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. - ABSTRACT

.

Y M ' ’ )
The correlated logistic regression model, a new model for corre-

& Y

lated‘binéry observations 1im the-presence of covariates, is lntroducéd
i A ; ‘ ’

- . and its relationship with other logistic models established. Compari-
sonslaée:made with other models for correlated binary outcomes, p;rticu—
larly those ;hat.allow unit-specific ?ovariates. A conqitional model is:

o . X i " .. - o
. : . derived and shown to be equivalent to a weld-known model used in case- e
’ - . - N R - - -

control stG?ies. .

Propertles of several ‘estimators of the regression parameter are

-

inveStigated. Cohsistency of the unconditiona. and conditional maximum

likelihood estimators is estab11shed and exp-essions derived for the .
- . o Pt

esymptotic variance of the two estimators under the full model énd‘also ’

TR
A

¥ under a simpler model.: Two other estxmators,' namel,, the estimator

. T oL -

obta1ned by usx@g the usual loglstlc model and "an estlmator obtained by

- e '
-

using dummy varlables 1n the usu logistic mndel, are 1nvestlgated. .
. . . .

These two est1mators are shown to be, id general, asympbotlcally'blased.

"Some conditions are given for consistency of SLhe two estimators,

.. '
»

- Expression§“?o?‘%@etéé;mptoxic variances of the ' two estimatprs, and the
>mi$speciflqation factors for their estimated variancé, are obtairied.

« ’ ’ - - - .\ )
. “\._;/ In the case-of a'single binary covariate, it is shown that fhe bias .

of the usual estimator {s large even for moderate sample sxze, ‘whereas

1] . (B4

’ the bias of the dummy variables estimator becomes small for mode ate

ample size.. Ip is shown that. although in speclal»cases the usual ayd

Yy




- - ALt .
A
. -

relative effpets"
L DR

¢

dummy variables estimators may have highe;\gsymptotfé ‘

ency than the maximum likelihood estimator, unleSs both the intraclass

’

. correlation of the covariate and the residual intgaclass correlation are

Lt I

. . ' RN
close to zero,. the usual, dummy variables and conditional estimators

-~ “3
<
s -

are, in general, not highly efficient. 'In particular, the asymptotic e

L0 N 2 -
relative effficiency of the conditional estimator may be quite low, b Bre

- A3

th simulated and real data showing ‘how the ~

Examples are giken Jw1

usual, dummy variables and conditional estimators produce falsely signi-

ficant test .gtatistfcs.

. o
’
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o CHAPTER ’ o - e

General background and review of the.literature =

1.1 Introduction ' . -

This-thesis introduces the correlated logistic regréssion model ‘as a,

o

. -t . st 'qP
tool for modelling intracluster _,gorrelation “in the presence of a

.

binary outcome (dependent) variable and J:éoy%?féfes (explanatory

-+

- variables). This model is used to defermine the' effects of- the

- S -
e .

intracluster correlation on . the éstimabian and testing of the
- . LN

regreéssion coefficients  of the cova{ihiésd In particular, we examine
5 . X w?® :_ DR

’ ¢ <7 v _
the properties of maximum -likelihgdd esrimators as well as other
. o o ’

estimators which have been kusedf in an attempt to adjust for the

A 3

presence’of intracluster correbdtton without explicitly modelling it.

L S : S
. PP R . .
" Section 2 of this cﬁaptgg gives definitions of terms which occur

througﬁout phié?ﬁkhesis. Section 3 covers the origins and development
R . . .

,

) o J.,.éf_t;é‘logistaf b%oassay model,,éhe'logiscic regressioa model, various
‘;:;' nultivariate logiétié models and finally the correlated logistic
. _/’ .regression model., Section 4 caksiazfs thé use of models to represent ‘e
. N ‘thg"és;;elgtion due to clustering»andlho; they relate to correlated .

logistic models. SectionAS reviews the more complex clustering models

> .1 -‘f..,




then within each cluster, a number of units is selected at random. It

P

¥

;,
V]

A Y . .
st T .
which involve covariates and compares these with the multiyariate and
/

correlated logistic models. Section 6 examines related .models for

handling correlation, in particular dummy variables and conditiognal
models, and section 7 coq{i::rs other work about inference under
incocredt models, in p&f&j 1o¥, in the case of continuous regressor

variables in time seriés, sample survey work, and in case—éontrol

studies. Section 8 discusses the regularity cohditions required for

& 2 - ’
the consiitency and aﬁprLQE}Q»normi}{gy.df}ghefés;bmators.
” N LR i . M
L LN PN " . )
. v RO E,‘ -t
1.2 Some definitions ) '::gf:
., - - . ‘/. ,x:

v

coing o

I
The sampling model used in this thesis 'igfatu¢5§tage

3. 4

. 5‘
sampling}

particular, at the fitst stage, clusters are se!@ﬁ%édﬁﬁf random, and
TG : : .

is assumed that clusters are distributed independently of. each other,

but that units within a cluster are correlated with each other, the

amount of correlation being measured by a coefficient denoted as the

L 2
d &

b1 " . .
intracluster or intraclass correlation. N v

- r

The outcome, response ot dependent variable will by denoted by Y, and

{
the correésponding explanatory variables or covariates will usually be
X C ol . .

demoted by X. Although the covariates aféﬁfQSGEEfmes known as
.t ‘

independent variables, 1q,thi§vthesis the correlation structure of the

distribution of the covariates will be cbﬁifdered, so that in a

distributional semnse, the X's are not independent, and they will -not

be referred to as independent variables. : & s

'\,f"ko'“‘




v

a

N . - ..
-, be confused with scalars, the bold notation will not be used and the

.

N

.The distribution of the .Y's, usually condicfonal on the X's, will

usuaily be * denoted by £(.), and the marginal distribution of the X's.

will usually be denoted by p(.). - ;
. . -

- 2

L
-

It will Se assumed that "a generalised ' linear relationship exists

between the Y's and the observed values of the X's, denoted, for

- .
i
. N

example by -

Pr(Y=§/x) = g(y/x;q;ﬂ)

where a and B are the parigsters of the conditional distribution of

- Y, given x, in barticular. B is the vector of cqeffiéients of the x's,

-~ o
L oY

and a is a vector of constants, usually.’defiming the correlation -

structure of the Y's within a cluster. The intraclass correlation ie

. . »
a residual correlation which exists after all the 'regression’

freLafionships between y and x have been considered. ' , .

Throughout the text -of th}s thesis.bold notation»glll?gsually be used
o .

s, “+
LRI

PO 5r o .
. to denote vhgtbr?;’ for example, x, a, etc. However, 1in
situations where the . use of such notation adds nothing to the
. .S . .

'discussion, as 1in tﬁ?’preceding paragraph, or where vectors could not

Mava

usual notation will‘ﬁe used, for example, x, a, etc. Tt e

oo
o~ =
(e RS

.
s,
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>

s
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; 1.3 Development of the logisticemodel " . DRI B : -
‘ RN - won " L ;"’:
‘)‘_: . . . . o . ot s
* ) . :'i'v. ~ “_l-d .'x . '
The logistic model was introduced *to«-the statfstical literature by
X T F— e e, N . L o MR
- - Berksém . ¢}944),, although he acknowledged 1its previous use in
AT PN RS AL . i ‘ ‘
, - +pyblications in” other fields, in particular, that of physical
wow U 2Nt -dhémistry. Berksqn proposed the following médel for bioassay. Let
L e Lt . ' P -
. . i . v
e Mo v 1740 the rando varigble Y represent death(observed value of 0) or
' i t ' ,‘ M s . ‘ * .
AR ~ LA e L ". ~ . i
s e A S survxval(obserqu -vdlue 0f 1) and let Pr(Y=0) be defined as q where
e Y Tt e q.=. /1 + exp(a.- Bx)] - (1.3.1)
E e e r * * A .
N r‘v,:'-".f.v,, .. Where x is the 1log -dosage wof a ,dr'ug or other treatment. Further
, * , yBerkson assumed that, in a%&riment, a small number of different
' dy - ’ . -
s ._‘.dgsages were givén ,Lapd what there were many observations at each
”\' . ) P R T T -
FOPEE - dosage level: : ST
. N < T ‘
’ W ] 1 P «,:“. <. . - - s ® e
S . . ot s N . . Lo
N ‘ v ’ - : PRt ;
. In the papers that followed,Berkson's, authors debagted the relative
R . . - - B .
K , . advantages . of different methods of estimation, whether maximum T ”
v, > »° . . i ' Ny - ’
) likelihood (Anscombe(1956), Hodges(1958)), minimum chi-square, or
. e
v “ —r ”
~ Ber&son's own minimum logit chi-square (Berkson(1944, 1953, 1955)).
~ i . . Nt
Y . 4. . % [ .
. r T '
le. ? . L
p . 4 Lo e eme L
With the maximum likelihood approach, one assumes that, at the 'i'th
cd e e i . SRR Y
. oy .- wdosage-level, the number of deaths is the realisation of a binomial
e . . . < 7 PN W . v ) -
e * . -
1} ' D N .
. o random variable with parameters n, and q,:
i LE 2 - Lt
Eaad .. ‘ . \“ . . LR -: -~ 3 "‘.‘
Co L AN : . L
"* i | P . . i . - )
. ‘ . The minimum chi-square estimatowr, 'Qi, minimizés the weighted sum of
- . L ‘ 1, ‘ s
s - . squares .o,
.. - o . B . e e
. Y ":' . !
- ° . v _ . L R ’ - ws
Je N e ae B S ~ /' \v\.‘ .“.
. S, . . .
3 ’ s L, . ’ N
4 M ’ Mo b . : ‘
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k i 2,:1 - ) X .
Z v, (q; = Q) ) ‘ ‘

where k 1is the number of dosage 1evels,"‘qi Lsethe observed failume

(mortality) rate at the 1i'th dosage level, Qi is the estimated

mortality rate '(using .the model specified in (1.3.1)) at the i'th

level,* and W, is the weight for the i'th level, taken to be inversely
. :":A._« -
proportional to the estimated variance of observation q henqi\

D

- w, =n, /(Q, P.) . o .
r1...2 11
where % ’
Pp=l-qy _ ‘ " o
f~;‘ . and ni is the number of observations at The 4“th level. The minimum

- “,

‘chi—square method of estimation is a weighted least squares approach, -

o~
and, like the maximum Iikelihood methqdn'is iterative. .

P

B

B
~

The minimum logit vchi.—square is a non-iterative approach; in
" v

particular, it is defined as the'solution to the equations

. (

k ;.
Inpppq Uy -m) =9 - . -
i=1 . e - .
. N . - ‘ Yoo«
k ' " N - - ) -
P = —— -,
Longpgapx (Iyzm) =0 :
i=1 ) ; X e,
where I, is the edpirtcal logit transformation
by C: ‘
}i = log(pi /7 q)) 4 (1.3.2) - ) )
\ . 4
and'mi is the estimated logit under the model (see 1.3.1), that is, ..
4 ‘ : . ’ N : o~
mi =a-B xi’ - , ) e
where x, is the observed log dosage at the i"th level. ~.0_.7" CoT I
v'i; - ) SM,' . ‘ R ;
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» Although the tHNfee methods ~are asymptotically equiia}ent and
Vo . T e - K 4 . ' - ) . ) — R
efficient, Berkson(1955) showed thag, in)some cases, the finite sample
. o) - " KU , -

’ . (‘ Y]
properties of the minimum logit' chi-square estimatof® are superivwr to
¢ ~~ iy ' P

“the other two. However, he was forced to concludé(1968; p.85)4th§t

L owtap

"In somé situations, the minimum logit chi-square: estimate has «the *'

- -5 - -

L . - 1 "
smaller mean square error, ih others the makimum likelihaoq has the
, Sy -

5 -
e~ smaller... , the difference i% minute, even fdr moderate size samples.'

. ’ e
' - . ‘ - L r
.- . . .= ¢ Te
- [
Lol .
1( h

A problem with the minimum fogit chi-square estimator that does ngt* ’
occut wgfh eitfier ; of the. maximum likgliﬁopd or miniﬁda\chi-équare

x -. - - v SN | . o
i .estimators is that-it «is not defirfed for cells with all or o

-

.

~ .
. . - <
N , ‘

Y 3 = . .
failures; hence an estimate cannot be obtained if most cells (dosage

L3

L
IR )
.« "'"levels) nav . only one &Sbservatiosm. ) .
" - - [ .
-~ ot T i\
~ X g . N

. ’ -~ X R . / i ¢ .
. ) - The second steép in the’ﬁéyelopmeng of  the 'Qggistic &odel was the

- P D

suggeéflbn by Dyke and Paqtegson(l952) of a linear combination &t
7 . inid |

’ - ” -
parameters, that is, -
\ - -
1
e .my = B'x . O, . .
IS Lo i- "B: i T -=

e \ -

- « Ay ,
where _the elements of the vector B8 are the main effects and
. +

LY

“w ' -
vinteractions of trea@gen}s arranged in a factorial design and x, is

’

. . \
a vecgor, of variables indicating the presence or absence of each main
A\l Ll e 2 B .

-

~ >

b ) RECEFIS

by minimizing the distance between these, logitsAand the empirical
- -, r -

effect or interaction in cell i;df the déﬁign: Esgtﬁaies are obtaiped
. . . " Co : 'np

A0 B

- -
. ! logits (sSee 1.3.2). Dyke and Patterson recommended maximum likelihood
% - ”
N . . , \ .
estimation,.but conginﬁed to assume that there were many observations
A ~y ' B . B v,
5 v ! . < e -
~at’ each combination of treatment levels. Grizzle(l961) extended the
. , P
i . PR
N\ s
ey e . . .
< -
. -
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. € , |5 N ., .
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g . N L. - “ R . -
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. ) O . : -

‘use of the logistic 'to more compiex factorial .designs, and':used

~ v ’ 0
\ .

observational, rather than experimental, studies for his analyses, in

patrticular, tbose studies in which -the data can be described by

complex contingency ‘tables. Thus .the daga _that ‘Grizzle analysed

- . .
P G . - 0

¥

-

usually consisted of‘gon*empty‘cells"with more than one. entry . per

cell, ..This probleh- was fufther- examined by Goqdhaq(1963§,b),Ax

. . . I T .
Birch(l96&),4?nd many others. N : s

. ”

v ‘ : : ‘ . ~-.

-~

v,

L] v k’.w l» o - ”
Cox(1966). when‘he wiote the general model . - :
< : * ! B . X N :
log'CpAqD = 8'x,’ o ‘ ©o (1.3.3)
> . : \" 'A“‘ * - ' "1 3
_ where. & o - P . ‘ o
. ’- k' = (x ..”xh)' - ) . »,.-‘. '; ‘ “ . .A‘ )

. gt

and'the x,,e can take’agy vajlue, either the observe&“value of discrete

» 1‘ M . et N
- Iy P N . . ; ' [

$0r|cont1nuqu5-'random var1abies, or pre-determined values representing-

. s * .
a level éf a treaCment -or a mikture of both. This-model becomes, . as
/ - R o
a particular case,. the complex conﬁbngency table model of Grizzle et
‘ - Y 1" . - o~

al. descrlbed above; Moreover, Day aﬂd“Kerridga(1967), using (1 3.3)

A

L e - -

as a model for . distrimfnant analysis, showed that the distribution of’

“

'Y cguld be :Ehosen "thh éodpLEté fregﬂom (p 31#),‘and Anderson(l972)

T— o‘ K 4 \ n .
stated that the dfstribution of X could be a.mixtu:e of continuous and
.. K ”x;" . v . .
-discrete var}abIes¢ ~ . ‘;‘",. LT
S RS S O
ot ; S e T e e T
\ . \AJ»‘_ ) - . -

Mantel(1966) hag also, disgussad 1., logistic’Amodel with ‘'multiple

T n . 5

-“\The third step 1n the development of the’ logistic model was takén by

regressiong (p 92), but - failed to write the “model explicicly, although

e e R

« 4 - . s, ) v

evlikgly ﬁeadi (1.3.3). o o
K | - - i, , 4 . el S
. . Fl & : i

[ ‘7’ -

- e -
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N ’ , o
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Walker and Duncan(1967) used Cox's model(1.3.3) to. analyse  data and
provided an iterative weighted least squares algorithm Eo prgduce
. ‘ Tt

estimates. . ' ' [l
- - -~ ]

Truett, Cornfield and Kannel(1967) and Halperin, Blackwelder and

Verter(1971) investtigated the properties of multivariate normal

t

discriminant functions which can be written as (1.3.3) except that

©

B, the vector of regression parameters, 1is constrained to be a
predefined function of the means, variances and coyariances of the

underlying multivariate normal distributions of X . (see

F

_ Anderson(1958), Cox(1966, p64)).  Halperin, Blackwelder.\gné Verter '

’,

showed that the estimfators based on this[fype of discrimimant function
Dby . .

&

"..behaved poorly if the distribution '%;Q X was not:a multiz@riéte
It - - - .

.

normal distribution, but rathér some discrete distribution,, thus -
N . 1 - .

| .

showing the need for a morg general -lo

a
such as the one proposed by Coxs

o K
- -"

-

istic discriminant functien,

The next step in model development had been taken by - both, Cox(1966) .

and Mantel(1966) in extending the dichtomous or binary logistic

) model(}.3.3) to the case of polychotomous or miltinomial outcomes.

4k‘

_Cox(p.65) suggested the model

. - log Pr(Y=0) = - og d - -
log Pr(¥=1) = a + B 'x - log d, (1.3.4)
log Pr(Y=2) = a, + Bz'x - 'log d,»

where

- 1y % '
d 1 + pr(a1 + Bl‘x) exp(a2 + 8, x).

. ~
- o . -

- - . ~

- . >

°

h
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Note that the categories of Y are unordered and ppé?ﬁuﬁbéred 0,1 and 2

%

‘ 4 N . L R
only for <convenience. Mantel propoqéa a similap‘model but included a

third set .of parameters, a
estimates, one

Pre§§(1972), p268—27§)}.n6ne such set of constraints

LRy

-~
Has - to

P

v

0

- By=0

0

and

rmpbse

r

a, =0,

“yé;ﬁ;ifiability constraints ©

-

.

~yields Cox's mdﬁél(I{B.A)uxn‘Cox’s model provides an_

4

interpretation of the patameters in the sense that, since

. -log

the multinomial

1Pr(Y=j)/Pr(YéO)]\

Ty

., +.8.'x,
] ]

model contains

two binary

- J=12,

-

By However; in order to obtain

(see

interesting

4

logistic ﬁodels and the

coefficient Bji may then be interpreted as the change in the log odds

of Y=j in favomr of Y=0 for unit change in variable xi,fa{igwing for

.alk the

other covariates.

L)

9

A further gedéralisétion was also SUggesfed' by both Cox(1966) and

Mantel(l9é6). * This- multivariate logistic model allowed for two

correlated bipary responses from tfhe same

have also been measured. Cox was agdin more specific about the form

of the model and wrote

‘log
log
log
lbg

where d

*

Pr(Yl =07 Y, =0)

2
PrEY1 = 0, Y,2 =1)
Pr(Y1 = l,.Y2 =0)

Pr(Y, = 1,Y 1)

2

is the apbropriate

- log d,

@, +.§01 x - log d

o

alO + ’10 x - 1og d,

=qQ

11

t -
+ ’ll x log d,

normalising constant:.

unit oh which

(1.3.5>»

covar

- &

jiates.

T
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,Mantel went further to say that the a parameters could be expressed

as contingency table parameters, thus mixing log-linear and logistic

models. Nerlove and Press(1973) studied Mantel's version of the
4

multivariate legistic, “writing it such «hat, for a response cell

(11,..~,iq) in a q-dimensional c&htingency table, the probability of”
an occurrence in this.cell may be written . T . *
uPr(er= 11'...'YQ‘f lq) = exp(eil’..‘,iq).
/ L ... L exp(8, ) (1.3.6)
i,,--.,1
1 I 1
. 1 q

where Ij is the index set for ij; that is, the set of all possible,

i

.
values aof ij. Each parameter, § may be written in -terms of anova-type

terms, such,as ) Co

al,..-,uk .t
BI)"‘rem . )
and.
a ‘e
(aB) ) .
; . : : ’ N
or a regré351oq type of term, such as e¢'x, where - the xi's come ¢
~ +f e - . O
‘%zom coqtinuoﬁs distributions, or a mixture of both. R
N, O

" - B .\
s - w
r o L
w ¥

Grizzle(1971) also proposed a multivariate ‘. logistic model:  as a

~

generalisation.f the model of Grizzle, Starmer, and Koch(1969).
» ~ e vy "

. ' »

_ However, as a generalisation"pf that model, it suféers the sang '
~a . - ‘.‘ . - -‘"4

drawbacks, that is, . . - i -

. N
St : !

P , -
7. - . &
. « . 4 .

n

ALV . :
1. 1t is only‘gefined for discrete _values of the covariates, in,

PRV IS ] . LY b .9 - -

. ' . oo
paftitular, for each covariate x,, many observations may occur at
. . \ i~ H

/ . . e
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- P et 3.

(L,}S._?)"‘i)s 'written in tefms of these simple a's. 'For example, if

LI - y;",".‘“:' N
N “ofithe  y's are 1, the rest beigg 0, the correlated logistic model for
a - o . B .
T el vhat cluster is writgem: ; ] .
RN . = e s = o~
PR . o
o R n ,—,:A BN
‘ ) log Pr(Y=y) = a_+ I y, B'x - log d,
. ; . r i i ‘
. - . i=1
(YR - ,
MRS ,-j'; + where d is the required normalising constant. This model is examined
P ey ' in greater detail in Chapter 2.
L e e
NP A

A ”

g .

A simplified form of"'th'éf‘zzo-i'irelated' logistic has been studied by

s Amen gy’

.
XY

. ‘4

. . Rosner{1983, 1984). ,4n: Rqsuner's model the n a's are constrained so
- e . LT .

e ' ‘e

-'that there are only two a parameters, or alternatively two parameters

» .
.*j' * in an underlying beta or beta-binomial distributiqﬁ'.’: . Resner suggested

‘e ‘A W

that, if ¢ and d are the parameters of a beta distrﬂibution,' t'hér;;f'w'e ?

1

) o w, . ’

i

may write e

- oy = logk (&) / (d+ari) ) ' R

o where - ' . ’ N
L ::, P . o e
(e), = e(etl)...e+i-1). v -
B S ] .

> j-‘p,r .the case with two dependent variable’%,&esx_sér's model becomes

S Lo Pr&i‘.;l’ Yy = 0) =tay + B'x) - log 4, = .
tog Pry, = T, Yo = 1) = oy + B(x xz)' - log d, . I

-

where d is /‘t’he:a’bpropriiabt:é normalising constant.

- ,
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The difference between this simp.l,«.e_ version of the correlated ‘x"logist\ic
N g model -~ and the simple version of Cox's multivariate logisitic
Ty . N
‘.‘c N
model(1.3.5) can be summarised as follows
1. the correlated logistic allows for two values of the covariates,
xi-and X to be associated with each set, of values &f the
‘ &
T A ‘.,'" o
) . " ": dependent variables, (yl,yz), . ' m\_,ij
Ed - . i
- i BRI
2. the .asSumption .
r' ‘-' '”- s . r . :_.»
~ . 2 o
changes the correlated logistic into a version of (he multivariate
. L .'(:' v 'r—"f‘ - el -
.5 T logistic, - L Ep
“ .‘:- ».l. = - ...: e
¢ . w ;'g E - : ) )
3. the correlated logistic may have some covariates measured at the
'.‘_ AL “‘ », .
. e 5 - same "level as‘;eééh“i' value, that is at the uniﬁ'Iével, but may
T s A e oy TR '
P W et =« “dlso have"some covariites measured at the same level as the pair
T " e T ¢
PR TRRC (yl,yz), that is, at the cluster level.
AP % . ° PO ,
[PIERPE - ST e e B
. N N ot RCE < °
"y The correlated logistic is proposed for the following Lypes éf data
* . M - 7 ~
. . A . -
NS 1. data ¥3Ren on individuals in a séqpleuof families
1. ; . A~ - g - 4'1 —} -
% . e :. data taken on eyes, ears, hands, etc., in a sample:of “ fndividuals
. . o
.. (%N . . -, . '-\._,
S ! 3. data arising from repeated measures on the same sub jecr
- "\.— ,_' e , ‘;",”h/ e - ’ ~‘. e
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1.4 Modelg'fot clustering -

.

N

In this thesis it is assumed that sampling is 'by clusters', that is,
A PR AN

* womo + . . . o
‘tHat there 1is“"4dh+ infinite, possibly hypothetical, population
clusters (of groups) and thai the sample consists of a fixed number

\ . B

(k)‘bf clusters chosen at random; for example, the clusters may be
3
:gh0usiqugs, famjlies; .ears, fingers, etc. An alternative way to
Y N i
explain the samﬁlihg "method is to refer to it as two-stage sampling,
- ‘e -

#hat firstv¢hé ciu$Ce§s are chosen at random, and then, within
~ ., 's' ‘; Y, v 4'1

each ﬁ&h%;ér,'#thel_uniESQAaﬂe chosen at random (f;om an infinite
sub—poleat}on of units). An example of this king of sampling s
repeated méasures on'éhe same subjec;. In this thesis, all sgmpfing,
whether of families, eyes, or repeated measures yill be mnmodelled as

two-stage sampling. ‘

) . ¢

The effect of initially gadﬁfing clusters is that the values of a

L 2 ' o

. ‘ N “
variable measured within a cluster ééﬂd to be more related to‘each

other than to &hg values measured on units outside that cluster.™ In
-" f“"' -

observational data, _pafticularly in, family data, the scores within a

R P .. N . -

’
- e

cluster arg’ysually more positively correlated with each other than
s oL . . . -
» they dre with scores outside that cluster. However, in designed or
AFD . . .
o ] - ) o . . : L
‘‘expefimental studies, thé treatment levels may be set such that the
e . 9 o 3 - . ,

scores withinm4’'cluster’ are‘more negatively correlated with each other

o

>

PN
- 4 F _r . y” Vg
s 2 . . - PN & “(A »

- T A, - - ‘. ',? - . L L
“'Aav 4 . than ghe¥ afe” with scores outside that cluster.
A . N ~ .. ve W2 ‘ » - .

- -
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conditions may be written

1. log £(yv/r) is a differentiable function of g, .,

.

2. the function log f is identifiable with respect to R.

o i . -

3. the Maximum likelihood equations have a unique solution.

-

'A condition peculiar to this problem is that L '
} o0 . » X .
Es(8,a.)/i? < = >
. i . N
i=1 .
where . .
§,a,) =V logf(y. ./t ;B+8)-1logf(v /r, ;8)].
s(8,a,) ar[log (yl{rkﬁ ) og (v /r.i8)]

e -

This condition is required for the strong law of large numbers to be -

used with the sequence

iogf(yi/ri;B+6)—logf(yi/ri;6) ‘ -

o

Andersen's proof of the asymptotic normality of the conditional
estimatorf assumes conditions similiar to those required Qfor\ the

unconditional maximum likelihood estimator + with the following

additions

l.. h(y), the function which bounds the third derivative of log f Has

4 mean and a warignce which are continuous funcfions of the
- N o ’ . -

nuisance parameter

N

‘

-



p = cﬁ/(og + ag). " (1.4.1.2) S

Thus tﬁe usual F-statistic tests the hypothesis that
"
P ='0.

A
v

. . 'y
It may be shown that p is indeed a correlation coefficient because,
. ' PFass

if Y., indicates the response of unit j within cluster i, then
1} A .

corr(¥; 1,y ) = 85 P .
where 6ik is the Kronecker delta. Another way to examine the‘ : ’
effect of fé;r;éiass correlation‘ is ‘to consider‘fhe variance of a -
cluster (;r grOub) mean. If the individual response Yi has variance'

2 where
02 = g2 + g2, . .
e

and the units are independent ofheaeh other, then '

var(Y) = o%/n. | ‘ h | J -
However, the‘ presence of 'intracluSCer ~corr¢I§§%bﬁ may be seen to :
increase the variaﬁce of ?, that is, it may be sthn that

Var(Y) = kcz/n)itsgiOhﬁl)O]
Note ‘that tgg definition (1.4.1.2) lof p implies that p is always
non-negative. \ ) . -?

1 o
. \
’ h.J ‘e
. ) -1 | .
}

!
A more general approach to modell1né within- cluster correlation wch .
‘ ‘ u * a

continuous outecomes is to 1ntroduce a multivariate model such that he
| ’ <y
vectoer, of outcomes in cluster i h%sAdistribuiton (Oi,Z), where | -
TLan .‘v

. . { : ; i

Di is & vector of fixed effects parameters; for example, in the, ‘

3 . . .
+
[ .

\ . .
4

completel randomi zed design,

o - ul, . p
i . ' T
- _ .
where 1 1s\xhe vector of 1's. The Pispersion matrix t of Y ‘is
\ s, oL [ - 1 ol
< i oo .
PR ad <
\ . .
! T .
by . L oy .
4‘L , : 4 ..‘ R
g ¥ -
LI e M g “ V.
‘\ . [ l' ™ . . ’ ‘t‘ ““"
\ s . - A ', Y v *- '
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A

tae,

N

g -

B

v

el
' s

“

'the:&oécept of a norm?llf'.distributed tolerance distribution for ‘ w o
dosage?(orflog concentration); say ‘ . ‘
™0 ) I ; X ~ N(u,cz) ¥ )
* . N
such that the prqpability*?chét a subject},ﬁg}ls (that is, ’ia&kér N -
e . . . . o -, e
toiefAnce) for';-doéége‘go)fs;yr}gtgn as i » f T
T pm Pr(X < xy) = F((xy - /o) (1.5.1.3) #°
_"A.wi;'e're F:(.) i‘s‘;A t'h?, j'cu'nlaplative distribution function of the Normal -
PO A - ‘ L
:'§i§£§buFt?&: géhéé if“g‘{;dependent subjecfé‘arécgiven dosage %gs the . e
”brog;silitQ that exaccl; r of them fail is . T
" A . o o T 4:

.

,
writtern as

I 262 [(1 - o)L + oJ], ' e

where I is the identity matrix and J is the matrix of 1's. We also

e . “

P P N
assume® that the.clusters are distributed independently &f each " other. "
~ ir ) ve b
\ B, 7T : T
In this - case, this common correlation model produces 'the * ‘alme P
a4 A i . -

PR
- N

correlation structure as the anova—t§pe model, that is,

- a

= . ]
coooeorrl¥ypnYg) = 8y e .

Moreover, the commén correlation model allows for negative values of

'

kS 3 +

oy with the lower 1§?it bé}quil/(Q7l), When one adds the assumption

NER LN

PIE
« t- s +

~
"

v, i - -
that/YL ‘h¥s a wmultivariate normal stribution;* the/distributieonal
\ o =3

ST - 4. - N "

e.

. ‘y ‘o Vd
results for the uswal E2gtatistics are the same as those obtained for

R o
the anova~type model. _.The cdmmon correlation model for continuous
R . : o -
3 . - “e
outcomes was first introduced by Kempthowzne and Tandom(l1953).

L3 A -

. _ ’ -

-

» hd L A , v .
B s

n

" - vos !
The common correlation model has Been used in an attempt to model

discrete But correlated outcomes. In bioassay, this has given tise th

A - n-r
e (-p) .




|
“then the

' ol e ' - v PR
Similarly if a proportion f of subjects fail at dosage “&6;
JUPeH

normal e&nivalént‘déyiaee.(Gaodum(l933)) or prdbit (Bliss(1934)) is

y = FLLDST 0 a L L : Mo

= Y M N ‘
<7 °The probit transforma&ion transforms the noh—itneaﬁ‘;etationshlp of

.
N . .

proportlon versus dose to a linear relat10nsh1p»of»¢rob1t versus dose

.o

(assum;ng“che uﬂderlylng ngrmal tolerance distribution is correct)
L

- . - “n

Given .data from a bioassay or, quantal regponsey. *one transforms the

[ 0 Al . ~ ~ .
proportxons fl,...,fk‘ ylelds probrts yl,...yk (just as in Section

- s

1 3 one would have transformed the proportlons to logits) and fits a
+ . |

~ T, e . -
straight' 1ine of tﬁe :prdBits against dosage X ,...,X - This
- K Ve B
:,41.'»\ . ¢

methodology is descrlbe& 4n F1nney(197l)
. The- probit. model- was .extended to a model for clusters by | Ashford and

i ‘- ~. . . - R

Sowden(1970) who buggested an uqierlylng multlvar1ate normal model fot'r _

s

- T d .
the joint jaleranges of the uni:e.in‘@lckustgr, that is,
. et

-

e

X ~» MVN(®,ZI).

A N

g N T ‘a _ >
As a special case, P tcoqld be defined as- ih the common correlation
. ' ' PRI 4
model, and the prabpability of both;nnit i and .} in a cluster failing

-at dosage x could be writted v .

SN

P (%) = Flxpmsp)_ R S L.
11 e T co . . 4 . . .
. o LA ) ) ’ , N
where F(.,.;p) ie . the mgﬁbulauive, ﬁisﬁ{ibugion functgon’-of the

-4 .
o " A e . . ¢ -

. . « O “ ~r . o,
‘bivariate normal distribytion. Moreover,let’

P{pr) - Pi(ﬁ?w_-?Li IRV : /e~




and +* - .
. . - |
P (x) = Pr(Y, = 1/X=Xl “ BT . ., )
k k \ i' S LR AT P

Given this definition of probabilities of J Ehe- joint occurrence (or )

failure) distribution of Y, one may estimate the parameters fheasuring

the effect of a single. covariate (dosage) on the outcome. The . ,

Ve . . - Py

A PR
generalisation of this model to more than one covariate will be - - |
o .

discussed in Section 1.5. T -

1.4.2 Beta-binomial models

The presence of intraclass (or intracluster.correlation) affects the . -
- [ e Tl . s

varidnce of binary outcomes in a manner. Aanalogous t that for e

contipusus outcofies. ~ For example, it may be shown that variance of a @ .

sdmple proportion (for sample size n) increases from pg/n to ,

-~ - . v
roon A ~ e T

. (pa/n) [1 + (n-D)p]. el A ] N
This 'heterogeneity of variance' was recognized in the eaplyvf940's by

. o . - -

'Cdeﬁ;éﬁ(1943). Finney (1971, secﬁioﬁ 4.6) suggested a 'ﬁétérogeneity ' : A

- +

.

factor' to be used to adjust the wsiGal variance estimate (in his case, 1 4 -
’ - - .l . e e N T b "
in probit analygis) in order to obtain- 4’ better estimate of the )
¢ 2 .}..1. \
vartancd, qf .an estimator; in particular, he proposed ‘ . ’
[
h = K/(k - 2) T *
N “ oy
P - - » Lol N
- .S L e A A ’
where k is ‘thé. ndmber of clusters, -and K is the usual Pearson »
4"‘. / . -

chi-square,” that is,
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S ARERACE AR

St &, N

Y . ) - ;
where r,, P, and QL‘are the(number of occurrences, the estimated
- i i

probability of occurrence “4dd. the estimated probabilityl.,'ofﬂ-
N : -
\ nonfoccutrrefce, respectively, in*cluster i. b
"N
yo |
t “a

: f.. . .
gAng:he;gwxy,iﬂ which to consider this. extra-binomial variation s+ to

see it as due to some variability in the paramefers of the'binomial

distribution. For example, if p has mean p "and va}i%nce a2, then,

L

-

as suggested by Kleinman(1973),

13

E(P) = E, E5/p (?)

EP (p)

u

- E v (R) +*var. €=, ()’
EP arP/P R) + ar, p/p } .

EP [é(l-P{?q]h + VarP (P)

[E(P) - E(P?)]/n + o2 .

~

{u - [var(P) + E(pjzj}/n v o2 r3~

u(l=u)/n + 02 (n-1)/n.

£ .
- o

:

. Bot? Kleinman and Ishii and Hayakawa(lééO)- suggested that a good
~ i . -

choice for the, distribution of P was the beta digtributisn. When P
< ~has a beta distriﬁuf{on, then R, where

-

:R ="h §‘, - « e .

has a beta-binomial distribution. This disg:ibution was . investigated

-

by Skellam(l?éB) and was rediscovered by Ishii and Hayakawa(1960).

-~ -

PRI
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The beta-binomial is a compound distribution in which the parameter of °

the binomial”is allowed to take values from a beta distribution with

2
Y

parameters ¢ and d, that is

£(p) = pc_1 (I—P)d‘,l /B(c,d,

0 p<ly

. "~ Y

where B(c,d) 1is a normalising constant known as the beta function.

The distribution of R is given by integrating p out of the jpiqt
. .

distribution of R and P, yiekgygg;’

f(r) = nCr B(c+r,d4n—r)/P(c,d), r;O,...,n.

v
-’ z i

.~ -,

The probability mass function of the beta—binomial'déy be written in

,

~

terms of other functions, for example, the gamma function, so that,

ey

£(r) = nCr-‘F(cﬂ')I'(d+n~r)['(c+dv)/[F(c)l”(d)‘l"(c.:+d+n)]’ .

or iQ terms of ;

~ . - '
(e)j ‘,eQerl)...(e+j—l)

so that

-

£(r) C_(c) (d)_ _ [(c+d) .
. , nr LN n

.

v, . -
e, -,

~ * ,.' . @ ..
Ishii and Hdyakawa(1960) generalised the’betd—binomial to the case of
- ‘ R v

* [P

polychotomous outcomes, produciug"'_the" multinemial-dirichlet

distribution (under the name of compound—mﬁl%inpmial). Mossiman(1962)

- -

L4

is usually given the credit for the 1attér:-:génet'a,},i‘sg;.ion: ' However, . . ‘

.

*
‘Mossiman was the firsg to realize that there was correlation between

_the individual Bernoulli-type variates that make wp the beta-binomial

” ~

variable R.

°




- -

L The beta-binomial distributiom.was used to fit many types of data, for

example, by Chatfield and Goodhardt(1970) and CGriffiths(1973), the

-

latfer proposing a particularly efficieant algorithm for maximum
- . ) « .

ST likelihoed estimation. None of these authors realized,thatsthey were
¢ making an assumption about the correlations between résponses.

L4

hd .

Kleirman extended the use of the beta—binomial‘ to- th problem of
E R = . - ‘. . .

vestimétion and “Hypotheses with indgpendent_samples, usng a weighted

-~ » e Y - o< . _ -
leadt squares algorithm for estimation, and partitioning sums of

squares to produce . an anova tiilev for hypothesis—testing.

Williams(1975) used a beta-binomial ts\analyse a qompletely randomized

S

design; he used maximum ’likelihood for estimation »and likelihood
raéio ;eq}é for tésting hypotheses about means and variances.
Crowder(1978) suggesfed that similar Iikefihood methods be used for
'esbié$tion and festing\,in general facto;ial designs,:and provided an

example for a 2x2 design. o P

<
.

.

.

Crowder(1979) was the Eifst to suggest that the correlation between

. _the Bernoulli-type varigbles ' be called an intraclass correlation and
that it is responsible -for the extraneous variance 1in the cluster

meaps. He wrote the parameters of the beta-binomial as 'n, u and p,,

P

1

where n is the cluster gize,

-

u = C/(C+d) "“. ' 5y o
. J . )
and . s )
p = 1/(c+d+l).’ (1.422.1)

. . .

* . . .
Moreover, he introduced methods .- for marginal inference about the

t




s .
intraclass correlatican. - “en n- .

- ~3 -

1.4.3 QEEéE simple models

’

Cohen(1976) and Altham(1976) proposed models for bimary outcomes which

allowed for dependence between the individual unfE%’yEtvwhich fequired

only the first two moments of the joint multivariate distribution.

Cohen's model handles only two uhits per cluster and two possible

- ~ |
respdnses., It is described in detail in Appendix A. Altham's model

i$ a generalisation of Cohen's and handles. n units per cluster and
L

~
] - -

' possibly more than two response categories; forwexample, with n unifks
h . -5
- - - -

per cluster and 2 outcome categories, and the same marginal
prbbability,q}stributioﬁﬂfor each unit, that (s
: ']

p= Rr(Yi,= 1), i=1,...,n, A
Altham's model yields the following expression for ihe probability of

.

r 1's and {(n-r) 0's )

Pe(R=r) = pp + (1-p) p", if r=n, (1.4.3.1) ‘
= p(l-p) + (p=ph(1-p)", if r=0, ~ .
= {(l-p) C pr (lrp)n_r,.otherwise, -
* nr . .
* where p is the intraclass cbrrelation (0 <€ p < 1).  However,
Donald(1984) has shown iiﬁat the probability gistributon defined by
Cohen-Altham has qg?téig'&ifficulties, in particular, the effect of
a . the ¢lustering or carrelation parameter p is too weak to overcome the
a ' °
el'f of the other parameters. One intuitively expects that for a
a A ' ‘ ' .
large”®nough value of p the probability of n-1 1's will exceed .the”
probability of n-2 1's, but, from (l.4.3.1) it follows that
7’ : i
. .. "‘ PR TN
*. - - -
. . . = -
s . “ .
e b P

AL RS

Y

-
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Q?’ “‘ ) ‘:. : -~ ! \ . '
¢ i ):" R . Y
A L AN s ’ ' \-., \ g ‘: '
o L . “ 1,
- \
\ » y
. -~ ‘e % <
) « .~ t~—~ [ .
» - - . ‘
Pr (K<a=2) = (n=1) [Pr(R=n-1)]/2.
In fact p does not appear‘i% the relationsh&p at all-; " :
. ' .
b » .
" Anather alternati¥e model” to, the beta-binomial is the correlated
A it . . J:
binomial deyeloped by Kupper and Haseman(1978). Bahadur(1961) : '
] » i N
proposed a general model for correlated binary outcomes such that
. "-‘4 N . l T z
Pr(R=r) = P (r) x f(y j.-. v ), - .
r{R=r) l( ) (,Vl : ‘n) . ot
where Pltr) is the probability under the usual(uncorrelated) binomial
fodel and JEC) is a correction for the lack of independence between -
. "f‘«’ . : L B "y
the Y's. Baha@ﬁr has shown that, if Yi is~standardi$ed so that
Cezo= (Y, - /Y p(1-p)], , 9
1 1 { . |
~then f(.) may be written . -
1 + % E(ZiZ.) z.z .+ L E(Z.&sz) 2,22y S ‘:’. . -
¢ = dorggae PR - L
~.t W + E(z jﬂ'z '9 Z o ~ea2 N
e - Lyt v n L
which i%}a*functionwof the seqgond to n'fh}ord@r"corfelafioné émong )

’ A\ N .
the Z's and hence among the Y's. In the gorrelatéd binomial, only
- e »

SR . g N N Al *
thé first order correlation is—kept, that is, “they,probabiKity mass
) 3 H - X o . ) \
function is written N ‘;}} ; .
K - ¢
Pr(R=r) = P (r)[1 + £ E(2.2,) z.2,] (1.4.3 2)
) 1 i7j i7j .

i<j . .
. ro -
Further, since- the correlation structure of the Y's is symmetrijcal,

the correlation between any pair of Y's is thé same and.equal to op.

MoreoVer,‘s&nce all y's are 0 or I, all z's are ‘equal to -
.- i ' .
L A . : i
’ SN - ‘.

(1-p)/s, where S o B

- >

s = /[p(l-p)lz‘ ’

s

é[s o to
!

-
~




- . -~
/ LA e { e .
N , the probability in (1.4.3.2) may be written as

- ~ ’

: Pl-(r) {1+ p[p‘z(\n-:r—l)(n—r—Z) - p(l-p)r(mr) ' -

A TH (lep)? r(n-r)]/s?}, for r > 1, n-r > 1. (1.4.3.3)
. -l s .

. . -

1

A' limitation of the correlated binomial is that sahe mass function: is
‘ ¢+
only non-negative for a limited range of values of r. This range of

v
values decreases with increasing cluster sizerand as p moves away from

o
0.5; for example, for cluster size of 5 and p value of 0.1, the range

of -possible values is only (-0.01,0.30). For further ranges, see

Kupper and Haseman(1978, p-72).
. )
) A ) \_ i
) - Ty . N >
Beacuse of _ the problems vdescribed above, the Cohen-Altham and

e PR

correlated binomial models are not considered appropriate for further

-

study in this thesis.

- 1.5 Clustering models with covariates

1 .
. . ’ b ~
N ” - —

{

1.5:1 Models based on normally distributed epeor .
. ' LN y g —
VN - Ie ., . .
.« Y a Pierce and Sands(1975) proposedd "a model to handle .extra-binom4av

-t

—_— - -
v

;. .
variatign:in the “presence of ¢ovariates. The re{§tio€sﬁip’between the
A >E . g

"
-

binary outcome and the sum of the ey¥pladatory (or
L A . * ‘

23

.
» systematic)

i ) ) ™S . .
. e component and the error (or :random) component is,6K modelled by a -
: . ’ . ¥. T : . -
. logistic trangformation; . that is, if, at the value of the covariate

p - v -

. / L
for a cluéfér there are the n responses, . of the wnit® within that
< .

cluster, and, 1if, r, of "sthe” responses are positive then we have a

.
. ’ .




. .-

-t * - = .

. .

binomial model, namely, ' ] .

.

k Pr(R=r) = 4C¢ p" (1-p)" " T

1]

logit p g'x + z,

' I i o
whére. the.random (or error) component, 2z, has been added to the
. : " : ) ’

» ~ systematic component. {or covariate effect). Pierce and Sands next
. -

" .
— . -
.

T { qsqud%ﬂ that - . ‘

Al

3 g .

. ; ) 7 ~ N(0,02),

» ¢

« - y P S
- ~  w for some unknown 02, Further Z is assumed to be indepéendently ﬁwr

' ‘ - -
hY ~ .

R distributed of X and of all other Z's.  This logistic-normal model may

‘-

‘
e

be used' only for cluster-specfic e¢dvariates. Moreovér, estimation {is,’

N N e
(IR 4

- CLoo- tedious becaus$JoE the numerical integration required for maximunm
B N #

- likelihood estimation. Pierce and Sands propnsed instead a two-stagh

. C , ~ method, first estimating 02, then using weighted least squares for
Ty ~
’ "

B

estimating B. i '

- ' a
4
Another model in this class of linear-normal models is the correlated

... ‘probit regression model of 8chi and Prentice(1984Y, 1in which one

assumes, at each value of x, the equicorrelated multivariate probit

model of Ashford and Sowden, where 'equicorrelated' implies that the

.

covariance matrix is that of the common correlation model of section

-

1.4.1. Ochi“and Prentice propo8ed the wuse of maximum likelihood

—~

methods for estimatien-where numerical integration is accomplished by

>

the nutterical, approximation of the equicurrelated multivariate

C
cumulative distribution function in terms of the untvariate normal -t

- > T

cumulative distribution function. This model also was proposed only
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1. estimate the Bi for each. cluster:. using “the wusual ‘maximum

likgLihogd estimator for logistic.models. 3L«

)“-“ .

A?' . 27 e > e

2. determine the posterior distribution of # and D~ given the.

- -

|
5 . PR
B.'s and their variances and obtain estimators which maximize
' oy ‘
.Y‘.l Py - . “u .
Jhese‘ppscerior distributions. In particul%r, the estimate of the

. . N .

.fbggmmpniﬂi ié, merely a welighted average of the Bi's (see
-t L' - "'"_- 3 A . -

Korn and Whittemore(1979), p.798).

Laird and Ware(1981) and Stiratelli, Laird and Ware(1984) introduced a
a . i
“clustér- and unit-specific’

linear-normal model that canghandle both

covariates and allow for correlation between binary outcome variables.

In this model we have

L L -

. o . -
‘ ‘. . o 4
A ) . ) ‘
3 Y
PrT e e - . 23*
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s . < . £ + -~
- L : . S -
L - O - - ey » !
- '.4 n A A . ~ -a
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“for clusteér-specific covariates. =, . . )
by .. ) ; N .
wit - e
: ' ‘ L ..
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korn and Whittemore('1979) also produced a’'logistic-nermal model, but
B LA N . . o - " .' ! =
appropriate onlj for unit-specific variabples. Let - R
! [T . e . ‘ v i b -
. \ ./:_‘- - i P
. logit(p . ) = B 'x . .
g (plj) 8, iy -
v . Dl ) T s \ - : -.
where p.. is the,theqretical, -probabitity for the j'th unit in %luster
H . o / 4 T
* y ! '\ : . b“' : ' ) '
i, ;ij is the valu¥ of ,its cevariate, and Bi is the parameter
“ for that cluyster. A random component'was introduced (equivalent to
MST : .
. ". . . I3 Rl " . ', (_“ ; . IA ' -
v iﬂtrqducing,inEEaclaég_cbrrelation) by assuming that .. ~ 7™ '
. I °., N -\\,
PR B, ~ MUN(8,D) «(4,5.1.1) _ ...
T Y :-)” . -~ L X ’ " .
wHere now the vector B and the matrix D are the unkndéwn parameters.
. ' ary > -
: ’ . 1. ’, N a
‘+ -Thts model has a two-stage sdGlution, Ll
T et . 1 . R
i - ' ',- . ’ i
KA Sr T N -~
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where ) ane 8 are the “same as ror the Kern=Whittenonr awoddl,
i -~

X 1~ the vootor or covariaces (B the j'th unit of the i'ch
-1y : . o P .

clysten \f is the parameter reiated to &he rimdom component, and
. .
. » . o

- ‘-

z is a wector of wndicator variables. This is  also a4 twe~stege

-

frstead of  means. Finally the EM algorithm (Dempster, Laird and

i
Mmoo, and At the second stage, the asthors d-same that

-
]

F, =~ N(0,)

K : O . : T - ' 4%
w34, in order  tosuse 1 Empitical Boves cprroach tor estimation, that I

£ has a Jiffuse orior distribution. 1t is not  clear whether the N

«l ". o L.

Clastertspecitic covarfates  are  part  of the x  vector or are only
R .

rolated to Lt by sowme linear (ransfoemation. Neither the text of the

L. N . .

P oanr thv‘exaivplc indicate how the cluster-speciric covariates ate

ircliuded. - -

. T e . . - o ’

The authors proposed & restricted maximum likelihood escifwarion (KEML)
. R ‘

o' the varitan e couaponents o D which is egdivarent to integreting out

. -~ .
theoffked effents over a diftuse prior,1n an empirical Baycs appriach.
o .

Integratioca cat U dimensioas {s aveiaced by asing pesterior modes
. Y e ’

Pt

Rabin(1Y77)) is used to 9btain the estimates.
. = '
. 7 -

<

1.9.2 uther modelsswith covariates

.

Manly(19/¥¢) and Williams(1982) proposed that the ektra-binomial

:
¥

vartation in a liacar logivric model be handled i1n a methodrsimilar to

“het proposed by Kleinmsa{19/73) (see sectia 1.4.3);  thar is, let the

]
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compdnents Y ,...,Y., where /
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) E(R) = ny R -
a . var(R) = nu(l-u)[1+pf{n=1)]. (1.5.2.1) ‘ P
. -, - -
~— " Y
* 1 e . —\ .
L - -
T Manly focussed (')r; data fitted by a special exponential distributio
\. . . <, ‘
-,~ 7 - while Williams concentrated on the beta-binomial (see section 1.4.2).\ !
However, both were also interested in quasi-likelihood _Mmethods-” which
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< T the estimate .of. p,. The maximum likelihood estimates of B are ) ~
) . X . : \ : ’ AN -
' . . given by the appropriate values from step 1. Note that the
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T Rosner(}9&3, 1984) proposed a model whlch‘ls a gengralisation of “the
- oY ) ‘. ¢ o~ - N N
- . < . s 2 : w . *
N Williams model in that it has a.beta-binomial error structure, but can
~ . _ N .. N '
v
‘ handle both cluster- and unit-specific covariates. This model was
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introduced in Sectidm 1.3 and is covered in full detail in Chapter 2.
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that take discrete values.
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It must be noted that_this Hethod provides optimal- ésgimators and .-

.

¥ . a
tests when the factor _or'variable Beiqg modelled represents a fixed
A T ame T

>

‘o “
(as opposed to a random) effects , However, in a completely randomized

N PN ) LY

NERA

design, the .dummy variable regression. aﬁproach does provide a test
s
k]

Statistic which is correct for both the fixed and the random effects

A
owever the test statistic

models. does have a different distribution

v

under the alternative hYpdfhesis.hspecified By the two different

. - Fa el .
S N N

models. Moreover, for even slightly‘ESfe copplicated designs, such as-
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“"a two-way factorial, or 'a one-way anayksis'wtth a single covariate,
. A ?
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' . . .t ~ + - . e < . .
the dutm variables ’approach does net rovx&g~{he correct statistic
y app >t p -

)
. g + g
-

fof the random gffecés mode L., . Hencg ,the dﬁﬁmy variables approach only
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provides an~optimal test statisgic..for a random sffects model in a
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s
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.~ Vexy special .case- (see also Winar{l971),.p.220-8, p.244~51),
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One case, in which the dummy 'vag}abies ,aproach (usually called
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stratitfed analysis) would
Lo
* analysis of @‘cq§e—contr6L study in which the population is considergd
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to be divided into k strata~on.the basis of the matching +Variables® -
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@Seem to be' ‘appropriate occurs in the
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‘Prentice  and Sabai(1978)). .~ The ‘outcome
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(Breslod, géy;{ Halyersen, .

- . . - it
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cluster{stratum) i. has value 'l Qis'a;‘ase),'x,f 1s the value of the
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covariaté~for thdt .un'it,,andyui is the coefficieat of the dummy

-
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vartable- (gay vij)' ) ‘
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Since the stratum mgﬁbeéship is a fixed effect, the dummy wvariables

methoduhould seem to be appropriate. However, the maximum likelihood

o~ PO

N 4. e L ser L= -“‘ . i .
+estimator. of the -parameters is only unbitased asymptotically (in n, the

L stréuum.s?ze).. The bias for small strata is large (Andersen(1973),

:Pike, HEll and -Swith(1980), Chamberlain(1980), Lubin(1981), see also

' ot - - o~

Section 1.7.3). A cohort study may also be stratified on the basis of
r . - -

o

.

.

values of, Egyarjates and analysed using the Stratified (dunmy

A9 2

§fiables) model(1.6:1:1) (see Pike, Hill and Smith(1980).

. ’
-t N
)

Canq;ﬁiénay mo&%ls_

'

oy ' o

&n altgrnai@ﬁe pracedite to stratified (dummy variables) analysis ,in
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where * is the number of cases(occurrences), and Ij is the index set
[t . N .
"
- .

of the cases. This conditional methdd was ysed by Liddell, McDonald
s / E ) ;:. ' ‘
and Thomas(1977), Breslow, 'Day"et”‘ﬁl.(1978)} and™ Prentice ,and

“ ‘ . ‘
- ~

Breslow(1978), but is usually referred tg.as the. Breslow-Day model.
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It will be shown in Chapter-2.chat the correlated logistic model (%ee

' -~

Section 1.3), wunder ' the same conditioning described above, becomes a

o . - ,

conditional model equivalent to the Bresfow~bay model described in
(1.6.2.1)."

L

1.7 Inference under incorrect models
e “ ™ N
The purpose of this thesis is to introduce a wmodel  far correlated
binary -outcomes 1in the presence of covariates, namely, the correlated
N I
) ’ - ,

logistfc regression model, and t% examine the behaviour of certain
estimators under this model, in particular, to compare the asymptotic

means and variances of estimators which are calculated without using

{ - ‘
the probability structure of the correlated logistic, and “to

'
-~

investigate how tests based on non-optimal estimators might be
)

. . <
adjusted to impreve their large-sample behaviour.

Lo~ , + .
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Similar comparisons of estimatdrs. have been made in &ﬁree areas
i b .

g ' - -»

l. the behaviour of Pearson chi-square tests for ‘contingency table

om
~ 4 . AR | . ‘: : )
. anaIysis_yhep“'the underlying prdbgbility dlstrlbucxons-alspkﬁy
*clustecing. . - ... s - N
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2. the behaviour of ordinary least squares estimatdrs when the common \

correlation model holds.

. . .
« PN
b -
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i

° 3. the behaviour of wunéonditional and conditional estimators in

2

matched case-control studies and in stratified cohort studies.
This literature will be reviewed briefly bel

1.7.1 Contingency table analysis , . o
i

-

Both Cohen(1976) and Altﬁ§6(1976), in discussing “their models for
clustered binary responses measured the effect of the intraclass
correlation, by demonstrating how it changed the distribution of the

usual Pearson chi-square §téti$t1c for testing ipdependénce in an RxC
N .- .
vy e _ .. contingency table, X2. The limiting distribution of X2 under

.- independence of units 1is a chi-square on (R-1)(C-1) degrees  of

freedom, but. under the €ohen wmodel with 2 (correlated)’ units per

cluster,'
2 ~ + : 2
X (1+p) X(R-1)(C-1)"

where p 1is the 1intracluster correlation. Similarly Altham showed
¥

that, for clusters of size n,

- 2 . ‘ n- é
X‘ [1 + (n l)p] X(R_l)(c_l)’ *

..',' -y

.

Brier (1980), introduced the dirichlet-multinomial as a model for more

[
i

than two (say r) outcome categories and for n units per clustif. He

eﬁtended Altham's results tosshow that, for .thg hypothesis test,
R ., 1

o
v

&




. H: p, = f(\e) e,

then both-the Pearson chi-square statistic and the likelihood ratio

chi-square statistic G2 have the ésymptotic disFributioﬁ

) c o2 . c . ‘
) Xp-g-1" . IO

v o a

wheﬁe s *is the dimension of the reduced barameter_space under HO,

and' ' LS -

- N

G = (1 + (n-1)p]

Moreover, for a set of k clﬁstg?s'of“varying size (nlf"'nk)’ such

that

both‘};{2 and G2 have the asymptotic distribution

.

2
B Xp-s-1°
where b ;
k\
B=2ZIn C, /N
\ i i
i=1 .
and -

Rao and Scott(198l) examined the distribution of - the Pearson

l

chi-square statistics under complex Asurvey designs and sh?wed that
both the chi-square for goodness of fit, Xz, and the chi-squére for
independence , X%, are asymptotically distributed as weighted

sums of xf variables, where tﬁe weights are related to deffs,

that is, design effects (the variance under a specific sampling design

as compared to simple random sampling). Rao and Scott state that the
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Cohen, Altham and Brier models all qgrréspond to the assumption ®=of

a

constapt design-effect, thus yielding e§aét correction factors for the

chi-square statistic. Under the assumption of multiple desiagn

. . &
effects, Rao and Scott obtained conservative corrections to Xe and

results to mult{way
.

X%. Rao and Scott(l9é3) extended these

tables.

-

2

generate non-—constant
S .
AN .

Thomas and Rao(1984) extended Brier's model to

design effects by 4dllowing a mixtute of,

probability vectors for each cluster, but‘ retaining . - the

intracluster correlation, and 1investigated the behaviour of various
I . . -
ratio

adjustments to the Pearson and log-likelihoo8 chi-squares -
statistics. ) ’ "
1.7.2 Least squares estimators - '

. e
4 -

Some researchers have investigated the properties of least 'sqgares‘,

»
‘

estimators when certain assumptions about the model are incorrect; ,in

particular, when

. ‘ , *
. , Y.~ MVN (B'X,0°% L ) ’
but estimation assumes that : © .
var(Y) = 02 G . r )
n Fel i ) -
where .
G#JI. . -
" ~
Watson(1955) examined the problem for . -
G =1 ’ . _ }
. 2
. ) 4
- P - . .
. -

R

dirichlet-mult'inomial
L3 -

same .~

L
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""and obtained bounds for the bias of the least sjuares estimator, a

lower bound for the efficiency of the estimators, and bounds on the

significance points of t- and F-tests. He based his definition of

relative efficiency on the ratio of generalised variances, that is,
v A A
|var(Bl)|/|var(82)|, (1.7.2.1)

Ao s, ' A A
where Bl'is the generalised least squares estimator and 82 is the

ordinary least squares estimator. -Watson(1967) dropped the assumption

of underlying multivaniate normal distributon and proposed-:a lpwér
a . " i v

hound on (l.7¢2,l), bt was ud?blg ‘to prove it. Knott(1975) and

Bloomfield and Watson(1¥75) both obtaided the result that the

(1.7.2:1) is bounded below by -

min(p,n-p) R &
14 SRS AR B LY L i
‘ifi AR PR PSRN Yal1+1? ] .

wheTre p -is the numbe
a0 b

the ,sample and \ aL e T
. P R - w ot [
- - : .

Y P e 2 Y, > 0,

where (YI:--.,Yn) are the eigenvalues of Z.‘%~ b
ﬂ N - .

. - . . .

- - -

This result only yields a 'lowepfgcduﬁd. Sharper Hpcundé have - Reen
obt #ined, in particular, McElronf967) -and Kruskal(l968) have shoan

that, when p is known, the relative efficiency of the or@inafy;“héést

.
-

. L]
squares estimator is exactly | if and only {f -
- : PR

» I =02 [(l-p)I + pJi, U L

.

where I is the identity matrix and J is th matrix o"l's, that 1is,

‘when I is the common correlation matrix of Section 1.4.1. In this

~case the ordinary least ‘'squares estimator is equivalent to the

N

-~

e

ot

r of covariates carnd n is-the numbetr of. units in -

-7
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+.generalised least squares estimator which is the best linear wunbiased

- ~— 1

.. _» . estimator. . . ' . LT v ‘
\ McElroy further showed that, when'the;cogmonhc;rrélation model holdﬁ; . _ 3'
N ’ -

most elements of the covariance matrix of the ordinary least .squares

. . _ ’
or are estimated unbiaSedly by sZ(X'X) l, where s2 ts the
c " : :
i .
usual estimator of o2. Only the elements of the first row and column
S ~ - .

estimat

are not estimated correctly; for example, the estimated variance of
- N \'

BO is wrong. - ’ . ) Ph ~

\

an ~ ) . “ ‘ \ > . . .
Haiperin(l95r) showed that certain esti?gtors‘and tests are equally

‘4

t .
N . . .
yvalid in the case df‘the common correlation model; in particular, the

e -
. -

estimators of '8, except for BO’ from the ordinary least squares

++ method, have the Eequired multivariate normal distribution, and the
. o

P
¥

l & » : : . 2
- usual sums - of squares have independent chi-square distributions and
‘ ‘ . -

~hence their ratios have the required F distributions.

’ ’.k

¢
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Scott and Holt(4982) ' investigated how clustering as well as samples of
unequal’ size af egt the properties of the least squares estimator.

Again, this estimd® remains udbiased, but is no longer equivalent to
o ¢ o ! . -
- . . *
the generalised least squares estimator and suffers some loss of
'4\ .- ’ b
effiqiency. An upper bound to the loss of efficiency is given by
i » i

m2p?2  /{n2p? + A(I‘P:b)[i.+(m*1)p} ‘ C(1.7.2.2)

.

-~ . . »
where p is, the intraclass correlation and m is the maximum cluster
size. Since p measures the residual correlation after the.regression
< ~ .
on X, ¢the loss of efficiency is usually small. Moreover Scott and ,
- : ‘ - - . Ve,

N
-

. v . o5 4




Holt calculated the wmisspecification factor, namely the amount which
. v

-

must be used to multiply the usual estimate of the variance-covariance

matrix of. the least squares estimator ‘in order to get the true
; - 1

variaﬁée;coyaniénce matrix of the estimator. In this case the factor

is . .
- :’:' ’ ' ' -1
s s (X'"IX)(X'X)
=1+ (M-D)p -
T "M'.A.w - ot w '
whete . L T e

k .
— . 1 ' -
=1 i i

(x.'l) l) ) -
1

A
<
i

. <.

and x, is the i'th row of X and 1 is the vector of 1's.

-

P

’ - rd ' : .
Christensen(1984) has extended the work of Mcﬁkzoy to show that, in a

\

. . - .
model with dummy variables indicating membership of the clusters, the

3

ordinary least squares estimator is the same as the generalised least
squares estimator (assuming that p is kggwq),'both of which are best

linear unbiased estimators, and that the covariance of the regressi;n
estimates can be calculated in the usual way. However, thié
optimality exists only when the cluster effects are considered " to be

fixed effects, and this is usually not the case.,
P, : - - O

In addition,xthe effect of sampling designs on the estimation of
regression parameters has been studied in some detail by Konijn(1962),

Fuller(1975), Nathan and" Holt(1980) and Holt, Smith and Winter(1980).
4;( -

-

»
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1.7.3 Case-control studies R

. . :
-, . .
™

In case-control studies, under the assumption of equal relative risk
in each cluster(stratum) Tthe prospective model(1.6.1.1) is
appropriate. It might scem that, since in case-control studies the

sanpling is retrospective, the propér model would have exposure to a
¢
¢

risk factor as the dependent(outcome) ‘;aniable, as proﬁosed by
Preﬁtice(l9]6)t‘This is known as the Eetfbspective model. Breslow and
Powers(1978)  have shown that the estimates of the ) regression

coefficients under the two models agree quite closely when the models
contain many covariates and the estimates are equivalent when the
[ i i - ¢

models are fully Bsaturated. Moreover, Prentice and Pyke(1979)
L] -

extending some work of Anderson(1972), showed that in cas -control

studies (with dummy variables for strata) the estimators under both

.

prospective and retrospective models are equivalent. The prospective
modeleisé.l.l) can be written in the same format as the usual logistic

model (including, of course the dummy variables) and hence is

preferred for numerical calculations. Cohort studies in which strata

. i

exist may also be analysed by use of the prospective model.

-

However,  an alternative anékysi%;tG"LhF unconditional approach of the

-
Y

prospective model 1is :the use of “a conditiomal nodel in which the

- y < N . . e N )
stnatum parameters are - considered as ndisance parameters and‘q‘fe

removed by conditioning (see model T?.@.é&l)),

oot '
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Pike, Hill and Smith(1980) have compared gpeéé two methods of ..

estimation and have shown o
’ “ ‘c’ L
vy Rt
1. 1in small strata, the wunconditionat analysis }s badly biased v

-
- I te,
. o e~

whereas thegconditional estimators are unbiased. -

. -
R [ oo
v I

o,
.

2. in large strata, the bias of the unconditional’ estimator b&comes-
¢ 'L’ -~ 0
small. ’
N b ) o N
Al
Lo,
et e e
Lubin(1981) repeated this ingé;:;éation but concentrated on small to \
moderate-sized samples, showing that o ~
v
. . -~ ' .
L./ the ungenditional -method tends to overestimate the true risk
unless the stratum size i§ large. ' T et
. LR _;“, et o bl .. .
n' . . . .- ,,-’._- o o ,‘ ! )
o Ta o
¢ 4 . - - .
) N ' . . PEARN . ;" v
, 2. . for patched pdirs data the conditional method undprestimates the
' BRI ISR [
true risk, - but for larger strata (say, 3 cases, 3 controlg) this
. T e . - . Fala
ufderestjmation disappears. " !
: ' R a & A \ '
> rd b

FarewellT1979) H4s shown that, for.a single stratum, the conditional

T , estimator is'?uIIQLEffitient when’ the relative risk is'1, and haslhjgh
g efficlency for other values of the relative Tisk. “He further argued

chat : | oA A
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'1.8.2 Maxtmum likelikoodestimatiqa .
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Maximum likelihood estimatiqn prbduaes esti
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With a sample of size k
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However, for lagistic mogels, the f

A

from observations, {zi&,‘i=l,'. x‘:-;k'},‘;w\ith p;:ob biltty densi

are‘indepéhgedEly_gn&‘identiéailx distribut
- ‘ .

mators of- jJa parameter -

-

. B

usually .assumed that.the ‘observagions

4

orm of the density function .

with the observed value 3f the covariate X. éQ\that if we write
- /

A%

A , =
4 . i

then, for the i'rh obscvation
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v -‘._f,i(y.i:‘x;i,;"e)f
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where the form of the«dumerator of f(yi/xi;e) dependi‘on the

‘. X\ . et

N . by, . . AT " « \ . .
This ogcurrence. bf 'non-identically distribdted . rapdom variables

. . - /s

{Y‘;i=),f.-} does not allow the us
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" for the asympto:ig
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o
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Cox and Hinkley(l1974, Chapter 9). -

fi({i/xi;e')‘g(xi: 8)
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properties
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in Wald(1949) and Cramer(194
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of,. maximum\’lfkelihood estimators as
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6):%nd summarised, forvéxample, in
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described above hold.+ The oénly” difference is that now each of the
"asso¢iated populations is a cluster and the “Sutcome variable is a

vectpr Y and khe‘covariate is described by a matrix X consisting-of»,

’ 3 .
the n covariate vectors in a cluster.

.y

- N N S
e L Lg%

i : o .
Next we must coangider whether thé usual conditions .are satisfied by

[P
. e ‘

the jo{hi"ﬂistributioﬂ;of‘Yvand X as specified by the vector version

. et Y N Vo

of (1.8.2.%)) that is, - SE e o
“TE(y. x39) = £(y,/X;8 X;8.) "L e 1.8.2. L
f(yim.’e) (yi/ 1).g( ,82) ) . (1.8 3) 1

!

whetd fﬁyi{x;élf'isvthe corrdglated logisgic distribution and g(X;Bz) -

is an unspéCified distribution. The first “derivative of f with

~

respect’te, where e e “a
, Btane ; i
. 6, = (a,B)
. ¥ l
+ U,
ST -
. L N '
+, r Vi .
DI - L. - . .
- WL ) g o~ t s
. , x
N + P -y e ‘q
.o “ea ’ .
; - . .
‘;f, .“‘ - )’;'" .-‘: .
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18 merely f times.xi, an element of the vector rdandom vatible X.

i e
PR v

Similarly, as shown in section 3.4.1, the second derivative of t is a
product of terms like f’times Xin where )(,1 and Xi are elements of

X, and the third derivative may be shown to be a product of terms

v

Condition.l.¥ requires that we take expectation
) q |

A Ty .

like f times X X X .
: i1k
with respect to the distribution 6fAX. Since all terms like f are
bounded above by @, the condition is satisfied'by a distribution of
X with finite third momen£7F‘thi§ condition is not sufficient
because we also require that g,.tﬂe.distribution of X, satisfy the
regularit}féspdiphns for the derivat}ves of g with respect to 92, the
parameter of the,d;str{bufion of X.
However; we shall assume that the distribution of X is such that the
regularicx conditions for the distribution of X are ‘sacisfied, as

’

are those for the joint distribution of Y and X.

1.8.3 The conditional maximum likelihood estimator .

The correlated logistic model may be considered to' contain two

parameters, the regression coefficient parameters, B8, which is of
interest, and the constant parameter, a, which may be thought of as a

. . *
nuisance parameter. It is well-kndwn that, in the presence o-
nuisance parameters, inferences may be made about a parameter of

interest by wusing a likeldhood obtained by conditioning on a

v

statistic,-say C. If the statistic C has a marginal distribution

.

which is not a function of B then C is an ancillary statistic for B

z

4 s




po—

(Fisher(1956)), and the con@ilional likelihood 1is conditionally

sufficient for.B (see also Cox and Hinkley(1974, p.32,35)).

~
8
NS .

Andersen(1970) produced conditional maximium tikelihood estimators by
¥ : v

introducing a different type of ancillarity. He required that C be a
minimal sufficient statistic for a for every value of B8, but thep

distribution of C may be a fgpction of both a and 8.  However, the

.

.distribution of the data, conditiopal on C, is not a function of a,

s ) : ;@
and hence may be used to- produce conditional maximum likelihood
estimators. -

. S
As will be shown in section 2.4, with the correlated Iogistfc model in

a single cluster, the statistic R, which mecasures the number of

R .
occurrences (that 1is, the 'Tnumber Y's which have value l), has a
distribution which is a function of both o and B. However, the

. [N

conditional distribution, given R, does not contain &. This may be

-

explained intuitively in the following way: for a given value of B,

. the value of /R indicates the relative propensity of an occurrence, but
’ ' ]

this propensity is indicated in the model by the parameter a. Hence,

.

given 8, R contains’ all the information  about a, so that

o

conditioning on R removes a from the inference problem. .

Andersen(1970) showed that, under conditions similar to those required

[

A .
for the unconditid®al maximum likelihood estimator,” the conditional

-estimator converges almost surely to the true value.’ In terms of the

parameters and variables used in the correladtd'logistic model, these

‘a
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- 4
. conditions may be written ,
1. log t(v/r) is a differentiable function of B, ,
p
‘ . ‘ - -
2. the, function log f is identifiable with respect to 8.
. w ; o 8
. .
. . . . . ’ h
) 3. the maximum likelihood equations have a unique solution.
- . . . ¢
*A condition peculiar to this problem is that '
\\/ ).
.. o . : i ..
T s(8,a.)/1% < = : .
. i . B
i=1 .
where - . b
> s(8,a,) = Var[logf(y,/r, ;B+8)-logt(v_/r ;2)].
- s(8,a)) [log (ylf L B8~ logfly, /r i8)]

This condition is required for the strong law of large numbers to be

used with the sequence
logf(y./r, ;B+8)-logt(y./r.;8) : . .
i’ i it i
P . ‘
Andersen's proof of the asymptotic normality of the conditiconal”
estimator assumes conditions similiar to those required s for , the
unconditional maximum likelihoad estimator » with the " following

BN

additions ) ) ’ *

-

- ]

l.. h(y), the function which bounds the third derivative of log f Hhas

4

a mean and a .warignce which are continuous funcfions of the
. R o P . o

nuisance parameter i -

v




2. f, the mean and the variance of the second deyivative are

continuous functions of the nuisance parameter.

It can be shown that, for the correlated logistic model, conditional
o :

.

on the observed values of the covariates, Andersen's conditions hold.

It wé now introduce the distrhbutio% of the covariates, as with the

.

unconditional estimator, we srequire that the first three moments\of

the distribution of X exist and are finite. Under these cohgitions

the consistency and asymptotiq normalify of the conditional estimator

Are assured. )

1.8.4 Estimators under incorrett models

.

v

N .

As will be discussed in several sections of Cﬁapter 3 we are

interested in the behaviour of estimators calculated under the wrong

models. However, as is shown in_séction'3.3.3 and in Appendix B.4,

these estidégors are obtained by using the wrong estimating equations-

. [

In determining regularity conditions for the consistency and
. . .. M 4
asymptotic variance of these estimators, we can replace log'f in the

'

conditions already discussed above with the particular function used

.

in the wrong estimating equation, say log h. However, as will be

.7 . R Va
shown im. this ‘thesis, the derivatives of log h yield expressions

similar to those of log f; for example, the second derivative

consists of terms like h [= Pr(Y=1)] times xixj, so that the

requirements are the same as those establi&heﬁ for the maximum
. R Y
likelihood estimators in section 1.8.2, that is, ~.

. -

~ -
2
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A"
. -
1. the distribution of X must have finite third moments.

. -2

. ¢

-

-

2. the distribution of X must- satisfy the regular.itywcondittons for

- B .

n’ ~
estimating the parameters of tha.bd-'l-sg{ibution.
. ¢ -
- - - ' '
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AT . " CHAPTER 2

Characteristics of the Correlated Logistic Model

2.1 JIntroduction

.
.

This chapter describes certain properties of the correlated logistic

model which was defined in Section 1.3. The propefties discussed .are
. * T3 .

L

: . . s .
limited to those required to determine the «correlation structure of

the model and to establish the relationéhiﬁ with other models used in

' .
0

this area, and.ééb’npt a complete descng@iBﬁu of this famIly of

«

models. Section 2.2 covers the general correlated logistic model,

- -

£ 4 ' N
including two ways of representing the model and .the relationship
b 4

between these two representations.- In addition we examine the first

and second moments of the marginal and joint (for 2 variables at a
time) distributions of the outcome variables.. Section 2.3 discusses
the properties of the _reduced correlated Jogistic proposed by Rosner,
showing in particular the telationship with a generalised
¢ :‘.’ L Y '
hypergeometric distributien d with the “beta-binomial* distribution.

Section 2.4 covers the conditiomdt correlated logistic model, where

conditioning is imposed as sugggﬁ;eg_by Breslow, Day et al.(1978) for

case-control studies. It is shown that the resulting conditional
- .. .

model is” the same as. that obtained.by Breslow and Day(1980).

»
‘a

. o 53 | '
X C \
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Note: 1In this chapter the notation ,C is generally wused for the N

]

\
e
v

number of combinations of n items taken j at a time, that is,

n n!

j SEICREPY -

»*

2.2 The correlated logistic model -

bl
,\"
The correlated logistic model for an outcome variable Y may be
written
. n . K
‘log Pr(Y=y/X) = a_+ I y, 8x, - logd, (2.2.1)
r i i
i=1 7,
where n 1is the cluster (or group) size, r is the number of 17°s in the
cluster, that is, the number of elements in Y that are equal to 1, °
the other n-r elements being equal to O, T, is the 1 th column of X,
) ’-ﬁl el -8 . :
and d is thﬁ &brmalising constant, in particular,
“,‘\:”“ \‘,’3:.:‘ DN . . 4
v Al e o . - ”‘L‘\\ . ¢ ]
. n i an o e . ' K *
d =¢ { L[ exp(a, + £ B’xi)]},‘ -
3=0  h=1 7 dex ‘
where Ih is tﬁe index set, that 1s, the set of indices of the y“s that
have, value 1. For each value of j, there are nCj index sets. ' v
. -
i :
This model may also be written in terms of the generalised exponential b
’ v
family defined by Dempster(1971, p327-36), namely,
n -
log Pr(Y=y/X) =8 Ly x +% Iy +vy,Iy y, =
T N T N TP T HE I
&
[ ’
¢’ 4




" ‘:. B - "I\ '.\J. u" P " f
4 - 1 S . 5
2 o N
n :
) N0 S TS . !
.ty Ty, y.y.+ S+ y Ty - 1logd, (2.2.2)°
pqgact T3 T et e -
where_Yj is a function of ab_to aj, for j=l,..;ni e
o Ve " :_,U'

- .

It is pbssible to establish the relationship between™

these two
-
. expressions for the probability distribution function, that fis,

hetween the a”s and the y’s. Let r be the number of 'y“s that are
Mt"

equal to 1. By expression (2.2.1), the correct constant, that ig, the

term that does not include any value:gf,x! in Pr(Y=y/X) fs ar

'However, in expresston (2.2.2) the constant is -
Yy ? Yy + Y2 i Yy yj + ...+ Yr ¥ Y4 ~ ~
« r r r

This expression may be rewritten as

. ™
\ . :
| . ~ - 7
| Yr + rcer—l +...+ rCJYr—j +...+ rCr—171\+ rCrYo; A ~
; LR
l where Yo is defineq as 0. Hence the general expressiqn’for @ in
' terms of the Y7s is 5 s
f ’ r
, . a. =.E tCJ Yr-J’ r=0,...,n (2.2.3),
j=0 - .
T . '
< 7 .
> . £y :
‘ Similarly, the Y's may be written in terms of the’d”s , for example,
:’Y = Qa,, - o ,‘/\_
1 1 - ” AR TS
1
Y, = oy T 2a1, ~ﬁ: .
- \ -
e 4 [
L ’*
. ]
Claim* The term Y. in expression (2.2.2) maybe written as
/“v_” N ) ‘“ B ’,
- a function of the . g "parameters :“défined 1o *(2.2.1) in the
b P ’ - .. R RN .
Eollowing way '4;‘:1: o e -
e T : e A
4'{:' v, =2 \
- . ; I"
; I '
K o, . 0 +
£ NSRRI AN .- oo . -l
. ﬁélﬂ’/,' L s . - .
L t
‘ 7 - -~ -~ r L4
)‘i" ) 4 - . e}
. o ' -

¢ s

»
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Can

[ A . . .
Cioen T T . et
. R - " (=N
- . < ab
o Al o
*, % »
. : . v
L] [P .- ¥
-~ A v, s

T Y -3

R R G DL (2.2.4)
. . m=0,

where o

is detined as 0. v S
0 -

- ’, e
\ . . ~ i i .

Prooft AEfxf)rgession. (2.2.3) may be written'hs '«

’ / e

PR et ot e, i ' .
. . R . . e \
= . \— .." - e - Pa y L
Yi o 'flré) Yr—j» . (ij) )
J \* A ,.: ) . ' ’

3

By mathematical indugtion, assume fﬁ‘at‘(2.2../t) holds for all values of

- . Ca . . ,

R oA / - vy N
: ' Sy . ~ .
Yj Buch that* j is less than r. ”’Qhen .
= f ) v > . v
A ”'“r.-j'*' i - . . T ) “ a0 - .
- C - - 14 — . . t‘ B . . ~ - t
Yr"j E ,—-J(/h ( {-_') ‘a h) ] L‘!"')r . v ‘\(Z 2’ 6) "
'/\l“\ . LR ” ) : " —' . v - ,.‘,) . ’ ‘4 . L i P B o ]
Subspitute (2.2.6% into (2.2.5)’to get. ~ ~ -~ T ..~ S T
- . e T \ )
* 3 1 EN . -0 L. L,
. L = T on . PR T S < s
e = - £ L Gy ,-iCy (-1 - L2y, T AR
o~ Yr al’ i=1 }\_U‘r ] r=] r'\(‘v‘.)r . ur—j‘-h » . { ) .
’ «— TV et P . . h ot :

LA : FETINE 34 s

Consider the. coléﬁfjcignt -of - 'q'r;m‘.”in‘- Fhe-rr'ﬁzlf.{t‘.;haﬁd:side of (2.2.73., . - .

v
M 4 . A R

<. A .- . . . . . .
- . ..l S Y - ‘ ALt L ” .
namely the sum of coefficienrs &f ‘o  h wheTe, . * D,
N . v . . - r-1-—- . i, . . (PN i
4 ‘ . . ° f - B J . - . - N . -
B . I T PN ST DRI
o ’ LA - " - e~ . " .. . . -~
b ‘ e sy - - A " L i )
. w Yo . . Coe : - o
that is LT . . . Ll . .
> e T - ' o L
- - [ ’ . . S - ' o T L KA
' 4 ¢ PP Il“."m ' . B Ll : T
N . R . gt - .. 4 - - .. "
..-l . - ’ { . A - . ' . ’ ' - - - N ‘
v, . - Y ce ‘ ' v =
' PR - ’ . ' P 22 - . . N . B R . , ., .
T . ] ~=' _ RN S FE ! ‘ , .. = <l R .
5 N R h [T] \l_, 3 )’ R i , L. . . - Vo
R . .. ' K s h « N e, i Lo, 3
.:~ PLEN ) R 0 S N - ‘ . - ‘- . v LT I ‘ Lo
* The required cogfficient is: oo IR . . v S L
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., nature of, Y, can .be wtitten ﬂs hX (1 - EY: ), oo

roe 3 -,’, ,\:, [RELEE
r n-f ~, n—1

‘=[ Lo G ) £ (a <] /d2.
‘lh éh¥T gh lb =(), h .
-\,‘,
91m11arly VY can be writteﬁ
e 'h-q n-1,. 3 )
b, .L (ah+ e )X (a H)] /de.

1 'y N R ”
h=0 h=0 Ml

i
= L exp(&ﬁ?h x,)
ft N LS 2D e Pl
lh>1h—l> i, 2 RE bt

TRis ‘notation also simplifies the yriting of the moments of the joint
distribution, for example,

EY. Y = b b, {a, L exp(Bx ) + a b exp[B(xi+xj)]

b2 12 2y, 3 55ix2 )
&
’ + ...+ a exp[B( L x.)]} /d
n . i
i>2 . v
4" 1
add cov(Y ,Y,) Y
. n-2 f -1 ' n-1 ’
= 2
b b {d z (ah+2fhxf Eb(ah+lch) Eo(a ?h)]}/d ,(2.249)
o ;-_“ “‘.
where - -
. ) ih .
fh = b exp[B( £ xj] . o i
lhilh-l>"'>ll>2 J=11 -

We are int%restgd in .the expreseion in parenthesis in (2.2.9), which
' ' 2 ) 3
can be written

’

U n-2 n-1 n-1 L .
NS> (a d ) I {a )] -1 E (a c.) L (a,  ,e)]. (2.2.10)
h=0 h=0 h+2 h h=0 h+1 h h=0 h+1 P .
L S
; h 4,

N i S o I - :_-, AN . -
The variance ot Y denoted by VY /s whlch, ~because of the binary.
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ion:

in particular, in térdﬁ-;;rthe coefficients of

>y

o

U‘._

- F. fifj! i)j=1:.',"sn'
First we write ch, dh and eh in terms of fh} fh_1 and fh-Z’ that is,
v ¢y = bz f':l, .
T N N L - .
| 4, = fh\f (b, +b)f ) + blbth .
These equations can be substituted into (2.2.10) to produce
! A " '
n n-2 -
La(f +bf  +bf _+bbf )za £
h=0 h* h -1 h-1 /t\h 1 172 h-2 =0 h+2 h
L L 3
n-1 n-1
- + + £ .
T hioah+l( Pfh- 1) : ah‘f-.l( Py fp-1)
Tﬁiafoefficieqﬁ of (fifj,+ fjfi), except when
I3 7 . i=j’
can be written ' .
+ R v - ,
(3 % 21 P * 4By T oAb by, .
-
: - -3
+ ~ <
+ (aj aj+1b1 + -aj 1 b2 + aJ+2b1b2 an ;
- (‘31+1 i+2b2)(aj+,1 )
j+1 W02y )
-
418542 + ajai+2 (ai+1a'+2 Ta )
+ )
- (ai+1aj+2, 3541 1+2)b2* 2"’1+2 5422172
T2 Y anan t aj+13'1+2)b1
.+
: (ai+1aj+2 444 a140b, + 28, 42234251 %2 ] . ‘
+ ._ B ‘ vﬁ_‘
212 4+2 ajai+2 2E'1+1aj+1 MR
Hence, one may® say that, for . * ///~
1#4, .
5
. ~

may be rewritten in terms of the powers of ékp(sxi),'

-

e~



Moreover, when

1)
.

Lo

P 2 -

the coefficient of fifj is .

3i%542 T Cinf e

LT AR R -
_ ify is ‘

N + + . b
(apta; )by v a0y Fap,by
L (a

+
(a4 T aaby) (B
caa -a 2 TAa
31%+2 T %41 0 , : N .

. ¢
the ¢oefficient of £

ba 4 )
* 3400 SR

- =
-

N ’ N
which i{s merely (2.2.11) with j set equal to {. This expression
" R 1 :
-4 N AN
(2.2.11) holds for all values of i and j, in particular for
- [N V¥ » .

: . _3 - . ’ o
e i,J» n-3 . .

provideg\gée dé%ings ’ {?
-

R I
Note that for . .
i=3j+1

the coefficient of fi?i in the expansion of cov(Y
] .

l.Yz) is- zero.

’

2.% Rosner s correlated logistic model

¥

N - - -
Rosner(1983,1984) proposed a correlated logistic'hodel which’ can be

At

interpreted as the result gf lmpgsing constraints on tﬂe parameters

{aj,j-l,...,n} of the genmeral corrélated logistic model (2.2.1). In

~

particular, he suggested that these h parameters be reduced to 2

<



‘

parameters, a and b, by means of the expressions
= (a)./(b+n-3j). ,j=1l ...,n

J ]
where - . . ’

(C)j.= c(e+l)...(ctj-1).

This set of consg;aint§ does not simplify ., the expression for -the

model according_ to Dempster”s formulation (2.2.2), nor the expression

. .

of Y, in terms of the a’s (2.2.4). Howevéer, in bhe%ﬁovariance of Y1 *

9

and Y we may “write the expression: for wake coefficient of

£,(2.2:11) as '

23542 T 241?541

L@y @y @y @ s
(b+n—i)i (b+n~j-2)j+2 (b+n-i—l)i+l (b'ﬂ'l"j-l)j_*_1 .
(), (), (at3+1)  (ati)

(b+n—1)i(b+n-:3—1’j+1 (b+n~-j-2) (b+n-i-1)

(a),(a)
R S Lt S [(a+b+n IR D). (2.3.2)
(b+n-i- l) (b+n j- 2)

-

Rosner”s model is of considerable interest “because at certain values

of the\ covariates, it reduces to some familiar models, in particular,
a generalMised hypergeomtric and the beta-binomial. For example, when

A
7 IS

the covariates are cluster-specific, that is,

x1f= X, = ... =x =X,
then expression (2.2.1) becomes ¢ N
- log Pr(Y=y/x) = a. + rB’x - log d,
that is, : . L : S
- ' - .




¢

5

-

n
Pr(Y=y) = exp(ar+rY)/.ZUan exp(0j+JY),
J:

where

.

If R is a random variable that denotes the number of y's that are |.

that is, -

v ’ >

4
then the probability mass function of R is

n
Pr(R=r) = ,Cp expla +ry) /'Zoncj exp(aj+jy)a (2.3.3)
: j= _

Using Rosner's constraints (2.3.1), we get
5 . -
exp(ur+rY) = exp(ry) (a)r/(b+n-r)r .

so that (2.3.2) becomes g

"

T (a) /(b+n-r) o ‘
Pr(R=r) = ,C, exp(ry) ———=-=-m=foceee IR L(2.34)
: ; . z ncj«(ajj _exP(jY)/(bm—j)j

,Sincg ' N

o (/D = ),

0] ~

multiplying the numerator and denominator of (2.3.4) by (b)n yieids ’

(a)_(b)___ g ¥
Pr(R=r) = C, —=—--- L o (2.3.5)
IaCy (@), 8

)

where : !

)

g = exp(y).

Expression (2.3.5)%is the probability mass functjon of, a generalised

i
«

hypergeometric distribution similar to thelféktended' hypergeometric

4

distribution described by Johnson and Kotz(1969, p.160-2).

PR



When either x or B is the zero v‘ttor, we have

A .
- -

. v 0 S ‘ ‘ L

¢ PR

o -~ . and . s 3 . . e

;g’- }, . . »

Z'\
[

so that the right hand side of (2.3.5) becomes

. ). 1.6 .
nCr (a)r(b)n-r /z n€j (a)j(b)n—j (.T,S.b)'
- Consider the denominator of (2.3.6). ) ,
4 ’ n - . » -
T - . = 2‘. *
Claim: 'Z nCj (a)j(b)n—j . (a+b)n . (2.3.7)
L@ J=O ! N -
Proof: the left hand side of (2.3.7) may be written .
. - - L "
n n! -, - )
£ -===---= (a) (b)n_. ' g ’
, = =0 3! (n=})! ] ) )
(a), (b) ol L VRN
A - a!l f -4 InTd \ ‘ }
il (n=j)! o ' -

n! (a+b+n-1)
n

- (see, for example, Feller(198, p65))

.= (a+b) . ) S
n

.

L 4 ~ -
Hence the probability mass function of R (2.3.6) may e written |

. Cc, (a) (b a+b) -
aCr ( )p( )n—r/( ).n'-' ‘ ' A i A
' This is the probability mass function of. the. beta—bih‘omial':
. ’ “ ‘ - - ' ! - * "‘ ’
é} " distribution (see. Section 1.4.2). 'Hence, when the tovariates are
. Y ’.. V - ) - . ) » ) - B .
: e " glugter—specific and equal to the zero vector, or when covariates have

s = no effect (that is, the regressign coefficients are all ‘zero) ' the

. - . . -
. .Q . . distribution of R is beta-binomial. . -
A e v ’ » _G’ % . ¢ ]
- N .
" % b
. v (
® . \\" - N
- L] -\\ » -
i A’? < / r .
L
L) E N ~ -
¢ ‘ ) \ )
a ) ) )
3 -
[y /
' ﬂ . ‘ . ' o .
) i .
* q N
ALY - .




- . .

It is now possible to clarify the relationship between Rosner’s model

and that proposed for cluster-specific covariates by Williams(1982,
- ‘ see also section 1,5.2). Will;ams’ ﬂb&el is always a beta-binomial
. . because the clus{e;-specificicovariates are part of a parameter of the
beta-bigoﬁiql\distribution: 'If we write u as }he mean of the random
. - ¥
xgrible R, then .
S T g g/(1l+g), ? )
& where l ’
v [
. g = exp(a+fi’x). .
Thus, when the chériate or the regression coefficient is zero, R is a
- i beta-binomial witﬂ mean ': \ ‘ {
W= exp(a)/[l+exp(a)].
and correlation p. §imilar1§, foérkosnerfs model ;n this case, there
‘? . \f"qre also two paFemeters, a.%pq‘h, or eqﬁivalently,.\al' and aZ’, so
© " that : L -
‘ wo=a/(atb). .°
W, and S :
‘ ‘ © o = 1/(atB¥l). e ‘ cT
2 }"Thus a of Williams® model may be wiitken as Y §
.\':‘T; \ ) ’_. a = log(a/b). T |
. . ‘Thé’pgramefgrS‘ of Willfams' model may be also written in terms of the
) parame;ers, é and a,, but "the expressions are more complex. ' ihué,
‘ w;en tﬁe,éb?ariaﬁé_;f the?regrgssionAparameé;t is‘zéro,'tﬁe two models
. are equivaieﬁt. ﬁoweﬁer, k1n generalﬁ when the cova?iatésA are

. [}

-

cluster-specific, Rosner”s and Williams” models are not eauivalent.

.

# >
'

-~

[ 3¢
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~ .
Next consider the effect of assuming cluster-specific covariates on

the moments, in particular, the variances and covariances of Y1 and

The covariance between Yl andIY2 may be evalua

=

YZ- For cluster-specific covariates,
‘ { VYl = VY2 = VY ‘ - .
) * n-1 n-1
=glI(a ..c.)cL (ac)/ d2.
h=0.h+_1hh.___0_ hﬁ
wheée
g = exp(B'x)
h Y
ch =-n—1Ch g -
] L 4
so that, under Rosner”s model, o
h ' 3
. z ah+1?h =z (a)h+1 n-1Ch 8 {(b+n_h—l)htL ~
(n-1)! a n-1 a+h b+n-h-2 h
= me——e z h * n-h-1 g - -
. (b)n h=0
Similarly )
. h .
X acy z (a)h n-l?h g /(b+n—h)h
” (n-1)! n-1 a+h-1 bin-h-1 h'
= - @ . h- n-h<1 g .
(b+1) oy h=0 :
and !
h v
d =1 (a)h afh & /(b+n—h)h(:
n! n-1  at+h-l b+n-h-1 b ,
=« e b h, . n~h-1 g -
(b) h=0 |, . .
' A3

i

ted -by ‘using (2.2.9)

~with coefficients of fifj given by (2.3.2), as well as the-fact that

. 1
' fi = n-zci g. .

/

Hence we ‘have

]

- ;

L

v




. ' 67

B

oo o

L
a=lo-l (@) (a),,, ’
Cov(¥),¥,) = I [ [-=-=--b=--3-m- T (atb+n-1)(j-1+1)
. 1=0 §=0 §b+n—i~l)i+l<b+n—3—2)j+2 '
- i+3+2
x 4-2C4 7-2C4 8 i ]/d2 (2.3.8) . o

where d was defined above. * - ;
. ’ ‘ v ,

\

Now when the cluster-specifice covariate’ is null or the regression
coefficient is zero, then {t has been shown that R, the sum of the

Y’s, is a beta-binomial covariate.. This implies that o ~
' e L \ PR

’ éérr(ii;kz) = 1/(a+b+1)
Thlis result can be verified by substi?uting in.thef expressions above
Jfor VY aﬂz cov(Yl,Yz) and calcﬁlafing,

corr(Yl,Yz) = coy(YI:Yz)/VY?;

It should .be noted, however, that, in the usual*case, .that 1§, when

the covariates. are not 'null and/or the regrgssion coefficients are

. non-zeto, then the correlation between Y, and Yé, under *the correlated

~

1

.

logistic model, and also under Rosner’s simpler  ,model, 1is not a .

- constanf,.%ut is a complicated function of the model parameters (a

- .

and B), as well as of the values of the covariates themselves.

. oy Ve L

2.4 The conditional model

v
2

. . -
. ‘ ' -

. When the "correlated logistic model holds for Y, @ may be
A p o
ﬂcpngideted as. a nuisance parame{s:;‘ln_ inferences .about B. One

t me‘bod for removing a from the inference problem. is to construct .a °

- . [N ‘.
conditional likelihood., function, that is, to find a statistic, and to

oy




N

LAl condition on it,~so as to remove the nuisance paraméters from the -

g LXN
[ N 9

= .

- 1ikelihood functien (see, £or example, Coxﬁgﬁd.ﬁinkley(l974)). In

h;, iidealing with theffof;élatéd'logigiic, we follow_the}Pethod of Breslow,
: : . » v

Day et al.(1978) (who were wotkifg with.,a stratified logistic model

¢ (see section 1.7.3)), and,Tfor each cldstér;‘condition on the_number

-

of occurrences (that is, th& number of y’s that have value 1). Assunme

‘. -that there are r occurrences so that
S . .
2 .z -

PolY=y/X,r y7s are 1) N -2

L]

exp[ar'+ X (yi Bvxi)]

R =AY
' N afr W e
) 4 . [expla, + £ B7'x )] ,
. - . i . .
L j=1 A iel, . : /.
L. * o3 .
i =exp( Ly, 8x,) I ‘exp( L gx) . :‘
s . P i i i .
~‘1£ ,we, Telabel the units such fﬁhﬁ?ﬁhe-first_r have the y value of 1,
T e - - '
» ‘e i -
~then we have -the probability ) . v
' r nCr. ' ‘ .
- . . exp( L foi)/ I exp( ZrB’xi). ®2.4.1)
g i=1 "=l - del, ¢ .
S, : ]
. This is ' the same'cbnd}cional probability obtained by Breslow and Day

(1980, §202—§)°for the stratified logistic model. - b

- -
- N {
- . .

When the,clusters are all of size 2 (and we igngre clusters with b9;%
X y Valueé the sade, as will argued in Chapter 3): expression (2.4.1)
becones

-

L Pr(¥,=1,Y,=0). » ex?(p xl)/[exp(s x¥) +.exp(8'x,)], .

which is exactly the simple Qreélow—Day conditional-model(ﬁre;low,«Day

etral.(1978, p.302)). - ‘

- -
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CHAPTER 3 T e
S _ e Asymptotic bchaviour ol estimators
s . - o v -
: . . 1 (
“ .
- ) *
’ 3.1 Introduction .
T "n ¢
LI p ~
‘ ‘ In this chapter, we copgider the  asymptotic properties .of various

estimators of the -regrdssion coefficients of the correlated logistic
. R - ‘ - *

o

-

model, either as the full model or as Rosnmer’s simplification of the

correlated logistic In section 3.2 we describe the estimators of.

v interest, including those obtained . from maximum likelihood,

’\\ conditional maximum likelihood, and standard logistic regression with
- . ~ T-
. and without the incorporation of dummy variables to account for theﬂj/
. , .
o . .. . R
clustering.< In section 3.3 we establish the cOnditions under which

the estimators are consistent:(asymptotically unbiased), showing that . 3

~v R ~
>, e

» . A .. . T
the use of standard logiétic regression, with or without dummy
‘ . ’ .
variables, is in general asymptotically biased. In section -3.4 we '

T e - A )
derive the general ~formulae for the . asymptpotic variance of these

-

estimators and investigate further for the case *. .

4 - ' B=o' ' ‘1 *
. » . - .

.
'

* B »
In this special case we derive the misspecificatign factor for the
b usual ang dummy variables estimators. =\,
. ‘

.
- * b .

o




3.2 The estimators
4 ]

. ) i+ I . .. . .
= The £stimators to be considered-in this thesis are: =~ .
4 ‘ . . \.L - ‘ .« v

Rt Lt oot - . ' - R 1
R > he z‘ .’-' 'D o . ) ) R
T 4 1. the maximum likelihoo?@ estimator;’'denoted by*™ B , or. when the

-

constralnts éﬁecified”iﬁxi5koéner are imndgéd, Rosner s maximum
B ’ T Teoe o : . ’ H .
1ikelihogd‘estimatqrifdenoted by BR. K i' . e
. ) ,} ‘ R . . . . “‘r . R
e ’ R . ’r? t
R - -
. ", R - ,\l "- £ ‘:4 . !‘ "' ‘.“y ,
- =, 2. the conditional maximum likelihood estimator,.comstrycted 1In the

Voo
‘) K R

. manner proposed ” by"Béeélgwf "Day et al.(l??S), in the context of
WL A ::‘,., r ' C . K

a

caseZcontrol studies.% 1In‘ section 2.4 we obtained, for - the

N N

L C . PR

v cornghatedrlogisoic reg¥gs§ién model,fﬁ'a single cluster, “the same
R u \\ . s,

likelihood function* ch@t 3resleu and Day produced by conditioning

‘ Y. i

in the stratified logistic modpL We A :opose to' minimize this

i, {g likelihood function over all k clusteré(” This estimator 'so
< N t
, 5, K
- 4 obtained is denoted by BC. - o .
W, « s
v', . .5:.7 _ ] . \ il

“ e

. 5 . . .
y 3. the estimator under tﬁe{;suél (or uncorrelated) logistic model,
’ i LI b - . .
. =Y R “* - f’ - T . s s
“ deng}ed by?gu PRRSTIE IO '
\ .. ,,1 "’:.:: g .“.‘ ﬁ
- R A - .
. : 4. . the estimatot, pnder the &ummy variables model, whereby indicator

3

variables afé‘ added ;fo’Athe usual logistic model to account for
=9 v > A

clustering, in pa;ticuiar, in the 1°th cluster,::tﬁe,/dummj (or
.:\ L , ‘: ‘» , ) .

. indifator) variable Vi’ takes on the value 1, whereas in all other,

W ) . i o g

clus‘ters,~Vi tékes 'op,the,walue 0. This logistic dummy varibles

2
[0

‘model has been studied in educational testing (Andersen(1973),

LS



- he b ‘ ’ -
oA - N S N . .
< = - N o -
t - N = - ; ! h Y P ’ . 7 1 v
Je o ok -~ Toen e ‘- "
"s - “‘ ! v 0 ’ ot T E )
’ v 3 ! - N
! -_,.‘" . . \ ' [ , P
et e s - S S > ' ,
' N - p66-9), econometrics ”(Chaqbgrl%iﬂ(lSSO))‘ and medicine (Brestow, .
. = b2 ’ e 2 o N R L !
“ 1 - ~ T = RN !
R © Day et ".41(1978), Smith- apd Pike(1980). wetc.),, where in:
» oo e AN ) . . T
N L - ‘ TN . SR
. ' . . . case-coptrol studies it 1is-as known as stiatifigﬁ.analysis. The
. - . . v Py ' [ . . - ; AR '
- ¥ LT B * . . , T, . ‘
-~ e v . 4 AR » ~ i
o . . -7 dummy variabled estimator-is denated by Bd. - e
L e ! -~ e - 4 . s .- ) -
LA o P r i o R
Mot s e " v . .
~ e e . ) Adother approach that codld be considered 1is that developed by e, s
s T . - T .
- ° o 'yilliamsCl982) in which the error distribution is assumed to be
N betarbinomial {see'’ ;éhcion I.S)f As was. shown in section 2.3, ,
’ ‘,“ . R ?j- ., e ' v - ¢ . . ) . . ‘
* - e D L wre 4 - - ’
1 s Willams” mpodel "is the same as Rosner”s only when the covariate or the ~ . .
te . o+ . - . . ! . ”
el '_.;réggession pqramefér is zero; otherwise they are different. models.
e Sl T - . .- .
T e However,; Williams”, model only allows cluster-specifit covariates. Im ,
’»:u" o - "this thesis‘we are interested in models °for mixed cluster- and "
e sy . o
unit-specific covariates, or at the least, in models for unit-specific
- ‘ »
b "
o . ) ) ‘e " ..
P covariates; hence Williams” model will nqt’ be considered further. “+:
’ PR ~ “-' [ ' M . . -
\‘:‘;g- ‘." . ‘ \
: 3.3 Consistency (e o .
* - L 4
N L - ‘
3.3.1 Maximum likelihood estimator A .
) A5 stated in section " 1.8.2, we follow Hauck(1982) and make the .
! .- ’ LR . ’ . ' . .
assumption that the joint distributibq of the observations on one .
*.' . o : . ' . ) . e
- : . cluster can be wtitten - " " *
\ ‘ o ‘ )
f(y,x;8,,0,) = f(ylx;6,) g(x;6,) = - (3.3.1.1) , L
1°°27 . 14 2 . : .
. " where o, and 8, are the parameters of the ‘distribution and
8 = (.8}, ‘ }
' that is , the joint distribuion of' the dependent variables and the
/0 . “ ‘ ' "
. . ~ ! . ~ . "




¢ 2 . N - B

. covariétegﬂn'can be wtittéq as- two functions , the conditional

T ‘e . oL

‘,aistrfbutiop'of‘ the dependent " variable (usually modelled by the
correlated iogistid ﬁodel), and the .marginal distribution of the

' -
b -

: - Y/
. o~ . v
covariates; moreover, it is assumed * that the wdgﬁﬁffkution of the
' O . T ) : 2l

covariates does ‘not - depend on thHe paramgters of the condittoral

distribution of the dependent variable. If we further assume that tﬁé
‘e ,jéint distribution (3.3.1.1) has the usual‘régalarity‘properéies (seg,
:j ‘f;r example, Cox'and'Hinkley(léfb)} p?81), and that the ‘first three.
;.rfiﬁéhénts of X exist anq' are finite (see séc%iod 1.8.2), gﬁen it

follows that ém (or BR; if the Rosner congcréinés have been" imposed)

v ) .
is a consis&eptcgsymptgtica11y unbiased) and asymptotically normal
4 . B - N

éstigator of B, the regression parameter. Co T
rd * A . ‘“I > -
* L. N
R . - “ -
’ B -’ Lol ’ ' . .
.+ "3.3.2 The codditional, maximum likelihood estimato¥™ . et
' -— - - .- '

.
[ . o
.
a ’ . .

A$ stated in sectipn 1.8.3, Andersen(1970, 1973)  studfed - the

s

B

préperxies of the conditional maximnm likelihood estimaﬁor."Let'us

N
e . ” . :

.t

. . ., - AL ,,"
consider his arguments as applied to the ‘correlated -logistic

estimator. First -we assume that the covariates . are fier’.(or,
b . - x

i . : b e
3 equivalently, that we may condi}ﬁon on their obsgrved values).

. .
L Y ‘ v -
,

NeXt- we condipidn on a sufficlent statistic. In section 2.3 a

-
A e
R e

" conditional distribution ‘was obtained, (following .Breqldw, Day et‘
. s . ‘ .

[ O .
al.(1978)) by conditioning on R, the number ‘of occurrences (y values

.. »
I

which are equal to 1). Since th% distribution go?ditional on R is

s

. 1independent of «a, R is a sufficient statistic for @. For a ' single

r

s’ ’ . .- i '

;o

2t LV

o

L

L N




cluster, R is a minimal sufficient statistic. However, for a set of k

clusters of size n, the minimal sufficient statistic for a is the.set

{Fl,...,Fn}, where \Fi {s the number of clusters with i occurrences.

Nevertheless, -a conditional estimator, namely 8 , nmay be produced by
minimfzing the conditional likelihood  of Breslow and Day over all k
. , : : -~

clusters. The, results of Andérsen61970) onA’ the asymptotic

’

. distribution of condtional maximuﬁ likelihood - estimators do not

. - . .

reduire the use 6f 4 minimal sufficient statistic. However, when 'éc

n
»

! ’ . ]
is used, information about B is lost; * this loss of informatjon will

?
"be discussed later in this Chapter, and also in Chapter 4..,

‘_f\ .

2 - ' »
. . s

4'-.“. - - [4

Tbévcdnditionaf likell ood of Breslow and Day coqfdrms« to ‘the'

7J

P Y. .

:cénditioﬁing ~required by Andersen(1970), that is, f(ylk;el), as

[ -
7

defined in (3 3 1 1), can be writtentas ' ] - L ..

A

r»,‘,‘ e f(ylx 8 ) = f(y{x r;B) h(rix a,B).

n

- wherg h(.) is the gistributiqn of*R and fgylx;r;s) is . the

. .
4 .
B

;conditiOhaI distribution fobiaiped in ‘section 2.4, If we asume the

w

same partbtioning of the dfétriﬁﬁton qf x . -and y that occurs ig .

- » "

(3. 3.1, 1), then we have the following conditional. distributon function
/
A

>  ~f(yxlrse>=f<y|xre>g(xe>

I1f we assumé that the function f(y,xlr 8,8 ) satisfies the regularity

conditions of Apdergen, then éc ‘ls a. consistent (asymptotically

A PR

unbiased) anﬂ‘asymp;dtgcally_normal‘estimator of B, the regression

-~ ‘ : - .
parameter. . . - “ =

*y
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3.3.3 The usual estimator-

- c ‘ '
The usual estimator 1is ~that estimator obtained by ignoring the

correlation structure within each cluster and constructing estimating

equations for the usual logistic model.” The estimator is denoted by

»
~

B . The method employed in studying the consistency of éu was
u
)

suggested by a lemma of Brillingerz(1975, p94-6). A similar approach

was used on a problem in applied probability by Kulperger(1979). 1In
. P ) . R E
general, one exahine$4 the " ‘asymptotic behaviour of the estimating

equations, in this case, the incorrect maximum likelihood eqﬁations,

under the correct model.s L N . -

A »

In pd%ticular; the following approach is employed:- -

]

) ,ii(e),; %=1,...,k, '
be the 1¥6g,—IikéliB;;J functipns for the k clusters in a Sampie,
~ald 1et ' ' A T
1 ko ' .
o = - .
CT L (®) . ifl 1,(8) . o
defiote the average logﬂlikelihood of the sgmpie. 3
et - o .

FINS
* K
‘ .

2. under regularify conditions described in sectfon 118.Q, a law of

”

-

larde numbers holds so that
. 'T.:;“-. . ’

<

-1%  let 1(9) denote the log i}kgithobd for a single cluster, and “*let., .

L &)
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»
L]
e}
‘v
.
4_‘\ N
Y

a

e ;:;.(B-)w_i L(8) = E(1(8)),
‘where gﬁ;fexéectatipn is w;th respect to the joint distribution of
Y, the dé;;;&;gf'variable, and X, the covariate; in .this thesis Y
)
has Ehg corrgléted logistic distribution. Hence the value of 8

"¢ which minimizes L(8) {%=the limiting value  of the sequence of

xar

?%stimators, { k=1,...}, which wminimize ‘the functions (L

PPN
N
PN kd

k=1,.7.}. " Denote the 1in{ting value of the sequence {Gk} by 9

ek’ K’
0
cu

Al

3. to find the limiting value;%ﬂa;ﬁof the sequence " of ’estimators,

: T,
take derivatives of L(6) with respect to é, yielding, S(8), the
. ~
limiting form of the estiméting equations under the correct.model.

The(gpgutigﬂ to the equation '

S(8) = 0

L - -

‘'yields the value .of 89 .

4. investigate the values of 60 for various values of the true

parameter 8. .

. 4
.

For tha;usual ﬁodel, the log likelihood for a single unit is written

1
e

1.(a,B) = .t , — log(d
B J( 0B = oy Beyyy - Logld
where .

W ' -

-*". "';A'\’P\ R 1dj = 1\*,"e)fp(a + ij) (—\

Note that, although 8 and x are both vectors, because the veetor

3

attributes are not uUsed at this time; we yse the terms A and x

. ¥’

>

without indication of their yector properties. . -

-}

|53 ]



g

The log likelihood for a complete cluster may be written

s
.

a ~
1(a,B) = L lJ_(u,B)
a 5=1 k
n n
=aly,+872ZIx,y, - log(d),
o3 g 3T
where e h
n
s d=14d, . ,
j=1 . ' ‘ -

-

The average (over k) log likelihood for k clusters may be written

v, 1 k
. L (t)y = - L1 (a,B)
k ko oi=1 '
= + - - .
[a E—yij g Z xijyij log(di.)} /k

Under the regularity.conditons described in section 1.8.4‘, Lk(t) has.

the following limit in probability
k » * S

ECY,) + B Z E(X,Y,) - E(lod D),
i , ii
1 o i=1

a
i

[ e I

which, since: the marginal distributions of the (Yi'xi) -are the same

.

for each i=1,...,k, can be written

kaEY + kBEXY -"E(log D) .

where the expectation is with respec.;9 to joint distribution of X and

Y. However, EY and EXY may be simplified in the following way

R | EY

EX EY|X(Y)

EF, : -

L]

]

. where F 1is the probébili’ty that Y is 1, conditional on value of X,’

that is, - =

F = Pr(¥=1]X),

¢ b

~



Note that F is a function of all values of the covariate in a cluster.

.

g}milarly it may be shown that . . .
EXY = E_(XF) hog ) ' ]
X . ;
Thus the limiting form of the log likelihood may be written as

L(a,B) = kaEXF.+ kSEX(XF) - E(log D).

Taking derivatives with respect to a we have 7 ; '
3L T
-- = KkE_F - 7= “E(log D),
da da

Assuming the interchangeability‘of differentiation and integration, we

get N
3 ; aD '
~-"E(log D) = E( =~ / D ).
Sa - da . .
Since”
v Vi
n - . .. ' - *
D=T(1+ exp(a + BX.)],
» i=l -t
dD/3a may be written . \
exp(otBX,) N [l+exp(otBX,)] ' :
h 17, ‘ i
. i#l . c
+ exp(a+BX2)'H [l+exp(a+bX,)L + ...
: i
i1#2
so that
/ ‘ .
[4 -
aD © exp(oatBX.) exp(atbX, )
(——)] Dom mmmmmmmmelll 20 ‘
Ja l+exp(a+BX1) 1+exp(a+BX2) ,
/‘n " * ' , '
. = P '
1= 1 ,



-

' . . . ' ¢« ' e ! .},
model. Hence we may write 3L/3a as , ., Cor
\ ) . = ° o :- 8 ) .‘
;‘ . ) nEXE:' - nEXP - * (3"',3"3'1.) ) ;
) N - 1y T, ! ./
Next we calculate the derivatives with respect to B, that is, .
« .. . ) ‘ } ,. ' ..
: .- TOL/3B., j=l,...p. ! : : ) ' S SRR o
: I ; Sl ’ L a
Now ) ‘ Ce T e
: Lo > P
—= = 0 E(X.F) - -—- E(log D). T ey
. aB, . 1 3B, T N IR S
C j ¢ T IR
Again, assuming interchangability of differentiation and integi‘aéi.on,‘ . . i
we gét ) S ’ o . "
. H . . . . A ' : , - y Ll
‘ 3 - D , ', ) ’ .
. . ™-- E(log D) = E( --- 4 .D) . C . L ¢
" OB, N 38, . - Y . ’
. .- 3 ] - ) : P
L ® . « . « N N N P : - '\,?‘
= E(Xl.exP(cx+B X 0 exp(o+B°X.) + ... /D), ) . , R
- I i#l . o o~ : U
where the.vector notation has been f£g-introduced for clarity. This .
. . » j ]
expression further reduces to . . e e e ‘ - '
n.o - L .
P = . t, ' ', : - - s
E( Z xij i) n E((XJ,P) . ‘ o s r
i=1 . - :
‘- - . . . : s . v ;
Hence 3L/3B may be written S i o ¢  ° "
' - : - , ', s :“ J’
nE_(XF) - nE_(XP) B (3.3.3.2) -0 ‘
- X' ‘X - . ..~ - M
where X denotes the (lxp) random vector for a single unit 'and X is+ ,‘; . ‘
the random matrix for a cluster of size n, that is, j'; ! Y '
= N BT o o
X=(X,...,X) ‘ . . . R
The limiting form of the estimating equations is given by ;etting each
- ‘ Tt -
. S
[ ] . . ’ B -
. A\ - - e ‘
o . ‘. u.
\ -~ - " . ;
. ’ . e

where' ) . B . . *

-

. B . T -

. .Pi' i eéﬁp(cﬁ‘BXi)/ { l+exp(a+8}(i)] - y R .

that, is, P'i i's the, probabilitz that Y is 1 under the _usuai lcﬁgistic- .
. T ' R . .
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The difference between this simpld wersion of the correlated ‘1ogist}c _

- R“{

model - and the simple version of Cox's multivgriate logisitic

model(1.3.5) can be summarised as follows

PN

IR : . ' .

1. the correlated logistic allows for two values of the «covariates,

x};and x2, to be associated with each set, of values &f the
. ‘\_"r'(

"w'depéhdent variables, (y.,,¥,), ’ ‘ r

A, '
- " ‘e
2. the _asStaption .
X ~ :‘:: " _.; b.4 - .. .
'{\.‘ P 1 'xz b "', o
changes the correlated logistic into a version of (he multivariate .
L > ¢ A K]
. - e . L ¥
Coa A - TRt L T T N
T logistic, R O
Soan T - R
3. the correlated logistic may have some covariates measured at the .
AL ’, .
R same "level as “~@ach 'y  value, that is at the unft level, but may
" «J""dlso have"some covariates measured at the same level as the pair .
N RO N T ;’ el ™
IRPRRPEIN (yl,yz), that is, at the cluster level.
b T T
71 W, . e
FATENNS ", - . ‘. . o
i .
The correlated logistic is proposed for the following Lypes ¢f data
: . YT T
\ . ’ N -
”r -
7 1. data ¥3Ren on individuals in a sample of families
R ‘ 4’ & . X "‘
. RN A, ST
. .. data taken on eyes, ears, hands, etc., in a samplejof {ndividuals Taoper
.,‘ ' 'l!‘,‘_‘ .“' o . ano, i
i 3. data arising from repeated measures on the same subjact °
’ . PR N 4
o e ‘ R4 J . o e Ve gt LA N .
. hd - PR T -
I3 ¥ L
- < o o v !
Bk _“-;: ¢ -~ P
R xR O o
f:‘:- . ,Jl". .“ e 24 PR ’» ) . b )
. Y LT .~ . PRI
LR . L B - - .
, ¥ 7. - ’ LA 1 = LY s
’ . - .
" 'J;u - ‘. s < . . "’/ - ’
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R v, v - A .
i v .
- '/ ’
; ’ L'«ﬁwx o T, e
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: quation in (3.3.3.1) and (3.3.3.2) equal to zero, that is, -
3 : .-

-

‘. [

N

rs
N

E (F) = E(P) : e y
and ' .

E_(XP ) | 3.3.3.3
g( ) . .< )

where F is a function of the parameters of the correct model’ (the

EX(IF)

correlated logistic) and P is a function of the parameters of the

incorrect model(in this case, the usual 1ogistic)f\

7

3

Equation (3.3.3.3) is studied in some detail in Chapter 4 to determine
P ' )

the behaviour of estimators for simple distributions of X. In this

N ’

‘section, we consider the results when the true regression cdefficient

. [ ]

is zero, that is, , -

. ' "8 = 0. .

. »
In this case, F is a constant with respect to ¥ and equation®(3.3.3.3)
t

simplifies to . )

. F=E®) ) -

g_ﬁ;?i> = £, (XP) ‘ (3:3.3.4)

Substituting the first equation of (}.3.3.&) into the remainder, we

get" “' ~
EX{X) EX(P) = EX(XP)-

éy répeated application of the inteéral.form of Holder”s inequality

K ' " /‘ﬂ |
(see, for example, Rao(1973), p75), we can show that this implies that

: * - R . . <o .
P is a constant with respect to X, that is, 'O’ the limiting wvalwe
. » k4 -
- . .
of ’u’ is 0; in other words, .
“ L
\ L ]
- d'
' .t .
.
. -
v ¢




“,\ . b R ..

' g --+0; : "
u ' . N :

hence, in this case, Bu is a consistent estimator of the paranmeter

3

B' ' t ’ \. | \ - '
. . ¢ : . '
In this liaitipng case, P ig\not «a function of, %, and the first .
~Lquation of (3.3.3.4) implies that i
P =7, .
that 1is, »
> exp(uo) ’[l+exp(ao)} =F, . L

where F is a function of the parameter a of the correlated logistic
- ¥ N Al . ‘

model. -We may write i
N\

a, = logit(F).

’ ’

Another condition under which B is a consistunt estimator of 8
occurs when the wusual logistic wmodel 1is correct_'and there in no
correlation between the Y's within- a cluster. In this case, the

parameters of the correlated model may be written in term of a single
[

a parameter, namely,

= ra =l,....n.
ur ;»‘ r=1i, n

It is conjectured that, in this case, estimation of B wusing the

correlated logistic model will suffer a loss of efficiency due to the o "
v : '-«

estimation of the n parameters far, r=1,...,nt instead of the

single parameter ux.




) L] ' e ' . 8 ‘l
* a g ¥ s 4 / .
. The results given in this secton hg}d/for finite n (é;uster size), In
. . - - » ) Y
chapter 4, some numerical results are given for the sign .and, bias of .
- '} R
<« B as n becomes large.
"\ u N
,’ b4 < » )
The remaiding question considered in this secton is whether iu can
’ e '
o ’ ) estimate consistently a subser of the'ehpments of the parameter B
v when the remainder of the 2°s are non-zero. We now show some very .
- hY
restrictive conditions, when this. i{s ‘possible.. First we Write B7as
two subvectors B and 8 : namely, -
a . b - —
3 ‘a
B=(, )
Bb i B
. and shaqw that, when Ba is zero, it is possible under certain
" conditions to estimate the subvector Ba consistently. We write
N _equation(3.3.3.3) as -
A
T EKF = E
£F) ()
- - 4
- E(XF) = E_(X-7 3.3.3.
. . N X< a ) X( a ) . (3.3:3-5) ) -
FER , EX(XbF) = Ex(be) e
. where X has been partitioned in a manner similar to.8, that is,
. - x . )
X., ( a Y. R . . .
. . , R k] §‘ ‘
Let us, assume that ’a is zero, so that F is not a functiom of Xa. .
) r;? ”
The first equagion of (3.3,3.5) becomes ro
. PX (F) = Ey(P)_ (3.3.3.6) N
- : s ' b R ) »- . . ) B o~
where the Matrix X has been padtitionad in a manper similar po 8 -
s LA
and sthe vector X, namely.," »t E “ : .7
. . - iy
o ‘ 7] . b
L : ;




. K= ).
X .
- * , b :

The second equation in (3.3.3.5) can be written °

] EX (Xa) EX I (F) = EX(XaP). ' ‘

, R b a

If Xa is distributed independently of Xb’ this becomes
, By (X)) Exb(F) = B (XP).

Substituting from (3.3.3.6) into this’equation3 we get

> E
X (xa)
. a
,but, since Xa Is a subset of X, this may be written
. - .
E = E
Ey(X) Eg(P) = EL(X P),

(P = Eg (X P), ( \

which, {rom Holder’s inequality (s#e Rao(1975), p75), implies that

v’ T
s not a functon of X that is
a, b

P
B, -0, .

In summary, if

.

and, if Xa is distributed. independently if Xb' then iu consistently

estimates the  subvector Ba. However, there is no asgsurance about

v
nunerical

Consistenc& in estimation of the subvector Bb. A example

[

in Chapter % suggests that ’b isgonly estimated consistently when

or

ra

there -is no residual correlation between,the Y’s, and the usual
. . .

.

"logistic model ,is correct. A
- « < - ’ . .

”r
-~ . R
.-
) ;
I'd h .
. -~ " * - a
v « M ] . .
s . ’ ot
N ow
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2 - . ~
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ég The numerical example iqvghapter 3 gives the sign and size of the bias
of the components of the usual estimator (that is, of iJa and Bub)
’ L
¢ :
when 8 is zero, in the case of a simple distribution, for X.
. 4
- 3.3.4 Dummy variables estimator . P
- 5\ - T = T )

L

studied i Appemdix B.2.

the clustering, the

LIS

For the usual logistic model used with dummy variables to

incorporate
)
log likelihood of the j“th wunit in the i7th
’cluster may be written

- 1, ,(B,Y) = (8x _+Yv)z - logd

ij ij i'-1 . 1
i=1,...,k, j=1,...,n, (3.3.4.1)
where B is the (pxl) Qector'of regressién parameters,
- X, .

,s the vector of ccvariates for the j"th unit in the i“th cluster,

. .
v is the (kxl) vector of dummy variables paramcters,
- . &
i

v, is the (kxl) vector of dummy(indicator)-variaples such that
Vin

J
ih’
. _ -
where *ih is the Kroneckf:,delta,
dij is the normalising conséant,
and z, .

h.
is the observed value of the degendenc variable.

‘ .
As shown in Appendix B.l, clusters having all Y valueg thgwsame cannot

be used with the dumgy ‘variables approach.
(3.3.4.1) is

. ]

Thus the . likelihood
cdnditpnal upon the fact that, in each cluster, at least
one of the responses differs from the others.

We define

the outcome
. e ‘
variable Z to reflect this sitdﬁ{}on. The properties Of Z are further

o

V.




- ! ‘ “ ~>

3

Because the number of parameters, in particular, the number of
. ’ . . .

elements in the vector 1; _approaches 1infinity as k-does, the
t
approach used ih the previous section (3.3.3) with the usua; estimator

is. not used here, that is, we do not consider the 1limit of the

average likelihood function as the nGmber of clusters - goes to
.infinity. In this section we deal ~with the 1indicator parameters

before letting the number of clusters become large, and then consider

the limit of the average estimating equation. .

. -

The, log likelihood of the entire sémple'is .
. ’.“; '
e i ) . k n

- ) . ) -
Lt DX ' 1lij('ﬂ,Y) ,

k n : R
= I I [8'x, . +Y' v )z, - log(d, .)}]-
} fal jal {J 17713 ij

'Taking derivatives with respect to Bh we get
"+ 3
k n

I Ix,, (z,,-p.), h=1,...p . C(3.3.4.2), .
=1 =1 i jh ij .

. . where

Pr(z Ixij,vi).‘ .

- - .
Taking derivatives with’ , .
aking derivatives  with respect to Yh ve gﬁi' . ,

137!

Pij v

) o *an - n .ﬂ" -‘A‘A. ' ’ - N ’ -
L.’):‘__,’, I. I v (Z - P ), h’l....k, - -
" ial'-‘.i’l ih - ij 1j . {‘- o R .

¢ ' k n .Ff‘ ’ '.. PO ’ - .:‘
ke =L v, L (z,,~-p,.), h=l,....k. -
C o1 13 T ‘

~ B »

i A d .
\\\‘—dyowever, by the definitien of v, for each h, is non-zero orly for -

Yih
i=h, that {s, only for the h“th cluster. so that this expression

-




becomes

L (z,, =P, ok (330603
v 13 P1

The estimatqrs id and Qd are obtained - by setting the derivatives

(3.3.4.2) and (3.3.4.3) equal to zero, obtaining the equations
k n

Ix .z, s L I x .p

(3.3.4.4)
13 qay g=y M ij' :

n e,
= I p,,, i=1 ... ‘ (3.3.4.5)

-

where pij is the estimated probability that Zij is' 1 under the dummy

variables model. We may.sum:lhe gecond set of equations (3.3.4.5) to

yield a singlé equation, namely, !

i
1
|
|
i
|

- k n .
r,Iz, . . (3.3.4.6)

R
x i=1 j=1 *J

i .
I
1
¥NBxt consider the _average of each equatinn as k goes to infinity.

Equation (5,3.4.4) becomes

. ' nE(XZ) = nE(XP) N (3.3.4.7)
and (3.3.4'6) becomes Q\;éj

nE(ZY = nE(P), | (3.3.4.8)

where the ex}ectation is with respect to the distributions of .§ and

a 1

Z7 1in particular, the distribution of Z {s the.correlated logistic.

b . ’ -
'
: .

However, just as shown in the previous sectfon

O - el

E(Z) = E (F)

~and

-

- E(X2) = E (XF) .

where F is the probabiliity that Z is 1 undeer the correlated logistic

—

. N




e model.

Now P is a function of Z and-X in the sense that

- -

a ' +Bx. )/ [1+exp(y +8 ‘
. p‘ exp(yi q:ij)/[l exp(Yi Bxij)]
where Yy changesyfrom cluster to cluster,
N ' . ) ’
i’l,-... ~ E - . PR

However, any estimate of Y, obtained from the equatio%s (}.3.4.4) and

i
(3.3.4.5) 1s a function of id’ X-and Z (see, for emepfe, Appendix

C.3). Hence «she limiting value of the estimator of Yi is a function

N

" of BO (the 1limiting Avalue . of id), Z and X, in particular, the -

v

moments of Z and X. Thus E(P) and E(XP) may be. taken to denote . —
expectation with respect to Z and X, and the equations may be
written .o

E, (XF) = E, _(XP)

. Z,X Z,%
and ’ ‘
. -
EZ’XQF) = EZ,X(P)‘ '
v But these equations are similar to 4those !%btained. for - the-. usual

j estimator iu in section (3.3.3). -Jhe arguments used in that section -
| - e
I

may also be used for the equations: above. Hence the’ conclusions for »
the dummy varikables -estimator ia are the same as those for the usual

estimator, that is,

%

Vi

. TN . I . toe
‘ . + . L 7
: 1. when B is.0, ’d is a consistent estimator of B. . .
[ : . KA
| " '
: . U
. ) ‘
:‘!
. ~ - -~
- P e
. .
L4 .
) R . tLothee
w:'“,
» EIS
. Ciee
- .
- o™,
e
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~
'y

2. when a subset of the parameters of B8 1is non-zero, id is a
H

consistent estimator//€¥ the remaining parameters when the

~

» cqvaitates corresponding to the two subsets of parameters are

] . o
distrtbuted independently of each other:

[

3. when #he intracluster correlation is zero, B is a consistent
1

d
1 .
estimator of B-(although probably not as efficient as Bu).

'

i
In order to obtain these results, we summed over one set of equations

namely (3.3.4.5). The true properties of the duramy variable

)

1

estimator, which satisfy those equations, namely

) n n
. Lz.=1°1p
=1 =t

fog each cluster are pr bly stronger than indicated above. In
chapter 4, it is suégesﬁed %hat ‘the dummy vatibles estimaéqg is a

consistent estimator for B8 asymptptically in n, the cluster size.

- v

This implies that the dummy variables method is a reasonable approach

. e

-

tor account for <clusteping when the number of elements per cluster is

sufficiently large. . . "

[
. e g
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3.4 Asvamptotic yg{x%yge of estimators S
i e, -
’ .. .
( , r._':',',:.’ . , Lyl ' o ' -
, . e : - . isric * .= : C o
3.4-1 Maxiauo tikelihood ror the dqrjelated logistic * = . .
. ! C e .
*
. Tl L
The log likelihood function for a ¥f'ngdle observation in a cluster of
’ . - ’, :"’ K ("'. D
: vy s et ;T . : : : : s - .
size n from the correlated loglsrdc distribution may be written e
0, . B - . "
A . : ¢
ﬂ. « e e '
L=a +C y, Bx '—- logd, ’
ro. j j .
j=1
R X . . ’
ca o4, N

where r 1is .the number{;gf occurrences= that is,, the number of units
with Y values-of 1, and

. n LG
d = = z exp(qt + 7 g'x))
t=0 i=1 jel, J

where Ii is the i"th indéx set, that’is, the set of the indices of the . ,

anits that have ¥ “equal to 1.

~
AR T

The first derivative of L with respect ,to a

:

written

AL, L 1 3d . L R
- - e_— e - Sy .
hr ’ ) ) we T - ~
d Buh

o f
+

E

a

Q. t

) N “a “ i ~

"
h
6hr is the Kronecker delta and s o
ad 0y

where
. - ~
exp(a, + I B'x.).
h . '
1 JCIf

aah' i=
Hence the derivative may be written

L ‘ , o
T e T By

aaﬁ . . s i'
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so that the j th eiemena of (g1 - fg) is e
Now the right hand gide of (3.4.1.105';may' be written hm ",

e - - A} .
where the j’thﬂaiément of h 1s .

-
-

nCj fyp, 5 (d7nf). ‘
A '}\

3.4.2 Maximum likelihoood under, a geonstrained modé1l a

L
1

Y
W e

Under the constraints proposed by Rosner (see Section 2.3), the n
. .

“parameters, {ar, r=1,...,n}, of the correlated logistic model are
: ]
reduced to 2 parameters, .which may be written either as al and az, or
5 .

mtt

as a and b, the parameters of the undérlying beta dist{ibuqfon. Other

parametrizations

are possible, each consisting of writing the

- L
parameters, {ar, r=l,...,1}, as functions of a smaller number of

parameters. Let wus denote the s new paraméters by ¥y We can

ERRREA N

wr%te thé original n parameters as functions of the s Y parameters,

namely, - {

-

o fﬁtjfll,--

for example, Rosner hds proposed the functions

.’YS)’ j’l) ")n; — .

aj ='log[(Yl) /(Y2+n-j)j], j=1,...n,

j *
whegre -~ .
L X, ~, .
Ae) .~

~ c(etl). .. (e+3=1) .
; i ‘ﬁ : )
In gep@}al, we do not constrain the B paramefers.
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3




>~ , . 9 l‘

= (x, x A R (3.4.1.3)

L i n
and w as the h'th colunn of X7, then (3.4.1.2) mav be written as

~

5L

(]
:;— = Uh'(y—f), h=1,...p. . A .
"Th -
b}
The calculation of second derivatives proceeds in a similar manner:
Y ';?-L 3 ’

————— = = — 3

- . h
3o 3 .
sa a, a

:’“ nCh -
= - ‘== [ I exp(x + T 8°x)]}/d -
. h m
’ Ja, j=1 ael .
i .
. ad
: + --~ /d
-ty - ‘ | ‘ e
i /
e ‘
. = - + . N0 A
in 817 Bn By (3.4.1.4)
. In other words we nay -write
Y

3L’
—————— = 5.2, , ith=l ... /n
1o 3n i7h .

. i "h

= -2 (1 - i=t=1,...,n.
] N gh) s l‘h 1, , N _

For the derivatives with respect to 2, and 1, we have

“h

32, 3 aL
v } TETmIm =S s m=— - =
P 3 38

ai Eh Q h j
n 3.
.= Cox, ---

N A T

/7 .
where we write

/
- »
a/‘] 3 n n-l%t-1
S = - o L expla + I°8x) /d
) //faai Bui t=1 m=l PEImj
‘ 0 on-1Ce-1 2 .
= T Z - exp(a + I B’x ) /d ’
t=] =1 da el P
: i P ‘m j
v ¥
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L 3 . .
3d , . o e
-t -—- / d :
3 ya - ~
) n-l-i-l . .
= Cexp{a, + I Bx)-1, g .
a=1 pel 3o .
o #
: - -3 f 3.4.1.5 T
> éij bi j, ( ) i
- N . N __‘,
where gi: is the joint probabinidty that i of the units have a Y value ’
=J
of 1 and that one of these is unit j. Hence the second deérivative may J
be written
3L n . . ’
: —em-- = - I oxo (g, - 8,£0, i=l,...,n, h=l,...p. '
. Ja. 38 =12 ih i3 1]
i "h
Note that‘gi and fj are the marginal probabilities yhereas: gij is .
) ! ' .
“ the joint probability.
The second derivativé with respect to 8.1 and EH may be written ”
32L n 3 _ . ‘
...... el e O
38,9 i=1 3 )
| B 98, J B,
a——
where
’ 3f N p-1Ce-1 2
-4 = I {--c exp(a, + I B'x )}/d
3 =] =1 9
Bi t m Bi peImj
(,// ) i
: -f, -—- /d . L) :
. j asl . q N
i . .
N p-1Ce-1 ' . ‘
= I L [ L x . )expla + I Bx)] /d
pi t
t=1 a=1 . pel ., pel .
m] m ] «

n
- f, I x £ : (3.4.1.6)
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For the first term in this expression comsider the coefficient of a

typicél x factor, say X i- Now X 'appears only when t is. in the

A\ . - .
. -“¢rﬂﬂx\fndex set Imj’ that is, “when xt appears in the ternm
ko)

exp(ah + I B’xp). e

. ' ' ” When this occurs, we are calculating a probability that contaips. the

.event ' . L

Y = 1. ’Q/
- , t . . P
. . / - - . Y
.. Thus the coefficient of xti in the first term of expression (3.4.1.6)
is the probability that Y is 1 and Y, is™1l; that is, (3.4.1.6) nmay
2 .
* be written
n n
., = I x f . -f, I x ., f
] t=1 ti t] Je=1 ti 't . .
'& , d
where 4
' K ftJ = Pr(Yt = l,YJ = 1) i
and, -when ’ .
’ t = .
then
. f =f =f = Pr(Y, = = Pr(Y . = .
“ ) t] e T Fy r( j L) r( t 1)

Hence BZL/BBiBBh &ay be written

-

n n n n
‘ ) ) Jil n til e fjt? " (jilxjh ik (tzlxti e
’ ¢ which may be rewritten as ’ ‘ ) I e ‘
n - n =
L T GUSEPT = B IRy Ry (B 200 '
I; summary the matrix of minus the'second derivatives may be written »

-

as
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* .
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e
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e
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-~ \ «* : "‘ -
N
W - g8’ (C-gf") X",
. ' . (3.4.1.7)
X(fg-G”) . X(F~f£7)X~
where W s the diagonal matrix of the gl's, i=1,.‘.,n, g 1is the
~ vector of the gi’s, and . e
g. = Pr(i of the Y's are 1, the remainder are 0),
i
f is the vector »of the fi’s, i=1,...n, fi is the marginal
probability that ?i is¢T, that is,
) = Pr(yY, =1 . )
. £y = Pr(¥ = 1), .
G is the matrix of gij’s, 1,j=1,...n, where
Y g;j = Pp(Yj=l, as are i-1 of the other Y’s), R
F is the matrix of the fij’s, i,j=1, . n, where ’ X ’
- LI ‘ r
-- A = Pr(Y, = =1 - .
T | .
fii also béfhg‘known as fi’ and X is the matrix of covariates as
. )
defined in (3.4.1;4). s . - ,
The inverse of ‘the expectation of this matrix yields the asymptoffc
dispersion matrix of~ the maximum+ likelihood estimator of the
. . { ~
correlated logistic model. This'matrik. is studied further in the next - <
-~ * )
section in which constraints are 1ipposed on the coinelated nodel, i
".»‘ . ‘1 :.‘ B \ B
yielding Rosney”s correlated logistic model. . - . s r%\\v
>~ ‘ - - - . [
o ;': et e .
N s - ' .
_:The ‘expectation of the matrix (3.4.1.7) simplified somewbat if we make
[ ) .
the assuaption t@at the marginal distribution of X is the same in
all the units and that the.joint distribution of any pair of X“s is !

A
N . -

—_—

the same for.any pair of units. In particular, "\,
. I " t
B, [X(F-££7)X"]

4
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.. g, is equal to , . R s

= n E (XX £(1-f) + (n-1) xllz'<f

E BT (3.4.1.§)

where XX~ indicates that observations are from the same . unit, and

Xliz’ indicates that observations are'from two different units.

Similarly, . - ' .o
£ = Pr(Y=1),
! [y
f, = Pr(Y, = 1), i=1,2,
and "
N £, = Pr(Y, = 1,Y, = 1)

A further simplification ocgurs when the regression parameter Is zero,

- that is, when the covariafes have no effect. - In the first place, f,

fl’ f2 and ffi .are no longer functions of X and may be removed from
/ p
2

withih the expectation brackets. If we denote f(l-f) as oy, then *

- - -£2 .
fyhify = fp 0
’ 2
=p, 0f,
y oy

so that (3.4,1.8) becomes
*

n 05 [E(XX") + (n-1)py E(X, é’)]. (3.4.1.9)
Also ¢
E{(G~-gf")X"] = n (gl—fg)ux’, (3.4.1.10) - .

where f and g have besn defined above, but now gj, the j’th element of
LY \':f\ ~— »
R -

. f g = PE(Y LY =LY =0, Y =0),

is defined as

-~

and g, is the vector whose j“th element, glj’
¢
g); = Pr(¥;=1, as do (j-1) of the ather Y’s) 5 e

. [

-l
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. X . )
T d
= _ C._ f . ‘ ’ - -
n-1C3-1 By 5 ¥
- so that the j th element of (g1 - fg) 1is _ .-
i ’ ’ r’ " g s
“ ‘ ' n-1¢5-1 £15 5 (rf’df)“‘
; .
- - Now the right hand gide of (3.4.1.10) " may be written hux’,p
where the j’th,g&ément of h is . -
nC3 Ly, .,y (I70ED
. '} )
- 3.4.2 Maximum likelihoood under. a genstrained modél . )
R Under the constraints proposed by Rosner (see Section 2.3), the n
. . .
W -
Cv el _ -parameters, {ar, r=1,...,n}, of the correlated logistic model are
het e . 4 Y
reduced to 2 parameters,.which may be wriften either as a and a,, or
“r .
. as a and b, the parameters of Eﬂe undérlying beta dist{ibuqfon. Other
parametrizations are possible, each consisting of writing the
‘ paraméters, {ar, r=1,...,0}, as functions of a smaller number of .
- ‘ parameters. Let us denote the s new parameéters by Yl""“*si We can
l;f ] wr%te thé original n parameters as functions of the s Y 'parameters, )
'ﬁ ’ namely, ‘
e - aj =“‘i}§“,ly"')Ys)) jaln LIPS 03 _ .
for example, Rosner has proposed the functions
A a, = logl(y,),/(Y,#n-1) ], j=1,...n,

j gl(y)) /(vytn=) ], =1, ’ }
a7 where - ) ¥
" R ~a o “

(@) pm eletl)(eH 3T R

. i~ ’ ",
". ~-In general, we do not constrain the B paramefers.

o - . t e




Since the B8 parameters are not chan edfjwe need only investfgate the
P g y st1g

.

| effects o

parameter

f constraints on the derivatives with

-~

s. For the first derivative with respect to Yy

L A 1 ad
—— = P L o

respect, to the a

we have

where Ar,is a random variable in the sense that the actual functiog of

-

Yi that;appears depends on the value of Y, the outcome vector. This,

point will be discussed later in this section.t The right hand'side of

the above

! A n aa, "
R TR 2 INPRE R
BYi j=1- BYi . <
N ¢ ' :
yhere,gj was defined in the previous section as ,
gj’g P of the Y’s have value 1).~
The, second dérivatives also change from those given in
géctton, so that. =
a2 3% o @ da,
e = i AT --d ]
Ay vl IRl av T dyy
. 32A_  n  da, 3g, 32q .
o < ____;f,,i: T ( .__J ——d + gj ____.]_) ‘
3y, 3 j= “-
TRy L 3y, an ? 3v, 37,
32Ar n 32q n da, oy"
= ----i- - I(gy sy -1 (= -y
3v, 3y, =1 9y, 9y, =1 3y, Ay
Now
oy, oG 2 ' ad
I { Z‘}<}:~exp(aj + £ B’xm)] - gj ---1}/d
. a =
Yh t=1 ayh meIt ayh
o ’
. »'_d""‘ I3 "

'

equation becomes

AES
the previous
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. ‘6\:
da. n Bat - )
= gJ ——J - I gt . " F ) ’ . .
ay, t=l ¥y, A .
Hence aZL/ayhayi may be written A
¢ . -
32a n 32¢, " n 3a, Jda n da, n da, .
—E__ ¢ gj 1-__3_ -7 gj BN S| + 3 gj __9 z»gj 4 B
iz = =1 ) i= ’
ayhayi j=1 ayhayi i=1 aYh ayi j=1 Yh j=1 ayi . ~

.
* - (XY

, Consider the first pygfterms in this expression, namely,

3y aYiv h|

N P

It is obvious that, for a full set of n a parameters, this term .is
zero, but of interest in this sectTofi~is the value Sf this eiptessiodfl

when the number of parameters is less than n. In particular, this

. . .

expression will be wused in obtaining the asymptotic variance of the

maximum likelihood estimdtors. The form of thé-asymptotic dispersion

-

matrix may be simplified by the foéllowing lemma. .-

s
-
t4 h /}4
- o -
.

LemméWJ.A.Z.QHT

1 ‘ 32Ar . n 3%q . 2. : j
Byl —t=%- ) = g ——--1-" . X - :
Yix 3y, 3Y j=1 J oy ay
n 'y . n' ' N\

-~ ¢
. . -
bt -

. -')‘-“‘ .
Proof: Ar is a random variable * that takes on vdlues aj with

probability gj, where gj was defined above. Hence i+ v
n ‘ .
E(A = I a,g.- . ' -
(A0 5 83
j=1 .- .
EY }

e
».

Moreover, BZAr/thinnls‘é random variable that tak&s on values

i 5 5 - [
- 32aq . /dy dy, with probability g., j=1,...,n,, so that
3 3 hoi 3 w
k 1.' >
Z, -t < "
v : e * .
LT £ ' f |
? . <
. ol .- ‘ .
I c ..
a4 - »
, rem -
v
‘§ | 2 . " e
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n : .
E(amr=-Ba) = 7 ((—---d- gy ‘

BYhaYi ] heYy o - .
That Ar is a random variable can be seen from the fact that the use of S
a in tHe\distribution function of the correlated logistic is merely
a short-hand notation for the expression i

b3
n n ) n
§,. Ly, +8 Ly.y +...+8 NIy, .
)71 2y 3 e Byay a

in the Dempster generalised exponential family (see Section 2.2), and
the particular function of Y used with ar is thar function which"

takes the value 1 when r of the Y's are 1, and otherwise is zero.

.

a3 »
The second derivatriive 82L/aah38i may be evaluated as *
- [ ’
3 9dL n af .
- === === = -1 in - - i
3Yh 38i j=1 avh - - -

s .

S
Now ij/ayh is different from the expression for 3f /‘Bah given in

k|
(3.4.1.5), in particular,

3fF, 3 n ;10—
=== oo (I - r expla +I8x)/d ]
ayh BYh t=1 n=1 peImj
n n-1Ce-1 aa[
=1 b exp(at + I Bx) ---]/d .
=1 =
t m=1 peImj BYh
»
ad 21
SRR L
3 ~ ]
{ Yh i . e i v
< n da n da o
™ g ___t. - T g .t Yy
pr =1 &) PR
t=1 ayh t=1 ayh_
x e
-t ) N
L]
pr
L : P o ” o
/
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Thus we have ’
. AL in n . da -
‘ teedess = - Do {x [ D (g .- f.g) 11
: . ji - ti o JTt
» M?Jﬁasi j=1 t=1 . AT BYh .
. hél)' ,S, izl, 'p' " “* [
N , . :
o . 5
from°the rgsults in this section, it mqyxbe seen that, for’any reduced
] “““form of the correlated logistic distribution, and 1in particular for
* Rosner”s model, the asymptotic wvariance-covariance matnix is
calculated from the inverse of the expectation of a matrix similar to ‘“
. ’ .
- that given in (3.4.1.7), but with s
W - g8 ‘
. %- ) bt -
replaced by the mateix™ - _ O
e X
!
HWH™ - Hgg H~ .
and .
! . (G - gf")X~ ‘ , - .
réplaced by the matrix i ‘
v?a’
P H(G - gf")X",
”3¢' where H i%%the GLsxn) matriiﬁaa/ay, that_,is, the matrix whose
Ry -~ o -
. F3 3 ,_H.
”(1,j) element i% auj/aYi. 5, T
S .. ~ o
PR *
) " .\‘:! » o
3.4.3 Codditional estimator R ¥ Bat
. -
As shown in sectien 2.4, the cgnditional probability distribution-
function for a single cluster can be written
" .
- v

. na s
g .. L) i *
. . EREREY . SN
- v . o NEEC .
LI >y
~
PR
‘e . "
. T R
[ v v e . e . '
RV e ‘e “ ezt
IRCR O <
o " » iw v » l.‘ L'ﬁ'v o
X * - Y ]
J K . -
ng . X
Moo
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r
exp( I B’xj)
i=1 JeIi
where'fl is the index set for tﬁg particular sample observed, that 15;:F»

the set of . indftes: {jl""’jr) .of the Y¥'s with value 1, and {Ii,

i=l,...nCr}'is the set of all‘posqible index sets having exactly r Y

.

values equal to 1. Without loss of' generality, we may,asidmelthap,ihe

ffrst r units have Y equal to 1 (or that the units have been.

P | ~, -
sy !

rgiabelled to produce such a result) so that the distribpflbﬁ”fdbcpign

“

- N J A - .
for a single cluster.may be written ST
) - l‘ . . .
r . r A e
p( I x) =exp( L Bx)/d 5 :  (3.4.3.1):" "
R ‘

nCr
d =L exp(IB'x).
i=1 jeli

Expression (3.4.3.1) 1s also the likelihood function for 8, so that

“

the conditional log likelihood function is

RN

.
. s

T e - .
L(B) = L B8°x’ —~ log d. (3.4.3.2)
. Pl

The. first derivative'of L(s) wi!;‘respect te Bi’ an element of B,
e

. . ~ - ‘ y
is ' “ o
n 1 5d

I, - - -—-,
. je1 4.8,

where 3d/38i is

exp( I ﬂ’xm)
me L

J
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so that h ( - ‘ ‘\\\\‘\
1 3d . ,C}
- - = I I x { p( T x ) i
- d 38, j=I el ™ mel ™ . . e
, i a . ] ' J s ' \
where p( I x ) was defined as the conditional probability
item ) . " ‘ :

distribution function In (3.4.3.1). Hence the first derivative with

-

respect to B may be written; '
\ - -

aL V4 Cr )

~———= 7 Xog z z xmi p( L xm),

3B, . j=1 ] j=1 meIa ' mel, :
: . ] _— ’\f ’%‘QY
- - i=1, TR I N '"" _— :

. . “ - % :

y g ’:- . o . 4 .
The second derivatives may be.deternined in,a similar way, that is,
“ ' 4 - -

-

L A o dp(Tk ) e

: —mmtema - L Dx o mmeeete ] ~
i 28,28, j=1 mel, 28, -, .
where the summation cou@ter has been omitted from p(me). Now
" ~ v - ~.
Bp(me)/BBh may be written a%ﬂ
Jw-; 3 exp( I B’xm)_ 3 . )
- - ——— mmmmmees wz=- = --- [exp( I B’xm)] /d
) . a . -
CLom Bh | 4. . ?Bh mte
o v - . 3d .
Lo -exp( I B'x ) -—-— /d
mel, ° 9B
i j « h A
£ £ 'z ngr Pk (I x )
melxmh p(mélxm) p(meIxm) o=1 pel “ph Pl eIxP)
3 3 3 PE P n
so that iy
& I . - v
. 3L nCr : . C e
K 28,8, ) _jzll(mixxmh)( zlxmi)p( iixb)]
B A = m m ~
. Lt 3 3 3
e v
‘f‘ | Ja
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- nCr ncr N
+ [T (Fx )p(fxm)][X(ZX.)p( L x)] (3.4.3.2)

m . i
j=1 mel mel =] mel - me [
. ] J ] ] ]

' h,i=1,...,p.

The information matrix for the <conditional correlated logistic

¥

distribution is given by

.

alL

where the (h,i) th element of 32L/3B3B” is given by (3.4.3.2).

9
Since the distribution of X is assumed to be symmetric with respect

to the wunits, the expectation of the (h,1)"th element of the

information matrix simplifies to

E(( T x

- yp( L xm)( Z th)p( z xm)] } (3.4.3.3)

m=1 me L mt-:Ij

3

wThis expresslon will be examined in some special cases in Chapter 4.

mh

»In the null case, that is, when

g =0,

the probability distribution function (3.4.3.1) simpiifigs to

< . . .

p(+) = /gy
A\

so that (3.4.3.3) becomes

r r ofr . T
E(Z Xoh z xmi) - [ ZECE X h z xmi)]/nCr (3.4.3.4)
m=1 m=1 . j=1 m=1 mEIj ve e,

” -
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The first term of this expression may be written
(X, X + -1) E(X, X 3.4.3.5
r (X X)) 4+ or(r-l) ECX X)) ( )
where thi indicates that the variables are measures on the same unit
(and hence have a within-unit but not a between-unit componept).
Similarly 'hlxi7 indicates that the wvariables are measured on
different units within the same cluster (and hence have a between—unit
component). .
The evaluation of the second term 1in expression (3.4.3.5) 1is more
complicated. Let us consider tRe expression {
- B - . | ’
L r -
‘ (Ex )L x )
m=1 melj s ‘.

Assume that t of the indices in Ij are also in the set {1,2,...r}-so .

that " S .
4 r v -
= tEQ “+ (r2- .
ELC T x (002 x )] = tE(GX )"+ (r9-0)E(X, (X0, .
m=1 mel, ‘ ' P
J LI
:' and . :
nCr r ‘o
I EICT = 0C T x )]}/ 7Cp
j=1 m=1 mel ,
J
r - H
= I (Cp qrCr-t [tE(X, X)) . :
t=0 : .- Lo
1 ’ ‘ 2— .—
- + (r t)E(Xhlxiz)]/nCr (3.4.3.68)s ,
but - b ' A
‘ N . rCt n-rCr-t . "
7 nr
. . —
v
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S . - . Bt . 1 .
L.

.Y is the probabilify distri%ution ~function of the . hypergeometric
- . e b :

r 1 - e
-distribution with™ population of size n,, of which r-have the required

S -

characteristic and a sample of size r 1is picked.~ Thus T ‘may be.

v -
’ R .
N B +

N [ -~ + s ( N N . Iy 2 )
gonsidered as a random variable with a hypergeometric distribution and

\ - . - !
\ ~ N - v
P

(3.473.6) may be wri?;en . . .

12)
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. - g 2. v
E(T) EXCS, X))+ (% E(T) JEXCEX, X,

ore2 + 7o~ L2y
[r E(XhXi) (nr r )E(Xhl?(_i:2

)1/

» ~

U e e (etxx) + (o X
oot f EQR )+ (DB X
a

»

K i ’ R
. Thus (3.4:3:4) becomes L. : R

«

.k

: E(rmr) [E(X %) TE(X X 1/,

2

In general, the information matrix may be written

azL s e - .
"E(- .~=-==") = r(n-r) [E(XX") —E(;lxz')]/n,(3;4.3a7)

N

where the diagonal elements are -of the form

) _ Cie2y L R
rean) [BXD) - B x M _
="r(n-r) o2 (1= p ),
X; Xi ’
where OK is the intraclass (or intracluster) correlation for variable_
A
X,.
i
Q
The expressions‘above give the conditional information, tﬁat is, the

-

information in a ~single cluster conditiomtal on there being exactly’r
units with Y equal to 1 a;d the re?aining (n-r) Yus eqﬁ%l; t; 0. In
order to éake comparisons with other estimators, IQe reqdfre an
unconditional mat;ix corresponding to information der‘/é}l tample

.

- fi;sqzes. We shall obtain this information maiiii/gy :uncoﬁditioningv
Lo

-




)

Pr(r Y's are 1) 1is the

the conditional matrix, that Iis,

respect to all possible values of Y.

32

0 X IRIB”

n
= I E[(- ----- '

W

_—
by - taking the

This is given by

Y Pr(r Y's are 1)] (3.4.3.8)

where the typical element in 3%L/3B3B” is given by (3.4.3.2).

correlated logistic distribution,
values of X.

in Chapter 4.

.

However, When

B = 0:
the probgbility, Pr(r Y's are 1),
expression

‘for the information

29

expreséion (3.4.3.7) we get

e 32L

- E‘r(g—r>fa(xx’>-a(x1x2’)1.gr/n,

r=0 -

conditional

Expression(3.4.3.8) is evaluated for some

probability according to the

and is generaly dependent on the
simple cases
v . ) \

t

v
| ( ’
-

depend on X and the

L}

does o not
"y

s&mplif&éﬁ, in particular, from
1z N ) o

(3.4.3.9)

This expression uses the term gr, which was defined in Section 3.4.1

as

1u05hH

expectation with .

-



10¢

where

Pr(a pdrticular set of r Y's are 1, the rest being 0).
'] »
) . 4

, n
exp(ar) /I exp(aj).“

h
r
For exampie, under the correlated logistic model,

. =0

No;eJ;Hag the summafioé in the above expression ranges from 0 to n
Although a cluster with 0 or n Y's equal to 1 contains no informapibﬁ
the J]ikelihood 1is constant, this result is’

?

iy

about B, that is,
contained 'in expression (3.4.3.7) which.has value‘O for

and .
. »
Ll

expression for the information matrix becomes
(3.4.3.10)

Hence the~
. n r(ﬁ—r)
[E(XX') - B(XX,)] £ -—---- g,
. : r=0 n -
As indicated in Chapter 2, when f ¢
. 8 -0, ’ _
{gr,r;O,...,n} is the probability- distribution function of the a
beta-binomial distribution. Let R denote the beta-binomial rafidom
variable. The summation éxpression in (3.4.3.10) may be written ) .
n r(n-r) :
] . E ______ g
r=0 n T
4 B
o . ,
- ) , .
5
L




PR w
2f = E(R) - E(R?)/n \ b (3.4.3.11) h

“Thé‘beta—bindhial distribution of R may be written in terms of

. P o . N Ve
parameters nm, a%iand b, or, as indicated by Crowder(1979) and

Williams(l982)’,""'i'n terms of parameters n, 6 and p, whex -

S a o+

3] a/(atb)

1/(a+b+1) * | ) *

©
I

LT where p has been ., denotéd earlier as p¥, the intraclass

(intracluster) coefficient of Rosner”s correlated logistic model, that

3

: , -
is, Lt T N
A AT ) ‘
o = carr(Y.,Y.), i,5=1,...n. 5. g )
s » y - 1 ] L. LI -
Under this parametrizatlen, ‘ e =
E(Y) = 9 o s

Id

L - L RY .- o
o Var(Y) = 6(1-8) = q2, o - A

- -~

E¢R) = n8

AGS

»,
A

and

S var(R) =‘n6(1—6)[1+py(n—1)], ’ .ﬂ~ *

M_ - We may Qrite the expression (3.4.3.11) as S _ - .

_, ng - {n@(l—e)[1+py(n-1)]+(n9)2}/n : D [
’.‘ . . which, ::xft:er some manipulation, :pgcomes p f g

) (n+1) 05(’1{—;;&)




Thus, under Rosner’s correlated logistic nfodel; with RN

. B =0, ' ) o et

‘ ol LA - :

e - the €Xpected{ihform;£ion from the goﬁditional model can be written - -

oA
»

s - . ‘;‘“ - _.v 2’"‘__‘ .
- 1(B) = (o-1y q,y,(l ?3) [E(xx ) HE(X X 2 D13a8312)° oo

3! L -

3.4.4 Usual estimator °~ - - -~ - e Tt
—_——— - __._gy;—»—— - .

' . . Ny e ,

- * g o - "
The term “usual estimator” denotes the estimator derived “by,;solving
» N - PRt o . ’ -

the maximum, likelihood éiuatiéhs.ufof,ftﬁé( usual (or uncorrelated)
¢ ‘. - ey r R - “
‘- v tbgistic-regression model. We wxsh to study the ﬂlstrlbutien of this

P .
o4 . IR - .

: estimator when the a55umption Vﬁ? no correlation is wrong, that is,

- L BT ':

£ . . .
whgﬁvthe go}re&ated logistic ’distrlbutlon is .cOrrect._ A gewmeral~"’

. - .t
- D L At v . o
Yoo v PR . - .

. ~. method.for .éxamimgidg~ the distribution of _an estimator, 8, that “has
) . R s
-beed obeained by solving the estimating equation(s) .
' N, e
~ Ny v Pl
. s (8’=0, - . ‘
vy k

- - - ',.--\

-~

. .

N : where k denotes the sample 512 15 glven is Appendlx B.4. We have

R <investigated the expected value of Sk in Sectton 3.3.3. In this
! :;'p ~ '

'~rdsect10n we are interested in the asymptotice vgria#ce fo%, which™ is

- ta . . -
. N

., N —1 —]_ P -
‘L ~ shown in tMeappendix to be U VU ', where ¥ is the- asymg;otic

,+  “wariance of: SL and U—1 is the limiting value of [-S’ (0)/k where

>, s

k 1§/Ehe derivative of Sk with‘respect to the® paramefer, @. \

. . - -
z , ¢ . S

A . N t- )

v‘ PR

v

We are also interested in the misspecifiation effect, that 1s, the
N * v

error in estimatiwng the barlancg of 8 due to the missngifiqation of
. “'

the probability distributidn., The. usdal estimator of.cﬂe variance of
‘ ’ . . ot
0 is (-Si/k), which, as indicated abdve, approaches U 1.,.'Thus

o

. - N
[ Pr - ~ W A .
’ - ’
‘ / -+ Y N prs AT \ i
Vo
| - . oy
R
\
- S
; o . ‘
* ot
» - ,
- - -
‘ o . . N
. oy .’ : .
. - ~
'l -t .
. ‘ .
..
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* -
- .
o7 -

.For the usualhesﬁimator'of the'reg

o
]
S u

B - :
’ » - -
b 109
- - n " i - -~
[ .- .
. - » .
'- : gl . .
.the misspectfication factor. is VU . This misspecifiaction effect

e R »
- ~,

-is analagéus to that dsfihﬁd by Scott and Holt(1982) for the ‘case of

‘ . "

_continuous dependent variables. .

Y ”~ .
-

v i S . -
\ L. -

ression coefficient, denoted here by
N

,-it has been shown in section 3.3.1 that iu

!

consistently when B8 1is zero. Hence we are only investiééting the

- (P

estimqtes

. -
asymptotic variance of 8 when # is zero.
ue “ .

. g -

~

If one were interested in measuring behaviour of an estimator in terms .-

>

of mean square error, then one might want to evaluate the asymptotic

However, that is not done in

. .

varianceﬁ‘(‘ﬂ when B was non-zero.
u

this thesis. . <

S

The estimating equations, K’ usual estimator

used for obtaining the

are those of maXimum 1likelihood esfimation under the usual (or

uncorrelated) logistic model, that‘fs, for a log likelihood

. -
k n k en k .n .

al Ly  + [ LIBx, .y, .-I%"Llogd .
S BT R B O B SO RS B IS 3o
11"' . ’; ,'-"
where N N
. =1+ ;;' ‘x. . i

dij 1 exp(a_"ﬂ xij? .

v
.

e
One takes derivatives with respect to-a and B, and sets them equal

to zerg; giving the equations




P = Pr(Yij=1(xij) o
= + B8 + expla + B .
exp(a Bxij) /(1 exp(a Bxij)l .
‘It was shown in section (3.3.1) tRat \"/
“B = 0 . -
implies that : . . » -
-/ TN P -
. a0 -
g -0 (
and . ’ o
AR e A A/b .'V ,;v“" v i
4 au — }_ogit(F), - '
st : ’
_where
} F = pr(Y=1]|8=0) (3.4.4.2)
where the probability is calculated wunder thé correlated logistic o
.~ model. Since Y is a binary variable, (3.4.4.2) implies that
- ‘ . -
- ‘E(Y) = F. . A -
J . ~ -
If we write a, and B. as the limiting values af a and B then P s °
o' v 0 0 u u « 0
the limiting value of Ps is ] o o
. + ) =
5 exp(cxo) VAN B exp(cxo)] F
so that ' C ) R
E(Y) = F = P_. {3.4.4.3)
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2

r

v

y e

N7
Examining these

o

written -

7:; e - -
A;
Equations (3.4.4.1) yield the es
S, (a,B), namely, -
k -
et A
Pl n
kK E[ I (Y, - P)]
1, 13
. n e
.. AKE[IX_.(Y -P
=y - f J=1 j ) ] "

-

W a

J'.).]

3

L

estimating equattdns, we see that

.
RS

kn E(Y—PO)

_;kn E(Y-F)

e kn E[X(Y-F) ]~

s
By equation (3.4.4.3), the first line of

o~

write E[X(Y-F)] as
. ¢

-

- f‘;'
that is,
o g

~

R

'Moreover, Skggb,no)_ is the sum of

!

¥
distributed” terms,

*

showﬁ‘tﬁat
-

A

, -
“ IS A N i ’ x
*anE[x(Y‘PO)I . ," . L
q; ‘
W ‘ —
. (3.4.4.5) ° .
(374.4.5) is 0. Also, we may
EX[X EYIX(Y-F)] = Ex(x x 0) 3 O
- o: - A
-~ . \\'
- . . l, -
E[Sk(ao,BO)I = 0. BERE - o
k independent, identically  _

1

rk

.

De

»

.

each of which has mean ©

.

T S (g, By) = MNCO, V).

-t

(3.4.4.4)

timatidgC equations, that is
. +

111

L N

E[Sk(ao,BO)] ma¥ be,

and variapcgng(=

L.t Var[Sk(aO,BO)]). Bj the multivariate central limit theorem,
. S

“r

[

it'may be .



r

”~ ~
« . - < -,

. a o
The matrix V may be-partitioned into four submatrices cofrresponding to..-

—

N B N >
the partition of Sk(.) into two expressions gas’in (3.4.4.4)).
be written as b

L

'

)

Var[ I (Yj—F)]

11 g

n .
Var( I Y.), (since E¢Y,) = F)
(ol j
] ve,
n Var(Y) + n(n;l)fcov(Yl,Yz):’”'
2 1y o+ —1~ '.
n oy { (n )oyl

kY

To evaluate?

e

B n .

V.. =vVar[ I X.(Y, - F)]
22 e 309

-

‘- Lt -
we require the rule
: ; ——
s

Var, . = E. Var + Var

X, Y < Yix (3.4.4.?)

X EYf’}X
et [l

s ‘ -

)

;}E(Yj) = F, j=1,...,n,

The second term of (3.4.4.6) disappears™so that

3

v n
Voo = By Vyix [jilxj(Yj - Bl
)]

A

denotes Var

’
N

matrix V22 13;- - N

where V The 1°th ddiagonal element of

YiX Ylx:




" \.M . :;‘-a
’{.‘ \;.!_ -~ -~ N . .
Y T N % ~° '
. o S e 113
AN o , i
" ! - ‘ . LV
. e e f' NG »
R Wy ® o
: N . Sip oy ~ X R JA ¥
T ; EX(\%BX i (ry -9 L
g - ' : s j-lz- i oS "
-, : 5‘."} 2 Z’A . . . ‘ - s
v ! “ b . = X + - 7Y~"“ X -
L . i e =m0 g(_i) ’ n(n-1) du (Y, Y59 E(X,,X.,)
< “ MRS R ; Ly
where Xil ang_Xiq describgithe correlated obskryations on a covariite's
b T . ~ DA RS .
. i -~ , e . .
.-» for two unifis in the same g¢luster. The (h,ié) th element(h*t) _ of
o ¢ o I
3 matrix V22 may be written as o " £
¥ ’ . =
. n Y n v
E T[X (Y, - F))] L [X,, (Y, - F)]} Fed
wo By Bypy (E [XpsoCry = D)DK o (Y = P -
N =1 j=1 P
H .-." -
s-=n g2 + -1) ¢ Y,) E(X, ,,% T . '
4 n oy E(Xh,Xi) a(n=1) cov(Y,,¥,) _(.,hl’ 12), . ,
e i ' i -
where Xh and Xi are the random variables .representing twoe-~covariates » " “
" . + e
and Xhl and xiZ are the random variables for the pdrfelated
'-'3‘, . A N .
* e A .
observations on two units 1in the same cluster. Heuge'ye may write -
, . R ‘4. . ) «
. .\22 as - ’ >
> 2 ¥ * "
” n g E(XX") + -1 E(X X, =3} . + "
v o2 [EQKX) + (a-1) o E(X X, %5, PR L
o e ‘--;. v ¥
where the notation was introduced in the previous section, that is,
X is the rafidom vector for the p covariates in a single unit in a
B ~
-t ea .
éfhsten, and Xl and Xz are ;pe‘random vectors for the p covariates
-3 "i N -
on two units in the same cluseer. "
. o . N;,
- v 5 _‘4_. - . - P AN
-‘"‘ ')A ) -
Finally we may write V. as . b .
> »m ' 71 Y
. *y T - / -
. no.e 0’ i ..
- w cdG( LY, I XY)
: a1 3 4oy de) B
. ) j=1 j=1
. Lo ’ -
- ™ 4 n : ‘4 g
o “ s E {IX, [0+ (n-1) &ov(Y, ,¥.)]} :
- X j y ¢ . 1°°2 i
jsl PR , o 2= o - B
't o ' o . el ’ At - /: v -
> = 2 - " . ,‘\ P
. n ol E(X [1 + (n-1)p I} ~ i .
v. =00 1 + (n-1 . "
* Zug (14 (2o ] ;
Wt
¥l ’ _'_‘: ot Y N w
-~ ",' ’ ’ . - - : o




Thus V mdy be written  » v
° 1 lJ - '4 1 u -
n6§ ( SRy (n-1)p X ) ((35%.6.7) .
uy E(XX7) uy E(XX,7) T e .t
which we shall write as
T+ (n-1)p W. ‘?3' -
’ y -~y .-
Next we <consider the limiting ~value of the = derivatives of
L . ,
-8 (a ,B )/k. First we have ey
k' v’ u
3s, . ko ap,, :
Y S N S
da  i=1 j=1. ?a T
- ) . )
where i S,
- .
RS AN Sy e B I
' da d3a | 1+ exp(a+ 8x) |77 -t o
{1 + exp(a + B'x)]exp(a + B'x) - [exp(a + B’x)‘]2 , X Rl :,- .
[1 + exp(a + B"x)]? -
S ‘ ‘ T oy s
where the ij substript has been suppressed for clarity. Similafiy o - .
3dp/ 3B becomes qu; so that we may write —Si/k as the matrix A ’
U that is, as f . ' e A
. _ o
1k . " x, - »
S [Pty o T Pagty | e
k i=1 j=1 | x - - > v
70 FisPig%ig *13%13 Prg%ig |~ ~ .

where A
-
.

pi Pr(Yij = 1) - .o -t - -
under the usual 16gistic model and

Ay = 1 Py : el
and x, . is the,ﬁggl) vector of observations“ép\unit i‘{h'élustef‘i.

I3 2




. . [ ’ ’ ‘ -
We wish to determime the limitihg value of Uk as 'k gets large,.. As..

shown previousuly, as o .

. . of
N .a._"'p N
N —_ (=0
.- . L ",,.B.O (=0), )
" so that, for each-i and j, s
T “ ' i
! *

. L
o : ey T (1R . -

- T . ~

. toeee .
ECTI _ o L F = Pr(Y=1[8=0) .- LT A L .
e, . Ly - g . - '“ P . .
- .under the correldred logistig modet.- Pipnally ... 0 ~I%
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Thus the asymptotic distrgppfion of the usupal estimator (when B is e e
P .
4 ¥ . 3\ - PERN
zero) is given by N
[
- ’ AR G
a = v - - -
. N -1 ale - N -
Yk Y 0 ~ MUN(O,U” VU ) “
¥ R - 0
- u

- ~

- S PP
whete U lVU .£an be written

-1 ol -1
v T + (n-1)p - T. WT
. (o=De ﬁ .
" where T and W have been defined above.
- 2
t 4
. ’
Moreover,the misspecificaion factor is o ‘\J) N
-1 T N
1+ (n—l)oy T W I N

. - 7
an expression quite analogous to that given in the multiple <covariate

case for the continuous dependent wvariable by Scott and Holt(1982,

L A

EBﬁO).
- S R
3.4.5 Dummy variables estimator 0
The dummmy vari5bies estimator for the regression coefficierts, v
_— . NESI o o,
denoted by B, was defined in section 3.3.4, where the followingl--

estimating equations were derived (see expressions (3.3.4.1) and

(3.3.4.2))
-
k n
b Ex,, (z,,-p,.), m=1,...p"
=1 jap 1dm 13 A ,e
T(3.4.5.1)
n ) .
L(z,, -"p, ), 1=1,...k
=1 1] ij

., 1s 1 under the dummy varibles

where‘pij is the probability ‘that ZiJ

model, that is,




~

- . .
. t
- ;
- - oo av " -
- -
..o= Pr(z, =llx, v, - -
plj ( ij G’IJ' 3 >
and vi‘is the indicator vector for cluster i. The expectéd value

> .
. . ~

of these equations was considered in Section 3.3.4, where caution.was

- [ «
- - h ~ -
«

exercised because the mumbef of nuisance‘ parameters, the. ' y’s,
~r . - . -
. : v b

approaches infinity as k ~ does. In particular, we did not use quite
o / -

B

the same approach to deriving these expectations as were used -£6r the
usual estimator. ASEmilgrly, in this section, we use a slightly ©

different app}oach from thatvggpioyed in the preceding section for the

RN ', ..
usual estirdtor in order to obtain both the asymptotic variarmce and

misspecification factpr for the dummy variables estimator. [.Again, as‘
4 ~
N ~

with the usudl estimator, because

8.=0 .
. - - !
is a sufficient candition for the consistency of the dummy variables

[RPRF AN -

estimator, we condentrate on examining the variance * =*and
. misspecifiation only when B is 0. - L e

o, Lo \
< .
-«

The~ésédmption is made in this chapter that the expected value of the -

covariates is zero. This -assymption simplifies the following

.- callulations, but is not negessary for the general conclusions to be

Ed

" ’drawn in this chapter and in this thesis.

.
o
. -

. First wg consider the expectatibn of the estimating equations at the

< f .

limiting value '“of tﬁé. dummy varibles estinator.‘ If expression

(3.4.5.1) defines theMestimathg equations Sk(B,Y), then Sk(ﬂ,y) can

- e v

Bé,gonsidered<”as ‘the sum- of k{;}omponents which are independently -

>
'

aiégriﬁuted; namely,

“xre A I

)
‘ . N

P v

.-




Heé 2 \ .
: L. ' 1158
A - i !
n 3 3 -
ITx, (z,.-p)
. [ IS LS
. - -
’
© n
Z(z, -p,) - ,
- j=1 9 ] .
A "v N » -
_\faking the expectation with respect to the correlated logistic
) + distribution, and assuming that the marginal distribution of (X,Z) is h )
. the same for each unit, We get }
n E[X(Z-P)]
3 i . :
n E{Z-P) . .
- S
- In section 3.3.4, it was shown that, if
. R
8=0,
R . then .
i ) )
) E(Z) = F
. ' ‘ ‘
. - where F is the probability that Z is 1 under the <correlated logistic
. model. : “
-} i s . . )
- It was also shown in section 3.3.2 that
WLt g8=0" .
, ) . . -
impltes that ,
s ' . B, =0 - R
. . - co 0. ) ‘ .. e
N . whete BO 1% the limiting value of Bd, the dummy variables estimatorjbf
.- ) B, the vector of regression coefficients. In this limiting ‘1.
. . . . L, ;
condition, P can take only n-l.values, namely
‘ ~ X . , ‘p% ="r/n, r=1,...h—1. ‘ o

For a further explanation, in particular, why P canﬁot ;éké on values -

0 or 1, see Appendix B.3.  Now Pr(?-pr) can be uéiéteh as s_ where

. - } | .




s 1is the probability that r of the Y's are 1, adjusted for the fact -
T

that r cannot be 0 or 1. Moreover, sr can be written - In terms of

expressions developed in section 3.4.3, namely,

or ’ . . .
. ; .
s_ = xCs h G\,/( )
r r - .
where 8, is the probability that r of the ¥Y°s are 1, the remaining
(n-r) Y"s being 0, and hr is the probability that a parficular‘kset ’

3 [

of r Y's are 1, the rest being 0, and

\ @
. 1/c = l-go—gn = l—ho—hn.: ‘ : a .
In paritcular{ for the correlated logistic maé@l,
a n
h = exp(a ) / I exp(a,)
r r h=0 h
The expectation of P may be calculated as follows
n-1
. E(P) = I p_ s
r=1 .
n-1 r
, = I =--- ,C; hr c
r=1 n o
. a-1 .
= I 3-1C¢-1 h_ ¢
T
. r=1 '
= ‘
* Now hr may be interpreted as the probability that Yl and exactly
(r-1) of the other Y's are 1. Premultiplicatiom of hr by n—lcr—lﬂ
. allows one to chose all other sets of (r-1) Y's. 1In other wofds .

. L

a-1Cr-1 h, = Pr(a specfic Y is 1)/ *,

’ ~

= f - o .

1 . . -

which 1s the marginq} probébility that Y is 1, conditional on the fact

-
'

~

» o
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that we ignore clusters with all Y's equal to 1 or 0. -Hence we have

shown that
. ‘q . - .
E(P) = E(Z) .
for all clustérs, where Z is.the random varisie Y with no possibility

-

that Y is O or 1. The distribution of & ié simply

Pr(Z = j).= Pr(Y = j) ¢, j=0,1,

where ¢ was defined above. The joint distribution of the random
- vector Z may also be defined as /f
-
Pr(Z2=z2) = Pr(Y=y) c. ' .

P -

This E§\§:rther discussed in Apppendix B.2. Thus our estimating

equations may be written

»

kn E[K(Z-P)]

' and ! - ‘
o kn E(Z-P). - .
We have shown above‘that
, E(z-P¥= 0 . : .
Eurtﬁer °
. E[X(Z-P)] = E| X’EZ|X (i-p)] sh:’ :
= E(X x 0) |
=0 ‘ - '

so0 that the expected values of the estimating equations values at the

- ’ .

I~
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Table 4.11
’

Limiting value of the usual estimator

N &
Values of B8 (foll?wed by values of exp(RB))

*

y/x

.050
.200
.500
.800

.050
.200
.500
.800

.050

.200 -

.500
.800

.050
.200
-500
.800

.050
.200
.500
.800

.050
.200
.500
.800

0

[N eiw e

O O OO o O OO

[= I = e 2 an]

(e e e i o]

coQo,

.000
1.0

.000
.000
.000
.000

.000
.000
.000
.000

.000
.000
.000
.000

.000

.000 -
.000.

.000

.000
.000
.000
.000

.000
.000
.000
.000

N 0

—r— 0O O OO oo QOO0

N~~~ O

FSN SN -]

cooo

.693
2.0

.664
.593

. 483 -

.340

.693
.689
.680

.669,

.721
.786
.882
.999

.7.50
.883
.084
.314

.835
177
.690
-218

.979
.6.87
.795
.069

1

— e e

= — = =

BN RO

W W N

W NN

.609
5.0

.559
473
405
.357

. 607
~597
.587
.576

657
.730
.820
.947

.706
.868
.071
.335

.858
.297
.846
424

.119
.076
.297
.637

2.

303

10.0

S WwwN [SYRN S BN (S 2N V) NN N NN NN PN

[o RV, N VS 3 b}

244
162
110
.088

.299
.287
.280
269

. 395
426
.509
.618

412
.573
.767
.018

.586
-038
.582
-154

.890
.893
-125
.466
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kn 02 [E(XX") + (n-1) p_ E(X,X,7)]. v
z 2z 12

. = -

- '
P NS

. . . . g
The wvariance-covariance matxix for the k equations coggeipopding to N

- >~

’ _ -
.

the k dummy variables is calculated next. The discussion assumes Ehag«.

- the number of dummy variables parameters becomes infinitely large;

' D rd
L “but, if }he samplé ‘space of the covariates has a finite number of =
t R

R ! : | PR
. ‘“elgments, it may be argued that there are at most a finite.number of
g ¢

v

unique dummy variables parameters (for a“®mple Example, see Appendix
* M

C.3). However, this finitenegs does not affect the results given in

A B
the regt of this chapter. The variance for each equation is

‘r R

n - '
! - Var [ £ (2, - P )] .
e - T S RN ‘
4
Since . o N
. R : ]
. ' ~ , EZ) = E(P) =F "
o4 - . ..
' this becomes .
! u
var( £ Z,) =n og (L4
E R

Since thre clusters are independent the off-diagonal elements of this

dispersion matrix are O.

a4 N
L

Finally we examine the covariance matrix of tMe two sets of estimating

equations namely, the matrix whose (h,m) th element 1is

k n n
cov|[ I L X, , (Z..-P, ), £ (Z -P )]
i=1 j=1 ijhreij i3 jfl mj mj

@

"which, because the observations are -‘independent between clusters,

becomes o . : -




Teo

d

:‘\ - . ' ”( g N 1 2

n n -
cov[ L X . (Z -P ), L (Z .-P )]
j=1 o] j=

and, since

3 = E(P ' -
B(z, ) = E(P_ 0, 4
this becomes
‘ ‘: R Ay n n -
o . cov[ Z (X . 2 ), L Z .}. .
" =1 mjh mj Y =1 mj IR

r

-

Now, because the marginal ana-“joint distributions are the same for. -

\ L
each j, » )
Y

. -

this may be written . '
.. . .
+ _ ] :
n cov(XhZ,Z) n{n-1) CDV(Xhzl,ZZ)
. =0 52 (14 (o) X ).
nos [ (n ‘)oz] E( h)
L .
} 4

Thus we have depermined the dispersion matrix of Sk(BO,YO).
Standardizing by dividing Sk(BO,YO) By the square root of k, we have

the result

- e

-

1
== 5 (8,,7,) ~ (0,V)
- /k k70’70 ,

where V can be partitioned into four submatrices, namely

Vll V12
L Y12 Y |
where 3 .
o .
V), = ® 03 [E(XX") + (n-1)p  E(X X,7)]
which may(be written as " Iﬁlk

2 _
nos [T, + (n-l)p W],

<




~ . x
i - : 12
whereas V17 aphJYZl are zero because we have aggumed'that
) : E(X) = 0. 7, Cos
~Nr - *} . 5 -
The next step is to determine the'limfgipg form\6ff’<$&(ﬁ,y)/k as k
goeé‘t6~infinity. The derivatives of the\expressions (3.4.5.1) yields -
. i : , N
. : i - R w’
. a matrix U, of *‘the form ' ’
N k o ! o~
D o ' R e ©
- “k
z I x .x .°p..q,. o
‘ 4-1 1313 AITL]
"1 n ..
I X, . p, .9, . N 0 3,4.5.7 -
.Z X1 3 leqlJ lequ (, ) . 4
k j=1 ) L
’

To'invert this wmatrix we use the following result (see, for example,

-

G;aybill(lQZé));u'far a matrix M which has becen partitioned into - four

submatrices, such that

M

<

- [ . )
- oy 12
a 1 =] .
ol Moy M2
the Inverse matrix M_l can be partitioned in asimilar way, namely,
‘f’ 11 12 ]
" L I MZI M22 J
We are interested in the submatrix Uil, which, from (3.4.5.7), can be
written , -
\
a
&
'l s




. o
. 420
-
a0 b
1 k o v -t
(- " Ix Ip o
K t=1 j=l RS
1 Kk -, 0 ™ oo L “
e- I (CIx ,p..a 0L X )/( p RED;
il gel 13717 13 j=1 ij iJ ij iJ ij
When . - ; -
v g =0, -
N ." ® "
as L - )
Y ——rm . ’ .
then
P
—s f
Py T M .
vt p oo . PR
T | - )
n P g . -
.Z pquxj - nfigff
=l 4 ’
) “
n P ! -
s x .p,.q.. - £.80.5 %5
g1 23 Pl
and
. n p ) n
° “p, .4 - fog. L xS
~ el 1y "i3°1] Pl M
so that
n n n
Ix,, RIS Y/ (L
(j=l 1JPquiJ)(j= {3 pqulj ( 1194
4
P 1 n n
- - ﬁ’
(-fg -Tx, Ix.) - ,
a i®i =1 istl ij

N

in general

Now assuming that a law of large aumbers .holds so that,
Ty )




11 n ‘ 1 n n . -1
= - - - E X E -
U {(E[fg, (I X.x.)] (fy8,C T X, I X, )1}

j=1 : n i=1 “3=1

1
= (02 {nE(XX") - —(nE(Xx’)+n(n—l)E(xlxz'L]};b
n- . *

1

= {02 (n-1) [E(XX)-E(X %, )]}

= 162 (n=1) (T -w ) 1}
[0Z (n-1) (Td Wd)]

where Td and Wd were defined above, and are similar to the matrices T

and W defined for the usual estimatori

By the methodology established in Appendix B.4,

D

A’ -—
Yk Od --+ (0,U

1 1

VU )

. od = (B )’

4’ Y4

but we are only interested in .the estimation and testlng of

O .
1

V has only two non-zero submﬁtriées, % and sz, the

iy 11 v
interest, namely, that in the,upper.left corper of U_lVUﬁl,

I3

written as - e ., /} L
11+ 1l 12 /-

P' MR PY L

.

12 .
where U can be written as.

o 1 o
AN ¥ I TR

i
; -

“~but, as cam,be seen‘by\exqﬁidfng'ghe elehént§;9f7(3.k.5.lf, U12 has a, _
L » . A . . P . ’w'

limiting value of zero, so'that thé variance term of interest canm be--
/ ° . '. .-~ . < s . .
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"*estima;of‘ad with an estimated variancé given by the expression

. . - . 12
wrfﬁtgn as
i S 11 . 11
U : . " s
| A e
Hence we have the result °° " . N
D - . -
~ 11 11 »
. Yk ’d + (0,U v11 ),

which shows that the asymptotic variance of ﬁd is
. R :

, e

-1 .
W17 (3.4.5.8) K

[T +H(a-D)p W] [T,

v
e Y

This expfession gives a “conditional” wvariance, conditional g¢n the

assymﬁgion'éhat,clustersxwith,all Y values thae same hawve been excluded
P N - R - N % ﬂ
(sée Appeﬁaii B.1). ﬁq}rcombégative putposes, Tp particular, to order

<

-

~ o1 Y " .
" to cémparq, Bd with other egtimatots that do ot exclude these
¢ * ;

- - N - o '

.clysters we must calculate an “unconditional - - asymptotic variance.
B "N .

L] ) T t .
Tt is shown in.Appendix B.S that~the appropriate asymptotic variance

L] 4 6
is expression (3.4?5.8) multiplied~.by ¢, where ¢ was defined in

¥ “~
“earljer in this section (and also id Appendix B.2) as

7

- < . -

e o 1/[1* Pr(all Y's are 0) - Pr(all Y's are 1)].
1 v i R » )

Tﬁe‘miéspecificatdon factor for the vatiance of the dummy variables

14 -

~

- RERC »~ .
estimator’” is. given .by. the following argument. In testing the

- ’ ’
. ~

hypothesisg: = ' . . .© “

’ L N " - .-

'—. ‘.;’I =’40\’

1
P
. - P

'?hén one has assumed the usual logisticiregressibn model, one uses' the

.

~ I3

I3

h . . N » A
-1 o i - .

sy
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-~
r
+
v
ot
¥
~.

-'thatuis, [“S&(éd)]_ , as used 1in the test statistic, actually

N o= onk,- - . ) L

. 7 "
all clusters with equal,st“haV{ng:bgéthemoved, This - term

,(6

S8y

d

fro .
Y

is the matrix of second derivatives. of the usual logiEtic model
evaluated at the estimatexad. .- »g‘ > < - . .

-

. -1 -
We now consider the asymptotic behaviour of [-SN(O)] under the

correlated logistic model. It is -tasily seen that S&}.) is -
equi?alent to Sé(.), described garlier in this section.‘?éince " i
5 , IR U .
. - S (8) -=> U -

-

we know that . N \

1 . -1 P -1 ‘A«
[ - =588 17 - v
k i

1 4

-~ - ' ’
estimatés\dil/k. However the true variance of id is given by i -
‘expression (3;515.8} multiplied by ¢, so that the misspecification
factor in using_L—§&(éd)]—l is .

) PO ) .
. ' '.’n . 1‘1 N
T == U QT+ {n-L)p W, ]c” < v
) d I A .
n-1 - T
which may be written a&s v
. LI ‘ .- oA
nc. " 1 i .
o L P . - ’
-=- [E(XE )}-E(X L R . " v
n-1 . e : e - .

A\ I N s 1 .
x [%gxx'3+{?~i)pzﬁ(xix2f)y._ (1:@.?.9) L -

- v S
- . .
- -
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» 22:3.4.6 Summary . o -
E _\ - ’ :'fhe’ :atiq'ﬁée‘s obtainedTin the 1as? five sections are :summa.rize~d in
. Tla_!;,le 3.1. Recall that these expressions hold only »;hen )
: 8 =0. ) (3.4.6.1) o
h " ~ i - P;l;“o, for all e'-sii;{]ators except the conditional it is ‘a“swéumed that * i
REPPRS Y - R ’ . AN
_ . ;o T x E(X)) = E(X,) = E(X) = 0 (3.4.6.2) 3
_ﬂ‘_ . ‘ ' This.- e"ﬁa?le_s/us to invert matrices but to ignore all other.s‘ubmatrices
- :’ o " ‘e;;ept :t':he ofé " presented in the table. Hence for all the entries in
B ( ) the-t‘:a\ble:‘,,' we may replace, (E(¥X") ';i'th-h'Var(X) and , E(Xlxz’) with o
".. By " V"C”O;le;xi)‘:l It--_“t.‘s ?6njectur-ed that, at least v.lben .(3.4.6,.1)‘
' ' v . ho}ds-,.«assurx??tidh (.31,.&.6‘.2)_may n;)t' be neceésary for ‘. tHe replace'r}l_ebi
) . Tl e o vf non—central ):se;cona :'momeazs-'wi;h central second ,'momhents. ..
k “u ?”. :‘Recall that the raryxid,c;mflvectvérl ‘Xﬁ indicates that c.).b,servatlons are.
. L ’ ’ . ta.l:cén_o‘n '- theg-_ same “‘u’n*it‘,' arid. thf vech-ts X1 an‘d xz inc;icate that
o ‘A""bb\s\e{'va‘n;i'o}ls é‘rey ‘tgken on any~t@o-’units'within the same cluster.
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- Table 3.1

Asymptotic variance of four estimators

L

(8 =0)

Correlated logistic

————— —

. 2 . _ - -1
{n s [E(XX") + (n l)pyEFXlXZ )1}

Conditional logistic b

 Usual

where

Dummy

- . -1
{(nflz‘oj (1-p Y [E(XX7) - E¢X X, )]}

Ly

logistic o -

'_1 2 . _ ‘»hr . -1
U n oy {E(XX") + (n l)pyE(X1X2 Y] u

. U=n 05 E(XX") -

|
|

varibles logistic

where

and

-1

]
Ld

c

-1

¢ n 02 (E(XX") + (n-1)p E(X\X,7)] U,

= - 2 - = “I-’
Uy = (n }) o) [E(XX") - E(X X,7)]

1/{1 - Pr(all Y's are 0) - Pr(all ¥°s are 1)}




CHAPTER &

" Asymptotic results in particular cases

~ N

4.1 Introduction

In this chapter we examine the bias, variance (relative efficiency)
and variance misspecification factor of the estimators, for one or two

covariates, and varying number of units per cluster.

* .

.

It is shown that, in the case of a single covariate,

1. the usual estimator, B , is in general biased for -+all cluster..
. - u. - .
certain condifions, it may be a more efficient
¥

sizes, but, under /

-

estimator than éR’ the maximum likelihood estimator (for Rosner”s

constrained version of the correlated logistic regression model).
. .

PN
‘A

+2. the dummy  variables estimator, Bd, is biased but the amount of
4 a :

‘bias decreases with cluster size. However, the —relative

. f . .
efficiency also decreases with cluster size unless both intraclass

~

coefficients are very close to zero.

» »

\»
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-

3. the conditional estimator, éc’ has low relative efficiency for
small cluster size, and, although the efficiency increases with

cluster size, it attains a limit which 1is 1less than 1, except

under special conditions.

‘

-~

The relative efficiency.of Bc 1s investigated for non-zero values of
B, and it 1is shown that thd efficiency decreases with increésing

values of [B].

We also investigate the behaviour of the wusual estimator f{or two

covariates, and discover thét, for

w 8. =0, 8, #0

1. the usual estimator of 82 behaves as described for the single

covarlate case

2. the usual estimator:-of B1 ig always negatively biased.
In this chapter is is assumed that k, the number of clusters, is very
large, that is,
\ -k_“’f”. N
Thus we are dééling with bias and variance that are asymptotic in k
but calculated for finite cluster size. Since we are interested in

bias, variance, etc. as a function of n, the cluster size, we shall

use the term bias and variance although these results are derived

asymptotically in k, the number of clustérs.
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/
Also, since we are interested in measdring the effect of a single
intraclass (intraclusteTr) correlation coefficient, namely, py, on the °
bias and variance, we examine thé‘behaviour of estimators only under
Rosner”s version of the correlated logisitc model.
.
4.2 Bias of the usual estimator . R
i}
It was shown in section 3.3.3 that the usual estimator of the
regression coefficient -is, 1In general, biased, and that a sufficient
" condition for unbiasedness Is that
B =0,
- . s ’ ) ‘ » N
- that is, that there is no covariate effect on the dépendent wvariable. J
- P > » - . /l
- However,iﬁ'may be that the bias is spall, or becomes small for large )
cluster size. Also there may be other conditions. under “which the
4 estimator is unblased. 1In this section we investigate the bias of the
usual estimator in two cases
1. a single binary covariate with increasing cluster size. .
.
IR
2. two correlated binary covariates for cluster size two
»
4.2.1 Single binary covariate . . ’ «

el . ~

When the single covariate is binary,and the intracluster correlation

is ignored, the data may be written as a single contingency table,

-

with the binary covariate defining the rows and the tesponse variable




Ve

.

defining the colunmn. The following indicates the form of a typical

contingeney table.

’ dependent variable .
' o 1 )
: oo | |
R : ™00 : 01 'l o+
covariate = = ------ e ——— -
! | l ‘
! : "o : M { My )
.
) - “~
"0 s N

»

) 3 ]
where n, ., is the number of obServations with covariate wvalue 1 and
ij .
response value j, .and + indicated summation of over all possible
vglues.

& -~
.

It is well known that, under a binomial error assumption, the mwmgximum .

likelihood estimator of the odds ratio is

(nOO‘nll)/(nOL nlO)' (4.2.1.1)
Futhermore, if it 1is ’assumed that distribution of the dependent
; @ :
variable follows the logistic model, then it can be shown (see
Y £ - :
: {
Appendix C:l) that the maximum 1likelihood estimator of B, the

coefficient of the covariate in the usual logistic model, is

: By ™ 108 (agy 9y, /gy ™)

that is, éu is the maximum LLkéiihood eétimatsr ‘of the log odds

- - € )
ratio, or, in other wordg, the maximum likelihood estimator of the -
odds” ratio is exp(éu). N R o~ . «

p |




PR D .
- 1f we now assumé the correlated logistic model, we regard *the N

R .

" observations as k clusters of size n. It therefore follows that the
frequency nij_@ay be considered as the observed vaue of .a randonm

.

‘“~‘;ariab1e Nij which. 1is thé sym of k independent randoﬁ variables Rij’
. QheréAR,z_ can '“assume - values 0,...,n: Hence the .probability
) ;&istfibution of Rij ha§ be ‘written
< L br(RijFr) = Pr(exactly r of the n units have x=i and y=j) ’
. con i
' = X f(y|x) p(x) .
r (x,y)’s ‘
= (i,1) 2 i ’

where f(ylx) is the conditional distribution of Y and p(x) is the
. . v
marginal distribution of X.

~
.- 4

In order to evaluate the distriBution of R,. we ;ghall assume that

f(§43)’;s Rosner”s vefsion of the correlated logistic with parameters
n, 0.5, pylx and B, and . that ©p(x) 1is the «correlated binary

~

distribution with parameters n, 0.5 and o (see section 1.4.3).

‘
LY -

For the odds ratio €stimator (4.2.1.19 each random variable Ni' is the

sum of k independent Rij’s, so that, under some regularity ‘conditionss

. -

on'the joint distpibution f(y,x), as

ke ~ "
. g9 %11 P, E(Nog) ECNy)
%10 "o1’ E(Ny ) E(NGp)
- E(Ryg) E(Ryp)

S SO £ 0 ) (4.2.1.2)
E(Ryo) E(Ryy)



-
,

For fixed%'n; an algebraic expression may be obtained for (4.2.1.2),

N
~

‘but, even for

.

n=2

this‘e§pression is very complicated (see Appendix C.2). However, we

.
may numerically evalyate Jthe expression for varying values of p_,

) |-; and B. The program™BIASU (see Appendix D.l) was written to

X

perform such calculatfons.
‘

v

L3

Tables 4.1 to 4.25 give the values of

P .

1. the limiting value of the usual estimator, B , denoted by 80,
u

0 e -
2. the bias, 80-8, ’
[ 34
. L
3.. the selative bias, (B8-8.)/8,
y 0 d
4. the limiting value of the odds ratio estimatqgr based on the usual

estimator, exp(BO)
5. the inflation factor for the odds ratio estimator, exp(Bo)/exp(B)
. - Cal
for cluster sizes
n'=2,5,10,25,50

and for varying yalues of P oylx and B.

136



. The inflation factor is the amount of error in exp(&o) as an estimator
of exp(B), that is, the amount by which exp(BO) must be hultiplied to
yield exp(B). Values of the inflation factor less than ! mean that '

8 1s negatively biased, and values greater than 1 mean that éu is
u

positively biased. -

These tabled4 reveal the fo%lgwing properties of the bias of the wusual

estimator:

1. it increases with increasing values of py|x'

2. it is negative for negative and small positive values of CE

0
e

3. ,it is positive for moderate to.large values of px.
L

4. it generally increases with the aBsolute” value of . B, rbut,for
/ =~ .
values of px near 0.0, it may not do so.

o 2
5. it slowly increases with cluster size, so that at cluster size of

50., say, and

. exp(B) = 2.0, p = 0.2, o = 0.2,

ylx

?

the relative bias is 64 percent.
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Table 4.1
b
Limiting vadue' of the usual estimator
Clusters of size 2
Valueg of P (followed by values of‘exp(B))
0.000 0.693 1.609 2.303
1.0 2.0 5.0 10.0
P x '.,;py/x - .
-1.00 ' v
‘ 0.050 0.000 0.229~\ 1.543 2.221 p
0.200 0.000 0.5%60 1.341 1.972 ’
0.500 0.000 0.357 0.916 1.434
0.800 0.000 0.147 0.420 0.736
-0.50
0.050 0.000 0.676 1.576 2.261
0.200 0.000 0.626 1.471 2.130
~0/.500 ~D.000 0.522 1.242 1.832
. 0.800 0.000 0.413 0.973 1.463
0.0Q . R '
< 0.050 .-0.000 0.693 1.609 2.302
0.200 0.000 0.692 1.604 2-292 ¢
0.500 0.000 0.689 1.575 2.242
‘0.800 . 0.000 0.682 1.52¢4 2.151
0.10 yo ot
0.050 0<0Q0 .. 0.696 1.616 2.310
07,200 0.000." 0.706 1.631 2.325
0.500 ® 0.000,, 0.722 L1.644 2.326
0.800 0.000 0.736 1.637 2.293
0.50 . .
0.050__ 0.4900 0.710 1.643 2.343
0.200 0.000 - 0.759 1.739 *2.459
0.500 0.000 0.858 1.925 2.679
0.800 0.000 t0.956 2.112 2.899 .
1.00 . Vo T , Rl
0.0%0 >0.000 " 0.726. “1.676 2..384" -
0.200 0.000 0.827 1.877 2.632
0.500 0.000 1.029 2.302 ., ~3.171
0.800 0.000 1.239 2.797.7  3.867 p
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PR
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y/x

0.050
0.200
..0.500
"0.800

0.050
0.200
0.500

**0.800

0.050°
0.200.°
0.500.
0.800 -

£ 0.050
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0.800.

0.050. -

0-.200
07500
0.800
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000"
-._O'Op' <
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.000
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Table 4.2

-

Clusters of.size

0.693
2.0 -

<0.033 "
-0°, 134

Lt sDi336

-0.547

-07.017

-0.067. " .

-0.171".
=0.280

© 0600 .
.. -0.0017 -~

.. ~0.005 -
~0.012 ",
C0.003

0.0L3 -

“0.029°
0.04%",

.0.Q17"

- 0:066 .

S 0.164 .
T 0.263

03033

0.133"-
. 0.33%
“0.546

\

2

-

" 1.609
“s.an

£ <0067
-0.268..
.~0.693:

TL0.0%4 .

-0.138"
-0.368

-0.%36

_0.00q"

-0.00%
-0.034
-0.086

‘~Q;606

20.021 -

©.0.034
0.027,

©0.033
"0.130
0,316
. 0.502

0.867
0.268
0.692
1.188

Asymptotic"bias of the usual éstimator. .
s - " [ \ .
e .

- B

we'd B& values gf}exp(sjy

2.303

..10:0

~

~0.082
-6.330

~ f@;869
-1.190 -~

-1.566

. =0.041
-0..172
~-0.470

-0.38%0

‘-0.001
*26.010
" =0.061

-0.151
T p.qo8 -

0.023
L0.024
-0.010

. 0.040
0.157
07377
0..59.7"
0.082
0.330
0.868
1.564
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e o e ‘ RéLative.b;as éf;the usual estimator
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o ’ .Values of+.B (followed ¥y values of exp(89) °

> ' ,’ - R N
L . §.000
: I ’ B 1.0

LJI
0.693
R 2.0

-0
- =0
-0
0
[l y s
-0
<0
-0
-0

w048
L1973
.485 .
.¥88-.

024
.09%’
. 247
404

o
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o
.

0000

-0.017

0.005

0.018
T0.042

0.062

- . 0.500 ,

~0. 024 -
" 0.095
< 0.237 -
0.379

\

1.00 ;'7 ). .
0.048

-, 0.
‘ 0.200 ~0.192°

S 0.503, L7 0.485
S D.800 0.788
$o ~ - !
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S CTable 4.3 %, .

A .Clusters 5fjslze 2 /

-0.001
~0.007 .

’

.. 0.013

.0.04L

W os

~ 3

\
1.609
*5.0

. 2.303 .
'10.0

-0 041+ 20,036

F0.167 ., .~0,143
-0.431"

A

~0.977

—Q.739-}.’-o.580,”

A

-9.021
“-0.086,
L0228

-0,395

<0.018
~0.075 -
-0.204 -

.0.000. 0000
-Q.004 - =-Q:004 -
-0.021° ,-0.026
~0.053 -0..066 "
7 0.003
0,010 °
0.010

. 0.0064 "
S0.02,1"

. 0.017., 7 -
. 0021 -

T 0.081 .
)O..196' -,
02312

., 0.036

0.167
1 0.430
. 0,738
ASE i

-
N

G.377-

00163 0

10:365

TO‘OOQ"‘;

T 008",
0068
0:164. .

. 0.25191‘. R

0.679 +

.
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v/ x>

0.05d
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200

0.500

0

0
0

0500

0

0
0
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800

050
20Q

800
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200
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0.800
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0.050

0
0
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‘0.
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0
0
0
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500
800
:
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800

-
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«

.
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3
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/0 900
1.0
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>
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1.000
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©1.000

.000
1..000
1.000
1.000

+1.000
1.000
l 000.

‘UOO

1, OOO
1.000
I 000
1. 000

14000
1.000
1.000

000~

1.000
1.000
«1.,000
1.600

4

v

3

Clhsfers o'f

L 0LE9Y

.gize

<

2.0

b
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1

l
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i
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%29
158
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870
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SLl
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‘1.
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1

2
2
2
2

2
2
2
2

2
2
2
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977

Ne7
025
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L37
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6071
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285
79%
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v
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-

N
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.
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hY
2

b
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1. 609
5.0
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K

= 4.677
3.824
2.500
1.522

4.835

355
3.462
2.647

4.998
4.972
4.832
4:589

5.032
5.107
5.174
5.139

. 5.168
5.69¢2
6.857

8.264

5 34&
T 6.:537
9.992
16.403

\
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Values of B” (followed bx valdes df exp(B))

2. 303“‘
10+0

5.21t4
7°.187
4.194
2:088

9.594 ¢
8.417
-8.249
4.317 .

993
9.897
9.410
.8, 596

10. 075
19.279
10.241
9.903
10.4172
11.697
14.577
18.163

10.852
13.908
23.821
47.779
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Table 4.5 °

‘Inflation factor for estimator of odds ratto.

~Values of” B {followed by.values of exp(8)) -~

‘ I ' h R , . . . PR
o 0.000 . 10.693 .+1.609 2.303
L 1.0 . 2.0 o L5.0 0 10.0
Polx A A - L

) - ) . '

. 031058, * 1.000 0.967 £.935 ,0-921
0.200 1.000 0.875, 0.765 0.719
'0.500 1.000 0.714 0.500 ’ 0.419
0.800 1.000 0.579 0.304 0.209.
0.050 1.000 0.983 0.967 0.959
0.200 1.000 0.935 0.871 0.842
0.500 1.000 0.843 0.692 0.625
0.800 1.00Q - 0.756 0.529 0.432

v 9.050 " 1.000 1.000 "1.000 . 0.999
0.200" 1.000. 0.999 0.994 0.990
0.500 -, 1.000 0.995 "0.966 0.941
0.800 - .1.000 .0.989 0.918 0.860

\ 0.050 1.000 1.003 1.006 1.008
0.200 1.000 1.013- 1.021 “ 1.023
3.500 1.000 1.029 1.035 1.024
0.809 1.000 1.044 1.028 0.990
0.050 1.000 1.017 1.034 1.041
0.200 1.020 1.068 1.138 1.170

} 0.500 1.000 1.179 1.371 1.458
0.800 1.000 - 1.301 _1.653 1.816
0.050 ' " 1.000 1.034 1.069 1.085
-0.200_ 1.000 1.143 1.307 '1.391
0.500 _ 1.000 1.400 1.998 2.382
0:800 1.000 1.726 *+ 3.281 4.778

o
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Table 4.6 o~
Limiting value of’fhé‘uq&é} estimatar
o C07 .. Clusters-of size 'S
: CL e vangs of B'kfollb@eﬁ by values of exp(8))

- .. 70.000 - 0.693 1.609 2.303
Co- 1.0 . 2.0 5.0,.. . 10.0 -

N

fx N ‘ “Dy/x

.228 -
065
.864
694

D . L 0.050 . 0-.000 © Q.660 1.547

o : e 01200 - - 0.000. "0.567 - _1..395
- . e 0.500 -0.000 _ 7 0.388 , _.1.155
sete e - ‘ 0.800° ' - 0.000 = -0-t83 0.829

— = NN

.680
L6461
564
475

0.050 . .0.000
0,200 0.000
0.500 0.000
0.800- ,,. 0.000, -

58k
.51%
7385
.'198 1

.271
.192
054
.830

- NN

O;QOO

.3d0
.283
.233

.693 &
691
./680

S ee T 00050 -0.000 .
. o T 0.200 .9.000
SRR 0.500 0.000

.608 N -
596
559

0 o000
ISYONIECRNY

— e

sl T 0.800 0.000 L664 . F497: 2139 L

S 010 LS, -~ , c

: S . .0.050 0.000 0.706 1.633 2.330

. e oo o7 8,200 ° 0.000 0.740 1.680 2.376

: LTl . .0.500-C 0.000 0.797 1.736 2.423

et ..o 0.800° 0.000 0.851 1.789 2.457

R 0v50 .0 L. R , _

B S “ .70 0.050 0.000 _ 0.758 1.733 2,449

R .-+ 0,200 0.000. 0.940 2.023 2.764

A 04500 0.000°  1.269 - 2.466 - -3.217

. T 0= 800 0.000° 1.605 T 2.921 3.675

TR S 1ioo o .

: . Lo 0.050 0.000 0.824 1.860 2.601

- L 0.200 0.000 * 1.196 2.479 3.289 .
.o <. T 0.500 0.000 1.900 3.501 4.360 .
' 0.800 - 0.000 2.695 4.750 5.646"

\ -
- 1 4
- - o,
. v : ’,l' ., e P
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Table 4.7 - |

Asym?totic_biaé of the usual e§timator -#

P x . pyj£ )

0.050
0.200
0.500
0.800

.050
.200
.500
.800

.00 OO

0.050
.200
. 500

O O O

.0.050
0.200
S 0.500
- 0.800

0.050
.200
.500
.800

O C O

~A-.050
. 0.200
0.500
'0.800

.800

o

Y 4

0.000Q

1.9

0.000

0.000
0.000
0.000

0.000
0.000
0.000 "
0.000

0.000
0-. 000
9.000

0000

.000,
.000

OO OO

.000
.060
.000
.000

SO O o

.000
.000
.000
.000

SO Q0o

.000 - ..
.000. "

”Cluétgrs of sizé\ 5

"1 0.693 1.609
2.0 - 5.0
-0.033 -0.063
-0.126 «+«'=0.215
-0.305 -0.454
-0.510 -0.781
~0.013 -0.026
-0.052 -0.095
-0.129 -0.224
-0.218 -0.411

Lo
0.000 -0.001,
-0.002 -0.013
-0.013 -0.051"
-0.029 -0.113
0. 0137~  0.023
0.047. 0.070
0.104 0.127
0.158 0.180
0.065 0.123
0.247 0.413
"0.576 0.857
0.912 1.312
0.131 0250
0.502 0.869
1.206 1.892
~2.002

3.140

PER

b

Foa

Vaiues of‘B'kallbwéd'by values of exp(B8))

2.303
10.0

-0.074
-0.237
-0.439
-0.609

-0.031
-0.111
-0.248
-0.473

-0.002
-0.020
-0.069
-0.164

0.027
0,073
0.121
0.154
Jl46
462

- O O O

.373

.299
.987
.057
.344

w N OO

914
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Table 4.8

Relative bias of the usual estimator

Clusters of size

»

5

Values of B (followed by values of exp(B)) .

y/x

.050
.200
.500
.800

.050
.200
.500
.800

.050
.200
. 500
.800

.050 -
.200
.500
.800

.050
.200
.500
.800

.050
.200
.500
.800

0.000
1.0

0.693
2.0

-0.047
-0.182
-0.441
-0.736

-0.019
-0.075
-0.186
-0.315

0.000
-0.004
-0.018
-0.042

.019
.068
.150
.228

[eNeNeNe

.094
.357
.831
.316

— O OO0

.189
.725
L7407
.888

N OO

1

OO OO

.609
5.0

.039
.133
.282
485

016
.059
.139
.255

.001
.008
.031
.070

015
.044
.079
112

.077
.257
.532
.815

.156
.540
175
.951

2.303
10.0

-0.032
-0.103
-0.191
-0.264

-0.014
-0.048
20.108
-0.205

~-0.001
-0.009
-0.030
-0.071

L0172
032
.052
.067

OO OO

.063
.201
.397
.596

QDO OO0

.130
.429
.893
.452

- O OO

145




.00

.10

.50

.00

Table 4.9

Limiting value of estimator of odds ratio

Clusters of %}ze 5

Values of B (followed by values of exp(B8))

y/x

.050
.200
.500
.800

O S OO

.050
.200
.500
.800

el el Ne)

.50
.200
.500
.800

[eRe el

.050
.200
.500
.800

[oRelN el el

.050
.200
.500
.800

(oMol Ne)

.050
.200
.500
.800

[oNeleNe)

[P

— e — = e .

—

— L

0.000
1.0

.000
.000
.000
.000

.000
.000
000
.000

.000
.000
.000
- 000

.000
.000
.000
.000

.000
.000
.000
.000

.o’
.000
.000
.000

£ N [N I SR ] — e = N = —

&0 WwWw N

0.693
2.0

.935
.763
474
.201

.974
.899
.757
.608

.000
.995
.975
. 943

.026
.096
.219
. 343

.135
.561
.559
.978

.280
.305
.683
.802

1.

609

5.0

Pl o N w W & e N W e

(VL B, R, R V1)

11
18

6
11
33.

115.

;

.6?’
0%,
174
.290

.872
.545 |
.996
.314

.994
-934
.753
467

.119
.363
.676
.9%64

656
.559
775
.561

.422
.925

156
531

14¢

2.303

10.0

9.283
7.889
6.448
5.441

9.692
8.953
*7.802
6.23%

9.979
9.805
9.331
8.490

10.275
10.762
11.281

“}1.664

11.573
15.870
24.949
39.458

13.479
26.827
78.220
283.242
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Table 4 .10
Inflation factor for estimator of odds ratio
Clusters of size 5 .
Values of B (followed by values of exp(B))
. 0.000 0.693 1.609 2.303 '
T 1:0 2.0 5.0 o 10:0
°x ey/x ’ ‘ X
-0.25 . ]
0.050 1.000 0.968 0.939 0.928
0.200 1.000 . 0.881 . 0.807 0.789
. 0.500 1.000 0.737 0.635 0.645
0.800 1.000 0.600 0.458 0.544
-N.10 : ¢ '
0.050 “1.000 *0.987 0.974 0.969
0.200 . 1.000 0.949 0.909 0,895
3 0.500 1.000 - 0.879 0.799 0.780
0.800 1.000 0.804 0.663 0.623
0.00
0.050 1.000 1.000 0.999 0.998
) 0.200 1.000 0.998 0.9&7 0.980
0.500 1.000 0.987 0.951 0.933
0.800 1.000 0.972 .0.893 D.849
0.10 :
0.050 1.000 1.013 1.024 1.028 »
0.200 1,000 1.048 1.073 1.076
0.500 1.000 1.109 1.135% 1.128
- 0.800 ‘1.000 1.171 1.197 1.166
. 0.50 ’ .
,0.050 1.000 1.067 1.131 1.157
0.200 1.000 1.280 1.512 . 1.587
0.500 1.000 1.779 2.355 2.495 ,
0.800 1.000 2.489 3.712 3.946
1.00 .
0.050 1.000., * 1.140 1.284 1.348
0.200 1.000 1.653 2°.385 2.683
0.500 1.000 3.341 6.631 7.822
0.800 1.000 7.401 23.106 © 28.324g
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OO0 OO OO OO OO OO OO OO OO OO
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°

y/x

.050
.200
.500
.800

.050
.200
.500
.800

.050
.200 -
.500
.800

.050
.200
.500
.800

.050

200

.500
.800

.050
.200
.500
.800

[eNelolNel

0.
1.0

[eNeoNeNol OO OO

QOO O

SO OO

oo oo,

000

.000
.000
.000
.000

.000
.000
.000
.000

.000
.000
.000
.000

.000 -
.000
.000.
.000

.000
.000
.000
.000

.000
.000
.000
.000

Clustd®rs of

0.
2.0

= - OO (e N el e OO O 0

N = -0

SN O

oo oo

Table 4.11

size 10

693

.664
.593
483 -
.340

.693
.689
. 680
669,

.721
.786
.882
.999

. 7.50
.883
.084
.314

.835
177
.690
.218

979
.6.87
.795
.069

1

wW RN = NN e s — = — = e

WV Ww N

Limiting value of the. usual estimator

.609
5.0

.559
473
.405
.357

607
597
.587
.576

657
.730
.820
.947

.706
.868
071
.335

.858
.297
.B846
424

.119
.076
.297
.637

2.

" A ]
Values of B8 (follgwed by values of exp(B))

303

10.0

W N oo MNP NN NN [SS ISR o8 B o8]

ES RS R L I v

D w N

244
.162
110
.088

.299
.287
.280
.269

305
.426
.509
.618

2412
.573
.767
.018

.586
.038
.582
.154

.890
.893
125
466




Table 4.12

Clusters of size 10

Asymptotic bias of the usual estimator

Values of B8 (followed by values of exp(8))

0.000 0.693
v N 1.0 2.0
Py oy/x
-0.10
0.050. 0.000 -0.029
0.200 0.000 -0.100
0.500 0.000 -0.211
0.800 0.000 -0.353
0.00 )
"0.050 " 0.000 0.000
0.200 D.000 - =-0.004
0.500 0.000 -0.013
0.800 0.000 -0.024
0.10 s )
"0.050 0.000 0.028
0.200 0.000 0.093
0.500 0.000 0.189
0.800 = 0.000 0.305
0.20 ‘
0.050 0.000 0.056
0.200 0.000 0.190
0.500 0.000 0.391
g 0.800 0.000° 0.620
0.50 .
0.050 0.000 f0.142
0.200 ?.000 0.484
0.500 0.000 0.997
0.800 n.000 1.525
1.00
0.050 0.000 0.286
- 0.200 0.000m $.994
. 0.500 0.000 2.102
0.800 0.000 3.375
r

1

(e NellelNe)

=00

SN O

.609
5.0

.051
136,

.205 .

.253

.007
.012

.022

1034

.047
.121
<211
<337

.097
.258
.462
.726

.248
.688
.237
.814

.509
466
.688
.028

2.303
10.0
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, Table 4.13

Relative bias of the usual estimator

Clusteérs of

size 10

150

Values of B (followed by values of exp(B))

Sy

.050
.200
.500
.800

.050
.200
.500
.800

. 0,50

.200
.500
.800

.050
.200
.500
.800

.050
.200
.500
.800

.050
.200
.500
800

0.000
1.0

0.693
2.0

-0.041
-0.145
-0.304
-0.509

-0.001
-0.006
-0.019
-0.035

0.040
0.134
0.272
0.441

0.081
0.274
+0.564
0.895

0.205
0.698
1.438
2.200

"0.412
“1.433
3(.033
4.870

1

- OO0 o [oleNeNo)

N = OO

.609
5.0

.032
.085
127
157

.001
.008

.01l4

021

.029
.075
-131
.210

.060
.160
.287
451

.154
. 428
.768
127

.316
.911
.670
.503

2.

303

10.0

[eNeNoNe] [wielNeNel

— -0 QO

.025
.061
084
.093

.001
.007
.010
.015

.023
.054
.090
.137

.048 !
117
.202
L311

123
.319
.556
.804

.255
.691
.226
.808
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Table 4.14

Limiting value of estimator of odds ratio

Clusters of size 10

Es
K

Values of B (followed by values of exp(B8))

0.000 0.693  1.6009 2.303

1.0 2.0 5.0 10.0
py/x

0.050 1.000 1.943 4.752 9.435
0.200 1.000 1.809 4.363 8.692
0.500 1.000 1.620 \*075 8.247
0.800 1.000 1:405 N883 8.072 -
0.050 1.000 1.999 4.989 9.967
0.200 1.000 1.992 4.938 9.850
0.500 1.000 1.974 4.891 9.779
0.800 1.000 1.952 4.833 9.671
0.050 1.000 2.057 5.241 S 10.541
0.200 1.000 2.194 5.641 11.316
0.500% /¢ 1.000 * 2.416 6.173 . 12.295
0.800 ~.”71.000 _ 2.714 7.006 13.707
0.050 1.000 2.116 $.508 - 11.157
0.200 1.000 2.418 6.474 13.103
0.500 1.000 2%956 7.935 15.917
0.800 1.000 3.719 10.334 20.449
0.050 1.000 2.305 6.410 13.283
0.200 1.000 3.244 9.949 20.857
0.500 1.000 5.418 17.218 35.943
0.800 1.000" 9.192 30.683 63.699
0.050 1.000 2.661 8.320 17.996
0.200 1.000 5.402 21.666 49.080
0.500 1.000 16.368 73.497 168.166
0.800 1.000 58.477 280.705 643.200

Y J
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Table 4.15 T ",
e
Inflation factor for estimator of odds rati'c} »
Clusters of size 10 R )
Values of B (followed by values of exp(8))..
_ ’ 0.000 0.693 1.609 '+ 2.303 .
, 1.0 2.0 5.0 10.0
Px Dy/x » o '
-0.10 : ‘
0.050 1.000 0.972 40.950 0.943
0.200 1.000 0.905 . 0.873 0.869
0.500 1.000 0.810 .~ 0.815 0.825
~ 0.800 1.000 0.703 .., 0.77%. 0.807
0.00 o g
0.050 1.000 1.000 0.998 0.997
0.2080 1.000 0.996 0.988 0.985
, . 0.500 1.000 0.987 0.978 0.978
0.800 1.000 0.976 0.967 0.967
« . 0.10 .
0.050 1,000 1.028 1.048 1.054
i ~0.200 1.000 1.097 1.128 1.132
0.500 1.000 1.208 1.235 1.229
0.800 1.000 1.357 1.401 1.371
0.20 ' :
" . 0.050" 1.000 1.058 1.102 1.116
0.200 1.000 * 1.209 1.295 1.310 °
0.500 1.000 1-:478 1.587 1.592
0.800 1.000 1.860 2.067 2.045
0.50 ,
0.050 1.000 I.152 1.282 1.328
0.200 1.000 1.622 1.990 2.086
0.500 1.000 2.709 3.444 3.594
0.800 1.000 4.596 6.137 6.370
1.00 :
W.050 1.000 1.331 1.664 1.800 -
0.200 1.000 2.701 4.333 4.908
c 0.500 1.000 ‘8.184 14.699 16.817
0.800 1.000 29.239 56.141 64.320
/
{
r
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Tablé-4u16- . A '
e - . , : Limiting value of‘the'uéuaf.éstimgtdr,
“ . : . : : ‘Clusters of Eize,is

- ‘Valués of B.(followed by values of exp(g))

0.050 .

N

~

H

0.000
1.0

.70,D00
0.000
0,000

0000
20:000
0.000
0.000

- ~Q.000

0.000
0.000
0.000
0-.000
0-.000
0.000
0.000
0.000

0.000
0..000
0:000
_ 9.000

02000
~0.000
0.000
0.000

0..693
2.0

0.666

0.626
0,..609
2.595

0.692
0.690
0.690
0.692
0.759
0.859
0.962
1.1%0
p.826
1.03%
1,272
1.60%3

1.029
1.575
2.198
2.871

1.375
2.535
3.843
5,209

1:609
5.0

569
540
530
528

-

1:607
1.605
1.607
1.609

i:703

1.792-
“1..866.

1.949

1,803
2..002
2.208
- 2.502

2..113
2,684
3.307
47,0064

'2.663
3.940
. 5.263
6.630°

2.303
10.0

2.260
2.233.
2.225
2.222

‘

2.299°
2.298
2.301
2.302

2.402.
'S Z,486
© - 2.554
T . 20620

2.510
2.703
2.898 .
3)167

2.849
3.418
4.038
4:729

3:463.°
£.755
$.079 -
7.446
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Asy&ptotic bias. 0f the usual estimator

-

.00

K}

o . 0.800-

s Clust
¢

s

0.000 0.693 "1.609
1.0 2.0 5.0
-~ i
0.000 -a.027" -0.040
0.000 -0.067 -0.069
Q.000 T-0.088 -0.079
0.000 - -0.098 ,-0.082
0.000 -0.001.7, -0.003
0.000" -0.003 -0.004
0.000* . -0.003 -0.002
0.000 . -0.002 -0.001
0,000 0.066 .. 0.094.
-0.000 0.166 0.182
*0.000 0.269 <. 0.257
0.000 0.417 0.340
0.000 0.133 0.194
0.000 0.342 0.393
0.000 0.579 0.'599
0.000 0.910 0.892

0\1’}
0.000 0.336, - 0.503%
0.008 0.882 . 1.07%
0:.900" Jy.505 " 1.698
0.000 2178 2.394
0.000 0.6827 7 1.05%4
0.000 1.841 - 2.331
0.000 3.150 . 3.653
0.000 4.516 5.020

Table 4.17

ers of slze 25

1

~

>

Values of B8 (foIloged by values of exp(B))

2.303
10.0

-0.043
-0.069

-0.078°

-0.080

-0.003
-0.005
-0.002
-0.001

<

X

VW

OO

- -0

.100
.183
.252
.318-

. 207
.400
-596
.864

547
116
735
427

.160
453
JT97
1% 4

Wl
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- Table 4.18

Relative bilas of the usual estimator

o

Clusters of size 25

Values of B (followed by values of exp(B8))

0.000 0.693 1.609 2.303

1.0 2.0 5.0 10.0
-0.04 e "
0.050 -0.039 -0.025 -0,.019
0.200 ~ -0.097 ~-3.043 . -0.030
0.500 -0.126 -0.049.. -0.034
0.800 -0.141 -0.05L. =-0.035
0.00 '
0.050 -0.001 -0.002 -0.002
0.200 -0.005 -0.003 -0.002
0.500 -0.004 -0.001 -0.001
0.800 -0.002 0.000 0.000
0.10 .
0.050 0.095 0.058 0.043
0.200 0.240 0.113 . 0.080
" 0.500 0.388 0.160 “0.109
' 0.800 . 0.601 0.21% . a.138
0.20 " ‘
. 0.050 0.192 0.120 0.090
0.200 . 0.493 0.244 0.174
0,500 ' 0.835 0.372 0.259
0.800 1.313% N.554 0.375
0.50 L .
. Q.050 L 0.485 0.313 0.237
v 0.200 .~ ' 1.273 0.668 0.485
- ) 0.500 " . /20171 17055 0.754
0.800° --. Y 3.142 1.488 1.054
1.00 '
L 0.050 - 0.984 0.655 0.504
: 0.200 ° - 2.657 1.448 1.065
0.500 4.544 2.270 - 1.6%0
d.800 6.515 3.119 2

=234
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\ o 4 Table 4.19
Limiting value of estimator of odds ratio
R { Clusters of size 25 . "
_ . - Values of B (fdllawed by values of exp(B))
. 0.000 0.693 1.609 2.303
. . y L.Qi 2.0 5.0 ) 10.0 .
P P ;
- X_ L, vlx
-0,.04 . /
0.050 1.000 4.803 © 9.580
- 0.200 1.000 4.665 9.332
- 0.500 1.000 4.620 9.250 .
* . 0.800 1.000 - 4.608 9.227
0.00 . ; ’ -
0.050 1.000 4.987 9.965
0.200 1.000 4.978 9.954
0:500 1.000 4.989 9.979
J. .- 0.800 1.000 *4.997 9.994_
a2 " 0.10 .- R
. 0.050 1.000 5.493 11.047-
o 0.200 1.000 6.000 12.014
-~ B 0.500 1.000 6.464 12.864
‘ 0.800 1.000 7.024 13.740 |
0.2% o .7
; . ~0:050 1.000 2.285 6.068 ~ 12.302
Re . 0.200 1.000 2.815 7.405 14.917
! 0.500 1.000 3.568 9.099 18.146
. ‘ 0.800 1.000 4.970 12.202 "23.734
‘ 0.50 ) "
e 0.050 1.000 2.798 8.271 17.278
0.200 | 1.000 4.832 "  14.642 30%520
. 0.500 - 1.000 9.006 272304 56.715
S, ‘ 0.800 1.000 17.652 54:813 113.210
1.00 ‘ ) VT
0.050 1.000 3.957 14.343 31.911
o 0.200 1.000 12.610 51.432 116.214
A 0.500 1.000 . 46.668  192.984  436.695
0.800 1.000 182.913 757.316 1713.712
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Table 4.20

Inflation factor for estimator of oddé ratio

2!

r

o]

[eNeNeoNe]

oS oo

OO OO

OO OO

OO0 OO

oc o o

Values of B8 (followed by values of exp(ﬁ?)

y7x

.050
.200
.500
.800

0,50

200 -

.500
.800

.050
.200
.500
.800

.050
.200

.500
.800

.050

<200,
. 500

.800

.050
.200

.500 .

.800

0

.-

b s e e e el s — —

Pt et

Clusterg of
¥

.000
1.0

.000
.000
.000
.000Q

.000
.000
.000
.000

.000
.000

000

000

.000
.000
.000
.000

.%oo/
.000
.000
.000

.000
.000
.000
.000

0.

size 25

693

2.0

N e — oS00 0 cocoo

® &N -

23.
91.

.973
.935
.916
.907

.999
.997
.997
.998

.068
.181
-309
.517

142
408
.784
A48y

399
416
.503
.826

.978
.305

334
457

i

1

OO OO0

’

609
5.0

463

2.303
10.0

.958
.933
.925

OO OO

.997
.995
.998
.999

[N eNeNel

1201
.286
.374

— et

T 730
1:492
1.815
2.373

1.728
3,052
5,672
1.321

3.191
11.621
43.670

171.371"

1923 kot

.105

N

-}

24

&

-



Table 4.21

" Limiting value' of the usual estimator *

e
Clusters of size S0 -

Values of 8 (followed by values of axp(8))

0.000 0.693 1.609.
1.0 2.0 5.0
DX ‘Oy/x
-0.02
0.050 0.000 0.671 1.582
. 0.200 0.000 0.656 1.57¢
0.500 0.000 0.652 1.570
0.800 0.000, 0.651 1.569
0.00 : . ’
0.050 0.000 0.692 1.607
0.200 0.000 0.692 1.608
] 0.500 0.000 0.693 . 1.609
0.800 0.000 0.693 1.609
0.10 _
' 0.050 0.000 0.803 1.744
. 0.200 0.000 0.901 1.823
0.500 0.000 0.965 1.867
0.800 0.000 1.032 1.896
0.40 '
0.050 0.000 0.915 1.890
0.200 0.000 1.137 2.087
0.500 0.000 1.345 2.260
0.800 0.000 1.649 2.491
0.50 -
0.050 0.000 1.256 2.357
: 0.200 0.000 1.886 2.983
. ™. 500 0.000 2.545 3.646
- 0.800 0.000 3.294 4,413
1.00 L e
- 0.050 0.000 1.852 F3.206
0.200 0.000 - 3.218 4.617
0.500 0.000 4.569 - 5.970
0.800 - 0.000 5.944 7.346
» [ %
, ( .
- [

- 22.303
13,0

.265
.263
22613

[N AR SR )

.300
.301
.3072
.302

(NS I NSRS I (6]

441
.516
.557
.581

[ANC I NS TSGR (S )

.595
.786
.949
.155

B
w NN

.093
L7186
<377

139

(WL = N Ve

4.014
5.430
b

274

784
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[oNelNoNo!

Asymptotic bias of

Values

y/x

.050
.200
.500
.800

.050
.200
.500

.800

.050
.200
.500
.800

.050
.200
.500
.800

.050
.200
.500
.800

.050
.200
.500
.800

>

Table 4.22

Clusters of size 50

the usual estimator

of B (followed by values of exp(B8))

0.000

O OO0

O O OO OO oo (=N e el

(=N el eie

.oboco

l.

0

.000
.000
.000
.000

.000
.000

000

<000

.000
.000
.000
.000

.000
.000
.000
.000

. 000
.000
.000
.000

.000
.000
.000
. 000

0.693
2.0

-0.023
-0.038
20.041
-0 042

-0.001
-0.001
0.000
0.000

0.109
0.208
0.272
0.339

0.221
0.444
0.652
0.956

0.563
1.193
1.852
2.601

1.159-
2.525

3.876.., .

- 5.251

1

[ Ere e el O 0.0 O

NN~ O

W W

.609
5.0

.028
.037
.040
.040

.002
.001
.000
.000

. 135
.213
.257
.286

.281
.478
.650
.881

747
.373
.036
.804

.597
.007
.361
.736

2.

303

~~10.0

N - O [eNeNeoNe] OO OO0

[Wa R S WS B

L

9
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P ' Table 64.23 ’
Relative bias of the usual estimator
Clusters of size 50

Values of B (followed by values of exp(B8))

3 0.000 0.693 1.609 2.303
- 1.0 2.0 5.0 10.0
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Table 4.24

Limiting value of estimator of odds ratio e

B . - Clusters of size 50
! Values of B (followed. by values of exp(B8))
0.000 . 0.693 1.609 2.303
1.0 2.0 5.0 . - .10.0
P Dy_/x -
-0.02 . .
0.050 1.000 1.955 ' 4.864 9.720
07200 1.000 1.926 4.817 & 9.635
0.500 1.000 t.919 4.806 9.613
0.800 1.000 1.918 4.803 9.608
- 0.00 ‘
. 0.050 | 1.000 1.998 4.990 9.978
0.200 1.000 1.998 4.993 9.986
0.500 1.000 1.999 ° 4.998 9.996
L 0.800. 1.000 2.000 . 4.999 9.999
‘ 0,.10 ~ . .
: 0.050 ° 1.000 2.231 5.722 11.488
0.200 1.000 2.461 6.188 12.380
0.500 1.000 2.625 6.468 12.900
N.800 1.000 2.806 6.657 * 13.207
0.20 . ' . .
0.050 "1.000 2.496 6.6%} 13.392
. . 0.200 1.000 23.119 8.085 - 16.208
0.500 1,.000 3.840 9.579 . 19.080
- Vo 0.800 . 1..000 5.204 12.072  , 23.464
% ’ 0.50 . - '
' @ - 0.050 ‘1.000, - 3.513 10.5%7 22.034
. e 0.200 1.000 °~ 6.591 19743 41.093
. e 0,500 1.000 12.744 38.313° 79.606
. o, - 0..800 1.000 26.960 82.542 170.540
¢ S . "1.00 . i “
. {6 ’ “<0.050 . 1.000 6.371°  24.686 55.386
- T 0.200 1.000 24.990 100 .156 228.119
- ' 0.500 1.000 ~ *86.457 391.660 883.528
. . 0.806, 1.000 381.569 1549.372 3494.705
’ A . - " . .
) ‘“5 / '
“ )
N P

N
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Table 4.25

3.

R Inflation factor for estimator of odds ratio

Clusters of size 50

Values of B)(followed‘by values of exp(B))

i 0.000 0.693 1.609 ' 2.303°
, 1.0 2.0 5.0 10.0
®
Py oy/x E / .
+—0.02 'Y ) !
0.050 1.000 0.978 0.973 0.972
. 0.200 1.000° 0.963 0.963 0.964
0.500 1.000 0.960 0.961 0.961
: 0.800 1.000." - 0.959 0.961 0.961
‘e 0.00 - .
. 0.050 1.000" 0.999 0.998" 0.998 -
. . 0.200 1.000 0.999 0.99% 0.999 ot
0.500 1.000 1.000 1.000 1.000
‘ 0.800 1.000 1.000 1.000 1.000
0.10 ' . ' ‘
- 0.050 1.000 1.116 l.144 1.149
: 0.200 1.000 1.231 1.238 1.238
) ~ ,0.500 1.000 1.312 w  1.294 1.290
Lo - 0.800 1.000 1.403 '~ 1.331 S1.321
0.20 St o :
' 0.050 1.000 1.248 - L.324 "1.339
0.200 1.000 1.559 1.613 1.621
. 0.500 ©1.000 1.920 - -1t.916 - ~ 1.908
; A 0.800 1.000 2.602 2414 2.346
0.50 . Lo , -
\ 0.050 1.000 ' 1.756 2.111  -2:203
+ . 0.200 1.000 3.295 032949 4,109
: 0.500 1.000 " 6.372 7.663 7.9%1 .
- . 0.800 1.000 " 13.480 16.508 17.054
- .00 - ‘ . : ) :
} ‘0.050 1.000 3.185 4.937 . 5.53% .
0:200 1.000 12.495 20.231 22.812
0.500 1.000 48.229 78.332 88.353

.0.800 -+ 1.000- 190.785° 399.874 349,471

[y




4.2.2 Two correlated binary covariates

L g
3

It is known from section 3.3.3 that the ™Ysual estimator, B, is

N

,unblased for the two covariate model when .
.

. B =8 =0 o

Moreover, it was shown in that section that when

. {
. 8, = 0,

but

"
B, 0,

then two sufficient conditions for the unbiasedness of Bl are

-

1. X, is distributed independently of X

1 2 : L.

-

2. there is no infracluster correlation, that 1is, hg

p =0
yix

.

! HoweVer, no more information was obtained about the consistency, or

jj/ﬁ\/;ack of it, fpr‘Bz. Hence the size and sign of the bias of Blﬂand 82

are of interest. In this section we investigate this bias when the

-

covariates are two correlated binary random variables. .

2 N . ! »
[ 4 .

Fl

For this iﬁvestigation we use the metHod of limiting values of the
estimating equatdpns as developed in Secton 3.3.3. In particular,we
have the.equations (3.3.3.3)

= P
Eg(F) = Eg(P)
EX(XF) = EX(XP{ N

. . .
where F is a function of the parameters of the correct (in this  case, "

the Rosner) model, and P 1s a function of the parameters.df the
incorrect {in this case, the usual logistic) wodel. Expectation 1is

4 . ¢
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A ]

.
'

’
taken in both cases with respect to the correct distribution. 1In the

two covarlate problem, these equations become
E (F) = E_(P
((F) = E.(P)
S = 2.2.1
EXQ¥1F) EX(XlP) (4.2.2.1)
E (X,F) = E.(X,P)
These three non-linear equations may be solved iteratively to obtain

B and 820 of the estimators &, 8. and

the limiting values a 1

0’
3. | . :

10

.

"When one of the pdrameters to be estimated, namely B,,» is zero, then F '

is a function of'X2 only, so that the equations may be written

) Eyg (F) = EX(P)
2
' E. X

-

E (F)] = E_(X.P)  (4.2.2.2)
1 lex1 X1 ‘
EXZ(XZF) = EX(XZP}- . ~7

In order to evaluate the bias of the estimators we require a simple
distribution for the’ X“s, for example, a correlated binary
distribution. We use Bahadur”s(1961) representation of the gotrrelated

binary riandom variable (see séction 1.4.3) with all second and higher

.

order correlations set to 0, so that, for a random variable

X =( ), o

X

v - ®

represents N

where X1 represents observations on the first unit, and XZ .

4
observations on the second unit. Thus we have, as in (1.4.3.2)

\

. . 4
P(x) = P (xY[l + L E(Z,2 ) z, z,] N
K 1 <k jk jJ Tk . . '
R ' N \\»'. .
‘I i )u ) ) N ' °
LY . .
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%,

. - ;
. * s Y

where ) . o o o 7
’ ) e ce ‘;. .
. Z = X‘--U)/ G-) .=1;“""|4)‘
A‘ ' J ( J J J J T ,'j <
~ .
and P, (x) is the -usual binomial distiributon fuhction for . each wunit,
; \ \ .L* 5" .
that is, T ST
, 2 2 .
. 2-% -
P.(x) =T p X3 (1-p T (42203
l '=1 X 3 J ! J -
J ; i+ a ‘ -
where ’ ‘;.> _ JL' f
. = Pr(X.=1)
?3 j e o
and i
XJ;. = x_]l + sz \ . -5
. L]
For simplicity we assume that ¢ ' '~” -
& B
' = = 0.5 . S
£l P2 L.
so0 thath(A.Z.g.B) becomes o
2 2 -
Pl(x) = / 16 ”‘4x, )
xli’ X2+ W’
The correlation structure may be written -
o 1 p P 0 | »
core(Z) = p ¥ Ob 0. . N
w o b . ar
. p 0 1 p
Ob 0 0 1w -
b Tw N -
» . > r

where pw represents cbrrelaioq within units but_p%tween covariates qn&

4]

. . L ;
p, Fepresents correlation bewteen units but within covarfates.®.

R . - *

4

-~
*

Note that the model introduced .here-"differs’ from the correlated

. ) . . I
binomial of Haseman and Kupper(1978) in that’ they considered only a
]

one-dimensional model, that is% with one cqvariate representing scores
. ‘ .
on the different units within a cluster. In the model described above

¥

.
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° TN
we are dealing with a two-dimensional model, that is, with scores on
© . I
dffferent units and on differemt variables. Ue refer to this model as
- «

the reduced correlated bindf;. Table 4.26 gives the probability

distribution of the reduced correlated binaty for all§ 16 possiﬁle

'

values of x, and table 4.27 gives some useful marginal distributions

for this distributon, where x is written as (xll,xlg,le,xzé)'and

!
A

x, . is the observation on unit i, covariate j. N
1} . ;
’ Lo d
. v
v

“Having dealt with the distribution of X, we ﬁow specify Ug:

conditional distribution of Y. Let sthe usual logistic funcfion be
. < ~ 1
represented by ) . . !

gka) = expta + t)/ [l + exp{a + t)]

¢ ‘

and Rosner”s correlated logistic represented*by

hit, ,t.) = [.exp(al + tll + exb(a2 + tZ)]‘/

1’72

¥

+t,)]

+ + '(
[1 exp(a1 tr) f exp(al + tz) + efP(az + tl

so that equations in (4.2.2.1) may be writterd

I h(Bx),Bx,) p(x
1%
= I -g(y ) p(x %)%, +)
¥y % - -
+ + - ’

B M Pt R S PR S PR PR -
12°%21° %22 ‘ ) -
=/ L gy *Y,x,) p(l,x 2,+ +) :

*2 : , : " a

z "h(B,x, +8, le21+B X,,) p(le,

. 1%11 2%22 X910%00) .
11°%212%23

-

‘ L Co= Log(yyxty,) p(x1,1§+,+)

—
»
.
®
N
v

11°%12° %510 %) \
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Table 4.26

Y

~3

S
¢

s
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where 8 is the parameter of the correlated logistic and Yy is the
. 3 ’ B i
L “ limiting value of 'the usual estimator. L
. . ; .
. e

'
8

" When the coefficigﬁi'of the first covariate is zero, that is, when®

ed 0,
then these equations may be written

I h(B.x .8

+ + L
L, PN 2%39) PUFX T %) :
127722
= I g(y'® plx),x,,+,+)
xl)xz ; I' -
. Y ) D+
L ) Zx h(82x12,82x22) p(l’x12’ ,X22) -
‘ 12°%22. o ,
. y ALY =
f e . N - z g(Y1+Y2X2) P(lyxz 1+1+) -
X
. 2 f
v +
Lo (B Byxgp) R L) oo
22 - .
= Z-;g(lelfy_z) p(xl,lg,.'f,fr)» - 3 . ‘
)_(lu v <y .
New"g the re;l;;c_e-d corre_}a,,ted bihné.ry. distribution for, the
covarfates, we may write these equations

IS A

[R(0,0) + h(B,,8,)](1+p, ) +[n(0,8,) + h(8,,0)](1-p,)

= (80 + Oy T4 ) ta(y)) 4“8(Y2)J(%-ow)

3]

[h(o,O)(1~pw+pb) + h(ez,sz)(1+owtob)

+ h(8,,0)(1+p -p) + h(0,8,)(1=p -p )]

»

. .o = - + + 1 A
, . ‘ 2[g(112(1 p) * a(y v (1+e)] ‘ |
- . > :
13 ' L. ? -~
. ~ ) " - A r
» -
4 i v L] ‘N y
. & ) ‘
- ’ )
/ - v .
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Finally, for simplicity:of presentation of the ;esults;-we assume that

3

‘fpw = pb ".‘px, " /

and in tables 4.28 and 4.29 present values of the inflation factor of
. ) v

the estimator of the odds ratio related to the igspective regression

parameter, where the inflation factor was defined’ in sectqen 4.2.1 as

‘the multiplier of the true odds ratio which ylelds the ligiting value

of the estimated odds ratio; for.example, .
‘ . A
exp(Y,)/exp(8,)

4 .
so that a value of the inflation factor less than one means a
negatively-biased estimator, . and a value greater than one means a

positively‘biased estimator. -

5
- - *
o

’s .

Exaﬁinaﬁion of tables 4.28 and 4.29 yield the following conclusions

-
e

1. the usual esttmator of Bi is always negatively biased.

sy

2. the estimator of Bé,(which takes on various values) has the same

pattern of bias as the.estimator of the%oefficient of a single

covariate (see, - for example“ table ' 4.5), although for
corresponding values of px and pylx’ the bias is somewhat smaller

-in the two covariate case that in the singlé covariate case. The
. B

. A .
reduced bias may, however, be due to the reduced correlation

structure in the reduced correlated binary” ?iétribption; , for

~ ¢

{

8
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of odds

ratlo _for

s Table 4.

o, .
N .
P« °v/x 10
-0.80 .
0.00 1.000
©0.05 1.000
0,20 1.000
0.50 1.000
0.80 1.000
-0.50 e
0.05¢ 1.000
" 0.20 1.000-
- 0.50 - 1.000
0.80 1.000
0.00 (1ndependent X“s)
“9.0% 1 000
0.20 1.000
" 0750 1.000,
*0.80 . 1.000
0.05 .
0.05 15000
0.20 1,000
0.50 1.000
] 0.80 ~ '1.000
0.10 , .
Ty 0.05 1.600
0.20 1.000
0.50 1.000
- 0.80 1.000,
0.50
v+ 0.05 1.000
»0.20 .L-000
0 0.50-- 100
. ©0.80 1.000
0.80 L
: 0.05 1,000
0.20- -~ ,1.000
0.50 1.000
. 0.80 ©1.000
; . .
(*)

28

figst of Eggﬁbinagz_ggva

»

-

1

0997
"0.995

62(8 )

.000
.943
.792
.556
.378

OO OO~

.989
.95a
.895
. 837

[eNeNo¥ o]

.000
.000

.000

.000 -
<£{oo
<h.o0

0 999
0.999 -~ -

— =

<1.00
O 999

-

0.989
0.956
0.892
0.830 .

0:9%2
0.783
0.519
0.310

N

TS
oo .
riates

.

lnflatton factor for blas of'usual EStlma;or

i

unique paximun 1Lkelihood estimate not attainable

<.

-~

-+

a
1.000 1.000
0.890 * 0.866
07633 . 0.565/
0.300 0.191
(*) (*)
0.978 0.973
0.916 .  0.897
0.800, - 0.751
0.683 - 0,589
1.000.%-  1.000
1.000; 1.000
1.000 1.000
1.000 .. 1.000
<1.,00" <1.0Q
02999 ¢ ¢.99¢
0.998.  "0.998
0.997 ° 0.996
T10.999 77 0.999
0997, 0.997"
0.993 0.991
0.989 0.986.
"0.978 9.973
0.913°  ~ 0-894_.
0:990 °° 0.750
0.675 . 0.621
-0.886 ¢ 0.862 -.°
0.597 . 0531
0.207 4 0.138
(*) "),




- . Table 4.29

4

~Values of inflation factor for.bias of usual estimatqy

.
v

of odds ratio for gégond ofﬂtwo_binaqz_ggzarigtes ' ¢

—— e e e — —_————— ——— ————

Dy/x

.80 1.000

.05 _ 1000~ 929 0.864
.20, 1.000 . . 0.746 0.%61
1150 'T.000,, 478 0.222
.30 1.000 294 (*)

RS v |
05 " 1.060 .978 .956
120 .000 .915 .834
50 1000 .798 2 0.620
. .80 . .000 .692 .439
0.00 (independent X7sg) N 4
0.05 .000 <1.00, <1.00
.20+ .1.000 0.999° 0.994

-

0
0.50 1.000 . 0.995 ~ 0.966
0.80 .000 0.989 0.918

.05 . .000 1.002 -~ .003
.20 .000 - 1.006 - 1.008
0.50 .000 1.012 . -1.000
.80 .000 1.016 971

.05 .000 1.003 .006
.20 1.0000 7 1.013 .022
.50 <« al.000 1.030 .035
.80 . .000 1.044 .029

.05 .000 . k022 0 1.045

220 . .000 . 1.093 .192 .238
.50 .000 12248 . 1.549 “b94
-80 .000 1.430 .033 341
.05~~~ 1.000 1.077 162 .203
.20 ~1.000 1.354 .884 .184
.50 .000 . 2.231 6.566 .843
.80 .000 4.091 (*) (*)

(*) unique maximum likelihood esfimate not attainabl®
. n . .
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example, the <correlation between scores on different units and
L]

diffement covariates is zero.

3

4.3 Bias of Hhmmy variables estimator

-

It has been shown in section 3.3.4 that, for a fixed cluster size, the

dummy variables estimator is, In general, a biased estimator of* the
regression parameter B. *A sufficient for unbiasedness is that
N B=0, X

that is, th?t all covarlates-have no effect.
S

-
However, the work of Pike, Hill and Smith(1980) with stratified and

%gnditionah\‘estimator5' in case-control studies Mhave shown that,

-

a?%0ugh the stratified estimator is badly biased in small strata, it
becomes less biased in large strata, and, is asymptotically unSiased,

that is, .the b%as becomes negligible as the cluster Size(n) becomes

A
»

largs.

..

Hence it is possible thaty for the correlated loéiétic model, in

1 1)

particular, for Rosmer:s .ersion of the model, results similar to
- 1

those obtained by Pike, Hill and Smith can be obtained, and that the

-
-

‘-,duapy;yaribf%é"eqtimatorﬁ which has yery large bias for small cluster .

sizes, may become less biased>fop‘large clusters.



For a single binary covariate, the dummy variables estimator resembles

®

the stratified estimator of Pike, Hill and Smith, and, as shown in

N o

5

N 1Y
seetion 2.4, the «conditional estimator 1is the same as their ‘{1

conditional estimator.

The maximum likelihood equations given in (3.3.4.4) ad (3.3.4.5) can

v

be written for a single covariate #s
x'z=x"p . .
. Viz=V'p
where x, z and p are concatenations of the vectors

. X, z, ﬁi, i=1,...k,

where each vector represents the values in a cluster of the covariate,

the response and estimated probability of response under the dummy
* -

variables model, respectively. The matrix V consists of k vectors,

v each of length UWH(=kn), such that vi contaigs 17s in ~\;_

i y

positions (i-1)k to ik, and O elsewhere.

-

As indicated ip section 3.3.4 these equations may be rewritten as

-
. .

x'z = x"p

[

17z, = 1"p,, 1=1,...,k.(4.3.1)
i i L s
' aR

Since the values of both x and z may be only O, or 1, the first

equation in (4.3.1) becomes
3

kS = b
"1 ) =1pij
ij
where n11 was defined in the.grevious section as the number of units
with both xij and zij equal to 1. Now v&j in this equation is




evaluated only for units with x equal to 1, so that we may replace pij

4
in the equation with Pyi> where s «
= + + +
Py = exp(y,¥8) /[1 + exp(y +8)] ™ ‘
Moreover, using m to denote the number of units in éluster i with
x equal to 1 we may write the equation as
k ) ,
. n =L o, p,,- (4.3.2)
- - 11 =1 11711
The second set of equations in (4.3.1) may be written
= + =1,... .k © (4.3,
B T BoiPor T WPy Lo (633
where My is the number of units in cluster i with y value equal | to
1 and
= 1 + '
Py = exp(Y) /{1 .+ exp(y,)]
’ We are excluding from equations (4.3.2) and (4.3.3) those clusters in
. which all y’"s are 0 or 1. The reasons for “this are explained in ‘ .
Appendix B.l, but it can be geen that, for example, that for a cluster
in which all y“s are 1, equation (4.3.3) becomes A
= + . )
T 7 ToiPos T PriPyy
[
and, since -
= - L 4
\ ot T "7 Moy
this*may be written s
} . _ , .
no= npgy (P TPoy) a
which implies that ~
) D TE PR . S '
which implies that '




Y, —7% =,

i

.

and there is no infogmation about B in this cldgﬁer.

: -
. . s ']
. | l *
f

.’ . . ’_ . . o
§ Similarly, for calculation of the limiting*values of the estimatars we!

v

can exclude those clusters .with all values of x the same. ., Fdr .

PR - , -»
example, 1f in cluster i, we have all x values 'equal to O; that fis,

. .
- . B .
n = 0 » .
L 01 ’ - oo L

then equétioh (3.3.3) beéomes

m, = npg \
. A . r .
(where thé*Ehbsc}ipt i has’ been omitteQ),'and an explicit solution for
: ) o ) . T a
q 1s obtained, namely : o
p Yy = log [m /(o=m))] o ' :
‘(assuming we have already removed all c¢lusters with n=m1). Hence

- .

there. 1s nmo information about p&rameter 8 in this "cluster, and all. .

clusters with all x”s equal to O may be ignored in discussing limitiﬁg o
. ‘1 ' ) ) :

values of estimators of "B. Similarly, it may be shown that all ™~

RS

clusters with ali x’s equal to l'may bemignored”;m.

- . ~ N ~ N
Now for all other values of Ny we write equation (4.2.3) as //<//
N . v L Y
exp{Y,) . .exp(y +8)
- s i . i - -
n = m,.. P o et ot + o e . — . .- .
il i .1l
ltexp(y,) ° l+exp(y, +8) :
s . Q .

)
and we may solve for YiAin'Eermé of B. If we write ‘¢ for exp(Yi) and

! Bl

b for exp(B) and drop the subscript i, this equation becomes
n1(1+c)(1+cb) = moc(1+cb) + miob(}+c)

that is, . : .o

) - -

-n, + n1(1+b)c.+n1 o

, . / | ﬁ

bc? = m.c + m pcz + mlbc + mlbc2 ’
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2 L4 ’
Transposing all terms to one side of the equation, and gathering like ,
powers of c, we get o ' '
AN . . ot
2 - -q - - = T
bc“(m +ml n ) + c(m b+mo n,-n b) n1 ‘? ’
. which becomes ‘ ) P
- 2 + - o+ - . - = O . &.5.3 " i .
(n nl)bc [mO n, (m1 nl)b]c n, ( ) . )
which.is & quédratic in ¢. .Solving for c we get y T
[m.-n, + (m.-n )b] * / d ‘
SR i U it TAL (4.3.4) | .
—Z(n—nl) b y N
° aere” . - -
) 3
d = [my=n,+(my~ ’g 14(n—n1)b(-n1) . » _—
which, after some manipulation, becomes Lo T i
) e - . h . —_ "
= - 2 - 2 .
d = (my=n ) +(zmy=n, )b o R
‘ : + 2b[mm +n n-ns 2] (4:3.5) g k
, 0™1 1 - vy
Next we must-decide which root of equation (-.3.3) to sglect in~order
- . - N -t *
K3 ’
to yleld non-negative wvalues of c(=exp(q)). The ~expressiop (4.3.4)
L -
may be written { , ¢ - t .
e 2 - -
€ = [-e % (e Afg)]/( 2f)
= [e* (e2-4fz)]/2f. - T L (4.3.6) ,
"wherwej ~
- T oy
& = (Q - v
’ n ‘ .e @y n1 + (m1 nl)b . - ) . ot
A Tt = (amn )b ..
3 ‘ and . )
. g = _n‘;.. ' é A L | )

. ¢

. e, :
Now f is always pgbitive;GrecalL that @IL‘clusfers with'n=ni‘have been

o

discarded), g 1s always positive (réca&l that all‘éluste;; with

-~

n1=0 are not used), so that -

L4 g »
v

-

A Y
-




e

.. positive root. -If e is negative, use of the negative square root in

N

4 . ."
. . . 4
' N 2 o
< Ve ~
- »; -+ l‘
. -
. . 3 ' 1 [
« % S -
' - Lt
. JERES \
a .
N . .
e? -3fg >rel . ‘
- . L
L LT o " ’ -
and - : N . A
{es=&ig) > el . P

. 4 : -
“ P . » . » - . . .
Hence, ,it e 1s positlve, use of the negative squar- root in (4.3.h)
) R 'q ° P

will make ¢ negatfive; hence,-if e is, positive, we must wuse the

L]

{4.3.6) makes ¢ negative: thowever, use of the positive root will nmake

¢ positive. Thus the solution of“(A.B.E)_for any v is

i

= f(a-n ) + (a,- +°
X log ‘(mO PI (ml n, )b

({(a -nfg‘ +(m,Ln,)2b2 +2b(m_ o, —n,+ne <)Y .
o L s IS O 1 L »
" 2(n-n, b o (4.3.7)
+ - ‘,\
W > b .
heriv/ ‘ . 5
,J ' i ,
b = expl(8). -
This equatinn {ndicates that, for fixed n, and known & each v is

L

defined hv a unique combination of =. and n,. HYence there,arc at most

(n—l)2 unique values of v, chaq is, ’n—l)z.unique clusters.

Thus, in etamininé the 'bias in éd as - t

k -—-=+ o

-,
we may reduce the system of equations for the dimm» variable+estimates

r

from k to (n*l)z.

The next step is to examine the behaviour of equation (4.3.2) 4s

e

-~ -t

kK ==+ o, «

This eqhation may be rewritten . . o
- - ,-v'?..
0
) k k
’ In =T m, p
N ‘ isl.}ll i=1 11. 11



» N . v /
e : , “ |
where nlli is the number of (x,y) pgirs-with value (1,1) in ‘cluster 1.
Consi the limiting form of the average of this equation, as firét

‘p obosei in section 3.3.3. We have : -

.

1 .
lim -In -~-ZIa P ’ :
K o—os @ ll} .k 11 714 .
T ER) T ER R S
where ,.J ‘
' R TR Ry
and qu and R,1 werd, deiided"in the previous section. Hence the
limiting value of éd is given by the solution to the ‘equation
(R, ) = E(R P) =0 Cas
plus (n-1)? equations of the form (4.3.7). Now ) .
. .-
n
F = 7 =4
“(Rll) rr Pr(RIF,f) .
. r=1 . R ._;“"
where Pr(R, =r) is a function of 8, I , . A, 3 and w , where 1y
: 11 . yix .o0X X . X €
and o . are the parameters of the wunderlying beta distribution.
 Similarly ) B
. o=l a-1 exp(Yi.+3)
E(R,P) = I~ £ (4+j) ------= d---- pr(r =i, R, =)
: 1=1 j=1 l+exp(y, +8 :
s 1§ ! ’

. ey
where Pr(R11=1, ﬁlosj) }s-a‘fqnction'of B, o | ,.n, p and u , and

. yix X X )

the 5ubscript'ij'shou1d more prgperfy be written (j-1)i + j, .
;o . L L Ser =

, '
, . ~
/4

The prdgram gIASD (sSee Appendix D.2) was written to evaluate the .bias

¥ .

dummy variales estimator for various values of 8, p I 0 and’

of thé

« - ]

-p;. In qfi cases it¥was, assumed that the underlying beta distribution .

a
.

TP
o,
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has mean 0.5. The distributions used for Z and X were those wused #n.

the previous section, that is, Rosner’s correlated logistic for Z

(truncated, of course, not to allow all dependent variables of the

P
.same value within' a cluster) and the beta-binomial for x.
. * - / <
- ~ - . 3
Table 4.30 gives the value of BO,‘the limiting .value of Sd; the bias
and relative bias of B8 the 1iﬁiting value of the odds ratio

O)

v

i Fl
estimator‘pased on the dummy variables estimator, exp(BO),, and the

{nflation factor for exp(SO), for various values of 8, oylx and ox

-

and for cluster sizes

n=2,3,410,2950.

'
-
’

From the table it .can be seen that R
T
£

~ .

’ ¢
1 there is no effect of the correlation structure, namely, Dx and
py[ , on the bias as the cluster size changes. : ’ A

x -
v

2. the bias and relative blas increase with the absolute value of B,

s

although the relative bias increases only a small amount.

s ° e
P '“-

3. the bias and relat%ve bias decrease as n increases, but bSnly at a
slow rate.‘ Fgr‘)examplé, the relative .bias is ;lightly.under‘S
pércent fer clusters of ;ize 25: but” s vstill g?eaier . than 2
percént for’size’SO. T )

-~ - . .

v

;‘c

(4
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. Table 4.30
% .
"Summary of measures of bias of dummy variables estimator
for single binary covariate . =~ .
4 Values of 2 (followed by values of e*p(@))
0.000 0.693 7 .1.609 2.303
: . 1.0° 2.0 5.0 10.0
Cluster size c . 4 )
‘ ‘Limiting value of dummy variables estimator
2 0.000 "1.386 3.219 - 4.6Q5
3 0.000 1.050 2.539 3.783
5 ' 7.000 0.871 2.066 " 3.035
19 0.000 0.772 * 1.805 . 2.599
) 25 0.000 0.723 1.682 2.408
50 0.0009 ~0.708 1.645 2.354
. Asvmptotic bias of Jﬁmmy variables estimator
2 0.000 0.693 1.609° 2.303
3 0.000 9.357 0.929 + 1.481
5 0.000 0.178 0.456 0.732
10 n.000 - N.079 0.196 0.297
25 0.000 0.029 0.072 0.106
50 0.000 ND.0l4 N.035 0.051
Relative blas of dummy variables estimatnr.
s .
2 1.000 1.000 .1.000
3 0.515 0.577 0.643
5 - 0.256 0.283 0.318
‘j 10 0.113 0.121 0.129
25 - 0.042 0.045 0.046
50 .o < 0.021 0.022 0.022
.. ; ) .
Limiting value of estimator of odds ratio
2 1.000 4.000 25.000 100..000
3 1.000 2.858 12.665 43.958
5 1.000 T 2.389 7.890 “20.793
10 C 1.000 2.164 6.080 13.457
B 25 1.000 2.060 5.374 j1.117
50 1.000 2.029 5.179 10.524
. Inflation factor for estimator of odds ratio
2 1.000 §2.000 - - 5.000 10.000
3 1.000 1.429 2.533 . 4.396
5 l.pOO 1.194 1.578 2.079
10 1.000 1.082 1.216. 1.346
25 1.000 1.030 1.075 ©1.112
50 1.000 1.015 1.036 1.052

[] . !
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*

: - - ¢ '
The degreasé in bias of the dummy variables estimator -mirrors the *
decrease detected by Pike, Hill and Smith In their siudy, buledt is
. ; . . R . .
not «so dramatic with the correlated logistic model as in thfir study
of the stratified logistic model.
AN
[4
4.4 Asvmptotic Vvariance and Ee}atiggAgﬁgqugggz - .
L)
4.4.1 No effect of covariates N
T T T T Tt T -

Al . »
‘Table’ 3.1 at the end of chapter 3.gives formulae ~for the asymptotic'
jaziahce of '‘the [eur estimators when : o i

,,_,' 'o ) N . B - ~ .
RLUTAR 3=0
in the case »of p covariates. .Where there 1s only one covariate, the’
" table reduces t> Table 4.31 given below. The <corresponding .relative
 efficiencies are given in Table 4.32. - '
- -C
- ;,, A [ ' . ;"'..
o e " . . Table 4.31 N PR -
. . N ! . , . . .
a3 . L - . ‘- .
Asvmptotic variance of estimators {one covgria{e,ﬂ=0) \
N . . L . * . L v ) ;
o~ Estimatgra~ Asymptotie- variance 7
‘ T T - S0 - R '"‘_"‘:;"""’“‘:"‘_;"-' . -
_ ’ B Lo - . -1 : .
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Relative efficiency of ésfimat’grs_ (one covariate, £=0)

Estimator - 4 Relative efficiency

w ' (o) (me) (=p)
' RS , conditional  mmmemmmmeeodoaooo25 ‘ g
- [ . n {1+ {(n-l)p, o}
- " ~ v
. ' usual . *? . L (0-1) 0 D\(] » o
s d - : .« 4
P T
| ’ o L, (b2 el (1-p )2 .
e sy dummy variables” e EE R S B e e ~mmmmmm— oo LX)
s - RS 12 02 (1+(n-1)p p_J{1+(n-1)p_p |2~ .
< . v y X JTzx
R - v
. > . ’ .
4".;,- . Joe o “ ‘ " ’ ) N o
4 ' v 3 _,3 LA i . +
. ao aRr~>m tabf ”32, it may be setn that .
[N ) "":"(_Af:'" o i ,(-:_- ..".‘; P a
ale v ’ hd i )
voa LU ? . R :
.- + Y L . - - s vl‘-"', - . .~
¥ . T B A the]conditicnak«estimator is nevkr more efficient than the max®mim -
ERE . TR T
, ¢ R 1i ﬂelxhood wtlmator, and only -at‘t"a'ins the same efficiency wT;gq: !
"k Tt T H oA " 1
; e 5 e : ) N N
~ P B 5 UGty D
’,‘., v 4:.. L o 3, s X . . . v
ek o _ . i R S S
- ‘..'~ . e
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T R it Proof ‘ k_/ """- <L S
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o ’ Cdnsider the denom,iﬂ‘atgr-“mmus the, mumgrator of ' the relative T
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Sincé B}‘, is always hon—negatiye, [1+(n-l)p ] is never less than

N




- ‘ \
1, and since ox,‘ ike any intraclass coefficient, is bounded below
by -1/(n-1), then this expression is always positive and 1is only

equal to O when Dx attains its lower bound.

.o

the usual estimWtor is more efficient’ than the maximum - likelihood

estimator when ox is negative and oy {s non-zefo (by is always

non-negative).

for fixed’g, the relative efficiency of the wusual estimator is

«

bounded above by the line (l-oy)-z. The maximum efficiency is

Pt

attained when

. 6 = -1/(n-1). o
X >

. 4. for large cluster size an&'non—negag?ve values of Qx, the dummy
o ’ variables bstimafor is , mever dor® efficient. than ;he maximum
e likelihood estimato"and attains m§ximum efficiency when ox.‘éﬁd
py reach their lower bound of 0. ‘ X . -
’ Proof: ) : ‘ )
) anite For'lérge cluster size, the difference between ::Lﬁg rapdbm
& - o

Gioy 3

variables Y -and Z becomes small (see, for example, Appendix B.2d

so that
- *X‘ "

*

and

» & . A

-~ »

¥ Yt




o

*
the dummy variables estimator may be written as

v (n=1) (1-p ) :

¥ (n-1
nf ™+ (n 0]
.Consider only -the fraction 1in this expression and subtract the
numerator from the denominator to give ’
+ - -n+ 1+ (n-
n + n(n l)Bny n (n l)Dx
=1 + (n-1)p +
1 (n l)ox(l noy) /

Now py 15 aiways non-negative so that C1+noy) is never less than

1, and px 1s assumed to bé non-negative so that (n-l)px is bounded

below by 0. . This expression is monotone in p_ and b SO that its

.

pinimum value.of 1 is attained ‘when both o, and px are 0.

-t

PO

Eiﬁures 4.1 to 4.20 give plots of the relative effidiencies of the

estimators for various values of cluster size(n) and L plotted as a

functto%\of p
° y

Figures 4.1 to 4.6 give the relative efficiemcy of the conditional

\
\'

estimator for cluster sizes
/ ¢ ’
a = 2,3,5,10,25,50

and for various values of px'which {include

~ p = 0.50.1,0.0
1 e,

and at least one negative value of I From these figures it may be

L2

seen that %
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1. there {s always one value of px,_namely,

-
.

P, = Tl/(n—l)~ ' : o

for which the qonditional is fully efficient, ®
r N . -
N s . Y . s 2 : . w,
2. the relative éfficiency is a non-increasing function Jf Dy » and '
pxr , . <
3. “for non-positive values of px, for a fixed value * of py, the .
*y )

relative efficiency increases with nt .

\/ - ..JI

4. for positive values of ox, relative efficiency increases, with n
’ 3
for values of Dy near 0O, but decreases withsn for values of oy

near 1.
0 <+

Figures 4.7 to 4.10 gizg,graphs of the Telative efficiency , of the

usual estimator for * ¢ L
n =4,5,10,25 L )
. . '
and for non—negativéaVaIues of p_, namely, - - . .
* _:_ . '(-
R . Py = 1‘0,0.5,0.1{0.0. ”

From these graphs it may be seen that, except for

' px=0, ‘ . R ‘ ‘

the reldtive efficiency decreases with increasing values of1py, P
. . X

’ .
. - B

and n. ’ e s
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{ Figuresfé.li to 4.14 give graphs of the relative

N

usual estimator for

&

.

.

[

o . X .
“.L & )
-
7

PR gt

1plus at . least two other negtive values of px.
. L ]

R ;\‘.. N .

may be seen that, except fofg:g -

v

p. =0
X Y
S

the relative efficiency increases

.\‘_

and n, with the limiting value of

H .
M

show the: relative

T .

Figures 4.15 to 4.20,

R |

RO
_variables estimator :fdr, .

n = 2,3,5,10,25,50
. ) k
and a range of.values of p - From
T A

4 .z
<« 14
TS
we LT b

_the }eigtide efficiency at %. -

'l vin
rr, o
Ry ey
g
B

s B

n 2

3
0

< A
. Py
4 X

/4 that of the conditional
- ‘ A
Jalues(see Figure 4.1)y.  The -

.oy
.
1y
L]

is exactly,l
parametefg-

T

explained below.

S
the relative efficiency increases, im*general,

reaching 0.9 for

=0,

efficiency

reason

with increasing values

Py being -1/(n-1).

of the’ dummy

BN
o
"

.

r

IS
[y

. LR~ .

rd

‘these figures it Qay'sé seen that
ve

'3 4
estimator .smith the same

N

for this: is

» " s

LX)

-8 »
,*’&.
witht valueg. of

0‘3‘
»
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L E and 3bout 1.0 for negative values of p_. -
. A \ . - . . .
* ) - T . .
S ~ . .. , . .
tL *+* 3. the relative efficiency declines with\increas‘ing values of py and
IR T A o> except for negative’ values‘of’ o near. the boundary of the
fo. ! : parameter space. . BRI ’
= e e T - . B
‘. Y Finally it ‘should” he " noted that . the re].ationship between  the
- SN N ésymptor.ic variénc\es of éﬁe’ conditional and the the dummy variables
.- estxmators_ glven by Tablé 4.31 agrees, in the case of clusters. of size
. ST R 2, \‘.ri_th another':’approach to the p‘roblem. When n is 2 and .we assume
v that the’ underlylng beta d1str1but10n has mean 0.5, then Y is a
bino(ﬁi:él-‘rajidgm" vé‘fiable wi»th parameters ! and 0.5, so that <
-~ "‘ - v “ . § ) . qz '=~ 0‘2»5 ._‘ y “ . R . ‘ -
Now Z is the radc‘i‘orrifvéct\‘or wﬁi,ch :cah.,tgke on values, of. (1,0) or (0,1)
with equal probabﬂlmes so tRat th_e prodability distribution of Z is
, £(0,1) = Q.5 P -
. v_r .?‘ “.f(l,O)v_-—- 9;-‘5)”“ \ s . . K
. . . “ v * L A ° e,
Z . (see for example Appendix B,2) so that ;"" - ;' e
] p .. ; 4 ) . Y . . N R
] =0, 25, A i. L A s
~ \ \" ,
. .. P corr(Z 2,) = [0.¢ (0.5)2).£7(0.5)2 ,
L - 1 : .
' \ S . . L
* and B ) ‘ ’ .
t ' ' S " B L Tt ”
. =1/ [L - Pr(Y,=Y,=0) = =Y, = :
g e s T
1ad )‘ - . * N
=1 /[0.5(1-0 )] . b e -
‘ so that the asymptotic variance of the dommywariables estimator’ is ., "
, 2(10))[05(10)02502(19)].:
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2%

= 4 /fo§ (1-p) o2 (1-p )]

whifh is four times the asymptotic variance of the conditonal

estimator. .

Now the same result follows from some. work of Andersen(1973, 69)

which was reported in Breslaw and Day(1980, p-.250). An alternative

derivation using the notation common to this ‘thesis is given in

.

Appendix C.3. This result states thaf, in the case of a single bfnary
covariate with two units per cluster, the dummy variables estimator is

exactly twice the conditional estimator; hence the variance of th

dummy variables estimator is four times that of the coanditional

.

estimator. . -

4.4.2 Non-zero regression coefficients

N

Since the usual  and dummy variables estimators are, in general,
asymptotically biaséd, an, for small cluster size, the bias 1is. quite
large, it is of interest to compare only the consistent estimators of

the'regfession coeffictents, that 1is, the maximum likelihood (or

unconditional) estimator with the conditional estimator.

In the preceeding section it was shown that, when o.

g =20
thé relaéive,efficigncy of the conditional egtimatof is never greater
than one and }s " in general 1eés than one, changing with increasing

cluster ‘'size from very low values for cluster size two to larger

\ ) -
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values for py and pxtnear zero, But to smaller values for py énd'px ) ¢
' awa} from zero. In this section we investigate the relative
/ efficiency of the conditional estimator for non-zero vaiues of B in

'ﬁ order to compare these values with those at
\ g = 0.

We limit our invescigation to a single binary covariate with clusters

of size 2. %

We take the expéctgtion of matrices calculated in ‘Chapter 3 with
respect to simple di%tributions of X and Y. For X we assume the
simple correlated binary distribution given in Appendix A. This is
actually a beta-binomial distribution with parameters 2, P énd ;x'
we shall assume that

ux = (0.5,

fhis corresponds to assuming that a and b, the usual parameters of the
underlying beta distribution, are equal. The conditonal distribution
of Y will be assumed to be Rosmer’s version of the correlated

logistic. The parameter of this distribution is denoted by'pyu

For the unconditional estimator, minus the second derivative of the

log likelihood is a simple form of expression (3.4.1.7), namely,

g (lme))  -gey PR LN PR LPA W At
828 8y(1-8,) 8217811 87828, |\ %

2 )
f175, 27 RiE\ (%

- e 2
£2175,8,  £5,7F, x

(x1 x2)

2v
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£
r

. :
where théxgsubmatrix in the lower left corner of thisﬁmatrix has been
omitted because it is merely the transpose of the submatrix, in the

upper right corner. This matrtx may now be written

g (1-8))  -g8, (8,78, f, )% +(g -, 0%,
8,(178,) (85,78, F) )% (85,78, )%,
_§ 2 - ¢ 2
CE) 7B D%y F2CE o= F B )%y X+ (£ )=, T)xyy
' (4.4.2.1)

where only the wupper triangular submatrix is reported (because the
matrix is symmetric) and where »

g = PY(Y1=1:Y2=0)+?r(Yl=O,Y2=L),

' g, = Pr(¥ =1,v,=1), .
£, = Pr(Y1=1),\'
) ) £, = Pr(Y2=l)5
g, = Pr(Yl=1,‘Y2——;(_)), C o ' . '
g, = Pr(Y1=1,Y2=f),
Byy = Pr(Y,=1,Y,=1)
g,, = Pr(Y,=1,Y,=1) = g,,
fy = Pr(Yi=1) = £,
£, = Pr(Y1=1,Y2=1)‘= 8y
£, = P;(Y1=1,Y2=1) -8y
and_ '
£y, = Pr(¥,=1) = f,.

.}

When one takes expectation.of matrix (4.4.2.1) with respect to the"
distribution of (Y,X) one obtains matrix, say A. The asymptotie

varianceé of the unconditional maximum:likelihood estimator is given Sy

-



-

.‘: ’ \f exp(Bxl)/[exb(Bxl) + exp(Bx,)]

211

-

. v

L]

- - -
the, inverse matrix, namely A 1, and, in particular, the variance of

is given by the element in position (3,3) of A-l. If we define

\ .
ai, as the element in position (1i,j) of the matrix A, then a . result

1

-

’r

glven by Graybill(1976, p.l19) shows that the required element of A~

is

— 2y - 2. 2
335(3)185778),%) = (8,,3,,723,,8,,48,4%3,,23,37)
]
(6.4.2.2)

The asymptotic variance of the conditional estimator may be calculated
o

in a similar way. A typicqi\iiement in the wmatrix of *(minus the

second derivative of the log likelihood) is given by expression

(3.4.3.3) and calculation of the unconditional information is shown by

\ d
expression (3.4.3.8). In the case of one covariate and two units" per
“~ .

cluster, the conditional information in a single cluster is

‘ TX2F(1-F) - X
\ ZEX{X F(1-F) Xllelel (4.4.2.3)
+ where F is the probability distribution function under the conditional
. . ‘\
model, that is" |

,_( o F = Pr(YRD)

\

' \ p
but this 1is only a| function of x, and x,, which we shall write as

f(xl,xz). Hence (4.4.2.3) becomegr .

20£(1,0)[1-£(1,0) ] p{1,0)+£ (L, 1) [1-£(1,1))p(1,1)
- £(0,1)£¢1,1)p(1,1)} ’ (6.4.2.4)  _
\ - |

where ) \

«

PUL ) =pr(X =1 Ky=3).




NOQ'. B ’ v
£(1,0) = exp(8)/[l+exp(B)]

-

and

f(l,l) 0.5,

so that (4.4.2.4) becomes + | -

2 exp(B) of(1-0,) /[1+exp(8)]?

where the distributon of X 5 the simple correlated

-

212

binary (See

Appendix A.1) To get the unconditional information we multiply this

expression by 8 the probability that one of the two Y's is 1. The

-~

asymptotic variance of BC' s the inverse of the resulting scalar,

that is; 8

[1+exp(8)17 /[2g, exp(B) 02(1-p )]. - (4:4.2.5)
Now when

) g - 0 T

.

8, is merely a ~ function of the parameters of the

distribution of ? that is,lik.'

= 2 g2(1-p , s
! y 7Py :
"so that’ the asymptotic variance of éc is
Z 52 (1= - -1
| Log og () (1p ) )
as_yaé given is Table 4.31.
- - ' - e

‘cornditional

In levaluating the relative effiéiency of the coondggtional estimator we

" assume that the correlated binary distribution éf X has
.. / T

so that ' , . ‘

- - g2 = 0.25,"
- ' x".



and that the underlying beta distribution of the error distribution of
/

the ¥ s has mean 0.5 so that -

¢ ' 42.20.25. _ .
y

The subroutine RELEFF (see Appendix D.3) was written to evaluate the

’

asymptotic variance of the unconditional and conditional estimators as
)

given in expressions (4.4.2.2) and (4.4.2.5) and to calculate the

relative efficiency of the conditiional estimator as the ratio of

these two variances. The results were plotted as a function of p

+
i

for
exp(B) =1, 2, 5, 10

(the inverse values 1, 0.5, 0.2, 0.1 giving the same values of the

relative efficiency) and for

F

p = 0.5, 0.1, 0.0; 0.1, ~0.5

(larger positive values giving even "lower values of the relative

efficiency).

The graphs in Figures 4.21 to 4.25 show that the relative efficienéy

of the conditional estimator decreases with
l. increasing values of py, the “residual” intraclass correlation,

2. " increasing values of |8|, the absolute value - of the regression

coefficient,

¥




3. increasing wvalues of, oxt the 1intraclass cerrelation of the

[
i

covariate

50 that the maximum efficiency is attained for

o = 0.0,
y
g = 0.0,
p = ~-1.0.
X .

It may be shown that the conditional estimator is as efficient as the

unconditional estimator when px is -1.0, for all values of py and‘B.

L}
{

The result in 2. may be interpreted in the following way:
The conditional estimator would wuse only those clusters with
dissimilar values of A and Yo If the correlated logistic model is

- 2’

correct, the condtional estimator is fuily efficient only 1{if, within

each cluster) so wused, the covariate wvalues are dissimilar. The,

conditional estimator in the case of a single binary covariate with

two units  per cluster is discussed by Breslow and Day(1980, p.l164-6)"

for use in case-control studies. If used in oﬁher types of studies
where the correlated logistié provides a re;soqable saapling model,
the gonditional estimator, which wuses _only those clusters Qith
dissimilaf x values, ana ignores. those clusters with similar x values,
is'usgally not fully efficieni. “1t. disgards the 1nformatioﬂ in the

’

clusters with dissimilar y values but similar x values.

. . -
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. . If, however, we are actually dealing with a° case-contrbl study, in

.

which there only exist clusters with dissimilar y values, then the

with 0 -or 2 occurrences; these clusters. must be present to enable us

+
M »

case-control study with a fixed number of cases per control is an
4

" example in which the correlated”logistic does not prdvide a reasonable

. sampling model. . ' o -
. é’ﬁi a . !

P ™ o N

-~ . . - .ch;’;
’ Hence the condition3l estimator, although not fully efficient when all
. types of clusters may occur, is fullf efficient in case-control
¢ s * ' s »
studies. .
.-

. 4.5 Misspecification factors

-

multiplied in order to produce an wunbiased estimator of the true
variance of that estimator. The misspeEification is cause by the fact
_that the estimated variance is calculated under the wrong model, and

the misspecification factor is used 'to adjust this estimate to produce

\“‘.a consistent estimatg of the variance under the correct model. The
—

misspecificaCIBn effect was first described for continyous outcome

variablas by Scott and Holt(1982).
A f ~ R . e
L] : ’

. l . unconditional model could not be used. There would be no 'éldsters

to estimate the parameter a of the unconditional, model. The s

.The misspeédification factor for the variance of an estimator is the
- .

-amount by which the estimated variance of the estimator must be.
¢




v
w

.
»

Both the usual estimatorﬂ é;, and the dummy variables estimator, B

d'
suffer misspecification efféc;. The mis§pe§ificafion factors for p
cbvariates“when 5 :‘
g=0 ' .
S ] '
are' ‘ N ! , . v
. . \ e , : X . ~
a . . . . _l
LB )+(n=1)p E(X, X, ") |E(XX") .
. ) e X
=1 + -1)E
| | I+ (0 DE(X X, )E(RX")
and . ) o

v

: . , ' ] . |
» nc[E(XX )+(n—1)ozE(X1X2 Y] [E(XX )-E(X,X,")] /(n-1),
J!spectively: For'g single covariate, these factors become .

' 1 + (n-l)pypx . ‘ L . *(4.5.1)

. nell + (n-1)o_p 1/ [(0-1)(1-p )]  (4.5.2).

! -
[ .o . :

L

Expression (4.?.1) is exactly that obtained by Campbell(1979) and

Scott and ° Holt "for the continuous case. Note that, for px values

greater than zero,the factor is greater than 1 and multiplication of

the estimated variance will yield'a larger standard error; thus the
. g .
An

usual test is tbo optimistic. However, for px less than 0, and

particular for designed studies, the factor is less than 1 and the new

v

variance will be smaller than before adjustment; hence’ the usual test

. 1s conservatiwe. . - !

N

The values of the misspecification factor for the dummy variables
varfance giveﬁ’ by (4.5.2) varies quite widely as indicated by the

plots in figures 4.26 Eo 4.,31. 1t can be seen that

™~



o~

.

the misspecification factor 1is, 1in general, greater

»
- ~

ey
indicating that the estimator, even when unbiased, provides overly

optimistic tests. o

than ' 1,

the misspecification factor detreases with increasing values of n,

after starting at some very large values for

-
‘¢ a

n = 2. .

. A : : , : N
the misspecification factor increases with .increasing values of Py

I

and, in general, with increasing values of py.

-

.

starting with moderate values of n, say

) n = 10,
there are some negative values of px and values
example,
p < 0.40,
y .

of

for which the misspecification factor is essentially 1, that is,

<
for which no correction is required 1in the estimation

variance of the dummy variables estimator.

5

the
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CHAPTER 5

) Numerical comparisons with sample data

L

"5.1 Introduction Co .

%

In this chapter we perform some numerical calculations with the
- : various estimatours, obtaining their values in two examples, as well as
. estimates of their variances and/or equivalent test statistics, and

show that, as the results of ‘Chapters "3 and 4 suggest, ‘numerical
values of the usuai, dummy variables and conditional estimators may
differ greatly from those of the unconditional maximum 1likelihood
estimatérn and may produce test sta{istics which may giv; inferencC;
quite different from that provided by the. unconditional approach.' In
- ~ this chapter we use Rosner's version of the correla;éd lggistic model.
Note that both examples have only unit-specific covariates. Although
th%'usual and maximum 1;kelihood est;hators may be used with etither
cluster— and/or unit-specific covariates, the conditional estimator
ma§ only be wused with wunit-specific covagiates (see Breslow and.

-

Day(1980)). There are some numetrical problems with the calculation of

the dummy variables estimator when only cluster-specific dovariates

°
-»

o8
oo
<

y




. yow 4 . . . 4
are used. Because the ,dﬁﬁhy variables are also cluster-specific,.

< . .
there is confounding pf the effects of the dummy:variables.with those

of the —covariates. The standard ‘logistic regression analysis program

?

will fail due to singularity of the matrix of second derivagives.

"

However, reparanetrization and the removal of some' variables from the
- 1%

madel will allow a numerical solution and the correct calculation- of
. . - N - , ) o .
.+ estimates. £ a ‘ S

N

N o

)

> M > ~ «‘
0 e ¢

The computer programs used for these calculations were i

. ~ o
v
)

. " N
3

1. LOGDIS, which implements a version of j.A;Anderéon's algorithm for

the multinomial (polychotoﬁousS logistic model. Documentdtion is

v
. ? .

~ K contained in _Koval(1982). . This program was dsed to calculate both

. the usual and dummy - variables egtimatofs, their estimated

variances, and test statistics (both estimate/(estimated standard .

L - ’ N
‘ -
’

. » error) and likelihood ratio test). e,

» ! . *

2. CLOG, a version of the conditional liﬁplihooé program for

. case-control studies wused by Breslow and Day(1984, p.307—21).
. o . -
- N . " ' '
This program provides' numerical values .of the conditional

. . .
.

. . : » . ) e .

estimator, its estimated variance, and the likelihood ratio test.
LA

. o

o . <.

R 3. CORLOG, written by the author to calculate -the maximum Likelihood
. R . - . N N )‘ .

N

estimator under Rosner's constrained’ version of thé correlated
. ' ] -
., Y ~ ~

i ‘ logistic model. However the calculation of the eiéments of the

4
. ' ”
b4 .
.

e

matrix of second derivatives as described in expression (3.4.1.7) ..

L%

o




.

with the modifications given at the end of section (3.4.2) is

* complicated by the, need to determine the derivatives of the a

o
parameters with respect to the two 'Rosner" parameters for each

sample size. This program substitutes a likelihood ratio test for

the test based on the ratio-(estimate/(estimated standard erfor)).

5.2 Example one - -

.

This example has been artificially constructed as the simplest type of

data that cpuld be handléd by all four methods. The simplicity of the

example enables us to see the <behaviour of the estimators quite

clearly. The &at§ is given in Table 5.1. It is divided into two
parts, Fhe first hav;ng data with dissimilar values of y, which can be
analysed;by the dummy variables and conditional estimation" dpproach,
the second céntaining results for those clusters with similg¥:v§1ues

of yﬂ which are usedhonly in the comstruction of: the usual and the

maximum likelihood (or unconditional) estimators. The results of the
?

anglysis using all four estimators is-given in Table 5.2.

.

o

231

-
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v N\
Table 5.1 » v
% i . . T . o
: Data for example one
‘ Cluster ‘ value of x ) value of y
- -
1 1,0 1,0
- 2 lyO » 190
PP - - 1,0 0,1
) 4 1,1 1,07
) ? 0,0 0,0
6 0,0 0,0
7 1,0 0,0
8 1,0 . 0,0
9 1,0 - 1,1 -
10 1,0 1,1
11+ . 7 1,1 1,1
12 - 1,1 1,1
- R S _—
Tabde 5.2
Results of analysis of example one
o - 3 X .
Estimator value - value/se LR test
————— _ . — ————i . ————
maximum 1.96 i ) 4.67 ",
likelihood
s
conditional 0.69 0.57 0.34
. .. ‘ . .
usual -« . 1.7 . 1.98 | 4.33
-d§mmy ) 1.39 : © 0.80 0.68
ariables . C . -,
L ] . . .
5.3 Example twof~SmitQ ﬁgﬂ Pike data
.

' The second example consists of. data on the age "and presence of

infection with " Trypanosoma <Cruzi in 40 households in & rural area in

‘Brazil, These data were first presented by Mott et al.(1976) and then

\




v

(age followed by number of individuals at that age in household;

Table 5.3

Example two:

N ¢
Age and presence of [.Cruzi in 40 households in Brazil

number of infectives shown in parenthesis)

cluster age,numﬁer(infectives)

1 1-1,5-1,10-4(2),25-1,65-1(1)

2 10-1(1),45-1(1),65-1

3 192,25-1,45-1

4 5-1,10-1,35-1(1)

5 25-1,55-1 -

6. 1-2,5-1,20-1(1),35-1

.7 5-1,15-1,25-1 ’

8 20- 1 55-2(1

9 0-1, - 1,5-1,10-1,25-1(1), 35 1(1)
10 15- 1 557

11 5-1, 45-1 ,55-1

12 5—1,20-1(1),25—1

13 1-1,25-2(2)

14 45-1

15 5-2(2),15- 1(1) 20-1(1),35-1(1),45-1(1)
16 5-2,20-1(1),25-1(1) &
17 1-1,20—1(1),25-1'

18 0<1,1-1,25-1

19 15- 1(1) 25-1{1)

20 - 1-2,5-2,10-3,15-1,20-2, 35- 1,45-1(1),65~- 1(1),
21 45~ 1(1) 55-1 .

22 1-1,5-2,10-1 %5-1 «
23 5-4,10-1,25-2(1),35-1,55-1

24 5—1,10—1(1),15—1,25—1(1),35—1(1)
25 20-1,25-1,55~1,65~1

26 5=1(1),15-1(1),25-2(1),65-2(1)

27 1-1¢1),5-2(2),25-2(2) o ' -
28 0-1,20-1,25-1,65-2  .:%

T 29 65-2(2)

30 15-1,45-1,65-1

31 15-1(1),25-2

32 45-2(1)

33 25- 24’8 _

34 S=1(1M10-1(1),65~1

35 ° 1-2,20-1,35-1(1) .

36 5-1,10-1(1),20-1(1),25—1(r),3541(1),55-1(1)
37 . 15-1,25~1{1) ‘

38 1-2, 25- 1(1),35-(1)

39 0-1.5-2,10-1,35-2(1),65-1
40 20-2

total

e aare

8(3)
3(2)

. 4(0)

3(1)
2(0)
S(1)
3(0)
3(1)
6(2)
3(0)
3(0)
3(1)
3(2)
1(0)
6(6)
4(2)
3(1) -
3(0)
2(2)
13(2)
200)
5(0)

-9(1)

5(3)
4(0)
6(4)
5(5)
5(0)
2(2)
3(0) -
3(1)
2(1)
2(1)
3(2)
4(1)
6(5)
2(1)
4(2)
7(1)
2(0)

° 2 rl :I.
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reported by Smith and Pike(1976). They are given in Table 5.3 in a’

Al

‘

foymat suitable for computer entry and analysis;' The age given in tﬁe'
table is the lower boundary of the agé‘grouping és deshribed'by Pike *
and Sﬁith. They do not use the age data explicitly, but we require a
measuremenﬁ of the ‘“age covariate for each unit. We have used this -
lower boundary of the age grouping as the age of the individual. The

results of the analysis is given in Table . S.h.

Table 5.4 .

L}

Results of analysis of example two

Estimator - value value/se LR test
) — .o —_ —
" maximum , 0.0139 . 2.80°
likelihood
L]
conditional 0.0358 o 2.66 ' © T 7.91
usual ' 0.0167 2.01 4,07
’ S dummy 0.0456 ™ 2.9 9.99°
variables -
b= S 7
<>
- 5.4 Conclusions

b
-

From the analyses of these two data sets, the following conclusions

K

'may be drawn

- s

-
-

.

p Y 1. any estimator which igﬁores the clusters with- similat values of

the outcome variaple is*at a disadvantage. In these examples, the

large number of ‘such clusters indicate a high degree of

-

-

L
¢ .

A
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»

intracluster correlation, but the correlation is not measured by
estimators, such as the conditional and dummy variables, which
discard these clusters .

the usual estimator performs quite well. In example one, it is
slightly smaller than the unconditional estimator- The results of

. ' . »
Chagper & would suggest that this 1is due to the negative

intraclass correlation of the covariate (estimated at -0.134). In

n

example 2, the usual estimator is larger than the upconpitibnal
(Rosner) estimator. Again Section 4.2.1 would suggest that this
is due'to the pdgzgzbe intraclass correlation of the covariate
(estimated at 0;109) and the significant residual intracluster

correlation (estimated at 0.192, LR test value of 12.14).




CHAPTER 6

Concluéions and areas of further study

»

This thesis has introduced the correlated logistic regressfon model,
established some of {its properties, and gquantified the errors

introduced by using incorrect models to estimate parameters of _the

correlated logistic model.

~

, ‘ . . -
In Chapters 1 and 2 we have shown the relationship between the

correlated logistic and other models for correlated binary outcomes.
We have determined that it is a simplification of a model introduced.
by Cox(1972). Conversely, it 1is a generalisation of several

well-known models, the beta-binomial of  Skellam(1948) and

- v

Klefnman(1973), the beta-binomial with covariates of Williams(1982)
- and Manly(1978), the bingry logistic.of Berkson(l944,etc.), Dﬁy and

_ Kerridge(1967), the multinomial 1logistic of cbx(l966) ~ and
. . . 4 . .

Mantel(1966), and thé simple correlated logistic of Rbsne:(19§3). Ve

-

have compared 1its properties with other models for biﬁafy outcomes in '
the presence of covariates, such as the logistic-normal of Pierce and
’
) » .
Sands(1975) and Stiratelli, Laird and Ware(1984), and’ the

5
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equicorrelated probit of Ochi and Prentice(1984). We- have

distinguished it from the multivariate logistic of Mantel(l966)‘and
Nerlove and Press(1973). We have shown that it can be used to produce
the same conditional model used in case-control studies by Breslow,

‘Day et al.(1978).

In chapter 3 we have investigated ‘Ehe consistency and _asymptotic
variance of several estimators of the regression coefficient of the
correlated'logistic model, in particular, the unconditional maximum

likelihood,. the conditional maximum likelihood, the usual

(uncorrelated) logistic and a “dummy variables” logistic estimator.
We have established the regularity conditions for the consistency aﬁd
asymptotic normality of the unconditional and conditional estimators,
and have obtained sufficient conditions for the.consisten;y of goth

the usual and dummy variables estimators. The sufficient conditions

are:

o
4 »

1. for the complete set of p regression parameters,

\ . 8 =0,

2. for a subset, Ba; of  the parameters,

g8 =0 °
o a -

and X; 1s distributed~independently of xb, where Xa'is the subset

of the covagiates corfequnding to the subset pa of the

. . .
N . . .




¢

parameters%, and Xb is the remainder of the covariates in X.
T e .

We have obtained the asjhptotfc variance of the uﬁconditionél maxioum
likelihood estimator in the general case, when

g =0,

& . -

and when Rosner”s cgnastrained versiom of the model is used. We have

. - .

23N

obtained the asymptot#c variance of the conditYohal estimator 1in the -

general case and when - . - .
o
4

g =0.

Finally we have obtained the asymptotic vériaqce of the usual and

»

dummy variables estimators, and hetce theilr asymptotic relative

efficiency and misspecification factor. - .

In Chapter 4 we have 1investigated ghe relafionship between the
h

.estimators for some simple cases and e shown

1. for a single binary covariate, the bias of the usual estimator
increases as the cluster size increases. Hence the usual

estimator is only useful for'esfimation and testing when

»* -

B =0.

It would be interesting‘to investigate 1if this result holds im the

. presence, of multiple covarlates.



for‘e \usual estimator with two correl;ted binary -'outcomes in
cluste%s of size 2, the effect of the covariate Qith coefficiént
equal to O in never overgstiméted, and thé éffec; of the covariatg
with non~zero coeffici'ent is estimated .with the same bias as in
the/g;ngie covariate case, although the size . of thé bias‘is
somewhat s@éllerﬁl It would be useful to lhvestigate tﬁe efggcc of

1

a non-zero parameter on the estimation of another non-zero

parameter, and to study this further for multiple covariates.

for a single binary éovariate, the bias of the dummy variables
estimator becomes smaller with increasing cluster size, becoming
negligible (about 5 perc.ent) whe:‘ is 25._ This inc}itates that
the dummy variables estimator may be used for estimation in larger
clusters, in agreement with the conclusion of Smith, Pike and
H111(1980). It would ?e of 1interest to- investigate 1if these
results hold for ggther types, of covariates and for multiplé

covariates.

x \ .
for a single binary covariate, the relative efficiency of the

conditional estimator 1is always less thaﬁ one, except in the case
g=0

and

-

.p}bs -1/(n-1)a

the latter indicating a “designed” Study,‘_for' éxamplg, one 1in
S ,

.which a ‘subject wundergoes two treatment conditions, and the

covariates measures the presence or absence of a treatment.

o o ® + !

v
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Moreover, the relative efftciency for non-zero py and non-zero Py

+

reaches 0.9 only for clusters of size 25 or more. Hence the

conditional estimator should only be used with “designed” studies -

[y

(for example, 'case-control studies with fixed number of controls

N for each case) or for large cluster size and sMall values of px

and p}. Moreover; these results indicate that, if thére are

. . . i
varying numbers of controls for each case in a case-control study,

the conditional method is .probably not -fully efficient. This

should be further clarified by some calculations ‘with varying

cluster size. This lack of high efficiengy” of the conditional’

estimator as cgmpated' to an unconditional estimator diffe from .

the results of Farewell(1979) and Lubin(1981) (who' did, hovever,

have a different. unconditional .model -from that used 1in this

- <

’ thesis). : ),

5. for a single binary covariate in clusters oﬁlsiie 2, the relative

v TR

efficiency of the conditional estimator decreases with increasing

values of the absolute value of B. This means that* the

.

conclusfons about poor efficiency of the condtsigpal estimator

described in 4. also hold for non-zerd 8. This result should be

confirmed for larger ¢lustér sizes’ and multiple covariates. -

) 7

6. for a single binary covariate, the relative efficiency of the
Co usual estimator is -greater than 1.0 fof negative Qalues of Py in
pa‘cular, for designed studies. However, the omnipresence ' of

. bias still precludes any recommendation for this estimator.
. . . .
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Studies using a mean square measure of efficiency would de'term‘

if there is any usefulness for the usual estimator. Note that the

’

misspecification factor for this binary outcome study is the same

function as that obtained in the continuous ocutgpome case by Scott

and Holt(1982).

-

7. for a single binary outtome the relative efficiency of the dummy

variables estimator 1is very low for clusters of size 2, although
».

it does increase with clﬁster size; becoming greater than- 1.0 for
some negative values of,pg. Howeﬁgr, the relative’efficiency for
. small non;negative values of px b;;omes greater than 0.9 only for
clusters of size gréatep than 10 and small values of py. Hence,
from the results in 3. and here, the dummy variables estimator
could onl;‘ be recommended for clusters of size greater than 25

.

with small values of the Intraclass correlations, px and py.

From these results it can be seen that none of the possible

alternative estimators have both consistency and high efficiency, so

that, despite the higher computing costs of fitting the fuli

-
s

unconditicnal correlated 1logistic regression model, the maximum

likelihood estimator should be used.

\
The examples in Chapter 5 show that, in a typicél data analysis, wuse

of the wrong Estimator, whether the conditional, the usual or the

dummy variables, &an lead to estimates quite different from the

unconditional maximum likelfhood estimate, as well as different

ca



¢ | A
inferences, sometimes suggesting that the regression coefficient is

non-significant, when the uncomditional estimator indicates that it is
significant (sée example one), or that it is significant when the

unconditiondl test sho@s that it is not (see exampig two).

Y

.

Finally there is a need for the development and interpretation of the

correlated logistic regression model. Although it has been used by
- ’ :

Rosner in its simplest form for the study of eye disease, it. has not

yet been used in a practical study for cluster size larger than 2, or

' S
for varying cluster size. The example in Chapter 5 shows that such

< o

model fitting is poésible:

v

However,there is a need for the interpretation of the parameters of
the more complicated models, that is, those with n a parameters {ai,

i=1,...n}, and for the 1ntro&uction “of easily interpretable, models
with fewer & parameters, sﬁch as that provided by Rosner. For

example, one might use the two-parameter correlated binomial of Kupper
R .

and Haseman(1978), or the three-parameter correlated binomial of

-~

Paul(1984), -or some other simplification of the éorrelated binary

§
model of Bahadur(1961).

»
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Moreover the correlafgd logistic model needs to be expanded to allow

the correlation between two units to vary according to some class to

which the units belong; for example, for family studies, we would

like a, of the current correlated model ‘to be written as @ if both

units are male sibs, a5, if they are of opposite sex, and a, if they
B ’ ,

are both females. It would, however, be necessary to determine how

the other o« paramgters would be written under this new model.

S

Nevertheless, this -would provide a modei for binary outcomes similar
. [ J

to that for continuous outcomes described byADonnef and Koval(l9813.

Another model would allow «

o

between the two ungps; for exggple, assuming that the outcomes were

> .
repeated mesurements over time, we might be able to create a model for

binary outcomes corresponding to the models with autocorrelated error
. - .

structure for continuous -outcomes.

N

..

5
In summary, we have described a new model for correlated binary
observations in ‘the presen;e of covariates, and have shown that other
eétimators, which‘faii to model tpe intraclass correlation explicicly
are, in general, not consistent , and/or have low asymptotic relative
efficiency; although there are é-f@g special cases when one or other
of cheée estimators perfor; as well as‘ or bett;f than the

unconditional maximum likelihood estimator. It is comjectured that,

in the presence of more covarlates, these alternative estimators would
QQQé ‘ ’

- perform even worse than indicated in this thesis. We have. provided a

model for analysing data which occurs fairly commoﬂly, whether in
L

- family studies, repeated measu‘is studies, - or- in the analysis of

.

change according to the “distance”-




- s

3 .
& .
’

measurements on eyes, fingers, _ and other  highly correlatied
experimental or observational units. We have’ dev'e‘foped.‘ computer

saftware for handling some of ti®se qnalyseé. This software can be
further modified to accomodate the full cor}-eiated logistic regression

.

model. .
k J
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Appendix A

. " Derivation of a correlated binary distribution,

P )

-2
”

bu; that X1 2

Py

By

and

b

p =

»

Hence' p may be written
’

-

that is,

¢

- P

Assume that

. . Po1

The expression

Poo
i . .
can be written
Poo
R but
Pol1

"so that (A.3) becomes

Assume that the marginal, distributions of X

cov(Xl,Xz)/Var(le =

1 and X2

and X, are correlated. Hence let

Pr¢X, =1), i=1,2,
: ’
Pr(Xi=O) =1 - P> 1f1,2

= Pr(X1=J,X2=k), J,k=0,17

= Pr(X2=kIX1=J), j,k=0,1,

~

corr(Xl,XZ).

{
3 - 2
{E(xlxz) [E(Xl){ Y

2y 2
{E(X1 ) [E(Xl)] }

- 52 .2 .
(pyy; = PP/ (py —pD)
= + 3 .
PPy + oPpy)
4

plo‘.,
+ 2po1 + pl1 =1
* 2951y Py +x£31 =1

. “x*

=1 - p1|1

\
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are identical,

(a.1)) °

(A-2).,

(A.3)




'3\
+ - -=
Poo ¥ 2Pp T Py 71 .
and substituting from (A.l), we qbtgin " '
= - 2 p
Poo =7F - 2R * Py * epyp
= PolPy * 0Py). (A.4)
Finally (A.2) may be rewritten
Por = (1 = Pgg "P11)/2 .

and substituting from (A.1) and (A.4), we have

Po; = Popl(l - o)-l . (A.5)

This correlated binary distribution handles all special.cases, e.g.

1. Independencekp =0):

&A.l),(A.A),‘and (A.5) becomé .

'

. L 2
. pll pl . LY
= p2 ’
% and ¢

Poi = P1g = PoPy- .

2. " Cluster-specific X"s (p = 1):

(A.1),(A.4), and (A.S5) become !

K Py T Py

. P1o T Py = O

-~ ’ :
3. Designed X“s (that is, X =1 iff x2 =0, and visa versa;

1
hence, p = -1)

L
(A-1),(A.4), and (A.5) becaqme

4 = p (D, - pn)
Py1 7 P1'Pp T Py)s

\

6

4



. Pyo T pO(PO - Py
, .
-y - - - ’,
Por T Ryo T “PoPrt
) . This is a valid probability distribution fu:?.c'ion if and only if
) Pg = P = 1/2. . )
, ) N
-t
% 4
3
» “ \ t\ e R *
> r » ”
. o .
/.
P ] Lt
.. . . 4 “
K
- i .
R r




v : - Appendix B 5 .

Material pertaining to Chapter 3

B.1l Dummy variables estimator and clusters with similar Y's

In this section it is shown that, for tﬂe dummy variables approach,
all clggters with similar Y's, that is, clusters with all Y s equal to
1 or all Y“s equal to'O, must be excluded, leading to a distribution
of the dependent variable which is different fr&m that considered for
the maximum likelihood, conditional and usual estimators.

. B

Consider the estimating equations for the dummy variables approach as

defined in Section 3.3.4, and in particular, the equation (3.3.4.5)

o

for the i“th cluster which has all Y values equal to 1. For such a
_cluster thd equation becomes .
EC Ny B |
RS T
4 M’er"‘)‘ \w\/\w [ o . M
: GRS T S = p L A .
e e T . ij . > «
. ) . J=1 . -

where pij is the estimated probability that unit j in cluster i has a

Y value of 1. This equation implies that

- , - Pij 3,1»'J=1,---.ﬂ, '
, »
that is,
(B, x, +Y,) )
exp Y . '
________ g__il_%_- =1, (B.1%)
1 + exp(Bd xij+Yi)
) which implies that
. . . Yi -— @, “ (B.1.2)

Similérly, when all the Y values in a cluster, say cluster j,” are 0

-?

+

S




we have o . '

-~

Yy, ==* -, " (B.1.3)
] ' - e

In either case, for the cluster under consideratien the estimation of

the dummy variables (and hence nuisance) parameter, Y, dominates the

estimation of the regression coefficient, B. In other words, the

-

contribution of these clusters to the log lMkelihood is flat as far as

~

the parameter B is concerned.

’hence for any cluster with all Y wvalues sidilar, there is no
information about B and that «cluster can be discarded from the

estimation.

In addition any numerical minimization method in which either. (B.1.2)
or (B.1.3) or both occurs, the solution is considered unbounded and no
numerical value is returned for any 9% the parametér estimates. Thus
one musk discard the clusters with similar values bf Y from the
numerical calculation or no- solution to the estimating equations is

possible. - i .

The result of the removal of some clusters is tg/ Change " the

’

distribution of the dependent outcome variable. The distribution of

the new variable, denoted as Z, is discussed in Appendix B.2.
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Ve

-

The distribution of the outcome variable 2 in

approach is truncated with respect to the distribution of the outcome

‘

variable Y in the other approaches. The probability distribution

function of the random vector Z may be written
f(z) = f(y)c, y?0 or 1
a = 0, otherwise

¢

where:
c = 1/(1-gy=8 ).
where gi has been defined in section 3.4.3 and

" 8g ='Pr(no Y a arehl)
: :

S-S ﬁr(n Y°s are 1).

—

We are most interested in the relationship in hetween the

the distributons of Z and Y, in particular the means, variances

-

and covariances.
E(Z) = Pr(Z=1)
T (fl‘gn)C

1

where £  is the marginal'probabili;y of Y. Thié expression may be

written as
+ -—
£+ (f1gg — fpg)e
where )
- fo=1-f

Hence

a

B.2 Distribution of outcome variables in dummy variables approach.

the dummy

(Y

variables

moments

250



Further
var(z) = E(22) - E(2)?

Pr(z=1)[1 = Pr(z=1)]

= (fl‘gn)c rl-(fl-gn)cr

= - _ 2
(fl gn)(f0 go) c

- ;- - 2
(fof) = (Fy8g * o8, "808 ) I

- _ - 2
[Var(Y) (flgozfogn 8p8 ) 1c ..(B.Z.Z)

COy(zl,zz) = E(2,2,) - E(Z,)E(Z,)
= = = - 2
Pr(z,=1,2, 1) - [E(2Y}
- - - 2.2
(F) = 8gle - (f — g%

1 - Pr(Y1=Y2=1)

so that
cov(z,,2,) = (£} -8 ) (1-g57g,) - (f,-8,)(f, g )]e?
- [£,,-f,2 Ty (8ptey) T8yt gn(g0+gn)“ |
+ 2f1gn - ,gnzlc2
-y[cov(Yl,Yz) £, ,(8g*8,) - fog; t gn(f1+g0)IC?
[eov(¥,Y,) = £ (o¥e) + (£ ~f *egg)e Je?.

h \

- . (B.2.3)

Now the relationship between pz(scdrr(zl,zz)) and py can be

established from (B.2.2) and (B.23).

f - .
These expressions simplify somewhat for

f0‘=lf1 = 0.5




8y~ B, ™8 -
Then we have
c a2 1/(1-2g)
and (B.2.1), (B.2.2) and (B.2.3) become ' ‘ .
E(Z) = E(YV) .

Var(z) = [var(Y) - g + g2]c? .
and ~ .
, - '
= - 21.2 .
cov(Zl,Zz) [cov(Yl,Yz) 2 fllg + g¢lc“.

~

_—

B.3 Distribution of dummy variables random variable P

P is the estimated probability, under the dummy variables model, ' that

the dependent variable has value 1, that is, for unit j 1in cluster 1,

-

- 8. °x +y 8, - Yl
Pij exp(Bd xij Yi)/[l+exp(8d z +yi)]

1]

Now, in section 3.3.2, it was shown that, when
b =0, (B.3.1)
k ==+ @ ==> B, = 0
so that pij becomes
Py = exp(vy)/ [rexp(vo )],
where YOi is the limiting value of ?i. Now the_estimating equatiohs

®

y

require tﬁat //,‘ . . : ] .

v

Bpg T8 Py

where mli is the number, of units in cluster 1 with Y .value of 1.

Thus py can have any of (n-1) valges, namely: l1,...,n-1. The values O
and n do’'not occur for the reasons explained in Appendix B.l. - Hence,

; .
the limiting distribution of P has only n-1 possible values of p, that

4

i
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)

is,
p=r/n, t=1,...,n,
and\the probability of each one of thbse _values depehds on the
‘ limiting distribution of R, where
n

R= ITY..
j=1 3 ' .
But R, under the initial- assumption ~ (B.3.l1), has the probability
" function
Pr(R=r)’= gr c .

* where g, was gefiﬂed: in section 3.4.3 and ¢ was defined in Appendix

B.2. e

B.4 Distribution o! an estimator under the wrong model

é
The asymptotic distribution of an estimator, 5, in this case, the
maximum likelihood estimator, can be obtained. by expandin§ the

+

estimating quations; sk(i), in this case, _t;:ﬁ/faximum likelihood

equations, {in a multivariate Taylor series ex sion about the correct _

value, @, of| the parameter (see Cox and Hinkley (1974), p.294-302).

Hence '/ . . o

Sk(O) = Sk(ﬂ) + (06 -0 Sk(O), (B.4.1)
where- S,;(. is the matrix of first derivatives of 'Sk(O) with ~
respect to|®. We are ignoring terms of op(k-l/z).




= ) Since

(B.4.1) beco‘mes¥. N
(8- 8) = - [5.(0)]7" 5.0 g

or - LI
.

v p — "v —.1 —
; ‘k(® - 0) = k'[Sk(9)] [- 5,.(8)/Vk ]

-

In g&e usual case, that is, where we have the correct model, by the

multivariate central limit theorem, .

1 D -
. === 5,(8) - MVN(O,D),
N ‘ 7k .
. - .
. where I is the Fisher Information matrix. Moreover
. 1 P N
' - - 5°(@) "=+ 1 .
- k k

_so -that
, " - D ) -1
‘k (8 - 8) --+ MVN(O,I ) )
s i

Howeve;, in the case' of an 1incorrectly specified probability -
distribution, ~ Q

-

a

where QJ i%/ usually not-®, thd value uﬁder fhe correct'model, S0

that we must examine.the behavioul, of . ' .
TN

D . . -1 :
Yk(® - 8)) = k [S (8] " [~ 5,(0))/¢k]

under the_correct model.




2-5

The fdllowing steps must be taken

1. calculate 00 . ..

2. evaluate E[Skﬁﬂo)] and Var[Sk(OO)], io that, if
E[Sk(ﬂo)] =0
and

- " var(s (8,)] = v,

then, by the multivariate central limit theorem,

1 D
5, (8,) --+ MVN(O,V),
PR S R

-

(where V is not tHeVFisher’s information matrix for either the correct

or the incorrect model). ‘ ! ) @

- -

‘3. evaluate

.U Sk(voo)/k-
and obtain‘its limiting valwe U
41 Then, since,

D

Yk (8 - 0, --» MUN(O, Ut

vu-l),

we are interested in calculating all or part of

vl L, . C

B.5 Calculation of the unconditional asymptotic variance

?

\

The calculation of an uncordfitional variance folf;ws ‘Ehzs argument.

If the 1information ig‘a 1fkelihood assuming condition 1 is dénoted by

I1 and the {nformation unler ,condition 2 is 12, and the

probability of conditions 1 and 2 are denoted by P, and pz;

J
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respectively, then the total information is measured by

I + I

1P1 2P

For the dummy variables estimator, condition 1 is that the Y values

are dissimilar, which occurs with probability o

- 1= g0 _gh

where & 8q and g8, have been defined in Appendix. B.2. The

information given in this case is assumed to be the inverse of the
variance-covariance matrix given by expression (3.4.5.8). Condition 2

is that the Y values are all 1 or alledy which occurs with probability

+
* 8o 7 &g

but has information content O. Hence the information in the dummy

variables approach is merely

a
LP . .

and rthe asymptotic variance of the dummy variables estimator is given

by the inv&se of this information which {s the matrix given by

expression (3.4.5.8) divided by

U -

For simplicity, in Appendix B.2, we have defined.
WL - gy - g)

as ¢ and this term 1is used in section 3.4.5.

.
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\ Appendix C

Material Pertaining to Cﬁapter 4

A}

[ S
w

.

C.1 Maximum likelihoqd estimators for single binary covariate

For the usual logistic model, the log likelihood function is v
y$a + Bx) - log d
where y is O or 1 and -

d=1 ¥ exp(a ; Bx).

By
.

For a simple random sample of N observations from this logistic model,

'n

the log likelihood can be written,

®
N - - .
1= ¢ [yi (a + Bxi ) - log d1 ] . |
i=1 ,
where e mu .

' ’,
di =1+ exp(a + Bxi ), 1 = l,...,N.

At gﬁe maximum likelihood estimates, a and - B, the first -

3 . o

deri;gtives of 1 must be zero, that is, ) xﬁ?
L - T p
Yy Py (Cc.1.1) |
and ) . "
z XYy = I xi‘pi (C.1.2). . ‘
where -

. ' &4 - ‘

51‘; exp(al+ éxi ) [l + exp(& + éxi ).

(C.1.1) may be rewritten as » , . ’
- + ’“QE' ' 1
n+1 n0+f0 In1+f1 ‘iy . ) (C.1.3) .. ’ ,
. ot . ’
where n1J is the number of obgérvations with an x value of 1 and a y

5 : ’ . '




value of j,

nQJ>+ nlj

+ n,
i1’

-

Mo o+ fo

is written in terms of &, this becomes

exp(a) /[1 + exp(a)],

exp(a + B)/[1 + exp(a + B)]*

Similarly (C.1.2) may be rewritten as

Subtracting (C.l1.4) form (C.1.3) we get

=g, {exp(a)/[1 +'ex§(a)]}

which, when solved for a becomes

a log(QOL/nOO).

B = log(nun00

write (C.1.4), in terms of a and B, we get ,
’

exp(a + é){[l + exp(a + é)]

exp(a + B).

Substituting for a from (c.1.5) and solving for B, we get

/

W f

"o0%1
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€.2 Limiting Vatue: of 'log odds ratio estimator °

The limiting value of the log odds ratio estimator when the underlyihg .
distribution is the correlated “logistic has a complex algebraic

% : : .
-expression even for the simplest case of a single binary covariate

with two units per cluster. For, as

! . ,
’ - k, ==+ @
- , R o ,
’ mgtyy P ElRgolf(Ryy) _
T gy, E(Ryy JE(R ) ' . - ‘

EOO[P(OMIIO,O)+P(1,1|0,0)]+p10[P(0,1]1,0)+PF1,1I1)0)]

[p(1,011, 1j+P(1'1|1 1) +p1;TP(1 0]1,09+P(1,111,0)] ... : '
pll[P(O ol1, l)+P(1 ol1, l)]+p10[P(1 011,0)+p(0,0/1,0) ]

which may be wrxtten parametrically as o

‘ ’

,Jplo OoleXP(a )+eXP(a +B)]+poo 10[€Xp(a )+eXP(a )]}
where o . .

o 1
- »

. !
dpg = 1 + 2exp(a,) + exP(fZ) 1 8

x - 7d = a = 1.+ exp(al) + exp(a1+8)' + exp(a2+8) s . <

01 10

R Y .. -
-and . . ' ' Coa

» 94

=1+ 2exp(di+a) + exp(a2+8) .
" This expression is eqﬁgl to exp(B8) when . "

- N B -
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=~
}. B=0, that is, when there 1is no effect of covariate on the
~ dependent variable,
L x
( >. -
, . or
b N -
2. az=201,that.is, when .there™is independence of units within the
. cluster. -
3 . * L *
Next we assume that the distribution of the covariates is that of a
¢ bt .
simple correlatéd binary (see Appendix A). We can write thesecond
. term of (C.2.1), known as the inflation factor, as
{dlo(po+o p,)[L+exp(a, )]+d Py (1-p ) [1+exp(a +8)]}
: ‘ - + + + +
4 {d),py(1=p Y[ 1+exp(a,)) dlo(p1 oxpl)ll exp(a,+8)]}
. +
Hrg{pytoypy) Lexp(ay Yrexplay tB) ]t P(1 70 ) [explaprexp(ey)]}
+
{doop (1-p )[eXP(a ytexp(a +B)]+d10(P0+o py)[exp(a,)+exp(a, )1} ‘
i This expreSSion may be evaluated to yield values of the inflation -
factor for various values of p , py‘and B. 1t is the simplest
. ) . ) R "
expression available for an inflation factor.
/ C.3 Limiting value of the dummy variable estimator* )
~ : a
. *3!\-
We are assuming only a single binary covariate and clusters of stze 2.
- By the arguments given in section 4.3 we need only consider clusters .
‘. with disstmilar x jalues. .Let ms say that for cluster i we have..
/ B X, ? 1 . . ‘
N . - k! ‘

and ' , e _ - . ,




¥xpression (3.3.4.5) evaluated for this cluster means that

.

L=p; *Pp

where Py and py, are the estimated probabilities. This
- . )

expression may be written .
- I}

exp(B +v,) exp(Y,)
’ Ut
) 1 + ‘exp(8 + yi) 1+ exp(yi)’
B -that 1is, : : co }\\
1L+ exp(B 4 YD+ expy))] .
D 4 o
_ = lexp(8 + YOI+ exp(y,)]

+ [exP(Y )][1 + exP(

AL
which becomes )
- ' < 1 = exp(d + 27) ,
~that is, .
. . - .
. Yy o= -8/2 (C.3.2)
) ' 0 ) )
. 4 - s
so that R
/ N . ' ) .
Py, = exp(B/2) / [1+ exp (B/2)](C.3.3) N .
p ) &, T ‘ '
-~ . - '- = p,
say, for all these clusters, and - - * :
- ‘ \v ,
piz 1‘7 P' v/ - I
! ~For the other clusters, that is those, with v
' . xl = o ‘ﬂ , 'Y 1 -
- ' ‘ ' ’ ‘ - * ! '
and : ‘ A e g >,
i N L f T -
" " ' ! X = 1\ ¢ 4 ,“
. , 2 . ° r .
v we get/ .
T .
. Pjp=l-p . ) , ) ‘
. ) 4,“ t . | L ‘ ’ ' P . o
L | A - a. -
) ) : ) : ) . ' N ’
. . . ‘ L . L , .
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and

» .

Ro = P

Hence expression (3.3.4.4) evaluated over the clusters witR both

dissimilar x“s and

e

where rl. is the

"dissimilar y“s and

each unit has the

solving (C.3.3) for B, we get

dissimilar y"s yields

T T TP (€.3.4)

A J

total number of clusters with dissimilar x“s and
11 _

same x and y value. Solvi (C.3.4) for p.and then

exp(B) = (r fr, )%

where Tio is the number of clusters in which each unit has a diffetent

x value from its y

be .shown that, conditionalvupqn the total r

iy ) ?I(Y1T17Y2=OIXISI’X2=02 R

- ——— -—

-~ r : Pr(¥;=0,Y,=1{X =1,X,=0)

10

070~ . . -
which,  under Rosner”s model is . ‘

expla+8)°

in%?L that is,

flo T 1 T e : .

'

-

In a manmner similar to that used for the usual logistic model, it may

’

p (2T )

7

-t e e e o et e e e et e e e

Hence the dummy variables approach produces an estimator of exp(B)

with an inflatiop'factor'equg} to the value being estimated.

' A
L
. . )

. , . . . “

r is the number of these {clusters within which:’ -
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Appendix D

Programs and subroutines

{
D.! Program BIASU . - ' -

N\

For a single binary covariate, this program  computes  the limiting -

©

valuesy bias and relative bias of the usual estimator, plus the
. V

-

limiting value of the estlmator of the odif‘ratio and its 1inflation

.-
factor, over a specified number of values of N, the cluster size),

Ruox; the intraclass correlation coefficient of the covariate, RHOY,
the 'résidual intraclass correlation of Rosner's .version of the

correlated logtstic regression mqgel, and EBETQ, tbe true odds ratio

¢
being estimated. - *

PROGRAM BIASU

c .
C CALCULATE NUMERICAL VALUE OF ASYMPTOTIC BIAS OF

C USURL ESTIMATOR OF BETA

C FOR VARYING VALUES OF N(CLUSTER SIZE), : ;//
C - - RHOX, RHOY/X AND BETA ™ _ .

c

DOUBLE PRECISION PY,PHIY,EBET,PX,PHIX,SUM
1, INFAC(10),0R(10),BH(10) , BIAS(10), RHOX(IO) RHOY(10), | @
2EBETA(10) ,BETA(10),RBIAS( 10) , 4 - -
3, NOO,NIO,NO1,Nil ‘ -
DIMENSION N(10j -
COMMON /PARAM/PY,,PHIY, LBET . . oo

c CHARACTER Y - :
COMMON /10/INP,I0UTI,100UT2,10UT3 Iourt IOUTS

C,
OPEN(INP,FILE='BIAS.INP') .
. OPEN(IOUT1,FILE='BIAS.OUTL') -, ' . ‘
OPEN( IOUT24FILE='BIAS.OUT2') .
OPEN(IOUT3,FILE='BIAS.OUT3') X ,
. OPEN(IOUT4,FILE='BIAS.OUT4" )‘ . .
OPEN(IOUTS FILE='BIAS oUN' )

A

DATA ITTY/1/,NSIG,MAXFN/0,0/ A L ..




-

(@ Ne]

1990

2000
1999
C

2001

. 2002

2003

2004

2005

A

WRITE IDENTIFYING INFORMATION 'TO FILE.
“READ(INP,*) IP,IC
WRLTE(IOUT1,1990) IP .
IP = IP + 1 , .
FORMAT(1HL///72X,13) .

_IF(I€.LT.10) WRITE(IOUTL,2000)IC

IF(IC.GE.10) WRITE(IOUT!,1999)IC
FORMAT(/////46X,' TABLE 4.',I1)
FORMAT(/////45X,"' TABLE &4.',12)

-

WRITE(IOUTL,2001) ¢ .

FORMAT(/31X, 'LIMITING VALUE OF THE USUAL ESTIMATOR ')
16 = 1C + | : o '
WRITE(I0UT2,1990) P .

P = IP + | ~

IF(IC.LT.10) WRITE(IOUT2,2000)IC - 4

IF(IC.GE.10) WRITE(IOUTZ,1999)IC
WRITE(I0UT2,2002)

FORMAT(/31X, 'ASYMbeTIC BIAS OF THE USUAL ESTIMATOR ')

- - T

IC = IC + |
WRITE(IOUT3,1990) IP .
IP = I[P+ | s

IF(IC.LT.10) WRITE(IOUT3,2060)IC
IF(IC.GE.10) WRITE(IOUT3, 1999)1c
WRITE( IOUTS,2003)

FORMAT( /33X, 'RELATIVE BIAS OF THE USUAL ESTIMATOR ")

.‘1

IC = IC + |
WRITE(IOUT4 1990) IP
IP = IP + 1

IF(IC.LT.10)y WRITE(LOUT4,2000)IC
IF(IC.GE. 10y~WRITE(IOUTa L999)1c
WRITE( IOUTS4, 2004)

FORMAT(/29X 'LIMITENG VALUE OF ESTIMATOR OF ODDS RATLO ')

IC = IC + ¢ g -
WRITE(IOUTS,1990) 1P o
IF(IC.LT.10) WRITE(IOUTS,2000)IC
IF(IC.GE.10) WRITE(IOUTS,1999)IC -
WRITE(10UTS,2005)

]

\

'FORMAT(/27X.'INFLAT;ON“FACTOR FOR ESTIMATOR QF (DDS RATIO')

26"



READ PARAMETERS
) .

N [
READ(INP,*) NN,(N(I1),I=1,NN)- "~
READ(INP,*) NRX,(RHOX(I),I=1,NRX)
READ(INP,*) NRY,(RHOY(I),I=1,NRY) .
READ(INP,*) NBETA,(EBETA(I),I=1,NBETA)

CHANGE EXP(B) TO B

DO. 20 1 = ],NBETA
BETA(1) = DLOG(EBETA(I))

LOOP FOR SAMPLE SLZES (N(I))

“ Do 100 L = 1,NN
' ] ' . . v"'
WRITE(IOUTI,2010) N(L), (BETA(II),1I=1,NBETA)
WRITE(IOUTL,2015)(EBETA(1J),1J=1,NBETA)
2010 FORMATL/AOX "CLUSTERS OF SIZE ' 12 :
1 //25X,' VALUES OF BETA (FOLLOWED BY.VALUES OF EXP(BETA))"
2 //34X, 10F10.3)
2015 FORMAT(33X,1QF10.1)
C o
WRITE(IOUT1,1925) _ )
1925 FORMAT(15X,' RHOX RHOY/X'/)

WRITE( LOUT2,2010) N(L) . (BETA(LI),1I=1,NBETA)
WRITE( IOUT2,2015)(EBETA(1J), [J=1,NBETA)
WRITE(LOUT2,1925)

WRITE(JOUT3, 2010) N(L),(BETA(II),II=1,NBETA)
WRITE(LOUT3,2015)(EBETA(LJ), IJ l, NBETA)
WRITE(IOUT3,1925)

WRITE(IOUT4,2010) N(L),(BETA(II),11=1,NBETA)
WRLTE( IOUT4,2015)(EBETA(L1J),1J=1,NBETA)
WRITE(10UT4,1925)

WRITE(IOUTS,2010) N(L), (BETA(II) II=1,NBETA)
. WRITE(IOUTS,2015)(EBETA(1J),1J=1, NBETA)
WRITE( LOUTS,1925) - )




2646

[ ]
£ ' -
C LOOP FOR RHOX ' ¢
C .

N DO 90 1 = 1,NRX '
/C WRITE(LTTY,1500) L,NRX " P

1500 FORMAT(' *** COUNTER FUR NUMBER OF Rﬂ%fi/ﬁT 'LI2,' OF ', 12)
WRITE(LOUTL,2030) RHOX(I) ’ .
WRITE(IQUT2,2030) RHOX(I)
WRITE(IOUT3,2030) RHOX(I)
WRITE( LOUT4,2030) RHOX(I)
WRITE(IOUT5,2030) RHOX(I) ) 4

2030 FORMAT(15X,F5.2) . ) S

C . . . ~

c LOOP FOR RHOY 4 o

C ‘ : .

_ DO 90 J =~ 1,NRY
c LOOP FOR BETA 4 .
C .

‘D0 80 K=1,NBETA

c ', :

C - * SET Up VALUES FOR EVALUATION

C ' ' ) A
PX = 0.5 ] . A :

. PHTX = Rﬁoi(l) - . B
PY = 0.5 _ .
PHIY = RHOY(J) , . ‘ - . ST
EBET™ EBETA(K). = : : T )
-, C . N N T
: CALL DISTXY(N(L),PX,PHIX NOO,N10,NO1,N11,N1) P L
C i | R .
" SUM = NOO + NI1O + NOL + NIl L T T Lo
OR(K) = NOO*Nll/(NlO*NOl) L S
cC:- ‘ . . o ; L ~
BH(K) = DLOG(OR(K)) ) ”‘ A -
BIAS(K) = BH(K) - BETA(X) - . S . L
IF(K<GT.1) RBIAS(K) = BIAS(K)/BETA(K) B L
| INFAC(K) = OR(K)/EBET : . N

C - .

80 CONTINUE . - ) ' . .

c A .~ . : .
WRITE(IOUT1,1600) RHOY(J),(BH(K),K=1,NBETA) .
WRITE(IOUT2,1600) RHOY(J),(BIAS(K),K=1,NBETA) v
«WRITE(IOUT3,1610) RHOY(J), (RBIAS(K),K=2,NBETA) . .
WRITE(IOUT4,1600) RHOY(J),(OR(K),K=1,NBETA) - - .

¢ WRITE(LOUTS5,1600) RHOY(J), (INFAC(K) K=1,NBETA)

C.

1600 FORMAT(24X,10F10.3) - .

1610 FORMAT(24X,F10.7%,1QX, i?FlO 3)\ .

c e 4 Cor

90 CONTINUE ' . e - e

Y



‘ 10D CONTINUE .
’ C. v v
) . CLOSE(IOUTL) ’ ’
. CLOSE(IOUT2) '
" CLOSE(IOUT3)
CLOSE(IOUT4) .
GLUSE( IOUTS) :
CLOSE(INP)
WRITE(ITTY,2200)
2200 FORMAT(' RUN COMPLETE.')
- o c S

~

- CALL EXIT . . . ) o
END L - I
) ' " t ' /’/’

BLOCK DATA - . . - |
. COMMON" /10/INP, 1OUTI,TOUT2 ,IOUT3,JOUT4 , TOUTS
v ‘ DATA INPIOUTL,10UTZ, I0UT3, [OUT4,10UT5/5,6,7,89;10/
‘ ' ENDY : ‘

)
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P -
IF
|
>
. - .!- N .
; .
. - &

OOoOO0OaG o

)

c-

o

SUBROUTINE DISTXY(N,Px;RHOX,NOU,NlU,NUl;Nli:&}),

THIS.SUBROUTfNE CALCULATES EXPECTED NUMBER OF (X,i) PALRS

NOO = 0.0
N10 = 0.0
NOL 0.0
N1l = 0.0
DO 100 RX
ROO =
RlO =
RO1 =
RIl =
SUM =

coaodo
rcocCoca o

"INTEGER RX;RY
DOUBLE PRECIS[ON NOO,N10,NO1,N11 ROO Rlﬂ ,ROL,R11,SUM,F1 FZ F3
1, BETAB, ROSNER, CHOOSE,, PX, RHOX

0

N

»

S

* WHEN MARGINAL DISTRIBUTION OF X'S IS BETA-BINOMIAL
AND CONDITIONAL DISTRIBUTION OF Y'S ISYROSNER' 'S

. - ,‘-
" MARGINAL DISTRIBUTION OF X

Fi

DO 90 -RY

LOR

LUR

0,

= BETAB(N,PX,RHOX,RX),

e

MAXO(RY+RX-N,0)
MINO(RY,RX)

DO 80 I = LOR, LUR

' CONDITIONAL DISTRIBUTION OF Y °

v

| F2 = ROSNER(N,RY,1)

F3 =

CHOOSE(I RX) * CHOOSE(RY I,N RX)

NQW CHANGE COUNTERS

) ROO =
‘R10

RO1
Ril

SuM

ROO
R10
ROL
RI1
SUM

.

+ DFLOAT(N-RX-RY+I) *, F3
+ DFLOATERX~1)*F3
+ JFLOAT(RY-I)*F3
+ DFLOAT(I)*F3

+ F3

‘CONTINUE.

CONTINUE

-

*

F2
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2.1

. ' 269

. . ,
C e
C \
C . ADD CURRENT VALUE
@ C .
‘ © NOO = NOD + FI * ROO/SUM . o
) . N10* = N10 + FlI * R10/SUM . . »
NOl = NOl + F1 * ROL/SUM . -
NIl = N1l + Fl * R11/SUM , X
100 CONTINUE
.C - " .
RETURN
. END . . -
. .
. ~'
» A ’
* ) » )
* ’ i -
\- +
\ : '
1 o '
. . - »?
’ 4 - - . . )
L ]
+
- ? [
/\‘ L) -
.s . . v
s ,". - 'Y '
#l:' e - . -
W ' -
/'\
v 9 . . (,\
L ’ .
. .
- . . ’ ¢
‘\’ L] - -
- ’ ' 7 . » .
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DOUBLE PRECISION FUNCTION ROSNER(N,R,NM)

THIS FUNCTION CALCULATES THE VALUE OF ROSNER'S DISTRIBUTION .
OF Y ASSUMING X'S ARE.BINARY >
AN : ‘ .
INTEGER R ~ -
DOUBLE PRECLSIUN P,RHO,EBETA,Q,F
COMMON /PARAM/P,RHO,EBETA ‘ g
C .
Q 1.0 - P
NR = N - R
C . 3 <
= EBETA**NM
C ‘
C CALCULATION OF ,EXP(ALPHA(R)) .
c .
IF(R.GT.0) THEN
DO 10 I = 0,R-1 R
F=F* (P + (DFLOAT(L) - P) * RHO) / (Q + (DFLOAT(NR + I) - Q)
1 * RHO)
10 CONTINUE - N
_ANDIF . ‘
C l. -
ROSNER = F. . ]
RETURN . -
END o - ‘
’ -« ¢ )
v o ..
L] L] » /’
. &
” » ) -~
- 7 2
L3
-
> L)
J .
‘ 3 . .
]
. + .
I . 2




+

DOUBLE PRECISION FUNCTION BETAB(N,P,PHI,R) . ’-’///

THLS FUNCTION PROVIDES THE PROBABILITY MASS BUNCTION
OF A BETA-BINOMIAL DISTRIBUTION A
GENERALIZED TO MgV FOR NEGATIVE CORRELATION

I3

oNoNoNeoNe!

INTEGER R
DOUBLE PRECISION NUMA,NUMB,NUMC,DEN,P,PHI,Q,CHOOSE

Q=1.0-p -

(@]

- c DENOMINATOR

. " DEN =1.0 .
D0 10 I = 0,N-1 :
DEN = DEN *(1.0 + DFLOAT(I-1) * PHI) .
0 CONTINUE

THREE TERMS QF NUMERATOR ' . ‘ -

OO0 —

NUMA = 1.0 ~ 8
IF(R.GT.U) THEN : ’
DO 20 [ = O,R- :
NUMA®= NUMA *
20 - CONTINUE
S ENDIFZ

N »

1 <
(P + (DFLOAT(L) - P) * PHI)

-

NUMB = 1.0
. . JIF(R.ECTIN)., THEN + .
~ : . . b0 301 = 0,N-R-L
’ ' " NUMB = NUMB *..(Q + (DFLOAT(IL) - Q) * PHI)
3Q ®  CONTINUE - . '

—— S ENDIF ‘ ‘
- . . C . ) . \
NUMC = CHOOSE(R,N).’ ‘ , .
: C :
. . BETAB' = NUMA¥NUMB*NUMC/DEN ‘ :
' ' € h ’ : Nl

RETURN s .

\\\ . END - X



OO0 O,

10
| ¢ C .

>

100

R

v

' N 3\6-%
. i »

DOUBLE PRECLSION FUNCTION CHOOS@(R,N)

THIS FUNCTLON EVAQUATES THE COMBINATORIAL N-C-R

IN SUCH A WAY AS TO AVOID OVERFLOW OR UNDER FLOW (IF

. : o .
[NTEG!;’ R S N
DOUBLE PRECLI§ION ‘X ) S
v ¢ ¢ . .
J = MINO(R,N-R) C T
X = 0. ' . R . .

LF(R.LE.N) THEN, N, B

IF(J.GT.0) THEN o !
DO 10 I =1, 4 ° ’ :
X = X%+ DLOG(DFLOAT(V L+1)/DFLOAT(J 1+1))v

CONTINUE oo i
'ENDIﬁ .. L T
ELSE , o ‘
WRITE(13100) R,N . L% )
FORMAT(' *** ERROR IN SUBROUTINE cuoosa ot AN
1/ *' R VALUE OF ',I3,’ GREATER THAN N VALUE

ENDIF  » : i

CHOOSE. = DEXP(X) .
RETURN : . .
END ’ .
DOUBLE PRECISION FUNCTION DFLOAT(I) e
DFLOAT, = DBLE(FLOAT(I)) ‘ .
RETURN  ° . N

- END

»

OF '-13)




has nmean 0.5. The distributions used for Z and X were those wused #n.

-

the previous section, that ‘is, Rosner’s correlated logistic for Z

3.

(truncatkd,'of course, not to allow all dependent variables . of the

.same value within a cluster) and the beta-binomial for x. ‘
. ‘ ' ) ) (
Table .4.30 gives the value of 80, thg limiting .value Of‘éd' fhe Sias
and relaﬁiye bias of 80, the liﬁiting value of the odds ratio
estimator’}mseg on the dummy variables estimator, exp(BO),, and tge
inflation factor for exp(SO), for various values of 8, oy|x and o
and for cluster sizes )
n=2,3410,29750.
F}OT the table it .can be seen that T,
%
o ' *
M Fhere is no effect of the correlation structure, namely, Dx and
Dyfx’ on the bias as the clustir size changes. : ’ s
v

the bias and relative bias increase with the ahsolute value of 2,
although the relative bias increases only a small amount,

. .

&
the bias and relative bilas decrease as'n increases, but ®aly at a
1

- .

slow rate. For @ exanmple, the relative .bias is slightly .under 5

percent feor clusters of size 25, but? s still g?eaier - than 2

o

percent for~size 50. .
- - . ’ . .

- 0

»

P
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FUNCTION EXPECT(F) . L
DIMENSION P(0:1,0:1) - -
- COMMON/XDIS/P )

= SUM =00 . ,
Do TI=D, ’ « . _
' DO 1y’ J 0,1 : L :
SUY = SUM + F(IL,J)*P(L,J) . = Con
ltig.‘ CONTINUE : , _ S v

v
‘

© EXPECY = suM .. -
. RETURN SR : .
END

FUNCTLON EVALR()I .

DIMENSTON ~A{6) .- v ‘ .

DIMENSION P(0:1,0:ds) '

COMMON/XDIS/P

COMMON +/10/11IN,LOUT,ITTY

COMMON /ALPHAS/EALL,EAL2,BE ‘ , .- ) i ‘ .

EXTERNAL Al,A2,A3
. A(1) = EXPECT(Al) ' Q¢ ‘ B

A(2) = EXPECT(A2) - oL L
A(3) = EXPECT(A3), - ,

.

A(4) = 2.0% (FlO(1, O)*FOO(O 1)*9(1 D)+ FIO(& L)*FOo( 1, D)*p(1,1)
1 -FOL(1,0)*F11(1,0)*P(1,0) = FOL(L,1)*FLL(1,1)*P(1,1)) .
A(5) = 2.0%(FOP(1,0)*FL11(1,0)*p(1,0) + ;zP(l.l)*Fll(l,l)*P(i,l))
A(6) = 2.0%(F1P(1,D)*FOP(1,0)*P(1,0) + #IP(1,1)*FOP(},1)*pP(1,1)
D1+ (FLLCL, 1) = FLIP(L,1)**2)*P(1,1)) :

= AC1)*A(3) - A(2)*A(2)
WRITE(IOUI 100) A,0 -
100, FORMAT(" ELEMENTS OF MATRIX *76G12. 3/' DETERMINANT OF UPPER 'SUB'_

1/ ,G612.5)
AC6) = A(6) = (A(3)*A(4)*K2 - 2.0%A(2)*A(4)*A(5) + A(1)*A(5)**2) -
1 /D . . : R - . -
‘EVALR = 1.0/A(6), ' . ' )
RETURN . . . ’
END : : . . " o o . A

- S . “.' ( . . ’

. ® . o -
& 2 %’_KS_'
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2001
2002

2003

- 2004 .

2010

2015
C’-)

1925

‘READ PARAMETERS

i
»
-
-
-

WRITE( IOUTI, 2001)

-FORMAT( /15X, 'LIMITtVC V*LUE‘OF DUMMY VARIABLFS EST[WATOR ;)

WRITE(I0OUTZ2,2002)

FORMAT(7 15X, 'ASY%PTOTIC\BIAS OF DUMMY VARIABLES hSTIMATOR )
WRITE(IOUTY,2003) '

FORMAT(/ 15X, "RELATIVE BIAS UF DUMMY VARIABLES FbTIMATQR ")
WRITE(IOUT4,2004)

FORMAT( /20X, 'LIMITING VALUE U? ESTIHATOR OF ODDS RATIO ").
WRITE(IOUTS,2005)

EORMAT(/ZQX 'IVFLATION FACTOR FOR E@TI%ATOR OF 0DDS RATIO )

.

READ(INP,*) NN,(N(I),I=1,NN)
WRITE(ITTY,990) NN,{(N(D),I=[,NN) , .
FORMAT( I5,' WALUES OF N, NAMELY '/1015)

> L] )
READ(INP,*) NBETA,(EBETA(I),I=},NBETA). ~ - .  *
WRITE(ITTY,1020) NBETA,(EBETA(L),I=1,NBETA) -
FORMAT( [5,' VALUES OF EXP(BETA), NAMELY;

"/I0F1033)

v » -

CHANGE EXP(B) TO B

1,NBETA . -
DLOG(EBETA(1))

DO 20 I =

BETA(I) =

'WRITE(IOUTI,ZOLO) (BETA(II),I1=];NBETA)
WRITE(IOUTI,20)5)(EBETA(IJ);IJ=1 NBETA) ’
FORMAT ( .

} //20X,' VALUES OF BETA (FOLLOWED BY VALUES OF EXP(BETA))'
2 /722X,

I0F10.3) .
FORMAT(ZIX,IOFIO.l) '

WRITE( [OUT1,1925) : o .
FORMT(' . CLUSTER:SIZE' y

WRITE(IOUT2,1925) . _ :
WRITE(IOUT3,1925) - : -
WRITE(IOUT4,1925) ' e !

. warrs(lqurs,1925)

~~

-8




q ~' * . . ’ * »
- ’(/, o ‘ 7
c A L. ‘
C  LOOP EQR SAMPLE SIZES (N(1))
G M . ) ' .
: S 100, L-= 1,NN
AU U o o
' C LOOP FOR' BETA .
C o . ’ ’ . . ~ v
e » DO- 80 K=1,NBETA - .
¢’ SET UP VALUES FOR EVALUATION -
C ‘ . . . . ¢
: PX = J.5 o* ' L . ‘ '
RHOX = 0.0 - ~" o ‘ .
PY = 0.5 o - ' ,
T-RHOY =.0.0 * _
NUM = N(L) . o
EBET = EBETA(K) )
o S S R
© .- CALL ESTIM(OR(K)) S -
c. - , = e 4 -
WRITE(ITTY,1130) OR(K) o ’ , . .
1130  FORMAT(®' LIMITING VALUE OF 0DDS RATIO ',Fl1Q.3)
- C
‘ BH(K) = DLOG(OR(K))
BIAS(K).= BH(K) - BETA(K)- .
> [F(BETA(K).GT.0) REL(K) = BIAS(K)/BETA(X)
INFAC(K) = OR(K)/EBET
CC ‘ ,
R0 CONTINUE -
. < . g -
. . WRITE(IOUT1,1600) N(L),(BH(K),K=1,NBETA) T v
- ~ WRITE(IOUT2,1600) N(L),(BIAS(K),K=1,NBETA) ‘ ]
N * WRITE(IOUT3,1610) N(L),(REL(K),K=2,NBETA) ' B .
WRITE(IOUT4,1600) N(L),(OR(K),K=1,NBETA) .
, WRITE(IOUT5,1600) N(L),(INFAC(K),K=1,NBETA)
1600 FORMAT(5X,15,12X,10F10.3) g
.- 1610 FORMAT(5X,15,22X,9F10.3) - > o °
c - . ' S .
100  CONTINUE® s )




00

" CL@SE(IOUT3)

. : ,
CALL SINMIN(B,ST,FUN,BMALL)

»'

CLOSE(TOUT!)
CLOSE(I0UT2)

CLOSE(IOUT4)

. CLOSE(IOLTS)

CLOSE(INP)
WRLITE(ITTY,2200) .
FORMAT(' RUN COMPLELE.')
CALL EXIT .

END . ' . ,

"BLOCK DATA .

COMMON / P/ INP IGUT1,I0UT2,I0UT3, [OLT4, LOUTS
DATA INP,1OUT1,LOUT2,I0UT3,LO0UT4,I0UT5/9,6,7,8,9,4Q/

- END "

. ' \! »
SUBRUUTINE ESTIM(BH) .
DOUBLE PRECISION BH,FUN,SMALL,ST,B
EXTERNAL FUN

)
‘e
EMALL = L.)b-7 : i

B = 1,087 o _
ST = 0.005 : ]

~
BH = B -
RETURN
END® ° )
v
¢
! ‘ N 1]
o
N - - [ 4 R
”~ " ".. -3
., ‘ . , . &% .
e - K] e ' ‘ -
?
- -~ e - 7
&

..
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-
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SUBROUTINE SINMIN(B,ST,FUN,SMALL)

THIS bLBROUT[Vh WINlHIZEb A FUNCTION OF ONE VARIABLE
SING A SUCCESS-FAILURE LINEAR SEARCH WITH PARABOLIC INVERSr
NTERPOLATION ;

AS RECOMMENDED BY NASH(1979, P.llA—BO)

-
\

B IS STARTING VALUE (INPUT) ‘ . - P

AND VALUE AT.WHICH MINIMUM OCCURS (OUTPUT)

ST IS INITIAL STEP SIZE (INPUT) . .
"AND FINAL STEP SIZE (OUTPUT) . ’

FUN IS FUNCTION TO BE MAXIMIZED

SMALL IS DESIRED ACCURACY OF B

‘THIS LS THE DOUBLE PREC[SION VERSION - -

DOUBLE PRECISION Al AZ,EPS RIG,B, ST FUN,SMALL,P,S1,80,X1, BMIV
, X2, Xu

COMMON /FUNERR/IER

LOGICAL IER

DATA Al,A2,EPS,BIG/1.5,-.2501.0D-7,1.0D36/

[ER = .FALSE:
LF( SMALL..LT. EPS ) SMALL = EPS

" INITIAL VALUE _ .

IFN = 1 . g )
P = FUN(B) . : .
Si =P : ‘

. S0 = -BIG : -

s -
MIN = B .

©ox2s X1+ ST, - YA
. B .

= BMIN + X2 ¢ ' S

" TEST FOR CONVERGENCE

(IF( (ABS(B) + SMALL) .EQ. (ABS(BMIN) + ABS(X1) + SMALL) )GO TO

] - s

“1F( DABS( B - (BMIN-+ X1) ) .LT,SMALL) GO TO 250

IFN = IFN + | T N oy

P = FUN(B) . T .

IF(IER) GO TO 90 } .
. . P ) -

IF SUCCESS JuMpP - , Y 4

IF(P.LT.S1) GO TO 100 - - .

IF THIRD POINT FOUND GO TO' INVERSE PARABOLIC INTERPOLATION

-}

P



N el e

91)

— OO0

00

n

180

190
200

250

B = BMIN + X2

P = FUN(B)

IF(S0.GE.ST) GO TO 119

FAILURE |

SO'—'F; ‘ . .

X0 = X2 .

]

© ST = ST *AZ

GO TO 30

ACTION ON SUECESS

X0 = Xl
S0 = S|

X1 = X2

SI = P

ST = ST * Al

‘GO TO 30,

CALCULATION OF INVERSE ,POLLYNOMIAL
X0 = X0 *X1 - . .. . o 7

S0 = (S0 -'Sl1) * ST -

P=-(p - ST) * X0~

IF(P EQ S0) GO TO 180

ST = 0.5 * (P % X0 - s0 * ST)/(P - su)
X2 = Kl + ST

[T ]

I ¢
)

IF(B. EQ {BMIN + X1 ) ) GO TO 200~
IFN = IFN + |

IF(IER) GO TO 199

[F( P .LT. Sl ) GO TO 190 '

w

B = BMIN + x1
P = Sl -
GO TO 200 . ~

Xl = X2 . .. o
ST = A2 * sT. N A ' T .

60 TO 20. -

RETURN
END "

-
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'DOUBLE PRECISION FUNCTION FUN(BH)

THIS FUNCTION CALCULATES THE FIRST MAXTMUM L[KPLIHOOD

EQUATION SQUARED, . SUCH THAT , HOPEFULLY,

‘THE SUBROUTINE .SINMIN WILL MINIMIZE IT AND PRODUCE - Lo
THE DUMMY VARIABLES ESTIMATOR OF. BETA ' ot ‘

WHEN MARGINAL DISTRIBUTION OF X'S IS BETA-BINOMIAL
AND CONDITIONAL DISTRIBUTION OF Y'S IS ROSNER'S

INTEGER RX,RY ' . , . .

COMMON/PARAM2 /N, PX , RHOX < CT
DOUBLE PRECISION N10,NI1I, RlO‘Rll SUMO WFlj F2. ,F3,R1 ,

1 BETAB ROSNER,CHOOSE, PX ;RHOX,BH, G SUMI SUMZ . e

NIO =.0.0 - , .
N1l ='0.0 ' . A
SUM2 = 0.0 N ‘

DO 100 RX = I,N-1!
©RIO = 0.D
RI1 =, 0.0
7
SUM1 = 0.0
SUMO = U.0

'MARGINAL DISTRIBUTION OF X * . .
FI = BETAB(¥,PX,RHOX,RX) .

Yo 90 rY = 1,8-1

LOR = MAXO ( RY+RX=N,0)
.LUR = MINO(RY RX)

: Rl = 0. o

« . D080 I = LOR," LUR

CONDITIONAL DISTRIBUTION OF 2 S

. T

2 = ROSNER(V RY I) o e

S p3 - CHOOSF(I RX) * CHOOSE(RY ILN-RX) * F2

!
! -

NOW CHANGE COUNTERS : .

‘5RlQ«= RI10 + DFLOAT(RX~I)*F3. .
R11 = RI1 +.DFLOAT(IJ*E3: " '
- R}l =.Rl + DFLOAT(RX)*F3 - - v
SUMO =" SUMO + ¥3 -

it

]
°

. ' A
- . . . N . :
» R . ¢ . . o . A



r

»
A
. - x .
SUMl = SUML + Rl * G(BH,N,RX,RY)
CONTINUE .
ADD CUKRENT VALUE ) ¢
NG = NIO + FL * RIO/SUMO . «
CNIL = NIL + %L * RIL/SUMD . 5 . p o
SYM2 = SUM2 + F1 * SUMI/SUMO '
CONTINUE .
JFUN = (NI1 - SUM2)**2 - )
RETURN N
END :
AOUBLE ‘PRECISION FUNCTION G(BH,N,IX,IY)
.. DOUBLE,PRECISION BH,A,B,C,E,RX,RY,RN
. ° N
"RX = DFLOAT(IX)
RY = DFLOAT(LY)
RN = DFLOAT(N)
A= (RN - RY) * BH . . ’ ,
*B = (RN - RY - RX} + (RX - RY) * BH -
C = -RY Y : ,
£ = (=B + DSQRT(B*B - 4.0%A%C))/ (2.0%A) St
G = (E*BH) / (1 + E*BH) . o
R-ETUR.N ‘ - ' ":ﬁ
END , : ) ’. o g
» )
. ' : i ey,
. . . " X . .
- . ) ‘
. - , Hrﬁ; - A
’ » - .
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D.3 Subroutine RELEFF

For a single binary covariate with 2 wunits per tlustér; this

H

_ , ) . .
subroutine calculates tﬁ? relative efficiency of the conditional .

estimator compared to the unconditional maximum likelihood. estimator

’ for‘any‘Value of RHOY, the ﬁesidual {ntraclass correlati?p coefficient

of Rosner's version of the .correlated logistic model, RHOX, the

intraclass coefficiernt of the cpvarfate: and BETA, the true value of-

the regression coefficient being estimated. . «
. - s
. L t
FUNCTLON RELEFF(RHOY,RHOX,BETA) : ~ PR
C - o L . S
C CALGULATE RELATIVE EFFICIENCY OF ‘ ,
C  * CONDLTIONAL ESTIMATOR
c FOR ANY VALOE OF BETA, RHOX AND Rﬁo?
c

. DIMENSIW P(0:1,0:1)
"7 COMMONY XBS/P o
. COMMON /ALPHAS/EALI,EAL2, BE -
COMMON/VALUES/RHO,PG,PI - o ‘ 'K\
COMMON /IU0/LIN,IOQUT,ITTY ° : oL
EXTERNAL EVALR,EVALC ~

INJTIALIZATION ,
- C -
BE = BETA o
.. o RHO = RHOX S -
c . R -
. IF(BE.EQ.0.0.AYD.RHO.EQ.~1) THEN )
L RELEFF = 1.0 , EN . p
. ELSE :
c T T '
Pl = 0.5
CALL" XDIST
C ‘ ‘ ' ‘
T RALL = €1.0- RHOY)/(I O+RHOY) . - L 5;4/~
- EAL2 =1, A . '
WRITE C£0UT 1860) EAL1,EAL2 : o .
1860 FORMAT(' VALUE OF EAL1 AND EAL2 '/2G12.4) .
c. . ' o .
,  WRITE(EOUT;2000) BETA T y
. R 3
" , N -
< - .
Al /
|
¢ 1 .
.‘ ll ) \ .

\



. : .
OF COEFFICIENT I8 ',Gl12.4)

—

y“§7 "FORMAT(' VALUE

C . :
: AVARR = EVALR()
. C ' ‘
- AVARC = EVALC()
c. o

RELEFF = AVARR7AVARC
WRITE(IOUT,2010) AVARR,AVARC, RELEFF
2010 FORMAT(! VARIANCF OF MLE
1/ 2(5X,G12.5)"
2/' WITH RELATIVE EFFICIENCY ',G12.5)

. cC
v 1500 FORMAT(AL)
ENDIF
RETURN
END
SUBROUTINE XDIST
'DIMENSION P(0:1,0:1)
COMMON/XDIS/P
COMMON /I1I0/1IN,IOUT,ITTY
COMMON/VALUES/RHOX, PU Pl
. PO = 1.0~ Pl
P(0,0) = PO*( PO+RHOX*P1L )
P(0,1) = PU*P1*(1-RHOX)
. P(1,U) = PU*PL*(1-RHOX)
P(l 1) = Pl*(PI+RHOX*PO) )
o
WRITE(TOUT, 100) P(U,0),P(0,1),P(1 0) P(1,
100  FORMAT(' DISTRIBUTION OF XS '/4F10.3) -
C
RETURN
END .
3
- \ oy

VARIANCE OF CONDITONAL '

D

we

252



1O,

- PIMENSION P(
- COMMON/XDIS/P

" CONTINUVE

END

CACD

FUNCTLON EXPECT(F) o
0:1,0:1)

“3LM =0.9

DO 1) I'=0,1 ' «
DO 1) J=0,1
SUM = SUM + F(L,3)*P(IL,J)

z

-

EXPECYt = sUM
RETURN : :

FUNCTLON EVALR()I

DIMENSION -A(6) -
DIMENSION P(0:1,0:ud)
COMMON/XDIS/P

COMMON «/I0/LIN,IOCT,ITTY
COMMON /ALPHAS/EALL,EAL2,BE

EXTERNAL Al ,A2,A3

EXPECT(A])
EXPECT(A2)
EXPECT(A3),

A(2)
A(3)

A(4) =

2.0% (FIO(l (G)*FOOCD, 1)*P(1 D) + FlO(& LY*FDO( L, 1)*?(1 )

1 -FOl(llO)*Fll(I 0)*P(1,0) - FOL(L,L)*FLL(1,1)*P(1, 1) .

A(5) =

D = ACH*AC3) - A(Z)fA(Z)
WRITE(IOUT,100) A,D

FORMAT(' ELEMENTs OF %ATRIK '/bGI’ )/' DETERMINANT OF UPPER" bUB"

1/, 1 .3)

1/p .

"EVALR = 1.0/A(6)
RETURN : .
END .

2.0%(FOP(1,0)*FL1(1,0)*P(1,0) + E?P(l,l)*Fll(l
A(6) = 2.0%(F1P(1,D)*FOP(I, 0)*P(1 ;0) %
"1+ (FLL1(L,1)y - FlP(l 1)**2)*?(1 1))

,1)*¥P(1,1))
P(l,l)*FOP(l,l)*P(l,l)

CA(6) = A(6) - (A(3)*A(4)*K2 — 2.0%A(2)*A(4I%A(5) + A(1)I*A(S)**2)

il .



" FUNCTION FLO(I,J) .. ) L ' o

. o
. l
4 FUNCTILON hVALF() _ ‘ .
, *COMMON /{O/ILIN, IOUT LTTY .o .
. ° COMMON/VALUES/RHOX,PO,PU’ B .
" COMMON /ALPHAS/EAL1, EALZ BE
v EXTERNAL F9l I
C - - ! R
EB = EXP(BE) . ' -
’ Po 1-pP! o v ‘ - :
kS (Z*EB*Pl*PO*(I ~RHOX))/(1+EB)**2 - .
PR = 2.0%EXPECT(FO1) -
. wRITE([OUT 100) V,PR - ,
100 "FORMAT(' CONDITIONAL ‘VARIANCE AND PROBABILITY *'/2(5X,G12

EVALC = 1.0/(VXPR)
RETURN S -
ENﬁ ]
UNCT{ON FUO(1,J)
COMMON /ALPHAS/EALI,EAL2,BE
DEN(I,J) = I+EAL1*EXP(BE*1) + EALI*EXP(BE*J)
1 + EAL2*EXP(BE*[+BE*J) :

FoU = 1.0/DENCI,J) > 7 L)
RETURN -

END , . )

' .. /.

COMMON " /ALPHAS /EAL1 ,EAL2,BE S

DEN(I,J) = L+EALI*EXP(BE*I) + ‘EAL1*EXP(BE*J) \
| %+ EAL2*EXP(BE*I+BE*J) . : ST
Fl0 = EAL1*EXP(BE*L)/DEN(1,1)

RETURN :

END .. -

FUNCTION FOI(I,J)

COMMON /ALPHAS/EALk,EAL2,BE . -
DEN(I,J) = I+EALI*EXP(BE*1) + EALI*EXP(BE*J}

1 + EAL2*EXP(BE*I+BE*J) ‘ o oo

FOL = FALYXEXP(BE*J)/DEN(I,T) . ™™
- RETURN . »

0 L

FUVCTION FH(I J)

COMMON /ALPHAS/EAL[ ,EAL2, BE o D
DEN(IL,J) = l+EAL1*EXP(BE*I) + EALl*EXP(BE*J)
I + EAL2*EXP(BE*I+BE*J)

Fil = EALZ*EXP(BE*I+BE*J)/DEV(L J)

RETURN . A
END ‘ : Coe “

' ' - ' g
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FUNCTION FOP(IL,J)

COMMON /ALPHAS/EALI,EAL2,BE
. FOP = FUO(L,J)+FOI(IL,J)
RETURN .
'END
FUNCTLON FIP(I,J)
COMMON /ALPHAS/EAL! ,EAL2,BE
5 FIP = F10(1,3) + FII(I 1)
RETURN
END
. , \ S X .
; FUNCTION FPO(I,J)
COMMON /ALPHAS/EAL!,EAL2,BE co
FPO = FOO(I,J) + FLlO(I,J)
RETURN .
END

FUNCTION FPl(I J) . ot
* COMMON /ALPHAS/EAL!,EAL2,BE
FP! = FOI(IL,J) + FLI(L,J)
RETURN ;
& b\lD ' \ : . oo .
FUNCTION AL(I,J) : : ,
COMMON /ALPHAS/EAL! ,EAL2,BE
» Al = (F1O(I,J)+FOL(I,d))*(1.0-F1O(I,J)~Fui(1,]))
RETURN .

ND, . : "

FUNCTION A2(I,J) - . (’"\ Co,
COMMON /ALPHAS/EALl EALZ BE - -

A2 = - (F10(I,J) + 501(1 J))*FII(I Np)

RETURN -

-

ND . ) Y

°

FUNCTION A3(I )

COMMON /ALPHAS/EALI, EALZ BE
AY = FLI(1,J) * (1 0- Fll(L I
RETURN

END . ll

g

e o




D.4 Subroutine XMISD

&
For a single blnasy covariate w1th no effect of the covariate ' (beta
equal to 0), this subroutine calculates the mlsspecificatlon factor oft "
‘, .
the dummy variables estimator for any vah‘g’of RHOY, the residual

.
ot
e

intraclass correlation coefficient of Rosner's version  of the

cqtreléted logistic model, RHOX, the intraclass coefficient of the

covariate,: and N, the cluster size.

1

FUNCTION XMISD(RHOY,RHOX,N)

C .
{F(RHOY EQ.1) THEN - ' -
_XMISD = 0.0
¢ - N
ELSE .
. S2Y = 0.25
< . FIl = 0.25*(1+RHOY)

G = PROB(RHOY,N)
C,= 1/(1-2*G) o \

) S22 = (S2Y = G + G**2)*C**2 ' ' . .
COVZ = (S2Y*RHOY —'2*F11*G + G**Z)*C**Z
RHOZ = C®VZ/S2Z ’
XNM = FLOAT(N-1) . .
DEN =XNM*(1-RHOX) - o " , : | .
¢ XN = FLOAT(N) .
~ XMISD = XN*C*(1+(N—1)*RHOZ*RHOX)/DEN , .
ENDIF” _ .
, RETURN "« ! ) .

END . :

FUNCT[ON PROB(RHO,N)
=0.5 - , ‘ .
DO 19 1 = 2,N
10+ P = p* o 5 *(1+(2*1 3)*RHO)/(1+(I 2)*RHO) )
PROB = . v . ‘
RETURN ’ ‘
_ END '
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