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Abstract

From the macroscopic equations of flow through a
porous medium, a model 13 deveioped for the subsidence or
décnyﬂ of a mound of flqid over a horizontal 1iperv10us

barrier. Three finite difference approaches are used to>

‘investigate the resulting moving bouRdary probles. In the .
first wmethod, a coordinate transformation s used that
fixes the toe or leading edge of - the fluid‘ldcgtléqff?hé}t "

?eoultfﬁi- problem 1is - solved .-on _a regular grid.,ﬁiﬁp-E -

interpolation near the loving bouaﬂary ﬂln, the~ sicbnd;' -t
method, a coordinate transforlctton 1: enployed that fxxes

the location of the entire ﬂlundlry whlle ia the third

]

aethod, . trnnlforled' polar coordinate' fqr-ullttgn 1;

‘e-ployed that maps the qplain onto 'y quaﬁter circle For

the latter two ncthods the reaulting equaftons are solved

using( a8 regular grid. Jt 1s demonstrated that for all
three aethods, a prédictor—c@rrector scheme * gives

. o 0

satisfsctory results for the boundary position vithout
fteration. It vas found thgi the first two methods. were

more accurate ghan the « third for a given spgllnl '

.

discretization. A nev similarity solutton to _ the -
Bousinesq apprﬁxination to the problew for sn. gnitia&ix
paraboric sound s presented and 18. found to co-pafp‘
favourably té«bhe numerical solution to the f:ll probler‘

‘for mounds vith large initial aspect ratios.
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The model 1isg effect on the

s
mobility of the fluid of heating along the

refined so that\ the

interface 1s
1ncor§or.£ed. The fluid viscosity and density are assumed

dependent on temperature, ~ The problem 1s
investigated using the latter two fully transformed finite

.

to be

dlffergnce grids apove. Thé backunrgl'Euier method 1is used

for the temporal derivatives of both the temperature and

bound.ry pos;tton equation ‘and a successive substitution

used to "between the

wache-t Vith- relaxation 18~ iterate

.-;": B ) ',varapuc coupied equatxons. Agatn 1&"1: found  that the

- - '.'-tche-e ba:ed on rectgngul(r cOOrdinnres 1: ROTE hccurate-
'Y ., ~ Lt
for a. ;1ven lpacial discretizattow tﬁin ths tche-e based~

- LI .. . o

Bependtng ““ipon - the choiee Q£

Y

paranotors 1n the proble- the tound taket on t ’klnked'

on polar~ coordtnitet.

\:.tinppeatance vich the qutckty heated toc arec spre-dlng nut

-~ ~_ s

. j vith & Ilnear’. lLke profile ané che cencral body of the .
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1.1 Degcrtpcton of a Hovtng.Boundarv Preoblem

}ﬁovln; bdundary problemg occur naturally in bnany
f . quiﬁeerlng and phystcs Qppllcations. The distinction
between -oving ‘as opposgsed to free boundary Aproﬁ}’ns 1s

. . -2
- that the former are transient problems wvhile the latter
are Qteady-state. For example, melting/solidification
‘?}ontsf‘surface.;ater wvaves, ungteady flowv over noé-?lgld
) bodies :nd the porous flo; problems studied in the present
:uthéslﬁ 'are\ all ;ovlng boundary probleas.,  The major

}otivatipn ‘for the porous flow problems as formulated 1in

this thesis comes. from aquifer drainage and heat storsge,

in froundwater hydrolog; and from in“situ heating of heavv -

+01l 1in g:troleun engineering.

: ' : C
‘ A ﬁrbtoygg.-ovtqg boundary probleq‘(HBP blgral MBPS)
conglsts of continuum. equatioﬁs. gf continuity, momentum
and possibly energf for tﬁ%.tnterior of 'a dowain as well
.ns equations of ;;ate énd_apﬁrbbrlaté,initlal ani boundary
cpndtftpns. AftefAthe tnitial time, the location of part
-o;fall.of thg boundary 1is unknown ;nd must be .determined
as pané of the salution. The major diffticulty in solving

MBPS 1s the non-linear coupling between the field

equations and the equations locéttng the boundary. That

.
¢ -

A e : - e

’ -
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is, the domain of .the field equations 18 unknown as time
advances and must be calculated by solving additional

partial differential equations for the boundary possttion

wvhich 1n turn have coefficients depending on the fieid
. k4

variables themselves.

’



“¢.2 Description of a Porous Nedium

Much attention has been given to HNHBPS 1n the
literature as vitnessed by the survey of Fruzela;h (1977).
In this thesiscthe subsidence mound problem in porohs_flov
is investigated. In order to further discuss thié préblel

-

a descripttion of flow in a porous medium is required.

A porous medium is a solid maatrix which contains
numerous void. gpaces or pores of various shapes, sizes and
coﬂnectivtty. If there is a connected path of pores from

. - oRe region in the medium to another then flow can occur.

- 'For. the prei{:t assume khﬁt the pores are evenly

) qiatr{buted and that in a region where there is flutd 1t
* ° completely fills all the pores., Furthermore, 1in such a
;".Qtdrated region the fluid/solid combination is assumed to

L;‘. ' be honogenebus . This allows the ﬁse of a macroscoptic
'.pGAel vh;re the. microscopic details of the fluid - flow in

the pores 1s.not qonsxdered. For the porohs medium this

macroscopic model deals with éhe prop;rtles of poroaity
?, .P . dﬁd permeability. Porosity measures the fraction of void
- space af;the medium while perleabiiity measures the ea;e
i

i 4 vith which N fluid moves through~'the‘.-edlul ‘due to. a

pressure difference. o~

— - —
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1.3 Deccription’ of the Problem .
, N . o R ’ ‘
\ The subsidence mound problem under congideration can :
i = v K
be de_scriqu as the decay of an mound‘of fluid fully ,é
saturating a region of a po?' medium sbove an imperwvious 5
- o 4
barrier as showvn in Figure 1 Below. ‘
g
; \ £
Dry Reg\ion\ i
| - |
' R . Interface
Saturated Region :
. 3
¢
S
77 / T 7 77 7 ;
" Impervious Barrier -1
: !
. i
" Figure 1 - Subsidence Nound:Problem (
: | ' (]
' /
h - /

- - . - —— e - .
g —— s o ey




1.4 Outline of Thesis - ’
- N .A

In this thesis finite difference methods are used to,

solve the system of partial differential equations

¢
.

resulting from the model b}oble-. The solution of the
- - .

subaidence mound problem has merit on 1ts own since 1t has
- ' 1. -
not been previously done, hovwever the thrust of the thesis

is to investigate thé numerical lethods for the solution
of the mathematical model. In particular the technique of

coordinate tranaformation *: which ‘is used ¢to hqndle the

. . ‘ . , .
aoving boundary  As refined. This technique which 1is

Ehought to be. s natural ‘method “af handling moving or free

’

boundaries has been previously investigated by Forsyth and

Rasmussen (1979) & (1990): Rasmugsen and Sathsi (1981),

Loh. ‘and Rasmussen (198S) and rbtherﬁ. Under this
. LI <, .
transformation the unknown domain for theé 'field equattons

.

)

becomes known. but unfortunately the field ' equations
- . . v

themselves become, more complex, . typically with

coefficients dependfﬁg the boundary position. They

found the method to be’use ul from an ease ®f programming
i

point of view but gomewhat legs efficient in CPY time than
/

other lethods: . -~ ' ~

\ ¢ ‘
In- Chapter 2 three different finite difference methods
v ' 4§ . % , . .
for the subsidénce mound problem are investigated. In the

[

! i
firgt twol' th bsidence mound problem is formulated a8 a

potential o¥lem for the Ffluid” velocity coupled to a

4

- WA, N A LRt . .
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“for 16v1ng the boundary .

-ovtni bound.ry ts added - tn

., viscosity 13 assu-ed to be depeﬂdent en. te-perature'tn a

LY . . .

hyperbolic equatfon for the wmoving bodndary.,: For the

potential part of the' problem Eo-parisons are made between

+

a scheme vhereby thg potential 1s calcplated oﬁ'a‘regﬁlar

N

grid with interpolaﬁton ﬁear‘ the aoving. boundar§ and a

coordinate transforméd ache-e 'vhich fixes the  boundary.,

Of interest here is vhether the Eransfor-ed scheme retains
. . . 4 .\ N . . . - -

certain desirable pfopertdes‘ of the other scheme. For .
v » . [} \

both these schemes wve propagate ;he boyndary wusing *a

.

predictor-corrector procedure “and investigate _ the

- . - . b N A\l

necessity of iteration on the corrector as well as the
] - - N .

stability of the scheme using variousg difference

replacements for the slope of the boundary.

s [
.
N B . .~

" . In the third =method, 'the subsidence mound ptoplen is

ae

formulated fn polar coordinates as a stream function in «

the moving domain coupled to 'a hon-=linear equation for
. !

Y
N

the boundary posé&ien. A coordinaté transformation that
] o t .
maps thc' do.nin- onto: a quarter circle 1is ehployed. A

finite dtfference scheme is set op for ‘the stream function

and s schele silllar to chat-for Bethods 1 gnd 2 is used A

In Chapter 3 heat transfer into the mound through the

' [

order to tnvesttgatp the

-

s ]

effect this has on the lobldlty of -the flutd. ﬂhe fluid

non-lipear aanner vhile denslty is 'assuned linearly .

A -
0 . .« - . -
WT—- o~ ‘..4»'g¢r-.,-".‘7-:. TNy -




dependent on temperature in the bohy:ncy tera only. This.

problenm is forlulafed as an elllbtic equation for a Ptre.-
function coupled to a diffusion convection equation f&r
! the temperature _and a hyperbolic equation for the
pr;pagatigp of the béquary. This problem 1is 1n;estigated
in coordinate tri%nforped domains similar to Methods 2 .and
3 of Chaptér 2, in both Cartesian and poldq coordina}es

using finite differences. v




«

: i
2.1 Ingroduction : . ‘ . : . 2
. 3

The problem 1nvest1gqted\1n thig chapter i1s the wmotion

of s subsidence mound of satigrated flqid spreading over an
> impervious surface im a porous nedfum as in Figure 1. fhis .i
problem 1s of primary interest 1in groundwate; hydroloy§\  .

vhere the motion of aquifers Qurfices are to. Dbe

deteralned. Apparently no work has 'ippeared in the

literature on this problem. Previous work has focussed on
Lo a different subsidence mound problem, where the decay of a
maound in the g'roundv.'ter surface as depicted in Figure 2 o, (

- »

below, is of interest. - ‘ : i

{\
. ) y
. - Dry Region _ ) . - 3

1

. - o ',." /’3/ E
g ::f?\-”'-’

7”' -

. T - ‘z/f;-'"’.é . ’
- > A
. - . Saturated Region E R R i

YA Sy e

» " UImpervious:  Barrtier

Figure ,2 - Alternate Subsidence Moufd Prbble- .

»

3 . N .
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-

Note that for the proﬂlel depicted in,‘Figure 2, there
.18 ne contact between the interface and the timpervious
. barrier and thus this préb;en i posed in an infinite or-\\\\
',pcrtodic_dolatn. In the pr;ble; proposed in this thesis,
in c;ntrant, the interface contacts the impervious barrier
and-th; dodalin is fini;e. .

Y

\
In this Chapter, a subsidence @wmound problem 18

formulated and solved using flnitg'differgnce methods. A

method which dpél ﬂot require 1iteration for,‘calqnlating
the new boundary position {is develepcd} Additionally, a

LY N

-

nev, similarity solution to the' Dupuit approximstion to
this problea is ﬁregented' and compared to the .nUIgrlcaI

solution to the . full prqb}el.




2.2 Equations for the Flow f Fluids Through a Porous

~

Hediusm

The macroscopic equations for flow through a
homogeneous =and isotkopic .porous medium are given in
Wooding (19S7) as:

%%*’ (543)'?-0

[3

23 , 1, ¢ 3-V)q=--Vp+ R g -
at P -

where P is porosity, p is point density, p 13 ‘viscosity, k

is: permeabtility, ; 18 a vector representing the force of .

xravlty .nd q 1: the “gseepage” velocity, that, 1?, the‘A{_
,volu-e of fluld passing through a. unit arel 1n 8. untt of -

. 3 '
-time (i.e. a'r P. v whtre v :s the usual fluid veloctcvr.

' .Eduat1$n (2)2.1)~‘Is a1 state-ent of continuity for the

fluxd vﬁtle equatton (2 .2.2) iy ‘a somentus. balance This

.13 .in extenfion of Darcyts; Laul in empirical ‘result .

establtshed by Oﬁ?cy to the ti& 19 th century relattng the

7qu¢nt1ty of fluid O, of density p, pncsing down through a

'verttcal colunn of poroua materia} of gross secttonal area

A and hetght h and thé pressure ‘d1fferential Ap botweon

the top and»bottou of che column as follovs .

0 = ._!,-';A’ ( A p * peg ‘h ), . ) (2.2.9

!

»
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vhere g 1s a constant representing the force of gravity
and K 1§ another gonstant (ref. Scheigdegger(19743). This

.

¢ .

' f‘:_potentitlgs o -

relatloﬁ 1s found to'be_ipplicabie.for liquids at"lov‘ﬁé' 'ﬂif-

.
.

moderste veloctities aqgvgdsés;at lodgfptexieldéities.

For ltquids of constant p and .p.and parous media of

constant

tnertial

become: /<

S{qéé ~the curl of @ . vantshes ve can

L

BRSNS

‘\'3 s' ( p ’ [ 8 2’

fr

,that: TN

k and P and: at low. velocities so that fhg

ferms can be neglected, eﬁda;ions tz.2.14-2..2. 29

. where’ z 18, the verticsl . coordinate ( elevation ¥,

-
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~Thus ¢ sn;ilf;es the Laplace equation: )
wé=o0 : N~ L qz.2.®)
' - . T, "es S~
\‘

T\ﬁ‘éi‘tg\r-‘ é,f" relations (2.2.1) and " (2.2.5) Ray seen

N P

somevhat arbitrary, "hovever similar equations’ have been

dgr\tv&_& by :\*Hl'r.lta»k;-r‘ (1977) by application of volume
_avgr,ag'fi\g. to thél~,5ssii_gl - hydrodynamic equations -'of ‘fluid

flow. SRR
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2.3 Boundary Conditions on the Noving Surface ',

.
.

.- O .
The concept of a surface reéepresenting the divisiiﬁp.

‘=§ptyeen the fully saturated -region »beldu and the drv

region above is an idealization. In a typtcai grounduatgr

“situation there exists an intermediate region known as the

c;plllari zone - vhich may be_several meters thick, where
the motisture content decreases with elevation. In this
zone ca#%ilary forces arg griﬁ;{r than gravitational
forces thereby holding some ;esidual ndLsture‘ in . the

pores. In ~the present thesis 1t 13 assumed that the

\

thickness of this zone is much Tess than- the.

S
characteristic lensih and that 1ts effect 1s negligible.

It is assumed that for a two .dimensional subsidence
sbund ,the equation of the wmoving surface 1in cartesian

coordinates is:
z = fix,t) : (2.3.1)

On the wmoving surface tué:z boundary <conditions are

required. The first -1z that the pressure 1is constant and
. , .
equal to the atmospheric pressure. For convenience we Ctake

this to be:

pix,f(x,t), t) = 0 . (2.3.2)

N )

-
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N
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‘N\’\— . » . ' L]
or in terms of the potential - '
~ . . . -
$(x,flx, t) t) = 5-5*‘ fix,t) IR & 9 V- B

The * second ' condition on the moving surface 1is the

~

kinematic condition that particles of . fluid on 1f remain

there for all’ time. Taking. the . material derivative of

—~ L

(2.3.1) ylelds:

v =Ff u-+ fr on z = f(x,t) . 12.3.4)
s

a

where u and v are the x and z components of the* fluid

velocity ;,: requétiveli. 'Using the definition of the

' potential gives

(f_¢_+ & 9 (2.3.5))

.

boundary. Finally since “ is knqdn on the boundary,

‘

(2.3.3) can be differentiated with respect to x to obtain

a relation betveen the derivatives of the potential on the-

A

boundary. That ‘is, - : ..

\: b + ¢ f = —-———=—- ¥ on z = £f(x,t). . (2.3.6)

as the ngn-linear hypérboltc equattoﬁ for moving the

Y

b M e st e apd BT
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This also gives a compatibility condition at the ends

s -of the moving boundary. That:its, 1f at one end, the moving
b

boundary 1s in contact with a vertical impermeable barrier

cthen:
¢ '=0 . (2.3.7)
vhich implies ( from (2.3.6) )

4 = ke . ¢ -9 : (2.3.8)
= M >

The first possibility 1is not_bhysical since it wvould have
the boundary'-ovlng down with a constant speed regardless
of the resé of the proble-.'Thus the second condition aust
hold. Aléerna;ively, 1f at one end, the ROVing %oundary is

in contact with a horizontal inper-eable barrier then:

$ =0 | (2.3.9)°
. ,- L

which implies ( from (2.3.6) )

N '

’ - ————— 1 ) : . (2-3-10)

and thus:

F, = ——pn--x , | ¢2.3.11)




- 4 TP

. W A - TERT ..

For the subgsidence mound problem a8t hand, 1let the

point ar. which the emd of the moving boundary or tee,

contacts the horizontal barrier be denoted by:

x = g(t) . - €2.3.12)

Thus

f(s(t),t)i= 0 (2.3.13)
Differentisgtion with respect to time gives

f_+ f & =0 . (2.3.14)

Making use of (2.3.5) and (2.3.6) and noting that 6; = 0
at x = é (since w = 0) ytelds‘the following equation for

c—

g: . A d

- - P8 Ty | A €2.3.1S)

-

Clearly then, for the toe to be moving to the right, f”

’aust be negalLiue there.

* A final equation for this preblem caﬁ' be obtained

from the conservation of mass of the fluid. That 1is,

o




a constant

g(t) .
I f(x,t) dx = (2.3.16)¢
0

This relation will not be used exgtirltly in the numerical

scheme since the information 1t contains 1s 1implicit in°

the continuity equation Ii’can,

(2.2.4). however, be used
as a check on the numerical schemes adopted.
- -~
-l . ‘\\
]
. ™

17
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2.4 Statement of the Problem . . S . -

-

>

The problem to be solved 1is depicted 1in Figure 3

below.

D

Figure 3 -'Thg Subsidence Mound Problem is Formulated

} -Upon-the introduction of the non-dinenclo&a! quantities

N
! .
’ ..
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. where H 1s the initial height . of the,‘°“"8§'t the central
line of symmetry, the field equation becomes (dropping the
primes):

- ’ .

&
) Ve =0 | (2.4.2) ‘
- )

4 )

f The new boundary conditions are:
’ «
. onz = 0, & =0,
= .
»
2 onx =0, ¢ =0, .
. - »

} on 2z = f(x,t), # = f and )
i f =f ¢ - ¢ = £ (1 - ¢ ) - ¢ (2.4.3)
: [ o 4 E =  J
{

vith f (0,t) = 0 ( syametric mound ).
”
- and f(sg(t), e = 0, ‘
and finally on x = s(t), g8 = - f .

\ The intti1al conditions are:

SRR ESTREERPR, . 4 -

' f(x,0) and 2(0) given (2.4.4)

Note that in the "above formulation, ne account of the
actual wicroscopic physics of the litu.tion' along the
moving lurface and espectially atitt: toe has been taken.
Thus the co-piica;ed three phese interface which exists

there 1is not lodeileq agy such. Rather, the boundary

“—‘-. LRy snanaiialin & SN Faumnecndnnidhanie . 14
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. .

conditions used are merely those that are natural.for the
aacroscopic -odél. That 1is, the -ncroséopic loéel implies
that the flow 1is potential( flow vith‘no velocity qﬁ}oss'
the fimpermeable barrier below and the potentiai equal to
the elevation on fhe moving surface. The,conpatibil}ti of
the boundary conditions at _the toe ;1veo Lhe rela‘ton
betveen the gpeed of the toe and the :lopé of the moving
‘surface there. This - method ' of deriving boundary
conditions based on the macroscopic wmodel only 1is vwell

accepted 1in groundvater flow probleas, as in for example

tbe'ceepage dam problen. -

’

20




Norbury (1984) . X ’ .

2.5 Review of Previous Work

Uristeady porous flow probleme with a pheatic surface

(moving surface of constant ‘pressure) are disfussed in
texts on porous flow such as Bear (1972). After nqting the

) .
difficulties in the analy€ic trestment of the problem, the
L J

\

Dupuit approximation ig .itnvoked. Under this approxinatiéﬁ
the flov is assumed to be essentially hortzontal, that ts
the equipotentials are assumed to be vertical and the

slope of the wvater table small. The cohtlnuity equation

for this theory .which 1isg called the Boussinesq or pggous

.

leﬁéa equatton in two diaensions is:

. : Pt 4

ah _ a_ 3h ' (2,817
ac = ax (i}h ax ‘) . (2.5.17r
vhere z ='h(x,tf)1s the equaltion of the pheatiq'éurface

and the saturated regton 1s.bounded below by =a horizbntal

imapervious barrier.‘ N ’ .

Hany ‘unsteady as well as steady problems 1nclud£ng

those vwith recharge and vells have been solved using this -

approximation. In. fact, conaideraﬁlé'leffort has been

expended to find efficient - and accurate nutertcal'sqhe-es'~

21

for Stefan problems like equation (2.5%1) on 0 ¢ x ¢ b{t)"‘

Vo=

coupled to boundary condltions (2.3:i55-(2.3.{4) (see Eq{

example Gurttn, MacCamy and Socolonki (1984) -or Meek and
) S

[ B . ) “ - | : -

.- e s i ety = g



Numerical Ie;hoas have been used to directly tackle ' .

unsteady porous flow problems with a waoving surface.

Finite difference‘techniqhes vere used by Todsen (1971) to.
solve ditch drainage and earth dam problems with accretion
(wvater influx from above along the moving suface). A

regular grid wvith interpolation along the boundary was
1

used to ‘solve the potential problem along witﬂ a second
.2 .
. ) order -accurate leap-frog gcheme for calculating boundary

motion. S-obthing vas used to €liwminate oscillations in

the bouhdary motion. Guvanasen and Volker (1980) cospare
a finite difference scheme and three -finite element
schemes as wvell as experimental results for .a° dratn&ge;
ditch problea with recharge. For their finite differenéek
;chele they Pgé an explicit Euler method to move. the

boundary and fourld this to be inferior to a finite elelent""f-jﬁi

approach which tmplicitly moved the " boundary.
Furthermore, they conclude that the swmoothing applied by

Todsen to improve stability resulted in greater devtatloﬁ
from the experimental results.

. ‘ : .

Rasmussen - and Salhant (1981) examine a subafdence

- ' mound . prob}e- as 1in Figure .2, but ,v}th. feéharge and .

-

pu-ptngl They compare three different nethodd; Rayletgh—\

. Ritz, Kantorovich and finite differences with a.‘coordtnate’
4.';:. - L - . -',,/‘ .: -
rmation, for the vartiattonal- fqrnthtion of thg

L4

A Crank-Nicolson scheme with 1iteration

.

% —— ey . - R 1} . g .
B « - - . -



“ N

vas used to move the boundary. They‘ found that

satisfactory 'results\ could be obtatned by all three
N L]

methods aad"tﬁit the f{ntte difference solution scheme for
the coordinate tranaforaed-variational forlulation (which

:.:results in a diagonally “domtnant . systen, of linear

LN ]

'equations) ¢1though more costly fn terms of computing time

vas tnq,reco-lended method.
. :.‘"‘ - : N
. N ‘.- .

To summarise,  there are tuo major issues 1in the

Ednstructtbn of -a - numerical schigqe for these transient

\'bdrpuo flov problems. The first 1is vhich ‘method to choose

r:fpr‘i potential problem that has a non-uniform domain. The

wide variety of methods used in the ﬁast indicates that

23

this'éhoice is not that critical. The method for solvtng -

thc re:ulting syste- -of linear equationa appears to be a'

‘-,“

greIQer factor fn -the outcome in teras of conput;ttonal'

'\:ftiie; The second.ﬁs which method to use for conputing new

—;pbﬁnd@ry posiftﬁns\_ Due to the ndﬁ-iiﬁe:r;ty and the

-ty

- fpabLltty . to .write the boundary equattons - in a

i:ébﬁsérv.ctve form, appéailng schiemes such &8 those for,fhé

porous 'ledia~ equifiop &re not applicable. . Hence the
sche-es e-ploied vere appatehtly‘-chopen for. éilﬁf{étty

.

o rgther than . analytic Jppgi}. FQ}_.thlﬁ problei the -

conheniua:appelrﬁ to'bé”fhat't-pliclt schemes are-superlor

-

_to” explicxt scheles and that finite difference schemes arp

.

effectlve

. - - R . . f ’
. . - K .
K . . R . - . e -
- 'ﬁ* A ' TE e AT 2af -Lq . N ’ e .
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.,2.6 A Similarity Solution of the Bousimesq Equation

As discussed in the previous sectton, tf the ‘Duﬁ‘ui‘t
. approximation is made the subsidence - mound problei
becomes: - * - . R
- \ T .
A = ¢ h h ) on " 0 ¢ x € s(t) tz.6.1a)
R » * . . -
.with h _(0,t) = 0 and (2.6.1k)
~ h(g(t),t) = 0 ‘and ' e . (2.6.1¢
Sl R_(3Ck); E) : R .
ATy Y : , . fz.6.1d) .
_',Iz"ljke_',;?'ol.;oulng derivation of a siu:’lI'iri_ty“ solution to :
‘the above ‘one dimensional Stefan .pr'obl'e'i~ ts similar  to
- - - ' N . ! - ° LT T P <
that 1n Meek. and Norbury. (1984) for a viscous fluid
 spresding over a horizontal flat” plate.
. Upen.definttion df-the similarity varisble - . . 707 0]
R R :
and guhstibution of the 't'rffi'gl solution N
y ,,; N :
h(x,t) .= ¢t5 gtu) and sit) = a t° e 6.3
sl o -
. - . P - ,: "-', B ”;» .
p e 0 T mmm——— i R Rt s B L O e



iatQ (2;6.10) oge obtains: v

.

-7 2 ‘g(u) btef’u'gfth) = .

\

Al

tz.re-a :‘,.1‘“‘-‘, ;.". tzr'e-a.»
. &

gewgniu) - (2.6.4)
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Clearly for a similarity solution to exist . .

.. - P - i
¢ -1 = 2(c=bY or c = 2b - 1 Y N -1
- : . - A . R B S

~ .' A

e -In order for the bunndary tbﬁﬁittoﬁ (i.s.;¢i~:§“§¢:fi§éd

i S at x = ut) for g(u; RS LT,
; o ~ U -= !fil = g ¢ ¢ constant DR (2:§36}u ~
_’- " 4 /:’ " ‘..>.~ = ;‘; . . N N
LIS ) 3 TN T -
- 7. _which implies that - e ]
= T'.‘»- i > g . ‘, ‘.. PN - - - N o
S d=> o . N (2.6.7)
‘ s LT ° L "_.;_., o ‘.—‘/',- s
- / S > L e OSR .
Bﬁther-ore .ubltitutlon 1nt0'fi 6. 1b)-(2.$ 1¢Y yaeldt-
,'f- ” - . ' /,’L,- !,// B B u,‘ -
; -, ' * ./~‘ . '," N - .
1;, ";;’  1‘f{0} 'tO» lnd “l)/£j9 ﬁ: ,i;f ‘:n.u } ggﬂgﬁg).’
‘ /,;‘ .- -/l : . .
- Thnc tho proble- fay 5&7 . RSP )
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Then the°tranifor-9d'prob1e- (2.4.2-2.4.4) beconmes: o

2.1 Numerical Method ‘ . & .

N )
2.7.1 The Potential Problen . e )
Three different finite differencé’ approaches are
taken to the potential problem. In the first, 'the x
coordinate is transformed so that_the'leading edge of the

toe 1is sta;{pﬁary in time, while in the second, hé éntire
domain is fixed by applying a coordinpte'tyangf rmation to

both x and 2. In;“the ”th}rﬁ léthod the' problem ‘is RIS

reformulated. in pol‘rﬂ coordinates 1in terms of . a streég“- 4
" . \ - \ .

function and a coordinate transformation fixing theé entire

domain is ipplieq. !
e S .
For HMethod 1 let :- o
Looe . . .

N
.- - . ’
. ’ PR . L
M - v . - ' ‘

- M_ -y = 1 = : '
i € = () »"n =2, shd T = ¢ (2.7.1). t
. ‘ ) A :
- h ] R &w’

-

. ) r2

~ .

(z.?;Qaf=




- e By o e

u; on n = f(&,1)
Jf0s T with f _(0,1) = 0 and f(1,T) =0

.

. . AP
. ) . and; finally g = -

.Note that the toe is fixed in time at § = 1 ( see Figure 4

. below ').

Origlnai Domain

Transformed Domain

i
janfOr1gLna1 lnd Transfor-ed Domains for




Employing a regular rectangular finite difference grid

vhere subscripts !,j and superscript n denote a qﬁantity

[

evaluated at grih point El = (1-%2)h, ", = (j=1)k, and

" = At. n '

ytelas the difference equation:

-7 n - e n I n -
L°1 7 ’x 7 C‘x.; 11,7 Z2;%, "1, 5e1
. (2.7.3
n n N n - ]
C’x,; 1-2,z2 4.5 T2,4-2 RHSJ,
1 =1,2,...,M and J = 1,2,...,NROWS, : .
For grid potnts 1 = 1,2,...,% and J = §
. - p
1,2,...,NROHSJ-1, where NROHSI = 1integer part of~{ ;L,}
Qﬁh.where the five potnt.operator depicted in“Figure S 1s
used with h = i and k = % . The coefficients are:
e n
n s_h 2
°y. 5 2 [ 1+ (3 k ) ]
~ n - ¥ ¢ ] -
C’x , C’x , - L |
~ (2.7.49)
n
n _ n - s_h 2 ~
20, C’_I e ( .k ) ’
RHS" = 0
2, 4 -
[ ]
) P .

[ et I R I .:»q.
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Figure 5 - Five Point Difference Molecule at an

a ‘ ) Interior Grid Point
- . ’ - T >
, For grié pointe adjacent to the moving boundary as 1in
TN . \, :
“- . - Figyre % (t.e. 1 = 1,2,...M and J = NROWS_ ) the
Y . . ) . - . . .
l o ) coeffictents are: "
. . - .
D) s 1 1 ¢ 8°h \2
8 ~ Al ez (L. L))
. (-4
s o 2,75 S, Sz' k
(N § — . :> v
n
3 - : C’J,J 21 J . 0 *
i N 4 \ X
- - . ‘* LY
* ' ———a® e )
. 3 "". ’-( s*‘ 1 } A i (2.7.5)
' Ten ,--z_;_a__--
. Cay ., 05,471 7 k%
| B 2. | 2¢s7m) "
RS, TTERITE, s T SR
- o .
- - qr--m-x~ - e o




vhere S, and S, are calculated froa the f as follovs:

 £,~n,) ( £, = n, )
Sy = ——4z-=2-, 5, = -Zio——- - . (2.7.8)
* k 1 (‘f.l‘ f.lvt
and vhere 1 = NROHS} . .
. . -, .
L) -

Note that potential corres?ondtng to point 1 of the
difference molecule has been estimated using. linear
interpolation and that both it and the known gPtential
(1.e. the height fx ) have been thcorporaged into the

right hand side.

Point AdjtcentAto the Boundary

.

p
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. In order to avoid situations vhere S

~ . - 2

///—‘\;;T}l. which may result in numerical errors during the

PRERY

18 extremely

. solution of the 1linear system of equations for the

potential, the corresponding difference .molecule 1is not

e used when S, 1s less than a cutoff value ( say 10°° .

Instead the top arm of the molecule below 1s extended up

to the wmoving sugface and the coefficients of this

s

molecule are modified accordingly.

-

: ‘ » %
The boundary conditions along £ = 0 and n = 0 are

incorporated by uaing the difference ‘equation '(2.7.3) on
- \\ these boundarles and elimtinating the fictitious points
. \

‘n\fside the :\gion using\ . ' -

'\\ \?\ e . .
L~ e n . n
S ~ ™~ "a. PR ‘:}} and ’1 .o > \’1, 2 \ (2.7.7
- :\ \ \ - *
- \

A o SN
Note \;hat\;§he above difference équat}ons (2.7.3) have a

2

local trunction error of Of s> n?

+ k%) assuming that the

boundary position t\;\e. the f,\s ) 18 known exact'ly. The
_ N 3

h local truncation eFrorw at grid points adjacrent to the
. :] : ® .
bodndary drops to O¢ s h + k ). \\:
. N\
O .
[} i e \ \ \\‘ .
AR Clearly the system of linear equations described

\ ’ T T s e e -ty - . N
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above ' has nonvnegative coefficients g:x‘l\ and 1is
dg:gonally ddiinaﬁ; and  hemnce satisfies a maximum
) “- - - hd ‘-~ .‘ - - - '
& Principle stnce * g e - &0
~ . w L i L. . -
. LT G AN
o c? 2 Y : €2.7.8) -
C 3.y~ & TR3,., .
o, k=1 L
< N:
: r

?

with thglg;ricp inequality holding bhen one of the grid.

points lies on the moving boundary 1in vwhich case the

‘agsocisted - kiown potenti‘l enteraéaiﬁtg “the’ right hand
) . I, ,
at@e. This.prbperty is’' fimporta or two reasons. First, .

‘since the partial differential equation that 1is bging

. - ‘:mdelled is ellipfic and therefore aatiif{es the maximus

~

principle 1t 1s desireable that - the numerical scheme
retain this property. Of.even greater importance is that
for approximating iaplace't equation this property can be

used to 1infer an estimate of global error :-and thereby

convergence of the finite difference method. Since the

[y}
-

difference scheme corresﬁondq\ to solving Laplacb'§

S . ~
equation on a rectangular grid of spacing. sk by h and the

following conditions aré satisfied (assumtng sh = O(k) ):

w—
(1) the bbunda?y conditions are approximated with an
N ’ -
error not exceeding O(k*) : : , il‘
(2) the 1local tfpnga;iou err6r~ of di?fefeh!\ -

repl.ceienta at. grid points adjacent to the boundary is at

\

least O(k)




(3) the local tryncation error- at other grid points
- s N - . »
is at least ox® . : T,

(4) the derivatives of ¢ up to the fourth order exlsffﬁ

»

and are‘.bounded in the region ( this 18’ assumed )

. « -

L 4

Then the global error betveen the Exnc;,,solution' of

-

Laplace's equation and the numerical solution fs O(k®)
( Mitchel and Griffiths (1980) ). Note that ,although

condition (4) 1s assumed to hold this does not seem

unreagonible if the boundary shape 1s smooth.

For Hethod 2 let ' . ---
v x z .
E =3¢ty N °= ?7::?7 and T =t (2.7.9)

-

. .

. © 2nf (s*+ n*r?) .
' f <n £ nn ) -
.2 . i
. U N (f feg-= 2 f5 ) ¢ =0
R f’ pu

vith 4 =0 on £ =0, e .

. ¢ =0 on =0, . S (2.7.10)

4= F and e e

4

e LR
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Transformed Domain T T o~

- r ) o -Figure 7 - The Original and Transformed Domains for®

Hethod 2
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' Using the regular finite difference mesh as bqfofe but

using the nine po{nt opperator as in ?1gure~8 leads to the

difference equation:

Cll n - c n n e v ] n
[- ' 1 - 2
= 2.7 2.0 T T2, I=s ., b X, o1
- - : .
n a‘; n n 1 1 n
-G ¢ - ‘a ’ R | :
3,2 x-—s,_? . 1,7 1,3~-2 de J el , L re3
€X.3 Tieg, yea 71,5 1=21, g=2 ®21,1 1wa1, y-2

“' . .
: . = zns'; (2. T.11) )
- _ "- R ) - ) ) “
. for' 1 = 1,2,...,8 and j = 1,2,... N
. ,‘ R o . o .
.vhere‘the9coeff1c1ents for the interior #re evaluated as
. follovs:
ca =2 A" +C" + 28" a,” VO
2 1,3 2. 1,7 2, 1,7 .
- n N n +* n n -
< C‘z.: * C’x.:' A:.) 2 8:. a':.; a’x.: ) °
n + n [ ] - n + v,
’ 2,,,° C:.J 2 81.1 21,7 a’z.: ) 1,2
- - 0.
. LI + n n R ; | - nn
- 4,5 " C: 3 2 Bx s 2, 21, 1,1 .
n ”n n °
. C'J,J * C:, s 28, 7 1.3 ° ‘2'1'12,




.- -
a o ~ - .
c:x. -283.13’3.1 R
= 0: ’ '
P -
= 1 - -
- o A
. n,¢ f_;v; fi.4? .
. . »
2 k F7
(2.7.13)
’ Un - V = - )
_ {87h)7d (¢ £3ex Fr_,272) - -
X (ri6*
~ T . : T
L Thf fIl Fl.aT 2 €3+ £ .0 = ¢ f3.,- £1_,0%/2 )
' 2k (£ ? ’ '
JA 4 ’ -
S a :
{ 2 1f Bi. ).0 . t
0 otherwise -
(2.7.14) -
i { 1 4¢ 8 <o .
2 2,2 b -
/] othervisge
v N <
. - L4

e 1

B N




1 e g AT DA AR s e 1 o O

e

~

g s

39

(3 "L
- * — .
. (l‘i,jii)' h (1,J+1) . (1+1, §+1) -
k| . 3
3 h o - n |1 .
. (1-1, 1) (1,31) - (l+1,3)
k ' -
; 7 4 8
° €(1-1, 3-1) (1,j-13 (1+1, 3=1)

Figure. 8 44F1ne Point Difference Molecule

. ) - .
-Again the difference egquation 'ts assumed to hold on the

boundaries = ddmnd“rp = 0 whdce the fictitious points
- ¢ : ’ -

outgside the region are e¢liminated ufing

= ¢ and ¢. = ¢
1, 2 o,0 2, 2

(2.7.1%5)

and where second order one sldeh differences are used for

ché derivatives of f in the ca1;ulatton of A, B, C and D.

L f
In-addittion for points adjacent to the moving boundary the

known - potenrtials on tﬁe moving boundary (i.e.

incorpprated‘lnco the right hand stde:  ~~
T ' b}

.
.

f ) 'are
P .

Note that the abov€~itfferehce equations have a local

truncation error of O¢ A o+ &

2',.

. ..
-
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. With the chotce of the parameters a, and aj as .abeve, - .

Which is required so that the coefficients Cg . . Ce,

. e ’ :

C:x ; and C:x be non-negative, it 1is still not possible
. - .

. J

to -~ guarantee -~ the non-negativeness of the ‘rgqgtﬁing

. coefficients of the liriear system for the potential ( see

Appendix I. ). Thus the maximua principle is not
necessartly ;atzsfled by the numerich®l solution and hence.
}n this case the global error cannot be easily evaluated
and thus coévergence 18 - not guaranteed. Nu-érlcal
convergence can be investigated and convergence lnferred

by comparing to the results of Method 1.

It 18 clear that this problem can also be mapped onto
a quarter.circle using a polar coordinate formulattion.

Unfortunatgly, solviﬁg Laplace's equation in a. quarter

ctrelé gives a legs accurate nu-erlcal soluttiqn when

-

usiug finite difference%fb.sed on polar coordinates than
—~

rectangular coordinates “for an iqutvalent number of ‘grid

points ¢ Hitchel and Griffath (1980) ). However, as the
results" presented later tn@tcate. the hu-ertcai method

adopted fbr .advancing the boundary 'is more robust tn a

<. =
.

pofar coorqinite formulation and this method 1S presented

here. Additionally the problem is reformulated in tefms of
ol . - . ‘ .

) stream | functton, providing - another 1ndependeﬁ;

verification of the numerical results®



Let the moving bogndd;yihgégenotedfhiﬁ .

s~ N r = R(¢,t) - f (2.7.16)

5

- vhere r and ¢ are the radial distance froa the origin and’
. the angle measured counter:clockvlsé from the x axis' f'n
the (x,z) plane respectively. Upon -the introduction of a

stream- function ¥ such that

S t "o ‘l’ . - '.

S — ' . (2/7.11

PR
- T

the non-dimensional problem (2.4.2-2.4.4) becowmes:

s 12 ' 1 ' SRS ~
2 o + = = .. -t .
\ 7 S rerfre gt L P o L

-~ .

vith ¢ = 0 on '0=0-, 0=";',and"r:0

~
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vhich fixes
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the hoving houndary qt n =
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"Figure 9 belov,

ylelds the tnansfo?led probleu‘
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o !‘. §.1 'é”) ?L" Rtifin(E)Vu R qaa(f)

T ) =0
< ' R , ’

- :

. R 4
where o = 57

oy
. . -
» -~
. .

'y ':
‘ . i
't t
e, ,‘,
Y
' R
o ;o
T
BV
- e -~
y 4

Y
r t‘ e
' ' e
N \
v ' \
T
4 T
. ‘,
~ 1
I ,'
. Co
. e
. . ‘i,
A} . ~
f .
“rw,
B
,
. ¢ N *
. voLhy
S e
e
L°
' NS
NP 4 v
Ay
;
T e
4 "'
S
e
- v ,
\
»
. “',‘ "
bl
Il "
) T :
\ ¥
.
. .'
»t ’
.
.
.
.



—-——m -

.4
2

r = Reo,t)
) Original Domain
6 =0
n
n:i’
; -

Transformed Domain

0 ‘ |
£ =0 ] /E=

n
2

Figure 9 - The Original and Transformed Domains for

Method 3

Employing a regular rectangular finite differehce grid

and & nine point difference operator, as before, except

that
) . e Y . . hd 2
) ’10‘,..' ‘;‘ - ' _h = s;—i . ' (2.7.21) -
RS vyields the following equation for the stream function:
}- ’ ‘7_';
R




. R
’ ~r
n ;) I3 n
o - Ly - Cs ’
2.5 2.2 2,5 12%2,3 2,7 2.3ea2
n n 53 n
- ts T Lae - Ls ’
1, -2 ,J X, o> 2,3=2 2., 1wt , g2
»
n n n
- C¢ - C5 -3
4.3 1=2,3%a 1.3 2=3,3=2 1.3 2e2,63-2

B

for 1 = 2,3,...,4 and j = 2,3,...,N

1,

= Ras: , '(2.7.22)

[ ]
, vwhere for interior grid points .
; w
; n n * n sy n
‘ =2 (A + c” + 28 ( a - ) )
21, 2,7 R, *1., z, 2;, 11,5
21,7 32, 2. . 2:., 21,
i . —
n n . n n "
= c + 2 B ( « - & ) + D
. 23,5 Myearz "1, 1,2 %1, 11,5 1.7
. ce = - c” + 2 8" ( a2 - af ) - 0"
! ‘1,7 Ny-s,2 1., -1, o P 2. I
. -
Cs = Cy =2 8" af (2.7.23)
%2, 1.7 1.7 1.y
he n 3 n n
= 2 o 2 a
P Hlat 1,9 *1.5 )
!
’ - RHS" = 0
1.7 s i -

o
-
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vhere ¢
7‘ -
n
\ AJ_J 1 - ® .
- a  _ 0, { . ) ’
1, ‘4 k lezr/2 2=-2/2
-
C“A;n[ﬂ)’{zfl(cz” e ¢ 0 %))
- 1.7 J K 2 l1e2s2 1-3,2 .
- - (2.7.24)
. 5 ‘ .
A - h .
n = __\.l n n -
. D,J 7 ’\5/ k)( :1-;/3 1-2-2 )

~ .
N . ~ ——— /
- ~

iF 8" > 0 . -
SIS 2 .
othe(vise

(J%
e
LY
"x
L/
P —
O NIm

o . (2.7.2%)

-~ — , ~

- n P ':"/ .
N S o \ - (
. !311,4 = { 2” lf\u 81.“__, R 0 ) —
T ‘0 othervige .
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. .
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.
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“ ¢ f\\ . LN
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. s - - ey -

. .

-
- 1e3/,2 h¢ Ry, , * - .
‘ . Y * - . .
e S s =2 S
:) - . . .
. . . - °

o

R = . ~ (2.7.26) ‘ .
. - ~ \_n - ’ \
. @ . 24t Ry - P | - . / - LA e -~

2=2/3 he¢ R+ Ry _, ) - . . -
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The above ‘differenclng‘ is somevhat different than the
standard central differencing e;ployed in Hef;od 2 but 1is
similar to that suggested by Strikwverda ané Geer. (1980)
for their Jjet problem, and 1is found to more ac;:\urately

conserve mass.

\

The difference equatioh (2.7.22) 18 wused for all
points inside the region and the boundar} condition on
n = 1 is discretized as follows 1in order to form a

[ J
complete systea for the unknown stream function values:

Noté that due to the boundary conditions

v =9 =0 for § = 1,2,...,N¢1 \
2.7 N1,y : . ,

| S for 1 .= 2,3,...,M ~

a2, 2 ~> . o ' -

v
\

Also, note that the local truncation error of the above

difference equations is O( h* + k¥ ). -
w'

.
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€ 2,.7.2 The Hovéiqu\of the Boundary

‘ N
forlulatlng a nunerlt;} schene for the boundary equ-tlons

stems from the inability to write @hen in a conqef%ative

.

~

\

T~ N form. As a result, '1’<:° 1lplith sche.es were used Te .

discuss these, the for ulatizk' of finite diffh@nnce

schemes for time dépendent problems 15 briefly revieved.

~_ - ‘ ’ : '

N .- , \ ) o

Numerical .sth for- et dependent 1

umerica schenes o me ependent- artia

N ( time  dependenty parc

differential equations are usually formulated by separate

-, \\ - \I

. A e >
temporal ahgicpacinl discretization. The relultingzgche-e

- . \ y i P 7 \ \ )
" is  ‘then nnnlx<z: for _ctabili&(isgnd convergence © (1f
=3
"possiblexr For\gg‘ time di:cretiza ion; nu-eriéil scheles

'for ordinary dtfferentlnl equation aré\typicallytad.pted.

As haz already been\discuased.~ the \difficulty

Two classes of such ¥1n1te difference methods are the -

N N ) ™
linear qgitl:tep de the h@e-le; nnl%fstep\:For the model

—~

ordinary differential: equatibn L N ~
N N -
o N T~
u = F(u,t) : U N Y (2.7.28)°
[ 4 . - . \
. . ~~\ \‘ ‘\\\ ‘~\
AN AN \
the - lineur k-step nethod giveue AN
[ \‘\ .
“ \ \ . :
p(E) u” = At o(E) \ru‘\e ) ‘*'-\\ o (2.1.29),0

-

o

vhile the one-leg k-step -ethodixivoa:
N
.

@ ’ -

/
el

— N o mmeeewees e S

'~
[y

N\
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: 8
p(E) u™ = At Fto(E)u™,o0(E)t"™) (2.7.30)

4

vhere p(€) and ¢(E) are polynouials of degree less than or

equal to k 1n the shift operator E defined as

u = u - u (2.7.31)

For linear problems both the above methods give the same

numerical scheme, hovever for noﬁellnear~ problems . the

linear stability analysis is much simpler ustng the sécbﬁd .

scheme. The 6n17 one step methods which are second order :

‘accurate in time are the Trapegoidal fbrqulg

neg

u - u" s %5 { Fea™,e™ %) + Fed™, ™ ) ) (2.1.32)
and the Implicit mid-point rﬁle
N oumTt - u® = ae R Y--2- u 2t Voo €2.7.33)

both of which have been c.lled Crank- licollon vhen nppH}Jﬁ

\

to partial deferentttl equattoaa» vlth . central
. \ . \ ’_._ .'._x;: “)—- - e
differencing used fpr the opatial\dnrivntlxet1 ST o=l

. ~——

. Raalu-len and Salhani (1981) ﬁ}tashéntriflﬁj ffereonces. ~

for the boundary slope gnd the trapezoidal formulas nbove

to move the houndary of their sqb.idcnce avund proble-.

€

This - scheme required iteration  since the calculation of

p




A R —T -~ P < = e oy e ————— o B - ) .

derivatives of the potential at the advanced ;1ué'requ1res

the knovledge of the boun&ary'positionl at that time.

Loh (198S) also used central differences for the slope -
"of the boundary but used the implicit -1dpoint fbr-ulltio{
to move the. position of a large amplitude surface wave in
viscous 1ncolpreisible'flow. Again: iteration was required
since the calculation of fluid velbcities on the moving <~
surface at the advanced time required the knowledge of the ,
Wurface location at that time. =+ _ .. "L i e
o Let the boundary equations in eichen of the flrst tvn '
tranformed schemes ¢ (2.7.2) or (2.}.10)~i be répre;ented‘ ;7:'
i by: . ) ’ ’ ' . o : . .
=Pl 8,0, v T RN 3 3 X[ T INPL R
h . < n , I .
- T . - ’ .i;';}f,fﬁ3 e T _
e d . . VY A S I I
wvhere u = (f,l)r. Application- of the trgheggi¢§£=fqr-plg.- Ve T
“Yields: * ' Y. RS SRR
’ ﬁ ’ l’ ‘v‘ t A‘ ':y “‘,‘: ‘" . \~:‘ B ."'\‘ N .. l
ne . “" n#s, ‘I‘S N Ay ) RN
2 2l ?‘ D,ul" D.#F A o R
- . AT -3 ’ an-‘. Lot . ". "‘ - : . -;‘~ .{""
s : T . o - 3A‘L~ ' n .p':f' ; Py &y -
* ) ” T * }‘ ’ ?91 “ o”'J. Nes ) r .{“')""“(‘,2"‘-3-'._55:’."
AN . . S A 4‘."‘.‘-; ' ‘1- S b
O L vhere D--' . D,  ang QQ ;tre , apprcpriate- diff!ronce w;:
* replacements for the rtspecttve'ﬂertvatives.- Th:s schéie L
requires iteration sinoe - thc calculpelon pf 0*" roquiret . S
" < o - ot R ¢ K . . '«-'.,—.
. ’ ¢ . ‘ :'. Lt ! L) . - . .
’ﬁ ’ \ - ~
- . . .
T A - -
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el M - ) ~ . . .
< : - . — . o
_‘.\ N < _ - -
e - < : o ) -
T m 50
the knowledge of on T One wvay of solving (2.7.3%5) 18 -to -
use, the following pr_ednictor-c'orrecc'or schemé - N
e .. " "% . - - B :
_uT = A" -+ &c Fe T, D ul . D47 , T (2.7.36a)
. L 2 --. _ ..—-1 2, Ne2
R ‘ e ‘-f :')‘ - e _ Pe - e T - ~ -
SUtTt-s 2 { Wt 4 0T % A Fe U, B,UT T, D4 LT )
- : 2 A | R . z $71 . Nea .
o (2.7.36b)

B3 = -

gytth_‘.i_ag_ef_gtlon -on the corrector until convergence. That

;ts-,_ the ‘st;rre&~ vahies at ‘vh‘ich the' funétton _?5 is

. . " - M

evaluated are replaced by the lqst iterntes ‘of the values -

-a‘t‘_.ttle Lgrt) . ﬁoueve.r ft 1is Qosexble to obtaln the ° sane -
tié&n‘dit;';,ﬁ;r‘ 1n tinlspace accura‘cy ( 1;\ terms of local
c;m;:i:ton ;rr'or f)_, by perfor.in,g' only a ‘single fteration .
Tof” the oo:-rector .( see A_ppendix 2 Y. - k‘ -
Th;s t_he -ethod of.ttne steppiog can be sunnartzo'c; 1n
:—' the fellowing procedur¢ ; : - B .
) ;f'(U' Set t =79 and ‘n 'f 0 .
# ; '(2) égiculate ;0';“’ ‘by nolviwg the li,ngar syste- for‘ L
‘“’t. ‘ Ehe mtenzlll uling u as th-e boun'dary
‘ (3) ?redict. tf *ﬂ#ihg (2,-1 36.)- I _ o
- : 14) Calculste f: by solving the lt‘aear sxs;e- for .. “'-4
.;-:\4;”- = .o . the. pofent tat uttry‘g’- u: a‘s t:he' houné;‘ry T _:ﬁ'--‘:‘-z .
." 4(5;'€vrrect e"""" Jus.it_v’gz '; 36b-) B '( . = E L
‘ ,_ (61 C-Icullt‘_q—_é""' by 3?1;1 the*llnett;;fstn f;;zr R 4
5 R the- potmtta{ u;t,nc u.;" as thé boundary — - -".‘ -
. R - . ' . <, '
L T s T R
- PN .‘_. '_ ‘. . v L] ’ ' Y \;
e e BRI T e T




<

~~w44scretlzed uaing the_pcedlctor cprrector

3¢

. T w .
(7) Set- v ="t # At .apd n = + 1 - ) '
¢8) If € < Tpyax 8O to step (3) ' TR
+ ‘x;;@, T ) " \,: ‘ - o

vhere it may hc necess.ry to 1terate on steps (S iﬁd3(6)

unttl conversence replactng .(; ;. and $p;. 1nside KF- in
"% ana unmt

(2.7.36b) with the latest 1cor:tes W i

Arecpectiveky gdh then applving relaxatton- to obtain t he

-

.next. iterates.

.

Using a second order backvqrds difference for D, and

using second order central dtfferences fbr D, and D, gives

- a-Crank Nicolsan scheme "while’ using flnst order forwards

-

anq baqkwards differences respectively ( or vice-vefsa )

gives a MacCormack sche-e. Both of ‘these are second order

;ccurate in tl-e/ap-ce., " Similar predictor-corrector

-

'schéigs- have - been used .to “solve non-linear hyperbqlic

egu.tions such as Burger's equatioh zs in, for exa-ple
"MacCormack (13978) where linear- stability is jlsovanalyzed
(for Burger's equatioén). The numerical results~preseﬁted

later investigate the stability and numerical convergence

“of the various methods above for propagating the boundary.

~ . - - -
PR - - - . .

- " » i ! - i ] - b .- "‘< - -

- - - /

’Stnil.rly. the boundary’ equatton for HMethod 3 can be

ﬁ .

Cd -
- R' - a”‘_ AT _;-i:i;!z&-:--&:;;!z%Lf '(2}7.31‘;
Lo ' . 2 hR? ~ 0

-
-

-




‘e

. -
»

deflgation of the .above schens..
~ o - ) ’

P ’ 4

n -
~ J -
J
R™™* = i ( R™ + R - AT .‘.-!L:.’.;.!:.‘.-:_!%:.‘.L'.':i...).‘]
R R AL 2 h R
. (2.7.37b)

for 1 = 2,3,4,...,(H+1).and for the first R ( at £ = 0 »

.. 2 h R

R” = R™ - At -~- 2 (2.7.38a)
1 3 - (=3 2:'+'4 R7 - R3 )
- . ‘ “2 h R,
Ae1 L fpr L p° - : ] -
RY™* = 2 ( R? + R <At —too—g —--=3 )
) ) (-3 R, + 4 Ry - RS )
. , (2.7.38b>r
- . B e

R . - -
- " -

léte“‘ that the bom;dary' condition on ¥ along the wmoving

boundary .(‘i,e.' n = 1 1 has been incorporated tn the

“'There 1s, hovever, one -obvious . limitatton to this
. ’: * » ) .. . .
predictor-corrector - gchem& used to move the boundiry. If

the time step becomes too large, given spacial

" _discretization, one of the predicted boundary heights <

’
. e -
.

i.e. f, ‘s’ ) will become negative and thegethod will
break down. This usually happens to f; » the height of the
moving boundary adjacent to the toe in HNethods 1 and 2.

This ic not a problem in the polar for-'uia;_ion of Method 3.
5 . .

B o Ltaouel ane i V) o T
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2.7.3 The Solution of the VLinear Equations for the

?,\

Potential and the Strei; Function

- - -

-

" Both methods for the potential problem as wvell as. the

» ~

method for the stream function requiré¢ the solution of

'large sparse systeas. of linear equations. To tréducé the

storage reqﬁire’ﬁhtl due to fill-in when direct methods
are employed jterative ‘methods. are the natural choice.

Moreover, since these probleas mugst be solved at each time S

step.‘3pod.fira§Aapproxllationa to the unknowns (i.e. the

potential or ‘stream function ‘valyes ) are ‘ava;laple « . .
after the initial time ) resuylting. in few iterations and

Jow CPU time beF time gtep.

. .
{ N . .. [
N .
~

When selecting iter.t}ve methods, two f;ccors. come
into _play.~ The firgﬁ is the choice of basic 1terat}on'
- ;ééhod‘ and the 'second. is- the - choice of acceleration

method. In this context, the pastt 1ternt1vé method can be - “‘

thought of as a pre-conditioning” to the .acceleration

method, both of which .can be chosen -independent of each.

1y

other,

- -,

This area 1is “currently of 'luchl interest iﬁ the
& '

.

literature. A reviev of the basic iterative methods fqr'.

sylit;ric‘ly:te-l resulting froms the application of finite ,'
. differences to Poisson's equation are given by"Céigdn' -

L] N ' -
- (1982). "~ Reviews of current work on non-gsymmetric systems

EEEE s o




. : .
-

.

are given by Elman "(1984) and Young' et al (1984). The

- ..

,‘_state'ofrthds field- 18 summarized by Elman in the aboV

-

- paper, 'iﬁenv after 1listing many of. the 1latest proposed

methods ' for non-symmettic syscé-s he. remarks, "None of
T8 ., :

these 1deas have been stringently tested, though, and

>

" little is knowvn about convergence rateg". <" ’ , .

. - \

Thle Ba;}c\ iterative -method chosen for this weork 1is
called BLock' ;r Line Syametric Successive Overrelagat}on
(BSSOR). That 1is, the'gquations along'a.ve}ggfggcline in
thgvgrid are Consldered‘gs. aﬁsf{diagonal sy;éé; for the
new‘iuerafes of the potential along that line in terms of
the [last ;terates .of the potentlhls along the adjacent

lings. Relaxation is thep applied to the newv values along

€he line. One complete iteration consists of one forward
.. sﬁékp; from left to\right 'along the lines folloueﬁ by a

. \, . .
backvards sveep from right to left. As {indicated below,

~ this raﬁulti.‘ln a sSymmetric 1iteration matrix tf the

- . .

. . h : original’ equations are symmetric and lows the use of

coajdgnte.i{qdlent acceleratton.

4

-'-‘. . . . . . ’ .

~

" Consider the linear system for the potential (1.e.

. . .. N . c oy
. . systeém . (2.7.3) or "(2.7.11) with the appropriate boundary
o - ’ AN . ‘ '
) conditions '} ardered in a natural wvay along the lineg tn
M - , - . ' . . o .

the domain from bottom to top and left té right as (.

-~ .

‘Suppressing the time dependence supéchrtpt n

L]

.

e
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vhere A,

Tor

a.
N

VI, 2

"x., 2

-
C, -
Ap—1B e 1Cray
-
Ay By
4
,
-C
€x.1
-C
k.2 €x, 2
s -
-C
Tk, s~1
Zp,
Op.a The,k 2
. . .
. -c
S, -1
. -
- e ey
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(2.7.39)
P -
’S b‘
¢, b,
¥, b,
’K—S bﬂ-i
’! bu
- -
(2.7.39)
Sx, y=-2 - €. g-1
Tk, s k.
_z> . +
%, -1 - 2y g
S, °x.s ]
(2.7.40)
. : '
. ’ - ' .i.
- v- ‘ s



o -y
.n(% Cu = 1x,1 -C’k,z
g 0
- -C
C'u, z C’u,z Sk. 2 )
- . . ']
. . . . -
0 C‘n -1 _CA{J:._;-: T, y-1 /
T e
I J - 2
- » - x, ., 4 <
P> |- - - " ..
b, = RHS, , ¢, = O,‘J 1 ' T
| rus, $u, 2
C e~ - . . . .. - 'r -
RHS, ,_, o ) $p. ;-1 4 -
o RHS, ' . ol e, P T Lo
N - - . . . . .“'.‘2; . RCEE /’l‘ ’,‘.
and J = NROWS, . The BSSOR method can bé .written as tt.--_ ... ..
.18 actually 1-p1enented-; fn. :'a . program: ‘a8 (for one . .-
tteration) : T L L
. . - . ‘. .. ‘~' B ,’ “ L ] R ‘\ N . - X
e - pe3/2 - - a aPTir2 =, 3 .
By Ty - by T Ay 4.‘:,'.!'-:‘ = Cx Pres E oL
.. ;:.',‘ -' o .»' . '_' - . PR :,Z’k'-"g '.1,,52,": =-'n .
- P,,,,','.:_..-- o2, 7, :__:. g . T
. o T: . f X 1 @) . .
- - [ . ] ‘.‘, - - . P R (2,:_7“1') Py B
- se1 - . ce pes/2 ) P_’.‘_ ¢ ‘
- R Bh T. . .= bk . Ak x=-31 Ch "ﬁ?l ‘
) c - coe T . :
B ; 'y ) ’ < k = Hn-1,...1
- . i ;01 - i >t 'p;x 7’72 -
. o b skt <+ - , A
. L3 - a:'r:‘ AR IEEE BN Y el :
. PR SO L R e MRV ) .
WA e R s Al Lat
IS L . S R T T S .
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vhere the superscript p denotes the iteration nuaber (not
time).
Similarly the equationg for the stream function of
~ Method 3 ( t.e. (2.7.22) and (2.7.27) ) can be vritten in
the block tridiagonal form of (2.7.39) and solved
iteratively using BSSOR as above. ’
‘The BSSOR method can also be written as a method of
.. . successive gubstitution, a form which lends itself to the
- . ’ s 4 . ’.
N application of &n acceleration method, as: -
. .' . ' - L .
) ot
xP** = ¢ x® + k, . , (2.7.42)
where the iteration matrix G = 0 I - Q %A ) , T
Q = ——o-steei (D + WwEID*( D+ wF )}2.7.43) ‘.

- Y

At
]

> ©
“ -
> o
S
14

(2.7.44)




and F =j0 C,

o

—

Finally the equations can be written .as the preconditioned

system:
0™*a x = k° Lo . (2.7.a%)

Note that 1f A is symmetric .positive definite then so
. ' LY

: . P
.18 Q for 0 < w'< 2 (smsee Colgan (1382) ). Thus 1in the case
of Method 1 for the potqntial,“whlch resultg in a positive
"definite A and Q. the well established method of Conjwgate

_Grndiedt acceleration, CG.Aifue-p}dyed ( Colgan (1982) or

¢ i

Mitchel and Griffiths (1978). ).

e

! - . “‘
':; * - - " -
CG iécelerition has been Qdapted'co-prbble-a vhere A

1: -pot ' syl-etric but the preconditioning -atrix 0 1s equal

to the symmetric pcrt of A ¢ Concua and Goulub (1978) and

58

Widlund (1978) ). This 18 not the- cao§ for the Q resulting

from BSSOR dbplled to thc equattonl for the potenttal in

I

.lethod 2 and atre.- fUnction in Method 3. Further-org, if

system Q x. = d 1is not easy to solve (as 1t should be to

’

"
. ¢ S ‘.

A 18 npllt‘luc'h that QO 1is 'the sy‘netric_ p.r_t of A Whe__



. apply @) in this _case)” sipce 0 would have a block
- : S 9 ° ; A

. : N L
tridiasgonal . struckture similar to A. Congequently, a more
. Q . 8 - . ;“ T . -
T . general acceleration procedure is required.
. 1,'\- . . ‘g - - . \“
: o o> L, "f‘ . )

_\ o . .
U : . A O .
- §aad's incomplete Orthogonalizition “Method ( without

v

-~

co:rr@tidr'g ); 1OM, wvas chosen as the acceleration method
& . : - 2 ‘ " . AN
‘ein Méthod 2 for the potential and in HNethod 3 for the ¢ -_

[ s P

bt A3 . -~ - . \4’. .
~ ﬁ'.‘reu- functioh ( Saad (1981) and (1984) ). IOM is one of

N o - N N . -
U '.lnb proposed 1teration methods that’ can be wused as .

Y

4 i B AN

S ~ .9 a "~ N
agcel‘y‘;'t‘ign ‘methods that 1is refereéd tz by Elmarn 1in higy

goament above. o .
.. oL T B o o

- y ot . © N .
Saad derived . this l:é/celeration method by modifying
IS - S a . .

. - i“ . ::, ) R . .
‘Avmpldi’s methdd. To discuss the basic ideas “1h this-
- n".etb;o“d the concept—-of a projection procgsé o&o. a Krylov v
i\lblp‘;g\;.u;f be {\‘éefht_ned. "~ A progection process onto t,h?)
J‘\“:‘i { . . . . -

Z Krylov subspace:-

-y

L . . -~

- N ~

:., SNy o
K_<¥ span ( ro e+ Ar

- . -~

‘with basis ¥ = { ¥
ST, = ~L
\_\) - <

séeks a solibion x. to 42.7.39) -guch that
. © - v \ ;o ,

1=

~2,3,.




LI N M - j ’\\\ \‘\ -
4-‘ ‘ I , .
6 4
' : e J ~ )
vhere r = A x - b 18 the residual of\/ , the “inttial
-3 -] ' .
estimate for x. Note that x (s a Galerkin approxtmation S i
N -
to-x. j
. . - 1
| S
If x 18 written as : . .
. . _ ~
x =x +V vy (2.7.48)"°
- o - =
' - ~
» - \-/
then the conditions that x _ be orthogonal ‘to the ‘

. ‘ o - )

residusal r = A X - b implies that : :
-

vVTeb-Ax 1 =0 . (2.7.49) _ ~

lethod 19

e

The 1den of Arnoldi‘




3

)‘\ - A ) - -
e e Ar‘,...-‘..-a- b, -
°
@
| < -2 -1 -1 2
K/ = gpan e"'r , QA Fr , Q "A) r
Yy A ° o
A(/‘) ‘. . i
« 07*a ™ } (2.7.51)
* [-]
..; ‘\ :
Consider the recurrence relation
o o RN
‘\' \.-JF - . -3 . J_ .
- n v =Q7*A v - ) h v (2.1.52)
N1,.7. 2+3 P ) - 1y r i
.. 1=1 .
.
v?_lere" -
-~ S T . [ ¢
- _— - - v .
s 8 . o r.- - . .
S . & —==op=2-- - - (2.7.53)
. r -~ 1 _ 1 'o r° ! -
‘\ N N R -
and h; ar',efchosen such that
. ] X >‘_\‘ i
T i s A7 ;‘. ~ =
vTv " = 6_and I,v ! =1l fqr 1 =1,2,3. .
1 Je1 Jet .
™ o ’ $2.7.54)
A ) < o ' ~
e ~ -
’,\:‘\__ C /'\\ \ \. ] . ‘.
That 1is Te e T
) < ® Q\'. T - .
A o= v;Te Ay, T . - 42.7.5%)
1,3 - 8 s J B N -
—- . o
If °*H _ is the- upper _ Hessenberg mat ix with -elements
- - . - . .~_. o Y
h then S T ' . ~
1.3
viTo*ayvy - A =0 o (2.7.56)
- - - . . L4
Thus the: solution. given in (2.7.48) can be calculated




Ly -
Ty = T QA TP VT O s HTR L QTN e
To- e = - - L] - -3 2
‘ ,f“"‘ : % - ' .

. ’ (2.7.81

where ¢ = (1,0,0, Lo )T X «
LAA':: *

Thnt 1sf'afte! the,uppér Hessenburg matrix M is formed
. - . N

'the linear systea for y_ 18 solved ( for exlnple:uging LC'

-

-

decomposition ). -

=N

AR

Thig method requiren the :tornge of n v s uhlch for .

large a may lose. orthogonaltty dae ta round off errors

Additionally the residual 1: ‘not ava&&iﬁle until X Tte -

calculated. Saad addrésses the'a pﬁoblens bY~changtng thef"

algoritha so that ea;h v)‘u ts ettbogonal only tu the

previous p v's, lncorporgtingf” esf;rt progedure so that

e

aften the cal&ulatton:ﬂbé’a

.....

13 set equal ) % (ierf 1h1eh the enttre procedure 1s

R

rest-rted and by‘ngfng ln-eltinate f¢r the resLdu.l nora

at each step.

-

Saad's method can aiso*be applied when Atjs byithrtc

-
4 Lo~

such as twfthe case of Hethod 1 for :he pot?htxll :‘inv

-

this case, O is algo synnetric cn& hcnc; H 1s Sy-netric'

and thus trtdtagonal As a result the w. 's satisfy a thrée -

"éﬂ;ﬁl”vltn ‘m -ftxed and

T A
T PR T WY L

S AP

b s e L

b iaas adus
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_
term recurrence relation. .Thus p need only be 2 and the

tnversion of H can be pérforwed wusing a tridisgonal

solver. In the next section results are presented that
~canpare the use of CG and IOX to Method 1 fof —the-

potential in order to establish the efficiency of IOM.
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*- 7 "2.8 Discussion of ‘Numertical Results o - -

- . -

- . St e oo T e - - N

. In this section an é,“b&e groblel'is used to compare

the twvo different methods for\}he,potenttal problem and ™l

] .

the method for the stream function in detail. In addition
= ‘ gt =

the varjous wmethods for wmoving the boundary are

.

investigated. Graphkc Tesults’ are then presented for

“ -

-

various representative probleams and compared. to * the

.

similarity solution derived in Section 2.6

~

For- the first example consider the parabolic .initial

profile: ‘_; N

fix,00 =1 - ( -%—— : (2.8.1)

$(0). = 1 - e - B

NPT s .
The results for f(0,t) and g(t) at various times-sre given

in Tables 1, -2 and 3 forrnetthp 1, 2 and 3 fespectively.

Note that these vartables are indtcatiie of the degree: of

similarity betveen the-various numerical results and are

vo»ﬁﬁiggn éo all the calculations.” The (a) parts of the

- . the predictor-corrector for moving. the ' boundary using

: oot .
- .

- . I LI -

.-Nicolson) while the (b) parts show the same compardson

and forward 1in the corrector ) for the boundary slope

.tables compare the results-yith and without “iteratios on

uping first order derivatives ( backward in the predictor

-

- central 'differences for the boundary ‘slope. (1 e, ~Crank




.

. -

t(1.e. HacCormack). Additionally note that the exact value’
of the area under -the mound “should be 2/35 units for all- -

time and that the CPU times given are for tﬁeicbntrol'ogta. {
- ' ' T L ~ .
Corporation Cyber 170/83S computer. 1

-
-~ .

- . . . .
. [£% AR . = 1

The following parameters  wvere used in the .

-

(1) The equations for the potential or :stream function .

- .calculattons: . “. i
1
]
:

were {terated on until the 2-norm of the (Q restdual was

vas 1.6 v

-

(3) In the IOM acceleration the maximum number of v's

less .than 10~ °

'(2) The relaxation factor used }b(_the BSSOR iteration .

vas 8 and each v’_’ wvas held orthogonal to the last 4 v's !
(1.e. m= = 8 and p= 4. : - J
(4) For the methods that require jteration on "the -

Y L]

--corrector this wvas carried Qut Eptil the maximum relative

* change between two successive itérates vas less than 40”7 T

[

using a relaxation factor of .5 Pi.é.'underrgldggtgoni,~ e

1 - —

- N - - e .-
- . Inspection of-Tables 1,2 and 3 reveals sode general .

.~ e - -

trends on the methods for calculating new ' boundary- I
' . . & --- - .

posttfbﬁ}. ClegflyA 16érgciﬁg_ on_the ‘coérrector ‘does not
significantly alter the results of “any method:. in fanr

very feu lterations were performed espectally after the

first few time steps. Furthérnore; ,fhe’ Crank ﬂiéolsﬁn_‘

scheme for the moving boundary slope 1g more robust than




b SR i Aab sl i

Table 1a - Example 1 : Hethod

Boundary moved using Crank

1 Results

LI -

Nicolson with iteration

CPU time.

75 ‘secs

at=.08§
h=.1, kegl, h=.05, k=.05, h=.025, k=.025
£(0,.25) .834492 .835034 pred f<o
~.(.25) 1.286929 1.285185
£(0,.5) ~ .715002 .716087
8(.5) - ~~ 1,488194 1.487726
f(0,1.0) .572463 .574246 .
> gt C0F =T 1,.797603 1.798831
£(0,2.0) ' .446129 . 448304 .
8(2.0) 2.239848 2.242442
aréa(2.0) .653319 .858403 -
CPU time 12 sec# 5% secs
Ax=.025 . .
h=.1, k=.1, h=.0S, k=.0S, h=.025, k=.025
£(0,.25) . 834562 .835133 - .835347 -
8(.25) 1.2888%38. _ 1.2869114 1.286599
£(0,~.S)  :714994 . 716357 . . 716943
2(.5) ,1,489833 _ 1.489364 .. - 1.489732
£(0,1.0) .572561 .574774 L.
‘2(1.0) - 1.798894 1.800580" -
£(0,2.0) . 446446 . 448953 --
8(2.0) - 2.241466 ~ 2.244476 -
area(2.0)’ .654332 . 659989 -
CPU time 16 secs 78 secs 212 secs
Boundary moved using Crank Nicolson without iteration
At=.08 . )
h=.1, k=.1, h=.08, k=.0S, =.025, k=.02§
£(0,.25) .834472 " ecorr f<O pred f<0
$(.25) -1.282338 . a
f(0,.5) .715194
8.5 1.487102
f10,1.0) " . 572843
‘g(s.0) 1.797350 y . .
f1o;2.07 ° 446503 . 2
£(2.0) ° 2,240893 - ~
aréa(Z.0)” .654110 ) ) - :
CPU time \ 1] secs ~ CoNl=
At=.025 - C ) Tl oL
.. Ch=.f, K=.1, h=205, k=.0S5, “h=.025, k=.025"
£(0,.25) .834719 .835183 pred <0
$(.25) - 1.288831 1.286709. ;
£¢0,.8) =~ .715288 .716501
s(.5) 1.490324 1.489761
£(0,1.0). .572888 .§75004 .
804.0) 17799772 - 1.801086 -
flo,2.0) . 446735 . 449159
$(2.0) - 2.242342 T _2.245173 .
~area6¢2.0)  .655001 T~ .660805 -
19 secs .

,.‘:_.. &_. -,..4—. - -
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"Table ib -'sx:-pxe 1

Hethod 1 Res&hﬁs

Boundary moved u;ing Htch;-ack vith iteration

at=.0S§

£¢0,.2%)
2(.25)
£¢(0,.5)
s( )
f(o§1 0)
8(1.0)
£(0,2.0)
8(2.0)
area(2.0)
"CPU time
A;x.ozs

£¢0,.25)
8(.25)
£¢0,.5)
8(.8)
£€(0,1.07
2(1.0)

. f€0,2.0)
£(2.0)
area(2.0)
CPU .time-

hs.i,.k=.1,
.835043 -
1.287671
.7T162176
1.4890S50
.578168
1.805064
.454243
2.261873
.673719»
14 secs

h=.1, k=.1,
.831974
1.288844
. 711945
1.49023S
.5T16S8

*1. 729450

. 446468
2.242047

.654787
17 secs

h=.

-

h=.

05, k=.0S,
pred <0

0s,
.835010
1.287181
. 716268
1.489671
.574512

. 1.800739

.448913
2.244701

. 660052
85 secs

k=.0S5,

h=.02S, Kk-.
-pred f<0
h=.025, k-=.

-~ pred f<0

Boundary moved using HacCor-ack vtthout iteration

At=.

. f(0,.25)
s(.-25)
£(9,.8) -
8(.8)
£0(0,1.0)
8(1.0) -
fc0,2.0)
2(2.0)
areac2.9)

“-CPU time

= As- 02S

*“3<rcoy:28)

. 2(.25)

L f00, . 8),

S e(LS) -

- - f(0, 1&0)
s(1. 0) -
fe0,2. 0)
3(2.0)
area(2.0)
"CPU time

«
. .

!
h*ti,nks.l.-.
. 835096
1.280797 -
.716397
1.484508
.574426-
1.735635 -
.448052
2.2401424
656643
11 zecs
‘h=.1, Kk=.1,
.835060°
t ‘288201
..716143
l 4p9982 -
‘.314263_
. 1.799802
.448182
2.243810
.657654
16 secs

-

,
.-

/

h 05

=:.0$.
pred f<0

835361
f.285316
.716828 -
1.488631-
.575311 .

* 1.800323

. 449449
2.244845

.660923 *
78 secs

*

T NAPSEPEE, SRR el

k=.05, ,

h=.025,
greq'fro

h=.025, k=.,025 =

k=.

°

025

025

025

: _pred f0

{continued)
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Table 23 - Ex*nle 1 ueth.od 2 Resuylts
Y
Boundary moved using Crank Nicolson with iteration
4t=.0S e
h=.1, k=.1, h=.0S, k=.0S, h=.02S, k=.025 - . e
F£(0,.25) .83S5415 .835387 pred f0- - o
$(.25) 1.288387 1.284573 S -
£(0,.5) .717611 .717257 s s
. 8(.5) 1.491969 ..-1.488671 o . )P B
 £40,1.877: . S77206 .576580 - RS
s(1.8) {.805749 1.802538 — .
F(0,2.0)  .451853 .451215 - - ]
2(2.0) 2.252478 . .2.249241
area(2.0) 667563 -~ = .665729
‘CPU-time 36 zmecs 170 secs .
at=.025 . - - . R
, ) h=.1, k=.1, h=.0S8, - k=.05, h=.025, k=.035 Lo
£(0,.25) .835531 .83550% - " .83S5S51S ST -
8(.25) 1.290244 1.286902 " 1.286022. A
f(o,.5} . 717851 . . 717508 : T L717T446 ’ : o
. 2(.5) 1.493772 1.490782 1.489943. A
Lo ' £(0,1.0) .S77536¢° . .576944 © - e
s . 8(1.0)_ " 1.807461 - 1.804510 N
C . F(0,2.0) .452208 .451610 .-
‘ $(2.00° 2.254178 . 2.251183 . - _ -
: < areaf2.0) .668538 .666897 ' - o
i CPU t1le 62 seécs 7 - 285 sges Sl &4 gFecE . L v LT L
. . Boundnry moved using Crank Ntcolson wlthcmt iteration
4tr=.0S§ ) . _
". S = R=.i, K=.1,. .. N=.05,°Ks,85, ~ “he.025; k=.025.
-8 .- . fto0,.287r '.83$ii0_~ o 835351 . " pred f<0 ,
i : . 8l 25) 7"1.285788 - 1.275391. . o R e o
R ‘f¢9,.S) . .717178 - -~ 717348 . Co LT L
ISR SN u.s:__-_ I.1.491467 . 1.48364z -~ U e T e T
IRt B £(0,1.0) 577494 - - .576693 o - T - -
A o :8¢(4.0)  ° 1.806015-- .7 -~ 1.799624 . - = - .
R S - " £(0,72. o) ,-452127 p . ~451212 ) T e -
b -seZio) 25253086 2.247352 . -
SV S o area(2.0) .668114 .665237 - P
R i CPU tt‘le e - } - f“\\
- AY=.02S ‘ ——
- .3 h=.1, k=.1, h=.05, k=.0S, h=202S5, k=.025
- - £(0,=25) .835544 835513 .835503 ~,
- $(.25) 1.290478 1.288689 1.276241 -~ : .
f(0,.5) .717900 .717548 . 717437 , '
s S) 1.4%4164 1.490876 1.485822
£(0,1.0) .577618 .577013 . -
$(1.0) 1.807870 1.804712 _ ' -
£(0,2.0) .452298 .451681 : : -
£(2.0) 2.254588 2.251426 - ¢
area(2.0) .666879 . .667077 -
e : CPU time 64 secs 275 secs £42 secs
“»

PP - e e e - g -, - -
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';, . Table 2b - Example 1 : Method 2 Results (conkt tnued) - -
Boundary lomed using HacCor-ack vith iteration L,‘,‘ - AN
A?’ 0S- - " ’ = - . 5
: h=.1, k=.1, h=.05; k=.05. - h=:825, k=.025 . .. = -3
"F(0,.25) - .836604 < pred <0’ .. pred f<@ A R
-84.258). - '1.2836%4 . 7, s f? . ,¢—j - i
- f10,.8) 1. 719697 o - . ) - LS
- 8(. 5y . - 1.489430 - . ] S - ;
. f(0,1.0) - -.579479 _ T . . o -
(1.0 - 1.804845 . R e
£¢0,2.0) . 453884 _ S e T ’
8(2.0) . 2.253460 o ...l T .
area(2.0) ..,71129 S ) . e
‘CPU time 37 secs ‘ ‘ L et 3
" At=.025 . e A S -
- : h=.1, k=.1, . - hkh=.0§, K=, OS = 025 k=.028. o .
f(0,.25) .83646S .. ..835882 ';“‘ pred f<o~-4 T4 -
g(.25) . 1.289986 e 1.-38622F . e e "
_JLO—~5) ST T7119467 - - 7180817 L . T .
2(.5) 1.493936 - . 1.490470 .- i . . - e
f(0,1.0) = 579437‘_ <., .- 1 ST7569 . oo e T
3(1 0) "~ 47 3&8146 ’ 1.804500 - 7 _ - :
-£(0,2.0) . 454000 . 452163 R, o : T
£€(2.0) - 2.256077 . 2.251604 .. - - -. .. - :
area(2.0) .67€923 °~ . . .667906 - - . . , ¢
CPU tise 57 ‘decs . 275 secs :
Boundary moved using HacCor-ack wtthout iteration
dt‘ .-
. ) h=:1, k=.1, = h=.08, J_:=.qs, h=.025, k=.025 . |
- f(0,.25) - .836604 - = pred <O _ pred f<0 ]
g¢.28) 1.28369%4 ' T - .
£(0,.S) . .719597 !
g(.5) 1.489430 . - o ° .
£€0,1.0) 579479 - - j
§(1.0) - 1.80484S -
£(0,2.0) .453884 . : _— s
8(2.0) " 2.253460 ‘ I L.
area(2.0) .671129 . . " - o
CPU tllg 32 secs
at=.02 . .
=.1, K=.1, h=.95, k=.0s, . 025 o=, gzs\ o 1
£(D,.25) . 836465 . 835882 -~ preé,f(O R e ]
8(.25) 1.289986 - '1 286227 ) . ' .
f(0,.5) . 719467 .7168087 - B ' N
"$(°5) . 1.493936 -+  a.afaz0. _ .. .+ e . o~
£€0,1.0) -.579437 -~ .577569 o ' T - )
$¢1.0) 1.808146 +. 804500 ~ - : . R
- £€9,2.0) .454000 - . ..452163 - _ 7 . .~ .
8(2.0) --2/256077 =, "2.251604 . '~ - < ey
area(2.0) .571923 - .667906 .- . - ; .

CPU time 57 secCs

275 secs
-
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Table 3 - éxa-ple 1 : Nethod 3 Results
L X .

- .

,Bouhdiry moved with iteration .

'~ At=.0S .- ’
eIl . .7 h=®s20, k=.1, h="/40, k=.0S§, h=7/80, k=.02S
' £(0,.25) .828261 - . .83098S - © .83148S5
84.25» . - 1.305288 1.295317 1.293498
£¢(0,.5) -.7T0M61 . 708481 .708262
8(.8) . _ 1.-518523 1.50482¢ 1.501940
£¢0,1.0) .567440 . 563884 : -
8(1.0) 1.851519 1.827363 - ~
£¢9;2.0) . -448812 .440307 -
$(2.0) ~ 2.341152 . 2.289824 -
’ “area(2.0) .718158 .680169 To-
.. CPU time 30 secs - ) 290 secs
At=.028 . _ ’
. . . h=%/20, k=.1, h="/40, k=.05, h="/80, k=.02S
£¢0,.25) ..828202 .830936 .831451
g8(.25) 1.304621 1.295042 1.293173 -
T - £(0,.5) 4707103 .708428 .708215
8(.5) 1.518192‘ 1.504624 ) 1.501671
ft0,1.0) - .567328 : .563777 -
$(1.0) 1.851289- +.827187 -
£(0,2.0) . .448732 .440248 -
(2.0 2.340964 2.289639 -
area(2.0) .718059 .68008S -
CPU time S2 secs 318 secs 424 secs
Boundary moved without iteration : : \
At=, 05 . . .
h="/20, k=.1 h="/40, =.0S8 h="/80, k=.025 -
£f(0,.25) .828391 .831103 .831598
8(.25) © 1.304232 1.294646 . 1.291760 LT
fco0,.5S .7073S85 .708648 .708429
8(.5) 1.518073 1.504571 1.501573
£¢0,1.0) .567488 .363933 ’ - .
8(1.0) 1.851273 - 1.827177 -
_f€0,2.0) . 448806 .440301 . e - ) : <
8(2.0) 2.340966 2.28965¢ - - )
K area(2.0) .71807S ’ .680097 . -
. ‘CPU time 30 ‘secs " 160 gecs . 259 secs
At=.025 , o o : A R . )
h="/20", k=.1, h=%/40, k-=.0S, ‘h="/80, k=.02S .t
f¢(0,.25) .828208 . .830942 ) .831454°
s(.25) 1.304459 . 1.75T9%9, . 1.293106
£(0,.5) . 707106 . .708431 *. 708217
9(.5) 1.518130 1.504592 ~ 1.501644
£(0,1.0) .567328 .563778 L=t
8(1.0) 1.851263 1.827139 : - . .
fto0,2.0) .448731 ' .440248 - -
8(2.0) 2.340949 2.28962S - "
area(2.0) .718053 .680080 .- -
CPU time 57 secs 322 gecs 423 secs
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the HacCor!ack-séhe-e glloqing larker time -steps for a )
given space step. Note' tha€ reversing the one sided
differences‘,fbr the slope:- of the moving boundary to

- forward in the predictor and backward -in the corrector tn .

the MacCormack scheime re3ultéd- in even greater restriction

on the time step. -

-

Closer inspection of the results - indfcate an
. approximately three decimal figure agreement .in the mound

centre height and a four decimal figure agreeﬁent in’ the

A

. toe location for various grid sizes and time steps within //f
and. ' betveen the results ' of Methods 1- and 2. for they )

LT potential. HNethod "2 conserves mass about one decimal

figure better than Method 1 while the latter is about
.- * ) . .

three times faster in terms of CPU time. It appears that

for bofh these methods, using a 10 x 10 spacial grid with

» N

a time steﬁ of .bch1ves-resu1ts with acceptable numerical

Y

eonvergence.

- . ‘ .
. .

‘ﬂ' _ 'The results using Method 3 for the stream function

differ somewhat from the other methods. The agteement

" between these results and those of Methods 1 and 2 is only

abgut two and one half decimal figures for both- the noﬁnd

‘helght' and- the toe location and, deteriorate as time

P
" progresses: The agreement within . Method 3 between the
results of various grid and time step gsizes is better
at about three and one half decimal figures but aléq showvs

_-"- ' | \
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deterioration 1nﬁt1-e.=F1na¥£y, iithough not;r;porteq in
the tables, ‘th; reéults fér Method 3 dfsplay ‘a noh-

* monotonic behaviour of the mound height’(goiputed from the
RJ 's ) in approximastely ‘the fourth ddcilal'plac§.¢ This
-type .of behaviour was not evidegt i the results of e;thér
“of the other -ethéds. It appeans that this lack of
.acgu;qcy is gﬁe to spg:ial errors/since tﬁeke is very good
.agr;g-ent ;hen different time eps are used foé a gtiven

"of ' mass 1s algo much lesst

adhered to _.using this w=method than the others. THe .

- predictor-corrector scheme for. moving the boundary 1s,

however, very robust tn this formulatior. The prqﬁlleof °

o — -|

*'predicted negatiVe'boundary positions did not arise,‘éue

o =

i{ ”to .the fact that the radtal distance fro-.the origin to
the loving Mundary being large. Finally 1t appears tgat a

20 x -20 spacial grld vich a ti-e step of 05 13 requlred

't'n order to obtafn acceptgbte nu-erical COnvergence when‘

using Ehis mechods ey T

) . - - Lt . s .
. N .

Ah:ho.ugb not reporteﬂ" in the tab‘lg*s Met hod 1. for the™
hfpotencial vas - also 1-p1e-ented using y;he IO tnstead of
the CG r-ethoa for: tccelorat1ng the convergence of £he
BSSQR iterat;oJ;. The: .results 1indicated that CG s 3
P .. o

approxinatel? twice as fast as 1on vsing, CPU time as a F°
%; ‘measure anﬂ,@u31n§ ‘po= :2 and ‘m = 8 1in ;OH ).  ‘The -}
addi?g&n‘l time advantage of 'Hethpd - over’.HQEﬁo& 2 for
the, p@ientiai:[fs brobibly du:? to/ the fact that' for
i ' : . - . -’ s v ' "
’, . gy R L. }

‘~' e . ....’.4.,,.’,"' . . L. 3 ‘..}.)
. . X
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identical grid sizes the fixed grid of MHethod 1 has lgss * ‘ :
grid points inside the goundar;. Initially it has ahou; ‘ ‘4
gne' third less grid' points 1inaside the bounda,ry\. this SR

a ‘”“"-\ . . ‘A .'>
d,egreacea to only about one Qquarter of the grid .-points ' 1
inside the boundnry at a non-dilenaional time of :vo.:i b 3
. o o

This also po:oibly explnins the better con:ervatlon of ) oo

-
)

aéss vhen \_uing lethod 2 for the potential. ) IR )

]

The deteriorat'in'g accurac}‘ apparent 1n Hethod 3 'fq’c'"

-

the stream function can be explain:ed&by the..‘- ;c-‘ofs‘
spacial resolution at the toe .0f the lcvtug boundtry

Since the speéd of the toe 1s inversely propqrtid‘{l to“‘ (,

¥

.its slope it 1is esgential to adequttely calcultte &his

slope. As the toe ldvances the slze of the grld atc the toe
: ¢ A Do
inereases (see Figure 10 below ) snd the alope.,of 't,_he Epe W
increases ( 1in. ‘po‘.hr coordinates ) th'ul, .' lévering ‘.the'«,_.»_;

fccurlcy of the calculated slope. ' .

~ > a . . ol

& , L ’ . * -
. i . i
H "
1
a ¢ =
e
. ’ ' . .
- -
[
L
] ~
[
\
\ A
s H
+
)
. " i 1.
L.
v
e . . ‘. .
» ot
-
L]
\- f L]
1
A— I3
X & : : .
i ) - o/ N v



=

e T T . RIS
..o T and €he .samrlarity sodut

» .

, Frgure 10 - ‘Thg'_Grid;s for l{e_tlibd 3 at Tvo Different .
‘ L. - . . R .A‘L'ttl:.,‘:*i-"r? | E '. . “”:‘i ::- - .' ‘. i ’.' - . b v T "l-
- . . P v . ":_ .’.- . S : . - " ~- “ -
. . . T ) . - . - T ':_—\ N . »" ot -

The. ;Qﬁiilt&‘g(qc‘e»{ mound 1 pjo@t’e‘d' "at dil;f‘f&égt' @Iqeé_ to

w'c'p\ of .S Unité Fram the results of Nethods.1,2. and. 3,.
S - R N s -' re - é‘-(-,,ﬁ N - P . - o .‘ ; .
nitial condiftiohs 1R Pigure’11. following..

for- the.given 1

-

. F1gure- 1€ SWoWR Lhe results of Neéthod Z .(using .the Trank -

-

T }_’\i €olson ' basged. prgh,icggr-porr,eeﬁt ~te; move  the. boundary - :.

o 1ER et ine step of Atsx’ 105 qhd’ aXf0 x 10 spaciab.grid ) -
e o Tiy e e R LI AN Ty ) . T

- - ~C‘Q".' PR P e, -~ N
ion .;o:thgi Dupuft approximatinn té’

IR . e v,

AP te problem. (gsee Section '.ﬁ:');;,olbt".‘it.huk;- ‘tor ljﬁg's;’ mound

o~ — T . -
o> T ) T, I = A A T
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larger than 8.

Figdrel 13, 14 and 15 show the same co-paflson }or the

same problel except that 8(0) is 2, 4 and 8 and at oime

>

intervals of 1, 2 tnd 4 unitc ‘respectively (using 'th;

Crank .Micolson basad predictor-corrector with time. a:epa

of At = .1 , .2 and .S re:pectively and a 10 x 10 tpacial'

grid). Note that ags the 1n1t1:1 acpect ratio decrgatea

the-solutions look more :nd moTe alike. In particular for

119) equal to & the decaying nound profiles are virtually

.1dentical. This 1-p11ea that the Dupuit approxtnation that

the flow is ealentially horizontal 1is extremely good 1n

. this case. This c.n be explained by the fact that for‘

mounds qf. large aspect ratios, a small drop 1n the moving

C Y

‘surface location in the ‘nin part of -the ‘mound rgquiies a

auch larger spresding motion in the toe region in order to
conserve nati.'As_:-rccult the vertical fluid velocities
';ce mauch smaller than the horizontal ones. It is concluded

that the Dupuit approximation 18 Alndegai‘in' excellent

approximation for groundwvater ~mound proplelt since in

these aﬁpllcnt;onl the aspect ratios are typically even '

.

. ‘“Dastly thc rc.ultn for the initial profile. (u:ing the

Crank™ ltcollon based predictor-corrector with a 10 k 10

spacial gridJ: - , .

[ PN
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g X 3 ) .
Fix,00 =1 - (%57 . (2.8.2)
_X__ .2 o, X _X__ \
F(x,0) = .78 + ( {55 ) ( 3.25 + %53 ( 5 (o) s) ]

(2.8.3)

1 and

‘with s(0) = 2 at time itervals of .5 and 1.0

s(0) =
respectively are giveﬂ‘in Figures 16 to 19~ respectively.
Note that_afébr a short time period the profl\gs of ~all

the profiles of the -

these mounds look very similar to

L . b

1n1t1.11f parabolic mound with the same 8(0) condition.
This 1is especially notevorthy of “the 1initial profile
(2.8.3) which has a substantial ‘humsp' chat .qulckly
dissipates. . &
. ) .‘.
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.2.9 Conclusions -

.-

. -

The predietor corrector 'schegéf for colculatiug new

>

boundary positions. proposed tn this Chapcer is effective\t

e .

and does not require iteration. When the slope of ‘the

A .‘ -‘

“A lovtng boundary 4is. calcula;pd using central differences

7 . »"

(1.ec" Crank Nigolson ) the predictor-eorrector scheme

allows for the qgé{'of qufer tlggfwéteps .for _.a given.
® : , - o CLL S -
spatial grid as 'eo-pargdt to .ug;ﬁi alternate 'one .sided

» -

: s

differences (i.e. MacCorwmack ), v
L X . . :q:-.‘ -

P S S ',gi

The two -ethodé for the ppten;4a1 appearato.have the
sSame gf%bal accuracy Snuce cﬁe globl1*accdracy of néthod
. | . ~—

1 13 second order in space this aust "also be the xase for

-

Method 2. -
; . . ™ - g . ) . ) . -". . - )
+ "The stream function,. - transforne& polar toordinate
. - ’ Tt < ¢
fo%-u}atlon of ﬂethod 3 1s less atcurate but nore robust

R - ’

in terms of the time step selectlon, for a givenwnu-ber

. N 4

S ‘

of spatial ‘grid . points than either of the other mpthods.

This '1naccuracy .appears to be due to the lowver spatial
BN ) T

grid resolution near t he toe of.theclovtng bouhdary
. Fa . - ,‘ . -
: _/
] . . . L J
- The Dupuit approxiﬁation 13 excellent for substdence
~ e . R

mound problems where the_ aspeégt -ratia “(i.e. midfh‘ to

height ratio) ig large.

Y




Employing a regular reéctangular finite difference grid

where subscripts l,j and superscript n denote a qdantity

rs

evaluated at grid point €, = (1=1)h, n_ = (J-1>k, and

™" = AT n .

ytel&s the difference equation:

- n I n rn n

¢ ] . L 4
©1.5 1.3 1.5 1.1, 2i%5 1.5+

(2.7.3

- Cc3 L 2 - co = RHS”
1.7

31,5 1~1.2 42,5 1.,5-2

-

1 = 1,2,...,4 and ) = 1,2r...,NROHSI : .

For grid points I ='1,2,...,M and J = §

f
1,2,-..,NROHSJ-1, where NROHSI~ = integer part of\{'~;£ ‘}

;ﬁh.vhere the five potnt.operator depicted in“Figure S 18

used with h = % and k = % . The coefficients are:
= n
n §_’_'l 2
cs, =21+ (%) ]
s n n — N
‘I-J CJI_J =+ 1 '4
- (2.7.48) .
n
n _ n - g_h H . ~
2,7, ° Cz}“, - ( .k ) ;
RHS" =0
2, 4 -
) P .
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Chapter 3 - K Heate8 Subsidence Mound Problem

3.1 %gﬁroducfiop . ~ . ‘ ) :

-~

In-this Chapter the effects of adding heat through the

AN

moving boundary on the subsidence léund problem of Chapter
«+ 2 are 1investigated. Again, the tppiicationa of 1interest
. come from groundwater hydrology where the storage of heat

in geothermal reservoirs is of interest and from petroleum

~

engineering where the in situ heating of oil in tar sands

’

18. of 'interest. _The latter 13' an  extremely complicated
situation where steam, vater and’/ otl are all present in
various regions of the oil reservoir. One approach to the

Q1l recovery problem is exemplified 1in Douglas - (198S)

vhere the saturations 'of‘ the various components in the

assumed homogeneous mixture ar; the (,nrznbles. Baitc

.

physical lavs as well as empirical relations are then used

. ) to ' formulate a systea éf; partial diffefential equations

. R NI e

for the saturations and temperature in & knovn and fixed

domatn. The goal of these studies 18 to lccuraée;y

predict well recovery rates,
\ o 4

. & P -
« v .

The approach  taken. in this study, -hovever, 1is one

- where the nov;p'* bouﬁda}y‘ nature of the proble- is

Fetained wvhile other aspects éf ° the problen are

simplified. Thus to the subsidence mound problem from

Chapter 2 are added density dependence on temperature 1in




the bouyancy terms { Bousinesq appr&xilation ) as well as
viscosity dependence on temperature. fhece' dependecies
1;troduce coupling between the equations for continuisy
momentum aﬁd energy conservation. For convenience the
boundary condition on te-pe;ature on the- moving boundafy
is that thé tenperatﬁre 18 known there. This is an.atte-pt
to approximate the phas;.change 1n-the steam/vater which

releaceg energy at a fixed temperature.

The problem Tis fonaul,ted in termg of & stream
~ function and normalized ‘temperature 1in both Cartesian and
‘éolar Eoor&inateg and the -ovxni'do-ain is fixed via the

coordinate transfqr-ation: of , 'Fhaptgr 2. Finite
ﬂifferenc; methods are used to solve the rgsulting syste;
N .

‘Bf nonlinear coupled parti:i\\differentlnl equations and

the results of both approaches are compared.

= Th—

- g . e 4l e - .- — i -
‘“‘"._ ‘W"“,‘ p . >, ?’ ) . .,

-
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- ~

3.2 Eauations for the Flow of "Heated Fluids Through a

Porous Medium .

-

- To obéiin the wmacroscopic equations for heated flow
through " a porous -ed;u‘, in the spirit  of the " type of
model 1in 'Chapter 2 an energi galance cquatiqp 18 required
in addition to (2.2.1) and (2.2.2). The desired 'equations

are given 1in Combarnous and Bories (1975) as :

b ~

X Pg-% + 3. cpqr=0 o (3.2.1)
2-3-3+9:¢".3>"=§ +pg -k (3.2.2)
P at P q q P - 1 k @ A

. where T 1s temperature, kRp, = (pc)” and (pc)® are the heat

capacities of the flutd and solid respectively, &, = (pc)” .,

is the effective heat capacity of the solid/fluid which is

defined as: . A )
. - . - ' TN : ‘
(pc) =F'lpc) (1 - P ) ¢ (pc) P 3.2.48) . R
. , . ‘-~ .
. /4 ) . . T et.
and A ‘18 the -effective thermal conductivity. ~Again- an ..
* .equation simsilar to (3.2.3) can be dertved 'us;hgv the
volume asveraging process as shown .in Cheng (1918). /’.. ‘.f,-A.-h
. ° . N . o .
. / - . ‘ ’ ’ - / ) ’ - ' Fo . Cos
' 1 . L. . N .
. . T . o - . oo ! .
s B . > - [ .
i N ) ' » .’f'. .
- L oA . "“ﬂnuxmwfﬂ"vwmvﬂa"v" . y . ~




The simplifying stu-ptiéns made in this work are éhat
the porous medium ha‘ constant po;osity,vper-eapility and
heat cap;ctéy and that thé- fluid has constant heat
capacity and. that‘~the' effective- thesrmal conductivity 1is

constant. The .equations of lfate are assused :8 be:

P xp, (1 -8 (T=-T,) ) (3.2.5)
1 .1 I _=_T,)= :
. b, 2T 1® (3.2.6)
. . ~ .
o .\bhere 8 1is the coefficient of thermal expansion of " the

A

'fluid.and-er is a reference Eelperature‘dtfference used to

"fit to experimental da?a. Model (3.2.6) 1s taken as an

. apprqxiiaéto“ﬁor thc.viscéaity of o1l with m ‘about 3 to -4
. (see Butler, McNab and Lo (1979) ).

° .
. ‘ .
. "" . ) N .
: . .

. . FurtNermore, variations in ‘density are neglectéd,
except in’ the bouyancy tera p; ¢ this 18 called Boussinesgqg

flow ) and as in Chapter 2, the filtration velotcity, 3',-

. 1s assuméd to be small and vary little in time or ip.ée.

Thus equatiors (3.2.1) and (3.2.2) become: <

. *
: A A BTN 4 TS
. v : LA .
+ K ’ »> '
. qQq = - » ¢ p-—-p g ) - (3.2.8)
. . 1. o - ’
N L .
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that:

-

Howvever, since

potential

Ll

)

[ 4

_problew - of

the

Chapter

o =X ¢ p+o,gz)
Mo

P
url

. 2. with

o
-

of a does

the

conditions on temperature, namely:

*"on % * 0 v >0wnd 6, =0 ( tnsulsted bottom )

additional

(3.2.9

-

not vanish,

does not satisfy Laplace's equation.

L

s .
A potential ¢ can be introduced, as 1in Chapter 2, such
[ ) - .

- .

the

The Dboundary conditions_ for the heated subsidence

mound problea are the sgsame ;' those for the _unh;ated'

boundary

\\\ .o
on x =0 , u=0and 0, = 0 ( symmetric mound )
on z = f(x,t) & = Q-ﬁ“ f(x,t) ; 0-= @_, 1 given )
P ° - - .
N (3.2.10)

o .

f. = w - f_u with f(s(t),t)

and f_(0,¢t) = 0

and finally on x = g(t) =

) »
- ' *

Similarly the ‘initial conditions. are that f(x,0) , 8(0)

. and 0(x,z,0) all given. ' .




" A8 in Chapter 2, no microscopic det_ails‘ of the
physical s.u:uation at the aultiphase 1nterfa’ce that
comprizes the‘ lovil;g boundary h;ve been 1nciuded. Thus the
boundary conditions at the toe of the moving boundary are

L
derived from macroscopic, zero heat flux and no flow

conditions- Additionally, the condition "that the

. temperature 1is a uven fixed conctant anng the -oving'

Y

boundary is a ) first approxination to the phyucal.' '
cituntion during -the " in situ hea:tng of heavy pila In
" this case, most of: the heat releaa_e 13 due 4:0 a phase‘
change in ctean/vater reieuiag heat at i. relntively ftxed-

telperature. T‘huc,.\ for c}uiple, no‘:ccount is made .in the.

4 . - -

» : o
current lodel for pr&wrt chtn(e,, chemical reactions or .

- . @ -

. an energy balam:e acroqs ’the -ov'_iin: boundary. .

A 3 . -
Ld , e

92



3.3 Statenpnt of the Problql
s&ived

The' problea to be

below.

is depicted

in Figure

z -
- z = f(x,t)
- . .0
\ ' : - A o-b o
f-. . x
- . - x a2 glt)
R S . bl R : r‘. LS 1' . -
SR ~.-Figure 20 - The He‘ted Sublidemce lgund Froblel R
. ] ‘ - . St ': . . M “-:’ - ) . . : ‘: ‘\'-‘ -\_ j. - :“- .
g ‘ . S R
. ) : R -k . L L f
SR ' Upcn the introduction ‘of the. noﬁ'd’ §'_jonaTiqﬁanttbtcs-
H -8 - ~ . . Yl o B T“ M...'- . ‘"' ?-'\._w-. -‘u :,,:;-‘..--‘ .’:‘. o
; ke n el SR I BT T
. . :‘ x" = %_: f:n‘- z o fEN,'!g ,"_,V "5;..% ‘:"::".T. . ,_:_ ffl ~-——:,-~
1 . T ‘ ST T O Rt
| e : e~ = . h S : I
. e L H N S
- i ) X A_Ra £, p' R —,—-1-'—-' p ., QqQ* = —~%=— a v (3.3%1) -
. - AT a, . ook BT ‘. A Ra -
- ) . - . _ 3 . - .. . ’ . ' ) ] . \ . -
'3 ) - - L [ 'f'.l T - 'I Y ,
» # =pear,p =@ ' B s T22te %
p i p oy " ¥ T b ' _ AT . T
e - - A - ’ ~ .:\.Q‘
”, R n (. s
] . . h ’ :_.:,_. o
A o i ‘ . -’, M.
— - ;_:!"; o Ty .
- N ST X
[ _ . - ~ .' - " - L '\';',: ~ ) .
- - TR D
. s N

20
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vhere H is the intitial l;eight of the mound at the central
I;ne'of syametry, 6 is the non-dimensional temperature and
wthe Rayleigh nuaber, Ra, 1s defined as:

a,k p,g 8 AT H ) -
Ra = 2% 2 ei ______ : : (3.3.2)

The non-dimensiondl field equations are (dropping the

primes): ‘
$.3 =o ‘
3_' T ( ) AT - o k) .- 339
ggi'_;%‘v’a“‘fl [* g_gf _o;).)

-

P

vhere k is'a unit vector 1in the z direction.

-~
y .

-

94

bpon the introduction of a stream function ¥, such -

" that:

a, 8AT i
(3.3.4)
i - 3 x - e 4 T -
.- Pw 0% ( gaz ¢ o)
‘. - s '\"

’v‘

PR NP |

Y P

T




—V !.‘

" :

* Thus ~ the equations . involve the four nen-dimensional

(3.3.5) i
. A
a8 _ 1 ‘ - 1
at Ra ¢ 9:: * o-c >+ er " 9. tz g
. ‘ ST e -
~Tﬁgvboundary_q§nd1ttons become: !
WEE o
ong =0, 9¢=0 and 6 =0 - . )
onxéo,_t'rfo and O.zo
. - : . _ 1_ ]
on z = f(x,t)-, 9_=.o_h L A °:°(.Ear - 6., )
o a, ~ o o ’ A . :
kand f_ = C,E_( L S ) ~ o 65{316)

" with F(s(t),t) = 0 and f(0,6) =0 <

~ ..
and finally ‘on x = s(t) ,

- 225 ¢ (geer,e) @ 1 _ o 5
§ =T agp TLIS0E00) 8upl BAT T Oas

. ) ! ’
o byrran Mg < antinr aers JONAAPMY da ) oK Ay se

. a . oy .
parameters: Ra, ;%%”, 8 AT and =
. - - x -

—

’
L R PO AU

Note that & different ‘nornalizatton. could be used

.that would result tn the Ra}letgh nﬁ-ber. Ra, apbenrlng

~ . .
vith €the convective terms 1in the temperature equation.

4




.
’,
*
13
)
,
ol u's Al

This is not done here itncé the fnterest, in this study

.,

liea wvith loderate Rnyleigh nu-her ( 3.e. Ra » 1) ana as

- a re:ult %. should appear in the equations ( see Roache é
. . ) . 3
(1972) ). = o : - 3
- . -
' ’ ' . hY
As in Chapter 2, the above problem can be reformulated \k
in termas of polar coordinates, (r,¢), aﬁ follows: ) s b
13 F .= "1
R A IR o(!'_or+r,v.e.)
L o
e _ sinig) A
= @ ( cosi(¢) @ S 8‘ ) e
L (3.3.7) 1
. ‘ | . é
QQ- _. !.... 1 .a._ !. 1 - ) 3
-t B Ra r or ‘-:“ r er yo+ r’ a‘. ) + r ( ’. or "r 6‘ . -
. 5 _ 1
with on ¢ =0 ,- ® = 0, and .6 = O
. ' 3
R on ¢ = % ,. 20 and @ =0 - ;
R on r = 0., y = 0 , O’ = 0 and -0 = 0 i
M Y S A o
and on P> R(e,t} , 06 =0 (3.3.8)
. SN (-1-- )(am«ugo.{;)
Y - R PO ,_ -b 8AT. -b ‘ [+ ' . s}
- . . - ‘§'
. - ° 7
- . a - - A
2 1 > '
and € s - N R'( R ’r + ¥ ) .
. ' - N S,
. ! '1\ \A .‘ ° ) .‘ '
. : vith R (2.6 0= IR .
v . \ e ’ N \
) * . o .\'\

N . : 3 N o
. P cb e e ' gemetews .\ K R
‘ FE R



N
. .

Fn.u.lly.' the initial conditions are that R(¢,0), 6(r,¢,0)

and 6_, are all given. .
N ’ ' . .
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3.4 Review of frevious Work -
’ . .

The problem presented in this chapter has apparently
not been studied in the past. This problem differé from
past vo}k~ that computations with the " combination of a
Bousinesq fiuid with temperature dependent density and
viacoiity and a moving 1nterface with heat dinflux 1into: the
fluid 1}ong it have not been reported.

' )
Although 1n the present heated subsidence wmound

problem convection may not be that important due to the

flgt that the heating 18 from above, the classical problenm

of convection 1in a porous sglab 13 sgomewvhat felat%d in
terms of’coiputattonll methods. Numerous studies using the
type of model descibed 1o section 3.2 appesr 1in the
literature ‘vith regards to thl'l convection 1q a' porous
slab problem. NMost of this wérk hag focussed on the hydro-
therlil aquifief applications vhere the onset on
convection and stendyfsﬁate con#ection patterns are of
interest. Reviews 'by Combarnous and Bories (197S) - and
Cheng (1978) d;sFuas both approximate analytic and
numerical r?sultg. \

Several recenf numerical studies on steady-state eﬁd
tran-ient convection 'pitterds as 'a- result of ‘several

-

different heating configurations inside a porous slab of

‘various aspect rattios highlight some relevant ' numerical
. A .

-

—— - s amee ks ra—m
.

S8



- difficulties. . .

.

' Hickox and Gartling (1981) vused a Galerkin fintte

element approach to solve .for ‘the steady state convection .

L2 -
¢

paftern in & closed porous box with end tg end telperatur{
difference. They  used a Bousinésq. fluid wirh A linearly
temperature dependent density. Successgive substitution vas
used to iterate Dbetveen the pressure and temperature

equations. Ags * the Rayleigh number was increased

convergencg was achieved by increasing the éonvergence

criteria tolerence ( e.g. to 10°% for Ra - = 200 .

Numerical results are reported for Rayleigh numbers from
* - :

‘e 25 to 200 Qnd aspect rat}oQ from .1 to .S

Prasad and Kulacki (1984a) used a coﬁser;at1vé finite
difference apbroach' tq. solve the same problem and  one
with - constant heat flux along one --wall (1984b) for
Rayyeigh nﬁ-b;rs from 100 to 10,000. Théy used point
succesgive substitutionl"with a relaxations scheme to

obtain convergence to .1 percent.
Loh and Rasmussen (1984) also solve a similar end to
end heated porous slab problem but with a free %Hrface.

.. " They used a coordinate transformation to map the domatin

. )

into a box and used standard second order  fintte
differences vith a 'spccessive ~substitution iterative

scheme with overrelaxation to obtain solutions tor




Rayleigh numbers from less than 1 to 1,000. They
concluded that the free surfage had little effect on the
problea and that the steady—stase free surface vasg

almost flat.

o . -

Gary and Kassoy (1981) studied the trans1ént-'

convection patterns in a porous slab heated from below and
filled with a Bousinesq fluid.' They used a fintte

“

compared an Alternating Direction I-pliéit, ADI, method

difference ‘Poisson solver to solve for stream function anj;:\\\",

.and a Rungé-Kdtta-Fehlberg. RXF, method- for calculating

e

tﬁ:, tqiperatures: They also tried various schemes for

dealing with the.tg-e dependent coupling terms betwveen the

1

equations. They concluded that the ADI method was more
efficient than the RKF method for computing steady-state

solutions while the ri;erae wa@s true for oscillatory

solutions. They reported that fourth order spattal
derivatives were ‘more efficieﬂt for a° given accurac&z
Additionally they found a - predictor-corrector scheme for

the coupling terms to be more stable than ah extrapolated

scheme. Finally they reportgd various differént steady-state
solutions for n.kayleigh nuaber of 49‘ depending upon the

-inttial conditions. ..
et /‘qi

b4

Horne and O'Sullgvan (1978) also studied the transient

convection 1in. a pbrous slab heated from below. They

attempted to use a fluid closely matching the physical




L]

properties of wvater anq’thus tncorporate both a quadratic
dependence.of ﬁehs;ty on t%-perature and an inverse cubic
dependence of viscosity on ,temaperature. They reforaulate

the problem 1into one involving eliptic equations fer

pregssure and styéi; function ihd a parabolic equation for

‘the temperature with all the coupling terms in Jacobian

form. This allowed them to use Arakava's finite difference

scheme which semi-conserves .the kinetic energy ©of the

fluid. Fourth o r spatial differences vere used
r .

\ : «

oscillatory and r;éhﬁor oscillatory convection patterns

—

throughout their éalcdlations. Thei reported various
for Rayleigh numbers from SO to 180.

.

.Gfeydanuq (1983) stuydied the transient convection in a

-

_ closed porous “slab heated from below wusing the sanme

goverplng equations as the present study. He performed a°
linglr stability analysis and found the cr;ti?afd;ayleigh
numbers for the onset of convective 1nstab111ts;s to be
approiilateiy 280 ang 4117 gor values of the parameter .a 16 \
the viscosity temperature relattonship of 3 and &
regpectively. He at?e-pted to'calculate the steady state
convection patterns using a central difference Dbased
finite difference . quele for the stream fuﬁction and
temperatugre equations. Fourth order spattial differencéé;J' R
.

vere used thrbﬁghout. An SOR .scheme for solving for the

stream function values was combined with an ADI scheme éqr

the tempersture values with iteration befueen the =tvo
' /

>y - B e R Y y s
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"equations. It was found that the ere difficulties 1n
[ ]

obtaining cgnvergence to steady state, especially at large

Rayleigh numbers and vhen finer'grlds were used.

»
v

’ . ’ ' 4 . \
. . v

In supmary it appears that finite differences methods

can .be effectively used to solve transient convection
‘. :

problems, at léast'for Jmoderate Rayleigh numbers. Second
. a . )
.order differences inh space and time can be used but fourth

order spatial derlvat}véﬁ may be more efficient. ADI
methods ;ppea} tqt y; effective for calculating steady
statd’ solutionsz_ Finally,: successive substitution with
réla;atloé 1; th; ;iunL method for handlfng the coupling
. betv;en the‘various equattions. - .
. N
. For the heated subsi&enge'-ound pgoblenf the.inte(est

.yol1es in the "€ransient ﬁehaégour of the boundary. In

Cﬁopter 2 it wvas foynd that the 2oord1nate trangformattion

is an éffec
. . - . ,
Thus it is t1dtended to solve the problem i1n a coordinate

in, .using the equations as derived in the

ve wvay of dealing «ith>the moving boundary.

transforned do

major problems .not dealt with in Chapter
¢

2. are the addition of a parahplic'ﬂf1eld equation for ,
: /

next gection. T

} . . ¢ . '
temperature equation., and the coupling terms betwveen the
- 4 .

f;eld'cquations\ Due to thé appearance of time and space

%ependent coefficlentsxan¢'a mixed second derivative Cterm

¢ he transformed tenperiture ‘equation, the schemes used .

the above researchers ‘are not applicable. The method of
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_successive sybgtitution vith relaxation 15. howvever, e

3

applicable ¢to hal;dling the coupl‘ing betwveen the .variopt

. ! . ! : .
equations and, as presented later is effective. " ° . S
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3.5 Numerical Hethod

3.5.1 Coordinate Transformation

The stgategy in the development of a numerical scheame

for_éhis probles was to attempt to use. methods siiilar"to

those. for the unheated problea of Chapter 2. In

particular, the coordinate tfansformation wvhich wvas. used

7 -

to fix the moving boundary vas adopted. Thus as in Section

2.7.1, set
= X__ = —E___. n B = t e ’
=3y » 2 Fix,t) and ‘Tt =t (3.5.1)
- ; .
The transformed problem btcomes:
2nf g‘ + n’f‘
- ——— L b 4 cmm—geae- [ 4
'tt f 'tn ‘. Tl ’9" * .
n_( f fee -2 £) m fe s” + n‘f;
- a - -, —_—— —— *
[ - rad ’_9. ( f O‘ raAl 9.’) ) *n
+ : ( 2—:‘ g .- @6 ) = ( e - ——— e ) "™
e f s c ) ¥ = ° . .
) , . . .7 ¢(3.S.2a)
’ - -
~ . )
S . .

104



—— T =

(3.5.2b)

»

Vith ¥ = 0 and 6_= 0 on.f = 0,
.§=0and’0”-4'onn=0, '
¥ =0and 0 = 0_,  onE =1, '
and (onnp =1, @9 =9, , o
2 . = - 1_ . 5
(8T s f N - ff ¥ = fo Oan € BaT = Oae ),
. . . )
. "} 3.5.3)
- __i 1 I 3 - I P S .
) and  f_ ( ¥e - 8T fo fo Ous ‘. BaT “ un:t ) -, .
. t’i ){ . L. -
. .' )"/,/ h ’
. ’ ~ . /; R
vith f (0,7) = 0 and f(1,7) = 0 : -';fjft B Sl
. - ,J*;é :"'_‘ ~
A . . o RGOS
d finaly . bt 88 f" 1,%) ¢ i
and fina y s = alp ;x ! 1-&?::2’BAT 0., ’
Lo »-""
’ - The ad&itioni} difficulttcl introduced iﬁto‘ ‘the

equations by the coordinate trnntfor-attbn ire' the

appoaranco of wmixed derivative terms and time depéndent :

c°eff1ctcntl for the Laplacian teras.

‘
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formulation the

Siiilnrly, in the polar ®* coordinate
transformation (2.7.19),

moving boundary 1s fixed using

that 1s, o

U S
£E=¢, n-= R(e.C) and T = ¢t (3.5.4)¥
The transformed problem is: .
ag o

o 2. @ . - v’ ']
AR 3 - ’ - - . +* -
nt¥r+o ,‘Bn N n ) 3 ? u-‘tﬁ TK N ac

( {e1+0250 -noe )e +(-nce +0) 7‘]'

-

- s1n(E) 6 )

’

.= R O'-( n ( cos(E) + o sin(E) ) Gn

" 43.5.5a)

st GRnc1edh om0 - 2aee  Wa )

_1_ - - %1
* [ ( !a 22 a P ,c

n=1
o (3.5.5b)
A
vhere o 1s as defined in Section (2.7.1) and
o .




vith on £ =~ 0 ,~!:0‘and-n69"+0“

on\E = , ¥+ 0 and 6‘_ =0 ,

on n-so,>!=0,0=~0

and on = 4§

I o sincg) + cés(E) )

N\

, T ) = 0

~

Aga:ln.‘ the - coordinate transformation has introduced mixed

derivative terms as vell as time dependence 1in the

Laplacian'¥ coefficients..
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-3.5.2 The Stream Function Equation .

4 3
-

The finite differemnce’ schemes foj stream function

equation are similar to those us for Héchqg‘f*fbr.éng_
potentiah:1n:€;;ns£6riéd'Ca}tgqian_coordiégtes and Method
3 for the streat_functifn in transformed polar. coordinates

in Chapter 2.

-

That is,  imn . trinsforied Carbe:&nn" coordinates,

-employing a . nine ﬁ;int‘;dif?erencé molecule at 1interior

points of a rectnngﬁi&r grid tdentical to that in ‘Section

- - -

2.7.1, ‘yields the ’f&lloﬁing~ difference equation for _the ;

stream function: S : “ .
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vhere the coefficients are: ) .
Co =2 (AT + " + 287 (e, -.af
%2, 2.5 2.7 . 2.2 2,7 - 11, .
: : . - \?— ’ -
. = A7 + 28" (ay - ag ) + E° :
2.5 3.3 2.7 2,2 1,7 2.7
~.C3... =C" + 28" (a3 - ag ) + D7 '
2,2 X, 1,2 I 1. 2.3
s A" "+ 28" . (@ -a7 ) - -
' 1. 1, 2.7 z.9 1, 1.1
. - o
» n n n
. o= "+ 2 B ( - a ) -
42,5 . c:.) ~ 1,3 2.7 11, 1.3
s." . = C} = 2 B" iy . }csqs.e»
1,7 1.3 1.7 1.3 ' ‘
n :‘°‘ n L4 ~
= = - 2B a
1. 1., ST T,y %2, .
- i’- N
... - .
RHS” = g™ ¢ ¢ - »*™* ¢ n* 1.°. + h kg 1.7 S
2,2 S 2.5 . 1.3 "xr.,
N n ) J -7 i | n Co.n
vhere A ., 8" . c” " ~and  ajy are as.
- I SR N r, <, . 2.2
" “ . . ! . . '
..' . - .' P . ,-: - ~,\‘
defined {n (2.7.13) and (2.7.14) and .~ ., = <0 ,
' _ . e N e .o ' . . . =
- ie L L L7 ST . P S CONUN
P . s ' - s : N N .J
o i . " > R S T ' o N ) -

PR . -' . . . . .
L ;.:Qli_zzi_fzzi;.k £3__+f5 4 = FR. - £3o0%72 v X

D 4 . . o n, 2 ’ -. - = . - E
T . . 2 K (f)) . - L \\<§
. . e . . \ » i . . R A R -,,

o ~ . . . ! , ":\\‘
4 n Y. ”n n ' B
/ - .' ‘ B ‘ . + C "' , ‘ b . " M !
- ’ . ’a’.’ 2, ”, . _‘n 4_ "‘ 2 aJ R * . . 1]
. . ¢ . B A ‘ v ' Yo, "
. ’ . k. T v\ ) .
' - - ' - - Ny
, [ < ' - + ', \ ' . L] . ve
- P . . ' ) “e
[ . . K4

Ne
-



2,2 2,9 T2,y 2,5 ®a,.y : i\
- ‘\ A R
t et ¢3.5.9) 3 .
B ~. - !
n n n n :
n . _ 1 ( 105,57 % ., . gi&z_--gizaga') t
L 4 h n n n n o .
1.7 0304.5 % 02,, Oy ,*0,.,," . '
h L4
n n n - n -
n  _ 1 ( 81,422 7 % .., g-L;:___LL =2 )
[, ] k n n n n
2,7 91,101 + OI,J 91.; + ez J=-2
) ///
H
To complete the system of equations for the stream .

function values the Boundary condition on d = 1 18

discretized as follows: L f
1 ‘
4
n ‘ -
1, N2 1e2, N"2t 1=2,Ne2 ;
3
. +cC" (3w -4 9+ ) - !
KN 1 ,Ne2 1, N+»2 2., M 2, N—=2
=2hs" 8" ( - - 9" ) (9" )™ (3.5.100 -!
. 1, Ne1 8AT 1,Ne3 2, Ne1 . » ;

1 = 2,3,4,...,0 4 .o . .

Similarly, the stream function equation in trandfor-e&
polar cbordinates . is - $1lcfetlzed using ‘a nine point '

difference molecule on the grid 1introduced 16 Section:




¢ . . . . .
.

- ~ «
.o . 111
2.7.1 yielding equation (3.5.7) above where
L]
&
= « A" + - " -+ 28" ( ” - af ) )
. C:I.J 2 AJ.J 1, CJ.J : 1,5 + 21, 11,
Y = A" + 28" | (aj - a) ) + E”
1,7 1.7 . .y 1., 1.
D ‘
¢ "Cg - = ..c + 287 ( a; -.a} ) + D" .
‘ 2, Jezrz 1.9 . 1, 2, 1.7 1.0
AN » )
2 = A" + 28" (a} - a7 ) - E° ' .
32,7 1.7 I a’l.: 11,4 2ty
. = n * n ( n - ”n ) = n .
R . Myexrz Caly 28,5 %y, " %y, 2.,
n Y. n n
. = .= . (3.5.11)
C?I.J C’J.J 2 Qz.: %1;,, .
n n (]
) Ces. s 0., - ¥B, %,
RHS™ = h n R" ( 8™ )™"%( - h sin(g ) Tg N
. J 1 1.y 2 . -
\ : - ‘
+ - n ) + (E ) ) ) .
( kK B ' s1n(g, h n cos £, T:x,,
Y . . e " -
. - R . - . - '?
vhere A" |, B” , cT. , af and aj are as .
. 1. 1.5 1,3 b I 1,1

.

defined in (2.7.2ﬂ)'and.(2.1.25) and

.

1

D T T
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. -n h . 1
an  _ 2N (h - .
A DI,J 2 ( P )( E:-:/z E;-x/z )
= pgn pom +kn € - T." ) N3.5.12)
. 2 1.9 " %a.5 a2 2,3 "1,y | T

1.3 2 1,3 M1,y €1,

and where L” and " are as defined in (2.7.27).
2ez2,/2 -2/ 2 .

Again the above difference equation is used at all

grid pointq in the interior of the domain and the boundary

condition on n = 1 18 discretized as follows in order to

form a complete systea for the unknown stream function

values:
14
-

n
- k B X -

1,Me2 2e2, N2 =2 ,MNe2

-

- n (3 : - 49"  + 9" )

I1,Ne1 d., N»32 x,

= h ¢ ¢ R" - R" ) sin(E ) + 2 h R™ cos(E ) )
le1 1=-3 a 2 F 3

__1__ - n n ' ‘-
( BAT .01'.” )« 01’"“ ). (3.5.13)

1 =2,3,4,...,H

- e —— PR P pos A,

112
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the that the local truncation error of all the above

difference equations for the stream function is O(h*+ k*)
The system of linear equations for the streaa
functions have a similar structure fo those in Chapter 2
. for the potential of HMethod 2 and stream function of
NMethod 3. Consequently, a sinilir oM iterative
proceedure with BSSOR preconditioning 1s used to obtain

the solutions.
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3.5.3 The Te-peraturé Equation .

The <choice of finite difference schemegs for theg
ﬁarabolic temperature equation is- much -;re c:=p1ex than
that for the stream function equation. The desireable
propertiegs of such a scheme 1n the .current context, are
that it be second ord;r accurate 1in time and prce.
unconditionally stable in a linear sense aﬁd that it be an
alternating direction implicif, ADI, like. " Relevant
papers onilhis subYect have been\bublished by Warming and
Beamn wvho have derived a general two step.ADI scheme for ;
second order patgﬁolic parzial differential equation with
maixed derivative term and ci-e and Sspace dependent

coefficients ( but no convective terms )  (gsee Beam and

Warming (1980) ) and a related scheme for _mixed
parabolic/hyperbolic systems that can_ be written 1in a

conservative torm (see Warming and Beam (1978a,b) ). Thev

.~ N

also show that no one step unconditionaily stable, second

,brder in space and time, ADI scheme exits—when tmere 18 a

pixed derivative term present in the partial differential

equation. v/ S .

NG
Briefly, the difficulty in formulating such ADI
schemes lies 1n the splitting of the mixed dert@attve term

in 'hn, ADI manner. Beam and Harnlng\ resolve this  bv

treating this - term explléftly.~ U%fortunately the
oL ‘ ¢ .
temperature equatrion at hand can hppgrently not be written
- ' .. . ‘ -'ﬁh‘~".
. S .t - . L 4

.( | ‘: ‘ .

: g | L -

Y - ”'WWT
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in the form required to ugse their mixed - parabolic-

hyperbolic scheme. Additionally the ;nalysis reqdired -to

prove the stability of their general two step scheme

o
-

extended to 1n€1udg convective terms 1s extremely complex
&8 the location of th?'roots of a quadratic yith complex
coefficients must be established (see Chan (1984) for more
details ‘on the application of a theory that gives
equivalent conditions on a polynomial of reduced order -
emaploying this‘ theory to the present cage, with first
- derivative tern,, apparently does nét give simple
conditions on the relevant parameters ). Furthermore, both
schemes require’ that the time dependent coefficients be
evaluated at an 1hterledigte time betwveen the currentvand
advanced time levels. Hovéver? since 1in the present case,
these coefflcient: depend en the boundary .position and
stream f;nction wvhich are unknown at times other than
pr;viqul time levelg, this poses a great difficulty.
.Under certain choices of the felevqnt parameters, this
intermediate time 'vill’wcorrelpond to the advanced time
level and as a result thi; method -coula be wugsed with
iteration. In any_cale, sin;:\bhec£ schemes are twvo step,
a one step ADI scheme with 1lowver accuracy 1is recommended

for the first time step.

"An alternative to ADI schemes is to use a bastic time

- -——
]

"8, differencing scheme such as the Crank Nicholson scheaes

e
. " discusseéd in Section 2.7.2 without attempting to split the
[ L [] . ) P (4 .

P
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spatial operators. As poiﬁted C§t in Section 2.7.2 the s
3

only second order in time one step methods are the

tmplicit mid-point rﬁle and trapezoidal formula. If the
P .
former 1s used in conjunction with second order  central

differences for the spatial dertvativesd ¢the resulting

scfieme 13 ‘unconditionally stable .in the 1linear sense.
Since the coefficients of the dpatial derivatives must be
-« :

evaluated 1in the middle of the time interval and are

©

coupled to the ~§trea- function and boundary equations,
* »

this method cannot be used. On the other hand if the .

trapezoidal formula wvas vused, the coeffictients would be
required only at the current and advanced time levels,
however the unconditional linear stability of the scheme

has not be eséablished.

Due:s to the above conaiaeiations, and the desire for
Qt-plicity the backward Ewuler method, a one step schenme

vas chosen for the temporal derivativé in the temperature

equation. Note that this method i3 first order accurate in

time. It 1s easy to verify that this scheme in conjunction

with second order central differences for the spatial

’ .
derivatives 183 unconditionally stable in the linear sense
( due to the parabolicity ‘of the gpattial operaCQé 5. This

scheme requires the solutlbn of a -large banded systbu of

linear equations similar 1in structuyre to that for the
-

stream functipn. Thus the same 1iterative method of

solution (1.e. BSSOR preconditioned IOHN ) 138 used to solve

<

- e -"\g—.-- et S AR LR X \
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for the normalized te-peratﬁres. che'thit the number of

computations réquired for each BSSOR iteration that 1is

required by‘thJIIOl method 1is ;ppro§1-ate1y equivaient to

~

that required for one ADI step. Thus since the IOM method-,

-

is used to solve for thg ‘‘stream function, using the -

currené'h method for solving °. for the temperature
approximately doubles the co-putatidns required for
finding the 'stream function alone .vﬁile using an ADI ¢
method for the telperatﬁre equation would ad&
‘;pproxilately the cost of one anitionaI 2§Sdk 4teration.

As a result it 1s  expected . that . for this problen, .

incorporating .an ADI method (if parameter values could be

found so that it Dbe uncondi;ionnlly qtable) be would

[
- b "

roughly cut CPU time in half.

L4

“hen the backward Euler wmethod is used, for the

temporal derivative in the normalized temperature equatton \

( first Jwrder accurate 1in time ) and the .spa§1a1

derivatives are discretized using nine point difference

-

molecules similar to those used for the stream func;ion‘

equation ( second order accurate 1in space ‘)the resplting

difference equattén for the normalized temperatures. is:
\ . .

) . N :
N -

- -
2 N . s v ~

- .
.
a 9*-’»’9-:--':”&:‘4“.--‘-"-... v———. . .t .
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ne1 a1 net net, nes nex =
©2.5 2.3 21,59 21e1,y 21,5 2.3z
- nezt nes nei nes A1 nez -~ -
¢ - C’ ) - Cq - Cq I -
2.9 -2, 1.9 2.9=2 2, 2ed, g2
s -
- s "
ne3g Al - a1 net - aw21 ne1
€2.5 T1-3.5e1 . T71,, T1-2,5-1 2.5 T1e1,45-2
N . L Y
. \
. N
. B n
- . = RAS (3.5.14)
I.J

l =1,2,3,...,8 and J = 1,2,3,...,N

wvhere the coefficients for the trapiforled Cartesian

coordinates version are: .
-2 éz' z ne -y
' c:"l"i"n (Ra u"’-“) "r."_.’c:,, g
. x . . ) ‘
N oL IRT T ax [ p nesg . 1 ) .
2 .0 p* ' Ra (8™%)* T1.s 1.7 "[/'/
N nel - - 4! . 1 ne g neg .
o1, h* [ Ra (s""*)* ?:l: *0,., )
n<2 QS 1 nv-l‘ - -2
' €s, P R* [ Ra (g""%)* AJ,J s:,; ) . e i
nes L QT ( _____ 1____ pees  _ paes ,
C.x_.’ = h’ ( Ra "ufx.,‘: CI,J Dx,_y ) ‘
b -3 = 4! 1 _ ne it ) :
C.‘  J = C:J » J ,( 2 R. (‘a“,’ )‘B"J '(.3-5.15)
ne3 . = A 4! 1 ';.‘
. C‘x . C:1 . [ 2 Ra (87737 ) 1.
n F. .
i RHS.I,J = 01_4
° .a . - .
-« o . .
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where A:': ) B:'; and C:’: are as defined in (2.7.13) and

nel

S Y

I Ra (g™"*)*

k]

-z - -4
nes- . Yieg.5 7 ¥aoils -
L PA) h : ) : :

’uo 1 - -g -
nex _ s fared___“d.2=3

"JIJ-A ® . ) —‘,_ _",
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Teo 'copplete the system of equations for the ney
normalized temperatures the boundary conditions on n = 0
and £ = 0 are discretized and incorporated into the above

" equations as followvs:

>
on n =0, B"* =0, D =0 , S ""' =0,
] 2,2 . 1.2 . c Fa,a
. -1 -t - £
nes (23 $is t A ¥ - %7 s} }(s S.17a)
Bl B " 2k <9
and e™"* = 0”"% for 1 =1,2,3,...,M , -
1,0 2,2 e
‘ Y -';
' neg L T neg - ) °
on £ -0, 2, =0 q:.J =0 , 5,77 =@ ;
) ne 1 -q nva . -
soner . L2 %aa 4 Yaia T ¥eli) ™ (3.5.17b)
K1, 2h - - 139
-~ - ” ‘ . . o .
and®  877% "= 077  for f = 1,2,3,...,.N < P

Si-ilgrly ‘in trancfor-ed polar fcoord}natggka the

-
.-

N coefficientl ot equation (3 5. 1&) are:’

- e . ’,r - ° v .‘
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ax 1 c* hg;o: )
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a* ( Ra ( n, R}™HH* Ny-2.2 2, 5. 1.7 )
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and vhere £°°* . and L°"°
) 2v2/2 2-3

2

-

;Io; co-plece .gge

b -

syate- ‘of

equttions a8’ follova:[‘§ﬂf

R
.

Lo
L

equ;tfbna

are as dgfihed iq}(z,ﬁ.ZTﬂ. ol

. ._'.' - ‘n
. ]

.

for

nor-alized te-peratnren the baunddry eonditionn

o e

'fﬁe

W E =0

.._

:ud € ; 2.;re dictrctized and Jncorpprated'into\tha above

(3:.5:21)
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%5 - of the boundary’ condition on - above

L re

” gives:: R R . - S
5 o ' . . "‘. . ’.,. R ; - :’ - . . -.. .'_ B e “ ., “..'“:_'.‘
- L a8 T Lo S AU .
e =02 (e 2 - N -7 43.5.22} o
Cm T %an e, - 35,77
. . . . . - o : .
’ 4 T to- T, et . A o b
vhich allows Q(" to be ‘eliminated from the  governing: .
. » - s - . . . .’- . . e . . .
. < - .

"'i;art:ial differential equation. Thys .

P
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N % o ne3 ne1
Ca_o: = 1 w == ——— v s . S o <+ N )
S . n ( Ra ¢ n, :oz)z ) 1.3 n, “.., i
' .

(o]
@ 3
[
n
fo
5 I>
NiA
-
ha
|
|
|
|
|
|
-}
1)
[y
LS

' . negt 2
2{ vl Ra ¢ n, R, ) 2.2 .
y . N
] . i .3 . /
ne3g AI~ [ _______1__:;-; n nel . ne 2 .-\
-’3 ., hz R‘ ( ﬂ_’- R'; ) . Je2 /2 2,7 . L.
. { - ' -

. v 2.9 D \
. * * ) r LI
[ -
C'P’l * = éz N 1 : . . ne1’ - D."" »
a,. 2 ' nez =z \ N _ ' Ny .
$.2. h Ra (. n, R, ") Xv-arz 2.7 1.9
e ’ . .
huald . T o - .
- e ( Qt ) ( ----__-1___-__ AnT 2 )) SN
’ 2 -: 2
K B"' Ra (. n, RT™) 1.7
. . .
ne 2 T -l ’ ne t net : ne1 .
cs = 'Cg cs =. C2 .= Cg =0 . -
e J 2 .7 2 .7 1+ ,7, 1,,2
DE ‘ AT - Lt = '
n n - .o - ; .
RHST = 67 e .. (3.s5.24)
. - ‘. -2 3 o - -
4 . " - ? ’ - ’\
. Nl
. - -t . : net ‘ net = ’
E = 5 ’ 8", =0 H = 0 ’ n =0 4
2 . M2,y . -3,y .t Mot , g . -
s .- RS T . * . .
- nOt - -t ned . . R
nel. = i_g_!!:t 1__;3_!;..1_:-35:1..1-.{ .- ) , -
¥ Semss, T T R T L
PR . - T . ‘~‘ "! - . ™ . .
P ) ~. ‘w'~' ST e ! - - . PR Y
. . I o - . L. - . « X ,
nes AN ’ . - ° D R - ",
and = ‘ . . -
: Me1,0 ‘e, 2. - . .
. ! - . © .
. . -
o . . . . . .
.- v ) . - . -
1 =2,3,4,...,N , (3.5.25)
» . -0 N ° . .
) . L4 N N
- [} . .
-
. ’ - bd
. . . ’ . ” « <’
. . g — . .
- W wigpiow yos R P R & . ) . .
. N 'l - i rd
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. ) N\ . ) s .
Finally an equation I's required for the telperatugg . at

- b
the origin r = 0 or n = 0 vhere the normalized

teaperatute equation _has a singularity. Using a second

order backwvard hifférencq formula for the zero -
1
temperature flux condition gives: T
. ) 4 on_v: _ enoz ' ' - .
net - ———PBa2____B.3_ - ' ( B - g
3.1, ) 2 K . »3.5.26) ‘ -
3 - . '
(L] : . . « 3
- 1 =1,2,3,..:,8+1 ‘ , R
- ) m . : - . o .
vhere, P = 2 ? 1 ‘(assuming M is even). : X
- L. . d : . ‘. = L v
ot ! '/-1 v ' :
- Note th@t;}s preyiopfly mentioned an iteration scheme
between -the itregl function, normalized -temperature and
boundiry positﬂon'eqﬁationl will be required in otrder to"
v - ‘ ' ' ' ! ' '
c;lculate_the,te-perathrét.at the advanced time level. The
details of this overall iteration will be discussed later. i
. _ " : } . B . ..
v . D .
e T . RSN ' '
v ’ ' s ':‘ ' . : ',.,
) e v [N o . .
’ . \ N . &
‘., ] : :t" ,“ ‘ *.. ) . \ ‘ ‘\ 0 -l“,:‘ ;‘.“
r ) PO Tl ' ot
Sy . Lin KRt 4
. LN y . 'l L i"( ) S !
. ) ) ) .‘ - . "‘ - ‘f.‘ '.'\ e s ,P e
- A i b
” t l‘ i . L - l' a ‘:. '
. ) . . . iy e -
.: - by Vet
- P : P . iy 5.' y X o I,':%:-"‘
e ‘; . , . "W h‘"{‘ Y " :" _.‘. A
, . L. - fn - . t 3 ‘:,‘ RO
» '.'..z.:,.":. Tt - ) Y ""\‘(m“ \ L B N A .ZSA' 4 "
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3.5.4 Movement of the Boundary - S 4

Since the backward Euler method wvas chosen for the

‘temperature eqhation, and due to the coupling between

this equation and' the equation for woving the boundary,
the .backvard Euler method was also employed for the
. . . )

latter equation. ,Thus in the case of transformed

Cartesian codrdinates the difference equatlon used is:

gnv1 _ on Rty 23 gnes _ _____ §a___
fx - F; *+ 4t (¢3P ] ( snf! st‘: (2 A snO!,?
P ( £77F - £77E ) 3 £ - g4 7T TR
. “» 1es =2 Neg M L 8
) _‘l_ - net . neg -
( 8AT 1,.Neg > ex.u-—x ) )
for 1 = 1,2,3,4,...0H - .13.5.273)
s""* = " - Ar --2 )( VRPN S ) :
a.P 2h(sg™"H?
net noi fie 1
( 3 fu.’ 4 fn + i
1 el A2 .- ’
( 8AT 1,Ne1 ( 1, Nv1 ) "'
. : : (3.5.27b)
vith f::: =0 , S:;’ as defined in (5.5.17) and a second L

N

"ﬂﬁwﬁﬁgr ;foruvard difference used in place of the central

PR B

.o,
o ]

e,

ol e

ve, o
DA . s
e Il

234ﬁ4é¢4néiﬂﬁo?%f‘ ;h;n 1.5';ﬂ. ) -
A - . .
i \.i ’
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In the case of transformed polar coordinates the
difference equation used is: ) *
Rnoz = Rn - AT ( _S_{ ) ( ___1__ ) snox‘: -
z 2 L a P g;" €2 ]

for 1 = 2,3,4,...,4+1

(3.5.28a)
vhere S::’ ‘is as dé&ftned 1in (3.5.20). For R:" the
boundary condition on the derivatives of the streanm

function on moving surface (i.e. equatipn:' (3.5:6b) ) s

incorporated into the equation giving:

. -
° Rn" Ru - AT ( -~ ) ( net R: >n01 ne1 )
2 a,P 3R 4. R2T*+ RS
. ~ _l_ - negt " " ne3 -
'«; : 7 ( 8AT ~'Q£,noz ) %/az,Nfz )
’ ~ . :
~ ) . (3.5.28b)

- " ' \{

Note again that an 1iteration scheme will be required,

to solve the above equations. ' .

{ . -
T _ U . '



R . Ty - o~
~ - SN . <Oy ‘ o
R N v — O N R N A R
- o T ~ - v\ 2 t . <
[ L ~ k-'o - '-‘\.' R . 1 2 8
N - N >~ ‘9 ‘\._ \' oo o i :
= 2 . te _c_. . ? - -~ . "
_g" Lo 7 3.5.5 Overview of ﬁhe:]uaeritht°Proceédgre,
O TN - -
<> Due to the “coupling between. the ‘various difference
N éqpig&ont 1nvoived'iq,qélvyn§:jur the varlib}es itn either
.ZD T . of the two transformed Qéheqe‘set'hp in this chapter an
: . o A . E * - .. .
f iteratiom scheme ;8“ r@quirédn‘ Aﬁongst the numerous *
"Eposti&Lg schenégi the folloving’ procédure was adopted
'f' (where the second hupgrscript.dendtes iteration number):
' L ’ ’
kS ¢1) Set T = 0 and n= 0 " .
s + "7 (2)-Calculate " ’Zby solving the linear system for the ’
A B S o 2.7 e TN
s .. stream function using f: and 8™ ( or R: )
- i ‘ and-ez “in calculating the coefficients
"-'hi‘ Of ¥ XN i - o > .
;,ff' - " . ‘ : p - . .
SN . 3) Set f:?"o = f:' and $77*°° = ¢° ©
. , ( or R?7*'° = R" H, #77* % « o and
- ] 2 2 2, 1,
g L S o met, 0 n
' = @ and p = 0. .
- JCJ 1"
M <
- : (4) Calculate f:" and "% ( or R?" ) using fj”‘" :
- ' and 8""*°° ¢ or R™™*°" ), °* " ana ¢""*-"°
. . 2 3.3 1,2
in the right hand side of (3.5.27) ( or (3.5.28) )
. : . Coy ‘
(S) Set f';""’"' =w 77+ (1 - w) f‘;‘-"" .
. and 28" P72 4 8" 4+ (1 - w ) 8”0
Cor RIIP™* 2 o R + (1 -w ) RTTVP
. 2 2
. 4
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(6) Calculate 9:’: by solving the linear systea for

fnv-x,pox nel, peil

the teiperature using and s
\ -
tor R:”"”) and !:”" in-calculating the

»

coefficients

(7) Set @7"1:PT1. = g @77 % (= - w ) ¢70°°
3.7 a2 J « X.2 )

\

(8) Calculate !:':""’by‘solvins the linear system
for the stream function uslng-fI”"” and "7 T,

net, pel

¢ or R} ) and O:'j"" in calculating the
coefficients oo
bR : 3
TN .

(9) If the last two iterates of f:""" and g"T* P71 . .

" or R:”"" ) amnd 9:':"°’ have 'a relative

difference greater than ¢ thén_sst p =p+ 1 and-

. go to step (4 U
& D |
' ( P N
(10) Set T« T + At and N =, n + 1 \ -

<

- ~
(119 If <« > T_., 890 to step (13 ) N
R \\—
(12) Set f77%-° = 2 7 - £77% and 771 ° = 2 &7 - "7 S
. i - /"~ . *
Cor RT™*'° = 2 R™ - RT™IN #7720 L 2 gn - gnTd
2 a b { 2 2.2 1.3 1,q
and 8°7*°° =2 2 " - @""* and go to step (4)
o 2,7 1.2 - 1:_.} ' . -
- . . \.
¢13) Stop . .
Y X
\ )
. . . * . 4
-— - - T TN Y SyTes e ccmes o7 TRY . Lt . ' .
. 1’ ‘..\ —.1 . . [ Y
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t 3.6 Discussion of Numerical Results - -

; - .

: ~ :

‘ "‘.‘ In this section an example problem 1is used to compare,
in detail, the two different methods developed 1in Cthis
chapter. In additlpn. graphic results are then presented
for various representative problems for which the effect

E of different free parameters vhlues are studied. :

[ \ ) -

] For the first example consider -the parabolic 1initaial
' profile and quadratic temperature distribution:
N )
N Fi(x,0r = 1 = (‘—5;;‘;’ g (3.6.1)
(;\\ . . - s(0) T
DS NN s(0) =\ 1
WO : 0(0ux ) = 1 - K (1 - ¢ %o )% ) [ g - —55-102.22 )
’\x . 3"\' - s(0) s?co0) - x*,
~ N N ‘ )
A = “\ ,
N @ft,x,fix,t)) = 1 :

4 \\ .\_\\ \} N . .

\\\ S o . .

3 UL AN

. . N

T

. \ N\ a :
i \\\ K.= .9, m~= 3, Ra = 10, 8AT = .1 and =%->-'-5 :
! . \ - a,P
S The results for f(0,t) and s(t) at various times are given

N, = .
1n'Tabhk‘§.'These'V}riables are indicative of the.degree

of‘sinllarlgi betweem\thg results of the various numertcal

~

? . methods and are ceplon‘to all the calculations. The t¢a)

& . part of thg‘tﬁble conpl;ks the results for various t(ime
3 b ) .
-steps and spaﬁial grid for the transformed rectangular

X

» ~ . . . - . .\
| ‘. ' . A \£ ~ :
3 - N M

—er
re
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x
Ry

&

N . . ~ -

coordina¥e véersion ( Method 1 ) vhile the (b) parts show

;hg‘sanetgolparisons for the trapsformed polar coordinate
. . -

& -~ . . ~ .- . ‘.,

version (. Method 2 ). . Note that' tHe—areas_reported 1in

"Teble 4 in only indicative of the alount\\¥= thermal

-

exbtns;on experienced by the fluid and does ncot 1i1mply any

inherent accuracy or lack “thereof, in the numerical

L]

schemes. Also note. that the, CPU times glven are fer the

- Control Data Corporation Cyber 170/135 computer. -

The following‘é‘t“a-é”cers were.  used in the

' -

.
k4 - » -

- ' €

calculations: . . . ~

~ - v -
(1) The 1linearized equations for the "stream function

-

and normalized tc-peFure ‘wére tterated. on ufntil the

2-norm of the Q residual wasd less than 10 .

(2) The relaxation factor used for the BSSOR iteration

vas 1.6 . - i . : .

»

{3) In the ION.--acceleration tﬁe Raximum nu;ber of _v's

=

P

vas 6 and each v} , vas held orthogonal to the last .3 v's
- -

.-

(1.e. ® = 6 and p = 3 ). T
) S . ~

(4) The outer tteration was carrxgd oﬁi until the

maxiaum relative change between two successive iterates of
v . — ) . ]
the boundary location or temperature inside the domain was

less than 10~" using an urderrelaxation factor of .5

-

Ingpection of Table 4 reéveals that, HetNod 2. ts not

A

acceptable on a 10 x 10 spatial grid since the results for

this grid vary 1in thq'secépd decimal place from all the

- .
. L]



¢ - T@ple 4a -. Example 2 Results

Hethod i - Transformed Rectangular Coordinates -

At=.0005 : , . )
h=.1, k=.1, h=..05, -k=.05, h=.025, k=.025

£(0,.01) .897297 . 901103 © .903019
s(.01) 1.326704 ~ 1.330336 1.329210 .
£(0,.02) .826844 .834852 .839480
s(.02) 1:558907 1.549772° 1.546786
F(O0,.04) _ 724536 . 740108

..8(.04)  1.904077° .1.895329
f(0,.06) .650.739 Y .6723SS s
8(.06) 2.182076 '2.171485
area(.06) .67338 .66945
'CPU time- 92 secs 385 secs 1427 secs
© Ats.001 - o _

.. h=.1,"Kk=.1, h=.05, ‘k=.05, h=.025, k=.02S§
£c0,.01) .898301. .901989 did not cqnverge
s(.01)* 1.331908_, 1.334606 : :
£(0,.02) . 828245 .835463 - -

s(.02) 1.562110 1.555068 .
f(o0,.04) . 725403 ~--. 742459 |
. .8(.04), 1.911696 1.901168 -
. £(0,.06) .650884 .672919 .
s(.06) 2.193649 2.182008 . : :
. aréa(.06) .68959 67474 )
" CPU time 73 secs 335 "secs. -~ ° 212 secs
At=.002 o 2 o : '

_ *h=.1, kK=.1, '~ h=.0S,  k=.0S, h=.025, k=:02S
£(0,.01) -.899933 - did not converge did not converge
s(.01) 1.339411 -

t. £(0,.02) ..830157 .
. 8(.02) '1.570111
f(0,.04) .72846S - .
s(.04) 1.921564 )
£(0,.06) . 654456
8(.06) 2.203022 :
area(.06) .68959

CPU time

66 secs



Table ab - Examplé Z Results . -

Method 2 - Transformed Polar Coordinates

aAt=.000S . ) .

- h=%"/20,—k=.1, h=%/40, k=.0S, h="/80, k=.02S
f£(0, . 01) . 890876 .897909 .901247
s¢.01) 1.355929 ; 1.322911 1.321080
£¢0,.02) .818751 .829302 .B3668S
8¢(.02) 1.585667 1.542513 - 1.540817
£¢0,.04) . 745077 . 738563 -

s(.04) 1.9610S50 1.899340 -
f£¢0, . 06) .641915 .664942 -
- 8(.06) 2.278792 2.187707 B -
area(.06) .73001 . 68161 =~ . -
CPU time 83 gecs 717 secs 835 secs

At=.001 : - : _

’ h=%/20, k=.1, h=%/40, k=.0S5, h=7"/80, k=.02S
£¢(0,.01) .892173S§ : .899708 . 902548 '
s(.01) 1.349598 '1.318177 1.316708
f(0,.02) .819121 .830861 .837608

. 8€.02) 1.581132 1.537463 1.53589¢ .
f(0, .04) .713678 . 733600 - i

" 8(.04y 1.959397‘_ " 1.895044 - -
f(a,.06)») .640046 .did not cenverge . -
8¢(.06) '2.278696 . - -
area(.06) .72977 . . - T -~
CPU time S§S szecs - 502 secs 601 secs

at=.002 . . oLt . -
h=%/20, k=.1, h=%/40, k=.0S h="/80, -k=.025
N fco,.01) . 895044 .901720 did not converge
- g€.01) . 1.340333 "1.31144S5
£(0,.02) .822281 ~ .833484
8$(.02) 1.571222 - = 1.529443
f£¢o0,.04) .7127291 . 736221
s(.04) 1.947581 1.883447 .y -

FC(O0,.06) .643210  did not con erge
£(.06) 2.265249 - U

area(.06) .7272 ’ - . -
CPU time SO secs 348 secs C o7 '




others. There 1is approxiuatel%_ two and .one half decimal
ifigure agreement 1in " the -mound’ genfre height and' toe
location for various grid sizes-and time steps within and
between the other results of Methods 1 and 2. Method 2. ts
somevhat Ffaster than Hethod‘i'in terms of CPU time and -
>alq;‘§§ hore:rob;st in térnstof time step selectiod,f@rriﬂ
;;Qeﬁ spatial grid.- Agiin it- appears that 'ghe:ﬂr;ck‘ of
accuraé§ wvhen using Hethqd‘ 2 is due to .spatial errors
since th?re_ is -véry: gqod agreement when differert tiqé .
;,v.étepg;.re used for ; g;deﬁ ép;tial g(i&tntt appears tgqi )

fgr Hethod 1, using ‘a 10 xv10 spatial grid vi:hi,a'tiae”

.
- . e ¢

S o 134

—

step oé. .001 gives results with ;pctﬂ?if??“ﬂﬂ'ﬁ?f!%f‘*

- <

_convergence while for Method 2 a 20 xrzd?spatial grid _is
Fequtrea: B

The deterlqritlng accuracy apparent 1in Hethod 2 can
aghtn,.lritn Chapter 2, be explatned-by the lack‘spattal

reaolutionlat the toe of the moving boundary:- e -

. » 4

-

. "The subsidence mound 1is plotted at different times in

sfgpc of lbi from the results of Methods i and 2, fpr‘the
give? initial condttiong 1in ?1gure 21 fo}loéing. Unlike
the results af the unheated problem dealt with 1n Chapter
2, the mound appears to become 'kinked' uwith a _ltnéar';

7( -y
profile at the advancing toe. ' .
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Note -that thgltelperabyfes 1n the field predicted bYy
. DN A

Methods 1 and 2 are éo-gvhaé-difficult to compare as the

rid poinis are not in the same locations. It appea}s that

-

tﬁe telperlturéi generally agree to abdut two or three
decimal figure;. Ther§ ;are; however, éor both -e;hods.
some small oscillaf}gus ( in the fourth decimal figure for
Heth;d 1 and somewhat lgrge; for Nethod 2 ) 1 the
temperatures of the fluid in the toe region . Ahditionally
in the regults—reported later at higher Rayletigh hu-bers

;heré are larger ( 1in -the fir3t significant figure )

oscillations in the teiperature near the boundary in the

— ~

.-center of the -6und. Tﬁe inittial and later ¢ at T = .06 !

temperature contours are plotted 1in Figures 22 and 23
- .

‘respectively. Note that the regibn under the ‘kinked’' part

-

of the toe 1s  almost all very close to the bdundary

temperature of 1.

v

'?nraueter studies wvere done on the various parameters

B
-~

as follows:

-

«a
(1) Ulth " = 3' Ra = 10, BAT = .1 and -t = s
: . a,P

X was varied from .S tG .9 (see Figure 24)

e —

£2) with K =79, Ra = 10

- ' - = ’ - "d aa‘
, B8AT .= .1 :p a_P = S

m vas varied. from Z to 4 (see Ftgure 2S5)
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3 ,
L] ‘: - . N
- N ) v i e
, ' -~ “ . “_ . N . “\ ‘rn\ “..
NE = .9, m =3, 88F ¥ .2 and o ziz-wisli -
. 31 with K 3 8& s ,‘ d} &g Pv_3*§huﬂ‘f .
; Ra was: varied fro- b téﬁgﬂé (see SLgE¥e Zéﬁﬁ‘ ;.‘j3‘ﬂ
. -, Lol bt
. \,‘. V_ . ‘.“ - . -
(4) with K = .9, a = 10 and VL2 ,
. BA4T.'yas varied fro ';lﬁi '
1\ . " ":‘\‘ - “': i "‘1."
. ) ) ‘~ ) ' \\. . :. 3 :' L
: Ve . ' ~ A o N
' . . ’ . oo I S Y v
(5) with K% .9, g':.\‘s, Rg_s 10 anﬁ BAI‘ .I'\ 2 U e
N a \ [ _":"- v“‘ s - . '
;%;- was' varieﬂ fron 1 :owS tsee ftgure 28» ST L,
W . Voo, N - T, a
1 N st SN R, T; ! ) S “ ": * ’,"" e “l-- N
. , RN - t ; . L . ‘\_ "".. L D
Exc!ptt'uere noted théie\;résults\ were' uonputed usLng fxﬂﬁv
Hethod 1 Qlkh a 20 x 20 spatial grxd and a tlme step of '5j§u S
001 . '\‘ R o - T ( 4""‘ ‘.-' e [l Y e
- co oy ‘ W s e gt Fhaae o L Lo
! R . 4 e L BRIV S S S R
¥ oo S T I Tt
aov . AT . ST Y ,f;%'
The.'effect of decreasiﬂg X (1~e. 1ncreasing”‘the s
\ o4 . ..
. : <i T "r g
‘1nftial 1nternai te-perature of the, lovﬁd) :c'dn. be. seen’ to‘ LN
. ‘\ K3 . ’ " F :.'14
‘be one of lessenfhg the"klnked' shape of the aound. Thqs'»"‘”‘i
s <
for. louer «alues of K the centre of . the‘nouhd drops fashpr~' .
while  the toe spreads out only slightly faster than for 'f
higher values. This can be explained by the fact that at- - ,:
f ! y : . !
lover ‘'values of K the’ temperature, .and thus viscosrty . -
"differences of the f}uld tn different regions of the nouddr v
-are much less than at higher values of K, ) o
\ ' . N W :‘
From the figup€s seen . that as m ‘is"  s"
. . i , \
tncreased the wmound drops slower and spreads out slower '
emphasizing 1ts 'kinked' appearance. .
. N -
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Figure 240 —

Variation of Parameter K
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Figure 25a — Variotion of Parameter m
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Figure 28d — Var
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It can ,&!ﬁ'be seen that the efféct of increasing the
Rayleigh nunber beyond 10 does not effect the ‘motion of

the toe but results in a slighty faater drop 1n the center

of the mound the middle of vhich is somewhat wider.

Raylélgh number of 1 the mound dechs and sﬁreadi faster

and appears much less 'kinked' than is the case for higher

Rayleigh numbers.

The effect of increasing 84T appears to be one of

slover wmotton. That 1s, the :hape.of_;he'-ound_does mot

seea to be affected but its decay progresses more slowvly.

- .
e . . - ‘.

is again one of

-3__

Finally, P
z

‘tye'effegt of decresgsing

slowing the speed of the mound's decay without affecting

- e
“to

1ts ‘'kinked' appearance. This 1s. very similar
effect of increasing BAT as above. A
i’( T

For a

:he“'

la
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- 3.7 Conclusions

-

- - N )
s -
- -

Ag '1n nChaﬁter Q. the cransfpr-ed polir coordinaté

formulation of Method 2 is less accurate but more robust

-

:-1ﬁ. Qefls of time .stgp Selection for a glven number of

spatial grid " points ¢than-.the transformed rectangular

coordinate formulation~&f Method 1. This appears to be due

- ; <
—-to the lack of spattal ‘resolution™in the toe region of the.

.subgsidence mound. -

E N -
The major effect of adding heating along _the moving-

—
1l

‘bbundary to the substdence mound problems of Chapter 2 1is

to .cpgnge; the mound's appearance. Typically, the -bund

attains a 'kinked’' profile vigh:ihg~toe region spreading
- out faster than-the cetral- region o? the mound. This 1is
— due to the larie vlscostty‘varlastons between the raptidilv
hé;te; fluid in the. toe region and the colder fluild

elsevhere.

In this chapter a numerical schede has begn‘hegiloﬁga

-

_that allows for  the - calculatien of 1interface mottion
bé(wegwn.wgt and dry regions 1in a porous media tincluding

the effects of heating along»&he‘lnﬁe?fféew It should be-

. .

‘:bdésible to further refine  this--method éb as -tdffévae' )
more refilsﬁlé’ problems of interface motion as “in- for

'ext-p3§a~the.lp.21:h h:aq}ng of‘hea&§~olis. .7 - L

- -~ . . - - -
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Appendix 1 . o - :

‘ nIn-'thic appendix‘it _1.3 _s'hown that _the <condition for
non-negai:ive coefficients of the’ diff.erence'equations from
Chapter 2, for the 'potgnti_li of Method .2, qaﬁnot be
establiahed. Consider the, ct.’ef'flcients_‘ of eguatton'

(2.7T.141) and their definitions 1in (2.7.12)~-(2.7.14). The

condition that the coefficients C, , C% , Cz- .
.- . P 1.y 1.

n c. n - . =

g%.; and C‘x'-’ be non .l'legative 1_lp11es that: ‘

.
»

| B | ¢ min { A" ., ¢® -1 D% } (A.1.1)
2.2 . 2.2 z, 2.3

- Now by definition

187 o= g laoldma_c_laze Ty (A.1.2)7
1. 2 k £y S

’
”

Consider the difference equations adjac‘éﬁt’to' the lead'.ing

edge of the toe where I = M . Suppose that in this region °

the moving boundary is linear “in profile with slope -S .
Note that the’ illii'l-pﬁ‘ton of Jlinearity of the. profile of .~

. - . - , -

the moving bou‘ﬁary near 1its leading edge 18 quite

Fé'ic.‘o‘n&,b'}g':_!i ‘tndicated by the co;putattonil results of
- - ‘ - - .'." - -

..Chapter 2. "l'hul 3 - . -




1By 1= 3t o=y -t o (AS1.4) -

wvhich has a maximum -of (N-1) Jecuring vhen }

Since the value of A: , 18 defined to be 1 it 1is clear
that (A.1.1) cannot be satisfied for any reasonable N ) 2.
Thus. the non-negativenegss of the .coefficients of the

difference equations for the potential of Method 2 cannot

.be“eit.blished.

e gt e - g e -
. W T TR TR
*
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In this appendix the 1local truncation error for -the

predictor-corrector scheme ' for ~propagating the moving

boundary is _eqtaﬁlished.v This analysis is similar to -“that

-

‘of Stri@werda and Geer (1980) for fhélr shapg'of a slender
“Jet caicul;t;gp,..hyvever. they do _not Spalyse the accuracy

of ‘tﬁe predicted potentials as below. Assume that At ., h

~

and k -are all of the same order (i.e. Ote) ). The

predictoér-corrector stheme :i3:

-

~

: e ' » 3>
f .= at + ar Bt o" Du” , D,¢" LT ) (A.2.12)
2 2 2 2 1.M-1 : .
’n\.‘ -1 dn ) e de - net
by + + 1,
1 .2 ( v, u At ;! u, » Dyu, . D"’x,n.;_ " T ) )
R T ; - (A.2.1b)

Using a T}ylor‘s expansion gives:

» a"n .- 2 a: 3"
Pt n u, AT I - |
= P —-—— Sl -
u u At 3 C v 2 FEE + 0(e™) (A.2.2)

r

A

The origional equation for the lovtng‘boundary glves:

> “*

-

au]
.ot

4

: - aug L :
= g( l*‘n , 5El , é n . 'Tn ) U .(5.2.3)

-
wm
o
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_ ; . Introduce the notation:
‘ . n - >n N ."’u . n, n B
f = , ® R )
| ’ ?n, Fe u . D,ul. 0"1‘"_‘ T
l L] - -. -
| ‘. *n *n n n
: = ) .2.4)
| s ;;3 X u, - D’"z * Pay mes ° T . (h.2.4
’ . L]
. ) then using Taylor's expansion: \
| ‘ g ‘
} " adn ‘
v °¥%x _ 1 n 2
| 50 =3 [ #a, + ?‘;, ) + o¢e K (A.2.%)
; : ) .;,';‘:'a r .f
% v as long as s, -
E - - S
au?
52' = % [ o,ﬁ: + Dyu” ) + 0ce*) tA.2.86)
3 . - i ,
whichg\:;. the case for both the MNacCormack based scheme
N for whfch O, and D, are . first order Dbackwards and
i ) ;
§ . forwvards difference operators and for the Crank “Nicolson
" v based scheme for which D, nd D, are both second order
T central difference operators
L ] h LK . -
T Now . : .
L - A - ‘x."!— -
5 » > ~ * i
| o -3t} 2 s, ~.2uf n o .
33 = 5z Y ) ) a2
Ar‘Q(§> ér s [ e ul 3 L DU ) a.2.7
- - - - . . } L.
- Using Taylor's expansion gives: . .
. . . _
.' ‘ -
- —
4 . -
- - - ‘ .--.’1. e
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a:"-& ) N

. 2
-1 a_ a
aTt 377 ac ar‘{ ED: + O(e) )
. n ’n
= At ( -;93 ggl + Eg‘és :2.’.21 gg;.: g.!_’l.z,u-.x
u T UL 97 s, T
EY
+ ==2s + 0ce®)
aT
Pnes *n n Pneyg *n
. ( u - u ) 3; ( u -~ u )
= -8y __ 2 3 __ Dy ——F
4 ( 3’ AT * aaz bs AT }
~ ( ’ﬂ‘l n n
< igea ( =2, M=z 71, Nes } EE_, ) + 0Ce?)
a’n AT 0T -
(A.2.8)

Now since the starred values of the boundary position are.

the predicted values in_(A.2.1a) they satisfy:

~

On‘
P *n 1 = 2
- = —— + ( )
u uz. .} 4 3z Oce
> > : ‘2.
u:“ - u: +0(e?) (A.2.9)

.

\Ftnally a relltlonéhtp between the starred ajd advanced "’

time values of the derivative - of _tRe potential "~ .is

fequlred. _ Noting that these .derivatives ‘are evaluated on
‘the" !oving' boundary at the same time and on the same

1

vertical line, the following Taylor's expansion 1s made:
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neg : neg ne4 i
= + { R )-’ u ) i -
i, Nez "’x,uox £, ¢ 2 2 ‘""1,N¢3 oo )
L~ ’
e . ’ _
+ 0Oce ) (A.2.10)
« . ’ - - .
-‘ P - R o -~

Note that . the dot product tn—the above expfeséldn

’

represents the differenteirin the predictéd bouﬂdary‘ hei&ﬁt

&.‘,,’ :

- *
> Lo

and tﬁe boundary location at the advanced tLig.- ’ Usrqg.;_é:,f'

relation (A.2.9) and subtradting 0:; v, from both stdes

of (A.2.10) gives: . ' L T Lom -
- n ) nes n » 2, - = P i
- = - . +* L M .- ..
"’1.'"'1 ’"I.N.O! ,"'1, Ne 1 ""1', Nez - Ote J' T
' PRV OF 75 £ S CENTIERE ISR
Subs;}tutt&n of (A.2:9) %p&iiklgiifi€i~into (A.2.87 -

yields: _ e '“';:”? o T e i S
‘ ’ ‘ '. oo ‘ .' ' 'V"'. i ' ‘ . V

29n . - s ) '= ’ . n ) - . . - . o -:_’....‘
: %7 - Aty .. 4. .. -d3Fn- I e
at 5-;1 & .—;23 (_3 = u",) + -;9? D, . u,.-.u°‘}=‘rf“' o -
LR AL N O 1 £ T d R
S UL i
3 e T afns T
+ -2 { P } ar =% ) +00e”)
3¢, ST ez 1, b= - 9T )
ST T o . (R.2.12)
- 4 -. v . el v ) ..

-

S 'Eynikffb_ shpqtj@ut}gn*i oé,¢<“%5;z]$r' and

. - . 3
. R . R , - . 5 . . o U .
tnto. {A.2.2) gives: - P : T .
S .7 , L < e - i T AT

B - g e - o :

PO g . - . -
. - - * - et e - * P
.
- . - PR, - . -
- R
e - - = - . .
. .
4 .
- M N . -
v .- - S
kY
B L - -~ -
. . N
: . LB T .
.- ! ’
. M -
. S - .
Ll ‘. . |'.'c
<& . B !
;- .
P YL [
e i
,l e « .
A 2




+ a7 -2 } + 0ce?) (A.2.13)

in which the terms 1involving ?;’ "can be regognized as a
Taylor's series for 3; about }g‘ accurate to
3 Al ]

0(e?) . Thus

- L
+ B3 ) ¢ oce™ (A.2.18)

Since # 1s linear 1in ¢, and D, 1s a second order

backwards difference operator, . \
s
~
n In ?n n n 2
( ' , ’ )+ )
Fo, = Fo @, 0,07, o, T e T oce
] .
- > e de - - net 2
= F( s ) + O(e®) (A.2.1%)
B, = Boar, 0,37, L oce A.2.1S
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s N
) !
Thus .
Pnet n art -+ Pn n ‘n 2
= + ~= . : :
, X u, 2 ( f( u |, Dzul , D‘Qx‘"" , T )
»
~ o
* + ;( u ’ D‘;- , D ' .t‘""") ) + 0¢e)
. s 2 37 272, Neg

. . . . (A.2.16)

e =
vhich 1s the predictor-corrector (A.2.1) written as one
step. This showvs the second grder local accuracy in
time/space of the predictor-corrector scheme as required.
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