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The oﬁerato;-product expansion wtrl be applied to the two-point

Green functieps of QCD in order to study the dynamical generation of
quark masses.. The lowest order quark and gluon condensate contributions
to the quark self-energy will be caldulated to all orders in the

exgpnsions of the &uark-quark and gluon-gluon ,vacuum expectation valués.
, —
The resultxng on-shell” gauge Lndependence of the quark self-energy leads

self—cons;stently to a non-perturbatlve dynamical quark mass in

agreement wlth the phenomenology of up-and down constituent mass.’
. . C ‘ ) ; ) AR
The -crder g3 bhiral-viqlating, mixed cehdenéate component of -the .’

-
i

quark self-energy will be calcﬁlated_to order m? in the-eﬁpe@siohs of

the quark~quark and quark-gluon-guark vaeuum,:xpectEtfeﬁ'%ﬁgﬂbs? aqe

‘“—‘then extended to all orders. Thé resultiug 5elfsenerqy~is'§aﬁge

independent for arbitrary values of the curzenutgfss. and the ‘Pole .

position of the quark/§§;;:;ator is unshifted from the .value pbtained

N
from the quark and gluon condensates. jh

.

--The lowest order quark condensate pro;ect;on of the gluon

) propagator will be calculated toqall orders in the ququ-quark vgguum
. D : ‘ \ &

) eipectdtion-valne. The self-energy is found-to be transverse,

satisfying the Slavnov-Taylor identity. Implications for 8echanisms

-

“wwhidh lead to an effective gluon mass will be considéred A brief .

- ~ “ye

application of this result to the QCD sum rule for the g meson will also

r

be presented.
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INTRODUCTION

’ ——

1-1 Qhantum Chromodynamics: An Overvidw '

Quantum Chromodynamics (QCD) is the gauge theory generally ' .
accepted as describing the- interactions of the fundamental fermions -

known as quarks. The original motivatiop for the formulation of gquark °*

theories arose fgpm high-energy electron-proton scattering experiments

-

. C e ‘ . 1 .
which indicated that protons have substructure. Evidence for a

kinematic behaviour inconsistent'witﬁkthat of point-like particles was ¢
\ v .
found by measurements of the two structure functions which parametrize .

-~
-

Experimental results then demonstrated the dependence of these .

funceions upon only one of the two kinematic variables involved, a '
e

. . Coa - .
phenomenon known as Bjorkem scaling®’ Sﬁbsequent work led to the

Calla’n‘-Gross.relation3 which showed that only one of the stru¢ture .

s

functions was independent. An early explanation ¢of these suyrprising ‘ - o
experimental features was prp&ided by the parton model,4 which o

'hybothesiéed that protons were composed of structureless, sgin ]

,particles whose self-interactions were weak in comparison with the

electromagnetic interaction. .

An extension of the parton model .hypothesis was- the flavodr quark

-~ ~ o—e

*model whicﬁ,denotéd-the spin '§ partons as "qﬁérk:’. This tﬁéory was

“

" inspifed by the bell—Mahn-Nishijima\;elaiions which identified the

.

electric charge of a bartic;e as a combination of its hyperé%arge
(baryon number and strangeness) and isospin. The desire to view the
Gell-Mann-Nishijima relation as a consequénce of a higher symmetry was .

) . - * e

' f -
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' my/m to substantially differ from one.

‘.

i existed for the 3/2*_5atyons. A spin 3/2 ¢bject composed of three u

taalized-by introducing quarks in three flavourg‘(up, down -and strange),

which were assumed td transform as the fundaﬁental representation of®
Su(3). The f;avoﬁr qqark model thus catalogued hadrons as various
combinations of 'up, down ?nd strange {(u,d,s) quarké, in a way consistent
with, SU(3). qu.example, the hiéher dimeﬁsibn reéresentatio? 303 = sel

1 - - .
represents tke binding of a quark and anti-quark to compose the 0 meson

S o
octet along withh the n .

’

3

Some insight into the guark mass spectrum can be obtained by

noticing that -the SU(3) flavour sfﬁmetiy is not exact, since hadronic

muitiplets are only apptoximateiy degenerate, while the isospin

nﬁltiplets show a higher degree of deqcneraéy. .Since particles in ihe

-
~

same isospin multiplet haQe the same number of strange quarks but vary

the combinations of up and down ones, the u and d must be nearly

degenerate inxmass while the s is comparatively heavy. This apparent

degénergcf may aét;qlly be a reflection of the u ;;d d being light . .

(<10MeV) compared to the stréhg”inﬁéraétion scales, allowing the ratio ~

. -
.
)

Iy

The SU(3) model. succeeded in imposing some structure:upon the

growing particle zoo, but it contained Sqme fundamental difficulties

which were eventually overcome by the ideas of QCD. Apart from the

a ST -
fajilure to observe either free quarks or 383 hadronic states, the

» L]

-

p}oblem of. a fundamentalsEontradiction of the Pauli exclusion princible -

i

quarks cannot exist as a ground state wavefunction without violating'the-

Pauli éxclus;on principle. To resolve this fundamental issue the

congept bf colour symmetry was introduced, giving quarks a colour

0

qgantui numbcr‘in'addition to flavour (-u,d,s).1 The total number of -
» - .

- e —

*




) . ) .
cSlours; predicted to be three to resolve the statistics ?oblem

mﬁptionbd aboée, can also be determined empirxcally by fitting the’
A N
expe;_;mental ratio R = O(e e-»h%drons)/o(e e-buuons) to the theoretical

~ . -t

pred:.ctions with N colours. 1It was found that N=3 -p:ovides an excellent .
agreement with R both above and below the cham threshbld. _* A choice of ~

N=3 is-also motivated by electroweak perturbative field theory, since
- » -"’I

.electroweak interactions are ancmaly-free for each generation of guarks

provided that the total” number of colours is 1:hr:ee.8

- A Y R .
The lack of 3 and 323 hadronic states can now be understood if. it

»

ig hypothesized that physics {s invariant under rotations of the three

quark colours. This invariance_j.s realléed b\/ a rigid oz: gloj:al sqc ()

PO

- .
symmetry of the quark Lagrangian, suggesting that colour singlets are
* [ 3

. . -~ . . -
the ground states of nature. Since/tﬂ'e representations 3 and 3@3 = 3 &6 -

. -

do not contain colour singlets, then if such hadronic states exist, they
must necessarily lie atran enerigy‘beyond existing’ex_periments.
. . - 1 . .

The interactions between guarks may nogl be formulated by gauging

! ‘the SUC(31 symmetry, replacing globel‘-invariance.with a local gauge

t
symmetry.n This procedure necessarily intreoduces one gauge ?oson for

= ?

each’ symnetry generator, implying the existence of the eight gluohs

which are the gauge bosons of SU (3). '_I‘he SUC(.'!) gauge - theory . of quarks

‘.‘?

whosb'interactions are mediated by qluons is the non-abelian gauge -
. . ¥ ‘

." -
\

. * — e o

QCD cannot be consicﬁred a’ viable des-cription of the interactions

between quarks unless it corrécrly modelmrf‘the weak binding of

-‘_-L
- -

> _ e . .
T™he "c" represents colour to distinguish vbetween the SU(3) flavour and

su(3f colour symmetries. - S ] Lo

-
-
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.
s N

L] N - ‘

quarks obseryed 3t large momentum transfer, and the strong“binding of

quarks jnto hadrons at low momentum transfer. For example, the proton

” appearé as a point-like particle until a sufff'iently high energy is’ -

reached and parton-like 'structure becomes evident. Renormalization of a

general gaube theory demands that the effective coupling constantébe a ’

function of momentum. For a non-abelian gauge theory the coupling
L ]
constant-decreases with increasing momentum, & property known as
N L > - .
, .
£5 , asymptotic fregﬂom.g'lz Thus, the behaviour of thc QCD coupling
y .

constant is Elnszstent with the appearance of proton substructure at
N \,

- 1Jkge mementum transfer, wzth QCD resulting in a compllcated and largely

anknown low-energy limit {(nuclear physics, hadronic mass spectrum) which
> )

i - 1 ] LY - ~
s* ycannot be studied perturbatively. )

. This thesis will utilize the technique of operator—é?bduct '

expansions (OPE) which extend the range of QCD into a small part &f the

non-perturbative region: The préblem of generating a gauge independent,
. — [}

- dxﬁémical quari mass will be studied by using OPE methods to calcdulate

non-perturbative contributions to the guark self-energy.

A | .

I}
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1-2 guark Mass Parameters: Current and Constituent Masses

[ . . .
.Cme of the major complications in QCD is the igsue of quark

* » .
confinement. Experimental evidence sugports the hypothesis that guarks

-~ -

may only appear as colou:-singiet bouné states; a result intuitively
: consistent with the lonc d;st;nce behaviocur cf both the QCT coupling a
| con;tant and the quark/anti-quark potential. Thus 1f qQuarks are
actually cornfined, thern 1t is tlearly not-possible tc define a guark

mass analagous t¢ the mass ci free particle such as the eiectron. Twoe

[+1]
]
L3

. ) concerwlk ©f guark Lass ex.st desrite the complicazien of guark -i
- confinement. )
e ' : : -

-

The £irst which 1s knowr. as the current ¢r lLancrangian mass,

arises because the electroweak lLacgranc.arn must still contair cuark mass

- -

. parameters. In electroweak ‘thecry this mass appears as a result ¢f the

' . _ :
' Yukawa coupling of quarks to—the Higges fieléd. This interaction becomes

~ ’ s .
a mass parameter when the Eiggs acguires a dimension-one vacuum

3 ) expectation value (vev) <> character:zinc the spentanecus symmetryy
& ’ ' 13 :
. breaking of the SU(2)R0(l) electroweak syrmetry. . It i1s possible to
< ° .
. estimate the current mass throqgh the application of current alggbra14
and PCAC (partial conservation of axial current) technigques, resulting

16,17

in typical current mass values of muzAdzlo MeV. ‘The current mass

for u and d quarks is actually quite small within the strong interacticn

’ [ ]
scale, but large compared with the electron which lies withirn the same

- )

. ¢ P . -
family of fermions. This indicates that the electron to current-guark; mass

ratio is sensitive to the quark's rele irn QCD and hence might be a relic

LY . .
of a higher symmetry describing ‘a grand unified theOry.le-zo . Lo

The second quat¥k mass parameter, known as the constituent mass,

is at least an order of magnitude removed from the éurrent mass for u

- ——— '

R,
.-
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/

L

. and d quarks. Constituentl-assec successfully -odel the magnet;c

-

moments of nucleons (cc-posed entirely of u and 4. quarks) by assuming

that the nucleons are three-quark quantun states w:th mu 3 nucleon/3 .

= 300 MeV. 21 Another application of these masses is in hadron . | ]

spectroscopy where excited ‘hadronic states can be well deSCﬁ}bed using

~

parameters consistent with constituent masses.z.2
A large constituent mass cahnot be'tgﬂerstood by'application of

perturbation theory, since the renormalization Group will only
logarithmically correct the current mass,;e'%o implying that nor-

.
-t

perturbative QCD xnteractlons are responsible for a large 'dynamlcal"

v .
-

- J\\
component of the constituent mags. - Thus-the digcrepancy between current

and conSttfﬁEﬁt;qﬁdrk masses is a fundamental probdem of QCD which méy

-

— i

only be resolved using ﬁon-perturﬂétive methods. :

The mass scalks present in QCD are large compared to the 10 MeVv

,Up and down current.masses, so chiral symmefry (m=0) must 5e an_

approximate symmetry of the CIsticél QCD Lagrangian. However, since

constituent masses exist in the presence of such small current maésgs,

chiral symmetry must be broken by non-perturbative effects. There is
evidengh\in the .hear masslegsness of the pions to s;égest that the .
méchanism for chiral sy?metry breakipg lies within the QCD vacuum. If the
c.iliral flavour s:ymetry.(éul.‘(z)ﬁua(z‘)) is broken'-to a.z; S:U'(Z) flavour

. . Y .
symmetry by the fai;qzeyof the vacuum to be annihilated by the axial .

» ‘e . -

charges, thgp.the Goldstone mechanism requires a massless boson for each-.
ry . .4: N

of the thrégnpréken'genbrators.23 The small mass of the three pions is

hd .- »

. thus explained by identifying them as the Goldstone bosons of chiral

L I .
symmetry-breaking. The broken UA(l) .generator should also lead to a

massless N’ particle, but such is not. the case Gmn=4mn), a result which can

>



be partially unders:ood'aq a consequence of the ancmaly in the axial

.24 . C . ' .
current’ . -

.
-~

+

-t et . ‘ Oné of the implications of a (XD vacuum which violates chiral

";‘s?mmetry 4is the possible existence of non-zerc vacuum expectation values

1

. for chiral nori-invariant operators such as <W>. This is indeed the

sase,'since'PCAC arguments.imply{l (mu+md)<ﬁu+§d> = -f%m% and hence,

T thatf€£; quark condensate is nomezero. Independent confirmation of the

-

ndn-ﬁfivial nature of the gquark condensate can bg found in QCD sum
- N A ] . L]

K rules, which presume the existence of <UU>¥0 then self-consistently

- , . € t_ 25 26 -
‘ determine its value -from experimental data. '

The QCD vacuum is parametrized by thé\gauge invariant vev's known

. —— . a _a -
, - as condensates, two examples being <> and Spuvfuv>’ Condensates are

-
1

) cateqbrizeg according to their mass dimension and generally decrepse in

- ’ ihporténce with increasing dimension. The two lowest-dimensional

. . ~
L] )

condensates which exist 1n QCD_are the dimension-three quark condensate

<> and the dimension-four gluon cohdén§éte <£:VF:v>. Values for the

< quark -and gluon condensate are compatible with an "intuitive

understanding of the scales present in QCD. For éxample. the maqniiadg

of the quark condensate should be apprd%im&ted by a quark number

density, typically of the order (gﬂréiri‘.whefe r. is a confinement
r @ . - .

. : - 27 . . . ) L
' radius of about 0.5 F.z This naive estimate of the quark condensate

yields | <By>|= (250 MeVv)? in agreement gitﬁ evaluations using.PCAC and

. " 2 - L] -
- QCD sum. ru 128-30 techniques. . - A |
. . In perturbation theézy, non-trivial vev's for normal-ordered -
« . ' . products of fields cannot -exist for a Poincare-invariant vacuim. This

! impl;;a that non-perturbative or loﬁq distance effects‘ﬁust‘;lter'thé
_structure of the QCD vacuum, ptéducing non-2ero ¥&Twes for the oo

[
- * N




condensates. Existenck of a non-zero value for <> implies that chiral

| ]

< symmetry is not respected by the OCD vec&un, which suggéstp a mechanism

for dynamiéally geﬂereting constituent quark masses in ‘tlie presence’of

1 L

- _explicit Lagrangian chiral syu&etry.

. Based on dimensional considerations, the effect.‘cEf the quark

condeksate on quark self-energies would corre§p0n§ to an effective quark
mass of.the form Heff(p3)=<ﬁw!7p3. An effective mass of this form will

) . M \ ‘ .
be negligible in the large mam&ntum regime where ‘current masses are

'applicable, but significant in the low mamentum regime where the

U - -

constituent mass is dominant. Determining the, dynamical mass gene;aﬁbd

.
B

by the dimension-three quark conﬁensate requires a self-consistent .

application of.quantum field theory Gsing operator-product expansion

- - } ~

techniques, as cohtrasted to the Higgé mechanism which generates current:

[d
i

masses statically from the dimension-cne Higgs vev <¢>.

In a gauge iheory such as QCD, physical quantitites such as the

~

+ position of a propagator pSle must be gauge independent in order to be

phféically meaningful. The first calcul@tioes of Meff(pz) revealed a
constituent mass staie of approximately 300 Rev foF up and down -
quarks,31,bbt the gauge-dependence of the result was questioned becaese
the calculatioe was performed in Landad gauge. A subsequent calculation
. *'in a general covariant gauge indicateg that the quark condensate
component of the_ gquark self-energy was gauge dependent in the Pi=0
- _ ) o limit,32 casting further doubt upon the field-theoretical validity of

the mess scale generated by the quark condensate. .
o e - The issue of gauge independence was then exemineh by Elias, .
- Scadron and Tarrach3 wvho suppjemented the field equation by admitting

the possibility of a mass scale defined by the Po=-— inw eguation of

. ‘ ~
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. motion.>Y _ This canpl:.cated the evaluation of the quark self-energy.
- ( ‘smce the quark condensate component of the quark- self-ene;:gy now .
appeared as a power sex::.es in the parameter m/p The resul't of t\he
- .calculat:.on was a quark self-enezgy wh:.ch was gauge 1nvar1ant at the
' P=m mass she‘;.l to second order in m/p 33 o ) .
[N - ’

Chapter Two will begin ;vi;h an intreoduction to operator-product

expansion methods and a brief review ogthe Elias:Sca’dron-Tari'eclh_

- re%plt._ The lowest orderlquegk condensate component of the quark
. 7 . self-en:rgy will th'en\ be calculated to all orde;s’c;f the m/pg
. expansion35'36 to }min-e whet_:lge'f gauge independence C{; still ' , o ‘
] ) maintained. To further examine gauge i‘ndependence,' the self-eneigy'wil:i
b - —_ L 4 . .
\i also be calcuzljated'in the light-cone gauge, and a comperison between the
y{' » results of covariant and mon-covarlant gauges will be made by exam‘lm.ng

o

the on- shell value of the quatk sel.f-energy

‘V-{' . ¢ Co_ndensates of dunens:.on larger ‘than three may also contribute to

a9 ) ’ - .
the guark self—eﬂergy.3 The dimension-five mixed condensate <VGGUH>

~ is particularly important since it is the second lowest dimensional

-

chiral-violating condg@e. In Chapter Three; the lowest order inixed

[ " . . [ )
R condensate contribution to the quark self-enerfgy will be explicitly :
) o calculated to order m? and then extended' to all or:clez's.%':‘r8 fie"fd' !
. theoretical question of gauge lndependencé will be agd:e_a qaf‘ther R
* . . St {/’ . ‘ .

/’"\ physical issue of mixed condensa.te effects on tffe conetituealj/?/ss scale

f * Jy‘ will be considered. d\n interesting feature of the nuxed condensate

" \"' —~ f

cclnponent of the quark sel _‘Ke’:exgy‘.'is a dependence on both the
Lagrangian (current} and d igl/ (cOnstituené) ,mass scales. :

Restrictio‘ placed upon the Lagranqian mass by the requi:ement of gauge . ‘
/ ~t

independence will be invest 1gated .



dimension-four gluon condensate can also cont:ihute éo the )

order g2 co ons to the quark self-energy. Chapter Thtee will begin

" with the calpulation of this ca-ponent.of the quark self-energy,

will al§o~consider the physical effec:s-of the gluon condensatg upon.

>

- L

- Higher orderico;recti to the quark self-ene:gy can arise fram

* the lowest order qugrk condefisat camponenx of the qluon self-

energy. Gauge independence/of these corrections

LS guaranteed if the

lavnov-Taykor identity.

- t

' gluon self-energy is transverse, satisfying the

-

rder quark condénsate'ccmponegy of the

gluon self-energy wiN1 be calcu d to all orders in the dynamical madss

R

- scale m.39 This result will be appli

to the QpD sum rule for the.c

* L J
.

orders in the mass scale m. sical e fects of the gluon :self-energy '

“apon the-corrected‘gluon-propagator.will be investigated in the context

.

of gluon mass generationﬂ

~ ° . [ -
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¢ ' NON-PERTURBATIVE CONTRIBUTIONS TO §HE DUARK SELF-ENERGY

R I T T B

- - °

2-1 Operator-Product Eipansions

~ -

In this cﬁapter the effect of non-trivial OCD condensates on the

quark propagator will be calculated.

-

The effect of the chiral

.

symmetry-violating guark condensate is particularly important since it

is Eapable of generating a dynamjoal compénent of the quark mass.

+ To incorporate the existenég of condensates into quantum'fiela

theory, the operator-product Expaﬁbion'must be employed. qu OPE states

. N - .
that for any local operators A, B the-time-erdered product may be
. written as a sum over operators ] ﬁ?
T T(A(x)B(0)) = L Ce(x) 8- r (2.1) —_—
- . & K -
. " where Ce(xi are ¢-numbers. Only operators which satisfy thé syﬁmetties -
‘ of the underiying‘quantum field theory can appear in the'OPE. ~ - o Tt
- . ) One aof the original dpplicaiions of the OPE waSodetérmIning the
‘.' - short-~distance singularity pfoperties of composite operéiors. For
. . P i e . .
" example, ih scalar. field theory the OPE for the composite operator -~
L} - . .. K . -
. 41 . - ‘e - :
$3(x)$3(0) is L ¢ » - .
- . ) -" . . 9 R ~
. . . _.. . ‘ .. . . -
. . “. - 0‘ " - * N '.‘ -
<0|T(¢.(x'/2)@(-x/2)®;(0)).|0> '\:.._.{ln(!mlxl_) + 0(-2x=r'] <> (2.2)
’ - _\: ° M - ! - - L
’ . . . e o . . . ‘ .
.Since the OPE studies short distance properties, the coefficients Ce(x)
"can be determined pertuxbéﬁivelg, independent of the process involved.42 LT
. . . -.,,_ ‘ - - . ; .. - .'w
L[] ’ -
. -
. [ .{' . 11 . . . R
- o - - ‘ o '4



The OPE can .iow be applied to a’ general Green fuhctioch by taking

a vacuum expectatign value of (2.1), leading to the result .
. . ’

<O| T(A(x32(0))]0> = £ ce(x) <>
. . 5 .
] 2 4 7

. »

The operators 6 in (2.3) are usulily ordered hféordinq to increasing

mass dimension, generally decreasing in importance as the dimension

increases. This behaviour is understood by Four:egdtrassforming (2.3),.

s
- .

_ resulting in the follbwing expression.

-
.

. ¢ .
.
]

Jeip"‘ <o|T{a(x)B (0O} [0> a* % = . T C'e(p) <@> (2.4)

’
- - PO -

1.

*ce mass dimension of (2.4) is fixed, so that as thevdfmension of <&

increases the dimension of Ce(p) must decrease - This will contribute

power-law corrections to the Green functlon, w1th 1ncreasxng‘inverse\ o

povers of momentum. Thus for a reﬁsonably large momentum , the

importance of the coefficients hill diminish with 1ncrea§ihg operator |,

Vdimension. f )

-

-,

- The OPE can only be useful if its coefficients may be calculated-y

in a reascnably simple fashion. FPor purely pertuxbatiﬁe field theories
e

such as A¢ or quantum electrodynamics, the existence of the OPE can‘be-* .

~ "

proven rigorously~and the coefficients may be calculated by takinq,a ,J

convenient matrix element of (2.1).28'43 Thug for perturbative field.

. LT et
theories the OPE factors short and long distance effects into Ce(p) and*

>, respectively. : . - )
] 8

P
-~

The operator-product” expansion (2.3) must respect the symmettiee

of the quantum field theory being conqidefed, placing reetzictfone-ppqp'

.
L3
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N " the opérators appearimg in the E. ,Fggrah‘unbroken gauge theory such

“as QCD, intuition would suggest that only Jauge inveriant oper&tcors could

appear. This result has been proven through“a number of\diffqrent~_~

N~
42,44-46. ~ :

technigques, with different physicaf interpretations. fﬁg proof

which has the most physical appeal tecoqhizes'that confined quarks must ,

propagate in a background giuon field, leading to an OPE which contains

- . - .-

“only gauge invariant vevs. ‘ o~

In QCD, the objects_<8> (condensates) still represent long

distance effects, but the degree to which Cg(p) 1s determined by *

perturbative processes is not cegpletely understood. This consideratiom

is known as factorization, and is a fundamental problem in QCD. Despite. '

this difficulty, it is possible to estimate the validity of deterq}ning‘“\

-

. .o
the coefficients perturbatively. The result of this analysis is that-

A &

for condensates of mass dimension less than ten and for sufficieﬁtiy'

’

large momentum, the coefficients Ge(p) are dominated by short disﬁance,,

25,28

effects. Additional evidencé from the successful extraction of -
“

= . 25,28° -
hadronic masses from QCD-suh rules, ' seems to conflirm that the OPE .

Ll

can be applied meaningfully gg complicated processes. Hence within .
certain }imits, the coefficients and the condensates themselves ﬁpqtor.
the shor{ and 1ohg distance effects of QCDh, enablinglfhé OPE to préviée
a useful extens;on of QCD into the noq-perturbét;ve rggime.

. 1 4

- =
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2-24fg$2,Condensate Contributions to theAQggrk Self-Energy: Formulation
" : The operator!product expansion for the quark propagator is
1s_(p) = |eP™™ <olTwixFor) [o> a'x
F -

] ) = C_(p) + C=, (p) 25\];>.+C <2 2>

; . I W FF (SAVAR ULV -
- = + f:igh_er dimension condensates . (2.9 .

.

where CI(p) represents the purely perturbative QCD contribution. The

— next two terms contain the guark-condensate <&w> and the gluon

a _a . . . . .
condensate <Fquuv>' represénting the lowest dimensional condensates_

existing in QCD. - B
* i - N 1

The cbefficignt gﬁb(p) in (2.5) is particularly important since

it is the coefficient of the lowest-dimension, chiral symmetry-violating

condensate <@w>. As outlined in the introduction, a non-zero value of

this condensate makes possible the dynamical generation of a quark mass,
. 'Y ’ - )
' even when the QCD Lagrangian is chiral invariant.’

~

'The OPE is an operator identity and the coefficient me(p) can be -

determined perturbatively, so ahy method which obtains this coefficient

>

using perturbative methods is acceptabie. The method which will be used
. to calculate this coefficient allows condensates to directly enter the

p Feynman-Dyson- perturbation se:iéé through normal-ordered products
. - . .

occurring in the Wick expansion.41 This technique has ﬁeen'guccessfully

47 - o
44,46,47 . na was the method used by
- * f/ ,’ "I 'v'
Elias, Scadron and Tarrach for their OPE calculat;ﬁps;33'37“

~

L applied to QCD sum rule calculations

.
- . ]
[ ] .



by

‘where g is the QCD coupling constant. " The gluon-gluon interaction has

been ignored in (2.7) since it only contributes to higher order terms in

* Y

N - K =
) Consider the Feymman-Dyson series for the two-point quark =
amplitude in terms of the free fields. S
< -
’ - 4 ipex . 4 :

_iS.(p) = |a'x e <ofTw(x)0(0) exp|i L. (2 @z])o> (2.6)
The interaction Lagr;nglan Lint(z) represents the deviation from free
fields, and is given by . -

iy ) N
- g )\a a
B (2) =3 Tz)y, A (2)V (2) (2.7

>

hY

gl The non-trivial contribution of (2.6) which is lowest order in g is -

given by the second order term of the exponential.

3 - . - é o v
is_(p) = -} Jd4x P g% 4%y ol Tux T L Tizyy 2222 (2w
Foa : 4 u 5} o

x 5(y)YVAbA5(y)w(y)][o>

-, i

This expression is easily reduced to products of free field propagators ) -
: 41 .

through use of the Wick expansion. In conventional condensate-free

perturbation theory,’normal-ofdered terms arising from the Wick

expansion annihilatesthe vacuum~but QCD generates non-trivial vev's_for

.

these cbjects, ihus:ptoducing'the operator-product expansion.

- ’

Wick expanding (2.8) qnd‘ignoring the usual petturbati&é

corrections leads.to the following second order‘§p(g‘)) correction to

6,48 .
the quark propaqator.3 ’ .

J




~
»

-

"ias(p) = g2 J&“xa‘yd“z P T TI> ¥ A <Dy >
4

x YA <TR(2)5(0))> TR ()R (2))>.

KJ
-

4 4 .4. ipex - ; a' b
- g3 : : >
. % Jd xd'yd 'z e g <T(wSX)$(Y))> YuA < Au(y)ﬁy(f)

x <TI(y)T(2))> yvkb <STW(2)T(0))> (2.9)

The non-perturbatlve content of (2. 9) re51des in the non-local vev's

<y E)wTy) :> and <: A (y)A (z) :>, both of which are related to the QCD

condensates. It is useful to, Spllt (2.9) into two separate pieces with

-

the following corrections to the quark propaga.t:or:./fr'48
“uy,
> 2 . . _ » - —.

iAS, (p) = % [d4xd4yd4z e P X crpx)piy))> yuka <:p(z)yly) o>

o

- s
« y AP <T w50 f> <T(A3(y)A3(Z#)> ) (2.10)
yd '
iAs. (p) = - g3 Jd4x64yd4z eIP X r (u)Tiy)> v A2 <:a2(y)AP(z) o>
2 4 .-~ u - u A \) ’

- x <TWPB(2)I5 v A7 <Tw(250)> (2.11)

The amplitudes in ~(2.10) and (2. ll) illustrate a feature common

to all OPE calculations. Since the vev's do not carry any momentum, the

_order g2? amplitudes in (2.10) and (2.11) represent treé-order processes,

-

- as opposed to one-loop proc;sses in perturbatioq_theory. This T~

demonstrates that ‘he lowest order OPE correctione to the,duark

-~ L4

propagaior are analagous to the ;ree-ordér insertions of the Higgs vev .

16 .



in spontaneous symmetry breaking. -

The second oxder contributions to the quark propagator in (2.10)
) and (2.11) are represented diagrammatically in Figures One'apd Two. The -

-

-- "NP" box in the figures represents the non-perturbative vev ’ )
cor;esponding to the fields entering the box, and the quark and gluon
. lines represent the perturbative free-field propagators gy.ven by
. ?
—_ . |
. ' a*k  cikeUx-y) '1
ST(W(x)IL(v)N> = AR j . a
~ T(L(x YLy }'J(ZW)“ e So(m,mL) ' y
v %
) - dfk -ikelx-v) ks mp S (3.12) :g..
(2m)y* - k2-m2+1€ : ¥4
—— :;(.l",
‘ \.. ' \ - ’_.,".'“b.':_!’-f‘
) - ‘};;gz?:¢.';'
and- : ' VS
- . - o ) el
. N - :::- le'l/.i.
AT
a b abf da%k.  -ike(x-y) . S ‘
> <T(AT({x)A™ > = : ' . ‘
\\j( U(x Sy)»> = 190 J(W)g e c:«w(k) (2.13) ; L
) 4, mike(x-y) [ v o 4
. _ . s aeebfak e T T v kK S 4
} . - m* & + e |7 TV k3ee T :}
The quark;propégator in (2.12) represents a“guark with Lagrangian £ d
: ; - R "'@ .
- - ‘ . 2 ’ - ﬂ""c
. (current) mass m . while the gauge parameter "a" in (2.13) corresponds ”ALJ s
_ ® ' . N
. . . - . e
- ’ ) to the gauge degree of freedom in a covariant gauge. Physical zes@lgs gﬁ
i s L T ) 1"_ /:i;", ",'
must be independent of the gauge parameter if meaningful phyqics xs}gﬁ N
. _ il -.L ) }
. be described, an issué which will be closely examined in subsequewtf
) . : : : ¢ -
- , sectioms. . ' ! -
M R .
[}
. 8
- ) ?f? o FT
f) J IR i -
. - u /' -—‘_"-"/_—' e
- -
. . - - .
- ’ ) . -
" i ] . . . y
- T 4 Ve . .i? - - ,.;-: s =
. . " » , - .._». .
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.it will lead to a result for AS{(p) which'is precisely the form of the

. 12 ' : ) . -
19
.\ @
2-3 Fixed-Point Gauge Methods . .
Calculation of the order g2 me(p) coefficient in (2.5) requires S

an evaluation of the two-poiht aqpl;pudes in (2.10) and (2. 11) in terms
4
of thé'QCD condensates which then 1dent1f;es me(pﬁ as the coefficient
¢ .
of the q“ﬁfk condensate. ancg_the only unknowns in (2.10) and (2.11)
¥

are the non-perturbative vev's <:U(z)U(y):> and <:A§(y)A€(z):>. the
condensate projections of’fhese objects must be obtained. Only the

quark-quark vev will contain components proporticnal to the gquark

icondensate,'a point which will be considered late?.
»

The examination of thé condensate content of <:$(z)w(y):> begins

by expanding the vev in a Taylor-series about y=z=0,

C:U(Z)W W) > = <P (0)Y(0) > + y°<5(0)3aw(0)> + z“<6(0)§qo(0)>

a B

+

R
B <@ (013 3,u(0)> + z‘.z‘<w(0)§‘§,,u(m>.
! |

.
’

. .
T+ zqy8<6(0)§‘3

53a¥(0)> +.higher order terms - (2.14)

L4 .
¢ .{ -
.
Te, .
LI - -
.

s ~

The first term in (2.14) is simply tﬁe~qua§k condensate with a‘factnr.ﬁx

- -

twelve to account for the implicit cdloqr and Dirac algebra, as will be

. ¢ -
N ’ . '

outlined in the next section. When (2.14) is sucstxtutqh into "(2,10)

.
N »

. . 4
» .
OPE. However, a technical problem is posed ky the gauge dependence of

. .
. -

objects such as <5(0?aqa8w(9)> which play the rpole of condensates. o5

. »
Since only gauge invariant condensates are allowed to enter the OPE, the

-

gauge independent components of these cbjects must be identified.

— [ ]

-~ .



the terms in (2.14) to be extracted by replacing ordinary derivatives

The fixed-point éauge allows the gauge.invariant contributions of

. . N 44,47,48 .-
with covariant ones, rendering (2.14) gauge invariant. ' ' The

fixed-point gauge condition is 49

xea%(x) =0 . (2.15)

‘gauge invariant ﬁanaeg through use of the fixed-point'gaugb.4f The

which upon repeated different;ation implies

a = . *- a - h
A7 (0) o ; a(a...avAw)m) o . 3‘ (2.186)

L
It is easy to see that a series of ordinary derivatives can now

be replaced by symmetrized, covariant. derivatives in the fixed-point
gau%e evaluated at x=0, since the difference between the tye js composed

of the trivial og%ects in (2.16). Therefore the operators in (2.14) can

44,47,4
be replaced as follows. ' 8 . :
’
dy---9 V(0 = D(u...Dw)W(O) (2.17)
The notation in (2.16) for ¢(0) is a reminder that all covariant , \

< .
derivatives are evaluated at x=0 in a consistent fashion. The effect of
the fixed-poifit gauge can be ‘intuitively understood as thgﬂ}nttbdﬁc}ion'
of multiple gluon insertion§ into the NP box of Figure One, a prbcedure

diagrammatically illustrated in Figure Three.

The Taylor expansion of a gluon “field can also be written in a

derivation of this resu1t47 begins with the idefftity

K
[ 4

"~ .
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a a \Y v a
. - A (x) = Bulﬂ\)“(x)x ] - x au‘\) . . . (2.18)
. The field strength F:V(x) is given by (see appendix)

. (2.19)

Tpe first term in (2.18) is zero by the gauge condition (2.14), and the

second term can be simplified using (2.15) and (2.19). - .
a v, .a v_a ) N

A = F .20
U(x) + x avAu(x) x vu(x) ( )

s .
.‘

Scaling x go tx turns the L.H.S. of (2.20) into a total derivative
tAz(éi) with respect to t, so that Az(x) can be expressed in a gauge

. . . 47
invariant fashion. '

. o
A (x) = Jdt txAF; (tx) (2.21)
. . u

-

f

‘ . . - -~
‘ .

The expreééion for A:(x) in (2.21) clearly satisfies the
I

qondition x«A=0 but it is not obvious ﬁhat substitution.of (2.21) into

.

(2.19) will consistently lead to_F:v(x).. Thalseason for this

.uncertainty lies in the R.H.S. of (2.20).which is completely insensitive

to the hon-abélian nature of F:v(x). Since the fixed-point gauge }s an
. imporgant tool for the analysis of non-perturbative vev's, ihe
selfiponsistency of the gauge is extremely important, a point ﬁhicﬁ has
v~ .been neglected in the literature.

ot Consider the substitution of (2.21) into'(2.19). For (2.19) to

be consistent, the following expression must be satisifed: -

.
S




LA e Tt eT
¥ Lw e e

e N

~ ST T .

1
dt t3x
0

1 Aa

va'u(tx)

. .a . a
Fuv(xi Iodt 2t Fuv(tX) + I

- ldt £2 XFa (tx)
X Fa, o tx

- b c .
. + gfabcAu(x)Av(x)

L4 *

The Jacobi identity for Fiv‘is {see appendix)
1 Y

»

a ' . .b.c

b_c
Au v gfabcavFAu

9 anc™ iy ~

Fa I +
M)“-

+ gf AbFC

Substituting (2.23Db)

T
-

1 N 1
J at 2t FY (tx) +_[
0 uwv

(tx)

A
dat tixF3 s
0 uv, A

»
© e,

1 ) .
Al b c b
2
F - A
gfabcjodt tx [Ax(tx) Uw(tx) u(t

c

Ns

+ Ab(tx) F, (tx)
Y

Equation (2.24) may Rhe simplified.by recalling that x+a%=0

writing the first two terms as a total derivative

.
L4

2.2
[t Fuv(tx)] dr + qfah

-

A .

}

- gf ldt e2xM APrex) FENx) - A
9t abe x ux Ac\' v

-

abc A uv

“(ex) FS

(2.22) .

(2.23a)

. L)

(2.23b)

into (2.22) gives the expression

b c -
+ gfabcAu(x)Av(xT

I

X)FAU(LX)

AP (x)1A% ()
c y AY)

Au(tx) (2.25)



Upon integration of the first term in (2.25) and use of the identity

[}

A a A a
x Fyy = x Ay A

r

»

Aa
- X Al.\)

.
.

the condition which remains to be satisfied is

-

.- R &

-

- b c
fabcAu(’f.’%v('X)—

-
©

[
___A_;(Tv.( tx) ,l‘__

L]

(tx) - Ai L (e ]] . (2.27)

N

Differentiatiqn of the gauge condition x°A=0 gives the identity

CA (x) + XA, (x) =
% A,u

.

which simplifies (2.27).

3

b, ..c
£ cAu(x)Av

ab ,(x.)

* fabc J

abc odt

-

.
4

self-consistent.

Equation (2.29) is an iéentity, showing that the fixed-point gauge is

Y

o,

2 Al B Cc c b
dt tx [Au(tx)Av,A(tX) + Av(tX)Au,A(tX)

1 .- b *.c :
dt 2t A (tx) A (tx)
u V..
0
-

2,b ¢ .
’[t'. ‘}p(tX)'A\)(tX) dt (2-.29)

P

In summary, the fixed-péint gauge allows the non-perturbative vev

- .l -
<:Y(z)P(y):> to be written as a covariantized Taylor series.

-

~e

-

-
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v - TR W L S et = A A R A N oo T T w - s MR N S e e L® T - N -

TR AT R SR SR BRI AT e EEEREN @ T O I . SN
- - (SN

Al - .

- -

~ .
~ . -

~
L

<:0(2)V(y) 1> = <H(OV(0)> + ya<E'(0)DuW(0)‘> + z°<$(0)50‘b(0)>

’

v
a -

. — «)z“zB@IO)B’E v(0)> + §y“ys<$(om DY (0)>
. a B8 A . a B
[ a B - B . - ?
- T + 2z y <Y(9) anew(0)> + higher order terms (2.30)

1

The notation in (2.30) has been condensed, so it should be remembered
. . \ -

that all covariant derivatives are evaluated at x=0 and that an implicit
normal-ordering bccurs5 In the next section, the quark condensate

component of (2.30) will be calculated to all orders in the e

)
AY

covariantized Taylor series.




-i—{_égggxk Condensate Projection of the;gpargfhggxk Yacuum

Expectation Value : C - . .

T

Evaluation of the quark-quark vev dﬂ(;)W(yD requirgé the
- ‘ - - -
calculation of the coefficients in the covariangized Taylor séries of

- (2.30). A typical term which must be calculated \S' -

- - P i . ) -
VOB v 2D yD e+ D (0> . - e (2,319

-

.
- Y
L,y .- ’

A gauge covariant vev must be Poincare invariant, implying the

identity

- - + ~ .
3u<w(x)Da...DADv.ﬂ.DQW(x)>.

-

' <
.

= ob :..B 3D ...DY + <fD ...0,3 D ...D Y .o (2.32)
a ATuTv w @ ATuTv w

’
If the fixed-point gauge is imposed in (2.32) and the limit as x°

.

approaches @ is taken, then an expression for the integration by

-~

of covariant de;ivatives is obtained.

- 4 + «
<W(O)Da...DADuDv..fDNW(O)>

: - « -
<W(O)Da...DADuQv?..DwW(O)>

>
Equation (2._33) is easily generalized to the form appearing in (2.31)

with the result




-s;g'v;wqu “’t‘ ;T

Va

RN

Hat R i b M o - DR N T R

n_= | 5
= (-1) < oo ces > . T34
(-1) V.I.J(O)D(a1 Dun)D(u Dw)w(O) B f2 34)

- » C ’
Use of the expression (2.34) simplifies (2.30) to the form
~

~

. ¢

Tz ly)> = <U(0)U(0)> + (y-2) <wo v+ §(y°y3+z°z5)<ao

s bt

- zayB<GDQDBw> + higher order terms (2.35)
‘.

L4
-

where all covariant derivatives are evaluated at x=0. -

Consider the zero order term in (2.35), explicitiy including -the

‘ -
colour algebra,indices €,n and the Dirac indices i,j. Lorentg
. - . o -€ n
invariance of a gauge covariant vev implies that <wi(0)wj(0)>.must be

written as - : =

<w <o>w (01> = Aéené

.. = (2.%6)

J. ' - . . .

The urknown coefficient A in (2.36) is evaluated in terms of the, quark

condensate by contracting both sides of (2 35) with éandlj
s S |
W . ) .
=€ £ - T ~ I P ,- -
<YTYT> = LY> = 12A . (2.371)
\ ! . \ )
L - , .
<« A = == > . (2.37b)
12 - V4
) >

JCalculation of the higher order terms of (2.35) in the context of '

- 4 h

the quark self-enerzgy was neglected until the work of Elias, Scadron

. -



. &
: and Tarrach;33 whose methods for the first few terms in (2.35) will be

7 reviewwd. Consider the first order term in (2.35) which can be—written

- as a'lorentz covariant object since it is a gauge covariant vev.

<%0 Ty t> =
CNITIRG

‘ 2
i W 6EN
. ij

-
.

U <EN
BY;16~ ;

" Thg;equation of motion PU=-imy is then_ used to

(2.38)

3

The unknown coefficient B is determined by contracting (2.38) with '

self-copsistently introduce the possibility of a mass scale m gemerated

by ?ﬁé quafkicondensate. N

- > =

. —ima>
- A J
im - -
B = - =— <yp>
- _ 48 w>

~

\

1

sos-Tr(§“yu) = 48B

(2.39a)

(2.39b)

- The colour averaging factor of three will now be implicitly included in

subsequent calculations

Now consider the second order terms

- i i U . >
coefficients <wD(aDB)w

as the following linear

-

<®10Q08wj>-f cé

Contractihg (2.40) in,turn with gaeéij and ¢

two equations.

- (o

: QyDAY> = 16C

g -
L'JgQB + D .

aB -

ji

in (2.35) involving the

aB
ij

involviNg the qué}k-quark vev.

-

- : 4
and <wDaDBw>, the latter of which can be written

combinations of Lorentz invariants.

(2. 40)

.

L
leads to the following

(2.%1&)



N ’ . ‘
. ~ N 29 3
. ' v 1.
) - _aB aB - . 4 -
> = hd , = 48D (2041b)
<ba"D Dol DeTz (07 Cyg) _ :
Equation (2.4la) can be simplified by using the Dirac matrix identity
= + 10 . (2.42a)
998 = Ya'B *“aB _ 2 .
- _ . p )
2 1 a8 i aB - '
- : = By .+2b)
D op EO [D .DBI pp 20 GQB - (2.2
to write (2.4la) as ‘ )
‘!"'P\—/-
. L of 230> - Leio®Be
= < - > = —nt<Yl> -~ <YYo G D> . < (2.43
16C w(pp EO\GO.BNJ mo<GLy - S<b 8 < ! )_
The equation of motion PY=-iml and the definition of the field strength
Guv=[Dv'Du] were used to eliminate the covariant derivatives in (2.43).
Equation (2.41b) may also be simplified through the definition of the _
field strength, leadingvéb the result
| ",
- _ ot
- af - af - -
48D, = ¥<U0 " [D, ,Dglb> = -i<Uo GaBtLo 2 -d<bocu> | . . (2.44) _
- [ b . ’ ;‘
- - -
The dim¢é§ion-five mixed condensate <UOGY> appéaging in (2.43) and _
(2.44) will be considered in greater detail in Chapter Three.
Collecting the results of (2.43), (i.44), (2.39b), and (2.37b)
givés the expressiones for.the'zeroth, first and second order - ,
~ - ' . -
coefficients in (2.40), (2.38), and (2.36). - )
i -
- .
by > = 2§ <> ) T02.4%)
1) 12 13 ! .

R ] —



.

/

-

x SN R - T B
- » .
. \, .
< Duw > = -§§<ww> y“l
- m3 - <POGY> . aB
< D = - == > —e - -
wxbo.DB‘“’j ag W 903613 * T2es ( 31%861) ‘031 )

- (2.46) -

- K’ ‘

~

(2.47)

(

Substitution of the quagy‘condensate components’ of (2.45) through (2.47)

into (2.35) g{besAthe gGark condensate-projéction of <U(z)¥(y)> to

-
.

”~

. 33
second orderzﬁ_ . .

-

I

,
’ ’

- - - | 2 -
<YizMP(y)> = -l—<w> - :—;‘-<W>Y'(y-z) - g—6<ww>(y-z)2 + ...

12

>
[

4

The general form of thé quark condensate comPonent of the

gﬁ(z)w(y)> vev can be determiped by eXamination of the QCD equations of

RN .- .
.

~

(2.48)

motion. =
U= -imb ) (2.49) .
[Dv‘pui 7 Gy = ig‘ra}?sv ’ @ (2.50).
(Dy+Ggg) = ~19°T" [ @Aayew g {2.51)
’ flavour :
[DB'jB] = 0 (current conservation) (2.52)
(DG, * [Dy,G, 1.+ (D ,G5y1 = 0 (Jacobi Identity) - (2.53)

.

) . . . .
The important feature ?f the QCD equations of motion is the

’ t . N
impossibility of_non-t§évially eliminating a field strength GUv' without

.

-



g -~ .
A general term im the expansion (2.35) has a Ta{;or coeff@cie_'

of the foFm <11'JD( -+.D D 3 ..D U>. If only the quark ondensate-,',,:.%
ccmponént of tﬁis ocbject is to be extracted, then covarfhht dérijzgizééﬁ‘

. .2 .
may Esvfreel? commuted, since any fiei? stxengths generaped'throughd ¢
commutators cannot be eliminated without leading to higher dimensio;

-

condenagtgi. Thus if only the completely symmetric part of (2.55) ds

kept, then tﬂéu{ollowing translation invariant is obtained.3s'36'39
. . _ -
(x-z) ()-z)aZn <
< > = LA < .. 0>
V()W) Z ETSE W0 g, Pg oV
n=0 2n
] - ar
(y-2) ees(y=2) 2n 1 0
< >
- (2n+I)! Wiy Dy b (2.54)

n=0 —~ 2n+l’ -

Consider a general even term in (2.54) , which on grounds of .

Lorentz invariance of gauge covaryant vev's, can be written as

YD, ...D V> =AS ‘ (2.55)
(Q, QZn). g1...02n ) -

)

where S is a Lorentz 1nvariant, completely syumetrlc tensor.

Contracting both sides of (2.55) with gm‘(12 G’““ .g%2n-1%2n, commuting
. L) \‘ b4

derivatiyes freely,_usinq the identity (2.42b), and ignoring terms which

. . d ’ . 1

do not contrjbute to the quark condensate, leads to the expression

-<®DD...(2n_t1mes)...DDW> = A‘Tr(Sa . (2.56)

o



‘.

Using' the Fy=-im) equation of métion, colour averaging, and denoting
. -» R .

a a . <..
‘s a0 nar as Sznﬂ.éeperfxnes A in ferms of <y>.

[y
3 (R

. (-2m) 2 <lrp> - ¢ a
= H M E - » . 7
AT TSerr(s. ) PSS TS a0t Ta (2.57)
. 2n n .
- [
. : {

"For an odd term in (2.54) a similar eXpression is obtained.

‘ —_
<UD, ...D W> = B*S_ ... (2.58)
T ('C!). 32?1-1/ s 8] ‘ 02n+l
O - - .
2a+l_- ) ’
, _ {-1m) <YP> . a
8 3eTr(s,__,) ; ‘ (2.52)
2n+1 4)
. . e e . : » °
- - >
The cobject S2n+l in (2.59) is defined as the contraction
- - \\
®15%293 | ¢%2n%2n+1 Sy v g o (2.60)
. ! 2n+1 . ’ RN

- is a completely symmetric, Lorentz invariant tensor.-
4 - O1..0

2.n+l .
Complétely symmetric Lorentz invariant tensors will have the

2 ®

" constructions . " \

<9y q 't permutations (2.6la)_
2n-1"2n

-

=Y. g -9 a + permutations . (2.61b)
2n 2n+l

T S

; . ) ‘
-refspectively containing N2n and N total permutations. Substituting

2n+l
the ‘above equations .alohg with (2.59) and (2.57) into (2.54) leads to a

-

. ! *.

2eo o N ¥ ) )

P = . .
. or example N, 3 sin?f Su ) quvgko.+ guxgvp + QQngA _ :
: /

~ v - g



- .

‘translation invariant'quar)‘t condensate component of <V(z2)P(y)>.

.
-

(v-2) 2" (-am) 2> q
(2n)! 3«TE(S_, } '2n .
5 2n J/"'
. ? Y‘(y-z)(y-z)zn(-lm)2n+}<@w> :
f,  (@nt)t 3eTr(s, o
[

x>
<Y(zIYly)> =}
. neD

Q)
) T Ny (2.60)

The coefficients Nn' Tr(sn) ¢tan be evaluated recursively. The
v .

7
tensors S and S can be written as
Ayeeel Qyre..Q .
2n-+1 2n+2
S =y_S -
Ay.ews 2_n*l a; Qz. 'QZn‘*l a2 13, .an’l
+ - )
. sa. * .Y( SQI...Q . (44.'33)
2n+l on ’
» .
a
and *
“Say. . = % a a a. & Y9a a,”> a a
b 2n+2 2n+1l 2n+2 1T 2n 2n+lt Toner ¥t o
* 3
. + 0. o] a a (2.
2n+1%2n T % 1 %04
< K a
\ : :
implying the recursive relations v
R S
Y e 2(ne )
Tr(52n+1) {n+2) Trfszn) ' _ (2.65a)
- + .
N2n+1 (2n+1l) N2n ! (2.65b)
- T
r(52n+2) = 2(n42) Tr(52n) (2.66a)

.

o>

—t—

-

AN



R T S e VR Fhaas
AT T > s

[
o'

*
%

Nonea = (2n#lIN, e

Values of N =1, N

0 2
of (2.66) to be solved,‘;ith the results

(2n-1)! -
- [ ] — ———————————————— -
(2n=-1) 1! (n-}+{V2n~l i

.y ®
-2n {? <

Tr(s. ) = 4(n+1)12" . coL
' 2n

L e

. B

-

=1, Tr(so)-4, Tr(527515 allow the differencé equations

Finally, s.bstituting the results of (2.67), (2.58) and (2.65)

o .

into (2.62) gives tre quark condensate'ccmponenf of <@(z)w(y)> to all ..

. . ) 6
orders in its Taylor expansmn.3 »39

M’

J - g "1 ' w:(_im)2n(y_252n
Wlz)0(y)> = <> Z'anu)a:w1
n=0 ., 4
. ) ) 4-/2n+1 2
Ly § am) Yo (y-2)(y-2)\" .

T2 (n+2)!n! 4n+1

nvq

-

/
.+ higher dimensional condensates

—n—_ Y

Theqinfinife

—

sum in (2.69) has excellent convergence properties,

.

converging uniformly to the function ) .

<@(z)w(y)> = 5g%z[(xz)—’.ll(m(x’)i) - 1{é§J2(m(x’zi)}

'
+ higher dimensional condensates

(2.69) -

>

(2.70)
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Y ’ - ‘.’ B : ‘-: ) ‘: -
. - = :
. where x=y=g, x3>0 and ,51, I, .are Bessel functions.
‘ - -‘ i Y -~
The fundamental resul% of this section has been the calculation
. N . . - . i
: -of the quark condensate oog;hmt of <Y{z)Yl{y)> to all orders of the -
« =2 e - ,
.,é covariantized Taylor series. This expression will be ‘used in the fext
. v \
‘section to calculate the quark condensate component of the quark
ey
self-energy. -
" ..
N ) . £y .
_
. : > )
. -‘f_f_‘ . . . _'-- 3 )
. - -~ . . 'rﬂfJ
. -~ - .
-
v s i ™
. . ,
- , _
- -
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. 235 Ghuge Independence of the Quark Condensate Component of the Quark
. 5e1f-Energy and the Qynanicagggggxk Masgs ‘

The basic fornulation for calculating the quark condensate

component of the quark propagator was introduced in Section 2-2, 1eaéing
to an expression in (2 10) contauu”the unknown object <¢’(z)¢(y)>
Fundamental considerations of the OPE in Sectzon 2 1 revealed
that ocly gauge invariant condensates would contribute to the OPE. This
prope:ty was explo1ted in Section 2-3 by introducing the fixed poxnt
gauge which covariantizes the Taylor expansion for <w(z)w(y)> In
Section 2-4‘ the Fuark concensate contribution to the resulting Taylor
Z';~ coefficie;ts was then “evaluated to all orders, intro@uciﬁg the mass
" ’icale-m.gcrougc‘the QCD equations of motion.
"R ~ J;Ii,lf"the information required to evaluate the two~-point ampllq\hj
in (2. 10) has now been collected, and thus the quark condensate

component of tlie gquark self—energy can now be calculated. To begin,

consider equation (2.10) with the propagators as defined in (2.12) and

(2.13).
. ‘ 4 K + m
_g2f.,4 .4 .4 ip*x d 'k “ike(x-y) L
1ASl(p) 4Id xd yd z e 1Tom©T @ k’-m£+1€
: 4 T +m
u,a _- . voab . { T -1T*z - L
< g S
X YTAT <b(2)Wty)> YA 1[(2?7)"'e T2-mi+1g
4 -ig*(y-z) : v .
x 62P Sﬂc e 17 -g"Y + (1—a)¥"-—9—u ] (2.71)
. {(2m)° g3 + 1€ : gi+ig -
. ' ‘-

.

The variables of integration are now changed from x,y,z to (x-y),(y=-2),2

(the Jacobian of this transformation. is trivial). Since the quark

-

condensate confonent of <E(z)w(y)> is translation invariant, (2.71) can

36



be factored iﬁio three separate integrals. ~

‘ 4 K + m£
_ _2xg3,a,al.4 ipe(x-y) {_d k__-ike(x-y) __
xAsl(p).- 3 AT Id (x y)'e . me © k’-mE+i€

?

x]d4(y-z) PP YT2) WM h > YV

4 -1q°*({v-2)
XJ dg ¢

uv gug\)
(27) qz + 1€ ‘{—g + (1-a)

g?+1e

4 1p*e -1T*2 T mL
Xxid 'z e e eu——
T’-mé+1€

The .(x-y) and z integrals in (2.72) result in delta functions

4_4
(2n)454(p-k) and (Zn)\é {p~T) which upon integration over kX and T

.

simplifies (2.72) ‘to the expression

. e~
L
pJ—mz

Jd4(y-z) GIPHYT2Y (M Ty v
2 .

.I gl o rtym2) ) KM ) B

[_quv + (l=a)

(2mM)° k2 + 1€ ki+1€ | p2-m2

L

where the A"\% = 16/3 colour algebga result has been used.

The quark self-energy is defined by the relation

td

1 - -
- p-m -L(p) B o | IZ(p))p-m

LSF(p) ]

1+ 185 (p) + ... (2.74)
p-m, !

which identifies the quark self-enkrgy in (2.73)




S RETTEERETAST T S e T
[ .

o

CL(p) = —%gzjcf(y«z) P Y"2) M Gy Y

4 -ik*(y-2) AV
x J 'k e [_guv . (158) K x

S—=— | ™ 7
(2m)*  kf+ic k<+1€ (2.75)
The series expansion fox.<m(z)W(y)> giwen in (2.69) is now substituted

into (2.75), which permits a term'by term integration using the identity
Jd*x *Uélp-x J_d——k-“- e-lk'xf(k) = -l-a—g-—f(p) - (2.78)

If only the zero ard first order terms in the expan§ion of the

quark-quark vev are considered, then the following expression for Z(pf

. 33
is obtained.

; U v
- = 24 2| L hsyHyY MY . PP
Lip) 39 [12 >y y g + (1-a) oTeit | pTenc
im = LAV ] 1 uv
- <> = | y— ]| -
ag W YY(l)apA[ptLE[g
+ higher order terms (2.77)

Evaluating the derivatives in (2.77) leads to the expression

.

. u v
. .1 2. U V([ _ uv - 1
Z(p) = 9g,<ww> [Y‘Y [ g + (1 a);%f%g Er::g
. A vV uA VA
- EY“YAYV[ 29" 00, (1-a)BLpteg
4 'L (pHiE) (p*+ig)*®

-~

. . "~ 4(1-a) pHpVpA ] (2,78)

(p“+igY

-
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— ) ' )
After simplification of- (2.78), the result of Elias, Scadron and Tarrach
for the order g3 quark condensate component of the ciuark self-energy is
obtained. >3 .
Iip) = gz%ll%- [(3+a) -agg + 0(g) "+ higher order terms ]
<> [ T
I(p) = g‘;i%r[(3+a) -(amg + higher order terms ] : p3#0 (2.79)
- | & v
The zero order term in the <D ()W (y)> eiFansion leads to the .l'
S . . )
. ‘ 2 .
« gauge dependent (3+a) portion of (2.79).3 This gauge dependence is
-cancelled at the 'p-m mass shell by-tﬁé amp/p? contributionrom the
linear term of the qpafk-quark'vevl33 The hiéher-orde;s in the
- + »a . - ‘ -
< (2)V(y)> ex&ansion are now important since vy will dett.(r)mine whether 4

. -~ )
the on-shell gauge independence of (2.179) will P®maintained to all

orders. A relateéd issue is the convergencd%of the series (2.79) since

L)

the expansion parameter mp/p? will equal A‘g\on the g=m mass shell

possibly leading tqQ a divergent series.

The contributiorn to Z(p)'from a general even term in expansion

(2.69), is proportional to

I;l'\) 02 n “uv ’ (VERY
. Yy [557] L‘;%::E + (1-a) TE%:?ETT] . T _ (2.80)

Evaluating (2.80) for nzl gives the expression

H

-1 uv VIRY
v a2)\" [ [ q ip p ] ]
- - 0
Y'Y [—:ap ) 21-a) | (piner: ~ (praeyr ) U8 -
23yn-1 _ - N
- = [-3%7 8(1-a) [(p’*LE) Z . P?’(P’*}E) > s ey 1 (2.81)
J . N N '




. vbiéh is equal to zero for p=yo; n2l. The ig'preseriptign for dealing
with the pole of the gluon propagator has been enpioyed.in order to
demonstrate ,that' the ‘potent:ially troublesome delta‘ functions of momentum
(6 (p2)) do not contribute to the quark self-energy. .

A similar result occurs for the odd terms in tlhe expansion of

@z (y)>s A _general odd term in (2.69) will contribute to I(p) a

" term proportional to -

: 1 3

p A v [ 32 ]f” I ) HpY ] g

Y Y Y {552 _apx ;{—E + {1 a)Gg_—‘_%:—)z . (2..82)
L ¢

Evaluating (2.82) ﬁqr"_nzl with the assistance of (2.8l) leads toc the

s expréssion “ .

o~
Az 1o T ouv ) RS .
pAv(32 1" 3 [ . 4 ]
oYYy [ggz] _ ap)\zu a) G-Em _ G&-l%g +0(e) | (2.832)
R 2<1-a>y“y*y“[ 3? ]“'IL—4[ngA+gmpU+gw‘p“) . 24p"p” A + 0(5)] ' )
_ op g (p*r1€)° (p“+ig) .
="2(1-a) [‘-a—zz-]n—l[-—zgﬁLy;—zzmz—v +0(E)]' (2.83b)
dp (p+ic) (p+1€) . oo
which is equal to zero for p3¥0, nzl. ‘

.
The results of (2.83b) and (2.81) show that all second and higher

~

order terms_ in the expansion of the quark-quark vev do not ~cohtribute to

5

the quark self-energy, truncating the series in (2.79).3 Thus the order

2

. g% quark condensate"component of the quark self-énergy, valid to all

orders in the expansion of <0 (z)Y(y)>, is given by

(2.84)

v 2 ) '
"y m
Z(p) §9é7<w>[ca+a> - a;g] . .

4, ) -

-




This result has been independently verified through use of plane-wave

techniques, supporting the fixed-poin£ gauge methods which have been"

!mployed.so ' ' '

The self-energy in (2.84) is gauge independent at the F=m mass

shell, identifying /& as a mass scale of physical importance. An

pestimate of m can be obtained by considering the effective mass M(p?)
*

which 1s defined by the self-energy in (2.74). The 1inverse

propagator'is

N ~1
- - - (2.85(])
FF (p) P m .Z(p) R , ' )
-1 - 2> 20 | - R >
S‘__ (p) "ﬂp [1 + g2<yy 9p“] mL g?(3+a) 9p=2 .
<Yp>
_i _ : mo* g3(3+a)j¥%;
ST (p) = [1 + g2<ww>§¥%] p - = a;’ '(2.85b)
. P 1 + q;<ww>6;L -~

-

-jhe pole position of the correcte& quark propagator identifies the

effective mass M(p3).

<>
mo+ g’(3+a)j§ﬂ%' ==
M(pd) = —— (2.80)

1+ g<du> 28
9p

In the large p? limit where QCD turns off , the Lagrangian

(current) mass still defines the pole of the quark propagator, since

¢ v R -~

lim  M(p?) = m . : (2.87)

p? += - ' -

A \.’,w

A

(R4
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N » This result is consistent with an {ntuitive-understanding of current
masses. -Since ;he effective mass is gauge independent at the g=m masgv

shell, M(p3) must seif-conitstently generate the maés scale m, implying

that - .
R o
- © M(m?) = m : mo= — - (2.88)
9. . ‘ 1+ L<WW>|§§T ) {

v

- The absolute value of thé quark condensate has been taken in (2.88) to

- . ensure the positivity of M(p3) upon reflection from Euclidean
o S ’ . 33,35
(space-like) to time-like momentum.3 The gauge dependent portions

" of (2.88) cancel each other, leaving a gauge independent exﬁreésion to

’ be solved for m.33'35 ) ) ' )

»

 — _ L (2.89).

-

In the limit of unbroken Fagrangian chiral symmetry‘(mL=0); the

sclution for m in (2.89) is known as the dynamical mass mdyn' Note that

* -

the chiral limit is only relevant to m
L 4

<

dyn for‘&g and down guarks.

‘e

LY -

m = lim m o= g?)<iy>| —— ' - " (2.90a)
dyn : 3m ;
m_-+0 dyn
L
. - ) . ~
. R N 1 2 - . 1/3
. = - <Yny> = ~
. - Tayn [3qg | <b L] i (2.90b)
' The expression for mdyn in (2.90b) is not. explicitly renormalizatiop
- ) group invariant, so a momentum scale at which to evaluate mdyn must
. c N - .
L é © be chosen. Since a and <{> are‘k&gh known at Q2 =-1 Gev?, thas
- will be the mc;mentum 8scale L.ed to evaluate mdyn'

f ~

~
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' N 3
.- "a” and demanding that 3% = 0 leads to the constraint

.

. . . - , " N 4 .
QCD sum rules estimate that <> has'a value of about (-250 MeV)~ at thg .

) 34
25,28,30 Substituting the value

Q3=-(1GeV)? energy scale.

g3 (-(1GeV)3)=2" and the estimate of <> into (2.90b) gives mdyn=320uav=

/3, in agreement with the constituent mass scale.

-

-m
_nucleon

Le ~ . 5
‘%p-conclude this section, an alternative approach to deriving

(2.88) without explicitly constraining m to be the pole position of‘

(2.86), will be exémined.36 Let the pole of (2.86) be at the value it

such that _ N *
< >
- . mL'+'q2(3+a)J1¥¥rl
‘U= M) = ~ :m . (2.91)
. 1 +gzkuw¢iﬁ 7

Differentiating both“sides of (2.91) with respect to the éauge parame%er

<

. -
»

- H -

Flefur| P = > | =
gl<w>| 55 = g2 l<w>| 53 . | -92)

3

which ‘only has the solution py=m. Substituting p=m into the constraint

(2.91) leads to the expression in ¢(2.88) originally obtained by

+
t

restricting the pole pgsition to Be at g=m.

- *
-

In retrospect, .the gauge independent poleeif the guark condensate

>

component- of the guark self-energy has been cnalyzed through use of, ghe

- >

Nielsen identities of QCD.51 This analysis shows that at the pole

position of ;he corrected propagator thé,self-engggyﬂhuét be gauge

2 L
independent.s supporting the 1intuitive expectation of a qauge ‘ -

independent self-energy. . =

[ .

-



. - xed =
TR, . Te-

-~

]

In summary, the order g‘\quark condensjte compq:fnt of thé quaik

self-energy has been calculated to all orders of the W) Wiy)>

*

expansion. The zeroth and first order terms of the quark-quark vev led

» »

to a gauge independent sglf-energy at the p=m masé.shell, a result

preserved to all orders, since the infinite series for I (p) truncates at
.second order. An effective mass was defined self-consistently by

demanding that the pole position of the corrected propagator is gauge

pardmeter independent’, defining a constituent mass scale of

approximately 300 MeV. Thus, the concept of a running dynamical mass
leading to the constituent mass scale has been given A field-theoretic
‘ N pl )

foundation. . .
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*2-6 The Light-Cone Gauge and thgﬁggg;k Condensate7Comgonent of the -

~ -

v ~

Quark Self-Energy ~ . )

~

In ﬁhe previous section, the order g2 quark condensaie compoﬁent

of the quark self-energy was found to be g#uge_indepéndent on the p=m
mass shell. The gauge parameter "a" appearing in this calculation

represented the gauge degree of freedom in a covariant gauge. The gauge
@ -

~ -
-

- L J
independence of the quark self-energy will now be investigatedf}% a

larger context by evaluating the quark condensate coﬁtribution‘to the

»

quark self-energy in a non-covariant-gauge. ’ £
) 53 - o
The light-cone gauge involves a gauge~fixing condition of the

form . r

7 nea%(x) = 0 ; n?=0 . . (

[89)

L3)
N .
which leads to the follow&Q? gluon ﬁropagator.

» .

L]

t

- . »

4 ' ) '
a b - ab d-k -“1k*x
< > = ) 2.94
T(Au(x)ﬁv(p)) 18 J?3;7£\uf—5 Uv(k) ( a)
o W UV Uy - .
D (p) = -L1yp 2R ZRA - T (2.94b) -
uv p) o] (n*plp ’ )

If. the gluon propagator of~(2.9ip) replaces the covariant-gauge

-

propagator in (2.75), then the loweSt-OIdeii quark condensate cofrection-® .

-

to the quark sglf-energy is

4 4 o (y- -
Ilp) = ~'ingd (y-2) etP (y(z) YU<W(z)w(y)>YU
4 } ’ .
d%k  makely-z) [ o gMY gV MY
x e —g_r. >
-~ ﬁ-— . .

~ T e

N
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performing integrals via (2.76) leads ig'an exp

of derivatives with }espect to momentum.

' o 2N

= -i 2<— > m N
Lp) 59 W ) Nr(N+1)Ta L

. N=O

o
2 2.3
- <ap>
N Tzo

{ 3
dp°

L~

46

ression for I(p) in terms

. . é ’ .
Equation (2,96) is simplified by’performing thes Dirac algebra and by

P
.

_differentiatiﬂg with respéet to pA in the secong term.
- e F
4 - _4 2 Tabr> m . 32, _2
L(p) g § =W z Nrne et | 3p7 .p2
. N=0 . .
@® 2N+1 2 N .
-~ 2 2._° d 3
- + - < ) i\ -
g 9 W NZO' NL(N+2)tan Tt [apZ] [ D
: . , . ]

4
" p (ne-p?

} ‘ 12.97)

< Téz\;'indepeqdeht-terps in (2.97) were evaluated in Section 2-5,

.

where it was found that only the N=Q terms were rcn-zero.

result gives an expression for I(p).

.

2 2.7 1 m
Lo = 2g7ciws [ 4 - 2%
P = ot gr - %)
L
a L

Aﬂm2N+1

32

fv*l_ [

' [ -
8 2.7
. v 99 <W>N£0 N!(N+2)'4

«

N . -

To" evaluate the derivatives appearing in (2.98), consider

object required fof the N=1 tefm.

ap*

N
| s

’

~

1
(nep)

Using this

(2.,98)

the following o

-

» BN
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.

az[ 1 ]ga[__‘_zp* T ‘
3p { p*(n*p) 3py L p (n°p) p (n*p)* . .
. 4 2n? 4 (2,99

i R-q- = 2 5
p (n*p) p(nep)*  p'(n*p) ;on °

This result indicates that since n is a null vector, the inverse power

.
s

of nep cannot be increased through repeated differentiation, ifiplying

that

2 'N A
e- 1 . N

dp° ) pfin*p) ~ o2N+2

(2.100) _
{n*p)

2
Applying the operator g%i to both sides of (2.100) allows a difference

h ]
equation for AN to be cbtained.

-

2
32 ). Ay _ Aue _ 4N+1)E A 3. 101a)
3p? ) 2n+3B T 2N+4 2N+4 ’
p (rn*p) D (n*p) p (nep)
_ !
»
) 2 [}
AN+1 = 4(N+1) AN - . (2.101b)
* ¢
Solving the diiference equation of (2.10lb) with the conditions that *
A1=4,.A0=1 determines AN in (2.100).
£y L}
] .
[ = ]N o - - (2.102)
3p° p‘(ne*p) p2N*2 '

{(n*p) ) T

’ N\

Substituting'(Z.IOZ) into (2.98) determines Z(p) as a power-series in

m3/p3.



. @ - 2 yN+1 .
ton B (3 - 38, e )
Lip) = g9 < {? 2p *_a(n-p)Nzo (N+1)(N+2) | p7 (2.103)

'

} .
- The series.in (2.103) converges for |p‘];m3, and is given by

e K

X 1, .
gl K(k+1) 1+ x (1-x)1n(l-x) ; lxl s1 . (2.104)

k

With the result of (2.104), the quark condensate camponent of the quark
3

self~-anergy becomes \

- . N

O IiN

Sip) = =g%<lu> ;i:—-"mr+—L[1 * [ﬁ’z,'l]l”[l_g}]]

~

: lp?lz2m? . (2.108), .

The expression for £(p) in (2.105) clearly differs from the *
result obtained in a covariant gauge (see 2.84). However, the results .

*
should only $yree on-shell, . since this is the physically meaningful

L ] .
value of the quark self-energy. To determine the on-$hell behaviour of

(2.105), an expectation value of I (p) must be taken between external

& S .
quark wave functions denoted by q. The only difficulty in this

procedure invoiiiﬁ the expectation value of A, which can be determined

as follows.

o

- u— - * .
q "q = n qYuq = nuq u+ H q = n—m,g 3 p2 ._.m2 (2.106,
. . - - 2m ? .
» 2 * : )
- It is also anticipatedgthat the laZge-momentum behaviour is similar, ¥ “

- \

property -cbviously satisfied'by (2,105) since I(p) approaches zero for ¢

’
-

large p3. .




- » o o

Thus thé\hf-shell value of Z(p) is given by

2 .= 1 1 1 2. 1
= = ~*<Unb> - = <ynbh>
Z(m) 5 W [;7 o Y2 g<in 3;? ' (2.107)
a value in agreément with the covariant-gauge result of (2.84).
In summary, the lowesp-order, quark condensate component of the
quark self-energy was evaluated in the light-cone gauge to all orders in
the mass parameter m. The on-shell value of the resulting self-enerqgy

is in agreement with the covariant-gauge result of Section 2-5,

providing further support for the gauge independence of the running

-
°

dynamical mass.
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CHAPTER THREE

HIGHER DIMENSION CONDENSATES AND THE QUARK SELF-ENERGY

3-1 Total Order g? OPE Corrections to the Quark Propagator

_Condensates of mass dimension greater than three can contribute

to the quark §flf-energy, possibly modifying the‘quark condensate’

effects of Chapter Two. The dimension;four cluon condensate is of
particular interest since it sets the energy scale of tﬁe string

tension, identifying the gluon condens&te with confinement. Ckiral
syrmetfy is respected by the gluon cordensate, suggesting that in the .

apds will not contribute to the effective gquark mass,

[s] . - N
chiral limit <Fuv LV

and thus will decouple the order parameter of confinement from that of
dynamical mass generation.
One of the basic properties of the OPE in (2.5) is the ability to -

calculate the coefficients Ce(p) perturbatively. The only order g2
' . )
amplitudes are shown in Figwres One and Two, corresponding to processes

involving the non-perturbative vev's <5(z)w(y)> and <AS(y)AS(z)>. .
Additional powers of the coupling constant can be introduced either
explicitly by increasing the number of vertices in the ampiitudes, or

implicitly through the commutator of two covariant derivatives leading

to the field streéngth (D ,D =G, = (ig/Z)AaF:v.36 Thus the entIY@ set

of U (g3) contributions to the OPE is encompassed by the condensates
generated from (2.10) and (2.11), without introducing additioad}

coupling constants throuéh QCD equations- of motion. With-this
. p .

criterion, the quark. condénsate component of I(p) evaluated in Chgptqr'

o 4

Tyo entirely determines the order g2 contribution through the <Y(z)oly)> |

vev in (2.10). This leaves only the <A:(y)A§(z)> vev in {2.I1) as a
. . '

) -
-

o N 50 ' '




i

source of further order g2 cotrectiogs to Z(p).
Consider the <A:(y)AS(z)5?§ev. Using the fixed-point gauge

result of (2.21), A:(x) can be written in terms of the field strength as

»

1 . ~

a v_a *
= 3.1
Au(x) Jodt tx Fvu(tx) . ( )

’

Expanding F:v(tx) in a Taylor series aboit tx=0, leads to an expansion

of A (x) = (ig/2)2%A%(x) ’) .
u - u
> 1.0 1 0a
Au(x) = 3x GOU(O) + =x X BGGO {(0) + ... ’
o
—L 0% &8 (3.2)
+ Tini3) X X O ..eX naal...aanGOU(O) + ..

where Guv = (iq/2)AaF3v. In the fixed point gauge the ordinary
derivatives in (3.2) may be written as covariant ones (see 2.16), so

that (3.2) becomes the following expradgsion.

b 2
_1.0 1 00
Au(x) =3 X GOU(O) + 3 X X {D(Q,GO)U(O)] .. ‘ )
' -
1 o a, Qa . -
+ — .o oot .G - e s 3.3
. iin+2) X ¥ x n[D(ul 1Du CD)U(O)] ] + ( ) .

n

-

The two-point amplitude of (2.11) may now be wratten in a

different form, through use of the relation Au=(ig/2)AaA: .

- B
4 4 4 . - ) -
105, (p) = Id xd¥ya'z «'PTX et uixIbiy) > Y <:A (y)A (2):>

.
-

s X STB2))> ¥ <T(wi2)0(0))> ' T (3.4)

51



-~
[}

The non-perturbative vev Qu(y)av(z)x can be written as a covariantized

- Taylor series using (3.3) .0

< . .
1 T 1T pa T
< > = = < > = . >
A (YA (2) 2 ¥ B G (006, (0)> + TyTzz K6 (D .Gy
1l oa T
= < > .
*eYvy2 {D(Q,GD)U]GTv + higher order terms (3.9)

First consider the lowést order ter‘n} in (3.5).

»

e - .gi,ab .2 b
< > = - < 3.6
G (O)uTV(O) p AT FouF'cv ( )

b

. , a .
* On grounds of Lorentz invariance, <FOUFT\)> can be written as

( |

( ) . R

gOTgU\J qD\JquT

where the symmetries of the vev are respeected by‘the tensor on the
. i R.H.S8. of (3.7). Contracting both sides of (3.7) with gnguvdab gives

an equation for the unknown constant A.

- " <r® F% > = A(8) (16-4) = 96a ' (3.8)
uv v . . ) :

s ) - - . -

Substituting.(3.8) into both (3.7) and (3.5) gives the lowest order term

Sin the expansion of <i~\u (&)Av(z)>,46-48
. ) _ .
' <%(Y)AV(2)> - _Qi;‘al\arﬁ (g g ._ 9s9 )(FC i:,C N
/ 4 364  9ptuv Nt Ao Ao
» *
. + higher ‘ordet fefms (3.9)

52
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. o
All .higher order terms in (3.5) will only contribute ;7/

condensates of dimension greater than four and w;ll be nggonpanied by

Py -
6.
additional powers of the coupling constant. 3 To dmnsttate this -

point, consider a general coefficient of the Taylor series in (3.5).

<{ u"'[D G A]"'][DB"'[Dv'an]':'> _ ’ (3.10)

/
- N ) - .
Covariant derivatives in (3.10) can be integrated by parts as in Section

2-4., This 43 achieved by recogn'izing that gauge invariant vew's are

Poincare invariant, implying the relation

0= 1lim 3 <D ...{D ,G I 1D, ...[D, ,G _J...1> . (3.11a)
x>0 1 ‘ a uA g, . Bm Vo )
which becomes J ' 4
< . - .
™ 3 . >
_ {UT'[DQI-.-[DQ 'GL;_)\). .][DB‘. {DB '(vo] ]
n m
> . .
= - <’ 3 .« oo i ,'f n..'{ ,; . e . .
1Dal...[Da 'CUA l['Ur 1)81 )P (vo] 1> (3.11b)
n . j m )

" in the fixed-poifit gauge. Equatioh (3.11b) shows that only objects of

the form ) .

uv!Pay - aq'GAOl"']> - ‘ ~ (3.12)

need ta be cdnsidere‘d. Since (3.12) is a Dirac.singlet, it must be
. ' : Lot .

written as a combination of metrics satisfying the appropriate symmetry
. .

requirements. Conseguently only an even nunbbot of covariant derivatives

*

*



-~ I'd

. in (3.1?) will lead -to a mon-trivial condensate, bgcausc a Dirag singlet

tensor with an odd number of indices cannot be constructed.
Y L4 -
The order of the covariant, derivatives in (3.12) can be

interchanged at the expense of generating a field strength. Using the
- ) . 4 .
Jacobi Identity, the covariant derivatives can be interchanged in the

_ ' following expresSion. :
\- ' i Pe

IDQ,[DB.A] ‘ .

[Da'[DB'[Dkl"'[DAn'Guv]"']

’ . -

= IDB'[DQ'A]] - (G B,A] ; A= [DAI...[gkn,Guv]...] {3.13)

. . . -

T Through repeated dée of (3.13); covariant derivatives in (3.12) can be

- written fn-any order desired. After contracting (3.12} with a linear

hd .

combination of metrics, covariant derivatives are-eliminated .either

3 = j8 equation of mgtion or thtough genérating extra

factors of field strengtls. Tbus/}he higher order terms in” (3.9) can

- through the [Da'Ga ]

only contribute to condensates of mass dimension larger than foar,
leaving only the lowest order term in (3.5) to determine the gluon

condensate component‘bf <Au(y)Av(z)>. .
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3-2 Glucn Condensate Component of thé;guark Self-Energy and the

-

Dynamical Quark Mass .

‘The order g? gluon condensate contribution to the quark

Y -

o Self-energy can now be calculated by substituting (3.9) into the

amplitude of (3.4). After cﬁanging the variables of integration to

(x-y , (y-2),2 from x,y,z, equation (3.4) becomes

‘

- K+m
3 <FF>1{ .4 1p*(x-y) [ d“k —lke(X-y)
. 2 — b [N
1ASz(p) 3 197 353 Jd (x y{ e S © T
S

o4
_ A0 1pr(y-2) Pl dg. -i13*(y-2)
) (qOTquv'so\)gu‘t)#k/‘-’ z) e (y-2)F |==r e

+
U army N B TRNRY-LE ke 3t ATz Femp
Y g?-m? z e {2m) T’:mﬁ
4 g+m
3 1p*(y-2) d -1q°*{y-2) _U L v
+ Jd (y-z) e . TE;%? e Y q=-m? Y
: 4 T+m
4 1p*z _P_T da T -1Te*z L . <rp> = <pC £ >
x Jd z e z 2 J?E;Tr = ;3j;€ H FF = FAOFXO

Using the techniques of Section 2-5 the integrals-in (3.14) can be.

evaluated.
p+m
<FF?> L
= =12 — -
lASz(p) 19 288 p‘-mi (qorquv qovqut)
" +
. ) Yu p+mL YV ) P ™
- dema F ey |
P, pi-m} dp, pi-m}
v

(3.15)

Simplifiﬁng (3.15) by evaluating the derivatives and performing the

Dirac algebra qives the following expression;33'36'48

I
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iAS_(p) = i ——2 é“"’ml'p(p-mi i ‘ (3.16)
mma @ wmd ) 2—ma
2 pi-mg 12(p mL? Ip mL‘
" where <FF> = <F;0F;c>; Using equation (2.74) to identify the
N TRl ‘ .
self-energy in (3.16) leads to_ the result for the ({(g3?) gluon condensaté/
component of_the quark selﬁfenefgy.36'50
: m B(m ) ' -
I(p) = gi<EF> L L (3.17)
12(p2-m?)?

. As expected from the chiral invariance of the gluon condensate, the

self-energy in (3.17) is zero in the mL=0 chiral limit, decoupling the

gluon condensate from the dynamical mass.

It was argued at the beginning of the section that the entire

order‘b’ correction to the QPE in (2.5) is composed of the quark and -

glubn cordensate contributions. Thus by combining the results of (2.84)

and (3.17), the total order g? correction ‘to the nen-perturbative quark v

self-energy is obtained. - ' f
2 - -
- l < > g3<FF> mL (p mLp)
I(p) = g3 Q—‘I‘:’,—I (3+a) - ,a%? M T (3.18)
S : L' »

’

As in Section 2-5 the total coefficient of p is rémoved from the inverse

propagator and is absorbed into a wave function renormalization.54,-This

“procedure extracts the effective quark mass M cg(P?) from (3.18).3-6

. ) .
Sg (9) = B - m - Ip) _ . -

Iy
»

- -
-

- . Py ~ - -
~ <!|5|=>| "L <FF> . -
1 2 I —————— -_ L] 2 (3.19

T [a‘“ 9p +12(p’-mz)3 ] [p Mo (P ’] . a)
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\\ ’ . 2
36p"* (p’-rpi) 3mL + 4g3|<i>|p3 (p’-mz)3(3+a) + 3ga< p®.
36p* (pi-ﬂ{ﬁ + ag2|<@>| (p3-m3)3am + 3g3<EE>mip*

¢ B L v {3.19b)

—_ 2
T MegelP

-
T

‘Following the proceauxes in Section 2-5, the pcle position of (3.1%9a) is

~

determined. .
” q i Iy
b= 1t M _(p?) : " (3.20)
02 a2 eff . -

This leads to the constraint

-
. -
-

0 = 36U“(u2-m£)3(mL-u] + 129’|<®w>|-(u2—mi)3u2

2) 3 .- (3.21)

+ 3gz<rrom b (u-m )+ dg?a <0l fu(u-m) (us-m2

Differentiafing (3.21) with respect to the gauge param: “er a,.and

demanding that %E = 0 implies that U equals zefo, m, or m . The u=0

constraint represents a chiral-restoring solutien, and u=m_ corresponds

L
to the current mass gbtainable from Mefﬁ(p‘) in the large p? limit.
Both these solutions- are completely insensitive to the condemsates.

- . . Y
Substituting the non-trivial u=m solution into (3.21) leads to

the following order g2 expression for m.

. N

% . g3i<FF> m 2 <>
, m = + —_— .22
& mL[ L 12(m‘-mi)’ [m+mL]‘] *a 3m< ‘3 )

The gluon condensate contribution to m in (3.22) is small for light

quarks. The size of this effect can be estimated by setting m = Tayn® O

in (3.22), and assuming that A is small in comparison with mdyn



?
The gluon condensazs g <s? Fo2
s UuUv.-uv.

-

has been determined h‘ several -

1 2stimates ranging tetween (313

wev)® 2373C 4ng

Thus the bracketed expression in (3.23) is slightly

larger than three, 350 cmat ) s approximately m leaving the

LI
m;mdvn=320 MeV resuit of Section 2-5 essentially unaltered. i
The difference between up and down quark masses is determined by

.\ since the dynamical mass is.flavour independent. This leads to an

expression for the g?t;o of current o consti+tuent mass differences for

~

1 and & guarks.

In the absence of the gluon condensate, (3.24) indicates an enhancement

by a factor of three in the ratio‘of u and d current mass difference to
N 36 . -
constituent mass diiferegce. Some erthancement of this ratid as

expected phenomenologically,56 but with gluon condensate effects

included the’ ratio will be ‘approximately equal to one.

2 /

The gluon condensate §r;:}po.-qg.}nteiestinq mass scale in the |

-
a

. . L]
Neavy quark limit. Consider the case of m = mL*é ; 6/mL small. In thig

limit 63.225 becomes .- ' ’ '.'“
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ry M N -. ht . . P -

T L '

. =m -

- e S IR A R A b T T
5 <FF>(mLt6) ) 1 |
’ = g2 . 2| ¢ o . 3.25 .
o0 7L 28T 87 T 9 '<ww>[j(mL+5)’ (3.29)

>

- [ i

- For heavy quarks the gquark and—gluon condensates are related by the

. _25,44,57 - .
expression . . -
gi<FE> . _- S . )
- aems = nplee] - o (3.26)
which simplifies <3.25). "
\C L
2 - 2 - 2 °
- - ﬂ’ -
B R IR S RIS R S ESUEY I (3.27a)
26 3m; 28 .
< )
- . é
- ‘ 2ACETD N M
82 :iwzkww>yz = : ) (3.27b)
.2 'Qme . . . ]

- 4 -e
r) - -
- - -

The expressién in (3.27b) is valid for charm and heavier quarks since 1n
' o 4 _ .
- this region <FF> 1s much smaller than mi, amplying %hat 6/mL is small.

» At the charm mass scale of~about one GeV, (3.27b) leads to &§=25 MeV,

demonstrating that the dynamical mass effects are negligible for heavy

quarks.

Strange quarks, lie in the intermediate zone between ‘heavy and
) - .

light guarks. This turns out to he the interesting range of (3.22) ‘

~

which is extremely sensitive to'values of the condensates. Constituent

and current mass scales for the s are about 130 MeV and 500 MeV

x‘e:’.pect:ively,“"28 and <ss> is,appfoximately (0.7)<Gu>.28 £quation

(3.22) fits these p#rametets. provided that the ratner large value of

N .

<FB> = (700 Me\c')‘l is used. e



<« In sunnary, the quark and gluonsgfndensa e provide the entzre

. - ‘ o;aer gi correctxons to the quark self—energy. Inclusion of the gluon
condensate does not significantly alter the values of m for light

quarks, shifting m away from the chiral-limiting value m only by an

dyn

. . amount on the order of m . The gluon candensate also'proyides a vilue

. ' for the small shift & of m' away frof the Lagrangian mass m o

illustrating” that dynamical mass generation is insignificant for heavy
quarks. _Finally, b5y using a rather large value for the gluon condensate,
. . LY

the current and 5onst1tuent°mas§es of- the strapnge guark can be modelled

by the guark and-gluon condensateif

A .

i
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3-3 Mixed Condensate Compgnent of thé Quark Self-Energy: Formulation

L]

The dimension-five aixed'condend;te <YoGY> is the seconi-lowest -
dimensional condensate which violates chiral symmetry. It is thus of
interest to examine the l&west order mixed condensate component of tge

- quark self-energy to determine the effect upon dyrlamical mass
generation. ' The gauge'indgpendence of the gquark self-energy and the

stability of the dynamjcal mass m , after the inclusion of mixed

dyn

condensate effects, will be studied in the next few sections.
N N .

Mixed conderisate contributions to the'quark self-energy enter
throughk thé explicitly 0O(g2) amplitude of Figure One (equatdion i.lO)l ‘

and through the ordex g* amplitudes, represented in Figures Feur to Six. 4

-
[] ~

The. mixed condensate can oﬁly aprear in the <$(z)w(y)> vev of (2.19)

*

- : s :
after covariant derivatives are commuted, generating the field strength
- ’

e

Fjv' However, the <®(;)A:(w)w(y)> amplitude immediately generateé the

field strength ng through use of (3.2} Thus the explicit order g3 -
v 2
amplitude in (2,10) leads to a mixed condensaﬁsﬂsorrection of the same -
. ’ . ~ - ' .
order ag the three-vértex graphs of Figures Four to Six.

One of the fundamental properties of the OPE is the ability to

. .. : . ° .
perturbatively calculate the coefficients of the condensates. “Since the

- N
OPE has this property, it is reasonable :to expect a hierarchy of

-

condensates to develgp based on the order of perturbation theory at )
which a condensate may.first enter th guark propagator. If this

’ hierarchX.of condensates actually exists, then clearly. the mixed

14
-

‘ condensate should be less important than the quark and gluon

condensates.

The calculatioh of the <5GG¢> camponent of the Juark propagator

begins "iﬁf the expressioné for the amplitudes of Figures Faur to * N\

]
” - . L] -

. | | A , ¥
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Six.36 These expfessions are obtained by Wick-expanding the appropriate

third order expansions in .(2.6).

Y

a PY ) - -
94—>:’>\b Jd“x a%y a%z a%w &P <r(wix)biy))>

1¢Sq(p)

A%

x Y <T(@(y)0(z))> v 12 <bwad vz

X

ATYP T (wiw) B0y ) > <T[A:(z)e‘\;(w))> (3.28)

>

< Xin4x atyatzate &P <r(uix)Biy))>

3 ]
l‘SS(p)

; Y yH 1';‘<1B(2)Ag(w)~‘b(y)> APASYY < (Wiz)Tiw) ) >

x y© <1 (Ww)bicr)> '<T[_A3(y)Ag(z))> (3.29)

chn Jd4x aly a%za% *PTX <T(Lix)liy))>

_gi,a
mse(p) 5 ATE

x yH <T(A3(y)¥\;(w))> [ <T[A:(wm§(;))>

3 - 3 3
X 1 [ Wp‘“"“’*i“"“’”” - aTA<w‘(z)A;(w)‘3(Y)>
. . .

(SyTe

e 3 b
+ 1q<lb(z)A;(w)\b(y)> { E<T[A§(W)Av(z)]> , |
( L]

J

- <1 (a%w)ad(z2))> ] APyY
x» PV ,

Aw <T(V(2)0(0))> (3.30)°

-

Squations (3.28) and (3.29) :ég;eéant the amplitudes in Figures °

Four. and Five which do not contain any non-abelian interaction-vertices,



while (3.30) represents the Figure Six amplitude cohtaining the
non-abelian.triple-gluon interaction. To evaluaéé the order ;’
amplitudes in equations (3.28) éb (3.30) the mixed cohdensate projection
. of the <@kz)Au(w)w(y)> vev is'reqtired. The only other graph that
contributes to the mixed condensate component of the quaék self-energy
is given in (2.10) and Figure One, and req;ires kﬁowledge of the <JOGY>

. projection of .the quark-quark vev.




.ty
.
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3-4 Mixed Condensate Projection of the Cuark-Quark Vacuuﬁ Expectation

Value
‘ -
The mixed condensate projection of the non-perturbative vev

<U(z)U(y)> will be calculated in this section. Consider the

.

] -
covariantized Taylor series for the quark-quark vev in (2.35).

-

a B

- - - G -
<Liz)B(y)> = <Y(OIL(0)Y> + (y-z)QSQJDa‘lD + %(y y +z 28)-<*lJD y>

(a B)

v

- zay8<{bDaD8w> + higher order terms |, (3.31)

- -~
>

. . - v . . . . .
Since the mixed condensate <w0LI Guvw> is of dimension five, the first

possibility for its occurrence is at second order in (3.31) . TIh Section

2-4 the mixed condensa_t\e contribution to the.second-order term in (3.31)

was calculated (see 2.47).

= 1 uv
. < = =< > - .32
wlDuDij 288 VoG [ 31guv61] 0]1 . . (3.32)

L d

Substituting i3.32) into (3.31) leads to the following second okder

. : 37
contribution ;orthe mixed condensate, .

/ . -

./ . » . T
/ ' |
T (v)> = elooys | - Y2 oL VMY ‘ 3.."
<wi(z)?§(y) I 3 YOGy [ 64(y z) 513 eV 2 031 (3.33)
J . . ' .
/
- B : - Q\ ’ L] - hd
where <¢(z)w(y)>II denotes that only segond order terms have been
b .
considered. - '

-

Explicit calculations for the <UOGY> projection of <W(z)W(y)>

will be presented up o fifth order in the covariantized Taylor

expansion. An algorithm for extending the calculation to- all orders

L]

<



-~

will then be given, illustrating the general form of the geries.

Consider the third order terms in the covariantized expansion of

<B(z)d(y)>. .
- lyUVW ‘uv s
< > = - - - - >
?(z)w(y) IT1 5 (2"2"2 YYVY ’<wiD(uDva)wj
1 uwvw - . 1w v -
+ = < > - = < > - 3.34
zzy <¢yD D DY >Z Y Y .wLDwD(pDV)wj ( ‘ )

2 (W V) w j

The object <$iD W3> will now be calculated. Using the covariance

-

DD
(U v w
arguments introduced in Section 2-4, this vev can be written in terms of

the Lorentz invariant Dirac matrices.

- ~ R ¥ \Y W .
< > = 3.35
wlD(UDVDW)w] é(yjlng * leguw * szquv) ¢ )
- r
[CRRAY ¥4

Contracting both sides of (3.35) with y gives an expression for A.

A

ijg

-~

§<®(mozq-ozz+-ouﬂnu]w? = 96a ' (3.36) -

- ) [ 4
V"To simplify (3.36) an identitf is required. Consider the equation of .

. motion in (2.51).
' -

= = - ' (3.37a
(D 'C_';uv) \3 [DutDvDu ouo\)l . . )
N , - . 7 ) ) t.-{
D .- - p*p = 4 : ' 3.37b)°
ZDu. vy T BP 0*D, = j : ( )

* Solving (3.37b) for DDy, yields the identity

- &>



-«

b DD =3(pp?+nfp )+, ’ . . (3.37%)
*Tu vy 2V -V . . *
‘. ’. . //—‘\‘\\/
\ . : -
Using (3.37) along with the identity of (2.42b), and ignoring the terms
which do not lead to th@#mixed condensate, simplifies (3.36) to
96 A = %<@(902-f025)w> = - %(@ocw> 6 : {3.38a)
" 4
A= - ——— <oGy> ’ (3.38b)

192

where the PU=-iml equation of motion has been used. The above equation

for A is now substituted into the expresgion (3.35) and a colour

averaging is performed,” leading to the followlng vesult,
b ]

1 u Y] w
< = - =< pLL
b D(uDva)w 3 UcGw 192 ijng N szquw * Y];ng - (3.39)

-

D .D b > in (3.34). Following the

Now consider the object <w D
(L'V) w .

now familiar teckniques, this is’ written as a lxnear combination of

Dirac matrices satisfying the symmetry réquirements.

w - u \"
< D ,+D D N 3.40
W (: V) w Bguvygl tc le?vm * leguw j . ({ )
Cont}acting (3.40) with the linearly independent:objects g Wij and
: g“gvij leads to the following two equations for B and C.
q R. i
(3.41a)

<yD2py> = $4B + 32C



3l (¥D? + D WD Ju> = 16B + 8OC , "~ (3.41b)

- Y -

-

The iﬁentities (2.42b) and (3.37) are now used along with the P=-iml

equation of motion to simplify (3.4la) and (3.41b).

. .,
4B + 2C = -;2—<wocw> ' (3.42a)
’ ’ -~
- 1 2 2 BN . R
B + =C = ';<UJ(3DD + DPIU> = -EQDOG&ID . (3.42b)
The values of B and C are now obtained by solving the equations in
(3.42). |
ol = = —-——-'( > . T -
. °c B 193 wocw . . (3.43) |
éubstituting the results of (3,43) into'(3.40) and including the’
) - . colour-averaging factor of three, leads to the féllowiqg completely
symmetric tensor. -
. <D D D> =-—<wocm y“ sy g ey (3.44)
(Lv) w 192 31 Jrthw - T3ty

] . ‘.

-

The fémaining object which determines the third order term of the

mixed condensate projection of <6(z)w(y)>‘is <$tiD(uDv)wj>' Writing

this as a linear combination of Dirac matrices leads to the expression
Ty .

W Vv ) '
. (3.45
L . lb:.DwD(u v)w guijl [YJ; Ivw * Y5i%w )

68-



: ' ) - . w - .
Contracting both sides of (3.45) with g "1j and_ngng respectively

yields the leloving two equaticns.

* QUPD3Y> = 64D + 32E

~

§<6(D=w+ouuou)w> = 16D + 80E

s

After using the adentities (z.42b) and (3.37)

identicel to those of (5.42),

" Collecting the results of (3.47),

1
u”LDmD(uD\))\lJ 3

indicating that

.69

~
]

(3.46a)

(3.46b) "P'

the above equations become

>/ 1Y +yv
192 quvw 317 HW

g

JL UV

)

(3.47)

(3.44) afd (3.39) it is observed that

[ . . .
the mixed condensate projection of all the thf}d order coefficients ain

(3.34) are equal to the following completeiy symmetric object.

» ll«'D DD V> =<y

Substituting the above expression into (3.34) leads to the final resu

(v v w 1

= - >—-——
‘??kQS§w 192

u
[Ypm.

> =‘<—
iD(UDV)qu] . v

Ly
]igwﬂ'

DD D
1w (U V)

-

+‘yw
RS ERITY

v o>
J

g

=

(3.48)

1t

‘ © ‘7/\
for the third order mixed condensate prOJection of <W(z“kgﬁlh36 32

<

Y

v

1
> - - - s
1(z)wJ(Y) ITI <WOGW Y.

384

'(y-z)(y-z)2

S

-

(3.49)

To evaluate <W(z)w(y)> at hiqher orders an algorithm fSr

generat;ng the appropriate linear combinations of Dirac matrices is

i



T

-

helpful. The basic problem is to evaluate objects such as
. I -

<D ...D,,¥> which take the form

(a"‘Du)D(v

- iy ;: > = ) ) R ‘
o S0 Dy Dy Py Y (@eooW) (Ve .w) _ (3.50)

.

where T is a Lorentz invariant object with the indicated symmetries. It

-

-is possible to generate T iteratively, eliminating one of the

complications of higher order terms.

BN L

= A [Y T
l)(B;...Bm) ay (Qz...&n

T
fal‘..an L Br..B )

+ +

& -

T
Qn*l (01...Qn)(81...8m)

. .

+ 1ndependent, Y 1nsertions into A .

. ' .
*B Y51 [T(al"fan)(dh+lﬁz"'8m) -

-

" T(a
. ..
2 n

+1)(?18g...6m)

\

+ ... + T
- (d1...0
n

"

<? - . + ..:o* YBm [ ’}a{_..an)(Bx---B

_lan+1)(an82...8m) J

m—lun+1)

S+ L.+ T
(al--.a

S - n-1°n+1’(s"i‘8m—1°n’ ]

+ independent Y insertions into B (3.51)
- — /

«

70
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~ The notation of independent Y insertions implies that the Y matrix
expliciﬁly multiplying the tensor T .from the.left in (3,51), must also

appeir in every possible combination with the y matrices coppoeing T.

-

. . .
The tensor T resulting from the above procedure is then reduced to

linearly independent combinations of Dirac matrices.

The fourth order term in the covariantized Taylor expansion of -
- !

<Y (2)9 (y)> will now be evaluated. ..

- ' 1 a Bpuv aBuwv,y -
< > = — < > -
b 2bsty)>, = 5 (yy'yy tzzzz ) V. P a”8PuFw Y,

‘ &
1. a0 Vv A - - 1 apv A -
- = < > &= < >
cyzzz tlD(uDvDA)Dawj e Y VYY wloaD<uDva)w3
s L yuyvzazsd D, D,:D, D w > '(3.52)
4 o 1 (a2 B) (L vy 3

-

T in, ' < >. The’ - i
o begin, consider tee term wD(apBID(uDU)w . he fensor T(aB)(uv) is

.determined by using the algorithm;of (3.51) and gquation (3. 4595).

Tl vy = P ‘?w.( YoY3 * Yg¥q ) + 8 Y Y894 " YuYadug * YoYodus -

-

* Y Yg9q ) +clvgrag,* Yo¥u9u8 * Y8 900 * Yo uiug }

~

- +0 {YG[YUQ'VB MRACIPD B Y G AC N quua]]
tE [ (vpoug * Yogug ) Yo * (Va4 * nguu) A ] -

’

YF [Yu“agvs + Y\9q8 + YBc-‘vcm)



e

"following combination of Dirac matrices.

- L4 - )
+ Y\) ( YQgUB + 2YUgQB + YBgUQ )
. . ’

G[ (Yagve * 298 * Ya%ul Y, - )

. - <

= )
.. (oS8 * 2Y9g * Yg90 ) Yy (3.53)
X<

-~

Equation (3.53) is now written as a linearly independent combination of

Dirac matrices through use of the identity (2.42a).

= + B +
Tiag)y(uvy = *90%a8 ( Fug%a T R )

+ ¢ . ) (3.54)

Cs +
8% T 9ug%a T e uB uaug

1

L3

2
Thus the obizct. <, D(a B) (U v)w > appearlng in (3.52) is written as the

[y

*

b1aP8)P(WPvYy> = A9y gaB iy v @B (908%0 * Fug%ua ) 85

L4 - .

‘ - -

" ua vat ul - vB] .
- + T+ o+ c .
< [gvﬁcji gusojl Iva J1 Ya J1 (3.55)

1

v
Contracting (3.55) with guBguvéij' q ng 13 and Y OBij in turn, leéds‘
1 - B
to the foilowing three equations. - .-
\_x .
64A + 32B = <UD2D3Y> - ' o " (3.56a)
- L ‘
AT a e
16A + 80B = §<¥(D U DO+ D D3D,) V> _ (3.56b)

-

T

72
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W h-] v N 4
~ ) v_Qa _a_Bv
= =
6(48)C 3 HJ[GB D DBDGDV + D ?g DSDvDcx

X \Y) 2 A% I
o * OBVDBD D, +.oB DBDaDvD ] v> {3.56c)

~

To simplify the equations in (3.56) a number of identities are required.,—

First consider the combihation

o%“p o+ %> p®* = o%"p b + %M (DD + G )
a"L f a - au  Can

N ~ [

a_u 2
DDD.D + O(G
2 oPu ( )

§ -
. = 2p2p? + ZbaGauDu + 0GY) (3.57a) ™
1 3 e : ra -
which leads to thé.identity )
o%Yp b, *+ p%p¥D oF = 20202+ 0(G?) + 0(cy) : (3.57b)
a u uQ e " - )
\‘\ - (3 / \ - b . ) -
Now consider the object - .
» -
@
V2 BV "BV L2 a2 B2; (3.58 )
p,b?D = ~ p,0?D = - . -58a)
P gP°D,, * {i¥"y 197 ) gP’D,, = 1BD*P - 10" DD, , -s8a,
Using the idenfty of (3.57) simplifies (3.58a). : .
) ) B ) - ) ~
OBvDED?bb = ipp?p - iD?D? + 0(G?) + O¢tpy) N _ (3.58b)°
L} \ . . - - , . --

The next identity required is derived with the assistance of (3.37),‘and

-

can be further simplified through (3.58). ’ *

'] .



lov+p(og) . o,

'dg"oaoso"b' [DBD"+ D2Dy
' : -
OB\).DG;DSDQD 5 -c&’n D D - :D 266 + G(D3) e ( (3.59)
@ ) c‘ A ——— ’ :
An"e?(preééion similar to (3.55 is also required, .
. B S Vo
. : -
) \VJ - 1 B\) 2 1 2
- = - = .60
. ch DD, DvD 5¢ osr? D, ~ g0t O(py) (3.60)
- -
. * : <
The final identity is . - - Te
Daoe\’\ol = —io.‘ocoi . . -
) B 2' M Q . LY L4
- - Q\ - -
- 0‘ A s - i\ R -
..l _ X )
c 35 (o0 + tosn ) - 2w, e ogoar)o, |+
- - j e * >
C! BV _i 7_ 1,2 .l. 1) .
> DBb Dy~ 2 OGD 7 D°0G + 4[ , (0%, +OG]] (3.p1)
' whi:c'h"afﬁer use of the Jacqb'i Identity on*the last term becomes b
.. D“OB\)DBD b = -La4p2 —Lp26 + G(é2) + O(Dy) 43.62)
- . v a 4 4 . ST
] ) e N - .
S Sim_plifzcation of the set of equations in (3.%6) can now be .
jcbieved by using (3.57) €0 (3.60) e (3.62), (2.42b), and the Ry =-im)
eguafﬁn of wotion, leadinq Jto N '
- - N : ! [ | * h
. - S -
- :. [} . _ s - . v
e 64A + 328 = Tmi<Pocy> .. “e (3.63an
‘ ) R4 - [ g ? - ' .
. [ . : . .
- R 0 . . - . . * b
o - “' 2. . X \!
. 16A +_gOB = . im“SYoGyY> - % (3.63bk
. - . .. > ' . e, . -,




h

.equations in (3.63) are solved and the values of A,B and C are '

with the result |

.

6(48)C = 3 m?<Pocy> R T (3.630)

where all condens#tes except'far <aocw> have been ignored. The three

substituged into (3.55), leading to the following result.

»

2.
1l = 1m
o™ P> = =< D —— - .
007" W EREMAT %5 %8y * YT gsu‘—‘au]
. ] -
- -
‘-‘-<¢»ocw> ot Y ., SV JBu ] '
3 576 gBU J1 au 31 qu S1 v 71 (3.64)

L 4

The coefficient <GD(QDBDuDv)w> appearing in the fourth order

" expapsion of (3.52) will now be callulated. The aldprithm of (3.51) is

' .applied iq order to write this object in terms of Lorentz invafiants,

-

<w (¢ B u v)w > = AG.:. Jag%v * ga;ing * ‘gmﬂsp R (3.65) |
Contracting both sides of (3.65) with g 6 gives

o ) : | |

%d(oznz + DaDuDGDU + DaDzDa)dP > 98A - e (3.66)

’ -
-

USing (3.57), (2.42b), the uw--imw equa%ion of'motion, and ignoring alil

»

condensates other than <wcGw>, simplifies (3. 66) .

. - - N

im3<YoGy> = 96A ‘ ‘ (3.67)

1 N L]

.
. -

)



\ .
factor leads to the following result. ¢
b5, D0 D> = Ecoous 1B 9 .29, @ 9, 9o, * 9.9 o |(3.68)
1@ Buvy ) 3 96 ij | "aB v au’S8v av’uB
-l - .
In order to evaluate the remaining two fourth-drder cocefficlents
‘in (3.52), the algorithm gf (3.51) will now be explicitly applied to
cbtain Ta(uvA); i - .
Tawuny T A, [Yugvk YA Tt YAguv] ) ,
DA
. ( ' 4 )
~ + B tyug\)x * Y\)gUA + YAglJ\).] YG .
, I
N t_[yu [Yugvk * Y T qugv .
+ YU,{ Yugu)\ + Yuqul + Y)\gQU] ‘
L]
.. - .
Yy [quuv * Y%ua * Yuguv]
. - . . ’ . - *
N :
TR Ya%a t Wax % | Vi
+.{YaguA Y% ¢ Ykgau] Yv
. . X ) : 3.69
: - . * [Vaguv Y Y-t Y%av YA] X é (3.69)
¢ hd u"

Equation (3.69) can be wxitten as'a llnearly independent comﬁinétion of

Dirac matrices by gs&rg.(2.4§a), ) 0

LI
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-

[N

Taquon) ~ A {guquA T 9uIun * Sax%uv |

s ; ]
+ B [oahgvk + O guA Aguv, ((3.70) .

- -~
-

Using the above result it is now possible to write the following
o

fourth-order coefficient in terms of Lorentz invariant quantities.

U DD DDy > =y -
wlLa“(u Y, A)u; 513 [gaugv\ T Fauun FarZyv *
\ Y
&V ai .
+ [ + . .7 p
B O*Lgvk .Jlguk OjlgUU] (3.71) ////
au VA

Contracting (3.71) with g . au vAG and Oijg leads respectively fo the

following two equations.

- . -
. . . ‘

<b(p?0? + p_5? o¥ 4 aamuo%u]w = 96a’ (3.72a)

wIH

’

- Qau 2 au 2 L au :
< D DD > = 3.72b
v(o + 0 ppo’p +'0 DQDADUDA)w 6(48)B ( )

(W]

The above equations are simpllfied thrsugh use of the identities in

* e
(3.57), (3.58), (3.60) and (2.42b) , leadlng to the expressiors - ) .
96A = im3<yaGy> . .. (3.73a) .
12(48)B = m3<YOGY> ; _ o : (3.73b).

.
-

R A . -
L ’
Y

where vhe Pi=-imp equation of motion has been used, agd gondensates .

other than <YgGy> have béen ignored. Substituting the*resgits of (3.7%)



C®

. ) \ :
into” (3.71) and including the colour averaging factor, gives the final

result for this fourth-order céefficient. '

. 1 = im? : ]
= =< <poGy>
. wlDC!D(U Wwaty? =3 %6 %15 [gaugvA Y SavIun T JaaTuv

b

L iTocus B [ o qau dA av)] .
— D c— B . . 07
3 <bocd 57 vkojl * gUchl * gukij (3.74)
| . | . . .
The only tefm-in (3.529 which remains to be calculate& 1s
<y, D( D DX)D w >, wh;ch can be written as a Lorentz igvariant
S
combinatzon Ldentxcal to {3.71). However after contractlon w1th
' L J
gaugvﬁéij and oag vA the following equations a:ezobtaingd;
< v N " )
L :3( p2p2 2 e u ' v T
=< + > = (3.75a)
; (o’ DD, * D.QDLLD D" Ju 96A o
1 =¢ Qus 2 au ap A L ’
-&< > = 6(48) B (3.75b)
‘3”’[0 Daoou+oobo + 0 DDGDADLI)!D

[
e

The above expres;}bns lead ‘to a mixed condensate compéhéﬁt/identical to

x

that of (3.73) except fbr an overall negative sign appearing with the

constant B, implying that

‘ )

<y D
ll)lD (u

1 - im? '
> = =< ()’(f\l;)-
vy Pa¥y 3 <V % "ij [ audvir T Favdur T Y%y

1= m2 ap - aA V]
- 2 <Pocy> B— . .
3 Y2576 [ 9va%: * 9% * 95 o

Finally, Sy.substi:uting the expressiéns for the coef¥icients of
{3.76), (3.74), (3.68), and (3.64) into (3.52), the fourth order mixed

condensate projection of <U(z)ixy)> is q@tained.36'38

(3.76) ,
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»
-
- 1 - " mz'_ MV v 2]
- > = =< > - .77
U 2> = S <bos (768(;; 2 v TlssY o‘J‘i(y 2)? 1 (3.77)
. .
<
Consider the fifth order terms in the covariantized Taylor .
expansion of <U(z)V¥(y)>.
H &
- : - 1 ;a8 u VA a B u
=~ 1 - >
<W‘.(z)‘b3(-y)>V ZO(V Y Y VY Y 2%2P2H2V2 ) <Y D(m SDuDvDX)w
N ] a Rl u v
L > >
+ 2aY ¢ z 2z <y D(BD DvDA)Duw
1. aBuwva
-zjzyyyy <wlDD(SQDD w
1 a«a B u v A
- = < > .
Y ¥ 222 <UD DDy D DU )
i 1 aBuva
tprEYYY <@, 0( 08,00 A)w \(3“78’
The expressions for T(aBu\)X) and Tc:( DUX) in terms of Lorentz lnvarlant.:
quantiies are easily obtained.
L] o A‘
< 5 = ‘ .
v D(cuDs’3DuDvDA)llj A Yy, (agyayy " 9gu%ua ¢ 99 )
. ‘ .
. 8
Yj.j (gaugv)\ * gavguA * gaAguv)
.\ - , .
u . :
Ylj (%egvx * 9gydan * qBAqu\J)
» " -
[ ] + -
o . (/gGu 9ax * 98a%ur gB/\gua) .. _
. ' ;. ‘ . ..
. . ; .
v . (3.79) »
. T & (98,9aa * 96a%ur * 982%a) ] . ¢
] e - /
. '.‘ . = ~ ' . ‘
) . ’
- " o ' .- ’ * <



T

- ! * . . c -' -
) ' w P D(BDuDvDA)w g'Yij 9guSua T %gvIua T gBAguv]
» 8 ( - N .'
. Y51 [ %ot Favtur * T
- \ - u f 3\
¥ Y55 (FBa%un T %BvIar * 9Baday |
a : v [
* le_ L 78L % T 98a%x T gBAgua}
A .
[ 4 . O
+.YJl \ 98,9 + 9GBvIa T gBC!gU\)] ] (3.80)
obtaining tlze -expression for T(aB) (}NM requires the qse'of the
‘ .

algorithm (3.51) and equation (3.55).

TiaB) (uon) = A 948 [Ykguv T Y% T ngu)\]

o R [YA Lguugsv‘ * gBugav} Ty {'ga)«gev * 982%v

’

MY [guugBA ¥ unga'A] }
» [}

" - R [guAOBv * Iav%er * 982%v * 98T

, )
. - " + «
| T Yy [ 9ar%u * %8\ * %BA%y * 98u%n | ]
* ' +D [y"s on other side in C]' v
. ) - ‘: e . . . ‘ ,
.’ ‘.p -
_. J. D ' ’
. L4
. . . \ L]
Lo L 4 . \.j ¢ ‘
r"- . ) - ‘ - b .
AL . . - v



. .
. e E [YG [gmguv + gusng + g\)Bguk ‘

St g [g)\uguv Y %ua%aw T Fwaua ] _
. . o+ F [Ya 1928y ¥ %8u%w T eIy |

A »
T g [gkugav T 9w T Fax%uy ]

‘ 3
Ta [gAuOB\g T 9% T LB

* ' [gxuoav ¥ ngogu ¥ guvoc)\l ] - -

+ H]|¥Y's on other si1de 1n G] .
..
S The following Dirac matrix identity allows (3.8l) to be written a
v . .
linearly independent combination of Dirac matrices. -
- -

j 3
»

»
Ya%us * Yg%ua T T2:9pY, 2 [Yanu ¥ Ysgau]

\ .
ll’D(o: 8)° (uvk)w>—Dg6[Y31 v Y RO ijgu)\]

L] 4 J

>

A ‘ Y
P
. . * E[ Ii ['saung * geuguv]' Yy [gaAng * 982%v
I A\ ..
o .
) T Yy [guugSA * guﬁgakl'] .
. p " : 4 )
e - —Q . ' . '
vE in.'[gABgLN Y 9ga * gvsg.u)\]_ ‘ -

-(3.81)

(3.82)




[ 4]

B .
RSS! [glnguv Y e T quguA] ] (3.83)

— M

.-

a _Bu v

Equation (3.79) is now contracted with Yiig g to determine A,

.7 2.2 2 2
16(48)A = < D°D*®* + PO DD + PDD DD + D PD D
lsw[p 2’u U ?uvuv uDu

_A————~.

+ DPD DD + D PD?D + D D?PD  + DD PD
TRVt TR L ubu PPy

L)

e 8 .
" +DDDPD + D2pD? + + D -
WL P y D2pD DD, PD D, + D D BD D
+pp?p + D DDP+DDDDB| Y (3.84)

PREST! LoVuVv

>
»

The identities of (2.42b), (3.37) and (3.57) allow the mixed éondensate

component to be extracted from most of the terms appearing in (3.84).

» v R

~ The only exceptions are the following quantitites,

-

-

T - A
- < 2 > = £ 2 >
WDUD? oV VB, + Y G)‘u] D.Duw ‘
g = <‘I’¢D p?p > - <lel ( DDZ - DZD) Dzll)> .
) ¥ u . 2
Co , = m?<oGU> + other condensates . - (3.85a) .-
') .’ , .
<@bu02DDuw> = mi<Yocy> + other cor-ensates ’ (3.85b) ,

<UD D PD D %> = <$D D" PD D U> + <UD D. >
UD,0 P00 ¥> = <UD DPD.D ¥>"+ <UD, D BG,, > ) )

- - . . -

4

. ‘ T1.° 2 2 1.7
. = <b3D, (po? + p?p) D> + 3 <wéwiscww>:

] . ., . .
- » . J .
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¢

<$DuDvauDvw> = m¥<PoG> + other condensates - (3.86)

»

~ : =

Simplification of (3.84) by using (3.85), (3.86), (2.4zb), (3.37),

(3.57), the pPU=-imy eéuation of motion, and ignoring'all condensates

- -
-

except for <UCGU>, leads to the following expression.. .
< m3<UCGY> = A(96) (8) (3.87)
Subgtitﬁting (3.87) into” (3.79) and including the cqlour averaging
factor gives the result . .
.,
. .- o ' L _
U D D DD w > --—<wocw>ili §a 95, 9 + g, g + 94,9
- 8Lty A) 768 1 | "EuvA BviulA BAZuv -
-t le {gaugvk T %It Far%uv |
) . - . '
- . - )
: . y2 92,9 * 9n.,9 +* 9n49
. . I Ba”vA BvTaA BA7qv
. -
v [ . )
: T Y50 [ %Budah T 98a%un T 98A%uan
o ’ ’ 1] .43.88)
+ + + - (3.
. Yo 1 98u%ve * 98vIia * 9Bauv |
- Contract;ng (3.80) with the objects YtngUgVA ‘and y? gaugvk leads
to the following two equations for B_and C.- .
. -~ [ ]
l —
1 2.2 : . .
=< > = -
3 ‘bb [ DUD DU ": DD + DHD\)DUD\) Y 4(96)8 + 4(96)C . (3.89a)



) 1 ) 2 - 2 2 S
_< + + + + D N s
13 wD [DDuD DDvDuDv pD Du DuDD D\)DDu v -
[} ‘»-\ _\\\
2 2 - ’
+ D + + P o+
+ DvavDu Du P D Duw DvDuDvB DuDvEDV
(3.89b?

+ +"
DVDUEDV D

ZDDU U> = 96B + 7(96)C

-

’ /

The identities regquired to extract the mixed3condensgte component of

(3.89) are given in (3.8
o

5), (3.86), (2.42b), (3.37) and (3.3'7); leading

L
'

to the’following values for B and C.

3
£¥g<wocw>

Substituting the values

coﬁpletely symmetric ex

<wloa (BD DvDA w

where only the mixed condensate projection is considered

analysis for <G?(BDUDV

condensate projection.

P D(BDuDvDA)D w

Contracting (3.
in turn to the foilowing three equations for D, E and F ,

. (2;?0;

’

of B and C froma(3.90) into (3.80) gives a

*

pression identical to (3.88}, implying that

(3.91)

LI L NI R . .

. A similar

DA)D U> leads to an identical result for the mixed

w -
(3.92)

wl P (B u v A)w = <, 1P(aPgPuPuPa)

aB A pv A au Bv and nggxsguu'leads )

83) with g Yijg ’ Yijg 9

.

84
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L -7 -

- -

-§<®o2 [woz + D?p + DvﬁDv] V> = 4(96)D + 2(96YE + 2(96)F »  *(3.93a) 7
. . ’
i = ‘ 2 ’
=<y [ D D DD P + D DD
S w[ uPVPLP WP ¥ D +* DD, ED D, * EuDvEDvDu
+ DD « + D D* > = + : ’(3.93b)
) NENCACIR ﬂDU] U> = 96D + S5(96)E + 2(96)F
1 = 2 242 1 -_A P N
_< v -—
3 b DuDvDuDv *oP ?.u M ]w> T3 <wo’p(D DA+D>\D *D D)\Du]w>

- = 96D + 2(96)E + 5(96)F __ + (3,93¢)

The mixed condensate projection of equations (3.93) is extracted through
use of the PU=-imd equation of motion and identities (2.42b), (3.85), -
(3.37) and (3.57).

» 5

m3

%QUOGUP = 4D0*+2E + 2F = D + SE + 2F = D + 2E + 5SF (3.94)

- .

Soiving (3.94) for D, E and F'and.subétituting into k3.8§) leads to a

completely symmetric expression identical to (3.88), imélyinq that

. -

-
.

w b w = <0

(a’8)P (uDv )

is

N -

result identical to (1.95; is obtained for <w1D(uDvDA) (GDB)w >

Collecting the results of (3.95), (3.92) ana (3.88), .leads to the

following result for the ‘mixed condensate projection of the fifth order

coefricients of (3.78).

| e

85.

D(a B U Oy A)w . " (3.95) )

'hhere only the mixed condensate,p;ojectidn has been considered. A



.......

- 3 ‘E, " I ' - - e 'o - - '-' ’
-P'—' ‘ » * . . . . . 8‘
s -
> =
. ‘bD(aBuv)\)w 11’DD(Bu\)k)w
) = < > =
. . 0,0 (g0L0Px)P0¥5” = ¥ P (406,00, Y,
. lB D D«-O,_ D = l(lj_;GGw)ﬁ Ya 9n. 9 + g g + g g.
P PP Pra B) 3 768 | 32 { “BuTVA . FBVIuA BAZuv
o ~
R [gaugvA RSP W AP Y s
- ~ e
- 4 - ..t
u L ]
* Y_"J. [gBQg\),\ T 9% T 9BA%qv | -
: -t Y\J [ + + ’ h
S - 3r { 9Buax T %Bafur T 98A%a
“u ~4
:‘,\:\\\\\ ‘ ’
NN )
v \‘-s : A 3
+
Y]J. [gsugav + gB\)ngCI + q_BG-gU\{J (3.96)
Finally, substitution of (3.96) into (3.78) leads '-to the mixed
condensate projection of the fifth order expansion of <5(:«:)tv(y)>.36'38
- ‘ ‘ . T
\s o -
- 1 3 . .
< > = =< o .97
wl(z)tl))fy) Vv 3 VOG> 6144 YJ (y z)(y 2)"° . ) (3.97) .
Collecting the results of (3.97), (3.77), (3.49) and (3.33),
. gives the mixed'condegsate projection of <fﬁ(z)w(y)> valid to fifth order
- in its covariantized Taylor expansion.36'38 e
- ~ ’ ’
' - - 3. ae 2V gHHY '
< > = - - - .
lllJi(z)le(y) 288 lbdGlD [ 3 ily-z) 61* 31
‘\‘
‘ -
° . - - . 2 A ;
i ‘ 4YJl(y z)(y z) . '
\ , - e



e

- -‘4 -

- ¢ - - - _
2L, . 1 o2 WLV BV }':v.—:A
\m Le(y z) Gij +—-¥§12 z) yzﬁjl -

N -

= . .
( 1 “ . -3 -
- +m vy J;_(y-z)(y—z) + higher ordver terms , - (3.98)

>

. - -

Equation (3.98) ‘ggests that the general form for the <50Gw> projectioﬁ_"

@

- - L
of the quark-quark vev is
-
t
’ 1 i 2
<Wiz)W(y)> = <PoGyad ¥ om" ‘a (ye(y-2))"
288 s n
. n=2 \ }
( ,— T o 2 UV ‘s - .
- Iat - n
- - 3.99)
+ Z m b2ny z Ou\)(y 2) . (3.99)

This expression may bé justified by observing that a general tensor
’ . . > .
T ‘ ay be writ a letel i A
(- - ota) (Wi e o) way ten as 4 comp etely symmetric ?art. fplus
pieces with anti-symmetries between two or more indices. An ~ ¢
. ) . A -

anti-symmetry between morPthan two indices necessarily generates more

than one field strelﬂth, leaéing:to condensates_of dimension larger than

five. By construdtion, ‘the portions of T that are anti-éymet.ric in one

pair of indices are contained in the O ratrices, generating the field

strength required for the mixed condensate.

—_—

: : -

®
i
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- 345 Mixed Condensate Projection of thg;gpark-Quark-Gluon
] -

vacuum Exgectation value ° - . T ’

In SE&S section the mixed condensate projection of the 3 -

.

"non-perturbatrve vev (1g/2)<w(z)A (wU(y)> will be calculated to third

- -

order in its covariantized Taylor series.- This ob}ect appears in the ’

amplitudes of (3.28) M to (3.30), which are represented in Figures 4 to 6.

Consider the mixed condensate component of the vev. '~
7~

(ig/Z)(@(z)AS(w)w(y)>. The gluon field:in this quantit¥ can be expanded

in a covariantized Taylor series about w=0 (see®3.3), ¢

-

L -—

a 1 A0 "
= 3.100
\(0) F W (D ,?MU1 * e ( )

where all field strepgths and covariant derivatives @re,evaluated at

w=0. Only the lead term in-this expressiom can contribute to the mixed |

" condensate, since equations of motion will reduce the commutators tp

combinations of field strengths and currents contributing to
- . “ r N .
higher—dimenq‘snal condensates. This point is actually non-trivial,
L J

‘since in the covariantized Taylor ser}es of the quark-gluon-guark vev, _

contrac;ions such .as <$D...[DQ,GG]DQD...> would seem to lead to a mixed-

condehsate projection. However, use of the\identity (3.61) reduceslrhis

- o N .

‘quantity to

’ -

o

which fails to yield a mixed condensate projection, a result which has

“been verified by explicit calculation for aeveral low-order’ terms.

<lIJD..‘:‘[Da,OG]DQD...lb> = %«ID... (p%cG - oGp? JD...9> . . (3.101)



" . < :
* ,‘ It is convenient to write the vev (ig/ﬁ)<v.)(t)az('v)w(y)>°'.in a. c
. sl'ightly dii-ffereﬁt form. '1‘he behaviour of this vewunder a global’suld) -
-~ -/ tx:aﬁsgor:nation implies that ‘ -
-~ | ! - ‘ N )
) -~ .
R H<hizrad vy = %gk‘j&(z')ﬁu(w)&(y» . ‘(3.‘10'2) -
. P T _
.This expression is easily verified by contracting both sides with l‘a and
. .using the definitions Tr(AaXa) = l6gpnd Au=(ig/2) XaA:. - N
’ ' . ‘ Expanding (ig/2)<‘3(z)A:(‘;)wiy)>- in a serieg;alyout y=z=w=0,

: including only the lowes:_t-order term frou{ (3.100), and taking (3.102.). "
P ) . . - & ~ -

into acgobunt, leads to a covariantized Taylor series.

. o ' : . AN ‘ “

N . _ )
B( a, - > = .l. a l A( L a<— >
5 ‘Di.(z)Au(w)wJ(y) 16 A ow .w Gy ¥y t 3wz wlDaGAuwj .
. - . . '
: _ 1 Ao~ L. 1 &BA:+ =
. . = < > = < > .
- T vy mLGXUDQwJ tiEEv lPLD(Q.DB)G)\LIWJ
LN . - -
’ y . X . °, - . ’
, ) L 1 af A = 1 a A8, -« '
P ‘ e = < <> = ¥ . >+
) . SRS A S wLG_XUD(G.DB)w_J roEwY wLDaGAUOBw]—-"'
. B 4
+ contr‘ibutxons leading to high‘er dimension conde‘nsaté& '.(3-1¢3£'
. - N . . R !
. - 3 ¢

..

‘ . . ‘ . . - . - o
« A general covariant-derivative in ¥3.103) can then be integrate‘ﬁ‘ by
: ) i e

parts. . . . L ‘ .
. ! : © -
) - - . i * . - h ’ R

<UDD...D G, D...u> - '<®B'B‘— 51D .G. 1D...4> - <Ub...5G. D.D...U>
‘ e e a Au e ..lo "' a' XU u.-- .0-. Au‘d e 0
R R . - 7 < (3.108)

E;qu&tio'n (3.104) is. based upon the Po'inca‘re invariance of a gauge

covariant quantity wr_itten_ in the fi‘xed;_point'gaug'e (see Sectionm® 2-3). '



FLNY

— > PR o 7 - - . L
— - <
f3 \, v > « * -~
N .ot v - H . . . = _— .
. . . ~
) . \ s . . » = N
. - ~
-~
- - . -
. R ™

Using-(3.104),- and ignoring the commutators which act upon field -

stv.iengths-leading EQ ﬁlgher d‘:@msignal c'oqdense:t.es. s:.mpli’fxes (3.103).

2 <y’ a . ‘>=___;_'a;_)\ >+;X <GD‘ >
Ul(z)Au(w)wj(y) 16A\ > <Y GA $ oW (y=2) <Y AU QWJ .
. . . ® -
‘. ' 1 A a B  a B] - '
- - - < D >
ol 5 . TIW oFE» Yy Vi8aPa B)wj ‘
: 1. Va8 - ' '
- Tw <Y bv .o
PR ‘LJ.?&G)\UDBUJ *
» -~ . . . .
+ contributions leading to higher dimension candensates ~(3.10%)

y
Y
©

/= The evaluation of the mixed cqndensate projection of the

quark—gluon-quax’k vev begins with a consideration”0f the lowest orxder

.

~term in (3.105). The coefficient <15G)\Uw> is proportional to the

foilowing Lorentz indariant quantity.

. ’ . - -
- A . .
<@.6, = ao™ o (3.106)
1 AL 71
. . - Vi ®

-
-

A - )
Contract:.ng both szdes of (3.106) with C. ;J allows the,cc?tant A to be

. »
determined. . . N L
.. ) r
" <loGl> = A(4B) - : _ : (3.107)
; -
N @ .
Thus fthe lowest-order mixed condensate pro;ection ‘ot the* qaark-g}.uon-
, 48 '
quark vev is given by .
. vt . R .
ig .z ay . —-—1— a A )‘”< > . (3.108
2 wi(z)Ap(w)wj(y)hLo 1536" ‘UOGW . X . )
i ) ‘ ‘ * . ! \‘ » .
s 3 * ) - -
Co. ’ A= - E * -
. - : . e, '
v ~ . Y ‘v - ¢

= - : v

%



where the notation .LO designates iowest order, and I,II etc. will denote , (
first, second and higher order terms.
‘ .

hs usual the vev is Poincare:invariant and '

Sy “is therefore vritten as a ccnbiﬁation of Lorentz invariant quantitles

- .3
.

satxsfying the appropriate symnetry requirements.

) o .

¢ L]

Au a u
. > = . - - .10
. <y cs}‘u aw A (o ) nt s_[yjlgm Y11 %0 o (3.109)
. . B _ )
'Contracting (3.109) with (cAUy ) 5 "and yA g™ respectibely:}egds %o the
. two equa*xons for the constants A, B ) -
| —im<foGU> = +2i(48)B ‘ ' S (3.110a)
~ - y X
<5(13u:z:t>L-1 < PD2)y> = (48)iA + (48)P : (3.110b)

The identities (3.37) and (2 42b). along with PU=-imy are used to_

extract the mixed é¢ondensate component of (3.110b) , leaiing to the .
. : _ ". v |
. ~ expression - 7
n/.‘ L]
© _ ‘o= %! < (3.111)
- E . - . . -
. ? Solving (3.11Qp3;énd (3.111) for A, B and substituting into (3..09)°
s givés an expression for the <yoGy> component Of”<GiGAuDawj>' L . ‘ "
- 4 . ' - » N )
v L UG, DY D> = --—-m<wocw> i0 Auya -+ (‘yk L gaA) ] (3;112)
. ) iCAuatyt o jk ki ji ji
- ¢ ‘: [ ‘e -

TR



[ - - -~
[

Tﬁus-tgg_first order n;xed:!Lndansate pro;ectlon of <w(255 (W)Hly)r> is

7 TN
obtained by’ éhbstxtuting (3.112) into (3.105).%7%% .
N . .ot \ -
29 <y (272 (w > = —X v a
> Wl(z)Au(h)wj(y) I 3072 m<YOGY>w A

: . » {
T {10§kYk°(y N R L i A ieh T NS C V6 S X3
=~ J

Now consider the object <ELGAUDQDBwj>_which contributes to the

*

second order terms in (8.105). 1In accordance with the usual prog¢gedures,

]
- -
the vev is written as a linear combination of Lorentz invariant

qﬁantitites. . o
_ ku aB ) _
<w1D Cau Ew - Agcﬁq)x %% - [gBAgau qugu)\] 613
- X8 el - ue"a)«] { aX Bu _ uu-SA] '

3 D-{Ojlg Ojlg- + P Jlg ,Ojlq . (_3.114)

| éhx -X 8 BA { i’ AB ax g

a8 Au a_Au au . u
Contracting (3.114) thn 9, 05 147 {y oy )'j' g g Gij' oiJQGu' oijg ]

~

in turn leads to. five lxnea; equations for the umknown constants.

< -
. . .
. * . b -
. s -

N - ® . . .
<VD,0GD ¥> = a§(4a + 20 - 2E) _ (3.)15a)
. ’ ° ,
. <IBOGPU> = 38(2iC - 6D + es)) " i " (3.115b)
: v > = 48(-B - ) : - (3.
‘ <woucsuuew 48(-B _-C). ‘ . (3.115¢)
- & 6 .
" b oABe 6 S -.48(A + 2iB + 3D - E) ‘ ' ‘ v (3.115d)
u AuBT ~ _
s ' 4 : 4
~ : -. - ? ] .



e T A T O RS
- - 1S . y -' - ~ . - >
- . ' ) * » ’ - “ - . 93 -
- M - - a% & . ey «
<ya G, D (o = (-A + 2iB -'D + 3B) - . (3.115e)
- - u Au u . = . - - .
. -~ . . - . ¢ -

In obtalning (3.115) the value of Tr(c'Po, o*f) = 21(48) 1s required.

Ay
S
The mixed condensate projections of (3.115) ape obtained by writing

. . G, = [D,D 1, and then employing identities (2.42b), (3.59) and (3.37)
o -
along with Py=-imy, leading to a set of linear equations. ) .
«. - ‘ -
-« T o= i *
2 _
. ~_[:—8<¢,ocw> = 4A + 2D - 2E : - _(3.116a)
S - T , . L
- .+ T3 SWOGY> = 21C - 6D + 6E . ; - (3.116b)
- . .
— ~0=B+C : , - T (3.1160)
R ) - . . * ’ N‘-’ N 4 ‘.- ) T . '.l . _ . -'n L4 \ -
- O=a+2iB +30-&, ~ . : (3.Xleay -~
. L ' A R ¢ b
h,’ o - " - ~ N “ ‘
. '. ) - . - - : . Al "' . - i - . .
a R 0 =-A+ 2iB - D + 3E - ? .. © (3.1l16e)
- The values for A to E are found by ‘'solving (3':116) and are then ’
'substituted into' (3.1147, wiéh the result K - 9 . @
. .’ [ o )
@06 B> = -De Gocy> | 2 e o L
ica Au B3 96 3 %8, il o T
. « " » — T v
v R - .
.1 _ AB au uB ai aA. Bu au BA ] - (3' 117)
+ 6 [ Ojig + Ojig . * 031? Oiig B "
.2 <- '
. NOw consider the object wiGAuD(aDB) wj> vhich is a coefficient of -
a second-order ‘in in (3'.105) . . This object is now written as a linear
LY __— ) -
combination of Zorentz invariant quantities. ‘'L °° ~
-~ - ' il . .
L I - RN -
. .. 3 )
“~ > - - ' '.\ *
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.

) <w prbm s)“’ > = A0

¥ [cx 98 ™

[

Au_
ji%s8

OABg

+
Jir"ua

au

c]iglﬂ

Lo
* °§i‘3h]

© (3.118)

* Contracting (3. 118) with cxg a8 and OEPgEA leads respectively %o the

following two_equations.

~

!

<oGD3Y> = 4(48) (A + B) .

—

§<ch“G (D D

B

~

-

+ DBDX !1)) = h'

-

18(A + 4B)
»

%

. (3.11%9a)

£3.119b)

A}

/The mixed condensate projections of (3.119b) are obtained by writing
- ) / [N . = .

= D
G)\u D

X DXDu and t@en using the ideg;ities (3.58), (3 59), (3.60)

(3.61). 'The identity (2.42b) and the Py=-imy 'equation of* motion

then simplify (3.119).

(3.120a)

- -

”
“(3.120b)

_ Solving the two equations in 13.120) and substituting into (3.118) gives

+ .-

" <G, D, D

*

. i A (a B)w > B<WGW>(

. .

~AL

‘.
1 .

12(°319xs

>

1Au

%8 -

c;Bu

qXGF

j1 U3

~

18 )
°319uQ} ] (3,121

an exgression for the <$GG${ ccmpdnent_of €$éi b‘ DBfw>°"

L)
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Substituting the. results of (3.121) and «(3.117) into X3.105) leads to ~ .
the expression for the second order mixed condensate pro;ecfign of the .
8 - )
w(z)a (w)w(y» vev, 363 . ¢ ;
- ¥ ~ * 2 = 1 -
ig 7 a R . LA a Al a2
2 mi(z?Au<w)wj(y)>II (12,1535 <POGY> A [ Ojl(y z)’
- ’ ’ )
’ AAu A e, ) :
i (y~z) Ojiw (y-z7) w Oji(y z)€(§ zﬁu (?.}2?)

LY .

\

ﬂpw consider the third order_terms in the covarxantlzed Taylor

expangsion of. <w(z)A (w)W(yh> whlch is given by the eXpIeSSLOR

-
.o

~ 2 . ' . . .
,

1,2 [ 1 A( a BV _ a8 vy

ig .7 a . - 1 }
v <wi(Z)Au(W)w3(y)>III. 16 TR B A zz z -
P 1 aB _.a
* <y Au(an)w +4“' z YY“]‘”DGAuD(aB) \
- / -
(3.123)

+ terms léading te hagher dimensicon.g¢ondensates, .

L

<

To evaluate the coeffic}ents of third and higher order terms in (3.105),

it is useful to have an algorithm similar to that of Section 3- 4 for

-
e Pl

v .
generating the Lorentz structure of the vev's. The problem is tp "«

determine the Lorentz invariane tensor T sdch that
¥
? .
<D,  .v.D. G, D, o .cD = . (3.124)

It is possible to generate T ‘recursively through use of the fdllowing

algorithm. . - o . ' o .
- . . .
. ) » .
“ . » - . ) - -
. * .. - ) -

F -



L2

T~
(al.o-q
CT n

+

] ~
- c
i
_ ”

. —-— - A A T . . - X
l)tkul(B;...Bm) r§01 (uz...cn+l)[&uj(61...8m)

-

Toeee ¥ Yan+1Tfa2...an)[Au](Bl...Bm) ]

\

+ 1ndepgpdent Y .insertions into A

* By, ET : ~ i
[,81 (u;...un)lxu](an+l...8m),

- -

+ + T -

(az.x.an+1)[}ul(al...8m) ]

Toeee Y VB [T(ou...an)[Aul(Bl...anﬂ)

oL, + T ]
(az...an+l){kq](8;...al)

. . ~ -

+ i1ndependent Y insertion® into B

-

LT c YA'[T(ql...qn)[un+lul(811..Bm)'- -
v +
) $ .+
e T . (az...un+L)La1ul(8;,..Bm) .

.
1

1k](81;..8m)

AR
H ¥} (u;...an)[aq+

5 .

- . - . . »
+ .~ + T . R ']
, . ‘ (Qz.‘.ian*‘l)[ulA](Bl..-Bm)
A Vel ..
+ independent Y insertions imto C
]
s - (3.125)
. -
- f
. ~
. -

:



The Lérentz structure of <$G*HD

use of (3.125) and (3.118).

-
)

-
1 { «
+ B lY's on

(aDBDV)

. -

~

had ~
te.

¥> can now be generated throwgh

<wGAuD(aDBD\I)u?> = Acxu [‘ngaB *Ya%s * Ysgm]

other

+ C [Yv Pc&ugxs +

~

* Y [oczug)\v *

¥ . L

- T+ Yg {Ovugxs“"

1
. -
+ D} ¥’s on

other
L}

vE [YA [%ugaﬂ *

- \ _ . .
: A . Yu | “va%aBa
-
~ * Fl.Y's on bther
. - T f

+ G YA [oaung +

. -
B : - Yu'[anng *

- - (.

-~ N

+ H [Y's on ‘other. side in p']

o
side 1n A ]
%BuIre * g T OXBQUQ]
Ovug}u ¥ %Sy * OxvguaJ
%8p9av ¥ Favue T %ag%uv -J
side 1n C ] -
b4
%and8v 7 C,’Bugav] - :
60:3\98\:_+ OBAgav] l
side in E ] ) .
[ 4
o] + 0 '
“Bu%va T “was - .
- ‘~
CBAgvu..:' %ua%a8 | .
\
L ./ \. -
(3, 26)

v

'’

s
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L _J
4 98
. Uéing éhe Dirac mitriy idgntity (3.82) and the identities B
’ - Yﬂouv = OuvYa + %I[quﬁﬂ = Yugvu] 53.127a)
Y% T YOua T 0, Y2 [nguv '_¥hgvA] - ' 43.127b)

L}

equation (3.126) can be written as a linearl& indépendent combinatigp of

Dirac matrices.

. Ll
= a \Y Au ¢

< > =

wLGKuD(astv)wj A [ijqsv * ijgav‘* ijgaﬂ }gkl

' + + s
\ - vs [sz (quvgsu Iv8%au gaBguv) .

9] . - - o
- BRI (gavgBA T 9vg%n ¢ gaeng] (3.128)
é‘ : o . - P Teoe e

° - Au_a Rv A Gy Bu .
Contracting (3.128) .with (O uY )ijg and Yijga‘g respectively yields

| . 3 -

the following pair of linear equations.

% <\3C)’G(UD2 + D3P + Dawba)w> = 24(48)A + 12(48)iB ’ (}.129a)

1 -y i : . ’

- < 2 a T - .

3 vy GUB(DGDBDG + ? D8 + DBD RIS 6(48)iA + 6{48)B (3.129Db)
, el .

Equation (3.129a) is easily simplified using (3.85), (2.42b), (3.57) and:'
~ . / [Y
\

Pil=-imb, while (3.129b) reguires that GmJ be written: as [Dv'Du] béfore

application of the same’identities. The'result of, the calculation is a

pair of equations forrzhe constants A, B.. .




N . ) . B LS .
v = —=—pm? > . :
2A + 1B 576m <YoGY ) (3.130a)
T ~iA + B =0 . (3.1%0b)
. ] .
o Solving (3.130) and substituting the values for-A, B into (3.128) leads

_to the result for the <UoGY> projection of'the <wGA D(a 8D U> vev.

: Z A . I S
<91GXUD a“BDv)”3> 576 " *<boGy>
. 8 Au .
, _ ol [Y x98\ ijgav Y «%g8 | %
) N A T TR v g g ) - e (3.131)
J av’Bu Bv2au aB~uv

_ . <“ D s , . .
The coefficient vaGXuD(a B)w in the third order expansion

- £l

(3:,123) can be written as a linear combination of Dirac matrices through

usg of (3.118) and the algorithm of (3.125). ~

3

B - .
<D GAUD(Q B) b> = ay cku uB * Auyv ald

) [Y OAU vB YBGAugua] + D[Y s on other side 1n C]

- o ' + E[Yz\ovugas ) Yu?vkqus] vF [Y'S gn other side 1n E]

.

' . * Gy, [oaquB * %9t et °Aegua]

+ H [Y's on other side in G -

a9

(4]



L 4 - .
¢ + 5 + S
- + I 1Y (O’ ngs OBUQAV c.’k\)gl';s Jokﬁguv)
S -, " \\,
¢ .
. -
* g {993 * %y * e Okciguv7 ]
M \Q ° PY P
+ J [Y's en other gide 1n IJn ‘
i 2 ) ) ‘
) {YA {oﬂugve %1% T “vaus T “ue%ua
- ) ) . A ) I' - .
TV %ar%u8 T Pex%ua T Cwe®ag T Cugtaa -
8 -
N . . " N
. \ i
. + L!lY's on o%her side in X ' (3.132)
» . <&
The identities (3.12 3

q%H(y" 0

linearly independent combination of Dirac matrices.

and (3.82) allow (3.132) to be written as a

. L4
-
[

4

<w10\f/\u- (a B)w > = A 980 ;‘: k1 ¥ B.c;;i {Yilqu ¥ Yilé\)ﬁ] | "
<l b ) <ot -] |
B O e LR
‘ P "..-5,933 [ qum_;..'}lq\ﬂ\ “.' |

(3.133)

) s f d-—;-_— 8 ) a - 8
) -t F{ g‘E‘\){— qXB Y)qua} T 9% [inguB * legua] r

Contracting (3.133) with

v Au Aa
13° 9 %o 3’ 9“39 ylj
vAB ,aBA vu u\r)\Ba
i) YLJ and g

Yij resgectivgly leaas to the next set

th( “Y\)é)\u)
by

e

-



¢ of“expressions. -’
[ ]

. _ <PpoGDiY> = 192 [4A + 2B + !c + 4D - 2:E - lv] (3.134a)
/7 . 1 - . : ¢ .
‘ _ 5<woscc[ame + asa)w = 96 | =51C - 6D + 1E°'- :F (3.134p)
* -
-
1 - vV .
=< C 2. +2. > = -4 + 40 - 2 -
. a 5 <SUDgG Y (‘:x 3 an)w $81 [A*SB*S:LC D lg+-p] (3.134c)
[y - \‘
L ~. 3<.I;ac“ecus(,a Dg + 0gD JU> = 96[2\A+s+21c+sn-;s-2w] (3.134a) - °
P 2 . a 8 a
- r
i -
P T
- . <lIJD G Yu02w> = -961 [-2:\ - B - 1C - 2D + 2i1E + J.F] (3.134¢)
- AP AR FAV) [ . ’
1 - : '
=< ° D = - I . - - - .
- 5 vaGBU(DBB+zDS)_w 481[ A+B+1C-4D 1E+51FI (3.134€)
- . )
- , - ' ® - - '
L. ©  The mixed condensate component of the equations in (3.134) can be
extracted through use of G = (D,,,D,1, BU=—iml, (3.61), (3.59) and
(3.58) , yielding the following set of equations. b
. \\
1 : - ‘
_ To3:m°<U0GU> = 4A + 2B + 1C + 4D - 21E - 1iF (3.135a)
. . ' e )
— m3<yoGY> = -51C - 6D + 1E - iF (3.135b)
96 , . -
P . e
’ 0 -}'+ 58 + 5iC + 4D - iE + iF ° . (3.135¢c)
- : [
> .‘ - . .
3 . -0 = 2A + B + 2iC + 8D - iE - JiF (3.1354)
- N . . © . )
. O = <2A - B - iC - 2D + 24E + iF (3.135e)
< o B .
, - A _

I



Y-

e § - - . N

- o~
O =-A +B + iC - 4D + iE + S5iF A (3.139f)
The solution to (3.135)is
A =B =-iC = 1E = g%g;m3<@ocw> . Y (3.1363)\\
F=0D-=0 . : (3.136b)

Substituting the results of (3.136) ihtchbt3.133) leads to thi\expression
. U . <y - > .
for the <UCG>.component of the wvaAuD(aDB)U vev

- 1 3=
< g : o> = == < >
w).D\)G,\uD(aDB )wj m 'IDOGW

Au v Al { a
576

R - ]
1908% kYK T %5k | ka8 T Tk:%ue

_ ) Ll_ A L:_ )\1]
IR (gvaY31 : quaY31) * 9ua (gBAYJL gBuYJ;’

. A
* %aB [ijgvu Y)lgvx] ] ’ (3.137)

) ] > .
Substituting the results of (3.131) and (3.137) into (3.123)

leads to the thir. order mixed condensate projection of tHe

quark-gluon-quark vev.3-_6'38 =

‘e 3
) 19 <y a > - =L 33chocu> P | st (y-2) 2y o (y-
> wliz)Au(w)w](y) 111 1536 A~ <poGy 24 iw cjk(y 2) ka(y z)
ew(w=2)2(v- R | {3.138)
. .+ Yj*f(? z2)*(y z)u le(y z) wel(y=-2) ] i '

' Collecting the results of (3.138), 13.122), (3.113) and (3.108)
gives the final -expression for the mixed condensate projection of the

- -



. /- . tr . : . '\y ) .
S - . 'J\
<$(z)A:(v)W(y)>.vev, valid to third order in the covariantized Taylor
' 36,38 ' '
expansion.

5<®l<z),\:(w)wj(y)> = —L—2\clocu> [w)‘c’;';’

2 _ 1536
.
E.[._ AAu, Lo A, .8[ u A ] *
T2 L e Ojkykx(y 2l e wily=2) Y)lgBA ‘leguB .
- :
o
) 2
o )\ AL 2 A Au ol e
1o [2u O]l(y z) (y-2) Ojlu (y 2).
A _Ae €
w Ojl(y z) {y z)Ll ]
- ‘) )
3 .
m’ [ AR 2y . oy e 2
+ 54 | &% Ojk(y z) Yklry z2) + lew(y 2} (y 2)u
- Yl;l(y-z)zw'(y_-z) ] + O(m") } (3.139)
\ .
.$
4
/ ol - .
- '.
R S~
e
. \
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_given by (3.28),

3-6 Gauge Independence of the Mixed Condensate. Component of* the Quark |

-

Self-Energy and :hé Dynamical Quark Mass ' *

The lowest order at which the mixed gondensate can contribute to

=

the quark self-enerqgy is at order g3. As outlined in Section-3-3, the

amﬁiitudes which contribute to the miked condensate at this order are

1€3.29), (3.30) and (2.10), corresponding to the

diagrams <%n Figure% One, Four, Five and Six\ To evaluate the mixed

condensate component of these ampl;tudes'the <YOGY> projection of the

non-perturbative vev's <5(z)w(y)> and <6(2)A§(w)w(y)> was re
t }

ired.. In

Sections 3-4 and 3-S5 tﬁe @ixed'condensate'projection of thege vev's was

. - -

explicitly calculated to order m? in the dynamicel mass parameter,

respectively corresponding to the fifth and third order expansions in

the cqovariantized Taylor series. - 8

" The mixes condensate component of the quark self-energy can now

: be calculated by substltutxng the results of Sectiens 34 and 3- 5 into

the amplxtudes of (3. 28) to ‘(3.30) and (2.10). First consider the

amplitude of (2.10), correspond1ng to Figure One. Substituting the

expansicns (3.98) and (3.99) for <$(z)w1y)> into (2,10) leads to the

following expression.

- 4

.
-

185 (p) = ;g Jd“xd“yd“z P L (t0biy))> ¥ ot

i 1]
F T

P <WOGW>

—

2

x [ [‘—y"z‘q“ - il(y-zﬁ] - Tyety-zry-a? ‘

€!ET m’ N
4+ —=—ve - -
6¢Y (y z)(y-z ’

+ m? [ny (y z)2 + -(y zf]

. ) '_--'—‘-..‘ ’ [] L
, : a_ (Y'(y-z))n +'m% b2 YEZTOEL(y_z)Zn
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. [ -

. x yVA <fr('u(z)6(0))><T.[A:(y)A3(z))_> '(33140)

e . R -
/ ‘ ‘As-demonstrated in Section 2-4, contributions to (3.140) from objects of

. - 4
/ the form (Y° (y-z))n are zero for n>1, i;g:lying th_at {(3.140) may be’

written as. . . -

o

A 148, (p) = { [d xadtyatz e PTX <rlux)biy)) > yHA2 ﬁwo«sw

| E.T 1 2€T' 2
b4 - +—l . - <+ « v e -+
. [ Yy 2 CET LY 2 Oe_[(y z) m

’A . . r - .‘2n €T )

. - -~ -
. - x_y"qu(wz)@(mb{T(Az(yms(z)b e ({.143,\3,,

» - r - LN

I - . A . . S:
Using the techniques of Section 2-4 the integrals in (3.14]5) cansl

- . - ]

-

reduced to deita functions by changing the variables of integratf%- - '.'f/

For a generalsterm in (3.141) the amplitude thus becomes

-
~

> p+m . ’ -
: 14s (p) = 1g2 === <pocy>’ E b, m2n 3 Lz d4(y ~zyatz ot PTYTZh
1 3 288 n=0 pf-m? R )

- -

- .-
-
-

o . *z U €1 2n v ([ ' okt
- x e'PTFy {((y-z)+z) z (y=2z) OET]Y I_(?T?TE

k2+1€.
-~ RS

- * u V . 4 . T +m
. , . R\ _ k k d T -1Te2 - L i
/L . b X [ g -t (1 5) kK23+1€ ] J(zn)ﬁ e Tz-mL!+1_€ ‘. (.3.142)

1 ’ -~

The (y-z) and z integrals in {3.142) can now be performed thréugh the
T “use of (2.76) . .

t e
2n!sm Lt

-ty Y Y L v o
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3 32 ]n Uv - u \)]' 3 [ p-ﬂnL ]
=1 2 |- hadtr ~a) B R 1 ¢ (3.143)
' dpe [‘G'p MR pplpim J 1. ‘

Only the n=0'term in (3.143) will be non-zego after the equation is

- L)
. | simplifiéd. To see this, consider the following expression with nzl.
- . . +m .
u v_3 3? }n HY ,Ou%v] 3 [ prmy, }
Y ‘GETY 3o [ [——?3_ j ‘“:‘. + {1l-a) o o —:—H -
. £ T L
r- ’ uv i :- p+m ’
2 m .
v d !
i o=y vi[—av] [-%—*u-a)a-?—u————:—r‘z]
. N €T dp_ | ot : [ dp_p-mS
. i € T L o
U v az n Y ) u v ] 32 p+mL ]
. ‘ST - ———r (3.144
, S L
~ ' . 3 * ’_
The second term in the above equation is zero, since Oc ¢ is,
i antisymmetric in €,7 and the derivatives are symmetric, The Dirac
identities S ‘ :
? . .
u _ uo_ - - -
Yo, = o,y =73y, *3.145a)
- . Q . e f;tr‘}‘ { \
U . . . . . . , z B .
YYY, R ey L . e T a0
N v z . .
., ‘ - = . J.A ‘ "5
and the results contained in (2.80) and (2 8ij.. n,ou be used to
. R -~ o .
simplify (3.144), ) R -
. _ . , R Prun
.’- (f_
¢ ’ (& yP o WV WV pm -
. YO Y#[’a—rl [-g-r+(1-a)2-f— —a—[—z—! .
.e\j" P . P T
N .11 - Fuv e u v LBy
32 )" MooV 3 - : ‘
4 2 [5? Y %Y 3p, 95"_ 4Lp€_"] dp. pz-m2
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R a DV e
{1 \V ] R
Y 0¥ [‘4(guvpe+iuepv+gvepu) + 24 ] T
< ’ _—
( n2l) ' ' (3.146)
. i i . ¥ .
‘N 'me above result shows that the series of (3.143) truncates after fthe

f-a.rst term, leaving only the first te_m of (3:141) to prov:.de a ; "'

) non-tr:.v:.al contribution- to the quark. se].f-—energy.3 »38 .Evaluating this 1._
o ~ : 36-78, 48 v ' ‘
term leads to the following result for the U(g?) mixed .
condensate contribution to the quark self:er{ergy. - ‘ P

o : e e *y @2 <PoGY>p(i-a) N . -
' 188 i(p) = - (p + mLJQ-—‘k‘Eg’—;E—z—,—%p (p7-n?) _ ¢ (3.147)

»

1 - The ,procedure for evaluating the mixed condendate contribution

-

Srom amplitudes (3.28) to (3.59) should now be evident. - Results for

the <YOGY> projection of <lTJ(z)A2(w)lb(y)> axe substituted into the

amplitudee, and the‘ integrals are _reduced to various combinations of.

-

) derivatives acting upon propagators. This leads to a truly formidable
task of algebraic manipula.tion .w‘hich for higher order terms in (3.139)
LY - -

quickly becomes unmanagea.ble *if the c_alculations are done marrually.. . The'f

symbolic manipulation proqram REDUCES has‘ therefore been used to

- P

/’\* evaluate the- amplitudes of (3 28) ta (3.30) , with a manual check . '

p'erfomed upon’ the lowest orderk(lead, ()(tn) and O(m3})) terms.
,

..

REDUCE has' a bu.ilt-in facility for handling tensor indices and

. Dirac algebra., but has no intrinsic ability to differentiate with ™~ ¢

s

respect to four-vectors. "rhia is not a hajof¥ difficulty eince REDUCE‘.

' can be taught .additional rules for difrerentiation. However, RE:DUCE

] s .

. ) must be taught the differentiatip_n rules in a certain oréer, a prog:edure'_

which, will now be outlined. After defining B, U, V to be VECTOR's in )

. " - -
. ~ -
v, . -




- - ._. " . -
? Tat : i .
. REDUCE, the following rules .are defined. i .
R - A 1 . T - - h ',,
) - - - L . u .
- DF( P.U,P.V) = U2V ° [translation %& = gm) ]
v ' . . p\) .
) , . ' . 3 2 u -
DF{ P.P, P.U) = 2*P.U translation _P—B = 2p (3:148)
” - s pu -
¢ - .
. ' To begin the evalnation of the amplitudes in (3.28) to (3.30),
the quark-gluon-qdai';c vev of (3.139) is written in the form \ .
- v : - - ) .
. . LT LT ) ) v
29 ¢y 2 Iy = —— A%< > - : 4
> lb(z)Au(w)lb(y? 1536 e \DGGll’ C (y z,‘) (3.149)

ailowing a shért-hané notation to be developed €or the <Yocu> comiaOnent N

of these amplitudes.” . T o ' : e
L ' ." b. s )
. a 2,C -~ , N . .
' . _ 2 AAAA o >J 4 4 4 4 ipex - 5ot .
o | 1bs,(®) = g (2)1536 <bogy> [a"xaya'zdw e T(\D(x)lD(y.)T Y
. : L x T (W(y0iz))> Y\)Cu(Z'_‘\'n",y) Y’ <1 (w901} > <T(A:(z)ag€w))> (3.158)
R U o .
. ' L . . . - - . ...
LR ” '
, . - . ~ .
O - - _ 2 A2ACAPAC >J 4 4 .4 1p°x - Y
. .mss(p) g ——14)1536_.WGW d xdyd zé w e T(W(x)\v(y.')] Y )
-',‘ " . [ ] . )
: Yy - - p - a b
X C (y-z/wW) ¥ <T(W(z)P(wI}> Y < (brdo])> <T(Au(y)Av(z))> (3.151)
~ ) - n. ) A . - L.
- - NP ,xxx >I4‘4 a_ .8 1PX ofuinbiv))> Y
] 113'56(;:)' g _”(2)1536 ehl woc;w dxd yd‘zd w e (W <) Q(y ) Y .
. . . a 'h b, .b -
‘ . Xa<T (A" (¥)A (w))><T(A (w)A (2)])>
Lo- N » (uy‘\oy.] (\J A ) . .
« ) . ' -
»
3 f . -~ -



[} ‘* - | :’, : . - . )
) e . . . . o
8 [ ey tymzew) = 3¢ (y-z.w ] ¥V <r(0(2)0(03)> :
. awo A N a A fo) . o
. I . . . | . ’
* 2Aaklx h -
: FoUULS o
(2)1536 éh1<“’°‘?">Id xat yalzate e
-~ ,
. = . * . -, - -’u -a h . _
) X <T(w(xw(y)')>.7"T(Au(y)ﬁp(w)l>ZCA(y-z,w) . . (3.152)
@ > .

- - . .

a e. b . 3 b : p \Y) -
X [3‘70-<T(A/\(W)AV(2)]>.- Efr(A;(w)avu)b Yy <T(W(z)vL0))>
p . - ~

—
-

) The above equat:.ons are s:unpl:.fied by sh;ftzng t.he ’i.ntegra\l.on varla.bles
‘ -
. . 0 to (x-y), (y-w). (w-z), z from X,¥,2,W, pernu.tt:.ng the mtegratlons to

e

be performed. .Lolour, algebra result‘,s which are also needed are

-
L]

, ) ‘ ‘ . . . ' ’ ) .
c,b,c 2 - -ot

WA = - 22 ; S .- (3.153a
and ‘ hy ‘.. ‘.
. ) R . .“’ . - D ‘)'!.'. “
’ .
LI g . e (3.153b)
eah t o - ’
.- ] Performing the.fesulting integr is in (3.150) to (3.152F with the N

assistance of (2.76), using (3.153), -and recalling the p'ropaqators from
-~ ' . i 4

- 3 )
(2.12) and (2.13), allows (3,150) to €3.152) to Pe writtep as operator’

I
e e ,

egquations. ) —
At .’ ." . i
2
. o - .8 - 3 18,8 ,3 ]
- 148 ,(p) (9)1536 ~VoGw> So(pfmn)cu[iax * 3 ['aq'+.ar*ek ‘

. o
-~

x [Yuso (q,mL] Yv( Dirac matrices from cu ) szb('l‘,mL_] D
' I (3.154a)

vo.(k) ”k"CI’T’P s
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. 'Eb 3. 3.
1Ass(p) = <m0Gw>$ [p mﬁ]coilak ’ ;55]

X [Y”[Dlrac_matrices from CQ) szo(q.mLTgpsbgmhnL)D

N

4

3
olormy) *u'[ s catysnn -
[N R

} x [Yvéo(q.mL) D

_ 8a?
1A86(?) 1536<\1)OG\D> S
[ d . ) P )
19k 13T ' 13T 13g
3 3 9 -9
_* 2CX[13K-+18T " 19T 19q
o

] [ YYS_O(q,mL) D

-

up

-

(k) D

up(k)

VA

e

’
A,

pul®? ] |¥<=<:FT=p

(3.154b)

(T)
.\A . vA-'
LT -
'T:""I:P
- (3 155)

The expressions in (3.139) for the <UoGU> pro;ectzon of <W(z)A (w)w(y)>

* can now be substituted xn—the operator equations’ (3 154) hna (3. 155).

REDUCE is then used to perform the’ algebra, leading to the results”.

~

185, (p) = (p+mL]

iASS(p)

1AS tp) =

+ m4m p + m? 3p(l-a) + m?3

'

= (p+m )

"4
M

a?<yoGy>

288p (p -mL)

-

92<@ocm>

288p (p -mL)

——

+ m2 p(1-a) + md(d) + O(m*) ]

[pl2etemi) 0

(0) + O(m*)

2

c

[~-pp’<1-a) + m2p(p¥m; )

oA

.

q? <g£oc;!“>
L] 288p° (p -m - §h 18a)pp + (-45- 9a)m p

36,38

we

(3,.157)

L]



- B e M S -~ h o v a .
.~ - N

] ) 11
\'. !
. _ __18a 6 Y I 2
- oo {m-m_ ) [ ?ng p° + m p'p) ] + m (45+9a) (p* + m pp?)
+ m? [-(45+9a)(pp2 + mLpz) ] ’ : )
-~ -
+ m> (45+9a) (p? + mLp] + O(m*)- . (3.158)

L
The amplitudes  of (3.156) and (3.157), which are generated by the

abelian graphs of Figures Four and Five, are zero for the order m? term

of the quark-gluon-quark vev. This behaviour is suggestive of the

- . truncation"dbserveq in the amplitude (3.147) which is also generated by

an abelian graph (Figure One). The apparent failure of the non-abelian

graph of Figure Six to truncate is better understood when the

self-energies are idenfified in (3.156) to (3.158). Using the

‘definition of (2.74)°, the self-energies of (3.147) and (3.156) .to

- g (3.158) are given by36'38 ) .

Y2
. 2.7 * (p? - m p) .
/ - _ ig<yoGy> | 8(l-a) L .
Zl(p) = 288[.)'. { pz _ mr'i (3.159)
L 2, 2
T (o) = - iai<POGY> [ (1-a) (2P +"‘L)( 2 g
4'P 288p"° (pT-mH7 poomy
‘ | ) (p%-m ) - (p*-m_g)
+ m4m, —r—35—7 + m? 3(l-a) —r—¥—= +0(m") ] {(3.160)
) L{(p -my ) (p -mL) .
- - t . , . ( 2 .l \- . )
- : 2<- > p _m’p . -
I_(p) =-H—mgw—[—(1—a)p2—z—r}‘r+m“zair .
. 5 288p" (p -mL.j pi-ms ‘ )
. . ' 2 [ ’f ; .
. (p*m g) Sy -
o m?(1ma) b 4 o) l o . (3.161)

P -mL) ' : | .
-~ - '- ‘ \ » ,




—

* i) 2 ) -
2.7 (p%-m_p)
L (p) = -w -9(1+a)——1——L:'— - (m-m )—1:'8'@'%‘
. © v - o] -mL . L' p -mL

288p
' ' 4
) m‘ -mz m3 u.
- 9(5+a) |1 - ;g + ;7 - :;?’ + 0(m*) . (3.162)

To proceed further, it is assumed that the truncation of the
0{m3) ;erms in (3.160) and {(3.1lol) continues for all higher orders,
consistent with the behaviour of (3.159). Secondly, the alternating
character of the series in the bottom line of (3.162) is assumed to

continue, accounting for-all second and higher order contributions in m.

This implies that the abelian contributions (Figures Four and Five)

1

truncate after order m3 while the non-abelian contribution (Figure Six)
generates a geometric series in mp/p3. 'Under these assumptions, the

aggregate order g3 mixed-condensate component of the quark self-enetgy

6,38 - )
becomes3 3 ‘
g . N ‘ .
= = 1L<WOG\D> 2 - 2 ) ; -
Z(p) 288(p7—mi)2(p2-m2)? [E(p yp + F(p?) R (3.163a)
E(pz) = [(ZO+16a)mﬁ'+ (47—9a)m] p" ,
+ [(.—16-20a)mz - 96mim + (-24-l2a)mLm2 + _(—2+1a.,);nk] p?
‘ “ 3 ;‘ : 23 ) W)
> . + (45+9a)mLm-t(16+20a)mLm + (6-18a)m'm” + (4-4a)mm J
. ’ (3.163b)
F(p?) =

(—65—7a)p€ + (106420a)m§ + 4mLm + (24953)m2]-p“

_ N R
~l -

Pt PR

,

(-45-9a)m; + (f16-24)him2 - 4mLm3 M (”4‘44)m“} p? . (3.163¢)

112

[



-~ R wviRa
< L

o

To détermine the effect of the <GoGw$ condensate upon dynamical

mass generation, ‘the effective quark mass must be obtained.. As in

Section 2-4 the inverse propagator is | - -

s, . . - X

. -

N ‘1325%0G¥> > 2 ]
- + E + ) .
¢ LT 2 P -mL)~(p -m°)p ['(p {p ‘e

—l - _ _ =
SF-(p) = p " Zip)

iy
r
~
L4
—

g o ) : (3.164"

Removing the total coefficient of g, which is then absorbed into a wave

) . . 54
function renormalization,

identifies the effective quark mass.BB'38

. 2.7 2
(o) = 1+ 1 <YCGUW>E(p*)

- 2 . l
288(p2—h§i7kp7-m2)p“ [D M(P.)J ' -(3.l§5§)

r

. *
o 12 <PoGY>Frp?)
- L 288(57?m;)2(p2-m2)p“
M(p?) = .

= < . (3.165Db)
- 192<Q0_G‘b>5(p2) ‘ :
288(p’-m§)’(pz-mz)p“ :

If the mixed condensate corrections to the quark propagator support the
L4 - 2

quark condensate result of Ckhapter Two, then

»

the pole position of
\ < .
(3.165a) must remain at g=m, implying that

’

lim M(p?) = m . : : (3.166)
p?+m? ] '

’ .

. . A .
* This'limit is now taken in the tffective mass of (3.165b), leading to
the constraint .

.
’

. (3.167)



[

"This constraint is satisfied for arbitrary values of both m and the, ) 3{’7!
P . ' - 36'38 . ;g ~ -
gauge parameter "a", since (3.163) n'nplxes that . »__57“,

- -~ ° <

lim mE(pz) = (45+9§)m2[m2 - m;)z =  1im .-F(pz) . (3.168)
pz_,mz A p? +m? i

-

. - . N . L

Thus the mixed condensate contributxon to the quark self-energy sup’pgtts

-

3 cauge independent propagator pole at g=m, providing ev:.dence for the' : /

stability of the dynamical mass under corrections from higher A5 o
: ‘ 36,38 . : X -
dimensional condensates.: ~ :’ - ;
- ’ ‘~,.l

. - p

dynamical mass. 1In earlier work cons:.denng only the flrst }:u‘& orders ,
,: g b . ]

in the expansion of the quarl_c-quark-glimn vev, it was found.;”ﬂ;at gauge

- ) 7 H
L and m be equ:Llibrated.3 ~48 ;This " Voo

independence required that m

A

, ) . . : )

conclusidn” was gue€stioned \;rhen plane-wave methods were emp;éyed ? A 2
calculate the mixed gondensate component of the quark self‘-ene'?g'y.

Howkver, the analysis of th:.s sectzon {see’ references %J Suld

resolve the gquestions regarding the m.xed condensate's et‘ﬁe&‘r

3
]

> . A A

dynamical mass generat..xon.\ . , ‘ . ,o e ™
- - 4 .

[P

The non—a.belian graph (F:.g\re Slx) plays an ,rmp&.u;:ant rolé in B

permitta.ng m to remain arbltrary In a "toy" theor*"which does not

A

/
o

2o,
have non-abelian couplings; leaving only the contributions from E‘igu%
One, Four and Five, it is not possible to have aagauge independent .

T

prom i:ole without equilibrating m and m.‘ This sugéeots that t}hé' <

non-abelian nature of QCD allows distinct gérem: and con&tiutuent mass

f-’

...

scales to coexist without compromising gauge Lndagwdeﬁc'é,// It should " -

-
]

be stressed that ‘the assumptions mai‘lé regarding the trufncation -of e ‘i
. B . e

- . L] . - ‘ /

T e L e <3 s
£ e " e I R
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-

the abelian graphs beyond order m’, dnd the hypothesizel form of the

ordey g"!ﬁacgigher-order~£erms from the non-abelian graph are cruc:ial

to this conclusion. .

In summary, the lowest order mixed condensate contribution to the

] ) -
quark self-energy has been explicitly calculated to order m?® in the

- _ . .

expansions of <y(z)yly)> and'<w(z)A:(H)w(y)>. The results were then
. . 4 -

ektended to all orders in m by.assuming that the truncation of abelian

graphs continued beyond order m3, and that the alternawing character of

the non-abelian graph accounted for higher order terms. The resulting
. ) - ‘
self-energy was found to support a gauge independent mass shell at g=m,

independent of current mass value. The failure of the mixed condensate

to shift the pole position from thé P=m valye observed in Chapter Two
suggests a stabjility of the dynamical mass under corrections from higher

'dimensional condensates. -This behaviour indicates that a physical

hierarchy of condensates mBy exist, based upon the order of perturbation
theory at whach a condensate‘may first enter the OPE.

o
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CHAPTER FOUR N

QUARK CONDENSATE COMPONENT OF THE GLUON SELF~ENERGY

[ o *. . d
.

—

4-1 Transversality of the Gluon Self-Fnerqgy

L 4
In this chapter the lowest order quark condensate contributions

to the gluon propagator will be calculated. Motivation for the study of
this problem was originally provided by consideration of order 94
{(one~loop) corrections to the guark propagator, as illustrated in Figure

6 . . . .
Seven. © The order g3 correction to the gluoh propagator, which is a

sub-process of Figure Seven, will thus determine the gauge dependence of

these higher orde; corrections to the qugrk propagator. In particular,
transversality of the gluon self-energy will guarantee the gauge
independence of the two-point amplitude of Figure Seven, since Fhe gauge
parametexr appearing in the longitudinal partion of the gluon propagators

vanishes when combined with a transverse self-energy.

r

Traﬁsversality of iheuqluon self-energy is also required by the

symmetries of the QCD Lagrangian. After.quantizatien, invariance of the
[ 4 .o
o ° e .
effective Lagrangian for QCD 1s described by an extension’ of the gauge
. '. - "

-

¢ v ) . C 61
symmetry which'is known as BRS (Becchi-Rouet-Stera) invariance., This

. . . 62
sy metry places many restrictions upon the QCD Green. fuhctions. For

the gluon propagateor, BRS invariance demghds that the gluén self-energy
R N * . 4
is tran3verse, a:property known as the Slavnov-Taylor identity.63 Thus

if the SU(3) gauge symmetry of QCD 18 to be paintained, then. the quark

con&%nsate cémponent of .the gluon self-energy mist be transverseé.

-

. -

116
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One loop, order 94 correction to the quark self-energy through -the

guark-quark vev. -
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Consider the OPE for the gluon propagator, ‘whiéh has the form
. " 3 .

. ab 4 ip*x el b - <
muv(P) = Jd X e <0_|':(Au(:x)l\v(0)) |0>_

=

O - b _c _c
. b I W, . ab FFE ab, € >
= &2 Cu\)(p) + Cu\)(p) §7 > + Cu\)(?) 6_ FAG- A\G
+ higher dimensional condensates . ' (4.1)
N e e . L :
The lowest order contribution to the Cu\)(p) coefficient in (4.1) is

‘

. N
represented by the vacuum polarization diagram_in Figure Eight. THe

»

amplitude correspondirig. to this process is obtéined by Wick e:f_pan'ding an

o
expression similar to (2.§), leading tos the equatlon39 .

e ab 1 ;0.4 4 4 | 1p*x e,
[ = == < X >
14D g (p) 59 Jd xd yd ze T(a ('x)\u(y)]

(2

x Tr[ A Y T [0y 002 ) > YOA <y bz )2 <'r'(A:(::)Ag(O))> PR € 3 B .

- .
”

where contributions from all quark flavours are inciude%

The non-perturbative content of (4.2) resides in the vew

-

<hly)U(z)>. The guark conde‘nsa’te component of this object is

2 ' ‘ )
translation invariant, and in Section 2-3 was detem‘iried' to all orders

Y

‘g .
in its cbvariantized Taylor series., Shifting-the varia@vnf
- 3 <

. o
integration in (2.4) to (x-y),(y-z),z from x,y,z and usi\- the basic
- form of <D{y)¥{z)> in (2.69) simplifies (4.2), ' _
¢ ’ ' Ve

a3

R 1b : a.h 'au 2ot - |
%ADGB(p) = -“;qur(A ) -Jr-r + (1--1)%{)_ "

o 4 .
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3, a8 g
x Id4(y-z) Q1P%(y-2) f dg__-ig*(y-z) .

.. - (2m)
*on " q+mL_ v - v - v B .

x Tr{Y Iy <w(y)w(z)>] 1{~9.;; + (1—a)9;% . (4.9)

. |, L ) :

*

where the free-field propagators fram (2.12) and (2.13) have bekn used.

-

The gluon self-energy HES(p) is defined by the following

- . 4 -
expressjon : .
& -
N . b - N .
-‘ ab . abh . B - "ab A ~ . N
. 1Duv(p) id »uv(p) + “”ua(p) .Tfas LDBV('p) AR . (4.49) .

-~ R . .

. 8

/

where Duv6ab represents the free gluon propagator. Using (4.@) and the
. P N

colour algebra result Tr(kaXb)=26ab identifies the qldon self-energy in

(4.3) as . " Co

rab - g1b N .
'lu\)(o) z Huv(”) _ f4.Sa)

..
-

3
~ab *(y- Slye iy .
¢1av(p) = -qzédb(d4(y-z) atP (y-a) J_df_g_c L orIt ) -

u } (2m R .
- “§ 87
) p My . : :
X Tr|y ;7::2Y <¢Ly)w(z)>] ' (4.5b) L
n .

3

where dnly the quark condensate compohent-of (4.5b) will be extracted. ‘ s

The <l¥> projection of the <G(y)W(z)> vev is obtained“from (2.69)-

e

- A ¢
by interchanging y.and z. :
- ® . .2n ” -
’ Wy = 2efu> § oLam™ )20
3 (2n)! .2n
n=0 N
o . ® + .
. - l(%) E . (-lm)zn ! b S (y-2)ly- )2n \/

3 (2nel)r  oney TUiYTEM(Yo2 (4.6a) .

g T . n=0




’I
..

. a - )

. 2n 1 (4.6b)

. (2n)! n!({n+l)14 n e "
b. - . .
20+l _ i e . (4.6c)
(2n+l)! 2({n+2)!n!4

.
- -
~ .

The mass, parameter m appeafghq'in (4.6a) was determined to order g? in

Section 3-2, Vith the result m=mL+0(g3). Thus for the lowest order

contributioa to the‘gfuon self-energy, the -Lagrangian mass m_ and the
mass parameter o miBt be equilibrated to the common value denoted by m.

¢ . " The grder g3 correctioms to m in (4.5b)-can only be consistently

included with processes such as illustrated in Figure Nine.

¢ - Equation (4.5b) is now evaluated as a power series in m by

substitutfng (4.6a) for the <E(y)w(z)$ vev, and by expanding the

-
--- propagator (with m replaced by m) as

1 1 s m? )’
L1 7 [__2] , | . _ (4.7)
g -m q - q
. . 1=0
leading to the following expression for Huv(pi. « ‘

~

: iy e - & - . - -
n, (o) = ‘92Jd4(y-z) eP Y ”J—d—%— eIV Ly

{2m
- . ’ — i
. - ® ¢ yy3, ® , .20+l
. VA m 1 . 2n (-im)
x - [ - - ———————
. [ Trry dl"z [E’] 3" g Yo ly-2) (y=z) {(2n+l)! b2n+1 J
. - j=0 n=0 g
]
® 2y1] ® _.,2n
S, + Tr(Yqu) Z ET] -£5 Z (y-z)anTgf%T—aZn . (4.8)
j=0 '9 1 9 puo- ,
® b

_Expansion for large p2? has been carried out gincé this is the general
' )

range of validity for the OPE. . ) -
J ) '
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The aggregate coefficients of m are collected in.(4.8), leading to a

- -

series represéntition‘for ﬁuv(p). o

¢ A ]
-

(- -]
. - _l. 2.7 2N+J. (N) .
Tue = -Jef<i> NEom Ay (@) - ' . ’ (4:9a)

P4

L] - s - L : -—
n&g)(p) - fd4(y—z) o'P (y-2) I d°g e 1d (y ?)

12m) )
, o
N 2n+1 -
_ (SNRY Yely-z) (-2} _.,2n
X [ Tr{* 4y Z (2n+1)! 2N-2n+2 (Y%l Pooiy ]
n—o q' - . )
I I o O S Rk
CrTe(yiyd) IN-2n+2 22n | . (4.9b)
n=0 (2n)!qg }

.o~ .

* Consider H(zl(p) for the speciai cases,df N=0,1, representing the
. . - ) " N . .
coefficients of m, m® in (4.9a). Using the values of a, , b2n+l~from

2n

. ~
(4.6), evaluating the traces, and performing the integrals with the

assistance of (2.98) leads to the following expressions.39
. \ . .

. [ - . -y ® - -
J-[(0) p) = Jd4(y-z) elp (y-2) j dg 14 Qy z) | .

uv (2m)
: b NV T ) uovy 1 ' © (4.10
x Lxr[y Ay Yo ly z)_]Igay + ?r(y Y )Za? (4.10a)
TIRY . - ' )
(0} 1 uv

- - 2.@- . . 4.10b
Mo (P =37 [.g P ] _ g : (4 108)
) L .

. HLl%ip).g qu(y-z) eip'(y-z) d'g o iac(y=2)

uv _ (2m) )

-

x

2"
[TI[Y dY Ye(y=~ z)leq 192q Y dY Yo (y- z)(y z)

+ Tg(Yqu) [';31 32q (y z)z]] - (4.11a)



(1) a [ w pYpY y
\ = — - E_E— 4.11b) ~
nu\) (p) 3p [g ’ D ] - ¢ ) ).\-
The values -7 . !
. .

Qa Ay . . .
e (YWY ) = 4[gukgvg‘_ GOAGHY . guagvk : (4.12a)
.Tr(YUYVQ = 4guv - | (4.12b)

were used in the simplifiagtion of (4.10) and (4.11). T

The results of (4.10b), (4.ilb) show that the lowest .order qui'rk

condensate component of the gluon self-energy is transvexlse up to ‘grder
m®. The general case of N>lsin (4.9b) can now. be calculated. -
. . * . ; “.
Performing integrals through use of (2.76), and su.bstitg}ing the traces ’
from (4.12) leads to a general expression for HL(::) (p).
(N) LA va ai_pv T JRVEN
M, (@ =499 -9 g *+g 9 -
f: -
. . EJ b2n+1 ] [ 32 ]n pa ?
: ’ p) n
Lop (2n*1)t 3p, | 3p 2N-2n+2 ]
" N a . 2 N
fag™vy 2n 32 1 -+ (4.13)
(2n)! | 9p 2N-2n+2
n=0 P C .
cum » R L]
- . ' ’ . { 39
The derivatives apaearzng in (4.13) are easily evaluated for N>1,
<:5¢)
4"NI(N-B) ! 1 om0
Y ot (N=n)1(N-n=1)! 2N+2 ’
2
: [ L ,] A - > e
. 3p p2N—2n+2 | - .
0 i N=n#0 =~ ’ (4.14)
\ ..

PR
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i ‘ ~ .
( a A n
1 al RP 4 NI(N-2)!
) "lszu;;ng T N TR T8em) t(NCn-2) ! .
". . - ) HR N-n>1
a
3 [321" _»p _ _
apA[BpYI N-2n+2 | © 3} N-n=1, a#0
o
’ L 0 3 N=n>1 (4.15)
’ Substituting the above results. into (4.13) gives Hf:) for N>1.
N, o da Nil %2n _ a"Nr(n-1):
pv P 2N+2 | £ (2n)! (N-n) ! (N-n-1)!
) P n=0 (
- . Niz 5 ®on+1  aNren-2): |
. n=0 (2n+1)! (N-n) ! (N-n=2)! S
- ) &
' o Captp” V5?2 Poner a™hner vy @16
2N+4 L (2n+1)! (N-n) ! (N=n-2)! -16)
P n=0 :
\ " The values of the coefficients a_ , b are recalled from (4.86),
2n 2n+1l .
. »
. simplifying (4.16). ) -
& 1
aM .y - g™’ Nil N[ N Jl . Niz. N [ N ] 1 .
v P17 Tone2 n) [n+1) n > n) (n+2) N-1 .
. . P | n=0 n=0 .
_pMpY Mo 2aeeny (N[ ' . (4.17)
. 2N+4 N(N-1) (n) |n+2 : . .
P n=0 .
The sums over binomial coefficients in (4.17) are tabulated, having the
- Value6-4 . N _-._ - - -———
- M * ’ A
™~ .
Nik N ] = 2 ' (4.18)
) |n+k (N-K) 1 (N+k) ! : ) . o v
n=0 ‘ )
¢ - " ,
(N) - / )
A general expresgsion for [ v (p) can now be obtained by using (4.18) to.

. M
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simplify (4..7).

a N u v

(NY (2NY12(N+1) 1 uv
d = - > (4.19)
LS 2 NU(NS2)T O ON+2 9 pE PN ;

~‘

Recalling‘the special cases of N=0,1 from (4.10b) and (4.1l1b)
reveals that (&.19) is valid for all N. Thus the eorder g? quark
y -
condensate Eomponent.of the gluon self-energy is EraﬁEyerse to a{l
orders in m. The final result for Huv(p) is obtdined by substituting

(4.19) into (4.9a).>°

L I (p) = 39; <YY> Eféz WY E (2 (301 (7 7 (4.20) E .
, v P T 3p2 T D 9 Woo NT(NER) p2 .

In summary, the order g2 gquark condensate component of the gluon

.
self-energy has been calculated to all orders in the expansion of
<@(y)w(z)>. The mass m which appears in the quark-quark vev was .

eguilibrated with ™y since the dynamical component of the guark mass. .
1

will 3nIy’contribdte at higher orders in g. This leads to a transverse

gluon self-enerqgy, satisfying the S&adhow—Taylor identity which reflects
- - - . ~~ 7 ¢

the symmetrlbs of the QCD Lagrangian.- The transversality of the gluon
: 4 - C )
_ self-enérgy also ensures that e order g <> correction to «the quark

self-energy in Figure Seven will be gauge independent. - Physical

>

consequences of (4.,20) upon the'gluon propagator will be investigated in

-

the next section.

a ———— : (“ . ‘
- il
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4-2 Physical Implications of the Gluon Self-Energy

The lowest ,order quari condensate contribution to the gluon
self-energy was caiculated in the previous section. The effect of this
self-energy upon the gluon‘propagator will now be examined in the

context-of gluon mass generation. Others have suggested €hat the gluon

~
.
-

condensate sets the ,scale for an effective cluon mass, which ther
-~ - Ne o
T .. ) 65’
provides a mase estimate for the lightest scalar c¢lueball.
. / .

Since the

.

s . . . : ,
guark condensate was igncreé irn these caiculations, it 1s.0f inter®st to

¥

determine’ the magn:tude of the cuark condensate effects in comparison

- . .

- .
with the gluondc ones. This s an impoctant consideratiorn since for
d "

3

heavy cuarks, a contribuction tc a ¢gluon effective mass of the form

. -

l12m<ui>/p? s of the same magnitudé as a gluenic component of QQ<FF>/ﬁpf

- v
Tc determine the effect of the gluon self-energy on the structure

of the gluon propacgator, the functional behaviour of the infinite series

ir (4.20) must be determined. The okject [ (p2?) is defined as follows.

¥ ' {
. (=" uv ) ] ,
Tots) B LR - cHY (g : (4,21a)
. \
2¢2 -~ T (am)i(ne+z) [g20F .
LTigh = Sppc> | S o (4.21b)
* 3p nog NU(N+2Z)ro {p J _ :

Investigation of (4.21b) shows that_the series- converges for

,

lmz/pz]‘:%. The infinite sum can be evaluated with ;he assista3Nfce of

tgbles,,66 leading to the exp_ress;‘.on39

3/2
N¢ 2>=39-;m<6;w> —-9-'1—{[1-45:] -1+ 6571
i? 3p 12m* p*
) - ‘ -3 .
2 2) s . .
O e

3
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. \\\;;' where p3>4m3, -7 ' -
3
If only Euclidear momenta are considered, then -t 2
. analytically continued to values of |p?|<4m3, which, i .»j
: . S - g?'- f*
' 2 2 - 2y3/2 .- 77
* 2y = I(-p?) = 2L <> | - o ] -1 &
Q) {(-p°) 3m Wy E%;y 1*-451 \ ¥5f 6 —x
: 4
am* ? m? -3 A}
+—’“:{‘1+[1+4—;] ] (4,23)
P 3\ Q
\‘:‘\ - - o -
N \\ N ~
‘The momentum regime which is of igterest lies between 500 MeV and 750 ) ,
: . . -- _ by . S . .
MeV, "the range of effective gluon mass est.a.mates.6 . In this region
- -
: m3/Q2 will be smqll for light guarks but relatively large for heavy
*  quarks. .-Defining x=Q3/m3, (4.23) becomes B
. - 2 y : Sy -3
- - 2 - -} 1 + 1, 4+ 1.4 8 3 3
Mix) —.—39m—<lblb>x-. -B(x+4] +1—5x *oxT vy x_+[>l(+4)
’ A , .
- N ' ) (4.24) a
which has the fcllowing asymptotyg forms for x large and for x small.
.. - : : ) 8 o .
- ] 6 . -
hd 2
no?) ~ - %QQ—<J;w> ;02 <<m? ; (4.25a)
) 4
[ ]
) 2 _ . _ i T
. S R -%;‘Q <> ' ;02 >>m? (4.25b) ]
. - . 4 . ¢ -~

Now returfl to (4.2la) and censider the effect of [l(p?) upon the

gluon propagSEor. In Landau gauge, the seélf-energy modifies the gluon

propagator, leading to the form |,

uv . pHpY .
D (p) = |.<gHV 4 L . j
p ' [ 9 p? | Ty . .(4:26)
* ~
% R . N L
- i -9
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.
Equation (4.26) implies: that [1(p3) cap be interpreted as an effective

] .
. -
mass9., : . ) g
- 'f

-

M2(p?) = - Rep?) ) : (4.27)

. »
In order to rigorously demonstrate that ﬁ(pz) will lead to an effectlye

</
gluon mass, it must be demonstrated that H(p?) :s don-zero at p2=0..
- -
However, singe OPE methods cannot be extended to such a low momentum
- .
value, only a compar;son between the s—cales generated by the gquark and

giwon condensate can be made,

In-the large Q2 limit,s the behaviour of (4.25b) implies that
M2 (Q3) approéchés zero, and the massless gluon of perturbative QCD is
recovered. _In Section 2<4, the assumption that,mass*gcales generated by

» b
OPE effects are invariant upon reflection from space-like (Euc:@to
- —\ .

time-liké momenta was made. Investigation of the bracketed expression

in.(4.24f reveals a function which is negatjue—foF all x, approaching .
. . « - e .
zZero as X becomes large. Comhined wi the negative values of the
- . N '
guark condensate, thi mplies that M2(Q?)<0, implying that a gluon mass

annot ke gg . ated by the qﬁark condensatge alone. ‘
Sincé the ;ffecc gf-;he guark cbndensate_contribu\ion to ;he‘

g{ucéysélf—energy will tend to suppress any mechanism which generates a

dynamical giuon mass, it is interesting sto examine whether it is still

possible to develop an effective gluon mass when gluon condensate

effects are included. The gluon condensate must lead to a self-energy

of the form . . ’ ~
. A“
nQ?) = -.aa -~ . (4.28)

;;ere 4600 MeV. At this energy scal¢ the contributioﬁs from <uu> and

' 4

* e ]
4 . / * ¢ :




~
& . N *

¢ - ’
<3d> will be negligible in comparison to (4.28). For the s and c
quarks, the contributions from (4.24) are

.

(27) (0.7) (250MeV) 3 (0.04) .= 7000 Mev3 (4.29a)

T ((600MeV)3) =
s 3(125 MeV)
M ((600MeV)3) =~ (27)(175MeV)3(0.95) = 10000 Mev? . ) (4.29b)
c I (1000M&V) . : -
' -

.
]
/

Thus the total quark condensate effects on gluon mass generation are

negligible in comparison with the gluon condensate contributions, ’
.. . a _a . . _
confirming the accepted view that <Fquuv> is the dominant parameter for

estamating the glueball mass.

~ - .
To conclude this section, the gelf-energy in (4.23) will be

analyzed for time-like momentum to determine whether unitarity is *
]
maintained. It is reasonable to assume that [i(Q2?) can be analytically ‘ *
continued to 0<p3<4m?, since in perturbation theory all integmals must

. .

be evaluated in Euclidean space via a Wick rotation and the final

Y

results are then continued to time-like momenta. For O<pi<dm?, 7(p?)
- : = 39 . v
develops an imaginary part which is equal to )

-

2 ¥ 3 -1
- - (x-4%  20(x-
Im M(p?) =2—3‘%<w>[4x"] Ptk del) x(x—eﬁ»m—yux-n’], .

LY

- N

- . (4.30)
where 0<x=p’/m’<1. To maintain unitarity, the imaginary part of [(p2?).
must be positivgy -which is indeed the case in (4.30) since both the

-

bracketed portion of (4.30) and the quark condensate <> are negative,

. .
» . ’ -
* The behaviour of the bracketed part of (4.30) was determined \\\Ns .
numefically. ) )
o ) ’ ¢
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implying that Im>0. This illustrates the importance of the quark
~ Y -
c?’ndensate's sign for the existence of sensible field-theoretical
results. .
- [
—_ a -
- _
[} - .
. ¥y
; A : -
\ .
- : -
-
: . ,’\ . 7 ' c
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® N
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4-3 an application te gCD Sum Rules )
‘ N
"~ The calcurhtion of the gluon self-energy in SectLon 4-1 is
'Viz;uaily ldéntical to a specxfic applxcat;on of the OPE to QCD sum

rules. «To illustrate thg, poxnt consider the eledtromagnetxc current

. . |
- for the O mesgo=. . :

,q‘

(4.31)

The important quantity for app-l\icatz.onS to QCD sum.rule,E is the two

~ e o

\ A}
point spectral function, deflned by

|
i ‘ - .

- s, s_f o : YLl KXY *
. TP a2
Ny - 4 1p*X 2 y pd
1 = <O|T(J QX)J . 4.32
o) (P ljd A LICHPY D)P N (4.32),

After substituting (4.31) into (4.32) and p‘erf'ormingﬁa Witk expansion,

ﬂ?v)(p) is equal to-

. .

B v . ~ . C . _ s Y
T = 2late P el Ve (o don) > Y <idtouior s> e o
) (0) 2 ’ . p !

! < (4.3 0

L4
The values of the up and down current masses and condensates are

virtually équall, implying that (4.33) can be written in terms of V(x},

representing a generic light quark . )

pp——
{
‘ ' < :
HU\) _ 4 Lp*x §] = Vv - .
(o) (P) = 1fdTx e Te] Y <TI0 ) >y <oftx )P0

.
L) .

(4.34)

— | ’
.The introduction teo “th'e QCD Bum rule for the p mesun is based upon the

treatment of reference 47. °




w
f

r
c e
o e

;‘:‘Ily -y ﬁjpservation of the electromagnetic charge. Thus transversality of
.

-

where contributions fréd higher dinepsional condensates and perturbation

theory have been ignored. C

ing the above expression with (4.5b)

reveals that (4.34) can be obtained—fron (4.20) simply by iénoring the

\_factor_of g2 and multiplying by three to account for the polour trace in

(4.34).

VY (o) = & nclu [ 28 gM

+ other dimension condensates

- L]

- » The transversality of the spectral function in (4.35) is_dgmanded

(4.35) is morq significant than in the application td\:fe gluon
self-energy, since even a small violation of charge conservation is not

anticipated, whereas it is conceivable that"SUc(3) may not be a perfect

symmetry of nature.

uv

The spectral function H(p)

) u v uv
(p) = |pp - pig M _.(p

v
m (P}

2
(o) )

which upon comparison with (4.35) shows that the

comdensate component of H(o)(p’) is

» . .

v
o 2 ém ot (2N) ! (N+1) m? N
- - < >.
n(p)(p .= g% NEO N!(N+2)! [F"] W

T 2NN+ [m2 )N
~ NI (N+2)1?

is now written as

a!'
P

25,28,47

(4.36)

lowest order gquark

S

(4.37)

Thé N=1 and higher terms in (4.37) have not been calculated previously

-

since mz/pz is small when (4.37) is applied to QCD sum rule

v

133



The spectral function is related to the ratio

- - ., 25,28,47
R=o(e+e-+ha§:ons)/o(e+e-omuons) by the dispersion relation ¥° '
5 2 . ? SEs
- 2
1 [Ty Bls) | My @™ (4.38)
/j 1277 o (sv@D* 3Q¢

where Q¥=-p3>0. Using the result of (4.37), the quark condensate

contribution to the dispersion relation becomes - '

. T=1 @ 2 yN
R\ “(s) _ 24 _- 2 NN [
- ‘< )',T -l — . (4-39)
Ods (s+gl)Z = gF ™MW \:Zo( NN {Q’] .

To enhance the contribution cf the p meson on both sides of

o]

-

{(4.39), a Borel transformation is taken. This transformation is

25,28,47

/]

defined by the operator, K B, such that

N
~ - 1 ) N d .. . .
B QgiTw FTET{ Q%) [551] ._ (4.40)
N =+ > . -
Q2/N = m?

- . 47
For tne function (s+3) 8, the Borel transform is equal to

-

~ -8 e-s/M2
B (5+Q2) = —-——28 (4.49)
) . T(Brm™ -
which leads to the following expression fof (4.39).
a2 2 ® N N 2yN
T=1 -s/M 24T - - (-1) (2N)! [ m
= < > bttt

) Eds R (s)e T mew NEON!N!(N*'-Z)! [:17] #.42)

For M3=(1 GeV)? the LHS of (4.42) is dominated by the O meson, and R can
' 25,28, 47

be estimated by the narrow width approximation.
N
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m . o A - B R i el

i 1
2
i
RT’l(s) = ']"gz—mzﬂs-mz) 3 m? = 0.6 Gev? (4.43)
£ Y] P ()
o s .
‘ . £2 = 9.6 <
Under this approximation, the lowest order quark condensate contribution
to "the p meson QCD sum rule 1s . -
- - @ N N
1212 5 -mi/M? _ 24m?2 < (1) (2N) ¢ [(m?
) = < > - .
- fo’ e P uZ MW VZON!N!(NQ)! M2 (4.44)
. N=

» -

Thus the quark candensate contribution to the p meson sum rule
»
has been calculated to all orders in the expansion of <5(y)w(i)>. The
spectral function was found to be transverse as required by charge )

conservation, a result intimately related to that of Sectdgn 4¢-2. It is

hoped that knowledge of the higher order terms in QCD sum

provided in this section, will prove useful for obtaining ac

estimates of the guark and gluon condemnsates.
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SUMMARY AND CONCLUSIONS

Quantum Chromodynamics can be extended into the non-perturbative-

regime through use of the operator-product expansion. This introduces

-~

the gauge invariant,-dimensionful obhjects known as condehsates into the
Green functions of QCD, leading to- a power-law dependence which lies

beyond the scope of perturbative methods. The OPE would not have any ’
W .
utility.unless the cofitributions from the condensates can be calculated

. -~
in a simple fashion, Fortunatey, for condensates‘ of smalls mass

~

diﬁension,'the OPE factors long distance QCD behaviour ‘into the

. 4 : .
. condensates afipwinq 4 perturbagive, erluafzon of the OPE.

- . L]

. ' Condensates ,originate non-pesturbatively, serving as a e
3 . . .

parametrization of the XD vac®lim. Hence tif existence of s
chiral-violating condensates impf? that quark masses can be dynamically.

generq;gd by the OPE. The gpndensate of lowest mass dimension which
: . s *
violatés chiral symmetry is*éﬁe quark condensate. Since the condensates—.

of 1owest dimension tend to deminate the OPE, the guark condensate 1is

.

expecéed to be foremébt in-determining the dynamical quark mass. Thus

the order g3 gquark condensate component of the quark self-energy was

ca%culated to determine the dominant non-perturbative portion of the
qugrk mass. : : )

To calculate a.uags';cale-tesulting from the quafk,self-enerqy,
the existence of a mass m must be inclsd;; in, all a;eas of the

calculation. The value of m can then be determined by seff—consistently

-

demandfﬁg that the sélf—energy generates.this mass. This procedure -

leads to a power-series in m for the qua:k‘pelf-enerqy, caused by ihe )
. ; . - r
corresponding expansion of the quark-quark.vacuum expectation value.

c .
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The result of this calculation is a series whidh truncates at order m3,

leading to a gauge independent self-energy at the P=n mass s@gll.

Further confidence in this result was supplied by a calculation of the

~ . <
quark self-energy in the light-cone gauge. The on-shell value of the
quark selféénergy was found to be identical in both the covariant and

noh-covaxiant gauges, a condition which must be satisfied if a mass

-

' scale derived from the self-energy is physically meaningful. The gauge

-

. iﬁdépendence of the self-energy proviges #ield-theoretical support for

'thq concept of a running dynamical mass and the associated value of m.

-

{%ing estimates for the quark condgnsate, m is found ¥o be approximately
° ' ! ¢ N

ol

300*MeV, a value in excellent agreement with the phenomenology of

~

constituent masses. =

s s " -

) Higher dimension condensates can also contribute to the quark

-

self-energy. The ohly other condensate which leads to an order g3

correction to the quark propé§ator is the dimension-four'éluon

g .
condensate. This condensate is associated with the quark string tension

and is thus expected ;o_be important _in the context of confinement:

/
However, the chiral invariance of thé glﬁon condensate suggests that a
dynamical quark mass will not be developed in the chiral limit. .

Explicit calculation of the order g2 gluon condensate component of the

v -

quark self-energy, valid to all ordng in the expansion of the
gluon-gluon vev, revealed a self-enefby which vanished in the chiral
limit.’ | _ o

Tﬁis behaviour éuggestg that for light quarks the parameters of
confinement and- dynamical mass generation are decoupled. A reflection.
of this is observed when the gluon and quark.cohdensate effects are

combined to obtain the entire set of order g2 terms in the OPE. The
% .



-

contribution of the giuon condensate to the dynamical mass scale m was

.

then found to be negligible for’ light quarks, shifting m from the

’

chiral-l%miting value by an‘amount equal to the current ﬁass mL.
Conversely, for heavy quarks the quark condensate is unimportant, while
the ‘§lucn condensate contreols the small sh‘ift of m away from the current
mass m, . The strange quark lies between these two limits, and for
certain values of the gluon conéensate, the current and constituent

masses of the s can be accommodated.

»

Apart from the quarkR condensate, the lowest dimension object

which violates chiral syfmetry is the dimepsion-five mixed condensate,

s

which first enters the OPE at order g?. 1If the terms in the OPE can be
evaluated perturbatively, then it woﬁld be anticipated that dynamical

mass generation depends weakly ubon the mixed condensate. Thé mixeé

[}

condensate compconent of the quark self-energy was calculated explicitly

‘e

to'ordgr m3: and extended tQ all orders through same plausible. .

1% . .
assumptions. ‘The resulting.self-energy'is gauge independent on the p=m

3
L 4

mass shell for arbitrary values of the current mass, and the value of m

is unshifted %rom that-ée;ermiped by the quark and gluon condensates.
QCcb's non-abelian nature appears to-be responsible for the lack of
constraint upon the current mass, since the non-abelian graph that_
generates the mixed condensate is crucial for maintaining an ;rbitrary -
Yalue of mL. Stability and gauge indepeAdence-of.the dynamical mass
inder mixed condensate corrections, provides evidence that dynamical
mass generation is insensitive to higher. dimensional condensates.
*On—sheli gauge independence of the self-energy is the '

field-th2oretical restriction whigh has been investigated for quarks: A

restriction upon Green functions which must be satisfied off-shell is

o



' - ' 139

) -
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-
.

- the élavnov-?aylor ddentity, which requires that the gluon self—enérgy

: ) be tramsverse. The order g3'quaxk condensate component of the gluon
- . ' - -
propagator was thus calculated to all orders in the expansion of the

” quark-quark vev. A transverse self-energy was obtained, satisfying the -

-

SlaVnov-Tafqu identity which ultimately is a statement that SU(3) gauge
iﬂva;iance is preserved. The quark condensate coméonent appears with a /(
sign which would eend to suépress mechanisms for generatiné an effective

¢
glucon mass. Unfortunately, this effect is small in the se¥ion around
600 MeV where an effective gluon mass is‘expéqted.

An application to the QCD sum rule for the p meson can be

-

obtained from the calculation of the gluon self-energy.- Apart from a

- b

- T ) numerical factor, the two calculaqioﬂs are identical, allowing the quark

* condensate portion of the two point spectral function to be extracted

- W

from the gluon self-energy. Transversality of the spectral function is

required for conservation of the electromagnetic current, a restriction
. R :

of fundamental importance since even' small deviations from charge \

conservation are not expect;d, A;—highér accuracy as demanded from QCD
. sum :u}es,'it is hoped that4thewéxp;hsions of the p meson spectral”
| function ﬁb all orders in fhé'quark-quark vev will be required.
. ‘ In conclusion, the OPE has be;n applied to the two point Green
functions Bf QCD} Field-theoretical aspects of these amplitudes have
been examined, including on-shell gauge independence and the. .
Slavnov-Taylor idenq}gy. No violations of these properties wére

&

" observed, supportinq.the validity of OPE methods. Thus' the conceﬁt of 4

running dynamical quark mass, leading to a light qu;rk mass scale on the
L .




o;der of 300 MeV, has'been provided with field-theoretical support. The
» . d

N .

suécess of this progrim can be optimistically viewed as leading to

future progress in the &nalytic sslution of fundamental problems in €CD.

I
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APPENDIX —_—

Conventions and Notations of QCD and Special Reiativity

»

This appendix will briefly review some of the notations and

conventions employed in the thesis.

/
The units in which ¥i=c=1 will be used.” In these units the

-

[ 4

Minkowski space metric of signature -2 is defined by thg following line

element. ’ . ~

ds? = +dt? - (dx)? = g“:’cxudxv . (A.1)
(l’

- . \
The Einstein summation convention of "sum over repeated indices™ as

illustrated in (A.1l) will be followed, but rigorous distinction between

raised and lowered indices will not be made.
T

Symmetrization and anti-symmetrizatiQ? of tensors is.denoted as

follows,
v =i v + vV ] (A.2a)
(uv) 2 uv vl :
v =1 [v - v ] (A.2b)
fuv] 2 uv Vi '

A}

This definition is easily extended ®o n indices. Commutators and
. ° -

anti-commytators will be represerited by the standdrd notation. R
(A,B] = AB - BA . ’ (A.3a)
]
¢
{A,B} =_AB + BA ) (A.3b)
143 -
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Epe Lagrangian for free Dirac fermions of mass m is &b-c-{L/f”‘

4

) ~ S

N . N
- H v
Lix) = 0(x) (ay 3, - m) Wix) (A.4)

” '
: i '

where Yu are the 4x4 matrices which satisfy the algebra

(yH,vY) = 24"t - (A.5)

?
.

The Bjorken and Drell representation ftithe Dirac matrices‘is

hY

67 .
followed, and the ngtation d=auyu will be used. The matrix OU\) which -

’ . L]
will occur in many applications is defined by c

1 ’ ) . .
Opv = 2 DYueYy! . : \\\\ (B0

The concept of mass.dimension is important for categorizing

condensates. In the units Nh=c=1, length and time have mass dimension

negative one denoted &y [(x]=-1. The action defined by

* (A.7)

must be dimensiohlesgi impl%:ng that [L(x)]=+4, ’hus in (A.4)
[‘b]=[‘3]=3/2. i‘dent.fying tﬁe d}mengion of the fermion fields.
" The QCD Lagrangian is obtained by assuming that the‘quark fields

Y(x) transform as the fundamental representation of SU&(B) //- .'
. ) Y
. 75

_wAaea -
PrixN = e Yo x) A . (A.8)

[ N .
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where ti':e.eight A matrices are th% generators of SUC(3) in its
fundamental represer;tation. For a general representation of SUC(B) ., the

eight gener;tors @ satisfy the following algebra.

' (t®, 1% = if 'rc) ; Tr(T7) = 0 : .7 (A.9a)
. £ =1 <J :  (a.9p)
— 123 ‘
A
L A S
) —— "f1se = T147 = T257 T “f367 = fose T f34s5 < ?
N . /_3- . . « . ) -
- J fie = fe0p T T2 : (A.9d)
In the fundamental representation, the 3x3 matrices which generate the .

- 'alge'pra'of {A.9) are known &s_the Gell-Manh watrices, and have the '
& _ normal:izatio,n >fa=§'ra. Somé, important identitie: for the Gell-Mann g
i. - e / S\ ’ . b
. matrices are . .

- < .

RS FYOLD SR ' o | "~ (A.l0a)
'~. - @ . L6 " : :

q SO =TT . ) | (A.10b)
- N ' ~
"s;:. . )\b)\aAb = -% Aa T - ’ ) ’ . -, (A'. 10¢c)
.:. . .' N The QCD Langrangian is now obtained by gaugding the global
Y R _ . .
. - symmetry of (A.8], requiring (A.4) to be invariax;t under a local SU_ (3)'

. -

rotation. This introduces the need for the eight ga\Pe boSons {gluons),

S vhich tra.nsform as the adjoint representatim of SU, (3) .

143



W x) = Y(x) + SP(x) }

h 3
. .
SU(x) = -2gTo866% (x) W(x) N ) : f (A.l1)
1 . . . .
oA oA e g, A% = gr 88%xaS - 5 88%x) (A.12)
u H u o abc u u

R4

The transformation laws of (A.1ll) and (A.12) allow the introduction of -
- -
*

the covariant derivative Du which permits a gauge invariant Lagrangian

to be constructed. - -,
- ~a.a, . ) -
2, = au\— 19T A (x) . (A.13a)
= u . » .
L(x) = U(x) {1v D, : m) V) , {A.13b)
)

An additional term must be added to the lLagrangjanm in (A.13b) in

order to describe the behaviour of .gluons. The usual choice is to

construct the field strength G Y identified by .

u . . .
- ) a_a ~
5 = z ' (A.14a)
" [Dv'D ] 19T Fuv .
b} -
. - . = ‘ P
FE o= 3 a2 - 3 a? + g APRS ) . . (A.l4p)
. v u v vou abc WV

\ o .

*A 8auge invariant, scalar quantity can be constructed from the-field

strength and then added ;olthe QCD Lagrangian. Thus the total QCD -

-~

Lagrangian for a single quark flavaﬁ: 1s

“o
- T - U ' § 1 ] M “u\) - ’
. Li{x) p— 'l)(x‘) {av Du - om) bx)T . ‘275'”(('“\)" ) . ' (A.15)
» .
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rs * ) . .
» ‘0 (1 *
< Chiral symmetry is an important concept for the considerations of
. < . . .
*dynamical q-!ark. mass. Projection ‘operators can be defined by
_ .
. . N ) € -
1 - 1 \ .
= = . = = - A,l6a
. t={rey]) * rR=3[1 YS,) ( )
A -y iyy? - (A.16b)
<
to project out the left and right-handed éomponents of the quark’ field.
- Perfoming the projections o‘f the quark portion of the Lagrangian.'in
(A.15) leads to-the result ‘ b
- u o S— u — —
R ‘ Uix) (oY D, " mJU(x) = V1Y D U Ty b+ m(waL~ + wLwR)
. o o (AL
R * '
Hence for m=0 the right and left-handed components of “the guark. fields
decouple. This decoupling is intimately related to the invariance of
the Lagrangian undersa chiral transformation Stined by
L Vo = et %00 2 1+ hayJueo :
Ar(x) = Oix) (1 + 10175) } (A.18) -
Transforming the LHS of (A.17) under the chiral transformation (A.18)
leads to the following expression ' )
A . ) -
. u - - ¢ L g .
.. - 81 W(iy D, - m)y| = -2iamby U (A.19)
; - . ‘¢,
. Hence for m=0 the QCD Lagrangian is invandant under chiral symmetry.
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