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The magnetic field optimisation of RE-Ba-Cu-O (REBCO, RE = Rare Earth) bulk superconduct-
ing undulators is a fundamental step towards their implementation in an accelerator driven photon
source, like a synchrotron or a free electron laser. In this article we propose a sorting algorithm
to reduce the undulator’s phase error based on the reconstruction of the trapped current inside
the bulks of a staggered array undulator. The results obtained with a YBCO short prototype field
cooled down to 10K in a 10T magnetic field are reported. Finally, its performance is critically
discussed in light of the 2D magnetic field map of its individual components, obtained at LN2 after
the magnetization tests.

I. INTRODUCTION

Modern accelerator based photon sources, such as syn-
chrotrons and free electron lasers (FELs), are based on
undulator radiation. To improve their brightness and/or
to reduce their costs, alternatives to the existing per-
manent magnet undulator (PMUs) [1–3] technology are
required. Low temperature superconductors like NbTi
[4–6] and more recently Nb3Sn [7] have been employed to
wind undulator coils with shorter period and higher mag-
netic fields. High temperature superconductors (HTS) in
the form of tapes [8, 9] and bulks [10–12] promise to be
the next step in increasing the performance of undula-
tors. The increased operating temperature of HTS may
also offer the prospect of reduced running costs. The
present authors have concentrated their research effort on
RE-Ba-Cu-O (REBCO, RE = Rare Earth) bulk [13, 14]
staggered arrays in both planar [15, 16] and helical un-
dulator [17] configurations. The first approach is more
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suitable for synchrotrons [18], while the second one could
be used in FELs [19, 20].
Manufacturing variation in the properties of bulk su-

perconductors, in particular the local critical current den-
sity Jc, has to be compensated by an optimisation strat-
egy in undulator applications, as is the case for PMUs.
To permit this, the bulks are stacked one after the other
in our design, and their order can be changed to improve
the periodicity of the on-axis magnetic field profile (i.e.
the RMS phase error [21]). In this work, an optimisation
algorithm is proposed and its efficiency is demonstrated
on a YBCO based short prototype undulator specially
prepared for this purpose. The characterisation of the
short undulator prototype was performed in the 12T
solenoid facility available at the Royce Institute at the
University of Cambridge.

II. THE SORTING ALGORITHM

To develop an algorithm to find the optimum location
of a set of bulks in a staggered array undulator, it is first
required to identify which attributes are to be used for
the optimisation process. The inverse analysis proposed
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FIG. 1. The scheme of an infinite staggered array undulator
where the magnetic field, ψ(z), generated by the n-th bulk (in
black) and the n+1-th bulk (in red) are plotted. The position
of the undulator peak field is marked with gray solid circles.

0 50 100 150 200
0

2

4

6

8

10

12

number of bulks

σ-
re
du
ct
io
n

1 20

1

2

3

-1

-2

-3

bulk position along the axis

δb
[σ
-u
ni
ts
]

(a) (b)

FIG. 2. On the left (a), the proposed spatial distribution
of δbn is shown, which reduces the magnetic field errors σB

in the staggered array undulator. For reference, the optimum
distribution for a large number of bulks (asymptotic), starting
from a Normal distribution of bn, is shown in gray. In black,
20 bulks are overlapped to schematically illustrate the opti-
misation algorithm. In this distribution, the average value is
set at the right edge of the array, though other configurations
are also possible. On the right (b), the reduction of the error
using this spatial distribution is depicted, where the δbn val-
ues also follow a Normal distribution.

in [22] will be used for this purpose. Kinjo’s approach
estimates the contribution of each n-bulk to the on-axis
magnetic field profile B(z) as a positive coefficient which
multiplies the critical current density: pnJc(B, T ). The
model assumes that the bulks have homogeneous proper-
ties, i.e. Jc depends only on the local magnetic field and
temperature but not directly on the coordinates. Under
these assumptions the field profile of an infinitely long
undulator (see Fig. 1) can be well approximated by the
following analytical expression,

B(z) =
∑
n

(−1)nbnψ(z − nλu/2), (1)

where λu is the period length of the undulator, ψ(−z) =
−ψ(z) is the nominal magnetic field profile generated by
a single bulk, and bn its amplitude variation which is

intimately related to pn, even if not identical, since the
complexity of the bulk magnetization is neglected and
thus no variation in penetration depth is taken into ac-
count. In other words, the amplitude of the n-th pole
can be written as

Bn =

∣∣∣∣∣∑
k

(−1)kbkψ[λu/4 + (n− k)λu/2]

∣∣∣∣∣ . (2)

To simplify the notation it is convenient to define

ψk ≡ ψ[λu(2k − 1)/4]. (3)

Using this definition results in (2) becoming,

Bn =

∣∣∣∣∣∑
k=1

(−1)k(bn+k + bn−k+1)ψk

∣∣∣∣∣ . (4)

The aim of the optimisation process is to reduce the stan-
dard deviation of Bn

σ2
B =

1

N

N∑
n=1

(Bn − ⟨Bn⟩)2 (5)

which can be written as a function of bk using (4). To
simplify the expression and to draw some preliminary
conclusions we are accounting only for the nearest neigh-
bours, so we may write the above formula as

σ2
B/ψ

2
1 =

1

N

N∑
n=1

(bn + bn+1 − 2⟨bn⟩)2 (6)

and subtracting the average value (δbn = bn − ⟨bn⟩) it
further simplifies to the expression below

σ2
B/ψ

2
1 =

1

N

N∑
n=1

(δbn + δbn+1)
2
, (7)

where the standard deviation σb can be highlighted and
compared to the final one of σB ,

σ2
B/ψ

2
1 = 2σ2

b +
2

N

N∑
n=1

δbnδbn+1. (8)

Recognising that the last term above is an average value,
it can be written in the following compact form,

σ2
B/ψ

2
1 = 2σ2

b + 2⟨δbnδbn+1⟩, (9)

and diving by ⟨B⟩2 both sides, we obtain the final formula
which does not depend any longer on ψ1,

σ2
B/⟨B⟩2 = 1

2σ
2
b/⟨b⟩2 + 1

2 ⟨δbnδbn+1⟩/⟨b⟩2. (10)

If the spatial distribution of bn is completely random, the
second term is close to zero, and the relative standard de-
viation of B is σb/⟨b⟩/

√
2. The coefficient

√
2 indicates

that the relative error in one pole is reduced compared
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FIG. 3. On the top (a) the cross section of the sample where
the Al cylinder, the Cu disk and YBCO bulk are highlighted
and (b) the short undulator prototype after mounting strain
gauges; on the bottom, (c) the measured mechanical hoop
strains along the length of the aluminium shell after each
thermal cycle training at 77 K.

to that of a single bulk because, in this approximation,
one pole is the sum of two bulks, thus statistically mit-
igating the error. More remarkably, a specific choice of
bn spatial distribution can either increase or decrease the
final sigma. If the sign of δbn oscillates as (−1)n, then
the spread generated by the bulk production is reduced
thanks to the second term (the average term) because it
is negative. In Fig. 2a, an oscillating spatial distributions
of δbn is proposed which positions the average value in
one of the extremes of the array. In Fig. 2b, the numerical
solution of the equation (10) is calculated which gives the
estimation of the reduction of σB/⟨B⟩ as a function of the
number of bulks, up to 200 units which is the target for
the future full scale prototype. The following short pro-
totype, prepared for this experiment, consists of 20 bulks
and the above distribution was used for its optimisation
where the model predicts an average spread reduction of
4.0±1.1.

III. SHORT PROTOTYPE UNDULATOR
PREPARATION

The short prototype undulator was prepared following
almost the same approach presented in [16]: a magnetic
gap of 4mm and a period length of 10mm. The YBCO
bulks fabricated by ATZ GmbH were ground to 4mm
thickness with a precision of 5 µm and wire eroded with
electrical discharge machining (EDM) to their final half
moon shape with the same accuracy. This precision is

required for shrink fitting them into their oxygen free
copper sleeves which are only 10 µm smaller. The sleeves
have to be heated up to 200 ◦C to allow the bulk to be
inserted. 1.0mm thick CoFe poles are added in between
the bulks to enhance the undulator field strength. In
contrast to [16], the stack of poles and bulks fits into
an aluminum hollow cylinder (later referred simply as
the Al-shell) which guarantees the relative position ac-
curacy of the bulks within the array and provides addi-
tional pre-stress to the YBCO after the cool-down. As
demonstrated in [16] it is not essential to shrink-fit the
Al-shell onto the copper disks. Consequently the Al-shell
was designed based on transition fitting (for easy assem-
bly, the long shell is heated up to 200◦C). To determine
the contact status between the Al-shell and copper disks
after cool-down, we mounted 20 strain gauges along the
shell of one spare short prototype and two gauges on a
small stress-free aluminium block for thermal compensa-
tion, as shown in Fig.3-top. Fig.3-bottom summarizes
the recorded mechanical strains after each thermal cy-
cle at 77K. All strain data are positive, because the Al-
shell experiences tensile hoop stress along the axial length
and the copper disks are well compressed at 77K. This
demonstrates that the transition fit between the long
aluminium shell and copper disks is a feasible solution
in terms of mechanical stability. It should be pointed
out that the right end of the Al-shell is connected to
a thick copper plate and experiences large tensile me-
chanical strains combined with training effects. This is
believed to be caused by the fact that the copper plate
shrinks less than the aluminium shell and partially re-
tards its shrinkage.
After assembly, the short undulator prototype was con-

nected to the vertical magnetic field measurement system
and installed in a variable temperature insert in the 12T
superconducting solenoid in the Cambridge Royce Insti-
tute. The undulator is cooled directly by flowing he-
lium gas and its working temperature is controlled by a
heater wrapped on the outer aluminium shell. A 3mm-
diameter x3yz-probe supported by a meter-long carbon
fibre reinforced plastic (CFRP) tube and controlled by a
motorized linear stage outside the cryostat, is employed
to characterise the on-axis magnetic field in three orthog-
onal directions. The undulator field By is measured at
three different y-positions, with one on-axis and the other
two off-axis of ±0.1mm. For other details regarding the
experimental setup, please refer to [15].

IV. EXPERIMENTAL RESULTS

The prototype was field-cooled magnetised (FCM) first
at 8T, and the undulator magnetic field profile was
recorded during the ramp-down of the external solenoidal
field to monitor its evolution. This lower initial field-
cooling value was selected prudently to avoid damaging
the prototype before acquiring preliminary data. After
reaching zero external field, the undulator was sub-cooled
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Figure 5. Left: Undulator prototype after mounting strain gauges; right: measured mechanical hoop strains along the length of the aluminium 

shell after each thermal cycle training at 77 K. 

 

Figure 6. Measured on-axis undulator field By (a) before sorting and (b) after sorting. ΔBs refers to the change in the background solenoid field. 

 

FIG. 4. The on-axis magnetic field measurement results be-
fore sorting. The blue curves result from the field-cooling
magnetisation at 8T while the red at 10T.

(a) (b)

(c) (d)

FIG. 5. The 2D maps of the magnetic field component (Bz)
perpendicular to the bulk surface of two Cu-YBCO disks mea-
sured at LN2. The left plots (a) and (c) show the maps of
their top surfaces, while the right plots (b) and (d) display the
maps of their bottom surfaces. These results are representa-
tive of this production batch, though not all data is presented
here.

to 7K to continue the charging process the following
day without significant field loss. The sample was then
warmed to the nominal 10K, and the solenoid was driven
below zero, ending the experiment at Bs = −3T. Af-
ter warming the undulator to 100K, a second FCM was
performed at the nominal magnetic field value of 10T.
The full set of data is reported in Fig. 4, where the un-
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FIG. 6. The on-axis magnetic field measurement results after
sorting at different ∆Bs.
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FIG. 7. Top, (a) the summary of the undulator magnetic
field profile and bottom (b) its spread as a function of the
solenoidal field swap, ∆Bs. The reduction of σB between the
two final states (∆Bs =10T) is 3.2.
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dulator magnetic field profiles are shown, with the 8T
FCM profile in blue and the 10T FCM profile in red.
Due to technical problems, data from the second run are
available only at two points along the charging ramp,
∆Bs =8.5T and ∆Bs =10T. It is noticeable that the
prototype assembly exhibits highly uneven bulk behav-
ior. Consequently, the prototype was warmed up, disas-
sembled and its individual disks were magnetised sepa-
rately at LN2 to investigate the issue. A representative
example of these 2D field maps of individual bulks is
presented in Fig. 5, showing clear damage that qualita-
tively explains the highly inhomogeneous magnetic field
profiles.

The final magnetic field profile recorded during the sec-
ond run (∆Bs =10T) was used for a quantitative analy-
sis of the contribution of individual YBCO disks. Utilis-
ing the inverse analysis algorithm presented in [22], the
coefficients pn were evaluated. A new undulator proto-
type was then assembled using the same disks, but sorted
according to the distribution bn proposed in this article,
assuming bn ≃ pn. Finally, it was FCM at 10T and its
magnetic field profile measured during the entire charging
phase. The full set of data is reported in Fig. 6, showing
a clear improvement in field homogeneity. Fig. 7 provides
a quantitative analysis of both prototypes, with the av-
erage undulator field B0 and σB/B0 among the central
17 peaks presented in the top and bottom sections of the
plot, respectively. The σB was estimated with the fol-
lowing formula which rejects the impact of a non zero
average of the peaks (Bi),

σB =

√√√√( N1∑
i=1

(B+
i −B+

0 )2 +

N2∑
i=1

(B−
i −B−

0 )2

)
/N (11)

where B+
i are the positive peaks, B+

0 is the mean value
of the positive peaks, B−

i are the negative peaks, B−
0 is

the mean value of the negative peaks, N1 is the number
of positive peaks, and N2 is the number of negative peaks
(N1 =8, N2 =9, N =N1 +N2 =17).

V. CONCLUSION AND OUTLOOK

The sorting algorithm proposed to minimise the un-
dulator on-axis magnetic field errors was experimentally

tested on a YBCO short prototype. The on-axis field
homogeneity is significantly improved for the operating
conditions, Bs =0. The value of σB/B0 drops from 23%
before sorting to 7% after sorting; the mean undulator
field B0 slightly increases from 1.88 to 1.90T within the
expected statistical fluctuation. The achieved σB/B0 re-
duction of a factor 3.2 validates the prediction (4±1.1)
of the statistical model introduced in this article.

Extrapolating this result to our full scale prototype
(200 bulks) indicates a potential improvement in the ho-
mogeneity of the on-axis undulator field by more than
an order of magnitude, which substantiates the techni-
cal decision of a modular design made of independent
disks. Additionally, by adjusting the heights of CoFe
poles [23, 24], we expect that the field inhomogeneity
can be further minimised and an RMS phase error [21]
of only a few degrees can be achieved. Finally, cracks
in the YBCO bulks were identified as the cause of the
large initial spread among the undulator’s poles, leading
to a future systematic quality assessment of the YBCO
bulks both before and after machining and embedding
into the copper sleeves to prevent the assembly of faulty
components.
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[23] J. Pflüger, H. Lu, and T. Teichmann, Field fine tun-
ing by pole height adjustment for the undulator of the
TTF–FEL, Nuclear Instruments and Methods in Physics
Research Section A: Accelerators, Spectrometers, Detec-
tors and Associated Equipment 429, 386 (1999).

[24] M. Calvi, C. Camenzuli, R. Ganter, N. Sammut, and
T. Schmidt, Magnetic assessment and modelling of the
Aramis undulator beamline, Journal of Synchrotron Ra-
diation 25, 686 (2018).

https://doi.org/10.1103/PhysRevSTAB.18.040703
https://doi.org/10.1103/PhysRevSTAB.18.040703
https://doi.org/10.1103/PhysRevAccelBeams.19.110702
https://doi.org/10.1103/PhysRevAccelBeams.19.110702
https://theses.hal.science/tel-04207215
https://doi.org/10.1109/TASC.2019.2897645
https://doi.org/10.1109/TASC.2019.2897645
https://doi.org/10.1088/1361-6668/aa5d48
https://doi.org/10.1088/1361-6668/aa5d48
https://doi.org/10.1088/1742-6596/2420/1/012019
https://doi.org/10.1088/1742-6596/2420/1/012019
https://doi.org/10.1103/PhysRevSTAB.7.090704
https://doi.org/10.1103/PhysRevSTAB.7.090704
https://doi.org/10.7567/APEX.6.042701
https://doi.org/10.1088/0953-2048/27/8/082001
https://doi.org/10.1088/0953-2048/27/8/082001
https://doi.org/10.1088/1361-6668/aad7ce
https://doi.org/10.1088/1361-6668/aad7ce
https://doi.org/10.1088/1361-6668/ab5b37
https://doi.org/10.1088/1361-6668/ab5b37
https://doi.org/10.1088/1361-6668/acc1a8
https://doi.org/10.1088/1361-6668/acc1a8
https://doi.org/10.1103/PhysRevResearch.5.L032020
https://doi.org/10.1093/acprof:oso/9780198508557.001.0001
https://doi.org/10.1093/acprof:oso/9780198508557.001.0001
https://doi.org/10.1038/s41467-023-40759-z
https://doi.org/10.1038/s41467-023-40759-z
https://doi.org/10.1107/S1600577524003254
https://doi.org/10.1107/S1600577524003254
https://doi.org/https://doi.org/10.1016/0168-9002(93)90288-S
https://doi.org/https://doi.org/10.1016/0168-9002(93)90288-S
https://doi.org/https://doi.org/10.1016/0168-9002(93)90288-S
https://doi.org/10.1103/PhysRevAccelBeams.25.043502
https://doi.org/10.1103/PhysRevAccelBeams.25.043502
https://doi.org/https://doi.org/10.1016/S0168-9002(99)00112-6
https://doi.org/https://doi.org/10.1016/S0168-9002(99)00112-6
https://doi.org/https://doi.org/10.1016/S0168-9002(99)00112-6
https://doi.org/10.1107/S1600577518002205
https://doi.org/10.1107/S1600577518002205

	Experimental results of a YBCO bulk superconducting undulator magnetic optimisation
	Abstract
	Introduction
	The sorting algorithm
	Short prototype undulator preparation
	Experimental results
	Conclusion and Outlook
	Acknowledgments
	References


