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1. INTRODUCTION
The pursuit of consistency in social choices has generated a large,
and predominantly nihilistic, literature (e.g., [1], [2], [3], [4], [6],
[71, 183, [91, [15]1, [16]). All of the references quoted have produced mainly
negativé conclusions on the possibility of achieving consistenéy in the
presence of "reasonable" other conditions on the social choice process.
Consistency in social choices has been interpreted in a number of
related ways. In Arrow's seminal work [1], it was interpreted in terms of

social rationality in the form of the requirement that the social choice rule

generates binary social preferences, of the form xRy ], such as to yield a

social ordering of the set X of social alternatives. In addition to the

~ properties of complet:eness2 and reflexivity,3 this requires .in particular the
requirement of
(a) transitivity: [Vx,y,zeX: (xRy &yRz) » (xRz)].

The social choice set C(S) is then definable in terms of the R-relations by

C(S) = {xeS:xRz for all z ¢S}
Impossibility theorems involving property (a) have been proved by Arrow [1],
Blau [2], Kemp and Ng [7], Inada [4], Wilson {16] and others.

Weaker forms of consistency than full transitivity are the following:.

(b) quasi-transitivit&: [Vx,y,zeX (xPy&yPz) » (xP 2)]
(¢) path independence: [C(s;Us, = c(c(s))U C(s,)) for all s, sés X]
(d)  property o : [x €5, C 85, [x eC(SZ) 2> xeC(5;)] for all xeX] '

(e) property B : [[x1, X, € C(Sl) &85, ©8,]1 - [x €G(s,) ﬁy GC(SZ)_] for allx,, x, eX]

1where R has the familiar interpretation "considered at least as good as,"
P has the interpretation "strictly preferred to' and I "considered indifferent to."

21'..e., [Vx,zeX: (x#2) » (xRz V zRx)]."

3i..e., {Vx eX, xRx].



(f) Strong Path Independence: [C(S1)082?e o] > [C([S2 -S]] U[C(S.l) 082]) =C(SZ)]
Impossibility theorems involving the achievement of properties (b)

and (d) are proved by Fishburn [3] and Mas-Colell and Sonnenschein [9], and

similar strong impossibility theorems involving property (c) by Suzumura [15].

Moreover Plott [12] shows that imposition of property (f) is equivalent to

the transitivity requirement (a). Similarly Sen [13] shows that any social

choice fule which generates non-empty C(S) for all S € X and which satisfies

properties o and B also requires the generation of a social ordering over X,

. . . {ces
to which Arrow's theorem then applies. Hence consistency in social choice

still appears difficult to achieve.

Despite the apparent difficﬁlty of achieving consistency, the desire
for some form of consistency, involving at least some of the above properties,
very naturally persists. In particular, without, for instance, path independence,
the social choice over what may well be important alternatives, such as
Presidential candidates, different economic policies, or job appointees,
becomes deﬁendent upon the arbitrary feature of simply the sequence in which
the alternatives are considered. |

A central question in eocial choice theory therefore remains that of
how one can find a social choice rule with some or all of the above consxstency
propertles. Previous work has approached the problem by imposing other
conditions, in addition to consistency, and then has demonstrated nonexistence
of any such social choice rule. These conditions have, in particular, include&
Arrow's Independence of Irrelevant Alternatives (ITA) condition:
ITA: Let R1""’Rn and R{,...,R; Be two sets of individual orderings over k,
with corresponding social choice sets C(S) and c’(S). Then we require for all
S SX: [Vi: xR x, iff x Ri’xz, for all x,,.x, €8] C(S) = c’(s),
i.e., the social choice over S must be independent of individual preferences

outside S.



Our own approach, however, will be a constructive one, of imposing
all of Arrow's conditioqs except the IIA condition, and then examining the
degree of independence from "outside" preferences which is still possible
given our desired éoal of achieving consistency in our social choi.ce's.1
'i‘hese other conditions include:

(i) Non-dictatorship (ND): [11 i x, Pi X, > X, P X, for Vx.l > X,

(ii) Unrestricted Domain (UD): the domain of the social choice rule

eX].

R = f(Rl""’Rn) shall include all logically possible combinations
of individual orderings.

(iii) The Strong Pareto Principle (SP): [{x] Ri X, for all i} » Xy Rx2] &

[{x]Rix2 for all i & Hj: x]ij2]~>x]

Since the achievement of a SWF, and hence a social ordering, itself

Px2].

guarantees all of the consistency properties (a) - (f), we shall maintain as
our goal the achievement of a SWF over X. In order to examine the constructive
possibilities for the achievement of such consistency in social choices, we

will first examine the following topic.

2. INDEPENDENT FORMULATIONS OF SOCIAL CHOICES

It is clear that con;sist;ancy in social choices itself implies a
definite restriction upon the content of social choice sets C(S) for aj: least
some S CX, once we have already determined the content of C(S ') for some .
" other S'cXx. In particular once we have determined the social preferences .
XxPy and yP2z, we have no remaining dégree of freedom under conditions (a)
and (b) in avoiding the social preference xPz. Hence C({x, z }) cannot then
be formulated independently of our social choices over {x, y] and {y, z} 1f
consistency is to be guaranteed.

This suggests that one way to ensure consistency in social choices is

simply to restrict the number of independently formulated social preferences

1in doing so we are continuing an approach initiated in Mayston [10], [11].



we make to some subset of all the n(n -1)/2 possible binary combinations

from within X, for |X| = n, and then make use of the transitive closure of
this "basic" set of social preferences, in order to génerate a complete social
-ordering over X. Thus we may simply independently formulate, as part of the
basic set of social preferences, xPy and yP z, with C({x, z}) then determined
by the transitive closure of this basic set.

In section 3 we shall examine ways in which we may select such a
""basic" set of social preferences. First, however, we seek to establish
conditions under which the social choice rule f is free to independently
formulate a social preference between a given pair {x1, x2}, rather than
having C({x], xz}) restricted in content by the social preference already
chosen for some other C({x3,x4})sets, given our maintained desire for

consistency. We have now the following definition being relevant:

Definition 1: A binary social choice set C({x, z}) will be said to be formu-

lated independently of C({v, y}) in the construction of a SWF over X

rd

(written (x, z) FI (v, y)) iff the content of C({x, z}) 1is unrestricted by

the substitution of any one of the alternative social choices

c*({v,yhH =vvyviv,y}, for any initial C({v, y}), under any given set
of individual preferences over X within the desired domain, where we have
VsX,¥,z€X and {x,2}# {v,y]}.

Let us suppose that we are presented with a set X of social alternatives,
with accompanying individual preference orderings over these alternatives.
We may then ask the question, what position must the alternatives
{v,x,v, 2} occupy in the individual preference orderings in order for us
to have (x, z) FI (v, y)? 1In other words, what restrictions upon the
individuals' preferences over {v,y, x, z} are necessary if (x, z) FI (v, y)

is to be consistent with the achievement of a SWF over X? We will make



use here of the following definition of necessity due to Sen [13, p. 183] and

" Inada [5].

Definition 2: A condition on the set of individual preferences is necessary

if every violation of the condition yields a list of individual orderings
such that some assignment of these orderings over some number ‘of individuals
will maKe the individual preference pattern lie outside the domain of the

social choice rule f acting as a SWF.

Definition 3: An ordered triple (x, y, z) will be said to satisfy
ER(x, y, z) iff (dHi: XPini z) o (Vj: sz X = szij X).

We may now state:

Proposition 1: A necessary condition for (x, z) FI (v, y) to hold in the

\ 1 s
achievement of a SWF over X satisfying condition SP, for all v e¢X, is

that ER(x, y, z) holds for any given y eX.

Proof: Suppose that ER(x, y, z) does not hold for some yeX Such a

bfeaclrf of ER(x, y, z) occurs iffoiniz for some i, and either

(a) szijy or (b) ij szx for some individual j. The definition

of necessity permits an assignment such that only i and j are concerned
over the triple {x,y, z}. Condition SP requires in case (a), xPy.
Substitution of the social choice y¢ C ({v, y}) fOf v=1z implies yfi.z s
requiring under transitivity xP z, and hence restricting C({x, z}) to équal '
{x}. In case (b), SP implies yP z, which with ¢ ({v,y}) = x for v=x

" implies xPy, and hence given transitivity, xP z, again restricting

1The same condition, by a directly parallel proof, may be shown to apply
"also to the achievement of simply quasi-transitivity, or acyclicity.

2i.el, other than indifferent.




C({x, z}). Thus ER(x, y, z) must hold for any y eX, if ¢({x, z}) is to
be unrestricted, and hence if (x, 2) FI (v,y) is to hold for all v ¢X.

h
X

Figure 1

4

! X

If we examipe the illustrative Figure 1, where we have the two concerned
individuals i and j having crossing indifference surfaceé, we may note
that ER(x, y, z) does hold, although ER(x',y; z) does not. Hence through
applyiﬁg Proposition 1, we cannot have (x', z) FIL (v,y) for all v eX,
although Proposition 1 does not rule out the possibility of (x, z) FI (v, y)
in the” process of achieving a SWF over X.

Given our maintained desire for the achievement of a SWF, our policy
must then be to abandon any attempt at having (x’, z) FI (v, y) for all v.eX,
whenever x',y; z are in inappropriate relative positions in the individuals'
preference orderings. Rather, if we are to aptempt independent formulations
of social preferences, we must concentfate upon pairs such as {x, z }
and {v, y} where ER(x, ¥, z) does hold and hence where (x, z) FIL (v, y) is
not excluded by Proposition 1.

We may contrast our own approach here with those of previous treatmeﬁts
of social choice theory, such as those of Sen and Pattanaik [14], Inada [5],
and others, which have sought to restrict the domain of individual prefer-

ences in order to permit majority rule to act as a SWF. Majority rule



insists upon taking the majority_preference as representing the social
preference over every pair of aiternatives within X, independently of whether
or not this yields intransitivities with other binary majority rule

- preferences already formulated. We then have the following strong

theorem applying:

Proposition 2:1 The necessary and sufficient condition for a set of individual

orderings to be in the domain of the method of majority rule act1ng as a

SWF is that eve;x triple of alternatlves must satisfy extremal restrlctedness,-

as defined by:

Definition 4: A triple {x,y, z} satisfies extremal restrictedness iff
_ER(x, y, z) holds for every ordered triple attainéble from the triple
{x, v, z]}.
Kramer [8] has shown the extremal restrictedness condition to be a

very strong restriction upon individual preferences in the context of a
multid@pensional policy space with convex individual preferences. In
particular he shows that it will be broken whenever at any point x in
the space there exist two individuals with differing marginal rates of
substitution in the space of characteristics, and hence whenever aﬁy two
individuals have crossing indifference sﬁrfaces. There will then exist
points suéh as x’, y, z in Figure 1 which are in breach of-thevER(x’,yQ z)
condition for at least one such triple (x’, y, z) in the space.

Thus to require (x, z) FI (v, y) for all v ¢X, and hence from
Proposition 1 ER(x, y, z), for a_l_l_ ordered triples (x, y, z) is to risk
the requirement of severe restrictions upon individual preferences, which

are clearly incompatible with our maintained condition UD.

'see sen [13, p. 185].



The approach which we will follow in this paper, therefore, does not
try to impose (x, z) FI (v, y) for all v eX and for all triples {x,y, z}
independently of the relative position of x, y and z in the individual
preference orderings. Rather, as stressed above, it asks what position
must x and z occupy in the individual preference orderings relative to
§ if we are to have admissible the possibility of (x, z) FI (v, y) for all
v ¢X? 1If they are in an inappropriate position, we must simply abandon

our attempt at an independent formulation of C({x, z}) .

3. DETERMINATION OF A BASIC SET OF SOCIAL PREFERENCES

We mentioned earlier the search for a '"basic" set of social preferences

which could be used to generate a complete SWF over X. Let us now introduce

the following concept of a basis.

Definition 5: A set of binary social choice sets C({x, z}) will be said to

form a basis for the construction of a SWF over X satisfying condition SP,V

: denote'd,BA(X), iff for all C({x, z}) e¢BA(X):

(i) ;—(AVi: xRiz)&~(Vi: zRix) and

(i1) (%, 2) FI(v,y) for all v,yeX: fv,y}# {x,2z} and

~(iii) [(u, w)FI(v,y) for all v,yeX: {v,y}# {u, w}] does not hold
for C({u, w}) ¢ BA(X) .

Thus a basis under the above definition contains only those binary
social -choice sets which involve alternatives between which at least some
individuals disagree, and consists of all and only those binary social
choice sets which can be formulatéd independently of the social choice
sets over all other distinct pairs within X. Once we have‘selected
such a basic set of social preférences, we may then proceed to fill the
gaps in our complete set of binary social preferences through taking the

transitive closure of social preferences in our basic set, combined with



appropriate use of the Pareto condition SP.

Let us now suppose that we attempt to construct such a basis by

‘making a whole series of independent social preferences of the form
C({Y1, Yk}) k=2,...,H, or of the form C({y,, yk+1}) k=1,...,H-1. We
can then ask the question, under what conditions will an independent
formulation of all of these binary social choice sets be consistent with
the achievement of a SWF over X, i.e., when will all of these choice sets
be candidates to enter the basis BA(X)?

Again we will focus upon the relative position which the alternatives
in this sequence must occupy in the individuals' preference ordering if

such an independent formulation is to be possible.

Definition 6: A sequence (y1,...,yH) of alternatives will be said to lie in

successive individual indifference classes within X iff for all individuals

i who are concerned over the sequence:
[_‘,711".13121’]._...,yH_1 Pin] \Y [yHPin_] sziyl]for Yy €%, k=1,...,H.

Proposition 3: A necessary and sufficient condition for each C([y],%c]) to

belong to BA(X) for k=2,...,H is that for some labelling of the alterna-
tives within ¥ = {y1,...,yH}, the ordered sequence Y = (y],...yH) lies in

successive individual indifference classes. In addition for any such set

of sequences (YT"'°’YK) whose respective C([yl, yk}) sets enter the basis,

we require that there exists no series of the form

HOPSRCORNMO T RORNOE MO

~ (1
K k * Yo Yi + g 5 y(q)Ryi) (1)

g e ey =

where xify denotes the (weak) Pareto dominance relation [xlliy, Vi)

and Yj = (ygj),...,yéj)) for all. . j=l,.aiK -

Proof: From Definition 5, it is necessary that i, j: vy P, &y.P.y
TiEe » AR S R A TR A I AN

for k=2,...,H. Definition 2 permits us to specify just two concerned individuals
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over Y, viz. i and j. Completeness of individual preferences requires
'yk]?jyk' for somé labelling of each pair within Y = {y],...,yH}.

lyinyk, implies Vi ﬁ'yk sswhich with conditions SP and Yy ! Py] would
imply ykP Yy breaching (yk, y]) FI(yk/,y ) . Hence yk‘I. yy must not

hold for any pair within Y, implying a labelling such that yHE’ Y- 1 R Piyd’
lmplylng for all H-1 >k > 1: kaPlykPiy1 From Prop031t1on 1, 1t

is necgssary for condition (ii) in Definition 5 tQ hold, that Y4 Pj ykPj yk—l-'l
for H-1 > k > 1, implying ¥ PijP' Pj Yy *

Since for no sequence of C([y(J), ykJ)}) k—2,...,HJ, j=1,..5,K

do we have three pairs in the same triple of alternatives involved, the
only way in which transitivity can imply a restriction upon any such
C({ygj), yéJ)]) is if there are intermediate (weak) Pareto dominance
;elations holding across different sequences, which (1) prevents. Hence
the SCR is free to specify the content of each C({y(j) y(J)}) inde~
pendently of all other C({y], yk}) » causing the conditions of Proposition 3
to be both necessary and sufficient for each C([ng), ykJ)}) to enter

the basis.

Proposition 4: Necessary and sufflclent conditions for a series of binary

social choice sets C({yk, yk+1}) to belong to a basic set BA(X) for

k‘l,...,H 1 such that ykI’ Yie+T (k=1,...,H-1) for some individual i,

are that

(a) the sequence (y],...,yH) lies in successive individqal indifference
classes.

(b) for any such set of sequences (Yl""’YK) whose respective C([yk,yk+i})
enter the basis, we require again that there exists no series of the

form (1).



1

Proof: From Definition 5, we requife Vi1 Pjyk given ykPiyk+4° From

requires.

Proposition 1 with two concerned individuals, ykPiyk+1Piyk+é

thep Vit Pj Vit Pj Vi for k=1,...,H-2, requiring the sequence
(yl,...,yH) to lie in successive individual indifference classes. The
remainder of the proof is parallel to that of Proposition 3.-

Let us now examine our above results in the context of Arrow's
Independence of Irrelevant Alternatives condition. Propositions 3 and 4
émphasize the necessity of our sequence of alternatives lying in suc-
cessive individual iﬁdifference classes if the accompanying series»of
binary social choice sets are to be capable of an independent formulation,.
and hence qualify for membership of the basis BA(X). If we were to

impose IIA, we would require each successive social choice set

C({yk’yk+1})1 to be determined irrespective of the position of the
sequence (y1,...,yH) in the individuals' preference ordering, for any given
set of individual preferences over simply the immediate pair {yk,yk+1}
being considered.

Thus imposition of IIA would prevent us from achieving any guarantee
we might otherwise have tﬁat the requirements of Propositions 3 and &4
would be fulfilled, once we permit individual preferences to vary according
to our UD condition, and hence permit changes in individual preferences

outside } in such a way as to breach the requirements of

Propositions 3 and 4.
I1f we therefore relax insistence upon IIA, the question still remains

as to whether some other form of independence is desirable or possible in

r

Tor ¢({y,» ¥, D -
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the formulation of a binary social choice set of the form C({x1, xz}).
Arrow's ITA condition regards the social choice over {x1,x2} as involving

a move between two alternatives, with the only relevant individual

preference information being the individuals' directions of preferences
over these immediate two alternatives. 1In contrast, a different
perspective upon the same social choice would be to regard the move from

X, to X, as involving moves across successive individual indifference

classes for each individual, as in Figure 2. 1In this context we introduce

the following concept.

Definition 7: An individual's Between (x1, xz) set, written Bi(XI’ XZ)’ is

defined as follows:

Bi(x1,x2) = {xeX: x, Rx &XR]‘.XZ}

1
corresponding therefore to the intersection of individual i's no-better-

than-x] set and his no-worse-than—x2 set.

Figure 2
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Since Bi(x1,x2) = ¢ for szi:ﬁ, we find it useful to define also
the non-directional set:
Suppose that we hold constant each individual's preferences involving all
successive individual indifference classes for the individual, so that
the move from X, to Xy involves crossing the same successive individual
indifference classes as previously. We may then require constancy of

the corresponding social choice set C({xl,xz}), as in the following

Weak Independence of Irrelevant Preferences (WIIP) condition:

Condition WIIP: Let (R1,...,Rn) and (R{,...,R;) be two sets of individual

orderings such that the corresponding individual fetween (x], xz) sets

A . . ’
are equal, i.e., Bi(XT’ xz) = Bl(x1, x2) for i=1,...,n, and where R and R
designate the corresponding social preferences. Then we require for all

xl,xzeX: [Vi: (Vx,ye ﬁi(x],xz) :xRiy exRi'y)] - [x]Rx2 “)X]R,XZ]

4, A BASIS FOR THE CONSTRUCTION OF A SWF

In order to investigate whether there exist any SWF's satisfying WILIP,
or indeed even stranger forms of independence from outside preferences, let us
return to our concept of a basis. Again this corresponds to a complete‘set,
of binary social choice sets whose contents the social choice rule is.free'
to choose in anvunrestricted way, without being restricted by the contents
chosen for other such binary choice sets. Let us now provide an example of
the use of such a basis in the construction of a SWF, with its desired
'consistency properties. In doing so wé will make use of the following assump-
tion: |
Al. There exists at least one characteristic of the social state fof each

individual i (e.g., i's money income), which we may write_yln, consumed without
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externality, such that for each social state x ¢X, there exists a social state
yi(x)‘differing from some fixed reference social state y simply by its level
of yiﬁ such that x]ﬁ_yi(x), i.e., the individual is indifferent between x and
yi(x). In addition we assume that each individual i always prefers to
have more rather than less of yin, for given levels of the other characteristics
of the social state.

Assumption Al implies that the individual i c;n always be compensated
by some variation in yin about § for any initial movement away from any social
state x e X, as in Figure 3.

h
X

in
Figure 3

Let us now begin our process of providing a basis for the construction
of a SWF over X. We will start at the initial reference social state y
referred to in Assumption Al. From Proposition 4, we know that if we want the

biﬁary social choice sets C({yk,yk+1}) k=1,...,H-1 to be in the basis, the
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associated sequence of alternatives (y],...,yH) must be such as to lie in .
#uccessive individual indifference classes for all the individuals concerned,
| whenever they are for one individual. One such sequence here is provided by
the following proéedure: ‘

(i) We start at § and then make a series of equal and opposife smgll
incremental unit changes in the level of the characteristics yj'n and ymn away
from the social state §,'increasing yin and reducing ymn’ for the value i=1.
Under assumption Al, each yin is consumed without externality and such a
.sequence of points lies in successive individual indifference classes for
individuals i and m, with all other individuals unconcerned. over péints iﬁ
the sequence.

As a further step in the construction of our basis, we will also
include within BA(X) the successive bihary social choice sets C({yé,y£+]})
associated with the additional sequences of points (y{,...,yé):

(ii) the reverse sequence to (i) involving starting at y and then making a
series of equal and opposite small incremental unit changes in the level of
the characteristics yin and ymn away from the social state y, for the value
i=1, increasing ymn and reducing yin.

We moreover extend'the changes involved in the sequences of points
in (i) and (ii) such that for any x ¢X,. there is contained within oné or other
of these sequences a point which individual i considers indifferent to x,
and éimilarly a point which individual m considers indifferent to x. Such
points must exist by virtue of assumption Al.

(iii) For each level of y1n in stéps (i) and (ii), we repeat the proéess for
i=2. Then for each level of (y]n, yzn,...,yjn), we repeat the steps (i).énd_(ii)
for i=j+1, for j=2,...,m-2.

(iv) We consider next a new reference sociai state ?(Aymn) differing from

y simply by an amount Ay"" of individual m's consumption of y™, and repeat



16

sequences (i) - (iii) for all distinct valﬁes of Aymn, with §(o) = ;,
Each of the seqﬁences in steps (i) - (iv) involves making equal and
" opposite variations in the level of the characteristics yin and ymn which,
under assumption A1, place the individuals concerned in successive individual
indifference classes, thereby satisfying the first condition (a) of Proposition &
for independent formulations of social preferences between each pair in
these sequences. -
Moreover the only way in which (weak) Pareto dominance can hold
between social states in different sequences in (i) - (iv) is if two individuals

have (weakly) greater levels of ym and ymn,'since all other characteristics,

n _ ' . . .
I for j=1,...,m, of the social state are held constant in moving
J

other than y
between the different sequences. In order for one sequence, say (s), to have
(weakly) greater levels of yln and ymn than another, say (t), requires

(s) mn. (©)

(Aymn) 2 (Ay ) where these are the respective levels of Aymn in the
two sequences in step (iv), including the possibility Aymn = 0. Hence
for (1) to hold we require

@y™ = ay™ D = L (ay™ @D = (™D

which is clearly possible only if all (Aymn(sg are equal. Such occurs only
for those sequences involved in steps (i) - (iii) above for a common value
of Aymnreferred to in step (iv). It is clear that a Pareto dominance £e1a?
tion of the form (15 cannot hold for these sequences, since the sum glyin

: i
must remain constant for all members of these sequences. The necessary and
sufficient conditions (a) and (b) of Proposition 4 in order for each
C({yk,yk*1}) involved in the sequences (i) - (iv) to enter the basis are
therefore satisfied.

Hence the SCR has freedom to independently specify the content of

each such C({yk,yk+1}) in the construction of a SWF over X. 1In order to
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provide concreteness to our analysis, we will make the choice:
Cl{yps Vi D = s ¥iqq} implying v Iy, (2)

for each of the sequences involved in steps (i) - (iv), as would be implied
by a majority rule decision in each case, since only individual i and m
disagree over any given pair for the appropriate choice of i.

We may now show that the set of binary social choice sets C({yk,yk*]})
generated by steps (i) - (iv) and (2) are also here sufficient to generate a
SWF over X, since through use of our transitivity requirement and condition SP,
we may generate a unique value to C({x, z}) for all x, z € X, such that the
consistency properties of a SWF over X hold.

Consider any pair of points x, z¢X. Then from assumption Al, there
must exist points y(x) and y(z) such that ::Ii_y(x) for i=1,...,m where y(x)
differs from y simply by the level of the yin characteristics for i=1,...,m,
and similafly for y(z). Hence under condition SP, we have xIy(x), zIy(z).
By the transitive closure of y1]Zy2, yzlly3 etc. we may readily demonstrafe
the implication yhllyk for all h,k defined by steps (i) - (iii), including
the'case.yk = §(Aymn)for the appropriate value of Aymn. Moreover under
‘condil_:ions SP and A1, we must have y(A ymn)P§7 (Kymn) Whenever Aymn> A.;mn,
with suéh a series of social preferences being transitive for all values of
such Aymn. Hence all points in the sequences (i) - (iii) for the same value of
Ay™ are in the same social indifference classes, and all those with greaﬁer
values of Ay™™are in higher social indifference classes, thereby yielding transi-
tivity across sequences. Moreover the definition of steps (i) - (iv) covers all

zn,...,ymn) for the given other characteristics

possible combinations of'(y1n, y
of the social state §. Hence these points include y(x) and y(z), with a
well-defined social prefcrence relation then defined between them, and hence

between x and z, given x I y(x) and z 1y(z) under condition SP, together with

our requirement of transitivity. We have then the same social preference




18

relation between x and z as between y(x) and y(z). Moreover we know from
above that since y(x) and y(z) lie in sequences described by steps (i) -

(iv) the relationship between y(x), y(z) and any other y(w) will be transitive.
Hence so also will be the relationship between any x, z, w ¢eX. Reflexivity
and.completeness follow immediately.

Such an independent formulation of the sequences of binary social
choice sets of the form C({yk,yk+]}) described by steps (i) - (iv) above
therefore provides a basis for the generation of a transitive, complete and
reflexive set of social preference over X, and hence for the construction of
a SWF over X.

Our above procedure may be shown to be equivalent to the criterion:

. . 1
zRx as I [ym(z) -ym(x)] 20 for all x,zeX 3)
1

and hence to satisfy the following independence condition, involving a
strengthening of the degree of independence from outside individual preferences
(i.e., other than zRix or xRiz for each i) beyond that involved in WIIP.

Independence of Irrelevant Preferences (IIP): Let R,,...,R_ and R',... R’
1 n 1 >n

be any two sets of individua} preference orderings over X such that for each
individual i, i's preferences are the same in both cases along some common
single ordered sequence of points (9%,...,9i) across2 each respective ﬁi(x, z)
set. Then we require the respective social choice sets C({x, z}) and
c’({x,z}) to be equal,

The relevant sequence of points for individual i involved in the

criterion (3), and the above basis, is that involved in varying each yln

1 i . i
where from A1, yln(x) is the level of characteristic yln in a social state
considered by i indifferent to x and differing only from y by the level of
in
y N G=1, 0w

2I.e., such that there exists one and only one member of the sequence in
each individual indifference class contained within Bi(x,z)n
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about the point y between the values yin(z) and yin(x), with then (3) direcgly
satisfying condition IIP, and hence also WIIP. 1In addition, (3) can readily
be shown to generate a social ordering over X satisfying also conditions SP,
ND and UD, subject to assumption Al.

Thus we have:

Proposition 5: There exists a SWF satisfying conditions SP, ND, UD, IIP

and WIIP under assumption Al.

5. CONCLUSION

Our concern in this paper has been with an investigation of how we may
accomplish the achievement'of consistency in social choices. Previous app?oaches
to social choice have often viewed the problem as one of simply the formation of.
social choices directly over alternatives. 1In particular Arrow's Independence of
Irrelevant Alternatives condition has regarded individual preferences over

the immediate alternatives to be the only relevant individual preference

information to the formation of social choices. As is evident from the
numerous impossibility theorems which surround use of éhe ITIA condition in
.conjuction with reasonable other conditions, tﬁere would seem to be a basic
conflict between the achievement of conéistency in social choices and the
imposition of IIA in such a context.

Our own approach in contrast_has been to regard fhe social choice
over alternative social states, such as x and z, as involving the intermed-

iate factor of the crossing of successive individual indifference classes

between those in which x and z lie for each individual. We thereby regard

R .
the process of consistent aggregation in social choice as a two-stage

]Note that social choice theory may be regarded as part of a more general
theory of ‘aggregation, as in Wilson [171.
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process. The first involves the formation of individual preference orderings
by each individual and hence the assignment by him of alternatives to succes-
sive individual indifference classes. The second stage involves.the formation
of social preferences in such a way as to respect the structure imposed upon
the alternatives by each individual in determining his preferences.

In Propositions 3 and 4, we saw that if we were to formulate a

sequence of binary social choice sets, of the form C({y], yk}) or

C({yk,yk+1}) independently, in the sense that the content of these choice
sets was unrestricted by the contents chosen for any other choice sets, then
the associated sequence (y1,...,yH) of alternatives had to lie in successive
individual indifference classes for each concerned individual, if consistency
was to'be guaranteed. Similar remarks applied to the conditions under which
a binary social choice set could enter a basis, i.e., a basic set of binary
social preferences each of which could be formulated independently as either
P, I or contra P. We also provided an example of such a basis, and showed
hbw this basic set of binary social preferences could be used to generate a
complete social ordering over X through the application of the Pareto
condition SP and the requirement of transitivity.

Whilst relaxing the Independence of Irrelevant Alternatives condition,

the SWF generated by our basis nonetheless did satisfy an Independence of
Irrelevant Preferences condition involving the requirement of the same social
choice set whenever we maintained constant individual preferences not simply

over the immediate alternatives, say {x, z}, but rather over some sequence of

alternatives across successive individual indiffercnce classes between those

in which x and z lie, thereby preserving important parts of the way in which

individuals themselves structure the alternatives.
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Our conclusions therefore suggest that consistency is indeed possible
in social chéice under reasonable conditions, provided that we make the
appropriate shift of emphasis away from simply aggregation of individﬁal
preferences across the immediate alternatives being considered. Rather
our conclusions suggest the need for a reorientation of social choice theory'
towards treating social choices as involving the crossing of successive
individual indifference classes for each concerned individual between the

social states under consideration.
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