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Abstract

This paper demonstrates that for a given cost to the taxpayer, the
effects of a transit subsidy depend on the subsidy formula, the objective
function of the transit firm, andrthe transit demand function. Under
most assumptions, a subsidy would lead to a lower fare, more service, and
more riders, but under some assumptions the fare would remain unchanged or
increase. If a transit firm maximizes ridership, lump sum and ridership
subsidies will have the same effects but a cost subsidy with the same cost

to taxpayers will lead to a higher fare, more service, and lower ridership.
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THE EFFECTS OF ALTERNATIVE URBAN TRANSIT SUBSIQY FORMULAS

Mark W. FRANKENA*

University of Western Ontario, London, Ontario, Canada N6A 5C2
1. Introduction

The literature on urban transit subsidies analyzes the magnitude of the
lump sum subsidy that would enable a transit firm to set service and fares
at efficient 1evels.1 There is no systematic analysis of the effect of a
subsidy on service, fares, and ridership if the objective of the firm is not
efficiency and if the subsidy is not a lump sum.2 An understanding of these
issues is important because there is an incipient trend for transit firms to
define their objectives in terms of ridership maximization rather than effi-
ciency,3 and because many subsidies are based on transit expenditures rather
than being lump sums.

This paper derives predictions about the effects of alternative transit
subsidy formulas under various assumptions about the objective function of the
transit firm. Under most of the circumstances considered, the model yields
the intuitive prediction that transit subsidies would lead to a reduction in
fares, an increase in vehicle miles of service, and an increase in ridership.
However, under some assumptions, the model yields the counterintuitive pre-
diction that a transit subsidy would not affect the fare or would lead to an
increase in the fare. The model also yields predictions about the comparative
effects of different subsidy formulas. For example, if a transit firm maxi-
mizes ridership, lump sum and ridership subsidies will have the same effects
but a cost subsidy with the same cost to taxpayers would lead to a higher fare,
more service, and lower ridershié. The predictions derived in this paper are
amenable to econometric testing; some initial empirical results are presented

in Frankena (1980a).
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2. Agpregate Model of an Urban Transit System

Transit operations in a single city are described by a medel which
determines the aggregate city-wide levels of transit ridership and service and
the fare. The model does not consider temporal or intraurban spatial vari-
ations in the fare, service, or demand for rides. The demand for rides is
determined by the fare and the number of vehicle miles of service. The fare
and number of vehicle miles are determined by a publicly-owned monopolistic
transit firm, which maximizes an objective function subject to a budget con-
straint.4 The budget constraint requires that the transit firm's costs must
equal its revenues, after allowing for subsidies.5

2.1 The Budget Constraint

To derive a budget constraint for the transit firm, we make the follow-
ing assumptions: (i) Total transit costs are proportional to vehicle miles
of service.6 (ii) All transit revenues are derived from fares and subsidies.7 -
(1ii) The fare per ride is uniform. (iv) The demand for rides is a decreasing
function of the fare and an increasing function of vehicle miles of service.
(v) The absolute value of the fare-elasticity of demand for rides is less than
one at low fare levels, increases with the fare, and exceeds one at high fare
le'vels.8

Given these assumptions, in the absence of subsidies the transit system
chooées a combination of the fare and vehicle miles of service which satisf;es
the following budget constraint: |

FR - CM =0 1)
where F is the fare per ride, M is the number of vehicle miles of transit ser-
vice, C is the cost per vehicle mile, and

R = R(F,M) (2)

o

9
is the demand function for rides.
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Substituting (2) into (1) gives a single equation in two unknowns,
and hence a range of combinations of F and M will normally be consistent
with the transit firm's budget constraint. Under reasonable assumptions,
the relevant set of feasible combinations of F and M can be represented by

a curve like zz’ (Figure 1), which we will refer to as the feasible

1ocus.10 In the absence of subsidies based on the number of passengers, the

feasible locus slopes upward in the range of F and M for which the fare-elasticity

of demand for rides (EF) is less than one in absolute value and bends backward

- >1.
where EF 1

2.2 Objective Function
The combination of F and M which the transit firm selects depends not
only on the feasible locus but on the firm's objective function, which is
assumed to take the form:
Maximize U = U(F,M,R) (3)
where UF <0, UM 2 0, and UR 2 0 but Uﬁ and Uk are not both zero. Cooter
and Topakian (1980) provide a rationalization for including vehicle miles and
ridership as arguments in the objective function on the grounds that transit
managerial rewards may be based on these measures of the size of the enterprise,
and it would be consistent with their discussion to rationalize inclusion of
the fare as an argument in the objective function on the grounds that it is.a
determinant of electoral support.
Given the demand function (2), the objective function can be simplified:
U(F,M,R) = U(F,M,R(F,M)) = V(F,M) (%)
Thus, even if the firm cares about ridership as well as about the fare and

vehicle miles, its objective function can be represented by indifference curves

in which only F and M appear explicitly as arguments.



Figure 1

Feasible Locus for Unsubsidized Firm and Indifference

Curves for Three Alternative Objective Functions
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The indifference curves for three possible objective functions are de-.

11 The indifference curves for a firm which maximizes

picted in Figure 1.
vehicle miles are vertical lines, and the firm chooses the operating policy
represented by point A in Figure 1 (high fare, high vehicle milés, and low
ridership). The indifference curves for a firm which maximizes ridership

are "isorider curves", each of whicﬁ glves the solutions to the equation

R(F,M) = R® for a different value of RP, and the firm chooses the operating
policy represented by point B (medium fare, medium vehicle miles, and high
ridership). It is important to note that maximum ridership occufs at a lower
level of F and M than does maximum vehicle miles. The indifference curves for a

firm which is willing to cut sgrvice enough that ridership would decline in order to

reduce the fare would have lower slopes than those corresponding to the objective

of maximizing ridership. We will refer to such an objective as low fare
preference. A firm with low fare preference chooses an operating policy such
as the one represented by point D (low fare, low vehicle miles, and low rider-

ship), southwest of point B.

3. The Effect of Subsidies

3.1 Alternative Subsidy Formulas

We will analyze three alternative transit subsidy formulas: (i) Lump
sum subgidy--an exogenously determined amount of money which is not dependent
upon the transit firm's operating performance. (ii) Cost subsidy--an exo-
genously determined fraction of costs. (iii) Passenger subsidy--an
exogenously determined amount of money per passenger carried.

Given the assumption of constant cost per vehicle mile, a cost subsidy
is identical to a service subsidy--an exogenously determined amount of money

per vehicle mile. Also, in the absence of lump sum and passenger subsidies,



given the budget constraint a revenue subsidy--an exogenously determined per-
centage of the transit firm's revenue--is identical to a cost subsidy at an-

other rate. 12

In cases where two different levels of government provide subsidies to

the same transit firm, it is common for one of the governments to provide a

deficit subsidy--an exogenously determined percentage of the transit firm's
deficit. Given the budget constraint of the tramsit firm, the effect of a
deficit subsidy from one level of government is to provide a matching grant
equal to some percentage of any subsidy provided by the other level of govern-
ment. Consequently, the present model can be used to analyze the combination
of a deficit subsidy from ome level of government and a lump sum, cost, or
passenger subsidy from another level of government.

3.2 Further Assumptions

Two further assumptions must be made to use the model developed here to

it

analyze the effects of subsidies. First, we assume that the subsidies analyzed
would not change the cost per vehicle mile of transit service. Thus, we rule

13
out the possibility that subsidies would lead to an increase in transit wages.

Second, we assume that provision of government subsidies is not accompanied by

government controls over transit operating policies or by organizational
changes which would alter the transit firm's objective function. .
3.3 Effect of Subsidies on the Constraint
Introduction of subsidies changes the transit firm's budget constraint
from (1) to:
(F + 83)R +85 - @ - SZ)CM =0 ()

where sl = lump sum subsidy; 82 = fraction of costs covered by cost subsidy;

and S

5 = passenger subsidy per ride.
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To determine how a subsidy would shift the feasible locus, one must make
some additional assumptions about the demand functign (2). For simplicity, in
the figures we assume that, in the relevant range of values for F and M, thg
fare-elasticity of demand (EF) is independent of M and the elasticity of demand
with respect to vehicle miles of service (EM) is independent of F. We also assume
that EM declines as the level of M increases. Some of the geometry and conclu-
sions about the effects of subsidies would be different if we made different

assumptions about these elasticities. This point will be illustrated below.

Figure 2 shows the shapes of the feasible loci when there is no subsidy,
when there is a lump sum subsidy, and when there is a cost subsidy. The subsidy
rates have been selected so that the feasible loci for the cost and lump sum sub-
sidies have one point in common, G, the fare and vehicle miles combimation which
maximizes vehicle miles. Apart from this common point, the feasible locus for
the cost subsidy lies to the left of the feasible locus for the lump sum subsidy.
This is because at point G the total values of the two subsidies are equal. At
any lower level of M, the total value of the cost subsidy will be lower while the
lump sum subsidy will be unchanged. Also, given our assumptions about the de-

)
mand function, the maximum level of M along the feasible loci for the lump sum
and cost subsidies will occur along the horizontal line AGH. This follows from
the fact that for either subsidy M is maximized where total revenue and hence
passenger revenue is maximized, i.e., where EF = -1, and by assumption EF'is
determined by the level of F.

Figure 3 reproduces the feasible loci when there 1s no subsidy and when
there is a lump sum subsidy from Figure 2 but also includes the feasible locus
for a passenger subsidy. The subsidy rates have been selected so that the feasible

loci for the passenger and lump sum subsidies have one point in common, P, the



Figure 2

Feasible Loci for No Subsidy, Lump Sum
Subsidy, and Cost Subsidy
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Figure 3

Feasible Loci for No Subsidy, Lump Sum
Subsidy, and Passenger Subsidy

R(E,M) = R

No subsidy ——)

Passenger
subsidy

Lump sum subsidy

T.
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fare and vehicle miles combination which maximizes ridership. Apart from
this common point, the feasible locus for the passenger subsidy lies to

the left of the feasible locus for the lump sum subsidy. This is because

at point P the total values of the two subsidies are equal. At any other
level of M, the level of R and hence the total value of the passenger subsidy
will be lower while the lump sum subsidy will be unchanged. Also, given

our assumptions about the demand function, the maximum level of M along the
feasible locus for the passenger subsidy will occur at J, below the hori-

zontal line A.G.l4

3.4 Effects of Alternative Subsidies under Maximum Vehicle Miles Objective

In this section we analyze the effects of the three subsidy formulas when
the objective of the tramnsit firm is to maximize vehicle miles of service.

3.4.1 Lump Sum and Cost Subsidies

From Figure 2 it is evident that under the assumptions which have been
made about the demand function, a transit firm which maximizes vehicle miles of
service would not change the fare and would simply increase service as much as
possible in response to a lump sum or cost subsidy.

Suppose, however, that we make a different assumption about the demand func-

tion, namely that the absolute value of E, is a decreasing function of M. 1In this

F
case, a lump sum or cost subsidy which increases M would reduce the absolute value
of Eq- In order to maximize vehicle miles of service, the transit firm would
then raise F until EF = -1 again. If Figure 2 were redrawn to be consistent

with this assumption about the demand function, the line AGH would slope up to
the right. Since the assumption that the absolute value of EF is a decreasing

function of M cannot be ruled out a priori, the "counterintuitive' nature of the

prediction that a lump sum or cost subsidy could lead to an increase in the fare

\.
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is perhaps explained by the fact that transit firms are not expected to

maximize vehicle miles of service.

By similar reasoning, it is easy to demonstrate that if the absolute
value of EF is an increasing function of M, then a lump sum or cost subsidy
would lead to a reduction in F if the transit firm maximizes M.

In any event, regardléss of these assumptions about the demand function,
one can conclude that lump sﬁm and cost spbsidies which have the same cost
to the taxpayer will have the same effects on F, M, and R if the transit firm
maximizes vehicle{miles of service.

3.4.2 Passenger Subsidy

From Figure 3 we can see that if the transit firm maximizes vehicle miles
of service a passenger subsidy will lead to a reduction in fare and an increase
in vehicle miles of service along the path AJKN as the rate of subsidy is in-
creased. i

Thus we conclude that if the transit firm maximizes vehicle miles of
serviée, a passenger subsidy will have a distinctly different effect on F and
M than either a lump sum or a cost subsidy which has the same cost to taxpayers.
In Figure 3, while a lump sum or cost subsidy would move the transit system to

point G, a passenger subsidy with the same cost to taxpayers would move the

transit system to point K. Both F and M would be lower, and R would be

higher, with the passenger subsidy than with the lump sum or cost subsidy.

3.5 Effects of Alternative Subsidies under Maximum Ridership Objective

3.5.1 Lump Sum and Cost Subsidies

Under the assumptions about demand which were made in constructing
Figure 2, both a lump sum and a cost subsidy would increase M without affect-
ing F if the transit firm maximizes vehicle miles of service. By contrast,
lump sum and cost subsidies would not only increase M but also reduce F if
the transit firm maximizes ridership. Thus, in Figure 4 a transit firm

which maximizes ridership would operate at boint B in the absence of subsidies.
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A cost subsidy would lead it to move along the line BTW and a lumpksum
subsidy would lead it to move along the line BXY.

As Figure 4 makes clear, the quantitative effects on F and M of lump
sum and cost subsidies with the same cost to the taxpayer would differ if
the transit firm maximizes ridership. Through any point where the feasible
locus slopes up to the right, such as point T in Figure 4, the feasible locus
corresponding to a cost subsidy would be flatter than the feasible locus
corresponding to a lump sum Subsidy, i.e., the opportunity cost to the transit
firm of additional vehicle miles in terms of fare increases would be lower
under a cost subsidy than under a lump sum’subsidy. Consequently, if the transit
firm maximizes ridership, a cost subsidy would lead to a larger increase in
M and a smaller reduction in F than would a lump sum subsidy with the same
cost to the taxpayer. In Figure 4, the cost subsidy would lead to an equili-
brium at point T while the lump sum subsidy would lead to an equilibrium
at point X, while both subsidy policies would have the same cost to‘taxpayers

since T and X lie on the same lump sum subsidy locus.

It can also be concluded that if the transit system is maximizing R
then a lump sum subsidy would lead to a larger increase in R than would
the cost subsidy which has the same cost to taxpayers.

it should be added that the prediction that a cost subsidy would lead
to a reduction in F if the transit firm maximizes ridership depends upon
the assumption that EM decreases as M increases. If EM is a constant and
EF is independent of M, then a cost subsidy will have no effect on the fare.
This follows from the equilibrium condition -EF = EM'

3.5.2 Iump Sum and Passenger Subsidies

Using Figure 3, it is evident that if a transit firm maximizes rider-
ship then lump sum and passenger subsidies with the same cost to taxpayers will
have the same effect on F, M, and R. This is because the feasible loci for
the two subsidy programs would be tangent to the same "isorider curve" at the

same combination of F and M, as they are at point P.

10

te
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Figure &
Comparison of Lump Sum and Cost Subsidies

N
N
N\
\
No subsidy —————> \<—Cost subsidy
\ R(F,M) = R®
Lump sum subsidy > \
/
/
// R(F,M) = R!
B ' // R(F,M) = B
ANS
/ \ NOT
\ 4
\ 7 ~w




15

I

4. Summary and Implications for Empirical Research

The analysis in this p;per has demonstrated that the qualitative as well
as quantitative effects of a transit subsidy program with a given cost to
taxpayers depend in important ways on the objective function of the transit
firm, the subsidy formula, and the form of the demand function. These results
should be of interest to government officials responsible for deciding on
transit subsidy formulas, because there has been confusion over the differences

among alternative formulas. Specifically, the analysis leads to the following

conclusions:

(a) Under most of the alternative assumptions considered, the model yields
the intuitive prediction that transit subsidies would lead to a reduction in fares,

an increase in vehicle miles of service, and an increase in ridership.

(b) However, under some assumptions, the model yields the counterintuitive
prediction that transit subsidies would not affect the fare or would lead to
an increase in the fare. The model predicts that if the transit firm maxi-
mizes vehicle miles, lump sum and cost subsidies will lead to no change in

the fare if the fare-elasticity of demand for rides is independent of the

level of vehicle miles of service, and that they would lead to an increase in
the fare if the absolute value of the fare-elasticity of demand is a decreasing
function of the level of vehicle miles of service. The model also predicts
that cost subsidies will lead to no change in the fare if the transit firm
maximizes ridership, if the elasticity of demand for rides with respect to
vehicle miles is constant, and if the fare-elasticity of demand for rides is in-

dependent of the level of vehicle miles.

(c) 1If the transit firm maximizes vehicle miles of service, lump sum and
cost subsidies will have the same effects but a passenger subsidy with the same
cost to taxpayers would lead to a lower fare, a lower level of vehicle miles,

and a higher level of ridership than would lump sum or cost subsidies.

(o

o
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(d) If the transit firm maximizes ridership, lump sum and ridership subsidies

will have the same effects but a cost subsidy with the same cost to taxpayers

would lead to a higher fare, more service, and lower ridership than would lump sum

or cost subsidies.

(e) In addition to providing the preceding empirically testable predictions
concerning the effects of transit subsidies, the analysis in this i:aper suggests
a number of points that are relevant to the specification and testing of
econometric models of urban transit. First, one should avoid imposing the

assumption that the fare and vehicle-mile elasticities of demand are constants,

because in the absence of subsidies any fare-elasticity other than minus one

is inconsistent with maximization of vehicle miles of service and any
fare-elasticity not equal in absolute value to the vehicle-mile elasticity
is inconsistent with maximization of ridership. Second, inferences about
the objective function of a transit firm can be made both by determining
the location of the equilibrium relative to the points of maximum ridership
and service along the feasible locus and also by testing the predictions
concerning the effects of subsi.dies.15 Third, because the fare, service,
and ridership are determined simultaneously in the model, demand functions
for urban transit rides should generally be estimated using simultaneous

equation techniques.
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Footnotes

%
The research reported in this paper was funded by the Ontario Economic
Council. The author is indebted to Arthur J. Robson and two anonymous referees

for suggestions.

1Some of the best work has been done in studies which analyze efficient

fare policies, e.g., Mohring (1972) and Glaister and Lewls (1978).

2Preliminary simnlation analyses comparing cost and ridership subsidies

were carried out by Nelson (1972) and Peskin (1973).

3The transit system in London, England, has announced that its objective
is to maximize passenger mileg, and a staff report prepared by the transit
system in Toronto has recommended maximization of passenger trips as an ob-
jective. However, in practice the London minicipal council has refused to
authorize fare increases required to maximize passenger miles. The objectives
of ridership maximization and efficiency are compared by Nash (1978), Glaister

and Collings (1978), and Frankena (1980b).

4On.e could argue that the transit system determines vehicle hours rather
than miles of service. VEhicle miles would depend upon (i) vehicle hours,
(ii) in-vehicle travel speed, which would depend on the level of automobile use
and hence on transit fares and service, and (iii) vehicle loading time, which
would depend on the level of transit ridership and hence on transit fares and
service. Use of vehicle miles rather than hours of service ignores the impact
of transit operating policies on congestion of roads and on congestion of the

transit system itself. For an econometric model which uses vehicle hours, see

Gaudry (1980).

5qimilar models have been used by Nelson (1972), Nash (1978), and

Frankena (1978). The model and its predictions could be adapted to non-

urban public transport modes.
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6This assumption is consistent with empirical studies for bus firms
by Lee and Steedman (1970) and Nelson (1972). The model would be more appro-
priate for rail systems if one assumed that total variable costs were propor-
tional to vehicle miles of service and introduced fixed costs iﬁto the budget

constraint. Assumption (1) excludes the possibility of changing the cost per

vehicle mile by changing the size of vehicles.

7Exogenously determined non-fare revenues, such as investment income,

could easily be introduced.

8The absolute value of the fare-elasticity of demand is assumed to be
less than one at low fare levels because empirical studies normally estimate it
to be less than one at prevailing fare levels; the absolute value of the fare-
elasticity is assumed to rise above one at high fare levels so that the feasible

levels of total transit revenue and vehicle miles of service have upper bounds.

-90ur use of the demand function assumes that there is no excess demand
for transit rides; that is, vehicles are not too full to admit all people wish-

ing to ride.

1n&t is conceivable that there will be no feasible operating policy for
which M > 0. It is also conceivable that the feasible locus would be roughly
circular. However, in the latter case the left half of the circle would con-
sist of combinations of F and M at which the marginal revenue generated by an
additional vehicle mile exceeds the marginal cost of an additional vehicle
mile; these combinations of F and M would be dominated by those on the right
half of the circle if the marginal utility of M or R in equation (3) is posi-
tive, and hence the left half of the feasible locus is ignored here. It
follows that on the portion of the feasible locus illustrated in Figure 1, FRM <GC,
or equivalently that the elasticity of demand for rides with respect to vehicle
miles of service is less than one. Also, we assume that the positively sloped portion
of the feasible locus in Figure 1 is strictly convex in the relevant range of

values of F and M.
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11
We assume that V(F,M) is quasi-concave. Quasi-concavity of U(F,M,R) and

concavity of R(F,M) are sufficient for quasi-concavit& of V(F,M).

121n practice, a common transit subsidy formula is a capital cost subsidy--
an exogenously determined percentage of the transit firm's capital costs. If
the elasticity of substitution betweeﬁ capital and non-capital inputs were zero,
this would be identical to a cost subsidy at some particular rate. However, if
the elasticity of substitution is not zero, then a capital cost subsidy would
lead to an increase in capital-intenmsity and an increase in the cost of transit

service per vehicle mile. Analysis of this case would require introduction of

a production function for transit service and is not pursued here.
13For evidence that subsidies do not lead to higher wages, see Frankena

(1980b).

14 .
Maximization of M subject to (2) and (5) yields the condition

-1
IEFl = (1 + 84/F) ", from which it follows that |E | < 1 if §; > 0. Given our
assumptions about demand, to reduce |EF| below 1, F must be reduced below its

level along AG.

15For example, the usual conclusion in empirical urban transit demand
studies that EM > -EF should not be interpreted as a universal property of
transit demand at all combinations of F and M. Rather, this finding‘suggests
that transit firms have objective functions which are characterized by low
fare preference. In the model presented in this paper, a transit firm which
has a utility function characterized by UF = 0 would choose a combination
of F and M at which EM < ~EF, provided it obtained all its revenues from

fares and cost subsidies.
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