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ABSTRACT

The Renner monoids, cross section lattices and cell decompositions of the clas-
sical algebraic monoids are studied.

The Renner monoid is extremely important in the theory of reductive algebraic
monoids. It is well know that the Renner monoid R,, of M,,(K) is the monoid of
all zero-one matrices which have at most one entry equal to one in each row and
column, i.e., R,, consists of injective partial maps on a set of n elements. We obtain
that the Renner monoids of the symplectic algebraic monoids and special orthogonal
algebraic monoids turn out to be submonoids of R, consisting of symplectic and
special orthogonal 1-1 partial maps, respectively. The cardinalities of the Renner
monoids are obtained, as well.

The cross section lattice is another very important concept in the theory of
irreducible algebraic monoids. The cross section lattices of the symplectic and
special orthogonal algebraic monoids are explicitly characterized.

The cell decompositions of symplectic algebraic monoids and special orthogonal
monoids are explicitly determined. Each cell here turns out to be an intersection of

the monoid with some cell of M, (K).

KEYWORDS: Renner monoid, reductive monoid, cross section lattice, cell decom-
position, symplectic algebraic monoid, special orthogonal algebraic monoid, the

Weyl group, Borel subgroup.
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CHAPTER I

INTRODUCTION

The objective of this thesis is to determine the Renner monoids and cell decom-
positions of the symplectic monoids and special orthogonal monoids.

The two pioneers in the development of the theory of linear algebraic monoids are
M. Putcha and L. Renner. They originated this area independently around 1980.
Over the last two decades the Putcha-Renner theory of linear algebraic monoids
has made possible significant progress in a number of areas: algebraic groups, Lie
theory, abstract semigroups, algebraic combinatorics, Hecke algebras, etc. [see 5, 9

11-22].

1. The Renner Monoids

The Renner monoid is an extremely important concept in the theory of reductive
monoids. It generalizes the Weyl group from algebraic groups to monoids. Actually,
the unit group of the Renner monoid is a Weyl group. Let M be a reductive algebraic
monoid, 7' C G a maximal torus of the unit group G, B C G a Borel subgroup with
T C B, N the normalizer of T'in G, N the Zariski cloure of N in M. Then N is a

unit regular inverse monoid which normalizes T, so R = N /T is a monoid. Thus
R=N/T D> N/T =W, the Weyl group.

Not only did Renner [17] define this concept, now called the Renner monoid, but he

also found an analogue of the Bruhat decomposition for reductive algebraic monoids

and obtained a monoid version of the Tits System which is now a central idea in

the structure theory of linear algebraic monoids.



If M = M,,, then the Renner monoid R,, of M may be identified with the
monoid of all zero-one matrices which have at most one entry equal to one in
each row and column, i.e., R,, consists of all injective, partial maps on a set of n
elements. The cardinality of R, is |R,| = Y, (2)27“!. The unit group of R,, is
the group P,, of permutation matrices. Let GGy be the symplectic algebraic group
Sp,, or the special orthogonal algebraic group SO,, (char K # 2, if Gy = SO,,, see
Humphreys [7]). Let G = K*Go C GL,,. Then G is a connected reductive group
and M = G, Zariski closure of G in M,,, is a reductive algebraic monoid called
symplectic or special orthogonal depending on whether Gy = Sp,, or Gp = SO,,. In
this thesis we study the Renner monoids of the symplectic monoids and the special
orthogonal monoids. They turn out to be submonoids of R,,. Their unit groups
are the Weyl groups of the symplectic algebraic groups and the special orthogonal

algebraic groups respectively. We established their cardinalities as well.

2. Cross Section Lattices
The cross section lattice is another key concept in the theory of irreducible alge-
braic monoids. It was first introduced by M. Putcha [13]. If M is reductive, then

the cross section lattice is defined as follows
A = A(B) = {e € E(T)|Be = eBe}.

We discuss the cross section lattices of the symplectic and the special orthogonal

algebraic monoids in detail.

3. Cell Decompositions

The most commonly studied cell decmopositions in algebraic geometry are the
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ones obtained by the method of Bialynicki-Birula: Let K be an algebraically closed
field. If S = K* acts on a smooth complete variety X with finite fixed point set

F C X, then X = ||, Xa, where X, = {z € X | lim;_,otx = a}. Furthermore,

a€F
X, is isomorphic to an affine space. If, further, a semisimple group G acts on X
extending the action of S, we may assume (replacing S if necessary) that each X,
is stable under the action of some Borel subgroup B of G with S C B. In case X is

a complete homogeneous space for GG, each cell X, turns out to consist of exactly

one B-orbit.

In case X = M, a reductive algebraic monoid with the two-sided G-action on it,
we encounter the following challenging difficulties:

(i) Each [BBJ-cell is an intriguing finite union of B x B-orbits, yet there is no
explicit algorithm for deciding how each cell is made up from the B x B-orbits. On
the other hand, the set of B x B-orbits has been calculated explicitly [17, 18].

(ii) One hopes to find a good “cell” decomposition for any reductive monoid.
However, the [BB]-procedure has not been developed to yield discriminating results
in the presence of singularities. What we need in this situation is a more direct
definition of cells; initially for reductive algebraic monid M where M \ {0} has
exactly one minimal nonzero G x G-orbit J (eg: M = M,,(K) and J = {z € M |

rank(z) = 1}).

The more direct definition of cells is as follows (due to L. Renner). Let B C M be
a Borel subgroup with 7" C B a maximal torus and let » € R(1), rank one elements
in the Renner monoid. Then there exist unique e, f € E1(T), the set of rank one
idempotents in 7', such that r = erf. Define C, = {y € M | eBy = eBey C rB}.

L. Renner has already obtained the following results:



(2> M \ {O} = I—lre’R(l) Cr-
(73) Any [BBJ]-decomposition of (M \ {0})/K* with finite fixed point set has
exactly |R(1)| cells.

(t3i) For M = M,,(K) let r = E;;, the matrix unit, where ¢,j = 1,...,n. Then

Cij(K) =Cg, = {(aPQ) € M, (K) orifp=dand 1 <¢g¢g<j—1

a;j # 0; apqzo,ifi<p§n,}

We explicitly determine cell decompositions of the symplectic algebraic monoids
and the special orthogonal algebraic monoids. Each cell turns out to be an inter-

section of the monoid with a cell C;;(K) of M, (K).



CHAPTER II

FACTS ABOUT THE MATRIX MONOIDS

Let K be an algebraically closed field. Let M,, = M,,(K) denote the set of all
n X n matrices over K. Then M,, is an algebraic monoid with the general linear
group GL,, = GL,(K) as its unit group, and GL,, = M,,, the Zariski closure of

GL,, in M,,. Let
Bn = Bn(K) = {(aij) - Mn(K>| Qi = O, if i> ]}

be a Borel subgroup of GL,,. The monoid D, = D,(K) consists of diagonal
matrices in M,,. The subgroup T, = T,(K) of D,, consisting of all invertible
diagonal matrices is a maximal torus of GL,,, and T,, = D,, is the Zariski closure

of T, in M,,. We use R,, = R,,(K) to denote the Renner monoid of M,,. Then

R, = {(aij) eM,

a;j is 0 or 1, and at most one non-
zero entry in each row and column

The set of the idempotents of R, is:
E(R,) ={(aij) € Dy| ai; =0 or 1, for all 4, j}.
The cross section lattice of M,, is
A =A(B,)

={e€ E(T,) | B,e = eB,e}

1 ... 00 1 0 0
RS B (R 00 0
_(') 1’0 1 o) o .
0 0 0 0 0 0
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It is well known that the unit group of R, is the Weyl group of GL,, which
is isomorphic to the symmetric group S, on n letters. Let P, C GL, be the
group of permutation matrices. Then S, is isomorphic to P,, by the mapping 7 ——

> i—1 Exjj where m € S,, and Eq; ; is a matrix unit.



CHAPTER III

SYMPLECTIC MONOIDS M Sp,,

In this chapter we determine the Renner monoids and the cell decompositions of
the symplectic algebraic monoids.

Let n = 2] be even and J; = (_OJ g) € M,, be the nonsingular and skew

1
symmetric matrix, where J = ( a ) of size [. The symplectic group is by
1

definition

Go =Sp,, = {g € GL,| ¢* Jig = J;}

which is connected and reductive.
Remark 1. The definition of Sp,, here is what J. Humphreys used in his book [7].
It is different from that of L. Solomon [22].

Let Ty = Gy N'T,,. Elements in Ty have the shape
t = diag(ty, ..., ti, t; ooy 1Y)

where tq, ..., t; are arbitrary in K*. Thus Tj is a maximal torus of dimension . Let us
recall some facts about the Weyl group W (Gg, Tp) which will be simply denoted by
W if there is no confusion in the context. If 7 € S, let p, = Z?:l E.;i € P, be the
corresponding permutation matrix. Then pr(a;;) = (ar-1, ), and (ai;)pr = (@i,x;)
where (a;;) is any n x n matrix. It follows that p,-1(a;;)pr = (ari ;). Define an

involution 6 : i — 7 of {1,2,...,n} by

i=2+1—1, for 1 <i <2l
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Let C denote the centralizer of 6 in S,,. Then p, normalizes Ty if and only if
m € C. The group C' is a semidirect product C' = C;Cs where C; is a normal
abelian subgroup of order 2! generated by the transpositions (11), ..., (Il) and Cy ~
S; consists of all permutations © € S,, which stablize {1,...,l} and act on the
complement {l + 1, ...,2[} in the unique manner consistent with the assertion that
7 € C. Then W is isomorphic to C;Cy which is also isomorphic to (Z2)! x S;.
If n = 4, then § = (11)(22) = (14)(23), and C is a subgroup of Cg, () generated
by (14) and (23). So

C1 = {1, (14), (23), (14)(23)}.

Taking m = (12)(34), we see that 67 = 76 which means that = € Cg,(0). It is clear

that = stablizes {1,...,l} = {1,2} and 7 ¢ Cy. Let Cs be a subgroup of Cg,(0)

generated by 7. Then
Cs = {1, (12)(34)}.
Thus the Weyl group

W = C1Cy = {1, (14), (23), (14)(23), (12)(34), (1243), (1342), (13)(24)}.

The corresponding matrix form of the Weyl group is

1 0 0 O 0 0 0 1 1 0 0 O 0 0 0 1
W= 01 0 O 01 0 0 0 0 1 0 00 1 0
- O 01 o)’to o1 o)J’fto 1o o0fJ’fto 1 0 0]’
0 0 0 1 1 0 0 O 0 0 0 1 1 0 0 O
01 0 O 0 0 1 0 01 0 O 00 1 0
1 0 0 O 1 0 0 O 0 0 0 1 0 0 01
0O 00 1)’{to 00 1’1 00 0’11 0 0 O
00 1 0 01 0 O 0 01 0 01 0 O
={1,p,0,0, 7, pr,om, Or}.



4. The Renner Monoids of the Symplectic Monoids M Sp,,

We compute the Renner monoids of the symplectic algebraic monoids M Sp,, in
this section. Some by-products are obtained as well, such as the cardinalities of the
Renner monoids.

Let G = K*Gy C GL,, where n = 2[. Then G is a connected reductive group
with rank » = [ + 1 and semisimple rank [. Let T' = K*Ty. Then T is a maximal
torus of G, and the Weyl group W (G, T') is isomorphic to W(Go, Tp) (see [22]). We
identify them in what follows and let W denote either of these groups. The Weyl

group plays an important role in identifying the Renner monoids.

4.1. Definition. The monoid G, Zariski closure of G in M, (K), is called the

symplectic monoid which will be denoted by M Sp,,.

In this section we compute the Renner monoid R of the symplectic monoid. To

do so, we need the following definition (due to Solomon [22]).

4.2. Definition. A subset I C {1,...,n} is called admissible if j € I implies j & I,
where 7 = 0(j) as above; the empty set ¢ and the whole set {1,....n} are also

considered to be admissible.

If n = 4, then all the admissible subsets of {1,2,3,4} are

o, {1}, {2}, {3}, {4}, {1, 2}, {3,4}, {1,3}, {2,4}, {1,2,3,4}.

An admissible subset I is referred to as standard if I = ¢, or there is an integer
i€{l,...,1,2l} such that I = {1,...,i}.

The standard admissible subsets of {1,2,3,4} are ¢, {1}, {1,2}, {1,2,3,4}.
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A similar discussion to [22, p336] gives the following lemma describing the rela-

tionship between admissible subsets and idempotents in 7. We omit those details.

4.3. Lemma.
a) W maps admissible sets to admissible sets, and w™'e,w = e,r, forw € W.

b) The map

I—e =) Ej
jel

is bijective from the admissible subsets of {1,...,n} to E(T'), where ey =0, if [ = ¢.

c) The set E(T) of idempotents in T is

E(T)=1{e, | I C{1,...,n} is admissible}.

d)e, e, =e , forany e, ;e, € E(T).

I Iy I1NIy

Proof. For a), b) and c), see [22, p336]. By checking directly, we get d). O

If n = 4, the set of idempotents of M Sp, is

E(T) =1{0,1, E11, E2, E33, B4y, E11 + Faa, E33 + Ey4, E11 + Es3, Faa + Eyq}.

Remark 2. Rank one elements in E(T") are in one to one correspondence with
the admissible subsets containing exactly one element of {1,...,n}. There are no

admissible subsets with size k (I < k < 21).

4.4. Proposition.

B(R)| = | ET)| = g : ()2 -+

Proof. It is true by counting the number of admissible subsets of {1,...,n} and

[17, Proposition 3.2.1]. O
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Fori=1,...,1,1et E;(R) C E(R) (resp. E;(T) C E(T)) denote the set of rank
i idempotent elements in R (resp. 7). Then by Lemma 4.3 and [17, Proposition

3.2.1] we have the following

4.5. Proposition.

b) |E1(R)| = |E1(T)| = n.

We now find the set of rank one elements in R. To this end, let R(7) denote the

set of rank 7 elements in the Renner monoid R, for i € {1, ...,n},

4.6. Lemma. Under the notation above, one has

b) |R(1)| = n?.

Proof. For any j € {1,...,n}, let

(11), ifj=1
w = B -
(W)(A)), ifj AT =2
Then w is in the Weyl group W and j = w(1). It follows that

Eij = By w1 = Eniw € EnW, for j=1,..,n.

Thus E11W = {E1j| J = 1, ,n}
Similarly, E;;W = {E;; | j = 1,...,n}, for i = 2,...,n. Therefore, the set of rank
one elements in the Renner monoid R is {E;; | ¢,j = 1,...,n} which proves a).

It is clear that b) follows from a). [

Remark 3. The lemma above shows that R(1) = R, (1). However, R(2) # R, (2),
since {1, 21} is not an admissible subset of {1,...,n}, but E1; + Eg; 21 € R, (2). For

the same reason, we know R (i) # R, (i), for i = 3, ..., n.
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4.7. Theorem. For any admissible subset I C {1,...,n} with |I| = i, where i =
1,...,1,2l, there exist w € W and a unique standard admissible subset Iy = {1, ...,1}

such that wl = I.

Proof. If I = {1,...,n}, then Iy = I and w = 1 € W and we are done. Now let
I be admissible and I # {1,...,n}. Then |I| =i € {1,...,1}. We use induction on
the size i of the admissible subset I. If i = 1, then I = {j} for some j € {1,...,n}.
From Lemma 4.6 there exists w € W such that w(I) = {w(j)} = {1}, i.e., wl = Iy.
Suppose that I C {1,...,n} is any admissible subset with 1 < |I| < [. Then
I = JU{k} where J is a subset of I with |J| =i —1and k € I\ J. It follows
that J is admissible. By the induction hypothesis there exist w’ € W and a unique
standard admissible subset I’ = {1, ...,i—1} such that w’J = I'. Then w'l = I'U{p}
where p = w'(k), and hence w'l = {1,...,i— 1} U {p} is a disjoint union. If p = i,

then Ip = I' U {i} and w = w’ are what we want. If p # i, let

{ (i1), ifp=i
wy = - -

(ip)(ip), ifp£i=20+1—i.
It follows that wy € W and w;(p) = i. Note that p ¢ w'I, since p € w'l which is
admissible. It follows that p,4,p,i ¢ I’, and so wy(j) = j, for j € I' = {1,...,i — 1}.

Taking w = wyw’, we obtain

Hence, the result is as stated. [J
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4.8. Proposition. The cross section lattice

A={e, € E(T) | I is a standard admissible subset of {1,...,n}}.
— Iy 0 L1 O L 0
_{IQZ7<O 0)7( 0 0)77(0 0)7(())}
~ {I| I is a standard admissible subset of {1,...,n}}, under the inclusion.

~{0,1,...,l,l+ 1}, under the linear order. [

The cross section lattice of M Spy is
0 1 1 1

A= ,
0 0 0 1

The Hasse diagram of the partial order structure for the cross section lattice in

|
|

Figure 1.

Proposition 4.8 is given by

4.9. Theorem. With the notation above, the Renner monoid of the symplectic

monoid M Spo; is as follows

R=< Y Eiw €Ray|IC{1,..,2} is admissible
icl,weW

Proof. Since R = E(T)W by [17, Proposition 3.2.1], it suffices to compute e, w

for every e, € E(T),w € W, where I is admissible. From Lemma 4.3 b) we know

e; = ier Pii Thus e;w =3, ; Eyyw = ) ;1 Ej i, and so the Theorem. [
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4.10. Corollary.

R

Z Eyii € Ra | I CA{1,...,2l} is admissible
iel,weWw

Proof. This result comes from the fact that R = WE(T') and

w_leI = Zw_lEii = ZEwi,i~ ]

il icl
Now we think of Ry, the Renner monoid of M,,(K), as the set of partial 1-1
maps from {1, ...,2l} to itself. In other words, z € Ry, is a 1-1 map from a subset

of {1,...,2l} to {1, ..., 2l}.
4.11. Theorem.

R\W:{xeRgl

x 1s singular; both D(x)
and R(x) are admissible

where D(x) is the domain of x, and R(x) is the range of x.

Proof. Let R’ denote the set of the right hand side in the Theorem. It follows
from Theorem 4.9 that R \ W C R’, since W maps admissible sets to admissible
sets.

We now prove the other inclusion. For any x € R’, one knows |D(z)| = |R(z)|
which will be denoted by i. Then i <, since z is singular and both D(z) and R(z)
are admissible. It follows from Theorem 4.7 that there exist a unique standard

admissible set Iy = {1,...,i}(i <) and wy,ws € W such that
w1 D(x) = waR(z) = Ip.

Thus wl_lacwg =er, € A CR, and hence z = wlelowgl € R, since R = WE(T) =
E(T)W. But ¢ W, because x € Ry is singular. So, R’ C R\ W.

Therefore, R\ W =R/, i.e., the Theorem is true. [
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Remark 4. In the proof above we obtain R = WAW as well.
Now let us consider some examples. If n = 2, then all the admissible subsets
of {1,2} are ¢, {1}, {2}, {1,2}. Note that they are all standard except {2}. So, the

cross section lattice of M Sps by Proposition 4.8 is

{69606 0}

From Theorem 4.11, the Renner monoid of M Sps is

=10 o) (o o) (o) (Vo)) G v) (o)

On the other hand, note that Sp, = SLo by checking the definitions directly.
Then M Sps = My. The Renner monoid of My was obtained first by L. Renner
in 1986 (see [17, Proposition 4.1.1]). Our result here for M Sp,; matches that of L.
Renner for M.

The Renner monoid of M Sp, is given by

R: {07 E117 E127 E137 E147 E217 E227 E237 E247 E317 E327 E337 E347

Eyi, Eaz, Euz, Eya, FE11+ Eoa, FEoo+ Eq1, FEi1+ Esa, Es2+ Eg,
Esq + Eya, Ero+ E31, Eo1+ Es2, Ei2+ Eo1, E3z+ Eas, Ei4+ E3s,
Ea3 + Esg, Eva+ Eos, Eiz+ Eoy, Fos+ By, Ers+ E3q, Ezg+ Eys,
Evy + Ess, Ess+ Eq1, Evn + Eosz, Eos+ Ear, Eiz+ Esi, Ez + Eys,
Ev3 + Eo1, Eo1+ Eaz, Eoo + Fag, E14+ Faa, Ezs + FEyy, E14+ Eso,
Eas+ Eso, Era+ Eoy, Esg+ Eaga, FEio+ Esg, E1i + Eoo + E33 + Eug,

FEv4+ Fos + Fss + Eyg1, E11 + Eas + Eso + Eyy, Fig + Fos + Eso + Ey,

Ei3+ Eoy + E31 + Eao, Eig + Eou + E31 + Eys, B3 + Eoy + E3q + Eyo,

Ei2+ Eo1 + E3y + Ey3 }.
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We now express the Renner monoid of M Sp, in terms of matrices.

b

b

b

Y

Y

Y

b

—N O OO OO OO O OO OO = OO OO0 OO0 OO OO A OO OO0 OO0 O H
S DD DD OO O OO OO OO OO OO T—HODODODODOD OO OO ODODOoODOoO OO oo oo oo
O DD DO OO O OO OO OO OO OO OO O OO OO O A0 OO OO O HOO OO
OO OO O OO OO OO OO0 OO OO T—HOODOODOOoOOoOOoOOoOooOoOoOo oo HO OO
N——

S DD DD OO OO OO O OO OO0 OO OO0 oo o0 o0 o0 o o0 o oo o H oo oo Ao o H
—N O OO OO OO O OO OO O OO O OO OOO—A OO OO OO OO oo
DO OO O DO DO OO OO OO0 OO OO O OO O OO OO OoOOoOOoO OO0 OO
OO OO O OO OO DD OO OO OO HODODODO T OO—A O OO OO0 OO0 OO0 OO0
OO OO O OO OO OO OO OO OO HODOODO—TOOA O OO OO0 OO0 OO
O DO OO DD O DODOD DO OO OO OO OO0 O OO O OO OO OoOOoOOoO OO0 OO
—N O OO OO OO O OO OO O OO O ODODODOOO—A OO OO OO OO oo
OO DD OO O OO OO OO OO OO OO OO0 oo oo oo oo o HOoOOo oo Ao o H
N——

O DD DD OO O OO OO OO OO OO OO OO T—HODODODOO OO OoOoOOoOoOOoOOo oo —HO OO
DO DO DD OO DD OO D OO D OO HOOOOOATO1O0O OO0 O 00 OO
S DD D OO O OO OO OO OO OO T—HODODODOD O OO OO oo oo o0 oo
—N O OO OO OO O OO OO = OO OO OO0 OO O A OO OO0 OO0 o H

h

0 01 0 01 0 0 0 01 0

01 0 0
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0 0 0 0 0 0 0 O 0 0 0 O 0 0 0 O
01 0 0 01 0 0 0 01 0 0 01 0
o0 o0o0J)J’to 00 0J’fo o 0o o0fJ’fo o o o}’
0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 O 0 0 0 O 0 0 0 0
0 0 0 1 0 0 0 1 1 0 0 0 1 0 0 0
o0 o0O0JJ’to 0o 0 0fJ’fo o 0o o0ofJ’fo o o o}’
01 0 0 0 0 1 0 01 0 0 0 01 0
1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1
01 0 0 01 0 0 0 01 0 0 01 0
0o o01ojJ’fto o1 oyf’{fo 10 o0fJ’fo 1 0 o}’
0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0
0 0 1 0 01 0 0 0 01 0 01 0 0
0 0 0 1 0 0 0 1 1 0 0 0 1 0 0 0
100 O0J’{1 00 O0O)710 0O O 1])710 0 0 1
01 0 0 0 0 1 0 01 0 0 0 01 0

The following result is an analogue of Proposition 7.3 of [17].

4.12. Proposition. For any e, € A with |I| =i, where i =0,1,...,1,
We, W ={z € R| rank(z) =i}
={z € R |  has © nonzero rows}
={x € Ry | D(z) and R(x) are admissible with |D(x)| = |R(z)| =1 },

where D(x) is the domain of x and R(x) the range of x. Furthermore,

2

w50+

Jj=0

Proof. Observe that Ge,G = | | ¢y, BrB consists of n X n matrices of rank i
in M Spy; where i = |I| =0,1,...,l. We obtain the first part of the Proposition.
Now there are Z;:o (;) (i:g) ways to choose i of the n rows such that D(x) is

admissible. There are the same number of ways to choose 7 of the n columns making
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R(z) admissible. For each of these choices there are i! elements of R, of rank i,
with a nonzero entry in each of the i rows and each of the ¢ columns chosen. Thus
. 2
IN (l—i . el eqe -
there are [Z;:O (]) (z—;):| i! possibilities. [

2
4.13. Corollary. |R|=3Y"_, ([z;zo (%) (ﬁjg)] i!) +21,  forl>1.

For example, the Renner monoid of symplectic monoid M Sp, has 57 elements.

5. Cell Decompositions of the Symplectic Monoids M Sp,,

The main purpose of this section is to determine the cell decompositions of the
symplectic algebraic monoids M Sp,,. Each cell turns out to be an intersection of
M Sp,, with a cell C;;(K) of M, (K).

Let By = B,, N Sp,,. Then By is a Borel subgroup of Sp,,, and B = K*By is a

Borel subgroup of G = K*Sp,,. A simple calculation tells us that

by b
BOZ{(Ol b§>€SP2z

More concretely,

by b
BOZ{(Ol b§>€SP2z

We can now find a relationship among the Borel subgroup B, idempotents and

bIJby = J, b Jby = bTJbs

b1,bs € M;(K) are upper triangular,}

by € M;(K) is upper triangular, by = byaJ for
some a € M;(K) symmetric, by = J(b;')TJ

rank one elements in E(T).

5.1. Theorem. Let T = K*Ty C B be a maximal torus in G. Then for every

non-zero idempotent e, € E(T), there exists a unique e; = E;; € E1(T) such that

e;Be, = e;Be;, where i is the mazimal number in I.



19

Proof. Let e, € E(T) where I = {i1,42,...,0m} € {1,...,n} is admissible with
i1 < iz < ... < ipy. For any upper triangular matrix b = (b;x) € B C G, the matrix
be, is an upper triangular matrix whose k-th column is exactly the k-th column of
b= (bji) for k = iy,...,%y, and the other columns of be, are all zero. Let i = iy,
which is maximal in /. Taking e; = E;;, we get e;be, = Ej;be, is a matrix whose
(i,7)—entry is b;; and the other entries are all zero. It follows that e;be, = e;be; by
calculating directly. Therefore, e;Be, = e;Be;. From the procedure above we also

see the uniqueness of such e; = E;; € Ey(T). O

5.2. Definition. For any e; = E;; € E1(T), define

R(e;) ={x € R | e;Bx = e;Be;x # 0}.

5.3. Corollary. The set of non-zero elements of the Renner monoid has a decom-
position

R* = I—leieE‘l(T) R(ei) = |_|12l:1 R(Ei;).

Applying Theorem 5.1, we can now get a surjective map 7 from the set E(T') of

idempotents in T onto the set E;(T) of rank one elements. This map can also be

extended to R* to E1(T).

5.4. Theorem.

a) There is a surjective map T from E(T) onto E1(T) by
e, — 1(e,) =e;, if e;Be, = e;Be; # 0.
b) The map T extends to R* =R\ {0} by, for every x € R*, defining,

T(x) =€, ifx €e,W and 1(er) = e,



20

where I # ¢ is admissible and i is mazimal in 1.

Proof. a) is clear. To prove b), note that for any = € R*, there exist w € W

and a unique e, € E(T) such that x = e,w. It follows that there is a unique

e; = E;; € E1(T) = E1(R) such that e;Bey = e¢;Be; # 0. Then we obtain the map

from R* to E1(R) = E1(T) by 7(z) = e;, as required. [

For i = 1, ..., 2, denote by I(i) the set of all the admissible sets I C {1,...,2[}

such that the ¢ is maximal in I. Then we have the following proposition

5.5. Proposition.
a) R(e;) =7171(e;) = Urerq e W, fori=1,...,2L

b) R* = |_|Z2l:1 771(e;), a disjoint union.

Proof. It is straightforward. [J

For M Sps, E1(T) = {e1 = E11,e2 = Ea3,e3 = E33,e4 = Egq}, and

Rien) = || eaW

IeI(1)
= EnW
1 0 0 O 0 1 0 O 0 01 0 0 0 0 1
. 0 0 0 O 0 0 0 O 0 0 0 O 0O 0 0 O
N 0O 00 0f’to0 00 O0OfJ’LO O O O)J”10 O 0 O ’
0 0 0 O 0 0 0 O 0 0 0 O 0 0 0 O
Rle2) = Urer e1W
= FEooW U (E11 + EQQ)W
0 0 0 O 0O 0 0 O 0O 0 0 O 0 0 0 O
. 1 0 0 O 0 1 0 O 0 01 0 0 0 0 1
N 00 o0O0J’t0 OO O)J’0O O O O)°f{0 0 O 0]
0 0 0 O 0 0 0 O 0O 0 0 O 0 0 0 O
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0 0 0 1 1 0 0 0 0 0 0 1

1 0 0 0

OO OO O OO
— O O O O O O
SO oOoOH O OO
SO OO —H OO
OO OO O OO
— OO+ O OO
O O OO O OO
SO OO —H OO
o O OO +H O O
OO OO O OO
— OO+ O OO
O O OO O OO
o O OO +H O O
SO O H O OO
— o OO O OO
OO OO O OO

|_|I€I(3) etW

R(Gg)

EggW U (E11 + E33)W

— O O O

o O O O

S o — O

o O OO

’(
(

S O —H O

O O OO

1
0
0
0

0
0
0
0

0 O
0 0

1 0
0 0
{0 1 0 0
0 0 0 0
(0010

0 0 0 0
0 0 0 1
0 0 0 0

0 0 0 O
0 01 0
0 0 0 O
01 0 0

0

0 0 0 1
1

0
0

0
0

0

0
0 0 0 O

Y

b

0
0

0
0

(O 01 0
0 0 0 O
0 01 0

|_|I€I(4) et

0 0 0 O
1 0 00
0 0 0 O

R(64)

EuW U (E33 + E44)W U (E22 + E44)W uw

oS o o -

o O O O

o O O O

oS O OO

oS O OO

oS o O -

o O O O

oS O O O

(

Y

0 0 0 0
0 0 0 0
01 0 0

0 0 0 0
0 0 0 0
01 0 0

0 0 0 1

Y

Y

b

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

Y

Y

0 01 0

0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0

(

0 0 0 0
0 0 0 0
0 0 0 1

Y

01 0 0
0 0 0 0
0 0 1 0

0 0 0 0
0 0 0 1

(

oS o O

oS O O

oS O O

01 0 0
0 0 0 O
0 0 0 O
0 01 0

oS o O

)

oS O OO

o O O O

o O OO

0 0 0 O
0 0 0 O
0 01 0

1 0 0 0
0 0 0 O
0 0 0 O

1 0 0 0

0 0 1 0

0 0 0 O
01 0 0
0 0 0 O
1 0 0 0

Y

Y

b

0 0 0 1

0 0 0 O
0 0 0 O

1 0 0 0
01 0 0
0 0 0 O
01 0 0
0 0 0 O
0 0 0 1

(
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O OO0 O0OOC OO OO
HO OO0 O RO, OOCO
e e N RS Rl R e e Wl
e e R N N M R e S S
e e R o N Y N B R Sl Sl Wl
cCooROoOOoOROOOOO
PO OO0OOHROOR, OOCO
OO OO0 RO O RO
OO0 O0OOC RO O R~O
—HOoOO0OO0O0OROOR, OOCO
cCooROoOoORHROOOOO
O OO0 OOCOCOOOO
cCoOROR OO0 OoCO O RO
cCooROROOoCOOOO
RO O0OO0O0OO0O RO, OOCO
O o000 OC OO OO

To get our cell decomposition of M Spsy;, we first determine the cell decomposition
of the symplectic Renner monoid. Note that for any r = E;; € R(1), there exist

unique e, = Ej; and f, = E;; in E1(T) such that r = e, f,.

5.6. Definition. For any r = e,rf, € R(1), call C, = {x € R(e,) | erxfr =1} a

cell of the Renner monoid R corresponding to the rank one element r.

Remark 5. L. Renner has shown that
Cr ={x € R(e;) | epxf, # 0}

={z € R(e;) | erx =r}.

5.7. Proposition. For any e € E1(T) and € R(e), there is a unique r = ex €

R(1) such that x € C,.

Proof. Let x € R(e) where e € E1(T). Then eBx = eBex # 0 where B is the
Borel subgroup of G C M Sp,,. Since r = ex, r € R(1) and r = er f,. for the unique
e, fr € E1(T). For if r = e,rf, and e, # e, then r = ex = e(ex) = er = e(e,)rf, =
(ee,)rfr =0, since ee, = 0. Thus x € R(e) and exf, =rf. = (erf,)fr =erf. =r,

ie.,x e,
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Suppose there is another ' € R(1) such that z € C,v = {x € R(e) | exf’ = 1"},

where 7' = er’ f’ for the unique e, f' € E1(T). If f' # f, then v’ = exf’ = (ex)f' =

rf' = (exf,)f = ex(frf") =0, since f,.f' =0 € E(T), which is a contradiction.

Therefore, the uniqueness. [

By Corollary 5.3 and the above proposition we get the following

5.8. Corollary. a) R(e) = | lrer1)Cr, where e € E1(T).

er=r

b) RX — |—|7’ER(1) CT'

Now, we can establish a surjective map ¢ from R* to the set R(1) consisting of
rank one elements in R by declaring ¢(z) = r if z € C, where x € R* and r € R(1).

It is an extension of 7. Furthermore, ¢~1(r) = C, for r € R(1).

5.9. Theorem. The above surjective map ¢ from R* to R(1) satisfies () = e;w

ifr=ec,w € R* and 7(e,) = e;, wheree, € E(T) andw € W.

Proof. Since R* = ||, cp, ) R(€;) where R(e;) = |;er(;) €, W, there is a unique

e; € E1(T) such that € R(e;). It follows that if x = e,w € R* and 7(e,) = e,

then I € I(i). Thus ¢(z) = e;x = e;(e,w) = (e;e, )w = e;w, the required result. [

5.10. Theorem. For anyr = E;; € R(1),i,j =1,...,2l,

={(xpq) ER | wij =1L;2pg =0, ifi <p <2[,1<q <2}

Proof. If z = (z,,) € R is an n xn matrix, then E;;x = E;; if and only if z;, = §,;,
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.,n. Then

fori,q,7=1,..

Ei;}

{(zpg) € R(e;) | mij = 1}

1}

|| {(@pq) € exW | 2

I€I(i)

1< g <21y,

<2l

{(xpg) ER | wij = Liapqg =0, if i <p

which proves the Theorem. [

In the sequel, the cells in Theorem 5.10 will be simply denoted by C;;.

If n = 4, the cells of the Renner monoid of M Sp, are:

o O o O

o O o O

— O O O

o O o O

Cl2

o O o O

o O o O

oSO OO

— O O O

Cll

— O O O

o O O O

o O O O

oS O O O

Cl4

o O O O

— O O O

oS O OO

o O O O

o O OO — O O O — O O O
— o O O O O OO o —H O O
o O OO oS — O O o O O O
o —H O O oS O OO oS O OO
N—— N—— N—
o O OO o O OO o O O O
oS O OO O O OO o —H O O
— o O O o — O O o O OO
o - O O — O O O — O O O
N—— N——— N—
oS O OO O O OO oS O OO
o O OO o O OO o —H O O
o O OO o — O O oS O OO
o —H O O S O OO oS O OO
I I I
3 S &
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/

)

/

3
7

3
7

o — O O oS O OO — O O O — o O O o o —H O
— o O O — o O O oS O OO o O —H O — o O O
o O O O o O OO o O — O o O O O o O o O
oS O O O o O — O o O O O o O OO o O O O
N— N——— N——
o —H O O o O OO o O OO o O OO o O — O
oS O O O oS O OO oS O OO o O —H O o O oo
— o O O — o O O o O —H O oSO OO — o O O
oS O O O o O — O — O O O — o O O o O o O
N— N—— N——
S = O O o O O O oS O OO oSO OO o O —H O
o O O O o O OO o O OO o O — O o O o O
oS O OO o O O O o O —H O o O O O oSO OO
oS O OO o O —H O o O O O oSO OO oSO OO
I I I I I
3 S & & %

oS O OO

o O —H O

O O OO

oo o -

O O OO

oS O OO

o O —H O

oo o -

O O OO

O O OO

o — O O

o o o -

o O OO

O O OO

O O OO

o o o -

-

— O O O

oS — O O

o O —H O

oS o O -

— O O O

oS O —H O

oS — O O

oS o O -

oS O O O

o - O O

S O OO

oS o O -

o - O O

o O OO

oS o o -

o O OO

oS O OO

oS O O O

oS o O -

S — O O

oS O OO

oS O OO

oS o O -

o O —H O

o O O O

oS O O O

oS o o -

o O O O

-

oS O —H O

— O O O

oS o O -

o —H O O

o - O O

— O O O

oS o o -

o O —H O

o O —H O

oS O OO

oS o O -

O O OO
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0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 O
Cis — 0 0 0 O (OOOI) (OOOO) (OOOO)
0o 00O0J]”t0 O OO0 O O 171 0 0 0]"
0 01 0 0 01 0 0 01 0 0 01 0
0 0 0 O 01 0 0 01 0 0
1 0 0 0 0 0 0 1 1 0 0 0
000 OJ’fL OO0 OfJ’{0 0 O0 1/("
0 01 0 0 01 0 0 01 0
0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 O
Cos = 0 0 0 O (OOOO) (0010) (0100)
0o 00O0J”lt0 O1T 0’0 O O OfJ’f0 0 0 0]"
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 0 O 1 0 0 0 1 0 0 0
0 0 0 O 01 0 0 0 01 0
010 0J°{0 O 1T OfJ’{0 1 0 Of("
0 0 0 1 0 0 0 1 0 0 0 1

Notice the fact that the cells C;;(K) of the Renner monoid Rg; of My;(K) are
Czj(K) = {(.CCpq) € R | Tij = 17qu =0,ifi<p<21<qg< 2[},

where 7,7 =1, ..., 2l. We can now get
5.11. Theorem. C;; =C;;(K)NR, where i,j =1,...,2l.

We begin to describe the cell decomposition of the symplectic algebraic monoid

M Sp,, using the following definition.

5.12. Definition. The sets C;; = BC;;B fori,j5 = 1,...,n are called the cells for

the symplectic monoid with respect to the Borel subgroup B.

5.13. Theorem. The cells of the symplectic monoid are

Cij = {(apq) € MSpn

ai; # 0; ayq = 04f1 < qg < j;
apg =0, ifi<p<2landl <qg<2l
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where 1,5 = 1,...,21.

Proof. Since C;; = U (K*By)x(K*By) = K* (Umecij BinBO)7 for i,j =

.TECU

1,...,2l, we need only to consider elements in Box By, where z € C;; and

by b
BOZ{(Ol bi)ESPQZ

bi by
0 b3

is upper triangular. Then b,, # 0, for p = 1,...,2]. For any = = (x,) € C;; C

b1,bs € M;(K) are upper triangular,
BT Jby = J, b Jby = bT Jbs '

Now for every element b = ( ) € By, suppose that b = (bpq)2x2s which

R(E;;) C R, let I = {iy,...,im—1,%m} denote the index set of non-zero rows of z
where i1 < ... <ipm_1 <im and iy, =14. Let J = {j1, ..., jm—1, Jm} denote the index
set of non-zero columns such that j,, = j and x;, 5, =1, for k = 1, ..., m. Generally,

we do not have j1 < ... < Jm-1 < Jm-

Thus bz is a matrix whose ji-th column is the ii-th of b where k =1, ..., m, and

all rows under row ¢ are zero. The shape of bx is

* ...ox by ok ... %
E S 3 bi—li X L.k
t-throw«— |0 ... 0 b; O 01,
0 0 0 0 0
0 0 0 0 0
!

j-th column

where b;; # 0 is the (i, j)-entry of bx. Taking any b' = (b}, )2ix21 € Bo, one obtains
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the shape of bzd' is

* * * * *
* * * * *
i-throw+— |0 ... O bz‘z‘b;-j bi; ;‘j—i—l e biib;?l ’
0 0 0 0 0
0 0 0 0 0
!

7-th column
where b;;b’; # 0 is the (i, j)-entry of bxb’. From the arbitrariness of b,b" € By and

x € Cij, we get

Cij = {(apq) € MSpn

ai; # 0; a;q = 01if 1 < g < j;
apg =0ifi <p<2land1 < g <21

where 7,7 = 1,..., 2], since B = K*By. U

It follows from the Bruhat-Renner decomposition [17, Corollary 5.8] of M Sps

and Corollary 5.8 that

5.14. Corollary. Keeping the notation above, we have

21

MSpu\{0} = | | Ci;.

ij=1
From the shapes of elements in the cells C;; (K) of M,,(K) we obtain the following

5.15. Theorem. C;; = C;;(K)NMSpy,, fori,j=1,..,2l

6. Submonoids of the Symplectic Algebraic Monoids M Sp,,
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The main purpose of this section is to establish some properties of the submonoid
(MSpn)e = {y € MSp,| ye = ey = e} of M Sp,, where e € E(MSp,,) and n = 2I.
We simply denote by M, the submonoid (M Sp,).. Let Ge = M, NG where G =
K*Sp,, is the unit group of M Sp,,. Then by [15, Theorem 6.11] one has M, = G..

Thus, saying something about G, is necessary.

1 0 O
6.1. Lemma. Lety= |0 y; O € MSp,,. Then y € Spy,; if and only if
00 1/,
Y1 € Spy;_-
0o J . :
Proof. Recall J; = { ~ 7 0)E€ M;(K) be the nonsingular and skew symmetric
1 0 0 1
matrix, where J = ( N > of size [. Rewrite J; to be J; = 0 J_1 0
1 -1 0 O
Then
(RS Sp2l < yTle =J;
0 0 1 0 0 1
| 0 ylJys 0)]=|0 J_1 O
-1 0 0 -1 0 O

=yl i1y =1

<:> yl E Sp2l—2' |:|

6.2. Theorem. Let ey = E11 € A and G = K*Sp,,;. Then G, is isomorphic to

K*Spy;,_o. Furthermore, M., is isomorphic to M Spa_s.

Proof. Suppose that y = tx € G with x = (m”)fljzl € Spy; and t € K*. Then

ye1 = e1y = e; is equivalent to xe; = e;z = (1/t)e;. So

x:<lét O) 6Sp2l7

Ty
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where z; = (acm)flJ:Q isa 2l —1x 2] —1 matrix. Let A = (0, ...,1)1x2;—1 and rewrite

Ji = (—SlT ;{,) Notice that

T Tz — ( 0 (1/t)Aa:1> .

(=1/t)aT AT 2T )24

Thus zT Jjx = J; gives us (1/t) Az = A, (—=1/t)aT AT = —AT and 2T J'z; = J'. Tt

follows that xo;2 = ... = ®921—1 = 0 and x9;9; = t, which shows that z; has the
shape
o X
e ( 02 t )21—1><2z—1’
where zo = (:Uij)ilj_:g is a 20 — 2 x 2l — 2 matrix and X = (z2.27, ..., Toi—1.21)" -

T T
Since J' = (Jlo_l 8) and z{ J'zy = ()m(QT{]l_lZQ )m(QT{;_l))((), it follows from
1—172 -1

xlTJ'xl = J/ that ngl_lxg = Jl—l; .’Iigjl_lX = 0, XTJl_l.’L’Q =0 and XTJl_lX =

i) 0

0. ThusX:Oand:c1:<O ;

) , where x5 € Spy;_5. Therefore,

1/t

T = To € Spyy,

where ¢t € K* and x5 € Spy;_,. It follows easily that

1t
G.={t- T2 te K", 23 € Spy;_s

= th'Q te K*,ZCQ € Sp2l—2
t2

Define a mapping f from G, to K*Spy;_5 by

Y= tro —— txy € K*Spy;_»
t2
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Then f is an algebraic group isomorphism from G., to K*Sp,,_,. Hence, G,
is isomorphic to K*Sp,y, o which is M Spg;_5. But it follows from [15, Theorem
6.11] that M., = G.,. Therefore, M., is isomorphic to M Spy;_s. This proves the

Theorem. O

6.3. Corollary.
a) For any e € E(T), M, is isomorphic to M Spa;_s.
b) For any e € E1(M Spsy), the rank one elemenets in E(M Spa;), M, is isomor-

phic to M Spa;_s.

Proof. To prove a), note that E1(T) = {w™teyw | w € W}, where e; = E1;. Then
for any e € E1(T), there exists w € W such that e = w™le;w. Since ye = ey = ¢
is equivalent to (wyw™1)e; = ej(wyw™!) = ey, it follows that M, is isomorphic
to M., by the mapping y — wyw~!. From Theorem 6.2 one obtains that M, is
isomorphic to M Spy;—5. Similar recipes of a) apply to b) by using E; (M Spy) =

{97terglge G} O

A similar discussion to that of Theorem 6.2 gives the following

6.4. Theorem. Let G = K*Spy, and ey € A with I = {1,...,i} standard ad-

missible, where ey = > . ;E;j; € A and i = 1,...,1. Then G., is isomorphic to

jerl

K*Spy;_s,;. Furthermore, MEI 18 isomorphic to M Spo;_s;.
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6.5. Corollary. Keeping the same notations in Theorem 5.4, we have

a) For every ey € E;(T) with J admissible and |J| = i, fori =1,...,1; M., is
isomorphic to M Spo;_s;.
b) For every e € E;(MSpy), the rank i elements in E(M Spsy;), M. is isomorphic

to M Spoy_s;, fori=1,...,1.

Proof. For a), note that the W acts transitively on the set E;(T) of rank i (i =

1,...,1) idempotents in E(T"). Then for every e; € E;(T"), there exist w € W and

1

e, € A such that e, = we,w™". It follows that ye, = e,y = e, is equivalent

I
to (w™tyw)e, = e,(wlyw) = e,, and hence M. is isomorphic to M. by the
mapping y — w~'yw. But, by Theorem 6.4, M. is isomorphic to MSpai—o;.

Applying a) and [17, Corollary 6.10 (ii)] one gets b) easily. [



33

CHAPTER IV

SPECIAL ORTHOGONAL MONOIDS MS0y;

In this chapter we discuss the Renner monoids and the cell decompositions of
the special orthogonal algebraic monoids, even case. Throughout this chapter we

assume that the characteristic of K is not 2.

0 J

LetnzZlbeevenandJl:(J 0

) € M,, be the symmetric matrix, where

1
J = < N > is an [ x [ matrix. The special orthogonal group is by definition
1
Go=S0,, = {geSL,| ¢" g = J;}
which is connected and reductive.
Remark 6. The definition of SO,, here is from [7, pp.52-53].

Let Ty = Go N'T,,. Elements in Ty have the shape
t = diag(ty, ..., ti, t; 'y ooy 1Y)

where t1, ..., t; are arbitrary in K*. Thus Tj is a maximal torus of dimension . Let us
recall some facts about the Weyl group W (Gg, Tp) which will be simply denoted by
W if there is no confusion in the context. If 7 € S,,, let p, = Z?:l E.; i € P, be the
corresponding permutation matrix. Then pr(a;;) = (ar-1, ), and (ai;)pr = (@i x;)
where (a;;) is any n x n matrix. It follows that p-'(a;;)px = Pr-1(aij)Pr = (Arinj)-

Define an involution 6 : i — 7 of {1,2,...,n} by

i=2+1—1, for 1 <i <2l
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Let C denote the centralizer of 6 in S,,. Then p, normalizes Ty if and only if
m € C. The group C' is a semidirect product C' = C;Cs where C; is a normal
abelian subgroup of order 2! generated by the transpositions (11), ..., (Il) and Cy ~
S; consists of all permutations © € S,, which stablize {1,...,l} and act on the
complement {l + 1, ...,2[} in the unique manner consistent with the assertion that
7 € C. Note that permutation matrices in C' need not be in SOy;. So, let C{ be a
subgroup of C; generated by (11)(22), (22)(33), ..., (I—11 — 1)(Il). Then C} consists
of even permutations in C;. Let C4 = Cy and C' = C[CY. It follows that C" C SOy,
and |C’| = 271!, But w1Ty = w7y if and only if w; = wo for any wi,wy € C'.
Thus W is isomorphic to C’ C S,,. Also, W is isomorphic to (Z2)!71 x Sj.

If n =4, then § = (11)(22) = (14)(23), and C] is a subgroup of Cs, (f) generated

by (14)(23). So

C] = {1,(14)(23)}.

Taking m = (12)(34), we see that 67 = 70 which means that = € Cg,(0). It is clear
that 7 stablizes {1,...,1} = {1,2} and 7 ¢ C;. Let C} be a subgroup of Cg,(0)

generated by 7. Then

Cy ={1,(12)(34)}.

Thus the Weyl group W = C1C, = {1, (14)(23),(12)(34), (13)(24)}. The corre-

sponding matrix form of the Weyl group is

1 0 0 0 0 0 0 1 01 0 0 0 01 0
W= 01 0 0 0 0 1 0 1 0 0 0 0 0 0 1
001 o0)J’{for o0 o0f’fo 0 0 1)t 0 0 O
0 0 0 1 1 0 0 0 0 01 0 01 0 0

={1,0,m,0r = wh}.
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7. The Renner Monoids of the Special Orthogonal Monoids M SO

The main purpose of this section is to determine the Renner monoids of the
special orthogonal algebraic monoids, even case. We get some by-products as well,
such as the cardinalities of the Renner monoids.

Let G = K*Gog € GL,, where n = 2. Then G is a connected reductive group

with rank » = [ + 1 and semisimple rank /.

7.1. Definition. The monoid G, the Zariski closure of G in M,,(K), is called the

special orthogonal monoid which will be denoted by M SO,,, where n = 2.

7.2. Definition. A subset I C {1,...,n} is called admissible if j € I implies j ¢ I,
where j = 0(j) as above; the empty set ¢ and {1,...,n} are also considered to be

admissible.

If n = 4, then the admissible subsets of {1,2,3,4} are

¢, {1}, {2}, (3}, {4}, {1, 2}, {3,4}, {1,3}, {2,4}, {1,2,3,4}.

An admissible subset [ is referred to as standard if there is an integer ¢ €
{1,...,1,21} such that I = {1,...,i}; the empty set and the set {1,....0 — 1,1+ 1}
are also considered to be standard. For example, the standard admissible subsets

of {1,2,3,4} are ¢, {1}, {1,2}, {1,3}, {1,2,3,4}.

Remark 7. The standard admissible subsets here are a little different from that
of the symplectic situation.
A similar discussion to [22, p336] gives the following lemma describing the rela-

tionship between admissible subsets and idempotents in T with T = K*Ty,.
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7.3. Lemma.
a) W maps admissible sets to admissible sets, and w™le,w = e, for anyw € W.

b) The map

I—e, =) Ej
Jjel

is bijective from the admissible subsets of {1,...,n} to E(T), where e; =0, if I = ¢.

c¢) The set E(T) of idempotents in T is

E(T) = {e, | I is admissible}.

d)e, e, =e for anye, e, € E(T).

I I I;NIq
Proof. For a), b) and c), see [22, p336]. By checking directly, we get d). O
If n = 4, the set of idempotents of M SOy, is

E(T)=1{0,1, E11, Es, E33, B4y, E11 + Faa, E33 + Eyy, E11 + Es3, Eaa + Eyq}.

Remark 8. There are no admissible subsets with size k (I < k < 2l), and the rank

one elements in E(T') are in one to one correspondence with the admissible subsets

containing exactly one element of {1,...,n}.

I ,
(2
i—0 j=0 M/ \P T

7.4. Proposition.
[ER)| =BT =)

Proof. By counting the number of admissible subsets of {1,...,n} and applying

[17, Proposition 3.2.1], we know the result is true. O

Let £1(R) C E(R) (resp. E1(T) C E(T)) denote the set of rank one idempotent
elements in R (resp. T). Then by Lemma 7.3 and [17, Proposition 3.2.1] we have

the following
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7.5. Proposition.

b) |E1(R)| = |E\(T)| = n.

We now find the set of rank one elements in R. To this end, let R(7) denote the

set of rank 7 elements in the Renner monoid R, for i € {1,...,n}.
7.6. Lemma. R(1) ={E;;| i,j =1,...,n}, and |R(1)| = n?.

Proof. It suffices to show that {E;; | 7,5 =1,...,n} C R(1).

Firstly, we prove that {E1; | j =1,...,n} C R(1). There are three cases,

a) If j € {1,....1}, let w = (15)(15). Then w stablizes {1, ...,1} and wf = Ow. Tt
follows that w € Wy C W and w(j) = 1.

b)Ifj=1=20€ {I+1,..,2}, let w = (15)(22) = (11)(22). Then w € W; C W
and w(j) = 1.

c)Ifj € {l+1,..,2l} but j # 1 = 2l, let wy = (51)(j1). Then wy stablizes
{1,...,1} and w0 = Ows. So wy € Wo C W and wy(j) = 1. Let wy = (11)(22) € W,
and w = wyws. Then w € W and w(j) = wy (w2 () = wi (1) = 1.

So, E1j = E141 = Eyyw € EpyWfor j = 1,..,n. Thus {Ey; | j = 1,...,n} =
E11W which is a subset of R(1).

Similarly, {E;; | j =1,...,n} = E;W CR(1) for i =2,...,n.

Therefore, R(1) = {E;; | i,j =1, ...,n} with size n?. [

Remark 9. The lemma above shows that R(1) = R, (1). However, R(2) # R, (2),
since {1, 2[} is not an admissible subset of {1, ...,n}, and so E11+ Ea; 21 ¢ R(2) , but

E11 + E9.21 € R, (2). For the same reason, we know R(7) # Ry (i), for i = 3,...,n.
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7.7. Theorem. For any admissible subset I C {1,...,n} with |I| = i, where
1 = 1,....,0 — 1,21, there exist w € W and a unique standard admissible subset

I ={1,...,i} such that wl = I.

Proof. If I = {1,...,n}, then Iy = I and w = 1 € W and we are done. Now let I
be admissible and I # {1,...,n}. Then |I| = € {1,...,]— 1}. Use induction on the
size i of the admissible subset I. If i = 1, then I = {j} for some j € {1,...,n} and
Iy = {1}. By Lemma 7.6 we know there exists w € W such that w(I) = Iy.

Now suppose that I C {1,...,n} is any admissible subset with 1 < [I| =i <[—1.
Then I = J U {k} where J is a subset of I with |[J| =i—1and k € I\ J. It
follows that J is admissible. By the induction hypothesis there exist w’ € W and
a unique standard admissible subset I’ = {1,...,4 — 1} such that w’J = I’. Then
w'l = I'"U{p} where p = w'(k) ¢ I'. There are four cases for p,

1) If p =1, then Iy = I’ U {i} and w = w’ are what we want.

2)Ifp e {l,...,1},and p # i, let wy = (pi)(pi). Then w16 = Ow; and w; stablizes
{1,...,1}. Thus, w; € Wy C W. Note that wy(j) = j, for j € I'. Taking w = wiw’,
we obtain that w € W and w(I) = wi (I’ U{p}) =" U{wi(p)} ={1,...,i} = I,.

NIp=i=20+1—iec{l+1,..2l}, let wy = (#)(ll) with i <[ — 1. Then
wy € Wy € W and wy|pr = 1. Let w = wyw’. We obtain that w € W and
w(l) = wi(I"U{p}) = wi(I") U{wi(p)} = lo.

) Ifpe{l+1,..,20}but p#i=20+1—i Let wy = (pi)(pi). Then
wy € Wo C W and wy(j) = j for j € I'. Taking w = (i) (I)wiw’, we get w € W
and w([I) = (i1) (1w (I' U {p}) = (@) (1) (I' U {i}) = I' U {i} = I,.

This proves the Theorem. [J
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7.8. Corollary. The Weyl group W acts on E;(T), by wre,w = e,,, transitively,

fori=1,...,1—1.

7.9. Theorem. Let I C {1,...,2l} be admissible with |I| = l. Then there is a

w € W such that either w(Il) ={1,...,1} orw(I)={1,....0—1,1+1}.

Proof. Since I C {1,...,n} is an admissible subset with |I| = . Then I = J U {k}
where J is a subset of [ with |[J| = [l —1and k € I\ J. It follows that J is
admissible. By Theorem 4.7 there exist w € W and a unique standard admissible
subset I’ = {1, ...,1—1} such that wJ = I'. Then wl = I'U{p} where p = w(k) ¢ I'.
We claim that p = [ or [ + 1. Otherwise, p € {l + 2,1+ 3,...,2[}. It follows that
O(p) =p=2l+1—pe Il Cw'(I),ie., pand pare both in w’(I), which is impossible

since w’(I) is admissible. This proves the Theorem. [

7.10. Corollary. Under the action, by conjugation, of W on E;(T), there are
ezactly two orbits. One is We, W, and the other is We, W, where J; = {1,...,1}
and Jo ={1,..,1— 1,1+ 1}.

We will use the following definition soon.

7.11. Definition. An admissible subset I of size l is called type I if there exists w

in W such that wl = Jy = {1,...,1—1,1}; type Il if wl = Jo = {1,...,1— 1,1+ 1}.

7.12. Proposition. The cross section lattice of M SOy is

A={e, € E(T)| I is a standard admissible subset of {1,...,n}}.

( Il—l )

_ I 1 I 4 I
— IQZ,( 0)7 0 7( 0) 0 70
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The cross section lattice of M SOy is
1 1 1 1

0 0 0 1

The Hasse diagram of the cross section lattice of M SOy; is as follows

Figure 2.
7.13. Theorem. With the notation above, the Renner monoid of the special or-

thogonal monoid M SO is as follows

R=1{ > Eiwi €Ray|ICA{1,..,2} is admissible

el
weWw

Proof. Since R = E(T)W by [17, Proposition 3.2.1], it suffices to compute e, w

for every e, € E(T'),w € W, where [ is admissible. From Lemma 7.3 b) we know

e; = ier Pii Thus e;w =3, ; Eyyw =) ;1 Ej i, and so the Theorem. [

7.14. Corollary.

R=1 > Buii€Raul|ICA{1,..,20} is admissible

€1
weWw

Proof. This result comes from the fact that R = WE(T'), and

-1l — o
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7.15. Theorem.

R\W:{weRgl

x is singular; D(x) and R(x) are admissible,
and of the same type if |D(x)| = |R(z)| =1

where D(x) is the domain of x, and R(x) is the range of x.

Proof. Let R’ denote the set of the right hand side in the Theorem. It follows
from Theorem 7.12 that R\ W C R/, since W maps admissible sets I to admissible
sets and both wI and I are of the same type if |I| = [.

We now prove the other inclusion. For any x € R’, one knows |D(z)| = |R(z)|
which will be denoted by i. Then i <, since z is singular and both D(z) and R(z)
are admissible.

a) If i # [, it follows from Theorem 7.7 that there exist wy,ws € W and a unique

standard admissible set Iy = {1, ...,i}(i < [— 1) such that
w1 D(x) = waR(z) = Iy.

Thus wl_lxwg =-er, € A C R, and hence z = w1€[0w2_1 € R\ W, since R =
WE(T) = E(T)W and x is singular.
b) If i = [, then D(x) and R(x) are of the same type because of z € R’. There

are wy and wy in W such that

J1, if D(x) and R(z) are of type I
w1 D(x) = waR(z) =
Ja, if D(x) and R(z) are of type II.

where J; = {1,...,1-1,1} and J, = {1,...,1—1,14+1}. It follows that w; 'zw; = ¢, €
A C E(T) or wy'zw, = e,, € AC E(T). That is, z = wleleQ_I or x = wleJ2w2_1.
Hence, z € R\ W, since R = WE(T) = E(T)W and =z is singular.

Therefore, R\ W = R/, i.e., the Theorem is true. [
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Remark 10. In the proof above we obtain R = WAW as well.

We now consider some examples. If n = 2, then all the admissible subsets of
{1,2} are
¢, {1},{2},{1,2}.

They are all standard. So, the cross section lattice of M .SO- by Proposition 7.12 is

{0 0o o)1) 1))

From Theorem 7.15, the Renner monoid of M SO is

== {0)Go)GY) GV

Let us now consider the Renner monoid of M SO4. The idempotent set E(R) =

E(T) of M SOy is a union of sets of rank i idempotent elements in T, for i = 0,1, 2, 4.

E(T) = Eo(T) U Ey(T) U Ex(T) U Eo(T).

where Eo(T) = {0}, E1(T) = {E11, Ea2, Es3, Eaa}, Eo(T) = {E11 + Ea2, Es3 +

Eyy, E11 + Es3, Eas + Ev}, Ei(T) = {E11 + Eaa + Es3 + Eaa}.

Since R = Eo(TYW U E(T)W U Eo(T)YW U Ef(T)W, we get

R= {0, E11, Eia, Ei3, Eia, Eo1, Eoy, Ez3, Foy, E31, Ezs, E33, Eay,
Ey1, Eyo, Euz, Eaa, Er1+ Eo2, Eis+ Eo3, Eia+ Eo1, Ei3+ Eoy,
E33+ Esa, Esa+ Eqi, Esq+ Eus, E31+ Ey2, En+ Ezs, Eig+ Esa,
Ero+ Esq, Ers+ E31, Eoo+ Euy, Foz+ Eg1, Eo1+ Eas, Eog + Eyo,
Evy + Eog + Es3 + Eug, F1a+ Eo3 + E3o + FEa1, Eio + Eo1 + E3q + Eus,

E13+ Eoy + E31 + Eyo}.
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The matrix expression of the Renner monoid R of M SO, is

o —H O O

o O OO

o O o O

o O o O

o O o O

o —H O O

oSO oo

o O o O

o O o O

o O o O

o —H O O

oSO o O

o O o O

o O O O

o O o O

oS —H O O

S O —H O

O O OO

O O O O

O O OO

O O O O

S O —H O

O O OO

O O O O

O O OO

O O OO

S O —H O

O O OO

O O OO

O O O O

O O O O

S O —H O

S oo -

o O OO

o O OO

o O OO

o O OO

S oo -

oS O OO

o O OO

o O OO

o O OO

S oo -

o O OO

oS O OO

o O OO

o O OO

S oo -

O O OO

O O OO

— O O O

o — O O

o — O O

— O O O

O O OO

O O OO

— O O O

o — O O

O O OO

O O OO

O O OO

oS O OO

o — O O

— O O O

S O —H O

oS O O O

— O O O

oS O OO

o O O O

— O O O

oS O O O

o O —H O

— O O O

o O O O

oS O —H O

o O O O

o O O O

o O —H O

o O O O

— O O O

S O — O

S oo -

oS O OO

oS O OO

oS O OO

oS O O O

S oo -

o O — O

o O OO

o O OO

S O — O

S oo -

S oo -

o O — O

o O OO

oS O OO

o O OO

oo o -

o O OO

o — O O

o — O O

S O OO

oo o -

o O OO

N— N—
oS O OO — O O O
o — O O o - O O
S O OO o O —H O
oo o - oS o O -
N~—— N~—
Eoon Soon
oS O OO o O —H O
o — O O o - O O
S O OO — O O O
N— N—
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The following result is an analogue of Proposition 7.3 of [17].
7.16. Proposition. For any ey € A with |I| =i, where i =0,1,...,1—1,
WerW = {z € R| rank(x) = i}
= {z € R| x has i nonzero rows}
={z € Ry| D(z) and R(x) are admissible with |D(x)| = |R(x)| =1 }.

Furthermore,
_ 2

(2 Z l— .
(WeW| = Z (> < j) i!,
—~\j)\i—j
j
where D(x) is the domain of x and R(x) the range of x.

Proof. Observe that Ge;G = | |, cyy.,w BB consists of n x n matrices of rank i
in M SOy, where i = |I| =0,1,...,1 — 1. One gets the first part of the Proposition.

Now there are Z;:o (;) (i:i) ways to choose i of the n rows making D(z) admis-
sible. There are the same number of ways to choose 7 of the n columns such that
R(zx) is admissible. For each pair of the choices of the rows and columns there are

1! elements of R, of rank i, with a nonzero entry in each of the ¢ rows and each of

: 12
the ¢ columns chosen. Thus, there are [Z;‘:o (;) (i:g)] 1! possibilities. [

Similarly, we get the following

7.17 Proposition. Let J; = {1,....,1}, and Jo ={1,...,1 — 1,1+ 1}. Then
We, WUWe, W ={x € R| rank(z) = [}
= {z € R| = has | nonzero rows}

- {:c € Ra; ' D(x) and R(z) are admissible and of} .

the same type with |D(z)| = |R(x)| =1
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Furthermore,

2
l

1 l
We,, WUWe, W| = Z() I,

=0\

where D(x) is the domain of x and R(x) the range of x.

Proof. The first part follows from Theorem 7.15 above.

Now there are 5 Z =0 () ways to choose [ of the n rows such that the resulting
subsets are of type I (resp. II). There are the same number of ways to choose [
of the n columns. For each pair of the choices of the rows and columns there are
l! elements of R of rank [ with a nonzero entry in each of the [ rows and each of

2
the [ columns chosen. Thus there are i [Zé‘:o (;)] l! possibilities for elements on

We, W (resp. We, W). Hence, the number of elements in We, W U We, W is
1 2 1 2

as stated. O

. 12
7.18. Corollary. |R| = Zi (1) < [Z;—o (;) (ﬁ:;)] i!) +(2M 4120, forl > 1.

Proof. It is clear that

+ |W€[1W U W€[2W‘ + |W|

)
) s e
)+

2!

J

i) + 22lz'+2l ol

N 72
l._J.) i!>+(2l+1)2l_1l!. 0
i

For instance, the Renner monoid of M SO, has 37 elements.
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8. Cell Decompositions of the Special Orthogonal Monoids M SOy,

The main purpose of this section is to determine the cell decompositions of the
special orthogonal monoids, even case.

Let Bo = B,, N SO,,. Then By is a Borel subgroup of SO,,, and B = K*Bj is a

Borel subgroup of G = K*S0O,,. A simple calculation tells us that

b, b
Boz{<01 bz)esozl

The following theorem states a relationship among the Borel subgroup B, idem-

b1,bs € M;(K) are upper triangular,
bl Jby = J, bl Jby = —bl Jbs '

potents and rank one elements in F(T).

8.1. Theorem. Let T = K*Ty C B be a maximal torus in G. Then for every
e, € E(T), there exists a unique e; = E;; € Fq (T) such that e;Be, = e;Be;, where
1 18 the maximal number in 1.

Proof. Let e, € E(T) where I = {i1,i2,...,0m} € {1,...,n} is admissible with
i1 < ig < ... < iy. For any upper triangular matrix b = (b;;) € B C G, the matrix
be, is an upper triangular matrix whose k-th column is exactly the k-th column of
b= (bjr) , for k =iy, ...,%y, and the other columns of be, are all zero. Let ¢ = iy,
which is maximal in I. Taking e; = Ej;, we get e;be, = Ej;be,, a matrix whose
(i,7)—entry is b;; and the other entries are all zero. It follows that e;be, = e;be; by
calculating directly. Therefore, e;Be, = e;Be;. From the procedure above we also

see the uniqueness of such e; = E;; € Ey(T). O

8.2. Definition. For anye; = E;; € E1(T), define

R(e;) = {x € R| e;Bx = e¢;Be;x # 0}.
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8.3. Corollary. The set of non-zero elements of the Renner monoid has a decom-
position

l
R* = ueiEEl(T) Re;) = |_|?:1 R(Eis).

It follows from Theorem 8.1 that there is a surjective map 7 from the set E(T") of

idempotents in T onto E(T) of rank one elements. This map can also be extended

to a map of R* to Eq(T).

8.4. Theorem.

a) There is a surjective map T from E(T) onto E1(T) by

e, — 7(e,) =¢;, ife;Be, =e;Be; #0

I

b) The map T extends to R* = R\ {0} by, for every x € R*, defining,
T(x) = e, ifx €e,W and 1(er) = e,

where I # ¢ admissible and i is maximal in I.

Proof. a) is clear. To prove b), note that for any z € R*, there exist w € W

and a unique e, € E(T) such that x = e,w. It follows that there is a unique

e; = E;; € E1(T) = E1(R) such that e;Be; = e;Be; # 0. Then we obtain the map

from R* to E1(R) = E1(T) by 7(x) = e;, as required. [

8.5. Proposition. Let I(i) = {I C {1,...,2l}| I admissible with i =maz(I)},
where 1 =1, ...,2l. Then
a) R(e;)) =7171(e;) = Urergy e W, fori=1,...,2L

b) R* = |_|Z2l:1 77 1(e;), a disjoint union.

Proof. It is straightforward. [
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0 0 0 0 0 0 0 O 0 0 0 O 0 0 0 0
~J10 0 0 O 0 0 0 O 0 0 0 O 0 0 0 0
110 0 0 O0O)J’t0O O O OJ’{0 O O O)’l0 0O 0 O]

1 0 0 0 01 0 0 0 01 0 0 0 0 1

0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 0

0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 0

o0 1o0oJ)J’foroof’{r0 0 O0J’t0 0 0 1)”

0 0 0 1 1 0 0 0 01 0 0 0 01 0

0 0 0 O 0 0 0 O 0 0 0 0 0 0 0 0

01 0 0 0 01 0 0 0 0 1 1 0 0 0

0 00O0fJ’lO O O0OO0O]"f0O OO O0)]’L0 0 0 0]"

0 0 0 1 1 0 0 0 01 0 0 0 01 0

1 0 0 0 0 0 0 1 0 0 1 0 01 0 0

01 0 0 0 01 0 0 0 0 1 1 0 0 0

001 o0JJ’{or o0 o0f’ft1r 0 0 O0)J’10 0 0 1

0 0 0 1 1 0 0 0 01 0 0 0 01 0

Our task now is to find the cell decomposition of the special orthogonal Renner
monoid. Note that for any » = E;; € R(1), there exists a unique e, = E;; and

fr = E;; in E1(T) such that r = e,rf,.

8.6. Definition. For any r = e,rf,. € R(1), call C, = {z € R(e,) | e;xfr =71} a

cell of the Renner monoid R of M SO corresponding to the rank one element r.

8.7. Proposition. For any e € E1(T) and x € R(e), there is a unique r € R(1)

such that x € C,. where r = ex.

Proof. Let x € R(e) where e € E1(T'). Then eBx = eBex # 0 where B is the Borel
subgroup of G C M SO,,. Let r = ex. Then r € R(1) and r = erf, for the unique
e, fr € E1(T). For if r = e,rf, and e, # e, then r = ex = e(ex) = er = e(e,)rf, =
(ee,)rfr =0, since ee, = 0. Thus x € R(e) and exf, =rf. = (erf,)fr =erf. =r,

ie.,x e,



50

Suppose that there is another 7' € R(1) such that x € C,v = {x € R(e) | exf' =

r'} where ' = er’f’ for the unique e, f’ € Ey(T). If f' # f. then v/ = exf’ =

(ex)f' = rf" = (exf.)f = ex(f.f') = 0, since f.f' = 0 € E(T), which is a

contradiction. Therefore, the uniqueness. [J

8.8. Corollary.

a) R(e) = | |rer(1) Cr, where e € E1(T).

er=r

b) R* = UreR(l) Cr.
Proof. It is straightforward by Corollary 8.3 and the above proposition [J

Now, we can establish a surjective map ¢ from R* to the set R(1) consisting of
rank one elements in R by declaring ¢(z) = r if z € C, where x € R* and r € R(1).

It is an extension of 7. Furthermore, ¢ ~!(r) = C, for r € R(1).

8.9. Theorem. The above surjective map ¢ from R* to R(1) satisfies p(x) = e;w

ifr=e,w € R* and 7(e,) = e;, where e, € E(T) and w € W.

Proof. Since R* = ||, cp, 7 R(e;) where R(e;) = | ;e ;) €, W, there is a unique

e; € E1(T) such that z € R(e;). It follows that if x = e,w € R* and 7(e,) = e,

then I € I(i). Thus ¢(z) = e;x = e;(e,w) = (e;e, )w = e;w, the required result. [

8.10. Theorem. For anyr = E;; € R(1),i,5=1,...,2l,

Cr=Cg,, ={(xpg) ER | xij =1;2pq =0, ifi <p<2[,1<q<2l}.

ij

Proof. If z = (z,,) € R is an n xn matrix, then E;;x = E;; if and only if z;, = §,;,



fori,q,7 =1,...,n. Then

Cr = CE” = {(qu> € R(GJ | Eii(xpCI) = EZ]}
= {(7pg) € R(es) | w5 =1}
= || {(pg) € exW |25 =1}

I€I(i)

={(xpg) ER | wij =1;2py =0, if i <p <2[,1 < ¢q<2l}.

which proves the Theorem. [

In the sequel, the cells in Theorem 7.10 will be simply denoted by C;;.

If n = 4, the cells of the Renner monoid of M SO, are:

1 000 01 0 0
00 0 0 00 0 0
Cu = 0000’612_ 00 0 0
00 0 0 00 0 0
00 1 0 00 0 1
00 0 0 00 0 0
Cis = 0000’614_ 00 0 0
00 0 0 00 0 0
(/0 0 0 0 0 1 0 0\ )
coo—J[1 000 1 0 00
2= 000o0]’lo o o000
L\0 0 0 © 00 0 0/)
(/0 0 0 0 1 0 0 0\)
e )0 100 01 0 0
2= 00 0o0]’lo o000
L\0 0 0 0 000 0/)
(/0 0 0 0 0 0 0 1\)
con ) [0 0 10 00 1 0
B 000 O0]’l0o 0 0 0
L\0 0 0 © 00 0 0/)

o1
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Notice the fact that the cells C;;(K) of the Renner monoid Ry; of M,,(K) are
Cij(K) = {(zpq) € Rar | wij = 1,mpq =0, if i <p <2[,1 < g <20}

where 7,7 =1, ..., 2[. We can now get
8.11. Theorem. C;; =C;;(K)NR, where i,j =1,...,2l.

We begin to describe the cell decomposition of the special orthogonal algebraic

monoid M SO,, using the following definition.

8.12. Definition. The sets C;; = BCi;B for i,j = 1,...,n are called cells for

special orthogonal monoids M SOs; with respect to the Borel subgroup B.

8.13. Theorem. The cells of the special orthogonal monoid are

Cij = {(apq) e MSO,,

ai; # 0; ayq = 04f1 < q < j;
apg =0, ifi<p<2landl <qg<2l

where 1,5 = 1,...,21.

Proof. Since Cij = UxecijBxB = UxECij (K*BQ).’L’(K*BQ) = K~ (Umeci].B()IL’BQ),

for i,7 =1, ...,2l, we need only to consider elements in Byx By, where x € C;; and

by b
BW:{<6 é)esom
by by
0 b

is upper triangular. Then b,, # 0, for p = 1,...,2l. For any =z = (zp,) € C;; C

b1, b3 € M;(K) are upper triangular,
BT Jby = J, bT.Jby = —bT Jby '

Now for every element b = ( ) € By, suppose that b = (bpq)2ix2r which
R(E;;) C R, let I = {iy,...,im—1,%m} denote the index set of non-zero rows of z
where i1 < ... <ipy—1 < iy and i, =14. Let J = {j1, ..., m—1,Jm} denote the index
set of non-zero columns such that j,, = j and x;, ;, =1, for k = 1, ..., m. Generally,

we do not have j; < ... < jm—1 < jm-
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Thus bz is a matrix whose ji-th column is the ig-th of b where k =1, ..., m, and

all rows under row i are zero. The shape of bx is

x ... x  by; ok .. %
X ... X bi—li X ... %
t-throw«— |0 ... 0 b; O 01,
0 0 0 0 0
0 0 0 0 0
|

j-th column
where b;; # 0 is the (i, j)-entry of bx. Taking any b' = (b}, )2ix21 € Bo, one obtains

the shape of bxd' is

* * * * *
* * * * *
i-throw+«— |0 ... O biz‘b;-j bii ;'j+1 <. biib;'2l )
0 0 0 0
0 0 0 0 0
|

7-th column
where b;;b}; # 0 is the (4, j)-entry of bzbd’. From the arbitrariness of b,b’ € By and

x € Cyj5, we get

Cij = {(apq) € MSOn

aij #0; a;q =01if1 < g < j;
apg =0ift <p<2land1 < g < 2]

where 7,7 = 1,..., 2], since B = K*By. U
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8.14. Corollary. Keeping the notation above, we have

21

MSOyu\ {0} = | | Cij.

1,5=1

Proof. The statement is true by Corollary 7.8 and the Bruhat-Renner decomposi-

tion of M Spg;. See [17, Corollary 5.8]. O
8.15. Theorem. C;; = C;;(K)NMSO,, fori,j=1,..,2l.

Proof. From Theorem 8.13 and the shapes of elements in the cells C;;(K) of

M, (K) we know the result is as stated. [

9. Submonoids of the Special Orthogonal Monoids M SOy

The main purpose of this section is to establish some properties of the submonoid
(MSO,). = {y € MSO,, | ye = ey = e} of MSO,,, where e € E(MSO,,) and
n = 2l. We simply denote by M, the submonoid (MSO,,).. Let G. = M. NG
where G = K*SO,, is the unit group of M SO,,. Then by [15, Theorem 6.11] one

has M, = G.. Thus, unveiling some properties of G, is necessary.

1 0 O
9.1. Lemma. Lety=[0 y; O € MSO,,. Then y € SOq; if and only if
00 1/5.9
y1 € SOg_s.
0 J . . .
Proof. Recall that J; = J 0 € My (K) is a symmetric matrix, where J =
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1 0 0 1
< N ) of size [. Rewrite J; tobe J;=| 0 J;—_; 0 ]. Then
1 1 0 0
y € Spy =y Jiy = J;
0 0 1 0 O 1
— (0 vIJ1y1 O)=[0 J_1 O
1 0 0 1 0 0

=yl iy =J

<~ VY1 € SOQl_Q. ]

9.2. Theorem. Lete; = F11 € A and G = K*SOy;. Then G, is isomorphic to

K*SOy;_o. Furthermore, M, is isomorphic to M SO _s.

Proof. Suppose that y = tx € G with x = (acm)fljzl € SOy and t € K*. Then

ye1 = ey = e is equivalent to xe; = e;x = (1/t)ey. So
x:(l/t 0>eso%
0 Z1

21
1,j=2

J; = <£T 5]4,> Notice that

where z1 = (z;;) is a 2l —1 x 2] — 1 matrix. Let A = (0, ...,1)1x2;—1 and rewrite

T o 0 (1/t>AIL’1
v i = ((1/t):c{AT oTJxy )

Thus T Jjz = J; gives us (1/t)Az; = A, (1/t)aT AT = AT and 2T J'z; = J'. Tt

follows that x9;2 = ... = x921—1 = 0 and x9; 9; = t, which shows that z; has the
shape
X
= (%2 / ) ’
20—1x20—1
where 9 = (:Uij)ilj;IQ is a 20 — 2 x 2l — 2 matrix and X = (z2.27, ..., Toi—1.21)" -

T T
Since J' = <Jl0_1 8) and T J'z; = <§2T{;_122 )m(QT{]l_lf(), it follows from
1—1%2 -1
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xlTJ'xl = J/ that ngl_lxg = Jl—l; .’Iigjl_lX = 0, XTJl_l.’L’Q =0 and XTJl_lX =

0. Thus X =0 and z; = (%2 (t)) , where x5 € SO9;_5. Therefore,
1/t
T = i) € SOQl,

t
where t € K* and x9 € SOq;_5. It follows easily that

1/t
Go=<t- T9 tEK*,ZEQESOQZ_Q

= txo te K*, To € SO9g_9
t2

Define a mapping f from G, to K*SOg;_2 by

Yy = tzo — txg € K*SOq;_»
t2
Then f is an algebraic group isomorphism from G, to K*SOg;,_>. Hence, @el
is isomorphic to K*SOq;_5 which is M SOq;_5. But it follows from [15, Theorem
6.11] that M., = G.,. Therefore, M,, is isomorphic to M SOg;_5. This proves the

Theorem. O

9.3. Corollary.

a) For any e € E1(T), M, is isomorphic to M.SOg;_s.
c) For any e € E1(MSOq;), the rank one elements in E(MSOay;), M, is isomor-

phic to MSOq;_s.

Proof. For a), note that E1(T) = {w™lejw | w € W}. Then for any e € Ey(T),

there exists w € W such that e = w™'e;w, where e; = F;;. Since ye = ey = e
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is equivalent to (wyw™1)e; = ej(wyw™!) = ey, it follows that M, is isomorphic
to M., by the mapping y — wyw~!. From Theorem 9.2 one obtains that M, is
isomorphic to M SOq;_5. Similar recipes of a) apply to b) by using FE; (M SOq;) =

{9 terglge G} O

9.4. Theorem. Let G = K*SOq; and e; € A with I standard admissible, where
ey = Zje[ E;j e Nandi=1,..,1. Then Gel 18 isomorphic to K*SQOq_o;. Fur-

thermore, Mel is 1somorphic to M SOq;_s;.
Proof. It is similar to that of Theorem 9.2. [

9.5. Corollary. Keeping the same notations in Theorem 8.4, we have

a) For every e; € E;(T) with J admissible and |J| = i, fori=1,...,1, M,, is
1somorphic to MSOq;_s;.

b) For every e € E;(MSQOq;), the rank i elements in E(MSOq;), M, is isomor-
phic to MSOq;_o;, fori=1,...,1.

Proof. For a), note that for every e; € E;(T), the set of rank ¢ (i = 1,...,1)
idempotents of E(T), there exist unique e; € A and w € W such that e, = we,w™".
But ye, = e,y = e, is equivalent to (w™'yw)e, = e, (w™'yw) = e,. Hence M,  is
isomorphic to M, by the mapping y — w™tyw. It follows from Theorem 9.4 that
M. , is isomorphic to M SOq;_2;. Applying a) and [17, Corollary 6.10 (ii)] one gets

b) easily. O
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CHAPTER V

SPECIAL ORTHOGONAL MONOIDS MS0O;4+1

In this chapter we consider the Renner monoids and the cell decompositions of
the special orthogonal monoid, odd case. Throughout this section the characteristic

of the base field K is not two, unless otherwise stated.

0o 0 J
Let n=2l+1and J;=| 0 1 0 ]| € M, be the symmetric matrix, where
J 0 0

1
J = ( N ) of dimension [ x [. The special orthogonal group is by definition
1
Go=S0,, = {geSL,| ¢" g =J;}

which is a closed, connected and reductive subgroup of the linear algebraic group.

Remark 11. The definition of SO,, here is different than what J. Humphreys used
in his book [7].
From now on we assume n = 2/ +1. Let Ty = GoN'T,,. Let t = diag(ty, ..., to1+1)

be an element in Ty. Then by t.J;t = J; one obtains that
t = diag(ty, ..., t;, £1, ;1 17 h).
Since SO,, C SL,,, elements in T have the shape
t = diag(t1, ..., ts, Lt ', oty ).

where t1,...,t; are arbitrary in K*. Thus Ty is a maximal torus of dimension [.
Let us recall some facts about the Weyl group W(Gy,Ty). If m# € S, let pr =

222:;1 Erii € P, be the corresponding permutation matrix, where E;; are the
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matrix unit. Then pr(a;;) = (az-1;;), and (ai;)px = (aixj), where (a;;) is any
n X n matrix. It follows that p'(ai;)px = pr-1(aij)pr = (Axixj)-

Define an involution 6 : i — 7 of {1,2,....0,l+ 1,1+ 2,...,2l + 1} by
i=214+2—4, forl1<i<2+1,

Since p_ldiag (t1,...,to1)pr = diag(tr(1), .- tr(21+1))s Pr normalizes Tp if and
only if 70(i) = On (i), for i = 1,...,24 1. Taking i = [+ 1, one finds that 7({+1) =
Il + 1. Let C denote the centralizer of 6 in S,,. Then p, normalizes Ty if and
only if 7 € C. The group C' is a semidirect product C = C1Cy where C; is a
normal abelian subgroup of order 2! generated by the transpositions (11), ..., (Il)
and Cy ~ S consists of all permutations = € S,, which fix [ + 1, stablize {1, ...,{}
and act on {{+2,...,20+ 1} in the unique manner consistent with the assertion that
7 € C. Then W (G, Tp) =~ C1Cy. Also, W ~ (Z3)! x S.

If n = 5, then § = (11)(22) = (15)(24) € S5, and C; is a subgroup of Cs, ()

generated by (15) and (24). So
C1 ={1,(15),(24), (15)(24)}.

Taking m = (12)(45) € S5, we see that 7 = w0 which means that 7 € Cg,(0). It
is clear that m(3) = 3 and 7 stabilizes {1, ...,{} = {1,2}. Let Cy be a subgroup of

Cs, (0) generated by 7. Then
Cy = {1, (12)(45)}.
Thus the Weyl group

W(Go, To) = C1Cy = {1, (15), (24), (15)(24), (1254), (1452), (14)(25), (12)(45)}.
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The corresponding matrix form of the Weyl group is

1 0000 0000 1 1 000 0
01000 01000 00010
W(Go,To) =<0 0 10 0of,]o o 100,001 0 0],
00010 000710 01000
00001 1 000 0 00001

0000 1 00010 01000
00010 1000 0 0000 1
00100o0|,J]oo0o100f,]0oo010 0],
01000 0000 1 1 000 0

1000 0 01000 00010
00010 01000

00001 1 0000
00100][,]00T1T00

1 0000 00001

01000 00010

= {17 P, 0, 07 97T7 pT, 0T, 7T}.
We will use the Weyl group to describe the Renner monoid of the special orthog-

onal monoid in the following section.

10. The Renner Monoids of the Special Orthogonal Monoids M 5041

We now compute the Renner monoid R of the special orthogonal monoid, odd
case.

Let G = K*Gy € GL,,, where n = 2[4+ 1. Then G is a connected reductive group
with rank » = [ + 1 and semisimple rank [. Let T' = K*Ty. Then T is a maximal
torus of G. The Weyl group W (G, T) is isomorphic to W(Go, Tp) (see [22]). We

identify them in what follows and let W denote either of these groups.

10.1. Definition. The monoid G, Zariski closure of G in M,,(K), is called the

special orthogonal monoid which will be denoted by M SO,, with n = 2]+ 1.
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10.2. Definition. A subset I C {1,...,20+ 1} is called admissible if j € I implies
j & I, where j = 0(j) as above; the empty set ¢ and the whole set {1,...,21+ 1} are

also considered to admaissible.

An admissible subset I is referred to as standard if I = ¢, or there is an integer
i€ {l,...,1,2l + 1} such that I ={1,...,i}.

If n =5, then the admissible subsets of {1,2,3,4,5} are

¢, {1}, {2}, {4}, {5}, {1, 2}, {4,5},{1,4},{2,5},{1,2,3,4,5},

The standard admissible subsets of {1,2,3,4,5} are ¢, {1},{1,2},{1,2,3,4,5}.
A similar discussion to [22, p336] gives the following lemma stating the rela-
tionship between admissible subsets and idempotents in 7. We omit those simple

details.

10.3. Lemma.
a) W maps admissible sets to admissible sets, and w™le,w = e, for anyw € W.

b) The map

I—e, =) Ej
jel

is bijective from the admissible subsets of {1,...,2l + 1} to E(T), where e, = 0, if

I=¢.
c¢) The set E(T) of idempotents in T is

E(T) = {e, | I is admissible}.

d)e, -e, =e for-anye, ,e, € E(T).

Iy I1NIy

Proof. For a), b) and c), see [22, p336]. By checking directly, we get d). O
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If n = 5, the set of idempotents in T of M SOs is

E(T)={0, Ei1, E, Eu, Ess, E11+ Ea, Ey+ Ess,

E11+ Eyy, Eos+ Es5, E11 + Fag + E33 + Egq + Es5}.

Remark 12. The rank one elements in E(7T) are in one to one correspondence
with the admissible subsets containing exactly one element of {1, ...,20 4+ 1}. There

are no admissible subsets with size k (I < k < 21).

10.4. Corollary.
pe=em=1+ 33 (N ()

Proof. Thanks to [17, Proposition 3.2.1], it is straightforward by counting the

number of admissible subsets of {1,...,2[ +1}. O

For i = 1,...,01,2l + 1, let E;(R) C E(R) (resp. E;(T) C E(T)) denote the
set of rank i idempotent elements in R (resp. 7). Then by Lemma 10.3 and [17,

Proposition 3.2.1] we have the following

10.5. Proposition.
a) Ey(R) = BEy(T) = {Ei; | i € {1,...,21+ 1} \ {{ + 1} }.

b) |E1(R)| = |EA(T)| = 2L.

We now find the set of rank one elements in R. Let R (i) denote the set of rank

i elements in the Renner monoid R, for ¢ € {1,...,21 4+ 1}

10.6. Lemma. R(1) = {E;; | i,j € {1,...,20+ 1} \ {I +1}}, and [R(1)| = 4I°.
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Proof. For any j € {1,...,20+ 1} \ {{ + 1}, let
(11), ifj=1
w = o B
(L)L), ifj#L
Then w € Cg, (0). In other words, w is in the Weyl group W. It follows from

j = w(1) that
Elj = El,wl = Euw c E11W fOI'j € {1, ,21 + 1} \ {Z ‘|’ 1}}

Thus, E11W = {Elj | J € {1, ey 20+ 1} \ {l + 1}}
Similarly, if i # [+ 1, then E;W = {E;; | j € {1,...,2l+1}\ {{+1}}. Therefore,
the set of rank one elements in the Renner monoid R is R(1) = {E;; | i,j €

{1,....20l+1}\{t+1}}. O

Remark 13. The lemma above shows that there is a bijection from R(1) to
R2;(1). But not true for R(2) and R (2), since {1,2] + 1} is not an admissible
subset of {1,...,2[+ 1}, and so not in R(2), but E11 + E9j+1,2141 € R2:(2) up to an

isomorphism. For the same reason, we know R (i) # Ro (i) for i = 3, ..., 2.

10.7. Theorem. For any admissible subset I C {1,...,2l + 1} with |I| = i, where
i=1,..,1,2l+ 1, there exist a unique standard admissible subset Iy = {1,...,i} and

w € W such that wl = I.

Proof. If I = {1,...,2l+ 1}, then Iy = I and w = 1 € W and we are done. Now let
I be admissible and I # {1,...,21 4+ 1}. Then |I| =i € {1,...,1}. We use induction
oni. If i =1, then I = {j} for some j € {1,...,2l4+ 1} \ {{ + 1}. From Lemma 10.6
there exists w € W such that w(l) = {w(j)} = {1}, i.e., wl = I,.

Suppose that I C {1,...,20 + 1} is any admissible subset with 1 < |I| < I. Then

I = JU{k} where J is a subset of I with |J| =i —1and k € I\ J. It follows
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that J is admissible. By the induction hypothesis there exist a w’ € W and a
unique standard admissible subset I’ = {1,...,i — 1} such that w’J = I’. Then
w'l = I'" U{p} where p = w'(k), and hence w'I = {1,...,i — 1} U {p} is a disjoint

union. If p =4, then Iy = I’ U {i} and w = w’ are what we want. If p # i, let

(i1), ifp=i
w1 = _ _
(ip)(ip), ifp#i.
It follows that wy € W. Note that p ¢ w'I, since p € w'I which is admissible. Then

p,i,p, i ¢ I', and so wy(j) = j, for j € I’ = {1,...,i — 1}. Taking w = wiw’, we

obtain

w(I) = w({1,....i — 1} U {p})

which proves the Theorem. [

10.8. Proposition. The cross section lattice of M .SOg;41

A ={e, € E(T) | I is a standard admissible subset of {1,...,21 + 1}}

(5 950 94 D)0}

~ {I| I is a standard admissible subset of {1,...,20+ 1}}

~{0,1,...,1,l+ 1}, under the linear order.

The cross section lattice of M SOs is

1 1 1

0 0 1
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The Hasse diagram of the cross section lattice of M SO is given by

Figure 3.

10.9. Theorem. With the notation above, the Renner monoid of the special or-

thogonal monoid M SO, is as follows

R=1{ > Eiwi €Rn|IC{L,..,20+ 1} is admissible

el
weWw

Proof. By [17, Proposition 3.2.1] R = E(T)W. It suffices to compute e,w for

every e, € E(T),w € W, where I is admissible. From Lemma 10.3 b) we know

e; = ier Bii. Thus e;w =3, Eyw =, ; Ej w;, and so the Theorem. [

10.10. Corollary.

R=1{ > Euii€Rn|IC{L,..,20+ 1} is admissible

i€l
weWw

Proof. This result follows from the fact that R = WE(T) and

w_le, = Zw_lEii = ZEwi,i~ O

el el

10.11. Theorem.

R\W: {ZEERQH_l

x is singular; both D(:c)}

and R(x) are admissible

where D(x) is the domain of x, and R(x) is the range of x.
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Proof. Let R’ denote the set of the right hand side in the Theorem. It follows
from Theorem 10.9 that R \ W C R’, since W maps admissible sets to admissible
sets.

We now prove the other inclusion. For any x € R’, one knows |D(z)| = |R(z)|
which will be denoted by i. Then i <, since z is singular and both D(z) and R(z)
are admissible. It follows from Theorem 4.7 that there exist a unique standard

admissible set Iy = {1,...,i}(i <) and wy,ws € W such that
w1 D(x) = waR(z) = Iy.

Thus wl_lacwg =er, € A CR, and hence z = wlelowgl € R, since R = WE(T) =
E(T)W. But ¢ W, because & € Ry, is singular. So, R’ C R\ W.

Therefore, R\ W =R/, i.e., the Theorem is true. [

Remark 14. In the proof above we obtain R = WAW as well.
Now let us consider some examples. If n = 3, then all the admissible subsets of
{1,2,3} are ¢, {1},{3},{1,2,3}. Note that they are all standard except {3}. So,

the cross section lattice of M SOs by Proposition 10.8 is

00 0 1 00 1
A=<{l0 0 o0],[o o0 o0],[o0
000 000 0

0 0 0 1 0 0 0 0 1 0 0 0
R = 00 01],{0 0 O 0 0 0 0 0 0],
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1
00 0J,{0 1 O0])],10 1 O
0 0 1 0 0 1 1 0 0
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The Renner monoid R of M SQOj is as follows

R = {07 E117 E127 E157 E147 E217 E227 E257 E247 E417 E427

Eu4, Eys,
Eyy + Eyo,
E1o + B,
E14 + Ess,
Ey4 + Es1,
Ey4+ Eoy,

Ei5 + Eyo,

E11 + Eao + E33 + Es5 + Eyg,
Ev1 + Eoy + E33 + Ess + Eya,
Ei4 + Eos + E33 + Eso + Ey,

Evy + Eoy + Es3 + Eso + Eys,

Esq,

Esa,

E42 + Esy,
Ey4 + Ejss,
Eos + Esy,
Erq + Eoy,
E>1 + Esa,

Ess + Es,

Es4,  Ess,
Ey5 + Ejsg,
Ei5 + Eyy,
Ev4 + Eys,
Esq + Esy,
E2s + Ess,

FEqs + Ess,

Ey1 + Eao,
Eyo + By,
Eoy + Ess,
Ey5 + Esa,
Ey4+ By,
Eqi5 + Eoa,

Eys5 + E59,

E2s + Esy,
Es + Eso,
Ey5 + Eay,
E11 + Eyg,
E41 + Esa,
E4s + Ess,

Eis + Eys,

We now express the Renner monoid of M SOs5 in term of matrices.

—_
—
(e}

O R OO OO oo o R OO o oo

DO OO OO OO OO0 OO0 oo

DO OO OO OO OO0 OO0 oo
SO O OO OO OO OO OO oo
DO OO OO OO OO OO0 OO0 oo

DO OO OO O OO OO0 OO0 oo
OH OO OO ODODOoOO O =
SO O OO OO OO OO OO oo
SO O OO OO OO OO OO oo

DO OO OO O OO OO OO0 OO0 oo
DO OO OO OO OO OO0 OO0 oo

SO O OO OO OO OO OO oo

SO O OO OO OO OO OO oo
OH OO OO OO O ==
DO OO OO OO OO OO0 OO0 oo

DO O OO OO OO OO0 OO0 oo
SO O OO OO OO OO OO oo
SO O OO OO OO OO OO oo

Ei5 + Eag + E33 + Es1 + Eua,
Ei5 + Eoy + E33 + Es1 + Eya,
Eio + Eos + E33 + Esy + Ey,

F1o+ E91 + E33+ Esy + Egs}.

DO OO OO OO OO OO0 OO0 oo

O R OO OO OO R OO oo -

68
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b

S o oo —+H OO o oo
SO DO OO OO o oo
S OO OO OO o oo
S OO OO OO o —HO
S OO OO oo oo H
~— T S~
S OO OO OO o oo
SO OO —=H O OO oo
S OO OO OO o oo
SO O OO OO o —HO
S OO OO H OO oo
~— T S~
SO DO OO OO o oo
S OO OO OO o oo
S OO OO OO o oo
SO oo —+H O+H O OO
S OO OO oo oo H
~— T S~~——
SO DO OO OO o oo
S OO OO OO o oo
S OO OO OO o oo
SO OO oo O —H O oo
DO OO - —HOOOO
~— T S~

),

01 0 0O
1 0 0 0 0
00 00O
00 0 0O
00 0 0 O
0 0 0 0 1

I

0
0
0
0

oS O OO

o O OO

o O OO

0
1
;10
0
01 0 0 O
00 0 0 O

01 0 0 O
00 0 0 O
00 0 0 O
1 0 0 0 0
00 0 0 O
0 0 0 0 1

|

0
0
0

0 00 00
0
0
0
01 0 0 O

oS o O

o O O

|

0 00 00

Y

Y

DO OO OO HO OO o oo
O OO oo oo—A O —A O OO
SO OO OO OO0 OO o oo
SO OO OO OO0 OO o oo
SO OO OO o o0 ocoooH

N~—
SO O —+H OO O 4O OO o oo
— O OO0 —H O o oo O —A O OO
SO OO OO OO0 OO oo o
SO OO OO OO0 OO oo o
SO OO OO OO0 HOOOO

N~N—
SO OO0 OO oo OO o oo
SO —HO oo oo~ OO o —HO
SO OO OO OO0 OO o oo
SO OO OO OO0 oo oo o
SO OO OO o o0 ocoooH

N~ —
S OO —H OO OO OO oo Oo
SO —HO —H O o oo OO o —HO
SO OO OO OO0 oo o oo
SO OO DO OO0 oo oo o
SO OO OO OO0 —HOOoOOoOOo

N~N——

oS O O OO
S OO O
o OO OO
oS O O OO
o — O O O
N~ —
S OO OO
— o O O O
oS O O OO
o O O OO
o — O O O
N~ —
S OO oo
O OO O
oS O O OO
O O O OO
o OO —H O
N~ —
O OO OO
— O O O O
O O O OO
O O O OO
S O O —=H O
N~ —

0
01 0 0 O 0
00 00O 0OLIOOOO0OO0O],1]00 00 0f,
01 0 0 O 01 0 0 O
0 0 0 0 1 00 0 0 O

0 0 0 0 1
00 0 0 O
00 0 0 O

OOOOO)(

01 0 0 O
0 00 00
0
0

|
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0 00 0O 01 0 0 O 0 0 0 0 O 01 0 0 O
0 00 0 1 0 0 0 0 1 0 0 0 0 O 00 0 0 O
oo o0o0o0LfOO0OO0OO0OO0O},L100O0OO}]10 00 0 0],
0 00 0O 00 0 0 O 0 0 0 0 1 0 0 0 0 1
01 0 0 O 00 0 0 O 01 0 0 O 00 0 0 O
1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1
01 0 0 O 01 0 0 O 0 0 0 1 0 00 010
oo1o0O0L{OO1O0O0O},1]001O0O0}]0 010 0],
000 10 0 00 1 0 01 0 0 O 01 0 0 O
0 00 0 1 1 0 0 0 0 0 0 0 0 1 1 0 0 0 O
0 00 10 01 0 0 O 0 00 1 0 01 0 0 O
0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0
oo10O0L{OOT1O0O0}|1001O0O0},]0 0100
1 0 0 0 0 1 0 0 0 0 0 00 0 1 0 0 0 0 1
01 0 0O 000 1 0 01 0 0 O 000 10

The following result is an analogue of Proposition 7.3 of [17].

10.12. Proposition. For any e, € A with |I| =i, where i =0,1,...,1,
We, W ={z € R | rank(z) =i}
={z € R |z has i nonzero rows }
={zx € R, | D(z) and R(z) are admissible with |D(x)| = |R(z)| =1 }.

Furthermore,
2

wem=[£ ()]

7=0
where D(x) is the domain of x and R(x) the range of x.
Proof. Observe that Ge, G = umeWeIW Bz B consists of n x n matrices of rank ¢
in M SOg;41. Thus the first part of the Proposition is true.
Now there are Z;":o (;) (i:;) ways to choose i of the n rows such that D(z) is
admissible. There are the same ways to choose i of the n columns making R(z)

admissible. For each of these choices there are ¢! elements of R, of rank i, with a
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nonzero entry in each of the ¢ rows and each of the ¢ columns chosen. Hence, there

7 I (l—j 2 ) o] eqey e
are [Z ) ( )] i! posibilities. [

=0 i) \i—j

10.13. Corollary. |R| = Zé:o ( [Z;:o (;) (5:;)]22') +20, forl>1.

11. Cell Decompositions of the Special Orthogonal Monoids M S09;11

The main purpose of this section is to determine the cell decompositions of the
special orthogonal algebraic monoids, odd case.
We first figure out what the Borel subgroup is by using the cross section lattice

of M SOs;41. From Proposition 10.8, the cross section lattice A of M.SO9;41 is

AZ{[21+17({)Z g)’([lal 8)”<€1 8)’(0)}'

Then B = {g € G | ge = ege for all e € A} is a Borel subgroup, where G =
K*S0Og9;41 is the unit group of M SOq;4;.
Let y € B. Then y = tb, for some t € K*,b = (bm)?l;;ll € SOgy41. Thus

be = ebe, for all e € A. So, b has the shape

bir biz bz ... by bt bigy2 ... bt

0 baa bag ... by baita bojy2 ... b2t

0 0 b3z ... by D341 c3i42 ... b32141

b - 0 0 0 e bll bl,l+1 bl,l+2 e bl,2l—|—1
0O 0 O 0 biy1g+1 bigig42 oo bivi2041
0O 0 0 ... 0 ‘by2i41 big2u42 - big2241
0 0 0 ... 0 bysiy+1 bausii42 - bag1,2041

_ T v_ _ T
Let X = (b141,-b0041)" Y = (big1,1425 > bit1,2141), Z = (big2,1415 -+, b2i41,141) " -
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Then
by X bo
b=10 by Y |,
0 Z bs
bir bz ... by
bigy2 ... bioit
0 b22 ce bQH_l
where by = . . ) . , by = and
6 6 .L @z biive - biogr
bit242 .. big22041
by =
boit1,42 .- bayi2i41
By 27 J,x = J;, one has
0 A bl Jbs 0 0 J
0 leJrLlJrl +XTJjz birigY + XTJbs =0 1 0
bIJby bEJIX +YTbyp1000 +03TZ YTY + b Jby + 01 Jbs J 0 0
It follows that
bl Jgbs = J v'Jz =0
bl2+1,l+1 +XTJz =1 bir1a+1Y + XTJbs =0

VIIX +YTb1 101 +03JZ=0 YTY + 01 Jby + % Jb3 =0,
and hence b; and bz are upper triangular and invertible, Z = 0 and b;41 ;41 = 1.
Thus the Borel subgroup By of SOg;41 is

by X by |b1,b3 € M;(K) are upper triangular,
By = 0 1 Y ||bFJb3=JYTY +bJby+0bLJbs =0,
0 0 b3/ |Y+XTJb3=0

Therefore, B = K*By = {tb | b € By,t € K*} is a Borel subgroup of G and
B=GnNB,.
We can now find the important relationship involving the Borel subgroup B,

idempotents and rank one elements in F(T).

11.1. Theorem. Let T = K*Ty C B be a maximal torus in G. Then for every

e, € E(T), there ezists a unique e; = E;; € E1(T) such that e;Be, = e;Be;, where

1 18 the maximal number in 1.
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Proof. Let e, € E(T) where I = {i1,i2,...,0m} C {1,...,21 + 1} is admissible with
i1 < iz < ... < ipy. For any upper triangular matrix b = (b;x) € B C G, the matrix
be, is an upper triangular matrix whose k-th column is exactly the k-th column of
b= (bji) for k = iy,...,%y, and the other columns of be, are all zero. Let i = iy,
which is maximal in /. Taking e; = E;;, we get e;be, = Ej;be, is a matrix whose
(i,7)—entry is b;; and the other entries are all zero. It follows that e;be, = e;be; by
calculating directly. Therefore, e;Be, = e;Be;. From the procedure above we also

see the uniqueness of such e; = E;; € Ey(T). O

11.2. Definition. For any e; = E;; € E1(T), define

R(e;) ={x € R | e;Bx = e;Be;x # 0}.

11.3. Corollary. The set of non-zero elements of the Renner monoid has a de-

composition

R* =e,em 7 Rle:) = U?l:tl R(Es).

Applying Theorem 11.1, we can now get a surjective map 7 from the set E(T)

of idempotents in T onto the set E;(T) of rank one elements. This map can also

be extended to a map of R* to E1 (7).

11.4. Theorem.

a) There is a surjective map T from E(T) onto E1(T) by
e, — 7(e,) =¢;, ife;Be, =e;Be; #0

b) The map T extends to R* =R \ {0} by, for every x € R*, defining,
T(x) =€, ifx €e,W and 7(e,) = €,

where I # ¢ admissible and i is maximal in I.
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Proof. a) is clear. To prove b), note that for any x € R*, there is a w € W

and a unique e, € E(T) such that x = e,w. It follows that there is a unique

e; = E;; € E1(T) = E1(R) such that e;Be, = e¢;Be; # 0. Then we obtain the map

from R* to E1(R) = E1(T) by 7(z) = e;, as required. [

11.5. Proposition.

Let I(i) = {I C {1,...,2l + 1} | I are admissible with i =max (1)}, where i =
1,....2l+ 1. Then

a) R(e;) =771 (e;) = Urergy eW, fori=1,...21+1.

b) R* = |_|12l;;1 7 1(e;), a disjoint union.

Proof. It is straightforward. [

FOI‘ MSO5, El(T> = {61 = E11,62 = E22,64 = E44,65 = E55}, and

R(e1) = Urerq)y eW = EnW =
0

1 0 0 0 01 0 0 O 0 0 0 1 0 0 0 0 0 1
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
o o0 o0 o0¢o0}|,{00O0O0OTO0},]0 0 0 0 O0O],10 0O 0 0 O
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
R(e2) = Urer) eW = E22W U (E11 + E2)W =
00 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
1 0 0 0 O 01 0 0 0 0 0 0 1 0 0 0 0 0 1
o000 o0[looooolflloooool|loooool]
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
1 0 0 0 O 01 0 0 O 0 0 0 0 1 0 0 0 1 0
01 0 0 O 1 0 0 0 O 0 00 1 0 0 0 0 0 1
oo ooof,O0O0O0O0OL]OOOOGO0Of,10O0O0 0 0],
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0O 0 0 0 0 O 0 0 0 0 O



|
),

S — O

[enRen i an)

o O O

— O O

00 0 0 O
00 0 0 O

0
0
0

|
I

0 00 0 1
01 0 0 O
00 0 0 O
00 0 0 O
00 0 0 O

]

EuW U <E22 + E44)W

0 00 10
1 0 0 0 0
0 00 0O
0 00 00
0 00 0O

]

u[e[(4) e, W

00 0 0 O
00 0 0 O
00 0 0 O
1 0 0 0 0

0
0
00 0 0 O

0
1

0 0

0 0
0 00 0 O
0 00 0 O
0 00 0 O

(é

!

o O -

oS O O

oS O O

0 00 0 O
0
0
0

0 00 0 O

0
0
0

00 0 0 O
00 0 0 O
00 0 0 O
000 1 0
00 0 0 O

I

00 0 0 O
0 0 0 0 O
00 0 0 O
01 0 0 O
00 0 0 O

I

- ——
S OO —H O SO O OO
— O O O O S O O —H O
S OO OO SO O OO
S OO OO — O O O O
S OO OO SO O OO
N~—— T SN—
— O O O O — O O O O
S O O - O S O O OO
S OO OO S O O OO
O OO OO S O O —H O
S OO OO SO O OO
~—— T SN—
S OO OO SO O OO
O O O OO — o O O O
O O O OO S O O OO
— O O O O SO O OO
S O O - O S O O —H O
N~—— T SN—
S OO OO S O O OO
O OO OO o O O —H O
S OO OO SO O OO
S OO —H O SO O OO
— o O O O — o O O O
~—— T SN—

EssW U (E44 + E55)W U (E11 + E55)W Uw

= |_|I€I(5) e, W
0 0 0 0 O
0 0 0 0 O
00 0 0 O
0 0 0 0 O

R(€5)

{(

0 0 0 O 0 00 0 O
0 0 0 O 0 00 0 O
0 00 O0Of,]0 0 0 O 01,
00 0 0 O 0 00 0 O
000 1 0 0 0 0 01

0
0
0

I

00 0 0 O
00 0 0 O
00 0 0 O
00 0 0 O
01 0 0 O

I

1 0 0 0 0

),

00 0 0 O
1 0 0 0 0
0 0 0 0 O
00 0 0 O
01 0 0 O

Il

0
0
0

00 0 0 O
00 0 0 O
0 0
0 0
10

I

0 00 0O
0 00 00
0 00 0O
01 0 0O
1 0 0 0 0

I

0 00 0 O
01 0 0 O
0 00 0 O
0 00 0 O
1 0 0 0 0

|

— O

S O

S O

o O



76

O R OO OO OO OO, OO oo
alies i eol ev i vl e Bl es B an BN i an i e B e e I ao i en M en M e Bl ol @)
DO H OO OH OO o oo o
DO OO RO R OO0 —~O oo
SO OH O OO0 OO oo
(=N S eolasNeol SoeolaNelololaoNeoRaoRal S =l
SO OO OO FrROOHOOOoOOoOOoO o oo
DO R OO0 O R OO0 oo oo
R OO OO R OO0 o oo oo o
OO O H OO ODOOHRRrROOOOoODODOOoODOOoO OO
DO O H OO OO OHODODODOODODODOODOOoO R OOO
—_— O OO OO OO OO OO OO
DO R OO O R OO0 o oo o
DO OO OO O R OO, O oo o
O R OO0 OO0 OO OO o oo
SO OHOFHR OO0 OO oo O
DO OO RO OO OO oo
OO R OO0 O R OO0 o oo o
aiiies i evl ev i el e B oo B an BN i an i e B e M e Mo B el N oo M el el an)
O R OO DD HOHRODOODODODODO OO

Our task now is to find the cell decomposition of the special orthogonal Renner
monoid. Note that for any » = E;; € R(1), there exists a unique e, = E;; and

fr = Ej; in E1(T) such that r = e,rf,.

11.6. Definition. For any r =e,rf, € R(1), call C, = {x € R(e,) | erxfr =7} a
cell of the Renner monoid R of M SOy, corresponding to the rank one element r.

11.7. Proposition. For any e € E1(T') and x € R(e), there is a unique r € R(1)

such that x € C,., where r = ex.

Proof. Let x € R(e) where e € E1(T'). Then eBx = eBex # 0 where B is the Borel
subgroup of G C M SO,,. Let r = ex. Then r € R(1) and r = erf, for the unique
e, fr € E1(T). For if r = e,rf, and e, # e, then r = ex = e(ex) = er = e(e,)rf, =
(ee,)rfr =0, since ee, = 0. Thus x € R(e) and exf, =rf. = (erf,)fr =erf. =r,

ie.,x e,
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Suppose that there is another 7' € R(1) such that x € C,v = {x € R(e) | exf' =

r'} where ' = er’f’ for the unique e, f’ € Ey(T). If f' # f. then v/ = exf’ =

(ex)f' = rf" = (exf.)f = ex(f.f') = 0, since f.f' = 0 € E(T), which is a

contradiction. Therefore, the uniqueness. [J
By Corollary 11.3 and the above proposition we get the following

11.8. Corollary.

a) R(e) = | rer(1)Cr, where e € E1(T).

er=r

b) RX — |—|’I“€R(1) CT'

Now, we can establish a surjective map ¢ from R* to the set R(1) consisting of
rank one elements in R by declaring ¢(z) = r if z € C, where x € R* and r € R(1).

It is an extension of 7. Furthermore, ¢ ~!(r) = C, for r € R(1).

11.9. Theorem. The above surjective map ¢ from R* to R(1) satisfies

o(r) =ew, if t=e,w e R* and 7(e,) = €;,

where e, € E(T) and w € W.

Proof. Since R* = ||, cp, ) R(€;) where R(e;) = | ;¢ €, W, there is a unique

e; € E1(T) such that © € R(e;). It follows that if x = e,w € R* and 7(e,) = e,

then I € I(i). Thus ¢(z) = e;x = e;(e,w) = (e;e, )w = e;w, the required result. [

11.10. Theorem. For anyr = E;; € R(1),i,j=1,...,2l+1, but i, #1+1,

Cr=Cg,, ={(xpg) ER|xij=Li2p,=0if i<p<20+1,1<¢qg<20+1}.

ij

Proof. If z = (z,,) € R is an n xn matrix, then E;;x = E;; if and only if z;, = d,;,
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1 <qg<20+1}.

<2l+1

Ei;}

— —
DO OO HOOOO
OO O OO OO o oo
DO OoOD OO OO o oo
— O O OO OO o oo
OO O OO OO o oo
N~ — N~—
- g - >

I I

3\ 0

b i

Q O
7 N 7 Y
— —

3
7

\
Vs

|

— O O O

o O OO

o O O

— O O

100 0 0 000
01000 0
0000GO0],]O0
0000 O 0
0000 O 0000 O

1

— OO0 OO
oo oo
oo oo
oo oo
oo oo
N~
oo oo
oo oo
oo o oo
oo oo
===
N~
~

1 0 0 0 0
0 00 0 O
0 00 0 O
0 00 0 O
0 00 0 O
000 1 0
0 00 0 O
0 00 0 O
0 00 0 O
0 00 0 O

|

|

{(zpg) €ER | wij = Lizpg =0if i <p
0
0
0
0
0
00 0 0 O

.,2l+ 1. Then

\
\

= {(wpq) € Res) | wij = 1}

Cia

In the sequel, the cells in Theorem 11.10 will be simply denoted by C;;.
Ci1

If n = 5, the cells of the Renner monoid of M SOs are:

which proves the Theorem. [

fori,q,7=1,..

00 0 0 O
00 0 0 O
0 00 1 0
00 0 0 O
00 0 0 O
00 0 0 O

|

\
;
\

CQ4
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oSO OO

\|\J le N la N
. . . . IS
oSO OO O — o O O O — o O O O o O O H O ~ ~
o O O O O
— o O O O SO OO O o O O —H O — o O O O
o O O O O
o O O O O o O O O O o O O O O o O O O O
SO OO O
o O O O O S oo —-H O o O O O O o O O O O
oo O —H O
oo o —H O SO OO O SO O OO S OO OO
N— _ N— _ N— _ N— _ o O O O
- - - - (
— — — — -
R
oSO OO O SO OO O SO O OO o O O H O oo oo
oSO OO O SO OO O o O O —H O S OO OO cooc oo
o O O O O o O O O O o O O O O o O O O O co o oo
— o O O O SO o —-H O o O O O O o O O O O cOHOo OO
oo o —H O — O O O O — o O O O — o O O O cCo oo —~
(
— — —_— —
oSO OO O SO OO O [evhl el an Bl an Bl @n) o o o —H O o O O O O
oSO OO O SO OO O SO O —=H O S OO OO SO OO O
o O O O O o O O O O o O O O O o O O O O OO O OO
o O O O O o O O —=H O o O O O O o O O O O o O O O O
oo o —H O SO OO O [evh el an B an B @n) S OO OO SO OO H
[\ J/ [\ J/ [\ J/ [\ J/ N v}
I I I I I
— N <t 10 —
< < < < 0
\S) \S) \S) Q \S)

——
— o O O O
S — O O O
o O H O O
S O O - O
SO O O
N~—
— O O O O
S OO —H O
o O —H OO
O — O O O
SO O O
N~——
SO O OO
O — O O O
S OO OO
S OO OO
SO O O
N~N——
S OO OO
S O O - O
S OO OO
S OO OO
S OO O
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0 00 0O
0 00 0O
0
0
0

I

0 00 0 O
0 00 0 O
= 0 00 0 O
0 00 0 O
01 0 0 O

Cs2

@]

—

)

@]

)

)

)

)

o O O —H O

S oo o -

SO —~H OO

o —H O O O

00 0 0 O
00 0 1 0
00 0 0 O

01 0 0 O
0 0 0 0 1
0 01 0 O
10 0 0 0
00 0 1 0

0 00 0O
0 00 0O
0 00 0O

0000 O

1 000 0

0l,]0 0 0 0 o0

0 0000 O

0 00010
0000 O
0000 O
0000 O

0
0
1

oS O O

oS O O

0 00 0O
0 00 0O

o - O

Css

),

S

S O

o O

o O

S O

I

Notice the fact that the cells C;;(K) of the Renner monoid R,, of M,,(K) are

[eni

— O

o O

S O

o O

I

S -

o O

S O

S O

o O

|

o O O

S O O

o — O

;1 <q<n}

{(2pg) € Ru| wij =1L, py=21+1ifi<p<n

Cij (K)

.,n. We can now get

where 7,5 =1, ..

G20+ 1P\ {1+ 1}.

11.11. Theorem. C;; =C;;(K)NR, where i,j € {1, ..



81

We begin to describe the cell decomposition of the special orthogonal monoid

M SO, using the following definition.

11.12. Definition. The sets C;; = BC;;B fori,j € {1,...,2l + 1} \ {l + 1} are
called the cells for the special orthogonal monoid with respect to the Borel subgroup

B.

To find the relationship between the cells of the special orthogonal monoid and
those of M,,, the following theorem about the structure of the cells of M SO is

necessary.

11.13. Theorem. The cells of the special orthogonal monoid are

Ci; = {(cpq)2l+1 € MSO,

cij # 0; Cig = 0 f0r1§q<j;}
p,q=1 :

Cpg =0, fori <p<2l+1, 1 <q¢g<2[+1
where i,7 € {1,...,20l+ 1} \ {l + 1}.

Proof. Since Cij = UxecijBxB = UxECij (K*BQ).’L’(K*BQ) = K~ (Umeci].B()IL’BQ) s
fori,7 € {1,...;2014+1}\ {I{+1}, we need only to consider elements in Box By, where

z € C;; and

by X by |b1,b3 € M;(K) are upper triangular,
By = 0 1 Y ||bFJb3=JYTY +bJby+0bLJbs =0,
0 0 b3/ |Y+XTJb3=0

by X by
Now let b = (bpg)2d2y = | 0 1 Y | € By. Then by = 1 and by, # 0, for
0 0 bs

p=1,....,2[4+ 1. For any x = (qu> € Cij - R(Eu) CR,let I = {’il, ---,im—lyim}
denote the index set of non-zero rows of x where i1 < ... < 4,1 < %y, and 4,, = i.
Let J = {j1, -, jm—1, jm} denote the index set of non-zero columns such that j,, = j

and z;,;, = 1, for k = 1,...,m. Generally, we don’t have j; < ... < jm—1 < Jm-
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Thus bz is a matrix whose ji-th column is the ig-th of b where k =1, ..., m, and

all rows under row ¢ are zero. The shape of bx is

* *  b;j_q; * *
i-th row «— 0 0 b” 0 0 )
0 0 0 0 0
0 0 0 0 0
!

7-th column
where b;; # 0 is the (i, j)-entry of bz and neither i and j are [ + 1. Taking any

b' = (b,,)nxn € bo, one obtains the shape of bxd’ is

i-throw «— | 0 ... 0 bbbl bubi, ... biib;ZH—l ’
0 ... 0 0
0O ... 0 0 0 0
l

7-th column
where b,-z-b;-j # 0 is the (i, j)-entry of bxb’. From the arbitrariness of b, b’ € By and

x € C;ij, observing that B = K* By, we get, for 4,7 =1,...,2[ 4 1.

ij ; o = 0, for 1 < '
Cij:{(cpq>129f;—l1€MSOn i 7 0 e ) g P } O

Cpg =0,fori <p <2041, 1 <qg<20+1

It follows from the Bruhat-Renner decomposition [17, Corollary 5.8] of M SO,

and Corollary 11.8 that
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11.14. Corollary. Keeping the notation above, we have

20141
Mso,\{0}= || Cy.

ij=1
i, A1

From the shapes of elements in the cells C;; (K) of M,,(K), where 4, j = 1..., 2l+1,

we obtain the following

11.15. Theorem. C;; = C;;(K) N MSO,, fori,je{1,..,2l+1}\{l+1}. O

12. Submonoids of the Special Orthogonal Algebraic Monoids M S04

The main purpose of this section is to establish some properties of the submonoid
(MSO,,). ={y € MSO,, | ye = ey = e} of MSO,, where e € E(MSO,,) and n =
20+ 1 is odd. We simply denote by M, the submonoid (M SO,,).. Let Go = M.NG
where G = K*SO,, is the unit group of M SO,,. Then by [15, Theorem 6.11] one

has M, = G.. Thus, searching for some properties about G, is necessary.

€ MSO,,. Theny € SO,, if and only if

— o O

1 0
12.1. Lemma. Lety=| 0 1
0 O

nxn

Y1 S SOn—Q-

0 J
Proof. Recall ;=10 1 0 | € M, (K) be the symmetric matrix, where J =
0 0
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1 0 0 1
< N ) of size [ x [. Rewrite J;tobe J; =10 J,_1 0 |]. Then
1 1 0 0
y € SO, <=y  Jiy = J,
0 0 1 0 0 1
[0 vIJ1y1 O|=[0 J_1 O
1 0 0 1 0 0

=yl Sy = Ji

Y1 € SOn_Q. O
12.2. Theorem. Let e; = E1; € A and G = K*SO,, (n =20+ 1). Then G, is
tsomorphic to K*SO,,_a. Furthermore, M., is isomorphic to M SO, _».

Proof. Suppose that y = tr € G with x = (:czj)flj':ll € SO,, and t € K*. Then

yep = ey = e is equivalent to xe; = e;z = (1/t)e;. Thus

v = (W 0 ) € S0,
0 X1

where z1 = (245)7 j_ is a 20 x 21 matrix, A = (0, ..., 1)1x2 and rewrite

0 A
JZZ(AT J/>

) . Notice that
20x 21

o Ty — ( 0 (1/t)Aa:1).

Ji—1 0

’_
WhereJ—( 0 0

(/)T AT 2T 2y
Thus 2T Jjz = J; gives us (1/t)Az; = A, (1/t)aT AT = AT and 2T J'z; = J'. Tt

follows that zg9;412 = ... = x2141,21 = 0 and x9;41 2,41 = ¢, which shows that z; has

z (.IQ X)
1= )
0 t 20x2l

the shape
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where z9 = (mij)?lj:Q is a2l —1 x 2] — 1 matrix and X = (222141, ...,m21721+1)T.

T T
Since J' = (Jlo_ ! 8) and x{ J'z1 = (;QT?_lme ;QT?_li((), it follows from
1—1T2 -1

al J'zy = J that 2l Jy 20 = Jj 1, 22 1 X =0, XTJ_129 =0and XTJ,_1 X =

0. Thus X =0 and x; = <%2 ?) , where x5 € SO,,_5. Therefore,
1/t
T = To € SO,

where t € K* and 9 € SO,,_5. It follows easily that

1/t
Ge=<t- i) tEK*,ZEQESOn_Q

= txo t e K*, r9 € SO, _o
t2

Define a mapping f from G., to K*SO,,_5 by

Yy = tzo — txg € K*SO,,_2
t2
Then f is an algebraic group isomorphism from G., to K*SO,,_s Hence, @el is
isomorphic to K*SO,,_5 which is M SO,,_». But it follows from [15, Theorem 6.11]

that M., = 561. Therefore, M., is isomorphic to M SO,,_s.

This proves the Theorem. [J

12.3. Corollary.
a) For any e € E\(T), M, is isomorphic to MSO,, .
c) For any e € E1(MSO,,), the rank one elemenets in E(MSO,,), M, is isomor-

phic to MSO,,_s.
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Proof. For a), note that E1(T) = {w™lejw | w € W}. Then for any e € Ey(T),
there exists w € W such that e = w™'e;w, where e; = F;;. Since ye = ey = e
is equivalent to (wyw=1)e; = e;(wyw™!) = ey, it follows that M, is isomorphic
to M., by the mapping y — wyw~'. From Theorem 12.2 one obtains that M,
is isomorphic to M SO,,_. Similar recipes apply to b) by using F;(MSOq) =

{g7'erglgeG}. O

12.4. Theorem. Let G = K*SO,, and e, € A with I standard admissible, where
e, = Zjel E;j; € A and |I| = 1,...,1. Then G, is isomorphic to K*SO,, g 1.

Furthermore, Me  is isomorphic to MSO,, 3.
Proof. It is similar to that of Theorem 12.2. [

12.5. Corollary. Keeping the same notations in Theorem 11.4, we have

a) For every e, € E;(T) with J admissible and i =1, ...,1, M,  is isomorphic to
MSO,_o;.

b) For every e € E;(MSO,,), the rank i elements in E(MSO,,), M, is isomorphic
to MSOy 2, fori=1,...,1.

Proof. For a), note that for every e, € E;(T), the set of rank ¢ (i = 1,...,1)
idempotents of E(T), there exist unique e, € A and w € W such that e, = we,w™".
But ye, = e,y = e, is equivalent to (w™lyw)e, = e,(wlyw) = e,. Hence M.,
is isomorphic to M. by the mapping y — w”tyw. It follows from Theorem 12.4

that M,  is isomorphic to M.SO,,—s;. Applying a) and [17, Corollary 6.10 (ii)] one

gets b) easily. O
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CHAPTER VI

G, ACTIONS AND CELL DECOMPOSITIONS

The most interesting cell decompositions in algebraic geometry are the BB-cells
obtained in [1]. If T'= K* acts on a smooth complete variety X with finite fixed
point set ¥ C X, then X = || cp Xa, where X, = {z € X | lim;_otz = a}.
Furthermore, X, is isomorphic to an affine space. If, further, a semisimple group G
acts on X extending the action of T, we may assume (replacing 7" if necessary) that
each X, is stable under the action of some Borel subgroup B of G with T'C B. In
case X is a complete homogeneous space for GG, each cell X, turns out to consist of
exactly one B-orbit.

However, we can get BB-“cells” even if X is not smooth. They may not be affine

spaces, but cones instead.

13 Basic Definitions and Preliminary Results
The results of this section are the unpublished work of L. Renner. We begin this

section with the following definition

13.1 Definition. Let X be an algebraic variety and K* x X — X be an action
of K* on the variety X. Then for any x € X, there is a morphism A : K* — X
defined by \(t) = tx. We say

lim tx = xg,
t—0

where x,xg € X, t € K*, if, there exists an extension \: K — X with A\(0) = xg.

Thus, lim;_,o tx is unique, if it exists.

Let Gy be one of the classical algebraic groups and G = Gy x K*. Then G,
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the Zariski closure of G in M,,, is an irreducible algebraic monoid which will be
denoted by M, ie., M =G. Let X = (M \ {0})/K*. Then X = | | .p Xa, where
Xo = {2z € X | limy_otx = a} is referred to as the BB-cells of X (due to A.

Bialynicki-Birula).

13.2 BB-Cells of M,,
In case M = M,,, with the two sided GL,, (K )-action on it, X = (M, \ {0})/K*.

Let T, be a maximal torus contained in a Borel subgroup B,, of GL,,. Suppose

S =T, xT,. Then, forany s = (\, u) € S and z = (z;;) € X with (z;;) € M,,\{0},

where A\ = diag (A1, ..., \n) and p = diag (p1, g2, ..., fin), define an action of S on

X by sz = Maij)p = (Niwijp;). The fixed point set X° = {E;; | E;; € M, \ {0}}.
Let \(t) = diag(t™=17, .., ¢",t%) and u(t) = diag(t!,t2,...,t"), where t € K*.

Then A(t), u(t) € T,. So the action of G,, on X is given by

tw = X(0) (i, )0,

Notice that

t(”_l)”+1x11 t(n—l)n—|—2x12 tn2$1n
t(n—2)n+1$21 t(n—2)n+2$22 th—nxzn
MO @) = | | -
2y, o1 2T2r, o9 3T —2 1,
", 1 t" 22,10 2" Ty 1 m
11 t2$n2 tnmnn

where all the exponents of ¢’s in the above matrix are distinct.

Let a;; = (n—i)n+ j, where ¢,5 =1,2,...,n. Then

M) (wig)pu(t) = (t"ij) nxn,
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and hence
tr =r <~ W =z
<= At)(zi;j)u(t) = a(x;j), for some a € K~
= (1" xi5) = (axiz).
So there is at most one element x;; # 0. By the fact that (z;;)nxn € M, \ {0},
it follows that (z;;) = z;;E;j, 25 € K* and x = E;; for some i,j € {1,2,,,,n}.

Therefore, X7 = {Eij | Eij € M, \ {O}}, ie, XT = X%,

Let X;; = {z € X | lim;_otx = F;;}. Then we have the following

13.3 Theorem. The BB-cells X;; of X are

RN B S (Tpg) € My \ {0},zi; # 0, but
X”_{(wpq)EX:quzo,z'fp>i,o7’p:iandq<j '

(/% ... x x k... % )

= 0 ... 0 z; = ... x|eX|z;eK' xeK
0 0O 0 O 0

L\ O 0O 0 O 0 J

Proof. To establish concretely the BB-cells X;; = {x € X | limy_¢tx = Fij}, we

need the following calculation

A SR talj_aijilj'lj e 8T %igpy
121~ Yy L. (920 T %G roj ... t92n =% o
At) (i) () =t o s
( )( 2])”( ) ta“ awxi1 . xij L tam aqj Tin )

e S TN Lt il
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where a,q —a;; > 0,if p <i,orp=1iand g > j, and apq, —a;; <0,if p > i, orp=1

and ¢ < j.

Consider elements z = (xpq) € X where (2pq)nxn in M,, with x,, = 0 for

nxn

p>t,or p=1andq<j, but z;; # 0. It follows easily that lim;_,otx = F;j, so

T € X” Let

D Rrovany xi; # 0, but x,, = 0, if
X”_{(mpq>€X)p>iorp:iandq<j '

Then X;; C X;; and X = |_|Zj:1 X{;. On the other hand, X = |_|Zj:1 X, but
then Xj; = Xy;, fori,j =1,...,n.

This proves the theorem. [J

Corollary 13.4. Let 7 be the canonical map of M,, to X = (M,,\ {0})/K*. Then

we have the following cell decomposition

21

M, \ {0} = | | 7' (x4),

4,j=1

where t € K* and m=(X;;) coincide with the cells Ci;(K) of My, \ {0}, fori,j =

1,....n.

14 G,, Action and BB-Cells for M Sp,

In case M = M Sp,(K), with the two sided K*Sp,,(K)-action on it, then X =
(M Sp, \ {0})/K*, where n = 2[. Let T be a maximal torus contained in a Borel

subgroup B of Sp, as before. Let S = T x T. Then, for any s = (A, u) and
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x = (z;;) € X, we define an action of S on X as follows

st = A@ij)p
= (Aizijus) € X.

where A = diag (A1, ..., \p), p = diag (p1, 2, ..., ) and (x;5) € MSp,, \ {0}. Let
X% denote the fixed point set. It follows that X¥ = {E;; | E;; € MSp, \ {0}}.

Let
A(t) = diag(tn”, ¢=Dn" | gn® gt g mn® yin®
p(t) = diag(t= =D T e L E T,

where t € K*. Then A(t), u(t) € T. Define a G, action on X by tx = A(t)(z:;)p(t).

Notice that A(¢)(x;;)u(t) =

2 2 2
tln —lxll tln —lxll tln +1371,l—|—1 tln +l.fC In
2n2—1 2n2—1 2n2+1 2n2 41
G e o B T e P VSRR TR
2 2 2 2
t" oy t" "y "y t tlay,
2 2 2 2
—n2—1 —n2-1 —n241 —n241 ;
T e s T g T T e T,
—2n2%—1 —2n%-1 —2n241 —2n241
174" Tlwpga U TR B AR T W AR 72 o,
2 2 2 2
t—ln _lmnl t—ln —1xnl t—ln +1$n,l+1 t—ln —Hmnn

where all the exponents of ¢’s in the above matrix are distinct.

Let
((l—i+1)n2—=(1—j5+1), for1<i<l,1<j<I
(I—i+1)n?—(1-j), for1<i<[LI+1<j<n
u (I—in?—(1—j+1), fori+1<i<n,1<j5<I
L (I —9)n? — (I —j), foril+1<i<n,l+1<j<n.




Then
M) (wig)pu(t) = (t"Tij)nxn,

and hence

tr =2 < (A(t)zp(t)) =z
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<= A(t)(zi;j )1u(t) = a(x;j), for some a € K~

< (taijxij> = (CE.I@').

So there is at most one element z;; # 0. By the fact that (z;;) € MSp, \ {0}, it

follows that (z;;) = x;;F;j,z;j € K* and © = E;;. Therefore,

MSp, \ 0}, ie., XT = X5,

Theorem 14.1. The BB-cells X;; of X are

) zij # 0, but xpq = 0, if
X”_{(wpq)EX’p>iorp:iandq<j ’
(/% ... x kK ... %
= 0 ... 0 m = ... x|eX|x;eK
0 0O 0 O 0
o ... 0o 0 0 ... 0

\

Proof. Notice that

te =Yg L talj_aij.flflj
)\(t) (.CEZJ)[L(t) = % t@i =Yg, L Tij
tom1 =% 1 ... tOni TG Tnj

XT = {EZJ | Eij €

xe K

taln_aijxln

$%in—aij Tin
?

tann — Q5 m’)’L’I’L

where apq —ai; > 0,if p <i,orp=1iand g > j, and apq, —a;; <0,if p > i, orp=1

and ¢ < j.
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Consider elements x = (z,4),,,, € X Where (Zpq)nxn in MSp, with z,, = 0 for
p>i,orp=iand g <j, but z;; # 0. It follows easily that lim; otz = F;;. In
other words, z € X;;. Let

S oy xi; # 0, but x,, = 0, if
X”_{<qu>6X)p>iorp:iandq<j '

Then X;; € X;; and X = [[|._, X;;. On the other hand, X = | |;',_; Xj;, but

i,5=1 i,j=1
then X/, = Xj;, fori,j=1,...,n. O
Corollary 14.2. Let 7 be the canonical map of M Spy to X = (M Spy \{0})/K*.
Then we have the following cell decomposition
21
MSpu \ {0} = | | =" (Xy),

ij=1

where t € K* and 7=1(X;;) coincide with the cells Cyi; of MSpa (see Definition

5.12), fori,j=1,..,2l.

Remark 15. The same A(t), u(t) works for M .SOq;.

Remark 16. For the case M SO09;41, we need the following
A(t) = diag(¢”, ¢(=Dn® | gn® q gt (e hn® ymin®y
p(t) = diag(t=L =D 1ttt Y, where t e K

There is much more information that should be possible concerning these cells,
even though they may not be affine spaces. Are they irreducible? What are they

topologically? Unfortunately, these problems are for future work.
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