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The -main purpose of this th?/siis is to study tha folYowing”, -~
N . . :

. .

question: Do primgtiyes aWJ spheriééls,@gvee'ih—MU;(X)/tor when X.

~ 2 B
o -

is a 1-connected bompact'y&e group. Our answer is no and the

‘calculation of both subgféups appear jin Part IV fbér thé classichl
i “ ; g : .

.

1 % ¢ ) .
groups (stable cases) apd in Part. v-for two.exceptiopal cases

! e .

Al

namely G, afd F4 (ignqéing the prime 2). "‘ «
. I~ ) ‘

The main tool for ou@ study is the rational MU opgraiion

2

$ .MU, (X)8Q » MU,(X)8Q; ® - = m Sy which defects primitives
< : E » [

. \ ™ '
rationally. Our method is to find the least p%sitYVe integer

Kf ¢ 2 such that ka?(a) € MU, (X)/tor G-MU*(X3§0 for a € MU, (X)/tol.
' ' . o . oo
This is done in Part III 81. In Part IYI 82 and 83, we calculate -
.- 4 . P , . LY -
L s , ..
the primitive elements in<MU*(CP”) and MU;(HPw) respectively.In &4
»

. * R %
wé estabbish a relation betweem  and cir :K (X) » H (X.Q) the

-~
v .

Chern characteras well as betfeen the integrality problem
5 . 5

mentioned above and Chern character integrality condition.

Alsgrwe‘aisprove'the Atiya-Mimura conjecture:For X a Lie group as
. r 4 .

» ~

. : P
aboye and x ¢ H,(X)/tor then x is spherfcal if and only if

» -

~

% %
«<ch (y).x> e*2 for all ye K (¥). x -
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In genera)] if E is a suitable ring spectra v.g.: MU,BP HZ.K

g

and'LE? Sq——$ ¥ the unity map the (generalized) Hurewicz map ié
. . N ]

s T

defined by appivﬁng m,(_) to the composition. “* . 7

“

1ac “ . ) cuoL e L
X . 3080 —Fuu XkE we get. h: W, (X) — WI(AE) ¥ E,(K) °
Consider the coactidn map for X in E-theory
R
Px: E (X) — E (E)®E (X) Define the primitive elements in E_(X)

by PrimE(X) = KX € E (X) | ¥ GX) = 1®x } Then .
»

Im hﬁjﬁmﬁleE(X) < E*(X) (See Lemma 4.12 of Part III 84) ) 4

ol e i

. b C s "; -
One fan ask .the question: for whqt,spacédiﬁpr spectra) X s

. .
and what spectra E do we hQVe the equality-Im h 2 Prim_(X)a 2.

Yo E :
% o P
The--well known Hattori Stong theorem gives a positive answer to .
PR o i
thet question when X = Miand E = K (See f itger 1] Chapter, 20) ~ . -

In the case E = MU and X = BZ/p p odd prime a positlve

' P
LN e R

answer. has .also been given while a negative one has been given W

for E = MU and X = . [Hansen - Johnson 1] We are gOing to studg
t_‘l ” . v -

[

thii.quest?bn when E = MU (or BP) and X is a compact, connegted,

ilconnectea Lie group,, We call a pqsitf?e answer modulo torsion '

~
-, ’
™

the Kane~conjecture.(s€e:[ﬂane 1]) ' -
v '3 3~ L 8 *
The. gdéetion map description of MU primitives is equivalent ',

s N
N Ty e 7 . b
v e B - .

tojone in terms oﬁ the attion oﬁ the Landweber Novikov operation

QQ'MU (X) or Quillen operations -an BP,(X)). Namely an element

X e E (X) is primitlve Yrefall E = MU or BP) if all the

Qper&tions of positive degree act triviaily on X.




N

Ftom one viewpoint'the Kane Conjecture is a question as to whether

. .
ems G

all thq attaching maps in the cell structure of X are detected by L P

. ,

primary;ﬁ?—operatlonﬁ? The Kane Conjecture is linked with another

 problem: the Atiyah M1mura Conjecture .

If X is’a complex, ch K (X) — H (X:O) the Chern character and

- ~
. s

X 18 a spherical element, i.e.,/; e‘}m {h:m (X) — H_(X;2Z)) then

’,

N N . . *
(See Corollary 4.3, Part I1) <ch (§),x> & Z for all e.K(X)

*
¢ £ e K ¢X).

¢ the Kane Conjectqpé. we alfo esdébljsh a relation ‘between ¢ and . V ‘ /
x . . .
ch wvia'the Todd genus. In qhapter I an& 11 we give an account ‘of
A .

ring épedtra end MU-théory which is necessary for, our 'study of % in ’ . . Q

. B s . . N -
chapter III. VQAemphasize in chapter L{ tpe use of . -
- .‘ . ’ v . - . N . -
5 Landweber-Novikdv operations~ aes g % - N

b

In chapter III, &1 qe define 4 and its basic properties while in

% L N ~ v ) R
; 32 and(zs we calculate the primitlve elements J4An MU, (CP ) and . i I .
i s «
MU, (NP ). - T . o K
- . B . X . .
R In chaptef IV we proceed to calculate sphericals and then s
/ G prxnitives in MU (x) when X fs a (stable) classical group.- K . *
~ _ Amazingly the calculatiop of the Hurewicz map feor the sinple Lie - : ' N .
groups is not available in the fdtqrqture”eXcept for the famous .
- . » o . r - . . o,
result for Bott about SU(n)._ We gecollect-a%l nécessary results - ~

» . N - v
- v e .




’ N . e

.
o ‘
.
.

. . ) . [y ;
result for Bott about SU(n). We recollect all necessary results

from [Kervaire.1], [Ke@vaire 2] and some other authors and . -

-

caiculate the Hurewicz map modujp torsion for the classical case.
v ¢ v

- - ' .
We * another proof of Bott"s classical resdlt about SU{(n) and './/.

o
¥, L4

derive from that proof the Kane conjecture for SU(n). E{.)r Sp(n) - © .

and ‘SO the Kane Conjegtut‘-ﬂés not hold and the failure'is
- P
estimated.}*

In cHapter V’ we ‘use wide;ly the idea of localizatjon. We

' -

use BP theory and we localize X =“fG , l‘-‘4 inorder to get the

N 2
. -
results. - N e
« '
- N ) \r' .
We also consider the Harpetr Space: [Harper 1]. ‘,,t ‘
w Yo -
. ‘ Al
. ~ 3
— .
\ »
-
- .y . g .
. . ~ P
4 . :
v A 7%~ -t S %
= At -
, - .1 . -
- <
o -,
- ~ '
- b
. _ - .
k -~ "
' e & - > f
) 7 !
Al
~.o
+ ~" i‘ he
4 < v i >
. - »
-, - » K3
" . , - . M ]
Lo . - .
. IS ! . . ..
3 . . . 4, L
R . 1 ! i R4 )
e b , . :
,\'. - -
PR S . .
- »
. i » '
. . ’ ~
1]

o
R
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Part T MU -~ (CopHomology Theory

' «
.. ¥ 1. Definition.of a (Colhomologyv theorv bv a Spectrum.

¢ . . ' .
Definitien 1.1:A CW.spectrum E = {En.en} is a sequence of CW

. ’ ~ : SE o E . > .
« Spaces En anq maps. e SEn - E 4 n‘_ 0

-"E is called a suspension spectrum if e is a weak homotopy

-

we equivalence

. ~ )
We can dssociate to each CW-space X. the suspension

x ™ 6

*spectrum X = (s"x.z} when z s(s"x) 4>S?’1k is the eanonical

v

-

isomorphism. In particular we have the sphere spectrum
‘i - ,.n

st oi(s n+i : n*{*l

3 . i
‘l'zn) where Zn‘: S(S ) % S is the canonical

k]

isomorphism.

A speqtruh map of~degreh k > 0 is a sequence of maps

L4

(fn:Eh - En*k} which are compatible in the sense that the

followjng diagram commutes for each n > 0:

]

- e
SE — 2 L, E

n+1

ss | L -
p n+k n

SF* —— F -

n+k . n+k#1

We will denote the set of such graded.hgps by [E.F]k. One

can define a smash product EAF of spectrum. The general

P [ ] N

definition is’ quite complicated and is.given in ‘[Adams 1] part

- 111 %4.page 158. We will only note that we can think of it as

being repnesentedfby any spectrum of the form

(EiAF}} where {,j -» . In particular, given ; spectrum
,-..I"l'r

+

v

’

o




CE",en) = E a multiplication g

U :EAE = E consists of a compatible family of maps’ —

{4 :EmAEn - E , mR.n 2 0}

m,n m+n -

Definjition 1.2:E i® a ring spectrum if there.exist maps

pM:EAE — E and ¢ :§O—-—o E such that the following diagrams

v

commute :
~ . mH .
EmAEhAEK . ™ En n+k, ’
: . _ ;
lpm ™l i lp‘m.m¢k =
Em*nAEk m+n-+kK ;
; .
o - n IAL-.«H
E AE EAS — — E AE
m, n m_ . K m, n
: 7
l g ’un.m e. ~- 'um,n
,umn -, "“‘e min ‘,\E = ‘e
.“ EAE ——— E N m+n
\ nom m+n . .

P

. v )
Given a space X we define E-homology and cohomology as

E (X) = E.(X )

* 4

E (X))

x
E (X)

N

T N Ve
where X~ is the suspension spectrum of X = X plus a dis,fjoint

- -
- . hetd
.- e

basep@int.

Al

'Givgn a spectfum F = 1Fh)— w“er'"tqntjllways def ine

 lim S : o
E (F) = — E*(Fn) . .
R ! * * S )
v Notatiop: E, = E_(S) = @ (E) E = E,(S) =7n ,(E) : R
. " * ‘,_" .
;. Lemmg 1.3 For any CW spectrum X E (X) is an E -module and E (X), * .
L]

N

* - N
is an E -module

.o

b

Ir




-

Proof:To define tﬁe required multiplication we interpret all
H ~ . '
elements as maps and iuse composition, - !
- - ’
Given F ¢ E =1ri(F,) and ¢ € EJ.(X) = nj(F, X} we def’inwe

>

i

G ., fag MA 1
£-g..5 1 = 5'aS? 4 EAEAY ——— EaX

Given feE' - a" (E) dnd geEd (X [S-IAX.E] we define

-

fag /7

J -
AX — EAE — E Q.E.D.

f-g: S—i‘jAX —_— S IASA
N td

Proposition 1.4. The E-(Co)homology of X hag the f:ollouing

, .
properties: . ¢

" i

(1) If f = g then f =E,(f) = E, (g) = g,

* *

* & -
and f = E (f) = E (g) = g

L t
(2} There exist isomorphisms -~

-
¥ , o

Om: Em(X) —_a Em (SX)

+1

CT e BN 2 B sy :

called the suspension lhomomorphism in E-homology and E-cohomoloby

respectively . ' ‘

(3) If X -L Y is'a map between CW-spaces and YUfci( denotes the

mapping cone of f then we have two exact triangles‘
»

) x *
EL(¥) — E, (V) E (X] —— E (Y).

By, CX). E*(YUfCX)'

me See [Gray 1] chapter 18

82 Atiyah-Hirzebruch Sp\egtggl Sequence ’

"Let X be a CW-spectrum and x°c x! ¢ x3 ¢ ... X be the skeleton

:Xq

-

‘decomposition of X. Det Lq —— X\ be the q-inclusion.

’

efinition 2.1. Given any two spaces we defne -




Ea1

N

* * !
E,(BVA) = E,(B/A) and E (B,A) = E (B/A)

* .
E (X,®).

*
In partcular we define E (X) = E, (X.®#) and E (X)

Y

IS - ¥
The modules E,(X) and E (X) admit filtrations

. . Lo S . - y
(l)-ikﬁﬂfoc bh lc ch‘. FelE) "whprp
, 4 ; )
Foo InU B8 — Ey6))
. e S - .
{(ii) E (X) D.l.D-Eq,}D Fb o FO = 0 where
. .. ¥ g-1
E, - Ker(E (X) = E (X)} Since E (X7 )——E (X) -
s ‘ " e x) . commutes

we have F .C F R
q-¥ g -

. -l "' \\_3 * q
" A\ E (X7)

i o% * - :
Since E (X) j (x471)

commutes.

-1

] - v
v, 4

we also have Fq < Fq

By the method of exact Cbuples;{Adams 2] paper #4 of Massey.

- ¥ » - ;‘\
we can construct a Spectral Sequence induced by the exact couple

* ~ ; .
S NP S R N AN

3 Coo lj* ~

« N -
'

e (kP kP vi
We dendte this spectral sequence by {Ei,d%) We have:
) B -
- (xPxP7Y

{2.1) El
' p,q p+q

. o - ‘ .
<(2.2) E_ =F__|F so E_ =E__(X)
. pP.q ptq' p+g-1 v Pb.q p+tq
3 .
2.3 E = H (X,E
{ ) p.q p( q) A
See [Switzer_]] chapter 15 Incise 15.6 .

Slpilarly we can congtruct the- cohomojogy Atiygh—Hirzebruch

4

spectral sequence {Ef’q,dr} where

“ ' \

M




. : 8
(2.4) 29 < wix eT) . ~
(2 5) g2 d pPrdppprar . - .

this spectral sequence has the digadvantage that the filtration

{Fq) is not always complete S% we cannot always speak of 1t oas
« *
converging to £ (X) _ !
[
Herwever i1 X is finite that the prablem disdappears  The

*
filtration is also compiete for £ - MU provided H (X} is forsiop

free {(see-  [Landweber 11). 7 -
»

We have, as a consequence of the Atiyah-Hirzebruch Spectral

o
Sequence, [Dold 1} -

Lemma 2.2 If E and F are spectra and 7:E { ) = F,( ) is a

~4

0 0 0. .
.natural transformat ion such that 7(S7):E _(S7) » F(S") is anp

ikomérphism then T(X):E*(X)'—~‘F*(X) is an isomorphism for all CW
spctrum X. : e

nggj: Co;sider the A. H. Spectral sequences converging to E_(X)
and F_(X) respectively.

By hypothesis a_ 'n (E) - w (F)} is an isomorphism So
. . r
H (X, 7 (E)) —— H (X.7(F)) is an isomorphism
p * P "

By d;turality bf the spectrq} sequences we are done. Q.E.D.

o )
Lepma 2.3. Rationally the Atiyah-Hirzebpuch spectral séquénce

(23 |

Callépses. h . ? - -
.« . 3 ) . 4,
Egoof:gonsider the homdlogy theories H (__.m,(E))®Q and E (__J®Q

P

. Then the edge map in the Atiyah-Hirzebruch spectral segfences
A

{also called the Thom Map) define¥% a natural transformation

MEL(X)8Q — H,(X,7,(E))8Q _ e

[ o . e’




A

7l

I - - ¢ .
free then the Afiyah Hirzebruch $.S8 “tonverging #o E_(X), _
~ : ~ .i i i -
collapses A . e o $T
- ' v A ! w T
Proof- We have am embedding B, (X.m (E)) ——oqﬂ*(X.n*(ElQﬂ). so, hy
- Lemma 2.2- the spectrad se;qnen(:e grmvprging l() E,(X) A N
K - R - >
collapses. Q.E.D. . v ‘
’ -...’ ,,"’ —~
83: The Spaces BU(m) and BU ‘ > »y .
. @ ’ -
* o !
§3.t. H:(BU(n}) As A Polynomial Algebra
We recall that lJ&n) is the groyp of nxn matrices with -
coefficient in € such’ that oo T -

. & - s
° ¥ r - "
“ L
v ‘, » . . - A
o - . s
> " . - 7 A . ‘
) : ks - s
e v * ’
- - - , - L
3 ! ‘. [
. - -
" - o, N e .
. B -
-I :“’ 1 ) s,
When X = point u 7, (E)8Q — HApoint .= (EL)8Q L

v
P -

is an isomorphism. So. by Lemma 2 1. E_(xY¥ed H (¥'m {r)

A)@Q nu

K3 . . *

. e P ~
the ACiyval¥ Hirzebruch spectral seqaenc® wellapses Tur ordinagpy
- O t - -
KR - y & _ .
homology.So it collapses for E_(X)8Q Q.F'D [ . .- ™=
r g
- - ~

Corpllary 2.4 If H(X) is térsion free and m (f) is torsion

i

A€ Uin) if and only if A preserve$ the usual inner.product

. - . e
in' " We have a fibre bundle . >
i. ¢ -
Cin) 35 G(n-1) & 21~
0 R
. N 0 .._-t >
. A0 . 2n- 1"
where i(A) = 01 and ¥ 1s the Gauss map P(A) = A| .| € S,
. 1 ' .
Using the Serre Spectrall sequence associ'ated towthi‘s
fibratidn one can prove, bS/ inductdion on n. that,
. N - : " c .
v A N ‘.
1.1 = {, . B Lo, -
Lemma 3.1.1: H (U(n)) ARy Kgeos Xy o) - <,
. : £ s
The Lie group multiplication T(n)xU(n}) — U{n) induces an > -
associative product H/(U(n)®@H_(U(n)) — H,{(U(n)) ¥t follows from .,
. , . ‘.— a - .
Lemma 2.1.1 plus the Leray-Samelson theorenm see:[Swi'tzer 1] P -
* s
2/ p
. -
' 4 ¢ ' *

©




(‘haptt‘f'l & tbat = ]
- v oLl T v . >
+

Lesna 2.1.2: < 4, (un+> S AlxgeXye k) LoE
» . - ” ~ - » -

1
1
.
-
-
L3
(XY

.. - s
We (»,an. uge this rc'suTt to gdlcula’}e the Lohomo"iogy ot‘ the "

) o
. classlfying space BU(n) I s -

- W .. K

4 I -t*

.,

”
EJ‘QHQ§‘! jon 3.1.3. H_‘;(Bli.ln“))# Z[yz.yJ. .y2n] where lyf{‘;Zi N

- 4 -~ [ A4

- v o
Irogf, 1 auffx((s to shuw~mhat for eyery prime p - ’ ¥ - ~

”
* t, . “ - - Tdo

Y-

e . i ~ - v -
. 2 - 2 A . re exis - »
L. H 1?Uﬁn):‘1n‘ ‘_n[yé.h ,an] FThere exists ax Ellenberg-Moore

¢ ' - L . - N
Y 4 N - ~ .- X - v ¢ M R
spegtral sequence - e . .o . ‘
. 4 T B " T » - N
-~ 5 & . . ¥ B . N \

. o2, .«
) rta Fxt.u Win )Z/p)"(z p. ‘pha H (BU(n) 2/p)

- L Y -
. 4 N e “+
.y

).
o 3 y .-
By Lemma 3,1.2 H (U(n) 2 p) A(x 'Zn*l

-

o

FA{
b

8 “ 3 ¥
Now Ext ’(Z/p Z/p).- Z/p[s 1x] ‘where s %x’has bjdeg«ree(~-1.lx|) A
r ) -

—

and Ext -

= 5 ) 4 F W‘
8D Z/p.,Z/p) Z E{(tC(Z/p.Zf;))o ExtD(Z/p,Z/p) sé we have . %

-1 R ..,1 ¥ " - R v ")
x3‘°".'s ¥on- 1] . A .
] ) - A
Since* all non- trivial elements have even total degree ip the o

"a -

HA

E, = 2Z/p[s

2 8

X

Vi

Eilenberg-Moore spectral sequencg then E2 =‘E‘;. Also, ‘there is =~ - *

= Yoy
doné. Q.E.D oot - - - ’ ¥

* a. )
83-2 H (BU(n)) as g Ring of Ipvariants. .
- Id

*» Let T¥n) = Slx..;‘xs1 be the maxImal torus of U(n). It consists =

\4

. . -1 v )
no extension problem.Puting s "2?*1 and yo = 1 we are

Y

of the diagonal matrices in U(n). The symmetric group Z is also ’>’ .

a subgroup of U(rﬁ It constists 6f the permutation matrices.

> LA

They are the matrfces where-each row sand colymn contains exactly
-~ . , v

one non-zero €htry and that entry equals 1. Zn acts &h U(n) by 7~ .»
. '{w A P _/ -
~ conjugation and T(n) € U(n) is irvariant under this action. 3

- *
-~

Using Milnor's joir;- construction [Husemoler 1]of a classifying®

£ .

-

Lo

v




“5. =
x
map on H (BG). So we have ¢ CE . B 2
-‘,‘4 * FAR - ~ .
Lemma, 3.2 11: Isege of Bi,:H (BUM)) — # (BT(R)) 1w contained
" ) 2 3 . Bl ' -
* zn P : ) " x5y i
in # (BT(n)) =- the invariah%s of the anction en H (BT(n)).
-+ o o 4 .
£ - N
_}’; x ! ¥ . :.
It is easy to calculate HY(BT(n)). For-zn acts on
[ ! v ”~
* b4 . > $
H (BT(W)) - Z[tl,.wgn] (ltnl = 2) by permuting the factors. So
- . -} -
. - % . R ; " '
* 7 B ¢ . . e ‘. e ﬂ w A
= i i- f
H (BT(n)?~w 2[01,02, .,on] where‘ob(gl....,tn) is the i-t
,efémentaryfsymmetrtt polynomial. # . . - .
. ’ % “ L x
. e A x * ) z ’ .
[ - ; n A
Proposition 3.2.2% H (BU(n)) = H (BT(n)) oo,
+
> ¥ o s
n

* v
H (BITn) z/ ) 1q,ln3eet¢1g Yor each pr:;e p. We‘Mlll u§% the mod < .
y l * i 1
) ,
P Serre spegtral sequenco a56001avbd to the fibration ) g N
{ £ 7
. * f
" L U/ )_I BT(n),—o BU(n) . k (*) & o
We claifh that ': Odd(U'(Il)/.r(n~))*'z 0 This follows ﬁ? induction V.
using the Serre spectfhl sequence associatedvto the fibration + ) . )
fu(n-1)/ U(n}); U(n)/ 1 r"cpgg
U g1y 7 Uty — UM yn-g)xs?, = ©F o
’ ] ¥ ; < »
s 1 ~— ¢ o 2 . ¥
’ . »
3 ” ‘e A s *
4 _'w rs
¥ -
? ) . .

. W f‘ R A ) * %
« W+ . &
s e \ - . IS * .
wr ‘p - £ ~ " » . .
- v-&‘ -
. ] N $ \
o A - o
N N . ,
“ ’ N N . ' LN
- - P a
i - ” . B =
» 3 - ““_‘:""\:‘ & 3 o ey .
space (mamely BG = G*G*--v/G) we have inducedgattiions of zn on
X R
- L]

. ‘ . .
BT(n) and BU(n). Moreover the dncln;ion I . T{n) € Utn) imduces

<

a map Bi BT{(n}) - BU(n) whlch is Z équivariaﬁ* We can pass to
- r » >
Y
cohomology and obtain an equivariant map o
' % v - A,

(Bi)‘:H*{Qp(n)) - H.(BT(n))f Thp actign’of Zn on. H*(BU(n)) is

.

i . » . h
trivial. For any inner automorphism of G'induces the idemtity

. . . %* 4 * .
Proof: 'Sinre we have shown that both H (BY(n)4 and H (8T(n))

L4
¥

dre polynomlhl algebras on generators of degrees 2,4,...,2n it
v ten .‘ -‘ >

suffices by‘Lemma 3.2.1 to show tpat Bi U (BULn) Z/ —




RS

a ™ \_ “
L X s R .
R - 7 - @ > v ey
v + "' k4 ) % P ’ c . 7
) LI a o -~ « ’ *? *
. -~ - . . L \h . R v 7.) "
. ¢ .
‘. . , ) . o .. 1“" ~ L
s o . . . s
’ ~ - "1 ‘- v
- » " * " 3 ‘a»
- - Ey Y ¥ . - N ' .
It follows ¥from our z‘]r{im tlx(xt\;ﬁl_’(h) T“‘).Z pISH {(BL(N).Z p) - + < o
b 3. S ) . : : .
is concentpated in eten dégree, S0 thegspectral sequence .. !
Y = .
: . * . ¢ N .
associated to (“)\('()lla%i-s and we have T . ‘ .
3 x * (D4 A * . ' B * ¥ ) ' -
H. (U(n) T(:]) Z pie. H (‘Bl»(n) ;.Z_"p) > ‘E”H { Bl (1,1) Zp) . n . ~ o
* < *w‘ . 3 .. ~ N
Under this identity (Bis) becames the obvious incluston map. Mn 0 *
T » . - B } ) N 3 . @ o
. . A « LN - . o « N :‘} Y
pakticu lal it is in ject jve’ o LT Q. £fp 2 . >oen
) o ‘o . R . . i )
T i ; 2k , o~ . - th . =
Remark - The class ck €, 1(Bl,(n)) is called the k Chf;*rn clpss.
- * -
A PR e, A .
33 3 .1];_uldt‘ml) of H, (BUIn) e ? - LR o :
R - t ,. -~ ) N - 7‘,
~ . -
Definition, - H, (BT(n)) Z denote‘y the quotient of H;,(BT(n) Z) b& BN N . .
X s : . . ~ . LY 4 -4
the subgroup generated by {o(x) - x l-\o € 2.'“). \ : S e
&;_5 ¥ r iy . : ,,' R et ,:-_.
B (BT(n)) 7 and H*(BT(n))on are dual’ Sp if we-dualize the Yowpe s
. Y , N S AL
discussiion in 83.2 we-obtain an isomerphism. . N . ‘ m
P A ioo= . oy DA B
s T n oo w4 x ¥ .- - y % c
Propositjon 3.3.1: ® H,(€P )2 =4 i (BU(n)) and a " T
. o0 : * — * “ - G& .,':..'"'
monomorphism HJCP ) —, H, (BU(n)). . - ‘ : .

. - A 1 g a - < .

’ - 00 »” w-&( -~ A . -r . - ]
Recall H (EP ) "= 2[x] |x] = 2 Put £, € H,(CP") as given by. = - pa
» i A} ‘ ) . o * ! 5, SR Y
“f,.%> = 1. So {pé} is q bas»s of H,(CP ;2) which "injects" ifto

PR - “ \ v -

r 4t s x t B "
H’*( (nH Thexz above isomorphism tells us: L o ‘m A >
Proposition 3.3.2° H*(fABU(n)a) has basis *monomi,als 9’1‘ the form e - “ "

; - .
. & 7. » e, - .y

(p P B } : ' s -

Iy 12{ i . Lo ~ ) .

N 4 > "'» q;‘a
* - *
. We define BU = lim BU(n). Fqr each m,n>1 the inclukion - .
LR ,‘; - s - .
LT s > AO I~
C(m)xU(n)" —"Btm+n) given by: (A.B) —(y g) ‘induces maps . . ,
'4." > * .
Ho . BL‘m)xBU(n)\—-o BU(m+n) Thbse maps fit together to give a' » .
mulblpllcatlon H 5 BUXBU =+ BU. We can Lterate M sto obtagn maps
Lot A S o.‘ + " -
- ’ . (S
*o3 4}' - ‘ : -
N - - ' ) .
> L “w "
7 4 o .
s PR " (’ - 4 3 - )
- A 1
’ A S .o 4
N “r A



e

-r

L 2

C 3 Ll ‘a‘ -
J L 4 R " 5
‘% ~ + b‘ ’ M et
v : . -
L B
B ~ N '
R .. o S B o
«l' BU - BU Since BU'(1) = CP wB have an inclasion CP -.&“Bl‘ We
1 1
have a4 commutative diagram
- *é .o,
- s n n |
s o0
! ) n CP — W BU——RU . ’
. v iyl i-1 ‘ )
o ' . [ 2 ’ ' -
'y , - B),’ . ’
P = o BT(N)—ee——B(n) -

~

So usxng the multlp.lu.itmn Hy 1-! (BL)@Hl (BL) — H_(BU) we can

dvduce from &’3 3, that b N . .
- . .t . )
' o
Ihﬁgigm_1~1L1 ) - By y . . ‘ ((BU
H, (BU) Z[,L!l p2 ]"u‘rhe_xe é&i € H21(CP )i H21(BL)
§4 The Space, MU(n) , ’ “ a

- . -
L
- -

3

Consider the universal bundle U(n) —;o,Ep(n) —s BL{n). We.

) . “
will denbte it ¢, We can define subspace.D(¢ o and S(¢,

-

EU(n) by the rule that fer each b € BU{n) .

D‘tn)b: (erU(n)bI |XI§ 1} S(i )= {x€EU(n) l [x] <=1} .

Clearly S}(,g ) <€ D(i ) are subcomp]exes Yof EU(n) and™

[ , ”
MU(n) = D(g )/S({ ) is a Cw—complex. It 1s called the unltary
Thom complex. It is also possible to define 'V[U(n) as ~the cofibre

of Bi__ :BU(n-1)"= BU(n) where {U(n-1) — U(n)lis the

N e‘
inclusign. As a result‘we have .. “ .
. ' "/ = - .
Proposition 4.2: There exist an eﬁct sequence .
S X . .

H9Mu(n)) — H2 UBU(n)) — H q(BU(n—l)) —.0.

\ .
o a

Proof: . . ) . TJhe

[
~

- . ' I’

Barrat-Puppe sequence, BU(n-1) 4+ BU(n) — MUfn) — ZBU(n-1) — =

= \ r ;' , . '
ifiduces an exact ‘sequence. ‘ B )

< H q(ZBU(n 1)) — q(ML(n)) — #%9BU(ny) — w29 BU(n-1)) —

”~ v -
! . . 2 .
» { . -
‘ , . -~
.~
/ - ’ “
/ .~ ‘
4 / -
i - 4
N
LI M
- A - [
- - V. .
1
- 4 ‘ !
' . . D
'
+ [e] ] . N
* Lt} J'
- ] .
A i o
-~ .. - '

13

AY +
- %
.
A
.
¢
b



Since Heven(ZB:U.(n-f'H -9 we:i.anb'd(;ne. b.Ff'.'D.‘"’ R . -
: e 3 Lo - v e
lies in.#H (BU(n)) we hﬂve -

%

'.o
4
-
i

Tee x
r - By the' p!‘opo'sitidn H .(MU(n)

% !

*
3. ~ H (MU¢n)) = Kerl %he lde l of H (BU¢n)) generated by o . t’,pe,

o~ :", LT !’\ W (Thom Isomorph sSm Thr!orem) There exists an

- 1somorphism $ : H (BU(n)) - H (MU(n)) of abe]ian;groups uf degree

ZQ . Ten e

3 - "‘, . -

. » -
S s Proof : gef ine b(x) =0 -x. , , Q.E.D.
) Y P . , . . )
- . Dugiiy we have_¢* : HABU(n)) - H (MU(n)) an isomorphism of degee

X i ; .
2n: . “ -

"t l"” ‘LI' AR e h ) ' = ’T
- §5; : ’

L - “v cL 12

1 T ) -# - . ‘
$5.1 The'Spectrum MU. .

‘e B .

It ¢, ‘denote the’ universal U(K)-bundle over BU(K) then the
el ¢ ‘ré '. :
inclusion LK:BUT”K) - BU(K+1\) define an isomorphism of bundles
~ * J At . Kd
f = “ ¢ 3 e L. ¥

¢ (¢ K+ 1) Ry 01 sy LK induce a-map.. »

[ R . * - - “* . -
Lk.MUiF)AEH =TM(E,@1) & My (8~ )).— M(§, ) & MU(k+1)

s

-

-

. ,
P “ 4w’ .. We define the speéctrum MU by the rule MUZk = MU(k) -

;o
- \ MU ey © Shg:p(k),The map e2k SMyp— My, 1s t/he idefitity map
while SHZkﬂM K+ is Csl.

*

The spectrum MU is »ring spef:'trun.The maps

, GH_iBU(n)XBU(m) BU(n+k) described in 13.4 satisy the
~ T ".v o ' * j-' ' - t
. 1 Y - .b . s
B identity pm n(e +l“) ¢ xt afﬂlerefore Pm nmduce_ a map. .

e . 8 A ~ &
Ca 3, M(ym n)

.. Fa o MU(n)xMU(n) — M(;*wy T M) MI(n+m)

_. ‘ These maps give the multxplu‘atlon M :MUAMU —— MU Since * v

N o cp” & MUt ) we h,aye‘a‘ mapg't :H*(CP ) » H (MU) of degree 2. Let

- i
N ~ [




b, i'c(pk) € H, (M)

It follows from therfact that the folewing‘diégram commutes

s

H
H,(MU(m))®H, (MU(n)) . H,(MU(n+m))
lr ®F lr .
m n m+n
. u,

H,(BU(m))®H (BU(n)) ———— H, (BU(m+n))

that we can mimic the calculation of K,(BU) in 83-4 and deduce

Proposition 5.1.1: H,(MU) =Z[¢ .6, .. ]

The multipligation p:MUAMU - MU %lso gives m (MU) an algebra

x

structure. ~

qg:gpg31;1gn §.1.2 w,(MU) = Z[xy,x,,...] where [x,[ = 2i.
So, in particular m (MU) is torsion free. Unlike H,(MU) there
) '
is no easy way to give canonical generators for nm_(MU). The

v

above structure. theorem follows from an Adams spectral sequence
argument. Since.m, (MU)®Q & H (MU)®Q it follows that the Hurewicz
map h:m,(MU) - H,(MU) is injective’

P4

The following‘afgument holds for E a fing spectra with

n (E) a Z-free hdqule and connected i.e., B * for K < 0 We ”

already proved thgse things for E =/ﬁZ.
. t

. * o : O s | *
Proposition §.2.1: E (CP ) & n (E){[x )] when |x| = 4 when

* t ' ’ < -
1 xE) seeedshmz . - / - . )

s . -~

. ) .
Proof: Since H (CP) = Z[e] le| = 2 we have that

. R , . .
H (CPm;n*(E)) 2 n (E){x] consider the Ativah-Hirzebruch spectral.

* ¥ *
sequence since 52 & H (CP“;H*(E)) is torsion free then the !

spectral sequean collapses, i.e.,




A

. 4

o '00.1 * Q0 X ,
CE(E(EP)) - H(€P  my(B)) = m(E)[x] .

.. . . ¢ 0 - (:9
We have to allow infiiite sums in passing from E (E (TP ) to

~ L ‘ -

¥ L® * . 3 : - -
E (CP ) E (CPeo) - m (E)[[x ]]: - P Q.E.D. -
Now the Krolecker product \in E-ﬁomo[ogy‘wﬁen (E,pu,t) ks a ring -
. . v o ',/ " .
spectrum is given by: - = S S L “ .

e (s

1f t € E"(X) and g.e’an(X) then £:XaS ™ 4 E and g:S" < EaX so *

- ’ LR

(g.f) € nn_m(E) is given by : .
-4y . 1af M .. ' :
, s™s ", s M EAE — E ‘ : g

1f we dualize Proposition.5.2.1 we obtain: Co ¢

Proposition 5.2.2 If A € EZi(cp‘”) is defined by v

< (xE)J:pi > = 51 J,then E*(Cﬁp) is generated as n*}E)—module by

L S —

, ...} Moreover-the Copfoduct .

(18,8, B,

T X oo o0 M
¥ :E(CP ) —s E,(CP )8 E.(CP ) when ¥ = 4, and

 (E)

-~

. . o0 o0
4:CP < CP xCP 1is the diagonal map is given by

= I pBp . ’ L
y(,Bi) J+k=1,gJapk ‘ A ; y

As before we have a canonical map f:E*(Cﬁw) ~—+ E,(MU) of degpee '
~2. Let !ﬁ = t(pf;) s R s
Since the Atiyah—Hirzebruch spectral sequence for E,(MU)

cdllapses we can deduce from Proposition 5.% that

Proposition 5.23 E,(MU) & m (E) (b5 ,b0, ... ]

Remark: Both p? and bf depend on the choice of x£. In the case

+

E = MU we can make a canonical choice of x. Namely x is
representad by the map Cﬁw = MU(1) -» MU. -~

[

'S5, he Hurey Map




/\ L - o - ] . :
R The Hubewigz map h:m_(MU) - H_(MCU) can_be déSCQiGed by
- ~r -~ g A . N B

-

* i

. . B "
using'fbrhﬂi'éroup theory. We begin by working with specfrﬂm Ec 7
when d R i , - . ' W
o (Eyis a free Z moQule. We have E (CP ) =@ (E)[[x"]] . <
Now 1f 'm: CP xCP - CP ls the mu]tiptlcatlon 1n the H-space CP
i.e., the map induced by the tensor prOducl of U(l)wbundle
haa L o ~. Py
(BU(1) & CP i It 1nddces m E (CP )——-o E (CP xCP ) ami we have .
*. oo G N
E (Cpﬁ)emm\) 1-: (€cr” IR (E)E (cp ) = 1'r El{[xl]]qn*(E)[.[xz]]-z\’ - .
*(E)ﬂxl xz]] Now 1 E (cp ). = (BN ([x ']”] we have T
T - IR
. “m (x ) = x§+x§+ Za, (x l (x )J . {*) T
L ; . . x B E T,
CIanly ifr &2 HZ a i = 0,for all i,] i.e.:im (X) = xl Xy, e —
We willsstudy those aij,€ n-lé) for E = MU; Let yE(x .k )*genote - \
the formal power serzes iaw associaxed to the spectrum E. by (*)- - Y
Recall that E (MU) =7 (E)[bE bE 1 Let g(x) £ bE Arl.
The Hurew1cz map* h m (MU) —-» E,(MU) reiamgs the elements {aid) o n:
1 '(‘;‘ * ' ’
in m,(MU) to_ {b)mE(MU) AN « ¢«
MU S PR
ProposItion 5.3.I'w (xy) = g(# (g~ T4y
-
Proof: If we imbed MU (cpf’°) -n (MU)[[x é] and EJcP) - N
: - H@ e -
* .
m,(E)[(x"1) in (EamD) (€F”) we have thé.ldentity x W eixh.
So, im (BAMU) (CB xtP ) we have the Jdéititles‘ﬁ‘U{xMU ZU);z T o
* M) I Lo
m (x =m (g(x )) g(m xE )) g(ﬂ (xlﬁ,x 1) o= .
"E, -1, MU -1 MU - .
gluleg (x g (x,7)))) A QE D : 3
In the case E = we_paver 4& (x V)= x+y ang 4
v - ’ ¢ Aapor V& T
. b glxh < log(x). ‘“‘: )

. , (x_)‘1 exp(x) =& b1 K -,

PTG L e .




L 4 . - Q . B \-
s - MU . “;
The identity g (x.,y) = log(exp(x)+exp(y)) tells us how to write
-~ _ A ~
. {h(aij)) in terms of {bi} ang {mi), hence just in terms of {pi}.
” Notably one can show .
. Ecgpgsggign 2.3.2 hi{a ) = ii:lll mod decomposable in H_(MU)
‘ : i,j AN p * .
. - . One important fact which we will make use-of in our arguments is:
% . - . . .
: Proposition 5.3.3 (n-1)m € Image h:m (MU) - H,(MU)
. < . a
. The elements of m (MU) can be interpreted as cobo}dism-classes of
manifolds¢ . In particular, by a charateristic class argument, we
+".  can identify (n+1)m_with [CP"](see [Adams 1])" L,
86 MU Theory ' S
' . J\ -
. The ring spectrum MU defines a homology theory
. \
F . & * - .
MU, (X). = m,(EAX) and. a cohghiology theory MU (X) =+[X,MU]. They
' * are module over w (MU) = Z[xl,xz,...]. If we rationalize we can
. ’ ,make‘canonicdl choices oﬁ the generators {xi}. For

.Ty(MU)®Q = H, (MU)®Q. So by®the results jn 85 we can write | ' i
- ? - .

to - ., (MU)eq O[bl.b'z,,....] ) - -

. . or’ . . (MU)eq Q[ml,ma,wu . ‘
fl ) “’ - - k) r

- . ‘ e -

, ‘ ’ where the forma}.gowér series exp(x) = Zbl.x1 1 and log(x) = v '

#

. ) Zmux1+} are compositional inverses of each other. Bgéause‘og

: v 0 a'l ‘ - m

. ' - “thése canonical choices we will often find it profitable to
Co, - ) P

[ rationalize even if Qé only wish tq describe phenomeng "in n, (MU),

: | * :
MU, (X) or MU (X). S
N ¢ . ) hd :

- . MU theory is related to both ordinary (co)homology and to "-
- »

A} a - -
K—theory., For ordinary- 1co)homology: we hqve the Thom map

! ; : ‘ ‘ T:MU, (X) = H, (MU
( ) : i
s L
- 5.‘ ' d
- ':‘ . :

2o * e : ‘ ¥

- » - 2 : >

.. . , ) »17 -



by the Todd map [Hirzebruch 1;*

. . . S 19

* * ] .
T:MU (X) - H (MU) ' ’ .
It is induced by a map T:MU -+ H2 representing a generator of
HO(MU) = Z. The Thom map is onto if and only if the
Atiyah-Hirzebruch spectral sequenee~eoﬁ55rging to MU, (X) or
MU*(X) collapses. Indeed an elemen; of H (X) € Hy (X,m (MU)) or
H*(X) c H*(Xin*(MU)) lies in the image of T precisely when it is
a permanent cycle in €ﬁé spectral sequence. T acts on m (MU)®Q by
the rule T(bi) f T(mi) =0 for i > 1 A
The relation betwé;n MU theory and K-theory is determined

' Td*f, (MU} ™ 2, -

]

It is %he unique ring homomorphism guch that Td([CPn]) =1. If

we rationalize then Td satisfies

1
Tamy) = 177 ,
4 1
Ta(by) = ryT ‘
The first fact follows from the identity m = (i+1)[CP1]. The

i

.
second fact follows from exp(x) and log(x) being inverse power

series. The Conner-Floyd isomorphism asserts that

(See:[Conner-Floyd 1])

~ AN
. K, (X) T MU*‘X)GH*QMU)Z
* x ~ .
K (X} = MU jx)on*(MU)Z
N ’ * x
We will use B:MU T (X) » K (X)

BMUL(X) = K (X)
t0~denot% the resulting surjective map. We will call B8 the .
A .

Conner-Flgyd maé.

s . * ! ‘




Part 11 [

§1. The Hopf Algebra MU, (MU) ‘e

We have already shown that MU_{MU) :'n*(MU)[Bl.B .T. In this

5t

section we demoné;rate that MU MU" has a Hopf algebra structure. The
Hopf algebra structure is provided by maps s

Po.o MU_(MU) ®. MU,(MU) — MU_(MU) product & -
Ut * * * .
™, (MU) \/\)

Pt MUL(MU) — MU, (MC) @ MU, (MU)
, : a, (MU)

» X MU (MU) — MU, (MU) conjugation

€. MU _(MU) — o, (MU) augmentation

T (M) — MU, (MU)  1€ft unit

i Ty(MU) — MU, (MU) right unit
when P is induced by }ing spectrum multiplication

MU
4 MUAMU — MU

P MU, (MUAMU) = MU, (MU)®MU, (MU) —s MU, (MU).

My M
X is induced by the switching map C: MUAMU — MUAMU

X = Cimm (MUCAMU) — @ (MUAMU)
£ is also induced by 4 in the following way
€ - u,: W (MUAMU) = MU, (MC) — 7, (MU)®

7, and 7g are theé left and right units which define two

AN
\

gigigggni n,(MU)-module structures on MU,(MU) [See Adams 1 part I[I
81I]. They are defined by application of the functor n,.(~) on

MU =~ MUASO — MUAMU

20
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and
0
MU =~ S AMU —— MUAMU
respectively.
To. define the coproduct we need the following
Lemma 1.1: If E,{(—) is a reduced homology theory and ‘E*(—) is a free

n,(E) -module then the exterior product gives an isomorphism

E,(Y) —— E,(XAY)

E*(X)Gﬂ*(E) -

Proof: Siunce E,(X)® E,(—) and-E,(Xa-) are (reduced) cohomology
%*

3

MU

theories and‘sjnce they agree when Y = SO it follows that they’agree
-~ L.
for all Y. Q.E.D. - -
Since MU,(MU) 1is a free MU, module we can define ¥ as the

composition
-1
Ly Hy .
Pyt MUL(MU) — WUAMUAMU) —— MU*(MUQ*MUMU*(MU).

L

These maps satisfy the following relations. Define mi = C(Bi)' Let

B - 1+Bl*B2*... and let B; denote thé graded component of degree
2j in Bl o ) . N
Proposition 1.2: . S '
{a) €(B) =0 for k>0 4 . .
L ' .,
(b) nL(bk) = bk . g
) i1
(B = 2 B, (b)) | . | :
i+j=k ‘ . )
i+ .
(c) ¥(8) = } By o8, | ,
i+j=k

In the above the elements {b,} do not belong to w,(MU) but rather

/

i

to



So we are really giving a description of

MU, (MU)

is torsion free.

\ ' .

14

m, (MU)8€

o

H,(MU)8Q = @[b_ .b,

22

0T

However

MU, (MU)8Q.

Sw we can recover a description of MU_(MU)

14 . . . ' .
from the above. We also have a dual description of MU_(MU). The

conjugacy map satisfies

Proposition 1.3:

If we define

as in Part 1 85 then

X

KLy =g X7 g

.
Mk € MUZk(ML)

m.€ T, (MU)®Q = H, (MU)8Q

by Mk = x(Bk)

k

-—

Proposition:1.4

(a)

(- (b)

’

R (c)y ==

C(Mg) =0 for* ®>0

A P

n (m) = my
, . i-1
Tr(M) = E my (M5
o i+j=k
_ i1
r(m) - E Mon,
idj‘:k N
L
)
r]

and




~

*
§2: The Hopf Algebra MU (MU)
4

*
We cayg use 81 to obtain a description of MU (MU). the algebra

of MU cohomology operations

]
Proposition 2.1: v

* i
MU (ML) is the d m,(MU)-module of MU, (MC)
" Proof-

x
We have seen that H (MU) is the dual of H (MU) as Z-modules,
Hence the Atiyah-Hirzebruch spectral sequence
2 " 3 *
Ee & H (MU:m (MU)) » MU (MU)

collapses and w_ (MU) Is the dual of u (MU). So Ei is the

*
7, (MU)-dual of E2 and the collapsing gives the proposition. Q.E.D.

* » .,
More generally, MU (MU} is the dual Hopf algebra of MU,(MU)

(over @ (MU)). We can dualize our description of MU, (MU}.
Given a sequence E = (el,ez,o,o,o,...) let
e, e €
E _ 1 72 k
R B~ = B1 B2 .. Bk
e. e k '
E _ 1,2 e :
. ﬁ~ = M1 M2 ...Mk . /
Both (8%} and (¥F) are a =, (MU) bWMU*(MU). So if we let
SE = the dual of BE
E
, re = the dual of M

' . ' * B
then both {St} and (rF) are bases of MU (MU) provided we allow

infinite sums. - The need for infinite sums arises from the fact that

* . * n
MU (MU) = lim MU (MU ).
n

The operation {SE) and (rE} satisfy the Thom formula




83: The Action and Coactiow Maps

?iven any spectrum X we have actions

L4

*
(1) f, MU (MU)®MU, (X) — MU, (X)

* * * *
(2) P MU (MU)BMU (X) — MU (X)
as well as a coaction.
L4
(3) P, MU (X) —s MU (MU)®MU, (X) .

<

In this section we describe these maps and the relation between them.

x
Regarding the action map an element of MU (MU) can be

interpreted as a map 6: MU —— MU of Spectra. Since

x : .-
MU (X) = [X.MU],” and MU X = m_(MUAX) it follows that & induces

.

maps

. * *
6: MU (X) — MU (X)

8: MU, (X) —s MU (X).

Regarding the ' coaction map it is the composite

= -1
Ly My
. P MU, (X) — MU, (MUAX) — MU, (MU)®MU, (X)

where ¢ is the map Xx = SOAX — MUAX and u, 1is the isomorphism
giVen by the exterior product i.e. MU*(MUA;) and MU, (MU)®MU(_) are
homology theories which agree on X = point

The action P and the coaction ¥ can be determined one from

X X

the other via the Adams formulas:
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Proposition 3.1 (Formula #1)

*
Given 8 € MU (MU) and x ¢ MU_(X) suppose that

N

¥ (x) = 2 eiaxi where ei e MU, (MU} and xi e MU_(X) then
8 = 2 <, ’
(x) E <9,x(ei)>x1
where x is the canonical .anti-automorphism,

)
Proof: See [Switzer 1] prop. 17.10.

Proposition 3.2:  (Formula #2)

* *
Given € € MU (MU), x e MU_(MU) and vy ¢ MU (X) and suppose
Vx(x) = E eioxi where ei e MU, (MU) xi e MU_(X)
"Then - :
I?
<@(y).x, = } {(-1) yLJeiI<9,ei<y,xi>>
Proof: See [Switzer 1] Propositidn 17.11.

Proposition 3.3:

5

The coaction map preserves external products i.ed if x e MU, (X)

and y € MU_(Y) then
y) = ¥ .
?XAY(XXV) X(X)X?Y(y)

Proof: See [Switzer i] theorem 17.8.

Corollary 3.4: (Ca(tan formula) >
SE(xxy) = E SEI(X)XSEZ(Y) ‘
E - € -E,
Egg%ﬁz We recall that MU (MU} = n*(MU)[Bl,...Bk,...]. If

E
X € MU, (X) then Yx(x) = 2‘:E,iB ij

. . _ F_
and if y e MU_(Y) then \’Y(y) = EPF.J’B Oyj
where aE i and pE i are In @ (MU) while E and F are integers

sequence. Then by Propostion 3.3
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' \
\ E,vEy
Py W) = E (lag )(Pp B )
.,1 1 2 _
So by Adams formula #1. o -
//’
s (x><y)'=§s (X)XS. (y)._ Q.E.p
> E L E, E, P

¥ w ~
The coaction map in the case X = cp has a simple description

oor

Proposjtion 3.5.
¥. MU, (CP M MU)® MU, (P
P MUL(EP ) — MU, n, (MU) % ) .
is given by "
. } v ] jo -
) J (Bk) (B)j Bj‘ SN
i4-j=k R ,
j .th ]
Here B = 1~Bl+82... 5nd Bi denotes the 1 component of B-.

This result is actually proved as a preliqinary to determining the

coproduct R,;\MU*(MU) —— MU, (MU)®_ MU (MC)  as in’ §1-1.
!

B
~

Proof: See-[Switzer 1] theorem 17.16. ' .

. p
'i -~
K

-

e
. .
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84: Action of " MU (MU} on m_(MU)

2

*x
We begin by showing that the action of MU (MU) on

MU, (pt) = 1 (MU) is completely determined by
Mot Ty(MU) —s MU, (MU).
ELQDQ&i}iQD_A;;i .
- *
Given x e @ (MU) and 6 € MU (MU) then
-8 (x) = <9‘qR(x)>

Progf: The diagram
‘ .
s! ~ MU W
B
muaMu —28, muamu

commutes.

Proposition 4.2: In ‘7 (MU)®@ we have

Q.E.D.

o r
' 0 if |E| 2 2k and E # 4
- %k
: (Sglby) = 3 .
> 1 1f E = Ak
S .o '[' 0 if - |E| » 2k and E # 4,
rE(mk) =3 ) .
. :'*1 if E = Ak
Here |E| = } e, and 4 = (0....1...). Recall J
4 k-place

7, (MU)6Q & H, (MU)®Q =~ Q[b ...b

= Q[ml....m

n,(b) = B

k
qR(mk) = Mk mod the ideal (ml,m

K

‘ K
3 . .
our dscription of qR in %1 we have

-]

mod the ideal (bl,ba....)




Applying Proposition 4.1 and the definition of SE and
the result.

It follows from the above corollary and the Cartan

?

Corollarvy 4.3: In @ (MU)®Q

r 0 if |E| X |E| and E
Sp(b ) =
1, if E=F
. 0 it |E| 2 |F] and E
rE(m ) = 1
1 if E =T
\
“ . v
! L)
N r

28

Formula that:
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3] i » simitivity. ﬁ

Definitijon 1.1: The total operation in MU~CQB$m01gy‘is

x x
P MC (X)2Q —_— MU (X)eQ -
" J: T } mES
' E

E N\

. .
Defipition 1.2: Given B e MU (X) we said that « is primitive if

: x
and only if all the operations in MU (MU} with positive degree acts

trivially on B i.e for all E # (0,0,0... )} SE(x) = 0.

A * '
Proposition 1.3: -x ¢ MU (X)®8§ is primitive if and only 'if x = ®(y)

for some y & MU,(X)®Q

o *

Proof - Suppose x is primitive. Then SE(x) =0 for E\# (0.0,...)

implies ®(Xx) = x. Conversely we will show that 55(9(y)) = 0 for

* - .
all E# (0.0....)_ and y e MU (X)®Q. Define a filtration of

*
MU (X)8Q.
oo . .
Fyo fxe M (xea| |x| < q)
If F# (0,0, ..) ) .
Sp(®(y)) = sF(E mE§E(y)) : /
E ’ il
=Y C ) sy mhsg (sp(v)
. } F, F, E
. E F +F, =F
But T . :
E, J 1 if E = F1
Sp (m0) = -
1 1 0 if E# F_.
L 1
" So
Lot = S. (S; (y)) =0 mod 5.
! F «~F, = F 2 !
12,
' 29
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Inductively suppose that SE(9(y)) = 0 mod gq d>1. If
F .
S = > € = ¥
SE(9(y)) } moxg mod 9q_1 then GF(SE(9(y))) YF mod 1 But
‘SFSE = E‘JGSG' By case q = 1 'we have SG(9(y)) = 0 mod 91. Hence
- ’ Foo_ N .
Xp = 0 mod ?1 and m Xp = 0 mod 9q*1. Q.E.D.

Proposition 1.4: 9 s multiplicative i.e. 2(xy) = ?(x)®(y) for any

*
X,y € MU (X)e@. ’
Proof: The Cartan formula says that

SE(xy) (X)SE (y)

2 -

[
- INAT
)
%)
m
-

" and

- ¢
E1 E2 E1 E2
m =m -m . so we are done Q.E.D.

Proposition 1.5: There exists a monomorphism

- - .
?: H (X)8Q — MU (X)®Q .

such that the following diagram commutes

-

* *
MU (X)®Q —— MU (X)®Q
7 - -
| ™.
H(X)®Q '
* *
when T: MU (X) — H (X) is %he Thom map.

Proof: By our- description of the operators {SE) on
X

MU ®Q = o (MU)8Q = D[bl.bé....] {see 84 of II) only the elements of

degree 0 are primitive. By Proposition 1-1 % annihilates the

x
elements from MU 8Q of degree # 0. In particular 9(bi) = 0. put

—
Ker T&ln is the ideal (bl'bz"") and 9 is multiplicative. So 9
* * ~
factors through H (X:Q) = MU (X)OO/(bl,bz,...).' The resulting map
- *
% is injective. For T-® 1is the identity map on H (X,Q). Q.E.D.
. ' '




~

In pafticular the proof of Proposition 1.5 shows that the
* - *
" primitive elements of MU (X)®Q project to a basis of H (X:Q).

Variations of the above ‘discussion are also possible. If we

replace {mi) by {bj) and (SE) by (rE} then the above discussion is

still valid. So we can define
. 5

- 'E
P = 2 b rE.

E

“

We can also define 9 in MU homology G by the same formula.. We
have

$,.: MU, (X)8Q —s MU, (X)®Q

E E
: J.
x 2 m SE } b FE'
E N

E

In homology we can also characgerize primitive elements via the
coaction map. They are elements a € MU_(X)®Q with Yx(x) = 18a.

The map ¢ and %, are related by the rule
N P(x). P, (y)> =

. .
for all x ¢ MU (X)oQ, y ¢ MU_(X)®Q. Now our main concern is to

calculate primitive elements in MU_(X). To do that we consider two

problems:
[

1.- Calculate the image of ¢ and ¢, in MU_(X)®Q. So we obtain

I}

primitive elements in MU_(X)®Q.
2 - Integrality problem: Since ?.(a) e MU_(X)oQ we want to calculate

the (min'al) number k_ & Z such that k 2 (a) e MU,(X).
a . a

-

» s “




-

K

’Thé first problem involves calculating the action of the \
Landweber-Novikov operations on MU_(X). This second problem is
. % L]

re)atéd to other integrality problems in algebraic topology e.g. Chern’
character integrality conditions, calculativn of the Hurewicz map of
4

X in ordindry and generalized homology theories. and others.- We will

» ',‘

discuss these topics ‘in subsequent chapters.
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32; Primitives in MU, (CP) We now solve fgr X
" problems discussed at the end of 81. We know th

* © *
MU (CP.) = MU [[x]1. [x] = 2.-
Here x is the canonical element given by the m
*

L4
€P" = MU(1) —~—— MU.

0
= CP the two

at

ap

*
Proposition 2.1: In MU (€P) .
'Io if E#4 n-=1.2.
SE(x) = n-1 n
ot lx lf ,E = 4 -
- '. n
where
4 = (0,...0.1,0,...)
! a |
gq-place

Proof: From chapter II we know that -

CP

“«

is.given by
i 4 Jp)=§(M{u0A
cp k k-i+1"71

<x,pj> =8, and (b)1

where ij K-1

: o . 00
LA MU, (CP ) — MU, (MU)®MU_(CP )

4

= 2(k~i)-component of (b1+b2+...)

i

2 3

In-other words ?cpw(pk) = bkop1 + (b)k_lep2 + (b)k_zep3 - .‘wBy
Proposition 3.1 Chapter II <8(z),y> = } (—1)i<9,ei>-<z,yi>

o * . ©0- -

o ¢ MU (MU) and ¥ _(y) =§eioyi~ y.g, in’ MU,(CF7). By the

cp
. definition of fSE: “
1 E =4 '
<SETbE) = '[ k -
— 1 0 otherwise.
So )
n+1
<SE(x},pk> = <SE.bk><x.p1) 2 SE(x) = X only if E = a Q.E.D.




Since ¢ = E mEsE we have

* © : ;
Lorollary 2.2: In MU (CP ) . :

i-1 * o0
P(X) = 2 mjx = log (x) e MU (CP )®Q.

*
Corollarv 2.3: The primitive elements in’ MU (CPw)OQ are generated

8

over @ by {(2(x).2(x)2.2(x)° o) ).

.
Proof: Since ¢ is multiplicative 9(xk) = 9’(x)k and 9’(x)k is
[~4
‘primitjve. Since {x,xz. .} project under T to a basis of
*
H (CPw;O) and since %(x) = x mod KerT ( = (ml,mz, 1)y it follows
2 1 ' o * o0
that {?(x),®(x) ....} also project to a basis of H (CP :Q).
Proposition 1-5 then implies the corollary.’ “Q.E.D.
Now we recall by Proposition 5.2 in Chapter I %that MU*(CPw) is -
=~ N
generated by (pl,pz,...pk,...} "as an , MU, ~algebra Since
S . . - .
6. =<x' B> = @(x'), 2,805 = <2(x) ,2,(8,)>, ¥
ij S I : j i
Corollary 2.3 implie$ that. The primitive élements in MU, (€P )®@
N ’ A~‘ N ‘\'
are generated by .
’ (9*(pi), 9*(ﬁ2)ﬁ ...19?(ﬂk)- ..} etc.
We wént:anvexplicit caleulation of §*(pk) k = 1.2,... Write
$(8) a .. ) ’ -
B) = Bl * e k-1 T T Co
when ' M .
a, . en., . . (MU . -
_ g 2(J-1)( )eQ
?o:we~wgnt‘an ex?ressloq (polynomial) of al,J in terms of/.bi i.e.
~-:ai P are polynomials with Q coefficients. Since ®(x) = log(x) it
" toi lows that

“




\ i~
x= exp(®(x)) E b.#(x)' :
- 10
So

X" }(h):‘?(x)k”

wherg b = (l'b1~b2~. } and (h)? is. the Zith graded compoﬁent of
(b)k. Since (ﬂi} is the dual basis of {xl) and (9*(pi)) is the

dual, basis of (9(x1)) _we deduce

Theorem 2.4: (Segal)

mn : S
i o !
8 - ) A, . .

: i=1 ‘ , ; » )
Proposit 5. (k)% (8, ) € ML, (CP ) BRI L e
roposition 2.5: (k! *(pk e M, - AR ST -

Oy 3
Proof: [Segal 1] Let f(k) be the least positive jnteii’ suchgkpat; .
N i .
f(k)(b)m i € MU, for all j ¢ k. We want to prove

(I f(k)lk! .

(ii) kt]f(k) .
By Hattori-Stong theorem [Switzer 1] chapter 20 we know that
X € H, (MU) Tie in Im(h:n (MU) — H,(MU)) if and only if Td(SE(x)) e 2
for all sequence E = (el,ez,..,) and SEthe corresponding
Landweber-Novikov operation ¥ Since\the bj's lie in H (MU)®Q via the ¥
Hurewicz map we have Td(f(k)(b);¥1) = f(k)Td(bk_l) = f(k)/k! then
k!|f(k) so (ii) is proved
TO prove (i)} we need some other facts
First we define on H_ (MU} the foflowing filtration
m m ‘ .

F" = F H_(MU) =/}ée subgroup generated by monomials of the form
A

ba(])'ba(z)'l/{ba(n) such that (n+Z a(i)) & m

,

%




'

. . k - e » i
Claip If ba(l) ba(n) ¢ F then (k!)Td(ba(l) ba(n)) e Z .

- <K V
i - 1 /k!
Directly we can see that Td(ba(l) ,ba(n)) 1 k'hagl)'l,...a(n)yl) /] '
i o a .
So‘k'Td(ba(]j ba(n)) e 2 -
\ By thecrem 5.2 in (Adams 1] part I )
n-1 .

SE(b) = (By———nif Z ei = n and

SE(b),“ 0 otherwise c

and SE(xy) e I '(SE (x))(sE {y)) for x.y € H, (MU). Therefore Fk

'E = E,*E, 1 2
1.2 -
is closed under the action of Landweber-Novikov operations .since
. . j k| oy d .
‘ (b)k‘j e F tpen Td(SE{,(k.)(b)k_j)‘) e Z so we have (1) Q.E.D
. ) ca ' N
ﬁ“‘o %‘-F 4‘ 4
S .
pAE v
N R .
» a ,
» \‘ ,
k]
14
v
. v
.
, .
. ¢




A o
3 3 Primitives In MU, (HP J .
v . S .’ .
.Now we consider the case N = HP . the quaternionlc projective space.

¥

Proposition 3.1. For F g2 MU

. X0
If i. CP —4 MP is the standard inclusion then

* * o * ©
~ ‘P (HP ) — E (CP )
is 4 monomorphism , o
Proof Since . —
2 0 00 ¢
S cp HP »
I H N

Sp(1) (1) ——— BL(1) — BSp(1)

1s a fibration. the collapsing Serre spéctral sequence tell us that
* * '

i H {(BSp(1)}) — H (BU(1))

is a monomorphism For E = MU we observe that both spaces are

torsion free and even graded so the Atiyah-Hirzebruch Spectral
T * * -
Sequence collpases and 1 - MU (BSp(1)) — MU (BU{1}) is a
monomorphism. Q.E.D.
. q * 00 * oo
We can explicitly determine the image of E (MP.) in E (CP )
for the cases E = H or MU. We can write
* o *
E (WP ) - E [[y]] |y| - 4
* © x
E(CP ) = E [[x]] |x| =2
where we regard vy - pl(”H)’ and x = c](qr). the first Pontrjagin
and Chern characteristic clasées of qH and qc.~ the canonical line
- & N

bundle over MP . = BSp(1) and CP. = BSU(1) respectively. Let ﬁc

be the invérse line bundle of 7 In other words

nen. - 1.

) -/



3s

Let x = c (7

1 ).

C

* —
Proposition 3 2- i (y) = xx.

Progof: The map i- CP°° — HPm satisfies

¥ — .® 2
i (r/H) Ancenc
‘l
S0
.* * ,* p—
i(y) =i (cz(nH)) = c2(1 mH)) - (.zmcaqc)
= C1(”C)C1(nc) = XX, Q.E.D.
. *
In particular, when E = H]. X = -X. We can also think of E-(HP )

a§‘lvingvin a éjng of invariants. Let

o
r: Cp — CP“\

-1 2

be the classifying map of EC =N, + We have 77 =1. So
. . *
— —_— ) x x *' T * o T
X = LI(UC) - cl(r (n)) - 1 gl(chr— T ('x) Thus xx e E (CP ) . For
« * * _ N\ * * % _ 7
7 ARX) =7 (x)T AX) 5 7 (X)T T (X) = XX,
- As in_the‘previous\section the elements >(9(y), 9(y)2, ...} are a
. gﬂ * o0 . &
basis of the primiti!? Nements in MU (MP ). If we define -

T ——

o0
1€ Mbqn(HP ) by the rulbe

<yk,1n§-= 6k n .

I d
then (Vn} is a m_(MU) basis of MU*(HPW) ahd the elements

.

{9*(vn)} are a basis of the brimitives'elements in MU*(H?w). So we

have the pairing
kK k
8 = > = <P ,9
kn o Y7, ‘ {y) o]
I1f we expand 9(1n) in terms of (71) then we obtain the following:
Let

P LI i

c B+ o+ (—1)’32 *

B - 2-§ ( ittty PRI
21
B, * By i

B =1 -
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Theorem 3 3: (Segal) (v ) (B)i ¥
. . - ' )
£ n n~-3 i - .
1=1 !
Proof: Since ;H = -xH it FOJIOWS that 9(;ML) B 9(foL) {see
s e L
Proposition 1-3) From nbw on let x = X wWrite
) : . i-1
X = exp®(x) = E biﬁ(x)
i>0 .
Hence. . . J .
: X = E B.ox)i! - E (-1 ekt
21 i
i>0 i20
achd
— 2 2 .
XX = b = P (> . ,
XX § 8219{w] ' ,E sz (x ) -
, ‘ ‘i1 iz1 . @
If we let y = xx then we have , '
’ i - i v i
e v . ;o= - L3 .
y E( 1) B2i (v) )
Here we use the fact that §]x2) = P(x)®(x) =—9(x)?[x71 - -%(y)
So
’ K koo ke
y = E (B)i?(Y) . ¢

«

If we pass to the dual basis {vi) and (9*(71)} then we obtain the
. theorem. y Q.ED

. . . . .

Eroposition 3.4:(Segal) ((2k)!/2)? (v ) ¢ MU (WP ).

Proof: [Segal 1] Similary as in Propositio 2.5 .Let g(k) be the least

. positive integer such that g(k)(B)i j ¢ MU, We want to prove

(1) gio | (2k) B

(i1) (2k!)!/2|g(k)

a
. Since . : )
1 ‘ 1 j : k
w0 TAR(K)(B) ) = g2 (1)ITd(byb, ) = (e(k)/(KONDZ 1)
) . "¢ 2K-2 i< 2k-2 7 .
\ ' \

Ve




. Let Qk be the subgroup of sz generated (additively) by (Fk)

= g(k) (2k)‘('(1—1)2k'1*'1) = 2g(k})/(2k)! so (2k)!TdSE(B)}J\,‘j) € ﬂ}:fox\
all j < k and (i) is done

k ' . ’
If F~ is thefiltration of H,(MU) as in Proposition 2.5 we have : if

€ Fk then (2n)!Td(b ) € 2Z 1t follows By our

(1(1)”‘%(11)
2

Claim in Proposition 2 5.and -that (2n}' ((n)!) e 2Z

Patt) " Parm

-

2 and 2F2k

so if X € Gk then (2k)!Td(x) € 2Z and Gk is closed under Landweber -
Novikov because”of thegrem in [Adams, 1] Part I.Since (B)i~j 3 Gk we

are done ) Q.fﬂD.

/;

ae




.and E, and a homomorphlsm ‘P m, (F) — 7 (E)L\nne can choogse a map

41

"

&84: The Chern Character

. 9

It is known (hy [Dold 1 that g1ven two, Ixng spectra, say F

¢ F — E between spectra such that ¥ = ¢, whénever n*(E) issa
rationa} Qector space. The choice of ¢ is unique.> Consider the

/
following diygram - -

E 3 « s ~ % 0 .
F (X) f— Hom(ng¢X) ,F (S°)) _
. . . :
‘ ¥ . . . ~
N L¢ J . !)
* . 3 ~% .
(x) —= s Hom(n$(x).E (5°)) : : .
' %

~x . x
Since E (53) is G@-vector space. Hom(my(—),E (S°)) defines a

cohomology theory. So by the uniqueneés of such functors and Serre's

theorem that m (% ) = J z g-= where G isra finite group. We
1 Gq q>0 -4

can check that bottom homomorphism is in fact an isomorphism. So we

get ¢ as assserted above.

If we let F = MU, E = KQ, the unitary K-theory with rational

“ coefficents, and ¢: n (MU) — @_(K) the Todd map then our map

¢: MU —— K@ is known as the Conner-Floyd map (see [Conner-Floyd.l]

.

¢ .
$6). In the same fashion we can define the Chern character. Again

let E and F be a ring spectra, X a finite complex. The

+

following diagram commutes

* B *
F (X) —— (EAF) (X) .

o 1 T
a 8 . - .
- Hom (E,(X),F, (X)) see [Switzer 1] chapter 13 page 291

“ 8- /ﬁ\'.
’ v ‘3

, — i




‘..q:.l .
7 ~ 42
. Here B is the Boardman map i.e. the map induced by
. Fa Fas® AL pag.
v is given by 7([f])([g]}) = [pE°(lAf)?(gi] for f: X —s EAF and
g: 80— EaX and a([z]) = (z,: E,(X) — E,(F)). 'z:X — F.
’ Moreover if E,(F) - is flat as E -module then
0 < >
* - a
FR(X)8F (X) - m ()
ldéﬂ L H 1 ) )
\‘/ | : Hom_"(E,(X) ,E,(F))®E (F)®_ E,(X) K g F)
E, * TT* * E, * m-n
commutes, where H is the corresponding Hurewicz map and ' '
. K(dmed®x) = ¢(x)-e in Em—n(F) (Pontrjagin product)-
See [Switzer 1] chapter 13, pages 291-292.
”~ © Taking E HZ and F = K, ‘we define the universal Chern
- * character as
- x L
chask (X) — Hom (H,(X) ,H,(K)) .
- . . Ty
2 ch = 7°B - a. . .
Since H (K) & 0[u,ual] when <él,u> = 1 and since Homz(—;n) is an .
exact fungtor for Z-mpdules we have 7 "
£ . ' )
. ) } ‘ ® qu(x;a)~ for n even
A 20 :
Hom (H (X} W, (K)) = Y 2a+1 :
- ‘ e H“d (X:Q) for *n odd
. qz0
- - * - *®
So  we can regard’' ch as the map ch: K (X) — H (X:8).
* * L33 .
Proposition 4.1: If ch : K (X) — H (X:Q) denotes the
. .- * — . ’
Z2/2-graded Chern character then ch = ch. .
¥ *'L‘. P
R : r :
i
] ) » i ) ' - ' N . * T / .
. ’ . ' .‘ : . ® .
r‘,‘ - :_V - _
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. . - .
) Proof: By the naturality of ch and the splitting principle in

. *®
K-theory it suffices to show the statement for X = €P . Now H (Cﬁ”)

is a free finifejy generated Z-module. So
oo o C T e - .
Hom (H_(CP ):H_(K)) & H (CP )®H, (K). .
1 * ‘(
For if {za} is a basis of H (X:Z) and {xa} denote the respective

.

dual elements in H,(X;Z) then each ®: H, (CP ) — H,(K) defines an
element

. i * o0
Zzaoq)(xa) in H (CP )®H,(K).

T

This assocjiation: ¢ ~— E za0¢(§a) defines the above isomorphism.

Let v, +be the Hopf bundle over CPw. Now

.

0 0 0
(v—1) € K {BU(1)) = K (€P ) is represented by
i: BU{1) »— BU »— K.

Here‘we regard the space BU as the O-term of the spectrum K.

. . ’ k k_ _ T
Let gi € Hzi(BU(l)) be given by <y ,x > = Gn.k'

xn € Hzn(BU(l)). then - R

[N

©(70B)(1=1) = a(71=1): H (BU(1)) — H(K).

.So ' - o, . . L v

(r0B) (1-1) (y ) = &{r=1N(y;) = vy e Hy(k). " 7

‘ 1 2i 4] yo s
By construction yi = (i/(i!))ﬁ’ e‘HZi(K)._ So ' ’ s
\dﬁ\\ - - B i i

ch(7)=1 = ch(v-1) = } X"®7B(7-1)(y;) = El(l/i)"i.'v :

*

o 20
x o - - . .
But the even-stage of H (CP )®H_(K) is > : N .
e 2 teu(1);0) = 4V (F”;0). So we have.
o . 5 ;
ch(1) =1 -y +ves2r +fP3 « . = e
S : -

" *
where y 1is the dual of 'x. Therefore ch(v) = ch (7). IS Q.E.D.




{

-

—_—

Remark: For the definition of the ordinary Chern character, splitting
principle,.etc, we refer to [Bott 1].

Dually we can'defineia homomorphism 'EE:-K*(X) — H,,(X;Q) as
follows. Let K*(X} & ™ (KaX) —E4 H, (KAX) be tﬁe Hurewicz map and

H*(R)QH*(X) —idwﬂ*(KAX) be the exterior product. So we have a map

-1
Ky (X) — H,(KAX) —— H (K)®H,(X).

But . 2 ]
J Bﬂzq(X.Q) .

H*(K)?zH*(X) & H,,(X,Q) = IQH x.Q)
2q+1° 70T

Since H,(K) ; Q[u,u_}]ﬂﬂzhereforg the Chern character in homology is
essentially the\Hdrewicz map K*(x) —54 (HZAK)  (X). We are now able
t0vprov%:

Lemma 4.2: O If X is a finite complex and H:,mw,(X) — H,(X)

denote the Hurewicz map, -‘then the following square commutes.

¢ 7, (X)/tor h . H,(X)/tor
: 1 K [ .
K (X)/tor <k, H, (X:Q)
Proof: The following square is commutative.
" X=xas® ——— xamz 3PS, xamg =, xangas®
1 lALk ’ A 1 1‘°1ALk -

3 IALH inc

* XAK ——S"RAKAS ™ — » XAKAHZ ——<4 XAKAHQ

v Q.E.D
' * *
For each x e H,(X)/tor denote Gx = {z e K (X)'<ch (z);x> e 2}

- *
Clearly Gx is a subgroup of K (X). OQOne of our main goals in this

thesis is to study these subgroyps when X is a Lie group.

N




The above lemma implfes

. Lorollarv 4.3: {Bott 1] 4

-

\ ;
If x e'im(hx' n (X)/tor £, H*(Xi)/tor) ‘then

. *
G = K (X). )
. X
Proof: If x e Im hx then there exists o e mw {(X) tor with e
*

X ='hx(a) = ch*hT(a) so for any 2z € K (X) we have

* * k %, .
<ch (z),x> = <ch (z).ch,h (ay> = <z ., h (a)> &€ Z because

)

* < >
- K UXI8K, (X) g T (K) = 2

S T

1

H(X:Q)®H,(X.Q) <~ 7 (HQ) & Q

commutes. Q E.D.

A -
. ¢
.
w
A . -
-
, L
-
-
w L}
.
[
3
v -
- ’ -
s
- «
.
.
. >
o P
y ¢
N
& .
.
& ~
. /o
, ¥
‘ .
¢ -
R N .

-




2....) d éequence of non negative intergers with

Fet % = (e e

’

e, = 0 for all except a finite number of i's. Define

. e é, .
m(E) ;.mll...mll ..€e m (MU). If e denotes the conjugate of S

3

F

. .
in Y W {MU) we know. by Chapter~dI that ) -

: -0 if |E] ¢ |F| and E # F,
re{m(E)) = » '
F 11 if " E = F,
[oenr, \
~Tr (m(E)) = 3
U F 11 e-r.

-

We défing'the”rational numbeT W(E) j?or each sequence as

- e e .e
. - N
W(E) = ( I (n+1) " I, 1/2 1yrs 2

n>1

.
.

ﬁe define an Opqyation' R: MU_(X)eQ — MU (X)®Q as

-

R = :;Jﬂ(E)ré.

- : .

Proposition 4.4: There exists a unique homomorphism
* )

R: K,(X)eQ — MU, (X)®Q

" Such _that the following diagram commutes

MU, (X)8@ . MU(X)eq

1o

K,(X)®Q) —— H_(X)®Q - .
: R . .

5 #

-

. . : s
Here -8 is the Conner-Floyd map-and T the Thom map.

Proof: we' are gping to prove the dual statement. Since we are
. ) N . . ’
.dealing with @Q-modules the dual statement’/is equivaleht.

E

»

‘kfuppose. X = point. By Chabfer 1 we know that r_ -acts on

.

* - .
MU (point) as .

.




\\\‘.
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w»
J 0 |E|] 2 F E#F ' ‘
re(m(F)) =
1 1 if E = F. 'S
Then TOR act on MU (point) > \

W(E)T(rE(m(F))) = W(F) e Q
|E} > ©
So_ T°R: w,(MU) — m_(HQ) factors through the Todd genus.By the
g:;:EXtion of the Conner-Floyd map and by our discussion above there

-~ * * " -~ .
exists R: K (X)®® — H (X;Q) with B ° R = T°R (see:[Dold 1]).

) ) ' ~ * x
Since X is a finite complex. there exists R: K (X)®Q — H (X:0)
which is unique. _Q.E.D. .
In 81 we defined #,: H, (X)8Q — MU*(X)OQ‘ such that
. >, < }
MU, (X)8Q ———— MU, (X)®Q ‘
9*
*(x)w - ~"
”~ , ) &
P Defirie '3,: H,(X)8Q ——s Ky(X)o0  as poP, = 3.
/p | o
MU (X)oQ
-Ezgpggllign_4+§: ;*’ and R are inverses.
Proof : R;* = Rope®, = TOR°?, but Im®,= Im®, and any element in the—
. image of 2, is primitive so rp (9 (y)) o for | # 0 T v
hus"’r*’m (y) =y mod (Ker T). On the other hand
e -
3 ,R(x) 2 } WE M(E )s ¢ ,(x) = )W(E) > x T .(x)
e E E T E E )

E E +«E =E ) ? E +E =E

' . [N " [ ’
¢ because B(M(E )W(E )) = W(E )W(E ) = W(E). .
. Since g and T are onto we are dohe. Q.E.D,
o ;o




We are ready fo prove

Theorem 4.6: The following square commutes for X a finite complex
’ )

MU, (X)0Q MU, , (X)eQ’
-7 .
H, (X)8Q « K, (X)oQ

. ch eqQ

Proof: By froposition 4.4 we have to prove that (Ch*QQ)°ﬁ'; TeR. If
we suppose X = goint we already have seen that TeR is exactly the
Todd genus.

Now the Chern character was defined (see the dfscuésion after

Proposition 4.1) as the Hurewicz map.

K (X) — (HAK) (X)
When X = pt this is thg ordinary Hurewicz for K

, hK: ﬂ*(K) — H*(K)

- which rationally is an isomorphism. The Conner-Floyd map S8 was

kY

defined'in such a way that, for X point, B coincides with the

. ) k : ’ -Todd genus so (¢ch,®Q)° 8 = T°R when X is a point and we are‘done.

Q.E.D. » .

We have the following

Q .
B Corollapy 4.7: Lét X be a finite complex. If a e MU,(X) is
) .
¢ =
primitivg then GT(a) K (?). )
. * o
’ : Proof: Let z ¢ K (X). ,§1nce B 1is onto [Conner-Smith 1] there exist

v . -

* ) .
7 ¢ MU (X) with B(v) = 2z and <7,0> ¢ Z. Now

< a» = <ch*p(v)'.‘r'k(a)> = <ch (2),T(a)>.

-
K}
'
0
B e —— m&v\‘uﬁ. e




Regarding the last equality a prjimitive implies R(a) = a. So we

e done. > ! N Q.E.D.

Consider the following commutative diagram

-

L. _AlAl
XAMU = SOAXAMU Hz HZA XAMU
l 1A ) l'nup
0 . LHZAIAI
XAK = S AXAK - HZAXAK

It induces the commutative diagram T

i MU S "
MU, (X) H,(XAMU) & H, (X)®H,(MU)

[# . | »
LK
K, (X) H,(XAK) & H,(X)®H,(K)

We have already seen that HK°A = (ch,®Q)°8 = T°R. So we have-another
expression for TOR, namely T°R = BGHMb that one is known by the

Todd character and has been studied in see [Smith 1] [Smith 2]. Now

H"C. MU, (X) — H_(X.Z)®H,(MU;Z) is given by

1

M a) - z T(rE(a))obE . '
E

where
’

\ E %1 %
Hy(MU:Z)d= Z[b b, ...] ang b = b b5

Therefore we will see how B acts on H,(MU;Z) and get an expression

for poH™Y - Ter.

. -
Since h®Q: 7 (MU)®@ — H,_(MU;Q) is an isomorphism and

h: n (MU) — H_(MU;Z) is montﬂsee Chapter I 86) then B acts on
He{MU;Z) as it does in w,_(MU) i.e. as the Todd genus.

Q[u,u_l] _ then

Since- B: H,(MU.Z) — H,(K;Z)

’




when
bk a

Proof

g e, e,.
Lemma 4.8: p(bE) = B_ where B_ =11 2) IB 20 38 44A'O 21 IB 21 2".

By E E 1 2 2

OO = 1 and 0a =0 for a# 0 and BK = (»1)kbk {2k)! when

re the Bernoull! numbers as in [Hirzebruch 1] page 13

Recall .that f(t) e Q[[t]] 1is the characteristic series for

the Todd genus if f(t) = z p(bi)ti e Q[[t]j - and

[Hirz

Since

.
¢ of

we ge

We have

Proof

T°R

Also

F({t) = t/(1-e ©) = 1/(1/2)t - } (-l)k—l(bk,ﬂ(Zk)!)tzk
ko1 4

<1

ebruch 1) page 11. Recall bzk-l =0 for k) 1.

the following diagram commutes

' m, (MU) Todd n (KQ[[t]])) & Q[[t]]

l h . ‘o l h
) Hy(MU.Z2) —F2 L p (K@[[t1]) & e[[t]]

=

H, (MU;Q) B HAKQUIEI) @) & ()]

t that p(bF)~= BEt“E” e Q[ft]]. - . Q.E.D.

L]

Ihﬁﬂlﬁm_i;ﬂ_llﬁmilh_llli For X finite complex and « e MU*(XL,

. ToR(a) = } BT(r (@), © - SRR
' HEJ]20

: We have alreadx seen that T°R = p°HMU. In other words,

is the composition

" _ | :
MU, (X) " H,(MUAX) & H,(MU:Z)®H,(X;2).

ToR J /o1 .

-

Hyg (XiQ) e Q[u.u" JOH, (XiZ) & H,(KiZ)®H, (X:Z).

A ¢
-

" (), - } T(r (@)). 5o by Lenma 4.8 .
) g
E * ' . .
=Y = , ' ! ’
T.R }BET(rE(O})). L Q;E.D.
E * [
\d ]
- ) \ ™ )
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Now we want to calculate the denominator of BE for eac E and

consequently give an upper bound number to make TeR(a) and thus

. b
R{a) integral for each a e MU, (X).

First natice that

; &.
f n
a BE*F = BE'BF and BnE = (BE) for n 2 0.
‘fmxtmn BE =0 if €y #0 a@ K odd and
/
- [ 1/2 if k=1 . : k
B _ Bl if k = 21 4 - (0, ' 0)
Ak ’ . k
0 if k is odd
Since BE = (el,e2r .ek. L) o= eldl + edz - ...~ ekdk - . tpen
e .
_ _ k e . e .
Bp = Bro g = B (B4 T i) L eoriak) ) K
k k k)1 k
k>1
k even

Definition: Let m(t) be the number theory funtion defined ﬁn [Adams

3] §1. Namely, for p odd

0 . if t# 0 mod (p-1)
v (m(t)) = ¢ . S
P 1w (D if t#0 mod (p-1)
and
- 1 if ¢# 0 mod 2
Uzlm(t)) = 3 : *
v 1 2+u2(t) if t =0 mod 2

where up( ) is the p-adic valuation.

Now by Adams (op. cit. page 139) m(2s) is the dénominator of

.. . .
(‘1)_1bs/4s. Thus we have Lo ! .
‘ .
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Corollary 4.10: If E = (91.‘..ek.4..) then
“ eﬂk
G(E) - 2 mo(({2k-1)!"2)m(2K))
k>1
k even
;A’s the denominator of BE (up to sign). In particular BA has
K

denominator ((2k-1)! 2)m(2k). k > 1, BA has denominator 2., k = 1.
1

o

Proof. bS {2s)! = 2bs’((4s)(2s-;)!)= (bs/4s)-(2s—l)rzi). By the

Adams theorem (2s-1)!/2m(2s) .is ghe denominator of bs/(2$)!

A

e e

. { .
Now BE = (1.2) 1 n (pk/(2k)!) K and G(E) 'is the denominator of BE'
k-1 .
kK even
Q.E.D.
Corollary 4.11: The minimal number which made R(a) integral for

a e MU (X) is

“gla) = m.c.m. {G(E)| ||E|'] 2 0 and rp(a) # 0}
Proof: Fo}lows by Theorem 4.8 and last corollary.
Corollary 4.12: Suppose X 1is a finife c;mplexA 1f

.

. * ‘
x e H (X:Z)/tor and Gx = K (X} then g(a) divides x for

-

a e MU(X) and ®(x) = B(a).

Proof: By the diagram

R
MU, (X)8Q + MU, (X)8Q
T /' ch,®Q |7
H, (X)oQ T y K, (X)®Q
7 _ *
®

' . N .4 B N
and since G _ - K*(X) if and only if (ch,8Q) (k) ¢ K, (X) € K, (X)oq,
if pla) = #(x)g(@)T°R(«) = ((ch,®@)p(a) < ¢ Z then gla) divides x.

Q.E.D.




- It has an affirmative solut?Eb for X = B@/p, p odd and négative

Let E be a ring spectrum and ¢: S0 ~——+ E the unit map. The

N

Hurewicz hbmomorphism h: 7, (X) —— E,(X)# is defined by the rule that

f: Sm — X 1is sent to

n f 0 1aid
——

ST =4 X = XAS XAE.

Definition: If x e Imh: o (X)/tor — E_(X)/tor we say X |is
E—spherica{. |

Lempa 4.12: If xe Mu;(XT) is spherical then x is primitive.

Proof: Since MU (MU) acts trivially on MU (S"). then MU (MU) acts

trivially in MU*(Sn). If f: s’ X represents § e @ (X)}/tor

. - . %
with hMU(f) = x then by naturality of the MU-operations MU (MU)

~

acts trivially on X. - Q.E.D. -~
Question: Is the converse of this Lemma true? i.g. If x e MU_(X) %

primitive then is x MU-spherical? i ;

This question has been the subject of much investigation-recently.

for X = RP. [Hansen-Johnson 1] or [Hansen -1].
We are going to devote the following cpapters to study this

quéstion for the particular case of X as a Lie group. We will call

.
o

an affirmative answer in that case the Kane conjecture. We can relate

.
.

the Kane conjectufe with another conjecture.

.

In Corollary 4.3 we sawh}hat if xe H*(X)/tbrA is spharical:then

y* 1 . , )] ; . ‘ .

Gx = K (X). Now we ask for the converse. Given x e H_(X)/tor such
* .

that Gx = K (X) 1is x spherical? This question appears in [Bott 2]

page 135 and in [Stasheff 1] Conjecture 42 under the name of the

Atiyah-Mimura conjecture.




-
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Proposition 4.13: [Kane 2] v T
) |4

. . . J: ;'*'}'. . .
If X is ég&indte H-space which satisfies the Atiyah-Mimura
-
. -
Conjecture then X satisfies the Kane Conjecture.

£

Proof: We assume that for x € H, (X)/tor x spherical if and only if

. * . - A - )
Gx = K (X). , Suppose that a e MU,(X) is primitive. For any finite
complex B: MU*(X) — K_(X), the Conner-Floyd map, is onto. (See

° (o

. * .
[Conner-Smith 1])., By Corollary 4.3 GTﬁa) = K ¢X), by assumption
T(a) 1is spherical and since !

. ® ’ hMU . > MU*(X)/tO[‘
,‘r’“""‘ T T
T (X) T I : " -
N T >H (X;Z)/tor
. )
commutes then « is MU-spherical. o s Q.E.D.
.~ Remark: Jn particalar if X is an H-space for which the Kane

conjecture is not true then the Atiyah-Mimura Conjecture is not true
3 AR g * " .

as well.

K}

e
s
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Part IV: THE CLASSICAL GROUPS

§1: Definition of H-space .
An H-space (X.u4) with base point e e X is a (finite} CW
complex X togethér with a map p: XXX — X such that the diagram

‘ H
. XXX —— - X

/ ) ® ?
i v

. ¢

. ‘ -vx

commutes up to homotopy. Here ] .

XvX & (Xxe)U(exX) —— XxX
énd s \T\\\\j/\2 ’

-

. V(R,é) = v{e,X) = X.- . .
. o Aﬁ H—§pace i§ iiﬂi&ﬁ if X has the hqmbtépy.fype of a fipite complex. £
If ‘
' . T HGxy.z)) = HR(K.Y) . 2) . ' |

2’

we say (X,M) is assocjagive and if wui{x,y) = u(y.x) we say (X,u)

is commutative.

Examples: The main families ole;spaces are; 7
(i) Loop spacés " /
Given Y a Cwicompjex and yo-e Y a basg point
‘NbA ; B n(y,Qo) = {f: [0}1].——4‘Y]f is continuous and f(0) = f(1) = y,)

o

v

with the compdct open topology. It is known that

X M B,y 1x2(Y,y,) — 2{Y.y,) ’ : < y
. given by - ’
' . : H(E.g)(t) = f(2¢) ' 0¢ tg-172 .
* * = g(2t-1) 1/72 ¢ t <1

defines a structure of H-space on® ﬂ(Y,yo). "(See [Gréy_;]lis). Most}

s N
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. of the time loop spaces are not finite H-spaces e.g. ;ns“. ’ R
(ii) Topological groups
\\\\ A topological group (X.,u) 1is an associative H-space such that

for each a e X there exist La: X —+ X a homeomorph¥sm with
i

o ; -
. La(x) = ula,x). _ C

Among the topological groups are the Lie groups. They are the

ones which are analytic®manifolds and g is an analytic map while La
is a diffeomorphism. 2

Since ényﬂmanif&ﬁd has the homotopy type of finite CW—compldx, a’
compact Lie-group is a finite H-space.

By the af%irmative splution to Hilbert's }ifth problem we know

that every compact, simply connected manifold which is a topological

group is actually a Lie group.

v

~
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N

those having no closed normal subgroups. In other words any compact

Lie group_ is a product of the simple groups.

Y

The compact simply connected types contain 4 infinite families:
n o |
An: \SU(nf the group of unitary matrices with det = +1
Bn: The simply connected cevering of 80(2n+1) denoted by Spin(2n+1)
where SO(2n+d) is the matrices of (2n+1)x(2n+1) order with

det = +1.

-

Cn: Sp(n) the group of ' nxn matrices with coefficients in M the

quatefnjonic numbers, satisfying Xg:.ﬁ 1.

Dn: The simply connected covéring of SO0(2n) denoted by Spin (2n)
r—\ L]
where S0(2n) are the (2nx2n) orthogonal matrices of det = +1.

1

Thus A, B, C , D are known as the classical groups. The
s N n n n

Cartan classification of fhe gimply connected compact simple Lie

groups is completed with the exceptional grbupﬁ.

Gz, F4, ES' E7, E8'

For a complete account about ‘Lie groups and Cartan classifaction

"we refer to [Helgason 1] or to [Sophus Lie 1]. We will sketch a
definition ofthe exdéptional types in Chapter V 2. -
We are interested in applying the algebraic topology developed in

the last chapters to Lie groups.So we are looking at Lie groups as

objects of ‘the homotopy category. We have the following important
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theorem.

Theorem: (Scheerer) Two simply connected compact Lie groups-are #

isomorbhic if and only if they have the same homotopy type.
This thefrem has'been proved by different authors at different

stages {Baum-Browder [1]) [Scheerer 1] [Toda 1]). A £inal short proof

version is in [Hubbuck-Kane 1].
The hypothesis of simplay connected is necessary: For instance,

take SO(3)xSU(2) and SO(4). These Lie groups are diffeomorphic:

Let G a simply connected compéct simply Lie group then ,
f: GxG6 — GxG given by f(g.g ) = (g.,g2 ) induces an iso;:>>hi€ﬁ,
= ‘.

G/CxG — GxG/f(Gxe) -,henever C = center 6f G # e. Now let

G = SU(2). On the other hand SO(3)XSU(2) and SO(4) can not be

isomorphic because the mod 2 cohomology group of their classifying

Y

spaces are digferent as Steenrod algebra modules. It should be noted

that, in general, Steenrod operationé do not suffice to distinguish

homotopy type. - ’ .

. -

Consider GaxSp(Z)' and Spiqj?)xSU(Z).‘ We wild’see that those
‘groups have the same Steenrod algebra module sfructure in their mod p

cohomology groups. " But ne(szSp(Z)) & 2/3 and L

nG(Spin(7)xSU(2)) & Z2/12. See [Borel 1] page 428 and [Mimura+Toda 1]
. . . ™ .

page 217,

.
e

So the theory of Steenrod operations‘idkgzgfﬂiry cohomology is

far from dec&ding the homotopy .type of the Lie groups. We wish to use

. MU operations in order to say something more about its >

..
. ® 3 .
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33: Homology and cohomolgov of H-gpaces

* .

From now on by a Lie group we mean a compact., connected Lie group
and by a simple Lie groups one of the Cartan classification and by a

finite H-space we mean a finite complex with a H-space structure. .
. _ .

(Finite in the sense of dimension: Hn(X.Z) =0 for n 2 no and of
. b °

finite type i{.e. X has a finite number of cells in each dimension.)’

The first result abept the cohomology of finite H-spaces is:

Iheorem: [Hopf 1] Let (X,u) be a finite H-space.

E 3 . .
~ 1 (X:0) = Agxl,...xr)’

when [xil = aqijl. _ - . 5
‘The number r is known as the zgnk'gf X.In theTase of X a Lie
) . 6
v -
group agrees with the usual definition of rank (the dimension of the -

23

maximal torus). The numbers {nd} are called the expopnents of X and:

the sum of the dimension of the xj.~is ;hg_ﬂimgngigﬁ_gj__x.' C

. x ‘ *
If H (X) has no torsion then H (X;§) determines it ,
% - . ) ‘ .

. ) .
completely, i.e. H (X) is an exterior algebra with generator as:in .
x M T s ¢ N -
H (X;Q). . ] ..
. . b“ ~

! Regarding mod p cohomology we have:

»

Theorem: [Borel 2] Let (X,u) ‘be a finite H-space. For p any primé
R r r

* ok - - y o 1 m
H (X;2/p) —-{Hxl..._..xt\)OZ,/,p[y‘l.-..,ym,]/(y1 vee oy )

13

= If p>2 '|x1| . 4s odd ahd |91|‘ is even. If p.= 2 all;the

generators. have odd dimension. h

. Let 4: X — XxX the diagonal map defined by 4(x) .= (x.X).

Lo
.

The diagram , < LR (N




o -
. *
Y . . . " A
. . XXX .
S " H (XxX:Z/p) H {(XxXxXxX:Z/p) .
N v * . *
. : [I»‘ I (pxpt)
L § .
N . o 4. . a
H (X:&'p) H (XxX:Z./p)
-~ . 3 ~. x
'coguuules As usual \.”{ (X:.Z2 p).4) isj algebra ovér k. Also
- " . . . . "
(H (X:Z/p) p ) Tis a coalgebra over 2Z/p. By-the diagram above 4
is a morphism of coalgebras ove‘r Zp By definjtion '
' E 3 x »
([Mllnor-uoore‘l] pages 226-227 etc.) (H (X:Z/p).u .4 ) is a Hopf
¥
algebra which is connected .Wgite A = H (X:Z.'p) and\,
A, - H'(X:Z p)» By definition A - Ker £ i.e. A =® A,. Denote
N i " ' . i
v . - -t . . T}O
. - .
and l' =y -

L

It' $/A-——pA fs the restrlctlon of ¢ to AA then

QA - Caker of $ - indecomposables of A. If ‘¥: A — WA is the

~ v -
.

/-restriction of .¥ to A then PA - Ker’f = primitives of A. In

N -
t

: order to avoid confusion with the pri\-ltives in the" las’t chapter we:

-uill refer to these as Hopf algebra prinitlves if it is necessag.y '\

3 4 A Hopf algebra is wm_gm;gd if the conposition

S o
.' ' . &___. An QA .
' h su}Jchve Bere | is stqn&ard inclusion and gq the standard
. - . ‘ . i .-
. projectlon T~he Bo”rel theores can be extended to say 4that if
1‘

- ¢ B (x:l/p) is p,rilitlvely generated then LT and yJ can be“chosen
’ i to be‘prll!uves ’; )
T 1n. ([uunur-ndore 1] ¥%4) it is proved that A is primitively.

o e % ’ - c
R ’,«generated if. and- only if' A the dual, is a couut'atlue and
-t L et L g ' ’ ‘ ’ <! °
- LN 5. » * . v '
T
. o " ‘ “r " A : '
_\ ) . . . Y- 1 —_—
. i o L N ’ '
PYRs ; e ) . .
g e B t » 4 .
L 4 :
. . <, f .. * ""
-5 AN et ot s
4 \ oL et .
. a0 ‘a .
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[ 4
. Th
. * . TS
r associative alyebra and for x e 2 xP=0. In particular one can
show: g ) , 3
Theorem: For a connected associ?tive finite H-space X
. o .
* ! . 1%
H (X;Q) = A(x1....xrl when X, is primitive.
L] . )
If we dualize we obtain .
’ 4 B . .
Corollaryv: Fer a eonnected associative finite H-space
H , D= A R 4% '
«(X:0) . (Xl r)
4
where xi is primitive. :
. .
f -
' 1Y
7
. & -
/4
t ~
, .
. " ' . :}/’ v
. o " . e ’
r ‘ N k r
y 7 )
» ~ ¥
. e
¢ ' :
, .
\D B .
B A . . s ] ‘
- . * . .
. ‘ ‘ ’
. * - v . ) o ,'
. - :
'.A A’ § uI:)- H Y ,
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4 The.Hurewiéz map of a H-space modulo torsion

Lets look for a moment at the Hopf "algebra over @, A

where X is a H-space not necessarily finite dimensioﬁal.

'

Let PA the Q-subspace of primitive elements. 1In this cése,
x
4 : H, (X:Q) — H,(X;Q)8H,(X:Q)

* is the comultiplication and

Py: Hy(X:Q)OH,(X:Q) — H (X:Q)

is the multiplicatfon. So .

PA = (x € H,(X,Q)| 4,(x) = xB1 + 18x).

Let h: m(X)oQ :;4 H,(X:Q) be the Hurewicz map. i.e. if € e un(x)OO
is represented by ¢ = [f: Sn,——4 X] then He(¢) = f*(an) where

n,. . . . n, } .
« € Hn(S )'® Z is the generator and f,: Hn(S ,9) —_— Hn(X.D7.
Proposition ¢.1: Im h € P(H,(X:Q))

E;ggf: First notice that eéch elfement of Hn(Sn) Ais primitive for

e

n > 0. . /
s * ~

Secondly suppose 1hat f: Y —+s Z -is any map and that ‘for.

-

y.e\Hq(Y) dz(y) = y@1 "+ 10y.'then ” .
abt () = (Ex£) AL(y) = (£xf), (y@1 + 1ey)

= £, ()81 + 10f (y).

4

Therefore, by the definition of h, If§’h < P(H,(X;@)).

. -
' In [Milnor-Moore 1] page 263 it is proved that Im h is in fact

.

]

PH,(X,g). Then looking to the diagram—

L)
.

™

g Wy
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m (X)/tor — 1, PH*(‘X)/tor\
-t
U*(X)QQ —E—‘ PH*(X'Q)
we have .
Theorem:. (Cartan-Serre}). For- X an associative H-space

N m(X)/tor -1 PH, (X)), tor

.

is a monomorphism..” (See [Adams 2] paper.#12).
Definitfon:For X an associative finite H-space x ¢ PHn(X)/tor is

spherical if and only if x € Im h.

To calculate the spherical elements dn PH,(X)/tor we proceed in
e

the following way. Write He (X:Q) = A(x,,x -x_ ) when |xi| = odd

2

N(i) which depends on i and X such that N(i)xi ¢ Im h for all

the primitive generators of degree 1i. -

+

Our main problem is to calculate such minima]\number when X is

ks v

a simply connected compact Lie group. Using the Hurewicz theorem
. [Whitehead 1] Chapter IV %7 we cam deduce that for a simple connected

finite H-space, any snion-zero generhtog inch occurs in dimension 3 is

spherical. So N(3) = 1.By Browder's theorem [Browdef 1] né(x)‘= 0 )fhﬁ

¢

for any finite H-space. So if X is simply connected then X is -
2-connected and ;nS(X) is the first non-vanishing homotopy group.

Actually ns(X) & Z if X is no trivial (See [Clark 1]) and X is an

’

asiﬁpiative finite H-space. * . ) v

A

v A

and xi is primitiveel Then there existse\ﬁdnimal positivé integer %

[



-

e

+

t

Using the process called "killing" the homotopy grouﬁ we can construct

= spaces [Whitehead 1] M8h....©) for each n > I with the properties:

kl) ni(X(n.‘..w)) -0 for 1 < n.

[ 4 -
(2) m(n 1.n),: nj(x(n,<4 ®)) — mJgX(n~1.,:.w)) is an isomorphism.
(3) Each n(n-1.n): X(n, .9©) — X(n-1,...9) is a principal
K(Un ](X).n 2) bundle LT .
We just have seen that X(3,. .e) = X. By Hurewlcz's theorem
m(X(n,...®)) —% H (X(n....©2Z). ,
n.uto n .
= o .
So looking at the commutatiye diagram
ES ' '
nn(X(n....w)) ————— HnOX(n]‘..“’);Z) -
/ Jn(n,...w)* ~ ln(n....O)*
S— (X;z
"n(x) Hﬂ(%. )
we can calculaﬁe N(n) as the index of the image of =m(n,...,0),  in
homology.
The first restriction on N(n) is the following.
b : ; - . . »
Egggggjjjgn 4.2: Let X be a 1-connected associative H-SDEEE,
$ . b .

"

n = 2t+1 » 3. If Hn(X;Z)/tor # 0, p a prime and p|N(n)1‘\theﬁ
. o«

.o
¥,

L P T : K AN
- o~ \\\\ L :
£roof: Se¢ [Smith 3] Corollary 2.4 or [Serre 1] Proposition IV'6.
% . .
Thgpefore we ow which primes can occur in N(n) for n = 2t+3;

namely those satisfying p ¢ t. For instance:-If n = 11, t =5 and

1] &

' p = 2,3,5. ’ T

.

w».&a«-\"?/:““ R




- x & PH, . (X)/tor then N(t)| M(t). where

Next we restrict the exponents of such primes. These

restrictions are given by a result of Smith [Smith 3].

Proposition 4.3: If X is an associative, 1-connected H-space and

+17p- L
M(t) - g plt 1P 1]
Pt :

That means that If

N(t) = p

" then !

ep15§u1/(p1—1). o ’

5 and e !‘6 e, =3 e_ =1.

For instance when n = 11,}hen,t 2 3 5

Now our concern is to look at the lower bounds. Let

pi H(X;Z) — H,(X;2/p)

o ' -

* .
be the reduction mod p and A (p) the mod p Steenrod algebra. Since

' .* . K
A (p) acts trivially on H*(Sn;Z/p) then by naturality of Steenrod

L *
operations we have that if A (p) acts nontrivially on

X e PHn(X;Z/p)

a

then x 1is not spherical and moreover p must divide N(n). [Kane 2]

proved the following, » .

Theorem 4.4: Let Y copnecggg CW-spectrum of finite type with H,(Yf

torsion free. Given y € H_{X) sugh that 9s(p(x)) # 0 then 9q(x)

is not spherical unless q 3 s.

B P “ ' Fs L
. e Thi oty L -
Y T U '
. o w7 Ve .
; “1$¢ 74 v . S
Ty ML :




So we have the corollary

Corollary 4.5: lf X is a finite connected H~spacg and 9S(p(y)) 20

for ye H _(fX;Z/p) then pSIN(n).
e n i ,

Proof: By Loop theorem [Lin 1] we know that X {s torsion free. Now_

n ,I(QX) ———jL———a nn(X)/tor

n
1 h l h /
2, ///
H o (2X) ———— H# (X)/tor

commutes. So by the theorem we have pslN(n).' l Q.E.D.

So the actjoh of A'(p) on* an‘l(nxJZ/p) gives us 1qfornation
about N(n). fhe problem is that occasionally A‘(D) acs trivially
on H,(X;Z/p). So the theorem is not applicable. What

that there are finite H-space X and primes p

trivially on H_(X:iZ/p) fof n 2 3 but p[N(n). We will see that

X =6,, p=3 is an example of this situation. We can describe this

2

phenomenon by séying that ordinary homology does not “decide" 62 at

“prime 3. (See [Ray 1] QE: definition of decideability and-

[Mimura-Toda 1} for specifiic treatment of the (62,3).

»
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5: The Hurewicz map for the classical groups
Mg | . .
) Case X = Py N
Since
. ¥ ¢ t '
n /
_.___,_._. .
. ) LIV I(w(nrn L (SU) /tor
han TN ‘ h h
\ . L * .
n [
' D ————
R _ PH,, ,(SU(n);Z) PHy¢ 1 (SU) -
commutes and Ln* is an isomorphism either in homotopy or homelogy,
we can reduce t% the study of the stable case
v The stable case is one of the consequences of the Bott
- ‘ e
periodjcity theorem: . .
, Theorem 5.1: [Bott 3] The image of \
. n2t+1(SU) — PH2t I(SU)
has index in PH,  (SU) equal to t! i.e. N(2t+1) = t! ‘
. Recal} PH,(SU(K);Z) = a(x 3' X587 % §2k 1 We can give a,.
' different proof of the Bott theorem “ ) »
‘ ' Lemma 5.1» There exists a map 7: IIZP — SU such th&) .
. - ) " R !
e vy H (ZCP;Z) — PH (SU;Z) * (
\ | - ’ : o
is an isomorphism. R I
’ Proof: Let il: Cszx BU(l)-——-oéU' .e > .
/

. <«
J

be the 1-th inclusion in the direct limit g BU(k):.:s BU We saw 1n ¢ s

Chabter’ t:‘hat 11* is an isomorphism ahonﬁogy ©

Y B
By Bott periodicity BU =~ RSU

80 taking 7 the adjoint ma,b of
' : 3
v fl we have the desired map. *

.Q.E.D.
. . . . “ *

. e
- e —
-
I a4 3 2 B o o, o
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X { 00
Lemma 5 2: There exists a map g: QS‘3 — CP such that-

23 Sad . S ,
. A 5 ‘ 3
é!. Hzn(ﬂs ) —— H2n(CP ) is multiplication by n!

Preof: By definition of K(&.,3). nq(K(Z,S)) = Z - Let

f: 53 ~—— K(Z.3}) be the generator and take

2

3
g - 2f.0S° — QK(Z.3) & K(Z.2) & CP .

a

But H,(ns3) = Z[y] [y] = 2 by an easy argument of the

Eilenberg-Moore gpectra} sequence ([Smith 4] Chapter I1) For

* 3 { - I
H(S") = A(X) implies -

’ -1
E., = Tor . 2.2y =rfs "x_ 1. .o -
2 H,(s%) 3 - )

Clearly’the spectral sequénce collapses. Therefore g*(vn(y)) is
divisiblemby n because 7n(y) is divisible by n!. So

€,(7, (V) = nip € H, (CP Z)

when pn is the generator in H2n(tP“;Z). ' Q.E.D.
Now ,
zasd - v 20! o
n1
, and the commutativity of the diagram -
msSz) — zcr”;z suz ;
ﬂ2n+1( §:Z) — ﬂ2n+1( 2) —— ﬂ2n+1( U;Z)
(Zg), ‘ -
N t" : . h ’

3 G
H2n+1(£ﬂ8 &) —— H2n+1(ZCP iZ) —— P

+1(SU;Z) ’ v" -'o
'tZg)* 2 = . .

2n

impiies that N(2n+1) | n!. We want to prove that n! | N(2n+1)lf To

- see this we recall that




oMU (X)

L (X)

commutes and that for any x.e MU, (X) with x & Im hML then x ‘“is

primitive {(with repect to the MU operations) - So it xe H (X:Z)

is spherical there exists x e MU_(X) with x e Im hMb and T(x) =

and x is primitive. Thus ®(x) = x. If £n € PH2n*1(SU) is the

generator then there gxist& sn € MU2n+1(SU) with Tjtn) = (n. For

since H,(SU) 1s torsion free the Atlyah-ﬂlrzebruch spectral sequence‘
converging to MU,(SU}) collapses. Thus T: MU_(SU) — H_(SU) s

surjective. We have . ’
@(¢,)) = ?(qf ) € MU (X)eQ.

Lemmg 5.3: If qfn*lis spherical’then

@ (8 ) € MU, (SU) < MU (sU)e@. *

Proof: As observed abqu,,if n = qfn is spherical thepy there éxists

.X € MU,(SU) such that T(x) = x and
' . ~ - .
© P(X) = x € MU_(SU). %,

éince

v

) T(x) = T(a¢ ) = at
it follows that %(x) = 9(q£n). so 9(q£n) € MU;(SU)

as well.. . e >

We now show

Ay "

" Lemma 5.4: (§) ¢ MU(SU) only if n!|q.

Proof: The isomorphisa’ Q*; H,(Cﬁf)»i'PH*(SUB,

- '
N




Py

-y =

%

i

~

vo
Ny g0 B9
& ) D.Q} ; e " v )
Lemma (5.1) also gives an iS®morphism T, MU (CP ) = PMU*(?HU. So we
“ . X . 3; [T !
mopick € = 1,08 ) - " :
)(.nsuv\ n =y : '
Butﬁby [Propusition 2.5 chapter 1I1] n! {s the minimal number
sucﬁ that n!?,(p“)‘e MU‘(FB?). So n! is the oneasuch that
L\ - 4
> n'9(¢ ) e My . (Su). Q.E.D.
t i @ n .
L “2n-+1
Therefore we have the Bott theorem n! - §(2gp+1) for X = SU.
. . . ' ~y

Even ngre we have proved ,

CQrolfary-S.S; For X = SU(mn) the spherical elements and primitive

°

elements *in MU, (X) agree. Q.E.D.

.

Recall H*(Sp(k) = A(xa,x7,...x4kfl)‘ and PH,(Sp(k)) 1is spanned-by .

the elemgnts (x3,x7,...x4k_l).. The inclusion

Sp(n) — Sp = lim Sp(n)
. n—wo ’

induce a isomorphism in homotopy and homology in dimensions ¢ 4k-1.
So we can reduce to the EZEZ/_X = Sp. The inclusion € ®— H induces

the inclusion SU(n) — Sp(n) as well as a map SU A, Sp. Also

. s 0
H < €xC induces an_ inclusion Sp{n) —2* Su(2n) - and a map Sp —ia SU.

Similarly RcC ‘and f’ R2 define inclusions

_— =
L RS
- ; $0(n) —— SU(n) —— S0O(2n)
b .
and thus induce
.50 -2, su -2, so.

[Kervaire 1] B‘ée 281 proved that if
I 2 if s 1is odd
a =

s 1 1 if & 1is even

. and

T
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*
. .
: . 71
/
J’ 1 if s . I4\ odd
b -
s 1 2 if s is even ¥
then o
e a‘ $ p‘ ‘
n48 1(50)/“”- —_— n4S 1(SU)/tor —— "43 1(S())/tm
is glvﬁﬁ by '
Galgg g hm B X : .
and .
p‘(x4s-1) ) bsz4s—1'
By Bott periodicity a%s0 = sp and 2%su = SU. .
So
- ', eda, .
) T4n-150) * Tan- BV * T an-1159)
L 4 4
is given by a . = |2a,| and bl = IR a,| respectively. But
- 4 4 _ - ’
a, =1, Ra, =1, a - bn apd b,y =2, Therefore
. bn . : .oay
-y 5P) ———— Ty (SU) * Tgp-y 5P
l 2 l (2n-1)! l ?
‘ —_— —_ P . J
PH4n_1(Sp) =, PH4n_1(SU) PH4n_1(Sp) | )
commutes. Now
Sp(k-1) — Sp(k) — 53K .
- 4k-1 b

SU(2k-1) — SU(Ek) —_— 5
are fibrations. By the obvious recursion

sy: P, (SD(K)) — PH,__ (SU(2K))

L 4

is an monomorphism. So we hgve

4

’
i
1
.
-
.
A
7
R
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Proposition 5.6: The Hurewicz map for Sp(k) in dimension Jn 1,

¢

"n) 1 is given by ' p
{ 2(2n-1)!  if w is even
' h L4n-1) . ) T .
Spk) + 1 (2n 1)! - if 0 is odd,

apl' the homomorphism .

»
,®

e Hy (SU(K)) — H . (Sp(k))

1 ~

is given by

IREALFTIL O .
- Remark: For the first éssertionyin the above proposition seq”
o - " [Harris 1] page 174 and for the second one see [Carzén 1] -page 17-07.
F] S ' - .
Since Spin(n) ‘is by definition the universal covering‘space of "
" s0(n) i.e.*
24 — spin(n) — SO(n) . / .o
is a fibration so after dimension equal to 3, the index of image of )
¥ Hurewicz map of both spaces dgree. — \ :
Passing to the stable *tase SO = 1imSO(n) N\
. . . . R M ' :
R © presents difficulties this time. For ﬂ*(SO(n)) and ‘H.(So(n)) are . Vg
« Pl N . %
) not always direct summands of .7 (S0} and H_(SO) ' in the.desired » 3
ranée f dimensions. For example recall that Spin(5) & Sp(2)’ and Lo g
- : .° Spin(6) & S'U'(4) [Mimura 1] pag% 172 and that . ) o f.‘f
. i . ‘ Spin(%)u__,_;__f Spim(6) + '
. - ; 8 ) : . C . .
R 2 R 1 . . A\ * N N
v I‘ - sp(2) ———— SU(4) . - o . o
; ommutes. ‘ v - o " ¥
g We have already seén that I ~
£ ' L : : . : R E » h
. ) \ ' ' : ]
! v




2, -
7 (SP(2)) ——s m_(SU(43)

4

/

Is multiplication by b, ~2. So m (SPin(5)) — A (SpIn(6)) is N
multiplication by 2.-.We sblit the‘case X = SO(n)?'or Spin¢n} “{mtq'

twu sub Cyses..

—_— R - s ] : a ]_ S! I] . | |
~ . - . .o
. We want to calculate m, (SO(n))/tor — PH, 1 (SO0(n))7tor
when d4s < n, ' . .
- 4 « Consider the diagram : : TN
. B - ' / ) >a'0 ’ . - . pt ’ ‘ '
. . "48_1(50) tor —r—m7mow—o o 14—, “48"1(SL) ‘,*‘——0 343_1(80)/1'.9[‘_ R
o ’ a, - B, B -
PH 4g-1(S0)/tor ———s PH,__(SU) PH, g2, (S0)/tor

’ Lemma 5.7:The realification map Sﬁ(k) —£~ SO(2k) induces a split”

i ' . - ‘ . / } h

monomorphism - « - »
‘ . ' .
. S - PHyg ((SUMK)) — PH  (SO(K))/tor - N -~
* for s < k\. . _'. . . s - ' »
) : . . \\ ’ . : i
- . ' ,E[Q_q_t We can replace SO(k) by S0 .and SU(k) by SU. WL-; only have tQ
'iprove that p* is an lso-orphisn in ho-ology with Z/p coefflclents -
( . for each priue p- See wrtan 1] [page 17 13] or [Dyer Lashof 1] [page K
Al ) ~ E
N 242]. - ) ’ Q.E.D. - . -
. - - . - ‘ i , '
* Therefore . , ‘ ' C . ;
t ’ - . : “ - '
. ‘ . , . o, * P
L 3 » - , ‘_'
i e




-~ y ‘; “‘ ‘. \ ' . l . . 4
. . . \’ » * - - ” N . Lo
o a o “v4
- '\ N : s 3 ) ¢
» A ‘., i . - 0 . ¢ .
- ¥ ’ -
') . e A bl . -
N j . .‘ ) A .4 M . "‘:. C )
“. . Proposition 3.8-The \fur‘cw’l(.‘z mag for SO in _dusiwhgn dn t.on 21 s
‘ given by o . - .
) - ot I (an'1)* 2 n 1% even” - -
L . v, n ~ . h (4" l,“.r N .. . : -
. ! ¢ . S B
. v 1 e, ) I (2n°1)7 * n is odd »
T N : VY ar v e * :
» . and 3!\» l.mm?-urphvln a, PHMVI(SO) tor — PH, ' (SU) 18 ® N
. mltwlicauon b) 2 ! ° ] ' , .
" d ot ZLS&I D)ugr- rrrwmg {before Lemma 5 ?T.using Theom 5 1 and the -
R ixqrvaue L]r result we are done QED .
<, L. I . . . PR N \
. ° *- - ) . . . s
S - s‘:' ',sm.ng*mn.‘m' LT o )
. voU '77 F.!Nt tde have {he Barrauwnaywald theorea (¥de lBarratt ‘Mahowald
” Je. v . - . I .
SR x] théorgl 2 or {Mahowald 1) theorea. 2 page ;39 Yo <G
i . - E
S AR \Ihgm;g. 5.9 (Barratt- Mhm!d)‘or 9213 @ (SO(n)) is a ..
IR tet g n 4 _
.- v “ 4

.

S

dkreu&. sbnaﬂpd or u

- k)

(30) whén es <,n ‘

. -
>

43

, v The rbn ot the ‘cases. Ml’ely 3 S <13 and 25 > n have been

- .
»
e

s . . : L, .

@ . > .
N A L] " N
4
»

, ;lumgd by pnervalre z]

i S Lo . ] :
o T o *\ Ih:nmn.,be [R’!mire) .l 1):"3 28+1 then ° R
) i , ' } .‘~"‘.  Mz;P 3’6: 1.(50(”)/“’ - "4: 1(9‘““""' . . -
v W . gt Ha an 1sosorphias rZ?\{.' 1,2 « and k%) 13 and It ts , R
e LT -uumucau.gby £ a0 v —’_'1.; C S o
‘ ’.r‘ : "‘«:"‘* h'w PR " Le] L
-~ o IS S tl R} = "H 3) ‘5 i? (4 9) \4 10) (4, ﬁ). (4.12). ° N /
RN L l!‘ u -uu!pucauon by ¢ lt (l '\t) - (2 5) “ is ’.ulup“c.u“‘ ‘
L hv 9 u u.})-. cz..s)u R . ' RS
: . v S e T ‘ : S e - :

.

A




3 ) o : . | . \
3 * . & g . \ ‘ '
. ' The exceptibnal cases s'- 1, 2. 4 nrw.sun-arized by. the -
i foliowing pictures: ) . \
. . B x2 : ‘
L o ﬂa(SO(S))~lor~—s——cn3(§0) .
J(» . oo : l «2 l 5 - . “
) < " PH,(SO(3))/tor —— PH,(S0)/tor , .
- 3 . 3 ‘ :
’ . F N 5 -
. * \
: -2 - -
- n_(SO
b '.k( "*)\ . )
) - =
8 P 4 2 R
<o . . ’ s
h E o ‘ 2 ¢ %2 o
u PR n_(S0(5)) 22 . m_(S0(6)) — s W_(SO(7)) —s 7, (SO(8))
S o , 1 24 : ‘ l 12 1 8 - 1 3
. = x y x ‘
N : PH 50(5)) ) PH (SO(G)) e PH S0(7) ) ————ererr—e SO(B))
A : ! . &
¥ Lo : , 8 = 4§ ’ —— . \
. . - ’ o ‘ » - . ‘
h " , . w,(85Q):
a:f". B B . , 70]'5’?9‘\ . .
{3’, - LN - . \ ! ~ oo ]
¥ 3 13 RS " ‘ A\\ L. N ” .
. x2 s SN ¥ x2 X2 .

o (so(s))_@;mn?ﬁm (som)»———-m]s(sonz)-—v-arls(sons)
. o . I'f! ) o 17! f 17' ‘\\ 17' ) 174/2

; = - -
; \PQJS(SU(?)-)_:.:I"’Hl’(fét1?]_}-—0?"15(301ll))—4?“15(30(12) Hgﬂls($0(13)
™ ! ' ' . T e '

., @0

\'e use’ tbeae dlagruc !n tbe fpllonlnz way lle kndu the Hurfewicz -ap .‘
‘in the. rlzht .extrelg case (rt is the atable case) and ne know the
/ololorpbfus on the top triwzles (Kervalre remlt) So we'® prgceed '

Mrdc nlllng the blank :pacqes\ l'e dedu’ce

. . oA —
LIRS
. . »
. R
. . - ¢ . .
. .
.
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' Theorem 5.11: The Hurewicz map for $O(n) is .
N s . ‘
. / ] )
. . /
hSG(p)' Ty 1(S0(n))/tOr e Py4s—1‘50("))'t°ﬁ
' . .

(2s-1)!/2 - if ~ s is even and s # 2.4
(2s-1)! " if s is odd and s # 1 '
7! ) if : n=9,10,11,12

hso(n)(4§—1) = 24. . if n =25 .
12 if n 6
6 o\ if n=7
. T g “if s n= 3

.

. N »

Remark: _There is an alternative ‘approach tq this unstable case

)

Q- ; . , ~
using _the fibration v . P 3 N \
.. P
SO(n-2) — S0{n) .~ ﬁn 2 = S0(n)/S0(n-2)

’

In ([James 1) exercise 7 page 153) {é is shown that for k = 4g-1

ot

( h

‘ M (Vy, ) = B (V).

. is -ultipl+cation by kas. " On the other hand. the map
L Pa: SO(R)) —w m AV, ) ’

has been gtudléd by [Lundell 1}. It is given by -ulklplication by ‘H;

where . ' . ,‘

’ R \ .

.. J (28-1)!1/8 8 ¢'112.4
M=o TU/4 if 8 =4

o . 8 TAf s =2
. b 1 ‘ if s =1

We have a computative diagram .-




Py Y

nk(SO(u)) —_ T (Vv )

. « ' k; n,2"
. . . ’ | ‘ ) l " Pe 1
. : . Hk(SO(n)4 _— Hk(V )

-

niz
Also p, induces an monomorphism in homology. (Again we only have to

. check at thé,br}ne 2 and it is known jWhitéhead 1] page 348. We use

N ' .. . .
. ) the above facts to derjve all the cases except 's = 2, 4. Looking at
the Kervaire result we get this particular case.

But the Lundell fesﬁit is based on the Bérratt:Mahowald and
\\R . - = 5 o v

Ker*afre papers. ' oo \

)

.

e

=
, o
K
‘
‘
.
“

P Xt

d

R o S




$6: MU Primitive ments f
If X 1is an H-space .then p: XXX — X defines a. proauct
y‘: MU, (X)®MU, (X) —— MU‘(X)

and the diagonal map 4: X — XxX defines a coproduct
-~ .

4,: MUL(X) — MU, (X)OMU,(X).

4 x

We call x e MU_(X) a diagonal pr%-itive if

4,(x) = @1 + 18x.

4
o

He use PMU «(X) to denote the diagonal prinitives of HU (X)
By
_ggnigg Ue will reserve the teﬁh pri-itdve for the coaction

prinitives 1.e the elements " x £ HU (X) such that | 4 (x)
4] ’
As in ordinary honology the Hurewicz map
| WU.m, (X) — MU, (X)

~

has its inage lying fn the subgroup of diagonaL prinitives The

following diagran co-utes .

R e Y - G I

n (Xiﬁﬁr\\‘\ T
" ! ' h. -~ TTAPRXZ) § —~

B e I

"U -

;""'. . N »
“ modulo toraion . ‘ - : .

.

. Therqtore the inaze of h dpterlinea canpletely the ilage of .

.4

S In. is we ahow that: actually My~ sphericals and prinitives agree‘
., .

when X = SU(n) -(Corollary 5. 5) Now we uant to coupare these.

§

‘\.g_
’  subgroups otf IU,(K) uhen x la a claacical group distinct rrod

-su(nf.




First of alk consider the Bott periodicity ﬁ%ps given by the
homqtﬁpy equivalence!(ﬂ '

_— 22st = su ni‘;ﬁ\ S0

when ni L ‘

means looping i-times.

- Consider the diagram

5

4 ) .
41<—1(Spt)l — T3 Se) ® A, 3(5;”
| "o R
2, 4 :
A€H4k_1(8p) —————y PH4k S(R SP) = PH4k 3(SO)
. t
3 . 4 i "
A [ ﬂ‘ ‘24 .
4k 1(SU) ———————— PH4k 3( SU) & PH4k+3(SU)
Ox - al I x
H4k‘2(BU) Y 4k+2(n BU) = H4k+2 BU)
This diagram commutes when o_° ho-ology.

is the;suspenslon map ‘in

I

ué.'_‘.'"

Th ([Suitzer 1] page 390 corollary 16.23) it is proved that if

R /Het(am ~— Hye

the Bo periodicity ‘map and v, e H, (BU)

s
&,
'
&
e
k]
PSS
el
£
-
; :
3
T

(BU)
ié
% ;

i

-ens1ou 2t then B (yt) = (t+1)yt o1t Deconpos }: Theréfore

is the )generatnr fh

*

o v, R e
L
;

ﬁhe botton horozontaiﬁhononorphisl in the diazral is ﬂ§.= B,°B, and

. ~{is given by . B : oo
P . .o [
5 ~; ; ' R (ka 1) = (2K+‘1)(2k)y2k+l + Decomposables.

Also o, kills deconposablea and

r

Im o, < Primitiyes. Sq

o, ,‘\ ‘ (SU) it Pﬂ‘k 3(SU)
‘s given by:

‘»

67“

4 ;

n (x“k 1 (2k+1){2k)x x
N ) ) ‘.

.

B, -
U(s0) ’41x3,f5....x2n;1../).




-

LY

o

L 4]

< 4 ~
\
. v 80
a~ .
_Now the inclusion Sp —— U induces a split monomorphisam in
~homology (see before prop.5.6) while SO — SU induces
gultiplicatfon by 2 in homology (see Prop. 5.8). _Thu's.
oy 2
i PH4k—1( ) PH4kT3(SO)
iy ’ iplication by (2k+1)(2k)/2. Now "
R E’ C g
WY Roi W21 (5P) — Ty 3(50)
is an isomorphism. So. ! ~ )
. )‘1‘/
((2k+~1‘)2k/2)h (4k 1) = h (t(lk+3).
Similarly consider the diagran .
. K ~ 4
4k L1{S0)/tor ————— PH . ,(@'Sp) & PH, .(Sp)
‘ x2 a, A
¥ ‘ e lz LR
-4 . . 4 N
Pak-133Y) =3 Py 3(a'su) & Py o (50)
s N ". . ’ G" * o
v M o 4
T 2(3‘” s H41;+2'(“ BU) & H,..,(BU) -
N B * . ’
Slnce B (yzk 1) 2kyk + decomposables, ‘o, kills decomposables,
imo, g P, SO Ly SU is multiplication by 2 in homology, '§p — SU .
is isonorphisl in hon&logy then ' _ 3. i
' PH4k 1(”3())/tor adeny Pﬂ4k+3(8p) . R
is.lql’tiplic‘atipn by . SR S &
Lo | 2t2K) (2k+1). o ' ' z
. . s “ .
» These’ caiculatiom dre hlpatible uitﬂ the Hurewicz nap calculation \ﬁ
. } R o Y, o .
.|5. ' R ‘ o -

\

‘Pick 7k . ’1I’IIU"k 1 7

caponical incluuon Sp ---wso inducei a np MU (Sp) ---9 )@,(SO)
L.ay: tzk . (80)/'1'01' be the inii of ’k ,.undor thic np~ Leto

. =

(Sp) no that uu (Sp) - A(‘! ..). 'The

14 ' ’ + . L ' -~




-«

Ngp(K) and N (k) be il 1& positive integers ‘such that C o
Nsp(k)9(74k_l,) € MU4k_’l(Sp)

No(K)®la,, <) e P.4U4\k_-1(50)/tor

\{'espectxvelly. First of all Nsp(l) = NSO(.I) =1.: it suffices-to

show that n_S(Sp) & PH3(Sp) and nS(SO),B PH3(SO). For Sp we use

I . .
\\ the Hurewicz isomorphism theorem and the fact that - Sp is
! \*\ 2-connected. For SO we use the isomorphism
) . N B )
\ ’ PH:;(SU) & PHS(SO)/TOL‘ \
' \ . . B B
\, Pplus the fact tha_t SU 1is 2-connected,
4 AN
N . - \ We now prove * a . .
\"\ ~ N
PN = (2k-1)! for k > 2
; . = (2k-1)!/2 for 'k 2 . '
- 'g‘;' . . .
¥ M ’
RN 2 {2k-1)! C . L
:» Q _' _ ] X * ‘. o
) NSOSk) 2. (2k. 1?./‘2 | . . @ .
: -~ Broof: The inclusion Sp — U induceg isomorphisms
| * :4 4k_3(Sp). & PH4k_3(U). . , | N
Tf{us' 1k ip sent, to a fenerator’ "k of P_4k_\1uu,(p). However, by »
.. R r. o . ‘ - N
R * Lemma 5.4 ° A e o B 3
P .o, X \p: — . ,. . ‘ :‘,.\ . ' s . .
S TS (1) e MU (U) € MU_(U)oG ) ST ‘
oo Lo R . Y o - . P -
fonly 1f .q 2 (2k-1)}. Since ?(7.) waps to: *() it folliws that
. o . . ‘ . . ' R o
v . ¥ R . . s ’ - - "
T S @i e MU, (Sp) € WU, (Sp)eq o .
v only 1Y q 3 (2k-141, = 1. . o, *
a . D ~, . . o, . - “ )
) ‘o . “ - N . A . -
l\:‘ R : : . ' L , A\
_,5" 3 N 2 AR LA
f L \ '
“ R () &;) . 0 , N \’\/") -
” ' ’ - ‘., VA 43{ . C .‘J . ' - -; .
1 \: \' = gy -‘ ' . " . r F !
L. & B - = . (. ' e '-“:3' , .
. ! A 'y - 3

P N

e ) e
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et T, .

The case of

inclusion

SO

— U

Pak-3

SO

-

BN

.

induces a map

H,(50)/Tor —— P

which is multiplication by 2.

v

»

( proposition 6.3:

Nsp(k
Nso(k

) {2k-1)!
) ¢ (2k-1)1/2

Proof : WG.proceed\by induction.

'

Thé proof of the fact that 3!9}12) e MU, (Sp

we discuss

3|9(1 ) and Proposition 1.3.2 for 21!11 ) )

BP theory (see:in Part viar '’

3%(ax,) & WUL(S0)

ak-3"+ )

t

follows from Lelno 5.7 of %5 plus ihp fact that

w S0/Tor —_ PH, S0/Tor,

« 3.

ﬁ:qsxgl_kzl{’

o .

o

that’ Q(Tk)

(2k)(2k+1)/2’(1

is ‘sent to 2(2k)(sk+1)9(1k +1) and . 9(1

-

s L]
- o [

a

) It.tollowi*fnol our calculation of the maps’

-

°

(=]
o
1y

.

4k 15so)/ror — Pu4k+3(s2)

4k -1

ke1):

(SP) ————0 Pﬂ;k a(SOW'l'or

By {nduction
\\-\ﬁ

e’ .

2k~ 1!/2’(1k) [ MU‘(SO)/TOI‘ < KU (SOM and. ~

"2k-1!9(1k) ¢ NU (Sp) <. MU (Sp)n

2k+,1r’(1k) . IIIJ (Sp) ‘and - 2k*1l/29(dk) . HU (SO)/‘l‘or

-

I

* So ue IUlt hlve-

K

£

The fact-that

”

is handled similarly using the fact the

Pro osltion 1.3.1 for

S

)

will be delayed until

i .. . - 4
was calculated in 5 topbe mul®iplication by

/
is sent . to
- PR 2 y
J
- o v
A
- 3
’G ’\
7 -Q.E.D
46- -,
Lo d
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‘6 1. ,
Corgllary’6.4: In PML4k_1(Sp(n))

1
Sphericals = 2:Primitives if k is even.

. . Sphericals Primitives if k 1is odd.
Proof: Since )

°

. hsp(n’(4k—1) = bk(ZK—?)!
) EEnd ‘ ¢

Ng, (4k-1) = (2k-1)!.

o ’ N
e “
Progosjtiogls 5: In PMU4k_1(SO)/Tor

‘

> Sphericals = 2:-Primitives it k 1is odd.
Sphericals = Primitives if k .is even.

. '
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c{ Q
0 Q ) . p . N 6 ’
a °O o o) 'Y (-] .
o Ce °
o 2 .
© o ° el ' c)‘> ° :
. 0 * Sy
,( i . o e - . *® - . ¢ -
‘ . O ¢ - <y )
g ° . Q Part V: THE EXCEPTIO > ANQ E4 .
o N s/
° ") 31 Browp’Peterson (colhomoldmy theory
© ‘e ° Q. A Y ’ M
T APl Definitio wn- ct T .
' A Y
" First of all we recall the definition of (co)homo%ggy theory with
coefficients [Adams 1] page 200. Let G bé an abelian group and
(*) 0 —+ R—+F — G — 0.
a free presentation i.e. R"™and F are ffée and. (*) - is an exact-—
sequence. Take v S, v § such that no( v §) =R and
‘ ) “aeA  SeB ’ aeA ' .
¢ ) no( v S) = F. Take a map . v S —s Vv S such that fy = 1. Let
- peB . aeA peB ’ . ’e
‘MG = (v SWC(v 8).
: BeB aeA
B - This is s Moore, spectrum-of G and -
.;‘:_ ¢ * i . Sy .
;l o H (¥6G) =0 for r>0
H , .
= = - »
g ‘ w,(MG), = H_(MG) _G,f , | )
%5 - \ Let E be a spectrum. By definition the-spectrum EG = EAMGi and
¢ 7 . Tol%
P J 0 i—» un(E)OG — ?n(EG) — Torl(un_l(ﬂ),s) — 0
- o o . v
is exact. : .
We are interested in the case E = MU, G = Qp 'p prime number.
02 is a subring of Q with a/b e Qp if ahd.on1§ if (p,b) = 1 The
. -following fire known results of -Quillen, ([Adams] There pgiats a map
13 ,ep: Mupp-"f_!unp ‘{Qyieach prime p s?ch that / , "
4 .. (1) .eﬁu-s.‘ A e T LT .
o . , p . ’j ' ) . ;. _,.’j/' " .
oo (1) ,ep is map of ring spectra. 2 el

) =¥

o - L -




(iii) cp acts on n,(MU) as follows:

J [an] Q- Pf—l R
' ¢ [CP ] = -

' 1 0 otherwise

or equivalently: ,c;) acts on n_(MU)®Q as follows:

[y

. £ -
n=p-1
e (m) = ' DN
4 ‘ p-n 10 otherwise ~ -

x 4
Given p a prime the inagp of Cp*: M’Wp(X) — Mqu()()

is a

E .
natural direct sumand of nunp(s; so it Ys a represent/gble functor

{in the sense of Brown).Let BP denote the respec‘%lvé spectrum

L 4

- \
.

Q¥

(BP = Browhv-Peterson) Therefore BP ' is a ring spectrum and/aP (

n,(BP)eQ = H,(BP)eG = Q[';b—l"'

Y
x

‘ %
B is a -ultiplicative (co)honology theory with lcanonlca.l map.
b . - BP(X)—————-.BP (X) . o o
’ \. ":"‘v" i 1‘
W8 Lot - .
\ 'gl;" {\ "_'\ - " ‘ ) ’ p ‘ ' : !
L : MU (X ’ .
£ . (, )(p) ) . . . e
?% We observe - - i ) ’
9 . -
!
W

and by [Hazewinkel 1]-

-~

L
-

v n, (BP) =Z(p)[v1.va....], |v;‘|'= 2(9“-1)’ -
where ° . oo © : .
- l“n_l { - d
\ r— -
o n HP® 2 :‘i‘_'z'i >
=1
l SInilarly to WU- theory we identify" BP (BP) uith, the get qf .
. ) stable additlve cobouolocy operat.ionl. BP,(BP) h%s a ltructu o&., - .
D Hopt u‘lgebra and we have holmrpxiiu i \ i
. - ¢ np_(ap)ogp,)»i — BP,(BP) . action . "
(] s . . < LN - ¢
- '. '. \' - [] . - 4 : N
i . . oo o~ "N,
* ‘_ - v‘ L




4
L A d —. .
" ¥: (BP) —s BF,(BP)®BP,(BP)  coaction
. \ " s N, Ty (BP) — B}",(BP). - left uaity .
: ' " g m,(BP) — BP,(BP) o right unity
? .
e: BP, (BP) ~— @ (BP) counit | . .
. . . . \ , \
c: BP (BP) — BP,(BR) * ' conjugation ~
o ’ and for each X conplex or sp‘actra : T ’
.. BP,(X) — BP,(BP)OBP, (%) - S A o
“ . with the same propertles as in MU- theory {see [S tzer 1} . chapter 17
e . theoren 17.8 oo ’ ) -
. [ 4 v ¢
Theorem: (See [Wilson 1] pa‘ge 17) . ‘,’ .
: , | (1) There ate t. ¢ BP L (BP)  t_ =1 syth that. ' : :
A » i i A 0 . . "
::' 2‘p "1! - Lt
¥ . L. / . : : . N
RN N LY 2 15{ Lo, T 3
. \ IR tEV I (BPHIBP [t .ty j ¢ PR .
‘i L o . o111y ¢ 1s glven byes . 1. oY ) - T
> ) o N - . .- . .
\Y . \\ . - . P j+j o pn. .
; L ' \ -t c(t, . or 1-2 t c{t,) T
3 } . 7 . . .k } k.yl ﬁ JI * .q',“/)vj"
4 B n. 20 \ s e
1 ’ -, - - T et . . -
¥ ;oo . Uvi e =1 et =0 >0 o - . . -
; . ’L 4 ‘ N . . a ; « . ‘ * - . :»
A A (v) The coproduct .¥ is computed by * . . . ..
. P N omputed : : .
, . N : , p,-; - b hed R
P . B ) l N S . . ,'7
X E e . ke ) .. ! e ~ b*“'j'k \ W '\ L N “
- o and . S ST K
" ) - (I ',r’ , v ' L T a ‘ . .. ’ i ) . . .
7 - : o ;

e B gt BP(CF)) @_..,sp,(sy)ga‘l,.sp,:(gf’). R




T ————
s

- N ! ‘-
- ) o v

wheref | a BP'(C? ) =,.BP-[p1,',de. . ',‘]' . . .
In general the Quillen s;;l-itting theorem implies that e : g

. [N ’ 5
’ ) ‘ . '
< n,(BP)e_ (MU)“ (M & BP (X) ‘

. . . . \

and ’ ’ ' a

4 a u o . ‘. :.

'(p) BP, BP,(X) & M ()\) p) . .

X S : . .
That medns that 1f we derlne X e BP (X) “to be prtliuve lf

[

\' (X) =. 10X+ we do not lose any t“or-atlon fro-' comwering a

BP-primitives. a L i -' - S P
LY ¢ ) K ) - : . -t

Now BP,(BP) and BP. (BP) are dual Hopl’ aIzebras ovbr BP. o
S T ' o E
L P BP‘(BP) vwe ﬂeflne L BP LBP) asshe dua] of t.
] M . “:. N a v .
in. BP (BP}. {rg ) tor- a'bas\s d-ual to - thew( E) .and” _
BP (BP) = <{2 | a - BP -;'{t,(BP)b. » -O“;
(See jZah/er 1] 3). ". . - %' - . "li:"- \

. Nou we want to say how BP (BP)V acts. on u,(BP) As .in -
’ : . ™ ,) e . - | S
",\Qv_theorg l’qr 9 Q BP (BP) . we have .. -

0(A).= <@ .. (2)> ' , ;
. "R - . Joe -
11 5 ~ e
80 W s ‘ ¢ ’, e "
¢ . . . . . - : ;’ o -
R J"-‘k 1#5-?4*’ - *—
4 . . - .
. r.(meg - ) = P -1 . L
E. \P\k-l . ‘ ) ] N ,
: ] , A Yy othemvhe , IR GOV
. . oo e N T e R} L
134 Sl N . - o
Pl - .. ° e e e + e
’ .. o E 1 2 . ¢
‘e . [ ] =8 .'2’ v B B “ \P‘ } - .
v SR 2 Bt DR it M et 3 5
we h‘ve’ f ",,. P - : ?IA ( . ‘
_ . ;v - "r 7 K ¢ . - N ) . n, ':‘.
S I,: x-v e
L ’ * 9 : ’ ) - -7
' L _'/ . 'u' e . rs(. ) - ' , . -
a]zm andBiF . C
s 0 v L 4 “ " 4 B
. ‘ -~ \ . " :,'..6;\;( o © .
PR e e Sy ” L A
e . R RO ‘ . » hit . o -
('_ A': : » 4 * i — . i . -~ e
7'\\,‘."’ [ . .. .t ) ’ Y T ? e
- by %
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Now BP-operations aul‘fteéhrqd operations-are related by the >
following:-See [Kane 3]. Define “T: BP- — fZ/p to be the Thom map
9% . ' .
such that . he
sut ' T P .
M _— — ., H2/ ‘ ‘
mp m(P) B P H i
. K T
i r/.,— ) T
. -
* .\Bﬂ . p is the reduction mod pj'.
mu . . ) ] : .
commufes , - . . .
* * & *
It can be chosen as the Thom class in H (BP;Z/p) = A (p)/Qo. And by
the Zahler op.cit. page 488 ¢ - . - ’
N » L] . =
*x *
T,: BP (BP) — H (BP;Z/p) ,
is given by S
_ X% . =1 .
. E '
T*(GEI‘E) = ) i [ .
1 0 otherwise
and (See¢ Kane op.cit.) ' . .
. ‘ -
* " e * o
BP (%}, ‘BP (X) . '
i
I L

* MR
B (X;2/p) ———s x(2") H(X;2/p) .,
commutes where Xx: A (p) — A (p) is the canonical automorphism

» o

’ ’ ¢

Thpr?fore 1nfornation about the action’of Staeenrod opergtions on
* ' Kl

H (X:;Z/p) 1is included in information about the action of

. & ' * ’
BP -operations on BP (X). : ' ’
’ e

. - - v ..

=
We can define the operations Sp ¢ BP (BP) by therrecursive

~'forhu1a ,

.

P ' Gt o e R 2 v,



. 89
P b : " N
for each E. So Sg is the conjugate of g Since {9?) and
. &
(x(9E)r ‘are also .related by the formula
L ’ . ' v
E1 Ez . ’
) ? x(¢ ) = Q- - 3 . ¢
| EytEp°E ’ -
k] c E
. we,can deduce that sE covers ¢ i:e. the following diagram
commutes Y *
£ Sg * ’
BP (X) ————— BP (X) )
T 1 J T
. *' x .
H (X:2/p) — H (X;2/p). .
o of . .
%1.3: The Primitivitv Operator
T , ‘ 4 .
In analogue to the operator ‘#, for MU theory we cah define
: BP,(X)®Q@ —s BP,(X)8Q" ; .
Py BP( o
q - .
74 2 £ E:
. .
E_ 51 ek : '
where m = mp_l..m K .The properties discussed for-the MU 9, in
. . pr-1 ST T .

21 of Part III also hold for this 7, . In particular #,. factors

through H_(X;Q). So the action. ?, in BP agrees w1th the image of

¢, in MU. 1In othe}f*ords‘the following diagram commutes.
. L 9* ~a-
MU, (X)oQ Mu; {X)eq
. ) . ?x v ;
BP, (X)eQ BP,(X)®qQ

Because the opebatlons"{sE} are related to Steenrod operatiéns it is
useful to use the BP version\of ?,. Notably we hdve the following

’

. .. . .
L/ . . P 4 TR *.mumWwﬁ* S N L AL T T
. ' N LI ‘ . ‘\‘ ' . ' Kl
. L .

AL
R )5,1»“*,

K
XY
B
Mt
Mg
T

s

AN

-

~,
&

%

- W
s, RN T A T




As above we know pm1 € BP,.

v Co. ke
. S
r

results.

-

P, (x) € BP,(X) < BP,(X)eqQ.

Proposition 1.8.]: SUPROSe BP,(X) = a(x

As befare we will be interested in the minimal

). fhen

90

s such fﬁat

3" X2p+1
(a) PP (X, 1) € BP(X)
(b) ®(x, )¢ BP,(X) if and only if #.T(x) = 0 in H,(X:Z/p).

2p+1

-

* Proof: We can write

9(£ ) = x +m s (x"

2p+1, 2p+~1 "p-1"1 2p+1)'
. CL _

Since N
p’p—l € BP < BP,OQ J

we have part (af.

Consider pmzs (x ).

152 %4p-1
.ot wdzp) — -5 p 14x 2/p)

is trivial (A (p) acts unstably') We also have
2
.
4p 1(X Z/p) — H (X Z/p)
is trivial. So T(éa(x4p 1)) = 9 (T(x4p_1)) = 0.

. _ 2
92(x4p_1) = p:xs for sone‘ ae Q(p). Thus pm (sz(xz
and pznf ¢ BP,. bt

,‘H
v : . .
. :.. #‘)’ ) - .
. ,, ;;,;:’ . . R K
1 d T "

Regarding (b) we know sl(x2p+1) is éivisiblg by
p if ana,only if 91(T(x2p+1;) = T(rl(XZpil)) = 0. Q{ETB.
Bxgng§4$jgn_1*§*2: Suppése BP (X) = h(xa,x4p_ir. Then
. ﬁo(x4p;1{ € BP(X). )
'Proof: Write |
. P(Xgpe1) = Xgprg t mys (X ) miﬁz(”égri)' !

Since

_Thus we can write

)) = p m, X,

Q.E:D.

<
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§2: Jacobson definition of ekgeggigna]iLig groups ’
N Ql i .-

91

Let X be the non associative algebra of Cayley numbers. i.e. K

is the 8 dimensionq} algebra over the real numbers with generators 1,

i, j, 1 and relationst ’
i? - 52 1% - -1,74j = -ji, i1 = -1i and §1 = -1j
N

A real basis is {1,i.3,ij,1,i1,31,(ij)1}: and the subalgebra

generated by 1,i and j 1is the quaternions algebra M. Any xe K
! ‘ ‘ ¢ gl

.4 . . ,
.can be written as x = 4 + bl where a,_b’e H and the conjugate of

X is X =a-bl. If aeM is ’

. a = ?0 +°a11 + an + aaij ; ai € R
then .ot
- a = aO - a1{ - azj - a31j ’
the norm in K is N(x) = xx = xx € R and the associated bilinear

{xXy+yx)/2 is non-degenerate. Also

form _N(xly)
N{xy) = N(X)N(y). "

Let 'M_ be the exceptional algebra of 3x3 hermitian matirces

3
o
with coefficients in K. 1.e. Ae M3 if A/ is & 3x3 matrix over

K and ‘Ktr = A. The multiplication in Mg

A-B = (AB+BA)/2.‘(AB means the usual matrix mul%iplication.) 'Thus

is given by

if Ae M we can write

3 R
al a b
A= a az c qi ¢ R a, b, ¢ ¢ K.
. Boc o
So M is a 27 . dimensional vector space. b

3

-

5

a4

Iy

P . g o . :
5&. ¥ gt nﬂwg.‘!”ﬁﬁaw‘m‘ WS PN
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-

')

We,define X -
;;o 0 . . [ o o0 0 o0
61 = 0 0 O . 62 = 0 1 o = 0 0
0 0 0 . 0 0 0. 0 0
and for ae K and i # j ‘alj = the matrix with entries

in position (i.j} and (j.1)

Then if A e M we can write .

A .

The trace of a e K is T(a) = a+ra. So
¥ R 3 -~
T(A) - }ai.
: i=1

' The norm of a € K is

N(2) = aaa  + T(a(ch)) + a N(c) - a,N(B)

123
The multiplicatioh in

9

/%i°aij = 1/2aiJ = aij'aj
afj - N(a) (e +¢,)
Zaij-bJk = (ab)ik i# 3, J#k, k# i1 |
and by the fact that these are orthogonal jdempotents.
Definition: ,A e Ma is a primitive idehgo?ent if A2 = A and A% O
and there do not exist non-zero idenpogghéé’ Et and E" w;th . ‘
A= E'+E" and N < E': E" >=0 or equlyalently"T(A) =1,

Let P = the set of all primitive i&empotents in Mé. If Ae P

T(A) = al +~a2 + a3 = 1. Since A

3
TA =.z A48 * 815 T Pyg * Cag
{=1

(G

- asN(a)i

2. A -then writing

- O ©

and

respectively and zero in all others.

Ms is characterized by the formulas

£A SN

IR G W4 R e NPT

ST e IR AR o o Y
SR SRS R e NG s At A, I SO B £ Q0 s

5.

N



Then .

ca
ab
and

«
1

In [Jacobson

T 93
’ Lv ) 7/ . !
) ‘ s
al a b o \ .
a a, ¢ ' '
b ¢ a,
o2 2 "
+ N(b)" « N(c)® = a, (0,7 )a - cb = a. )
2 2 i —_
+ N(a)~ -.N(g¢) = a2 lal«aa)b +ac = b
+ N2+ NP = a (.+a_)c + Ba = ¢
3 1 2
=a.a N(a)2 =a.a,
1 \ 23
s 2
= azb N{b) = @
- 2 .u
= a,c ) N(c)” = a‘l‘a‘i'z
~ az + d3 = 1. i

1] it has been shown that

ES = the group of norm<p£ese;ving linear‘tpansforations g
. N \I
of MS' . ‘ %
F4 = the group of éutomorphisms of Ms. ?
Spin(8) = {t e F4|‘t!61) =€, 1i=12.3) ~
Spin(9) = {t e F4| t(e). = & when 62 =& and €& is )
not the sum of two orthogonal idempotents)
G; = {teF| t{1y,) =1, 1#3, 1,9 =11F2'?'
tey =), R
0 0 .. .
! 1 ' . | Y
lij = .- . s
0 0

Therefore we hdve the followiné chain of inclusiong

G2

< Spin(7) « Spin(8) ¢ épin(s) c F4 c E6

;] | |




" and clearly

spin(7)/6, & 8" = {x ¢ K| N(x)

Let Ro =“A'e P| a = 0}.

Lemma 2-1: Po = s®
Proof: We see that 38 as the set of all the
N(S)2+||z||2 = 1. Define ¢: s® — Py by
i 0 0 0,
bts,z) = 1/2] 70 1+z s
) .0 s 1-z

This is a continuous mqpf%ith inverse ¥P(X) <

Theorem 2-2: The space P is homeomorphic to

projective plane. (See'tWhitehead 1] appendix

Thgorem 2-3:

-~ M 3

1}.

. -
[

pairs (s,z) ¢ KR with

)\‘

}

(212»1.2a).
I, the Cayley

A}.

Spin(9) —s F4 — I 1is a fibratfoﬁ.

1

i

Py

2 en i

PR UL R RN




1

‘ 95
$3: Quasi Regular Space ’ . . - S
.ig.;: ngsi—Begﬁ]gzixy ’ s ) . .
Definitions: Let p a prime f: X — Y a map between CW complexes,
Then f is a p-eguivalence if # LI |

CY e xiz/e) — B (xi2/p)
-is an isomorphism or equivalently
fo: H(X;Z/p) — H,(Y.Z/p)
ig an Ysomorphism or -
fo: M (X)82/p — 7, (Y,Z/p) :
is an disomorphism. '
f a }s rational eguivélgngg if-i}\is a O-equivalence. i.e.
' £,: H(X:Q) —» H (Y:Q)
is ;n isomorphisﬁ. ’
P

Notatidn:" xpv‘ and X 5 Y.

A prime number p is reguldr for a H-space X if X and

ni nl nz ' nr
S = I S xS "x...xS§ a’ (r = rank of X)
r
. 1< i<r .
. n, : ]
are p-equivalent i.e. There exists f: X —— Sr ~ such that
ny ‘ )
f,.: H(X;2/p) — H*(Sr ;Z/p)) 1is an isomotphisam. The Hopf theorem
“ says that any finite H-space is Q;regular. /
' ~ R 2n+2p-1
Let Bn(p) be the total space of a bundie with base S
and fiber ™1 such that
t" B 17
H.(B (p)iZ/P) = Alxy /9 (xy 1))

A finite H-space X s gggji;zggnlgx if there exists a p-equivalence
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a

’ . ‘& .
between X and a space which is a product of spheres or bundles
B, (p). |
Notice that p can not be fegular orjduasi—régular for X

* . .
:unless H (X) has no p-torsion. The most general theorem about

'
quasi regularity is due to Harper {Harper 1} page 65.

Theorem 3.1: (Harper) Suppose X is 1-connected H-space with
+ i - B N
* .
multiplication such that H (X;Q)- is primitvely generated. ¥r p . is
© ’ ’ * . .
a prime such that 4p-3 > dim Q(H (X;Q)) then X. is guasi regular at

p.

A most ‘precise result has been obtained for simple, 1—c0nnécted,

compact, connected Lie groups.
Theorgm'gfaﬁ [Miﬁura~Toda'31 - v
p ”is quasi-regular at G if and only if

*

Sp(n)

.. p > n for G = )
v ) p > n/2 for . G = SU(n) ’
p > (n-1)/2 for;j/‘ -G = Spgn(n)
s p2>5 for G = GZ.F4,E
p 2 11 ‘for G = E,_,E

-

Given a p quasi-regular space X, to diétingui h Sn factors
and Bn(p) factors we only have to check the action
H,(X;Z/p). [Mimura-Toda 3] (op. cit. page 318) have
Theore 3[Qc ILe; G be a Lie gfohp.which is p qu
Write i

H, (X;2/p) = A(xs ,...,xs )
1 T




where’ }xs } = si. Then 91(xs) = xt if and only if t-s = 2(p-1)

and s-172 # 0 mod p.

Notably the above theorems give the following results for G2

and §4: g

(5)
6. ~ §°xS p> 7 -

o ) ' )
~ B_(5)xB_(5) ‘
s 1T
F. ~ B.(7)xB_(7)

1 5

7

~ 1 15

F4 ~ Bl(ll)xs1 xS
(11)

$3.2: Primitive and Sgherigal Classes for Quasi-Regular Spaces

. \
Let X and Y be p equivalent spaces. Suppose

= = ; < B
BP%(X) BP*(Y) A(xn ,...xn )
Y . 1 r *
where (xn X } oare coalgebra primitives. - We want to determine
' 1 r

h(n,) = the minimal *integer such that h(n,k)x is
i : : i n,

I L. \ 1

o spherical

N(ni) = the minimal integey such ‘that :N(ni)xn is
y . M

prlmltive. > :
Since we are working localized at p we have h(ni) ='ps and

N(ni) = p where s ) t. If we consider p quasi regular spaces

then we can reduce to spheres g2n-1

and the spacés Bn(p).

S
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8:5 ﬂ'

N(2n-1) = 1,

Then h(2n-1) =

_agree with spherical elements in BP*(Sznjl)w

(11)_X = B (p).

So BP,(X) = A(x

2n+;'x2n*2p—1)‘ As above we have

-

h(2n+~1) = N(2n-1) = 1. -~

¥

We also have

h(2n+2p-1) = N(2n-2p-1)) = p.

In particular primitive elements

Since H,(X;Z/p) = A(T(x2n¢])'T(x2n+2p—1)) where
1 B . a _ .
® T(82n+sp-1) = T(x2n+1) we have N(2n+2p.1) = p by Propoiitlon ;§
y ©1.3.2. We also have p|h(2n+2p—1) by [Kane theorem 4.4. Chapter 1V p
TEE . f
of Part V].- Moreover, *‘H{2n+2(p-1)) | p by Proposition 4.3. I %
Again observe that primitives and sphericals agreé in ;
. >
. o . :’?
BP.(B (p)). . o
n : P4 g
. . % ';7’// 3
\Y - | #7 - -
a ot K
g o
. (} ‘a’eg 5 :
agf,f'% 4
SN ?
., s ’

»
|

Fowr ki nd® s s

' »
S
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34: Harper's H-Space -

1]
L)

K{(p) such that

*
H (K(p)).2/p) = A(xs'xng)“/f’[xzmz]/"‘:p*z’

. 1 )
. 4 (x3) = x2p~1' p(x2p+l) = x2pf2'

~

//'Our use of this space will come in the case of the exceptional

-

. A ] .
Lie group F4. 'For Harper has also shown

\ F, - K(3)xB,(3)

we will study the Hurewic& map

99

For each odd prime p Harper constructeed a mod p finite H-space®

(See [Harper 1] and [Harper 2].) -‘In preparation for our study of F4

&
'/’}) h: ﬂ,(K(p’)(P)/Tor — H_ (K(p))(p)/Tor.
‘ In all that follows we assume p ;g di. b
Proposition 4.1: . ' ’ . : »
w *
’ H (K(p))(p)/Tor = aly,.y 2 J.
- ' . "2p +2p-1 o )
Moreover, we can choose representatives vy and vy suéh that
- 3 . 2
. 2p +2p-1
i
. PYY,) = x3_ -
and .
p-1 .
ply ) = X X .
. R 2p2+2p-1 2p+172p+2

-

Proof: Let {p;} be the Bockstein spectal sequence analyzing‘ p
torsion in H*(K(p))(p).- Then °
B, H(H*(K(p);z/l)):l’)
/ =alygy , S .
. 2p +2p-1 ) »~

]



&

. y “
'where y, = {x,} and .y =“{x xP~ 1 }- :
3 3 202+2p-1 2p+1"%2p-2’
. ' x .
The spectral sequence must now collapse. So p2 = H (K(p))(p)/TorOZ/p ’
has the same description. PR . Q.E.D.
Corollary 4.2: -- , - .
 HUR(p)) oy /Tor = Alzgz , ) g
‘ p 2p“+2p-1 -0 o

If we consider the _}‘l_urewiczr map then "3(K,\(p))(-p) = Hs(K(P))_(S). 'We ﬁ

. .
now‘ow

Proposition 4.3: °

[\
h: n (K(D)) — PH
. 2p2+2p 1 (p) 2p +2p- l(K(M)
is nultipllcation by p .
Consmer the fibration ’
» ot . _ ‘
f 4 -
. F —» K(p)'— K(Z2,_,,3) :
: (p)'"¢ -
3 - .
where r esents e H (K . )
' g repr Vg ( (p)l(p) o
.Lemma 4.4: In degree ¢ 2p2+2p )
) H (F;2/p) = A(u u )& /p[u
.2p2+1 2p2+2p—1 ¢
‘where ’ .
¢ . -
N plu ) =u ,
and ; ' . , )
¢ . f |
% (u 2 ) = u 2 . .
N 2p +1 T 2p +2p-1 ———

)
Proof: We use the Serre spectral sequence

* *
E., = H (F;Z/p)®H (K

x -
2 .3):2/p) = H (K(p):2/p). @

(p)
v * ’ N
By Cartan's calculation [Cartan 2] H (K(Z(p),a)) has no‘igher p

] . .

torsion and ) . *
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H*(K(Z ~3)'-2/3) ;A(7 91(;.) 9P 1(, ') oz / [,091(2 )mpvl((z 1]
. (p)’ : 2 2 ) gl Oz\p 3)- o

* . - L 2
In view of descrption of H (K{(p):Z/(p) the elements 9p9{(23).'~

"p9p91(23) and [p?l(z,i)]p ﬁdst be killed in the spectral sequence.

This forces the existence of the elements u 2.u 2 and
S ) 2p- 2p +1
u o, . We have
2p +2p-1 - . .
Td L) - apvl(za) ‘ .
. i 2p 2p . -
, 11 .
d , (u , ) =pre(z,)
2p +1 2p +1 o~
+ @ - 1
d (u® ) = (p(z)1° - -

2p2+2p—1 2p +2p-1

' Since differentials which ac& transgressively commute with the action

i
a

* .
of A (p) rthe relations

T ploPsliz )] - [ppPel(z))]
2l1pPel (2 )] = 919Pp (2
| o =%l
, ' -1 2 . ARSI
- ) = [P (25)] .
forbe '
Blu ) = u . ]
’ 2‘p‘2' 2p%+1 o R
) .
? (u 2 ) = u 2
2p +1, 2p +2p-1 .
® . ’ ) . . " Q.E.D.

M Corollarv 4,5:' In degree ¢ 2§2+2P

(1) ) H,(F:Z/p) = a(v oV )8z /plv 2] .
, 2p~+1 2p~+2p-1 2p -
where L. E :
i | ] 91(V 2 " '= V 2‘
2p +sp-1 2p +1

a-

, 4.
e i AT 2 B
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-
(11) . H (F.Z/p)/Tor = A(w VW )/ (pw )
. 2p +1 sp +-2p 1 2p -1
He'have a commutative diagram ’ '
¥ 4 =m (F) ————E————4 PH {F) =Z
= - - ——
(p) 2p2. 2p-1  (P) 2pie2p-1 (P (p)
T lf:
) z = (K(p)) ————— PH (K(p)) =2
] (p) ) 2p2‘2p_1' (p) h 2p%-2p-1 ~(p) (p)
© 1 )
By the same reasoning as in %3-2 the top map is multiplication by‘ p.
~So to prove Propesition 4-3 it remains to show
Lenma 4-6: fit PH F — PH K
* ( )(p) A ( (p”(p) g .
. 2p+2p-1 2p +2p-1 .. .
is multiplication by P. ' ) :
Brogf: Consider the.§erre spectral sequence - .
~ : * * T %
: E, = H (F;B (K(z , 3 H K 33
. , p = H (FiH (K@ 1.3)) = H (K(p) ).

*
Sin?e H.(K(Z(p),3))

p without losing any infofmation. In particular we can use our

1
© N .
,

previous knowledge of the mod p Serre spectral sequefice to obtain

A
5
z

(p) has no higher p torsion we can reduce mod '

y

complete information in degree < 2p2+2b about the above spectral )
I‘A.» i
3 © o . .
sequence. Notably-we have d, (x).= b where a and b are
) . 2p +2p-1 . - Sl
] e
) integral representatives of u and [p91§z3)]p. Thus "g
- ' : ° 2p~+2p-1 - . ‘ Fa
. d . . \’.
. '_ - . 2 (pa) = pb = 0. So pa is a permanent cycle in the spectral - -
2p~+2p-1 . B f&;ﬁ
© sequence. This tells us that T 3%" i
' . i - #
Zp +2p-1 2p ¢2p 1 . . }
f H K H F . 4
©'Q ( (p))(p) — Q Flpy - :
is multiplication by p. Dualizing, we ‘have our result. Q.E.D. %
) ]

"y Besides spherical elements wemgre also concerned with peritive

. . ..‘r BP e enents. We can only bbtain partial information in ‘he case of
. i
' ) A
: * :/> . .
- :
' . } ‘ - L »m*m;h;'lixn~"a (R

-~
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]

the Harber H-spaces. First of 'all the BPgastrucure of PBP,(K(p)) ,
is more complicated than one might first ! spect’.” Although

H,(K(s))/Tor is an exterior algebra the .same |s nog qui’e true of

toe

BP, (K(p)).
am

Propogition 4.7

V(px. . - v x,).

BP,(K(p)) = Alxg.x 2p+1 1

3 %Xaper
, Prl gpce2p-1

The argument extablishing this result is based on [Kane 1]. First of
all, one uses an Eilenberg-Moore spectral sequence plus our knowledge

x
of H (K(p));2/p) to deduce

p
A, .a 1/(al)
2'°2p 2p2‘2p_1 2

T H,(aK(p).2/p) = Z/pla
b4

»

N

One then uses the above facts to deduce that

P

_BP,(2K(p)) = BP*IAz,Azp.A ) T/(A2 - PAZp - V. A,)
. 2p +2p-2

‘16 can then use a homology BP Eilenberg-Moore type spectral

-
o

sequence to.deduce the prbposition from this fact. . ~

It follows from the Proposition that. PBP,(K(p)) is spanned by

v_X,. Now

{ modulo the relation PXy1 = Vi¥g

X, . X X
3’7 2p+1 2p2+2p—1

consider 2(x .. ¢ ™8P, (K(p))e@. By Proposition 4.3 we know
v 2p +2p+1

p29(x ) € BP_(K(p)) < BP,(K(p))®Q., However we do not know that
2p +2p+1 .

L

2 is the minimal number i.e. thaE N(2p2+2p—1) = pz. S0 we are left

~

K




$3;, The Exceptional Lie Groups G and E4

.

— We now compare primitives and sphericals in PBP*(Gz) * and
PBP,(F4) for p an odd prime.

. = : -
80.1. The Case X =G,

First of all we determine the Hurewicz map

h: n*(GZ)/Tor —-4'H*(Gz)/Tor = A(xshx11)‘ s

We need only consider degree 11. We have fibrations
5 )

S — 4 G, —s V

Sy 2 7.2
.

where V7 5 = SO{7)/S0(5) 1is the Stiefel manifold. 'We will rely on

[James 1] for information about Stiefel manifolds. From the first

fibration we have a diagram - - . b
' z/2 . ze2/2 Lz z/15
. ) | [ H 1
‘ 3 |

- 3
11'11(5 ) —— (Gz.‘)————f—o‘n’ll(v )——\-v——-oﬂlo'(S-)

: 11 7,2
) . - n 1 ' , 1 h

PHll(Ga)/Tor — PHII(V7'2)/Tor

By the exactness of the top row the map nll(GZ)/Tor —_—n (V7 2)/'.I‘or

11
is a map Z —5» Z where k = 1,3,5,15. By [James 1] page 153

h: ﬂll(v7'2)/Tor —_ Pﬂll(V+}2)(Tor

is multiplication by 8. Consequently

hll(GZ) = 8,3.8,5.8 or 15.8.

On the other ‘hand, the second fibration gives a diagram

.
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. ~
Y

(6,) ——— & (Spin(7)) -

n11 2 '
SR )

& "H- (¢ ) /Tor
PHll(GZ)/Tor H j(gpin(7)) Tor

1
By pur previous calculations hll(Spin(7)) = 5! So
s .
51 I hll(GZ)' . .
= 5!
Thus h‘](Gz) 5!
4
Now we consider primitive elements in PPP‘(GZ) and compare themL RN

+

to spherical elements. For each odd prime we can write

). So PBP.(GZ) is spanned.by x and x_.. As

BPa(Gy) i A lx 3 11

3 %11

in &3 N(j)xi, and h(ni) are the minimal powers of p so that

-~
.\'(i)xi is primitive and h(nl)xi is 'spherical. By the above plus ;
the resolution &3 we have

: N(3) = h(3) =1 for~p 2 3
N(11) = h(11) = 3 for 'p = 3 )
N(11) = h(11) = 5 for p=35
N(11) = h(11) =1 for p> 7
)
In particular spherical and primitive eléhents agree in PBP*(GZ).
$5.2: = 4 | i
.~For p> 5 we can write BP,,(F‘})-'= A(x3,x11,x15,x23)1 By the %
results of 13 we have ‘?
N(3) = h(3) =1 . for p2 5 . :
J 5 p=25 ‘
N(11) = 'h(11) =
’ 1 1 p27
J 7 for p =17 .
N(15) = h(15) = |
1 1 for p2>5 p# 17
. ‘




mﬂ‘”‘ -

(%)

e { 5 for p =75

. - . 7 for p =T
, N(23) = h(23) 1 11 for p = 7

1 for p = I3

For p = 3 we have Harper's splitting F,  ~ K{(3)xB
. 4(3) 5

results of 3 we have

N(3) = h(3) = 1

~Sa(nﬁh h(11)

"
—

N(15)

#
w

h{15)

We now show . ’

2

N(23) 3

"
n

h(23)

(3).. By the

——

In %4 wé‘demonstrated that h(23) = 32. Since N(23) l h(23) it

suffices fo.show

Lemmaas.z‘lz 32|N(23)

Proof Consider the répreseqfatiOu A:F4 — SU(n) of maxipal weight.

(see [Bourbaki 1] )jThe map‘ﬂA:nF;——ﬁ f2SU(n) was studied in

[Watanave 1]. One can write

- H(Fg) - z(3)["2"‘6"‘10"‘14""22]/(;(; = 3x,)
H*(nsu(n)ika) =2y vy vy) '
It was proved in [Watanabe 1} tﬁat. ‘
. o (ar),.
Q322(0F4;Z(3)) E— QHZZ(SU(D):Z(S))
o i
%(3) (3

is multiplication by 33.Now consider the diagram

- ‘ S

44
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& A* ‘l |
Z(3) 7 PaglEy)(g)/tor —— Pl (SUM)) 4y = 2,4,
o] Je,
. (@A),
Z gy = Wy, (aF ) ) ———— Ql,, (2SY(n)) ) = Z 5

(i) ﬂt:Qsz(ﬂSU(n))(s) — PH23(SU(n))

is an isomorphism. For we

(3)

} where ﬂ,(y21) = z

CAlz 2401

Z.,...,2

can write H,(SU(n)) 325

~(3) 2n+1
({1) 2,:QH,, (2F ) —— PH, (F ) 5 /tor is multiplication by 3"

g}) 4°(3)

where k > 1. To prove this result it suffices to show that

Q*:QH22(0F4;Z/3) N PH23(F4 Z/3) is- trivial .In turn,it suffices to &

prove that the dual map ﬂ :QH 3(F4:Z/3) —_ PH22(0F4;Z/3) is trivial

3 ] * t 3
Thxﬁ is obvious.For H (F4,Z/3) = A(XB'XT'*II'x15)02/3[x8]/(x8)'so in |

panticylar,QHZS(F4;Z/3) = 0.

It follows for all above that A: PH23( )(3)/tor ——a-PH (SU(n))(s) is

multlplication by 3 for k ¢ 2.Pick a generator x ¢ PH )(3)/tor We

4

(F

23" 4

have 9(X) € BP*(F4)90. We want t6 show that .

37 (x) £ BP, (F ) < BP, (F )oQ. We know that’

Ao(32(x)) = (1, (x)) = 357"9(2,) € BP,(SU(N)) < BP,(SU(n))eq. It

fdllows from Corollary 5.5 §5 Part IV thét N?(zzs) € MU*(SUkn)) unless

11! | N Now 11! = 2%3%5%7.11. s0,1n BP theory,N®(z, ) € BP,(SU(n))

unless 34|N. In particular %k+}9(223) € BP_(SU(n). because k ¢ 2.

o ' . Q.E.D
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