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Intermediate Products and the Two-Sector Growth Model

A rich literature has recently grown on the conditions for relative
stability in a two-sector model of economic growth. It has been shown by
Uzawa [12] [13] that a sufficient condition for the economy to be relatively
stable is that the consumption-goods sector is capital-intensive relative
to the capital-goods sector. In the literature on two-sector growth models,

this condition has been called the capital-intensity condition. Shinkai

[9] has shown that the capital-intensity condition is a necessary and suf-
ficient condition for relative stability in the case of fixed coefficients
of production. Takayama [10] [11], Amano [1], Drandakis [4], Sato [7],

Shell [8], Batra [2] [3] and others have derived still weaker conditions

for relative stability. For example, Drandakis [4] has shown that the two
sector model is relatively stable if the elasticity of factor substitution
in each sector is at-least equal to unity. This condition is now commonly
known as the "elasticity of substitution" or simply "elasticity" condition.
Yet a weaker elasticity condition has been derived recemtly by Batra [3].

He shows that if the elasticity of substitution in the capital-goods sector
exceeds or equals relative share of labor in the consumption-goods sector,
or, 1f the elasticity of substitution in the consumption-goods sector is

at least equal to the relative share of capital in the capital-goods sector,
then the two-sector growth model is relatively stable. It is, therefore,
evident that the sufficient conditions for the relative stability of the
two-sector model are not very restricted, and there is a general agreement

among growth theorists that the model is most likely to be stable. This
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optimism is well reflected by Sato in his conclusion that ''the essential
point is that the two-sectongrowth model is most likely stable, unless
the model has extreme assumptions concerning its parameters' [7, p. 117]
[Sato's italics]. |

Can then the two-sector growth model be successfully applied to ex-
plain the growth behavior of an actual economy? The answer is no, because
of the presence of intermediate goods which constitute a large proportion
of an economy's production activity and which are produced solely to be
utilized as material inputs for final goods. Even if it was possible to
divide an economy roughly into two sectors, because of the presence of
a large intermediate goods sector, the economy may still not follow the
growth path prescribed by the traditional two-sector growth model.

The purpose of this paper is to fill this gap by introducing inter-
mediate goods into the two-sector model of economic growth. It is shown
that the growth model is still stable, provided, the capital-intensity
condition is satisfied. That is, if the capital-goods sector is labor-
intensive relative to the intermediate-goods sector and the consumption-
goods sector, and if the consumption-goods sector is capital-intensive
relative to the intermediate goods sector and the capital-goods sector, the
two-sector growth model is relatively stable.l It is further shown that
the "weak' elasticity conditions derived by Drandakis, Sato and Batra may
no longer be sufficient for relative stability when intermediate products
are introduced. However, under certain restrictions, it is possible to

derive some "strong'" elasticity conditions.
I1. Assumptions and the Model

It is assumed that an economy consists of three sectors of production,

Yl, the capital~goods sector, Y2, the consumption-goods sector and; Y3,
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the intermediate-goods sector,2 and two primary factors of production,
capital (K) and labor (L). There is perfect competition; production func-
tions are linear homogeneous; factors of production are fully employed,

in inelastic supply, and completely mobile among the three sectors; finally
capital and labor are both homogeneous and can be used in either sector.

The three production functions are:

(1) ¥, = Fi(Ky, Ly, Yg3) = Lyfy(kg, yg)
(2) Y2 = FZ(KZ’ LZ’ Y32) = szz(kZ’ }'32)
(3) ¥, = F3(Kg, Lg) = Lyfa(k,)

where Ki and Li are respectively the capital and labor inputs and ki = Ki/Li
is the capital/labor ratio in the ith sector (i = 1, 2, 3), and Y3j is the
amount of Y. utilized as material input in the jth final product (j = 1, 2)

3

and y3j = Y3j/L . Let aj(=Y3j/Yj) denote the requirement of Y3, the inter-

i
mediate product, per unit of the jth final product (j - 1, 2). Following
Samuelson [6], Vanek [14] and others who have worked with the input-output
models, aj is assumed to be constant. Then
(4) Y5 = ajY; + ay¥,.
Let v; = marginal productivity of capital in the ith sector and u, =

marginal productivity of labor in the ith sector (i = 1, 2, 3). Then

= '
vy fi , and

u.
1

'
fi kifi .
We assume Inada's (5] derivative conditions: fi > 0. fi' > 0, fi" < 0,
fi(oo) = o fi' (0) = o, fi'(eo) = Q.
With perfect competition in both product and factor markets, the price
of each factor equals its marginal value-added product and is the same in

all three industries. Let w stand for the wage-rate, r for the rental of

capital, for the price of the ith commodity and w for the w/r ratio.
Py p y
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Factor prices can then be expressed as:

(5) ©=1£"( - pya) = £' (P - py3y) = p3f3’

(6) we= (£ - ky£1)(py - P323)) = (£, - kpfp") (py ~ P32y)
= py(fg = kaf3")

(7)) w-= ;%« - ki'

With full employment:
(8) pytepytoy=1
(9) p1kq + p2k2 + p3k3 =k
where p; = Li/L.

The introduction of the intermediate-goods sector has already compli-
cated the model. Since our main purpose is to show how the presence of such
goods modify the stability conditions, we employ, for the sake of simplicity,
the classical savings-function in which the owners of capital save every-
thing and laborers consume everything. The total amount of savings, therefore,
equals rK. The level of investment in the next period, however, is given
by the value of output in the capital-goods sector. With savings and in-
vestment remaining always in equilibrium, P1Y; = rK, or

(10) Y3 = (1 - %%al)fl'K.

With this last equation, our description of the two-sector model with
intermediate products is complete. There are 10 variables, Y;, Y,, Y3,

P1s P> p3, kl’ k2’ k3 and w in 10 equations. Hence, for any aggregate
capital labor ratio k, the model is determinate. DMoreover, while counting
the number of equatioms, it may be observed that equation (7) represents
three independent relations in k; obtained from equations (5) and (6).

Thus equations (5) and (6) are not counted in these 10 independent equationms.

On the other hand, (7) represents three independent equations.
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III. Existence and Uniqueness of the Short Run Equilibrium

This section deals with the derivation of certain sufficient conditions
which will ensure the existence and the uniqueness of the short-run equilibrium
characterized by, among other things, the absence of capital accumulation.

Let

dk.
a1 o, = b i

ki dw

be the elasticity of substitution between capital and labor in the ith sec-

tor. Differentiating 7 with respect to w, we obtain:

2
(12) 9ki £y
= - IS

11]

dw £.f;

which, in view of fi" < 0, and fi > 0, is positive. Therefore, d, from (11)

is also positive. Let

P TSl € M SR € Tl S AP

be the relative share of labor in the ith sector. From (4)
L3f3 = ajL £ + a2L2f2,
so that, by dividing through L,
(14) Py = (alplfl + azpzfz)/fB.
From (10), we can write

L. £
._;-I:-—l-= (l — p3 al)f |K

or substituting from (5) and (7)

(15) k J[ £, ‘|
[o] ] '
1 Tlw+ k f3 + alfl i

By substituting pg from (14) in (8) and (9), we obtain:

a7 pl(klf3 + k3alfl) + p2(k2f3 + ksazfz) = kfy.

Solving for oy from (16) and (17) yields:
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- +
kyfq + kaapf, = k(5 + 8,))

(18) pq =
f3(k2 - kl) + alfl(k2 - k3) + a2f2(k3 - kl)

From (15) and (18) we have:
; 2F Vi =
(ay £, £,) [azf2 +f, (w+ kz)}

Equation (19) describes a relationship between k, ki’ fi’ a; and w, but
since a; is assumed to be constant and ki and fi are functions of w, (19)
shows a functional relationship between k and w only. A unique solution for

w is ensured if k is strictly a monotonic function of w. Differentiating

(19) logarithmically with respect to w, we have:
011 + 09Cy + 03Cq + e

(20) 1 dk _ =9
k dw abw w .
where
e, =k f3lf5k) HRa £y 11£5" + ayfy ' 1lagf, + £3' (0 + ky)]
¢, = szsw[f3 + a; l][f + ayfy'][a £y + f3'(w + k )]
cq = k3[alf +£ 5" (wtky ) 1[ayfHE 4" (wtky) Tla £1kof3 +a2f2(a £+uf,")]

. of k [£5 + agfy 1€k + apfokgl [£3(ky=ky) + o fq (kpmky)¥ayfy (gt

As stated before, a unique solution for w requires that k be a monotonic
function of w. Furthermore, the relationship between k and w must be positive,
if the model is to have a determinate solution. The reason for this lies
in the fact that the relationship between ki and w from (12) is positive,
and since k and ki must be directly related, k must be an increasing function
of w. In other words, for the system to be uniquely determined at every

moment of time,

1dk

k dw o> 0,

where o may be called the aggregate elasticity of substitution.

A. Absence of Intermediate Coods: There are several conditions under

which o can be shown to be positive. To begia with, we can show that the
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short run stability conditions obtained from the traditional two sector
growth models without intermediate products are special cases of the general
solution given by (20). In the absence of intermediate products a = 0(i=1,2)
so that
c, = k,f 2[k (w + k>)f'2 1, c9 = k,f zw(w + k. f 12 c, = 0, and
1 173 72 2°° 3 1 72 273 1’73 * 73 ’
2.2
= ' -
e = wfy £, k2(k2 kl).
It is clear that cys Co and cy are positive where e may be positive or nega-

tive, depending on the relative magnitude of k, and kl' From (20) o > 0 if

(i) e 2 0, or (ii) oicq + e 2 0 or (iii) gpc, + e 2 0, or (iv) g1e; + 09cy +e > 0.

v

Now e = 0 if k, z kl. In other words, if the consumption-goods sector is
at least as capital-intensive as the capital-goods sector, the short run
equilibrium will be uniquely determined. This is Uzawa's theorem [12].
Secondly, 9, + e 2 if

2
£,°5" 2logk Ky (0 + ky) + wk(ky - ky)] 2 0

which is necessarily satisfied if

. In other words, if the elasticity of substitution in the capital-goods
sector exceeds or equals the relative share of labor in the consumption-
goods sector, o > 0. This is the "weak" elasticity condition derived by
Sato [7] and Batra [3]. Thirdly, gyc, + e 20, if

.28, 2ok w(w + k) + wky(ky = ky)] = O
373 2% 1/ T Wty T ’
which is necessarily satisfied if

» k1 _ f3
Oy =~ = =1 - .
2 Wk 1

In other words, if the elasticity of substitution in the consumption goods
sector is at least equal to the relative share of capital in the capital-goods

sector, the short run equilibrium is unique. This is also Batra's theorem.



Finally, ojcy + 0,c, + & 20 if
2. .2
£3°f4" “logkqky (0 + ky) + opfpulu + ky) + wky(k, - k)] > 0,
which is necessarily satisfied if

>
klkzw(ol + 0y = 1) z 0, or 0, + oy - 1.

1

In other words, if the two elasticities of substitution add up to at least

unity, the uniqueness of the short-run equilibrium is ensured. This is

the condition obtained by Drandakis [4]. Note that if 9 2 1, a condition

obtained by Takayama [10], the Drandakis condition is necessarily fulfilled.
Thus the traditional conditions ensuring the uniqueness of the short-

run equilibrium turn out to be the special cases of the general solution

given by (20).

B. Intermediate Goods in the Capital-Goods Sector:

Consider now the case where the intermediate product is used in the

capital-goods sector alone, so that a, is still zero but a; is positive.
Evidently, c's and e have have different values now. However, c's are still
positive, whereas e may be negative or positive. The following theorems
may now be derived.
Theorem 1: The short-run equilibrium in the two-sector model where inter-
mediate goods are used in capital-goods alone is unigue if the consumption-
goods sector is capital-intensive relative to the capital-goods sector and
the intermediate-goods sector.

This theorem requires e = 0, which now equals

!

o, 3T Ak, - k) +arfy (g - ka)lisky,

2 i 2 2
so that e 0 if k2 kl and k2 k3.

Theorem 2: If a, = 0, but a, > 0, 0 > 0 if the elasticity of substitution

1

in the consumption-goods sector exceeds or equals the relative share of

capital in the capital-goods sector and the intermediate-goods sector.
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This theorem can be proved by seeing that
kp(f3tasfy) - kaarfy
w + k3

£ o £ (whky) - 3L
2 3 1 w+k3

p— 1
OyCote = wf3f3 kz(f3+a1fl)[02alfl+

>
so that 9,¢y + e =0 if

k
> 3 _ _
02 - w + k3 =1 83
and
> kg
2 oFE Tt R

A sufficient condition for theorem 2 to hold is that Oy 2 1.

C. Intermediate Goods in the Comnsumption—-Goods Sector:

Consider now the case where the intermediate good is used in the pro-
duction of the consumption-goods alone. Here a; = 0, but a, > 0. The fol-

lowing theorems may now be derived:

Theorem 3: The short run equilibrium is uniquely determined in a two-sector
model where intermediate products are used in the consumption-goods sector
alone, if the capital-goods sector is labor-intensive relative to the con-
sumption-goods sector and the intermediate-goods sector.
The proof of this theorem follows from the fact that
e = ﬁfﬁj [f3(f3k2 + k3a2f3){f3(k2—kl) + a2f2(k3—kl)}] Zo

if k, 2 k, and k Z Kk

3 1

Theorem 4: If a; = 0, and a, > 0, a sufficient condition for o > 0 is that
the elasticity of substitution in the capital-goods sector be greater than
or equal to the relative share of labor in the intermediate-goods sector
and the consumption-goods sector.

This theorem is derived by showing that
2

~
>

. © 2
01C1+e = t3f3'(f3k2+a2f2k3)[kla2f2(cl - EIE§)+klf3'{Ul(w+k2)“w}]+f3‘ w(t3k2+d2t2k3)
W

. _>_ =
if 01 w+k3

B3
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and

N
1 w+k2 2°

Evidently, a sufficient condition for theorem 4 to hold is that gy Z 1.

)

D. Intermediate Goods in Both Sectors: We now turn to the case where the

intermediate good is utilized as a material input in the consumption-goods
sector as well as in the capital-goods sector. Here both a; and a, are

positive. Bearing this in mind, we derive the following theorem:

Theorem 5: The short-run equilibrium is uniquely determined in a two-sector
model where intermediate products are used in both sectors if the consumption-
goods sector is the most capital-intensive of the other two sectors and the
capital-goods sector is the most labor-intensive of the other two sectors.

This theorem can be proved by showing that e 20 if

k, 2k, k, 2 k,, and kq 2 k.

Thus a sufficient condition for the short run equilibrium to be unique
in the two-sector model with intermediate goods is that the capital-goods
sector be labor-intensive not only relative to the consumption-goods sector,
but also to the intermediate-goods sector. Thus the capital-intensity con-
dition in the model with intermediate products is given by theorem 5.

One can see that if this condition is satisfied, the short-run equilibrium

is unique whether the intermediate good is used in the capital-goods sector

or the consumption-goods sector or both.
IV. Existence and Stability of the Long Run Equilibrium

The long run growth path of an economy is determined by the rate of
capital accumulation and the exogenously determined rate of growth of labor

(n) which is assumed to be constant throughout the accumulation process.
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Let u be the constant rate of depreciation. The rate of capital accumulation
is given by the following differential equation:

(21) g_lé_ = y; - WK = [(¥,/K) - ulK.

Substituting (5) and (10) in (21), we have:

|}
22) Lak _ . _ ., £y
- - 1]
K dt 1 (&g + £y

- .
It is evident from (22) that the rate of growth of capital, G, is
determined by the rate of depreciation, the marginal productivity of capital

in the capital-goods and the intermediate-goods sector as well as by the

amount of intermediate goods required to produce a unit of output in the

capital-goods sector. The following theorem is immediate:

Theorem 6: The introduction of intermediate goods results in a decline in
the rate of growth of capital. However, if the intermediate product is
used in the consumption-goods sector alone, the growth rate of capital
remains unaltered.

In the absence of intermediate goods, or if intermediate products are

1

used in Y, alone, a, = 0, so that G = (f1 - u). Since

- 1
£

———— < 1 when a; > 0,
ajf,' + f3 1

the introduction of intermediate goods leads to a decline in G.

Differentiating (22) logar ithmically with respect to k, we obtain:

- 1 1

L o o Z49YdK af;" %3

- = 1 t .
ayfy +Ey |SHky @k |-

Now the existence of the lorg run equilibrium is defined by the equality

(23) 1 d6

d

1
G

L

of G and n, and the capital/labor ratio prevailing at that equilibrium is
called the balanced capital/labor ratio. This balanced capital/labor ratio
is unique if, whenever there is a divergence between G and n, G comes back

to n, such that the balanced capital/labor ratio remains the same. This
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means that whenever k rises abcve the balanced capital/labor ratio, the
adjustment mechanism of the economic system should be such as to lower G,
and conversely. Therefore the condition for the existence and stability
of a unique long run equilibrium is that G* < 0.

It is clear from (23) that G* < 0 if dw/dk > 0. It may be recalled
that in our discussion of the existence of the short run equilibrium in
Section III, we have obtained sufficient conditions for dw/dk > 0. Hence
the conditions for the stability of the long run equilibrium are given by

theorems 1 - 5. The following theorem may now be derived:

Theorem 7: If intermediate goods are used in both sectors, the two-sector
growth model is globally stable if theorem 5 or the capital-intensity con-
dition is satisfied.

If intermediate goods are used only in the capital-goods sector, stability
of the growth model is assured if theorem 1 or theorem 2 holds.

If intermediate goods are used in the consumption-goods sector alone,

the two-sector growth model is stable if theorem 3 or theorem 4 is satisfied.
V. Concluding Remarks.

The general conclusion that emerges from the foregoing discussion of
our two-sector growth model with intermediate products is that the growth
model is stable if the consumption-goods sector is the most capital-intensive
and the capital-goods sector is the most labor-intensive of all the sectors
including the intermediate-goods sector. This conclusion holds whether
intermediate goods are used in one sector or both. If, however, intermediate
goods are used only in one sector, then a unit or greater than unity elas-
ticity of substitution in the other sector is a sufficient condition for

global stability.
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Finally, it may be observed that Shinkai's theorem that the capital-
intensity condition is a necessary and sufficient condition for stability
of the two-sector growth model with fixed coefficients no longer holds when
intermediate goods are introduced. In this case, the elasticities of sub-
stitution approach zero and from (20)

g=e-= f3(k2—kl) + alfl(kz-k3) + azfz(kB'kl)’
so that o > 0 if

(24) kz(f3+alfl) + k3a2f2 > kl(f3+a2f2) + k3a1fl,
which may be satisfied even if k2 < kl. Thus, the capital-intensity con-
dition becomes a sufficient, but not necessary, condition for the stability
of a two-sector growth model with intermediate goods even if production
coefficients are fixed. A numerical example will perhaps add further to
the exposition. Let f3 = 10, alfl = 4, a2f2 = 8, k2 = 4, and k1 = 5, then

17

by substituting these values in (24), we find that if k3 > 3= condition

(24) will be satisfied, even though k2 (=4) is less than kl (=5).
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Footnotes

This condition is thus a variant of the so called capital-intensity

condition for the stability of the two-sector growth model.

The reader may feel that we afe deplbyiﬁg a three-sector model. However,
sector 3 is just an intermediate-goods sector and its output is utilized
solely in the production of the output in the first two sectors. There-
fore, as far as the final goods are concerned, we still have a two-

sector model.
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MATHEMATICAL APPENDIX

A: Derivation of k as a Function of w

f|
In equation (10) we substitute for Bé( = _"T;%—T;") from equation (5)
£, 1 P] f3 1°1
and for gi—'(= E;E_J from equation (7) and get equation (15)
1 lp £ 1
pp =[_k \[ 3 } (15)
lg + li £." +a f;7]

Full employment equations (8) and (9) and full utilization of intermediate

product, equation (4) can be written as:

Py + P+ pg =1 (8)
Piky + poky *+ pgky =k (9)
- 1
Substituting the value of pg from equation (4') into (8) and (9) we get
£1 £2 '
(ky + ajky -1 o + (k, + ajks 22 )p. = Kk 9")
17 4153 T P1 2 T 223 i, P =

eliminating p, from (8') and (9') we get
g P2

f f f f2
1 2y _ 1 4
[+ 2 f_3)(k2+a2k3.f_3_) (k; + ajkg = )1 + a, 3 )leq

£3
f2 f2
= (kz + a2k3 -g— ) - k(l + az -fg ).

Simplifying this last equation we get equation (18)
. kyfy + kya,f, - k(fy + apf,)
1= _ _ -

From (15) and (18) we have

1
(f3k2+a2f2k3)(w+k1)(f3 +alfl')

T K J
f3 [f3(w+k2)+a2f2(w+k3)+alf1(k2 k3)] + alfl (w+kl)(f3+a2f2)

k =

Using relation £ = fi'(w + ki) from equation (7) the numerator of k becomes
i

) '
[f3k2 + a2f2k3][f3 (w + kl) + alfl]
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and the denominator of k can be written as

1 o
alf1[k2f3 + a2£2 + (f3 ')] + f 'f (w + k ) + a2f2f3

1
alf [k + a, £+ wf ] + f (w + kZ) + a2f2f

3 272 3

f3'[a f.(w+ k ) + f (w + ko)1 + azfz(a f_ + f )

[}

[a)£) + £5] [ayf, + £3'( + k,)].

B. Logarithmic Differentiation of k with respect to w
. '
[£3ky * apfpkg] [£37( + k) + 511

fi’ fi' and k. are all functions of w.

1
We shall use the relations:

dfy  dfy Ak Ky

do 7 dk, dw 1 du

|

and . el f
dw 14w wbk

[by differentiating w =-£ir - k, with respect to k., we get £." Eki = - i'
£y 1 i 1 4w wtky

Differentiating‘a’with respect to w and collecting the coefficients

of SEL , we get:
dw

da _ e k "4 oa f " i}

qw = LEsky *+ apfoka] [f4' + a;5,"] 3o

dk. 2
dw

+ [f3'(w + kl) + alfl] [f3 + azfz’kB]

£ 1 9k3
+ [£5" (0 + ky) + alfl] [kofqy' + ayf,] =

3 k
—E—;fié [f3k + a,t 2k31
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Similarly:
db _ tre . dky
o = af1 [f3 (w+ ko) + a2f2] T
' , diky
+ [f3 + alfl] [f3 + a2f2'_| o
' 1 dks
+ £3'[£37 (0 + ky) + apf,] —=
k3 - kg
' —————
+ f3 o ¥ s [f3 + alfl]
1da_14db_
a dw b dw
= L [b. (f.k, + anf k) (f,' + a,£. ")
ab ‘ 372 2+2%13 3 171

dky
-a. alfl'{£3'(w + ko) + azfz}] I

+ [b. fE5' (0 + k) + £} (F5 + ayf,'kg)

- a. (f3 + alfl) (f3' + azfz')] g.z—z

+ [b. gf3'(w + ky) + alfii(k2f3' + a,f,)
- ] 1 dk3
a. fj %?3 (w + k2) + azfz}] I

k3 - R e p

W+ ki 3

I Bl AT SN I
3 w=FIc3 3 171

2

Substituting the expressions for a and b and from equation (11) writing

. kegs
g;l = —ﬁgl and taking % common and simplify the coefficients of o, we get
1 dk _ ¢i0q T €909 + 30, + e
k dw abw

where €15 €35 Cg and e are given expressions following equation (20).
[In simplifying the expressions for c,;'s and e we make use of relations

- — 1
£, - kifi' = wfi' and fi = fi (w + ki)]'
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C. Logarithmic Differentiation of G with respect to k

' [
f
G = £, 13 :
alfl + f3
. fe
1d¢ 1 4G 'E") 1 d(agf;" + £5')
= ] 1 T T
G dk £, 'fj dk alf1 + f3 dk
1 . ' ' k3 dkl i@-
£E," (a £ "+ES) Hag By D 8" ™ el S Al
] dk 4
_f'fl[afn dw-l- " 3._2
R B A - M A el R
takin QQ'common and using the relation f£," dk; = - fi:_.we have
8 dk g TR S
dw
146 _ dk af’ |, _f3
- [ T
G dk alfl + f3 w + k3 © + ky
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