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Abstract

In this work we consider the Galois point of view in determining the structure of
a space of orderings of fields via considering small Galois quotients of absolute Galois
groups G of Pythagorean formally real fields. Galois theoretic, group theoretic and
combinatorial arguments are used to reduce the structure of W-groups. When Xp,
the space of orderings of the Pythagorean formally real field F', is a connected space,
then the structure of G is reduced to the structure of Gz, the W-group of the residue
field of F'. In the disconnected case the structure of Gr is the free product of groups
Gr, where the G, are W-groups corresponding to the connected components X; of
Xp. Then we show that a simple invariant (n,a) of the space of orderings of the
field F, where |F/F?| = 2" and | X#| = a can completely determine the structure of

Xr and Gr in some cases.

Keywords: W-groups of Pythagorean formally real fields, formally real fields, the
space of orderings of field F,
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Introduction

It was in 1900 that David Hilbert formed a list of twenty-three problems in
mathematics at the Paris conference of the International Congress of Mathemati-
cians. Then in 1927 the theory of formally real fields led Artin to solve Hilbert’s
seventeenth problem. Hilbert’s seventeenth problem concerns the expression of def-

inite rational functions as sums of quotients of squares.

The theory of formally real fields originally comes from a basic algebraic prop-
erty of a field of real numbers which is that the only relations of the form >~ a? =0
are the trivial ones 0% + 0% + ... + 0% = 0. Artin and Schreier called any field having
this property formally real. In 1927 Emil Artin and Otto Schreier developed the
theory of orderings on fields. Emil Artin and Otto Schreier characterized formally
real fields as fields admitting orderings. Actually Artin proved a theorem which was

used as one of the main tools in his solution of Hilbert’s 17th problem.

The problem of determining absolute Galois groups, and even their canonical
non-trivial quotients, is an extremely difficult problem. On the other hand, our
determination of the structure of W-groups of formally real Pythagorean fields with
finitely many orderings represents a significant advance in Galois theory. In this

work we make progress in determining certain canonical finite 2-quotients of absolute



Galois groups of Pythagorean formally real fields.
We use mainly Galois theoretic, group theoretic and combinatorial arguments.
We will show that in some cases a simple invariant of the order space of Pythagorean

field F' determines this order space and consequently the W-group completely.

Throughout this thesis, F' is a field with charF' = 0. We use the notation |S]
to denote the cardinality number of a set .S, and we denote the group of nonzero
elements of the field F by F. > F? is the set of all finite sums of squares of elements
of F', and F / F2 is the square class group which is an Fo-vector space. Here F5 means
a field with two elements. One can show that > 2 is a subgroup of F.

A Pythagorean field is a field in which every sum of two squares is a square.The
two obvious examples of Pythagorean fields are R and C. Actually there are many

other non trivial examples.

By an ordering on a field F' we mean a subset P ; F such that P+ P C P,
PP C Pand PU(—P) = F. It is easy to check that P = P — {0} is a subgroup
of F, P contains > F? and —1 ¢ P. A preordering in a field F is a proper subset
T S F such that F2CT, T+T CTand T.T C T. One can show that F is

formally real if it has at least one ordering.

Example 1.

Consider field F' = R((x)) of all formal Laurent series over R. A formal Laurent
series is power series in one variable like
f= Zakxk,n e Z.
k=n

So the square class group is F'/EF? = {[1],[—1], [z], [~z]}. Actually this field has two



orderings P, and P,. Here P; is an ordering such that x is an element of P; and
it contains all formal Laurent series f = Y a,z",n € Z such that if a, # 0 then
a, > 0. The other ordering P, does not contain x. It contains all formal Laurent
series f =Y a,z",n € Z such that, if a,, # 0, then a,(—1)" > 0. We explain this

example with more details in Chapter 2.

Now for a Pythagorean formally real field F, define F® = F(y/a : a € F) as
the compositum of all quadratic extensions of F. Thus F® is the smallest field
that contains all square roots v/a, for all @ € F. Then define F®) = FO(/y:ye€
F® such that F®(,/y)/F is Galois). Thus F® is a compositum of all quadratic
extensions K of F(® such that K/F is Galois.

Definition 1. For any Pythagorean formally real field F' such that the number of
elements of the group F/F2 is finite, the W-group of field F is Gp = Gal(F®) /F).

We show that all W-groups are objects of category C, where C is the full sub-
category of the category of pro-2-groups whose objects are those pro-2-groups G
satisfying
(1) g* = 1Vg € G.

(2) For all g € G, g*> € Z(G) the center of G.

Suppose F' is a Pythagorean formally real field. Our goal is to determine the
structure of the W-group of F. First recall that the Frattini subgroup ®(G) of a
group G is the intersection of all maximal subgroups of G. Let p be a prime number.
A group G is called a finite p-group if the number of elements of G is a power of p.

One can show that if G is a finite p-group, then ®(G) = G?[G, GJ.

This is the map of the technique we used in this work.



Step 1. We use Corollary 2.10, [MS] to relate the ordering space Xp to the set
of non simple involutions {o € Gr|o? = 1,0 ¢ ®(F)}. Then we prove the basic
Lemma 3.5 about the space of orderings of a Pythagorean formally real field F,
which corresponds to the main lemma that M. Marshall proved about general space

of orderings, Lemma 1.3, [M1]. But our proof is completely based on Galois theory.

Step 2. In this step connected concept for the space of orderings help us to clas-
sify Gr. By using Lemma 3.5 we show that in the case that the space of orderings
X of a Pythagorean formally real field F' is connected, the translation group of Gg
is nontrivial. This is the key point that M. Marshall used for classifying the usual

space of orderings. We prove it here by a Galois theoretical argument.

Step 3. We show that if Xy, the space of orderings of a Pythagorean formally
real field F', is a connected space, then the structure of G is reduced to the structure
of Gg, the W-group of the residue field of F' (Theorem 3.16). In the disconnected
case we can reduce the structure of Gp to the free product of Gr, such that Gp, are
W-groups corresponding to the connected components X; of Xz (Theorem 3.18).
Then we show that in interesting cases a simple invariant (n,a), where F/F? = 2"
and |Xp| = a, can completely determine the structure of Xz and Gp (Theorems
3.22, 3.27, 3.30). A sufficient condition for uniqueness of the structure of G based
on the binary representation of a giving by Theorem 3.35. In the end the relation

between W-groups and Coxeter groups will be discussed.



Thesis Organization

Chapter 1: This chapter contains the basic definitions and concepts of W-
groups. We recall some theorems and lemmas about the structure of W-groups
which help us in their description. Most theorems in Chapter 1 come from the joint

works of Jan Mina¢ and Michel Spira [MS1] or Jan Mina¢ and Tara Smith [MS].

The main theorem that we will use is a theorem which makes a correspon-
dence between the set of orderings of F' and the set of non-simple involutions of
Gal(F® /F). With this correspondence we are able to use the theorems that M.

Marshall proved about spaces of orderings [M1].

Chapter 2: In this chapter we recall the main concepts of space of orderings
and its related theorems from [M1]. Two examples of a field F: one with infinite

number of ordering and one with finite number of ordering is discussed.

Chapter 3: This is the most important chapter. In Section 3.1 we prove the
main lemma for the space of orderings X of a Pythagorean formally real field F'.
Then we use this lemma to show that the translation group is nontrivial in the case

X is a connected space. Then the structure of the W-group G is determined.

In Section 3.2 we will prove some theorems that in some cases a simple invariant

(n,a) of the space of orderings determines the structure of Gr. As an example we

compute Gp of field F, where F/F? = 2%,

Finally in Section 3.3 the relation between W-groups and Coxeter groups is

discussed and we find a condition determining W-groups are Coxeter groups.



Chapter 1
W-groups

The characterization of Witt rings in the category of all rings is a very difficult
problem. Until now we have information just about finitely generated Witt rings.
But for each field F' of characteristic not 2 there exists a certain Galois group which
carries the same information as the Witt ring W (F') of F'. We denote this group by
Gr and call it the W-group of F. We hope that determining the structure of the

W-groups helps us to do more than just characterize Witt rings.

A Pythagorean field is a field in which every sum of two squares is a square. The
two obvious examples of Pythagorean fields are R and C. The field of rational num-
bers is not a Pythagorean field. Actually, there are many other non trivial examples
of Pythagorean fields. Indeed any quadratically closed field is Pythagorean, but the
converse is not true. The field of real numbers R, is Pythagorean but its quadratic

closure is C.

In this work we are interested in the W-groups of Pythagorean fields for which
—1¢ S F? (3 F?is the set of all finite sums of squares of elements of F). E.
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Artin and O. Schreier called any field with the property —1 ¢ > F? a formally real
field. They characterized formally real fields as fields admitting orderings (Theorem
1.5, [La2]).

Definition 1.1. By an ordering on a field F' we mean a subset P ; F such that
P+PCP,PPCPand PU(—P)=F.

It is easy to check that P = P — {0} is a multiplicative subgroup of F', P contains
S EF?and —1 ¢ P.

Definition 1.2. A quadratic form over field F is a homogeneous quadratic polyno-
mial with coefficients in a F. In the case of two variable, it is called a binary form

and has the following form: q(x,y) = ax* + bxy + cy* where a,b,c € F.

Every quadratic form ¢ in n variables over a field of characteristic not equal to
2 is equivalent to a diagonal form ¢(z) = a;2? + asz? + ... + a,z2, (Corollary 2.4,

[La3]). Such a diagonal form is often denoted by (ai, ..., a,).

We say that the form f = (dy, ..., d,) represent e € F if and only if there exist
T1,...7, € F such that e = a12? + apx3 + ... + a,22. Let D; denotes the set of all
elements of F' that can be represented by the form f. Two forms ¢ = (ay, ..., a,)
and ¢ = (b, ..., b,,) are equivalent if and only if d(q) = d(¢’) and ¢, ¢’ represent a
common element e € F. For two forms f = (ay,...,a,) and g = (by, ..., by,), define

their sum and product by
f Dg= <a17 '-'7anab17 >bm>

f ® g = <(llbl, ceny albm, ceey Cbnbl, ceey anbm>.

Classification of all quadratic forms up to equivalence can be reduced to the case of

diagonal forms.
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Definition 1.3. The Witt ring W (F) is the set of equivalence classes of non-
degenerate quadratic forms, with the group operation corresponding to the orthogonal
direct sum of forms and the tensor product of two forms as the ring product. With

these operations, W(F) has a commutative ring structure.

J. Min&¢ and T. Smith show in [MS] that the direct product of Witt rings cor-
responds to the free product of W-groups in the proper category. They also show
the group ring construction of Witt rings corresponds to the semidirect product of

W-groups. The W-group and their structure is defined as follows:

For a Pythagorean formally real field F, define F®) = F(y/a:a € F ) to be the
compositum of all quadratic extensions of F. Thus F® is the smallest field that
contains all square roots v/a, for all a € . Then define F®® = F@(,/y:y e F®
such that F*(,/y)/F is Galois). Thus F® is the compositum of all quadratic
extensions K of F® such that K/F is Galois.

Definition 1.4. Let F' be a Pythagorean formally real field F' such that the number of
elements of the group F/F2 is finite. Then the W-group of F is Gy = Gal(F®)/F).

Two elements a,b € F are called independent modulo squares if and only if
aF? # bEF? in the square class group F'/F?2.

For a Pythagorean formally real field F such that |F/F?| = 27, consider the
W-group Gr = Gal(F®/F), and let X be the set of all orderings of F. We want
to classify the W-groups Gy = Gal(F® /F) of the Pythagorean formally real fields

F. Two extreme cases for F' have been studied in the literature:

1. The SAP case, in which |F/F?| = 2" and | Xp| = n. The “SAP” case refers to
a preordering of field F' satisfying the “Strong approximation property” (see
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page 126 [La2]).

2. The fan case which is defined as follows.

Definition 1.5. A preordering in a field F is a proper subset T ; F' such that
F2CT, T4+TCT and TTCT.

For Pythagorean formally real fields it is easy to check that >~ F? = F?, and F?

is a subgroup of F. One can show that F? is a preordering of F.

Definition 1.6. A preordering T C F is called a fan if for any set S O T the
following holds. If =1 ¢ S and S = S\{0} is a subgroup of index 2 in F then S is

an ordering.

We know F? is a preordering of F. If |F'/F?| = 2", then there are exactly 2"
sets S O F? such that —1 ¢ S and S = S\{0} is a subgroup of index 2 in F". For
F? to be a fan (we say F' is a fan),in this case each such S must be an ordering.
Therefore we can conclude the fan case is the case that the number of orderings of
our field is maximal. So in the fan case, if [F/F?2| = 2", then |Xz| = 2"~ (Chapter
5, [La2]).

We recall a very useful theorem about the structure of F® that J. Mina¢ and
T. Smith proved in [MS].

Theorem 1.7. F©®) is the composition of all extensions K of I such that Gal(K/F)
is one of the Z/27, 7.JAZ and Dy.

Here D, denotes the usual dihedral group of order 8. This is a very important

theorem as it says that for checking a relation among generators in W-groups of
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fields it is enough to check this relation by restricting to each dihedral, Z/4Z and
Z/2Z-extension.!

Definition 1.8. (1.2, [MS1]) A Galois extension L of F' is called a Dy-extension
of F if Gal(L/F) = Dy. If a,b € F are independent modulo squares, then by a
DZ’b-emtension of F we mean a Dy-extension K of F such that K 2 F(\/a,V/b) and
Gal(K/F(\ab)) = 7./AZ.

Definition 1.9. Let a,b € F,. Then we define the quaternion algebra A = (%b) to
be the F-algebra on two generators i,j with the defining relations i* = a, j> = b,

ij = —ji. Let k :=1ij, so k? = —ab, ik = —ki = aj and kj = —jk = bi.

We say a quaternion algebra A = (“?b) is split over F' and (denoted by A =
(%b) = 1), if ax® + by? = 1 is solvable in F or, equivalently, if the binary form (a, b)

represents 1 (Theorem 2.7, [La3]).

Theorem 1.10. (1.4, [MS1]) Let a,b € F be independent modulo squares. Then

ab

=) is split.

there exist a DZ’b-extension of F if and only if quaternion algebra (

Proof: See Theorem 4 in [MS].

The Frattini subgroup ®(G) of a group G is the intersection of all maximal
subgroups of G. Let p be a prime number. A group G is called a p-group if the
number of elements of GG is a power of p. One can show that if G is a finite p-group,
then ®(G) = GP[G,G]. For a W-group Gp, let ®p denotes the Frattini subgroup
group ®(Gp), which is a normal subgroup of Gp. It was shown in [MS] that all W-
groups are 2-groups, so @ is generated by commutators and the squares of elements

of Gr. Following page 521 [MS], we define:

IThis result was recently extended in [EM1], although we shall not use the extension in this

thesis, it suggests that we may extend some of our results to a larger family of fields.



CHAPTER 1. W-GROUPS 11

Definition 1.11. An involution o of Gr is simple if o € ®p. Also o is real if it is

not simple and if the fixed field s C F®) of o is formally real.

Two involutions o, and o9 are independent mod @ if they are in different classes

of Gr/®r. By abuse of language we say ¢ is nonreal if ¢ is not simple and not real.

J. Mina¢ and M. Spira related the generators of Gr to the set of orderings of
field F, also see [MS1].

Theorem 1.12. (2.7, [MS1]) Let F is a field. Then
1. If F s a formally real, then Gr contains a real involution.

2. If G contain a nonsimple involution?, then F is formally real.

Proof: See Theorem 2.7 in [MS1].
If o is a nonsimple involution in G, and b is any element of F' such that o(vb) =
—+/b. Then notice that:
1. b is not a sum of two squares.
2. If (%) = 1, then o(/c) = e
3. o(v=1) = —v-L

For the proof see Theorem 2.7 in [MS1].

Definition 1.13. For a nonsimple involution o in Gr define
P, :={a € F:o(ya)=+a}.

It is easy to check that P, is an ordering of the field F' (see [MS1], page 522).
For each P € X there exists a real involution ¢ € Gp such that P = (F§3))2 NE.
Following Definition 2.8 and Proposition 2.9 in [MS1], suppose ¢ and 7 are nonsimple
involutions in Gg. Then P, = P, if and only if 0®r = 7®p. So one can say o = op

mod (I)F

2This is an involution which is not simple.
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Theorem 1.14. (2.10, [MS1]) Let F be a Pythagorean formally real field. Then
there exists a bijection between the set of orderings of the field F' and the set of

nontrivial cosets c®r of Gr such that o is an involution. This is the bijection
cbp «—— P,.

Proof: See Corollary 2.10 [MS1].
The following theorem of [MS1] is another important theorem which gives us nice

information about the generators of Gr when F' is Pythagorean field.

Theorem 1.15. (2.11, [MS1]) Let F be a formally real field. Then the following
conditions are equivalent:
1. F' is Pythagorean.

2. G 1is generated by involutions.

3. ®p = [Gp,GF|.

Proof: See Theorem 2.11 in [MS1].

Remark: Note that Gp is generated by the non- simple involutions in this case
since Frattini is in the center of G and is the commutator group, the commutator

group is generated by non-simple involutions.

Definition 1.16. For any field F, an element a € I is called rigid if D(1,a) =
F2UaF?. a € F is called double-rigid if both a and —a are rigid.

Definition 1.17. Let F be a field. Define Bas(F) = {a € F|a is not double-rigid}U
F2U—F2, which is a subgroup of F.

If |[F/F?| > 2, then Bas (F) = {a € F|ais not double-rigid}, because —1 is not
rigid.
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Assume F'is a Pythagorean formally real field. We will now mention some strong

theorems which help us to characterize Gr. These theorems are based on the Bas(F')

and the elements of Gp which fix field F'(v/—1).

Following [MS] page 1280, we define:
H = {0 € Grlo(v=T) = V=T},

Choose a basis {—1,a;|i € I} for F/F?, such that {—1,a;|i € I'} is the basis for
the basic part Bas(F)/F? of F/F? I' C I . Let J = I\I', so {q;|j € J} are all
double-rigid elements of this basis. Let {o_1,0;]i € I} be a dual set corresponding
to the basis {—1, a;|i € I}, (This means 0;(\/a;) = (—1)*",/a;, such that §*/ = 1, if
i=j =1, and §*/ = 0 otherwise) and let A; denotes the subgroup of Gr generated
by {o;|j € J}. Then

Z(H) = {0 € Grlo(Vb) = Vb Wb € Bas(F)} = A;.

One can show that any o; € Gp, with j € J, has order 4, and that A; =
[1,Z/4Z. (Corollary 3.3, [MS]).

Theorem 1.18. Suppose o € Gp. Then o(\V/b) = Vb for all b € Bas(F) if and only
ifoe Z(H).

Proof: See Theorem 4.2 in [MS].

J. Minac¢ and T. Smith proved the next theorem which is important for determin-
ing the structure of Gr. In the next theorem G is the W-group of some appropriate
field K. This theorem was proved in the general, but if F' is a Pythagorean formally
real field, then K is the residue field of some 2-Henselian valuation on F. Their
work is based on [M2], [Wr], [JWr] and [AEJ]. First, we recall the theorem in the

general case, and then in Theorem 1.25 the specific case.
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Theorem 1.19. With the above notations, Gp = A;x G = ([, Z/4Z) x G, where
Gr is generated by {o; | i € I\ J} Uo_y and Gk acts on A; by these equations:

Ui_lTO'i:T Vre Aj,iel
o iTo_ =1 VT EA

Proof: See Theorem 3.5 in [MS].

We recall the concept of valuation and some useful theorems from [La2].

Definition 1.20. Let F' be a field. A valuation ring on F is a subring A of F such
that for every x € F at least one of x or x— is in A. We denote by A the group of
all z € F such that both x,z~ ' are in A, and we call A the group of units of A.

Definition 1.21. A valuation v on the field F is a group homomorphism from F

into an ordered abelian group (I, <) such that for any x,y € F, x4 —y:
v(z+y) = min{v(z), v(y)}-
For a valuation v: F — ' on F, let
A, ={x € Flzr =0orv(z) >0}
m:={z € Flzr =0orv(z) > 0}.

Here, A, is a valuation ring on F', m is called the maximal ideal of v and I" is called
the value group of v. F:= A/m is the residue field of v. In the literature a valuation

v is denoted sometimes by (v, m, F).

Definition 1.22. A valuation v is called a Henselian valuation if, for any algebraic

extension K D F', we can extend uniquely the valuation v to a valuation v : K —T.

A valuation v is called a 2- Henselian valuation if, for any quadratic extension
K D F, there is a unique extension of v to a valuation v/ : K — I' (Page 27 [La2]).

So if v is Henselian, then it is also 2-Henselian.
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Lemma 1.23. (3.14 in [La2]) Let (v,m, F) be a valuation on F such that charF # 2.

Then the valuation v on F is 2-Henselian if and only if 1 + m C F2.
Proof: See Lemma 3.14 in [La2].

Theorem 1.24. (3.16, [La2]) If a field F has a 2-Henselian valuation v, then:
1. F is formally real iff the residue field F is formally real.
2. F is Pythagorean iff F is Pythagorean.

Proof: See Theorem 3.16 in [La2].

Theorem 1.25. For a Pythagorean formally real field F,
Gr = ([ 2/42) x G5
J

where Gp acts on [, Z/AZ by:

There exists a family of minimal set of generators o;, i € I, o_1 such that

o lro; =1 V1€ HZ/4Z, 0, €Gp
7

o iTo_ =T V1€ HZ/4Z.
J
Here F is the residue field of some 2-Henselian valuation on F.

Proof: See ([MS], proof of Theorem 3.5 and page 1282).

We now turn to group theoretical characterizations of W-groups from a categor-

ical point of view.

Definition 1.26. A profinite group is a topological group which is Hausdorff, com-

pact and totally disconnected.
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Definition 1.27. A pro-p-group (for some prime number p) is a profinite group G
such that for any open normal subgroup N <G, the quotient group G/N is a p-group.

J. Mina¢ and T. Smith show in [MS] that the group Gr is a topological group
with the usual pro-2-group topology and it is in the category C which is defined as
follows: If GG is a pro-2-group, define the descending central sequence of GG by :

oM — G+ — (G("))Q[G("),G] i=1,2,..

Then C is the full category of all pro-2-groups G with G® = {1}. We can now

conclude the following useful lemma.

Lemma 1.28. (1.1, [MS]) The category C is the full subcategory of the category of
pro-2-groups whose objects are those pro-2-groups G satisfying

(1) g* =1Vg € G.

(2) g* € Z(G) where Z(G) is the center of G. Vg € G.

Proof: By the definition of category C, for any group G in the category C we

have

G = (G°[G,G)*[G?[G,G].G] = (1)

The proof of g* =1 and g% € Z(G) Vg € G is an easy exercise.[]

Also, for any z,y in any group we have [z,y] = 272(xy~1)?y?. So for the group
Gr which is in the category C, the commutators are in the center of Gr. By Theorem
1.15, [Gr, Gr] = ®p. So the Frattini subgroup @5 of Pythagorean formally real field
I is topologically generated by the squares of elements of Gp.
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In the category C, the free product is actually a coproduct, defined as follows.
First we need to define the free commutator subgroup. Since in this work we con-
cerned with finite W-groups, We have the following based Definition 2.1 in [MS] one

can define:

Definition 1.29. Suppose G; and G, are two objects in category C. Define the free

commutator subgroup (G, Gs) to be

G1/P(G1) ®r, G2/ P(Go).

Following [MS] page 1277, let G1,G> € C, and let the group G is the free product
of G; and G, in the category C. As a topological space, G is G X Gy X (G1,Ga)
equipped with the product topology. Any element of the form (vy1,7s) of (G1,Go) is
actually the commutator of elements 7; and ¥, in G. One can define multiplication
in G by the following properties:

(1) G1, G2 and (Gy, Gs) are subspaces of G. They are also subgroups of G with their
original multiplications.

(2) (G1,Gs) is in the center of G.

(3) For each v, € Gy and 7, € Gy define

(71a 17 1)(17727 1) = (’717727 1)
(17727 1)(717 17 1) = (717727 <71772>)'

G acts on Gy x (G1,Ga) by 71 em = 72(71,72) 11 € Gi and 75 € Go. Also
note that the subgroup (Gi,G,) is in the center of G. Now we can conclude G is

isomorphic to the semidirect products
G = (G1 x (G1,G2)) X Ga

= (G x (G1,G2)) © Gy
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Theorem 1.30. (2.2, [MS]) Let Gy Gy denote the free product of the groups G, and
Gs in the category C. Then

GGy = (gl X <gl,92>) X Go = (gz X <gl,92>) X G.

Proof: See Theorem 2.2 in [MS].

By Theorem 1.24 if F is a Pythagorean formally real field, the residue field F
is also a Pythagorean formally real field. So in Theorem 1.25, the residue field F is
also a Pythagorean formally real field. Now one can apply Theorem 1.25 to F. In
Chapter 3, we continue to reduce the structure of the W-group Gz of the residue
field F' and prove stronger theorems about the structure of Gr. To achieve this

goal we need some theorems about the space of orderings which will be discussed in

Chapter 2.



Chapter 2

Spaces of orderings

In this chapter we recall the definition and some theorems about the space of

orderings from [M1].

Definition 2.1. A space of orderings is a pair (X, G) consisting of an elementary
2-group G with a distinguished element —1 € G and a subset X of the character
group x(G) = Hom(G, {1, —1}) which satisfying the following properties:

1. X is a closed subset of x(G).

2. Vo e X,0(—1)=—1.

8. Xt={a€eGloa=1 forall c € X} =1.

4. If f and g are two forms over G and x € Dya,4, then there exist y € Dy and
2 € Dy such that x € Dy, ..

Following ([M1], page 320) we say a space of orderings is finite if X is finite
(or equivalently G is finite). Also f = (aq,...,a,) where aq,...,a, € G denote form
f of dimension n over G. We can define the signature of a form f at ¢ € X by
of = Zi o(a;). Two forms f, g are called congruent, denoted by
f = g(mod X), if they have the same dimension and the same signature at each

o € X. A form f represents z € G if there exist xs,...,x, € G such that f =

19
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(x,x9,...,2,). Denoted Dy the set of all elements of G' which are represented by
f. For two forms f = (ay,...,a,) and g = (b, ..., b,,), their sum and product are

defined by:
f®g={ay,...,an,by,...;bn),
f ®g = <a1b1, ...,albm, ...,anbl, ...,anbm>.

If a € G, then af = {(a) ® f. Suppose S is a subset of G, let S denotes the
group of elements o of x(G) such that o(a) =1 for all a € S. And if T' C x(G),
then define

T+ ={a€G|o(a) =1for allo € T}.

Example 2.2.

If ' is a formally real field, then let Xz be the set of all orderings of F', and
G = F/Y. F2. We will prove in Chapter 3 that (X, Gr) is a space of orderings.

To determine the space of orderings X of a Pythagorean formally real field F',
we need some theorems and concepts that Murray Marshall proved about general

space of orderings in [M1].
Example 2.3.

In the trivial case. Let G = {1}, then X =0, so (X,G) ~ (X, Gr), where F is
any field satisfying [ = F.
Let (X, G) be a finite space of orderings and oy, ...,0,, € X. Consider all linear

combinations o = 01...0,," such that €...e,, € {0,1} in x(G).
Definition 2.4. Let o4, ...,0,, € X be given. Define

Y ={o € X |ois a linear combination ofoy,...,om},
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A ={a € Glo;(a) =1for alli =1...m}.
Y and A will satisfy the duality condition:
A=Y Y =AtNX.
We say that (Y,G/A) is the subspace of (X,G) generated by oy, ..., 0.
Note that in above definition ¢ should be a product of odd number of orderings

o; such that o; € {01, ...,0m}.

Suppose ay, ..., a,, € G. Following ([M1] page 322) we denote by f the Pfister

form (1,a;) ® ... ® (1, ap,), and X (ay, ..., a,,) denotes the Harrison Basic set:
{0 € X|o(a;) = 1for alli =1,2,....m}.

Lemma 2.5. (2.1, [M1]) Suppose Y = X (ay, ..., an) as above and f = (1,a1) ®...®
(1,am). ThenY and A = Dy satisfy the duality condition.

Proof: (Lemma 2.1, [M1]).

Theorem 2.6. The subspace (Y,G/A) of (X,G) defined above is also a space of

orderings.

Proof: See Lemma 2.2 in [M1].

Following the ([M1], page 323), two orderings 0,0’ € X are called simply con-
nected in X, denoted o «, o', if there exist orderings 7,7 € X, {o,0’} # {7,7'},
such that oo’ = 77/. Two orderings 0,0’ € X are connected in X, denoted o « o/,

if either o = ¢’ or there exists a sequence of orderings

o =0y, 01,...,0; =0 € Xsuch thato;,_; v, o;fori =1, ... k.
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Let X = X U...UX} denote the decomposition of X determined by the above equiv-
alence relation ~. Following M. Marshall we call X;, i = 1, ..., k, as the connected
components of X. The ordering space X is connected if it has only one connected

component.

By property 3 of the definition of the ordering space (X, G), we can find a basis
01, ..., 0n of X(G) consisting of elements of X. We refer this as a basis for X, and
call n the rank (or dimension) of X. Notice that by property 2, if o1, ..., 0, is a basis

of X, then any element of X should be a product of an odd number of {0y, ...,0,}.

Lemma 2.7. (Basic lemma, [M1]) Suppose X consists of n independent orderings
(n is odd, n > 5) together with their product oi09...0, and some (possibly empty)
subset of

010304, 010305, 090304, 020305. Then X s not a space of orderings.

Proof: See the basic lemma in [M1].
This lemma will be used frequently in the future, especially in Chapter 3. We will
prove the analogue of this lemma for X, the space of orderings of a Pythagorean

formally real field F'.

Theorem 2.8. (Decomposition Theorem, [M1]) Suppose Xi,..., Xy are the con-
nected components of X. Then X; is subspace of X for any i, and

k
rank X = Z rank X;.

1

Proof: See decomposition theorem in [M1].

Now let G; = G/A;, where A; = X;*, i = 1,...,k. By Theorem 2.0.38, each
(X;, G;) is a subspaces of (X, G). We identify G with Gy x ... X G§. Then one can
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write
k

<X7 G) = @(Xza Gz)

i=1
The space (X, G) is called the direct sum of the spaces (X;, G;), 1 <i < k.

Lemma 2.7 and Theorem 2.8 will help us to reduce the ordering space (X, G) to
a smaller connected ordering space. Therefore it is enough to study the structure of

finite connected spaces of orderings.

Definition 2.9. The translation group T for an ordering space X 1is the set of all
a € x(G) such that aX = X.

M. Marshall proved in [M1] that if X is a connected space, then the translation
group T is a nonempty subgroup of x(G). By using this he reduced even the
connected ordering space to the ordering spaces with the smaller rank. We recall
this method here. We will use it in the next chapter to prove that if the set of
orderings of a Pythagorean formally real field F' is connected, then the W-group of

F' has a nontrivial translation group modulo the Frattini subgroup.

Theorem 2.10. (4.2, [M1]) Suppose that o1, ...,0, € X is a basis of X, that €
X(G), and that aoy, ...,a0, € X. Then aX = X.

Proof: See Lemma 4.2 in [M1].

For a € x(G) let X, be the set {o € X|oa € X} = aX NX. It is easy to
show that X, is the maximal subset of X which satisfies a X, = X,. By Lemma
4.3, [M1] X, is a subspace of X. Consider the family M = {X,|a € x(G)}. M.
Marshall proved some interesting propositions about this family in [M1]. We recall

them briefly:
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1. Suppose 01,010,018, 0108 € Xp. Then either X, C X3 or X3 C X,.
2. Let a # 1,8 # 1, X, N Xg # (0 such that rank X, > 3 and rank Xz > 3. Then
there exists v € x(G),7 # 1 such that X,, X3 C X,.

Theorem 2.11. (4.7, [M1]) Let X be a connected space with rank X # 1. Then
there ezists a € x(G), a0 # 1, such that aX = X.

Proof: See Theorem 4.7 in [M1].
Now assume X is a connected space. If the rank X # 1, then by the last theorem
the translation group 7' is nonempty. Let G’ = T+ and X’ denote the set of all
restrictions o|g such that o € X. Following [M1], page 328, the new ordering space
X' is a disconnected space. Thus rank X’ = 1, or X’ would be a disconnected space
of rank > 3, so X’ has strictly lower rank than X . Thus one can determine the struc-

ture of (X, G) inductively. The next two theorems have the main role in this process.

Remark: Note that any element of X can be written uniquely as = = ta’ where

teT and 2’ € X'.

Theorem 2.12. (4.8, [M1]) Let X be a connected space, and let X' and G be
defined as above. Then (X', G') is a space of orderings.

Proof: See Theorem 4.8 in [M1].

Theorem 2.13. (4.10, [M1]) Let (X, G) be a finite space of orderings. Then there
exists a Pythagorean formally real field F' such that (X, G) «~ (Xp,Gr).

Proof: See Theorem 4.10 in [M1].

To continue we determine the space of orderings for some fields. Consider the

field R(x) = {22 | (p(), q()) = 1}.
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Theorem 2.14. There is a one-to-one correspondence between the set of orderings

of R(z) and RU {oo}.
P — ¢o(P) = a =sup{a|(x —a) € P},
P, +—a.

We need some propositions to prove this theorem.

Assume p(z) = 2" + a12" ' + ... + a, is a polynomial with coefficients in the real

field R. By the result in algebra:

l s
p(z) = H(w — Bi)(x — ) H(m — o) such that 2l +s=n, B €C.
i=1 j=1
We call Q = [];_,(z — ;) (z — B;) the quadratic part of p(z), and [T, (z — ;) the
real part of p(x).

Lemma 2.15. The quadratic part of p(x) is an element of P where P is any ordering
of R(z).

Proof: By the definition of an ordering P of a field F', any square and any positive

real number are elements of ordering P. For all 7, we have
(x = Bi)(x = Bi) = 2 — x(B; + Bi) + BifB;
BifBi = (a +ib)(a —ib) = a®> +b* €R
Bi+B;i=(a+ib+a—ib)=2a€R
— (x = Bi)(x = Bi) = 2® —x(Bi + B;) + Bif3i

=22 —zb+c
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- b
But v* —4c < 0, so (v — §;)(z — ;) = (. — 5)2 +d such that d € RT. Therefore

——
epr

(x — B;)(z — B) € PO

Lemma 2.16. For any ordering P and positive number a, if b < a and x —a € P,

then x — b € P.

Proof: If xt —b ¢ P, then b —x € P. Therefore, b—z+z—a € P,b—a € P.
On the other hand, 0 < a —b € P, so b —a € PN —P, which is a contradiction.
Therefore, x — b € P Vb < a.l]

Assume P is an arbitrary ordering of R(z), and let a = sup{a € R|(z —a) € P}.
There are two possibilities:
1. a is finite number.

2. a is infinity.

Consider an ordering P of R(x). If a is finite, then one can prove the following

lemma.

Lemma 2.17. Let a = sup{a|(x — o) € P}. Let P, be the set
Po:={f(x) = =5 € R(x) | f(a) > 0},

Then P, is an ordering of R(zx).

Proof: If f(z) and g(z) € P,, then f(a) > 0 and g(a) > 0. Thus fg(a) > 0 and
(f +9)(a) > 0. Therefore P, - P, C P, and P, + P, C P,. It is easy to check that
P,U—P, =R(z), so P, is an ordering of R(z).0]

Theorem 2.18. Let P be an ordering and a = sup{a € R|(z — a) € P} and P, is
a subset of R(x) which is defined in last theorem. Then P = P,.
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Proof: If we fix a € R then for any f(z) € R(x) we can write:

pla) _ QIIi(r— o) T (@ = \)
q(z) @ Hj‘:1 (z — 0‘9) Hf:1(x - XL‘)’
such that A, A} < a, aj, @ > a and Q, Q" are the quadratic part of p and ¢

fz) =

respectively. Suppose f(z) € P,. Since f(a) > 0 then s+ s’ should be even.

Because for any j, aj, o) > a, by definition of a we can conclude (z — a;) and

(z — a}) are not in P, so —(r — ), —(z — ) are elements of P.

Fo) = p(x) _ Q1) [Ty (@ — o) [Tey (x — \)
q(x) Q' Hjlzl (z — 0‘9) Hiil(x — X))
Q(-1)° H;:1($ — ) H?:l (z —N\)
Q=1 TILL (w — o)) TTo_ (& = X))

So f(x) € P.

Conversely suppose:

pa) QUL - )= _

0(0) QT (z— ) Ty (x = Ao)

But  —a; ¢ P so for all j, —(v — a;) € P, then (—=1)***f(z) € P. Since
PN—P = {0}, then (—1)*** = 1 and s + s is even. Then f(a) > 0 and f(z) € P,.0

fz) =

Proof of Theorem 2.15:
The ordering P, was characterized in Lemma 2.17, so we need just to prove ¢ is a

one-to-one correspondence.

If P, and P, are two orderings such that P, # P, then p(P) # ¢(P). If
Py # Py and ¢(Py) = ¢(P;) = a, then P;, and P, contain {(z — ;)| o < a}, but
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we characterized P, and P, in Lemma 2.17, so P, = P.

Conversely, for any a € R, let P be an ordering of F' such that a = sup{«; |(z —
a;) € P}. We proved in Lemma 2.0.49 that P containes {(z — «)|a < a}. Thus
by the definition of a, for any b > a such that a # b, one can conclude that P, # P,.0]

As we showed in Theorem 2.15, the field R(z) = {22|(p(z),q(z)) = 1} of

q(x)
rational functions is an example of a field with an infinite number of orderings. We

finish this chapter with the example of a field which has just two orderings.
Example 2.19.

Consider the field F' = R((z)) of all formal Laurent series over R. A formal

Laurent series is power series in one variable of the form
o0
_ k
f= apr”,n € 7.
k=n

The square class group is F/F2? = {[1],[—1], [z], [~x]}. We show that this field has
two orderings which we call P, and P,. There are two cases for arbitrary ordering

Pof F.

Case 1: The ordering P contains x. We show that P is unique and it contains
all formal Laurent series f = > a,z",n € Z, such that if a, # 0 then a,, > 0. In

this case we name it P;. First we claim that any element like of the form
g=ap+anxr+ a2x2 =+ ...
is an element in R((x))” if ag > 0. For F' = R((z)) we can define a valuation

v:R((x)) — R
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f:ianx"ER(x)ifam#O v(f)=m.

Now we see that A, = R[[z]], so F' = R. We use [Lal], Lemma VI.1.1 which
says any element v € F such that v(u) = 0 is a square in F' if and only if @ is a
square in F. Hence g = ap + a17 + ap2® + ... is a square in F' = R((x)) if ag > 0.
We can conclude that for any ordering P of F', g is an element of P. Suppose
f=>""a,x",n€Zand f € P,. We see that

o0

f= Z apx" = ™ (apy + Gpr T + ...).
But z™ € P, (Because z € P,), f € Py, so a,, > 0. Conversely if

P ={feR((z))]|f= ianx", for am, # 0 a,, > 0},

then it is easy to show that P, is an ordering.
Case 2: The ordering P does not contain x. We named it P,. Then P, contains

—z and also (—1)"2z". Again suppose f = > a,z",m € Z, then

f= Z anx™ = 2™ (am + am1x + ...

n=m

If f € P if and only if a,(—1)" > 0, as (—1)"z" € P.
Now consider (Xp, F'/F?) where F' = R((z)). As we have shown X = {P}, P,}.

Even in this simple example where Xy has a very simple structure, it is not
obvious how to compute Gr = Gal(F® /F). We prove some theorems in Chapter

3 which makes much easier to determine of W-groups. Then one can show that

gF = 02*02.



Chapter 3

Classification of finite W-groups

In this chapter we obtain the fundamental results on the structure of the W-
group of a formally real Pythagorean field with finitely many orderings. The SAP
case is quite easy and therefore usually we assume that our field is not SAP. This
means that |F'/F2| = 2" and | Xp| = a, a # n. If Xp is a connected space, we reduce

the structure of Gr to the structure of Gz, the W-group of the residue field F'.

If the space X is disconnected, the structure of G is reduced to the free product
of Gp, such that Gp, are W-groups of Pythagorean fields F;; here F; is a Pythagorean
formally real field for which Xy, is equal to the connected components X; of Xp .
We use M. Marshall’s method, (see [M1]) for classification, but everything will be
proved from a Galois point of view. An essential ingredient is the theorem relating
the ordering space X to {0 € Gal(F® /F)|0* =1, 0 ¢ ®5}, the set of non simple
involutions, (see [MS1]).

In the next step we will use L. Brocker’s formula about the set O(n), the possible

number of orderings of field F' in which |F/F?2| = 2" (see [Mz]). Then we are able to

30
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give further classification for Gp such that |F'/F2| = 2" and | Xp| = a. According to
the work in the PhD thesis of J. Mind¢, and also J.L. Merzel’s work in [Mz], we find
the sufficient condition for uniqueness of the structure of Gr based on the number
of elements of space of orderings Xz. In the end we discuss just a little about the

relation of W-groups with Coxeter groups.
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3.1 Space of orderings X of a Pythagorean for-
mally real field F

Following [M1], we recall the definition of a space of orderings is a pair (X, G)
consisting of an elementary 2-group G with a distinguished element —1 € G and
a subset X of the character group x(G) = Hom(G, {1, —1}) which satisfying the
following properties:

1. X is a closed subset of x(G).

2. Forallo e X,0(—1) = —1.

3. Xt ={aeGloa=1 foral o€ X} =1.

4. If f and g are two forms over G and @ € Dyg, then there exist y € Dy and
z € Dy such that x € Dy, ..

Now for any Pythagorean formally real field F, let Xz be the set of all orderings
of F, and G = F'/F?. We will show in the following that (X, Gp) is the space of
orderings.

Assume F' is a Pythagorean formally real field, and let Gr be its W-group. Let
Xp = {o®p|0? =1,0 ¢ ®r} be the set of classes of non simple involutions of Gr
modulo the Frattini subgroup of G, and also let X be the space of orderings of
F. For any o € Xp consider P, = {a € F'|o(y/a) = y/a}. Recall Theorem 1.0.16
say that there exists a bijection between the set of orderings of F' and the set of
nontrivial cosets c®p, where ¢ is an involution in Gr. From now on, we identify
Xr with Xp. We claim (Xp, F/FQ) is a space of orderings, so X should have the

following properties.

1. Xr is a closed subset of the set of involutions of Gr.
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2. o(v=T) = —/—T.

3. Xt = {a € F/F? o(\/Ja) = a for anyo € X} is the trivial preordering
STE? = |2

4. If f and g are two forms over F/F2 and if ¥ € Dyg,, then there exist y € Dy
and z € D, such that x € D, ..

To illustrate property 4, first we need to recall Corollary 2.4 in [La3] which says
the following:
For any quadratic space (V, B) over F, there exist scalars dy, ds, ..., d, € F such that
the n-ary quadratic form V' is equivalent to the diagonal form, d; X? + ... + d,, X2,
which is denoted by (dy, ..., d,). If f = (dy,...,d,), then we define d(f) = dy...d,.F?.
Two forms ¢ = (ay,...,a,) and ¢ = (by,...,b,) are equivalent if and only if d(q) =

d(¢') and ¢, ¢’ represent a common element e € F.

Before proving these properties we define the signature of an involution o € Gp.

For any b € F'/F?, (sigo)(b) = o(v/b)/vb € {£1}. By the definition of P, in [MS2]:

P, :={a€ F/F?| o(va) = Va}

we see that (sigo)(b) = (sigP,)(b) for any b € F/F? where (sig P,) is the classical

signature function

_ 1 ifbe P,
(sigh,)(b) =
—1 ifbé¢ P,

Here as usual we think about b € F' / F2 as an element of the quotient group of the
multiplicative group F of F modulo its squares F2. On the other hand any element

v € x(F/F?) induces 7 : F® — F® which fixes F, and 7 is an involution in



CHAPTER 3. CLASSIFICATION OF FINITE W-GROUPS 34

Gal(F®/F). We can extend 7 to an involution in Gal(F® /F).

Proof of 1. Assume that K/F is any Galois extension which may be possibly
infinite. Let us recall the Krull topology on the Gal(K/F'). The Krull topology on
Gal(K/F) is defined via a neighborhood basis U(K/F') at the unit element:

UK /F) = {Gal(K/N)| N € N'}

where A is the set of all subfields N of K which contain F and are finite and Galois
over F.

We shall apply this for K = F®). Observe first that ®(Gal(F® /F)), the Frattini
subgroup of Gal(F® /F), is a closed subgroup of Gal(F® /F). Indeed ®(Gal(F® /F))
contains all 7 € Gal(F® /F) which fix F®?. By definition of Frattini subgroup
®(Gal(F® /F)) = (N H; for all maximal subgroup H; of Gg. If 7 € ®(Gal(F® /F)),
and 7 ¢ Gal(F® /F®), so there exist b € F such that 7(v/b) = —v/b. Hence
7 & Gal(F® /F(v/b)) but Gal(F® /F(\/b)) has index 2 in G, so it is a maximal

subgroup Gr and this is contradiction.

Therefore if v ¢ ®(Gal(F® /F)) then there exists a € F such that v(y/a) =
—y/a. But then for all ¢ € yGal(F® /F(y/a)) we also have that

o(va) = —va.
Because yGal(F®) /F(y/a)) is an open neighborhood of v, we see that ®(Gal(F®) /F))
is a closed subgroup of Gal(F® /F). Therefore we can consider the quotient topol-

ogy on W := Gal(F® /F)/®(Gal(F® /F)). We consider X1 to be a subset of W

and we claim that Xz is a closed subset of W.

Suppose that [a] € W\ Xp. Let [a] = a.®(Gal(F® /F)). Then either o €
®(Gal(F®/F)) or a is not an involution in Gal(F®/F). If a € ®(Gal(F®/F))
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then a(v/—1) = v/—1 and a.Gal(F® /F(y/—=1)) has image in W disjoint with Xp.

If « is not involution, then

Py = {a € F/F?| a(va) = va}

is not an ordering of F. This follows from Corollary 2.10 in [MS1]. Indeed
by Kummer theory P, determines a.®(Gal(F® /F)) and if P, is an ordering then
a.®(Gal(F® /F)) consists of involutions, but « is not an involution. Because P,
is not an ordering we see that P, is not additively closed. This means that there

exists h,q € P, such that h+ ¢ ¢ P,.

Consider H := Gal(F®/K), where K = F(V'h, /4, v/h+ q). Then the action
of all elements a.H on K is the same as the action of o on K. This means that for

all 8 € a. H,
Py :={a € F/F?| 3(ya) = Va}

is not an ordering in F'. Hence the image of the open neighborhood a.H of av in W

has empty intersection with Xp. This proves that X is a closed subset of W.[J
Proof of 2. See claim 3, Theorem 2.7 in [MS1].

Proof of 3. Let X = {01Pp,09Pp,...,0,Pr}. Then any 0;®p corresponds to
the ordering P; of F' (see [MS1]). Now use Artin’s theorem (Theorem 1.6 [La2])

about preorderings, so X+ = ﬂPiGXF P, =20

Proof of 4. Let f = (ay, ..., a,,) and g = (by, ..., b,) be two forms on F. Suppose
there exist f1, ..., fmtn € F such that z = a1 ff + ... + b, f2,,. Now let:

Yy = a1f12 4+ ..+ amfi and z = b1f12+n + ...+ bmf,Q,L+n.
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So we found y € Dy, 2 € D, such that x € Dy, .0

Let {P,,, P,,,..., Py, } be an arbitrary subset of Xp, ¥ = {P € Xp|P =
Py Py} and T = NP, i = 1,..,m. Then (Y, F/T) is a subspace of the
ordering space (Xp, F'/F?) if Y, T satisfy the duality condition:

T =(\P, such that P, €Y, Y ={P € Xp|T C P}.

Therefore with these definitions, any (Y, F'/T) where T is a preordering of F, is a
subspace of (Xp, F/F?). One can show that any subspace (Y, F'/T) is an ordering
space and then by (Theorem 4.10 [M1]) there is a Pythagorean formally real field
FE such that Y corresponds to Xg.

Consider the Pfister form f = (1,a1)®...@(1, apm) = (1, aq, .., Gy, a1a2, ..., A102...0y,)
on F and X(a1,...,a,) = {P € Xp|a; € P, i = 1,...,m}. It is easy to show that

T =Npex(a.... amy I 18 & preordering of field F.

Theorem 3.1. Let (Y, F/T) be any subspace of (Xp, F/E?). Then (Y, F/T) is also

a space of orderings.
Proof: This is a consequence of Theorem 2.6.

Definition 3.2. Any subgroup G C Gg such that G = ([[]} Z/AZ) x Z/2Z is called

a Galois fan.

Example 3.3. Consider a Pythagorean field F' and its W-group Gg. Let G be a
subgroup of Gr, where G = (o1, 09,03) such that 01,01, 03 are independent involu-

tions mod ®p. Then the generators of G satisfy (|01, 02|09, 03][03,01]) = 1 if and

only if G = (Z/AZ x 7.JAZ) x Z./27.
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Proof: Suppose G = (Z/A7Z x ZLJAZ) X Z./27, 71 and 15 are generators of Z/47Z X
Z,/AZ and o is the generator of Z/27. Let o109 = 71 and 0103 = 2. Due to the

structure of GG, the generator o; acts on 7; with this action

o 'ro =71 i=1,2then oyoy =77 ()

_ . -1 _ 3 _ 2
Also [0y, 09] = [01,0171] = 07 (0171) 010171 = 01701010171 = T10101T1 = T;

In the same way

[03701] = [0172702 = 7'227

3.3 3 3.3
(09, 03] = [1101, T201] = 01T} 0173 1017201 = T1O101Ty T101T201 = TITy T1Ty

So

([o1, 02][02, 03] [03, 01]) = 7127'17'237'17'57'22 = 7'137'237'172

71 and 7y are the generators of (Z/4Z x 7/47Z), so

(lo1,02], [02, 03], [03,01]) = 1

Conversely, let F' is a Pythagorean field and o1, 09, 03 are involutions which are

independent mod ®r and satisfy this relation:

([01702][02,03][03,01]) =1 (I]).

Suppose 71 = 0109 and 5, = 0103. We will show that 71 and 7 have order 4. Since

&r = [Gr,Gr| and any element in @ has order 2,
Tfl = 0102010201020109 = [01702][01,02] = ([01702])2 = 1.

In the same way 75 = 1. But 72 # 1 because if 72 = (0102)? = 1, 01,09 are inde-

pendent so o109 ¢ ®p. By (Theorem 2.7, [MS]) (0102)(v/—1) = —v/—1 but since
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o1 and o9 are non simple involutions then oy09(y/—1) = 1/—1, so this is contradic-
tion. Therefore 7 = (0102)? # 1 and the order of 71 is 4. In the same way 75 has
order 4.

Now consider H = (11) X (13) and K = (o1). Since

-1 -1 -1 3
o, moy = 01(0103)01 = 0901 = (0102) " =1 =T}
-1 -1 -1 3
oy 01 = 01(0103)01 = 0301 = (0103) T =Ty =T,
K acts on H by o, 7,00 = 7, % = 72. So this action makes the set

{(h, k)| h e ((m) x (1)), k € (01)}

into a semidirect product group (Z/4Z x Z/AZ) x 7/ 27Z.
On the other hand ((m1) X (12)) N (o1) = 1 and ((71) X (7)) is normal subgroup.
Then G = (Z/47 x Z,JAT) x Z./2Z. O

Example 3.4.

There is a one-to-one correspondence between Galois fans G of G generated by
three elements and classical fans of the space of orderings with four elements.
Proof: If G is a subgroup of Gr such that G = (01, 09,03) and 01,01, 03 are inde-
pendent involutions mod ®z and satisfy

[01, 09][02, 03][03, 1] = 1, then:

(01, 03|09, 03] [03, 01] = 010201090203030303010301 = 1
0102010209030203030103 = 01

2
090103090103 = 0101 = 1 = (0'20'10'3) =1
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So 090103 is an involution. But we know by assumption that oy0103 ¢ ®p since
01,01, 03 are independent involution mod ®r, so 090703 is an element of Xp .

On the other hand by Theorem 1.0.16 any o; € X corresponds to the ordering P,
of F'. So we have three ordering F,,, F;,, P,, and ordering P, which corresponds to

non-simple involution o;0903. So by this correspondence

oy — P,

oy — B

o3 — P
010203 — Py,

the subgroup G corresponds to the classical fan with four elements.[]

As shown in the last example, if F'is a fan with four elements, then the W-group
is Gr = (01,09,03]| (010903)* = 1) = (Z/AZ x ZJAZ) x Z/2Z. In the same way we
can show that if [F/F?| = 2" and |Xp| = 2", i.e the fan case with 2"~ elements,

then Gr = ([[}' Z/4Z) x Z/2Z.

Now we are ready to prove the main lemma for the space of ordering X from

the Galois point of view (which corresponds to Lemma 1.3 in [M]).

First recall Definition 1.8 and Theorem 1.10. A Galois extension L of F' is
called a Dy-extension of F if G(L/F) = D,. If a,b € I are independent modulo
squares, then by a DZ’b—extension of F' we mean a Dj-extension K of F' such that
K D F(y/a,vb) and G(K/F(Vab)) = 7/AZ. Let a,b € F be independent modulo

squares. Then there exists a D{-extension of F' if and only if (%) =1
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Lemma 3.5. There does not exist any Pythagorean formally real field F' such that
Gr = (01,...,05|(0:)> = (01---05)> = 1,4 = 1,..,5) and 04, ...,05 are independent

mvolutions mod ®p

Proof: Since oy, ...,05 are independent modulo ®r, there exists a dual basis

{ai1,...,as} such that o;(,/a;) = (—1)%7(,/a;).

a;a

i% 1

Claim 1: If there exists a D, © "*-extension K of F, then ¢ equals 1 or a;a;.
a;a; |

Proof: Consider the following diagram of a D, © '*-extension K of F. Without loss

= 8.

a;a;

o=

c =a,

Kl%;NK5
NN

F(va)  F(/aB)

~]

F

generality, let

We can write ¢ = af'...as”. We will show that ¢, =0 for ¢t # ¢,j. If ¢, =1 let o, be
the restriction of oy to the D{*’-extension K of F, and let K, be the fixed field of

;. Now we have

o(VB) =B , aVa)=—Va
So \/aa \/B ¢ KO’t

All five intermediate fields of index 2 in the above diagram contain \/a or /3. So
K,, can not be any of the five intermediate fields of index 2 in this diagram. Thus,
it should be F(v/af). On the other hand Gal(K/F(v/ap)) = Cy. But (o¢) = Cy,

and this is a contradiction.
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Now we show €;,¢; = 1. If ¢, =1, ¢; = 0, let 7 = 5102030405 be the restriction

of 01090304075 to the field K. We have

T(Va)=—va . 7(V/B)=-Vb

Let K, be the fixed field of 7. Then v/a,v/B ¢ K., so K, can not be any of the
five intermediate fields of index 2 in diagram, since 72 = (0,02030405)% = Cy, which
would create a contradiction. In the same way if ¢, = 0,¢; = 1 we will also get a

contradiction, so ¢ should be a;a; or 1.LJ

Proof of Lemma 3.5: Now let ajasagagas = a. Consider two forms f = (1, aas, aay)

and g = (aas, ajas, asaz). We have

o1(f) = 01(1) + o1(aas) + o1(aay) = —1
o1(g) = o1(aas) + o1(aras) + o1(agas) = —1

= 01(f) = o1(9).

It is easy to check that Yo € Xp o(f) = o(g) therefore sig(f) = sig(g), so f = g.
Then aas € Dy. We can conclude that:

dW,Y,Z € F such that W? + aasY? + aa, Z* = aas

2 V2 2
W=+ (aa5ﬁ + aay) Z° = aas
—_——
b
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So we have these relations:

bZ? +W? = aas (3.1)
Y2
aas—y +aay =0 (3.2)
aas Y?  aay
5 1 My .
7 + 2 (3.3)

Let v = %5, A = %%, By Theorem 1.10 there exists a DZ”\-extension K of F. Con-
sider the following diagram and compare this diagram with the diagram in claim 1
(take a; = a4, a; = a5 in that diagram). If we consider

aay aas aay X 405 a40as
=—=1/cthen A\ = — = =
= Y b b c

Ky F(/7, V)
N T LS
F(vA) PN FWY)

~J)

F

But in the above claim we proved ¢ = 1 or ¢ = asas. Then

mod F?

K

c:lﬁ%zlthenb:acu

aa
Cc = quas = 75 = 1 then b = aas.
Now consider the D**“*_extension K of F. This extension exists since by
relation (3.1):

b 1
V22 +W? =aa3 —= — 22+ —W? =1.
aas aas
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Consider the following diagram of this extension:

If b = aas, let 05 be the restriction of o5 to the extension K, and K,, be the

fixed field of g%:

05(\/baas) = o5(\/asas) = —/asw . o5(y/am) = —yaa

= Vbaas, Jaaz ¢ K,,.

Therefore, K,, cannot be any of the five intermediate fields of index 2 in this di-
agram. Then it should be F(v/b). But we know Gal(K/F(v/b)) = Cy in the last
dihedral diagram, whereas (o5) = C5. This is a contradiction. In the case of b = aay,

take o4 in a similar way we will also get contradiction. So the group
<0'1, cees O'5|(O'Z‘)2 = (0'1 fe 0'5)2 =117= 1, ceey 5)

cannot be a W-group of any Pythagorean formally real field F.[J

We will use the last theorem to show that the translation group
T = Z(Gal(F® /F(y/-1))/®p is a nontrivial set. The translation group T is ex-
actly the set of all elements a of Gal(F® /F(\/=1)) =< 0,0;|0;,0; € X > which
have the property aXp = Xp. First we need to prove some lemmas leading to

Theorem 3.1.15.
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In the next lemma we call an extension L/F quadratic if the degree of L over F

1s at most 2.

Lemma 3.6. The set of all quadratic extensions F(y/a) of field F where a € F /[

form a vector space over Fs.

Proof: By Kummer theory there is a one-to-one correspondence between the set
of all quadratic extensions F(y/a) of F and group F'/F? such that F(y/a) +— [a].
We can define addition of two elements F'(y/a;) and F'(,/az) of this vector space:

F(/ar) @ F(y/a@) = F(y/aa). 0

Recall that F® is the compositum of all quadratic extensions of F. We use
Kummer theory, see ([AT], Chapter 6, Section 2). We see that there is a one-to-
one correspondence between the finite dimensional vector subspaces A C F / F2 and
finite extensions K/F, F C K C F® where [K : F] = 2° < co. The correspondence
is

A — F(VA),

here F(v/A) means the compositum of all quadratic extensions F(y/a), a € A.

Theorem 3.7. Suppose o is an element of Gg, o # 1 which satisfies this property:

if o(vVa) = va then o(v/1+a) =1+ a).
Then o € Xp.

Proof: Let P, = {a € F/F? : o(\/a) = /a}. Since o(v/1) = V/1, for any a,b in

P,, o(\/1/a) = \/1/a and o(/b/a) = \/b/a, so o(\/1+b/a) = /1 + b/a. There-

fore

o(Va+b)=o(v/a(l+b/a)) = o(v/a)o(\/1+bja) = Var/1+b/a = Va+b.
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So P, + P, C P,, and it is easy to check the other conditions of an ordering. But by
Theorem 1.0.16, any ordering P, of field F' corresponds to the non-simple involution

o of G, therefore 0 € Xp.OJ

Now we apply Lemma 4.2 in [M1] for the space of ordering Xp. We have:

Lemma 3.8. Suppose {01, ...,0,} is a basis for Xr, and o € G such that ;a0 € X
fori=1..n. Then aXr = Xp.

Proof: We will follow here the main idea of the proof of Lemma 4.2 of [M1], but
we do it from a Galois point of view. Since 01,010 € Xp, 01(vV—1) = o1a(y/—1) =
—v—1, so a(v/—1) = v/—1. We wish to show that if 0 € X, then ca € Xp. By

the last theorem if o € Gp/®p satisfies this condition:
o(v/a) = +v/a then o(v/1+a)=+v1+a
then o € Xp.Therefore it is enough to show that ca(y/a) = y/a implies ca(y/1 + a) =

v1+a.

We assume a + 1 and a are independent modulo squares, since otherwise we are
done.

Claim: We show that if o € Xr and o(v/a) = /a, then o(v/1+a) = V1 +a.

. —al . . . . .
Consider the D;“'"*-extension, K/F, (This extension exists since —a,1 4 a are

independent modulo squares, and (—a, 1+ a) =1 ). Consider dihedral diagram
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/K
KlKQ/F(\/_a,\/m\

4

N 7

F(y/=a) F(y/—a(1+a)) 1+a)

\F

Let K, be the fixed field of restriction o to K. If

/

\

o(v/1+a) #V1+a, then V1 +a ¢ K, and 0(v/—a) = —v/—a then vV—a ¢ K,.

So K, is not any of the five intermediate fields of index 2 in the diagram of the
D, ' extension K of F. Therefore, it is equal to F(y/—a(1 + a)). But

Gal(K/F(\/—a(l +a))) = Cy and (o) = Cs.

This is a contradiction. Then o(v/1+ a) = /1 + a.

There are three cases to consider:

Case 1. a(y/a) = —v/a. For each o; we have o;a(y/a) = o;(—/a) = —o;(\Va).
Define for any 7 € Gal(F® /F), K, the fixed field of 7, and denote for any 7 € G
its restriction to F® by 7. Because of o;a(y/a) = 0;(—+/a) = —0i(y/a) we see that:
Vva € K,, or K,,,. This means for each ¢ = 1,...,n we can choose ¢; € {0,1} such
that \/a € K,,4. Consider now the set W := {o1a°,...,0,a°"} as a subset of
Gal(F® /F) = T[] Ca. Let V be the smallest vector space over Fy containing W.
We claim that dimp,V < n—1. Indeed V U {a} spans Gal(F®/F) = [, {0:) and
dimp,Gal(F® /F) = n.
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Consider now the field L := (\Ky,a, @ = 1,...,n. Then Gal(F® /L) = V.
Indeed since each 0;a%, i = 1,...,n fixes L we see that V C Gal(F® /L). Therefore
the fixed field of V is exactly L as each element k € F® which is fixed by V is fixed

by all o;a%, ¢ =1,...,n and hence k € L. We have:
= [F® . F]=[F%:L][L:F).

By Galois theory [F® : L] = |V|. But |[V| < 2! and we can conclude that
[L : F] < 2. Now use our assumption that o;a € Xp, i = 1,...,n. By the last

claim we see that /1 +a € K" for each i = 1,...,n. Hence we see that y/a and

V1+a € L. Because a(y/a) = —y/a we see that \/a ¢ F and hence L = F(y/a).

Now by Lemma 3.6 we see that:
[14+al=1or[l+a]=]d, in F/F?

But we assumed ca(y/a) = v/a, so ca(v/1+a) = v/1+a. Now by Theorem 3.7
oca € Xp.

Case 2. Suppose a(v/1 +a) = —v/1+aand a(/—1) =+/—1. Thena(y/—(1+a) =
—v/—(1+a). Let —(1 +a) =t, so a(v/t) = —v/t. Apply the argument of case (1)

here. Then in vector space F//EF?2, [1+t] =1 or [1 +t] = [t]. Thus

But oca(y/a) = v/a and ca(y/—1) = —/—1, so [—a] # [1]. Therefore [a] = [1 + a],

so oa(v/1+ a) = /14 a. Again by theorem 3.7, ca € Xp.

Case 3. Suppose a(y/a) = v/a and a(v/1+a) =1+ a. If oa(y/a) = y/a then
o(y/a) = /a. But we show in claim 1 that o(v/1 4+ a) = v/1 + a. On the other hand

we assumed a(y/1+a) = 1+ a, so ca(v/1+a) = v/1+ a, and therefore by the
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last theorem oo € Xp.OO

Now we are going to prove that if X is connected, then the translation group
T = Gal(F® /F(y/—1)) is a nontrivial set modulo ®z. For any a € G, let X, =
{0 € Xp|loa € Xp} = XrnNaX. It is easy to show that aX, = X,. Then we can
show that the partially ordered set X = {X, C Xp|a € Gp} has a maximal element

which is X, = Xr for some 7. Then 7Xr = Xp, and 7 € T as we claimed.

Lemma 3.9. (4.4, [M1]) Suppose {1, ..., 0, } is a basis of X, and 01, 01c0, 0103, 0103
are four different elements of Xp. Then X, C Xz or Xg C X,.

Proof: M. Marshal proved this lemma for general spaces of orderings. We recall

his proof (Lemma 4.4 in [M1]) for X instead of a general space of orderings.

First of all @ and 3 should be the product of even number of elements of basis. If
they are the product of odd number of ¢;, i = 1, ..., n, then oy and o are product
of even orderings and they cannot be in Xr. Also we assumed o;, oic, 015 and

o1af are different elements of X, so «, f and af are not in ®p.

Suppose X, € X3 and X ¢ X,. Then there are two elements oy, 03 such that
op € Xo — X, 03 € Xg— X,. So oa and o303 are in Xp

Consider these elements of Gg:

01 02 03 010203
g1 O2(x O3 0109203
o1 028 o3 0109033

oaf o203 osaf3 01090303
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As we assumed, all the elements in the first column are in Xp. By assumption,
09, oo € Xp and 098 ¢ Xp. If 09aff € Xp, then let v = gy00a0 € Gp. We can

write
017 = 02, 09y = 090109( = [0, 01]01x oy = 09 0137 = 093

But as we mentioned in the beginning of this chapter Xz = {oc®p|o? = 1,0 ¢ ®p},
so we work modulo the Frattini subgroup ®r. Thus o9y = 0901090 = [0, 01]o1v =
ora to mod ®p. By an assumption oy € Xp, until now the product of four ele-
ments oy, 09,01, 01 in 7y, are elements of Xr. Apply Lemma 3.8 to the subspace
of X which is generated by four elements oy, 09,01, 013, so the product of
to any ordering which is generated by this four elements should be in Xz. Hence
(o1af)y = 09 € Xp; this is a contradiction with a assumption on go. Thus oy ¢

X, and by the same argument we can show that o33, 0109030, 0109038 ¢ Xp.

Now consider these elements of Xr: o1, 018, 09, 09c, 03. First we show that
these elements are independent mod ®r. By the assumption we see that the set
A = {oy,010a,018, 010} is generated by three independent elements oy, a, f mod
®p. All elements in A are in X,N X3, but 09, 03 ¢ X,N X35, so the space of orderings
generated by A U {02} has dimension 4. By the definition of oy these elements
09, 020, 093, oo 3 are in X, but o3 ¢ X, so the dimension of space of orderings
generated by AU {0y} Uos is 5. Consider the set B = (o1, 013, 09, 09, 03). Since
o1 = (1) (02c0)02, we have B = (01,09, B,03) = AU {09} U 03. Hence the five

elements oia, 018, 09, 09cr, 03 are independent. But

(o10)(018)(02)(020x)(03) = 010001 Baas

= [017 Oé] [aaﬁ]ﬁilaﬁ = 60'3-

Therefore (o1a)(018)(02)(0200)(03) = foz mod Pp. But we supposed o3 € X3. So
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Bos € Xp. Now we have five involution elements, whose product is again an invo-
lution.

As we proved in Lemma 3.5 (o1, 010, 02, 03¢, 03, (010001 fos09003)) cannot be a
space of orderings of any Pythagorean formally real field. This is a contradiction.

Then X, C X3 or Xg C X,.0J

Lemma 3.10. (4.5 [M1]) Suppose rank X, and rank Xz > 3. Then either X,NXz =
@ or |XaﬂX5’ 2 2.

Proof: We recall the proof of Theorem 4.5 in [M1]. Suppose our claim is false i.e
XoNXp#0and X,NXg = {01}, s0 010,010 € Xp. Then X, € Xg and X3 € X,
otherwise | X, N Xp| > 2, so there exist 09 € X, — X3 such that oy # oy If 070 s
the only element of X, — Xz then X, would have a basis in X3, and then by Lemma
3.9 X, C Xg, this is a contradiction. With the same argument we show that there
exist 03 € Xg — X, such that o3 # 0103

Again consider the set of elements of Gr in the last lemma, o1, 010,018 € Xp.
If oyaf € Xp, then X, C X or X3 C X, so oyaf ¢ Xp. Also 0g,00a € Xp.
If ooa € Xp, then ogya € X, N Xg,0000 # 01, but this is a contradiction with
XoNXg = {01}, so o205 ¢ Xp. With the same argument used in the last lemma
we can show that the group generated by these five elements oy, 010, 09, 02cv, 03
and their product cannot be a subgroup of Gr. Therefore our assumption is wrong
, 80 | Xy N X5 > 2.0
If we apply Lemma 4.6 in [M1] for the space of orderings Xr. Then we have:

Lemma 3.11. Suppose o, 3 # 1, X, N X3 # 0 and rank X, and rank Xz > 3. Then
there ezist v € Gal(F® /F(y/=1)) such that X,, X5 C X,,.
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Proof: Recall the proof Lemma 4.6 in [M1]. If X, C X3 or X3 C X,, then there
is nothing to prove. If X, ¢ X3 and X3 € X, then by the last lemma | X,NXz| > 2.
Therefore there exist o1, 05 € X, N Xp such that oy # 05. Let v = 0102 and consider

these four elements of Xp:
01, 01X, 017Y = 010102 = O3, 017X = 01010200 = 0O2(x.
Now by Lemma 3.1.9 X, C X, or X, C X, (I) . But

0187 = 01f0102 = 010183 on = B oy = (0268) 7. (ID)
——

1
We know from the assumption 058 € Xp that oo is an involution. Then o9/ =

(028)~! € Xp. Therefore by equation (II), 018 € X.,.

On the other hand o165 ¢ Xp. If 010 € Xp, by assumption we know that
o1, oo, 018 € X, and then by Lemma 3.1.9 X, C X or X3 C X, so we are done.
Therefore 018 ¢ Xp, so 018 ¢ X,. Now by (I) we can conclude that X, C X,. In
the same way we can show that Xz C X,.0J

Following [M1] page 323, we define the connected relation:

Definition 3.12. Two orderings o and o' are simply connected in Xp (denoted
o ~g o) if there exist orderings 7,7 € Xp, {0,0'} # {7,7'} such that oo’ = 77'.
Two orderings o,0’ are connected in Xp (denoted o ~ ¢') if either o = o’ or there
exists a sequence of orderings o = 0g,071,...,0r, = o' in Xg such that o;_1 ~4 o; for

i=1,..k

Let Xp = X7 U ... U X} denote the decomposition of Xp determined by the
above equivalence relation. According to M. Marshal we call X;, i« = 1,..., k, the
connected components of Xp. For any formally real field F' the space of orderings

X is connected if it has just one connected component. As we see, if the nontrivial
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ordering space X is connected, then the minimum number of orderings should be
4. Let Xp = {01,09,03,04} is connected space, without loss generality we can as-
sume 010,03 = 04. Therefore X has three independent orderings and |F / F2| =23,
|Xr| = 4. Hence F is a fan case. So by abuse of the language we can say the

smallest connected ordering space is a fan case with 4 elements.

Now apply decomposition theorem in [M1] for Xp.

Theorem 3.13. Suppose Xy, ..., Xy are the connected components of Xr. Then
each X; is a subspace of Xr and rank Xp = Zlf rank X;.

Proof: See proof of decomposition theorem in [M1].
We can conclude by Theorem 4.10 in [M1] that for any ordering space X; there
exists a Pythagorean formally real field F; such that space of ordering Xp, of F

corresponds to X;.

Theorem 3.14. If X is connected space of Pythagorean formally real field F' and
rank X # 1 then there exists a € Gal(F® /F(v/=1)), a # 1 such that aXp = Xp.

Proof: We recall the proof of Theorem 4.7 in [M1] for Xp. We assumed rank

Xr # 1, so there exist 01,05 € X such that o, # 05. Because a = 0109 would fix

F(v=1), 50 a = 0109 € Gal(F® /F(y/=1)). Now

o100 = 010109 = 09 € Xp = 01 € X,

0'20671 = O'2(O'10'2>71 =01 € XF (OéO'Q)il = 090 € XF mod (I)F

So 09 € X,. XF is connected so there are two other involutions, o3, 04 such that
010903 = 04. Then aos = 04 € Xp, so 03 € X,, and rank X, > 3. Consider one

such X,, which is maximal in the set {X, |a € Gal(F® /F(v/=1))}. If X, = Xp,
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we are done. If X, # Xp then we can find 0;,0; € Xp such that 0, € X,,,0; ¢ X,.

Now let 8 = 0,0;
o; € Xa, Uiﬁ = 0,0,0; =0 € Xp=—o0; € Xﬁ —0; € X, ng (34)

X is connected, so there are two other involutions o,,, 0y, such that o;,0;,0,, 0, €

Xp and 0,,0;0; = 0y, 50 0., € X3. On the other hand:

08 = 0j0,0; = 0;l0;,0;] = 0; mod Pp.

So 0,6 € Xp, then o; € X, rank Xz > 3. By relation (3.4), X, N Xz # 0.
Therefore by the Lemma 3.1.11, there exists an element v € Gal(F® /F(y/~1))
such that X,, Xz C X,,. But 0; ¢ X, and 0; € X3 C X, so X, can not be equal
to X,, hence it contains X, properly, but this is a contradiction, because X, was
maximal. Therefore X, = Xp, so aXp = Xp.O

The following theorem can be detected from section 6, [EM2] in a very different way.

Theorem 3.15. If X is a connected space of a Pythagorean formally real field F,
then Gal(F® /F(v/—=1)) has nontrivial center modulo Frattini subgroup.

Proof: Let |Xg| = n. By the last theorem there exists an element 7 = oy09 €
Gal(F® /F(y/=1)) such that 7Xr = Xp. Therefore for any o; € Xp, 70; =
ok, k(i) € {1,...,n}. Let:

TO; = O , TOj =0, (I)
= 01090; = Oy, —> 0; = ai_l = 09010

-1
0'10'20'j:0'n:>0'j:0'j = 09010y,.

Now for any element vy = 0,0, € Gal(F® /F(y/-1))
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TaiaijlajU,- =00, 0j o, by (I)

020107, 92010m
= 0n0n,02010,02010,
= OpmOnlo1, onllog, ou)[o2, o1]onom
= OOn0nOm|o1, onl[o2, 0402, 01]
= |01, 04][02, 0] [0, 1]

(0 = 09010,)* = 1 = [01, 0,][09, 0] [02,01] = 1

> TOi0j = 0;0;4T.

The last part is a conclusion of Example 3.3. Then 7 is in the center of Gal(F®) /F(y/—1)).0

Following [MS] page 1279, we recall an element a € F is rigid if D(1,a) =
F? U aF?, or form (1,a) represents as few element as possible. An element a € F
is called double-rigid if both a and —a are rigid. In the case |F'/F?| > 2, Bas(F) =
{a € F|ais not double-rigid}, so Bas(F) is a subgroup of F. But since Bas(F)
contains F2, we can consider Bas(F) as a subgroup of F//EF2. The next theorem is

a generalization of Theorem 3.5 in [MS].

Theorem 3.16. For any Pythagorean formally real field F' consider Xg. If Xg is a
connected ordering space of F, then Gp = [[ Cy x G, where F is the residue field of
some 2-Henselian valuation on F. F is also a Pythagorean formally real field with
a smaller number of orderings and the set of orderings Xz is disconnected. For a

suitable set of generators o;,0_1, G acts on [ Cy by:

o;'ro; =71 (Here Tis any element of the inner product of copies of Cy)
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J:}Ta_l =73

Proof. X is connected, so by the last theorem Gal(F® /F(y/—1)) has nontrivial
center. We show that any element v = 0,0, € Gal(F® /F(y/=1)) such that o, 0;
are elements of the basis {0y, ..., 0, } has order 4. 0;,0; are independent involutions
mod P, so ;0; ¢ P . But if (0,0;)? = 1, then 0;0; is a non simple involution. So
0,0i(v/—1) = —/=1 but 0,0;(v/—1) = 04(c;v/—1) = 0;(—/—1) = v/—1 which is a
contradiction. So v = 0;0; has order 4. Therefore the center of Gal(F® /F(y/—1))

is isomorphic to [[}" Cy.

Let
H={oc€Gr|lo(v-1)=+v—-1}.
Recall Theorem 1.18:

o(Vb) = Vb Vb € Bas(F) < o € Z(H).

So
Z(H) = {0 € Gr|o(Vb) = Vb Vb € Bas(F)}.

Use the notation of Theorem 1.18. Then
Z(H)= {0 € Gr|a(vVb) = Vb Vb e Bas(F)} = A,.

On the other hand H = Gal(F® /F(y/=1)), so the center of Gal(F® /F(y/—1))

that was nontrivial and isomorphic to a product of copies of C, is equal to the set
{0 €Gr|a(vVb) = Vb Vbe Bas(F)} = A,.

Now let £ = F(y/a;|a; € Bas(F)) be the fixed field of Z(H). Consider X =
{o|g, ¢ € Xr}. Any nontrivial element of X' would not fix Bas (F), so X =

{o_1,0;]i € I'}. By Theorem 2.13 there exists a Pythagorean formally real field K
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such that (X', &) ~ (Xk, K/K?). Because G is the W-group of the Pythagorean
real field K, it is generated by Xx = X' . On the other hand by Theorem 1.0.27,
Gr = Ay X Gg where K is the residue field of some 2-Henselian valuation on F'.
Therefore, Gr = Ay x Gp = [[C4 X Gp. Since F' is Pythagorean formally real field
then by Theorem 1.24 the residue field F of some 2-Henselian valuation on F is also
Pythagorean formally real field.

We proved in the last theorem that Z(H) is nontrivial, thus there exists at least
one element v € Z(H). H = Gal(F® /F(y/-1)), so H = {(0,0j|0i,0; € Xp).
Hence Z(H) is generated by this kind of pair v = 0,0; where 0;,0; € Xp. If E is the
fixed field of Z(H), since Z(H) has at least one element v = 0,05, then o;|p = 0} p.
Then the rank of Xz is less than the rank of Xp and X is a disconnected space

(Remark 1, [M1]).00

Note that in this case, any 0 € X can be written uniquely as a product to’
where t € T, 0’ € X . Then | Xp| = |T||X7| and |T| = 2™ where m is the dimen-

sion of T as Fy vector space.

In Theorem 3.18 we will show that if the space of orderings X is disconnected
space, then Gr is equal to the free product of Gp, in the category C, where Gp, is
the W-group of some Pythagorean field F;. Then we can use Theorem 3.16 which
has the main role in determining the structure of W-group of Pythagorean formally
real field F. As we proved in this theorem F is again a Pythagorean formally
real field and X5 is a disconnected space. So one can apply Theorem 3.18 to F,
and then apply Theorem 3.16 for any Pythagorean formally real field F; which has
connected ordering space Xp,. In this way one can determine the structure of W-
groups inductively. We will show directly in Example 3.20 and Example 3.23 how

this process will work.
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Lemma 3.17. Let F' be a Pythagorean formally real field, and a be an element of
F' which is not a square in . Then

Dp<l,—a>=F—aF*= () P.

—a€eP
Proof: Consider the trivial preordering F* —a ¢ —F?, so by (Lemma 1.2, [La2])
F?[—a] is preordering. Now use Artin’s theorem (Theorem 1.6, [La2]). Therefore

F?l—a)=F*—aF*={X?-aY?|X,Y€F}=Dp<1,—a>.
For any ordering P, F> C P, so if P D F?[—a] then —a € P and therefore,

F?l-a] = F* —aF* = (] PO
—a€eP
Theorem 3.18. Let Xp = {01, ...,0,|0? =1, 0; ¢ ®r} and Xp = U (X;, F/F?)
where X; are the connected components of Xp and Gr, are the W-groups correspond-

ing to the field F;. Then
Or =0p *...x0p,

Proof: First of all by Theorem 2.0.46, for any finite space of orderings X; there
exists a Pythagorean field F; such that X; is equivalent to space of orderings of F;.
So Xp=Xp, @ Xp, @ ... ® Xp,. Recall ([MI1], theorem in page 105) that says;

If Xp=X180Xo® ... ® X, where X; are the connected components of Xy then
Grp = Gp, * ... Gp,, where Gp = Gal(F(2)/F). (Recall that F'(2) is the maximal

2-extension of F' in some fixed separable closure of F'.)

Now consider the quotient of G by the third 2-descending central sequence, (see
page 16). By observing that free products in category of pro-2-groups are mapped
to free products in the category C of the corresponding factors divided by third

2-descending central sequence we obtain our desired claim.[]
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Example 3.19.

We can determine the structure of Gp = (071, ..., 06 | (010903)? = 1, (040506)? =
1) and the Frattini subgroup ®p.
To determine the structure of Xz = {071, ...,06| (010203)? = 1, (040506)* = 1} we
show that it has two connected components X; = {0, 09,03,010203} and Xy =
{04,05,06,040506}. Let Gr, and Gp, are the two W-groups corresponding to Xp,
and Xp, respectively. Therefore Gr, = (01,09,03|(010203)> = 1) and Gp, =
(04,05,06 | (040506)% = 1).
But Gr, and Gp, are Galois fans with four elements. As we showed in Example 3.1.3,
Gr, and Gp, are isomorphic to the group (Cy x Cy) x Cy. Now use the last theorem

and Theorem 1.0.32 about the free product of two pro-2-groups, so

Or = gF1 * ng — (QF1 <gF17 QF2>) X gFQ-

Therefore,

HC4 X Ca) X (Gr, Gr,)) x ([ [ Ca x Co).
2

On the other hand,
(Gr,,OR,) = <[@i,aj] |a; € Gp,, a; € Gr,)-
Because G, = (01,09,03) and Gg, = (04, 05, 0¢), then
(Gr,Gm) = (loi,05] |1 =1,2,3, j=4,5,6).
There are 9 such commutators, since any of [0;, 0;] has order two so

(Gr,0Om) H Co

Or =Gp *xGp, = ((HC4 x Cy) X HC2) X (HC4 x Cy).
2 9 2



CHAPTER 3. CLASSIFICATION OF FINITE W-GROUPS 29

Therefore, this is a group of order 2%,

We know from Theorem 1.0.17 that ®r = [Gp,Gr]. There are two cases for

elements in [Gr, Gr|.

First case: if g1, g5 are in different components, as we mentioned there are 9 such
kind of commutators.
Second case: if g1, go are in the same component, there are 4 commutators. Two
[01, 03], [01, 03] of X7 and and two commutators [o4, 05], [04, 06] of Xo.
As we assumed (010203)* = 1 and (040506)* = 1, then [0, 03] and |05, 0] will be
generated by these four commutators. Therefore we have 13 commutators and any

of them has order 2. So ®p = [],5C,.00

Example 3.20.

If the W-group Gr of a Pythagorean formally real field F is isomorphic to [ [, Cs
Gk such that Gg is the W-group in the last example, we can compute the Frattini
subgroup ®p.

Apply Theorem 3.18 for G, so Gp = [[, Cs X Gk = [[, Cs X (G, *Gp,). In the last
example we showed that ®x = [],; Cs. Therefore Gk has 13 commutators. Assume
71,72 are the generators of [ [, Cy, so they have order 4. Any element of ®5 has the

form ~;'~v52h where h is a commutator of G and €1,e3 = 0,1. Then |®p| = 2%,
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3.2 Classifying the structure of W-groups

In this chapter we will try to classify the structure of Gp by the number of or-
derings of the field F' and |F/F?|. These results are based on J. Mina¢’s work in
[MI2], J.L. Merzel’s work in [Mz], and Theorems 3.16 and 3.18. But the approach

to prove results here is mostly combinatorial.

L.Brocker and L.Berman found nice results about the set of possible numbers of
Xp. They denoted O the function from the set of positive integers to the power set of
N. The set O(n) gives us all the possible numbers for | Xp|. In the case |F'/F?| = 2",
L. Brocker and L.Berman proved for n > 2, O(n) =20(n— 1)U (1 +O(n — 1)) see
([Mz] page 188) and [Be|. Thus for small space of orderings we have:

|F/F? = 2" then O(1) = {1}

|F'/F?| = 2% then O(2) = 20(1) U (1 +O(1)) = {2}
|F/F?| = 2% then O(3) = 20(2) U (1 + O(2)) = {3,4}

When we say F, (or Xr) has type (2", a), we mean a is the number of orderings of

F and |F/F?| = 2" or equivalent that (Xp = (o4, ..., 0,) and | Xp| = a).

Definition 3.21. (2.4, [Mz]) k € O(n) is called decomposable if there exist a,b,r, s €
N such that n = a+b, k = r+s, r € O(a) and s € O(), k € O(n). It is

mdecomposable otherwise.

Theorem 3.22. If field F is of type (2",n), then Gp = Cy * ... % Cs.

Proof: In this case the number of generators of X and the number of orderings
are equal, all the orderings of field F are independent. Therefore if any two orderings

0;,0; are in the same connected component, then there exist o, 8 € Xp such that
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0;0; = aff, so o,0;a3 = 1. This means o;, 0j, « and 8 are dependent mod Pp;
this is a contradiction. So all the orderings are in separate connected components.
Therefore Xp = J;_, X; where all X; are trivial spaces of type (2',1). We know
that G corresponding to the trivial space X; is C5. Then by the Theorem 3.18 we
have G = Cy * ... x Cy .0

Example 3.23.

If Xr is of type (2%,6), then the structure of Gr will be determined completely.
First of all since F' has 4 independent orderings, and any connected component
has at least one element, the number of connected components of X is at most 4.
Because there are 6 orderings, one of the components should be nontrivial. We men-
tioned before that, the smallest connected ordering space is of type (23,4) (which

corresponds to the four element fan), thus either Xz has one or two components.

If X has two components let X; be of type (23,4) and X, be the trivial or-
dering space. Then the number of orderings together is 5, this is a contradiction.

Consequently X is a connected space.

Assume Xp = {0y, ...,06} is connected ordering space. Then o; ~ 9. Without
loss of generality assume o109 = 0403. On the other hand o5 ~ g are connected,

S0 assume o050 = 0104. Then 00405 = 0g therefore oy0305 = 5.

Now we can rewrite Xp = {01, 09,03,010903,05,020305}. It is easy to check
that just a = op03 € Z(Gal(F® /F(y/—1)))/®p satisfies this condition: for any
0 € Xp, aoc € Xp. Therefore Z(Gal(F® /F(v/=1)))/®r = (o). Now let X} =
{04|g for all o; € Xp} where E is fixed field of Z(Gal(F® /F(y/=1)))/®r = (a), so

02|E = U3|E 010203|E = J1|E 0203U5|E = 0'5‘E-
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Now X} = {01,09,05}, since X} has 3 orderings and as we mentioned before the
smallest connected space has 4 elements, so X} is a disconnected space. This is
a space of type (23,3), so by the Theorem 3.22 G = Cy * Cy * Cy. Then apply
Theorem 3.16, so

Gr = (Cy % (Cy x Cy % ().

Example 3.24.

If |[F/F?| = 4, then Xp is generated by four orderings. In this case we can
classify all the possible W-groups Gp. If |F'/F2| = 2%, then

0(4) = 20(3) U (1 + O(3)) = {4,5,6,8}.

First case: Xr is of type (2,5). By Example 3.25 Xp is disconnected space.
Since a > n one of the connected components should be nontrivial. But the smallest
connected space is of type (23,4), so there are just 2 components: X;, X,. Let X be
of type (23,4), X5 be trivial, and Gr, , G, be the W-groups corresponding to X1, Xo.
But X is a space of orderings of a fan with four elements, so Gr, = (Cy x Cy) x Cs.

On the other hand Gg, = (5. Therefore by Theorem 3.18,
Gr =0Gp *x0p, = ((04 X 04) X 02) * Cy.

Second case: X is of type (24,8). X is a fan with 8 elements, so it corresponds

to the Galois fan ,
Gr = (H Cy) x Cy
i=1

see Example 3.4 and note after that. As we proved in the last theorem if X is of
type (2%,4), then
gF:C2*02*02*02.
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Now use the last example, then we know completely the structure of Gp for

Pythagorean formally real field ' where ]F / F 2 =4.

Xr of type (24,4) = Gr = Cy x Cy % Cy x Cy
Xr of type (24,5) = Gr = ((C4 x Cy) x Cy) * Cy
Xr of type (24,6) = Gp = Cy x (Co % Cy % C5)
3
Xr of type (24,8) = Gr = (H Cy) x Cs.

i=1

In all cases Cy = (o) acts on Cy = (1), by o707 = 73,

Theorem 3.25. If X of type (2",a) is a connected space, then a > 2(n —1).

Proof: Again we use the method of counting orderings. We proved in Theorem
3.14 that if X is a connected space, then there exists a € Z(Gal(F® /F(v/—1)))/®r
such that o = 0;...09; and aXr = Xr. We claim if o; is an element of the basis of
X, then ao; is an ordering which is in the basis.

We can write a = 07" --- 05", € € {0, 1}, such that the number of €, which € = 1
is even. Assume for this time that « is a product of more than two of the o;’s.
Consider ao;, where ¢ = 1,...,n. If for k =i, ¢, = 0, then ao; = o} - - - 057 0; which
is not equal to any element in the basis. If for k =i, ¢, = 1, we can move o; to the

left side, then we have

€1 € €1 €
oit...oho; = ot oo .o | Vo, ol
~~

1 l

which is not equal to an element of the basis. Therefore when i changes from 1 to
n, ao; gives us n new orderings which are not equal to the elements of basis. So the

number of orderings is bigger than 2n.

Note that in the expression of «, if « is product of two elements of the basis,

(without loss of generality assume o = o109) then in the product, ao; = 01090, for
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1 =1, aocy = 010901 = 05 mod Pp, and ¢ = 1, aoy = 010907 = o1. So just for
i =3, ...,n the product ao; gives us n—2 new orderings, so a > n+n—2 = 2(n—1).00
Since we have shown that if o is the product of 2 generators, we have a > 2(n — 1)
and if o is the product of an even number of generators greater than 2, we have

a > 2n, we have in general that a > 2(n — 1).
Example 3.26.

Assume X is the space of orderings of type (2°,6). First of all by the last theo-
rem X is a disconnected space. But it can not have 6 components , since there are
just five generators for Xp. We know the smallest connected component has type
(23,4) which corresponds to the four element fan. Therefore, if Xp = X; U ... U X,
because all the X; can not be trivial components, at least there exists ¢ such that

| X;| > 4. Therefore ¢ < 3. Now there are two cases to check.

Case 1: Assume X = X;UXs. Then X; should be trivial connected component
and X, would be of type (24,5). But 5 < 2(4 — 1), so by the last theorem X5 is not

connected and this is a contradiction.

Case 2 : Assume Xp = X; U Xy U X3. As we discussed, one of X; should be
nontrivial. Therefore the only case is X, X5 are trivial and X3 is of type (23,4).
W-groups that correspond to X7, Xs, X3 are Cy, Cy and (Cy x Cy) x Cy respectively.
Then by Theorem 3.18

gF = CQ * CQ * <<C4 X 04) X 02)

Now we generalize this example to the general case (2", n+1), for all Pythagorean
formally real fields which they have just one dependent ordering. The structure of

W-group of this kind of fields will be determined in the following theorem.
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Theorem 3.27. Let F' be a Pythagorean formally real field. If the ordering space X g
has type (2", n+1), n > 3, then Xr = X;U...UX,,_5 and the W-group corresponding

to Xr has this unique structure

QF = Cg*, ...,*CQ *((04 X 04) X Cg)
—_———

n—3

Proof: n > 3,son+1 < 2(n—1). Thus by Theorem 3.25 X, is a disconnected
space. As the smallest connected space has type (2%,4) and we have n generators,
the number of connected components is n — 2; n — 3 trivial components and one
connected component of type (23,4). Using Theorem 3.18, the structure of X gives
us the W-group G that we mentioned. Therefore it is enough to show that this is

the only structure for Xz. Then the structure of Gr will be unique.

Let Xp = XjU...UX; and Xy, ..., X; are of type (2", a4), ..., (2™, a;) respectively.
Using Theorem 3.25, except for a fan with 4 elements which corresponds to a con-
nected ordering space of type (23,4), for any connected component of type (2", a;),

since a; > 2(n; — 1), a; —n; > n; — 2. Hence for n; >4, a; —n; > 2.

Now ny 4+ ns... + n; = n and a; + as... + a; = n + 1, and any X; has at least
a; = n; orderings. So for only one of the X;, a; can be equal to n; 4+ 1. Since the only
space of type (2", n + 1) which is connected is the space of type (23,4), so X; has
type (23,4) and all the other components are trivial. But this is the structure we

found first. Consequently the structure of W-group Gr is unique as we claimed.[]
Example 3.28.

We can determine the structure of the W-group G for any Pythagorean formally
real field F' such that X is of type (2°,7).

Since 7 < 2(5 — 1), then by the last lemma Xp is disconnected space. Because the
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number of generators and the number of orderings are not equal, Xz cannot have 7
connected components . If Xr = X; U...UX;, all components can not be trivial, so
at least one X is a nontrivial connected space. As we mentioned before the smallest
nontrivial connected space is a fan of type (23,4), so i < 3.

X can not have three components, one nontrivial ( fan with four elements) and 2
trivial because the number of orderings will be 6 and again it is a contradiction with
type of Xp.

The only case is Xrp = X; U Xy with both X; trivial and X5 non trivial. We
cannot have have both X; and X5 nontrivial since the minimum number of orderings
in a nontrivial component is four, so with two nontrivial components the number
of orderings is eight and this is a contradiction. Therefore X; is trivial and X,
should be of type (2%,6). By Example 3.23 the W-group corresponding to X, is
Cy X (Cy * Cy * Cy) and the W-group of the trivial space is Cy, so:

QF ~ (04 X (CQ * 02 * CQ)) * CQ
Example 3.29.

We show that, the space of ordering Xp of type (2°,8) is a connected space.
By the same argument in the last example if Xp = X;U...UX;, then i < 3. The only
case with 3 components is when X is a fan with four elements and X5, X3 are trivial
components, so in this case we have six orderings. But the number of orderings of
Xp is eight, so Xp = X; U Xy or Xp is connected. Suppose Xrp = X7 U Xy, Xp
has just five generators, so one of X; should have four generators. By Example 3.2.4
the only connected spaces with four generators are the spaces of type (2%,6) and
(2%,8) and in both cases taking the union with the trivial space (2!,1) the number

of orderings is not 8. Therefore X is a connected space.
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We point out that in the case the type of field is (27, 2"7!), where n > 3 then the
space of orderings is necessarily fan and therefore its space of orderings is connected.

This was already observed in ([MI2], Chapter 1. Theorem 1.2)

Theorem 3.30. If Xp is of type (2",2"% + 1), then the type of Xp completely
classifies the structure of Xr, and Xrp = X1 U X5 such that X1 is a trivial space and
Xy is a fan with 22 elements . Then Gp = Co * ([]1=7 C4) % Cy).

Proof: Let Xr = X; U X5 such that X; is trivial space and X5 is a fan with 272
elements. Then by Theorem 3.18, Gr = Cy  (([[/={ C4) x Cy). This is one of the

possible structures for Gr. Now we prove, this is only structure for Xp.

First assume that X is a disconnected space with two components, Xp =
X1 U X, such that X; and X, are of type (2™, a1), (2%, as) respectively. Therefore
n=m-+k,2"24+1=a; +ay . We will show for any choice of X, X, if m,k # 1,
then a; + as < 272 + 1.

If |[F/F? = 2" and F is a fan case, then the number of orderings of F is

maximum, so | Xp| = 2""1. So if X, X, are not fan, then a; + ap < 2™ 1 4 2+-1,

a=2"241=9m 1l xok1l1

2m—1 + 2k—1 < 2m—12k—1 + i 2m—12k—1 o 2m—1 o 2k‘—1 + 1>0

2m—12k‘—1 . 2m—1 . 2k—1 + 1= (Zm—l . 1)(2k—1 . 1) >0

this is true if m,k # 1. But a; + ay < 2™ 1 + 281 50 for m,k # 1, a1 + ay <
272 + 1 = a. Therefore X5 cannot have two components unless one of them be
trivial. This is the first case we mentioned. In the same way we can check that Xp

does not have more than two components. So it’s enough to show that X is not a
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connected space.

If X is a connected space, then
Iy € Z(Gal(F® JF(v/=1))/®r such that Xp = Xp,

so the number of orderings should be even. But we assumed |Xp| = 2"2+1, so Xp
cannot be a connected space. Therefore the only structure is Xr = X; U X5 where
X, is a trivial space and X5 is a fan with 2772 elements. This is the structure we

mentioned first. But Gp, = Cy and G, = ([} C4) x Cy, now by Theorem 3.18

n—2

Gr = Cox ([ C1) % €2)) O

i=1
Theorem 3.31. If Xy is of type (2", a) such that a > 2772 + 2, then Xp is a

connected ordering space.

Proof: Assume Xr is a disconnected space with two components Xp = X; U X5
such that X; and X, are of type (2™, a1), (2%, as) respectively, so n = m + k and
a = a; + as. We claim that a; +as < 272+ 2 < a for any choice of X;, X,. But we
proved in the last Theorem that if X; and X, are not fan, then a; +as < 2772 + 1,
except for k = 1 orm = 1. If k = 1, then m = n — 1, X, has type (2',1) and
a; = a — 1. Therefore X; has type (2" ',a —1).

Since a > 22+ 2, s0 a —1 > 2" 2 4+ 1. But the maximum number of or-
derings for F such that |F/F?| = 27! is 2"=2 (this is the case of one fan with
272 elements). Then a; > 2"2 + 1 cannot be number of elements of X, and
this a contradiction. Therefore X cannot have 2 components. In the same way we

can prove X does not have more than two components, so it is a connected space.[]



CHAPTER 3. CLASSIFICATION OF FINITE W-GROUPS 69

To continue we consider the binary representation of the invariant |Xp| = a
depending on the invariant n where |F'/F?| = 2" which is appeared in [Mz] and
[MI3]. Based on the work in [MI3] we will show that: for a field F' of type (2", a),

if a has a binary representation of the form
a=2""F 4ol 4ol 4ok 0< g <y < ... <y <n-—k,

then the structure of W-group of F is completely determined. The key point is that
for fixed n this representation is unique. One example of an invariant | Xp| = a
has this kind of representation is a field F' of type (27,15), since one can write

15=2"744+20 421 122 <0<1<2<7—4.

There are of course some numbers which does not have this specific representa-
tion. One example of a € O(n) which does not have such a representation will be

discussed in the following example.
Example 3.32.

A field F of type (2°,21) is an example such that a = |Xp| does not have such

a binary form. If there exist a binary representation
21 =207k 4 oit y o2 L 4 ok1 0< g <y <. <ipq<6—k,

then 6 — k < 4. If 6 — k = 4, £k = 2 but there does not exist any 7 such that
21 = 2%+ 2. For 6 — k = 3, we can see that there does not exist i; < i5 < 3 such
that 21 = 23 + 2% 4+ 22 This true about 6 —k = 2 and 6 — k = 1. Therefore a = 21

does not have a binary representation depend on n = 6.
Lemma 3.33. If Xp is an ordering space of type (2", a) such that
a=2""F4 o Lo 4ol 0< ) <iy<...<ipq<n-—k,

then this representation of a is unique.
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Proof: This uniqueness is the immediate consequence of uniqueness of expanding

natural numbers in dyadic expansion.[]

Lemma 3.34. If Xp is an ordering space of type (2", a) such that
a=2""F 4ol 4ol Lok 1y <y <. <dp_y <n—k,

then Xg is a connected space.
Proof: This is the obvious corollary of (Corollary 2, [MI3]).

Theorem 3.35. Suppose the ordering space X is of type:
(27, 2"7F 4 2f 19 4 2%1) sych that 0 < iy < ... <ip_1 <n —k.

Then

i13—19 n—k—ig...—1;

gF:CQ*(ﬁO4 X (CQ*(H 04 X (CQ*( H 04) NCQ)...), z'lz(),

1
such thatn — k — i5... — 1, > 0,

i2—11 n—k—i;—ig...—1;

gF:HC4 X (CQ*(H C4><1 (02*( H 04) NCQ)...), 2.17&0,

1

such that n — k — iy — 19... — 4, = 0.

Proof: We use induction. By Theorem 3.34 all the elements a = 27~% 4+ 2 +
. +2%=1 € O(n),n > 2 such that 1 <4, < ... < i4_; < n — k are indecomposable

elements of the set O(n). This means that X of type (2", a) is a connected space.

For n = 3,4, we proved in the first of this section that the structure of G for any

a € O(3) and O(4) is unique. Now assume for any j < n our claim is true . Therefore
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by induction for X of type (27, a) such that a = 277k 4201 421 € O(n),n > 2
and 0 <71 < ... <11 < J — k, we have:

i27i1 n—k—il—iz,.‘.—il

Gr=[[Cix (Cox (J] Can(Cox( J[  Ci)xCo).), is #0

1

i3—io n—k—is...—i

Gr = Cy % (ﬁ Cyx (Cox (] Cano(Cox( [ Ca)xCa).), i =0.

1

Now if @ € O(n) and @ = 2% + 21 4 ... 4 2%-1 such that 1 < iy < ... < idp_; <
n — k, then by Lemma 3.33 this representation is unique. X is a connected space,
so T, the translation group of Gg, is nonempty. Therefore there exists v € T such
that for all 0 in Xp, yo € Xp.

As we said before any o0 € X can be written uniquely as a product to’ where
teT, o € Xp. Then | Xp| = |T||Xp| and |T| = 2™ where m is the dimension of
T as F; vector space. Then a = |T| x @’ , a’ € N, but we proved before |X,| = o
where X7 is the space of restriction of elements of X to the fixed field of T'(see the

proof of Theorem 3.16). Let ¢; be the F, dimension of T', so
a=2""F 420 Loz 4ol —9h g/ — o i | X1
If

t <ip = a=2""F4 20 4 f 2kt = o (QnThTh g gl ofkoion )

(. /

~~
!

Xl

Let n —t; = n’ and apply the last lemma for 2% ~% 4+ 20 4 4 2%-1=%1 Then X} is

a connected space. But it is mentioned in Theorem 3.16 that X is a disconnected

/

space, this is a contradiction. Therefore ¢; > 4;. Since a = 2"*.d’, so t; = 7;. Now

by Theorem 3.16, G = (Hff:il Cy) X (Gpr) where G is the W-group corresponding
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But |X},| = 2"kt 420t 4 2%-1-0 ) — ¢, =0 and n —t < n, so by the
induction assumption

12—11 13— —11 n—k—iz...—1q;

G =Cox (J] Cax (Cox( [ Cax(Cax( [] Cu)xCa).).

Then

t1=11 t1=11 i9—11 n—k—ig...—1;
gF = H 04 X (g};) = H 04 X <CQ * ( H 04 X (02 *( H C4) X 02)>
1 1 1

as we claimed.

If a is odd number, then one of the possible structures for Xz is Xrp = X; U X5
such that X, is a trivial space and X, is a connected space of type (271, 2" +

272 4 ...+ 2%-1). We will show that this is the only structure for Xp.

Assume Xr = X; U...U X} such that X7, ..., Xy are of type (2", ay), ..., (2", ay)
respectively. But the type of Xp was (27,27 % 420 4 4 2%k-1) 0 =) < iy <
. < i1 <n—k. Since a is an odd number and any nontrivial connected space X;
has even number of elements, so at least one of the X; say X; should be a trivial

connected space of type (2!, 1).

Now X, U ... U X} is a space of type (271, 277F 4+ 22 | 4 2%-1), By Lemma
3.34 this space is a connected space, and this is a contradiction. Therefore the only
structure for Xp is Xp = X; U X5 such that X; is a trivial space and X5 is of type
(2n=t 2n=k 4 9f2 4 4 2%-1). This is the structure we mentioned before. Now by
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the induction assumption, Gp, corresponding to Xy is

i3—12 n—k—ig...—1;

ng = f[04 X (02 * ( H Cy X (02 * ( H 04) X CQ)) x Cy

and obviously since X is trivial space, Gg, is Cy. Therefore, by Theorem 3.18

i3—ia n—k—ig...—i

gF:gFl*gF2 :Cz* (HC4>4 (CQ*(H C4>4 (CQ*( H 04) NCQ))
1 1

1

as we claimed.[]

The last theorem gave us a very good sufficient condition on the number of or-
derings of field F' to be sure that the structure of the W-group Gr is unique. Now

we show with an example that this condition is not a necessary condition.

Example 3.36.

If Xr is an ordering space of type (2°,7), then by Theorem 3.27 the ordering

space X and Gr have unique structure. But a = 7 has this binary representation

7=2%24+21 490

which is not in the form we want. Since the binary representation is unique, then
| Xr| cannot have a representation such as the one in last theorem, although the

structure of it’s W-group is unique.
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3.3 W-groups as Coxeter Groups

Definition 3.37. We define a Cozeter group W as a group generated by S C W
such that

W = (s; € S| (si)* = (si8;)™ = 1) where m;; € {2,3,...} U{oco}.

A pair (W, S) is called a Coxeter system. A Coxeter system (W, S) is reducible
if W =W, xW,and S = S US, where 0 # S; € Wi,0 # Sy € W, and
(W1, S1), (Wa, Sa) are Coxeter systems. Otherwise a Coxeter system is said to be

irreducible. One can find the complete classification of finite Coxeter systems in

[Kal.
Theorem 3.38. The only finite W-group which is a Coxeter group is Dy.

Proof: By the classification theorem (Theorem A, section 8.1, [Kal), with the
exception of the graph that has two vertexes and one edge of order 4, all the other
Coxeter graphs of a Coxeter system have at least one edge of order 3. We know
from the definition of a Coxeter graph that an edge of order 3 represents an element

of order 3 in the Coxeter group.

On the other hand any element in a W-groups has order 2 or 4. Therefore the
only Coxeter group that can be a W-group is a group with two generators si, s,
such that (s1s2)* = 1. A W-group which is generated by two involutions o1, 0y is

Cs x (5, which is isomorphic to the group D,.0]

Definition 3.39. For the Cozeter group W = (s; C S| (s;)* = (s;s;)™ = 1), the

descending q-central sequence of W is defined inductively by

Wwoo) = W | witho — (W(iyq))q[W(i’q), W] i=1,2..
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If =2, then W =W, W =w?2[Ww, W]
W2 = (W2 W, W) W2 W, W], W].
Now define the Coxeter quotient group to be W/W &2 = W/W®),

Lemma 3.40. Let W be any Coxeter group. If H := (W?2[W, W])?[W?2[W, W], W],
then

[y, 2] = [, 2][[z, 21, ylly, 2] (a)
[z, 2] = [, 2][z, yl[[z, 9], 2] (D)

Proof: (a) and (b) are just direct computation. [J

On the other hand,
(W, W], W] C (W?*[W, W])*[W*[W, W], W].
So (a) and (b) will be reduced to
[zy, 2] = [z, 2][y, 2] mod H
[z, yz] = [z, z][z, y] mod H
Lemma 3.41. Consider H in the last lemma. If 0;,05,0, € W, then
oiloj, 0% = [0j,0%]l0;  mod H

Proof:
ailoy, oxlo; oy, on) ™ = |03, [oj, ol € H
oiloj, o)oiloj, 0] =1  mod H
= 0;l0j, 0k = [0j,04]0; mod H.O

Therefore, in the Coxeter Quotient group W/W®) all commutators commute with

any element.
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Theorem 3.42. For a formally real Pythagorean field F', the W-group Gr is a
Cozeter quotient if and only if F' is a SAP case in which case Gp = Cy * ... x (.

Proof : We know that the Coxeter group W = (s;|(s;)? = (s;s;)™ = 1) and
gr = <0i’01'2: 1,0i ¢ |Pp).

Assume Gp = W/W®) for some Coxeter quotient group, then there exists

@ : W/W® - Gp such that o(5;) = 0.

But by the last lemma for any s;, s;, s, € W, s;[s;, si] = [s;, sk]s; mod W), Then
all generators of W/W®) have order 2 and all commutators of W/W®) are central.
We claim there are no cancellation relations between commutators of Gr. To see
this, suppose [[[o;, 0] = 1. Because ¢ is an isomorphism, there exist
si, s; € W such that H [o(si), @(s5)] = H[Ji,aj]ei’j =1
1<i,5<n

But ¢ is injective, so

o I sl = ] les:) els)) =1

1<i,5<n 1<i,5<n

— H [Si,Sj]ei’j =1.

1<i,j<n

This is a contradiction since there are no cancellation relations between commuta-
tors in W/W?3. Therefore in this case, Gr = Cy x ... ¥ Co, meaning F is SAP. It is
easy to check that if G = Cy % ... x Oy, then ¢ : W/W®) — Gp such that ¢(5;) = o;

is an isomorphism.[]
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3.4 Conclusion

A person who speaks several languages may obtain insights which a person who

speaks one language, may not be able to reach.

Galois theory contains at least two languages: Field theory and group theory.
Their appearance and music are very different, yet remarkably there is a translation.
After suitable translations of some problems which may have appeared impossible in

field theory for example, these same problems were able to be solved in group theory.

Murray Marshall’s classification of finite spaces of orderings is a remarkable
achievement in the theory of formally real fields. This classification is beautiful

and nontrivial. The proofs are sometimes rather mysterious and puzzling.

The first goal of this thesis was to unveil some of this mystery by translating
M. Marshall’s work to Galois theory. This was possible because of the work of J.
Minac¢ and M. Spira, who detected orderings of fields using small pro-2-quotients of
absolute Galois groups. They built on the previous classical work of E. Artin, O.

Schreier and E. Becker.

In this thesis we showed that some of the proofs in Marshall’s work have become
transparent, and related to some nice group theoretical properties of Galois groups.
Further, remarkably, this led to a direct, interesting classification of some canonical
quotients of absolute Galois groups of Pythagorean formally real fields with finitely

many square classes.

Some consequences of detecting the entire structure of some of these Galois
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groups using only very simple invariants, are fascinating. The main open problem

is to extend this classification to all Pythagorean formally real fields.

Can one generalize these techniques also for nonformally real fields?

The world which has opened up to us is a very rich, multilingual world. One
should speak in the language of Galois theory, orderings, valuations, K-theory, co-
homology, Steenrod operations, and Massey products. If one is fluent in all of these
languages, then one may hope to appreciate the beauty, mystery, and possibly the
solutions of some of the burning key questions in current Galois theory and arith-

metic algebraic geometry.
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