signal space without

adding any extra bandwidth or transmit power [28, 29].

Signal space diversity has been combined with space-time codes, known as coor-

dinate interleaved space-time codes, where both I and Q components of signal points

are interleaved and then passed through space-time encoder to achieve spatial diver-

sity [30, 31]. Coordinate interleaved approach has also been extended with multiple

antenna relay networks [32]. SSD has also been utilized with coded cooperation to

increase the diversity order of the system [33].

A variety of cooperative systems have been investigated in the literature to meet

various communication requirements, including dual-hop cooperative system [34,35],

multi-hop cooperative system [36], and two-way cooperative system [37]. In a dual-

hop cooperative system, the source broadcasts information signal to the relay in the

first time slot, and then relay broadcasts it to the destination in the second time

slot [35].

Two-way cooperative relaying establishes bidirectional connection between two

source terminals to exchange independent messages with the help of relays. Oper-

ating in the half-duplex mode with DF strategy, two-way cooperative relaying can

employ three protocols based on requirements and channel conditions [37–39]; (i)

the naive four-phase, which uses four time slots for an information exchange and

is spectrally inefficient [37], (ii) three-phase (also known as time-division broadcast

channel, TDBC) protocol [40, 41], which requires three time slots and is commonly

used in two-way relaying [37], and (iii) two-phase (multiple-access broadcast channel,

MABC) protocol [42], which uses two time slots and requires network coding [43–45].

In conventional cooperative relaying system operating in the half-duplex mode,

source broadcasts the data to the relay and the destination in the first time slot, and

then relay repeats it to the destination using its own subchannel in the subsequent
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time slot [46]. This repetition-based relaying approach reduces the overall system

spectral efficiency and limits the achievable data rate [47–50]. In the thesis, thus

signal space diversity [25] is proposed to incorporate into the conventional cooperative

relaying system with the aim of improving the spectral efficiency and the system

performance.

Recently, SSD was considered with DF protocol to improve the system perfor-

mance [51, 52]. In DF relaying systems with SSD, the source rotates and interleaves

the original symbols before transmission to the relay. The relay decodes and trans-

mits a symbol different from the one transmitted by the source. In contrast to the

conventional cooperative relaying system, the relay no longer repeats the same symbol

received from the source, which enhances the spectral efficiency of the system [51,52].

In [51], SSD is used with a single-relay DF cooperative system with a direct link

between the source and the destination, where the source and the relay cooperate to

transmit different symbols to the destination. The performance of this SSD-based

cooperative system is shown to offer superiority over other cooperative systems, such

as the distributed turbo coded cooperative systems [53,54] and the trans-modulation

system [23]. A similar cooperative system with single-relay is analyzed in [52], and a

tight closed-form upper bound on the end-to-end bit error probability is derived.

The aforementioned works [51, 52] have considered SSD for one-way DF relay-

ing with a direct link between the source and the destination. However, the complete

absence of a direct link between the source and the destination results in the destina-

tion to entirely depend on the relay transmission, thereby reducing the overall system

performance and efficiency. Moreover, two-way relaying is of primary importance due

to the bi-directional communication link between two users with the help of relays.

To the best of our knowledge, SSD for two-way cooperative relaying and dual-hop

relaying systems have not been addressed in the literature. Thus, this thesis proposes
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novel schemes to enhance the spectral efficiency, data rate and system performance

of the conventional two-way cooperative relaying and conventional dual-hop relaying

systems by incorporating SSD in them.

1.2 Problems Addressed and Contributions

The problems addressed in this thesis are given in the following four subsections.

Two-Way Signal Space Cooperative System using Single

Relay

Signal space diversity in a two-way cooperative relaying system is addressed, where

two source terminals exchange information directly and via a single intermediate relay

using the three-phase two-way decode-and-forward (DF) protocol. The proposed two-

way signal space cooperative system exchanges four symbols in three time slots and

thus, doubles the spectral efficiency as compared to the conventional three-phase

two-way DF relaying system, in which six time slots are used to exchange the same

four symbols. This improvement in spectral efficiency is achieved without additional

complexity, bandwidth or transmit power. This system will be referred to as 2W-

SSC-1R, and the main contributions are summarized as follows:

• Two-way signal space cooperative system with a single DF relay is analyzed

over Rayleigh fading channel.

• A closed-form expression for the error probability performance of the system is

derived.

• An asymptotic approximation for the error probability is obtained and param-

eters that affect the system performance are identified.
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• The performance of the 2W-SSC-1R system is compared with the conventional

two-way cooperative relaying system.

• Monte Carlo simulations of the system are carried out, and the results are

compared with the analytical results to confirm the accuracy of the latter.

Two-Way Signal Space Cooperative System using Multiple

Relays

An enhanced 2W-SSC-1R system that employs multiple intermediate relays is pro-

posed and investigated. This system will be referred to as 2W-SSC. As more than

one relay is available for cooperation in the 2W-SSC system, the problem of relay

selection is addressed to select the best relay for forwarding the data to the desti-

nation terminals. In this system, the problem of optimum power allocation at both

source terminals is addressed. Next, the problem of optimization of relay location

and power allocation is addressed and investigated. The main contributions of this

work are summarized below:

• Two-way signal space cooperative system with K intermediate DF relays is ad-

dressed and its performance analysis over Rayleigh fading channels is analyzed.

• A closed-form expression for the end-to-end error probability is derived, and

the error performance of the system for different number of relays is illustrated

and discussed.

• An asymptotic approximation for the error probability is obtained, that can be

used to examine the impact of system parameters on the system performance.

In addition, this asymptotic expression is used to confirm the diversity order of

the system.
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• The optimization of the system performance for power allocation (PA) and relay

position is addressed. The investigation for system optimization include opti-

mizing relay position under fixed power allocation, optimizing power allocated

to the source terminals and the relay under fixed relay location, and optimizing

source power allocation under fixed relay power and position.

• Closed-form expressions for exact and asymptotic outage probabilities of the

system are derived.

• Closed-form expressions for average channel capacity and an upper bound on

channel capacity are derived.

• Extensive Monte Carlo simulations are carried out and the results are compared

with the analytical results.

Dual-Hop Signal Space Cooperative System using Single

Relay

Signal space diversity is proposed in a dual-hop cooperative system using a decode-

and-forward (DF) relay. This dual-hop signal space cooperative system transmits

two symbols in three phases to improve the spectral efficiency of the system, without

using additional complexity, bandwidth or transmit power. This proposed system will

be referred to as DH-SSC-1R. The main contributions of this work are summarized

below:

• Dual-hop signal space cooperative system with single DF relay is proposed and

investigated over Rayleigh fading channels.

• A closed-form expression for the error probability of the system is derived and

the error performance of the system is illustrated.
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• An asymptotic approximation for the error probability is obtained and used to

examine the impact of system parameters on the system performance.

• The performance of the system is compared with the conventional dual-hop DF

relaying, direct transmission, and suggested two-phase SSD-based dual-hop DF

relaying systems.

• Analytical results are compared with Monte Carlo simulation results to confirm

the accuracy of the former.

Dual-Hop Signal Space Cooperative System using Multiple

Relays

An enhanced DH-SSC-1R system that uses multiple intermediate relays is proposed

and will be referred to as DH-SSC. In this system, the relay position from the source

and the destination is considered to investigate the optimum relay position and op-

timum power allocation. Also, a relay selection criteria is used to determine the best

relay in the system. The main contributions of this work are summarized below:

• Dual-hop signal space cooperative system with K intermediate DF relays is

proposed and its performance analysis is carried out in Rayleigh fading channels.

• A closed-form expression for the error probability of the system is derived, and

the error performance of the system for different number of cooperative relays

is discussed.

• An asymptotic approximation for the error probability of the system is obtained

and used to examine the influence of system parameters on the performance.

The asymptotic expression also verifies the diversity gain of the system.
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• The optimization of the system is investigated to improve the system perfor-

mance, that include the optimization of power allocation (PA) under fixed relay

position, the optimization of relay position under fixed PA, and the joint opti-

mization of PA and relay position.

• Closed-form expressions for exact and asymptotic outage probabilities are de-

rived and illustrated as a function of information rate and signal-to-noise ratio

for different number of relays.

• Closed-form expressions for average channel capacity and an upper bound on

channel capacity are derived and illustrated as a function of signal-to-noise ratio

for different number of relays.

• Monte Carlo simulations of the system performance are presented and compared

with the analytical results.

1.3 Dissertation Organization

The thesis is organized as follows: Chapter 2 describes the fundamental concepts

of cooperative relay networks, cooperative relay protocols, two-way cooperative re-

laying, and signal space diversity. Chapter 3 presents the proposed two-way signal

space cooperative system with single decode-and-forward relay. The enhanced system

with multiple intermediate relays and its analysis is performed in Chapter 4. Chap-

ter 5 describes the proposed dual-hop signal space cooperative system with a single

DF relay and its enhanced system with multiple relays is considered in Chapter 6.

In Chapters 3–6, system model, mathematical analysis, results and discussion, and

conclusion are presented. Finally, the conclusions of the thesis and future work are

sketched in Chapter 7.
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Chapter 2

Background

This chapter presents an overview of cooperative relay networks, cooperative relay

protocols, and signal space diversity (SSD). The benefits and limitations of the coop-

erative relaying are also discussed. The signal constellation and detection of signals

in SSD are discussed and simulation results are presented. It is shown that SSD

provides significant performance improvement in fading channels compared to the

conventional systems.

2.1 Cooperative Relay Networks

Cooperative relaying has attracted a lot of interest from both academic and industrial

communities due to its application prospects in range-rate improvements of wireless

communication systems [55–57]. Cooperative relaying has been included in several

standards such as 3GPP LTE-Advanced, IEEE 802.11j and IEEE 802.11m, where

fixed-relays can be deployed in the mobile networks to extend the coverage [58–

60]. User-terminal based cooperative relaying techniques are highly expected to be

employed in 5G standards [61].

Cooperative relaying refers to the sharing of resources and exploits the broadcast

nature of the wireless transmission. In cooperative relaying, a source (S) transmits

information signal to the destination (D) directly and/or via intermediate relays (R).
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Figure 2.1 illustrates a cooperative relay network, where a source (S) broadcasts

its data to the destination (D) and to the relay (R) over the channel with channel

coefficients h and a. The relay (R) then repeats the data received from the source

(S) to the destination (D) over fading channel with channel coefficient b using the

same frequency resources in the consecutive transmission slot. Thus, the destination

(D) receives two copies of the same data, one from S and the other from R, in two

transmission slots. These copies can be processed at the destination to improve the

reliability and capacity of the system, significantly.

R

S D
h

Figure 2.1: Cooperative relay network.

2.2 Benefits of Cooperative Relaying

Cooperative relaying offers significant performance benefits in enabling connectivity

as well as in increasing coverage, power saving, spatial diversity and channel capac-

ity [7, 62]. In the following, two major benefits of cooperative relaying systems are

discussed.

2.2.1 Increased Coverage

If a source is unable to reach the destination or no direct link exists between the

source and the destination, an intermediate node can act as a relay to transmit and
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receive the source information to and from the destination. Figure 2.2 illustrates a

user, who is out of range to the base station, can be connected to the base station

via an intermediate relay. This cooperation enables connectivity for the out of range

user as well as extends the coverage area without increasing the transmit power of the

base station. For example, if a mobile user at the edge of the cellular coverage area

frequently changes its location between two cells, the devices will spend significant

amount of time and resources for handover between two cells. The use of cooperative

relay can overcome such a situation and can keep the mobile user connected to the

same base station.

Source

Relay

Destination

Figure 2.2: Increasing coverage using cooperative relaying.

2.2.2 Enhanced Spatial Diversity

Multiple antennas is one of the key technique to provide spatial diversity. However,

due to the size and the associated cost, installing multiple antennas on mobile devices

is not a feasible solution. On the other hand, cooperative relaying provides multiple

copies of the transmitted data at the destination with the help of intermediate relays,
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as shown in Figure 2.3. For example, if the source to destination link is affected by

deep fade, the destination can use the copy of the data received from the relay. Thus,

cooperative relaying can be used to improve the probability of successful transmis-

sion in the event direct transmission from source to destination fails. In addition,

cooperative relaying systems increase the diversity order without the use of multiple

antennas on the mobile device.

Source

Relay

Destination

Figure 2.3: Enhancing spatial diversity using cooperative relaying.

2.3 Limitations of Cooperative Relaying

Although cooperative relaying has several performance benefits, it also has limitations

and hence, requires a careful design of the system to exploit all the advantages.

The main benefit of cooperative relaying is to increase spatial diversity and this

comes at the cost of spectral efficiency. Since, the relay repeats the information signal

received from the source using its own subchannel in the next transmission slot, extra

transmission slot is required. Thus, this repetition-based relaying approach reduces

the overall spectral efficiency and limits the achievable data rate.

The additional relay traffic in cooperative relaying causes extra interference,

which needs to be dealt with careful design of the system that minimizes the de-
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terioration of system performance. Moreover, the reception and decoding of the

information signal by the relay introduce extra latency in the transmission.

2.4 Cooperative Relay Protocols

A number of cooperative relaying protocols such as amplify-and-forward (AF) [9],

decode-and-forward (DF) [9], coded cooperation [10], compress-and-forward (CF) [11]

and filter-and-forward [12], are used to meet different communication requirements

[8, 63]. In the following, the two most widely used cooperative relay protocols, AF

and DF, are discussed.

2.4.1 Amplify-and-Forward (AF)

In AF protocol, relay amplifies the information received from the source before for-

warding it to the destination [9]. AF protocol is simple in operation, as it requires

only amplification of the received signal by the relay before forwarding it further.

However, the noise component of the received signal is also retransmitted from the

relays after amplification. Moreover, the information signal is forwarded without

checking for errors in the received signal.

2.4.2 Decode-and-Forward (DF)

In DF protocol, relay decodes the information received from the source before for-

warding it to the destination [9]. The advantage is that the relay removes the noise

as well as it checks for errors before forwarding it to the destination.
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2.4.3 Best Relay Selection Scheme

The cooperative relay network may consist of more than one relay to achieve co-

operation between the source and the destination nodes. In a simple cooperative

relay system with K intermediate relays, all the relays forward the received signal

to the destination. Also, to maintain the same total power of the system, the power

is equally distributed to all relays. The transmissions from all the relays result in

increased interference, processing complexity and overheads at the destination node.

Therefore, one relay out of K intermediate relays is selected for transmission, which is

know as the best relay. Various relay selection criterion based on different conditions,

relay types and relay networks have been presented in the literature [64]. Once, the

best relay is chosen, it is used to forward the information signal to the destination.

The performance of the system with the best relay is equivalent to the performance

of the system that uses all K relays, with the same overall transmit power.

2.5 Dual-Hop Cooperative Relay Network

The dual-hop cooperative relaying plays an important role when the direct link be-

tween the source and the destination is not practical due to deep fade and/or power

constraints. In such a case, an intermediate node can be used to relay the information

signal between the source and the destination nodes [34,65]. This dual-hop coopera-

tive relaying system can be used to enable connectivity and to increase the coverage

without increasing the transmit power. In this system, the source broadcasts infor-

mation signal to the relay which in turn broadcasts it to the destination and hence,

this system uses two time slots to transmit one symbol, as shown in Figure 2.4.
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Time-slot 1

R

S D

Time-slot 2

Figure 2.4: Dual-hop cooperative relay network.

2.6 Two-Way Cooperative Relay Network

Two-way cooperative relaying establishes bidirectional connection between two source

terminals to exchange independent messages with the help of relays. Operating in the

half-duplex mode with DF relays, a two-way cooperative relaying system has three

protocols based on communication requirements and channel conditions [37–39], as

described below.

2.6.1 The Naive Four-Phase Two-Way Relaying

In the Naive four-phase two-way relaying, the source terminal (T1) broadcasts its

information signal to the other source terminal (T2) and to the relay (R), in the

first time slot. In the second time slot, the relay forwards the information signal

received from T1 to terminal T2. In the third time slot, the terminal T2 broadcasts

its information signal to the terminal T1 and to the relay (R). In the fourth time

slot, the relay (R) forwards the information signal received from T2 to the terminal

T1. Thus, the Naive four-phase two-way relaying system uses four time slots for an

information exchange between two source terminals, as shown in Figure 2.5. The

use of four time slots makes the Naive four-phase two-way relaying system spectrally

inefficient [37].
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R

T1 T2

Time-slot 1

Time-slot 2

Time-slot 3

Time-slot 4

Figure 2.5: The Naive four-phase two-way cooperative relay network.

2.6.2 Three-Phase Two-Way Relaying

The three-phase two-way relaying is also known as time-division broadcast channel

(TDBC) protocol [40,41]. In this approach, the first source terminal (T1) broadcasts

its information signal to the second source terminal (T2) and to the relay (R) in the

first time slot. In the second time slot, the terminal T2 broadcasts its information sig-

nal to the terminal T1 and to the relay (R). Then, the relay decodes the information

signals received from both source terminals (T1 and T2) and broadcasts the combina-

tion of both signals to both terminals in the third time slot. Since each source terminal

perfectly knows its transmitted signal, it can cancel the self-interference term. Thus,

in the conventional three-phase two-way DF relaying system, the exchange of two

information messages takes place in three time slots, as shown in Figure 2.6. Three-

phase two-way relaying exploits the direct link between the source terminals and is

commonly used in two-way relaying [37].

2.6.3 Two-Phase Two-Way Relaying

The two-phase two-way relaying, also known as multiple-access broadcast channel

(MABC) protocol [42], uses two time slots and requires network coding [43–45]. Fig-

ure 2.7 illustrates a two-phase two-way relaying system. In the first time slot, both
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R

T1 T2

Time-slot 1

Time-slot 2

Time-slot 3

Figure 2.6: Three-phase two-way cooperative relay network.

terminals T1 and T2 simultaneously broadcast their information signals to the relay

R. In the second time slot, the relay forwards the received signals to both terminals

in the second time slot.

R

T1 T2

Time-slot 1

Time-slot 2

Figure 2.7: Three-phase two-way cooperative relay network.

2.7 Signal Space Diversity (SSD)

Signal space diversity is a kind of diversity, inherent in the modulation signal space

and can be achieved using novel constellation rearrangement [25]. In SSD, a cer-

tain rotation angle is applied to the original symbols in the ordinary constellation

Φ such as M-ary quadrature amplitude modulation (M-QAM) or M-ary phase-shift

keying (M-PSK). The optimum rotation angle [26, 27] guarantees that each signal
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point possesses sufficient information in its in-phase (I) and quadrature (Q) compo-

nents to individually represent the original symbols. Each component of the signal

point is transmitted over an independent fading channel, and an I/Q interleaver is

employed for this purpose. After rotation and interleaving, the ordinary constellation

is transformed to the expanded constellation Υ, which covers all possible combina-

tions of different components of signal points. Therefore, SSD can effectively improve

error performance, diversity gain, spectral efficiency and data rate without additional

complexity, bandwidth or transmit power.

21

Ordinary Constellation,

Rotated Constellation,

Expanded Constellation,
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Figure 2.8: Constellation rotation and expansion in SSD.

Figure 2.8 shows the constellation rotation and expansion in SSD. First, each

m = log2(M) information bits at each source terminal are grouped and mapped to

ordinary constellation using a digital modulation scheme such as M-ary quadrature



22

amplitude modulation (M-QAM). Let s = (s1, s2) be the two original signal points

from the ordinary constellation Φ (e.g. 4-QAM), i.e. (s1, s2) ∈ Φ. The symbols are

complex and can be denoted as s1 = ℜ{s1}+jℑ{s1} and s2 = ℜ{s2}+jℑ{s2}, where

j =
√
−1, and ℜ{·} and ℑ{·} are I and Q components of the symbols, respectively.

Then, s1 and s2 are rotated by the angle θ, i.e. x1 = s1 e
jθ and x2 = s2 e

jθ. The

rotated symbols, x = (x1, x2), correspond to a rotated constellation Φr, which is

generated by applying a transformation Θ to the ordinary constellation as

Θ =







cos θ − sin θ

sin θ cos θ






. (2.1)

The rotation angle θ is chosen carefully to ensure that each signal point in the

rotated constellation carries enough information in one component, either I or Q, and

uniquely represents the original signal point [25,51]. A list of θ for various modulation

schemes can be found in [26, 27], such as the rotation angles θ of 26.6◦, 14.0◦ and

7.1◦ are chosen for 4-, 16- and 64-QAM constellations, respectively. The new SSD

symbols, z = (z1, z2), for transmission are formed by interleaving the Q components

of the rotated symbols, x1 and x2, and are given by

z1 = ℜ{x1}+ jℑ{x2}, (2.2)

z2 = ℜ{x2}+ jℑ{x1}. (2.3)

The SSD symbols, z1 and z2, for transmission belong to an expanded constel-

lation Υ, i.e Υ = ℜ{Φr} × ℑ{Φr}, where × is the Cartesian product of two sets.

It is important to mention that each member of Υ consists of two components, i.e.

a real component from a member of Φr and an imaginary component from another

member of Φr. Moreover, each component identifies a specific membership of Φr.
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Thus, the decoding of a member of Υ leads to decoding two different members of Φr

(i.e. x1 and x2). It is highlighted that the expanded constellation, resulting from

component interleaving and ordinary constellation rotation, does not convert a low

order constellation to a higher one. In addition, the expanded constellation maintains

the same number of bits per signal point as in the ordinary constellation.
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Figure 2.9: System model of SSD-based Communication System.

Consider a wireless communication system having one transmitter and one re-

ceiver with the fading channel coefficient h, as shown in Figure 2.9. The SSD symbols,

z1 and z2, are transmitted over the wireless channel to the receiver, hence the received

signals at the receiver can be represented as

y1 =
√
E h1 z1 + w1 (2.4)

y2 =
√
E h2 z2 + w2, (2.5)

where E denotes the symbol energy at the transmitter, and w1 and w2 denote zero-

mean AWGN at the receiver.

Let r = (r1, r2) be the signal after component de-interleaver at the receiver,

which can be written as

r1 = ℜ{h∗1 y1}+ jℑ{h∗2 y2}, (2.6)

r2 = ℜ{h∗2 y2}+ jℑ{h∗1 y1}. (2.7)
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Similar to the detection of ordinary digital modulation schemes, the maximum

likelihood detection is applied to detect the transmitted signal in SSD, using

x̂1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r1} −

√
E|h1|2ℜ{x1}

∣

∣

∣

2
+
∣

∣

∣
ℑ{r1} −

√
E|h2|2ℑ{x1}

∣

∣

∣

2
]

, (2.8)

x̂2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r2} −

√
E|h2|2ℜ{x2}

∣

∣

∣

2
+
∣

∣

∣
ℑ{r2} −

√
E|h1|2ℑ{x2}

∣

∣

∣

2
]

. (2.9)

The original signal points, s1 and s2, can be obtained after de-rotating of x1

and x2.

To study the benefits of using SSD, the average bit error probability (BEP) of

4-QAM with SSD is obtained using rotation angle θ = 26.6◦ over Rayleigh fading

channel, and compared with the conventional 4-QAM in Figure 2.10. In this figure,

the average BEP of 4-QAM with SSD is represented by solid line with ◦ markers,

while the bit error probabilities of the conventional 4-QAM with diversity order of

1 and 2 are shown by × and � markers, respectively. It is clearly evident that the

SSD greatly improves the error performance of 4-QAM. For example, BEP= 10−3

can be achieved at Eb/N0 = 16.3 dB with the SSD-based 4-QAM or at Eb/N0 = 24

dB with the conventional 4-QAM. Thus, compared to the conventional 4-QAM, an

Eb/N0 gain of about 7.7 dB is obtained with the SSD-based 4-QAM. It is observed

that the average BEP of SSD-based 4-QAM is just short of less than 2 dB than that of

the conventional 4-QAM with diversity order of 2. This improvement indicates that

the SSD-based M-QAM or M-PSK modulation schemes increases the diversity order

to 2 without adding extra transmit/receive antenna, bandwidth or transmit power.

The effect of rotation angle θ on the error performance of the SSD-based 4-

QAM is shown in Figure 2.11. The average BEP of the SSD-based 4-QAM as a

function of rotation angle θ is obtained at Eb/N0 = 15 dB. It is clearly evident from

the figure that the average BEP of the SSD-based 4-QAM varies with the rotation
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Figure 2.10: Improvement in error performance of 4-QAM with SSD.

angle θ. Error probability of the SSD-based 4-QAM is high when the rotation angle is

around 0◦, 45◦ or 90◦, and low when the rotation angle is around 26.6◦ or 63.4◦. The

error probability of SSD-based 4-QAM improves when the rotation angle increases

from 0◦ to 26.6◦, and reduces when the rotation angle decreases from 26.6◦ to 45◦.

Thus, nearly 10 times improvement in the error probability is observed with optimum

rotation angle.

The average BEP of the SSD-based 4-QAM for different rotation angle θ is

shown in Figure 2.12. It is observed from the figure that the error probability of

the SSD-based 4-QAM becomes equivalent to the conventional 4-QAM when θ = 0◦

and 90◦, which is obvious because SSD-based 4-QAM turns to conventional 4-QAM

if the constellation is rotated at θ = 0◦ or 90◦. This figure also verifies that the

error probability of the SSD-based 4-QAM is optimal with optimum rotation angle

of θ = 26.6◦. For example, BEP= 10−3 can be achieved using SSD-based 4-QAM
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Figure 2.11: Effect of rotation angle θ on the error probability of SSD-based
4-QAM, when Eb/N0 = 15 dB.
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Figure 2.12: Error probability of SSD-based 4-QAM, when θ = 0◦, 10◦, 15◦, 26.6◦,
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at Eb/N0 = 24 dB with θ = 0◦ or 90◦, or at Eb/N0 = 20.7 dB with θ = 10◦, or

at Eb/N0 = 18.4 dB with θ = 15◦, or at Eb/N0 = 16.3 dB with θ = 26.6◦. Thus,

compared to the rotation angle of θ = 0◦ and 90◦, an Eb/N0 gain of about 3.3 dB,

5.6 dB and 7.7 dB is achieved with θ = 10◦, 15◦ and 26.6◦, respectively.

In order to show the introduction of SSD into higher order modulation schemes,

the error performances of SSD-based 16-QAM and 8-PSK are studied. The effect of

rotation angle θ on the error probability of SSD-based 16-QAM is shown in Figure

2.13, where the average BEP of SSD-based 16-QAM is illustrated as a function of θ

at Eb/N0 = 20 dB. It is observed that the average BEP of SSD-based 16-QAM is

changed with the variation of θ and optimum θ is found to be 14◦ from the figure.

The average BEP of the SSD-based 16-QAM for different rotation angles θ is shown in

Figure 2.14. The average BEP of conventional 16-QAM is also plotted for comparison.

It is evident from the figure that SSD-based 16-QAM has better performance than

conventional 16-QAM. For example, BEP= 10−4 can be obtained using SSD-based

16-QAM at Eb/N0 = 37 dB with θ = 0◦, or at Eb/N0 = 29.5 dB with θ = 10◦, or

at Eb/N0 = 27.5 dB with θ = 14◦. Thus, compared to the conventional 16-QAM, an

Eb/N0 gain of about 7.5 dB and 9.5 dB is achieved using SSD-based 16-QAM with

θ = 10◦ and 14◦, respectively.

Similarly, the average BEP of SSD-based 8-PSK for different θ is obtained and

shown in Figure 2.15. It is observed that compared to the conventional 8-PSK, an

Eb/N0 gain of about 7.5 dB and 9 dB is achieved using SSD-based 8-PSK with θ = 5◦

and 13.8◦, respectively.

This concept of introducing SSD can be extended to any two-dimensional digital

modulation scheme. The optimum rotation angles for various modulation schemes

are available in [26, 27].
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Figure 2.13: Effect of rotation angle θ on the performance of SSD-based 16-QAM,
when Eb/N0 = 20 dB.
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Figure 2.15: Error performance of conventional and SSD-based 8-PSK with
θ = 5◦, 13.8◦.

2.8 Summary

In this chapter, cooperative relay networks, cooperative relay protocols and signal

space diversity (SSD) were briefly reviewed. The signal constellation, rotation, and

expansion in SSD were discussed. Mathematical model of the signal transmission in

SSD was explained. Maximum likelihood detection was applied in SSD to detect the

received signal. The simulation results of the bit error probability with and without

SSD were obtained and discussed. It was shown that SSD improves the performance

and the diversity order of the system. The significance of rotation angle in SSD

was discussed and it was shown that the careful selection of rotation angle can reap

the benefits of SSD. In summary, the topics discussed in this chapter would serve as

background for understanding the problems addressed in the thesis.
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Chapter 3

Two-Way Signal Space Cooperative

System using Single Relay

In this chapter, a novel scheme is proposed to enhance the spectral efficiency of a two-

way cooperative relaying system, where two source terminals exchange information

directly and via an intermediate relay using the three-phase two-way decode-and-

forward (DF) protocol. Signal space diversity is used in the system that rotates and

expands the modulation signal space of an ordinary constellation. Hereafter, the

proposed two-way signal space cooperative system using a single DF relay will be

referred to as 2W-SSC-1R.

In the conventional two-way cooperative system using the three-phase relaying

decode-and-forward (DF) protocol, a direct link between two source terminals and an

indirect link via intermediate relay are used to achieve diversity. In the first time slot,

one source terminal broadcasts its one symbol to the relay and to the second source

terminal. In the second time slot, the second terminal broadcasts its one symbol to the

relay and to the first terminal. Then, the relay decodes the symbols received from both

terminals and broadcasts the combination of both received symbols to both terminals

in the third time slot. Since each terminal perfectly knows its transmitted signal,

it can use this knowledge to recover the symbol transmitted by the other terminal.

Thus, the conventional two-way cooperative system exchanges two symbols in three
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time slots [37]. This repetition-based relaying approach is inefficient and therefore,

signal space diversity (SSD) [25] is proposed to employ in the conventional two-way

cooperative system to enhance the spectral efficiency and the system performance.

In the proposed 2W-SSC-1R system, first source terminal broadcasts its first

symbol from the expanded constellation to the other source terminal and to the relay

in the first time slot. Then, the first symbol of the first terminal is decoded and the

second symbol of the first terminal is recovered at the relay due to SSD. In the second

time slot, the second source terminal broadcasts its first symbol from the expanded

constellation to the other terminal and to the relay. Similarly, the first symbol of

the second terminal is decoded and its second symbol is recovered at the relay due

to SSD. Assuming the relay correctly decodes the received symbols, then it forwards

a combination of second symbols of both terminals to the terminals in the third

time slot. Thus, the 2W-SSC-1R system exchanges four symbols in three time slots

and enhances the spectral efficiency by 100% compared to the conventional two-way

cooperative system, without adding extra complexity, bandwidth or transmit power.

In this chapter, the system model of the proposed system is described in Section

3.1. The closed-form expressions for the average symbol error probability (SEP) and

asymptotic SEP are derived in Section 3.2. The error performance of the 2W-SSC-

1R system is compared with the conventional two-way cooperative system in Section

3.3. Finally, the performance results using analytical expressions and Monte Carlo

simulations are presented in Section 3.3. The chapter is summarized in Section 3.4.

3.1 System Model

The system model of the proposed two-way signal space cooperative system (2W-SSC-

1R) consisting of two source terminals (T1 and T2) and a single relay (R) is shown
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in Figure 3.1. Each node in this system is equipped with one antenna and operates

in half-duplex mode. In this system, both terminals T1 and T2 communicate with

each other directly and through the relay over slow Rayleigh fading channels. The

channel information is available at all the receiving nodes as well as at the relay. The

channel coefficients of T1 → T2, R → T1 and R → T2 links are denoted as h, a and

b with variances σ2h, σ
2
a and σ2b , respectively. The channel coefficients are assumed

to be reciprocal and to remain constant during each transmission phase as well as all

channels are mutually independent and have no interference with each other.

R

T1 T2

Time-slot 1

Time-slot 2

Time-slot 3

h

b

Figure 3.1: System model of two-way signal space cooperative system with a single
DF relay (2W-SSC-1R).

The total transmit power constraint Etot is imposed on the exchange of every

four symbols in three time slots at two source terminals and the relay. For a fair anal-

ysis, the total transmit power Etot is always equal to the total energy of four symbols.

The symbol energies at the terminals (T1 and T2) and at the relay (R) are denoted

as ET and ER, respectively. Zero-mean additive white Gaussian noise (AWGN) with

variance N0 is assumed over all channels. The distances of T1−T2, T1−Ri and T2−R

links are denoted as dT1T2 , dT1R and dT2R, respectively, and their geometric gains
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are represented as λT1R = (dT1T2/dT1R)
ν and λT2R = (dT1T2/dT2R)

ν , respectively,

where ν is the path loss exponent. The instantaneous signal-to-noise ratios (SNRs) of

T1 → R, T2 → R, R → T1 and R → T2 links are denoted as γsa = |a|2 λT1RET /N0,

γsb = |b|2 λT2RET /N0, γa = |a|2 λT1R ER/N0 and γb = |b|2 λT2R ER/N0, and cor-

responding average SNRs are γsa = σ2a λT1R ET /N0, γsb = σ2b λT2R ET /N0, γa =

σ2a λT1R ER/N0 and γb = σ2b λT2R ER/N0, respectively. As both terminals (T1 and

T2) have the same transmit power ET , the instantaneous SNR between T1 and T2

link is γh = |h|2ET /N0 and the average SNR is γh = σ2hET /N0.

In this system, SSD is applied at the terminals and the relay. First, each

m = log2(M) information bits at each source terminal are grouped and mapped

to some ordinary constellation using a digital modulation scheme such as M-ary

quadrature amplitude modulation (M-QAM) or M-ary phase-shift keying (M-PSK).

Let sT1 = (sT1,1, sT1,2) be the two original signal points at T1 from the ordinary

constellation Φ (e.g. 4-QAM, or QPSK), i.e. sT1,1, sT1,2 ∈ Φ. The original complex

symbols can be denoted as sT1,1 = ℜ{sT1,1} + jℑ{sT1,1} and sT1,2 = ℜ{sT1,2} +

jℑ{sT1,2}, where j =
√
−1, and ℜ{·} and ℑ{·} are I and Q components of the

symbols, respectively. Then, sT1,1 and sT1,2 are rotated by the angle θ, i.e. xT1,1 =

sT1,1 e
jθ and xT1,2 = sT1,2 e

jθ. The rotated symbols, xT1 = (xT1,1, xT1,2), correspond

the points in the rotated constellation Φr. The new SSD symbols, zT1 = (zT1,1, zT1,2),

for transmission are formed by interleaving the Q components of the rotated symbols,

xT1,1 and xT1,2, and are given by

zT1,1 = ℜ{xT1,1}+ jℑ{xT1,2}, (3.1)

zT1,2 = ℜ{xT1,2}+ jℑ{xT1,1}. (3.2)

The SSD symbols, zT1,1 and zT1,2, for transmission from T1, belong to an
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Figure 3.2: Time slots (TS) allocation to: (a) the conventional two-way cooperative
system, and (b) the 2W-SSC-1R system.

expanded constellation Υ. In the first time slot, T1 broadcasts only one of the two

SSD symbols (i.e. zT1,1), as shown in Figure 3.2. The received signal at T2 and the

relay can be written as

yT1T2 =
√

ET h zT1,1 + wT2
, (3.3)

yT1R =
√

ETλT1R a zT1,1 + wT1,R
, (3.4)

where wT2
and wT1,R

denote zero-mean AWGN with a variance of N0 at T2 and the

relay, respectively. The two rotated symbols, xT1,1 and xT1,2, are detected using the

transmitted SSD symbol, zT1,1 = ℜ{xT1,1}+ jℑ{xT1,2}, at the relay as

x̂T1,1 = arg min
x∈Φr

∣

∣

∣
ℜ{a∗ yT1R} −

√

ETλT1R |a|2ℜ{xT1,1}
∣

∣

∣

2
, (3.5)

x̂T1,2 = arg min
x∈Φr

∣

∣

∣
ℑ{a∗ yT1R} −

√

ETλT1R |a|2ℑ{xT1,2}
∣

∣

∣

2
, (3.6)

where ∗ denotes complex conjugation.

Next, T2 prepares two SSD symbols, zT2,1 and zT2,2, by component interleaving
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of its two rotated symbols, xT2,1 and xT2,2, as

zT2,1 = ℜ{xT2,1}+ jℑ{xT2,2}, (3.7)

zT2,2 = ℜ{xT2,2}+ jℑ{xT2,1}. (3.8)

Similarly, in the second time slot, T2 broadcasts only one of the two SSD

symbols (i.e. zT2,1), which is received at T1 and the relay, as

yT2T1 =
√

ET h zT2,1 + wT1
, (3.9)

yT2R =
√

ETλT2R b zT2,1 + wT2,R
, (3.10)

where wT1
and wT2,R

denote zero-mean AWGN with a variance of N0 at T1 and

the relay, respectively. Then, the two rotated symbols, xT2,1 and xT2,2, are detected

using the transmitted SSD symbol, zT2,1, at the relay as

x̂T2,1 = arg min
x∈Φr

∣

∣

∣
ℜ{b∗ yT2R} −

√

ETλT2R |b|2ℜ{xT2,1}
∣

∣

∣

2
, (3.11)

x̂T2,2 = arg min
x∈Φr

∣

∣

∣
ℑ{b∗ yT2R} −

√

ETλT2R |b|2ℑ{xT2,2}
∣

∣

∣

2
. (3.12)

The SSD symbol received from a terminal at the relay consists of two compo-

nents that represents two different original symbols. If the relay successfully decodes

an SSD symbol, zT1,1, from T1, it can recover both symbols, xT1,1 and xT1,2, correctly

due to the SSD technique. Similarly, the relay can recover xT2,1 and xT2,2 correctly

upon successful decoding of zT2,1 from T2. A failure in decoding is conveyed through

a reliable feedback channel to the terminals. These assumptions are based on ARQ

and CRC protection features which are part of the advanced wireless standards such

as IEEE 802.16 [66]. The relay (R) forwards the combined signal of zT1,2 and zT2,2
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to the terminals in the third time slot, as shown in Figure 3.2. Thus, the received

signals at the terminals can be written as

yRT1 =
√

ERλT1R a zT1,2 +
√

ERλT1R a zT2,2 + w1,2, (3.13)

yRT2
=
√

ERλT2R b zT1,2 +
√

ERλT2R b zT2,2 + w2,2, (3.14)

where w1,2 and w2,2 denote zero-mean AWGN with a variance of N0 at T1 and T2,

respectively. Since each terminal perfectly knows its transmitted signal, it can cancel

the self-interference term and decode the received symbol. The resulting signals at

T1 and T2 can be written as

yRT1
=
√

ERλT1R a zT2,2 + w1,2, (3.15)

yRT2
=
√

ERλT2R b zT1,2 + w2,2. (3.16)

Let rT1 = (rT1,1, rT1,2) be the signal after component de-interleaver at T2,

transmitted by T1, which can be expressed as

rT1,1 = ℜ{h∗ yT1T2}+ jℑ{b∗ yRT2
}, (3.17)

rT1,2 = ℜ{b∗ yRT2
}+ jℑ{h∗ yT1T2}. (3.18)

The maximum likelihood detection is applied at T2 to detect the message trans-

mitted by T1 using

x̂T1,1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT1,1} −

√

ET |h|2ℜ{xT1,1}
∣

∣

∣

2

+
∣

∣

∣
ℑ{rT1,1} −

√

ERλT2R|b|
2ℑ{xT1,1}

∣

∣

∣

2
]

, (3.19)
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x̂T1,2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT1,2} −

√

ERλT2R|b|
2ℜ{xT1,2}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT1,2} −

√

ET |h|2ℑ{xT1,2}
∣

∣

∣

2
]

. (3.20)

Similarly, the signal at T1, rT2 = (rT2,1, rT2,2), after component de-interleaver

can be expressed as

rT2,1 = ℜ{h∗ yT2T1}+ jℑ{a∗ yRT1
}, (3.21)

rT2,2 = ℜ{a∗ yRT1
}+ jℑ{h∗ yT2T1}. (3.22)

The message at T1, transmitted by T2, is detected using

x̂T2,1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT2,1} −

√

ET |h|2ℜ{xT2,1}
∣

∣

∣

2

+
∣

∣

∣
ℑ{rT2,1} −

√

ERλT1R|a|
2ℑ{xT2,1}

∣

∣

∣

2
]

, (3.23)

x̂T2,2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT2,2} −

√

ERλT1R|a|
2ℜ{xT2,2}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT2,2} −

√

ET |h|2ℑ{xT2,2}
∣

∣

∣

2
]

. (3.24)

It is important to note that the 2W-SSC-1R system exchanges four symbols in

three time slots. On the other hand, the conventional two-way cooperative system [37]

requires three time slots to exchange two symbols, thus, requiring six time slots for

four symbols. In addition, if one of the two transmitted SSD symbols is not received

correctly at the other terminal in the 2W-SSC-1R system, it will still be able to

recover both symbols from one SSD symbol due to the SSD technique. Therefore,

the 2W-SSC-1R system increases the data rate, spectral efficiency and diversity when

compared with the conventional two-way cooperative system without any additional

bandwidth or transmit power.
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3.2 Error Probability Analysis

In this section, a closed-form expression for the end-to-end error probability of the

2W-SSC-1R system over Rayleigh fading channel is derived. An asymptotic approxi-

mation of this error probability is also presented and examined to reveal the behaviour

of the system as a function of its parameters.

3.2.1 Average Error Probability

The average symbol error probability (SEP) of the system depends on the probability

that the relay detects the signal received from both source terminals with or without

an error, and the probability of erroneous detection of signal received from one source

terminal to the other. In addition, when the relay has correctly detected the received

signals from the terminals, the average SEP of the system depends on the cooperative

link between the relay and the terminals. Due to two-way communication, the analysis

is first focused at T2 for the signal received from T1.

Let Poff denote the probability that the relay fails to detect both source signals

correctly and remains silent during the third time slot. Also, let PT1,coop
sym (e) be the

conditional error probability of the cooperative link between T1 → T2 and R →

T2 when the relay detects both source signals correctly. Furthermore, PT1T2
sym (e),

PT2T1
sym (e), PT1R

sym (e) and PT2R
sym (e) be the error probabilities of a signal transmitted

from T1 to T2 and T2 to T1, T1 to R, and T2 to R, respectively. Thus, the average

SEP of the signal transmitted by T1 can be written as

PT1
sym(e) = Poff PT1T2

sym (e) + [1− Poff]P
T1,coop
sym (e), (3.25)
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where

Poff = 1−
[

1− PT1R
sym (e)

] [

1− PT2R
sym (e)

]

. (3.26)

The conditional SEP of a two-dimensional modulation for a given γsa of the

T1 → R link, PT1R
sym (e|γsa), can be tightly upper bounded as

PT1R
sym (e|γsa) ≤ αzQ

(

√

βzγsa

)

, (3.27)

where Q(u) = 1√
2π

∫∞
u e−t2/2dt is the Gaussian Q-function [67, 26.2.3], αz and βz are

determined by the type of the expanded constellation and its size |Υ|. For example, for

M-QAM, αz = 4 and βz = 3/(|Υ|−1); and forM-PSK, αz = 2 and βz = 2 sin2(π/|Υ|)

[5]. Therefore, PT1R
sym (e) over Rayleigh fading channel can be written as

PT1R
sym (e) ≤

∞
∫

0

αzQ
(

√

βzγsa

)

fγsa (γsa) dγsa, (3.28)

where fγsa(γsa) =
1

γsa
e−γsa/γsa is the PDF of the SNR γsa [68]. Solving the integra-

tion in (3.28) using (A.12), PT1R
sym (e) can be written as

PT1R
sym (e) ≤ 1

2
αz

(

1−
√

βzγsa
βzγsa + 2

)

. (3.29)

Similarly, the SEP at the relay for a signal received from by T2 over Rayleigh

fading channel is given by

PT2R
sym (e) ≤ 1

2
αz

(

1−
√

βzγsb
βzγsb + 2

)

, (3.30)

and the SEP at T2 for a signal received from by T1 over Rayleigh fading channel is
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given by

PT1T2
sym (e) ≤ 1

2
αz

(

1−
√

βzγh
βzγh + 2

)

. (3.31)

The SEP of the cooperative link between T1 → T2 and R → T2 depends on the

total SNR of the cooperative link, γe1 = γh + γb. Thus, the SEP of the cooperative

link for given SNRs γa, γb and γh can be represented as

PT1,coop
sym (e|γh, γa, γb) = αxQ

(√

βxγe1

)

, (3.32)

where αx = 2(|Φr| − 1)/|Φr|, βx = 3/(|Φr|2 − 1) [5]. Thus, PT1,coop
sym (e) over the

fading channel can be written as

PT1,coop
sym (e) =

∞
∫

0

αxQ
(√

βxγe1

)

fγe1

(

γe1
)

dγe1, (3.33)

where fγe1
(γe1) is the PDF of the SNR γe1, which is evaluated by convolving fγh(γ) =

1
γh

e−γ/γh and fγb(γ) =
1
γb
e−γb/γb , thus using (C.6) fγe1

(γ) can be expressed as

fγe1
(γ) =

1

γh − γb

(

e−γ/γh − e−γ/γb
)

. (3.34)

Substituting (3.34) in (3.33) and solving the integration using (A.12), PT1,coop
sym (e)

can be expressed as

PT1,coop
sym (e)=

αx
2

1

γh − γb

{

γh

(

1−
√

βxγh
βxγh + 2

)

− γb

(

1−
√

βxγb
βxγb + 2

)}

(3.35)

Finally, substituting (3.29), (3.30), (3.31) and (3.35) into (3.25), a closed-form

expression for the average SEP at terminal T2 for the signal transmitted by T1 can be

easily obtained. It is noted that a similar expression can be obtained for the average
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SEP at terminal T1 for the signal transmitted by T2, PT2
sym(e), by following the same

procedure or simply interchanging γb and γa in the expression for PT1
sym(e). Thus,

the end-to-end average SEP of the 2W-SSC-1R system can be obtained using the

following expression

Pe2e
sym(e) =

PT1
sym(e) + PT2

sym(e)

2
. (3.36)

3.2.2 Asymptotic Error Probability

Although the derived average SEP expression of the system is very useful in evaluating

the error performance of the system, it is not straightforward to use this expression

to quantify the diversity gain and the effect of system parameters. Consequently,

simple asymptotic SEP expression is derived, which is of special interest in moderate

to high SNR region. The asymptotic SEP at terminal T2 for the signal transmitted

by T1 can be expressed as

PT1
sym(e)≃PoffP

T1T2
sym (e) + PT1,coop

sym (e). (3.37)

For high SNR, Poff from (3.26) can be approximated as

Poff ≈ PT1R
sym (e) + PT2R

sym (e). (3.38)

Utilizing the Taylor series expansion of the exponential function and neglecting

the higher order terms, the PDF of γsa can be approximated as

fγsa(γ) ≃
1

γsa
. (3.39)
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Thus, the approximate symbol error probabilities can be written as

PT1R
sym (e) ≃ αz

2βz

1

γsa
, (3.40)

PT2R
sym (e) ≃ αz

2βz

1

γsb
, (3.41)

and

PT1T2
sym (e) ≃ αz

2βz

1

γh
. (3.42)

The PDF of γe1 from (3.34) using the Taylor series expansion can be approxi-

mated as

fγe1
(γ) ≃ 1

γhγb
. (3.43)

Thus,

PT1,coop
sym (e) ≃ αx

2βx

1

γhγb
, (3.44)

From (3.37), (3.40), (3.41), (3.42) and (3.44), the asymptotic SEP at terminal

T2 for the signal transmitted by T1 can be written as

PT1
sym(e) ≃

(

αz
2βz

)2 1

γh

(

1

γsa
+

1

γsb

)

+
αx
2βx

1

γhγb
(3.45)

Similarly, the asymptotic SEP at terminal T1 for the signal transmitted by T2,

PT2
sym(e), can be obtained by interchanging γb and γa in (3.45). Thus, the end-to-end

asymptotic SEP of the 2W-SSC-1R system can be written as

Pe2e
sym(e) ≃

(

αz
2βz

)2 1

γh

(

1

γsa
+

1

γsb

)

+
αx
4βx

(

1

γhγa
+

1

γhγb

)

(3.46)
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3.3 Results and Discussion

In this section, the numerical results are presented to illustrate the error performance

of the 2W-SSC-1R system using the derived analytical expressions and numerical

simulations over a slow Rayleigh fading channel. The analytical results are validated

using Monte Carlo simulations, which were performed with 109 trials for each sim-

ulation point for accuracy and correctness. The variances of channel coefficients are

set to σ2h = σ2a = σ2b = 1 and the path loss exponent to ν = 3. The 2W-SSC-1R

system is assumed to have a single relay located at the middle of the terminals. For

the fair analysis, the total power budget to exchange four symbols in the 2W-SSC-1R

system is equivalent to that of the direct transmission system, thus ET = 1 for first

and second time slots and ER = 2 for the third time slot, making the total power

budget equals to 4 units.

Figure 3.3 compares the error performance of the 2W-SSC-1R system with

the conventional two-way cooperative and direct transmission systems using 4-QAM.

The SSD scheme is using 4-QAM modulation with rotation angle of 26.6◦. In this

figure, the average bit error probabilities (BEP) of 2W-SSC-1R, conventional two-

way and direct transmission systems are represented by solid line, ◦ and � markers,

respectively. It is evident from the figure that the 2W-SSC-1R system has nearly the

same performance as the conventional two-way cooperative system. It is observed

that both two-way cooperative systems have improved performance than the direct

transmission system, which is obviously due to the diversity gain by using relay.

For example, BEP=10−3 can be obtained at Eb/N0 = 16 dB with the 2W-SSC-1R

system, or at Eb/N0 = 24 dB with the direct transmission system, thus achieving an

Eb/N0 gain of about 8 dB.

Figure 3.4 shows the average BEP of the 2W-SSC-1R system using 4-QAM as a
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function of the average SNR (Eb/N0). The simulation result in this plot is represented

by ⋄ markers while analytical and asymptotic results are shown by solid and dashed

lines, respectively. It is clear from this figure that analytical results for the error

probability, given in (3.36), are in perfect agreement with the simulation results, thus

validating the derived mathematical expressions. Also, the asymptotic results, given

by (3.46), are tight and have a good match with the analytical and simulation results

at medium and high SNRs. It is observed that beyond Eb/N0 = 13 dB asymptotic

error probability follows the exact error probability.

In order to show the robustness of the 2W-SSC-1R system with higher order

modulation scheme, the average BEP of the 2W-SSC-1R system using 16-QAM with

θ = 13.8◦ is illustrated in Figure 3.5. The average BEP of the conventional direct

transmission using 16-QAM is also shown for comparison. It is observed from figure

that the 2W-SSC-1R system provides an Eb/N0 gain of 11 dB to achieve an average

BEP of 10−4 compared to the direct transmission system.

3.4 Summary

In this chapter, a two-way cooperative system with signal space diversity using a

single DF relay is presented and its performance was analyzed. The error probability

expression of the 2W-SSC-1R system was derived over the Rayleigh fading channel.

The closed-form expression for the asymptotic error probability was obtained. The

error performance of the 2W-SSC-1R system was found nearly same as the perfor-

mance of the conventional two-way cooperative system. Thus, it was shown that

the 2W-SSC-1R system enhances the performance and doubles the spectral efficiency

compared to the conventional two-way cooperative system system without degrading

the system performance. This 2W-SSC-1R system can be further enhanced with the
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Figure 3.3: Error performance comparison of the 2W-SSC-1R system with the
conventional two-way and direct transmission systems using 4-QAM.

0 5 10 15 20 25 30
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

 E
b
 / N

0
 [dB]

A
v
er

ag
e 

B
it

 E
rr

o
r 

P
ro

b
ab

il
it

y

 

 

Analytical

Asymptotic

Simulation

Figure 3.4: Error probability of the 2W-SSC-1R system using 4-QAM.
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Figure 3.5: Error probability of 2W-SSC-1R and direct transmission systems using
16-QAM.

use of multiple relays to improve the diversity order and the system performance,

which is presented in the next chapter.
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Chapter 4

Two-Way Signal Space Cooperative

System using Multiple Relays

In the previous chapter, the two-way signal space cooperative system (2W-SSC-1R)

that uses a single DF relay is considered and its performance analysis along with nu-

merical results are presented. This chapter extends the use of multiple intermediate

relays into the two-way signal space cooperative system. Hereafter, this proposed sys-

tem will be referred to as 2W-SSC. This chapter presents the comprehensive analysis

of the 2W-SSC system for various performance metrics including error probability,

outage probability and channel capacity. In addition, this chapter addresses the op-

timality relay location, power allocation and the best relay selection.

In the 2W-SSC system, each source terminal broadcasts its first symbol from the

expanded constellation to the other terminal and the relays in two different time slots,

i.e. the first and the second time slots. Then, these first symbols received from both

terminals are decoded and their second symbols are recovered at the relays. Based on

the channel conditions between the relays and the terminals, the best relay is selected

from the group of relays that have correctly decoded the symbols. This best relay then

forwards both second symbols to the terminals in the third time slot. Thus, there

are four symbols exchanged in three time slots which implies doubling of spectral

efficiency and data transmission, without adding extra complexity, bandwidth or



48

transmit power. This is in contrast to the exchange of two symbols over three time

slots in the conventional two-way cooperative system.

This chapter is organized as follows: Section 4.1 describes the system and chan-

nel models of the 2W-SSC system. Section 4.2 deals with the derivations of closed-

form expressions for the average symbol error probability (SEP), asymptotic SEP

and the diversity order of the system. Section 4.3 examines the optimization of relay

position and power allocations to source terminals and relays. Section 4.4 presents

the analysis for exact and asymptotic outage probability of the system. Section 4.5

demonstrates the derivations for average channel capacity and an upper bound on

channel capacity. Section 4.6 compares and analyzes analytical and simulation re-

sults, and Section 4.7 summarizes the chapter.

4.1 System Model

Figure 4.1 shows the proposed two-way signal space cooperative system, which con-

sists of two source terminals (T1 and T2) and K number of relays (Ri, i = 1, 2, ..., K),

each equipped with one antenna and operates in half-duplex mode. In this system,

both T1 and T2 communicate with each other directly and through K relays over slow

Rayleigh fading channel. The channel information is available at all the receiving

nodes as well as at the K relays. The channel coefficients of T1 → T2, Ri → T1 and

Ri → T2 links are denoted as h, ai and bi with variances σ2h, σ
2
a and σ2b , respectively.

The channel coefficients are assumed to be reciprocal and to remain constant during

each transmission phase. The channels are assumed to be mutually independent and

have no interference with each other.

The total transmit power constraint Etot is imposed on the exchange of every

four symbols in three time slots at both terminals and the best relay. For a fair analy-
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Figure 4.1: System model of the two-way signal space cooperative system (2W-SSC)
with K DF relays.

sis, the total transmit power Etot is always equal to the total energy of four symbols.

The symbol energies at both terminals (T1 and T2) and at the relays (Ri) are denoted

as ET1
, ET2

and ER, respectively. Zero-mean additive white Gaussian noise (AWGN)

with variance N0 is assumed over all channels. The distances of T1−T2, T1−Ri and

T2−Ri links are denoted as dT1T2, dT1R and dT2R, respectively, and their geometric

gains are represented as λT1R = (dT1T2/dT1R)
ν and λT2R = (dT1T2/dT2R)

ν , respec-

tively, where ν is the path loss exponent. The instantaneous signal-to-noise ratios

(SNRs) of T1 → T2, T2 → T1, T1 → Ri, T2 → Ri, Ri → T1 and Ri → T2 links

are denoted as γh1 = |h|2ET1
/N0, γh2 = |h|2ET2

/N0, γsai = |ai|2 λT1RET1
/N0,

γsbi = |bi|2 λT2R ET2
/N0, γai = |ai|2 λT1R ER/N0 and γbi = |bi|2 λT2R ER/N0, while

average SNRs are γh1 = σ2hET1
/N0, γh2 = σ2hET2

/N0, γsa = σ2a λT1RET1
/N0,

γsb = σ2b λT2R ET2
/N0, γa = σ2a λT1R ER/N0 and γb = σ2b λT2R ER/N0, respectively.

In the 2W-SSC system, SSD is used at the terminals and the relays. First, each

m = log2(M) information bits at each source terminal are grouped and mapped to
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a point in the ordinary constellation either M-ary quadrature amplitude modulation

(M-QAM) or M-ary phase-shift keying (M-PSK) modulation.

Let sT1 = (sT1,1, sT1,2) be the two original signal points of source terminal

T1 from the ordinary constellation Φ (e.g. 4-QAM, or QPSK), i.e. s1, s2 ∈ Φ. The

original complex symbols can be denoted as sT1,1 = ℜ{sT1,1}+jℑ{sT1,1} and sT1,2 =

ℜ{sT1,2}+ jℑ{sT1,2}, where j =
√
−1, and ℜ{·} and ℑ{·} are I and Q components

of the symbols, respectively. Then, sT1,1 and sT1,2 are rotated by the angle θ, i.e.

xT1,1 = sT1,1 e
jθ and xT1,2 = sT1,2 e

jθ. The rotated symbols, xT1 = (xT1,1, xT1,2),

correspond to a rotated constellation Φr. The new SSD symbols, zT1 = (zT1,1, zT1,2),

for transmission are formed by interleaving the Q components of the rotated symbols,

xT1,1 and xT1,2, and are given by

zT1,1 = ℜ{xT1,1}+ jℑ{xT1,2}, (4.1)

zT1,2 = ℜ{xT1,2}+ jℑ{xT1,1}. (4.2)

The SSD symbols, zT1,1 and zT1,2, for transmission from T1 belong to an ex-

panded constellation Υ. In the first time slot, T1 broadcasts only one of the two SSD

symbols (i.e. zT1,1). Thus, the received signal at T2 and the ith relay can be written

as

yT1T2 =
√

ET1
h zT1,1 + wT2,1

, (4.3)

yT1Ri
=
√

ET1
λT1R ai zT1,1 + wT1,Ri

, (4.4)

where wT2,1
and wT1,Ri

denote zero-mean AWGN with a variance of N0 at T2 and

the ith relay, respectively. The two rotated symbols, xT1,1 and xT1,2, are detected
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using the transmitted SSD symbol, zT1,1 = ℜ{xT1,1}+ jℑ{xT1,2}, at the ith relay as

x̂T1,1 = arg min
x∈Φr

∣

∣

∣
ℜ{a∗i yT1Ri

} −
√

ET1
λT1R |ai|2ℜ{xT1,1}

∣

∣

∣

2
, (4.5)

x̂T1,2 = arg min
x∈Φr

∣

∣

∣
ℑ{a∗i yT1Ri

} −
√

ET1
λT1R |ai|2ℑ{xT1,2}

∣

∣

∣

2
, (4.6)

where ∗ denotes complex conjugation.

Secondly, T2 prepares two SSD symbols, zT2,1 and zT2,2, by component inter-

leaving of its two rotated symbols, xT2,1 and xT2,2, as

zT2,1 = ℜ{xT2,1}+ jℑ{xT2,2}, (4.7)

zT2,2 = ℜ{xT2,2}+ jℑ{xT2,1}. (4.8)

Similarly, in the second time slot, T2 broadcasts only one of the two SSD

symbols (i.e. zT2,1), which is received at T1 and the ith relay as

yT2T1 =
√

ET2
h zT2,1 + wT1,1

, (4.9)

yT2Ri
=
√

ET2
λT2R bi zT2,1 + wT2,Ri

, (4.10)

where wT1,1
and wT2,Ri

denote zero-mean AWGN with a variance of N0 at T1 and the

ith relay, respectively. Then, the two rotated symbols, xT2,1 and xT2,2, are detected

using the transmitted SSD symbol, zT2,1, at the ith relay as

x̂T2,1 = arg min
x∈Φr

∣

∣

∣
ℜ{b∗i yT2Ri

} −
√

ET2
λT2R |bi|2ℜ{xT2,1}

∣

∣

∣

2
, (4.11)

x̂T2,2 = arg min
x∈Φr

∣

∣

∣
ℑ{b∗i yT2Ri

} −
√

ET2
λT2R |bi|2ℑ{xT2,2}

∣

∣

∣

2
. (4.12)

Due to the SSD technique, an SSD symbol received from a terminal at the relays
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consists of two components to represent two different original symbols. If the relay

successfully decodes an SSD symbol, zT1,1, from T1, it can recover both symbols,

xT1,1 and xT1,2, correctly due to the SSD technique. Similarly, the relay can recover

xT2,1 and xT2,2 correctly upon successful decoding of zT2,1 from T2. Otherwise, the

failure in decoding is conveyed through a reliable feedback channel to the terminals.

Let C be the set of relays that have correctly decoded the messages in the first

and second time slots, and |C| its cardinality. Let Rt be the best relay among the

relays that correctly decode both source messages and have good channel conditions

to both terminals. Thus, the relay selection criteria, based on γai and γbi, can be

expressed as

Rt = argmax
i∈C

{

min
(

γai, γbi

)}

. (4.13)

The best relay (Rt) then forwards the combined signal of zT1,2 and zT2,2 to both

terminals in the third time slot. Thus, the received signals at both terminals can be

written as

yRtT1
=
√

ERλT1R at zT1,2 +
√

ERλT1R at zT2,2 + w1,2, (4.14)

yRtT2
=
√

ERλT2R bt zT1,2 +
√

ERλT2R bt zT2,2 + w2,2, (4.15)

where w1,2 and w2,2 denote zero-mean AWGN with a variance of N0 at T1 and T2,

respectively. Since each terminal perfectly knows its transmitted signal, it can cancel

the self-interference term. Thus, the resulting signals at T1 and T2 can be written as

yRtT1
=
√

ERλT1R at zT2,2 + w1,2, (4.16)

yRtT2
=
√

ERλT2R bt zT1,2 + w2,2. (4.17)



53

Let rT1 = (rT1,1, rT1,2) be the signal after component de-interleaver at T2,

received from T1, which can be expressed as

rT1,1 = ℜ{h∗ yT1T2}+ jℑ{b∗t yRtT2}, (4.18)

rT1,2 = ℜ{b∗t yRtT2
}+ jℑ{h∗ yT1T2}. (4.19)

The maximum likelihood detection is applied at T2 to detect the message re-

ceived from T1 using

x̂T1,1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT1,1} −

√

ET1
|h|2ℜ{xT1,1}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT1,1} −

√

ERλT2R|bt|
2ℑ{xT1,1}

∣

∣

∣

2
]

, (4.20)

x̂T1,2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT1,2} −

√

ERλT2R|bt|
2ℜ{xT1,2}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT1,2} −

√

ET1
|h|2ℑ{xT1,2}

∣

∣

∣

2
]

. (4.21)

Similarly, the signal at T1, rT2 = (rT2,1, rT2,2), after component de-interleaver

can be expressed as

rT2,1 = ℜ{h∗ yT2T1}+ jℑ{a∗t yRtT1
}, (4.22)

rT2,2 = ℜ{a∗t yRtT1
}+ jℑ{h∗ yT2T1}. (4.23)

The message at T1, received from T2, is detected as

x̂T2,1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT2,1} −

√

ET2
|h|2ℜ{xT2,1}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT2,1} −

√

ERλT1R|at|
2ℑ{xT2,1}

∣

∣

∣

2
]

, (4.24)
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x̂T2,2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{rT2,2} −

√

ERλT1R|at|
2ℜ{xT2,2}

∣

∣

∣

2

+
∣

∣

∣
ℑ{rT2,2} −

√

ET2
|h|2ℑ{xT2,2}

∣

∣

∣

2
]

. (4.25)

It is important to note that in the 2W-SSC system, there are four symbols

exchanged in three time slots. In contrast, in the conventional two-way cooperative

system [37], three time slots are required to exchange two symbols, thus, requiring six

time slots for four symbols. In addition, if one of the two transmitted SSD symbols

are not received correctly at the other terminal in the 2W-SSC system, it will still be

able to recover both symbols from one SSD symbol due to the SSD technique. The

2W-SSC system therefore increases the data rate, spectral efficiency and diversity

as compared to the conventional two-way cooperative system, without additional

bandwidth or transmit power.

4.2 Error Probability Analysis

In this section, a closed-form expression for the end-to-end error probability of the

2W-SSC system is derived over Rayleigh fading channel. Moreover, an asymptotic

approximation of the error probability and diversity gain of the system are given.

4.2.1 Average Error Probability

The average symbol error probability (SEP) of the system depends on the probability

that the relays detect the signal received from both terminals with or without an error,

and the probability of erroneous detection of signal received from one terminal to the

other. In addition, when a set of relays is available that have correctly detected

the received signals from both terminals, the average SEP of the system depends
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on the cooperative links between the best relay and the terminals. Due to two-way

communication, the analysis is first focused at T2 for the signal received from T1.

Pr{|C| = 0} denotes the probability that no relay is able to correctly detect the

signals received from both terminals, and Pr{|C| = k} the probability that k relays

detect signals from source terminals correctly. Let PT1,coop
sym (e|k) be the conditional

error probability of the cooperative link between T1 → T2 and Rt → T2 when k

relays detect both signals from the terminals correctly. Furthermore, PT1T2
sym (e) and

PT2T1
sym (e) are the error probabilities of a signal transmitted from T1 to T2 and T2 to

T1, respectively. Thus, the average SEP of the signal received from T1 can be written

as

PT1
sym(e) = Pr{|C| = 0}PT1T2

sym (e) +
K
∑

k=1

Pr{|C| = k}PT1,coop
sym (e|k), (4.26)

where

Pr{|C| = 0} = [Poff]
K , (4.27)

Pr{|C| = k} =

(

K

k

)

[Poff]
K−k [1− Poff]

k , (4.28)

where Poff denotes the probability that a relay fails to detect both source signals

correctly and remains silent during the third time slot. If PT1Ri
sym (e) and PT2Ri

sym (e)

denote the error probabilities at the ith relay for signal received from T1 and T2,

respectively. Then, Poff can be written as

Poff = 1−
[

1− PT1Ri
sym (e)

] [

1− PT2Ri
sym (e)

]

. (4.29)
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The average SEP of T1 can then be expressed as

PT1
sym(e) = [Poff]

K PT1T2
sym (e) +

K
∑

k=1

(

K

k

)

[Poff]
K−k [1− Poff]

k PT1,coop
sym (e|k). (4.30)

In what follows, the expressions for each of these probabilities are derived.

The conditional SEP for a given γsai of the T1 → Ri link, PT1Ri
sym (e|γsai), can be

tightly upper bounded as

PT1Ri
sym (e|γsai) ≤ αzQ

(√

βzγsai

)

, (4.31)

where Q(u) = 1√
2π

∫∞
u e−t2/2dt is the Gaussian Q-function [67, 26.2.3], αz and βz are

determined by the type of the expanded constellation and its size |Υ|. For example, for

M-QAM, αz = 4 and βz = 3/(|Υ|−1); and forM-PSK, αz = 2 and βz = 2 sin2(π/|Υ|)

[5]. Therefore, PT1Ri
sym (e) over Rayleigh fading channel can be written as

PT1Ri
sym (e) ≤

∞
∫

0

αzQ
(√

βzγsai

)

fγsai

(

γsai
)

dγsai, (4.32)

where fγsai
(γsai) = 1

γsa
e−γsai/γsa is the PDF of the SNR γsai [68]. Solving the

integration in (4.32) using (A.12), PT1Ri
sym (e) can be written as

PT1Ri
sym (e) ≤ 1

2
αz

(

1−
√

βzγsa
βzγsa + 2

)

. (4.33)

Similarly, the SEP at the ith relay for a signal received from T2 can be expressed

as

PT2Ri
sym (e) ≤ 1

2
αz

(

1−
√

βzγsb
βzγsb + 2

)

, (4.34)
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and the SEP at T2 for a signal received from T1 can be written as

PT1T2
sym (e) ≤ 1

2
αz

(

1−
√

βzγh1
βzγh1 + 2

)

. (4.35)

The SEP of the cooperative link between T1 → T2 and Rt → T2 depends on the

total SNR of the cooperative link, γe1 = γh1 + γbt, where γbt is the SNR of the best

relay chosen under the relay selection criterion, given by (4.13). Thus, the SEP of the

cooperative link for given SNRs γai, γbi, γh1 and k active relays can be represented

as

PT1,coop
sym (e|k, γh1, γai, γbi) = αxQ

(√

βxγe1

)

, (4.36)

where αx = 2(|Φr| − 1)/|Φr|, βx = 3/(|Φr|2 − 1) [5]. Then, PT1,coop
sym (e|k) over the

fading channel can be written as

PT1,coop
sym (e|k) =

∞
∫

0

αxQ
(√

βxγe1

)

fγe1

(

γe1
)

dγe1, (4.37)

where fγe1
(γe1) is the PDF of the SNR γe1. To evaluate fγe1

(γe1), PDF of γbt is

derived first with the help of the PDFs of γai and γbi, that are fγai
(γai) =

1
γa

e−γai/γa

and fγbi
(γbi) =

1
γb
e
−γbi

/γb , respectively. Thus, using (B.21), fγbt
(γ) can be expressed

as

fγbt
(γ) =

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γa

kγm
kγb − γm

(

e−γ/γb − e−kγ/γm
)

+

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γb
k e−kγ/γm , (4.38)

where γm = γaγb/(γa + γb). fγe1
(γ) can be evaluated by convolving fγh1

(γ) =
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1
γh1

e
−γ/γh1 and fγbt

(γ) from (4.38), thus fγe1
(γ) can be expressed as

fγe1
(γ) =

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γa

kγm
kγb − γm

[

γb
γh1 − γb

(

e
−γ/γh1 − e−γ/γb

)

− γm
kγh1 − γm

(

e
−γ/γh1 − e−kγ/γm

)

]

+

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γb

kγm
kγh1 − γm

(

e
−γ/γh1 − e−kγ/γm

)

. (4.39)

Substituting (4.39) into (4.37) and solving the integration using (A.12),

PT1,coop
sym (e|k) can be expressed as

PT1,coop
sym (e|k) = 1

2
αx

k
∑

i=1

(

k

i

)

(−1)i−1

γa

iγm
iγb − γm

×
[

γb
γh1 − γb

{

γh1

(

1−
√

βxγh1
βxγh1 + 2

)

− γb

(

1−
√

βxγb
βxγb + 2

)}

− γm
iγh1 − γm

{

γh1

(

1−
√

βxγh1
βxγh1 + 2

)

− γm
i

(

1−
√

βxγm
βxγm + 2 i

)}]

+
1

2
αx

k
∑

i=1

(

k

i

)

(−1)i−1

γb

iγm
iγh1 − γm

[

γh1

(

1−
√

βxγh1
βxγh1 + 2

)

− γm
i

(

1−
√

βxγm
βxγm + 2 i

)]

. (4.40)

Finally, substituting (4.33), (4.34), (4.35) and (4.40) into (4.30), a closed-form

expression for the average SEP at T2 for the signal received from T1 can be easily

obtained. It is noted that a similar expression can be obtained for the average SEP

at T1 for the signal received from T2, PT2
sym(e), by following the same procedure or

simply replacing γh1 with γh2, and by interchanging γb and γa in the expression for

PT1
sym(e). Thus, the end-to-end average SEP of the 2W-SSC system can be obtained
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using the expression given below:

Pe2e
sym(e) =

PT1
sym(e) + PT2

sym(e)

2
. (4.41)

4.2.2 Asymptotic Error Probability

Although the derived expression for the average SEP expression of the system can

be used to evaluate the error performance of the system, it does not clearly quantify

the diversity gain and the effects of system parameters on the performance. Thus,

a simple asymptotic expression for SEP is derived in the region of moderate to high

SNR. The asymptotic SEP at T2 for the signal received from T1 can be expressed as

PT1
sym(e)≃ [Poff]

K PT1T2
sym (e)+

K
∑

k=1

(

K

k

)

[Poff]
K−k PT1,coop

sym (e|k). (4.42)

For high SNR, Poff from (4.29) can be approximated as

Poff ≈ PT1Ri
sym (e) + PT2Ri

sym (e). (4.43)

Utilizing the Taylor series expansion of the exponential function and neglecting

the higher order terms, the PDF of γsai can be approximated as

fγsai
(γ) ≃ 1

γsa
. (4.44)

Thus,

PT1Ri
sym (e) ≃ αz

2βz

1

γsa
. (4.45)
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Similarly,

PT2Ri
sym (e) ≃ αz

2βz

1

γsb
, (4.46)

and

PT1T2
sym (e) ≃ αz

2βz

1

γh1
. (4.47)

The PDF of γh1 using the Taylor series expansion can be approximated as

fγh1
(γ) ≃ 1

γh1
. (4.48)

and fγbt
(γ) can be approximated as

fγbt
(γ) ≃ kγk−1 1

γb

(

1

γm

)k−1

. (4.49)

From (4.48) and (4.49), the approximate PDF of γe1 is obtained as

fγe1
(γ) ≃ 1

γh1γb

(

1

γm

)k−1

γk. (4.50)

Thus, substituting (4.50) into (4.37) and solving the integration using [69,

3.351.2]

PT1,coop
sym (e|k) ≃ 1

γh1γb

(

1

γm

)k−1 αx2
kΓ(k + 3

2)

(k + 1)βk+1
x

√
π
, (4.51)

where Γ(·) is the gamma function, given by Γ(u) =
∫∞
0 e−ttu−1dt [67, 6.1.1]. From

(4.42), (4.45), (4.46), (4.47) and (4.51), the asymptotic SEP at T2 for the signal



61

received from T1 can be written as

PT1
sym(e) ≃

(

αz
2βz

)K+1 1

γh1

(

1

γsa
+

1

γsb

)K

+

K
∑

k=1

(

K

k

)

×

Ψk

[

αz
2βz

(

1

γsa
+

1

γsb

)]K−k 1

γh1γb

(

1

γm

)k−1

, (4.52)

where Ψk is defined as

Ψk =
αx2

kΓ(k + 3
2)

(k + 1)βk+1
x

√
π
. (4.53)

Similarly, the asymptotic SEP at T1 for the signal received from T2, PT2
sym(e),

can be obtained by replacing γh1 with γh2 , and by interchanging γb and γa in (4.52).

Thus, the end-to-end asymptotic SEP of the 2W-SSC system can be written as

Pe2e
sym(e) ≃ 1

2

(

αz
2βz

)K+1
(

1

γh1
+

1

γh2

)

(

1

γsa
+

1

γsb

)K

+
1

2

K
∑

k=1

(

K

k

)

Ψk

[

αz
2βz

(

1

γsa
+

1

γsb

)]K−k
(

1

γh1γb
+

1

γh2γa

)

(

1

γm

)k−1

(4.54)

4.2.3 Diversity Gain Analysis

To obtain the diversity gain of the 2W-SSC system, the end-to-end asymptotic SEP,

given by (4.54), is examined. For the purpose, equal power is allocated to both

terminals, i.e. ET1
= ET2

= ER = Ee, and therefore, (4.54) can be written as

Pe2e
sym(e) =

(

N0

Ee

)K+1 1

σ2h

(

1

σ2aλT1R
+

1

σ2bλT2R

)K

×




(

αz
2βz

)K+1

+
K
∑

k=1

(

K

k

)

Ψk

2

(

αz
2βz

)K−k


 . (4.55)



62

It is observed from this expression that the 2W-SSC system achieves a diversity

gain of K + 1, which is one higher than the number of relays in the system.

4.3 System Optimization

4.3.1 Optimizing Relay Position under Fixed Power

Allocation

In order to determine optimum relay position, normalized distance between both

terminals (i.e. dT1T2 = 1) is used. The placement of relays in the system is on the

straight-line, joining both terminals (i.e. dT1R = d and dT2R = 1 − d), in order to

reduce the impact of path loss on the system performance. In addition, it is assumed

that at least one of K relays correctly decodes signals received from both terminals,

for the optimization to be meaningful. Under the condition of fixed power allocated

to both terminals (ET1
and ET2

) and the relays (ER), the relay location optimization

problem can be formulated as

min
d

Pe2e
sym(e)

subject to 0 ≤ d ≤ 1

(4.56)

In order to carry out tractable mathematical analysis of all optimization cases,

binomial expansion [69] is applied on (4.54) and the following expression of the end-
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to-end asymptotic SEP is obtained, which is used in all optimization analysis,

Pe2e
sym(e) ≃ 1

2

(

αz
2βz

)K+1
(

1

γh1
+

1

γh2

)

(

1

γsa
+

1

γsb

)K

+
ΨK

2

(

1

γh1γb
+

1

γh2γa

)

(

1

γm

)K−1

, (4.57)

where

ΨK =
αx2

KΓ(K + 3
2)

(K + 1)βK+1
x

√
π
. (4.58)

The expression in (4.57) can be written as

Pe2e
sym(e) = A [Cdν +H (1− d)ν ]K

+ [J dν + U (1− d)ν ] [Wdν + Z (1− d)ν ]K−1 (4.59)

where the notations in the previous expression are defined as

A =
1

2

(

αz
2βz

)K+1
(

N0

σ2hET1

+
N0

σ2hET2

)

, (4.60)

C =
N0

σ2aET1

, (4.61)

H =
N0

σ2bET2

, (4.62)

J =
ΨK

2

N0

σ2hET2

N0

σ2aER
, (4.63)

U =
ΨK

2

N0

σ2hET1

N0

σ2bER
, (4.64)

W =
N0

σ2aER
, (4.65)

Z =
N0

σ2bER
. (4.66)

In order to check the convexity of Pe2e
sym(e), given by (4.59), the second derivative
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of (4.59) is evaluated with respect to d and it is easily found that ∂2Pe2e
sym(e)/∂d2 is

positive in the interval [0, 1]. This shows that the objective function is strictly a

convex function of d in the interval [0, 1]. Thus, taking the first derivative of Pe2e
sym(e)

with respect to d and equating it to zero, the following expression is obtained

AK [Cdν +H (1− d)ν ]K−1 [Cνdν−1 −Hν (1− d)ν−1]

+ [J νdν−1 − Uν (1− d)ν−1][Wdν + Z (1− d)ν ]K−1

+ (K − 1) [J dν + U (1− d)ν ][Wdν + Z (1− d)ν ]K−2×
[

Wνdν−1 − Zν (1− d)ν−1
]

= 0. (4.67)

This expression is very complex and it is very hard to find the closed-form ex-

pression for the optimal relay position (d∗) from (4.67). However, iterative techniques

such as bisection method can be used to find the optimum position of the relay, d∗.

4.3.2 Optimizing Power Allocation under Fixed Relay

Position

In this section, the problem of optimal power allocation (OPA) at both terminals and

the relay is investigated. The problem is further simplified by assuming equal power

allocation to both terminals (i.e. ET = ET1
= ET2

). Under the condition of fixed

relay location (dT1R, dT2R), the power optimization problem can be expressed as

min
ET ,ER

Pe2e
sym(e)

subject to ET1
+ ET2

+ ER = 2ET + ER ≤ Etot,

ET , ER > 0,

(4.68)
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where Etot is the total power budget of the system. δ is defined such that 0 < δ < 1,

so that the optimum values of the power allocated to both terminals and the relay

can be expressed as ET = δEtot/2 and ER = (1 − δ)Etot. By substituting these

values into (4.57), the following expression is obtained

Pe2e
sym(e) = I

(

1

δ

)K+1

+ L
(

1

δ

)(

1

1− δ

)K

, (4.69)

where I and L are defined as

I =
1

2

(

αz
2βz

)K+1 4N0

σ2hEtot

(

2N0

σ2aλT1REtot
+

2N0

σ2bλT2REtot

)K

, (4.70)

L =
ΨK

2

2N0

σ2hEtot

(

N0

σ2aλT1REtot
+

N0

σ2bλT2REtot

)

×

(

σ2aλT1R + σ2bλT2R

σ2aσ
2
bλT1RλT2R

N0

Etot

)K−1

. (4.71)

By taking the second derivative of (4.69) with respect to δ, it is easily observed

that the objective function is strictly a convex function of δ in the interval (0, 1).

Thus, taking the first derivative of (4.69) with respect to δ and equating it to zero,

the following expression is obtained

I(K + 1)

(

1

δ

)K+2

− L(K + 1)δ − 1

δ2

(

1

1− δ

)K+1

= 0. (4.72)

The optimum values of δ, δ∗, can be determined using simple iterative tech-

niques such as bisection method and hence the optimum values E∗
T and E∗

R.
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4.3.3 Optimizing Source Power Allocation under Fixed

Relay Power and Position

Optimum E∗
T , obtained using OPA, can be used to find the optimal source power

allocation (OSA) (i.e. E∗
T1
, E∗

T2
) assuming fixed relay power (ER) and position

(dT1R, dT2R). The source power optimization problem can be mathematically stated

as

min
ET1

,ET1

Pe2e
sym(e)

subject to ET1
+ ET2

≤ ETS ,

ET1
, ET2

> 0,

(4.73)

where ETS is the total power allocated to both terminals of the system. By defining

ρ such that 0 < ρ < 1, the optimum values of the power allocated to both terminals

can be represented as ET1
= ρETS and ET2

= (1− ρ)ETS . Substituting these values

into (4.57), the following expression is obtained

Pe2e
sym(e) = B

(

1

ρ
+

1

1− ρ

)(V
ρ
+

X
1− ρ

)K

+ Y
(V
ρ
+

X
1− ρ

)

, (4.74)

where

B =
1

2

(

αz
2βz

)K+1 N0

σ2hETS
, (4.75)

V =
N0

σ2aλT1RETS
, (4.76)

X =
N0

σ2bλT2RETS
, (4.77)

Y =
ΨK

2

N0

σ2hER

(

σ2aλT1R + σ2bλT2R

σ2aσ
2
bλT1RλT2R

N0

ER

)K−1

. (4.78)
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The expression for Pe2e
sym(e), given by (4.74), is found to be strictly a convex

function of ρ in the interval (0, 1). Thus, taking the first derivative of (4.74) with

respect to ρ and equating it to zero, the following expression is obtained

B (2ρ− 1)

ρ2(1− ρ)2

(V
ρ
+

X
1− ρ

)K

+ Y
[ X
(1− ρ)2

− V
ρ2

]

+ BK 1

ρ(1 − ρ)

[ X
(1− ρ)2

− V
ρ2

](V
ρ
+

X
1− ρ

)K−1

= 0. (4.79)

The optimum value of ρ (ρ∗) can be obtained from the previous expression using

simple iterative techniques such as bisection method, and hence, the optimum values

of the power allocated to both terminals (i.e. E∗
T1
, E∗

T2
) can be calculated.

4.4 Outage Probability Analysis

In this section, the overall outage performance of the 2W-SSC system is evaluated over

Rayleigh fading channel. A closed-form expression for the asymptotic approximation

of the outage probability is also derived.

4.4.1 Exact Outage Probability

For the transmission scenario presented in Section 4.1, system outage occurs either

when T1 → T2, T2 → T1, T1 → Ri and T2 → Ri links are in outage, or when the

cooperative links are in outage assuming no outage in T1 → Ri and T2 → Ri links.

Thus, the outage probability for the signal received from T1 can be expressed as

PT1
out =

(

Poff
out

)K
PT1T2
out +

(

1−Poff
out

)K
PT1,coop
out , (4.80)
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where PT1T2
out denotes the outage probability of the T1 → T2 link, PT1,coop

out the outage

probability of the cooperative link, and Poff
out denotes the outage probability when a

relay link to both terminals has failed. Poff
out can be written as

Poff
out = 1−

(

1− PT1R
out

)(

1− PT2R
out

)

, (4.81)

where PT1R
out and PT2R

out represent outage probabilities of T1 → Ri and T2 → Ri links,

respectively. For a given target rate R0 bits/s/Hz, the event that an outage happens

in the T1 → Ri link corresponds to the event (1/3) log2(1+γsai) < R0, or equivalently

γsai < µth, where µth = 23R0 − 1. The reason for the factor 1/3 is that there are 3

time slots used in the system. Thus, PT1R
out can be expressed as

PT1R
out , Pr

{

1

3
log2

(

1 + γsai
)

< R0

}

, (4.82)

PT1R
out = 1− exp

(

−µth
γsa

)

. (4.83)

Similarly, PT2R
out and PT1T2

out can be obtained as

PT2R
out = 1− exp

(

−µth
γsb

)

, (4.84)

and

PT1T2
out = 1− exp

(

−µth
γh1

)

. (4.85)

When no outage happens in T1 → Ri and T2 → Ri links and the relay suc-

cessfully decodes both source signals, the best relay transmits different symbols using

Rt → T1 and Rt → T2 links to both terminals in the third time slot. Thus, the av-

erage mutual information for the cooperative link at T2, for the signal received from
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T1, is given by

I
coop
T1

,
1

3
log2(1 + γh1) +

1

3
log2(1 + γbt). (4.86)

Assuming γh1 and γbt to be independent random variables, the outage proba-

bility of the cooperative link at T2, for the signal received from T1, can be expressed

as

PT1,coop
out = Pr

{

I
coop
T1

< R0

}

=

∫∫

Λ

f
(

γh1, γbt

)

dγh1dγbt, (4.87)

where Λ , {(γh1, γbt)|(1+γh1)(1+γbt) < 23R0, γh1 ≥ 0, γbt ≥ 0} and f(γh1, γbt) =

fγh1
(γh1) fγbt

(γbt) is the joint PDF of γh1 and γbt. Thus,

PT1,coop
out =

µth
∫

0

1+µth
1+γh1

−1
∫

0

fγh1
(γh1) fγbt

(γbt)dγh1dγbt. (4.88)

Using the Taylor series to approximate terms such as exp{−(µth−γh1)/(γb(1+

γh1))} and solving the integral in the previous expression, PT1,coop
out is obtained as

PT1,coop
out =

K
∑

k=1

(

K

k

)

(−1)k−1

γa

γm
kγb − γm

[

1− exp

(

−µth
γh1

)]

[

kγb

{

1− exp

(

−µth
γb

)}

− γm

{

1− exp

(

−kµth
γm

)}]

+

K
∑

k=1

(

K

k

)

(−1)k−1

γb
γm

[

1− exp

(

−µth
γh1

)]

[

1− exp

(

−kµth
γm

)]

. (4.89)

From (4.80), (4.81), (4.83), (4.84), (4.85) and (4.89), the outage probability for

the signal received from T1, PT1
out, can be obtained. Similarly, the outage probability

for the signal received from T2, PT2
out, can be obtained by replacing γh1 with γh2 ,

and by interchanging γb and γa in PT1
out. Thus, the overall outage probability of the
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system is given by

Pout =
PT1
out + PT2

out

2
. (4.90)

4.4.2 Asymptotic Outage Probability

In the following, the asymptotic approximation for the overall outage probability is

evaluated for high SNR to obtain an insight of the system performance. Using the

fact that (1− Poff
out) → 1 for high SNR, the asymptotic outage probability of T1 can

be expressed as

PT1
out ≃

(

Poff
out

)K
PT1T2
out + PT1,coop

out , (4.91)

where Poff
out can be approximated as

Poff
out ≈ PT1R

out + PT2R
out . (4.92)

Using (4.44), PT1R
out can be approximated as

PT1R
out ≃ µth

γsa
. (4.93)

Similarly, the other outage probabilities can be written as

PT2R
out ≃ µth

γsb
, (4.94)

and

PT1T2
out ≃ µth

γh1
. (4.95)

Substituting (4.48) and (4.49) into (4.88), and solving the integration, PT1,coop
out
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is approximated as

PT1,coop
out ≃ 1

γh1γb

(

1

γm

)K−1µK+1
th

K + 1
. (4.96)

Thus, using (4.91)–(4.96), the asymptotic outage probability of T1 can be writ-

ten as

PT1
out≃

(

µth
γsa

+
µth
γsb

)K µth
γh1

+
1

γh1γb

(

1

γm

)K−1µK+1
th

K + 1
. (4.97)

In a similar manner, the asymptotic outage probability of T2, PT2
out, can be

obtained by replacing γh1 with γh2 , and by interchanging γb and γa in (4.97). The

overall asymptotic outage probability of the system can be written as

Pout ≃
(

µth
γsa

+
µth
γsb

)K
(

µth
γh1

+
µth
γh2

)

+

(

1

γh1γb
+

1

γh2γa

)

(

1

γm

)K−1µK+1
th

K + 1
. (4.98)

4.5 Channel Capacity Analysis

In this section, the average channel capacity of the system, which is also an important

performance metric, is evaluated.

4.5.1 Average Channel Capacity

The average channel capacity, in the Shannon’s sense, can be evaluated by averaging

the instantaneous capacity for an AWGN channel over the fading distribution for

optimal rate adaptation with constant transmit power and receiver channel state

information [68, 70]. The average channel capacity of the 2W-SSC system can be

expressed as

C = CT1T2
+ CT2T1

+ CRtT1
+ CRtT2

, (4.99)
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where CT1T2
, CT2T1

, CRtT1
and CRtT2

denote the average channel capacities of

T1 → T2, T2 → T1, Rt → T1 and Rt → T2 links, respectively. The average channel

capacity of the T1 → T2 link can be written as

CT1T2
= B

1

3

∞
∫

0

log2

(

1 + γh1

)

fγh1
(γh1)dγh1, (4.100)

where B is the bandwidth of the channel. The reason for the factor 1/3 is that 1

symbol is transmitted over the T1 → T2 link in 3 time slots. In order to simplify

(4.100), the following expression is formulated using [69, 3.352.4]

∞
∫

0

ln(1 + x)e−x/cdx = c e1/cE1

(

1

c

)

, (4.101)

where E1(·) represents the exponential integral, defined as E1(u) =
∫∞
u (exp(−t)/t) dt

[67, 5.1.1]. Substituting fγh1
(γh1) into (4.100), and solving the integration using

(4.101), CT1T2
can be written as

CT1T2
= B

1

3 ln 2
e
1/γh1E1

(

1

γh1

)

. (4.102)

Similarly, the following expression is obtained

CT2T1
= B

1

3 ln 2
e
1/γh2E1

(

1

γh2

)

. (4.103)

The average channel capacity of the Rt → T2 link can be written as

CRtT2
= B

1

3

∞
∫

0

log2
(

1 + γbt
)

fγbt
(γbt)dγbt. (4.104)
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Substituting (4.38) into (4.104), and solving the integration using (4.101), CRtT2

can be expressed as

CRtT2
=

B

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

×
[

γbe
1/γbE1

(

1

γb

)

− γm
k

ek/γmE1

(

k

γm

)]

+
B

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γb
γmek/γmE1

(

k

γm

)

. (4.105)

Similarly, the average channel capacity of the Rt → T1 link, CRtT1
, can be

obtained by interchanging γb and γa in (4.105). Using the above results, the closed-

form expression for the average channel capacity of the system can be expressed as

C

B
=

1

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

[

γbe
1/γbE1

(

1

γb

)

−γm
k

ek/γmE1

(

k

γm

)]

+
1

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γb

kγm
kγa − γm

[

γae
1/γaE1

(

1

γa

)

−γm
k

ek/γmE1

(

k

γm

)]

+
1

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1ek/γmE1

(

k

γm

)

+
1

3 ln 2

[

e
1/γh1E1

(

1

γh1

)

+ e
1/γh2E1

(

1

γh2

)]

. (4.106)

4.5.2 Upper Bound on the Capacity

Using Jensen’s Inequality, the average channel capacity of a link can be upper bounded

as

C ≤ B
1

3
log2 (1 + E{γ}) , (4.107)
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where E{·} denotes the expectation operator, evaluated by E{γ} =
∫∞
0 γfγ(γ)dγ and

can be simplified using
∫∞
0 t e−t/cdt = c2. Thus, the upper bounds on the capacities

of the links are obtained as

CT1T2
≤ B

1

3
log2

(

1 + γh1

)

, (4.108)

CT2T1
≤ B

1

3
log2

(

1 + γh2

)

, (4.109)

and

CRtT2
≤ B

1

3
log2

(

1 + E{γbt}
)

, (4.110)

where

E{γbt} =

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

[

γ2b −
(

γm
k

)2
]

+
K
∑

k=1

(

K

k

)

(−1)k−1

γb

γ2m
k

. (4.111)

In a similar manner, CRtT1
can be obtained by interchanging γb and γa in

(4.111) and hence an upper bound on the capacity of the system.

4.6 Results and Discussion

In this section, the numerical results are presented to illustrate the performance of

the 2W-SSC system using analytical expressions and numerical simulations. These

include average bit error probability (BEP), outage probability and channel capac-

ity of the 2W-SSC system over a slow Rayleigh fading channel for different system

parameters such as the number of relays (K), average signal-to-noise ratio (Eb/N0),

information rate (R0), equal power allocation (EPA), optimal power allocation (OPA),
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and optimal relay position (ORP). Also, the Monte Carlo simulations to illustrate the

performance of the system were performed with 109 trials for each simulation point

for accuracy and correctness. The SSD used in the system is 4-QAM with a rotation

angle of 26.6◦. The path loss exponent is set to ν = 3 and the variances of the channel

coefficients are σ2h = σ2a = σ2b = 1. The 2W-SSC system is assumed to have K relays

located at the middle of both terminals, unless otherwise stated. For the fair analysis,

the total power budget to exchange four symbols in the 2W-SSC system is same as

used for the case of the direct transmission, i.e. ET1
= ET2

= 1 for first and second

time slots and ER = 2 for the third time slot, making the total power budget equals

to 4 units.

Figure 4.2 shows the average BEP of the system as a function of the average

SNR (Eb/N0) for different number of relays (K). The simulation results in this plot

are represented by ⋄ markers while analytical and asymptotic results are shown by

solid and dashed lines, respectively. It is clear from the figure that analytical results

for the error probability, given by (4.41), are in perfect agreement with the simulation

results, thus validating the mathematical expressions. Also, the asymptotic behaviour

of the system for medium and high SNRs, given by (4.54), is in close agreement with

the analytical and simulation results at medium and high SNRs. It is observed that

as the number of relays (K) in the system increases, the slope of the BEP curve

becomes steeper, indicating the increase in cooperative diversity gain. This indicates

that the diversity gain achieved is K + 1, given by (4.55), due to the cooperation in

the system. For example, BEP= 10−5 is achieved at Eb/N0 = 26 dB with one relay

(K = 1), or at Eb/N0 = 17.7 dB with two relays (K = 2), or at Eb/N0 = 13.5 dB

with three relays (K = 3) in the system. Thus, compared to a single relay in the

system, an Eb/N0 gain of about 8.3 dB and 12.5 dB can be achieved if two and three

relays, respectively, are used in the system.
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Figure 4.2: Error probability of the 2W-SSC system as a function of Eb/N0, when
K = 1, 2 and 3.
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Figure 4.3: Error probability of the 2W-SSC system as a function of Eb/N0, with
different optimization schemes when dT1R = 0.9, and K = 1, 3.
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Figure 4.3 compares the error performance of the system for different opti-

mization schemes when relays are placed close to T2 and far away from T1 (i.e.

dT1R = 0.9). The figure also shows the average BEP of the system for equal power

allocation (EPA), optimal relay position (ORP), optimal power allocation (OPA), and

optimal source power allocation (OSA). It is clear that the performance enhancement

can be achieved with optimal relay position scheme over other optimization schemes

and about 4 dB gain in Eb/N0 can be achieved. The optimum placement of relays

is obtained using (4.67), which is at the middle of both terminals (d∗ = 0.5), due

to the two-way communication. It is observed that when relays are close to either

terminal, the optimal power scheme allocates more power to the terminal farther from

the relays, which supports to maintain the error performance.

The outage performance of the system as a function of Eb/N0 is shown in

Figure 4.4. The simulation results perfectly match with the analytical results for the

outage probability, given by (4.90), which confirms the accuracy of the mathematical

expressions derived for the outage probability. Also, it is noted that the asymptotic

outage performance of the system, derived in (4.98), is in good agreement with both

simulation and analytical results, at medium and high SNRs. The slope of the outage

probability curve becomes steeper with the increase in the number of relays, indicating

an increase in the diversity order of the system.

Figure 4.5 depicts the outage probability of the system as a function of the

information rate (R0) at Eb/N0 = 20 dB. Again, it is noted that both exact and

asymptotic outage probability results, (4.90) and (4.98), are in close agreement with

the simulation results.

Figure 4.6 is plotted to demonstrate the average channel capacity of the system

as a function of Eb/N0. The figure also shows the upper bound on the capacity of

the system with dashed lines. Channel capacity results for K = 1 and K = 3 are
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Figure 4.4: Outage probability of the 2W-SSC system as a function of Eb/N0 when
R0 = 2, and K = 1, 2, 3.
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Figure 4.5: Outage probability of the 2W-SSC system as a function of information
rate (R0) when Eb/N0 = 20 dB, and K = 1, 2, 3.
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shown in the figure and also the channel capacity for the case of direct transmission

is plotted for comparison. It is evident that the analytical expression for the capacity

of the system, given by (4.106), are in excellent agreement with their corresponding

simulation results, thus validating the analytical work for channel capacity of the sys-

tem. The figure shows the significant capacity improvement for the 2W-SSC system,

as the system exchanges four symbols in three time slots, while direct transmission

system requires four time slots to exchange the same four symbols. It is observed that

the capacity of the system improves with the increase in the number of relays. For ex-

ample, the average channel capacity of 10 bits/s/Hz can be achieved at Eb/N0 = 14.4

dB with three relays as compared to Eb/N0 = 15.8 dB with one relay, thus providing

an Eb/N0 gain of about 1.4 dB.
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Figure 4.6: Channel capacity of the 2W-SSC system as a function of Eb/N0, when
K = 1 and 3.
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4.7 Summary

In this chapter, a two-way signal space cooperative system using the best relay is

presented and its performance was analyzed. The error probability expression of the

2W-SSC system was derived over the Rayleigh fading channel. It was shown that

the 2W-SSC system enhances the performance and doubles the spectral efficiency

of the conventional two-way cooperative system. The closed-form expression for the

asymptotic error probability was obtained, which showed that the 2W-SSC system

can achieve a diversity order equal to one higher than the number of cooperating

relays. A detailed analysis of system optimization, including relay placement and

power allocation, was additionally conducted. It was shown that the power alloca-

tion is affected by the relays position, especially when the relays are close to either

terminal. Moreover, the system optimization was shown to enhance the performance

significantly. Exact and asymptotic outage probability expressions were also derived.

Lastly, closed-form expressions for average channel capacity as well as an upper bound

on channel capacity were obtained. The validity of all of the aforementioned analysis

and derivations was confirmed through extensive Monte Carlo simulations.
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Chapter 5

Dual-Hop Signal Space Cooperative

Relaying System using Single Relay

The dual-hop relaying plays an important role when a direct link between source and

destination is not practical for various reasons and constraints [34,65]. In a dual-hop

relaying system, operating in half-duplex mode without a direct link between source

and destination, the source broadcasts information signal to the relay and in turn

relay repeats it to the destination using its own subchannel in the next phase [46].

This strategy of relaying decreases the overall system spectral efficiency and restricts

the achievable data rate [48]. However, if signal space diversity (SSD) [25] is used

in the dual-hop relaying system, it is possible to improve its spectral efficiency and

performance. Thus, a dual-hop DF relaying system with signal space diversity using

a single relay is proposed. Hereafter, the proposed system will be referred to as

DH-SSC-1R.

In the conventional dual-hop DF relaying system, the transmission of one sym-

bol takes one transmission cycle with two transmission phases and the transmission

of two symbols takes two transmission cycles with a total of four phases. The DH-

SSC-1R system uses two transmission cycles with a total of three phases for the

transmission of two symbols.
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In the DH-SSC-1R system, the first symbol from the expanded constellation is

transmitted to the relay in the first phase. This symbol is decoded and two symbols,

first and second symbols, from the rotated constellation are recovered at the relay, due

to the SSD technique. The relay then forwards the first and second symbols to the

destination in the second and third phases, respectively. Thus, in the DH-SSC system,

two symbols are transmitted in three phases while in the conventional dual-hop DF

relaying system four phases are required to achieve the same. Therefore, the DH-

SSC system is more spectrally efficient than the conventional system, as the number

of transmission phases is less than that required in the conventional system. Also,

the DH-SSC system offers superior performance relative to the comparable dual-hop

relaying systems.

In this chapter, the system model of the proposed DH-SSC-1R system is de-

scribed in Section 5.1. Closed-form expression for the average symbol error probability

(SEP) and its asymptotic approximation are derived in Section 5.2. The performance

of the DH-SSC-1R system is compared with the relevant dual-hop relaying systems

in Section 5.3. The chapter is concluded in Section 5.4.

5.1 System Model

The proposed dual-hop signal space cooperative relaying system is shown in Figure

5.1, which consists of a source (S), a destination (D), and a relay (R), without a direct

link between the source and the destination. It is assumed that each node is equipped

with a single omni-directional antenna and the system operates in half-duplex mode.

All the channels in the system are assumed to slow Rayleigh fading channels. It is

also assumed that the channel information is available at all the receiving nodes, and

channels are mutually independent.



83

R
S D

Phase 1

Phase 2

a

(a)

R
S D

Phase 3

b

(b)

Figure 5.1: System model of a dual-hop signal space cooperative relaying system
with a single relay (DH-SSC-1R). (a) First transmission cycle (b) Second

transmission cycle

In the DH-SSC-1R system, SSD is used at the source, the destination and the

relay with signal points rotated and interleaved before transmission. At the source,

each m = log2(M) group of information bits is mapped to a point in the ordinary

constellation either M-QAM or M-PSK. For simplicity, two original source symbols

s = (s1, s2) from the ordinary constellation Φ (e.g. 4-QAM) are considered. These

symbols are denoted as s1 = ℜ{s1} + jℑ{s1} and s2 = ℜ{s2} + jℑ{s2}, where

j =
√
−1, and ℜ{·} and ℑ{·} are in-phase (I) and quadrature (Q) components of

the symbols, respectively. The original symbols are then rotated, i.e. x1 = s1 e
jθ and

x2 = s2 e
jθ, which then belong to the rotated constellation Φr. The Q components

of the rotated symbols are interleaved to transmit signal components over different
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Figure 5.2: Time slots (TS) allocation to: (a) the conventional dual-hop relaying
system, and (b) the DH-SSC-1R system.

fading paths, as

z1 = ℜ{x1}+ jℑ{x2}, (5.1)

z2 = ℜ{x2}+ jℑ{x1}. (5.2)

The transmitted SSD symbols, z = (z1, z2), correspond to an expanded constel-

lation Υ. It is important to note that three transmission phases are used to transmit

these two symbols in the DH-SSC-1R system. The total power budget of the system

for the transmission of every two symbols in three phases is restricted to Etot, which

is equal to the total power of two symbols. In the first phase, the source transmits

only one of the two symbols (i.e. z1) to the relay with an energy of ES , as shown in

Figure 5.2. The received signal at the relay can be expressed as

y
(1)
SR =

√

ESλSR h z1 + wR, (5.3)

where wR represents zero-mean additive white Gaussian noise (AWGN) with a vari-

ance of N0 at the relay and h represents the channel coefficient of S − R link with a
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variance of σ2h. Moreover, λSR = 1/dνSR represents the geometric gain with dSR as the

S−R distance and ν as the path loss exponent. Then, the rotated symbols, x1 and x2,

are detected at the relay from the received expanded symbol, z1 = ℜ{x1}+ jℑ{x2},

using maximum likelihood technique as

x̂1 = arg min
x∈Φr

∣

∣

∣
ℜ{h∗ ySR} −

√

ESλSR |h|2ℜ{x1}
∣

∣

∣

2
, (5.4)

x̂2 = arg min
x∈Φr

∣

∣

∣
ℑ{h∗ ySR} −

√

ESλSR |h|2ℑ{x2}
∣

∣

∣

2
, (5.5)

where ∗ denotes complex conjugation. If the source symbol is correctly detected by

the relay, the relay is able to recover both symbols, x1 and x2, from the received

expanded symbol z1. In case of error in detection, the relay sends an indication of its

failure to the source through a reliable feedback channel. The channel coefficients of

relay-to-destination link in the second phase (R(2) −D) and relay-to-destination link

in the third phase (R(3) − D) are denoted as a and b, with their variances as σ2a and

σ2b , respectively.

The relay (R) forwards both z1 and z2 with symbol energy of ER to the des-

tination in the second and third phases, respectively, as shown in Figure 5.2. Thus,

the received signals at the destination can be expressed as

y
(2)
RD =

√

ERλRD a [ℜ{x1}+ jℑ{x2}] + wD1
, (5.6)

y
(3)
RD =

√

ERλRD b [ℜ{x2}+ jℑ{x1}] + wD2
, (5.7)

where wD1
and wD2

represent zero-mean AWGN with a variance of N0 at the des-

tination, and λRD = 1/dνRD represents the geometric gain of R − D links with dRD

as the R − D distance. Let r = (r1, r2) represent the signal at the destination after
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component de-interleaver, given by

r1 = ℜ{a∗ y(2)RD}+ jℑ{b∗ y(3)RD}, (5.8)

r2 = ℜ{b∗ y(3)RD}+ jℑ{a∗ y(2)RD}. (5.9)

The maximum likelihood detection is again used at the destination to detect

the source message using

x̂1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r1} −

√

ERλRD|a|2ℜ{x1}
∣

∣

∣

2

+
∣

∣

∣
ℑ{r1} −

√

ERλRD|b|2ℑ{x1}
∣

∣

∣

2
]

, (5.10)

x̂2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r2} −

√

ERλRD|b|2ℜ{x2}
∣

∣

∣

2

+
∣

∣

∣
ℑ{r2} −

√

ERλRD|a|2ℑ{x2}
∣

∣

∣

2
]

. (5.11)

After de-rotating, i.e. ŝ1 = x̂1 e
−jθ and ŝ2 = x̂2 e

−jθ, original transmitted

signal points can be obtained.

It is significant to highlight that the DH-SSC-1R system transmits two symbols

in three phases while the conventional dual-hop DF relaying system uses two phases

to transmit one symbol, thus, resulting in improved data rate and spectral efficiency

compared to the conventional dual-hop DF relaying system, without extra bandwidth,

complexity, or transmit power.

5.2 Error Probability Analysis

In this section, a closed-form expression for the error probability of the DH-SSC-1R

system over Rayleigh fading channel is derived. Also, an asymptotic approximation
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of the error probability of the system is presented.

5.2.1 Average Error Probability

The average symbol error probability (SEP) of the system depends upon the proba-

bility that the relay detects the signal received from the source with or without an

error, and hence can be written as

Psym(e) = PSR
sym(e) +

[

1− PSR
sym(e)

]

Pcoop
sym (e), (5.12)

where Pcoop
sym (e) denotes the conditional probability of the cooperative link between

R
(2) − D and R

(3) − D when the relay correctly detects the signal received from the

source. Also, PSR
sym(e) denotes the average SEP of the S− R link, i.e. the probability

that the relay is unable to detect the signal received from the source correctly.

The conditional SEP for a given SNR γh over the S− R link can be written as

PSR
sym(e|γh) ≤ αzQ

(

√

βzγh

)

, (5.13)

where Q(x) = 1√
2π

∫∞
x e−t2/2dt denotes the Gaussian Q-function [67, 26.2.3]. Also,

γh = |h|2ES/N0 denotes the instantaneous SNR of the S − R link with the average

SNR γh = σ2hES/N0. Moreover, αz and βz are obtained by the expanded constel-

lation and its size |Υ|. For instance, αz = 4 and βz = 3/(|Υ| − 1) for M-QAM;

and αz = 2 and βz = 2 sin2(π/|Υ|) for M-PSK [5]. It is important to mention that

all derived results in this chapter are applicable to any modulation scheme which

has instantaneous SEP of the form αQ(
√
β γ). Thus, PSR

sym(e) over Rayleigh fading
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channel can be expressed as

PSR
sym(e) =

∞
∫

0

αzQ
(

√

βzγh

)

fγh (γh) dγh, (5.14)

where fγh(γh) =
1
γh

e−γh/γh is the PDF of the SNR γh [68]. The integration in (5.14)

is solved using (A.12), thus PSR
sym(e) can be written as

PSR
sym(e) =

αz
2

(

1−
√

βzγh
βzγh + 2

)

. (5.15)

The SEP of the cooperative link between R
(2)−D and R

(3)−D for given SNRs

γa and γb can be represented as

Pcoop
sym (e|γa, γb) = αxQ

(

√

βxγt

)

, (5.16)

where αx = 2(|Φr| − 1)/|Φr|, βx = 3/(|Φr|2 − 1) [5], and γt is the SNR of the

cooperative link (γt = γa + γb). Therefore, Pcoop
sym (e) over a fading channel can be

expressed as

Pcoop
sym (e) =

∞
∫

0

αxQ
(

√

βxγt

)

fγt (γt) dγt, (5.17)

where fγt(γt) is the PDF of the SNR γt. fγt(γt) can be evaluated using the PDFs

of γa and γb, that are fγa(γa) = 1
γa

e−γa/γa and fγb(γb) = 1
γb
e−γb/γb , respectively,

where γa = |a|2ER/N0, γb = |b|2ER/N0, γa = σ2a ER/N0, and γb = σ2b ER/N0.

Thus, using (C.6), fγt(γt) can be written as

fγt (γ) =
1

γb − γa

(

e−γ/γb − e−γ/γa
)

(5.18)
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Upon substituting (5.18) into (5.17) and solving the integration using (A.12),

Pcoop
sym (e) can be written as

Pcoop
sym (e) =

αx
2

1

γb − γa

[

γb

(

1−
√

βxγb
βxγb + 2

)

− γa

(

1−
√

βxγa
βxγa + 2

)]

(5.19)

Finally, a closed-form expression for the average SEP of the system can be easily

obtained by substituting (5.19) and (5.15) into (5.12).

5.2.2 Asymptotic Error Probability

An asymptotic SEP expression is straightforward compared to the average SEP ex-

pression, to quantify the diversity gain and analyzing the effects of system parameters.

Also, the asymptotic SEP expression is valid for moderate to high SNR region. The

asymptotic SEP of the system can be written as

Psym(e) ≃ PSR
sym(e) + Pcoop

sym (e). (5.20)

The PDF of γh can be approximated using the Taylor series expansion and

neglecting the higher order terms, as

fγh(γ) ≃
1

γh
. (5.21)

Thus,

PSR
sym(e) ≃ αz

2βz

1

γh
. (5.22)

From (5.18), fγt (γ) can be approximated as

fγt (γ) ≃
1

γaγb
. (5.23)
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Upon substituting (5.23) into (5.17) and solving the integration, the following

expression is obtained

Pcoop
sym (e) ≃ αx

2βx

1

γaγb
, (5.24)

Upon substituting (5.22) and (5.24) into (5.20), the asymptotic SEP can be

expressed as

Psym(e) ≃ αz
2βz

1

γh
+

αx
2βx

1

γaγb
, (5.25)

5.3 Results and Discussion

The performance of the DH-SSC-1R system is illustrated using the analytical ex-

pressions derived in the previous section. The variances of channel coefficients are

assumed to be σ2h = σ2a = σ2b = 1 and the path loss exponent to be ν = 3. In the

system, the relay is located at the middle of S and D. For the fair analysis of the

system, the total power budget to transmit two symbols is same as that required for a

direct transmission system, i.e. ES = 1 and ER = 0.5, making the total power budget

equals to 2 units to transmit two symbols. For accuracy of Monte Carlo simulations,

109 iterations are used for each simulation point.

The performance of the DH-SSC-1R system is compared with other relevant

dual-hop DF relaying and direct transmission systems, as shown in Figure 5.3. The

SSD used in the system is 4-QAM with a rotation angle of 26.6◦. There are two

relevant dual-hop DF relaying systems that are of great importance to compare with

the DH-SSC-1R system. One is SSD-based dual-hop DF relaying system, and the

other is conventional dual-hop DF relaying system. In SSD-based dual-hop system,

one SSD symbol from the expanded constellation is transmitted from the source to

the relay and the relay decodes the symbol and forwards the same symbol to the
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destination. Due to SSD, the destination recovers two symbols, and thus SSD-based

dual-hop system transmits two symbols in two phases. However, it has poor error

performance, as shown in Figure 5.3 with the △ markers. Since the SSD-based dual-

hop system uses a single instance of link between the relay and the destination, error in

one SSD symbol leads to the error in two original symbols. The conventional dual-hop

system, on the other hand, transmits one symbol in two phases and its performance

is shown in Figure 5.3 with the � markers. The average bit error probabilities of the

DH-SSC-1R system and the direct transmission system are also shown in the figure

with the solid lines and the ◦ markers, respectively. It is observed from the figure

that the DH-SSC-1R system has the same error performance as that of the direct

transmission system and is superior to SSD-based dual-hop system. The advantage

of the DH-SSC-1R system is that it saves one phase while maintaining the same

performance compared to the conventional dual-hop system. The major advantage

of the DH-SSC-1R system is that it is better in terms of system performance and

spectral efficiency compared to the relevant dual-hop systems.

Figure 5.4 shows the average bit error probability (BEP) of the DH-SSC-1R

system using 4-QAM as a function of the average SNR (Eb/N0). The simulation

result in this figure is represented by ◦ markers while analytical and asymptotic

results are shown by solid and dashed lines, respectively. It is evident that analytical

result for the error probability is in good agreement with the simulation results, thus

confirming the derived mathematical expressions. Also, the asymptotic result, given

by (5.25), has a good match with the analytical and simulation results at medium

and high SNRs.

In a similar fashion, the average BEP of the DH-SSC-1R system using 16-QAM

with θ = 13.8◦ is obtained and shown in Figure 5.5. Therefore, the DH-SSC-1R

system can be used with any order of M-QAM and M-PSK modulation schemes.



92

0 5 10 15 20 25 30 35 40
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

 E
b
 / N

0
 [dB]

A
v

er
ag

e 
B

it
 E

rr
o
r 

P
ro

b
ab

il
it

y

 

 

DH−SSC−1R

SSD−based Dual−Hop

Conventional Dual−Hop

Direct Transmission

Figure 5.3: Performance comparison of the DH-SSC-1R system using 4-QAM with
relevant dual-hop systems.
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Figure 5.4: Error probability of the DH-SSC-1R system using 4-QAM.
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Figure 5.5: Error probability of the DH-SSC-1R system using 16-QAM.

5.4 Summary

This chapter has introduced a dual-hop DF relaying system with a single relay us-

ing signal space diversity (SSD) where no direct link exists between the source and

the destination. The error performance of the DH-SSC system was analyzed over

Rayleigh fading channel. It was shown that the proposed DH-SSC-1R system im-

proves the spectral efficiency of the conventional dual-hop DF relaying system. The

DH-SSC-1R system was compared with other relevant dual-hop systems and showed

its superiority in terms of system performance and spectral efficiency. Exact and

asymptotic expressions for the error probability were derived. All of the analysis and

mathematical derivations were validated through Monte Carlo simulations.
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Chapter 6

Dual-Hop Signal Space Cooperative

Relaying System using Multiple Relays

In this chapter, the concept of SSD into a dual-hop DF relaying system is extended

to the case of K intermediate relays in the system. Analysis of various performance

metrics and system optimization of the system is carried out and the best relay

selection and relay location are examined. The proposed system will be referred to

as DH-SSC.

In the DH-SSC system, the first symbol from the expanded constellation is

transmitted to the relays in the first phase. This symbol is decoded at the relays to

recover the first and second rotated symbols. Based on the quality of links between

the relays and the destination, the best relay is chosen from the set of relays that

have decoded the symbols correctly. The best relay then forwards the first and second

symbols to the destination in the second and third phases, respectively. Thus, the DH-

SSC system transmits two symbols in three phases while the conventional dual-hop

DF relaying system requires four phases to transmit the same two symbols. Therefore,

the DH-SSC system enhances the spectral efficiency by reducing the number of phases

for transmission and improves the system performance. The DH-SSC system shows

superior performance compared to the well-known dual-hop relaying systems.



95

The chapter is organized as follows: The system model of the DH-SSC system

is described in Section 6.1. Closed-form expressions for the average symbol error

probability (SEP), asymptotic approximation of SEP and the diversity gain of the

system are derived in Section 6.2. The optimizations of power allocation and relay

position as well as the joint optimization of the two are examined in Section 6.3.

Exact and asymptotic outage probabilities are derived in Section 6.4. Average channel

capacity and its upper bound are derived in Section 6.5. The analytical and simulation

results are presented and discussed in Section 6.6. The chapter is concluded in Section

6.7.

6.1 System Model

The system model of the dual-hop signal space cooperative relaying system is shown

in Figure 6.1. The DH-SSC system consists of a source (S), a destination (D), and

K number of relays (Ri, i = 1, 2, ..., K) without a direct link between the source and

the destination. Each node in the system is equipped with a single omni-directional

antenna and operates in half-duplex mode. The system is assumed to operate in slow

Rayleigh fading channels. It is also assumed that the channel information is available

at all the receiving nodes, and all channels are mutually independent.

In the DH-SSC system, SSD is applied at the source, the destination and the

relays, where the signal points are rotated and interleaved before transmission. At

the source, each group of m = log2(M) information bits is mapped to a signal point

in the ordinary constellation using M-QAM or M-PSK. For simplicity, two original

source symbols s = (s1, s2) are considered from the ordinary constellation Φ (e.g.

4-QAM). These original complex symbols are denoted as s1 = ℜ{s1} + jℑ{s1} and

s2 = ℜ{s2} + jℑ{s2}, where j =
√
−1, and ℜ{·} and ℑ{·} are in-phase (I) and
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Figure 6.1: System model of a dual-hop signal space cooperative relaying system
(DH-SSC) with K relays. (a) First transmission cycle (b) Second transmission cycle

quadrature (Q) components of the symbols, respectively. The original symbols are

then rotated, i.e. x1 = s1 e
jθ and x2 = s2 e

jθ, which then belong to the rotated

constellation Φr. The Q components of the rotated symbols are interleaved in order

to transmit signal components through different fading paths, as

z1 = ℜ{x1}+ jℑ{x2}, (6.1)

z2 = ℜ{x2}+ jℑ{x1}. (6.2)

The transmitted SSD symbols, z = (z1, z2), correspond to an expanded con-
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stellation Υ. It is important to note that two transmission cycles to transmit two

symbols consists of three phases in the DH-SSC system. The total power budget for

the transmission of every two symbols in three phases at the source and the best relay

is restricted to Etot. For a fair study and analysis, the total power budget Etot is

equal to the total energy of two symbols. In the first phase, the source transmits only

one of the two symbols (i.e. z1) to the relays with symbol energy of ES , thus the

received signal at the ith relay can be expressed as

y
(1)
SRi

=
√

λSRES hi z1 + wRi
, (6.3)

where wRi
represents zero-mean additive white Gaussian noise (AWGN) with a vari-

ance of N0 at the ith relay and hi represents the channel coefficients of S− Ri links

with a variance of σ2h. Moreover, λSR = 1/dνSR represents the geometric gain with

dSR as the S− Ri distance and ν as the path loss exponent. Then, the rotated sym-

bols, x1 and x2, are detected at the ith relay from the transmitted expanded symbol,

z1 = ℜ{x1}+ jℑ{x2}, using the maximum likelihood technique as

x̂1 = arg min
x∈Φr

∣

∣

∣
ℜ{h∗i ySRi

} −
√

λSRES |hi|2ℜ{x1}
∣

∣

∣

2
, (6.4)

x̂2 = arg min
x∈Φr

∣

∣

∣
ℑ{h∗i ySRi

} −
√

λSRES |hi|2ℑ{x2}
∣

∣

∣

2
, (6.5)

where ∗ denotes complex conjugation. If the source symbol is successfully detected

by the relay, then the relay is able to recover both symbols, x1 and x2, from the

transmitted expanded symbol z1. In case of error in detection, the relay sends an in-

dication of its failure to the source through a reliable feedback channel. The decoding

set of relays is denoted as C that correctly decodes the source message and |C| as its

cardinality. The channel coefficients of relay-to-destination links in the second phase



98

(R
(2)
i − D) and relay-to-destination links in the third phase (R

(3)
i − D) are denoted

as ai and bi with their variances as σ2a and σ2b , respectively. Based on the channel

quality of both ai and bi, the relay selection criteria to choose the best relay Rt [71],

among all the relays that are members of C, can be written as

Rt = argmax
i∈C

{

min
(

γai, γbi

)}

. (6.6)

where γai and γbi denote the instantaneous signal-to-noise ratios (SNRs) of R
(2)
i −D

and R
(3)
i − D links, respectively. The best relay, Rt, forwards both z1 and z2 with

symbol energy of ER to the destination in the second and third phases, respectively.

Thus, the received signals at the destination can be expressed as

y
(2)
RtD

=
√

λRDER at [ℜ{x1}+ jℑ{x2}] + wD1
, (6.7)

y
(3)
RtD

=
√

λRDER bt [ℜ{x2}+ jℑ{x1}] + wD2
, (6.8)

where wD1
and wD2

represent zero-mean AWGN with a variance of N0 at the desti-

nation, and λRD = 1/dνRD represents the geometric gain of Ri−D links with dRD as

the Ri−D distance. r = (r1, r2) denotes the signal at the destination after component

de-interleaver, and can be expressed as

r1 = ℜ{a∗t y
(2)
RtD

}+ jℑ{b∗t y
(3)
RtD

}, (6.9)

r2 = ℜ{b∗t y
(3)
RtD

}+ jℑ{a∗t y
(2)
RtD

}. (6.10)

The maximum likelihood detection is used at the destination to detect the
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source message using

x̂1 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r1} −

√

λRDER|at|2ℜ{x1}
∣

∣

∣

2

+
∣

∣

∣
ℑ{r1} −

√

λRDER|bt|2ℑ{x1}
∣

∣

∣

2
]

, (6.11)

x̂2 = arg min
x∈Φr

[

∣

∣

∣
ℜ{r2} −

√

λRDER|bt|2ℜ{x2}
∣

∣

∣

2

+
∣

∣

∣
ℑ{r2} −

√

λRDER|at|2ℑ{x2}
∣

∣

∣

2
]

. (6.12)

After de-rotating, i.e. ŝ1 = x̂1 e
−jθ and ŝ2 = x̂2 e

−jθ, original transmitted

signal points can be obtained.

It is significant to highlight that the DH-SSC system transmits two symbols in

three phases. On the other hand, the conventional dual-hop DF relaying system uses

two phases to transmit one symbol, thus using four phases for the same two symbols.

Therefore, the DH-SSC system significantly improves the data rate and the spectral

efficiency when compared with the conventional dual-hop DF relaying system without

extra bandwidth, complexity, or transmit power.

6.2 Error Probability Analysis

In this section, a closed-form expression for the error probability of the DH-SSC

system over Rayleigh fading channel is derived. An asymptotic approximation of the

error probability and diversity gain of the system are also examined.

6.2.1 Average Error Probability

The average symbol error probability (SEP) of the system depends on the ability of

the relays to detect the signal received from the source with or without an error, and
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therefore can be written as

Psym(e) = Pr{|C| = 0}+
K
∑

k=1

Pr{|C| = k}Pcoop
sym (e|k), (6.13)

where Pcoop
sym (e|k) denotes the conditional probability of the cooperative link between

R
(2)
i − D and R

(3)
i − D when k relays detect the signal received from the source

correctly. Also, Pr{|C| = 0} denotes the probability that none of the relays detects

the signal received from the source correctly, and Pr{|C| = k} the probability that k

relays detect the signal received from the source correctly. These probabilities can be

expressed as

Pr{|C| = 0} =
[

PSRi
sym(e)

]K
, (6.14)

Pr{|C| = k} =

(

K

k

)

[

PSRi
sym(e)

]K−k [

1− PSRi
sym(e)

]k
. (6.15)

The average SEP can then be written as

Psym(e) =
[

PSRi
sym(e)

]K
+

K
∑

k=1

(

K

k

)

[

PSRi
sym(e)

]K−k
×

[

1−PSRi
sym(e)

]k
Pcoop
sym (e|k), (6.16)

where PSRi
sym(e) is the average SEP over the S − Ri link. The conditional SEP for a

given SNR γhi over the S− Ri link can be written as

PSRi
sym(e|γhi) ≤ αzQ

(√

βzγhi

)

, (6.17)

where Q(x) = 1√
2π

∫∞
x e−t2/2dt denotes the Gaussian Q-function [67, 26.2.3]. Also,

γhi = |hi|2 λSRES/N0 denotes the instantaneous SNR of S−Ri links with the average
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SNR γh = σ2h λSRES/N0. Moreover, αz and βz are determined by the expanded

constellation and its size |Υ|. For instance, αz = 4 and βz = 3/(|Υ|−1) for M-QAM;

and αz = 2 and βz = 2 sin2(π/|Υ|) for M-PSK [5]. It is important to mention that

all derived results in this chapter are applicable to any modulation scheme which

has instantaneous SEP of the form αQ(
√
β γ). Thus, PSRi

sym(e) over Rayleigh fading

channel can be expressed as

PSRi
sym(e) =

∞
∫

0

αzQ
(√

βzγhi

)

fγhi

(

γhi

)

dγhi, (6.18)

where fγhi
(γhi) = 1

γh
e
−γhi

/γh is the PDF of the SNR γhi [68]. Upon solving the

integration in (6.18) using (A.12), PSRi
sym(e) can be written as

PSRi
sym(e) =

αz
2

(

1−
√

βzγh
βzγh + 2

)

. (6.19)

The SEP of the cooperative link between R
(2)
i −D and R

(3)
i −D for given SNRs

γai, γbi and k active relays can be represented as

Pcoop
sym (e|k, γai, γbi) = αxQ

(

√

βxγt

)

, (6.20)

where αx = 2(|Φr| − 1)/|Φr|, βx = 3/(|Φr|2 − 1) [5], and γt is the SNR of the best

relay obtained through the relay selection criterion, expressed in (6.6). Therefore,

Pcoop
sym (e|k) over a fading channel can be expressed as

Pcoop
sym (e|k) =

∞
∫

0

αxQ
(

√

βxγt

)

fγt (γt) dγt, (6.21)
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where fγt(γt) is the PDF of the SNR γt and can be evaluated using PDFs of γai

and γbi, that are fγai
(γai) = 1

γa
e−γai/γa and fγbi

(γbi) = 1
γb
e
−γbi

/γb , respectively,

where γai = |ai|2 λRD ER/N0, γbi = |bi|2 λRD ER/N0, γa = σ2a λRD ER/N0, and

γb = σ2b λRD ER/N0. Thus, using (B.21), fγt(γt) can be written as

fγt (γ) =

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γa

kγm
kγb − γm

(

e−γ/γb − e−kγ/γm
)

+

|C|
∑

k=1

(|C|
k

)

(−1)k−1

γb
k e−kγ/γm, (6.22)

where γm is the harmonic mean of γa and γb, i.e. γm = γaγb/(γa + γb). Upon

substituting (6.22) into (6.21) and solving the integration using (A.12), Pcoop
sym (e|k)

can be written as

Pcoop
sym (e|k) = αx

2

k
∑

i=1

(

k

i

)

(−1)i−1

γa

iγm
iγb − γm

×
[

γb

(

1−
√

βxγb
βxγb + 2

)

− γm
i

(

1−
√

βxγm
βxγm + 2 i

)]

+
αx
2

k
∑

i=1

(

k

i

)

(−1)k−1

γb
γm

(

1−
√

βxγm
βxγm + 2 i

)

. (6.23)

Finally, a closed-form expression for the average SEP of the system can be easily

obtained by substituting (6.23) and (6.19) into (6.16).

6.2.2 Asymptotic Error Probability

An asymptotic SEP expression is simple and straightforward compared to the average

SEP expression, which clearly quantifies the diversity gain and analyzes the effects

of system parameters. Also, the asymptotic SEP expression is valid for moderate to
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high SNR region. The asymptotic SEP of the system can be written as

Psym(e) ≃
[

PSRi
sym(e)

]K
+

K
∑

k=1

(

K

k

)

[

PSRi
sym(e)

]K−k
Pcoop
sym (e|k). (6.24)

The PDF of γhi can be approximated using the Taylor series expansion and

neglecting the higher order terms, as

fγhi
(γ) ≃ 1

γhi
. (6.25)

Thus,

PSRi
sym(e) ≃ αz

2βz

1

γh
. (6.26)

From (6.22), fγt (γ) can be approximated as

fγt (γ) ≃ kγk−1 1

γb

(

1

γg

)k−1

. (6.27)

Upon substituting (6.27) into (6.21) and solving the integration using [69,

3.351.2], the following expression is obtained

Pcoop
sym (e|k) ≃ αx2

k−1Γ(k + 1
2)

βkx
√
π

1

γb

(

1

γg

)k−1

, (6.28)

where Γ(·) is the gamma function, i.e. Γ(u) =
∫∞
0 e−ttu−1dt [67, 6.1.1]. Upon

substituting (6.26) and (6.28) into (6.24), the asymptotic SEP can be expressed as

Psym(e) ≃
(

αz
2βz

1

γh

)K

+
K
∑

k=1

(

K

k

)

Λk

(

αz
2βz

1

γh

)K−k 1

γb

(

1

γg

)k−1

, (6.29)
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where Λk is defined as

Λk =
αx2

k−1Γ(k + 1
2)

βkx
√
π

. (6.30)

6.2.3 Diversity Gain Analysis

The asymptotic SEP, given by (6.29), can be used to find the diversity gain of the

DH-SSC system. Thus, using equal power allocation (EPA) and substituting ES =

ER = Ee into (6.29), the following expression is obtained

Psym(e) =

(

Ee

N0

)−K




(

αz

2βzσ2hλSR

)K

+
K
∑

k=1

(

K

k

)

Λk×

(

αz

2βzσ2hλSR

)K−k(
1

σ2bλRD

)(

1

σ2gλRD

)k−1


 . (6.31)

It is evident from (6.31) that the DH-SSC system offers a diversity gain of K,

which is equal to the number of relay nodes in the system.

6.3 System Optimization

6.3.1 Optimizing Power Allocation under Fixed Relay

Position

In this section, the optimal power allocation (OPA) is obtained at the source and

the relay under the condition of fixed relay placement (dSR, dRD), assuming a total

power budget of the system as Etot. When no relay is able to correctly decode the

signal received from the source, i.e. |C| = 0, the optimization problem would be

useless, thus it is assumed that at least one relay correctly decodes the signal received
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from the source. The power optimization problem with the goal of minimizing the

average SEP can be formulated as

min
ES ,ER

Psym(e)

subject to ES + 2ER ≤ Etot,

ES , ER > 0,

(6.32)

The reason of using 2ER is that the relay participates in the transmission for two

phases over two transmission cycles, while the source for one phase. A more tractable

form of (6.29) is required to find closed-form expressions for system optimization,

which can be obtained after applying the binomial expansion [69] on (6.29) as

Psym(e) ≃
(

αz
2βz

1

γh

)K

+ ΛK
1

γb

(

1

γm

)K−1

, (6.33)

By defining ξ such that 0 < ξ < 1, the optimum values of the power allocated to

the source and the relay can be represented as ES = ξEtot and ER = (1− ξ)Etot/2.

Upon substituting these values into (6.33), the following expression is obtained

Psym(e) = AK

(

1

ξ

)K

+ IKΛK

(

1

1− ξ

)K

, (6.34)

where AK and IK are defined as

AK=

(

αz
2βz

N0d
ν
SR

σ2hEtot

)K

and IK=
σ2g

σ2b

(

2N0d
ν
RD

σ2gEtot

)K

. (6.35)

The second derivative of Psym(e) with respect to ξ is evaluated to check the the

convexity of Psym(e). It can be easily noticed that ∂2Psym(e)/∂ξ2 is positive in the

interval (0, 1), indicating that the objective function is strictly a convex function of
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ξ in the interval (0, 1). Taking the first derivative of Psym(e) with respect to ξ and

equating it to zero, the optimum ξ can be obtained as

ξ∗ =

[

(IKΛK

AK

)1/(K+1)

+ 1

]−1

. (6.36)

Using (6.36), optimal values of the power allocated to the source (E∗
S) and

the relays (E∗
R) at a given relay location can be determined. If the set of relays

are assumed to be located near the middle of the source and the destination i.e.

dSR = 0.5, (6.36) is approximated to ξ = 1/(K + 1). Thus, the optimal power

allocation can be approximated as E∗
S = Etot/(K + 1) and E∗

R = KEtot/2(K + 1).

It is observed that the optimal power allocated to the relays (E∗
R) rises with the

increase in the number of relays (K), while optimal power allocated to the source

decreases.

6.3.2 Optimizing Relay Position under Fixed Power

Allocation

For optimizing the relay position, the normalized distance between the source and

the destination (i.e. dSD = 1) is used. It is assumed that the relays are placed on the

straight-line that joins the source and the destination (i.e. dSR = d and dRD = 1−d),

which minimizes the effect of path loss. When fixed power is allocated to the source

(ES) and the relays (ER), the relay location optimization problem can be written as

min
d

Psym(e)

subject to 0 ≤ d ≤ 1,

(6.37)
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Then, (6.33) can be written as

Psym(e) = UKdνK + VKΛK (1− d)νK , (6.38)

where UK and VK are defined as

UK =

(

αz
2βz

N0

σ2hES

)K

and VK =
σ2g

σ2b

(

N0

σ2gER

)K

. (6.39)

Upon taking the second derivative of Psym(e) with respect to d, it is easily

found that the objective function is strictly a convex function of d in the interval

[0, 1]. Now, taking the first derivative of Psym(e) with respect to d and equating it

to zero, the closed-form expression for the optimal relay location (d∗) is obtained as

d∗ =

[

( UK
VKΛK

)1/(νK−1)

+ 1

]−1

. (6.40)

6.3.3 Jointly Optimizing Power Allocation and Relay

Location

In this section, the power allocation and the relay position are jointly optimized to

further enhance the system performance. It is assumed that the relays are placed on

the straight-line (i.e. dSR = d and dRD = 1 − d), and the power allocated to the

source and the relays is related to the total power budget of the system as ES = δEtot

and ER = (1− δ)Etot/2 such that 0 < δ < 1. The joint optimization problem can be
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formulated as

min
ES ,ER,d

Psym(e)

subject to ES + 2ER ≤ Etot,

ES , ER > 0,

0 ≤ d ≤ 1.

(6.41)

Then, (6.33) can be written as

Psym(e) = HK

(

dν

δ

)K

+ JKΛK

[

(1− d)ν

(1− δ)

]K

, (6.42)

where HK and JK are defined as

HK =

(

αz
2βz

N0

σ2hEtot

)K

and JK =
σ2g

σ2b

(

2N0

σ2gEtot

)K

. (6.43)

The expression of Psym(e) is found to be a strict convex function of δ and

d in the interval (0, 1) and [0, 1], respectively. Thus, taking the first derivative of

Psym(e) with respect to δ and d, respectively, equating them to zero, and solving

them simultaneously, the closed-form expressions for d∗ and δ∗ are obtained as

d∗ =

[

(JKΛK

HK

)1/(K−νK+1)

+ 1

]−1

, (6.44)

δ∗ =

[

(JKΛK

HK

)1/(K−νK+1)

+ 1

]−1

. (6.45)

The optimal relay location can be found from (6.44) and the optimal power

allocation can be calculated using (6.45). It is observed from (6.44) and (6.45) that

as the number of relays increases, the optimal position of the relays will be closer

to the destination, thus increasing the optimal power allocated to the source and
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decreasing the optimal power allocated to the relays.

6.4 Outage Probability Analysis

First, the CDF of fγt(γ) is obtained, and then closed-form expressions for the exact

and asymptotic outage probabilities of the system are derived.

6.4.1 CDF of fγt(γ)

From (6.22), the CDF of fγt(γ) can be written as

Fγt(γ0) =

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

[

γb

(

1− e−γ0/γb
)

− γm
k

(

1− e−kγ0/γm
)

]

+
K
∑

k=1

(

K

k

)

(−1)k−1

γb
γm

(

1− e−kγ0/γm
)

. (6.46)

6.4.2 Exact Outage Probability

In the DH-SSC system, the overall system outage happens either when all S−Ri links

are in outage or when both Rt − D links are in outage with no outage in the S− Ri

link. Thus, the overall outage probability of the system can be written as

Pout =
(

PSR
out

)K
+
(

1−PSR
out

)K
PRD
out , (6.47)

where PSR
out and PRD

out represent the outage probabilities of the S − Ri link and the

cooperative Rt−D links, respectively. Let R0 bits/s/Hz denotes the given target rate,

the outage in the S−Ri link would correspond to the event (1/3) log2(1+ γhi) < R0,

or equivalently γhi < µth, where µth = 23R0 − 1. The factor 1/3 is used because of 3
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phases for transmission in the system. Thus, PSR
out can be written as

PSR
out , Pr

{

1

3
log2

(

1 + γhi

)

< R0

}

, (6.48)

PSR
out = 1− exp

(

−µth
γh

)

. (6.49)

When the relay decodes the source signal correctly with no outage in the S−Ri

link, the best relay transmits two different symbols through Rt−D links in two phases.

Thus, the average mutual information for Rt − D links can be obtained as

IRD ,
1

3
log2(1 + γt) +

1

3
log2(1 + γt), (6.50)

IRD =
2

3
log2(1 + γt). (6.51)

Therefore, the outage probability of Rt − D links can be written as

PRD
out , Pr {IRD < R0} = Fγt(2

3R0/2 − 1). (6.52)

From (6.46), (6.47), (6.49) and (6.52), the exact overall outage probability of

the system can be obtained.

6.4.3 Asymptotic Outage Probability

The asymptotic outage probability is valid for moderate to high SNR region. For high

SNR, (1 − PSR
out) equals to 1, then the asymptotic outage probability of the system

can be written as

Pout ≃
(

PSR
out

)K
+ PRD

out . (6.53)
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From (6.25), PSR
out can be approximated as

PSR
out ≃

23R0 − 1

γh
. (6.54)

From (6.27), the CDF of fγt(γ) can be approximated as

Fγt(γ0) ≃
γK0
γb

(

1

γm

)K−1

. (6.55)

From (6.53), (6.54) and (6.55), the asymptotic outage probability can be written

as

Pout ≃
(

23R0 − 1

γh

)K

+
(23R0/2 − 1)K

γb

(

1

γm

)K−1

. (6.56)

6.5 Channel Capacity Analysis

In this section, the closed-form expressions for the channel capacity of the system and

its upper bound are derived.

6.5.1 Average Channel Capacity

The average channel capacity, in the Shannon’s sense, can be evaluated by averaging

the instantaneous capacity for an AWGN channel over the fading distribution when

transmit power is constant and the channel state information is available at the

receiver [68,70]. The average channel capacity of the DH-SSC system can be written

as

C = B
2

3

∞
∫

0

log2 (1 + γ) fγt(γ)dγ, (6.57)

where B denotes the channel bandwidth and factor 2/3 is due to the transmission of

two symbols in three phases. In order to solve the preceding integration, the following
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relation is formulated using [69, 3.352.4]

∞
∫

0

ln(1 + t)e−t/cdt = c e1/cE1

(

1

c

)

, (6.58)

where E1(x) =
∫∞
x (exp(−t)/t) dt denotes the exponential integral [67, 5.1.1]. Upon

substituting (6.22) into (6.57), and solving the integration using (6.58), the average

channel capacity in closed-form can be written as

C

B
=

2

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

[

γbe
1/γbE1

(

1

γb

)

− γm
k

ek/γmE1

(

k

γm

)]

+
2

3 ln 2

K
∑

k=1

(

K

k

)

(−1)k−1

γb
γmek/γmE1

(

k

γm

)

. (6.59)

6.5.2 Upper Bound on the Capacity

The average channel capacity, using Jensen’s Inequality, is upper bounded as

C ≤ B
2

3
log2 (1 + E{γt}) , (6.60)

where E{γt} =
∫∞
0 γfγt(γ)dγ represents the expectation operator and can be simpli-

fied using
∫∞
0 t e−t/cdt = c2. Thus, the following expression is obtained

E{γt} =
K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

[

γ2b −
(

γm
k

)2
]

+

K
∑

k=1

(

K

k

)

(−1)k−1γ2m
kγb

. (6.61)

Upon substituting (6.61) into (6.60), a closed-form expression for the upper

bound on the capacity can be easily obtained.
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6.6 Results and Discussions

In this section, the performance of the DH-SSC system is illustrated for different

system parameters. In addition, the accuracy of the derived analytical expressions is

validated through computer simulations. To illustrate numerical results, 4-QAM SSD

with a rotation angle of 26.6◦ is used in the system. The path loss exponent is set to

ν = 3 and the variances of channel coefficients are assumed to be σ2h = σ2a = σ2b = 1.

The DH-SSC system is assumed to have K relays located at the middle of the source

(S) and the destination (D), unless otherwise stated. For the fair comparison of the

system, the total power budget of the system to transmit two symbols is equivalent

to that of the direct transmission system, i.e. ES = 1 and ER = 0.5, making

the total power budget equals to 2 units to transmit two symbols. In all Monte

Carlo simulations, 109 iterations are used for each simulation point to obtain accurate

results.

Figure 6.2 demonstrates the average bit error probability (BEP) performance of

the DH-SSC system with respect to the average SNR (Eb/N0), for one, two and three

relay nodes in the system. This figure illustrates the simulation results with�markers

while analytical and asymptotic results with solid and dashed lines, respectively. The

figure validates the analytical and asymptotic BEP results, given by (6.16) and (6.29),

through computer simulations, where analytical and asymptotic results are in good

agreement with the simulation results. The error performance of the system improves

as the number of cooperating relays increases in the system. This implies that the

increase in the number of relays contributes to the diversity enhancement, which

confirms the diversity gain analysis, given by (6.31). For example, BEP= 10−5 is

achieved at Eb/N0 = 44 dB with one relay node (K = 1), or at Eb/N0 = 24 dB with

two relay nodes (K = 2), or at Eb/N0 = 18.5 dB with three relay nodes (K = 3).
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Figure 6.2: Error performance of the DH-SSC system with respect to Eb/N0, when
K = 1, 2, 3.

When the BEP results for different number of relay nodes are compared, it is observed

that the DH-SSC system achieves an Eb/N0 gain of about 20 dB, and 25.5 dB with

two and three relay nodes, respectively, compared to the single relay system.

Figures 6.3 and 6.4 illustrate the outage performance of the system with re-

spect to the average SNR (Eb/N0), and the information rate (R0) at Eb/N0 = 20 dB,

respectively. These figures also show the simulation results with � markers while an-

alytical and asymptotic outage probabilities with solid and dashed lines, respectively.

It is observed that both simulation and analytical results are in excellent agreement,

and asymptotic outage probability has a good match with both simulation and ana-

lytical results at medium and high SNRs. Thus, these figures verify the accuracy of

the derived analytical work for the outage probability, given by (6.47) and (6.56). It

is also noticed that the outage probability of the system significantly improves when
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Figure 6.3: Outage performance of the DH-SSC system with respect to Eb/N0,
when R0 = 2 and K = 1, 2, 3.
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Figure 6.4: Outage performance of the DH-SSC system with respect to information
rate (R0), when Eb/N0 = 20 dB and K = 1, 2, 3.
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the number of relays in the system is increased, which clearly shows the diversity

enhancement.

Figures 6.5 and 6.6 describe the effect of relay placement on system’s error and

outage performances, respectively. These figures also illustrate performance results

for both equal power allocation (EPA) and optimal power allocation (OPA), where

the optimal power allocated to the source and the destination is obtained using (6.36).

Figure 6.5 shows the average SNR (Eb/N0) required to achieve BEP of 10−3 with

respect to S − Ri distance (dSR). Figure 6.6 portrays the outage probability with

respect to dSR at Eb/N0 = 15 dB. It is observed that when the relay nodes are

placed near the middle location of the source and the destination, the performance of

the system due to OPA is similar to that of EPA. For near-to-source relays location,

the performance gap between OPA and EPA is small, and the highest performance

gain is noticed for near-to-destination relays location. The reason for this behaviour

is that for near-to-destination relays location, the power allocated to the source based

on EPA is not enough to guarantee correct data transmission to the relays during the

first phase. Thus, OPA provides the solution of increasing the power allocated to

the source and decreasing the power allocated to the relays to enhance the system

performance. On the other hand, for near-to-source relays location scenario, OPA

decreases the power allocated to the source and increases the power allocated to the

relays to improve system performance. In Figure 6.5 at dSR = 0.9, OPA with K = 2

provides the same performance as that by EPA with K = 3, thus demonstrating the

benefits of OPA. Figure 6.6 illustrates that the outage probability is optimum when

relays are placed in the middle location. In Figure 6.6 at dSR = 0.9, the outage

probability for K = 3 due to OPA is more than 10 times better than that for K = 3

due to EPA.

Figures 6.7 and 6.8 show the error and outage performances of the system with
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Figure 6.5: Eb/N0 required to achieve BEP of 10−3 in DH-SSC with respect to
S− Ri distance (dSR) for OPA and EPA.
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Figure 6.6: Outage probability of the DH-SSC system with respect to S− Ri
distance (dSR) for OPA and EPA when Eb/N0 = 15 dB and R0 = 1.
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respect to Eb/N0 for different optimization schemes, respectively. It is considered that

the relay nodes are located close to the destination and far away from the source (i.e.

dSR = 0.9) and information rateR0 is 2 bits/s/Hz. These figures illustrate the average

BEP and outage probability for EPA, OPA, optimal relay position (ORP), and joint

optimization of PA and relay location. The significant performance improvement is

noticed using different optimization schemes compared to EPA. It is also observed

that the joint optimization scheme provides the optimum performance of the system

compared to all other optimization schemes considered. The joint optimization with

K = 3 provides about 6 dB gain of Eb/N0 in BEP performance and about 7 dB gain

of Eb/N0 in outage performance.

Figure 6.9 illustrates the average channel capacity of the system with respect

to Eb/N0, for one and three relay nodes in the system. In addition, this figure shows

an upper bound on the capacity of the DH-SSC system with dashed lines and the

capacity of the direct transmission system with ◦markers for comparison. It is clearly

observed that the analytical results for exact and upper bound capacities, given by

(6.59) and (6.60), perfectly match with their corresponding simulation results, which

validates the derived mathematical expressions of channel capacity. Thus, the channel

capacity increases as the number of relay nodes increases in the system.

6.7 Summary

In this chapter, a dual-hop DF relaying system using signal space diversity (SSD)

was introduced, where no direct link exists between the source and the destination.

The performance analysis of the DH-SSC system was carried out over Rayleigh fading

channel. It was shown that the DH-SSC system improves the spectral efficiency of

the conventional dual-hop DF relaying system. Exact and asymptotic expressions
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Figure 6.7: Error performance of the DH-SSC system with respect to Eb/N0 for
different optimization schemes when dSR = 0.9.
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for the error probability, outage probability and channel capacity were derived. All

of the analysis and mathematical derivations were validated through Monte Carlo

simulations. The diversity gain of the system was evaluated and it was shown that

the DH-SSC system can achieve a diversity order equal to the number of relay nodes.

In addition, the system optimization was carried out, including power allocation,

relay placement as well as the joint optimization of the two. It was noticed that the

system performance is optimum when relays are located in the middle of the source

and the destination. It was also observed that the joint optimization of PA and relay

position enhances the system performance significantly when the relays are placed

close to either source or destination.
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Chapter 7

Conclusions and Future Work

In this thesis, the spectrally efficient cooperative relay systems were proposed and in-

vestigated. In these systems, the signal space diversity (SSD) was combined with the

conventional cooperative relay networks and it was shown that these systems signifi-

cantly enhanced the spectral efficiency and the data transmission of the conventional

cooperative relay networks.

7.1 Conclusions

This thesis can be concluded in the following points.

• In chapter 3, the concept of incorporating SSD into the conventional two-way

cooperative system was introduced. The proposed two-way signal space co-

operative system using a single a DF relay was referred to as 2W-SSC-1R. It

was shown that the 2W-SSC-1R system exchanges four symbols in three time

slots while the conventional two-way cooperative system uses six time slots

to exchange the same four symbols. Thus, the 2W-SSC system has doubled

the spectral efficiency and the data transmission of the conventional two-way

cooperative system without adding extra bandwidth, complexity or transmit

power. The closed-form expression for the error probability of the system was

derived over Rayleigh fading channels. The error performance of the system
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was compared with the conventional system and it was found that the 2W-

SSC-1R system provides high spectral efficiency without decreasing the error

performance.

• In chapter 4, the two-way signal space cooperative system (2W-SSC-1R), pro-

posed and analyzed in chapter 3, was extended with multiple intermediate relays

and was referred to as 2W-SSC. The best relay out of K relays was chosen in

the system. The comprehensive analysis of the 2W-SSC system was carried out

in this chapter and closed-form expressions for various performance metrics, in-

cluding error probability, outage probability and channel capacity, were derived.

It was shown that the 2W-SSC system provides a diversity gain equal to one

higher than the number of relays. The system optimization was investigated to

enhance the system performance and it was found that optimum relay position

significantly improves the performance of the system. It was also observed that

the system provides higher channel capacity compared to the direct transmis-

sion system. All of the mathematical analysis and derivations were confirmed

through Monte Carlo simulations.

• In chapter 5, the idea of combining SSD with a dual-hop DF relaying system

without a direct link between the source and the destination was presented.

The proposed dual-hop signal space relaying system was referred to as DH-

SSC-1R. It was shown that the DH-SSC-1R system transmits two symbols in

three transmission phases while the conventional dual-hop DF relaying system

uses four phases to transmit the same two symbols. Therefore, the DH-SSC-

1R system improves the spectral efficiency and the data transmission without

additional complexity, bandwidth or transmit power. The DH-SSC-1R system

was analyzed over Rayleigh fading channels and error probability performance
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was derived. The performance of the DH-SSC-1R system was compared with the

other dual-hop relaying systems and it was found that the DH-SSC-1R system

improves the spectral efficiency without loosing performance of the system.

• chapter 6, the dual-hop signal space cooperative system was extended with mul-

tiple intermediate relays and referred to as DH-SSC. The best relay is selected

based on the channel conditions to forward the received data to the destination.

The closed-form expressions for the exact and asymptotic error probability, out-

age probability and channel capacity were derived and validated through Monte

Carlo simulations. It was shown that the DH-SSC system provides diversity gain

of equal to the number of relays. In addition, the system optimization of the

DH-SSC system was carried out and it was observed that the system perfor-

mance is optimum when relays were located in the middle of the source and

the destination. It was also noticed that joint optimization of power allocation

and relay position improves the system performance significantly if relays are

placed close to either source or destination.

7.2 Future Prospects

Cooperative relaying is a key enabling technology for future 5G wireless networks and

thus, provides opportunities for research to incorporate into the future 5G wireless

networks. Cooperative relaying has been included in several standards such as 3GPP

LTE-Advanced, IEEE 802.11j and IEEE 802.11m, and more sophisticated cooperative

relaying techniques are highly expected to be employed in 5G standards. The concept

of cooperative relaying has several challenges and issues, which are required to be

addressed. The following is a brief list of some interesting suggestions for possible

future extensions of this work.
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• In this thesis, two-dimensional ordinary constellation such as M-QAM or M-

PSK is rotated and expanded to obtain signal space diversity. It would be very

interesting if other types of modulation schemes is utilized to achieve signal

space diversity and employed in cooperative relay networks to increase spectral

efficiency.

• The 2W-SSC system in this thesis doubles the spectral efficiency and the data

transmission of the conventional two-way cooperative system (i.e. time-division

broadcast channel, TDBC). The introduction of signal space diversity in other

two-way cooperative protocols such as multiple-access broadcast channel (MABC)

or the naive four-phase, can be explored to improve the spectral efficiency of the

conventional two-phase two-way or the conventional naive four-phase two-way

cooperative systems.

• This thesis has combined signal space diversity (SSD) with the decode-and-

forward (DF) relay. The introduction of SSD into other types of relays, such as

compress-and-forward and filter-and-forward, can be explored to enhance the

system performance.

• In past, signal space diversity has been combined with some coding schemes

and therefore SSD can also be introduced in cooperative relay networks with

coded cooperation.

• In this thesis, two-hop relay networks were considered, it would be interesting

to incorporate SSD into multi-hop relay networks.
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Appendix A

Error Probability over a Rayleigh Fading

Channel

In this appendix, the derivation of the error probability over Rayleigh fading channel

is shown. This closed-form expression of error probability is applicable to any digi-

tal modulation scheme which has the instantaneous symbol error probability of the

following form:

Psym(e|γ) = αQ
(

√

βγ
)

, (A.1)

where Q(u) = 1√
2π

∫∞
u e−t2/2dt is the Gaussian Q-function [67, 26.2.3], γ is the

instantaneous signal-to-noise (SNR) ratio per symbol, and α and β are determined

by the type of the digital modulation scheme. Therefore, the average symbol error

probability (SEP) over a fading channel, Psym(e), can be written as

Psym(e) =

∞
∫

0

αQ
(

√

βγ
)

fγ (γ) dγ, (A.2)

where fγ (γ) is the PDF of the SNR γ. The PDF of the Rayleigh fading channel,

fγ (γ), is given by

fγ (γ) =
1

γ
e−γ/γ, γ ≥ 0 (A.3)
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where γ is the average SNR per symbol. Thus, the average symbol error probability

over the Rayleigh fading channel can be expressed as

Psym(e) =

∞
∫

0

αQ
(

√

βγ
) 1

γ
e−γ/γdγ, (A.4)

Let

u = Q
(

√

βγ
)

and dv =
1

γ
e−γ/γdt, (A.5)

Then,

du = − 1√
2π

e−βγ/2

√

β

4γ
dt and v = −e−γ/γ. (A.6)

Using substitution from (A.6) and integrating (A.4)

Psym(e) =
1

2
α− α

∞
∫

0

1√
2π

√

β

4γ
e
−γ( 1γ+

β
2
)
dt. (A.7)

Let

x2

2
= γ

(

1

γ
+

β

2

)

⇒ x =

√

2γ

(

1

γ
+

β

2

)

, (A.8)

Then,

xdx =

(

1

γ
+

β

2

)

dx ⇒
√

β

4γ
dt =

√

βγ

βγ + 2
dx (A.9)
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Substituting (A.9) into (A.7)

Psym(e) =
1

2
α− α

√

βγ

βγ + 2

∞
∫

0

1√
2π

e−u2/2dt, (A.10)

Psym(e) =
1

2
α− α

√

βγ

βγ + 2
Q(0). (A.11)

Thus, the closed-form expression for the average symbol error probability of a

digital modulation scheme over a Rayleigh fading channel can be written as

Psym(e) =

∞
∫

0

αQ
(

√

βγ
) 1

γ
e−γ/γdt =

1

2
α

(

1−
√

βγ

βγ + 2

)

. (A.12)
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Appendix B

PDF of the SNR of the Best Relay

In this appendix, the analysis for the PDF of the SNR, γt, of the best relay over

Rayleigh fading channel is shown using [71]. The criteria to choose the best relay

based on channel SNRs, γai and γbi, is expressed as

Rt = argmax
i∈K

{

min
(

γai, γbi

)}

. (B.1)

The PDF of the SNR of the best relay, γt, can be expressed as

fγbt
(γ) =

∞
∫

0

fγbi |Ui=u (γ) fV (u) du, (B.2)

where Ui = min
(

γai, γbi

)

and V = maxi∈K Ui. The conditional PDF can be written,

using the Bayes rule, as

fγbi |Ui=u (γ) =
fγbi ,Ui

(γ, u)

fUi (u)
. (B.3)

The CDF of Ui can be obtained as

FUi(u) = Pr
{

min
(

γai, γbi

)

< u
}

, (B.4)

FUi(u) = 1− Pr
{

γai ≥ u
}

Pr
{

γbi ≥ u
}

. (B.5)
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For Rayleigh fading channels,

FUi(u) = 1− e−u/γae−u/γb , (B.6)

FUi(u) = 1− e−u/γm , (B.7)

where γm = γaγb/(γa + γb). Thus, the PDF of Ui is obtained as

fUi(u) =
d

du
FUi(u), (B.8)

fUi(u) =
1

γm
e−u/γm . (B.9)

The joint CDF Fγbi ,Ui
(γ, u) can be obtained as [71]

Fγbi ,Ui
(γ, u) = Pr

{

γbi < γ,min
(

γai, γbi

)

< u
}

, (B.10)

Fγbi ,Ui
(γ, u) = Fγai

(u)Fγbi
(γ) + Fγbi

(u)
[

1− Fγai
(u)
]

. (B.11)

Thus, the joint PDF fγbi ,Ui
(γ, u) can be written as

fγbi ,Ui
(γ, u) = fγai

(u)fγbi
(γ) + fγbi

(u)
[

1− Fγai
(u)
]

. (B.12)

Using (B.3), (B.9) and (B.12), the PDF of the SNR of the best relay can be

represented as

fγbt
(γ) =

γ
∫

0

fγbi
(γ) fγai

(u)

fUi(u)
fV (u)du+

fγbi
(γ)
[

1− Fγai
(γ)
]

fUi(γ)
fV (γ), (B.13)

where fγai
(γai) =

1
γa

e−γai/γa and fγbi
(γbi) =

1
γb
e
−γbi

/γb for Rayleigh fading chan-
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nels. Then, the CDF of V = maxi∈K Ui, FV (γ), is derived as follows:

FV (u) = Pr{V ≤ u}, (B.14)

FV (u) = Pr

{

max
i∈K

Ui ≤ u

}

, (B.15)

FV (u) =

K
∏

i=1

Pr {Ui ≤ u}, (B.16)

FV (u) =
K
∏

i=1

FUi (u), (B.17)

FV (u) =
(

1− e−u/γm
)K

. (B.18)

Thus, the PDF of V = maxi∈K Ui can be written as

fV (u) =
K

γm
e−u/γm

(

1− e−u/γm
)K−1

. (B.19)

Using the binomial expansion [69], the PDF, fV (u), can also be written as

fV (u) =

K
∑

i=1

(

K

i

)

(−1)i−1 i

γm
e−iu/γm . (B.20)

Substituting all the expressions into (B.13) and then integrating, the PDF of

the SNR of the best relay over Rayleigh fading channels can be written as

fγbt
(γ) =

K
∑

k=1

(

K

k

)

(−1)k−1

γa

kγm
kγb − γm

(

e−γ/γb − e−kγ/γm
)

+
K
∑

k=1

(

K

k

)

(−1)k−1

γb
k e−kγ/γm . (B.21)
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Appendix C

PDF of the SNR of Dual Cooperative Link

In this appendix, the PDF of the SNR of the dual cooperative link is derived. Let

γa and γb be the SNRs of the two independent and non-identical Rayleigh fading

channels, and hence their PDFs can be written as

fγa(γa) =
1

γa
e−γa/γa , (C.1)

fγb(γb) =
1

γb
e−γb/γb . (C.2)

where γa and γb are average SNRs of the links. The SNR of the cooperative link can

be expressed as

γt = γa + γb (C.3)

Thus, the PDF of γt can be derived by convolving the PDFs of γa and γb, which

can be obtained as

fγt(γt) =

γt
∫

0

fγa(γ)fγb(γt − γ)dγ (C.4)

fγt(γt) =
1

γa γb
e−γt/γb

γt
∫

0

e
−
(

1
γa

− 1
γb

)

γ
dγ (C.5)
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After integrating, fγt(γt) can be written as

fγt (γ) =
1

γb − γa

(

e−γ/γb − e−γ/γa
)

(C.6)
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