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THE OPTIMAL LENGTH OF A PATENT
WITH VARIABLE OUTPUT ELASTICITY
AND RETURNS TO SCALE IN RESEARCH

AND DEVELOPMENT

INTRODUCTION

It is commonly held that an increase in the term of patent
increases the reward to the inventor and thereby stimulates
invention and innovation.] This benefit, however, is not with-

out cost, for the term of monopoly power conferred by the

‘patent is extended. From the social viewpoint, the optimal

term of the patent is therefore the period in which the
marginal social cost of conferring of monopoly power to the
inventor equals the marginal social benefit arising from increased

inventive and innovative activities.

! A dissenting view is held by Hirshleifer (1971) who conjectures
that legal remedies to protect property rights such as patents are
not necessary to stimulate invention because investment in R&D
gives the firm superior information which has both direct and
indirect benefits. Direct benefits would include new products
and cost saving techniques whereas indirect benefits might arise
through the use of the information in stock market and commodity
investments. o '
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Nordhaus (1969) was the first to develop a methodology to
determine the optimal life of a patent. A welfare funttion for
the industry to which the patent is applicable is specified and
the function is then maximized with respect to the life of the
patent. Recent studies have extended Nordhaus' methodology to
show that competition for patents results in the complete exhaustion
of all privately appropriable surpluses associated with the patent
[for example, Kitti (1973), Dasgupta and Stiglitz (1980), and
Berkowitz and Kotowitz (1979)]. Given the exhaustion of the surplus,
the new inventions are not welfare improving and therefore the time
optimality of patents is low. If on the other hand, the appropriable
surplus is not dissipated, the optimal patent term is increased
[see Stigler (1968) and McFetridge and Rafiquzzaman (1983)]. In
another recent paper, Berkowitz and Kotowitz (1982) have even argued
that it is not in the interest of a small open economy to have a patent
system at all. Hence the optimal term of the patent depends on the
market structure assumed in the model.

Almost all work cited here has relied heavi]y'on Nordhaus'

original specification of an invention possibility function, B(R),

which is concave. This has meant that the numerical estimates of
the optimal patent term have been based on a constant elasticity
of cost reduction with respect to research.

In this paper we relax the assumption of constant elasticity

by specifying a generalized invention possibility function (henceforth,

IPF) which admits increasing as well as decreasing returns to scale.

i
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Such an IPF is in agreement with empirical observations. Comanor

.(1965) found significant economies of scale in R & D in the pharma-

ceutical industry at low firm sizes (or low levels of R & D) and
decreasing returns as firm size or the level of R & D increased
beyond a certain level. Other evidence of increasing returns is
given in Schmookler (1967) and Angilley (1973)2.

The empirical evidence on the elasticity of cost reduction
with respect to research (loosely called 'output elasticity' o) is
also at variance with what is assumed in the literature. In his
numefica] estimates, Nordhaus (1969, p. 80) assumes the elasticity a
to be 0.1. However, the estimated value of « is wide ranging.
Excluding externalities in the production of knowledge, estimates
of elasticity of output with respect to research and development

range from 0.05 to 0.12 [ for example see Minasian (1962), Mansfield

(1965, 1968, 1977) and Terleckyd (1374)]. In a more recent study, Griliches

(1980) applied Cobb-Douglas production functions to 900 firms and
found the overall elasticity to be .07 ranging from an average of

.1 for the more intensive R & D industries to .05 for the less

intensive firms.

2If one applies E. A. G. Robsinson's (1953) classic analysis of scale
effects to research and development, one would expect both in-
creasing and decreasing returns. For a survey of the literature,
see Morton I. Kamien and Nancy L. Schwartze (1975). It should
also be noted that increasing returns to scale appear to be the
motive in a large number of mergers [see Murray N. Friedman (1958)1.
Based on the above,we therefore consider our generalization to be
more realistic than the common assumption of only decreasing
returns. F. M. Scherer (1972) in his geometric interpretation
makes a similar modification.
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The IPF used in this paper has a number of advantages. In

particular it is shown that first, a socially optimal patent
exists if and only if there are decreasing returns to research.
However some comparative static resuits throw light on the
increasing returns phase. Second, assuming a given social rate
of discount, it is shown that the optimal patent depends only on
the output elasticity (o) and demand elasticity. This fact
considerably simplifies the numerical estimation of the patent
term, which ranges from 40 years to just a few days, depending on
the elasticities.

The plan of the paper is as follows: the first section begins
with a graphical review of Nordhaus' model, followed by an analysis
of the implications of a generalized IPF. Section two considers
some comparative static results of the model. In the third section,
the social cost of a patent is considered in terms of the deadweight
loss, and the formula for the socially optimal patent is derived in
terms of elasticities. Numerical simulations are also given and
the results are compared with the constant elasticity case. In
general, it is shown that the constant elasticity assumption over-

estimates the optimal 1ife of a patent.

§ THE MODEL

Consider a profit maximizing inventor who licences the patented
productive technique to producers who in turn have the choice of
using existing techniques or the patented technique. Following

Nordhaus, we assume that (a) there is perfect knowledge regarding
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the existing technique, (b) the product is manufactured under
constant cost conditions using either the existing technique or
patented technique, and (c) the demand curve is downward sloping.
Figure I shows the industry demand curve for the consumer product.
The average cost using existing productive techniques and the
patented technique is CO and C] respectively.

If the manufacturer produces to the left of E, the maximum
per-unit royalty fee that can be charged is EG where EG = C0 - C]
and if he produces to the right of E, the maximum fee is the
vertical distance between the demand curve and the new cost
function. The derived demand curve for the patent is represented
by JKL, where CK = Cj4 - Cys which is the vertical distance between
the demand curve and the new cost function. The marginal revenue
curve is given by JKMN. The optimal royalty will be where
marginal revenue from royalties will be zero, as the marginal cost
of a license is zero. Hence, the profit maximizing per unit
royalty is CK where CK = CO - C]. The product price and output
remain unchanged. It should be noted that the royalty may be less

than CK depending on the magnitude of the cost reduction.3 Nordhaus

3According to Nordhaus, if the patent is for an exceptionally
important technique, the result is a profit maximizing fee which
is less than the average cost reduction. For example in the
diagram below the profit maximizing fee is PQ where PQ < CK. In
this case the price of the product is reduced and output is

expanded.
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assigns the name "run-of-the-mil1" to small inventions where the

royalty rate equals the total cost reduction. and the name

"drastic" to large inventions where the royalty rate is less

than the cost reduction. Like Nordhaus we consider only run-of- _
the-mill inventions where production is carried out under perfectly

4

competitive conditions.” Under these circumstances the optimal

royalty fee, y = Cy - Cy. N (1)

Following Nordhaus, we introduce an IPF whereby the inventive
output, measured by the percentage unit production cost reduction
is positively related to the amount of research and development
expenditure (R). Using Nordhaus' terminology,

01 COC‘ = B(R) (2)

¢ where o < 1 depicting diminishing

Nordhaus assumed B(R) = BR
returns to inventive activity. In this paper we adopt an IPF which
initially depicts increasing returns and thereafter diminishing

returns and incornorates a variable output elasticity.

4If we relax the assumption that the industry output is produced
under conditions of perfect competition, the revenue to the
investor is once again the per unit cost differential arising

from the patented technique. The total revenue to the patentee is
smaller however due to the monopolist's restricted output.
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In order to reflect both variable returns to research as

well as a variable output elasticity, let the IPF be represented

by:

/R 5.0, R>0 (3)

B(R) = e
where R stands for research and development expenditure (as
before), and s represents the 'ease of invention'. The smatler

the value of § the easier the invention and the larger the §

the more difficult the invention, since a larger § leads to a smaller

cost reduction.

Equation (3) is drawn in Figure 2 for different values of &.
Analysis of equation (3) in terms of the output elasticity makes
the comparative statics (given in section two below) easier to
follow. It can be shown that the output elasticitys'a of B(R) is
equal to 8/R, i.e. a = §/R. Geometrically, the point where a
ray from the origin is tangent to the curve (Figure 3), gives
a=1, LetR= RO’ vhere a = 1.

A further important property of equation (3) is that at the
point of inf]exion6 in Figure 3, @ = 2. From this it is obvious
that where « = 2, R = 1/2 RO‘ That is, at the point of inflexion,
where increasing returns end and diminishing returns begin,

R = %— 0 Hence, a is a decreasing function of R, and the point
where o = 2 turns out to be useful in analyzing equation (11) below.

5As far as possible, we have retained the same notation as in
Nordhaus (1969).

6at the point of inflexion B"(R) = 0, which implies that &/R = 2.
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To return to the development of the model, in terms of Figure 1,
the financial return to the inventor in any given year is determined
by the per unit royalty fee and the total output less the inventor's
costs. Using MNordhaus terminology, the present value of the patent

is given by: -
T
v = J yxe "tdt - sR
0

discounted total profits
royalty rate per unit output
discount rate

cost of inventive inputs
level of research inputs
level of output

where

v
y
r
S
R
X

Assuming the inventor is a profit maximizing entrepreneur, we
substitute equations (1), (2) and (3) into (4) and show that his
profitability, as illustrated by equation (5), is determined by the
success of the patent (measured by the per unit cost reduction, or
royalty) and the lengtin of the patent.

The resulting equation is:

T
V= J B(R)XOCOe'rtdt - 3R where X0 is the initial level of output.

0
Differentiating with respect to K (the Tevel of research) we get

T
v _ [ o -rt -

R B (R)XOCOe dt -s=0
0

T

: '
i.e. J B (R)XOCOe

0

-Y‘tdt =

|
wn

In words, the optimal level of research occurs at the point where
the discounted value of the increase in patent royalties (left hand
side of equation (6)) is equal to the incremental cost of more research

inputs.

(4)

(5)

(6)
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For a maximum,the second order conditions imply that

B"(R) < 0. For the function B(R) = o8/R ,

B'(R) = §§-e'6/R

=

and B"(R) = i_g. [% . 2] R

Clearly B"(R) < 0 if and only if %-< 2, 0or a < 2. In terms of

economics, as long as the discounted value of the increase in
patent royalties is greater than the marginal cost of research in-
puts, it pays to increase research. But the second order conditions

imply that equation (6) must be stated as

T -rt
B'(R)XChe  dt = s, a <2 (6')
070
0

Without loss of generality we can let CO = 1. Then, integrat-

ing equation (6') with respect to time (t) we get

T T
B[] e

J B (R)Xe " Vdt
B' (R)X, [;l]e'” ; B'(R))&[T:—]-]eo

0

=] -rT
=I5t (R)x,(1-e7) (7)
. s q o . ] ' “Y‘T -
Hence in equilibrium 78 (R)Xo(l-e )=s
or B'(R))&(I-e'ﬂ) =rs, <2 (8)

For the function B(R) = e"s/R

the inventor's profit-maximizing equilibrium condition is:

3 -rT
e—ﬁ/R. Eé- XO(]-E )

=rs, ac<? (9)
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Rewriting in order to isoiate R on the left-hand side of the
equation (so as to facilitate derivation of the comparative

static partial effects) we get

e~8/R p-2 _ rs —
6X0(1-e )
= IS _ where v = (1 - E-rT) (10)
6X0¢
_ =8/R . o2 ; . . s
Let P =e , Q = R™© in equation (10). Then differentiating

the left hand side of the equation with respect to R we get
(P'Q + Q'P) = [e'!s/R. §_2_] R-Z + (_ZR"3)(e-G/R)

R
o~8/R [ﬁz ) %}
- :;MR [% - 2}
- :;G/R[-z] (1)

Clearly the sign of equation (11) depends on the value of a.
Recall that when o > 2, there are increasing returns to R. (As we
have seen in the increasing returns phase, the inventor is not
yet in equilibrium.) In this case the left hand side of equation
(11) is positive. However when there are decreasing returns to
R, o < 2, and the left hand side of equation (11) is negative.

As these results are a key to a great deal of subsequent analysis,
it is worth summarizing them in Table 1.
Next it will be instructive to consider some comparative

static results,



-14-
TABLE 1

SUMMARY ON VARIABLE RETURNS
AND OUTPUT ELASTICITY

EQUATION (11) ELASTICITY RETURNS. TO SCALE
PIQ+Q'P>0 IFF a>2 IFF increasing
P'Q+Q'P <0 IFF a <2 IFF decreasing

§2. COMPARATIVE STATIC RESULTS

We have seen that as long as there are increasing returns to R,
a profit-maximizing inventor's equilibrium does not exist. However,
the comparative statics give some useful insight into the increasing
returns phase. It should be mentioned that all the comparative
static results that deal with the decreasing returns phase are
consistent with those obtained by Nordhaus.

Four of the comparative static results are obtained in a
straightforward manner by total differentiation of equation (10) and

then using the results in Table 1:

1 1 = rs
(P'Q + Q'P)R = g7 5 (12)
The first of the four results show how research expenditures R
vary with research costs s, i.e. we find ~%§
1. From equation (12), it is easily obtained.
R __r_ Ipg+QqPp ! (13)
9 axow

Since r > 0, § > 0, X0~> 0, and v > 0, the sign of %%-depends on

(P'Q + Q'P), which we shall call the discriminant. Hence

10
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-a—s>0 IFF o > 2
R <0 IFF a < 2
9S

This shows that research expenditures (R) will increase even if
research costs increase, as long as there are increasing returns
to R, i.e. as long as @ > 2. When there are decreasing returns,
there is an inverse relationship between R and s.

2. Next consider the effect of a change in the rate of interest

r on the level of research R. From equation (12)

-rT -1
3R _ _s _rile r ' '
ELEYYY '[] 1_9*'”1 lE(“QP:[

Simplifying the second term in the product, we can write

-1
3R S {: rT j] [:. .:[
M-S |1 -—— |P'Q+Q'P (14)
ar 6X0¢ erT-l

The first term in equation (14) is obviously positive as s > 0,

f

§> 0, X0 > 0 and v > 0. The second term is positive alsoz SO

that the sign of equation (14) depends on the discriminant:
IR

-é—F>O IFF o > 2
%§<0 IFF o < 2

In words, in the increasing returns range the level of research
increases with the rate of interest but in the decreasing returns

range an increase in the rate of interest reduces research.

7To prove this, suppose the contrary, i.e. suppose-;;-> 1. This
e -1

implies that log (1+rT) > rT, which is impossible.
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Consider now the effect of « change in the life of a patent

(T) over which royalties are paid. That is, we wish to find

the effect on the level of research due to a change in T. Again

using equation (12),

2__-rT -1
R
%T.z ...__._zr sé [P'Q"’Q'P]
SX .V
0
This time the first term is negative, since r > 0, s > 0,
§> 0, X0>0andT>Osothat\p=1-e"rT>0. Again

the sign of the equation depends on the discriminant.

%!%«o IFF o> 2
-g-:?—>0 IFF a < 2

(15)

This means that increasing the length of time over which royalties

are received reduces research expenditures if there are increas-

ing returns to research. However if there are decreasing returns,

then increasing the life of a patent increases research

expenditures.

Next consider the effect of a change in the initial level of

output X0 on research. Using equation (12),

-1
g§ = - "5? E'Q + Q'P]
0 dxo'w

By the same argument as above, we can conclude that

%§—<o ' IFF o > 2
0
§-§—>o IFF o < 2
0

This states that an increase in the level of output reduces
R if there are increasing returns but increases research if

there are decreasing returns.

(16)
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Consider now the effect of a change in & on the Tevel of
research R. It was stated before (see Figure 3), that as &
gets smaller the greater the cost reduction for any given
level of R. Equivalently, the smaller the § the 5ma11er

the amount of research necessary to achieve any given

level of cost reduction. And the larger the § the

'flatter' the B(R) curve, and the larger the amount of R
needed to achieve any given level of cost reduction.

It is obvious that the value of the parameter § relative

to R determines the point of inflexion on the IPF, and

hence the range of increasing returns; the smaller the §

the bigger the range of increasing returns (see Figure 2).
Consorant with the earlier results we would expect R to
increase as & increases in the increasing returns range.

In the decreasing returns range we would expect R to decrease
as & increases, i.e. as cost reduction becomes more difficult.

These two results are easily proven.

Differentiate equation (1C) totally and find %% i
CeR LR 2T R rs (7)
RS r? 36 r3 38 2y ¢

To simplify, substitute equation (10) again into equation

(17):

rs 1 R _ _-rs
sxowl}]/RJ'R'(""z) as:l "2

which yields (after some manipulation)
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R _  a-1
36 a(a-2) (18)
From equation (18) it is obvious that8
%>0 ifa> 2
and§§-<o ifl<a<?

In his work Nordhaus (1969, p. 75) also investigates the amount
of cost reduction that will result from the inventor's profit

maximizing behavior. This he calls the size of the invention,

represented by B. Here we investigate how the size of the
invention B varies with the life of the patent T.

Recall from equation (3) that the amount of cost reduction is
a function of R, but that the amount of R that is undertaken
depends on the length of the patent T. Thus,

3B _ 3B , 3R
9T BR  oT (19)

Now the size of the invention B can be obtained from equation

(10) as follows:
o~8/R p=2 . _rs

axow
B = rsR?
sxow
3B _ 2rsR
and s0 zp = 5¥6¢ (20)

That is, the profit-maximizing cost-reduction (B) is a rising

function of research. To find how B varies with T,

8The purist will note that 3R> @ again when 0 < a< 1. We
= . .M

are unable to aive an economic internretation for this change in sign.

i
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swbstitute equations (15) and (20) into ( 19), and we have

-rT-
3B _ 2rsR -r-se
B [

Again the sign of the partial derivative depends on the sign

of the discriminant. The first term in the product on the right

hand side is positive and the second is negative. Hence

g_$-<o IFF ¢ > 2
%$->0 IFF ¢ < 2

That is, the size of the invention decreases when the life of
the patent is increased, if there are increasing returns

to research. The size of the invention increases with the

1ife of the patent when there are decreasing returns to
research.

To summarize, when there are decreasing returns to research

the profit-maximizing inventor will decrease R if either
research costs or the rate of interest goes up, or if it becomes
more difficult to achieve cost reductions (i.e. § increases).
The inventor will increase R if either the level of output

or length of the patent increases. Alternatively stated,

the size of the invention B increases as T increases.

When there are increasing returns all the relationships in
the previous paragraph are reversed. = Increasing returns imply

that the profit-maximizing inventor has not yet reached his



§3.

-20-

equilibrium. Intuitively it is clear that research should
increase even if research costs or the rate of interest
increase, as long as there are increasing returns. The same :
is true if § increases. However, the size of the invention
decreases if the 1ife of the patent is increased. This suggests
that in an industry that is going through an increasing returns
phase, the granting of patents may reduce cost-reducing , .
inventive activity, assuming all the other assumptions hold.
THE SOCIALLY OPTIMAL PATENT

The above section shows that from the point of view of the
profit maximizing inventor,the optimal life of a patent depends
on the nature of returns to scale to research and development
expenditure. However, from the point of view of society, a
patent confers monopoly power and therefore the social
cost of patents is the welfare loss due to this monooolistic resource -
misallocation., As illustrated in Figure I, with a patent the
industry output is C whereas when the patent expires industry
output is expanded to L. Defining welfare loss in the usual
manner as consumer's and producer's surplus less resource cost,
the area of the triangle EFG measures the welfare loss to society
due to the misallocation of resources caused by the patent:.

To determine the optimal length of a patent from society's
viewpoint, the marginal net benefit in terms of increased inventive

activity must be comparéd with the welfare loss due to monopolistic

«

resource misallocation. The welfare function W for the inventive

activity in the industry is the summation of the cost saving on
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the preinvention output (REGQ) plus the gain in consumer's
surplus when the patent expires less the resource cost of

inventive activity.9

[--%

T
W= J REGQ + J REFQ - resource cost (22a)
0 T

Alternatively stated

W= J REGQ + JG,EFG - resource cost (22b)
0 T

W is given by the expression

W= ] e 8/Rx e tat + J 20t -Xg)e RePtat - g (23)
0 T

where p is the social rate of discount. Like Nordhaus, we
assume that p = r. The first term reflects the gain in
producer surplus over the period [0, T] and in consumer
surplus for [T, + »]. The second term represents the gain
in consumer surplus given by CDE from T to « where X0 is
original output and X] is final output. The last term sR is
the resource cost of research.
Let the demand function for the good be
X=E - np.

Integrating equation (23) and rep]acing]0 (

ne'6/R and (1 - e'pT) by v, we have
-8/R
e X -8/R
W= c + (e ) n(1-¢) -sR (24)
) 2p

9This is of course a partial equilibrium approach. For assumptions
implied by it, see Nordhaus (1969, p. 76).

]OConsidering two points on the demand quctéon and recalling that
Y0 -§/R
e .

C, =1, it can be shown that g~ Py = ¢ =

0 0

Hence X] - XO =

e-G/R
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The objective of the poiicy maker is to maximize W, subject to
the constraint relating the level of research to the life of the
patent as given by equation (10). This can be achieved by

expressing the objective function in the Lagrangean form:

-28/R
+ n(l-ye - SR + wEe"S/R . §7 WXy sE’ (25)

where w is the Lagrange multiplier.

Maximizing equation (22) with respect to ¢ and R we have

-26/R
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i R 2 Xg =0 (26)
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o & g n(-y)ee?R O e . Sy [é -2] =0 (@)
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From equation (26), w = ———— . Substitute this expression into
ZGpXO
1

equation (27), and recall that

pS = e'G/R~§§-wxo (because p =7 , by assumption.)

-8/R

Finally substitute B = e (the size of the invention), and

normalize X0 to equal 1. It can be shown that

v = B?*‘ ] (28a)
Bn('z“";) + 1

1 3L

The substitution that follows is equivalent to 57 » i.e. respecting
the constraint given by equation (10). w

1o



-23-

From the definition of y, it is clear that

- %— log (1 - ) (29)
12

T =
However, since B is uniquely determined by the output elasticity
a, it can be seen that the optimal life of the patent T depends only"
on two parameters: the elasticity of demand n and the output
elasticity o, assuming a given social rate of discount. Hence we
can also write equation (28a) as:

- B“]+ 1 (28b)
Bn(-é- - 1/'Iog B) + ]

Equations (28b) and (29) can then’be used to compute the values of T.
Using these two equations we can obtain some numerical simulations

for a range of demand and output elasticities (Table 2), where T is

given in years. It will be seen that for any given output elasticity,

13 For any given n, T

T falls as the demand elasticity n increases.
falls as the outout elasticity « decreases, i.e. as B increases. The
numerical results show that the socially optimal patent ranges from
about 40 years to just a few days.

Although the derivation of T is the same as that of Nordhaus]4
there are two important differences that make the numbers in Table 2
not comparable to Nordhaus' . First in Nordhaus, B is independent
of the output elasticity; here it is not so. Second, Nordhaus makes

the assumption that nB<1, in order to limit his computations to the

]ZSince B = e *(where o = §/R),a = - log B

]3We have used the same range of the demand elasticity as that in
Nordhaus (1969, p. 81, Table 5.1).

]4Equations (28a) and (29) are identical with Nordhaus' equation

(5.13) and (5.14), (op. cit., p. 78).
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TABLE 2

OPTIMAL PATENT LIFE IN YEARS SATISFYING
EQUATIONS (25) AND (26)

n 0.25 0.50 0.75 1.00 1.50 2.00 4.00 10.00
Elasticity | Corresponding
o B

1.97 0.140 40.71 37.41 35.54 34,26 32.53 31.38 28.91 26.49
1.80 0.165 30.66 27.39 25.56 24.31. 22.64 21.54 19.22 17.04
1.50 0.225 23.56 20.39 18.65 17.48 15.94 14.96- 12,97 11.24
1.30 0.270 20.55 17.46 15.79 14.68 13.25 12.35 10.58 9.12
1.20 0.300 18.96 15.93 14.30 13.23 11.87 11.02 9.39 8.08
1.00 0.365 16.15 13.25 11.73 10.76 9.54 8.80 7.43 6.39
0.80 0.445 13.40 10.69 9.31 8.45 7.41 6.79 5.70 4.90
0.60 0.545 10.56 8.12 6.94 6.22 5.39 4.91 4.10 3.54
0.50 0.605 9.05 6.79 5.74 5.11 4.40 4.00 3.34 2.89
0.40 0.670 7.51 5.49 4,58 4,05 3.46 3.14 2.62 2.27
0.30 0.740 5.92 4.19 3.45 3,03 2.58 2.33 1.94 1.69
0.20 0.820 4,15 2.82 2.28 1.99 1.68 1.52 1.26 1.10
0.10 - 0.905 2:25 1.45 1,15 1.00 0.8 0.76 0.63 0.55
0.08 0.925 1.80 1.14 0.90 0.78 0.65 0.59 0.49 0.43
0.06 0.940 1.45 0.91 0.72 0.62 0.52 0.47 0.39 0.34
0.04 0.960 0.97 0.60 0.47 0.41 0.34 0.31 0.26 0.22
0.02 0.980 0.49 0.30 0.24 0.20 0.17 0.15 0.13 0.1
0.01 0.990 0.25 0.15 0.i2 0.10 0.08 0.08 0.06 0.06
0.005 0.995 0.12 0.08 0.06 0.05 0.04 0.04 0.03 0.03

.
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to the 'run-of-the-mill' inventions. In this paper no such assumption

is necessalr'y.]5

The practical consequence of the assumption of the independence
of B and « is to overestimate the optimal length of the patent. Tab]e
3 below gives two examples that compare the optimal T value on the
basis of the independence assumption as well as on the basis of this

paper.

TABLE 3
OPTIMAL PATENT LIFE, A COMPARISON
OPTIMAL T
a and B This fj «andB This
independent| paper independent | paper
n B=0.605 B=0.605 B=0.405 B=0.405
0.25 13.92 9.05 26.39 14.71
0.50 11.31 6.79 23.39 11.89
0.75 10.01 5.74 21.79 10.45
1.00 9.20 5.11 20.74 9.53
1.50 8.24 4.40 19.41 8.40
2.00 7.68 4.00 18.58 7.72
4.00 6.71 3.34 17.02 6.50
10.00 6.02 2.89 15.77 5.53

Notes: The columns marked 'o and B independent' are obtained
by using Nordhaus'. equations (5.13) and (5.14),
Nordhaus, (op. cit., p. 78).

Before summarizing the main conclusions it would be useful
to draw the main threads of the arqument of section 2 and 3 together
with the aid of a four quadrant diagram in Figure 4.

We begin in the second quadrant, where the IPF of equation (3)

is drawn. It is a function of the output elasticity a, where o = §/R.

]5This is because our equation (3) is bounded by 1.
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The parameter § is the ease of invention: the smaller the & the
greater the cost reduction and the steeper the IPF. At the point
of inflexion. a=2, and there are increasing returns to R in the
region where o>2, and decreasing returns to R where a<2. For ease
of exposition R has been normalized to be one.

In the third quadrant we introduce profit maximizing behavior
on the part of the inventor. According to equation (18), %% is
positive (line OE) when a>2 and negative (1ine ER) when a<2. Clearly

if & decreases the IPF gets steeper and OE is rotated anti-clockwise.

For the fourth quadrant, first note that

so that

38 _ 9R,3R (30)
i.e. we can use the ratio of equation (15) and equation (18). From
these two equations we note that

L <o
when «>2, and is negative when a<2, but equation (30) is undefined
for «=2, and hence the disconti"UitY-]s
In the first quadrant we trace out the implications of the

assumption of profit maximizing behavior on the part of the inventor.
In the increasing returns phase we obtain the curve FG, which shows
how the size of the invention B would vary with the patent T. FG is
downward sloping when o>2 as shown earlier in equation (21). The |

same equation shows that when there are decreasing returns to R,

]sAlternatively equation (30) can be obtained directly by differentiating
equation (10).
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§$'> 0, which is represented by the curve HJ, with a discontinuity
at GH. It will be seen that the curvature of FG and HJ is determined
by the respective curvatures of the portions of the IPF that generate .

FG and HJ.

\8

Having considered the behavior of a profit maximizing inventor,
we now introduce a welfare maximizing policy maker into the first
quadrant with the line KL, which represents the locus of B and T
that are socially optimal. KL is obtained from equation (28b) by
finding %%- dW=0" From cquations (28) and (29) it is obvious that
T is positive if and only if « < 2. Given the constraint that T be
positive, it is shown in the Appendix that KL is downward sloping
if and only if o < 2 -V Bn(e®'-1), which reduces to a < 2 if the
social rate of discount were zero.

The socially optimal T can be represented by the intersection

of HJ and KL, which is called T* in Figure 4. It is clear that T*

[t

exists if KL is downwardsloping. A1l the comparative statics of

the socially optimal T obtained from equations (28b) and (29) can

be derived by observing how T* varies in Figure 4. For example, if
the demand elasticity n increases KL shifts down and T* falls. If

o increases, then § increases, IPF gets flatter and so HJ gets flatter.

Consequently T* increases.

SUMMARY AND CONCLUSIONS
The object of this paper has been to recognize the empirical
evidence on R&D which shows both variable returns to scale as well
as a variable elasticity of cost reduction with respect to R&D. The .
empirical evidence calls for a generalized invéntion possibility

function, such as the one used in this naper. Using such a function
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we show that the profit maximizing inventor has an equilibrium only
when there are diminishina returns to R3D. .iowever, the comparative
statics of the inventor's equilibrium throws some useful insight
into the increasing returns phase. For example, the paper suggests
that an industry (such as the semiconductor industry) that is going
through an increasing returns phase should not be granted patents,
as this could reduce cost-reducing inventive activity. _

The paper shows that the socially optimal life of a paten£ is
a function of demand elasticity and output elasticity. In the
existing literature the percentage of cost reduction has been treated
as being independent of the output elasticity which leads to an
overestimation of the life of the patent. We also show that for a
given output elasticity, the optimal patent falls as the demand
elasticity increases. For a given demand elasticity the patent
falls as the output elasticity decreases. Finally, asinventive

activity becomes more difficult, the optimal patent increases.
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APPENDIX
PROPOSITION 1: T > 0 in equations (28) and (29) if and only if a < 2.
PROOF. First note that in equation (29) '
T>0 IFF "0 <y< 1
and 0 <y< 1 IFF
Bn + 1 < Bn(% + 'a) + 1
1<%+ Yo

L ¢ 1/a

”n

o< 2 (A.1)
PROPOSITION 2: %-% |au=0 < © IFF a<2-Ven(eT- 1)

PROOF. Rewrite equation (28) and incornorate the inequality (A.1)

1 - e-pT - Bn + 1
Bn(% + 1/a) + 1

1+ 1/Bn

E¥I/(Z- o) ¥ 1/Bn (A.2)
From equation (3), « = -log B, so that (A.2) becomes
+ 1/(2 + log B) - % -pT =0 (A.3)

G+ 1/(2 + Tog B) + 1/Bn €
e®T[- 5 + 1/(2 + log B)] = [% + 1/(2 + Tog B) + 1/Bn] (A.4}

Let (A.3) be F(B, T) = 0. Then by the implicit function theorem,

3B Fr

3T dw=0="'FE

where Fi is the partial derivative with respect to i.
-1

Fg = = ~% [ + 1/(2 + log B) + 1/Bn]-l
B(2 + log B)

2 -1

- 71/(2 + log B) - %1%+ 1/(2 + log B) + 1/Bn]”

2B
Elgo <0 IFF Fg>0

B(2 + g B)°

1

- —

an

]
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I.e 1FF

— L [%+1/(2+10g B)+1/Bn1"'> [1/(2+1og B)-})[+1/(2+1og B)+1/Bn] 2+

B(2+1og B)

—Bn-(2+1og B)?
B%(2+10g B)?n
Substitute (A.4) and note that log B = -a,

2
-.' - - "] > ._.L._ ] 2- -!é 1/ 2- -,/2]‘2 -Bn- 2"(1)
MZ [-%+1/(2-a)] esz [1/(2-a)-%101/( u). m

which simplifies to

_'l > e'pT EBT\'(Z"(!)Z]
Bn

{ 2-&)2> :'B.n(epT'.])
2-a >A/Bn(e M-1)
oo <2 -YBnte-1) Q.E.D.

As a special case note that for.p=0

3B

3T 0 IFF a< 2

dw=0 <

]
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