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_,—ABSTR}CT

Recent research on agency models has emphasized mthi\period co;nracts.
_However, most research has_ assumed the pnncipal could control agents con-
sumption. choosing to deny them access to a capital market. The few papers
that have examined the role of capital markets in an agency model (Braverman
’ and Stiglitz (1982). Rogerson (1985a)) do not allow agents a jaint choice of effort
and borrowing. This thesis extends these models by allowing aé@n&s this joint
choice of borrowing and effort, showing how previous results change. A

Agents are allowed access to two types of imperfect capital markets. [ one
model of the capital market, agents can borrow a maximum amount. while in
the other model agents can borrow more, risking defawt and payment of default
costs. In addition, compensation contracts are restricted to _dyn&mfc rank-order-
tournaments. Given this specific structure, the agent’s and the principal’s prob-
lems are éolved, the optimal forms of contracts are derived. and sp_e-ciﬁc testable + -
predictions are generated about observable _variab.les.i ' 4 | ..

The major prediction, contrary to Fellingham and Newriran (1985). is that
* with risk-neutrality and barrowing, memory cont ra?cts dominate nonmémorv_ con-
t.racts This generahz’es the results féound under risk- avergion by Rogerson (1083a)
and Lattbert (1983)7 Second, wﬂ.hln these multxpertbd memory contracts.. the
spread and mean of cQnsumption will be rising over the length of tHe contest as
will the mean value of wages. The th;rd predlctlon is that agents who do noE
receive promotxons mll be observed working extra hours and those who bawe
missed two promot:ons in a row will work a h.:gher number of extra. hours These.

are new, tatable predxctxons not found in other .’Lgency models



> i

This thesis extends agency models by: introducing capital markets in a fuller
manner then preﬁc;;lsly done, and‘'by concentrating on a\dyna.m.ic ra.nk-orde;
tournament, also in a fuller manner then' previously done. The importgnce of
these extensions is shown by the fact that the introduction-of a capit'a,.l has rmade
a crucial diﬁ'erence to t'herresults_. Results from models w.it&‘mht capital markets.

are generalized or changed. and new testable predictions are generated.

.

~




> !

I would ljke to thank Daw:e"Beatt.ie. Sam Bucovetsky, Avi Cohen, Peter Kuhn and
especially my t_l}@js-eommittee'(Glenn MacDonald. Chris Robinson and Alan
Slivinski) for helpful comments and suggestions. All remaining errors.are my
own. Financial assistance for part of the research for this thesis was provided by

gsom the*Sctial 'Sciences and%lumanities Research Cc;uncil.

e .

a Doctoral Fellow,
Dases

_and is
\




'T
- N
®
-
TABLE OF CONTENTS
\X
Page
: L
CERTIFICATE OF EXAMINATION .. ... .. .. 0 L. i
ABSTRACT ... o 11
ACKNOWLEDGEMEN TS .......................... L v
TABLE OF CONTENTS . vl

LIST OF PABLES ...
LIST OF FIGURES .................... .. P : BN
LIST OF APPENDICES

CHAPTER 1 - INTRODUCTION AND LITERATURE SURVEY . ... 1

N

- ’
1.1 The General Principal-Agent Problem .......................... 4
1’2 Dynamic Agency Models ............ e S RO 10
1.3 Capital Markets in an Agency Setting .......................... 14
1.4 The Rank-Order Tournament Mode! .............. ... ... ...... 16
1.5 Empirical Research ... . ... .. ... ... . ... 21
1.6 Summary and Overview ...... ...... e 24

CHAPTER 2 - RANK-ORDER TOURNAMENTS WITH

RESTRICTED BORROWING .......... ... .. .......... R 27
2.1 The Basic Model ... ... .. .. . 27
2.2 Introducing the Capital Market ... ... ................. DU - 30
2.3 Repeated One-Period Contract$ ......... . ... .. ... ... ... ‘L 33
2.4 Nonmemory Two-Period Contracts ......... ..... e 38
2.5 -Memory Contracts ..o 44
2.6 Comparisons @tncted Contracts ........................... 52
2.7 Summary ..... 7. D e 53

Appendices to Chapter Two .......... . ... D 55

‘. ’ vi
{



Q. -
Page
CHAPTER 3 - PIECE-RATES WITH RESTRICTED
BORROWING ... o 70
)
3.1 Repeated One-Period’Contracts .................. ......... - 71
3.2 Two-Period Cont{acts ........... U T3
3.3 A Comparision of Piece-Rates and Tournaments ................ 20-
3.4 SUMMATY . ... 85
Appendices to Chapter Three ......... ... ... ... ... ... ..... ..., 91
CHAPTER 4 - RANK-ORDER TOURNAMENTS WITH
DEFAULT COSTS ... e 94
4.1 A Preliminary Result ............. ... ... ... ... ...l 96
4.2 Repeated One-Pertod Contracts ................................ 97
4.3 Nonmemory Two-Period Contracts ....................... ... ... ® 105
4.4 Memory Contracts ........ D PP 113
4.5 Summary ... e 119
Appendices to Chapter Four ...... .. ... .. ... ... L 121
CHAPTER 5 - ANALYSIS OF -THE MODELS
AND CONCLUSIONS .................. f 141
5.1 Predictions of the Models ...........cooovvieeiiiiii i, 142
5.2 Comparisions .............veiiiiiniina... e 149
5.3 Summary and Conclusions ................ ... . ... ... . ... ... 150
REFERENCES .. ... 154
©UNTTA e \1 61
. N N

vil




Table

[SL I S R N

Sequence of Events
Simulation: p = .10,
Simulation: p = .06,
Simulation: p = .10,
Simulation: p = .10,

1

LIST OF TABLES

Descniption
r=.03 ... ..
r=.03 ... . .
r= 09 ...,
r=.01 ... .
'
-
’ bl
vili



LIST OF FIGURES
<
Figure Descriptiorf Page
1 Best Response Functions ........ e o 102

ix



<y

-

"LIST OF APPENDICES

Appendix ¢ Page
21 The Second Period Reserve Job ... ... ... ... ... H 55
T 22 The Memory Contract’s Agent’s Comparitive Statics . 56
2.3 The Consumption Values of the Memory Contract .. 57
2.4 The Pareto-Dompgfnce of Memory Contracts ........ 61
2.5 No Borrowing M—Order Tournaments ............. 67
31 The Pareto-Dominance of Two-Period Contracts . .... 91
3.2 Piece-Rates Without Borrowing ... ...... .. .. ... ... 92
4.1 Details of the Repeated Contracts ................... 121
4.2 Details of the Nonmemory Contracts .......... ...... 129
4.3 _ Mobility Constraints ................ e e S 133
4.4 - Details of the Memory Contracts ..................., 136
)
T




The author of this thesis has granted The University of Western Ontario a non-exclusive
license to reproduce and distribute copies of this thesis to users of Western Libraries.
Copyright remains with the author.

Electronic theses and dissertations available in The University of Western Ontario’s
institutional repository (Scholarship@Western) are solely for the purpose of private study
and research. They may not be copied or reproduced, except as permitted by copyright
laws, without written authority of the copyright owner. Any commercial use or
publication is strictly prohibited.

The original copyright license attesting to these terms and signed by the author of this
thesis may be found in the original print version of the thesis, held by Western Libraries.

The thesis approval page signed by the examining committee may also be found in the
original print version of the thesis held in Western Libraries.

Please contact Western Libraries for further information:
E-mail: libadmin@uwo.ca

Telephone: (519) 661-2111 Ext. 84796

Web site: http://www.lib.uwo.ca/




Ch'apt er 1

Introduction and Literature

Survey

In recent yeard cqnsiderable research has centered on how models of uncertainty
and asymmetrical information may explain economic behaviour that seems puz-
zling in tetms of the standard certainty models of mitroeconomics. This thesis
will examine one of these areas of research, the principal-agent ;;roblem. There
is a broad spectrum of examples of this problem, including insurer and insured.
doctor and patient, employer and employee, bank and borrower, society and
polluter, stockholders and management, and landlord and sharecropper.

The underlying feature that these models share is that output is prod'uced
as a result of the interaction’of the agents’ effort (or a;ctions). and a-stochastic
shock,both of which are unobservale to the principal. (AltFmati\'ely. output 1s
produced jointly via team production (with or \without unobservable shocks). and
individual marginal products are moWble.) Thus, the insurance company
cannot tell if you locked up your bicycle before it Was stolen and the firm cannot

tell if its: salesman was slacking, or whether he/she merely met a lot of people

who had oo desire to buy encyclopedias (although the relevant agent knows his

or her effort). This information asymmetry and the incentive problem it creates

a9




is known as moral hazard.!

In these situations it is obvious that standard textbook contingent contracts
are not feasible, and that new methods must be found to deal with these asym-
metries. Thete are three standard responses ( MacDonald (1984). Stiglitz (1973)):
reg.rra.ng\mg production patterns to reduce the impact of the asymmetry (optimal
assignment problems): expending money to gather extra information (monutoring
effort): or designing optimal incentive schemes that elicit and use information as
a byproduct of exchange. As with the agency literature, this thesis will empha-
size. the latter two responses. In addition. although much of the literature deals
with insurance prbblems. the emphasis will be on the employver-emplovee case.

Here one must design a compensation scheme to elicit the desired productivity

response.

In order for a meaningful problem to exist, three things must occur. There
_ must be some delegation of decision-making (the agent chooses effort), the effort
choice must be unobservable to the principal (and not perfec_tly inferfable from
the observables), and effort must enter the firm and the’agent’s utMity functions
ina conflicting manner (effort is costly to the agent, but more effort increases
the firm’s profits). In this situation., compensation must be based on something
observable - usual_ly the output produ;:ed. If the agent is risk-neutral. often
first best, e{ﬁciex;t contracts can be designed by giving him the claim to outpuit
net of a constant - he hz.xs the correc’marginal incentives. However, with risk-

‘averse agenmts, there is an inherent conflict between optimal risk-sharing and

incentives. Thus a risk-averse agent desires a.fixed wage, but this leaves him

with no incentive to.work. The resulting contract is a compromise between the’

1The emphasis is on the hidden action problem, as opposed to the hidden information or
adverse selection problem (although a few cases will be mentioned below where there 1s a joint
problemj. Aa .eia;nple of the latter would be life insurance companies attempting to discern the

health of their clients (e.g., congenital heart conditions).
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two goals. For example. insurance contracts carry deductibles and salesmen’s
- wages have a guaranteed floor plus commission.

This chapter will survey the basic results of the principal-agent literature.
From this survey some of the areas that require further research will become
clear. and an explanation of how this thesis shall expand these areas will be

- given. Of necessity this survey cannot cover every area. and must emphas:ze those
important to the thesis (pnmanl\ dynamic models and rank-order tournaments!.
‘For more complete surveys the reader i3 advised to read MacDonald (1984). Har:
and Holmstrom (1987). or Parsons (1986).7 In addition. many models will only
be sketched or mentioned. and the reader is referred to the original for explicit

details.?

The first part of this chapter will examine the general principal-agent prob-
le;n for a smgle agent and for team productxon Here some of the basic results on
contracts will be derived - including that too little effort is expended and that
monitoring is optimal. In the second section. the recent research on extending
the model to-a dynamic multiperiod setting will be examined, and results on
how contracts evolve over time will be derived. The third section will examine
the brief research on capital markets in an agency setting, while the fourth will
examine in some detail the research on a specific type of contract, the rank-
order tournament. (Both "of thes.e sections help point in. the direction of the
new research of this-thesis.) The fifth section will examine the small amount of
empirical research that has been done on the agency problem. The final section

"will summarize the research examined here, emphasizing what areas need further

-exploration, and discuss‘how this thesis will explore somegfthese areas.

ZArrow (1985) has an interesting, casual (but idicsyncratic) survey.
. 3For example, there will not be an examination of the research done under efficiency wages

(see Akerlof and Yellen(1986)). This area emphasizes the use of dismissal as a penalty strategy,
and hence is only peripheral to the research this thesis emphasizes. .

0G2
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i.1 The General Principal-Agent Problem

1.1.1 "The Single—Agent Setting

Early research on agency-type of pmbleﬁs had included work by Simon (1951)
and Lieb:enstein (1963). but the first important research was in the papers by
Spence and Zeckhauser (1971). Alchian and Demsetz (1972) and Ross (1973).*
The single agent setting will be examined first of all. based on the work of
Holmstrém (1979).° As mentioned earlier. the problem is fairly simple with risk-
neutral agents, so only the case with risk-averse agents will be examined «hAere.'
There are many questions about the format of the problem. However. in this
survey the ‘flavour’ of the principal-agent problem will be presented. without
getting bogged down in details. Hence a basic version of the problem will be
presented, making certain assumptions about the agent's utility function and
also using the so-called first order approach to the principal’s problem. Altering

this methodology will be discussed below.

After Holmstrom (1979). let: J )

e a = the agent’s choice of effort (action).
e 0 = the random state of nature, unknown to the principal or agent.
e z = r(a/f) be output, with 9r/3a > 0,

0]
<.

e S(r) = the sharing function.® the agent's salary,

4Other related papers include Stiglitz (1974, 1975) and Murrices (1975)

3See the article, Harns and Raviv (1979). or Shavell (1979) for details

8S(z) need not be continuous. 1t can be random, but penalty contracts are precluded - See
MacDonald (1984) for details -



¢ G(r — S(z)) = the prinapal’s utility functiox:;. G > Oﬁ" <0.
e U'(S(z)) - {'(a) = the ag-ent‘s utili‘ty function, V7' > 0, U'3>0.and I'" < 0
\\Stackleber’g game exists between the principal and the agent. The latter
is the follower. and selécts effort to maximize expected utility given the sBaring
function and the distribution of 8. The principal 1s the leader. and movesfst
by seiecting 5(:)m&ximize expected utility subject to two constraints One
constraint is a paMicipation constraint that the agent's expected utility be .at
least as high as he could receive elsewhere. The second constraint is the moral
hazard constraint. which takes account of the fact the agent will be selecting
effort to maximize utility for hxmself
Following Holmstrém (1379) and others 8 will be supprss#ed. and instead

1s viewed as a random variable from the principal’s viewpoint. with a distribu-
: ”

tion F(z.a) and with a density function f(r.a), with 8f/3a and 8*f/(9a)? weil )

"defined.” Then the principal’s problem is to select S(z) and a to:

. max /G(I—S(r))f(z.a)a'::, RTRT
/[U(S(.r V(a)|f(z.a)dz > H. | o)
/U(S 3f (= ")d = V'(a), (1.3)

where (1.2) is the participation constraint and (1.3) is the moral hazard con-

straint. lLetting A and u be the multipliers for (1.2) and (1.3). the maximum

principle yields: ) <
G'(z—Stz)) | fu(z.0)
U'(S(z)) At f(z,a)’ ‘ - (1.4)

From this and othet first order equations the optimal-shating rule can be
recovered (see Holmstrom). Unfortunately, not a lot can be said about this QE

"Thus, instead of a distribution over @, the relevant distribution 1s over z. See Holmstrom for

a further discussion.

06
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’ é
mthput further assu% . However. ’ points can be noted. First, op-
timal risk-sharing would requre the RHS of (1.4) to be a constant. Given

“the ‘assumptions about’ F(£.a) this requires 4 = 0 (no moral hazard Droblem).‘

Hove\er under the aboxe asswnptions Holmstrom is able to show u must be

-positive ({1.3) bmds) This implies a second-best solution in risk-sharing. Sec-

ond, with the moral hazard constraint binding, there\is a second-best solution in
ineentives - the principal would‘.ljke to ée_e the agent increase effort at the con-
strained optimum. In addition. Holmstrom notegthat fc,/f can be interpreted
as a beneﬁt cost . ifho of the deviation from optimal risk- sharmg - a signal df

how far off the optimum the actual a is. Therefore the sha.nng function shOLﬂd

depend on thys ratio.

Further re_sult§ on the exact form of S(z) depend on the specific example -

. -
one cannot even say if it is concave or convex. However, if S(z) is cgntinuous,

© one _&sult is 0 < §' < 1 (Harris and Raviv (1979)) - there is ‘coinsurance’.

- ’

between‘principé.l and agent, Thus a comprormse e*clsts between risk-sharing
and’incentives. Examples could include insurance contracts carrying deductibles

and salesmen’s wages having a gua.ranteed floor plus a commission.

1

There are several further results in the general single-agent problem..whirh
will be briefly summarized \hefe. The reader is referred to the survey articles by
MacBonald (1984) or Hart and Holmstrém (1987), or the original articles for
exact details. ‘ ' ‘ -

The first im;Sorte.nt e;ctension to* the basic results of the agency model was
the investigation of the use of monitors (imperfect estimates of a) to mmgato

the moral hazard problem. Holtnstrom (19:9) showed that any information. no

matter how imperfect i(as long as it was not completely useless), can be pareto-
’

improving. Examples of suth monitoring include accountdng systems with audits; -

e ining whether an insured party has taken ‘due ('m:c' (Arrow (.1985)): and

06 €
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obse;rving the punctuality of em/;‘lovm or the frequeﬂcy of \salesmen's\ calls.® .
Other authors have rela.xed two of the “other assumptions earlier reseé.rch has
made. The first deals thh the use of the agent's first order condition as che moral
hazard const.ramt This constraint ‘may not yield a unique. global opnmum ‘as
Groesman and Hart (1983) first noted. Rogerson (1985b) presents the extra.
sufficient conditions on f(z.a) such that using the first o;der cond:mon is valid.?
The second assumption relaxed is the one that the.agems has no i«_dé? _of the
value of § when he selects a. Both:HoLmstrém (1979) :)nd Sapping‘:c;}n (1983') X
have examined this case. The latter has an irfteresting model where .ghe age.ni
can declare bankruptcy after observing the shock. He shows in g_et.)eral. due to
‘gﬁcterna.lity‘ éﬁ'ects. the second-best contracts will have these situations of zero

~
effort sometimes occuring. . . .

This discussion of the genéral single-agegt problem indicates that the most’
" important result seems to be the paucity of results. Other than, results on the

desizability of momtonng. and the presence of coinsurance, threre ‘are really no

.

strong predictions - certainly none on the fortn of S(z).

.

1.1.2 Team Prodmction - Many Agerits

. . \
The above results are all derived for a principal Md a single agent.but a more

3
normal assumption for a labour setting would be team productioh, ‘where agents
have some common link either through a Joxns producr.lon function or a common

error structure. In these cases, compensation will ih genera.l depend pot only on

°Gjendal (1982) expanded these results, showing monitoring had therability to nmprove both
the incentive problem and the risk-sharing problzm betmn the principal ‘and the agent In

addition, he showed that if the agent’s utility functnoh is 0o longer assumed scpcrable in eﬂ'ort
add income, then a purely random, noninfoumnative signal can be pareto-lmprovmg. |
- 9See Rogerson (1985b) or MacDonald (1984) for a dicussion of these conditions.

LI
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one's own output, but on other agents’ output too. The case wilere agents’ output
is separable (9z,/da, = 0 for all j # 1) but they are linked by a common shock
will be- explored below in the section on rank-order tourna.ments Tomamepts

are a speaﬁc form of the relatwe-worth compensation contracts that turu out to

[ ]
be optunﬁ thh common shocks. : ) . v .

-
This subsection will concentrate on situations with joint préduction. where

’agen‘ts' effort chortes have impacts on other agents’ outputs (9r,/3q, # 0 for som¢é

{all) ; #1). Thisis a standard externality or property rights problem, and can

be solved either by assigning these rights tq'a monitor or manager (Alchian and * -

Demsetz (1972)). or by designing incentive schemes that attempi to,‘intern;lh'ze'

these externalities by making agents’ compensation depend on aggregate output’

(Groves (19f3). Holmstrom (1982a)).

Once again, the reader is directed to MacDonald (1984) or:the original articles
for exact models and their details — just the basic results will be discussed here.
Assume total output of the firm (X)_jé such that:

X = Z.rg(al,ag,-. . yan) - (1.5)

=1

where there exists an i, j such that
8°r,/9a,0a, # 0. (1.6)

These extra indirect effects are the externality effect. If agents are paid based
on individual marginal productivities only (Jz,/3a,), effort will be less than it

should be given their true marginal productivity (3X/da,), and there is a classic

" moral hazard result of too little effort.

As Alchian and Demsetz (1972) note, this is a property rights problem. Their

éuggated solution is for the owner to hire a ‘monitor’, a manager with a com-

parative advantage in monitoring the agents’ effort lgyels. Giving him the claim .

to the residual on output motivates him to profit-maximize, and allowing him



to alter team membership allows him to keep member; from shirking. However,
monitoring costs do mean some inefficiency remains. | ‘

Holmstrom (1982a) examines the above problem, and emphasizes tha; the
problem arises equally from the budget-balancing constraint as from the free-
riding problem.'® He derives a sharing scheme such that if overall output (X) is
too low, ail agents receive zero output Thus. if any agent deviates from optimal
effort. the ﬁrm does not profit- maxmuze and all a.gents get fired. bearing the
full brunt of the shu‘kmg - Do agent will shirk in ethbnum. Holmstrém notes
examples of this do exist, the most extreme example being the firing of a board
of directors.!! Note that self-enforcement” will not work here, as some output
is wasted. Thus the principAl is needed to enforce the contract and clamn the
residual. Holmstrdm states that theé ‘;)}incipal’s primary role is to administer
and police, not to monitor as in Alchj‘z\:h and Demsetz. In addition, Holmstrém
extends the analysis to the case where there is joint output and a random shock.
showing a similar sharing scheme works.'?

[n summary, team production implies strong externalities which lead to a free-
rider problem. Alchian and Demsetz (1972) argued that a firm’s owner/manager
is hiredas a monitor, while Holmstrom (1982a) argued instead that owners/man-

- 197 related paper is that of Groves (1973), which is discussed by Holmstrom.
11 Another example of this collective puniahmcnul\can be found in Stanley Kubrick's movie Full

Metal Jacket. The Marime drill instructor attempts to force a slow recruit to learn faster ’by
forciug all the recruits to. bear his punishment. This is successful in speediffP up his learning,
but has the side-effect of turning him into a homicidal pa):'d:otic. It is not clear such side-effects

exist more generally.
121t should be noted there are some problems with this scheme. As Holmstrom himself shows.

if agents are nsk-svene and their endowments are lumted t‘hn penalty scheme may not work.
In addition, the principal has an incentive to lie and clmm thg paudual something not gnalyzed
here. Arrow (1985) al#® notes that several Nash equilibriums may exist, including ones where
agents cover up for cheaters. anlly, MacLeod (1986) argues that coopenzweu may dommaz.e
capitalistic firms in this setting.

.
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agers were hired to break the budget balance: and to create credible shanng rules
that can achieve the first best solution. (.;fiven this, basic predictions of this re-
search are, (a) that in the presence of joint production. one should observe firms
instead of individualistic workers, and (b) that the cgmpensation contracts in
these firms should depend on aggregate output, with bonus or penalty schemes

built in.

1.2 Dynamic Agency Models -

Recent research has considered multiperiod extensions of the agency model. built
on the stylized fact that many contracts are long term. Important papers include
Lazear (1979), Radner (1981), Lambert (1983) and Rogerson (1985a). The dyv-
namic setting is richer, allowing broader predictions. The strongest of these is
the presence of memory effects - compensation in the current period depends
not only on current output, buf past output. Examples of this would include a
rise in future deductibles and insurance rates after an accident, or promotion to
president being contingent on having already been promotegd to vice-president

for past accomplishments.

Early dynamic work inclu&ed rescarch by Becker and Stigler (1974) and
Lazear (1979, 1981). In these models agents were randomly monitored and if
found to be shirking, were fired. Agents are induced to not shirk by posting a
bond they lose if fired. This is achieved by paying an agent a wage less than the
value of his marginal product early in his career, and one higher than VMP later
in his career. (Examples include seniority-based wage contracts and non-vested
pensions.) Important predictions of this research include the result that wage

profiles are steeper than-proquctivity profiles, and that since wage is greater than

~
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the marginal product later in life, mandatory retirement is needed (Lazear).!

Radner (1981, 1985) examined a repeated agency game. In an infinitely re-
peated version of the one-period game with no discount}ng (and hence a different
objective function then the earlier models), he shows the first best solution can
b;: achieved. With a long enough time period, the principal has enough obser-
vations to tell whether the agent has set effort below the first best. In this case.
he punishes the agent by lowering wages. The lack of discounting guarantees the
punishment hurts enougl; to prevent shirking. The result is a first best solution
with fixed wages and optimal effort. However. with discounting or a finite time-

period, then the solution is at best within ‘epsilon’ of the first best solution.!*

Both the Radner and the Lazear dynamic agency models imply that as}the
length of the contract rises, incentive problems will fall, due to the fact the players
interact more than once (a point emphasized by MacDonald (1984) and Hart and
Holmstrom (1987)). Indeed, Fama (1980) has taken this arcument even further

and argued that incentive problems disappear in a dynamic setting. He argues

managers’ concern over the capital value of their reputation will internalize the

costs of deviating from the fit best. However, as Holmstrém (1982b) shows.

this argument does not hold up under risk-aversion and discounting.”

The research of Lambert (1983) and Rogerson (1985a) (which has a less ar-
tificial structure then the Radner model), can be seen as extending Holmstrém's
(1979) methodology to a multiperiod setting. These papers have discounting

and finite periods, and show multiperiod contracts pareto-dominate single pe-

13The major problem with these models is that the principal has an iucentiv: to fire agents
even when they have not shirked, once wages exceed marginal product. Kuhn (1986) deals with

this problem in some detail, noling it can alter the above wage profile results.
'*This epsiloa-equilibrium does suffer from an endgame effect - in the last period it is always

optimal to shirk, and therefore in the second last period it is also optimal to shirk, etc. The

optimization strategy chosen essentially assumes away this problem.
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riod ones within this context. Following Lambert.!® consider a two-period model
where output is z, = z{a..6;), for t = 1, 2, wﬁ.ich is indeper.ldent across time.
The agent faces a sharing rule S(z,), S2(z,.72) where memory effects can exist
(0S2/08z, # 0). Via a dynamic programming approach. the agent’s problem can
be solved (see Lambert for details). Due to the fact S; may depend on 1:1.- the
agen{"s choice of a, is a function of r;. In turmn. when the agent selects a, he
must account for its potential effect on his second period choices. This in turn
ma:kes his problem somewhat more complex.

Lambert solves the principal’s problem in a similar way to equations (1.1) -
(1.3) above, although of course the moral hazard constraints are more complex.
His f.0.c.’s are natural extensions of Holmstrém's, and reveal the principal would
like the agent to work harder in both periods. In addition he is able to show
memory effects do exist (8S;/9z, # 0).!® It is these additional effects that
give dynamic agency contracts their ‘edge’ over single-period contracts. Indeed.

Lambert is able to show the longer the agency relationship lasts, the more the

-moral hazard problem is reduced. In additian, Rogerson is able to show that

sufficient conditions for these contracts to exhibit rising or falling wages over

time is that 1/U’ is concave or convex.

These results demonstrate that there is a potential gain to long-term con- -

tracts. Fellingham and Newman (1985) have identified conditions under which
optimal multiperiod contracts will have no gain (one will choose to play the re
peated agency game). The reader is referred to the article for explicit results,

but basically in an agency game with moral hazard, domain additivity and pref-

*Rogerson's paper is more general as it uses a global incentive condition. However, Lambert'«
paper does get the same result. and the notation and methodology 18 a strasghtfotward cxtension
of Holmstrom (1979).

'®In addition to Rogerson, Stiglitz and Weiss (1983) find siMular results in a specific model of a
borrowing agency problem (see the aext section for de;ula) Townshend (1982) also derdonstrates

gains to muitiperiod contracts in an income insurance scheme
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erence separability imply that contracts will have no memory. For the additively

separable utility functions the literature has usually considered. this implies risk-
neutrality for t e agent.

Fudenberg et ad. (1987) have also explored conditions when long-term coa-
tracts are not needed. They find that unless today's effort affects future periods’
products. short-term contracts ar€ sufficient. This result seems dependent on
their assumption that agents have access to a perfect capital market (which they
do not discuss in any great detail). as well as 'their requirement that contracts
are sequentially efficient. This latter point reqm;'es that contracts meet a mini-

mum profit constraint over the remaining periods of the contract. something not

required in the models discussed earlier. This result is similar to one discussed -

by Lambert (1983), where a model is explored in which neither the agent nor the
principal can commit to a long-term contract.

An interesting dynamic model relgted to the agency literature is that of
MacLeod and Malcomson (1988). In this model output is not subject to ran-
dom shocks, but agents are of an ability level unknown to the firm (an adverse
selection problem). They derive sequential wage contracts vbhgre workers are
promoted or demoted based on the level of their previous periods’ output rel-
ative to the level expected of them given their rank. Eventually workers settle
in at a rank reflecting the firm's Bayesian forecast of the worker’s ibility. Al-
though in a different context then the research emphasized here, the contracts do
show memory effects. Workers’ ranks (and hence wages) are a function of past
performance levels, not current levels.!” '

Long-term contracts are superior as players can interact more than once, al-

17 different result is found in two other papers by the same m;.‘Macleod and Malcomson
(1986,1987) examine multiperiod versions of efficiency wage models (with no adverge’-selecuon)
(see Akeriof and Yellen (1986)). However, efficiency wage'mo'delx typically get-the r&;ult that
wages are independent of performance levs.ls., and tl:e two MacLeod and Malcomson papers find

thia result in the muitiperiod models. Thus their wages structures reveal no memory eflects.
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lowing broader strategy and more efficient contracts. Examining these contracts
results in more general predictions about observables than the results from ex-
amining single period contracts. These include the prediction that multiperiod
contracts will be selected over single-period contracts, a.nthhat these contracts
will show memory effects (and potentially Rogersén‘s wage paths). Howeveér. it
i1s possible to extend the research on dvnamic models. One of these areas of

expansion is considered in the next section.

1.3 Capital Markets in an Agency Setting

One of the natural areas of expansion of dynamic a'gency models would be to
examine a case where agents simultaneously select effort and borrowing or saving.
Most earlier research assumed firms were able to control the consumption flow of
agents (and chose to set it equal to the income flow). This thesis will relax this
assumption, and explore how the problem changes. Since the agency problem is
partially due to imperfect risk-diversification, allowing agents a‘ccess to a capital
market should alter the problem and the results. Only a small amount of research
has explored capital markets in agency models. As will be discussed below. this
research has been somewhat imperfect. No research has been done where agents
fully and freely jointly choose effort and borrowing or saving. No research has
been done on the impact of the borrowing agency problem on the employee
agency problem, or vice-versa. This thesis will begin to addrgss these issues.
Two papers by Stiglitz and Weiss {1981, 1983.) have-examined the lender-
borrower relationship as an agency oroblem. In their first paper, they note that
banks bear some of the downside risk of the borrower bo‘usv his maximum
loss is his collateral. This means it is sometimes optimal to keep the rate of

interest below the market-clearing rate, and ration loans. Raising the interest rate

: S
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encourages riskier projécts by borrowers, and lower profits for lenders.!® Their
second paper extends this model to a multiperiod setting. Here they show that it
is often optimal in the second-period to refuse to loan to first period defaulters.

These multi-period incentive effects can bg optimal. despite the apparent failure

to capitalize on gains from trade.

]
Only two papers so far have examined the role of capital markets in an

agency model (Braverman and Stiglitz (1982) and Rogerson (1985a)).'® but 1n
neither model is a simultaneous choice of effort and borrowing or saving exam-
ined. Braverman and StiZl.itz examine a one-period, partial equilibrium situaticn.
They examihe the impact of exogenously given debt on the agent's effort choice.
They show in general more debt means more effort. a result strengthened by
bonded labour for defaulters, weakened by bankruptcy constraints. They show
that the principal may wish .0 ‘control’ the agent's access to borrowing, as it

will affect effort and therefore the principal’s profits. Although Braverman and

Stiglitz show the crucial result that the returns to the principal are affected by

the borrowing of the agent, their model is not truly multiperiod, and in addition

assumes the ?rincipa.l completely controls the ageat’s debts.

In Rogerson (1985a), after period ome's outcome is announced. agents are

,8uddenly and unexpectedly allowed to borrow (i.e., when they selected first period

effort they did not know this choice would exist). ‘He shows in general agents
will wish to save, and that this action will reduce both sides’ utility levels.?® As
in Braverma* and Stiglitz it would seem optimal for the principal to control the

agents’ access to the capital market.?! However, Rogerson’s results would seem

3This is clearly related to the research.on efficiency wages summarized in Akerlof and YeHen
(1988).

*Fudenberg et al. (1987) al agents access to a perfect cabital market, without examining
the viability of such a scheme, or its impact on the agent’s choices. ' '

21t should be noted that Rogerson’s proof contains two (offsetting) errors, although the end

result & still corpect. .
2 A similar result is found in Diamond and Mirrlees (1978), where agents save early on 1n
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to be dependent on the timing story, and particularly the myopic nature of the
first period effort choice.

It is clear that introducing capital markets into agency models is frustful.
Even the small amount of research done so far shows that results can change
quite drastically with this introduction. Yet agency models with capital mar—-
kets are only imperfectly explored. Stiglitz and Weiss have begun some of the
exploration of the agency problems in a capital market Ihe other papers have
explored a bit of the impact of saving and borrowing on the agency contract
None of these papers have explored models where agents can jointly choose ef-

fort and borrowing. or explored the impact of the borrowing and employee agency

problems on each other. This thesis will develop a model where agents have ac- '

cess to a capital market, and address these issues.

1.4 The Rank-Order Tournament Model

In section one above the moral hazard problem in teams was explored. in which
agents' output was linked thro;gh joint production. In thlus section the case
in which output is separable (9r,/0a, = 0 for all ; # 1), but where agents’
may potentially face a common shock. 1s considered. As Holmstrom ( lOSén) has
shown, if agents’ shocks are correlated. then using compensation schemes that
depend only on the agent's individual output. is inferior. Valuable information on
’

the common shock, gained by comparing agent’'s outputs, is useful in designing

the compensation scheme. For example. comparing two adjacent sharecroppers’

yields iets the landlord derive information on the impact on final output of inputs

their lifetime 1n order to be sble to afford to falsely claim disability insurance at a later date

Restnicting savings reduces tﬁm moral hazard problem
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such as individual effort versus com:.:nonshocks such as weather conditions.??
Holmstrom shows that more general. comparati;'e compensation schemes will
domigate specific restrictive ones such as ra.nk-o{'?er tournaments. However. it is
extremely difficult to characterize what the optimal sche:ne will look like. Intro-
ducing rank-order tournament contracts will severely restgict the class of optimal
schemes, buf doing so ;:iglds much more explicit results. As MacDonald (1984)
has stressed. this is a desirable direction for agency models to take. This. plus

the observation tournament-like schemes seem prevalent contract forms. suggests

studying them is worthwhile.

1.4.1 Single-Period Tournaments

-

The case to be explored involves separable output, and agents who face a com-
mon shock. Examples of a common shock may include a randomly inact;urate
counting machine in a widget factory, a sales force in a given city facing fluctu-
ations in average city in-come (and therefore sales), or golfers in a tournament
facing variable weather yditioﬁs. As tl;e research to be discussed shows, pay-
ing workers based on their output relative to other agents' output exploits extra
information on the value of the common shock. :

The original article by Lazear and Rosen (1981) examined only the two-
player rank-order tournament, but research by Green and Stokey (1983), Nalebuff
and Stiglitz (1983) and Malcomson (1986) showed the results generalize to the
n-player case. In a tournament, the agent with the higher cutput receives a
fixed higher- payment, regardless of the level of output. As Lazear and Rosen

show, the tournament always achieves the first best solution with risk-neutrality.

BClearly in this compensation satting there is a role for collusion between agents, as well as
L o S e TN . . . .
destructive behaviour towards competitors (for example, burning your neighbour’s craps). These

questions have been only briefly expiotred in the literature - see MacDonald (1984).
, ©
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Agents are motivated by the gamble. by the difference between the winner's
and the loser’'s wages. An interesting fact is that although average wages equal
expected pioduct. in general actual wages will not equal actual product Lazear
and Rosen argue that they can thus explain why an executive's salary may nse
dramatically upon promotion. although it seems unlkely his productivity has
jumped as dramatically. The promotion i1s a pri.ze in a contest that motivates
those seeking 1t.

Lazear and Rosen also examine tournaments under nsk-aversion. inding one
no longer obtains the first best solution. They campare tournaments to hinear
piece-rates here. and find that even in the case without a comunon shock. 1t
is possible the tournament dominates. (As Holmstrom (19382a) notes, this s
not surprising given the restriction to linear piece-rates.) It seems possible this
domination is due to the nonseparable utility functjon (" = u(1" — C(EY))  As
Gjesdal (1982 has noted. with this form of a \Q{y function, ramlmn‘xzntmn
(inherent in a tourpament) can be beneficial.

Green arrd Stokey (1983) get somewhat different results 1n companng tour
naments to optimal individual contracts. With separable utility functions (U -

i . .
u(11") — C(E)). they find with no common shock. the tournament is always
ferior - it only adds extra uncertainty. However, if the common shock s large
enough, they confirm Lazear and Rosen's intuitive result that tournaments will
dénﬁna?e. Here, the tournament’s insurance against the common shock makes
up for. the extra randpmmness of the tdurnament gamble 20 In addition to this
resylt. Green and Stokey show that the YJournament wall start to donunate as thyg

number of players nses. Essentially. with more players it 18 possible to have more

prizes, and therefore a sigoother. more flexable tand more optimaly compensation

rale ?* - .

1

BCrudely spraking. 1t 13 a question of companng the vanance of the comunon shack to the

variance of the individual shork

M There have heen vwrvpnprr- dealing with axtensions of this analveis  Maleommmn 9%,
W )
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As Holmstrom (1982a) has shown, relative-worth contracts can be optimal .

and should be studied. Rank-order tournaments are a somewhat restricted ver-
sion of these relative-worth contracts. However, adopting this explicit structure
makes it possible to generate-more specific predictions. something the agency lit-
erature lacks. In addition. tournaments gio seem empirically relevant. and there
are several major reasons they would:be preferr:d theoretically ( Green and Stokey
{1983)). The most important reason is that tournaments automatically insure
agents against common uncertainty (thus golfers are insured against bad weather
or a tough course). Malcamson (1984, 1986) has emphasized that tournaments
solve certain problems with respect to output being unobéen'&ble to third par-
ties (such as a tourt). With tournaments, the firm is committed to pay someone
the prize, and has no ability or inceative to r;nege on the contract. O'Keeffe et
al. (1984) have emphasized several other (mostly) unmodelled reasons. One is
the utility of the contest itself (sports). A second is one migﬁt be dealing with
fixed indivisible rewards (only one assistant professor can get tenure). A third is
that a contest may be cheaper to administer (only rank has to be observed). Fi-

nally, tournaments promote the best agent on average (see Rosen (1986) as well)

has exarmined a model with a continuum of agents He shows m this settang that the tournaments
are at least as good as (nonlinear) piece-rates under fairly general conditions. Nalebuff and Stightz
&

(1983) emphasized the flexibility of tournaments in the face of shocks to the (slightly different)

h

teinology. O’Keeffe et al. (1984) examine what happens whee there are agents of unknown
models where the principal has a role in output (in essence, he is th® common shock). Dbu't (1987)

rogeneity in a tournament, while Carmichael (1983) shows tournaments can dominate in
examines the impact on agents’ choices of the ability to precommit to effort levels. Berkowitz

and Kotowitz (1988) find that tournaments can be optimal as they reduce bankruptcy problems
for agents. Additional papers include Mookherjee (1984).

N
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1.4.2 Dynamic Tournaments

Jf"

There has been only ‘a small amount of research extending specific models such

as tournaments to a dynamic setting.?* Malcolmsen's (1984) model has several -

special features. The most important of these is that, first, there is & minimum
level of observable effort, and second. output an only be observed with a one-
period lag. Within this setting he shows that a two-period tournament model
clearly dominates single-period payvment schemes. The logic is straightforward
Given his one-period lag in observation. the two-period contract is needed to
construct e enforceable incentive contract. Malcomsen's model is quite different
from the normal tournament model. and does not deal with such dynamic 1ssues

as timepath of wages, etc., except in a simple manner.

Rosen (1986) constructs a model more like a standard tournament. as it is

- explicitly modelled after sequential elimination sports tournaments, such as those

found in tennis. This too creates a special structure, although a very insightful
one. Thus, agents are eliminated if they lose. and play no more contests {the
optimality of this is not examined). In addition, Rosgn has no established value
of output. and tKerefore no profit side. Compensation is set with the goal of
maintaining nondecreasing effort levels through the ste;;s of the tournament.
Much of Rosen’s work involves developing the agents’ reaction functions in
this s;tting, a nontrivial and interesting task. He establishes conditions under
which symmetric (even chance) and asymmetric contests anse and examines
tue situations with both homogeneous talents and heterogeneous talents (known
and unk.qown). The major result is with respect to the pattern of wages over
successive stages. These must rise steadily to induce agents to want to continue
to play (expend effort). In addition. there must be a discrete j'utmp in the final

period to reflect the ‘end game’ effect (there are no further contests. no further

”"l_'bc research o? Cooper and Ross (1988) on intertemporal warranties can be interpreted as

a complicated vermon of a dynamic piece-rate

8



potential prizes). His second result is that if agents are of unknown, heterogenous\

talent, then in all likelihood a contest winner is of higher ability. However, agents
have an incentive to signai they are of lower ability (reducing future opponents
effort levels), and this tends to depress effort levels in earlier stages. This socially
useless activity can be reduced by concentrating less of the prize money at the
top.

The above resgarch has shown that dynamic tournament tnodels show pro-
musing potential insights — for example, a sequential promotional structiyre within
a firm (division heads promoted to vice-president based on ability, and the best
of these promoted to president) seems to resemble a dynamic tournament. How-:
ever, the limited work done so far reveals the modeljing d.iéculty, reflected in the
simplifying assumptions used to get the few (but interggiing) results generated
so far. These include the basic result thatunultiperiod contracts can dominate
single-period contracts (givex} risk-aversion), as incentive problems can be re-
duced by repeated contracts. Second, these contracts will show memory effects.

Third, the more general tournament results show that the larger the common

shock or the larger the number of players, the more likely the tournament is to

M |
dominate other ferms of contracts.

Clearly there is a great deal of room for a fuller, dynamic tournament model

- for examplesgne where the full problem (including the relation of output to

1.5 Empirical Research

It has been emphasized that the literature on agency models has generated few
predictions on observable variables. This in turn has meant that there is very

021




little empirical research available to confirm or falsify the theories. Most of
the empirical work is still casual ?bsemtions of the prevalence of deductibles,
piece-rates, etc. However, Lizear's (1979) model v:)f a steep wage profile plus
mandatory retirement has ge'nerated some empirical research. This work tests
his agency model versus competing models of retirement. He finds that the
probability of mandatory retirement is higher for ldnger-tenured and more able
workers, backihg up his agency model versus theories that argue retirement 1s
used to remove less able workers in favour of more able. In a related work, Lazear
and Moore (1984) compare the wage-earning profiles of salaried workerg to self-
employed workers. The fact the salaried workers’ profiles are much steeper backs
up Lazear's argument.s that a steep wage profile is used for incentive purposes, as
opposed to reflecting only on the job training. The empirical work in Hutchens

~ (1986) alsp supports this model.

- Murphy (1986) similarly compares an agency model to a more standard
model. - He derives a simplified dyna.:ﬂic agency model, and compares it to a
version of Harris and Holmstrom's (1982) wage dynamics model. Both models
e.x.rgue wage profiles are upward-sloping over time. However, the Harris and Holm-
strom model argues that the variance of earnings should fall with tenure as more
information is.accumulated on the workers' true productivity. With the agency
model, the variance of income rises with tenure due to the presence of memory
effects, and the enid peﬂod effect. ‘Murphy's data on the salary of 'qnvf executive
officers seems to somewhat supp-ort the learming model. The weakness of the

results suggests that both effects are present (Hart and Holmstrém (1987))

Several of the conferenc_e pape;rs summarized in Raviv (1985) fihd evidence
that executive-compensatign:'lepends on the performance of the firt, supporting
the arguments of Holmstrom (1979, -1982a)jmd others that agency models would
be prevalent and that under likely restrictions 4S/9.X > 0. Finally. '\\'nlfmn

(1985) finds an empirical return to est#blish.ing a reputation in the ol dnlling

~
~
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market — the general partners d.nll\n\:ore wells then would seem optimal for tl:;em |
persona.lly in the short-run. However, along the lines of Fama.'s>( 198Q) arguments.
thxs helps thcm establish a reputation that attracts future Lmited partners {who
dwre these extra drillings). There is !mtu.rn to reputgtxdn there are memory

e#'ects present.® ] A~ . 3

The final piece of major research is the experimental work of Bull et al.
(1987). examining how &asy it is to implement tournaments versus piece-rates.
The experié;énts are set up such that one can argue for risk-neutrality, in which
case both the tournament and the piece-rate sho:;m.ld~;i§:1d the optimal effort level
(observable in this setting). Players do seem to‘\ﬁhbcejthe tournament correctly;
and converge toc the optxma.l effort level. In addition, they react correctly to

c.hangé in the vanance of the random shock. However, players seem to have’

" . trouble with the strategic behaviour and the more difficult calculations of the

- tournament - the range of effort responses is much widet for the tournaments

than.for a piece-rate system. Subject to one’d reservations about experimental

structure, this research is a strike agdinst tournaments.
: 3

‘ The empirical research :ione so far is too limited, and the r&eult;'; too vague, to
really deliver any judgements on the validity of agency models. (This is partially
becau;e the"models examined so far suggest no clear hypotheses to be tested.)
Cért’mnly there is scope .for more empirical work An interesting point which
Hart' and Holmstrom (1987) emphasize is that. most of th.ls empirical research is

ina dyna.mxc settmg This backs up the arguments presented above that dynmmr

,.models enerate more test.aSle pred;c.txdns on observables than do single-period

models

-,
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1.6 Summary of the Literature and %verview

5 of the Thesis

There are several important research results shown in this survey. The most
important result is that with risk-averse agents imperfect contracts will end up
trading off risk-sharing and incentives - contracts will have deductibles and coin-
surance. The second important prediction is that the principal will use all‘avail-
able information. Examples include the use of i‘mperfect monitors of effort, or in
the face of common shocks, the use of relative worth contracts.

The extension to dynamic modeis yielded extra predictions. First, multi-
period contracts are superior, they wdl be used where i)ossible. In additi.on.
these contracts will have memory effects, compensation today will depend on

current and past output, and under some restrictions the variance in income will

rise over time.

Finally, restricting the format contracts can take, it was found rank-order
tournaments tend to be preferred to individualistic schemes the larger the vari-
ance of the :ommon shock and/or the larger the number of workers in the firm.

In. addition, ithe princifal has a role in output, relative worth contracts would

" be used.

This literature survey has revealed several areas m which agency models could

¢
be improved.?” - Most certainly dynamic models would seem to be an important
arca of expansion. Especially lacking in this setting is a good integration of cap-

ital markets. None of the research in the literature has adequately explored a

TIn addition to those discussed in the body of the paper, two of the major areas would deal
with how principals and agents get selected, or how agenta get sorted into types of jobs depending
on their degree of risk-aversion. This research would clearly have Lo be imbedded in a dynamue

model. The reader’s attention is also drawn to the ideas suggested in MacDonald (1984) and
Hart and Holmstrom (1987)

-
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Joint choice of borrowing/saving and eﬁ'ort Observation reveals agents can bor-
row and save, and restricting their ability to do this is an unreasonably strong
assumption. As other research has hinted. and as this research shall show. in-
troducing capital markets does make a mgmﬁca.nt difference - this research will
generalize the study of dynamic agency modeléi

Other authors have argued (MacDonld (198-4). Hart and Holmstrom (1987))
that agency models are short on testable predjctic?ns, and that dynamic mod-
els are better at generating estimable predictions, as the timepaths of variables
come into play. Further, it is possible to get specific predictions by ofhaking spe-
cific assumptions. Therefore._ this thesis will examine a dynamic model, but the
feasible choices of the principal will be restricted by concentrating on rank-order
tournaments. with a small digression comparing them to linear piece-rates.

In Chapter'Two a basic risk-neutral model of a sequential rank-order tour-
nament is developed, based on the structure of Lazear and Rosen (198];). It 1s
first shown that allowing agents access to a perfect capital market where they
can borrow?® up to mean income results in a serious existence problem. The
remainder of Chapter Two develops an intermediate, imperfect capital market
based on restricted borrowing. Repeated one-period, nonmemory and memory
two—peric;d contracts are then considered. It is proved that memory contrac(s are
optimal, and hence some of the res;.llts of the dynamic literature are generalized.

Chapter Three develops a simple dyﬁa.xm'c linear piece-rate model with re-
stricted borrowing. This a.llowys for the generalization of the optimality of inter-
temporal models under borrowing. In addition, piece-rates and tournaments are

compared in this setting. It-is shown neither completely dominates the other,
' with the tournament tending to dominate as the value of output rises or the

variance of the individual shock falls.

'Chap.ter Four develops a more'sophistirta.ted cdapital market. Here agents

i

B1In this structure-the savings case turns out to be trivial..

[+]
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é
are able to *default’ on their loans. but must pay a form of default cost. The

modelling is more analytically complex, but yields much richer predictions. (For

example, it is shown that when the principal cannot use memory contracts, 1n
.

the second period the first period winner will ‘coast’ (choose less effort compared

to the first period loser).) It is also stn at the memory contract predictions

hold under this form of capital market as well.

Chapter Five pulls together and extends many of the results shown in the
earlier chapters. Among the strong predictions of the model are that memory
contracts will be observed, they are pareto-superior. In addition, predictions
about the timepaths of consumption and wages in thesx models are generated.
As an example, it is predicted mean wages will rise over the length of the contest.
The default cost model also generates several predictions about observable labour
supply curves and the extra work hours of agents. For example, it is predicted
agents who lose contests will be forced to work extra hours (compared to winners)

to pay off their debts.

2t



Chapter 2

Rank-Order Tournaments With

Restricted Borrowing

The literature survey in Chapter One revea.led.tha_t/ one important extension of
agency models would be to gxa.mine the case of dynamic models with agents able
to freely and jointly choose borrowing and effort. This chapter begins this re-
search by examining quow'mg in a sequential rank-order tournament. It is first
shown that a perfect capital market leads to an equilibrium with zero output.
The remainder of the chapter exa.m.in&’a.n imperfect capital market (based on
restricted borrowing), and examines its impacts on the agency problem. Several
types of contracts are developed, and it is shown that in this setting memory
contracts will dominate nonmemory contracts. Details of these contracts are

also developed, and predictions about observables are made.

2.1 The Basic Model

A model in which agents consume in periods 0, 1, 2 and work in periods 1 and 2

will be developed. In each period of work, output is produced via the following

*
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simple production function. for worker j: ’
QJt =E){+€)‘- ’ (2-1)
"~

N
Output 1s g, effort E, and ¢ is a random shock with mean zero and variance o2
It is assumed ¢ is independent across time and agents. and the density function is

such that f(elE) = f(e¢) for all E. Effort is selected before the shock is observed

-

by the agent. and the principal can only observe the quantity of output.'

Agents are assumed identical. and have the {ollowing utility functions:
Vi=2Z,+ 32, -C(E\)) + 332, - CLE;) (22)
~

where 3 = (1 + p)~! is the discount factor, Z consumption and C(FE) reflects the
disutility of effort (C(0) = 0. C'(0) = 0. C’ > 0. C" > 0). Agents sclect effort
and the amount they wish to save or borrow at the interest rate r to maximize
expected utility subject to whatever borrowing constraints are in place. the form
of the compensation contracts, and their conjectures of other agents’ effort. It is
assumed 0 < r € p < 1, so that agents always want to borrow some amount.?

Solving the agent's problem yields the reaction functions for borrowing and
effort. The principal takes this into account when solving his problem. He selects
the wage structure to maximize the agents' expected utility {with the optimal
réaction functions substituted in) subject to a constraint that expected profits be
nonnegative. This problem replicates the out;:ome of competition, where firms
and workers are ;naximjzing expected profits and expected utility respectively
Thus the synthetic problem is to select the wage structure to solve:

max L = V(w. E(w), B(w),...) + A(n(w., E(w), B(w),...}).
4

1t is<assumed collusion betwsen agents, and destructive bchavnog towards one’s opponents

18 precluded (see MacDonald (1984) for a discussion) A common shock term has been left out
of the production function, as it turns out to have no role 1n these models - not even in the pirce

rate versus rank-order tournament comparisons of Chapter 3
21t is possible'that agents could have endowments each period, which would be fully borrowed

and consumed in period 0 .The.oc would in no way alter any results, and hence are omutted

oo .
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where w represents the respective compensation structure analyzed below, and

where V(w.E(w). B(w)....) is essentially an indirect utility function.®> The la-¥
grange is as written to reflect the indirect effects of the wage structure on the
agent's choices. In this setup all the rents go to the agent. but this in no way

-

alters any crucial results about effort levels. etc.

Firms hire four workers. who are paired off in sequéntial rank-order tour- .
nament c‘ontests. In each contest the worker with the highest level of output/ ‘o
receives the wage of a winner (denoted as Hé}. ahd the other the wage of a loser
(). The probability that an agent : wins a particular contest is:

L]

P = prob(g, > ¢,) = prob(E, - E, > ¢, —¢,) = G(E, — E,). (2.3)

where G(-) is the cumulative density function of €, —¢,, and dP/OE, = g(E, - E,). -
It will be assumed throughout the resulting equilibrium is Nash.

There are three types of contests examined - repeated contests ( workers replay
each other, identical wage structures in each period), nonmemoxzy contests (work-
ers replay each other, different wage structuresj and memory contests (workers
are sorted so that winners play winners, etc. and all wage structiires can differ).

~
The sequence of events follows Table 1.

.~ r-
This structure can be thought of as a sequential promotion structure, where

division heads compete for the prize of being selected vice-president (with the
resulting junip in salary), and then in turn compete as vice-presidents to be
selected president. A similar story could be salespeople competing to be sales-

person of the year, with a free trip to Hawaii, etc.

3

3The question of potential mobility constraints on the principal’s problem are discussed below

-




TABLE ONE .

Sequence of Events

Period 0 .

P announces A selects B,

wages. and consumes. ®
Period 1

A selects q1 obsgr\'ed. wages Winner(loser) selects B B,
E,. paid out. ¢ and consumes( works off debt)
Period 2 ¢

Winner(loser)  ¢.(q¢) observed. Second ;;erlod winner(loser)
selects E,(E,). wages paid out. consumes( works off debt).

2.2 Introducing the Capital Market

In this sectioil a standard capital market will be introduced. and it will be shown
that in this setting ox-lly a trivial solution to the principal’s problemn exists. Con
sider a one-period tournament. As discussed above, the probability of winning
W, is P(E, E,)). etc. It is assumed ;1 Nash equilibnum exists, computable by all
parties. and with identical agents E, = E,. yielding P(E") = 5.

Suppeose a bank offers the following ‘fair bet’ loan at the rate r < p* Agents

borrow B for'immediate combumption in period zero, where

r(P(E YW, +/(1 — P(E*))W,)
A J + r L]

B =

Winners repay w. losers r - W, Note that banks earn nonnegative profits

(assuming the cost of funds is < r), and agents can borrow up to their mean

—
a

*Other borrowing scheines can be constructed. but yield under-eflort and/ot negative profits

for the bank Examples include a acheme where borrowing 8 15 subject to W, > 8 > W,

S
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income. Note if the agent selects z = 1. censumption in period one is zero. It is

assumed the bank can calculate PLE').. straightforward in the current case where

agents are identical, and make identical choices of effort. so that P(E") = 5

"Proposition 1 In the above described fair-bet borrowing arrangement. only a
trinal Nash equilibrium ezists in the tournament firm, with zero effort and zero
<

output on aversge for each agent.

Proof Each agent's problem is to select z (and hence B) and E. subject to

zr < 1. to solve the following:

TP(EW, + z(1 = P(E" )W,

maxl = +max J(P(EYW, (1 -1~
= l1+r E
(1 - P(EVWWH1~-1)=CE). _ .
- »
Solving this backwards from the final period. each agent selects E to solve
oP 0
— (W, - W -)-=-C' =0
- Assuming a symmetric Nash equilgbrium. each identical agent will make the same

selection of effort, £, given the already chosen optimal value of r.
& Next.'in the first period. given he will be selecting E optimally in the final
period, each agent selects rz, subject to z < 1. to maximize

- L‘/' » — L ] “- .
y = 22 w+1"+(1r PEDYe | 5pE (Wit - 2) +

(1— P'(E'))W,(l -zI)~C(E")).

~

With A the multiplier on the borrowing constraint. the necessary condition 15
)

P(E))W, + (1= P(E)W, P(EOW, +(1 - P(E)W,
1+r Y 1+p -

~

Examination given r < p reveals A .and r = 1. Agents take the full amount

<0.

of the fa.ir?et. Substitution inte the effort equation yields:

apP
— n=C
. 3E (0) = C'(E).

4




which under the assumptions on C(E) yields E = expected output = 0. T

The intuition is that the agent selects and eats B in period zero. At the
beginning of period one. he selects etfort. At this stage. he is commuitted to repay
the outstanding debt. and whether he wins or loses. he consumes zero. Unless he
1s somehow precommitted to select E > 0. clearly the maximizing choice 1s zero
effort. The entrance of a third economic entity into the game dest)roys workers’
incentives, and®hence the tdurnament firm’s equilibrium collapses.

In response to this problem, two types o‘f imperfect capital markets are de-
veloped in this thesis, botlf\{hi‘ch avoid this probltem. Neither,of these tvpes
1s necessarily optimal. De\'elgping‘axi optimal setup is a complex task left for

"future research. There it would be necessess’ to describe maximizing beliavior for
the bank, and set out the exact gaygne theory for this new tnangula:i situation.

Two different models of capital markets will be developed that approximate
those actually observed.® These models will be internally consistent in, that
banks will make zero profits on average. and in the resulting equilibgums effort
and output will be positive. In the first model. developed in this chapter and the
next. agents are a.llo;'ed to borrow up to an amount they can commut to repay
(the wage they earn in the worst case scenario). In Chapter Four. agents wall
be able to borrow past this amount (nisking bankruptcy). Hdwever. they fm'v
default costs, in that they are committed Yo work off outstanding debts a£ an
outside job. These models are only approximations of more complicated capital
markets. but their simple structure yields specific, testable predictions

The idea of an imperfect capit market providing useful insight:q 15 not
unique. One interesting example is Haltiwanger and Waldman (1986) who exam

. . . ' . an . 0
ine adding a capital market to Harns and Holmstrom's (1982) contract maodel,

*Both models are developed not only for comparnsion purposes but because each yields nnlq-w'

£
- insights 1nto the impact of borrowng on ageney meodels »

032
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They show that an imperfect capital market generates predictions about wage
patterns that are closer to the stylized facts than the predictions of moc}els with
either no capital market or a perfect capital market (like the one used above).
A second model with an imperfect capital market is developed in Farrow
(1986). He considers a model where firms have superior information on the value
of marginal product. and are negogiating with workers over wages. If these firms
face bankruptcy constraints and default costs (somewhat resembling those devel-
oped in Chapter Four). then this ‘illiquidity phenomena can make a risk neutral
firm act ‘as if ' {t were risk averse.” As shall be shown. the imperfect capital
markets developed.in this thesis will make risk-neutral workers act as if they were

risk-averse. Clearly. exploring imperfect capital markets is fruitful.

P

2.3 Repeated One-Period Contracts

In this section contracts will be restricted to a particular form. Firms will be
constrained to offer identical z-ero-proﬁt contracts in each period. although agents
are free to borrow across two periods. This is a casegwhere neither side can
. commit for more then one period. and where workers are not identifiable as

-

previous winners or losers.

A firm hires two workers, who compete with each other in two consecutive
contests. In each contest the worker with the highest level of output receives
W,., and the oti:er receives Wy (W, > W,). The probability that an agent : wins
the first (second) contest s Py(P;), where P, #nd P; are as defined in equation
(2.3). In a Nash equilibrium, assuming symmetry, E, = E.,. and therefore in
equilibrium P, = P, = .5. -

. A

SFarrow (1986), page one
\

'
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Agents can borrow against their sure income in each period:
W, B, W,
+ » By £ .
"Tl4r 14 P 14

B, is borrowed (and consumed) in period zero against period one’s earnings.

(2.4)

Since agents can roll over the outstanding debt of B,. the above implies:
W, W,
<
B < 1+r-+-(1-+-1')2

Thus agents borrow across two penods. Note that banks always are guaranteed

-

(2.5)

repayment. as an agent earns at least W1, (e.g. Byl +r) = W,} In addition,
" 1t will be demonstrated below that an equilibrium with positive effort levels and
positive output exists.

The agent selects effort and borrowing in each _period to maximize:
Vo= B+ 3{B; - By(l1+7)+ P(W,)+(1-P )W) -
C(E)] + B [PA(W,) + (1 = P)(W) = By(1 + 1) = C(Ey)]

subject to the borrowing constraints. Letting \; and A; be the multipliers on the

B, and B; constraints, the first order conditions are:

g; = 1-8(1+r)—A =0, ‘ .’ (2.6)
.g—; = 3(1-(1+r)3) - =0. (2.7)
% = J(Z—Q(WW — W) = C(Ey))= 0. (2.8)
% = 32(2—2(‘VW—‘V1)—C'(52))=0, , ) (2.9

ac well as the two constraints. Assume the ~hove equations characterize the

global maximum, ard a unique solution exists.”

"There are two important points here. First, this assumption is potentially important, as a
global maximum of £, = 0 18 possible - see Lazear and Rosen (1981), O 'Keeffe et al (1984) ot
Rosen (1988) for a further discussion. Second. there 18 a potential problem if W, < 0 - then I3,
or By < ( is possible To avoid this anomaly, 1t could be assumed agents have an endowment
such that t.l;c endowment + W; > 0 As mentioned above, this endowment can be ignoted in

subsequent analysis

p—
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Given p > r, the above f.o.c.’s imply A;, A; > 0 and vhus the bdrrowing
constraints bind. Assume a symmetric Nash equilibium holds (E, = E,). and
define § = ¢g(0). In order to get an explic}t solution, it is assumed C(E) = E?/2.
Thus, the best respouse functions are:

I‘}(?*-T) -
= 4= (2.10)
By (1+r)2 . : '
W,
B: = . . (211)
l1+r :
E, = E;=E=g-(W,- W, (2.12)

The effort choice function reveals a simple marginal cost equals marginal

benefit condition. Thus, £ = MC, while the MB of working equals the gain
in wages from winning times the probability density function evaluated at the
equilibrium. The last factor represents the randoniness due to the shock to
output - the lower the variance of this shock, the higher § and the higher the
return to one's effort (essentially, the lower the chance of an unfortunate draw
of € negating your hard work). It can be noted that as iong as W, > W, effort
will be positive - agents are motivated by the gamble (consumption of a winner
= W, — W,, that of a loser zero). Unlike in Proposition 1, with this capital
market a nontrivial equilibrium with positive effort and output exigts.

The comparative statics are straightforward. Effort rises as the spread of
wages rises, but it falls if the variance of the shock to production rises (§ falls
and chance is more important). With more randomness, the link between effort
and compensation is weakened, and effort falls. The compa.rative‘statics on B,
B, are clear, too. Finally, note that there are no links between périods, and no
intexperiod.effects - the second period effort is independent of what occured in
the first period. ) .

As mentioned earlier, the principal selects the wage structure to p:aiinﬁze

the agent’s expected utility (evaluated at the Nash equilibrium), subject to a

constraint that discounted expected profits equal zero. Defining D as the value

.

(%)
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of output and r as the principal’s discount rate, his problem is to select W, W,
»

to: .
(2 2 A L
macl = T T (e m o +
&;:)’,-(DE - Ber Ty A
where E comes from the agent’s reactiyr fun\(?tions. and P, = P, = .5. and the
borrowing reaction functions have been substituted in.® N

Assuming the second-ord:r canditions are met. the first order conditions to

the principal’s problem are: ) ' ' ~
oL - 2xed o,
W, .  (1+p)'2 W,
- (2+r) E .
- )= 2.13
+/\(1; )’( \_) o (_.1 ).
3L _ 2+7 2+p SE
aw, - Q+rrt0+ )2( 2 CBgp )+ |
(c+r) ~OE 1 . Y
v 1 ),( W, ~ )—0,‘ o . (2.14)
OL. _ (2+7). (W.,+wn _ - .
N  (1+r )2(DE 2 ) =0. (2.15)

The intuition of these equations is straightforward. For exampte, as the principal
raises W, this raises the agent’s utility via raising consumption, but it lowers his

utility by raising effort (BE/GPV,‘, =3 5*0). The effects on profits are such that

raising W, raises effort agd revenue, but also raises costs. with the overall effect -

arabiguous. The faét C” > 0 guarantees a maximum value for W, exists. UOn
the other ha.nd raising W, always raises utility and lowers expected profits, and

once again the convexity of C guara.n?e& an equilibnum.

a '

Proposition 2 a) The solution to the principal’s problcm yelds:

o D1 +p)%(2+7r) (r—p)3+2r+20+ pr)
(24 p)(1 4r)? - 2§(1 + )32 + p)

8The method used here of subﬂn&utmLE into the principal’s proh.la-rn means the ‘first order

approach’ problems discussed 10 Rogerson (1985b) are not relevant *
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‘ 1 1
W, = E(D’-{'-;'g_'),"Vl:E(D-—-‘_)—g_-). C ¥

4

b) The pnﬁcipal desires the agent to work harder at the optimum (an observable

increase in outputl.is pareto-optimal - both the principal and the agent.can be

made better off ).

Proof; a) \Ia.mpulatmg the principal’s ﬁrst order CODd]thDS vields A = 1, and

the solutions above. e \

oL ~_ ..+p - (2+r)D
b)— = T3, )2( C’(E))+A-——-—(1+ 7

L] -

’

Evaluating th.:s at the equlhbnum valués for £ and A:

L (p=r)3+2r +2p + pr)
3E 2G(1 + r)¥(1 + p)?

T .-~

>0.0

"~

This proposition reveals the usual agency result that the principa.l desires
the agent to work harder at the second-best optimum (see Holmstrém (1979),
\alebuff and Stiglitz (1983)). In addition, the comparatxve statics are as follows

. OF 9F 8F > QF >

a0 > % 3 7% 5 <% % 20

AW, — W,) AW, - W,) > =

—x 50 Y T - .
oD "~ a3 <’ s

These are.straightforward. For example, if the value 6f‘output rises, more effort

is induced by raising the spread and mean of wages. A fall in the randomness of

output (assuming a symmetric distribution, § rises) raises eff6rt.
Finally, solwng for the value of the contract to the agent in equilibrium:

(2+r) (2+p)(W }
‘A+r)2 7 (149)? 2

V(repea.tegi)‘ = . W, C (E)).

[

. * Substituting in the va.lues for W, and W, yields:

S v . .E22+ ;
" V(repeated) = E(—l%:T‘)o’)’




-

where V" has been left as.a functxon of E for a.lgebrmc simplicity. This value will
be useful in comparing repeated contracts to others in Section 2.6 below.

The repeated contracts in this section entailed severe restrictions on the prin-
cipal's choices - he was restricted to offer identical contracts to. all agents in a.~ll—

periods. This means he was unable to dlﬁ'erentxa.te between agents ba.sed on their

history. and was unable to have mterpenod effects in the wage structure. It was

. shown that in this situation there was an agency problem of undereflort. In the

next section, one of these restrictions is released - the principal tan offer different

wages 1n different periods.

¥ o ‘3 3

2.4 Nonmemory Two Period Contracts

+In this section the same production structure, utility functions, and capital mar-

ket are assumed. However, a crucial change is that now firms can offer different

: . . . - . ' !
wage-structures in the two periods. The firm hires two workers who compete

with each other in two consecutwe contests. The probabilities of winning in
s

the first and second period are P, a.né P, respectively,® with these probabilities
described by equation (2.3). Agents are offered the wage pair (W,, W,) in the

ﬁrst period and (W3,,, Wy,).in the second period, with the agent with the higher

‘output receiving the (higher) winner’s wage (W, W, respectively). A crucial

point is that firms are not completely unrestricted in their choice of wage struc-
tures Although they may have wage structures differing between periods. firms
a&{e not. allowed to differentiate between first period winners and losers in the
second penod\(ﬁbere are no memory eﬁ'ects). However, despite this lack of wage
links be.ween penods, .8.(11‘ intertemporal structure will come into play.

With the fact contracts differ betwedn periods, unlike in the rcpeated case an

PR

°In equilibrium, P, = P, = 5



agent may wish to leave the firm after the first period. It will still be assumed

the principal sig§§ a legally binding contract over two periods, and initially it
will be assumed the agent is legally bound too. It will b; shown below that when
the agent can leave after one period, the principal will arrange the cbntragt so
the agent does not want to.
.. Agents can borrow against their sure income each period-
B s l‘ilr * (1;11)2 BT

(2.16)

Agents select Borrowing and effort to solve the following problem:

max V. = By +3(P(W, - Bi(1+r)) + (1= YW~ Bi(1+7))
' +B; — C(E})) + B3 (Po(Wau — Ba(1 + 7)) +
(1 = P)(Wae = By(1 + 1)) — C(52))

i

subject to the borrowing constraints.!?

The ﬁrst order conditions to the above problem are similar to those for the
® -

repeated problem, and are omitted. In a symmetnc Nash ethbnum (Pp=P =

\ .5), the solution to the agent s problem is:
Wl. Wu L 0=
- .. : 2.1

By T+r (1+r7° : (2.17)

Wae : : . '
B, = . - 2.18
. l+r . ( . )
.El = g(Ww - IV() Y « . . (219)
E; = (Wi —Wa). | (2.20)

- 7

These results are natural extensions of the previous ones. Note that in general
E, # E,; unless the principal chooses to set wége deferenna.ls identical in the two

periods. The comparative statics are stra.xghtforwa.rd, and similar to the earlier

- \
10Note that E is restricted to equal E;. It is easy to show that with ‘no leftover debt and

facing identical wages in the second petiod, agents will indetd select E;, = E,.

a
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case. Crucial is that there are no interperiod wage effects, so dE,/0W, = 0, etc.
(These links will be introduced in the next section:)
Given the agent’s choices; the principal selects the wage'structure to solve

L4

the following:

W, W W, - W, .
= 3(——— ~ C(E
max L l+r+(1+r)2+ ( 7 (EyN +

Wi = W DE DE,

2 2w u 1 ]
—— )V -C(E, A

F 2 (22 + (1+r+(1+r\2
W, + W, Wy + Wy -
2(1+r) 2(1,4r)?
(Mobility constraints are considered below.) iy

Proposition 3 a) The wage structure is non ugigue.

b) The contracts that solve the principal’s problem all involve the following values:

+
~

~ _ DQ1+)p) r—p N,
B = l1+r +2g(1+r)’ A

D +9)? “(r—p)2+r+p)

[N
[SV]
—

-

= 2.22
= (14 r)? 2g(1+r)? ( )
It c‘an be shown that
(p—r)(1+p) 1>
E,-E, = D-—)=0,
? (1 +r)? ( 2g) <
aEl 3E1 357 aE?
3D > 0, ag > 0, ; > 0,
dE, OE, JE, '
Sign—r = —Sign—2" = = ‘
ign B Sign 5 Sign o
— = —Slgn§8£r2- = Sign(2Dg — 1) E 0
c) At the optimum, the principal desires the agent to w;)rk harder. G
¢ ~

Emﬁ'a) Consider a set of wages that solves the principal's problem. Carry out
the following changes: dWw' = dW, = r and &Wg.‘, =dW3, = —z(1 +r), for some

z. From the values of the agent’s reaction functions, dE, = dE; = 0. From the
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v

principal’s problem. ., N

z (l+r)

1+r_(1+ﬁz+ﬂ5u—rﬂ+3%ﬁﬂ1+ﬂ

dL =

(z+ 1) {(l+r)+z(l1+r1)

2(1+r) 2(1 +r)? )=0.

—(l+r)))+ A(—

Thus. any changes in the wage structure as described above does not dist\urb the
optimum. ¢

b) Take the first order conditions for the principal’s problem. 3L/38% ", = 0
and ¢L/3W, = 0 can be solved for A and E,. These are substituted into either

of OL/3W,, or AL/3W ", and solved for E;. E,-— E, follows simply, as do the

comparativesstatics. .
¢) Evaluate the following at the equilibrium values of E,. E;, and \:
aL . AD S oop—r
—— —— 3 — 4 = > O .
OE, ( C(El))+1+r 26(1 +r)(1 4+ p)
oL 2 AD (p=r)(2+r+p)
—— = ~-C'(E = >0.0
OF; > ( 2))-+-(1+r)2 2G(1 + r)?(1 + p)?

The n;)nun.iqueness result is common to multiperiod agency problems.!! There
are many differer* wage patterns that yield the optimum to the problem. What
is crucial to the agent’is consumption, not wages - in a model with borrowing it
1s this that motivates an agent. The wage changes described in the proof above
are offset by the agent changing his borrowing, leaving his consumption constant.
It will be showg below these consumption values are unique.

The effort le\;éls are also unique. There is an intertemporal effect in wages
and therefore in effort - in general £, # Eg.\ When borrowing is present, the
firm chooses to create this intertemperal effect, as it maximizes profits. The

borrowing itself allows this effect to be created, as it links periods together.

'1See Lazear (1979) or 1n an analogous setting Haltiwanger and Waldman (1986).
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The equilibrium value of the nonmemory contract will be needed below to

compare it to the value of other contracts. This value is:

) W, Wy, w,-%w,
vV = H(———— - C(FE
(nonmemory) 1_4”_%-(1_*_,_)2 + J3( 7 (E))
W, — W,
+ IR~ C(Ey)).
To solve this, start by letting Z index consumption 1n a given state. Then
At~
Zap = Wo —Wo=E/3. - ‘
2y, = W, --W,=E/3.
Zu = Z( = 0.
P W, Wi § 2y - 2oy
0 - + - - - 3
147 (14r)? 1+r 2014r) 201 4r)
~ where L -
/ j : W, +W, Wy + Wy DE, :
§g = —— =DF . -
L y 2 T 21+ g
\\ig_pﬂ)riate substitution of the Z terms into V" and simplification vields a result
‘ which will be used in Section 2.6 below:
i E 2 2 : .
V{(nonmemory) = (£1) (£2) (2.23)

- T 2(14p) 21 4+p)7
Implicit in the above discussion is the asawmption that the worker does not
wish to leave the firm in the second period. that he is bound to the firm. If
this assumpti(;n 18 E‘elaxed, the firm must meet certain second-peniod mobility
constraints. Given there is no specific human capital. the first of these is that

_second-period profits must be non—positi’ve (so that other firms will not bid away @

workers):
5(Wa + Wyd — DE; >0. - (2.24)
fagn

The second constraint is that second period utility must be higher in the contest

than at a reserve job. It is assumed this job entails perfectly observable output. ®

. N
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and pay equals the value of marginal product (D, E,). Appendix 2.1 examines
the agents’ choices at such a job. and there it is shown the. same constraint will
hold for a first period winner or loser:

W, . i (D )31+ p)
— ! = U5 - 2 —
1+r +~3('a(‘{2u .l) C(Ez))— 2(14—1‘\:

Proposition 4 The mobilsty sonstraints do not bind.

-

ay -

" Proof: In the new.principal’s problem. let Ao Al and A; \a;.ll nonnegative! be

the multipliers for the two-period zero-profit constraint. (2.24) and (2.25) respec-
"'.

tively. The first order ccsndjtions to this problem then become: “
oL E’ D OJE, 1 Y <0
W, aw, T\ T Traw, 21+n T
oL 1 e O . D 3E
aw, = T+r 0" SC(E‘)aw M aw,
1e
- <
20147y~ 0
aL 2 o, A ~ 9FE; =
M -3 C(E’)awm (1+r )"’(JBWQW )+ o
T, OFE, E;
oL _( 4 2 8E,
e - O+ r) 587 - 3 C(Ez)avvu + . \\
Ay 8E2 JE, 1
(1+r)2(DBW'u S)+ A5 - aw,,,)+ 1+r
. . \ - /
3./0W, and 8L/3W, can be solved for A\ = 1 and

< l=

1+r 25(1 +r) X '
Taking into account the comparative statics from the agent’s problem and A, = 1,

adding together OL/8W,,, and 8L/0Wsy yields Az +As/(1+r) < 0. which implies
Ag = ,\3 = 0_‘ (0] , ) 9 N

/
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The int\.}it&on of why the mobility constraints do not bind is as follows. In
Proposition 3 it was shown that the irm could make the following changes to
wages without disturbing the optimum - lower W, 1§, by r and raise W37, 11,
by z(1 + r). Cleariw the firm can costlessly meet the mobilit}' constraints by
carrying out such actions.

€4 - The previous results on wages. consumption and effort go through unchanged
This result of agents choosing not to leave the firm 15 qute cnm.mnn i the
literature on long-term contracts. However. since the pnncipal makes negative
profits in the second pericd. this requlr;s either a legal mechamsm or strong
reputation effects to prevent the principal from finng the agents after the first
period (see Lazear (1979) or Kuhn (1986) for further discussion on this pont)

In this section the principal was allowed to offer two-period contracts. unlike
in the previous section. Here, it was shown that there would still be under-etfort
in the resu.iting equlibrium. Despite this, firms did choose to offer these two.
period contracts as they were superior to repeated one-peniod contracts. These
new contracts generated some new results (for example. the nogumqueness of
wage_s.’:_,a.nd the fact £, # E;). However. firus were still not allowed to offer

agents with different histories different contracts. The next section addresses

B

this issue.

2.5 Memory Contracts

In this model. the technology and preferences are as above, but the finm can <ort
- Workers in the second period, based on what they did in the first penod  Thus

the firm has the pdssibility of selecting memory contracts agents’ r.':mnngs in

the second peri(;d .dopend not only on second ‘penod effort, but also on whether |

they won or lost 1n the first penod. A cruaial wnterperiod wage hink has been

041
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created.

The firm hires four workers, who work in two separate contests in the first
MM‘ for wages W,. W, as above. In the second period the two winners are
now sorted to play each other for wages ﬂ'm:. Weoe. with the agent with the
- | higher output receiving W, > W, Similarly. the two losers play each other
for W, and Wy W, > Wy As a result. t};:ere i1s the possibility of memory
effects - what agents do in the first period potentially affects their second-penod
compensation. The agent with the higher output not only receives a higher
wage, but goes on tf) play in a different contest.'? An explicit example would be
a sequential promotion structure within a firm - division heads with high output
get promoted to vice-presidents, from whose ranks a president will be selected.
The probability of winning an individual contest (P, P,. P;) is farmed in
a manner agalogous to that of the earlier. contests. Agents once again face the
constraint they can borrow only up to their minimum guaranteed income at each
stage:
- - <
B < lz-‘r + (lv:f‘:-)z ' -
1%%
1“-/::' s Bes '1+ur'

—
n
[§*]
o ¢
e

B,

—~
[S%]
o
-1

—

Note how the sorting means the winner now revises his borrowing.
The agents select borrowing and effort to solve the following problem:!3
. max V = 31+,3P1(WW—A(1+r)+wa+5(Pw(W'ww—
Buy(l+7r))+ (1~ P} (Wu— Bu(1+r))-C(EL))) +

121t should be noted if workers differed in ability, this scheme would promote more able workers

on -aveu.ge. aad sort for the firm. See Rosen (1986) for further discussion.
131t 18 assumed that . h

Wee — Wy

W, — W,
¥ ¢+ 1+r

> 0.

This is needed to guarantee that a first period winner has positive consumption, a constraint

similar to the earlier one that losers have nonnegative consumption.




1= PYWe—Bi(l+r)+ Be + 3(Pe(We —

T
g ’ Bl + )+ (1= P) (W= Bell+rH=C(E))
W, Woee W,
-3C(E,) + 1\1(1 g + FENSE - By} + ,\2\1 —r B.)

“"([ ,
+/\3(1 o - B,), .

where E is tLe effort 1n the winners contest. E, in the losers contest  Assuming
once again a unique symmetrnc Nash equlibnum (so that P, = P, = P, = 3.

the solution is:

B = —« , He = (2 281
1+r (1+r)
W,
B, = —=, (2.29)
1+r
W -
B, = X ‘ {2.30)
l1+r
w.,-Ww
EL = §(Wy-W,+ —1’1‘+——‘i + (B3I W,y — W) — JC(ELY)
r
~(.53(We, — W) — 3C(E,))). (231)
Ew = g_( ‘wa - ‘le)~ 4 (232,
E, = g(Wy — We). . (2.33)

Clearly. first period effort depends on wages in the second pc‘t‘i(ﬁf()r example,
JE,/OW, # 0). Sorting creates intertemporal links that the pnncipal will he
able to exploit to get a more profitable solution. compared to the nonsorting
model. Thus (2.31) reveals that the return to winmng the first peniod 15 not
only the wage differential. but includes a sort of ca;:itzd gaun compnsed of theé
difference (expected value (winner’s contest) - expected value (loser's contest)).

Comparative statics for the above values can be eanly derived. The values
for the borrowing choices are straight forward. while those for :-q‘uatmns {2.31) -

(2.33) are more complex and require solving a 3x3 system {see Appendix 2 2 for

details). The results are as f()HOWS‘(WhPrP R=1(1+4+r)")

OE, _ OE. _ OE _
. WL T awT aw,.

g >0,

-

»



OE, _ OE, _9E. _ . _.
W, T W, oW, =%
BE, ) >
= . g — 3—2E — U,
WL - 53§ - 3¢°E, p 0
3E1 _ = -2 A
o = G(R-.53)+ 35°E, >0,
aE} - _ -2 >
W, = .593 + 3G‘E, < 0.
8E, . L,
v, = §(.53 — R) - 33°E, < 0.
0E, _ OE, _@E, _ 3E. _ 0
W, ~ W, 8w, OAu,
dE, _ OE, Q3E, _ 8E, _ 0
oW, W, W, OW..

The primary differences from the earlier models are the intertemporal results.
the fact comparative statics such as 3F,/3W,,, are nonzero. These create the
intertemporal links the principal can exploit in addition to the borrowing links.
The above comparative statids are all logical. For example, as W, rses this
tends to raise £, (more wages if you win), but also teﬁds to lower E, (once you

win, in the winners’ contest effort rises (9F,,/0W,, > 0), lowering the value
of winning). The result is ambiguous:. One does not always want to be vice-
president if one has to work excessively hard.

Once again, the principal selects the wage structure to maximize the agents'
utility, given the optimal choices of borrowing and effort, and subject to a zero-

profit constraint:

W W, W —W
max L = L + Y+ B(S5(W, - W, + —— "ty

_ 1+r (1+4r)?

C(Ey)) + .58%(.5(We — W) — C(EL) Y .5(Wew — W)
: DE] D(Ew + E() _ Ww + W(

. -C(E A
(Ee)) + (1+r+ 2(1 +r)? 2(1+r)
_Ww+wﬂ+wlw+wﬂ)
4(1+r)? ’

R~
LA S
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Proposition 5 a) The wage structure is nonunique.

b) The contracts that do solve the above problem all snvolve the follounng values.

D(1+p) r_p * ) q.
= . 234
E: T+r 23141 (
E, = 21*rel,  T-p (2.35
1+r 2g(1 +r)
2 _ Y
E, D1 + p) N (‘r pH3 +2r + p) . 530
(1 +r)(1+2r—)p) 20(1 + )l +2r—
where .
(p=r)1+p 1 >
E - Ew= ?.D—— '—0
) (1+r)(1+2r—p)( g) <
\, -
O, _ 9L, o 9B _9E.
oD oD aj a§
JF, JFE, - > OF, JF,, o - >
= - 0 — = x —(2 - — 0,
3 . ER x (2Dg 1)<0,3r 5 < (2Dg 1)<
BE, aE( aEl 8D A >
2D > O,ag >0.apo<(..Dg—l)<0‘
BE, >
- —(2D§ — z
3 o (2Dg - 1) > 0.

c) At the optimum, the principal desires the agent to work harder 1n the fir«t

period and in the second pertiod unnners’ contest.

Proof: Analogous to Proposition 3.

As in the nonmemory model. the wage stricture 1s non-umque  However, of

* 1ort and the consumption values are unique, and can be solved for It can be <eeqy

there are memory effects present - in general E, # E, and hence wages will ditfer ’

in the two second period contests, given equations (2.32) and (2.33) The princy
-
pal chooses to set these wages at different levels, helping to create the capatal gadn

mentioned above (expected value (winner) - expected vahie (loser)) The pres

encwr of these memory effects creates links between periods | an ageut’s compen
satior\in the second period is a function of eflort in both the second and the first

04~



period. These extra tools lead to a more profitable, pareto-superior outcome. In-
deed. both the memory and the nonmemory contracts can be explicitly solved for
their expected values to the agént. It can in turn be shown that EV(memory)>
EV(nonmemory).!* Memory contracts pa.reto-dor.ninate nonmemory contracts.
(See Section 2.6.) The multiperiod, sorting framework helps to eradicate the
moral hazard costs. Howeve:. these cosss are not totally eradicate8. as seen by
the fact the principal would still like the agent to work harder at the optimum
(see Lambert (1983) and Fama (1980) for a further discussion).

In these contracts. an examination of the consumption values in each state
allows some insight into what motivates agents. Once again. define Z as con-

sumption in a g@iven state, such that:

W — W,
Z. = W, _ W, e We . .
1+r "
wa = n/'w - W'wb (Y ' *
le = “/’lw - ‘;y'lb
~§ L]
Z = Zut=Zu = 0. *
122 W,
Zo = ¢ e
1+r 1+r

Recall equations (2.31) - {2.33) plus the zero-profit condit‘io‘

_ (Wew + Wee + W, + W)
= .5 ‘Vw -+ W, + v
y ( ) 41+ r)

D(Ew +E()

=. DE + 2(1+r)

(2.37)

It is possible to solve Zo. Z,,, Z.., and Z,, as functions of the known values E;.

£, and £, by manipulation of (2.31) - (2.33) and (2.37) (see Appendix 2.3). This

yields:
Zuw = Ew/g; B4 = El/g; (2.38)
E E, .
zZ, = ?‘—.5[3(?— %+E}-Eg), (2.39)

14The inequalities are al strict except in the unlikely case where D = 1/(27).

-*
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z ___DE1+D(EW+E()_' 1 [._E_x__
T T+ r T 21+ 214r)'3
- Ew-El 2 ? Ew+E( Py
. _ _ gy LetEe 2.10)
S5 ———— + E; - £})] PR (

With this information. one can first of all solve for the equilibrium value of

the memory contract to the agent {(useful in Section 2.6):

Vi ) We | e | 3.5(W, - W, + Wae = W,
orY = - - . - —
memen T+r @+ o0 ‘T T+
—C(E)) + .53%(.5(Wew — W) - C(E) + .

5( “.lw - “'u) - C( E!)).

which by, substitution of the above Z values and simplification yields

(E1)*(3 + 2r) (Ee)*(1 + 2; - p)

oV 7)) = ‘ 240
; Vimemory) = S A ) Y s 5 oY l
Interesting comparative statics include:'® \
. _al v aEl+8V8E,>0 , \
35  OE, 35 O9E. 9§ ‘
v oV 3E, oV 8E,
= + ‘>0

aD 8E, 8D " Q9E, D ~

~n ~
The fact equilibrium utility at the optimum 1s increasing in the agents” effort
levels is hardly surprising given Proposition 5. and therefore neither are the

other results, Note that as ‘chance’ falls (g rises). equilibium expected utility

w .

rises.

»

Second. comparisons of consumption effects across penods are possible e

fine Z as mean consumption and A as the spread of consumption i a contest,

such that: ‘ . p .

-

SZ, 4+ 20).2, =02, + Zur).

2,
Qi = 20 =20 A0 = 2y~ L

hY

- .
*1t should be noted that Vimemory) has been written in the form V(F( ) } for simplic .’
of presentation and manipulation - the values of § are the nptimal values frOm rquations (2 31

{2 33), Thus. the comparntive statics as wntten Jo not siolate the envelope theapem
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Proposition 6 It can be .sf*um that: '—

A, <A, and 2, < 2,

~

where the inequalities are strict unless 2Dg = 1. - . - -

Proof: See Appendix 2.3.

Although other comparisons are ambiguous (see Appendix 2.3)_ the ones

abogve clearly show memory effects ia consumption values, effects that are testable.

These are analogous to wage patterns in multiperiod models without borrowing
(see Rogerson (1985a), Rosen(1986)) - with borrowing, it is consumption that
n;otivates agents. These are endperiod effects, as in the last period there are
no further periods to spread incentives across, so a higher spread is required to
motivate effort. This in turn requires a higher mean to compensate the agent.!®

Finally, consider again the introduction of mobility constraints into the prin-
cipal’s problem. There are two constraints on each of the winpters and losers’

contests. First, the constraints that second-period profits are nonpositive:

5(Wiw + We) > DE,. (2.43)

»
The other constraints are that second-period utility must be hxgher at the con-

tests than at the reserve job described above: °

(D)1 + p)

+ ﬂ( 5(‘/un.v - le) C(Ew)) 2

1+r = T2(1+rp
(D)1 +p)
I+r + + B(5(We — Wee) — C(Ey)) 2 BT (2.45)

(See Appendix 2.1 for a formal derivation of these constraints).

16See Rosen(1986) for a precise discussion of similar wage effects in a stylized sequential tour-

" nament model without borrowing.



Proposition 7 a) The 'ﬁwbility constrasnts do not bind.
5).5(Ww + W) > .5(Wo + W)).

Proof: a) Analogou}\.go. the proof of Proposition 4. See Appendix 2.1 for details.
b) Given (2.42) and (2.43) are strict inequalities, in combination with the two-
period 2ero-profit constraint, this means DE, > 5(1V, + W,). Since E, = £,.

this in turn implies:

(W + W) > DE, = DE, 750{;, + W,.0

v ;
The memory model thus predicts that mean wages rise over the length of the

contest, with the principal making positive profits in the first period, and neg-
ative profits i;1 the second. This is a familiar agency result (see Lazear (1979)),
and hence the results of this model have generalized t‘he settings in which these
" effects hold.

2.6 Comparisons of Restricted Contracts

In the above section, three types of models were developed, with the principal’s
choices constrained in different manners. One of the purposes for doing this
was to be able to compare the optimality to the pririoipa.l of the three types
of contracts . It was ;;ossible to solve explicitly the (tq11i1il)ri1m1 values of the
repeated, the nonmemory and the memory contracts. It is thus possible to show vo

the following:

Proposition 8 The memory contracts parcto-dosmsnate the nonmemory con-
tracts, which sn turn pareto-dominate the repeated contracts. Given firms always
4,

carn zerq preofits in equilidrium, the following holds:



V(memory) > V(nonmemory) > V(repeated), (2.46)

where strict inequality holds unless 2Dg =1. "

Proof: See Appendix 2.4.

The intuition is straigh*f3rward._ Méving from night to left in equation (2.46)
gives the principal more "tools’ with which to fine-tune the compensation struc-
ture, and better motivate agents. Thus, in comparing the nonmemory contracts
to the repeated contracts., the principal can use i:m.ertempér‘é\l' effects, setting
Wiw # Wy aqd Wi # W,. The agents’ borrowing links the periods together,
and by setting wage yvalues to differ across periods, the principal gets an extra
iiltertempqral effect that boosts expected utility and/or expected profits.

In comparing memory to nonmemory models, a similar effect holds. When
the principal carries out sorting, he creates the extra return to winning of being
_ promoted to the winning contest. This provides extra incentive effects (memory
effects) - one’s compensation in the second period is a function of one’s out-
put in the first period. The principal takes advantage of these effects, in that
losers’ contests do differ then winners’ (W, # W, E, # E, etc. ). These
Imemory contracts are pareto-superior, given agents are borrowers. This pareto-
dominance does not occur if agents are not borrowers — see A;‘)pendix 2.5 for this A~
result in a tournament setting, or Fellingham and Newman (1985) for the result

in a general setting.

2.7 Summary

This chapter explored rank-order tournaments with restricted borrowing. This
borrowing scheme led to an equilibrium in a tournament firm with positive ef-

fort and output, unlike in the model with fair-bet (perfect) capital markets. It




was further shown that borrowing does make a crucial difference. Contrary to
Fellingham and Newman's (1985) result, memory contracts dominate nonmemory
contracts under risk-neutrality and borrowing. In conjunction with the results
of Rogerson (1985a) and Lambert (1983) for nisk-aversion and no capital mar-
ket, this result leads to a very robust prediction - unless otherwise constrained.
the principal will choose to offer memory contracts. where compensation in the
second period depends on output in both the first and second periods.

In examining the specifics of the nonmemory and memory cnntfacts, 1t was
found that the wage structure will be nonunique. although both eticrt levels and
consumption levels are unique. Thus, nonmemory contracts exhibited intertem:
poral wage and effort differences, while the merﬁory contracts revealed in addition
to these results other memory effects. For example, the spread and mean of con-
sumption and the mean of wages are both higher in the winner's contest than
in the first period contest, and first period winners and losers will face differing

wage structures in the second period. These effects occur only with borrowing.

n
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APPENDICES TO CHAPTER TWO

2.1 The Second Period Reserve Job '

If an agent :were to leave the tournament job and go to the reserve job. he
would have some leftover debt_,(.c‘iescribed below). Assume he can borrow enough
at the reserve job such that tis debt + B, > 0. where B, is borrowing at the o
reserve job. It is necessary only that this condition is met. and that effort and -
borrowing at the reserve job are independent of outstanding debt. previous effort
levels, etc. Given this, the mobility condition amounts to the following: Debt +

R value of coxitinuing > Debt + value of moving, or value of continuing > value of

moving. .

Toffonstruct a typical value of moving that meets these independence condi-
. o .
tiond, eonsider a reserve job with perfectly obsérvable output, and a piece-rate

D,. Then the agents’ choice in the second period is to select (B,, E,) to:

max V(move) = B, + 8(D,E, - B,(1+r)—- C(E,)})

s.t. D.E, > B,(1 +r). .
%;: = I—I—E—%—(l+r)/\=0, ‘
58%:. = B(D, - C'(E.)y+ AD, =0, '

> ‘?;;' = D,E,-B.(1+r)=0.

These first-order conditions can easily be solved for the borrowing artd effort
~ :
choices, and substitution of these values back into the agent’s expected utility

function and simplification yields:

g (D,(1 + p)

V(move) = 21+ 7P

In the nonmemory contract, both winners and losers face identical contracts

X

. S "r)ﬁ
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and values if they 3tay, so substitution reveals the mobility constraint:

(D)1 + p)

W . .
—= 4 3(.5(Wy, — Wy) — C(ER)) 2 214732 ,

1+r
In the memory contract., winners and losers face different values of continuing,
(W, = W, and W, respectively, etc. ). so that substitution of these values
vields the appropriate constraints. .
2.2 The Memory Contract’s Agent’s Comparative Statics

S » - .

o
In order to perform the comparative statics on the equilibrium values of £,

E, and E,, first completely differentiate the agent’s effort choices: ‘

dE, = §(dW, —dW,) + .Bﬁg‘;dW'.’,‘;u + g(R -’.Sd)dIVw, — .53gdW,
+§(.58 — RYdW, — 3GE,dE, + 3GE.dE,.

dE, = §(Veu — dW.0®

dE, = g§(dWy, — dW),
T .

where d§, dR and d3 have been left out for simpli/ci)ﬁ.'. These equations can be

arranged in matrix form: .

<

1 dng '—;ngt dEl
o 1 , 0 aE,, | =
O 50 1 dE/ '
“* |
- _ [ aw, )
, dus
-' d“/’ww
0 O g -q 0 0
dWee
0 O 0 0 g -g ‘
dW,,
k dWe )

»

-~

-

*



o - 057
‘ ' -~

or AE = BW. Note that A i%\the negative-of the Hessian (presented in this -
manner due to the way the problem has been formulated). and that the deter-
minant of 4 is positive, the correct sign. Using Cramer's Rl‘g;le. substitu:ting the

appropriate column of B into the appropriate column of A vields:

OF, (_‘_’il_:.lz *
aw, ., 4 -
5 G9E. -3E.| -
'!;g g3E. 395:? .
=10 1 0 ):g, -
(0 0 1 ‘

.~

< . ) S
and_by similar mmgnipulations all tt&e other comparative statics 1n the text are
- obtained. Note that these are the comparative statics at the Nash equiliboum.

so that P, = P, = P, = .5, and § = ¢g{0) is assumed.

.

2.3 The Consumption Values in the jemory Contract

For the prodf of proposi'tion 6 3f Chapter Two. recall the consumption values

-

for each time-state as defined in the text: . . .
" q
154 127 - ’
Z, = e . “_ ) ) . S
1+r (1+471)? - -~ : S
" Wt — We . .
Zo = W, - W, 4 —ut— ¢ S
< wa = Lv‘w - ‘lev
Zow = Weu - W
= Z( = Zw,=Zu=0. *
' . ’ A Y

Recall the following equations:

Wyim Wy =

_— S(Wyw — W, .
L7 + B(.5( ¢) . |

-‘—.S(Wtw - Wu)+ C(E,) — C(Ew))~

El = -g(Ww—W',+

i




.
Y
Y

858

E'.v .‘ = g(“'ww - H"wl)-
E/ = §(W. — Wy

S, + W) + 25R(Waw + Wy + 1, + 18,

w2
H

D
= DE, + ———(E. + E0.

201+ 1)
The values for E;; E, and E, (and hence for §! can be wntten as functions

of the exogenous parameters:

Dl ~p) _ 14
E1 - sz ( P -+ _r a . \
. l-r 23(1 +r) s
CD(1 + p)? (r — pU3 +2r + p)
EF, =

(1+r)1+2r=p) 261 +r)(1+2r—p) _
The next step is to manipulate the equations for E, - § to yield the equations
for Zy - 24, 4s a functien of the exogenous parameters. ( The resulting Z terms

will be left as functions of the effort levels for ease of exposition).

- 1

First, inverting E, and E, yields: — A
Zow = EL/§: 2o, = EJg., Voo
Next, inverting E, yi;elds:
z. ;3(.5f»f'ww - Wad) = 5(Wau — Weo) + GLE) ~ C(E.)
= E/3. - i

* Substituting in Z,,, and Z,, and collecting terms vields:

- . i
zo=2 syl g py

Finaily. consider the term :
g _ Zw _ (wa + le)
1+r  2(1+r) H1+r)
Substitution of §. Zy. Zyw, and Z, yields:
Ew + Wl (Lwa + Lle + w—lw ‘_*‘ ‘Vll) (LVW — ‘Vl)
20" +r) 4(1+ r)? 2(1 +r)
' _(le_wll) _(Www_wwl'F'Wlw—‘th)
2(1+r)? 4(1 +r)?




Collection of terms yvields:

W, W
5 = ZO'
1+r (1+47r)
Thus. it can be seen: . 4
y - 2., (Zunw + Zeg)

% = 1+r—2(1+r)— H1l+r)?

DE, D(E,+E) S5 By _, E.-E
= + T - (— - 83l——=
1+r 2(1 +r)? 1+r° g ¢
E,+ Ey)
2 _ E? - ( w ¢ . .
TE - £ 1g(1+r)"

upon substitution of the values for § and the Zs. Thus the consumption values

can be solved for as fynctions of effort and hence of the exogenous parameters
. -~

. using the values for E,, £, and E,.

Proceeding to the complete set of comparisons ;f means and spreads-of income
in the different contests, recall the definitions of the spreads A, and A, from
the text. and define .S, as Zy, — Z4. Then, since Z, = Zy = Z ¢ = 0. therefore
A, = 2. 8tc. Recalling :E] = E,,. substituting Z,, and Z,, mto lZw vields:

1
4 Ay, = Aw—.SB(EW—_Ez)(E—(E(+Ew))~01'

A - Au=80(E- BAG - (Bt EL). -

Substitbtion yields: - «

- 'Al—Aw
_ _ 1 D(+p) p—r D(1 + p)*

= S B T T Y ey T (s 2 — )
(p=r)(3+2r+p) ) )

261+ 7)1+ 2r —p)”

-

+

(p—r)1+0p) 1 (242r)(142r - p)
'55((1 +r)}l+2r +p)[2D ._(7])('257(1 +r)(1+2r —p)
(p—rX4+4r) _D(1+P)(1+2T-P+1+p))
2;(1+§(1+2r_p) (14 r)1+2r - p) -

@

5 ¢

W




pe-

(p—=r) 1+27‘-—p+2p—_2r_f’,D(‘L+P)

N °(l+”)(1+"r—p)[ —_( J1+2r—p 1+2r —p
(p=rX1+)p) o 1 1
= ...D—— __2
2(].-+-r)(1+2,-_p):zl §][§ P]. or )
A - A,
(r —pX1+p} 5 1.,
- 2D - =)y <o. .
21+ )1+ 2r — p)2) g) < .

Since Z, = .3\,. Zo. = .5A,. this provides the proof for Proposition 6 of Chap- -«

ter Two. O

Other contest comparisons yield ambiguous results. Recall that:

(p—7)1+p) 1

E,=E, = —-2D
+(1+ )(1+"r—p)( )
Substitute this plus E’1 into Z,.: .
~r)(1
A=t et N0+2) L apysa, - aw.

g(l + r)(l +2r—p) g
Substiiution of A; — A, plus manipulation vields:

(p=r)1+p) 1 1
(1 +r)1+2r—=p) g - g
on L 1 '
(2D g)(2(1+2r—p)))

. _ p—r)}1+p)
: \ 23(1 +r)(1 +2r — p)?

If :

A — A

(= —2D)2DG + 1 + 48 — 2p).

1
g
a)2Dg > 1. then A, < A;given 0<r < p< 1, orif

U)2Dg < 1l.andif p 2 .5+ 2r + Dg, then \, < . or if

N2Dg<1l,andif p< 5 +3r + Dg, then A, > A,..

Finally. it is simple to see that:

T TYE. - Ed) —E,

(p—r)(1+p)
Gl+r)1+2r—p) g

Ay — Ay

(-—2D)



~

> A, if2Dg < 1.
<A, H2Dg > 1.

Since Z, = .51,. etc., the megn comparisons follow trivially.

2.4 The Rareto-Dominance of Memory Contracts

To prove Proposition 8 of Chapter Two, recall from the text it was shown.

. . ERr)¥(2
V(repeated) = v(R)=(—-2—’(‘ii_—p§2p—)

. . En)? E;v)?
oo = w0+ 425 5T

\’(memory) — "’(IW) — (EIM)2(3 + 27‘) (El.\l)z(l +2r = p) ‘

41+r)1+p) $(1+r)(1+p)?

D(1+p)(2+r)  (r—p)(3+2r+2p+pr)

(2+p)(1+r)? 25(1+r)2(2+p) \
Eiw = E=20+p) r—p
v M 1+r 25(1+r)
E D1 4+p)? (r-=p)2+r+)p)
w (1+7)3 25(1+r)? '
E D(1 +p)? (r—p)(3+2r +p)
M (L+r)1+2r=p) 251 +r)(1+2r=p)
where .
_~ Q+po—r) o 1.>
En-E\n = (1+r)2(2-+-p)[D 2§] = 0,
. (L+p)@B+2r)p~-r1) 1 >0
B Ee S GiGeattzr ooz <
(p=r)(1+p) 1 >
Er - FE = - — -
b = Gieeaz D
o _ o _lp=m)a+p? 1 >
B =B = G —pig D20
To prove pareto-dominance start with: "0

-

V(M) - V(R)
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(Eia)?(3+2r) | (Em)?(14+2r—p)  (ER)(2+p)
H1+rH1+p) 40 +n1)1+p)? 201 +p)2
_ (3 +2r). (D(1'+p)+ r—p )2 (1+2r—p)
H{1+r)(1+)p) 1+r 25(1 +r) (1 +r)(1 + p)?
D(1 + p)? (r—p)(3+2r +p) )’_ (24 p)
((1+r)(1+2r—p) 25(1 +r)(1 +2r — p) 2(1 + p¥?
D1+ p)%2+r) (r—p)(3+‘2r+'2p+m')):
( (24+ )1+ 1) M 25(1 + )32+ p)
3+ 2r D?*(1 + p)? (r—p)? D(1+ p)r —p}
4(1+r)(1+p)( (1+r)2 IR+ r)? Gl +r)32 )
(1+2r —p) D1+ p)* o (F =3+ 2r+ )
1+ 7)1+ p)? ((1 + 7)1 +2r = p)?  4G3(1 +r)3(1 +2r - p)¢
D(1 +p)*(r — p)(3+2r + p) (24 28) [(D¥l1+p)Y2+r)
G141+ 2r — p)? )— 2(1+p)2( (24 p)%(1 + r)¥
(r = p)* (8 + 2ry4+ 2p + pr)?
1§(1 + )2 + p)?
+D(1+p)2(2+r)(r—p)(3+2r+2p+pr))
§(2+ )% (1 +r)* '

Now collect terms for three variatles: D?, (r — p)?/§® and D(r — p)/3. to get:

, ,

Wt r)‘(g ilpj;(i 2 =) (3 E F AN 2 =)L)
F I+ +r)2+p) = (24 7)1 +2r — p)(2 + 2p))]

(r - p)?
1653(1 + r)*(1 + p)*(1 + 2r — p)(2 + )
2r—p)(2+p)+(3+2r+p) (1 + )2+ p) - (3 +
¢ D(r — p)
. 43(1 4+ )2+ p9)(1 +2r — p)
2rN1+ )2+ o)1 +2r —p) (34 2r + o) (1 +7)(2+ p)
N

(34+2r) 1 +p)1+r)1+

2r + 20+ pr)’(2+4r - 2p)] + (3 +

—(442r)(3+2r + 2p + pr)(1 + 2r - p)].

First, consider the D? term. The term in the square brackets can be rewritten

as:

-

(2+7)(1+2r —p)((2+ p)(14++) =22+ r)(1 + b)) +
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(1+r)2+p)(1+2r—p)1+r)+1+)p)
(241 +2r = p)(~2~-3p~pr) + (1 +7)2+p)2+3r v‘;?rz — pr)
—4—Gp—2pr—8r-—1?.pr—4pr2+4p+6p2+2p7r—2r—3pr
—pr? —ar? — 6r%p — 2or% + 2pr + 30%r + pPr? 44 + 6r
+4r? —20r + 20+ 3pr + 2r%p — pPPr 4 4r + 677 + 453
=2pr? + 2pr + 3pr? + 2r3p — p¥r?
—12or + 60 +6r% + 4r3 + 40°r — 8rép
6p(p~r)+6r(r—p)+4r¥(r—p)+ 4prip ~ 1)
(0 —7)(6 + 4r).
‘Thus the first term is

D*(1 + p)(p —r)*(6 + 4r)
AL+ (2+p)1+2r-p)

Second, consider the (r~p)?/§* term. The term in square brackets can be written

as:

(B+2r )1+ p)(1+r)(142r —p)2+4p) +(3+2r +p)*(1 +r)(2 + p)
—(2+4r - 2p)((3‘+ Zr+p) +(p+or) +2(p+pr)(3+2r +p))
(3+2r)(1+ p)(1+7)(1 +2r = p){(2+p) = (2+ 4r = 2p)((p + pr)?
+(2p 4+ 2p7)(3 4+ 2r + p)) + (3 + 2r + p)*(3p — 2r + pr)

(3+2r)(1 4+ pN1 4+ r)(1+2r = p)(2 4 p) ~ 20%(1 +r)%(1 + 2r — p)
+@+2r +p)((3+2r + p)(3p™= 2r + pr) — (20 4 2pr)(2 + 4r —~ 2p))
(L+2r —p)(1+7)((3%F 2r) (24 3p + %) — 20% — 2p%r)

+(3 +2r + p)(5p — 6r — 5pr + Tp* — 4r? — 6pr? + 5p%r)

(143r—p+2r —pr)(6 + 90+ p* + dr + 6pr) +

(3,+2r + p)(5p — 6r —5pr + Tp* - 4r® — 6prt + 5p7r)

6+ 90 + p* + dr + 6pr + 18r + 27pr + 3p%r + 1272 + 18pr? — 6p
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—9p? — p° —4pr — 6p°r +12r3 +18r%p + 2r3p  +8r% + 12pr°
—6pr — 9p%r — p%r — 4r?p ~ 6p%r% + lép — 18r — 15pr + 21p°
~12r% — 18pr? + 15p%r + 10pr —'12r% — 10pr? + 14p°r — 8r°
—12p7 + 10p%r? + 5p° — 6pr — 5p’r + Tp° — 4r?p — 6p°r?
+5p°r

»
= 6+ 18p +4r + 12pr + 18p° + 12p°r + 60> + 1p°r

= 6(1+3p+30°+p)+4r(1+3p+3p°+p)

= (6+4r)(1+p).

Thus the second term is ,

(r — p)3(6 + 4r){1 + p)
1633(1 +r)%(1 +2r — p)(2+4 p)

Third, examine the D(r — p)/g term. The term in square b:f_skets can be written

as:

(342r)1+r)(2+p)(1+2r—p)+(3+2r+p)(1 +7N2+ p)
—(3+2ra2p+pr)(2+4r—p)(1+1+r)

= 3+2r)(1+r)2+p)1+2r—p+ 1)+ p(1 +7)2+p)
—(B+2r) (1 +r)(2+4r —2p) —(3+2r)(2+4r —2p) —(2p
+or)(2+4r —2p)(2+ 1)

= (3+2r)(1+r)((2+p)(2+2r-p)-2—4r+2p)+pi1+r)(2+m
—(B+2r)(2+4r —2p) — (2p+ 4pr —2p7) (4 +4r +17)

= (3+2r)(1+r)(4+4r —2p+2p+2pr — p* —2.—4r + 2p)
+p(2+p+2r+pf)—-(3+2r)(.2+4r—2p)—(2p+4pr
~2p")(4 + 4r +r%)

= (34+5r+2r3)(2+ 20+ 20r — %)+ (2p + p* + 2pr + p’r)

—(3+2r)(2+4r —2p) — (2p+ 4pr — 2p*) (4 + 4r + r?)
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= 6+ 6p+6pr — 3p% + 10r + 10pr + 10pr? — 5rp® + 4r? + 4r'p
+4pr3 = 2p%r 4 2p + p? + 2pr + p’r — 6 = 12r + 6p — 4 — 8r°
+4pr — 8p — 16pr + 8p% — 2972 — 4prd + 2pr2 — 8pr — 1677
+8p°r

= 6p+ 6,02 - 2pr — irip + 4p2r - 6r —4r°

= 2Ap3-r=2rY+p(3+2r) = r(3+2r)

= (6+4r)p—pr+p°—r) "

= (6+4r) 1+ p)p—r).

Thus the third term is -

D(r —p)(6+4r)(1 +p)(p—1)
431+ 2+ p)1+Zr—-p)

Thus. collecting the three terms and taking in account common factors:

(6+4r)(1+p)(p—r)° 2, L D
4(1+r)“(2+,0)(1-+-2r-—p)[D +4§2 gl

(6+4r)(1+p)(p—r)° D-2p>0

V(M) - V(R)

4(1+ )2+ o)1 +2r —p) —2§
The next step is to calculate: .
V(N)«~ V(R)
(Ew)? (Eav)®  (Er)*(2+0p)
¢ 201+p)  2(1+p)? 2(1 + p)?
(Eawv + Eg) (Eanv + ER) _ “
2(1 + P) (E'IN - ER) + 2(1 + p); (E'24V ER)

Recall E\y = E;u, and Eg — E\n and Eg — E,5 have been calculated above.
Now calculate :

E.n + FEg .
Dl4p) r—p  DU+p*3+r), (r=p)(38+2r+2p+pr)
1+r 2%i+7) T Crpitr) 25(1 + r)?(2 + p)
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_ D1+ p)(2+p)(1+r)+(1+p)N2+T)) ’
(1+r)(2+p)
+(r —pX(1+r)24+p)+3+2r+2p+pr)
25(1 +r)¥(2+p)
D(1+p)(4+3r+3p+20r)  (r—p}5+4r +3p+ 2pr)

(2+p)1 +1)? T25(1+ )2+ p)
Eav + ER -
D(1+p)P? (r=p)2+r+p) D1+p32+r)
T T+ 25(1 + r)? (2+ )1+ r)?

(r = p)(3+2r+2p+pr)
29¢1 +r)*(2 +'p)
D1+p4+p+r) (r=p)(2+r+poX2+p)+3+2r+2p+ pr)

(2+p)(1+r1)? 25(1 + )32 + p)
D1+ pP2@+p+r1) (r—p)T+4r+6p+2p1 + p?)
(2+p)(1+1)2 2§(1 + r)2(2 + p) ’

Tha. substituting in various terms yields:

V(N) - V(R) 5

(D(l +p)(4+3r+3p4+2pr) (r-p)(3+4r+3p+ 2pr)>
(24+p)(1+r)? 23(1 + r)3(2 + p)

r—p . __1__ / ’
a+nzre 25"
(D(1+p)2(4+p+r) (r—p)(7+4r+6p+2pr+p2)) y

(241 +r)? 2G(1 +r)%(2 + p)
(p—-r) _l_ 4
AT+rizep 2 | e
- i' (p—r1) . N
h (D—2§)2(1+_r)4(2+p)2[D(1+P)((1+p)(4+p+ )

(r—»0)

4 —-3r—-3p—2pr)+

(7T+4r +6p + 2pr

+p? — 5 —4r — 3p — 2pr)]

_ 1 (p—r) _ o 2
= (D—2§)2(1+r)4(2+p)2[D(1+p)(2p 2r + p* — pr)
+(r—p)(r2-!_-3p+p’)] o ,
29
- (D 1) s (p=r) (1+p)(2+p)]

~55) 20k e s P A2+ ) -
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1

(p —r)?(1 + p)
= (D~ 55)2 2

21+r)(2+p) =

Finally, the last step is to solve:

V(M) - V()

= V(M)=V(R) - [V(N)A V(R))
6+l +p)p=7 5 1,
H1A+r)H2+p)(1+2r —p)
_(1+pNp-r) D - i]z
2(1 +r)42+)p) 2g .
2(1+0)p—r)?[6+4r —2(1 +2r — p)]

28]
L1l

1
= [D- 55] 41+ )2+ p)1+2r — p)
n_lo (1+p)p—r)

Thus V(M) > V(N) 2 V(R), where the inequalities are strict except for the
unlikely case of 2Dg=1. O

2.5 No Borrowing Rank-Order Tournaments
~
. Consider a model with risk-neutral agents and principals, r = p and the
ability to offer two-period memory contracts. Thi$ is essentially an extension of
Lazear and Rosen (1981) to two periods. Note that if r = p, it is easy to see
agents will be indifferent to borrowing, so it is assumed B, = B, = B, = 0 for

simplicity. Hence the agent's problem is to select E,, E, and E, to solve the

following:

~ : ‘
(1 = P)(We + B(PWeu + (1 — P)We, — C{E.))) - C(E,)

% ~ E,=§gW,-W,+ ﬁ(5(Ww +W;;) - C(E,) -
S(Wew + We) + C(E‘:))),'
J

N\
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ayv

— b =g ” w w N
3‘/

—_— ~ E, = W — W

3E, e = g(W, 2e)-

The comparative statics to this can be solved in a manner similar to those of

the memory contract (see Appendix 2.2), and doing so yields:

0F, OE, dE,

W, — W w97 O_
9E, _ 9E, _ 9E _ . __
aw, ~ aw,, aw, ¢
oF, >
——— = .53 - 3G°E, = 0, N
W 53¢ — 3g 2 0 \
= .58+ 3§‘FE \
W 533 + 33°E, >0
= —.53§ +BFE, = 0,
W, B3 +89°Ee
aE] - _2
W, - —-.58G — 59~Ee <0,

with other wage comparative statics equal to zero.

Thus, the principal’s problem is to select wages to solve: -

»
max L = 5(W, + W,) + .258(Wy, + Wy + Wy + W) — C(Er) .
Ew + El
—-.53C(E,) - 38C(F,) | \M(D[E, + —=/———
SC(E.) = SBC(E) 1 M(D[E, + 5222
(Wew + Wye + W, + W)
- 5(W, + W, —
( + W) 31+ p)‘ ).
The first-order conditions are: 2
oL _ , oF, asl
W, = .5—C(E1)3W A(D —.5)50,
oL BE, 3E
= - <
W, 5-C (E,) /\(D—A 5) <0,
(')L _ 8E| aEl
o0
D E 253) <0, *

! 2(1 + )BW,,,,
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L ’ 8E1 6Ew ' 8E1
— = _ I —_ Y] o) —— A \
W 258 -C (E,)BW“ 58C'(E )GW'W, + (DaPng :—\
D 8E,, :
- .2508) £ 0,
s W rpow., S
B 3L aEl . 3E¢ aEl
= . -C' _— ’ — 4+ A .
W, 258 = Cl(B)ggy - = S8C (Bl gy ~+ MD g~ +
- D OFE, o
—-.259) <0,
T+ oW 0 S
oL , OF, , OE, OF,
- = .253-C -.5 + MD— +
3, 3 (Er) W, 53C'(Ee) ER (D 5T,
D 8E¢ - .
-.258) < 0.
2( 1,+,p) aWa B) -
In a manner analogous to that used in Chapter Two, it can be shown that the
wage structure is nonugique, but the effort levels are unique. Thus, solving
AL/3W,, and AL/3W, yields E; = D and A = 1. Substitution of these values
into 8L/8W,,,,-and OL/3W,, yields E, = E; = D also. Thus, there are no
memory effects, ‘the two-period model is merely a repeated one-period model
(e.g. see Lazear and Rosen’(1981), where £ = D in %he ouc-period setting).
Note that the‘rincipa.l does not want the agent to work harder at the optimum.
For example, evaluate the followiz‘:g at the optix}la.l values for E and A:
oL a
. —_— = = X = - = 0.
3E, .C(E1)+ D _D+D 0
"As in Fellingham and Newman (1985), risk-neutra.iity and no borrowing imply
ho memory or. intertemporal effects, .
o«
N —
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Chapter 3 .

X : .

Piece-Rates With Restricted -

. | 3
\gorrowing , ,
\

: Chaps?:r Two explored a rank-order tournament ,w‘i_th restricted bor%ing. In
tha}(s‘tting, it was shown that intertemporal, memory contracts wouldvbe cho-.
sen by the principal, a result driven by the presence of borrowing. This chapter
develops a s;m&)le model of piece-rate centracts, also under restricted borrow-
ing. This is done for two reasons. First, it allows for a test of the generality
of the results developed ugggr tournament contracts. Secon-s, it allows for a

. , . - ) . * . -
comparison of tournaments and piece-rates under restricted borrowing. gengrat-

ing some empirical predictions on the Telative prevalence of tournaments versus

piece-rates.

_ Tl;e relative SBtimality of these types of contracts has been much analyzed
in nondynaxmc, nonborrowing models (see Lazear and Rosen (1981), Green and

. Stokey (1983),. Nalebuff and Stlghtz (1983), or MacDonald (1984))~—The basic
result is that rank-order Itournaments can dominate only if the common portion
of the random shock is large enough (as the contest autp\mancal.ly insures aga.mst

the comynan shock), or as the number of workers becomes large enough (as ra.nk

| ! Py
/ h - L

A | 07L
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tends to become a virtually perfect estimate of effort).! In a somewhat different
model (witk a nonlinear output function), Nalebuff and Stiglitz have emphasized
th; ﬁ;um of the contest in the face of changes in the environmental vaniables.
In this chapter, an ex\tension of this comparison to a dynamic setting where agents
have access to a Eapital market is undertaken.

The production function and the utzht\ functions will be the same as those
described in Chapter Two. However now the pnncxpa.l is rgstricted to use a
linear piec.e-ra.te of the %orm I + Sgq, where I is a fixed payment independent of *
output, S is the piecerrate and ¢ is individual output. In this setting, once again
the introduction of fair-bet borrowing wolld crea@p®@evere incentive problems.
Therefore. as in GChapter Two, it is assumed agents can only borrow up to their
sure income 12 the next penod (B < I/(1+r)). While this is not necessarily the
optuna.l form of borrowmg, a3 in the tournament the resulting equilibrium does *
have positive output, unlike under fa.xr-bet(borrowmg. \

Piece-rate systems have a simpler structure than tournaments due to the
fa.ct they are individualistic - there 1s no strategic interaction between agents.
:educmg the complemty of the results However, even in this simple structure
intertemporal effects arise, confirming some of the results of Chapter Two (for
example, two—pedégl contracts pareto-dominate repeated one-period contracts).
In addition, the relative optimality of piece-rate contracts compared to tourna-

ment contracts is considered.
)

3.1 Repeated One-Period Contracis

.In this section, contracts will be restricted to be identical (zero-profit) contracts

m each period, although once again agents will' be free to borrow across two

ISee Green and Stokey (1983) for details.
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periods. Thus, cach individual agent will receive an identical wage of I + Sq;.
where [ is fixed income and S the piece rate. Agents can borrow fully against

their sure income each period:

I I I
< : < :
VTt O PP T

The agent selects (E,. £ . B,. B;) to maxmze expected utility subject to the

borfowing constraints:

-

L = Bi+3I+SE,—-By(l+r)+B;-C(E )N+

. 2
(1+r)?
I
+/\2(F;—Bg). . .
The f.o.c.'s are: 0.
aL | (1+4r) .
3B, —,’1—- T+, - A =0, (3.1)
gL o (14+r) _ 5
3B, = 3(1- 1+p) /\2‘—0. - (3.2)
oL
— = [3(S-C = . .
3E, pls ‘C(El)) 0. (3.3)
oL 2 . ‘;'"“ . S N
S5 = SUS-C(E) =0 (3.4)

Assuming a unique solution holds, these can be solved for the optimal values of

borrowing and effort:?

_I2+r) . ( <
Bo= oy B e — (3:3)
\ E] = Eg-‘-‘-E:S ) (36)

Once again, as in the repeated tournament cdntracts, there are no links between
periods, and ;he\“co argtive statics aressimple. H?wever, note that unkke in

the tournament Rl is not a function of the variance of output.

\ L]

‘2Note in the individualistic set-up there is no problem with the global incentive condition of
;\h\e tournament. Also, £ > 0 as long as § > 0.

\ . . . .
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. b) Evaluate the following at the optimal values for S and A:

> LY

The principal selects J.and S to solve:
' I(2+r) SE(2+p) EY2+)p)

maxl = 05 T e 21400
+A(( :’) (DE -'I — SE), .
where £ ='S and (3.5) has been substituted in.® The first order conditions are:
% N ‘(1‘2::)2"\((12::))‘:0‘ 30
R e 38
—E- 5%) = 0. (3.9}
‘3—‘; = ((12::))2(95 ~I-SE)=0. | (3.10)

-

Proposition 1 a) The solution to the principal’s problem yields:
D2+ r)(1+p)?
22+ 01402 —(2+ o)1 +1)2. ' ' /
D2+ r)1+p)%B3+20+2r+pr)(p—r)
22+ 7)1 +0)* = (2+ 2)(1 + 1))
Some snteresting comparative statics include:

S = E=

I =

OF OE 0E  OE

3D > 0, —a; =0, — o <0, 5; > 0, e

ar oI ar - dI

55 > 0, 55 0,- ap >0, 87 < 0.
b) The principal desires the agent to work harder at the optimum. - -
Proof: a) Solve (3.7) - (3.10). . *

8L * S5(2+p) E@2+p) ,A(2+‘r)

8E ~ (1+4+p)?% (1+p)? (14r)?
D(3+20+2r+pr)(p-r) S 0.0

22+r)(1+p)P =241+ T«

(D -S5)

3Once again, the one-period contract implies that mobility constraints are not relevant, and

the methodology used precludes any worries about the ‘first-order approach’. L e
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: second-best optimym.

Several a.séects of this solition are worth noting. As in Lazear and Rosen'’s
11981) risk-averse case, the principal provides positive insurance (I > 0). even
though in this case the agent is risk-neutral. This is due to the role of the borrow-
ing. which acts much like risk-aversion in creating a consumption distort}on. So.
although normally 'risi:-neutrality implies I = 0 (see Lazear and Rosen (1981}).
nere the fact borrowing is ‘contingent on [ leads to I > 0. However, since it
1s positive, the zero-profit condition requires the marginal retutn to the agent

(S) to be less shan his marginal productivity (D)." There is a tradeoff between

" the return to bgrrowing (lowenng S) and the return to 1ncentues-(ra.mng S).

.-'\.s result the correct ma.rgma.l incentives are not set and E is too low at the

’

Tlie comparative statics with respect toD are stra.igb:forwa.rd— An interesting

result sis that the probability~ density funct:on of the random shocks ) has no

' infpact-on any vanable This is 1dent1cal to the result {or the nsk neutral case in

Lazear and Rosen (1981) (where I g: 0), but unlike the:r nsk averse case ( where
Ir> O) In‘contrast, recall that tﬂe rank order tou.rna.ment model of Chapter
Two found effort a function of § - this d.lﬂ'erence will be crucxa.l below.

The other set of interesting-resilts are those coming from changes in p or
r. As p rises, so does the return_on borrowing (feﬂectecf in its shadow price in
equations (3.1) and (3.2)). This means that on the margin the principal raises -

I a.n&' hence the amount of borrowmg However the zero: profit condxtlon then -

_ Tequires the va.lue of S to fall,_ and with it the level of E. On the other hand, if

r rises the cost of borrowix'xs'ris;:s,‘ and an &n&logo'us‘ but reverse version of the
above line of reasoning works.
Finally, from the values of S, I, and E the equilibrium value of the contest

" to the agent is: » -

I2+1) SE(2+p) E’(2+p) DE(2+r)
(1477 (1407 20407 " 20+r7
This will be"useful in Proposition 4 below.

V(repeated) =

"



. s
In this section, the principal was restricted to offer identical contracts in all

petiods. He was therefore unable to create interperiod effects in wages. In Chap-
ter Two it-was shown with rank-order tournaments that the princip:a.l would
desire to create these interperiod effects. To test the generality of these results.
the next section will examine allowing the principal to offer different wages in

different periods. within a piece-rate structure.

3.2 Two-Period Contracts

In this section the same production structure, utility functions and capital mar-
kets a.reassumrd However, in period one agents now receive the payment
I + S1q1, and in period two they receive I; § S2¢2, where I is fixed income
and S the piece rate.* Agents can borrow y against sure income at each

stage, such that: !

Il IQ [2
By < By < )
STy T aer P 1Ay I

The agent selects effort and borrowing to solve the following problem:

max L = B,+6(I,+51E,—B,(1+r)+Bg—C(E,)} .
+43? (Iz + S$2E; - By(1+r) - C(EZ)
+/\1( A L B=)+/\2( - 32)-

1+r (1 +r)3

The first-order conditions are similar to those from the repeated case above.
Assuming a unique solut:on, solving the agent’s: problem yields:

I 5 9! , :

. ; B = ) 3.1

1+r+(1+r)’ T 1+r an )

E, = S;EB=S5,. - : (3.12)

B =

4Note this implits the ﬁrm is signing legally binding two-period contracu - &




e

-

These results are quite standard, and require no discussion.

The principal now selects I and S to solve the following (where (3.11) has
been substituted in, and E,. E, are determined by (3.12)):
I I;

max — 3 R _
L = 1+,.. + (1 +T‘)2 +3(51E1 C(El)) +3 (SzEg » C(E‘Z))
A I S,E;
+——(DE, + DE; ~ L - _SE - zE.). _
l+r 1+r L+v l+r

{Mobility constraints will be discussed below.) The first-order conditions are:

:39_.2 - 141-r'1:-r=0‘ - (313
Z_i T ir)2 T :r)2 =0. (3.14)
gsil = 3(E'1+51‘Z—2-C'(El)2§:)+ lir(D‘;‘;:: - E, (3.15)
-slg%) =0, ' (3.16)
55, = PlE+ 38 - CENGE + o DI (3.17)
-F, -s,g—g::) =0, (3.18)
) % = DEI-+1£%—I,—12’_—51E1-f’f:=o. (3.19)
Prc->p‘osi‘;.ion 2 a) The values of I, and Ip are nonunique.
b) The solution to the prtn:::zpal’s problem yields:
) |
- .-
= Ez:(l+p)’+D((pljrp)12+p+r)’ (3.21)
L+ :'_’ - = D1+ pﬁp -r) [(Tiﬁ’L (3.22)
' (1+p)2+p+7) (3‘.23)

(1+n[(1+pP+(p—1)2+p+ 1))
The foliowing compatative statics can be demonstrated: )

oF, >0 9k, <0 9FE, OE;

3077 Ve T T




3E, _OE, OE, _ 9E;
30 >0, <0 >0 =0

L+ L/(1+7)) S 0‘8(I:+ L/(1+7r)) S0

3D ‘ 3p o, <
A + /(1 ++)) Hh+L/(1+r))
<0, - =9
or . g
Further, ,
E, - E, = Dil+p)p—=r)l+r)

(1+20 =1 +p)+(p=r)2+p +71) > 0.

c) At the optirnum, the principal desires the agent to work harder

Proof: a) (3.13) and (3.14) are dependent. Only the joint value I; + [;/(1 + r)
can be solved for. '
b) Solve (3.14) - (3.19), and take derivatives.

c) Evaluate the following at the optimum:

55 = ASi- CUE)+RXD - 5,)

__ D(p=r)
S Ten0tze-n %
oL

= = 55~ C(E))+ RAD > 5y) -
2

¢ D(p—r)(2+p+r) S
A+ A+ +(p—r)2+p+T)

0.0

:—\s in the towrnament contract.s., in a multiperiod setting there is non-unique-
ness - theA values of the variables']; and I; are not independent, one can only
solve for the value of Il‘+ I/(1 4+ r). This is due to the borrowing - the fixed
income components are fully borrowed, a.nd thus the. individual amounts are
irrelevant. For example, if I, is lowered by 1 dollar and I; raised by (1 + r)
dollars, then profits are unchanged, and the extra iz 18 just borrowed forward,
and hence utility is unchanged. Only the total of f + I3/(1 + r).matters, not the ¢
components. Howe;rer, although the breakdown of I, + I;/(1+r) is irrelevant, the

’

-1
-1



fact the total is positive means that once again the ‘insurance effect’ discussed
in S‘ection 3.1 exasts. ‘

:I'he comparative statics on equations (3.20) - (3.23) are ana.IOg;ms to those
in Section 3.1. It can be noted that [ + I3/(1 + r) is independent of the variance
of output. This in turn means the borrowing constraint is independent of the
vari.ance. and therefore so are the piece-rates and so a.re effort levels.

Inspection of equations (3.20) and (3.21) reveal there is an intertemporal effect
- E; < E,. The model is much like the non-memory tournament developed
earlier. The principal selects the intertemporal structure because it is pareto-

superior given the presence of borrowing.

Finally, from (3.20) - (3.23) the equilibrium value of the two-period contract’

to the agent is: .

. V(twoperiod) = RI, + R*L + 8(S,E\ — C(Ey))
+/92(5232 -C(E?))
= S5RDEFE, + .SRzDEg.

1

It the above analysis it was implicitly assumed the agent was bound to the
firm for the full two periods. To examine the case where he may leave for a
reserve job, similar to the one from Chapter Two (see Appendix 2.1), add two

. T .
extra constraints to the principal’s problem:

- I + $3E; > DE,, ‘ (3.24)

RL + 8(5:E, = C(Ea)) = SRYD,P(1+ p). . (3.25)

("

The first is that second-period profits must be non-positive (so that other firms

will not bid away the workers), while the second is that expected second-period
utility inust be higher if one stays, as opposed to moving to the reserve job. Con-

dition (3.25) can be derived in a manner analogous to the analysis of Appendix
- -
2.1. : ‘

-~

)
-

4 | |

-
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Proposition 3 The mobslity constrasnts do not bind.

Proof; Let A,. A;, Az > 0 be the constraints on the two-period zero-profit con-

straint, (3.24) and (3.25). Then the following first-order conditions exist (among

A

others):
aL '
—_— = - < 0. 3.
3T, R-R\ <0 (
/
g;: = R-FRAM+M+R\<000 (3.27)

The first equation yields A\; = 1, and hence the second eqétion yields A\, +
/\3/(1 + T') S 0, which given ,\2, /\3 > 0 upphes /\2 = /\3 =00

Thus the previous ;esults ‘g0 through unchanged. As with the tournament
model, the principal’s contracts are designed to ‘bind’ workers to the firm by
having second-period profits negative.

In this section the principal was allowed to offer two-period contracts, unlike
in the previous section. Here, it was shown that there would still be under-effort
in the resulting equilil‘a’rium. Despite this, firms did choose to. offer these two-
period contracts as they were superior to repeated one-period contracts. The
follow'iﬁg addresses this point in more detail. .

From the explicitly solved e;quilibrium utility values of the contracts, it follows
that: |

Propasition 4 The two-period contracts pareto-dominate the repeated contracts.

or V(two-period) > V(repeated).

Proof: See Appendix 3.1.

| \

1
As in the sank-order tournament case, here the principal prefers the two-

period contract over the repeated one-period contracts. The more complex two-
[

period cortracts give the principal an extra t7;l to use to better motivate agents.
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Thus the principal selects S; # S; which in turn lead to E, , an intertem-
poral effect in wages .and effort. This extra intertemporal effect boosts expected
utility and/or expected profits. Note once again that this intertemporal effect
does not occur with risk-neutral agents without borrowing - see Appendix 3.2
for details of this in a piece-rate setting.

A The addition of a linear memory effect has also been examined. Here. in
p\c'@d two ‘the agent's payment is I; + S2g; + Smgy. It turns out this has no
impact in equilibrium - given the pure linearity of the piece-rate, there is no
advantage to adding this memory variable. Since the value of S,.q; is known at
the end of period one, agents borrow against it, and make its value irrelevant
in mush the same way they make the breakdown of I} + I;/(1 + r) irrelevant.

To get eemory effects, a more complicated nonlinear piece-rate would be needed.

3.3 A Comparispn of Piece-Rates and Tourna-

ments

-

As mentioned abo*!'p:-zeere is a history of comparing tournaments to piece-rates.
starting with Lazear and Rosen’s (1981) seminal article. This section will extend
this comparison to a ,dynami_c‘setting, with borrowing. The results will reveal

that some of the earlier results seem quite general, while other new results are

-~

generated.

Let starred values represent the values from the rank-order tournament with
. . N ’ .. 2
sorting, and unstarred variables represent the values from the two-period piece-

rate system. For the former these values are:
. r—p
El = E = —
Er = — DPa+p? *  (r—p)3+2r+p)
t - — y
(1+r)(14+2r—p) 23(14r)142r—p)

Us ¢



U813

(E2)(8+2r) (ED*(A+2r—p)
4L+r)1+p) 41 +7)1+p)?"°

while the piece-rate values are:

E,

E,
v

D(1 + p)

Thar (3.28)
" D(1+p) 3.29)

I+ +(p=r)2+p+7r) . -

.3RDE, + 3R*DE,. . (3.30)

The values for expected utility have been left as functions of the effort values for

notational simplicity.

e

In addition to the comparative statics on the E*s and Es derived earlier on.

note:
av-
93
av-

V" 9E: N vV 3E;
dE: 35 OE; 83 -
(3+ 2rR(1 + p)E;, 201 +2r — p)(1 + p)?E;

>0,

oD

av

aD

oV
99
14

av
or

-

4(1 +r)g1 +p)1+r) 40 +r)1+p)2(14+r)1+2r—p)
SR*(3+2r)E, + SR’E; >0,
D(1 + p)

5RE, + 5R*E, +-2(1 T p—
N D(1 + p)?

20+ r)3[(1+0)2 +(p—1)2+p+T)
RE, + R*E, > 0,
Vv 3E, i 9E; _
OFE, 85 OF; 93 ‘ To.,
av 9F, + 9V 8E; <0
OFE, 9p OFE,; 9p ' P

3R*((1 + r)D(BE, /8r) — DE,] ~ T,
<+

+.5R'D(1+r) (8Ey/8r) —2D(1 + r)Eal,. .
D*(1 + p)(r — p) .-
(1+r)¥(t+2p-r)
+ 2D*(1 + p)*(r — p)(2+ 1+ p)
AP+ PP + (=) + 4+ o

< 0,

while V*/9r and V" /3p are ambiguous.

o




Direct comparisons of V* to V', or of the E*s to the Es gives results depending
on the size of te exogenous variables (D, §. p, r). However, since both V" and
V'* are increasing in effort, any change that raises the value of the E*s relative
to the value of the E's. raises the value of V'* relative to the x.'alue of V.

Some simulatiqn results in this area are presented below, but some of the
comparative statics can be discussed without simulation. It is interesting to note
that the variance of the individual shock (¢?) plays a role\%_v in the tourna-
ment. If o? rises (§ falls), to maintain the effort level, the wage spread must
rise. However, given the zero-profit condition. this means W, W, must fall.
However, this effort to maintain incentives, and hence expected utility,' conflicts
with the ability of agents to borrow, which is contingent on W, and W,,. Thus.
as o? rises, the wage spread cannot rise fully (W4, etc. must fall too much),
therefore the E°s must fall as’ o? rises, and this in turn means dV*/80% < 0.
However, in the piece-rate, a change in 02 has no impact on effort choice because
effort and borrowing are independent of o2, no conflicg is created, a.nd hence
dV/dc? = 8V/3E)(3E/302) = 0. Thus, the lower o?, the better the rank order
tournament is relztwe to the piece-rate system Th:s is a familiar result from
Lazear and Rosen (1981) and Green and Stokcy (1983), but under very di’ﬁ'erent

circumstances.’

(Y

*The current analysis has left out a common shock. It i1s easy to show it woyld be irrelevant

to the tournament/piece-rate comparison. Thus, on the one hand, the piece-rate analysis 1s
independent of tie distribution of any shock, common or individual. On the other hand, in the

tourpament, if there was a common shock. the output equation would now look like this: .

G =E,+n+90,
]
where 6 is the common shock. Substitution of this into a typica]‘ wage equation still yields

Wo> W if E;y + 950 > Eiy + 4y,

as the cormnmon shock is netted out, and hence is irrelevant. . .
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As noted earlier, as the value of output rises (D). so do effort levels and

therefore expected utility levels in both types of contracts. However. it is easy

to show the following: "o
~
SE, _ 1l+p S l1+p _ OFE,
8D ~ 1+r 1+2p-r 8D ‘
9E; (14 p)? S (14 p) _ 9E,
8D (1+r)1+2r=p)  (1+p)+(p—rN2+p+r) 0D’
aov" aVv .

=5 = SRU3+2r)E, + SR'E; - RE, — R'E,
= SRUE. — E3)+ R(E- — E1) + 5RYE; - E3)

oD
0.

NV

—_—

The v;.lue of 3V /3D — 3V/3D depends on thellevels of th:;E's relative to the
Es. Sufficient for it to be positive is E;'\:' E,. E; > E,;. Thus, as D rises.
since the tournament’s effort levels rise faster, it is Yikely that eventually V2* will
sﬁrpa.ss V.

In order to get further insight into the comparisons, a set of simulated exam-
ples is now presented, with arbitrary valt;es for the different exogenous variables
(p, r. D. g), and a normal distribution of o?. These examples are presented
in the tables at the end of the chapter. These immediately confirm thé& result
that as o? rises, output falls in the tournament, and thus so does its expected
utility. Similalily, the results ongthe impact & changes in D, the value of out-
put, are confirmed. As D nises, effort levels in the tournament rise faster than
in the piece-rate system, so that eventually the tournament’s expected utility
dominates (if it does not already). -.

, The impacts of changes in p and r are interesting. As p and r.aﬁroach each
other (from either direction), in both systems -output converges on the socially
optimal level (£ = ’D). However, this is not to say a tax on r would create a
social optimum, as raising r Jowers the gains 'fro‘m borrowing. In the piece-rate
system this unambiguously lowers expected utility, while in the tournament it
depends on the relative size\of the other exogenous variables. Thug, comparing

\ - | ‘ &
.




Table Four to Table Two. as r rises, if D is low or ¢? is high, V* can a.'ctua.lly rise

as L, and E‘ rise. Indeed, it 1s possible to get a re\erspl of the ranking of the
wage systems Thus, for D = 5 o2 =75 p= 10 as the rate of 1nterest rises

from .05 to .09, the preferred contract form switches from the piece rate to the

tournament. A similar reversal can occur if p decreases, all else equal (comparing

Table Two to Table Three). Once again how V* changes depends on the values’

of D and ¢°.

AN

Finally, Table Fi:-e examines the iméact of léw&ing r, all else constant. If D
is low or o high, then effort and utility o the townament falls. For all values
of D and ¢?, 2s r falls effort falls and utility nse\ in the piece-rate ss-f'stem. Once
again, for D = 5 and ol = 7.5', the reversal:of the relative ranking of the schemes
occurs as r falls. This shows again the relative Importance of the levels of D and
g in deter;ining what goes ot in the tourna.tﬁent. although the values of p and

r also f)la.y important but complicated r@les. '

To summarize this. co;nparison between piece-rates and tournaments, the most
interesting part of the comparison sun’*oufld; the role played by the gistrib‘ution
" of random shocks. Unlike in previous work comparing these payment schemes
(La.zea.r and Rosen 1981) Green and é‘tokey£1983), and Nalebuff and Stiglitz
(1983)), there is no role played by the common shock As is well known 1t ‘washes
out’ of the tournament. ,Of the other ha.n.d as‘was dex’xstrat‘ed due to the
riskeneutrality of the agents the optxmal piece-rate scheme is not a functxor; of
the d:itnbut:on of the shocks common or individtal. Thus, in camparing plece

Py

rates to t.ouma.ments, the v’a.na.nce of the common sho&: 18 lrrelevant untlike in

Green and Stokey (1983), where it plays a dormnatmg role ST

Green and Stokey, in a model with risk-averse agents, show that if the variance

of the common shecl is zero, the tournatnent can never dominate thé piece-rdte.

Here, in a model with risk-neutral agents, the comp.a.rision is independent of the *

value of the comnfon shock. In additéon, they show that the smallet the variance

Ld

) ' T * e - T
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of the individual shock relative to the variance of the common shock. the more
likely the tournament is to dominate the‘ piece~rate< In the current restricted
borrowing model, the lower the variance of the indivic?ual shock the more likely
the tournament is to dominate. Thus, both *he comparative statics a!d :t;e
simulations show’ti]at as o? rises. the value of the tournament falls, until at some

level (dependeat.en the values of the other parameters). the piece-rate dominates.

Thus. as in other models. the smaller 'the vaniance of the individual shock. the

3

more likely it is that the tournament dominates the piece-rate. However, unlike

in other models. the relative size of the common shock is completely irrelevant. .

~

This 1s an important new result.

In summary. in comparing tournaments to piece-rates. at the industry level

‘ the tournament is more likely ta be observed the higher the value of the out-
put produced by the firm. and the lower the variance of output produced by
" individual workers. These predictions are presumably testable. A less testable
prediction is the general. cross-industry prediction that the closer p is to r in

value, the more likely is the use of tournaments.

3.4 Summary y

-
-

In this chapter piece-rate contracts were examined with both repeated one-period
contracts, and with two-period contr.acts‘ The primary purpose of this exercise
was to test the generality of the results found for tournaments with restricted
borowing. This generality was indeed confirmed. For example, it was found that
the firm would choose to have an intertemporal effect in piece-rate contracts, for
reasons similar to those under tournaments. In addition, it was found that piece-
rate contracts also had non-uniqueness in their compensation structure, and that

once again the resulting level of effort was less than the principal desired. As



in the tournamecat, all these results are driven by the bomwmg distortion. As
Appendix 3.2 shows, in a piece-rate syStem with risk-neutrality and no borrowing.
-;:ﬁo'ne' of thm.e results occur.

The secondary purpose of this exemse was to compare tournaments to piece-
rates under the restricted borrowing model. Although as in Lazear and Rosen
(1981} it was impossible to make a general comparison. some illustrative simu-
lation results were presented. The two forms of contracts are different enough
to create different Tncentive/borrowing interactions, and thus it was found eithys
piece-rates or tournamermts could dominate, depending on the values of exoge-
nous variables. Howgver,'c:&é.iﬂ;gééiﬁc predictiors were generated - the lower
the variance of the ‘ind.isvidual random shock to output. and/or the higher the

value of output, the more likely it is that the tournament dominates. The former

prediction is similar to those of Green-and Stokey:(1983), while the latter is new.

)
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TABLE TWO p=.10,r= .05
- oT _ Ex  E;. - F. E, T Best
D=1 25 1.006 1.017 882  .9565  .9184 872 ROT
50 988 962 837 .9565 9184 .872 PRS
1.00 .964  .882 776 9565 9134 872 PRS
6.00 .841  .491 522 9565  .9134 .872 PRS
7.50 815 414 480 .9565 9184 872 PRS
12.00 .754 214 390 9565 9184 .872 PRS
D=3 25 3.101 3.321 8.623 '2.8700 2.7550 7.849 ROT
50 3.083 3266 8.477 '2.8700 2.7550 7.849 ROT
1.00 3.059 3.187 8278 28700 2.7550 7.849 ROT
6.00 2936 2.795 T.321 2.8700 2.7550 7.849 PRS
- 750 2911 2.718 T7.141 2.8700 2.7550 7.849 PRS
12.00 2.850 2518 6.699 28700 2.7550 T7.849 PRS
D=5 25 5.196 5.625 24.342 4.7830 4.5920 21.801 ROT
50 5.178 5.570 24.095 4.7830 4.5920 21.801 ROT
1.00 5.154 5490 23.755 4.7830 4.5920 21.801 ROT
6.00 5.031 5.099 22.100 4.7830 4.5920 21.801 ROT
7.50 5.007 5.022 21.790 4.7830 4.5920 21.801 PRS
12.00 4.946 4.822 20.996 4.7830 4.5920 21.801 PRS

Note: ROT = rank-order tournament, PRS = piece-rate system,

all other symbols as defined in the text.

»
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TABLE THREE p= .06 r=.05
ol E. E; - V- E,E, V" Best

D=1 .25 1002 1.004 ~ 921 .991 982 917 ROT
.50 998 994 911 991 982 917 PRS

1.00 993 979 897 991 982 917 PRS

600 969 907 834 991 .982  .917 PRS

7.50 963 .893  .821 991 982 917 PRS
1200 951 .856  .T90 .991 .982 917 ,PRS
D=3 25 3.021 3.062 8415 2972 2.946 8254 ROT
.50 3.017 3.052 8.384 2972 2.946 8.254 ROT

1.00 3.012 3.037 8.343 2972 2.946 8.254 ROT-

6.00 2.988 2965 8.148 2.972 2946 8.254 PRS

7.50 2.982 2951 8.105 2.972 2946 8254 PRS .

12.00 2970 2.914 8.007 2972 2946 8254 PRS

D=5 .25 5.040 5.120 23.447 4.953 4.910 22925 ROT
.50 5.036 5.110 23.396 4.953 4.910 22.925 ROT

1.00 5031 5095 23.327 4.953 4.910 22.925 ROT

6.00 5.007 5.023 22.999 4953 4.910 22925 ROT

7.50 5.001 5.009 22930 4.953 4910 22.925 ROT

12.00 4.989 4.972 22.763 4.953 4.910 22925 PRS




N }
3
TABLE FOUR p=.10.r=.09
o* E: E; Ve E, E; V" Best
D=1 25 1.001 1.003 871  .991 982 868 ROT
50 998  .993 862- 991 982 ".868 PRS
1.00 .993 .978 850 991  .982 - .868 PRS
6.00 969  .906 791 .991  .982 868 PRS 2
7.50 964  .892 779 991 982 .868 PRS
12.00 952  .855 751 991  .982 868 PRS
D=3 .25 3.020 3.059 T7.965 2.973 2.946 7.811 ROT
%0 3.017 3.049 7.941 2973 2.946 7.811 ROT
10 3.012 3.034 7.902 2973 2946 7.811 ROT
6.00 -2.988 2962 T.T18 2.973 29468 7.811 PRS
7.50 2.982 2948 T.678 2.973 2.946 7.811 PRS
12.00 2970 2911 7.585 2973 2.946 T7.811 PRS
\ .
7
D=5 25 5.038 5.115 22.191 4.955 4.910 22.697 ROT
.50 5.035 5.105 22.150 4.955 4.910 22.697 ROT
1.00 5.030 5.090 22.086 4.955 4.910 22.697 ROT
6.00 5.006 5018 21.777 4.955 4.91g 22.697 ROT
7.50 5.000 5.014 21.708 4.955 4.910 22.697 ROT
12.00 4967 21.554 4.955 4.910 22.697 PRS

4.988
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TABLE FIVE - p=.10,7 = 01
- - , o? E- E} Ve E, E; 1" Best
P=1 .25 1.010 1.034 895 .92¢ 864 873 ROT
50 97T 924 810 .?2"? 864 873 PRS _
1.06- .931 .766 700 . 864 873 PRS
'6.00 .70l — — 924 .864 873 PRS
- 750 656 - — 924 864 .873. PRS
12.00 .539 — — .924 864 873 PRS’
D=3 .25 3.188 3.639 9.401 2.773 2.593 7.858 ROT ' R
.50 3.156 3.528 9.111 2.773 2.593 7.858 ROT
. 1.00 3.109 3371 8.709 2.773 2593 7.858 ROT .
- o ‘6.00 2.880 2593 6.902 2.773 2.593 7.858 PRS .
7.50 2.834 2440 6.582 2.773 2.593 7.858 PRS
12.00 2.717 2.041 5802 2.773 2593 7.858 PRS -
' -
D=5 .25 5366 6.243 _26.910 4.622 4.322 21.826 - ROT -
50 5334 6.132 26415 4.622 4.322 21.826 ROT . A
1.00 ézaz; 5.975 25.722 4.622 4.322 21.826 ROT )
600 5.058 ., 5.197 22.473 4.622 4.322 21.826 ROT . >
7.50 5013 5.044 21.868 4.622 4.322 21826 ROT i
12.00 4.895 4.646 20350 4.622 4.322 -21.826 PRS .
A "Note: _F'orpzl,az=6, 7.5, 12 thevalugs for E; ;

. )

turn out ta be negative, so a tournament is not feadible.’

v
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Appendices to Chapter Three

Il E D ’n ' EIw B‘ . ‘ C I I

In the text it was shown:

V(Repeated) = V(R)=.5R?DER(2+r).
Eq = D2 +.r)(1 +p)?

22+ r)1+p2 = (T+p)(1 +r)¥
V(Two-period) = V(T)=.5RDE, + .3R*DE,,

_ D(itp)
Ew = (1+2p-1)
_ D(1 + p)? B
E, = (1+p)2+(p_.r)(2+p+r).where
o DA +p)(1+r)(r—p)
B TTe P T s ey s S T SO P B
Er-E =

D(1+p)(1+r)(p—r1)
(22+ )1 +pP =24+ )1 +M))(1 4+ +(p=T)2+p+T))

> 0,

so that E, > Eg > E;. . /
To prove Proposition 4 of Chapter Three, solve:

V(T) - V(R)= .5RDE, + .5R*DE, - 5R*DER(2+r)

SRD(E, — Eg) + .5R*D(E, — ER)

3 D(1+p)(1+r)p-1)
- 'SRP (2(2+r)(1+p)2—(2+p)(1+r)7)(1+2p—r)]

w SRAD(1 + p)Y(1 + rPA(r — p)
(224 )1+ 0) —(2+p)(1 M) ((1 + p)? +(p—r)2+p+ r))

Define m= (14 p)?+(p—r)(2+ p+r). Then

[

V(T) - V(R)=
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D¥1+p)p=r)(1+p)+(p=r)(2+p+r) —(1+20 £r)(1+)
222+r)1+pP=-(2+p)1+7))(1 +20-f)m

M+ +p—1-20+r) 4 (p=r)2+p £ )]

\

[+][(1+p)(r-p)+ (o=r)2+p+T)]
= [+ H(p—rﬁur)b&;

so that V(T) > V(RY.

3.2 Piece-Rates Without Borrowing . i
<O : }
- Consider a model with risk-neutral agents and principal, r = p and two-

period contracts. Once again, “this is an extension of Lazear and Rosewr (1981)
to two penods As in Appendix 2.5, agents will be indifferent to borrowmg, so
it is assumed B, = Bg = 0. Given I, I, S, and S, agents select borrowing and

fiax V' = Iy + S1 By — C(Ey) + B(Lz + S:E; — C(Ey)),
aL .
E = SI—C(E1)=-‘O, ME1=SI,

2 = B(5:—C(Ea)=0, ~ B =5,
The principal selects {1,‘.[2, S,, and S; to:

maxL = I +5.E - C(Ey) + 8Ji + $1E; - C(En))

+ADE, + BDE; — (I + $,E,) - 8(1 + S,Ey)].

LT _
. 5. = 1-A=0, | o

%: B1-2) =0, | o

8L , . OFE SR

i C(E‘;) +Sxas‘+A((D Sl) -&)=0,

aL , E, ' .o
35, BlE: - C(E’)as +5’as +




Fa

“J

® 093
- »
N\ OF; ’ .
A -5 — - =0, ~
' (D= S)32 - B =0, __
g—i DE1+5DE7—(I1+51E1);3(I‘;+53E7)=0
The first two f.o.c.’s yleld A = 1. Substituting this plus E, = S, into 8L/85, ‘
yields: . .-
51—51+5|+D—51‘—51=0. - '
or §; = D. A similar exercise with dL/35; yields: o

S+ 5. —-5; +D”—,:Sg - 5; =0,
or S; = D. Substituting these values into 8L/d):
t
D*+ BD?*— I, - D* — 3(I; + D*) =0,

) v
or I + 8I; = 0. Therefore there are no memory effects (E, =-£; = D). In
additio& evaluate the following at the optimum: ¢
oL _
3E,

Thus, with risk-neutrality and no borrowing, there is no moral hazard distortion,

S, — C'(Ey) + \(D = §,) = 0.

and no intertemporal effects. .

*
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Rank-Order Tournaments With
Default Co(sts

[G]oing back and forth into court to have my income scrutinized .. .is
§iving mé mad! ... [Wihen lit tle Judge Rosenzweig hears I teach only
two classes a week, he’s ready to send me to Sing Sing! ... They want
me to get a paper route, Susan* They wouldn't care if I sold Good

) N
Humors!

-~

— .Chapter Two briefly explored a perfect capital market in a rank-order tour-
nament. It was shown in that setting that only a zero output equilibrium would
exist in the tournament firm. As a way around this problém, Chapters Two and,
Three explored a model in which agents could commit to repaying by borrowing
only up to their worst-case ixit_:pgle. In this chapter a different formulation of the
capital market is employed, in which where agents can borrow higher amounts
of i'ncg?e. Thrs different formulation will allow for a .t&st of the generality of
Chapter Two's results. In addition, the new formulation generates a great many

new predictions about observable variables.

'Philip Roth, My Life as a Man.

v .
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) /— " In this new formulation of the capital market, should thg worst case outcome
“occur, an agent will have borrowed more then he can repay, and will *default’
o'n his loans, and must pay a form of default costs. In Jaffee and Russell (1976)
these default costs were integreted as a reduction in future earnings capability, *
or as ‘moral costs'.? Here it is assumed these default costs take the form of a
ieg.:a.l compulsion to pay off any ‘outstanding debt by wofk'mg at a second job.
or perhaps overtime at the current job. (In essence. you do repay the debt and \
do not technically default.) This is costly because the defaulter must expend
effort equal to (net debt)/A. where A is the value of output and the wage at
this second job. It is assumed this job is one wjth observable effort. and that
mbnitoring costs mean A < D, where D is the value of output at the tournament
firm.® This assumption means the tournament job is preferred to the reserve
job, and this helps justify the additional assumption made below that one never

borrows more then one’s ufximum possible wage.

This setup is gi_milar to the ‘bonded labour’ concept explored by Bra.verm?}n
and Stiglitz (1982), or to earlier institutions such as debtor's prison. Perhaps it
may be more usefully viewed as the case of a manager who fails to get a promo-
tion, and must take a night j@b (such as sellif} Good Humor ice cream) to pay
off the mortgage. The current model is unique in its emphasis on borrowing in a
multfperiod setting. The multiperiod setting crucially affects the agent’s choices. »
Consider, for example, if an agent loses the first period contest. He w;)uld have
net debt outstanding, equal to B,(1+r)— W, — B,. Thus the agent can use B, to
‘rollover’ outstanding debts, or he can choose to work off the débt - he has somie
choice of how £9. spread the cost of losing across periods. This choice in turn will

" create a linkage between periods, which the principal will choose to exploit in

, 2The capital markets in Haltiwanger and Waldman (1986) and Farrow (1986) are essentially
adaptations of this model. ’ :

. " S :
3 Alternatively, working overtime is more painful then normal work.

4
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his contract formulat.ion. This linkage will lead to the special, new results of the
default cost model. '

~

©

4.1 A Preliminary Result

The first step is to show the agent will borrow enough to havé a positive proba-
bility of defaulting. Assume the production function, utility function. and prob-
ability function are as defined in Chapter Two. In addition. note the agent is no

longer constrained in his borrowing.

D .
Proposition 1 If the default cost function has a sufficienitly small fized cost.
and a .;u_ﬁiciently small marginal cost at zero cost, the agent will always borrow

.enough such that if he loses any contest, he will have outstanding debt to be pasd
®

.—. off. -
Proof: Consider an agent facing repeated contracts for the wages W, > W} each
~ .
period (an analogous prgof holds for the nonmemory and memory two-period

contracts). Suppose the agent borrows so little he does not go to debtor's prison

if he loses a contest. Then it must be that B,, B, satisfy: ) -
. o ;

Bi(l1+r) S W.+ RW,

e Ben s
which in turn megRs the agent's utility function is:

’

V = B B(P(Wu ~ Bi(1 4 7))+ (1= P)(We - Bi(1+1))
+B; — C(Ey)) + BH(Py(Wy — By(1 4 7)) +
(1= P)(W,— By(1+r)) — C(EY)).

The first-order conditions on B, B; are: ’

av

3B, " 1.—5(1'\“”)(1”1+1—P1)=5(P“")>0,




fe

4.2 Repeated One-Period Contraﬁts

oV
3B,

On the margin, borrowing past the worst-case income (1) has a positive value.

= M -31+r)(Pi+1-P)]=3%p-r)>0.

give p > r. Therefore. if there is a sufficiently small cost to borrowing just past

-~ L ]
this margin. the agent will be willing to accept some of the fair bet of borrowing

past this margin, with the subsequent risk of incurning the default costs. O
The intuition is that at the margin of . an extra borrowed dollar has a
positive marginal utility (p > r). As long as the cost'% borrowing ﬁast this

margif is less thergthis benefit (fixed cost -+ MC(0) <J§(;) — r)). it always pays

to borrow some extra amount. and take the gamble of losing and paying the debt.

The assumption madc throughout this thesis that C(E) = .53E? is sufficient to

meet the neei‘ied cost condition.

Given this result, clearly agents will be ‘defaulting’ under the correct con-
ditions. Thi apter will repeat the analysis of Chapter Two By examining
repeated one period contracts, nonmemory two period contracts and memory

contracts given default cost borrowing. Examining them in this order follows

an order in which the principal is allowed more and more tools in his attempts.

to use the compensation structure to better motivate agents. It will be shown

“ehere ake quite different results depending on what type of contracts are used.

#maddition, many new results will be generated due to the new capital market
/"

assumption.

Once again, firms are constrained to offer identical zero-profit contracts each
period. with the winner receiving W,, and the loser W, although agents are free

to borrow across both periods. The contests are as in Chapter Two. However.

1

L
. =1



first period losers now incur debt. and hence behave differently than first perntod
winners - there i1s no ‘Iynger a symmetric equilibrium in the second cohtest. This
vields the ctucial pesult that first pgriod winners' and losers’ effort levels and
pmbhbilitigs of winmAng will differ in the second period.

In Proposition 1 it was shown agents would borr.ow enough to risk bankrupte:.
This implies the following holds:

Byl+r) > W, + B !
B((.l -r) > W,
°
B.(1+r) > W,
In addit‘on. in order to make further analysis tractable it is assumed the agent

nevrr vorrows so much that he must pay the default costs even if he wins a

contest * This assumption plus the ubove result means:

o >gBil+r)> W + By
W, > By(l+r)>W,
. . .-
W, > Bl+r)>W :
Analyzing this as a dynamic programming protlem, working backwards from
the final period. if one has won the first period contest, there is no leftover debt,

and the problem is to choose B, and E,, ( B; > 0 given at this stage) to maximize:
Vo = W'W:Bl(l+r)+Bw+d(Pw(Ww~Bw(1+r))— ‘ _

(1= P,)C{(Bu(1+ 1) = WA —C(Ew))‘,, C (4]

where P, = P,(E,.E,) is t‘he probability of the first petitcii winner winning the

second-period contest, given the losgr‘s effort choice, and where (B (1 + r) —

W¢)/A is the necessary effort to pay off one’s debt if one loses in the second

period, A equalling the wage ';*aie at the second job.

“The assumption made earlier that the return to effort at the tournament firm is higher then

at the second job (A < D) helps to justify this strong but useful assumption.
Q

-

—




Alternatively, for the loser of the first contest. there is leftover debt to be paid

or rolled over, and the preblem is to choose B,. £, (B, >0 given) to maximize:

AN
Ve = —CUBul+r) =W, =B)A™ + 3(P(W, — By(1l +r))

—(1 = PIC{(Be(1 +7) = WHAT = C(EN). - ($+.2)

. where P, = Py E,.E,) 1s the probability of the first period loser winning the
second period contest given the Wwinner's effort level.® Although the winner
starts afresh, the loser will have leftover debt. This crucial difference will mean
B¢ # B,.andhence E, # E,. Thus the second period contest will have an asym-
‘metric equilibrium. unlike in the restricted borrowing case, making the problem
simult&neousl;;' more difficult but more interesting.

Given the above. in the first period the agent's problem is to select E,. B to
maximi}e

Y

V=58 +3(A(V.,)+ (1 -P)V, - C(E))). -

where V,, and V, are the maximized values from equations (4.1) and (4.2). For
. ease of exposition V,, and V, will be substituted into this equation. Thus. he

ayent selects borrowing and effort to solve:

max V = By + 8P (W, — Bi(1+r)+ B, + B(P (W, -
B,(14+r))—(1-P,)C((Bu.(l+r)-WHa~'}
~GE)] + U5 POI=C(By(1 +7) = We = B)a™"] +

!

3(P(Wy = By(1+ 7)) = (1 = P)CUBe(1 +1) — WA~
.+=C(E,))} - BC(E)).

\ ’

The ﬁrst-ord_eg: conditions are:

% = 1= 8(1+r)[Pi+ A7 (1 - P)C'((By(1 +7) - W,
}

SNote t.bp:. P =1- Py(Ea. Ey), but from the viewpoint of the ageng.m the second period,
this is irrelevant.

»

08¢
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OB,

oV’
9B,

av
OF,

av
AE.

av
JE,

—B‘(\.-l“} = 0. 4.3

3P(1-31+"P.+ 471 = PIOC' (Bl +r)
WA =o0. (.4)

31— PNATNC Byl +r) — Wy = BHA™" — 301

+r) (P + ATH1 = POC[(By(1+ ) = W47 ) = 0. (4:3)
SIZEL, — Bu1 4 7) + By 4 3(PulW = Bu(l < r)) —

OF,
(1 = PIC[(Bu(l1+7)= WA = C(E)) + C[(Bi1

+r) = W, = B)A™Y = 3(P(Wy = Bl +1) -

POCHB(l+r) =1 A" = C(E))] - C'(E)] = 0. (4.6)
szx[%(“'w — By(14 1)+ Cl(Bu(l+r) - WA
~C'(E,)] =0. - (4.7)
, 8P, ...
F(1 = P =(Wy — Bl + )+ C[(By(1 + 1)
OE, ,
-WoA™) = C'(Ey)'=0. - (4.8)

Now define the probability of the first period winner winnng the second

period, ass’ilrm'ng a Nash equilibrium. as P, (= P, = 1 — P,), and define g =

9(E¢ - E,)=08P,/3E, = 6P,/<_9E¢. ;ssuming a normal distribution orr ¢, — ¢,.°

Given this, thi first-order conditions can be solved for:

%
%
—

BPWy, =W — (L4 r)y + Clz(1 +r).

R*W,(2+7r)+ h. - , (4.9)

RW, + Y, (4.10)

—_— ~

R‘V,-+—.r. - )
gWo —Wety—h(1+r)+C(A(1 +r) = 2)A7"] +
T)-a-

P)(Wy =W —(14+r)z+Cly(1+ r)A™Y)) + C(Ey)

®The assumption of a normal distribution 18 made to obtain explicit values for g(E,, E, ) later

on.

10¢
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—-C(EMN]. (4.12)
- "\
E. = gW,-W,=(1+ry+Cly(l+ra™']. (4.13)
"E, = g(Wo =W, =(1+nrz+Clz(1 +r)A"". (4.14)
where
P -42[(1+20_r)(1+p+(1-}-r P‘, 11-7‘\(1—}:2\1 =0 [\4.15‘
. \1 -+ r\‘P;
A1+ p =Pyl + )] .
= = > 0. 1.16)
Y (1+r3(1 = Py \
2 o _ — 2 — 1
. - L1 +20—r)1ep)— (1471 P 417

(1 +r)3P,;
Given By(1'+r) > W, + B, from Proposition 1. By is never consumed. being used
only to change the default costs. Thus the agent is able to spread the monetary
aid effort costs of his debt between periods. giving himself some flexibility. This
means B, and B, are determined jointly, while B, 1s detg;rmined alone. Thisvin

turn means B, # B,. with the value of the difference depending on the value of -

P; and hence on the value of E, versus E.

Proposition 2 a)Assuming ¢, —¢, 1s distrnbuted normally, the Nash equilibrium Y.
solution to the second-period contest 1s asymmetrical (E,, # E,).

b) Assuming a unique solution ezrists, 1t includes E, > E,,, P, < 5 and B, > B, ~

Proof: See Appendix 4.1.

2 o . .
The proof is algebraically arduous. but intuitively straightforward. Essen-
tially, equations (4.‘13) and (4.14) are best-response functions. E,(E,) and E/( E,,)
respectively. The appendix demonstrates they are single-turming and sh:ﬂwd as

in Figure 1, so that in equilibrium E, > E,,, hence P, < .5 and B, > lf/

The logic of this is straightforward. Unlike in the restricted borrowing case,

here a loser has a debt burden after the contest. He can choose to roll over

I would like to thank Sam Bucovetsky for a useful discussion on this proof
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E, = E,
%
E;, -
w( El) )
0 o E

some of this debt by borrowing, and indeed will decide to do so (Be > W),
However, this means that compared to a winner, he has borrowed more going
into the second-period, and the cost of losing is higher (B, > B,). With this
higher incentive, he works harder (9 effort / 9 debt > 0). and hence E, > E,

" and P, < .6. Losers work harder, winners coast.

This is a powerfu.linew result not found in the restricted borrowing case.
The model of a risk-neutral ager;t with default costs approximates the illiquidity
of a risk-averse agent. The resulting prediction that losers’ effort levels will
be higher is strong and ‘testable. Although effort is unobservable, output is
observable. With enough observations, mean effort can be‘approadmatf;d by mean
output. Thérefére, this new borrowing model has yielded a refutable pred’iction.
something in general lacking in agency models.

The comparative statics for the agent’s problem are as follows (see Appendix




. : ) . )
4.1 for the dentations): ‘

”

95, 9B, 3B,
oW e %, Y
‘ 8B, = - _ aB, OBy | -
Or <0 or <0 or < 0: -
9B, 3B. 3B,
S 0. 0. > 0.
Ip . dp > dp R
oE,
= 1 - 2 —
aw. = W+ 2P+ Jgg(E = B > 0.
oF, OF, .
- aw, P, <0 : | R
T, _ OE _a o i
aw, _ aw, 7% -
OE, _ 9E. _ . . .

W, -9W,

~:LI.'he ix.ltuition of these comparitive st'atic‘s is familiar and sttaightforward.
“Note that compared to‘ tbe restricted borrowing, repested contract case, the de-
fa.{‘llt cost has created intert.émpora.l linkages (OE,/dW,, depends onthe selections
of second period effort). Thus. in the restricted case 9E,/0W, = §. as com-
'pa.réd to the complication: created here by the asymmetric solution (£, >

£ < 5). Now; despite; identcal ‘wages in each contest, the asymmetry im-effort
levels cretﬁes a capital gain to \&inning (reflected by the extra terms in OE,/0W,)
con51stmg of av01dmg the defa).hlt costs of losmg, a capital gain not present in the
restritted botromng, repeated contract case. Further comparisons of the default

.

‘cost model to the restricted model will be made later, along w:th comparisons

between the compa.ra.txve sgat.:cs in the defau.lt cost, repeated contract model and

the nonmemory and memory modelzs ‘

!

The next step-is to splve t.he principal’s ’broblem. JWVith (4.9) - (4.11) sub-

stituted in, and given (4.12) - (4.14), the principal selects the wage structure to

162
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"max L = R’m(z+r)+h+.53(w;—W,+g—'h(1+r)—‘ L o

Cl(h(1 +7) = 2)A™Y] + 53 Py (W, - W, — y( 1+ r\ -

_ Clz(1+r)AT N+ 581 - P)(W, - W, = z(1+1)
. ‘ ~Cly(1 + A7) = 53 C(E,) = 53 C(Ee) = IC(EL)
' +RMNDE, + SRD(Ey + Ee) — SR(W, + W)(2 + ).

The first-order conditions are: ]
oL _ : 2 eyp e OBy |
W, - 58 + 53Pg+ .53%1 - P;) - .53*°C'(E, )B‘V'
oF OFE 3E
2 o~ (4 ’ ) 1
53 C ) - 8C (El)alV + R/\[Dau, -
N aE, 3E¢ C.
" .SRD( W, BW ' (4:18)
a .
—L, = R(2+r)—.55—.5/3’P,+-.5/3°(1-P,) -
a‘vl -
55’0'(5’ )—-—— - 53’C’(E¢)3E‘ - 8C'(Ey)~—=— 351
3W,

aE‘ 3E, aE, _
+RAD > + 5RD( 5% T+ aw) ~ SR + =0, (4.19)

L

#Note the zero-profit condition’is quite similar to the restricted borrowing case, despite the fact

P, # 5, etc. The reason is simple - it is a per person two-period discountéd zero-profit constraint.
Thus, viewed from the inf¥ial period, there is a 50%'5hm'ce an agent will win in the first pertod v .
and hence select £, (with expected second:pen'oci ixxmm;eL W, +(1 - P;)Wg); and a 50% chance
he/she will lose and select E, (with expected second-period income of {1 — f;)W., + P,W,;) Thus.

Y .
per person expected discounted profits ate: . ‘A -

R(DE, - 5(W, + w,))+ SRYDE, - P, - (1- P,)w,) + R’(DE, '\ .
-(1- )Ww - Pzwz)

- . . R 3

which upon rearrangement yiglds:

RDE; + 5R*D(Eq + E¢) = SR(Wy + W{) - SR} (W, + W)




,

oL
aA
Adding together equations (4.18) and (4.19) yle}ds A = 1. Substitution of

= DE; + .5RD(E, + E;) = 6R(W, +W)(P+r) =0.  (4.20)

" this plus the comperative statics of the agent’s problem into (4.I8) leaves an

gquatxgn.hnea.r in W, — W,. This equation plus the zero-profit copstraint can be

» solved ex=<tly for- W), and W,. but’ the rslilting answer is horribly comp‘lexs. and

intuitively unappealing:as the as_;'mn.:etry in this case crea.t:es great complicaflons
in.the algebra. Howeve:, an exact answer is unnecessary for obtaining the cru’cial
results from this section, as they were derived in Proposition 2. Firsv the contract
structure forces an asymmetria solution in the second per;sé game. This in mrn
leads to the coastmg result, that first period losers work harder than first- panod
winners. Sexondly, a.lthough contracts are identical in each period; agent’s eﬂ'ort

levels are not. There are ‘memory’ effects in output, created by the asymmetry,

which in turn is created by the default,cost borrowing structure. These memory

effects did not occur in the repeated contracts with restricted borrowing.

This section'’s repeatea contracts restricted the princip}l’s choices. He was
unable to diﬁ'erentigte between agents based on their history, and he was unable
to create interperiod effects in the wage structure. In the next section the prin-

cipal is allowed to treate these interperiod effects.

-

4.3 Nonmemory Two-Period Contracts

<

In this section, the principal offers two-period wage contracts identical.to those in
Chapter Two, Section 4 - wages are W > W, in the ﬁrst period and W,, > W,
in the second period. Thus, a.lthough there are intertemporal effects in wages,

there is no sorting (first period winners and losers play each other in the second

period) and hencé no wage memory effects. In all contract aspects, the wage

structure is identical to the Chapter Two model; although the new bormewing
’

’
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structure means equilibrium wage values will be different. —-
As per the discussion above, the following conditions on wages hold:

We > Bi(l+r)>W,+ B,.

IV?W > B((l + 7') > w'u.

Wi > Bu(l+r)> Wy
Once again, ifi each condition the first set of inequalities is for analytical tractibil-
ity (although quite logical give A <’ D). while the second set is an implication of
Proposition 1.

These cond.itions mean that the agent's problem if he or she has won the first

period contest (a.nd has no leftover debt). is to choose B, and E, (B, gix\'en at

this stage}ro maximize:

Vo = Wu—Bi(l1+r)+B, + B(Pu(Way ~ Bu(1 + 7))
(1= PY[=C[(Bu1+7) = Wa)A™"]] = C(E.)

where P, = P, (E,,,,E,) is the probability of the (first period) 'winner winning-

the second penod contest, gwen the losers’ effort ch01ce If one has lost the first
contest. there is leftover debi to be rolled over, a.nd with B, ngen at thlS stage.

the pro'blem i5 to choose By, E, to maximize: ~

4

Vi = -C{(Bi(1+7)- — Bo)AT ] +ﬁ(P,(sz = By(1 +71))
\

(1 = P(=C[(B(1 + 1) - Wa)A™"]) - C(Er)), ,

where P, = P(E,, E,) 'istt:.he probability of the loser winning the second period
contest given the winner’s effort level. '

Note that except for the W;,,, W,, terms, ‘this pr;blem is identical ‘o the
repeated Contract case. Indeed, this section’s prob'l’?n shares many of the char-
acteristics of the previous section’s problem, md‘udﬁxg most cricially the asym-

metric -equilibrium m‘the second'penod (B¢ > B., E, > E,). However, the

principal’s problem is much less éqmplex to solve.

4

16¢
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I Substituting in the values of V,, and .}, into the agent’s first period problem

gives the agent's complete, overall problem. He selects borrowing and effort to:

max V = By +3R[W, — Bi(1 +r)+ By + 3(P,(W2,
—Bu(1+7) = (1 = P)CUBL(1Y4 r) = War)A™!]
—C(EN] + 3(1 = PY[=CUBs(1 + 1) — Wy — B)A™Y]
+3( P (W — Bl(1+ 7)) = (1 = POC[(Byil +1) —
Wa)A™Y - C(E))] - 3C(E)

~ This problem and its solution are virtually identical to that of the repeated case.
Once again, given the Nash equilibrium values of E; and E,, define P;(= P, =
1 - P,) as the i)mbabﬂity of the first period winner winning the second period
contest, and define § = g(E, — E,) = 31’,,,—/3Ew = 3P;/JE, (assuming a normal
distribution). Given this the first-order conditions to the above problem can be

solved to yield:

’ B, = RW:+ R*W, + h, (4.21)
B, = RWy+y. _ (4.22)
"By = RWy + 1, ) ' (4.23)
Ey = g(Wo-Wi+y—-h(1+r)+C{(h(1+r)-n)A7}] +

B(Py Wiy ~ Wy — (14 1)y +Llz(1 +1)A™Y]) -
(1= P)(Wa — W = (14 1)z + Cly(1 +r)A7"))
. +C(E,) - C(E,))], » {4.24)

E, = Wy —Wa—(14r)y+Cly(1 +r)47")), (4.25)
Ef = §(Wa =Wy —(14r)z+Clz(1+r)A™Y)), . (4.26)

+where z, y and A are as in equations (4.15) - (4.17).
As noted, these best-response functions are virtually identical to those for

the repeated contracts, except for the W,,,, Wy, terms. This similarity is not



&

surprising, as these contracts share the condition of no sorting in the second

period, forcing agents to play in an asymmetric contest.

Proposition 3 a) Assuming ¢, — ¢, normally distributed, the Nash equilibrium

for the second-period contest 1s asymmetric (E, # E,).

b) Assuming a unique solutson ezists, st involves E, > E,, P, < 5and B, > B, .

L]
Proof: Analogous to that of Proposition 2. "

- -

As noted, the results of the current contract setup strongly resemble those of

the earlier repeated contracts. Indeed, B,,. B,. E, and E, differ only in substi-

tuting W’w =W,, and W, = Wy, into them, and thus the proof of Proposition 2
) ) A

applies here. _ o

Appendix 4.2 shows the formal derivation of the fallowing comparitive statics

for the agent’s supply functions:

3B, 8B, . 3B, _
aw, > %aw, =% aw, ="
831 an aBt
ik N 0. 22 o,
aw, > Yaw, % aw,, >0
- 8B, 8B, 3B,
aar, < 0, pw < 0, > < 0, ,
B, 8B, dB,
3p > 0, P > 0, B > 0,
OE, OE,
aw, - ¥>%aw,=9>0
JE, o . >
- BWQW - 9ﬂ(2P2—1)+599(E1—Ew) z 0-
_ OE, _ _9E >
oWy, - ow, <
9B, _ 9B _. .
- W, By, 97D
3E, 3 '
- & § < O.

Wy W, ¢
Note that the comparative statics for E; are such that:

OE;
aw,,

JE,

oW,

JE,

Wi

( nox.lmemory )+

(nonmemory) = (repeated).
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This equality is only logical 'considering in the repeated case W, is ‘p‘la_ving' a
‘double’ role. Also, comparing thege comparative statics to those for the re-
stricted borrowing case, here the default cost borrowing has created special link-
ages between the periods - 9E,/0W3,, OE,/3W, are nonzero.

The principal’s problem. given (4.21) - (4.26). is to solve:® N

max L = RW,+ 52W2,.+ h+ 53[W, —W,+y—h(l+r)
—Cl{h(1 +r) = D)AT] + 53 Py (W — Wiy — i1 + 1)
—Clz(1 + r)A ) + 5331 — P (W — Wy — 2(1 + r)
~Cly(1 + r)A™Y)) — 83*C(E,) — .533°C(E,) — 3C(E,)
* +RAMDE, + .5SRD(E, + E;) — .5(W, + WV
—.5R(W,, + W)

Proposition 4 a) The wage structure is non-unique.

b) The contracts that solve the above problem all snvolve the following values:

r—op '
E, = RD(1 —_— . 27
E, = 1+ R*D(1+p)* + .5R(1 + p)(k), (4.28)
E, = 7+ R*D(1+p)*— .5R(1+2r - p)(k), (4.29)
where

(r=p)3—=2P,+p+r(2-2F,))
T = - < 0,
2(1 +r)%g

k= gl(l+r)y—2)+Clz(l +r)4A7" | = Cly(1 + r)4""]] > 0,

and

E,-~E, = k>0,

9E, _ , 8E _, 9E 9E, >
oD '35 T or 9p <

o -

——r

®An exercise similar to that done in the repeated model yields the zero-préfit condition-



0L o g %50 2 22y
aD 35 T o B <
3E, . OE, *0E, OE, >
0 ~ % a5 o e <

c) At the optimum the principal dessres the agent to work harder in the first
period. 8 desires a winning agent to work harder in the second pertod. while for
a losing agent 1n the second period he destres the agent to work more or less then

he does work.

Proof: a) An exercise similar to that of Proposition 3 of Chapter Two yields "he
result.
b) See Appendix 4.2 for the solving of the first-order conditions, etc.

¢) Evaluate the following at the equilibrium values for the effort levels and for A:

oL

i ot
= = -3C RAD = ~ > 0.
3E, (Ea) + 25(1 + r)(1 + p)
oL _ ~.53°E, + 3R*\D = —.53°r + 25R3%(1 +,2r — p)k > 0.
oL, .

‘ % = —-.533*E,+ 5R*\D = —.53% — 25RJ3k z 0.0 .

It is gasier to get a-solution in this problem then in the repeated contract
case. This ease is due to the two-period nature of the solution, which makes
comparative statics such as 8E,/3W, much less complex. However. 3« in the
" earlier case a toasting result holds - first period winners work less in the'second-‘
period than first period losers. As well, there are again memory effects in output.
These crucial resu.lt_s_ from the repeated contracts generalize to the two-period

contracts.
-

-

Finally, consider the introduction of second-period mobility constraints on

the principal’s problem. Since first perif)gi winners and losers will act diffgrently

. g - / -

‘in the second périod, separate constraints are needed for each. The second-pertod
: °

-
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profit constraints are:
< b rd .
PW, ., +1-PWWyy-DE, > 0 (4.30}
(1 - P))Wy. + PRBW,, - DE, > 0. (4.31)

Second. the constraint that utility is higher if a worker stays with the firm than
if he 'moves to a reserve job. can be constructed as in Chapter Two and Three. /

These constraints are formally constructed in Appendix 4.3. and for a winner

and a loser are respectively:
R"‘-u +y+ 3(P2(“"2w - H-z( - y(l +r))—

(1 - P)Cly(1 +r)A™Y = C(EL.)) = .SR¥(D.Y*(1+ p) > 0. (4.32) h

~Cl(A(L+7r) = 2)AT'] + 3((1 = P) (W5, — W

—z(14+r)) = PClz(1 + 1A = C(E)) -V, > 0. {4.33)
where g '
av, v, v, av,
awy <% aw, =% aw, =% aw,. =
Proposition 5 The mobility constraints do not bind. IS

Proof; Let A, be the multiplier on the zerc;-proﬁt constraint and Az — \; be the ”
multipliers on the new constraints (4.30) - (4.33). The first-order conditions for
the new principal’s problem for 8L/3W,, and 9L/OW, are identical to the case
without mobility constraints, and hence still yield A, = 1 and equation (4 27)

The first-order conditions for 3L/3W,,, and dL/IW,, are:

aaf;; = d’(Pz+1—P;)— 53*(C(E, )awzwl C(E:)o‘if;)
s gE s mo 2B oo 2B
*5%%; .sm+x,(Pz—D§f:‘w)‘A1(1—' -
""Daﬁ:““”"’cw’gf’u - .
'Y

(¥



9E,

+As(3(Y - P;) - SC’(Eg)aWM) =0, (4.31)
a%% = R*~ 53 (Py+1-P)-.53C'(E, afu
C”(E,)aifi) - 3C(E,)a“u + RN\ (D:f,;
'DR(afz‘[ gf—;)— 5R) + X3(1 - P, - Dg%»
+A3( P — ;‘fu)+ AR - 3Py = 3C{ :‘1;:.1
9 +As(— (1—Pz)—3C(E,)%:—I - a‘zf:il)=o. (4.35)
Add togethe-x_' (4.34) and (4.35). recalling:
| 'Al_land OF, _ O, OE, _ JE, OE. _ O9E
W,  OWiy. 0W,,  OWy' 3W,, Yo
This yields J
\
Az + A3 + A(R) + As(— aav‘t? ) =0.

.

Given A;, 43 Ay, As > 0 by construction and 9V;/3W,, < 0, this implies

A; = A3 = Ay = As = 0. None of the constraints bind. O

The fact that the mobilit);' constraints do not bind means that all previous
results on the values of effort levels, and most especially the result E, > E,. go
through upchanged. The intuition of why this result holds follows the intuition
of the similar results of Chapfer Two, section 4.

| In this section the principal was allowed to choose two-period contracts.over
repeated one-period contracts, ‘and did indeed%ose to do so. However, firms
were still not allowed to offer agents with different histpries different contracts.
The next section addresses this issue.

-




4.4 Memox:y Contracts

In this section. the principal now offers memory wage contracts identical to those
of Sectiord 5 of Chapter Two. Thus. once again in the second pertod. winners
are sorted to play each other for W, . V... and losers play each other for 1V7,.
W (First period wages are still W', 317,.) The sorting allows the prinaipal to
use memory effects in compensation. With sorting an asymmetnc equlibriun
no longer results 10 the second period (although winn(‘rs and losers contests are

still different). This in turn makes the problem much simpler. despite the more

complex wage structure.

The probeability of winning an individual ¢ontest (P;. P, and P,) 1s formed

analogously to *tue eaiucr contests. The following conditions hold on wages:'””

W, > By(l+r) >"V( + B,.
Wew > Bu(l+r)> W,

Wi > Be(l+r)> W,

P

Therefore. the agent's problem is to select borrowing and effort to maximize the
following (with the appropriate V. V7 substituted in):
V = By+ 3P (Wy = Bi(l+r)+ By + 3(Po(Wou
—Bu(147r)) = (1~ P.,,)C[(B.u(al br) - WA
~C(E] + 301 = P)[=CUBi(1 +7) =W, - ByaA™"]
+3HP(Wo, = Bl +r) = (1 = PNCl(BA1 +r) = WynA™"
-C(E,))] - 3C(E,). .
In a symmetric Nash equilibrium. P, = P, = P, = 5. Solving the above for
the agent’s actions yields: |

B; L= R‘Vl <+ RZH’U <+ h. R (4.36)

C .
19As above, 1n each condition the first-set of inequalities «» assuined and the mo%nt commes

from Propasition 1 N\
\

<
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B, = RWu+y. ” : (4.37)

B( = R“'u + . \4.38\
€, = gW,-W,+y+ R(W, - Wy, - A1 +r)+ .
CUA(I+r) = 2)A™ + 3(5(Wew = Woe— (1 + 1)y

+ —Cly(l+ AT = 5(W = Wy~ (14 1)z~

Clz{l + rA™)) + CLE) = CLEN. (4 39
Eu. = g-(n-wu.-_H-wl—(1+r)y+c[y(f;+r)-'l_ln‘ . \-}.40\
E, = g(Wa —-We—(1+r)2+Clz(1 +r)47). (4.41)

where z. y and A are as before, with P, = P, = P, = .5.

The above functions reveal complex intertemporal links. as in the earlier case
with restricted borromng Clearly, first period effort depends on wages in-the
second period (for examples 3E"1 JOWy # 0). éorting creates intertemporal links
that t.k:;e principal will be able to exploit to achieve a more prcfitable solution,
compared to a nonsorting (nonmemory) model. Examining L' reveals that the
return to winning the first period contest consists of an immediate wage differ-
ential, the avoidance of debt, and the ca;;ita.l gain ?'f the wimners’ contest over
~ the losers  contest. . > --

The comparitive statics are derived in Appendix 4.4, and are as follows:

. aBl an _ 33( _
: w, aw,‘o'gﬁz-o-
aBl an 68, .
0. ——w. R
awe > Caw, % aw, >0
aB, aB, '3 B,
o < 0, 5% <0, 2= <0,
aBl an 83,
3% 3 =3 0 .
OF, _ OE. _ 9E ___
AW, T W, W I
OE, _ OB, _3E _ _.

W, Wy Wy .




OB\ _ 535 35°E. 2 0.

AW, <

JF,

—_— = §(R-.5 3§°E. > 0.

., g(R—- .53+ 3¢ A
oF, ) 1 >

= =5 — 0.

W, 5§53 + 33°E, ”

3E, . _,

m = g(.oj - R) \39 E, <0. I
OE, _ 9E, _ OE, _9E. _

W, — aw,  ow,. oW,

8E, _ 3E, _ JE. _ OE -0

v, — 8w, auw,, W,

L 4

.

Note once again. there is a relationship between the current comparative

a——

statics and those from tHe repeated model (where 1V, plays a ‘tniple” role)

BE,

( )+ OF, ( )+ OE;'\( =
W, memory X memory 51, memory) =

‘ ; JE, Q

oW (repeated),

allowing for P; = .5. Second. comparing these comparative statics to those of the
\
. < .
restricted borrowing memory case, note that the comparative statics are 1dentieal
. * C -
for the wage terms (the comparative statics for r or p would not be the same.
although in both cases they are quite complex and of ambiguous sign) This s
not surprisiig. as the extra terms in the default cost model are not functions of
the wdges. and hence the comparative staties are the same
. The principal selects wages to maximize utihity subject to a zero profit con

dition, given (4.36) - (4.41):

max L = RW, + R*W, +h + 53[W, - W, + R(W,, - V")
‘ y-h41+rn-C[(h(1+r>::).4"]]+5,73( 50,
—War—ytl +r) = Cly(l + r)A ')+ oW, -,

—r(l4+r) = Clrtl1 + 1A' - CILELY -

&

he AN

¥



C(E()) - 3C(E1) + R«\(DE]. -+ SRD(E,_,_ + E(\ -

WL+ 1) = 25R(Wow + Wiop + Wow + W0,

Proposition 6 a) The wage structure s nonunique. ]
b) The contracts that solve the above all involve the following 1);&&«:

E, = 202 r=p LY
1+r 25(1 +r)

D(1 + p) r—p -

. = . 4.43)
E. 1+r N 2G(1+r) ' \
2 - 2
E, = D(1+ p) (-r p)3 + 2r + p) ‘ 4.44)
(L+M(1+2r—p) 2G(1+r)1+2r-p)
where
) (o= )1 +p) 1>
- , = 2D - -) -~ 0,
. Ec E. (1+r)(1-+—21'—p)('7 g) <
a » OE, _ JE, 9E; BE..,
a0 = a0 >V 5 = ag > 0.
9E, AE, 8E, OE,
= o —1y 205 = T2 s —(2Dg - 1 —-o
P ap x (2Dg 1) 0, pm 3 x —(2Dg )
- OE, 3E, BE, 5 B >
3D > 0, % > 0. 3 x (2Dg - 1) > 0.
BE( > .
il 4 —(2Ds —-1) =
o x (2Dg - 1) < 0. .

c) At the optimum the principal desires the agent to work harder in the first

period contest and in the winners ' contest.
Proof: Analogous to that of Proposition 3 of Chapter Two.
It can be seen here that E, # E, (®xcept in the unlikely case where 2Dg = 1).
. \ '

> Therefore the contracts exhibit memgry effects - the agents’ dpcond period effort

depends on current and past performance.!! This result hints at \he presence

111t is impossible to compare the expected value of the memory to nonmemory contracts in this

case, as the algebra is intractable. These results are therefore not as strong as those of Chapter
Two.

kY
| \\
~ » ~
.
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of memory effects similar to those shown in the restricted borrowing models
~—

of Chapter Two. However. since the expected value of the contracts cannot
be calculated. it is not possible to state with certainty that memory contracts
donﬁnagé‘gthe default cost borrowing model. ]

In comparison to the default cost nonmemory contracts, note that with mem-
ory contracts, the agents’ equilibrium output in the second period 1s not a func-
tion of debt. In the nonmemory section. the principal was forced to allow winners
to play losers. "The past of the loser was different than the past of the winner.
which a;ﬁ'ected their behaviour. and in tum a.ﬁ'ecte(d the wages set a.n:i the equi-
librium output. In the memorygontract losers are sorted to play losers, o that
their pasts (debts) are common. and behaviour is identical. Therefore, with

symmetry the default costs do not influence the final equilibrium effort levels.

The wage structure will be nonunique, because agents’ borrowing undoes’

any wage changes. leaving consumption unchanged. However, the consumption

values for each outcome are unique and can be solved for. Once again. define 2

as ‘consumptron’ in a given state:

r

Zo = RW,+ R'W, + h. (445
e

. Z, =W, =W+ ROV, =W +y - b1+, (4.46)
Z, = ~CUh(l1+r)-014A7". (4471

Zwu: = “"L"L - “.u.f - y(l ~+ r)- - ‘4 ‘\‘|

we = =Cly(l +r)47", (1 49)

Zry o= Wy, =Wy — il &1, (4 507

Zy = -Clr(t+r)A™Y (451

(Note a.loser has the disutility of the effort of payving off the default costs, which

are defining as ‘negative consumption’ ) In a manner analogons to the steps in

. Chapter 2. Section 5. one can solve for the above consumption values ns finetions

of the known values E,. E, and E, i<ee Appendix 44 for detalss Thas allows

.

EEh



for a comparison of consumption effects across periods:

Proposition 7 Define A, and A, as the spread of consumption in a respectsve

‘contest, and 2,. Z, as the mean consumption. such that:

Al = Zy =20 Ay = 2y = Zue.

Zy = 2w+ 2Z¢) 2w = 52w + Zuet).

Then. it can be shown that N\, < A,. 2, < Z.. *

3

Proof: See Appendix 4.4.

This result shows strong. testable memory effects in consumption values.
These are ana.logouﬁ.to results in wage patterns found in Rogerson (198!5a) 01);)
Rosen(iQSG). These effects will be discussed further in Chapter Five.

o

Finally, consider again the introduction of second-period mobility ¢onstraints

on the principal’s problem. The second-period profit constraints ate:

5(Wew + W) - DE,

v

0.

.S(H',w + W) — DE( > 0.
A

N\ -

In addition. there are the constraints that second-period utility be higher at the

contest job. formally constructed in Appendix 4.3:

Rtvw,;%%a(.s( Wew = Wae = y(1 4 7)) = .5C[y(1 = r)A™]
N~

-C(E,)) - .5R*(D,)*(1+ p) 2 0, (4.54)
'—C[(h(l + r) - I)A—l] <+ B(S(H/.lw —_ ‘V(l -_ I(l <+ T'))

—~.5C’[.r(1+r).4“]—C(E,))—-V}.20. (4.55)

where

av, v, v, av, 3
"W,

<0

awy, <% Ew, =% aw, = ©

0.
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Proposition 8 a) The mobility constraints do not bind.
b) S(Wew + Woe) > .5(W, + W), A

Proof: a) Analogous' to the proof of Proposition 5.
b) Analogoﬁs to the proof of Proposition 7 of Chapter Two.

Since the mobility constraints do not bind, the earlier results go through un-
changed. However, as in the restricted borrowing case. the fact they do not bind
implies that mean wages tend to rise uver the term of the contract. This is a

strong general prediction of both borrowing models.

4.5 Summary

<

-

In thig chapter the rank-order tournament model has been extended to the sit

uation where the" agent has access ‘to a capital market in which he must pay
all debts (by working at a ‘reserve job'), if necoss:ry. This allowed for gvnvrn.li
ization of many earlier results. including non-uniqueness in the wage structure
of nonmemeory and memory contracts (although effort and consumption were
unique). —

* The most p’owerﬁd predictions of the restricted horrowing godel also gener
alired to the default cost borrn.wing maodel. The most important of these predie
tions is the various memory effects in consumption and effort, effects created by
the principal’s preferencé for a contract with memory effects in wages, and by
the capital market strudtuge. In addition. in this model 1t was also shown agun
that the mean and spread of consumption rise over the length 4f the memory
contract. Finally, the result that mean wages rise over the length of the contract

is also confirmed. ' . >

-

-



The default cost model 1s a broader model.!? and hence generates more pre-
dictions. Some of these predxctxons will be dealt with in more detail in Chapter
Five, but the mest important result is that if a firm is not allowed to sort agents
in‘the’ second period (perhaps duf:\ ™8 union rules! then in the second period.
first period losers are predicted to have higher a.xerage output than first penod
winners. That is. losers always work harder (E, > E,). and since on average the.

—
error term equals zero. losers wou.ld produce higher average output. This is a
powerful, testable prediction.

—

12For exdmple, it mcludeo the restricted borrowing model as a speczal case, whezﬁ the cost of
effort at the reserve job fails to meet the conditions stated in Propomtlon 1. \\_,a




APPENDICES TO CHAPTER FOU§

4.1 Details of the Repeated Model

?

The proof of Proposition 2 of Chapter Four is as follows.

a) The first step is to prove the equilibrium to the second period contest s
asymmetric (E, # E,.). Assume E, = E_. "Then P, = 3. Given thys. calculate
the following;: - ) s
Ef—E, = §(Clz(1+m)A = Cly(1+m)Aa ]+ (1 +r)y - )
= §(.53A7%r%1 +r)? -—..5.-1"2y2(1 + ¥+ (1 + r)(y: -z))
= B3A7 g1 +r)z —y)-242 + (1 + r)(z + y)]
:=_\ ".5A-3§(1' + ) RPAM(L+20—r)(2+20) - (1 +1r)?)
—R*AY2+2p~ (1 +r)))[-24% +
(1+7) [RAY(1 420 r)(2+20) — (1 + r)]+

—

R¥4%(2+2p~1-r)]],

where P2'= .5 has been substituted in. Continuing with the simplification.

E,@E, = 53471 +r)(RAYN(1+2p—r)(2+20—-1-7)

=1 =2r = [-242+ (1 + 1) [RJA'[( L+2p—r)(2+

2p+l+r)-—l—2r—r2]]] <

=r)3+2p+7)=1-2r (7Y} -
D‘\J\“ N '
= SR'GA*4p —dr + 40 — a2 -4 - 2r' + 3
+2p+r +6p+4p  +2pr —3r —2pr —r? -1

—2r — rz]



= 5R'GAY4(p - r)(1 + p))[8p — 8r + 4p* — 4r?]

= R'GA2(p~-r)*(1+p)8+4p+r))>0.
Thus, £, > E_, a contradiction and therefore E, cannot equal E,.
b) Given the above result the best response function E,(E,) crosses the 43°
line above E (E,). Therefore, in order to prove the second part of the proof
(Ee¢ > E.). the best response-functions must be examined to see if they are single-
turning. To ease the task some simplifying assumptions will be made. similar
to those made by L?,zéa: and Rosen (1981). Assume that G(-). the cumulative

density function of ¢, — ¢, is a normal distribution with mean zero. and variance

2¢2. Therefore:

— — 2 ‘
9o(Ee—E,) = __1_ex,,( e Fu) ) = §(E., - Eo).

\ V(4037) 20
O9(E.— Ei) _ (Euw=E) |
3E¢ - 20,2 [g(El - Ew)]w \
09(E, - E.,) _ (E,-E,) _ B _39(E4-E ) LR
BE, = S 9B = E))) = -5 =%

Recall also P; ='G(E, — E,), where P, = a fixed number only at the Nash
equilibrium. Thus, over the range of the BRFs 8P;/9E, # 0. For simpﬁéity,

assume the solution is close enough to the Nash equilibrium that the following -
holds:
P, _ P, .
3E, 9E, ¥
Start with the first-order conditions, which define the BRFs:
Ew = g(Ww - W'l - (1 + r)y + C[y(l + r)A-l])’
E=gW,-W,~(1+r)z+Clz(1+71)A7})).

Totally d.iﬁ'erentiaté E, wrt. E, and E,:

dE, = 2 1
gaEdE +§(=(1+r)+ A1+ r)y )aPaE dE,
E ag -2 2 3y 3P2
5 BE, ~—dE(+ §(- (1+r)+A (1+r) y)aP 3E, ——=dE,.
‘\ @

_p'




Note the following: ’ é ¢
2 -
é.y_ = Alp - r) > 0.
ap; (1 + )31 = Py)?
p—r

—(1+r)+ A1+ )%y = > 0.

Y - P

4

09 B _\EemEuEe 2400 2,
< <

Define the following elasticity:

K =

T QE, §- 202
Substitution of these values into dE,, vields:

.g*A%p - r¥(dE, + dE,)
il + T)z(r - P;)3

dE, = ~ndE, + - ndEy,

Oor upon rearrangement:

dE, ( §A%(p — r)? g1 A p — r)? )
=|—x+ 1 —-n-— .
aE[ (1+7‘)2(1—P2)3 (1+7‘)2(1" P‘z)‘}

Note that the denominator of this term is related to the term

3V _E, 35
OE? ¢ OE,

+ (= (L+n)+ A1+ )y 5 = — 1.

which is assumed negative (necessary to get a unique solution to the agent's
>

problem). Thus, the denominator is assumed positive as it equals —3*V/JE}

Given that the second term in the numerator is positive, next examine the

first term :

__(Ew—El)Ev'u \
T 201 ' A\

It can be seen that:

9E,/0E, >0 if E, > E,.

3E./dE, >0  if E, = E,.

oL, ,/BE, >0 f E, < E, by a little, so that x 1s small,
" @E./8E, <0 ifE

E, by alot. so that x is large.
. II"VI ...
/‘4," *

A

w
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Thus E,(E,) is single-turning. and has the shape shown in Figure 1 of Chapter

Four.
~ Now totally differentiate EJ(E,):
_ E 93 : -2 ; 91 OP; ,
dE, = gaEldEt-tg( (1+r)+ A1 +71) .r)aPzaEtdElf
E, 83 . —2.. .3 .0z 38P;
; aEwdEu.+g( (l+ry+ 4 (1+r)r)8pzaEudEu.
Note that:
9z AN r-p)8+20+T) <0
- ap, (1+r)y3P7 )
-2 2 (p=r)3+2p+T)
- . 0.
| (1+r)+A"2(1+r) TSy >
Define the following elasticity:
v=20E _(Eu-EJE >, p > p
OE, § 201 < <
7
Finally, note that:
#vV E 8§ . 2 , \ Or 0P, )
—_—— i —— —_— - —— — 1.
9E7 = §og, Tt A (1 +7) =) 35, 3E,

and once again to get a unique solution it is assumed 3?V/(3E,)? < 0. Substitu-

tion of these terms into dE,; and rearraffgement yields:

OE, _ (_w §’A2(p—r)’(3+2p+r)’) (_ﬂ)
- B (1+r}P ’

The denominator is positive, and the second term in the numerator is negative.

Note that —y = ((E, - E,)E,)/2¢?, so that:

8E,/8FE, <0 if £, > E,,

9E,/8E, <0 if E, = E,,

OE/OE, <0  if E, > E, by a little, so that  is small,

OEE, >0  if f, < E by alot, so that ¢ is large. -
L]

Thus E,(E,) is also single-turning, and shaped asin Figure 1. .

’




With E(FE,) and E,(E,) as in-Figure 1, clearly the Nash equilibnum 1is

unique with E, > E,, and therefore the probability of a winner in the first-

period winning the second period is less than .5 (P; < .5).}

For the final part of the proof of Proposition 2 of Chapter Four. note that.

B, - B.=zx-y
A(1+20=r)1+p) —(1=r¥1l= P
(1 +r)3P; ’
A1+ p = Py(1 + 1))
(1 +r)*1 - P3)
= A (142 —r1+p)l— Pl
(1+r)3(1 - PP, , :
1+l =P —(1+p)(1+ 7P+ PH1 4 r)?]
A?

)

= (1420 —r) 1 +p)— Pyl +pi[1 +

(1 + 1')3(1 -_ P2)P’2
r+l+rl+(1+r)P P —(1- P
T A2 )
(1+73(1 - PP,
+(1 + )} (2P, = 1)]
A’

(1+7r)3(1 -5,
2P ((1+0)* = (1+7)%)] ‘
ABp —3r+2p  —pr —r? 2Py 2+ p+r)(p—r)]

(1+20 =)l +p)=2P(1 + p)*

= [1+2p—r+p+2;)2—,)r—-I—Qr—r“—
P,

(1 +r)3(1 "-PJ)PZ

_ ANp B4R+ p(2-2P) +ril Z2P))
= (1+r)31 - P)P, ‘

given P, < .5, Thus B, > B,,. O ‘ ° .

L 4

The next step is to derive the comparative statigg for borrowing and effort

)
from the solutions to the &gent’s problem. As in Lazear and Rosen (1981) these

comparative statics are carried out at the Nash equilibrium. Thus. in the first

'As Rosen (1986) notes in a simular context, there can be problems in this analyas if the

global optimum conditions fails [t 18 assumed thia condition is always met
—

~
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period E, = E,. P, = 5 and therefore dP, = 0 and 0¢/8E, = 0. In the second
period with E, > E,. as was shown:

9% _ 95 _(E—E.j_
3E, 3K, 25

0.

However, it is assumed the solution is close enéugh to the Nash equilibnum that
the change in (E, — E,) = 0 and hence P; is constant. '

In thus situation. che borrowing values are independent of the effort levels. and
thus to get the comparative statics on the former one merely r.akes' denxatwe;’.
The wage values are trivial. foRthe others: °

b,
37'

“

A° .
TR
+rY Py ={1+p+ (1 +7)PP) +2P(1 +r)(1 +

= RUYI+r)PW, =W, (2+r)21 +7r)]

20—r)=2(1+r)}(1—-P;)) —4P(1 + r)3((1 +

20—r)1+p+ (1 +7)P) ~(1+r)(1 - P))]
’ 2

Py

= -RB+r)W,+ [~P(4r?+2r) 4 Py~ 1 +

qu +Y')
20(Py = 1) + (P = 1) + 2r(prPy — 1) — (2 + 3p)

+2p(2rP; — p)] < 0,

'
-

givenr < p<land P, < .5.

38, ., A?
B = TRV o e - PRy
=21+ )1 = P)1+p—-P(1+7)) ’
2
= —R2W,'_+ (1+r)3(1—P;)[P2(1+r)—2(1+p)] <0,
9B _ _m _ A 3
=~ = RW1+(1+,_)8P2,[(1+r)Pz(—(1+p)—2(1

+r)(1 = P)) = (1420 = r)(1+p) = (1 +7)P(1
—P;))3P(1 +r)7] |

2

A
-R ¢+ (1 r)‘Pz[—3 ‘ P, 2P2r Pyrt + 4r

~

\

;
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—4p +r? — p? % 2pr — 2p? — 3p% - 6p] < 0.

3B,  AM2(1+p+(1+rVPP)+1+2,—r] 0

3p (1+r "R '
3B, A2 |
— = > 0,

dp (1+m3(1 - Py

8B, _ .-1’{2(1+p)+1+2p—r]>0

Op - (1+ T')spz l

The comparative statics on effort are more complex. as the 3x3 system of £,

E. and E; must be solved. Totally differentiating yields:

dE, = §dW, - gdW,+ g3(P; — (1 = P,))dW, + g3(=P; ~
(1 = P;))dW, + 3§C"(E}dE, — 3¢C"( EL)E.,.
. ... 9 E, 3§ E.
d = dwv, —di ——d — —dE,.
Ew 9( w l)+ BE,‘, é Ew+ aE( g El
G S — awy o 29 Eeyp. 95 E
= v, — dW —= ZUdE; + —= ZUdE,.
dE, §(dW, —d ’)+,8Ew SHES + 5 —HdE,

Rearranging terms. and recalling the definitions of x and v, in matrix form:

1 JgE., -3gE, dE,’
0 1-=« " K dE, | =

0 Y 1 - ¥ . dE(

Gl + 3(2P, - 1) —g(1 + 3(2P; - 1))

. dW,
: g  -d .
™3 - _ (11"(

)

@

) ¢
or HE = AW . First the vaJue and sign of: a v
Hl = (1-«k) w)_u.,;_z"‘l_w_x ;
o~~~ W‘Et)El_(Ef—Ew)Ew
j 202 203
(E¢ — E)? ‘
= l+—Da >0
5



o

3

"»l'

.y

g\l +3(2P, -1)) 8GE. -3gE,
8E, 1 . |
aw., H, g l-x K l

g L 1 —-uv !
= (14 3(2P, - 1)|H))
IH](Q ( |H |
_§ | J9E. -3gE. |
1H!§ v l-v |
;5 | JgE., —3GE,
+_
|H| 1l -« K
= g(1+3(2Pg—1))+I—H‘1[59E R+3gE1(1—K).
—3GE (1 - ¥) - sgs,w]
= g(1+3(2P,—1))+m[SgE,(1 K—yp)e
~3FE (1 - v — &)
= §(1+3(2P,~ 1)) + §83(E, — E.) > 0.
oE, ,
aw,. = —OEOW, <0 .
) \
: 1 §g(1+8(2P,=1)) -83E,
"9E, 1y g :
0 g 1—-v |7
= IHI(g(l -xk))=g¢g>0,
E, _ 0. _ . .
aw, - “aw, 9%

1 B3E, §(1+ B(2P; -1))
3E, 1 ]
aw, ~ H||® 1~ g

0 v g

= 1-xr)g—v¥g)=g >0,
IHI(( <)§ % g ,
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3E,
I

4.2 Details of the Nonmemory Two-Period Models

123

The agent’s comparative statics for the borroming terms in the nonmemory

contracts is 1identical to that of the repeated contracts. except for the substitution

of W, for 17, at various stages. a.ndotberefore the new comparative staties need

not be formally wdrked out. Fer the eflort terras there 1s some differance. however

Begin by totally diffeigfiating E,. E, and F} from the agent's solution.
recalling that dP, = dP, = 0: . *

dE,

dE.

dE,

Rearranging terms. and recalling the definitions of x and +', 1n matrix

[« R

(ol =

gdW, — gdW¥, + g3FP 1)dW,, + ¢J(1 — 2PHdW,,

+3§C(E)dE, —®gC'(E VdE,,.

. i . 33 E, Jdg E,
div,, — dit —— —dFE, —dE,.
g( 2 21)+aEw F E +OE, 7 E,
N . . 9 E, Jdg E,
dW,, — dW, — —dE.,, —dE,.
g( 2 .d .1)+aEwg(E +0£,1ch1

3GE. -39E \ [ dE,
1 — & X dE,, =

1 — vy dE,

[ aw, )

or HE = AW, Onece again.

b )

||

—g J39(2P;, —-1) -J9q9(2P,-1)
dW,
0 j ~j
' AW,
0 Q _[) s
= (l__—,x)(l—t.'»—u'x:l—L'—A.

formm



ok,
W,

IE,
oy,

OF,
A,

oE,
AW,

JdE,
8W2w

dE,,

Wy’ =

1 .
H| g bmr =
: . g o 1—-1 i
1 :
m(ﬁﬂ(ﬂ’z - 1)IH})
g 3GE., —-3gE,
Hl o 1-y
+i 3gE, -BgE,
IHI 1'-5 K

B83(2P, —}') + == B33 (E(l = s =uv)+ Ey(c+ v — 1))

1
|{f|
3§(2P; — 1) + 3§ E, — E.,) % 0.
JE, >

W, < _
|1 eseR- —3GE, |
I R A

0 d 1—-9

1 .
I—I}—I(g(l—w—fc))=§>0.

_9E, _
W,

-~

g<0.
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1 33E, §3(2P:—1) |

9E, _ 1 -
W o HO T §oo
0 v g )
= tH‘((l—fﬂg—uﬂ--sr>0
OE, _ _9E  _ _. _.
oMo, . Taeng. IS¢

For the proof of Proposition 4 of Chapter Four. the principal’s problem must
be solved. The first-order conditions are:

oL oL, | 0k _ 5

o _ W W - .53) =0,

aavff, = R-53- 3CZ(E1)§5, *R(DS;L;, S =0

83»{;., = 53 [P;-é—l—Pz]— 58°C(Ey ):::u -

' .532C’(E,) aE’ - BC'(Er)aﬁw +AR(D aatilw

5DR( avff; + a‘zf‘ )= 5R) = 0.

afz_éu = R*- 53P,+1~- Py - .53 C(Ew)afu
- 53°C'(E, )a‘ﬁu - 3¢ (El)jf-; * *R(D:;)f-:,
+SDR(ZZE + 22L) ~ 5R) =0, )

3y T Wy,

plus the zero-profit condition. .

Solving L/, and 8L/3W,, taking into account the comparative stitics,
yields A = 1, and
r-p

E, = RD(1 + p) + ————. ‘
' A+ol+ a3
Then, substituting these solved values for A, E, and the comparative statics into
AL /oW, yields: -

53% — 53¢ Waw — W — (1 4 r)y + Cly(1 ¥ r)AY]



132

— 3 Wiy — Wi — (1 + 1)z + Clz(1 + r)a )

-3[DR(1+p) + zgtl—:r) 3(35; + DRa‘ii‘w +DR*G - 3R* =0.
Define the following:
E,-E, = k=§[1+r)y—12)+Clz(1+r)a""
—Cly(l1+ 4" > 0. '
Substitution of this into the above term plus rearrangement means W7, - 117,

can be solved for. and therefore E.. E,:

3G (W — W)

= 537 - 537 (~(1+r)y+ )+ Cly(1 + )47l

-1 p—T -
: : 3(2P, — 1)
+C[z(1 +r)4 ])+2§(1+r)(1+p)[9 (2P,
+3§gk] + DR*G — .5R?
= SRF1+m =1+ +(p=-r)2P - 1)(1 +r)]

+DR’§ + .5R3%(p — r)gk + .33 ((1 + r)(z + y)

! —Cly(1 + M)A~ = Clz(1 + r)A™)).
Define
T=(r—p)(3—2P2+p+ir(2—2P;))<0-
21 +r)g
Then:
. D(1 :
Woy — Wiy = g+ﬁ(—+f1%+.5((1+r)(z+y)—C[y(1+r).r‘]
—C[z(l+r)A'1])+.5R(p—.r)[(1+r)(y—.r)+
C[:c(l‘ +r)A -~ Cly(1 +r)A7Y)] >0, or
Wy = La20+0)0 _ '
Wiw — Wae = g‘t 1+ + .52(1 + 2r — p) + .5y(1 + p)

~5RC[z(1 + r)A (1 +2r = p) -

SRCy(1 +r)A™Y(1 + p).




[y

Substitute this into the agent's choice of E:

. T D(1+p)2' . )
Ew - _..+__.+_5_1—1+2r_ )+';_) 1+ p)—
g(g 1+ ( p y( P -

SRC[z(1 4+ r) A1 4+ 2r = p) = BRC{y(1 + r)A7Y(1

+p) = (1+r)y+ Cly(1l + r)}t=!). or

E. T+ R*D(1 +p)? - 53R(1 +\Sr—pwc. =

-

S.ubstituting W, — W, into the agent’s choice of E, and ;unplif}';ng vields

E, =7+ RD(1+p)*+ 5R(1 j—_b,‘k- ' LY

The values for E, — E,, and the comparative statics come from simple manipu-

<
lation: O

L)
-

4.3 Mobility Constraints

’ . )
" a) Nonmemory Contracts e -

Recall the reserve job described in Appendix 2.1 - observable work at the rate
D,.” For a winner in the first-period of the n():nsorting job. the analyvsis works
out much the same inder the curreiit default cost case, as under the previous
restricted borrowing ‘®ase. Thus the constraint is leftover debt + value(stay) :

leftover dgbt 4 value(move), or:

W, — Bi(1+r)+ B, BI(Py(W,, - Bu(1 +r))

PO

—(1 = B)C{(Bu(1+r)=Wy)A ' -C(E,)) 2 W, - Bi(1 +r)
+ Brw + !B(D;Erw - Brw(l +r) —.C(Erw))v '

where B,,, E,, are selected optimally at the reserve job, B, and E.:, are selected

optimally at the tournament. ‘V;,\/.nd B, are given, and it is assumed We—-DBi(1+

“
N. -



r) + B,, > 0.2 It was shown in Appendix 2,1 what the optimal values of B...

E,. dre, and substitution of these plus the values for B,. E. and simpliﬁcatiori 4
yields the constraint for the nonsorting winner's case. }

For the lose‘r the a.nalysis is more complicated. as he has naore léé;\'er debt.
and therefore the pos&bxhtx W, — 81(1 +r)+ B..l < 0. Pirst, howe'»er analvze

the case where W, — By{1 +7)+ B,; > 0., Then the constraint is:

-Cl(Bi(1 + r;-:“( — B)AT'} + 3((1 — P,) (W, — Be(l L —

CUBAl + r)= WA = C(EN =W, —By(l+r)+ B+

J(prEr( ' - Brl(l +r)_C(Erl))

If the loser opts to leave, he selects 'B,-z. E., to solve:
P \ .
- max L = —-RW,, — h(l +r)+ B+ 3(D.E.p — Byg(1 +71)
~C(E.)) + MD+E.i™ B.(1+7)).
aL , o '
3B, 1-3(1+r)-X1+r)=0.
oL
OF,,
aL
oA
These can be solved for E,; = RD.(1 -};.,o) B., = R’Dz(l + p), and therefore

3(D, - C'(E,¢)) + AD, = 0.

D,-E.-( - B,.((I + f‘) = 0.

vl(q) = —RWy — h(1 +r) + SR*D}(1 + ).

whtere AV,(1)/8W,, < 0, and where V(1) is the first version of V.

Secondly, suppoée ‘the loser does not borrow enough to clear his debt at the
reserve job, In this case, W, — Bi(1 +r) -+- B, <0, a.nd( he selects B.¢, E.; to
solve: e ' . d

max Vi = =Cl(Bi(1+r) - We— B)A™ |+ B(D, E..
—B.(1+7r)—-C(E.,)).

2 As analysis of the loser’s job will show, this assumption is fot pecessary.




right-hand side yields the nonsorting loser’s constraint used in the text.

—

-~

(Clearly, here B,, isNower then above, and therefore the constraint B (1 +r) <
D.E,, no longer binds).

oL

-~

35, = A(B+n)-We-B)-30+1) =o\f ‘ - -
oL

= r = ! r = 0.
5E., 3D C(«E 4

These imply:
B,y =~-3(1+r)A*+ RWy + h(1 +r): E,=D,, °

which upon substitution yields:
V(2) = =C[3(1 +r)A] + 3(.53D? =Wy — h(1 + 1) + 3(1 + r)a’).
~\~A‘ ’)
where 9V,(2)/0Wy < 0, etc. again.  *
Thus, with both V,'s, 8V;/0W,, < 0, 8V,/0 (other wages) = 0.2 Of course.
one V, will be higher, but for the cuffent analysis this is irrelevant. Substitutiong

of B,, B, E, into the left-hand side of the loser’s constraint and .V'; into the

—
.

b) Memory Contracts

For the construction of tLe memory constraints, it_is casy to see that substy
tating W, = W, W, = Wy into the above nonsorting winner's constraint

and W, = Wiw, Wee = Wy into the nonsorting loser’s constraint vields the

ﬁppropriate memory constraints. All the above calculations go through ident:-

- -
cally with thiése changes. Also, using these constraints, the proof of Proposition
/ i

.
L

3Note this impliea the ‘constraint W, — Bi(1+r)+ B.u > 018 not néeded to derive the proof
that the mobility constraints do not bind. I this constraint 1s not met, then V, = V((2) Siner

V, is l!:én only_a‘ fungtion of Wy, the proof works in an analogous manner to the cane where

We -Bl(l+")+8p.‘ > 0.



8 of Chapter. Four. is straightforward, and analogous to the proof used in the
restricted borrowing model of Chapter Two. '

4.4 Details of the Memory Contracts .

As to the comparative statics on the agent’s borrowing values for the memory
model, note that these are identical to the values f:or the repeated contracts.
‘except that the wages are slightly different and Pgi = .5._These effects are trivial.
and the comparative statics in Appendig.l hold for the memory contracts, with
slight adjustments (e. g. P, = .5).

To solve the effort comparative statics, totally differentiate E,, E,, and E,

from the agent's problem:

-
NG
dE, = §(dW, —dW,) + .58§dW. . + §(R — 58)dW, — .583dW,,
+§(;58 = R)dWy — 8§C'(E,,)dE.,, + 83C'(E,)dE,,
dE, = §(dWyw — dWoe), .

|

dE;, = §(dWe —dW,). =~ !

These are idenm to the equi\:'a_lent equations from Appendix 2.2 for_ the memory
(restricted borrowing) contracts. This is because i.n the def:;ul_t cost model, the
extra default -cost terms iﬁ the ag{:nt’s best response functions are not %unc_tions
"of the wage rates. Thus the comparative statics for wages in the default cost case
are identical to those of the restricted case, as mentioned in the text.

Next, to prove Proposition 7 of Cha'pten,,Fbur,_ recall the consufnption values

for the memory contest:

ew

Zo = RW,+ R*Wy + h,

s . T e

Zw = Ww_Wl"'R(le—Wlf)‘ky“h(l;r)’

Z, = -Cl(h(1+r)—2)A"Y),
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Zoww = W —'ﬁ,vw, —y(1+r).
Zwe = =Cly(1+r)47",
Zow = W =Wou—=z(l+7),
Ze = —Clz(1+r)A™". .

As before-the values for E,. £, and y = D(E, + 3R(E, + E,)) come from the

solution to the principal’s problem. E,. E.. E, can be rewritten as:

Ey = §{Zu—2i+ HHNZuww + Zut) — B3EL — 5( 24

f

fZ(() + 553)). ;o"g
E, = g(zw—zwl)~
T E = §{(Zw-Zu) o — e : e
E, and E, easily yield: N

o

Zluw - Zwl = Ew/g
Zew — Zeo=E/)g.

Since Z,¢¥ Z4¢ are known from above, Z,,., and Z,, can be solved for as functions

of the exogenous parameters. To solve for Z, — Z,. substitute £, and E, into

E;:

'
E. E
E\ = §[Zu~2/3+3(5%+ Zue— SEL - = ~ Zu + 3E}. or
2 29
*
E J w 3 T
) Z, — Z;= _ - E: + ..—JJE:, + E_‘ - .:'OJE,I + N2y — Zo0t) -
g 29 29

~-

Since Z¢, Zy, Z,¢ are known from above, as well as E,. E,,. E,. therefore Z,_ can
.be solved foreds a function of the exogenous parameters, ~

Finally. to solve for Z,. postulate that:

-

Zo =Ry - 5RZ, - 25R*Z,., + Z¢,) + .5h + 25R(y — r)



135

A
Note that all of these terms are known. Substitute the zero-profit condition and

the consumption values from above into this equation:

Zo = BR(W. +W,) + 25R (W + Wor+ Wo + 17,

—BR(W, - W+ R(Wo = Wy)+y—h(l+r)) ' 4
— 2RI W, — Wi —y(l+r)+ W, — Wy — 21+ 7))~ -
5h + .25R(y — ).

A collection of terms yields:

i ZQ = R‘y'[ -+ thru + A,
as desired. Thus the postulate is.correct. so Zo is given by:
»

Zo = Ry — .5RZ, — 25R 2y, + Z¢y) + -3h + 25R(y — ).

Recalling the definitions of Ay A.. and A.. substituting into Z,, — Z,. and

rearranging vields:
Ay - A, = 53(E - E:u)(é7 ~(E¢+ EL) +3(Z2u = Zuwe)

In Appendix 2.3 the first term is shown to be nonpositive. For t}Ixe second term:
Zeue = Zye =Cly(1 + r)A™4 - C[z(1 +‘r)A'1]1

which is proportionate to y — z. In Appendix 4.1 it was shown that: ~
z -y AR (p ~r)(1+p) >0,

so that A; < A, proving part of Propositton 7 of Chapter Four.
Recalling '

(o= 1)1+ o)} - 2D)
(1+r)(1+2r-p) '

EW=E(+




13y

—
and substituting this into Z, — Z;:
(p~r)(1+p)(L-2D)
Hl+rN1+2r-p)
(El + Ew)) + S(Zl! - Zwl)'

[

. " 1
A - 4 + SJ(Eg - Ew’(E -

The third term is negative. and the first two terms were analyzed in Appendix
2.3, where their sign 1s shown to be uncertain. The sddition of the extra term

makes 1t more likely A, — A, < 0. but overall the sigh is still uncertain.

Finally. it is easy to see: ™
E -
A, - A, = (_‘”‘_E_‘l 2 0.
[} <
which was a.na.lyzéd in Appendix 2.3. ’
For the mean consumption values:
\_\/ .
2y = N2y +2Z)) =.5(A1+22,) = .54, + 2. =
. Zw - 5(ZW + Zw() = SAw + Zw(,
2 = S( 2+ Zee) = 500 + 2ot

»

Thus. Z, — Z, = .5(A, — Ay) + Z, — Z,.. The first term is negative, while:

2t~ Zue=Cly(1 +r)A7 | =C[(h(1 + r) = r)aA~Y].

- )
With P, = .5: A
A(14r) =z = RAN(14+20-r)(242p+ (1 +7))) = (14 )]
s —RAN+20 -r)(24+20) (1 +1)}] .

= RAN(1+20-r)(1+r) )= A’R(1+2p 1)

= y(l+r),

and thus Z,, = Z, and 2, < Z., proving the final part of Proposition 7 of Chap-

ter Four. O Wo



[ [}
. .
For the other compa:nsons: 5
‘ * 2y = 2= 50 = AN+ Clz(1 4+ 1)ATH — Cl(A(L + 7Y = )47
- h .
Thefirst term is of uncertain sign, as discussed above. and the remaining portion N
‘ is positive (given r > y). and therefore, overall the sign is uncertain. Simijarly
2. =2/= 302, ~ AN+ Clr(1+mA™ = Cly(l <= rya™t .
‘ ) \h—
is of uncertain sign.
(4 ‘ P
. , A L
' * rd
‘ /
Al ) ! ’\\
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Chapter 5

<3

~

Analysis of the Models and

Conclusions

”

In this chapter results developed in&m{lier chapters will be expanded on, as well
new results presented that are implications of earlier work. Prcsontu{thxs ma-
tenial in a less technmical manner than the earlier chapters makes it possible to

’

emphasize what the introduction of borrowing into a specific model of teurna
\ ) .
ments and piece-rates has accomplished. These accomplishments fall into two
- . ; )
categories. First of all. several results denved 1n nonborrowing agency maodels
are shown to generalize to a borrowing model. The most nuportant of these s
the prédiction that memory contracts will be observed. Secondly, the <speatic
mouels employed in this thess generate many new results, The most anportant
of these are the predictions on the extra work hours of tournmnent losers. of
- .
those not promoted. .
The emphasis in this chapter is on two types of analysis. First, testable pre
dictions about observable vanables will be generated  Some of these predictions
L]

were onginally presented in earhier chapters, while others are new jimplications
LY

of the models. Some of these predictigns will be gc-gxe-wwr‘\vrcdirtin!ua

R’nll be for specific types of models (for example. rank order tonrnaments with de



Y

fault cost borrowing). Second, various comparisons are made - between types of
contracts (tournaments versus piece-rates), and between types of capital markets
(restricted versus default cost). These comparisons are done as a sensitivity test,
in order to emphasize which result are fairly general and which seem dependent

on specific assumptions.’ .

5.1 Predictions of the Models

One of the major problems with agency models is the lack of specific testable
predictions (see MacDonald (1984) for an extended discussion). The specific
structure used iu this thesis has resulted in the generation of several predictions.
(The emphasis is on tournaments, but it will be noted which results hold for
piece-rates.) One of the key problems in agency models is that the most impor-
tant variable (effort) is unobservable, and thus most comparative statics seems
untestable. Here observables such as consumption and wages are focussed on.
as well as the variable average output (§). If-one makes enough observations of
" output over enough time, given E(¢) = 0, average output will be a crude proxy
f.r effort. It should be noted that all predictions discussed in this section are
for observable mﬁagles. and are\presdn:ably testable should the relevant data

be coilected.

5.1.1 Predictions Common to Both Capital Markets

In this section, all of the results discussed hold for both capital markets, and
thus are quite robust. The first set of results deals with characteristics of the
firm hiring the agent’s.

!Since specific models ate used, one cannot say which results are completely general
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Prediction 1 The ezogenous varables should have the follounng observable re-
latsbn"',np.s with average output: . \

a) In the tournament:

aq 8¢ 99 33 g >

3D > 307 = 3300t <% 3 < ° |
b) In the piece-rate:

g 3q g .

—= >0, — =0. — <0

0% 51 =% 5 <

None of these predictions are particularly surprising. Indeed. the predictions
for the value of output and the piece-rate prediction for the vanance are the same
as for Lazear and Rosen’s (1981) risk-neutral model. The new prediction, and
the sharpest, is that in the tournament 8¢/902 < 0 A rise in the variance of the
random shock weakens the connection bet‘ween the agent’s effort and eventual
compensation, so optimal effort falls.? In addition. the results with respect to
the rate of interest are also new to the agency literature.

The analysis of Chapters 2, 3 and 4 showed that with multiperiod contracts,
the wage structure was nonunique in both tournaments and picee-rates Tlhas s
because agents' borrowing actions can ur;d(.) any wage changes, leaving consump
tion unchanged. However, the optimal contracts would yield utugue cousumption
and effort values. and these would reveal certain testable effects The next set
of predictions deals with how these values change over the agent’s tenure witlun

the tournament firm.’

This result s sumilar to the resuits of stochastic (but synunetric information) production
theory In stochastic production theory. a nisk-averse firin Would produce lower cutput in the
face nf uncertainty with respect to its 5irmand curve {Lippman and McCall (1982)). or with
respect to output (Henderson and Quandt (1980)) The impact on output of an increans n

uncertainty depends on the form of the utibty function

31t was also shown that agents’ effort levels would rbange_over ther tenuee within the firm-

However, the direction of thia change was ambiguous. and henee the renult 18 of httle predictive

power With respect to the piece-rate aystem. its mumpler structure did not reveal as many

. N [}
t >

4
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Prediction 2 Over the typical agent’s tenure with the rank-order tourngmen:
firm, the following will be observed: .

a/ As an agent moves f;-or’FG the first period contest to the second pertod winnera’
contest, he will have higher average consumption (2, < Z.). In addition. the
spread of consumption will also rse (A} < A, /. he

l;} As an agent moves from the first peried contest to the second perod winners’

contest. mean wages mse (.S(W . + W ) > 5W, + W)

These are robust predictions of the model. predictions not generated by other
agency models. The empirical refutation of these predictions would refute the
dyna.;nic borrowing model. as constructed in this thesis. The consumption effects
are analogous to wage effects predicted by other models with memory effects
(Rogerson (1985a)). The results come from an endperiod effect. Differences
in consumption levels motivate agents. In the first period. these consumption
differences include immediate effects plus future effects (getting promoted or
not). In the last period only immediate consumption incentives are available. so a
higher spread of consumptiot is required to motivate effort. This in tum reéuires

a higher mean to compensate the agent for the reduced borrowing opportunities.

Other models have had some predictions on mean wages over the agent’s
tenure within the firm. Rosen (1986) finds mean wages rising in a dynamic
tournament, but his model does not include a profit-maximizing principal (see
Chapter One). Rogerson (1985a) has a more complete model. but does not gen-
erate a precise prediction about mean wages, but instead one contingent on the
agent’s utility function. The current model has generated a precise, testable pre-

~diction on mean wages, also contingent on assumptions about the utility function.
() -

—i

&
testable effects. However, one prediction is that effort will be higher in the first period. then in

the second period.
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5.1.2 Predictions Specific to Restricted Borrowing

As noted in Chapter Two. the restricted borrowing model is less complex. and 1t
1s possible to solve for the equilibrium expected value of a contract to the agent

(which here determines its pareto ranking). Thus:

Predictidn 3 a} Wherever possible. in a tournament the principal will elect
memory contracts over nonmemory. and nonmemory over repeated.
Vr(memory) > Vr(nonmemory) > Vr(repeated).

with strict snequalsttes unless 2Dg = 1. ~.

b) In a piece-rate the principal will select a two-persod ~ontract over a repeated.

Ve (two-perod) > Vp(repeated) !

.\‘.Iemory contracts pareto-dominate the others examined. The principal struc-
tures the first period contract such that a winner receives both a higher wage and
a capital gain consisting of promotion to a better contest. This extra incentive
effect creates extra linkages or tools that the principal can use to increase utility
and/or profits. The principal reduces the conflict between incentives and bor-
rowing by spreading incentives across periods. Therefore, a powerful prediction
of this model is that memory contracts should be observed. These contracts will

exhibit the memory effects noted in Prediction 2

Since the equilibrium values of contracts under restncted borrowing could be

solved for, it was paossible to note the following:

Prediction 4 In comparing tournaments to piece-rates, the higher the valur'of

output (D) and the lower the variance of the random shock (a?), theymore likely

[ 4

I
one 13 to observe the use of a tournament as a compensation scheme, insteagrof

a piece-rate.

~

*As noted eaglier. a simple Linear prece-rate setup precludes memory contracts, and hence
*
they cannot be compared to nonmemaory piece-rates



This prediction states what_would be seen in an examination of industry
cross-section data.® First, in industries with a higher variance of the random
shock to output, piece-rate contracts should be more prevalent. This is similar
to results found by Green and Stokey {1983) in a model with risk-averse agents.
and therefore is a quite robust prediction. Secoiidly, the higher the value of out-
put. the more prevalent should be the use of tourna.men: contrpcts. This is a

new result not present in Green and Stokey's (1983) analysis.

5.1.3 Predictions Specific to Default Cost Borrowing.

The default cost model is more complex, making impossible comparisons of the
values of contracts. However, its complexity makes it rich in pgedictions. espe-
cially if the role of the default costs is analyzed. Tl.nese were assumed to take the
form of a legal compulsion to pay off debt by working at a second jo-b (although
it could also include overtime at the curr;:nt job, or other family members being
forced to work). Clearly an agent’s extra job or overtime is observable, ad e
the number of hours put in at the extra job.

Prediction 2 discussed how some variables would ahyver the agent's
tenure within the firm. These predictions were generated under both capital
market assumptions. In addition, under default cost borrowing the following

new predictions about the agent’s tenure are generated.

Prediction 5 a) In(g,n{’(memory) contest, the loser (the agent not promoted)

will work eztra hours, either in overtime or at & second job.

SAs Holmstrom (1982a) and Carmichael (1983) have emphasized, it is likely more subtle,
intermediate forms of cogtracts will dominate the extremities of tournaments and piece-rates.

However, actual contracts could be thought of as being mostly contests or mostly piece-rates.

Therefore, this prediction tells one which component would dominate in industry croes-section

data.

-
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~

.b) The agent who loses two contests sequentially (i.c., has o timepath of ‘no
promotion, no pmmo.twn') will work more eztra hour: in the second period than
an agent works who loses the first period. or who wins the first and loses the

second (has a time-path of ‘promotion, no promotion’).

The extra hours are of course correlated with the outstanding debt of an

agent. In terms of the variables developed in Chapter Four:

debt( first period loser) = h(1 + r) — r.
debt(win, lose) = y(l +r),

debt(lose, lose) = r(1 + ). ’
. 7

k has been shown elsewpere r > y, and it has also been shown that h(1+r)—r =

-~ - y(1 + r), so that:
debt(lose. lose) > debt(win, lose) = debt(first pertod loser).

These predictions are new, not kencrated by any other models. They are a
direct result of the borrowing model. These are specific. refutable predictions:
In pe‘nel data, observations of agents' outstanding debt and/or extra working
hours should be correlated with their promotion path if the borrowing model
13 true. For example. young professors might take out mortgages based on the
probability of receiving tenure and pay raises. With this debt hanging over their

heads. presumably they work harder to get promotions. Should they fal to be

promoted, they could be forced to teach overloads to make ends meet, and would

end up working more hours then promoted colleagues. \/}

Prediction 5 came about in situations with principals offering agents memory
L]

contracts. -It is possible under some situations memory contracts are not allowed,
Y

and firms can only offer two-period nonmemory contracts, or even repeated Gne-

period contracts. This leads to:




Prediction 6 If a firm is ot allowed to sort, and must use nonmemory or
repeated contracts, then on average the second-period a\'tj;-tput of first period losers
will be higher than that of first persod winners (E, > E, implies ¢ > gu ). ond

the first-pertod losers are more likely to win the second period contest (Ps_<§)
~

RN

A firm may not be allowed to sort due perhaps to union rules, or employee
ideas on fairness. For example. one (crude) form of a tournament is to give a '
bonus to the salesperson with the highest output p;er year. A memory contract
would give a different bonus to someone who had won previously as opposed
to $éomeone who had not. It is eas_;,' to see this could be perceived as unfair by
workers. If firms cannot use memory effects, Prediction 6 is relevant.

For the final result, recall that average output (which proxies effort), con-
sumption, incomge (wages in the firm plus at the overti.me job), and total output
(average output at the ﬁ.rm plus average output at the second job) are all ob-

servable. Keeping these definitions in mind:

LY

Prediction 7 a) Observed labour supply curves seem backward-bending. In a
given (memory) contest winners-and losers (of that contest) put in the same
nuz::nber of average hours at the contest job, but the loser puts in eztra outside
hours. Hence in a labour force survey such a worker would state he worked more
. hours for less consumption and less wages - the correlation between consumption
and hours and between income and hours imnegative.
b) The-correlation between actual income in the t?urnaincnt firm and actual
output is positive (the agent with the h:'g‘f.e.st output receives the higher wag=s).
c) Define the average propensity to consume as consumption over wages. In a
cross-section of the firm one would observe the torre'lation between the APC and

wages as being positive (as wages rise, so does the APC): ) -

APC(winner) = WL‘;’—{CE >0, :
W, — debt '
APC(loser) = t—wc—- = 0 (or 13 negative).
¢




An inspectioxrof: the agent’s first-order conditions reveals that a rise in the
spread of wages raises effort and average output. However, ot;sen'ing the cor-
relation between hours worked and income earned implies a backward-bending
labour supply cf.m:e.':in line with observed male wage elasticities (Killingsworth
{1983)). This is a new result for agency models. In addition. the prediction that
the average propensity to consume will be pasitively correlated with wages is also
a new, refutable prediction. Once again the model generates a strong prediction

that can be used to test its validity.

r J

5.2 Comparisons

'y

In this thesis several submodels were developed which varied based on assump-
tions about types of capital markets (restricted or default cost), and about types
of contracts (tournament or piece-rate). In this section a recapitulation of these

. : ‘.
comparisons is undertaken. ¢

A brief examination of a piece-rate system was made primz’u;ily to check the
robustness of the tournament results, as well as to allow for some coxnpar;mn
of tournaments to piece—.rates. First, it was shown several results were robust,
including the nonuniqueness of the compensation structure (although once again
effort and consumption were unique): the optimality of multiperiod contracts and
the resulting presence of intertemporal effects: and, the fact mobility constraints
would not bind, resulting in negative profits in the second period. These results
imply that the analysis of the borrowing distortion does generalize, that it is
robust. Second, the comparisons of tournaments to piece-mu‘é emphasized that
the optimality of one over another d'epended on the values of exogenous variables

a(but not the variance of a common shogk. unlike in Green and Stokey (1983)).

The higher the value of output and/or the lower the variance of the individualistic
\
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random shock, the more_likely it is the tournament is preferred to the piece-rate.

The most complicated of comparisons deals with the most ifgportant of as-
sumptions. those about the form of the capital market. Many results were not
sensitive to the form of the capital market. including the presence of memory
effects:® the resulting memory effects in consumption and effort: and the result
that average wages are Mgher ih the winners’ contest as opposed to in the first
period. However, sgw-:aifesults were sensitive to the form of the capital market.
Thus the strong pmcbctlons on extra hours for Idsers. on the backwa.ra bending

labour supply curves, and that average output is hxgher in the second period for

first period losers (with no sorting). are all dependent on the assumption of a de-
fault cost capital market. The robustness of these results is therefore somewhat

suspect. - s
/

. 5.3 Summary and Conclusions

This thesis ha's extended multiperiod agency models in two crucial ways. First,
! the realism of the models was extended by introducing borrowing. Borrowing has
be'en only partially developed in the literature (for example, Rogerson (1985a)
and Braverman and Stiglitz (1982)). This earlier work was improved upon by
examining a simultaneous choice of effort and borrowing, thus yielding a more re-
aligtic model and generalizing agency resultsﬁ. Second, additional explicit results
were' generated by concentrating on specific contract forms, principally rank-
order tournaments. Other work on specific multiperiod contract forms (Malcom-

!
sorr (1984), Murphy (1986), Rosen (1986)) dealt with quite different modeling

®Even though one cannot explicitly rank the memory versus the nonmemory contracts in the

default cost case, the fact the principal selects wages such that £, # E, hints that memory

contracts will be optimal here.




structures, and did not have borrowing. So far, this research presents the only
complete solution to a dynamic, multiple agent mode! with borrowing.

It was shown that the introduction of a capital market (principally borrowing)
does make a crucial difference. Contrary to Fellingham and Newman's (1985)
result, it was found that with risk-neutrality and borrowing, memory contracts
dominate nonmemory contracts. In conjunction with the results of Rogerson
(1983a) a.ﬁd Lambert (1983) for risk-aversion and no capital market. this result
leads to ;. very robust prediction — where possible, rnen;ory contracts will be used.
This is certainly the most powerful prediction of the multiperiod literature.’

It was also possible to‘present details of these ‘memory contracts. These
details included memory effects in output, and specific comparative statics on
output. The strongest predictions were with respect to what consumption and
wage timepaths would look like. For the former. the spread and mean of con-
sumption will be higher in the winners’ contest than in the first period contest,
and for the latter the mean value of wages will be higher in the winners’ contest
as compared to the first period contest. As discus;ed earlier, these are endpenod
effects. These effects are present only with borrowing, given the risk-neutrality )
in essence, the borrowing makes a risk-neutral agent act ‘as if‘.he 1s risk-averse.
It should be emphasized these results are general in the sense they occur under
both capital market assumptions. In addition. note that these are new, testable
-predictions not.found in other agency models. |

‘The default cost capital market.model geﬁoratecl extra results. The most
powerful prediction was t.'hat ‘under certain circutnstances eoasting would be ob-
served - in the second period first period winners will prodyge lower average
output than first period losers. This model also generated t:hﬁbn that

agents who do not get promotinns will be forced to take on second jobs, and that

the number of hours worked at this second job will be higher for those who have

7For a dissenting voice, see Fudenberg et al (1987)
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missed two promotions in a row. Finally, the model generated the prediction
that observed labour supply curves (for example, in response to labour survey
questions on income and hours) would appeé.r to be backward bending. Once

again, these are new, testable predictions not found in other agency models.

These new explicit results were génerated at a cost. the cost of making sim-
plifving assumptions. Certainly future research should examine more general
cases. Four major areas would seem to be open to generalization. Most 1mpor-
tant would be a more rigorously derived form of z;h"imperft.ect capital market.
This would be difficult (but rewarding), as it would require a three-sided. double
moral hazard, game theoretic approach. With such a model. one could better
settle the -interesting,qu%tions, about the impact on the principal's optimization

"probl of the bank’s attempts to solve it’s moral hazard problem (a defaulting

bo er), and vice versa.?

. ~
A" second generalization would be to examine risk-averse agents and prin-

cipa.ls'. This considerably complicates things as the agent;s cross derivatives
between effort and savings become very important, and therefore the form of
his utility function (Lambert (1983)). Still, it is an important and interesting

extension.

A third generalization, examined a great deal in the single period literature

. but not as much in the multiperiod literature, is to allow agents to be heteroge-
nous, to have differing ability. As Lazear and Rosen (1981) and O’Keeffe et al.

(1984) have noted, this considerably complicates the principal’s problem. How-

ever, it is an obvious extension, as a mu.itip:zﬁod tournament has the potential

ability to promote more able agents (on average),® and thus helps to reduce the

8Sgime authors have dealt with the bank’s problem (for example, Stiglitz and Weiss (1981)),

but only when the borrower is a self-employed entrepreneur, not when he is an < tent working in

a moral hazard firm. _
9See Rosen (1986) for further discussion.
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conflict between sorting and moral hazard.

The final generalization would involye examining other forms of compensation
contracts. However, it is to be expected that many of the results of this thesi®
would survive this generalization, as the examination of both tournaments and
piece-rates implies many results are robust.!° ’

Most of the results can be expected te survive the above generalizations.
Most especially. the optimality of memory contrfcts,.a.nd tHe presence of memory
effects seem to be quiie robust. In addition. the coasting result is quite intuitive,
and seems likely in many settings.'! .

- On the other hand, some ?,f the results derived from the default cost job are
less robust. Predictions that the losers of promotions take secondary jobs would
seem to be backed up by casual efnpiricism. However, more specific results such
as“observed I;bor supply curves being backward bending woui)d seem to be quite
dependent on &éunmtiom about the capital market structure. A generdization

of the modeling of the capital market could alter these results.
L

~ - . f

S

10The most amenable line of extension would seem to be towardg~cither the cardinal

relative-worth contricts of Holmstrom (1982a), of the mixed tournament/piece-rate contracts

of Carmicheal (1983).

"' For example. compare the behaviour of those given an:d denied tenure, or the behavjour of

-~

students receiving an A or a C on a miudterm exam In a different setting,’ frequ'cntly spor.u
teams slow down the pace of a game (effort falls) once they have a lead. in order to reduce risk

(MacDonald (1984) p.- 435 discusses coasting briefly ) :
- }
g -
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