Western University

Scholarship@Western

Digitized Theses Digitized Special Collections

1985

Homology And K-theory Of Loop Spaces

Jesus-manuel Mayorquin-garcia

Follow this and additional works at: https://irlib.uwo.ca/digitizedtheses

Recommended Citation

Mayorquin-garcia, Jesus-manuel, "Homology And K-theory Of Loop Spaces" (1985). Digitized Theses. 1459.
https://irlib.uwo.ca/digitizedtheses/1459

This Dissertation is brought to you for free and open access by the Digitized Special Collections at Scholarship@Western. It has been accepted for
inclusion in Digitized Theses by an authorized administrator of Scholarship@Western. For more information, please contact tadam@uwo.ca,
wlswadmin@uwo.ca.


https://ir.lib.uwo.ca?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F1459&utm_medium=PDF&utm_campaign=PDFCoverPages
https://ir.lib.uwo.ca/digitizedtheses?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F1459&utm_medium=PDF&utm_campaign=PDFCoverPages
https://ir.lib.uwo.ca/disc?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F1459&utm_medium=PDF&utm_campaign=PDFCoverPages
https://ir.lib.uwo.ca/digitizedtheses?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F1459&utm_medium=PDF&utm_campaign=PDFCoverPages
https://ir.lib.uwo.ca/digitizedtheses/1459?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F1459&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:tadam@uwo.ca,%20wlswadmin@uwo.ca
mailto:tadam@uwo.ca,%20wlswadmin@uwo.ca

The author of this thesis has granted The University of Western Ontario a non-exclusive
license to reproduce and distribute copies of this thesis to users of Western Libraries.
Copyright remains with the author.

Electronic theses and dissertations available in The University of Western Ontario’s
institutional repository (Scholarship@Western) are solely for the purpose of private study
and research. They may not be copied or reproduced, except as permitted by copyright
laws, without written authority of the copyright owner. Any commercial use or
publication is strictly prohibited.

The original copyright license attesting to these terms and signed by the author of this
thesis may be found in the original print version of the thesis, held by Western Libraries.

The thesis approval page signed by the examining committee may also be found in the
original print version of the thesis held in Western Libraries.

Please contact Western Libraries for further information:
E-mail: libadmin@uwo.ca

Telephone: (519) 661-2111 Ext. 84796

Web site: http://www.lib.uwo.ca/




SN

- ~ N . n \ o 3 . » . -
| mASMJHESE%N' MICROFICHE..

The quality of thas microfiche is heavily dependent upon the
quality of the original thesis submitted for microfilming. Every
eﬁoﬂhasbeenmadetoenwetherighestqnityofrepfoduc

honposslble

Lif pages are mlssing, contact the unwersuty which gmnted the
degreeﬂ e

'Y

some pages may have indistinct pnnt especnal!y rf the original v
pwesweretypedwiﬁ\apoortypewﬁtembbononfﬂ\euplver :
‘ saty sent us an inferior photocopy

I
. LS M
T ) B R SR ~

\9 . -y

Prevvously oopyﬁghted matorials (joumal anicles pub“ahed ’

tests, etc ) are not ﬁ!med
\

Reproduchon in full or in part of thts film is vemed by tﬁé

Canadian CopyrightAct, R.S.C. 1870, ¢. C-80. Please read ~

the authorization forms which accompany-this thesis.

" THIS DISSERTATION
HAS BEEN MJSROFILMED
EXACTLY AS RECEIVED

M3 8800) . ¢ . Y

" désker, si

N
Q
o

f ' ‘ o ) - : . ‘ r N .... : o ' N . )
. T_HESES CANADIENNES SU_B‘-MICRQFICHQ E 0 4
B e oo ’ - 4 ’ N
L - .o 7 \ . - . é}?; N
, | ) N
- . B . € \4 ! i - :
. l* Naﬁonal Library of Canada * - '“Bnbhotheque nanonale du Canada , -~ D S RN
Y Cotlections Development Branch Direction du dé des collectlons . “
. Canadian Theses on ' Service des theses canadlennes ' "
' . Microfiche Service . $ur microfiche . - . . .
. Oﬂawa, Ca‘nada . ' . . . . ' [
KiA ON4 - A ; \
s :—; ) S S ) ‘ ,,»' ,a‘. .
NOTIGE . C O AVIS

) La qualité de cene m»croﬁche dépend grandement de la qualité -
de la thése soumtse au mocroﬁlmage Nous avons tout fait pour .
] assurer Uhe quahté supéneure de reproduchon

~ Sl manque des pages veumez commumquer avec lunwer- .
. sitéquia conféré le grade

'La qualuté d lmpresswn de certames pages peut lmsser a.
W originales ont été dactylographiées ,
* & l'aide d'ut ruban usé ou si l'université hous @ 3 fait parvemr

. une photocopce de qualité mféneure

' L'és documents qui font déja I obiet d'un droit g auteur (afbc!es -
de revue, examens pubués etc ) ne sont pas mbcroﬂtmés

- La-reproducﬁcm méme partie“e de ce microﬂlm est soumise
a la Loi canadienne: sur le droit d’ ‘auteur, SRC'1970, .. .C- 30 '

" Veuilez prendre connaissance des formules d qutonsaﬂon qui-

o accompagnent cetie thése :

Sy L . ~.

LA THESE A ETE
MICROFILMEE TELLE QUE
NOUS L AVONS REQUE




. K ’ .o . Yo
- B R - : -

HOMOLOGY AND K-THEORY

-.-b)’ N

Jesus-Manuel Mayorquin:-Garcia

- ‘Submitted' ifpartial fulfillment
. of theﬁrequiremehté‘fbf'the'degrée.Qf, -
o ) DA B

<

: ‘Doctorrék'Phildsdphy )
SOTEOR OF TIL0SOPT

< -

S

‘F;cgth of G;aauafe Std@iés

, Tﬁe'Up1Vefsit§'0£:We;£ern OpéariOg‘
| ‘Loﬁdoﬁ?'oﬁtafio,“'

. August 1985

‘s . e B .

”Jgsus~Manuei.MéyofquinQGarciab1985'

.

.

e




g o . Ly oy . S B
) .( \'_ :‘ ',} ‘ o.::‘ ' . ‘ ‘. ) . - \ J{ ] .
W EA g . . o :
4 4 . P B x v
e £ ; . L ’ N
‘,'» 2 - L ..} . T bé
;’ he K . . R hY ‘x;
N - - ABSTRACT ., s T e
R L ,' . . bR .- . < . R
- AN b,
SR S Part 1 of »th1s work is an appllcatlon of the Ilyer Lashof Algebra .
R ‘ modulo p, an- odd pr1me, to the determmatlon of the Steenrod annlhllated
- mdecomposables mxthe Z/p homology of the 1nf1n1te loop space aSSOCl-
R t' . i
SN ated to a CW complex. ‘ N
\__‘_/,b ) R ’ . ) . .
) ' Part 2 is concerned w1th the determinatmn of the algebra structure .
2 2n+1 - "';
f K {Q -8° 2/2) where K (s 2/2) stands for mod 2, per1od1c, SRR
- . 3 '
L reduced oomplex K- homology theory Moreover the Atlyah lezebruch . .
T s . kN
‘ B spectral sequence for K (Q S X Z/Z) is studled. The main tools in
, Part 2 are the mod 2 Dyer:—Lashof operatlons actmg on fmlte loop '
B £ 3 B ‘ >
) spaces, as well as the Atlyah Hirzebruch spectral sequeﬂce for ; T T
- K homology R I :
. E . P <" ‘ ' BN PR '
3' ! . f*.. ' : “'\: .\- ’ . ' :.‘ ' K -
] : , a N 1 ~ - 1“‘
- (£ ’ :‘.. y ) v . - i . 'o; .o
o B ‘ I s i
‘- . -~
. X 1;1‘. . . t
- . Cen ¢ . S )
» -t L ‘ ) o ‘ - .
- T ’ S : 3 ! p . 1
T e g B 2 R ?
’ .““4 ) ] : - . , “" ) ‘/;-( KR - @ “ . .
Y \ ) . " . o ) '
9 . “ ! ! N "»' $ L
o e B . « o ’
. A ’ 1 .
s 4. Lo »';‘ i * 5 ? . R . et ) 3 . o N . o 0
| ) oL PR T I T SR
) l" ; N »:f‘ < ! X 'A \ . i '2 ‘ . p ’f‘ 1) 3 % %
- \ e ’ it
’ ! : "1. ) e e . » i) [
o ‘ , ’ : iii .
- - ’ v ) ' [ ru,l ‘
_-‘»,i K ¢ E . N 5 :
N ? % .
o & $ * £ ', - . !



e

*‘.

o T e A ¥ LU VO 3 -
. oA KK [N
P . ’ . . - B .
. N T ;. . °
A . > N L
- - - e, )
~ f ‘ ' : ; o LT, .
. : ; < .
- e X <. s
°© e 1 s ‘
L3 N =,
3 . 2 -
- M ERS -
. A -
- ~ Yy ! R B -
N T T "
5 . P - . t
. 3 s ) .
~ T e 3 v. - M -
T - - * 5 T ‘
. ¢ 4 R o
.- i - - C N Y -
¢ N "\ 5 [N N N
y Qe i T s . anow o
A R . . NI
S v .
a KX
B RS ot \ PR -
’ b - .
.~y R ' ~ ¥ &
. el K] .
R ™ R v . ! ~
o )
i

thelr help durlng the preparatlon of thls work .
LI would also 11ke to tﬂank\the PSPA OGS and the UanGPSLty of

e . .
. -

Western Ontarlo for maklng p0551b1e my studles . ‘

N

Thanks also “to: J Wlkllams for her’ fast and excellent tyﬁiﬁé.t

A e S
' : ! - ' . . % . .
. . < v
L Al 3 .
. " i 4 4 -
K
e ¢
e ) » ’ s
IS - .
' . &
. - * Q,’ . .
) v - v . “
o s
, G
13 .t
< - - L
- - ~
- st »
. : . - "
- v . .
- .t . . =
- , . s
., t .- P . . < .
- . N . i~ -
& . B
. . '."
. <, [
. .
- #
f
. : 4 .
* v
L ot ° ,
.
i .
’ - A ‘ . .
‘ .“' 2 - .
; 1 . . -~ -
'
‘ -
. 5 . s .
o v ¥
r - ERPEREE 3
wo T . ‘}.\c - b ' ‘ ‘Y ‘< #,
<% . B 3
‘-
—- .
P ., . -
s .
’
. ’
3 . - 3 . . ,
- -t
. ~
e .
v « .
- °
' I . -
. R s , '
! ” .
. i
'
~ " t -
Co . .
. 2] ! .
. 4 . ¥
+ ) C
¢ - . K t
- ’ v A} 7
.
-, - ,
- - *
o , . e L
B , 3 Nl
’ . ' ‘v % s .
°
. . ; v .
. ' A
A" e 4 -
',ﬁ: ”, i
. .
. |
, b
41
& o . o <
4 . 4 . K1 ’
' Y . -
0 hd a
B A g -
. N et a AV = .
' Y s “
» ol B - “
% Py
B ’ 24,
Y v ' ) ! Y
s S *
. e !
K
.’/ ‘i. o o

-,,:’}\ ‘

.- .o
"
e



-
- Page 7
CERTIFICATE of: EXAMINATIONQ..f....t.....tét;ﬁ.......155..1...f...., i
. e ABSTRACT ...........,;..%;.....,.,;,..,.....cffif.:.........;..J.. “iid ]
,5’ B 'n H ) .
“ L ACkNOWLBDGEMENTS ....E:..,..,;,QW:;;.;..;:,E,. T '
o TA@LE OF CONTENTS .‘.......“.;ij“?ﬁ..4.,...u]n,r;....,..n;;....., v
. ‘?n, ,‘4;_ . i _".‘ ] k3 - N . | - . ‘ -
g, e e, W Vo - . . oA ]
. _, -, . R 0. " . ':‘ s , v'f?; i‘-’a- R N )
t e “J\ i W et . AR I " - -~ <
e s~ 5 PART/D. »INTRODUCTION .........p.:.;..t.;......,....,;......{,a.t. 71
& RERIRN ﬁ . e - s w37 :
4 s ‘ ) v oA ) "‘:ﬁ ! ‘ ‘ }: ' . :.; h .'r:‘ A '
s o PART ; ~*:;:,ﬂ,;;,f.d,.,.;....;. Y
: s % . ) : . e
. “s S . B IR S o .
"y CHAPTER 0 _ INTRODUCTION ... B S .
o "?- s et i [ i, ‘,'. » - ] )
..t‘:' ::.-:"; ’\,,;“ . CMPTER T f{* SPACES e o‘o‘ -' LI ) u c.-o [ .b'- Oy LRI Y o o . _f‘. LR .*J' . q“ ‘o"- 10 ' °
o ‘CHAPTSR 20 DYER LASHOF OPERATIONS ....2....ﬂ- cahan 14 ,
. "< GHAPTER 3. 'DYER LASHOF OPERATIONS AND H, (QX;:Z/p) e ;18\‘ ,
S . e . S S T " . S ¥ o
ke, ey " CHAPTER 4u PROOF OF THE MAIN RESULT by N S . Y 3 .
A A, ¥, . e LT c -
: A Ao\t— i £ e T Je -
coL cmwms %R%MWR%MT”““JLnugﬁm@wnﬁuy“:ﬁ# N
‘ . ’; . ;“' . A . '. ) . B o~ ‘“ - . - \,a' _' 4 . %
LT ' “‘BIBLIOGRAPHY TO PART 1 ‘".........;....,..‘::...u...;.;%.x........ 2707
% q‘. ’ ‘ . ’ o e - R W
R e :!;‘ ' N ’ “ '..:.“_‘ ' . ¢ ," .‘ 4"; ., ‘ 2 &2 - ’ ) ':1 'A‘g,-. :.‘:_ . ' . 'é l ’ ; “»‘, f .
A Sy ; PART ? ..............?.,;..hg..g.1,3,§§5:yq.f.::.....;...:vm..... T2 0F 8w T
W T g o s e
T e CHAPTER 0. INTRODUCTION .,,.;.;......‘.3.;..u.ﬂffu..,....‘;.n. L7307
P K & - ‘ .-
T .7 CHAPTER f MOD i HOMOLOGY OPERATIONS T R NS EPTRPPIIS S
mh L e ‘ ’ - o o M
. % AL —Spaces ‘.“ 76.7
- 2 T B, ) ,....,Ll.u“.....;r:..............Jg;..;.i?...‘j,u..:a?* i T
el W oo e L CRL t L A
AN ’ 30, ".j‘ " ‘ C. ’ re e b s 00y io';c'oﬁjc u'o"o_’r‘ouc)g._,t"p,{v_v;-l'o ¢ t,ncdc‘-l.‘:..:;'f‘. 78 . 5
) B -,9@ ' L S Ce L ’ Lo Tl
L v R e S y de e !
.‘, ' v ‘.},v v . . o Y .-‘m . , '¢ ‘ -.v".':_:. 'T“;‘. 1 y ,‘:‘ N i‘ N f
A., :'_:-‘ ‘.,.'?', s ! 5 M s . 1 , V! . ‘ ‘ “ ‘ P . |
' . S ! N f ' . ‘ iy "~ L “
. p . e E Voon. £ ’ ; " -4 Lo B ¥



R

R
e
s
! y,
. an
“
t

o Ex o :Eu q2 and Q2 .1..,.....;...,......*,..u....q.w;q.,....;ﬁa..
'«'.—', P et -
., - CHAPTER 4 E4 OF SOME ATIYAH HIRZEBRUCH SPECTRAL SEQUENGES .aff
Ty "CHAP’I‘E’R 5. E " OF THE ATIYAH HIRZEBRUCH SPECTRAL SEQUENCE FOR .
S < (@ ssx za/z) . g.,' NN

L CHAPTER 6.

B E**(pt ¢), 2/2)

E**((X Y) Z/Z)

Y

. . Dy Kk* (sY « X2
. P &

'.‘1,E% 9, én&lﬁi .

;-ZZ/Z) and 'K*z'('s; xx

THE ALGEBRA K, (Q S

fﬁ':pvf'éropef;ies of the'Ooeietione‘:;fr.zl;é;..}..;}.j;:?.,jagL
3 1, (a"s™X; ‘72/2) ; ........
' .:‘f;;;fi. The Bocksteln Spectral Seooence for mod 2 Homology ,..:"
T CHAPTER 2. K- THEORIES e ReURTA s
| A, Gene;;11t1es on G vector ﬁondles Cersaaa e IR .
B.. KG(X) ...... T veed . . S PR e
e K, (X; zz/2) .................... PRI T TS i
) D. Multlpllcatlons in K- Theory ST e PR
:aE; The Bocksteln Spectral Sequence P SO N
. ) -FJ?ZThe Transfer Homomorphlsm ..... ,;....; ........... v
G R(Tr ) e e e e R
H. The Atlyah le:;bruch Spectral Sequence ..................
’ I.:"'K*(RP z/z) .............. i e e e
CHAPTER 3 THE ROTHENBERG STEENROD SPECTRAL SEQUENCéb.L..,;m-,
> - A; Prellm;ﬁar1es Jj. .................. O S ?

---------------------------------------

o o . <, . g
- S . N : [

ooooooooooo qt‘.’.oonucv‘l-‘-no'vlotot‘i

m 2

2 2n+l S S e

' x , L

N . , . Kores -, L
-, T e ' i, i a".' -
“, P A"- Dn L A A N O Y o‘ e . g e ‘. N N R R
. . . ’q . . ::',“ ) ’ . o,

- w -
y B, K, (QS 2/2), T 0dd Y DRI R e
e .

e ‘{3«'

TP, Vo= A2 "

83

7.
- 91

82

86 -

s

.93 .



: o IR o2 Determiﬁafci'on_ of K, (stznﬂ; Zf2) e 146 ' o

>+ .7t " BIBLIOGRAPHY TO PART.2 ..\ .lvi.iuiucuiiiiislnenniniiiinnnsioon 159

. t . R . . . . . R . R .

. . L . B . . .




\ L ¢ . R ]
ST G i 2 O .
A~ - .. P . hd . )
ST : o e e -
ﬂ T  PART 0. . o
| ) INTRODUCTION . :
. This work cons1stsﬂof two parts' lléndfé, in eacnhof Wthh differ- |
> s . . o Y P
o n; obJectlves~are pursued the common underlylng ‘subject be1ng the
1terated lcop spaces: .:f‘T'iﬂ;5 - ;Q; - ;gd; " . '
. Part l deals W1th homology'mod p, an odd pr1me and‘dnly infiniteﬁv
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In pa;t'z ‘the mod 2 K‘homology of f1n1te lbop spaces 1s studled
' end it answers,a problem_propbsed by.Dr v, P Sn41th Although,there T
is an 1ntféduct10n to each c}'the parts”'we want to c0n51der here séme
- common'features to both parts. ‘., o ‘-E: . /A'kalhliif_bh‘r
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one obtains a map - - B S

Define QX = lim‘QnSnX, with the<topology of the union. ,TheUinfinﬁte‘~3

-+ loop sequence whose initial objeot is QX is {QSlX ]'i > 0}. For a

- feature .of H;(QX;ZZ/o], p odd prime.. (See the introduction to Part 1,

'carrled out.. by F. .R. Cohen in Part ITfi of [Co-La- Ma], based -on the .

< 0.2, The other toplc ‘we want to mentlon in thls 1ntr0du¢t10n is the

\ [sn+}x, Sn+1X]‘£;[8nX; an+lx]”/'

provides(the map 6 (1 n+l ) s"X. an+lX. Applying anto'¢(1 n+1‘) .
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discussion of the notions introduced above see [Ma 1] and [Ma 3].: - "(f%' '

The.DyeraLéshof‘ooerationé'actipg on the mod p homology of QX. ., . .

generate this group, and in Part 1" ef this work we study a particular

as.well_as'Chaptefs 2 to 5 there:) For finite loop spaces the.ﬁyer-‘_”"
Lashof operations are insufficient to generate H*(QnSnX; Z/p), p d

prime, and more operations must'be'used to compute this group. If

8

p =2, W. Browder'[Br] defined'the extra operations fequired.to eélcub

late H, (Q S X; 22/2),‘and thls group will be of use 1n our analysis: of IR

K’*(Q s™x; 2/2) in Part2 o I o ) -

-

A complete treatment of the geometry .and homology of Q" S X' is

-

~
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. ~T®
foundatlonal work by J. P. May in [Ma 4] We will come back to

Q S X, m.< e, in Part 2. T o 4<A' o 575.‘
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_ Steenrodf a.-l*gebra. , . I - - coe R, .
- :.. T s ‘( ) ) -
‘ 0..5,.' The algebra A 1s generated by 8 and the Ppﬂ‘ for i

N \ °_ - o=t N : ) , s w4 = N '
Coe e - o B ?
'. _. . ‘." ,_3,'(" N : e ' Tt “'.:9 ’ -
! - I . .
e e A P ) , :
el 4), (Adem‘reratidns)..;lf‘a < pb, then-
) S _'[a/p]'g‘ B B . . - _
. ~p3pP L p (e 1)&‘+1 [(p"»l) (1?‘1).'1] parb-ipl
' o - 1- ‘4 a_lp N .
) v, 1=0 . o . ) s
Lo LFD 1B <pb + 1, ‘then ~ -
Py p H NG P . D - .
’ -+ = "' [?a/P] ) : .,
.. ‘ .PaBP§f= e ‘(;1)?ff.{(P il}? 1)] 8\pa+b 1P1 _
o ,,[a’il_/__E_]_., ; (p -1)(b-i) - 1 a+b i
. e . : * Lo ip-1 .8 P
I N R R asiptt o :
- hid .\‘: A - . - . . ‘,."‘ - a - \‘\, - PO . ~
L 5)7 {Cartan formula). If X,y € H¥(%; Z/p) . then =
t_ ’ \ .L::; " i ‘~ . t : ’ . . . * .
R D (PJx) GRE
: .- . - J 0 & L = ) . 3 v .
) e y dlmfx - ' o
o L, BCXY) =~(BX)>’~+ D x(By). S
"x\f ’ reThe Steenr@d algebra mod 2 A2, ls defined to be;the graded'l
i assoc1at1ve algebra over ;Z/Z generated by the Sq , 1= 0 1 2, ,'
_ ‘subject te the relatlons L) and 5) of 0.3. Slmllarly, if p 2 2 A
’ 2
‘ 1s the graded a55001at1ve algebra over- :Z/p generated by '8 and- the P

subject to the relatlons 1) and 4), and B 0. ‘Sq has degree i,,
' -

degree of g:=1, degree of P = 21(p«1) S :» ' U -

c o -

Wlth thls termlnology, the cohomology of a space X H*(X ZJp)

for each p, is a graded Ap—module

The follow1ng result of Adem [A] is 1mportant to study the

P

» PR

lI‘

tr 0,1,...;
T 1 - L} LA
. and A is generated by the Sq , i = 0;1,. ,
. - LY
s A - ¥ .
o , “ -
- . r A .
' o Coo " SO
B N . B ‘ ¢ ‘ , . : )
I eg W . ‘ .
P . -
T , .

koW



<1

'Steenrod algébra: ' T Do T : -

A o e .
P
.

0.6. 'Thefdua153qf the Steenrod opefations are'definéd.as usual and.

”ftﬁe&act(jl;he’homblogy'giodp H*OC-Z/p) of a.spaté/k.' They are denoted

’ SQ15'Pf, i'2~0, andvg._'.' : .'” .  -,-‘y

. The pfopertiesllisted in- 0.3 and 0,4 are valid’for,thé-Sqi, Pi

~

and g if one reéverses the order of anyicjkpbsité'of operations appearing -
: ‘X - - ~- . M C . - . +

there,

'In'pafti;uiar, 0.5 hgs the same form for fhg dual A; of phe' -

..

Iy

pi:
,p*.

\

0.7 A; is gene;ated by 8, i=0,1,...; and AE is ngeyaged by
Sqy » 1 =0,1,... . 'wefwillégﬁnote A; simply by Ap;'
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" . .- CHAPTER 0
o + " INTRODUCTION

oc
P

. This work is an-attempt to -extend some 6f the techniques developed

o

"~ by Snaith and Tornehave/in‘[SN—T] from the\prime two to odd primee,

o

Snaith and Tornehave reduced -the problem of- the ex1stence Qf a framed
R
-2

imanlfold MZ w1th non- trlvlal Arf Kervalre 1nvarlant t¢ that of

> s

-, show1ng that a certaln eIement b of H n “(BO; EZ/Z) is stably spherlcal

T 22

LA

There are tWO main features involved in this reduction'
1. . A sultable descrlptlon of’ the Arf Kervalre 1nvar1ant is requlred
2. :‘An effectlve method is needed to 1dent1fy the® prlmltrve elements

ann1h11ated by the (dual) mod 2 Steenrod Algebra in H (QBO ZJZ),
’ Y - -
The solutlon of the secondvproblem 1nvolves long computatlohs mlth
the mod 2 Dyer 1aghof operat1ons ;hlch act on the homology of 1nf1n1te

%

"loop'spaces.u—Spec1£1cally, Snalth and Tornehave proved

o o

"fSn—T,-Theorem_lll] ,Let;x be anyIconhé%ted.QWQCOmplex. ’Then

, 9‘2 HZ“v—Z'(gX";' 2272)A H (X_;“Z’/2)'A

2™

v ’ ’ e - ‘ . :" . o _- n“].

CTQH L @%E/2),
g My A Ty

;o

W,z et e g 2/

- - . [ i : - <

: Here g_denotes 1ndecomposab1es in homology, QX is the’ 1nf1n1te loop

n-1. . .
space assoc1ated with X, Q is ‘the’ Dyer Lashof operatlon ahd




| . sl .
- ' \: -“" N . N ' . LTt . R . - -‘. _‘”'
the subscrlpt a denotes*elements annlhllated by the mod 2 Steenrpd <
‘ Algebra Our main results con$1st of ver51ons for odd prImes of the o

.;heorem‘above. ‘Spe01f1ca11y we prove irn Chapﬁer 4 the'f011OWIng\th¢0rem;“ﬂ .

2

Theorem 4.1.° Let X be—any oonheoted'CW—COmolei aﬁo'let p be any odd Ly

-~ : -

prime. f@ﬁEn - o ﬂ : ﬁ‘- u‘;; . ' . o <
Q_H (QX Z/p) = H (X Z27p)y

)
P

whenever the p-adic expans1on of m. satlsfles the follow1ng condltlons

by - . oo
1.. If m = 2K, then‘m,= adf+ alﬁ +u +aanp with either . , - .
‘. ...‘ Lot ‘,. o . ' P . . K P : _-->‘
. ;- 55. ag # p;z; é T4 piler ay %-p-l,'rhilegé;'#;p-l'and'ai #3p72”
' for 1.,3 -of'i‘;' "‘ o oo : - - o
" b 1 for al AT .
‘ d?f’fi , p-1 for all.i. ~ v L o .

‘2; If m= 2k-+1 then m, % a, + alp oL+ é pn‘with either
. N
. a), a # p- 3 or- Ay # p 1, whlle a; # p-1 and a # p 2 for i22; or

N

b) . a 1 = p- 1 for all it . T

-3, Elther a) m _ﬂp + (p 2)p ,for . Qv ; R T i .

'b)f m-z‘p + (p- 1)(p P ) I A . '

- ’ -’ ) ﬂ, - . . . ;- . . . ‘ ‘\('.P
Heré'Q denotes 1ndecomposab1e$en1 Z/p homology, QX 1s the 1nfﬁn1te T
loopspace assoc1ated Lo X and the' subscrlpt a denotes elements

- [ - 49 ‘
- :annlhllated by the mod p Steenrod Algebra . . _
...: By §lightly modlfylng the arguments of thé proof of Theorem 4 1 we
: Y
prove the follow1ng 'h FIPEE ’;ﬁzf*ﬁ o . H

-;ﬁTheorem 5.1. “Let X be any”oonnected cw- complex p any odd prlme, and

. . B : - . PR - - ‘,, . :}
_— M S Py k] - s . M 4 - A .
t,.27°0,. Then - D T ‘ L B %
. [ 4 ’ . fe . . '
= .
. - .
® "} 4 . s 2
i , L L . -
-~ ,o . . o -
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. EY .
s
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ke f \ , = !
= B )
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5 - hd 3,
- » H . <
- 3
. PPRE < .o, .8
. s e > 4 2
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- z oA, - - . .
£ b
~ . .7
v »
4 ‘1. N 9.

@b z/p)A- |
(p -z S

3 -
. ~
M R P

(xﬁ/qu
(p 1) 2 | f

- L e BQp (p ‘1)[”” w2t o Z/p)A]

A, -
EL . B

B 1s Ihe mod . Bocksteln*homomorphlsm Qp

2(p~1)p-1

(p I) 15 the mod

operatlonp and the _Test of the symhols are as in Theorem 4,

s

We empha51ze fHat no homotop1ca1 appllcat1on of our results is.
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“  a sequencé’'t ,t

" tive H- space W1th‘un1t e and in’, add1tﬁon there is® a map i

. .which hés the(félloging prbéérfigs:,' v

- c 2
“a, - " .
3 ¥
o~ - <. “.',
. - DO . i N
v Ca. -
£ . B
' <
. : € ‘
. . . ’
. ? A
\ . ~ T Al
. v 3 . -
‘ 4
$ M K \ .« A . . . -
5. . s A
+ s - 3 ~
LR N B -
i 1 A
< . by .
Yoo o s . S . : . - -
. - € . S ; 5
.l o CHAPTER 1. »
. - N . " Ve B "_ -
I f .
VAR K L
' - “H*-SPACES : o
e, t R =
; - - - -
N R ., . . > 1

'Wé giVe'heré‘a'bpief"déscfiptibn'of'vhe'propertieé of the §paéés on, -

[

)

"whlch Dyer»Lashof operatlons are deflnedh__The general refﬁrence is .[D- L].

-

;Lgt ER be the group of permutatlons of p symbols, and form the n- th iﬂv

W

itqqéted'Join.Qf'Zp w1th 1tself,,J Zp A p01nt of J T is determlned by

7 w

0’ ;i.{it ;1 of real numbers”such'that t 2.0 and

{Z'té +.::f + tn;l l and by an element 0. Xp fbr each . # 0. Thé
.'_ ) .T' -.n ' - ] - h.\ b ‘ k,:_.
’P?lpti.?f 9nzpfarg d%noted F- 0 tlc @ ... 0 tn710n—1" .

. - . - oo . a

- Deflnltlon 1 1 A space”X is én Hnbspace, n = 0; if ‘it is an associé- j~

4

1
-~ o “ ) - . . T et . N . & K

R

a) ‘(Zp;equivariant)szx.eaén G e Zp; , LT _' "; .7
o en‘ft.6 o | &t o ; - x ). = ; |
p' q 0 v.-'o nn)l) 4 }V .p"' R o
RS U S ST :
p (t. ooo ] ‘l' ® §ﬁ0n° f:xc(l)E: )
b)), (Nofmaiized)_foiEeaénhchg‘éi I
M08 808 ko) Ky X)) = x '

7 )
- * . . . [}
~ - . - %, :
] . . =
10
’ .
u ! ‘
. . . .
P T 3 *
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C(tn 0., 8t 8"‘.., 6t o -
o (o @ ,t,n-l'gn'-l) (0 0.t0; e 8t 1%

o B I e
Let J zp.: lim}ﬂﬁzp"' : ST e S

. . ' - : ‘ “
b i - N : T

”

3

Def1n1t10n 1.2, A'spaée X is anVH;-§pace-if there.isia ﬁép

6, : 1 x xp o+ x such that for each 1, 8 | J™ 15 % XP makes X an
P, " P ‘ L . T P, "
n—spaoo - ' - . e . ;Z - -
. p LI H ,. . . . .» s * \~ o ' . L. i
| Araki and Kudo proved that an (n+1) = st loop space is an Hz—space
[AR K] R TV ' '
Def1n1t10n 1 3 A Space k 1s a. spec1a1 Hp-space if. 1t is an Hp-space,
and in- addltlon 63.1; prOJectlve o.,'; T @o
® . _— ’ T
- i e R e
‘Gp(w,e, vovs €, X, €, «..;€) =x, for 1's1 <p, N
1. 4 T i/--' o N . hd
W e-JanZ L xe X, oo T . 4 *
g ’ N oo ey .
The next‘result 1s fundamental in thé theog&%? ‘h;—spaéeé. . o
"b-,‘g' : A '\’l o ,r.- o ’\' o ’” N ) -

1’Théofem 1.4 [D L Th 1 1] An H space 1s a spec1al Hp—space fop~all P:

/ o

If X is & spe01a1 Hp-space, then QX the loop space of X, is a spec1al. ‘

v,

n+l

“H_ " -spdce.. Sp dn. (n+1) -st- 1pop space 15 an Hp space for all P

i s
v . - . ,
- ] - s~

(L,S}, A mép £ X= X of° Hp—spaces 1svca11ed ‘an ﬁp-map 1f the follow1ng

dlagram commufbs up tora p) -equ1var1ant homotopy '.ng:" ' ;
4 P 4 ) - A
> ~ ' ‘, kY : k >
4 Y ’ = ' J,?
‘ ; : % - s .
T4 o ‘o s ) e
e ‘5. o - ’ '
L - .
, A ] v
. s : . ’ o , ’
2 o - . ) , e
0, 7 ‘; ’
) ¢ T ;. a N Yy e '"
- : ’ : . “:r . !
" , X ’ v, e o ¥
« g B -~ e . 1 -

s,
L1t

¢

s
Lo~
~ v
4
P
~
-
re
.
Lo



N - A
- . 4’ »
s
. .
“ .
. Pz
5 N S
.
o,
X .
.
Lo
" - .
[N
b v
.
Ll
R %
-
Y,
o S
PE PR

: A
R el up Op il
. =JM 0y ok xP By
- p ‘.‘.’ - .
. ,“lil x_fp - l
r ” <
] A e
' }Jn+1 R

In partlcular 1f f

‘n¥l

9,

equlvarlant map P o= J

‘g': Y > Y then f is an Hp-map

“

-

Y'+' 1

s

3

Y C
\‘-.
e

s+

Al

[y
'\

Y and 1f f is the n—th loops of a map

+1.

©oafte

s

+
¢

Let- P> fZ be the wreath product of z lby z

.'V x

(J

=

e

B W

L.
m) '7 J

s

N R We ment1on.an addltlonal property satisfled by the 1tera;ed loop
o %

t’_‘t‘

Moreover w is*a 51mp41caa1 map when the spaces above are”

An H -spaée~1s an H- space X wh1ch is.an. Hp—space for

Wl

ey

commutes up to a Zn z —equ1var1ant homotopy

g

N

T - LI . *_‘ ‘ "._.
3 spaces. . T T
w0 T e T
S .
: -(1.6)
. A, . “~
' S r.
. ; There 1s ‘a’ b ;z
.,; b hal -
- _“‘ .“t‘ . -
sy . "t = s + -TR,
' t ' . . A
s . .
T -"'sultably tr1anguléted > (See [D L] p 38)
N S c. "7 .
Vo - Def1n1t10n l'ﬂ
. ’ PN .:, {. - /n N . .
N S
_— NG
.'k .
(" oo . , . NG . .
ooy : -0 S+l 4 T4+l
- " J I x (J
'y . N n ’
4 “ -z‘., ‘
'y ® « X ~y
' . o (1.9) - -« f =
e RN *
» “31.'
< . " ~ - Fa 8 PR
R TRV g+
- r -
% o Lo
' P - %
-, - T l . .
’ P s+l. . ./ T+],
. Here y TrloxL (I
> - N ,_,2,
~ . .
¥ . * ‘. P
R . ‘. t - :
T o y Ny
vy .
1 . PR
Vil R
¥
s .
T oA
. .
‘o s

o

all p051tlve integers p, and if t = s-+r2 thén the follow1ng dlagram

zm'f o
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‘ theoryﬂhas an enormous rlchness,which however we W111 not USe«an Part 1,

'C'4space

U N ° - \; -y -
PSS . ) R, Y
AN . i o - . . :\, 13
LI - s, <
Theorem.1.8. ‘({DéLI??ﬂ@LQwQ)‘ Every (t'+1)-st loopmspace‘ié,an_Hbispacga s
; . R - . : c Tt e ~
Remﬁxk 1.10. The"exiétehce of diagrams iike‘i.Q 1ed to the fofmulatioh-%»' -
'and proof of Adem relat1ons for Dyer Lashof operatlons by P. May [Ma 2] .
.'Remark 1.11u The nptlon of Hb-space has been generallzed t0 that of

‘in the sense of May, [Ma 4] Jn May"'s approach the JOln J" Zp . S

t

"1s repraced by the 11tt1ecubes operad ([B V], [Ma 4]), ‘and the resultlng.
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e - CHAPTER 2 Co
: a X

@t el - DYER-LASHOF OPERATIONS

"
. " . . R
" ’ ) T

. - . . -~ N I Pd

N T . A . " . . . ¢ ; ) . ;
. We give.an outline of the definition of the Dyer-Lashof operatlong,
- o . . M .- : L . - e . '.

"in, the manner of [D—L] IR e ' B

B ' Let A be a space and C(A) the nermallzed cub1cal chains of A,
sl N .
if Zp acts on A then it acts-pn“C(A)._ Let X bg an Hp-space and
6 = 63.: Jn+IZp'k xP X be the map of Def. 1.1.. Then a
. . :I_.‘" ‘ i o "" . R ,

:é : C{Jnflzb,x'xp) 4‘C(X) is Zp—eﬁuiygriant chain map. Let

% ) e c(x )™ 13"‘ xp) ‘be the Eilenberg-Zilber chain.

>

n oo™t

\;:~':’ equ1va1ence Then 8 h CJ 2 ) Q C(Xp)-+C(X) is equlvarlant;h

Y . BN “Np

o Moteovgr;pif ﬁ‘c Zp'and J Hy Jn+12p is the{ggnoniéalfihclgsion.we’

. . o “ . . .
" ¢ have: S B DR o R w e TerRT i
e v-.) - . s N o .. .‘ - ‘\;

(2 1) ¥or - oa subgroup of Zp the equivar1ant map 6 : g™ xP X ;o

L TtATs sz, -

‘?fl 1nduces an aqu1var1ant chaln group homomorphlsm 8 h : CQ3?+15).9 C@xp)-"

o~ s C(X) on normallzed cubical chalns ({D L], P 41) T .

of _.f. ,;c e o -
Y\ LR i .

S ' The fOllOWlng result is the ba51c fact for the def1ntt10n of the

.Dyer-Lashof Qperatlpﬁ9; (see- [D L] p..43);, ?;Tg:vff;;iméf_‘

- sl . "y
Proposition 2.2. Let ‘W be any n- free charm «complex, 'where o< Zpﬂ
' ’ , , ‘2" it :,, .
N+l e &

Given a 7- equlvarlant chaln~map t: W C(J n), there exists a naturaL,

it

Zfi - aqu1var1ant cha1n map F D W e C(X)p ,C(Jn )'G.C(Xp)’suéh’that .;3
* batti R S '

e K . " n iy .
: ,_”" it

.. . . oy i
by c - ¢,




FOu 6 x; 8 .- ."é"’i RERICLYCH e X .j,~whei~e Adim(x.}-_= 0, =1,...,

Moreover ?(w( ) Q. C(X)p) : n+1 )(1)@ C(Xp), where the sdper 1ndex

]

deqptes 1-§ke}e§9n. Also, if H (w) = Z }{(N) 0 for 0 <ic n, thenﬁjﬁw
\ c L.t ., . ) - " . . Gy v R A
‘vthel:e i$ a ma‘p ,» ) . '
. . ‘.; ‘

v . B
i . T - e
. PO

n+l. (n~ l)

™ 0 C(xP) . eC(X)P 5o that

o WO g 0P - W C(X)p and

(J . )(n 1) 1] C(Xp) C(Jn+l) %] C(Xp) are equlvarlantly

FG : C(J

homotopic to the resﬁective inclusions.‘ Fuithermore, if F and F 'are

. L3

_obtained as above from equ1varlant1y chaln homotoplc maps. t and tl,'then

- F and F1 are equlvarlantly chaln homotop1c If ‘t . is an equlvarlant chaih )

equlvalence, so.is F. 'f~=?

‘

’Prdpesition:2.3; (See Lemma 2.4 of [D-L].) -Suppose p is a prime, then.., .

*

@™ o coo®s z/p) 2 B ™ o Hx; z/p)P)

-~ . —

(2.4).- Let p be an’'odd prime, = the cyclic group of ordey P, generated '
by «. ! Take W to be the complex
S A N R AR R
R . i oa o o
,§0 Wi has a s;ngle genehetor ey 1 7,0’ and CEPTE Ae i 8621+2 Pe?i+1ﬂ.w
. . " : ‘ - ’ , . ¢ ’
ee, = LAMWreA 5q—1,r"1+a4...+3p1. .o f ,h

B g .
. o
” ® . N . Lot T

(2;5) Let = be,the cyeclic gfoupmbn’% elements, for*p an odd priite,” and :

let W be the - free resolutlon of:—E above. Suppose K 5 H(X; Z/p); i$ a,
mod p chain complex w1th tr1V1al boundary,. Then 1f X 2,;..*15 a'vectdr -

space ba51s of homogeneous elements for K, the hemology cTasses Qﬁ'the .




* following cycles form & vector space basis for H(W § Kp), B i
PR ’ ' . s
oo en 0 x?, for-i L Lot L

’60’9 xj 0,... modulo- cyclic pefmutatlon of the indices
- N : 1 ’ \ I3 , . <
. ‘ N . ‘. . ? N y £ ) ")V'
jl,.'..’, I*) . L ’ ' ) ,': ‘~. ST r‘_-:
Definition‘2.§&; Let X?bé anfﬂgjsﬁace and X é H (X EZ/p) . For 0 PE
‘,' > 1 ! ’. J LT . e :
o toN, . -
“ define. Q (x) e Hp..‘ ._(x; ZZ/p) by Q. (x). = _ehF (e; ® \xp) Here €. 0 xp~ is
thé homology class in H(W(n) 9 C(X)p ZE/p) represented by the cycle
. T R Yy _ 14— - \‘ .
e.'® xP. oo - . . y . S : S
1 - - M 2 ~ .
‘ L e 4 - ° ) , - > - ra ~
Slnce the def1n1t10n of Qﬁ 1nvoives the ch01ce of the equlvarlaht Lt
P . K 5 e Sy T ;"
map -t W > C(J - n) we remamk that‘a canonlcal equivarlant chaln map ‘

Lt . # ;f RO s " ' ' * -~
t 5 W > " ZZ/p exists .whlch is deflned 1n\Lemma 2 5 of [D L], and that
if. the_restrlctlons t an) Z/p) of t are used o deflne

A - M 4 " “ S p
the maps,F of 2. 2 then we havé unlquely deflned operatlons Q_n in an ’
~tH_xspace. ° \“:‘-’; C Ll “:‘. - ”g‘ T e — ',*7
p p ? ’ A\ ’ . ' - I -ﬂ., ; ."’ v' - " )- kg
I Assﬁme from now on that X 15 an Hp—SPace 'p odd prime. . 0

. ] - ( - Ll ,-‘ i { . 3 . 4 L [ - L. e .
. . [ ” ' v, <7 ' “
Remark‘2J7. The»deflnlthn of Qn is 1nduced by the top row 1n the follo
'1ng commutatlwe dlagram M .-, ¢v‘~ £ g ’,' .
W e . S L e e
(e : . P pa - .3 - z .: - B ; ~ R
- . « ¢ e, N « - \' ] ..) IR .
.); . - A ~ Y -

o, (n) g teoP - te1? m"*l Z/p)® C(X)p R -

o . L K T . - "‘ J R 1p . R N ’ K
&‘. L | e . v \ ' A N [ £ i .

. .. RV . . N . . . 4 Pl , o

Lo e T e™ e e D

EEEE A L P . . g

o ! St o R . : .
h ‘ : f ‘ 4‘ ’ . N - ’ . H . ) -,
Thus we §ee thau the homolbgysof Zp plays a rble in the def1n1t10n of Qn

SpeC1f1ca11y, 1n [Ma 2 Def. 2.2]; 'it is proved that Q (xJ "0 unless

' 7 ‘. .
‘. . - ‘ . ¢
- ‘ ‘ »
e1ther"- . . s C ! -
. a - 4 . . - [ -
. " v AN P .
- t \ P . N ' . . ‘"
. ‘o . /’ “- N ' »
\ I . . i’ n.
- . ] /
« : N ' . : ,
L - . y 2 , it .
£ - . NER P ” ot . .. . -ty




- S ki . : - ]
A ,\ .‘L‘_*_:j? oD 'd'eé (x) 1s ‘even and' i= 2t(p - 1) or i _= 2t (p 1) -1y o
v, e 2)‘ deg (x) ds odd and i = 2(t+ 1) (p -1 or 1 ,,~2(t + 1).(p —.1).‘- 1.

’ A3

Al_so, BQZ (x) Q21 l(x), B the Bockstein homomorph-zsm 1nduced by the

- it
TG N . . .- -

o . squence 9‘.‘?.Z/P"?"2,_Z.Z/p‘ > Z/p > o-, R

[

- ‘W'.. - Deflnltlon 2- 8 (See [Ma 2], Def 2. 2) Q° H (X ZZ/p) q+25(P 1)

Ty e ST T e -

(X Z/p) is glven by ‘ o — ’ .

o - i) Q° (x) =0 1f 2s < q, and
~! M v . - - { -
o : "3 ‘ .
o a . . .. s - -
s ii (x) = (- 1) v (CI) Q (x),"if 25 2 q.
R (25- q)(p n e
Moreov'er. BQS H (X Z/P) q+25 (p-1)- 1.(.x;~E/p) is such that
e -}_f"{-}:v. Y 111) BQ (x)<E 0 1f Zsmi q, and ‘ f -
T e - 1) v cq) QZS e 15 NORELENER N
B v .. Here V(q) ( l)q(q 2k / (m')q, Wlth m = P—z— : .
-.,...‘-:\ ’“?_”,‘_"'*:;.: o - . (e E f‘,‘ LT '; ) A c_:"/. . C i . “‘* R L
e ’ - ., - \w’ ) T TTMe e
AN~ 3 _ > [ LI . - - ~r' Vi
s T o o oLt L CT e y
. - ; . R I .
e P N L b 3N C e P
e e B Y . . - ce . .
e t‘?*"'f_:f ) T Qe ) o .
. e ": . N T ,/.‘: - s - e
jov P T T A RPN " .
» 4\,/_‘4, B 5y . .‘—7‘ AT : .
o~ o g ) o : o -
.M“ N e~ Yoas, -
- > s PRl . e -
AUl ‘. - A ) . - AL - v
pv el EE o VI e ' -
- iee . ey .'Z‘.‘T- e “ -
: . T e e, :-\:hf” -
- o S s = -
s PRI o Py T -
. - AL = r, L ,
e Bl s P ‘ "
o - ‘_".?" 5 . U™ '
e o . R ‘ ¥ ]
" ' .
e ' i , - .
. o B P A - - . 5
: o .A: R e, ‘ . i /‘,«1‘4 o il .




N s . _
o T = g Q' Q)

L S 18. 7 T e
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< s '
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. ‘ 2 CHAPTER 3 °
. DYER LASHOF ’T’ERATIONS FOR AN 0ODD PRIME p,
, AND H (QX; Z/P) “
Ay - - ';(j -‘ ‘ ' \ . ’ ’ : ’ ) ' tt
The proofs of  Theorems 4.1 and 5.1 consist essentially of an exten- Y
sive.use of the Nishida relations satisfied by the Dyer-Lashof operations
1n homology mod p, for p an’ odd prime. Aﬁ eXﬁensive'treatmeﬁt of - the
theOry and appllcatlons of .the Dyer Lashof operatlons is glven in.
[Co.La Ma] : - .
< * . . v D .
“.The follow1ng theorem collects the propertles of “the Dyer Lashof
o TN
‘6perat10n5'wh;ch'we:w;llAmake,use of. Homology is taken’ W1th_odd.pr;me
coéfficfeﬁts, ﬁyp; Ty L. R S .
ST < A h - N . )
;Théoreﬁ?Sll (See [Co La, Ma], Part I Theorem 1.1.) 1Let Bb an
_infinite loop space.. There ex1st natural homomorphlsms Lo
, Ql»:‘H'(B) > H,(B), i = 0, of degree 21(p-1). These homomorphisms .
. satisfy the follow1ng propertles . - ' .; - ) t - .
1) The‘Q are qgtural w1th respect to 1nfin1te loop maps.,
) , 2) Q (e)a— e, and Q (e) =0 for io> 0, where e e H (B) 1s the 1dentrty: }
of the loop product of H, (B) .fz D _ : - R - '
) Q X = O if 21 < deg X. a, LT e g T
)-_Q x = xP if 2i.='deg x. - " S . _ .
5) (Carten,fOrﬁyle) T et -




. T ’ : S-P. PY T .

N If p(x) =% x' & x", yQ®(x) = T -Q*x") 8 QM.
S ‘ ' T S '

.6j The Qs are stable: Qso*,= U*QS; where 6*-: ﬁ*(QX: Z/p) > H, (X) is

the homology suspension. “ S
. 7) (Adem relations) If a > pb, then .
' L L p-Di- b1} o
- S a:b a+i a+b-i i - ‘
« QQ =21 (-1) - e . -
1 . pPi-2a

and if a > pb, 'and 8 is the mod p Bockstein, then ;f)

o (1~ b) (P -1) L R
QaBQ - E (1)a+1 ,BQa+b_lQl' . ‘ ‘ .
- pi - a, ' .o . .
. AR "»,: r o, _v:: ’ \(. ' b) (_k, “_1 ’ 1 . - Vo . ~ ‘“' ~ o .J:‘_
A ; Jos(GYw(p-l - .. A
. - 5 (_l)a+1 i ] Qa+b—1BQ1

i. | pi-a-1

8) ' (Nishida relations) Let PS : H (B) +"H, (B) of degree —25(p l),

be dual. to the Steenrod power p?, ~Then

, . 'f(r-s)(p_'l) S
SO N CS RN o I SR S
. S i | s-pi o
;"‘.‘,_ig:g . C - ,( ) ( : 1) 1 o T \
, o , . p(x-s) (p-1) -1 - !
S - -
PR = E (-1 : BQ" "S*1p,
i : s-pi . | | s
. - S P - r'(r—s)'(p—l)—‘lwu .
. +p (-1 : S I S ol
i .\ s-pi-1

Définition‘é 2., (See [Co—La—MéI, Part 1, Def. 2 2, ) Let'F be the free

s+1

"assoc1at1ve algebra generated by {Q°, BQ” l 52 0] and 1et'J be the

two 51ded ideal con51st1ng of all elements ﬁ)f F Wthh annlhllate every

¢

‘ ,homology class of every 1nf1n1te loop space, Then the Dyer Lashof

-algebra R is deflned as F/J. g

C




~-.zmod p, p odd prime. .- ; e L

a.. ° - ‘I
- X ” L 1

- s . . -
- . - . - . A N
) W * ) N - -, )

. The following notions are useful in“describing the Dyer-Lashof abgebra o
) IR - Tl . T

.,

[N

-Pefinition 3.3.- (See [Co-La- Ma],,Part l Def.. 2 1. ) Let.I bea sequenee e

(el’slf"” Ek k) where £J =0, 1 and-. sJ ‘Ei' Defgne»;
. N 1 k ] ) T . N . N .
degree of I ='d(I) = ¥ [2s.(p-1)-e=]. . . i

10
¢
-
.
1Y
s
t
¢
\

length of "I =g (1)~

» p [2psj‘-e. =‘2s5

e | kK oo-_ T S
excess of I = e(I) r - ..

]
N
B
s
1
{2

) ’;»i N . L . -
- —gr.-"1 [2s.(p-1) -€.} .- et T
U ¢ B S P i L R AR
T s - 1 f1.51 R fk Sy”
‘»Each I as above determines the composite Q° =8 "Q ~ ... B Q <R, PR
. . a - . . ’ ':’~‘._y EN 5 B - .
-~1 is admissible if’pej - ej”z Sj—l’ for 2.<.j </k. ;?he‘emptx §eqUenée I .

Sis admissible by cenventioh and it,satisfiea-d(f) = 0; R(I) O'and '". .

i
N
n

e(l}) = ©; It determines QL =1 e-R. - o r ," A :

Theorem 3.4, (See [Co-La-Ma],.Pa?t 1, Theorenm 2'3i)' ‘ ) . - o o,

-a) In the odd prlmary Dyer Lashof algebra the ideal J of F is - -

Lo
- . o

-generated- by. N . : ' . L - o oL . .

i)} the Adem,relationé; ‘ - L’ o *7 e - A \;
5 N ) . ,= - . .‘_. . _. . o )
4i) the relations obtaineéd by applying g to the Adem relations ..

‘iii) ‘the relations QI = Orif e(I)*? 0. o S .

bj" R has z?p basis {QIAI L is adm1551b1e, e(I) 2 0}. ,

c) R admits . a Hopf algebra structune w1th coproduct glven on generators E

s . ;
e L . X . .

L.
L e

-i)‘

' ' O FHPa . KRR R
:( . R ) . . N
lP(Q ) R Q" 6 Q.,A, e ; L
. . N . ‘i - N
./ a n . CoAag . .
Ol itges " Coe Tt -
o e . “ ¢ ‘. : -
. " . -«
- et 8 L .
x : ”. ' l :
. ! 4 . $ " g ! W
- .- . » . "y
\”. " . M WAy .
[ ¥ b J N
N ol .
i ¢ .
. .'I'.q f LS . ’ ) N
' . q h - oA »
gut) . N 8
. 2 ok - e, '~
' ’ ' ' ot




':.,,z_ R .,‘\

w(sqs*l) = 18" eo + Qe -
. ‘ i+j_=§~' A ., 2

'd)‘ R'admits a'étructure of left“coalgebra over AO,_the obposite'ﬂopf

algebra of the Steenrod algebra ‘and the action of AQ on R is given bv~ ..

G

rthe lehlda relations. (3 1 8) S B 3 L
S TN - - -

‘21

Next we quote the theorem of [D-L] wh1ch determines the ZJp homology

.

of QX in terms of the Dyer Lashof operatlons In this theorem X is
\

assumed to be,connected, which is’ the case we will be deaiing with in

@hapters 4 and 5.
- ~ ' “ o H
§ ‘ . . . . o

SR Theorem 3 5 (See Th 5 1 of’ [D L] ) If X is-connected and p. is an -

N S~
c:,"-.-- PR

odd pr1me, hen H (QX EZ/p) is 1somorph1c to the free commutat1Ve associa-

.' .. . ,~<\ . : Vo . E r i E r‘. .
t1ve graded algebra Eénerated by the monomlals 8 Q .. B _Q x s where
-l ’ \« B 4

the sequence (el,r sedas e\ T ) is adm1551ble (see 3. 3), and {x } is a

vect:or space ba51s Qf H (),(, E/p) c H (QX; Z/p) ~

!

Remark 3 6. This theorem has been. generalized by May ([Ma 3], [Ma 5]

,.{ .
;-

.- and [Co La Ma]) to the .cdse when X 1s not connected, and to a?w1der

l @

class ofspacesthan that of infinite loop spaces However we will have
no need of the advantages of May s approach to the theory -of 1nf1n1te e

. loop.§pacea.1n‘Part Ilof th§5 work. - '-,

T v




”a). aé # pQS'orlal # p-1, whlle a

[

-b) a-'évpilffom ell-i. ' ’ ”; o .f , . 'f-::.‘,< T5QV.71';*

" (p;'z)’p' Toor e R

:n n 1 o . LT s . ,'4;_,.'1.'
B+ G-DOM N D T

A
"U.

3) = Either a) ‘m

-IV‘<

bj' )

# p 1 and a # p -2 for i 52, or ', E i;“

‘ h,s' ‘ R '_" .« .
g Q 5 ' AR
i . \ | |
, CHAPTER 4 .
Er‘1' " PRODF OF THE MAIN RESULT - R
(- . | : - g
In thlS chdpter we prove the maln theorem of Part.I of thlS work
whlch was etited in the Intnodaotfoh Léter,fhy slightly,modifyiﬁg,the 5;1
}fargumehts in the pmoof of,Theorem 4.1 we will>eetahlish Theorem 5.1 ‘ B A : ‘w
whlch deals w1th _the degrees of some well known elements in the‘staoie }‘37 ’
homotopy of the spheres. L o - o -
,'Iheorem 4;i£,iLet:X beAahy oonneoted CW—comokéx and iet'p be’aofvood
- prime. 'Theh | | ? - '
S amesmmyeeam, b

‘whenevef'the p—edio:eipansion,oé m sati;fies,the}followihg conditionsi:v 2

..1) '.If m- = 2k then m = a, 1-;1p,+ +-a p w1th‘e1ther | o -
a) a, f p-2; a # p-1 or ay # p- 1, vwhile a, # p-1 and a # p 2 =2
) "_for t 2’2; or "ﬁ' ‘I"ij',s ‘ | el

) :eiiﬁ p-1-for all 1. 'f L . _ S -
: 2) ‘:}f m = thl, then m = aéf+3a1p +‘;t. ; 5 on.withfeithé;a4j;; jﬁ;zﬁi;iﬂ . ’

Since the proof oﬁ Theorem 4.1.is qu1te long we w111 f1rst g1Ve somef“” R
¢ P «,. A
2 B AT :
indications of. the procedure we follow..‘Q; PSP RN T S 3
, v? . //:/' v 'L, ’: o A . a4
AR . ! o Ty )
T, R2: o AR ;

. : P ! ' . ' ‘.'l: ' R
-4 AN '




"o : . ' '
s ./ . ' . ) 23
. T (4 2) G1ven y €. Q_H (QX; ZJp)A.express y as- a sum of non- tr1v1al
ok . ; : ‘ S
- - o adm1551ble, 1ndecomposable monom1alsf:~ . L
1 ~ . - ] . ?‘f_' .‘1 t . A )
’ ) ' - ok ©E I‘6 ! G;i :§ ’
a3 Tt = l . S S . . KA
(4.3) S 7.8 Q BT QT (R(D)) %
< ¢ :f’ ) ) " !/r : (’. - ;. : . N N .l : i i ;;?:r,ﬁ
- @ cot T I e , Cy
o s, ’ L o ’ , A
Y i (See Def 3.3 and 'I‘heorems 3 1 and 3:4.) S o
NS fk,f L By(assumptlonJy as A annlhllated 'S0 that P (y)-- 0, t 271, -On
-4 ' ". ; " ) L f - ! . co-
Mo the other 51de of ‘(4. 3), the N15h1da relatlons tS 1. (8)) prov1de an .
i i ‘»':t. ‘ . N3 . rl ’
- - expan51on for P «(BQ p
¢ v k o (b,"
' monomlals are all of the same length s (see 3 3) Consequently we ¢é'”
’ . .3 ~":-.// 1,) ,f‘ ' I s
" SIS S assume thé/.the monomlals 1n ;he expans1op (4 3).- of y,are all of the same s
. i
- . ‘A v ‘ b ' ,.‘ R . R :
R length-. T e '; y
‘“;n'?j o !f-_ Notlce “that by. the Adém_relataoﬁs<df A y is Asannlhllated if and
Al . J . N ‘ l '1, . 1»- .
only 1f Pp (y) jj % 0 ”éc that we Wi ll Center our analy51s on thlS ‘
condltlonofghmlAs‘a result of thlS ana1y51s we w1ll conclude that for-" '
; : . ) :' . ) "’ E ‘ I"2 > eS . 4 - "
o ¥ %lu‘& each monoﬁ1al BQ e B Q (x(r)) the adm1551ble sequence (l rl,..,; :
. - ~ ~% y‘\‘;r., A , . o e . )
’ - ?5f: , 5 ,T ) has Gk ;\1, 1 sfk.s S, and it also satlsfles, 51mu1tan¢ously, .
.,f s o .:, certaln propertles H(J), é-b.'ﬁ-g ) f . -
RS . . . - ® . ', . o
ﬁi SRV TR The 51multaneous val1d1ty of the propertles H(j),. O for each’ ﬂ‘
oL T A RIS S € I‘ ‘ ~ n
’ . ‘ .monomlal BQ }...B Q x(r) 1n (4 3) w111 be establlshed Ey 1nduct10n on
P - ’ - - IR
the length of the monomlals. "‘AH,” s*;’ L )
. . : C "'r . .
> aL Propertles H(J), >0, w1fl force the leadlng operatlon Q " to be
‘ ° of too large a, degree\to be present 1nrthe monomlal cbn51dered thgs
FRE X “1mply1ng that tire monom1als in (4.3) have length smaller than s, )
J . o e P .
' Another 1nduct1on ‘on s w1ll 1mp1y that there cannot be operatlons an'
;i‘ T : (4.3),'proving‘Theorem;ﬁnl, We now formulate ‘thé CODdlthﬂS»H(J)" b
"'.’!1:"' .‘ | g , . . ""‘ N "- ~ “‘ : Vl".l‘rl ~’..: ES .r . ' ": ‘ :" - . :“1'0‘3'
e " .1z 0, on the.monomial §Q -~ ...'s "Q (x(x)). o e
S el e ! ’ A' ., o, . o0 < T e oLt o . 7:"'4‘%_
v e 3 ! ' ' R y
VRS . 1 . et
[y . e 4, @ "% = . " J 4 , ... “' _» 4‘ , .
".‘ ‘;‘ ’r' ‘:" ‘v”;-‘- ‘ "-;' / :‘ .;‘} ‘ N ' - ’:n I ‘\" ‘1 :, ,‘;‘/'
o o e L IS A : T
'/;' ' . "/t'?.' ’ ~ ‘ - ! B \ * 2 $ B 29 ,'/“'(5




¥ ‘ P £ - - li [N, )
: R . 2 : . : ‘ .. o '_ ’ r’l‘ . €s~ I‘S., : . . ) "‘ . ’ vv‘
- = 7..0s Definition 4.4, The monomial gQ " ... 8 ~Q ~(x(r)) satisfies H(j), .

E0 e s as ks e R .
. ‘,.r,.?t - a) If J < s, rt" O mod pJ—¢+2 ﬂt - 1;;.;; el . - o

..

z ‘.#‘/ - . ‘ - ; 4 — m' . :.;
o ) Ifs I‘t = 0, mod pJ t+2 t ='1,...,‘s,' PE (x(g) =
' < i ‘. .Z_ .7‘ Nt N N ) ‘ B ) X
" jf Clae :,/\u;; . .,m = 0:\ . ! .y J S . ’ - . . “
T T g s - ¢
AL * i _ L o X
S T Cond1t1ons H(J) are Suggested by the follow1ng observatlon Consider

~r
y —_BQ (xCr)) €, Q_H (Qx, ZJp)A, and look at -the lehld& expan51on o

Ty I S -
.o . -

o C -fr— 1y-1)" .
N N vt (f.’”" S LS SE R .,
Py = et S BQ 1, . Py (x(r)) A

- - - 1 . >~ . . -~
) St i - p’ -pi . | ) , -
~ 4 A L~ 5 > . ~ P -
- . 4 - .
- . . - P ¢l ez B . - . .
" F W 5 . Y, . \’ N ) “* .- - j s, £2 o ‘: i . i t, " - N N
- ¢ . = : PR - S A P SR -l .
. O “(];' _-p ) (p_’l_) _1 L, Joad o, R

.',-;.\'.,-_‘ ‘ ‘."l’ -‘.,‘ " ". ,.:' L ie s :. 1 ] . ..r _p L+1 o
e crientis e !

Py B(x(E))
PAJ.‘Ri«fl. s -

LN S

4.t ) N -' Y » . . ¥ v_ . - o . " A .,r“ .
’ - 'Suppose we can show that the non- tr1v1a1 monomlals 1n thlS expan51on Cs

S L ' (1f there are any) are andecomposable Then equatlon Pp (y) =0 w111 o i .

‘forqe the b1nomlal coeff1c1ents to be. zero modulo P ‘In partlgular the, .
) : C L - ) 4 T
U R (r‘l‘—p?)(p-l)—l S R
:first_b%nomﬁalicoefficient (-1 ‘ . . must be zero modulo ps . o

EN

ae i . S TRy . NPT
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r:u,. S
0 e

- f . o .

> {r). whose degree” satlsfles the condltlons in,

s l,\“ e
R4

»

Seon . -F

, ﬁﬁ.j 3 “satisfy elther conditlpn 1) or

o Lemma 4, 14.? Let y "541 e BQ xér) be an 1ndecomposab1e monOmlal,
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Then:‘
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RN 2 > eSSl ip O C2p? Y2l ¢ 202D - (STmel)
| ‘ SRR S S S :
“m-1)- .,

VRN U P R
- s N . \ S~ e ; - !
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. T o 2r > 2p(p -pT T - -p ) - 2p% + 2(ps)p v 2(p-1)
| R T S(sem-1y+s-m-2
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I'wé go back to determine an qﬁpérfboﬁnaifor;s, the lqupﬂ‘of y.
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: ‘ L i

: o ,I‘“{?(Ptl)_p?m £ -1 T e L T

- . -
N f . ~ .
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YEOIt w111 tq%rn out that pro]);I"ty H(j- 1.)‘ and the assumptlon 1) oT 2)
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is indecomposable, provided thaf'PE x(£) # 0.

stated in Theorem 4.1. "Properties H(j), j =0 are defined in (4l4);$

Here h = n-2 1f deg(y) ;er;Z)PanJthla h = nol 4f deg (y)

o+ Tﬁ—li(p

remarks concqrnlng the sequence (1, .i 1

- -
— Lo o,
N N -
* - - ¥
+ . v v
Lt - o ~ -~
-~ SN e
- - . N ~ -, N .
~ e <
- . “
e el . . 4 -
. sy DR v
A I &
= . (xS >

P B - . . ;

. T —p +p 1 r rpj_sflfp?ls jos. - N

8q e S TP (x(r)) -

e .
T ) ’ j'—"S R TN P ’ B ’ -

_-Weware now in a position to prove the validity of properties H(j),..
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and as noted in (4.2), they comnstitute the main ingredient in the proof _ ...
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of Theorem 4.1, ’ e, ’
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Lemma 4.41. Suppose that y = BQ ' ..;-BQ S < gH (x; Z/p)A, With e 0

y homogeneous, and suppose ﬁurthermore that deg(y) satisfies the condl—

- tiomns 1), 2)“ﬁnd 3) of Theorem 4.1. “Then y satisfigs H(j), 0 < j < h.
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fNWéiégnclude-that‘if deg(y)

That is to say, assumption 3), b) in Theorem 4.1 implies that r, > P e e

~
. N ’, .

. + : - .
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account for the tqp‘eonditibn‘ﬁ(h) cphsidered in tHe statement of’thé
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We now proceed to prove the lemma. , If s’f D,rilé?,,y € H*(X;:E/Q)A,
then properties’ 4.4, b), "¢) are clearly satisfied, since y is

- . o " . ‘.
A-annihilat%d. Suppose the lemma true for monomials of length q, wh%re

0 < q<s. That'is to say, SQPPOSé'ihatiif
BQ. 7w BQ T (1)) e Q Ho(QX5 Z/P)y, 0 < q < s
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‘IS a homogeneous monomial of degree'as in the statement of Theorem.4.1,
.. ’ L ~ . ‘ .

R . . 3 . .t .. . ".' - 4 ;
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H(J), < ji: The proof itself is an induction off j = 0. L&t j = 0.
Tie Nishida relatlons (3 1.8) 1mply e -
LT . . (ehena) e e
o o (444 20 =Pi(y) = (-1 BQ © BQ %...BQ x(1)
. ey . - °
- . , 1 - .
N e | (rl—ilﬁP_l)—l. rivl 'r2 . 3 .
~ . T+ L Q B+BQ ... BQ T (x(x)).
TN . . g 1 _1 n :
The second summand of” {4 44} is zero, since 82 = 0. The monomial in
the first summand of (4 44) 1is 1ndecomposab1e, as proved in Lemma 4.19.
e Then PL(y) = 0 forces ', : _— .y
(ri—i)(p—l)—l ) - e o : - - ‘ ,
: . S ’ =0, (mod*p)d iy Tesen rzj
e A R T I RS ' ) o
This’ clearly 1mp11es that (r -1)(p 1) = 1 J(mod p) and thus rlxz 0,
(mod ). We conclude mhat y satlsfles H(O) o B R
>~ f
Suppose that y SatleleS H(k), for 0 g‘k < j. Consider now
Pp (y) 0. ‘As proved in‘4;19 the monomials }n th¢ Nishida expansion ‘ ' df
S # ‘o ! ‘ . . o ' .‘
of Pg (y) are indecomposable, since we are assuming property H(j-1) on =~ . . <
. A , .- j"“A .‘_ . ) N ’ , | - Lo o ) :"'
‘ry. Then PE (y) ‘= 0 forces the.coefficients of the monomials of (3.18)
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_ (x,-p? ) (p-1) -1 5 B
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Observe that for the b1nom1al toeff1c1ent (4. 45) to be ZeTro 1t sufflces
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4. 49) 3 is““ of“:‘Eorm *

64 49) i§fnist cgngruent to zero mod p. However Pp (y)"
tloﬁ “on- Yse hhlch can occur bnl} 1f % x(r) = O for 1<t o<, For..é ,Af
_°" o We reca}l from (4 19) that the monomlal 1n (4 49) 15 Indecomposable-ﬂ'> "?}
. " We have establlshed propertles H[J), >0, foA{' C e ' S,
- ‘ - r . ) ~4:I‘ ",4-“':»-.7}-; ‘,o . y . . . '(.’ | ) ) - -
) .y = ag ., BQ x(r) € QH (QX ZZ/p)A thus prV1ng the lemma .
: ' - . N o - R
: So far 1n our results we: have assumed that the~mon0m1al summ&nds
(O ) of an element 0£~QH (QX ijﬂx“are of type . LT ) N N '
o ; ) ) PP Yo ey :
. ' T . e, =y

i - ':'~ ‘ ' ’ ‘ (4.512) BQ 1 83/ X(T) - " : o _ .o . i

S 3 ;T-' - In order to charactef}ze/ng (QX JZ/p)A in the degrees of Theorem 4 1,
- - P P it . L - .
’ g ‘we need Io know that any y € Q_H (QX ZJp)A ls of type (4.52): - -
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“ I"" ~."‘ 'i Y 4 - N , L
v, ‘ . .
. b ::: ) . '
'. s '
- P ,
. , : C < .
P ‘o , A\l
- - - s
N ", af
. e B




>

-

e

If &=

1,

clearlv ¥ has” to be of the form SQ

dannihilateéd by £

’

\

<

- o

/

A

L

Consider 'the‘Nishida expansion

X

U S [ D -1 -l

P, (3Q, “x{r)) = {-1)

1-1

1As proved in Lemma 4.41

~

satisfies H(0)
fl—l

s trivial only ‘if Q gx(r)

ro-1 -

Q

0

-~

§x(r) is indecomposable, for,

deg(y) - 2(p-Ur

) .
I\

(4.55)  Z(r,-1)

If deg(y) is even

¢

o

(4.56)

~

2pry - 2 = deg(y)

) -~

~

~
Y

<

(r -1)(P 1) 1

P

L

]
?
|
!
J
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1

clearly (4.55) impiies

1

8Q !

o

T

Q

otherwise,

7

s

1

x(r)

Bx(r)

-

Notice furthermore that the Sécond summand in (4

~as 1t must be

the first summand is tr1v1aﬂ only if r

1 ’

One checks that the monomial'

However condltlon 1 a) of—Theo:pm 4.1 pTevents the occurrence'of (4.56}.

“r.o-1
Thus Q

. -1
proves that Q

(4 55) is 1mp0551ble. blnceJP (y)

~

x,.donclu51ons 1mply that Bx(r)

¢

-

-

8x(r) is 1ndecomposable* when deg(y) is even:

«

N

e

Sx(r) 1$ indecomposabre if degﬁy) is odd
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S;mllarly, one

Therefore
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0, by assumptlon the previous

<
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N
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-

H
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~ We have-established the fLrst step of the 1nductron

¢

-

that y satlsfles H(O),351nce the flrst term of (4. 54) musf be zero.
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Notlce also

We

need some remarks concernlng the 1emhas numbered ‘from 4.5 te 4. 41
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. . First 6f all, notice that in the Nishida expansion "(3.1.8) of
’ Qe T pt €, T . es.fs . ; T
? i £ ' "P* (8 Q BQ ,X(_I;)), 5:2 2) ) v, ' )
.y Y ’ <7 - . ) <. 5 N
’ - . . ) : R .o ¢
. ‘ ‘only the operations Q 4 are affected, where q < t + 1... This.is clear -
- from the form of the coefficients in - -
. | o . - SRS
) . © T (-1 ) . T
\ r . : Cen y ‘
(4.57)  pSeQt = ¢ (-1)17° 8°Q ", L e
. 1 >, 'S-pi .- _ = ‘ m
¥ © . N "
e o [(x-8)(p-1)-¢ o :
' s (-1 QT eLe, L e =.051 .
- ! s-pi-1 < \ ‘
- ObseTrve that-only the first sum is considered when ¢ & O.i_Furphermbfg,
T ’ ' T T : s ,
Y ~notice that condition H(j) on gQ . BQ Sx(z), j < s, Loncerns only the
) first j+) operations in the monomial. .Thus one san define properties
o _‘g~’ r.. . €... €, T ,
H(Jﬁ, j < s, for monomials y = 8Q 1 .8Q J+12.J+2 B-SQ Sxﬁr), and one.
) proves that such propertles are saslsfled by v, by kooklng at the lehlda. B
expan51oh of Pp (y), _,3. This allows us to seé thatf%he Nishida
-r +1 +2 C T - X
expansion of Pp (BQ .BQ J Q J Q x(r)),‘) < s looks like-
ey the one in (4.9),’i.e.é if we assumé H(j-1) for y,
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1 R _l . _
~ 8Q U7
= r R ~ v \ -
. o~ ‘ J‘U"‘l N
: - BT u+ J+l j+2
- 8Q " BQ . BQ- Ceeex(3)
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b, BQT Ut BQ T L
| L1-1 R
ERRY i v -1 € T ‘
’ +1 . +2 i+ 2 -
BQJ 8 7T Q7T L x@.
o . The. last term of (4: 58) appears only if g J+2 =0, orvif s J+1 and
o Bx(r) # 0. If we can prove that the last term in (4.58)is an adm1551b1e
N " ‘.1ndetomposab1e monomlal then 1ts preseﬂce will contradlct Pp (}) 5”0:
Q?H .. We are now ready to, contlnue thé 1nduct10n whlch wei 11 prove “the'
s f;ggmma. Suppose thehlemma is true-for monomials‘of length q, q < s,
> i.e., suppose that - - ;
¥ i . ‘4 »
k3 :_.A""“‘ . 1 ’ f
L #3 T . - )
. o B Q B 'Q x(r) . Q H, (QX; ZJp)A implies
o : o ~':' . - ¢ '_;
- <‘-§ a - ‘ ' ~ ‘ N .
: > €. = g. =... % e =41 and gx(r) = e
' 1 2 ! q 1 - 2 - *
N . L o -
5" ) Consider, with’deg(y). as in Theorem 4.1, . -
& N - - - . _:,‘: c . K T\*“
g - V—r1 €, e T o '
. YLABQTE T L0 B TQTx(1) e Q By (QX5 Z/P)y
H i ’ SR C A
P ! 2 "'(’ ) 1 R ‘ T
’ §nppose fpr a m?mgnt that‘eéﬁ= .;Z =t =1and eiﬁher €542 T 0 if: E
oty 1% 3§ <s-1, or j = -1 ‘a,nd Bx(r) #0: Thus =
. "“ ‘- . . ‘A 2 ‘ _ . N ‘;“
. s r:_b J+1 ’j+2 J+3 " -
: .Y = B¥ . .BQ’ é e x(@) e .
,Q,”‘ )




'y satisfies H(j-1)', as pointed out above., Condider

A 5 BQ - 0 8Q° K

'(l, 1,..;, 1, r

.60) (1, roplept T, 1, e p TR R ?j-§*13 1,41,

sy

3 . . , St
LU ( S . - . ©h

- . - - PR -

N . -

(P enia) o

- (4.59) . PY ) - (1] o BQ | BQ “...8Q J+1Q i*f cxfr)

. . - P . ‘ ’ ‘~.s’4\ e

Cewell e Te T T T
el (ru ] ‘)(p 1) F xl_RJ+pqu _rszJ lfp?,zu. 3
+ (-1} . BQ+- -, 1 8Q .

. = . 1 — - o AR ' U " igt
R u=2 ' pJ u+l . :’ . J: ) pi'u"fl. - . .

* ) . = - BQ N ;\ /. -0 ’
e ‘ . 'j—u+1’ N L .
k) o L - . _ru;p T ; J+l J+2

. QY . s e Q
v . B X(i)'

ro o -1)(p-1)-1 SN 511 §-2 SURRNRN
T D@D piplipiit p gl a

1-1 " _
: r.-p+lk r,% -1 ‘ T
. - BQ'J . Q ?+1, 8Q J+2 - x(z).

S

Except for the last term, we know that (4.59) consists of admis- -
. - e SN oo
sible, indecomposable monpmlals and that, for these terms to be 0,
v s ’ . il

) must satlsfy H(J) ‘We'wili prove

J"'l’ O"‘ J+2)‘

that the last term is not tr1V1a1 whlch will contradlct Pp (y) = 0

3

Notice that the last two terms of (4. 59) are- determlned respectlvely,f
- ¥ - . i . .. ’ .' Y

by the sequences

- . .‘ { €j+2,‘ei+3,... ' ‘ o . =

v 7 —_—

€j+3 .

and 0, e T e e |
. . ,-”,; 3 ‘_1 . . '_1 -_,2 ‘ s ‘ » o ) R e i v
(4.61) < €1 -plep? T, 1ty Tep? TS, L rpel, 0, -
T . ‘ - A\ 1 c . . ‘ ‘ % X 'S.J i . J ’ P
* S R L e ey ) . ’
. . i 5 l, J+2, €j+5, ..)‘ . :
{v L s ‘ ‘ "’.,‘ S . ,;:
. 1_{ 1; = ! o .
’ -. e ”  F
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-'that (4.61)‘ié,edmiséib1e we.must -only eheck*that ‘ S e

- ( '
(4:62) "P*'l P(T

:Observe that r —p-+1 < p(rs+l -1) =1 by Lemma 4.f1; yhich-CIearly - v
~ L . ~ o I - .

s . T \

- Sequence (4.60) was_provén.tp*be“admiésible«in'Lemme 4.11.. So to ﬁréye A

[}
§ .

N . “
, . . . -
, - 0] e ) -~ YO

;- D ‘and that~ Co

\ ~ v . . . . -

/

- . - + 3, - ‘. “ . N v
. . . .

14.63? r}+l-l s’prj+2- 1 C e e ,ﬂ_: - . .l:“> ; ‘qj‘\\‘

~

implies (4.62). (4.63)<is immediate from ‘the admissibility of.y. .

L < et

Thus the, last summand of (4.59) is édmissible: 'To prove“fhat fhe.last .

1 . . 4 - ;\ s \

monomial in: (4 59) -is 1ndecomposab1e one argues exactly as 1n Lemma 4. 19

since H(j- l) ‘holds_in. our_presefit 51tuat10n Clearly the‘coeff1c1ent- -

. N .
- . . / - N . e N

of the last, monomlal of (4 59) is nonzzero From these'facts we con-

~ Tt 1 « 8

~

clude that if ¢ = 0 or B(x(r)) # O then the last monomlal of

bl

/J JZL * '\

‘ from (4 5) t0 - (4 53)

PP (v) 1s non-zero, and thus we arrive tolthe de51red contf&glctlon.

LY |

Thus the lemma 1s proved for monomlals y e Q H (QX Iz/p)A of arbltrary _

1 ps

length as long as. they are. in the requlred degrees o -

R 9 - ’ s
‘e . . L .

' Theorem 4. 1 is now an easy consequence of the séﬁnence‘of Lemmas
v e . v A

~

P - . -

(4 b4) Proof of Theorem 4.1, Let Z € Q H (QX Zl/p)A, where deg(z)"

satlsfles condltlons e1ther 1) or 2) of Theorem 4 f ﬁlus condltlan 3)

" B O . - - . +
of thrs'Theorem. Then i B ’ R
. - L) . - ‘\
Y ’ . . . I 4 . .‘ 4
o Ty -T_ 5, : , N
(4.65) z = I BQ .o BQ X(Ej,- . .n .
- Tr - . - , , B " . . N 5
- . . - : D SR . . : . .
‘. o

where each summand is an adm1551b1e, 1ndec0mposab1e -monomial. -Each

monomral in: (4 65) is ‘of the asserted type, by Lemma, 4.53. MoredVer,

7,

" “each monom1a1 of (4 65) SatlsteS propertles H(J), > 0 by Lemma 4 41

o . A . .
" i . . . .
£, . .
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4 i e N AR -!
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N il . N " % - = ’ >
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‘\ . = e "1.'4.;9 -.\ ‘v *
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- - - " L . ‘a N < ‘,' .,
- ) T - h l +2 L Co . < o
- ‘ ., of (4.65), Xy E 0, (mod ) .»~ Notice.that this, in"turh, 1mp11es
- [ 4 [ * '\ ‘ * . - -
< >~ ? r - L b s ! ¢ - s
3 , - \ .
©of s deg(z) deg(BQ x(r)) 2(p 1)p The last 1nequallty holds
\ to o i ! o
7 - .
. ¥ 51pce deg x(r) > 0,, and 1t contradlcts our assumpt1on (4. 66) on- h . .
] . . Y ’.
r ”? N
‘a _Ne conclude fthat no operatlons Q 2 0, can'be present 1n the
vy - I3 )
1 . *
. mbnqmlals of (4 65). Thus z € Q H (QX ZZ/p)A 1mp11es z e H, (QX ZZ/p)A‘
r Ry - . - . R
. s, i
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o Th;s chapter is devoted td the proof of Theorem 5 1., It turns out
that most 39//he aux111ary lemmas of Chapter 4 are of use herey though D
soﬁe essentlal argﬁments in thelr proofs ‘vannot be carrled out in these
s ‘ LN
Ty new degrees without chaﬁgeS' Reeall that the marn‘1ngred1ents in the
. ' -proof of Theorem I’l are Lemmae 4, 19 and 4.41. :Lemma 4.19 states_thet"
T, T Ao K RS Cees .~-' B
if;BQ . 8Q x(r) € Q H, (QX Z/Z)A has the requ1red degree then "? .
- . s | r e ) M :A‘~ . . . ',:"
} Pp (BQ . BQ x(z))-eoneiets of sums of jndecompgsable monomial§; °
- : ‘. s 1 P , ) °
* _ provided that 8Q " ... 8Q x(r) Satisfieg pnoperty'H(j—l). e )
* +° " Lemma-4.19.and BQ Q x(r) A- annlhllatedﬂamply Lemma 4, 41 ‘
- ‘d\ T r .
: which establishes property H(j), - 2 0, for BQ " ... BQ "x(r) of the . . :{{
. S LT, - ~ : “‘ ) ‘.‘? ‘ . ) . . N ) >'
’ degf%e requiréd in Theorem 4.1. = - o RO L -
!{? ’ ‘5: -“.'y‘ T e ‘ N ..'.’.'; H .. / il 2
Theorem 5.1.- -Let X be any connected CW-complex, p an odd prime and, .
t > 0. Then’ B . e
S e e L i, L zz/p) S
T t4] A t+1 , A Coh
' C2p (p -2 2P (p 1)- -2 - e
', 9 - ’ @ . . .
‘: ) . P . o l;.',, “w .- ) 1 B “ N
N % ‘e " ' N ' Y -® ) 47‘ LT z(p 1) p -
' . . T ‘ ’ ' ' o <ot .
. LT . . P R 5
4 'g_denqxes 1ndecomposab1e e}ements, s e :
QX the 1nf1n1te 1oop space assoc1ate to X, ' . ,
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. pt ( —l)‘ ‘ --:I' ) ~ - ' ) e \\s-{ - :"‘L ?
} QP P is the Dyer-Lashof operation, and the subindex A denotess- -.. _
>, ot L & ' ' R4 s S
) Steenrod annihilated elements. N SRS =
_— . S S ~
i ERS We will:gstablish in-this section results anglogous to Lemmas“4.19
PR o in ‘e [ N e
. ooyt Ay Ty e N v e : ’ CoNg
Yoo and 4/41 though the'present omnes will hohd only” for a_ proper subset of -
Y W e ¥ . - N : o Tt
c - . - o
AN . | Q“Hm(QX; /Z)A,fm.asllnﬁTheorﬁmgﬁ.l. ‘
) , motice that = {b
N . , 1 L e . o
a2 Y t+ I : t+ t+ t+ \ - ’ i
23 2p7 T (p-1) F2 = (p-D)p T o+ (p-2)p +p -1 54 :
. . . Y [
. 0 t+2 - t+1 t . A X '
Y b=piTH(p-3)p 4 (p-1)p ¢". .+ (p-LIp+p - 2. oo
- o7 N N .
> e L""' !.‘..' ‘.' £ :: A kY :v ) ' ' ,.:_'
- SO ‘ ’ : "
AN “;‘ gSggou%;present degrees/are not among those of Theorem 4.1. Let
- y o et e, T, €T o ’
N N B °Q ®x(r) ¢ Q H_(QX; Z/2);. -
v \, ‘f’ L - . —- ] iy A= me- > A. )
Lo \/_ ' ' g 4 . :
- i ‘ . “
i As .done_in Chapter 4, we may_aésﬁme in aﬁalyiing Pg(y), q.2 l:‘that*the ‘
L4 - ) - - .. .
monomials all have the same length s 2 1. Moreover € =.l, since By = 0
5 - . ‘ 4 - - - . .
TS by assumption. Let s =1, and consider the Nishida expansion (3.1.8): -
. ‘ £ ) ~ 7 - “ ; )
- lﬁ A. : { 7. ' 3 ‘ &
L e (F:1) (p-1)-1) . ,
(5,3 =0 =P (BQ x(r)) = (-1) e BQ Tx(0) N .
. / . v 1 ) k
.a-v ) ¢ Ny . '(r—l)(p—l)—l\., r’-l B . . . . ’
- +. -1y Q" TBx(x) . . S
h 1-1 7. ’ o T
i h . - ] . ) . ] ‘[,.r u,
- The mogémia} in'the-f;rst summand of (5;3j is indecompOSabIe; whichﬁis:m‘;f ~
.'.' N < . -:" H N . “ . .‘. ol .o~ s Ve Y “’ 1
P proved exactly as in Lemmas 4.19-4.29: Thus r satisfies H(0), as seen G
"~ in 4.41. We now analyze the'sécénd:summand in (5.3), For it to be % ', ;a
' decomposable one must have:- t- e Do
. T ! * - - " - ¥y e fr‘t:ﬂ *
. . A %ﬁ - L ‘ ' ’:‘) . - . ST
C . (5.4) 7 2(r-1) < deg(BQTx(r)) - 2(p-1)r <f2r-1. -
! : L. .- . - S N e
o ¥ ‘ ) - * ” 4
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7 k ~ . <
- - . , . % PR >
S n " SN v ' 1
‘ < N ~ s L
P - > - ~ L
) Y - \

.mv‘

+ ~This'is'seen as.in*Lemma 4.19. (5.3) .implies 2pr-2 = deg(Ber (r)) s ’
}}: < 2 R v \‘, BY F ’ * ~ ' l: -
. i < . : T v t+l
in which case 2pr = deg(BQ x(r)) + 2 = 2p (p-1): Then r.=.p. (p-xl)L
~ 2 . . :\\.‘ - . - ) Ve B T o i : ) . 3 . .
. 219 - L . . \
£5.5) © So QP (p-1) 1%}( S ng)Z, which is trivial onlyx if Bx = 0, N '-'
al - ‘..A i - b 4 . pd i . . ‘ = - <
. ) \J B - ’
Ve X It 1Sk clear t’hat\\ 1net1ua11ty (5. 4) cannot hold if r > (p- l)p We put ‘
. . \
~ ‘ N - 4 Ty
) . a51de for a while the case r = (p—l)p 1n monomlals ¥ g ‘ >
. B - g ( . . . i T e A
. BQ x(%e QH (QX; E/p)A, m = 2p (p~1)—'2. . ' - ‘f_' | .
5 . Assuming r#* ‘(p—l)p, and pIioperty H(i-1) on” o
* A E e . . . - .
D% T Yo m o o " - ,
T we= B x(xd'e Q Hm(QX", Z/p)-A, consider 7 . - TR
- X7 - r iy X s ]
<~ o oo LT A . s i 4
‘ ”~ \‘; 5 ,-. - PR o ‘~ ‘., - " # - , ) :
' . r Lo : 0 » - = > -
, ST L ' f(r -p )(p -1 4
: (5.8) Py (8Q X(r)) Lk BQ x(r). o
I'V Y. s ~ AP - 1 . . .
” - n TT ‘. LIS 4 v 7'.' ’ = - . Y
ST N ' AN O BN ' g o : ;
o~ - ~Not*rCe that by a(S Sj only thls one term appears on the Trlght Suppose
P " ‘ for a mqment% that the monomlal on the right of (5. 6) 1s decomposable
L A The‘_‘ -ZP_T“?P‘ s, deg(y) -+ 1 < ‘Qpr‘ 549 that = .. ‘i : ‘-.
. (5.7) 2pr - “2p + k= dff‘fg'(y':)w+ I, 0sk<2ph 7T .
) T o) i, * . . ' ‘ ' + 1 N
P T o Applying H(J 1), this implie‘s -2p + k z deg(y) +/],, (mod e ). ' -
TwEd L e Sy AN A
- - From the p- adlc expan510n of deg(y) e get, for™ 5 <t ) e
u.:g'“ . S s “ Ty . (- B
S ;.«; ", : ) 1 N L +1s ‘
e - 5.8y X = (p-1)-+ (p-Dp + ... + (p- 1)pJ #pl = 2p? -1, (mod PP,
ma, g o L ’ SO . ' -
R h Ty . (5.8) is indeed an equality, since 0°< k < 2p’, so that (5.7) becomes *
e S PR ti1 '
L 2pr - 1 = deg(y) + 1, di.esy 2pr = 2p (p-1), - .. )
2 ™ andsor = (p¥l)pt, contrary to our assumption on.r.. .
1 * el
,41'.*, ) Y ! .
'f‘,j ] - ; N *
-, "‘ o g ¥ \
v * :
o s i x . <%
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This contradictiqn\illows us to conclude that if r'> pt(p¥1) then
B s ( .

o . N

ihe monomialisQr-pr(Ej invPEJ(Ber(Zj), j < t, is indeéomposéblef”* - _ ;‘!_i
. # Notice that now Qe can orove prooerties H(j), 0 £ j = t, exactly' | -
ash}n 4.41, for the monom1a1 BQ x¢r), r > {p- l)p . This isla conseouence

'ofmtﬁe pé%v1ou§lremarksx S ’

" the assumptfoa of H(j-1) and thesfact that Y o€ Q ‘H(QX; Z/p)A plav-a y

role.
%

’ Theorem 4.1 are used only when analy21ng the first monomlal

N . .
™ PE~‘(y) - A : - K

(

In order to prove propefties H(j), 0 < j < t for any monomial of

-

L - v - . s - N
the specified 'degree we will make use of the sequence of Lemmas 4.5 to
iz a y r, €, €T

4.53. We are sti'll considering'monomials y = 8Q "B " ...8 SQ s’x(_x_‘_) .-

-

wherezr > (p-l)pt. ' ' ‘ - . j ' v,

. Notice that in the proof of the Lemmas 4 5 to 4 11 and 4, 41 oan‘

.

The speoifioldegrees of Theorem 4.1 are used in the proofs of

Lemmas 4%19,ana 4JS3. These'lemmas establisﬁ, respettiﬁely, that;the.

pug -

monomials in Pg (y) are\indecomposable, and that y is of form

T, .
y = BQ l BQ x(r) w1th B(X(T)) = 0. Moreover tho- degrees of

T -p R R . L .
BQ 1" B... BQ7S(X(£)) of PE‘(y);'ds can be checked in 4.19-4.33.. The ~

pes;'of the proof of 4.19 depends only on this first monomial of . .
3For monomials of‘degfpé 2pt+1(pL1)-2, which we are now analyzing, Ca

+ T
’ 1

e e ] o
, the firsﬁ?monomialgof Pz (sQrkij)f 0 <jicst hes’already been stu%}eg

gl ' C - C

. _ ” j :
1n (5 2) to (o 8) when T > P (p 1) There we proved .that BQT‘P x(r) is

1ndecomposable and that Bx(r) 0. Then properties HEjj; 0 < £t eah

J&e eSfablished for monomla]szQAx(zj'e g_H(QX;}i/p)A, T > pt(p—lj.
) ) \ - y

- : - . o o




PN

-3

o

pl
“of B2 (y), for y = 8Q

ok . ~

As pointed out in our remarks_ above, the fact that the'monomial summands

- Ty T - t+l o )
... BQ Sx(é) of degree '2p (p-1)-2,s>1, °

r >‘pt(p—l), are‘indecomposaﬁf; is prgﬁen eXactly as in Lemma 4,19, - *"

1 : ;

Similarly, to.prove that y ¢ Q H (QX;ZZ/p)Amusﬁ be of the

2" (p-1)-2
T > T . t .
form gQ ... BQ §x(£) when v > p (p-1) we can proceed exactly as in

Lemma 4.53. We have then proved thé following lemma which is analogous
. o

to.Lemma 41,

PO
W .
T r ¥
1 -

Lemma 5.9. Let y = 8Q .. BQ Sx(r) € Qme(QX;'Z/p)A, m = 2pt+1(p—l)—2,‘

Sy , L
T, > (p-l)pt. Then y satisfies properties H(j), 0 < j £ t.

As a consequence of Lemma 5.9. we see that if

T T - .
1 : t .
y = BQ " ...8Q *x(1) « QH L, ,(QX;:Z/p)A, r; P (p-1), then y
o Zp” (p-1)-2 ‘
satisfies H(t). This in turn implies that'r1 E.Q, (mod'pt+l)u In !
. . t+l . .
particular.r, 2 p , which gives

1

deg(y) = ZIP;l}PF+1 7,pt+2 v p-2)p"tt.

This is, impossible, by the p-adic expansion 6ffdeg(y) given in4(5.2).‘?

2

Wexhavezestablished the'following partial conclusion on

QH T QG Z/pY,.
R CRO R I

-
‘ ¥

‘ Y ! ' Ty ey - By To

Lemma 5.10._ There are no monomials Q-8 ~ ... 8 "Q “x)r) in .
. ’ < B EIRY R .
. LI - ¢ ‘ ;. ~ . y e ) .
3¢ i - - > .1 Tt e
QH 4l (QX,QZ/p)A w;th r; > p (P-l) aqd s 21, T :
C.2p S(p-1)-2 . . e . :
st L s .,
! ; v 3 \,, ! ’ " ;“'\ ‘ - > 4 »
Y
N R 's )‘ I hd 4 - ¢ ‘V' . , . . A
“ . 2 e 3
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Cthen y = 8QP PTHx(r), where gx(x) =70,

-

.. T, e, T .
(QX; Z/p)y, v =8Q '8 .°Q %...x(x),

fhen 2r1‘> deg(y) + 1 - thul)rl. "This impliéé éhat ’

Remark 5.11.. If'y ¢ Q H erl
' 2p” T (p-1)-2

&

rl‘z [deg(y)+1]/2f = [2pt+l(p—1)—l]229. Thus g quﬁ(p—i). In view
: ‘ ‘ AP

$

' : pt(p-1),2. 12
of Lémma 5.10 it only *¥emains to analyze BQ B Q" ...x(r) in
o« L : :
QH t41 J(QX}IZ/p)A. " Moreover the argument in- (5.3)-€5.5)
2p” “(p-1)-2 : . '
: \ t €, T ‘ ,
18Qp (p—l)B 2Q 2 oo x(1), T, > 0, is zero only

’

appfies to show that P

ife, =1." - ; . . .

2 .- - ) ™
‘Our next goal is to prove the following: . f ;//
3 o oo

/

: o t 'r N
Lemna 5.12. If y = gQP (P_l)BQ z. .. x(r) is-in'Q H .
. = = t+1
y2p T (p-1)-2

Proof. - We neéd the following observatio@%:

.

oa'

5

e, -

2 o " 2" .
deg(8Q %8, ... x(®) = -1 - 24 1-200-1)%"

—

&

2(p-1)pt - 1.

v

-

' Also, y indeéomposab1’e'iﬁplies.Zr2 > 2(p—l)pt:-1-+1 - 2(p-1)T,. Then

of y‘implyhthat

(5.13) v2(p—l)p?-+2p-—2 < 2pr25=2 2;2(p—13pt <_épr2;

-,

The right'inéquality is obtained from 2(p—1)pt;-2(p—1)r2,§f2r“

2¢ However

'7(5.13), is clearly impossible. -We will use this fact in proving the -

L3

lemﬁlé. . . ’
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-(QX; Z/P)4;

‘;Q(pil)pt < ibrz, and S0oT, 2 (p—l)p?:%ﬁfl. This and the indecomposability'



a -

A ]

v

1

e (5:15).

-

" inequality holds:
< 2 el m "

" establish our claim: there is-no r

"y e Q-H;<t+1 ‘ (QX;:E/p)A. To prove-'that the second summand of .
(p-1)-2 SR '

[] - . )
and its ¢oefficient

(5.16) p (p-1) -p+1 < p[(p-1p 1 #1171 =

(5.15) ciearly4iﬁpliés‘%hat for r

In order to procéed wi
i"ﬁ'exfpansi_on (3.1.8): .

. -

€5.14). -

P

i

[p" (p-1)-p] (p-1)-1

1

((r,-1) (p-1) -1

1

Y

Notice that the fifst‘summand of (5.14) is 0, since

!r'q,

deg (8Q 2 e X(X)) =

\ile

I1f we-prove that the secqnd_sumMand of (5.14) is non—trivial, then’™

“its presence will contradict that y is A-annihilated, and so we will "

2p

’
™

‘

(5.14) -i's non-trivial, we anilyze next the, monomial

.~

T : r,-1 E::h
“1Y)-p+ 2
s (P-1) P+} . 3

BQ B 7L x (1)

[ (-1 -1

e

2

.5

-

ith. the proéf,

- t ' r gl .
PE(BQP (P_?JBQ g, 3 e X(1))
Lt . T € . .
BQp (P"l)‘PBQ 28'3, l.‘ix(r)

: t
_BQp (P’l) _p+1

2(p-1)p"-T. Thus 2(p"(p-1)-p) < deg(8Q

toi1yop, T2 S '
e., the monomial BQp' p PQQ ... x(x) is trivial:

, > 0 in the moflomial o ’

. (p_i)pt’ll-lxthe following, -

had ., A
. -

corisider the following Nishida's,®

-~

!

o

»e

r,-1 ¢ ‘ - N
iQ % 8. x@, T

, -
s K

T
2 Lo x(D)),

B

v M -

Consider_ the inequality *

co N t .
(p-1)p .- 1. -

v .
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(5.17) th%l)-pf]_<1ﬂré-l)—li

Moreover, ré < prs - €4 by the admigsibility.of y, so that
. \:\TL X : _,' ‘ ]
(5.18) r2=:1 <Apr§ffes. . S T

" Both (5.17) and (5.18) combine to prove that

-1 €< 7
. x(1) 1is admissible.

_(5.19) Now we prove that the monomial (5.15) is indecomposabie. .
S : .

Suppose on the contrary that

2(r,-1) sdeg(y)-z(p-l)(rl+r2)+z < 2ry

v

Then the lower bound (p—l)pt_lj-l—for r. obtained above gives the

2
inequalities of (5.13). As already observed, the inequalities of
(5.13) are contradictory. We must also check that the inequality .

LI
- »

20" (p-1) - p+ 1) S‘deg(?);;Z(p-l)rl +1-2(p-1)p

is impossible. However this is a consequence of the indecbmposabilitx

of y, i.ev, of 2(p"(p-1)). .>-deg(y) - 2(p-1)T;+1. Thus we have proved B

t( J1)-p+l r2—1 €q- . T . o
that 8Qp P . B 8Q g c...x(r) is ipdecompqsable. We apalyze next
. [ (r,-1) (p-1)-1). . . ‘
the- coefficient .| . First, recall that
; 1 . ) .
T éz : t - ) : :
S %(2)) = 2(p-1)p . .This and.connectedness-of X imply
that T, < pt; which, together with the lower bound (p¥1)pt714-1 for T,

give
L . t-1 . .
(5.20)  (p-)p "+l 271, <P

L L
. ) .
.o
\

c e Y




Thus”

(5.21)° (-Dp T+l < -ETT v L D).
(r,-1) (p-1)-1)
Next, it is clear that | _J is zero (mod p) if and only if
1 L

(rz-l) z (p-1) (mod p), i.e., T, = 0, (mod p)-. .

We have established the following: if r, # 0 (mod p) then the

-second summand of (5.14) is'nonétfivial. This contradicts that

T T . - ’
y = BQflsQ 2 ... x(r) is A-annihilated. Thus no T, Z 0 (mod p) -can

appear in y.

5 =0, (mod.p).  Let

Hi

We deal now with the case T

T, = (p—i)pt;l + h pt—2 + ...+ h pq be the p-adic expansion of r_.
2 t-2 T q 2
That it has this ‘form is a conSequencé of (5.21). Here hq > 0 and

. q > 0 by assumption.

. . B q+]_ .
We will exhibit a non-trivial summand in PE (y), a fact that will

contradict the assumpfion that y is A—ahnihilated: Consider the follow-
ing Nishida expansion

s

q+l' 'p

y - ot ' q+l .
(5.22) Py ) = T (-1 s (1) et

: LT, el B
' i 2,73 ’
- - . h . P*QQ B 7 ... ()
There is the corféspénd;ng Nishida expansion for each term pf (5.22),.

" so that ‘the i-th term equals
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1 i
. ot (571) % Ie-D [ (e, -1) (p-1)-1] -
(5.23) (-l 4Ei > (T1)1*3i J
: +1 t13=0 -
pt" opi R gt { "
' TR L U SES T £,
P (PrHPT Mg B el S )
i-1 ﬂ Y 1
' [—ﬁ_] B 1+J{(1 e pt(p—l)-pq Lyg Tomit 3..73,73 %h
LR G I Jeq prEE “Q Y.L ix(r) |
J_O I!\ l_pj_l f -
The second sum of (5.23) survives only if € = 1. The monomial
. i q - . 3
21y-p3*tlpd TPt eg o ~ »
BQp (p-1)-p *P 8Q 2_ 2 3 ... x{r), which is the one corresponding to
i = q, J QAO; is adﬁiésible. ‘To see this, we must check:. . . - .

#

(5.24)  p p-1) - p¥ T p? < pr,pH -1

. t-1 . t- t,
pl(p-L)p~ "+h_ _»p _+---*hqp )
- pq+1 - lf

(5.24) is clearly equivalent to

ot q _ t-1
(5.25) ~ p (1) +pY < (p-1pSah, T+ w b ptT o

- (5.25) is true, since hq z, 1.

-From (5 24) we can deduce the adm1551b111tv of all the monomlals
determlned by j=0,1 -'p , in (5.22). Thls is proven by the follow-

ing inequalities:

3 |

"o et ' 1. Tt . 1] - -
(5.26) T - - T e i <ty pTT et

s,p(ré-pq) f'l's b(r2—i) -1 P(rzzi).

The second 1nequallty of (5. 26) 15 that in’ (5 24) The last two terms

of 45 26) give the adm1551b111ty of the monomlals, in both sums of




o“\ ) . . &

pl.

IA

(5.23), determined by*j =0, i
.Grantedvthis, our next goal is to prove that when we fully develop.

the Nishida expansion in (5.22), no monomial in this ekpansion equals
oty pTthpd Ty P Ll CifFiced t". ove that
the monomial BQp p-1)-p P 5Q ek :su ice$ to prove

&

q
t. q+l _q .r,-p
QP (P-LIP" "+pigq 2

the monomial 8 ..o x(1) is indecomposable, a fact

v - we will establish later, .and to show that no Adem relation C3f1.7) in-.

3

the monomials of (5.22) produces the monomial
r _pQ.

q
8q 2

Cp-1-ptthe o
BQp p P P We now prove the second statement, making

Use of the following observation concerning the Adem relations. Consider,

with r 2 ps,

T+5-1 .1

(i-s)(p-1)
L BQ Q

QTeQ” =t (1)
. i' S pl-r

(-5 (1) ey

[}
1
~
|
[
p—

Q" *% Lggt

i pi-r-1

We see from‘the coeffiéiepts aboVe that for the terms -to be nonfiero it ‘s
must Be izs. Tﬁ'pérticﬁlar r+s- i < 1, so0 thét the effect of an Adem
relation on Qrﬁds,ié té Iowe;‘r, or fo léavé_% and g uncﬁangéd buﬁ e . .
', 1 moving 8{ We apply‘tﬁis observation io aAtypicai monomial in (5.23), sa;
, ‘ - : . .

t. oo g+l . T.-i+j. S
-1)-pt™% 1o .
goP (P-1)-P R L X(D).
.Suppose that an Adémlrelation occurs involving

. t( 1y- g+l rz—i;j o S g L y
- Qp, P P BQ ... X(r).. By the previous observation we obtain

. a sum of moriomials BQmBQn ... x(r) :where m < pt(p—lj —qul +i. In -
. . . . . JO » ‘ .

R R -"particular‘ﬁ é'pt(p—lj —qulﬂ+pq; since i = quis‘thé maximal value of i’

L 3 [




"in the monomials df‘(5.22) Then the monomials BQBQ ... x(r) cannot °
pE(p-1)-pTLep? TP éé.rs oy |
equal 8Q p p P BQ B 7Q 7. x(x).

No Adem relation in (5.22) prodﬁces the monomial

We proved, our claim:-
[

2

4 T

1 q T -ptoe, Ce
1 ‘ C
BQP\{EM/)/PS} Pleg ? 8 %Q 7. x(n).
' q rz-pq €5 ‘
... x(r) is indecomposable.

) _pdtl
The monomial BQp (p l) P P 8Q B

To prove this it suffices to show that

: Ty &3 Ts

(5.27) 2(r2<-pq) >-deg(Q “8 ... 8Q “x(x)) - 2(p-1)7,
For, as seen in (4.17), the-other casés follow d1fect1y from the . .
indeéomﬁosabilitf of y (5.27) -is equivalent to
(5.28) 2pr, - 2p% > 2(p-1)p°
. o ”» < \ . -
Now, . * o ) . '
' q t-1 . ti2 L
C(5.29) 2pr, - 2pt = 2p[(p-1)p° +h__p T4 ... +hqpq]_- 2p4
='?(p-l)pt-*th_zét—l‘?---+2'hqpq+‘l -2p% > 20p-10p" .
- "The lést inequality Holds since h = 1 ‘(5.24)~(5.26) and (5.27)
. _ o q. oo
q-T-pt e, .
together imply . that the monomlal BQp (p-1)- p p BQ 2 8.3 coox(r)
c L is non- tr1v1a1, dnd 1ndecomposable‘ ‘
oo , .. To prove that the summand in (5 22)‘w1th i= pq is non-iriVial’ it
remalns to show that “its b1nom1a1 c0eff1c1ent is not zero, modulo p
We proceed to prove this. Write ' ) R
"x e e —n
Sk - ‘
8 . . ! ‘- ) , ‘f.
¢. L. ,,-.;‘r.
. . - . "‘ 4
t !




e
Ty
- N

This ends” the pr@gﬁ of Lemma 5.12.
. ' = > -

..

.86
Lo ' Ciyt-l t-2. o :
(5.30)  (ry-p (p-1)-1 = [(p=1)p" "+ hy _p " ¥ .o+ (h-Lptp-1) - 1.
If hq > 1, then (hq-l)(p-;) = u, (mod p) , 1 < u S-‘p -1, Tnen; ife
_ hq > 1, (5.30) has the following' form- . N L . o p
(5-31)  yph 11 = T wypte pia
SRS q q-1: .
. = Mpt T4 (u-D)pte (p-D)(pt T+ v 1)
: (r,-p) (p-1)-1 -
But (5.31) implies that q- is non-zero modulo p.
: P i
In case h = 1,° . -
-4 .
“qy gyt t-2 v
(5.32) (rz-p ) = (p-1)p :+ht_2p Ss "'+'va s hv f~0, q<v <t
‘In this case the term h p -1 in (r -p )(p 1)-1 produces a non-trivial
summand (p-l)pq, which again 1mp11es that (5:30) is non-zero modulo p.
(r,-ph (p-1)-1).
. £¢5.33).  Thus . is non-zero, modulo p. ) :

P : : .

We are’now ‘preparéd to prove Theorem 5.1.

-

3
L]

(5 34) Proof of Theorem 5.1: ‘All that is left to do is to show that if

a monom1a1 BQ(p l)p x(1) ofdegree Zp (p—l)—2‘1s A—gnnlhllated indecom-

posable then x(r)

To see this suppose on the contrary that there exists a/natural ‘

natural number with this property. =~ . . .

" Consider the folloﬁing Nishida-expansion:(seg 3.1.8):

is A- annlhllated

-k

“nqmbep'k such that PE x(z) is not;zero.,]Assume that kris thé $mallest

— et




' w1 e e (T een e )
5.3 P P VP = v oen|
- L S i=0 -0 kel

»\Qg . t & o kel
/" BQp(pl)p sy

- ?

' t k+1 '
ko (T e-L-p Ne-D- el
5 (—l) Qp (P“U‘P +18P1 )\(L)
=0 . T k+l
) . P -pi-1

+

i

Pt (p-1)-p" 11 (p-1)-1) "
. ' (-1 ) BQp (P'l,)’P y X(E)
’ ‘ o ’ 'pk'+l . . . :

AN

£ k+l KoK
(-1)8Q0 (P17 PR (o

+

et k+1 .

[P (p-1)-p" T1(p-1)-1) 1
+ (-1) - . ‘ QP (P-1)-p "o, -
' k+1 ' :
P -1

_ N N
(" (p-1)-p- M 1p-111) Gl kL |
» . (p-1)-p +p -lgpP -1 L

QP , Py T ox(x) .

. p-l

THQ simplification is due to the assumpfion on k plus the Adem relations

- for fﬁe dual of the.Steénrbd'Algébra, A;_.Notice that the first and third

- stmmands of (5.35) are zero since [deg x()} -1 >'2(pt(p—l)-pk+l);

Moreover; the fourth‘§dmmand is. zero by éssumpfion on k-and by the Adem
relatipns,qf‘A.

ch Théléeéénd'éummand is non-trivial, by'assumptibn,on k; "These facts
A 75 B S . | T
imply that PE 2 (8QP (p_l)x(gjl # 0, which contradicts that 8Q? (p_})x(zj

« C

. i5 Aanmihilaged. . .




,4 Li.'

ThuS'PIj (x(r)) =0, for all j 2 0, Moreover Bx(r) = 0,.as shown in

(5.5). The proof of Theorem 5.1 is complete. For if a monomial y is

4
A

inQH t;l” (QX; E/p)A, ‘then either Lemma 5‘,'10 applies to‘s‘how
-2
/that y ¢ H t'+ ()\ ZZ/p)A or y = BQp (p- 1)x(r) ‘with
co (p-1)-2 .
x(r) ¢ H > ¢ (X E/p)A as was JUSt proved,
2(p-1)7p 1 _

5.36. An Application. _We have the following simple applicatioﬁ/ o{ :

Theorem 5.1. o o .

(S.:37) Let Zp be the symme:tric group, p an odd prime, and sz the

A

classifying space of Z (see [A]).
The homology of B};p with Z/p coefficients is®given by
- t N N - -
, - Z/p, m = 2t(p-1) or m = 2t(p-1)-1
(5.38) - -Hm(B? z7;/p) '

0 ., otherwise. -

" Moreover the action of the dual of the gfeeorodlAlgebi‘a' on H*(Bip; Z/p)
T is as follows: . | P
, PR 5 773 RENG o O E A I _
7(5.3,9) Pf e, = - . o ejl—'Z(p-l)i | (see {A], [Ma 2]).
We determine Q H, 41 .(Q‘B'Z ; ZZ{/I))A". By Theorem 5.1,
2-Dp -2 P S
(s.40) CQH ., . (QBI_; Z/p)
“lpy-z PA
= '1'-1 | (Bx ,ZZ/p) ® BQp - 1)[H " a2 t (BE s Z/p) 4 -
‘ L p- n-2° S S Dt P
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Frbm t5.38) we see thét‘the first direct summand in'(S;40)‘is trivial,
To de?ermine 9_H2Pt+1(p—l)—2(QB2p;Iz/p)A we are thus qut-Fo compute

2.t

H - ‘{Bz';Z/ij. In degreé Z(p-l)zpt—l formula (5.39) is
2(p-1)%pt-1 P ' . :
P p .

(5.41) : pi e Lk {
- 2(p-1)%p*-1

(p-l)zpt-l-(p-l)i]
. B R N )
i . Z(p-ll P —l—2(p—1)14

Ifi-= pn, 0 <n<t -1, the p-adic expansion of (p-l)ptfi—(p—lji

<

equals

: | £+ £41 n

(5.42)  (p-2p" "+(p-1(p” "+ ...+ 1) - (p-)p .
" We see that (5.42) has no p" term, do that the binomial coefficient of
(5.41) is zero. The Aden rélations-on the dual of the Steenrod Algebra
Ma 2] %mpl} that e

2t is Steenrod-annihilated, so we can conclude

2(p-1)"p -1
that
§ L 1) S
QH i (@BL 5 Z/p) = <B " e 7
2p " (p-1)-2 A . C2(p-1)"p -1 _
3 « . - " .
3 )
- ' ’l’ o '
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CHAPTER,.0

INTRODUCTION '

o

This work arose as an-attempt to solve the problem proposed by . .

Dr. V. P. Snaith concetning the determination of the elgebré structure
g . . : . . -
of the mod 2 K-homology theory, complex, periodic, ofqthe spaces
2.2n+1 : o : ' .\\ .
Q°s. . An-antecedent in this direction was the khowiedge® of the.
Atiyah-HiTzebruch spectral sequence H;(QZSBX;ZZ/Z)‘=> K*(st3x; z/2), -

computed by Snalth in [Sn 6]., where X is'a finite CW-complex with -
H (X IZ) tor51on freé (see Theorem 3.6 of the reference above) " Snaith
achleved;the computation of the Atlyah—lezebruch spectral sequence 5%

I means of a secondery operation of Dyerwlashof type'he’defined (and

- ) whose propertles he studled) ‘on keé g K(XléZéZ) when: X is an Hl—space

— . . . This operation, denoted Q, tn [Sn 6] 1s'defined°as-the conposite

- - N . -

. . kerx B‘_q_,"NZ 1: z cg 3 - ’ . . =
LRt e, - L

. 7 o Hete 6 is the Hl

b mod 2, periodic K- homo&ogy of {At 2]» [Se ], and q is a functlon

~structure map, the m1ddle group is the equ1varlant : .

- ':> ~Hg (w1thqut 1nderterm1nacy) deflned using the. technlques deséloped by

: “lf;:‘ Snalth in [Sn 5]. ) ‘ e
' T Y T ' s
o The Adink of the opération Q W1th the Atiyah- lezebruch spectral

v,

e sequence was exhlblted by Snalth [Sn 6] He proved that the chain

'«ﬂ,‘ . T determlnlng q(x) 1n the Atlyah lezebruch spectral sequence also -
L KR 4 _ o PR 3 )

. WL -
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-
- -

determlnes the homology Dyer- Lashof class Ql (x), for xl-—A——H—> X, (see .

~ Chapter B) ‘With thls operation. at hand, and with the knowledge of- the

P o, flrs‘t dlfferentlal d in the Atiyah;Hirzebruch-spect-ra'l sequence, plus#\
’ . ) _7_"‘"'_\\ ' . N . hd
T homotoplcal properties of loop’spaces, the spectral. sequence ,
¢ .. 3 - . . R " ) . .
. . H (QZS X3 E/Z) "—> K, (@ SSX;-;?Z/2) is reduced to a homological algebra

o~
[

’ Eroblem.". ’I‘he dlfferlentlal,d-?: Sqf'quiSrqz sias determined hy Snai'th.
«~ 7 dn/[sn 51. . . : .
S H It turns out that a similar ana1y51s applles to K, (@ 83X Z/2),

*
- * 3 - 2

whlch, a‘llows us to, determlne the Atlyah -Hirzebruch spectral sequence z

: . . 1 -
X ) converglng to ‘thlS -gToup. We will deal- w1th thls probiem in Chapter 5.

¢ " ’ 2 .
- . °

L 'j' Returnlng Lo the analysis of the algebra structure of

(stzn 1 ZZ/:2), we attack Jits by means of a mlxture of techniques,
Toce - . T i e . - - ‘i ) : .

v

e B . . -

s e name’ly byw- S ‘ ‘

/’. o . L . - g S . i
' ' 1.; The b351c propertles of K ( Z/Z) as é generalized homology -
« - - ° - p .
‘ T theory ’endowed w1th an external multlpllcatlonznlcely related to the -
';,:,’&ﬁ oy product 1n K, ( Z) “ The foundaﬁ,onal paper byv\rakl and Toda [Ar T ]

T 1s the source of thlS theory We w111 pursue on thls p01nt 1n Chapter 3

] ' ot > ¢ e
’ . ..‘ I PR

' ,—12) The Atlyah lezebruch spectral sequences for K { ;Z) and

., . .- . - .
- <

s ”. A _K (3 E/Z), relate‘d by . the reductlon homomorphlsm.l : : L

a

-

e An essen’cl.ai p01n‘t he,re 1s “tie result of F. Cohen whlch states that . '

the 2‘~pr1mary tor51on in H(Q st Z) is all of order 2 [Co La- -Ma., Part III]

, "v °y iy e P ‘ ) .
; ol 3=) Th‘e"stable’ spllttlng of 2"s™X due to Snalth fSn 1], _
';'o k »: especrall‘ the r1ch 1nformatlon on thls spllttlng when X m, a sphere‘, N
f' I ."‘~-. ;“;é’:a ta '4 .‘4<*r-‘ j}’ , o } ) . : e oL

Sr s e las dealy w1th 1n fB—P] ’ ' ’ : -
“ . ! AP T 4) The know-lfedge of K (QSzn”“ z/2), computed by.Snaith and .

ce "ﬂc.. . . v - JR - . . .
L) e , . b . ) . * C e o . o ‘ - X ' . ’
‘\"” ,‘;,‘.:ﬂ. Mllle;, in [M Sn}_,, I PPV I E S 9 » . : O \

'; ‘ “ ) S 5
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5).' Finally, and esseﬁtiall)'l whenever"the Atiyah-Hirzebruch spectral
S - .

4

sequence H,( ; Z/2) => K*(_';ZZ-/Z) is involved,”the D:);er—Lashof opera—>

tions on the mod 2 homology of finite loop spaces as treated. by W. Browder
. ‘ - s 3 N

in [Br] and by P. May and F, Cohen in [Co-La-Ma]. The properties of

¢

: ¥ S , . . .
the Dyer-Lashof operations on ldop spaces are listed in Chapter 1.
. . , X ‘ )
A 3 - : .-
o
, .
- f
. 7 '
.Y '
- . . 3
¢ .
Y .
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J
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‘ o . B
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" CHAPTER'.1
’ . . - " M X
: " MOD 2 HOMOLOGY OPERATTIONS : f
e - * : 4

v .
We giy% here the elements of the‘definition of the Arak:-Kudo and
Browder operations defined on Hn—spaces; following [Br].. The Araki-kudo

operations are called Dyér-Lashof operations in May's terminology,[Ma'S]:

ES

4
v

LS

“Let w be the group of two elements, ahd'Iet'ﬂ act on XxX by
permuting factors, for any space.X; whilé'w dcts on S” by the anti-

|
Bodalimép; I

: Definition itl.‘ [Br] ~"A space X is called an:Hﬁ-space if there exists .

an equivariant map

LI -

¢': SHX(X@X)V—»X ‘ - ‘ "’*

‘where m.acts on the- factors s" and X xX as. above and'ifjacts trivially

on- X, such that there exists e ¢ X 'for which, for all t e S?_and xe X, ¢ o

1

A TR

‘¢(t, (e,X)).f o(t, (x,e)) = x. "¢ is called the éfructure_mép of X.

e J 9

Exqmples‘l‘é. ‘én;H¥space X.is.aﬁ Hé;séage witﬁ é’J'SO;<X><XI+Ax‘$uéh
‘fhat 5(1, (x,¥)) : xxfandliﬁ—l,'(%;y)g?=‘yxe . | | |
k)}. HomotopY—dommﬁﬁatiyé-H-spacéé a%é‘ﬁﬁ—spaééé. '1 . . o
Ac) CoémgtatiVe'H—§pac95'ére”Hnlspécéé‘fgr,ai;‘h.” S . o ';'u '
- ‘ B %’6 5 ) ’
L , o “4
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d) Let P be the space of“paths of a spéce X, E the space of paths which’

.begin at x_ e X, and p : E »'X the map sending a path of E torits

0

end point. p is a fibre map, and the spacé of loops of.X iél
defined as the fibre of p on Xp» 1ve. 2= p(x,).

There is thke following theorem due to Araki and Kudo.

Theorem 1.3. [Bf] Let X-be an H_-space. Then the space E of paths over

X beginning a e is also an‘Hn space such that p : E~» X is a map of
H_-spaceés. Moreover @ is an H -space.
n . n+l ‘

B A

n.

- For X an Hn—spaCe W. Browder-[Br] defined a function of two vari-
. ~ . N ‘\' e

ables for any coefficients
hp n H (XGA) Q.H*(X,A) + H (X;A)

in the following way.

‘Let 'V be the ndtural map of normalized singular-Chainé"

.\v‘:C(§5.@tKX)@’CQJ7+C(§]KXXX)‘
Let q# be the chain map indﬁced,by.¢, and let QL: ¢# .V, " is:éh

equivariant, éhain’map and 5o it induces. a map " . ) .
. . e v P v ) : .

by 1 Hy(ST) @ H(GA) 8 H (GA) » H, (GA)

for any coefficients.f. * Choose a'geherator“y of:Hﬁ(Sn) and define Aﬁ as

-~

T

follows:

th -
byeen 0 .-

Definition.1.4. ,[Br] Let x'e Hp(k;Aj,:y e.Hq(X;A)J, Then :
" (X). is given by ¢*(y@7€®y)ﬁ7'1f X is}an‘Ho—space thehr
. k" . ‘ . . . '

u' £ '. .
L . -, 1

. - . ‘ " :
@\' ' . : ’

f_An(xfy) E"Hp+q+n

¥
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for one choice. of vy,
Aglxsy) = x*y - (-1)Ply *

" .where * is the Pontrjagin product.

cq

The following definition of the Araki-Kudo operations was given By

W. Browder in [Br].

. -

The map ¢‘factofs through the collapsed module, as the -action of =

on X is trivial.

c(sh ' , SNPIES . ’ ¢# .
() 8c(X)®CX) H>c(s) e (C(X)8CX)) — CX). .
h 3 . o o o

~ Fof a class G;e H (X; 2/2), défine an élementary-éhaiﬁ complex
| TM(Q) by:v C (M(q)) 0 if r # qor T #q- Cq(M(qii is infipitg .

‘ cyclic with generator u, .and Cq '(M(q)) is irfinite cyclic with °
generator V. ﬁefine du = 2v. Every chaln map f M(q) - C(X) deflnes

‘a homology class u = {f(u)} e H (X ZZ/Z) and for ‘every U e H X; ZZ/2)

-

one finds a chain repfésentatlve of u whlch glves rise to a map '
f :M(q) - C(X). Thus there is an equlvarlant map

£:c@s™ e MeM) » c(s"y -@‘C(.X)‘ 8 CX),

"!T ’ ‘ o e . ’ . a

thch induces'
n - oo e SRS
:C(S7) @ (MBeM) » C(s)'® (C(X) & C(X))
T o L T ¢

and the,épmpoéite

-78




KRS ~C(s™) @ (MeM) » C(X)

.
induces the homomorphism

% H(CSh 8 MoM)) Hy(X).

m

.Moreover any two'chain representatives of ﬁidefine the same homomorphism ¢.

Giving s" the antipodal triangulatioh so that Tei = EAJ the antipodal
. Lo , . ' ‘
St cell to e,, i < n, we have
i - i’ s
Lo d ’ e g

.o Definitron 1.5. [Br] The m- th operatlon of Araki’ and Kudo is
- . k ..(
Qﬁ(ﬁ)=¢ (e @11@1Q o(g ), where g is the generator of H (RP ),

n

~with RP" the nereal prOJectlve space and.A

o@u@ZT

.Definition 1.6.  ([Ma 2, def: 2.2]) .For 0

IA

s.<mn and x ¢ Hq(X; zZ/2),

define Q () e H, (X) by Q°(x) =0 if s <. q, and QP (x) = QO if

S 2 . N
C{ﬁ .

., .
I

e
D.~ Properties of the Operatioﬁs\w‘

-

4} . »
‘The .next theorem deals Wlth the prope;éles of the Araki- Kudo opera—

tions defined on an Hn—space (def. 1.1), except for the top one,’ Qn'

79

' Moreover-;es in most of ‘the literature, the tipper notation for the opera- "

tlons ‘is used (see def i.é).

We' also remark that a proof of the theorem requlres the theory of
operads of P May, a tOplC that we ‘will not treat here (see [Ma'4],

- \
"[co -La- Ma])

‘Theorem 1.7. [Co-la-Ma, ‘Part‘III Thm, 1.1] For, s - q <1, the opera-
tions Q qu(X)-+ Hq (X) are homomorph1sms, ané(/
- . V

tofmapslof Hn—sphoes“ These homomorphlsms satlsfy

are natural ‘with respect



(1) Qx =0 if s < deg x, x ¢ H,X.
() Q€ = x2if s = deg x, X ¢ HX!

(3 =0 if s > 0, where ¢ ¢ belis the identity element .

(4) The—cartan—fermula holds

Cey) = 1 @)@ ), %y € HX.
i+j=s
W) = T (@) 8 (@ (), 1F vk 2 E x' 8 X, x € HX.-

i+j=s P

.

(5). (Adem relations)  If r > ps, then

(i-s-1 r+s;i.i
) Q Q.

y { 2i-r)°

TS _ S (1) 1
Q\AQ = EV‘:((.A)';/ ’

. /'P

(6) (Nishida relations). Let Sd£3:H*X«+ H,X be dual to Sq?. Then
TS Copei |STTL sired
3q50° = £ (-1)7" Q*F*sq;

S i r-2i) o

Next, the properties of the Browder operation An are recorded, '

®

Theorem 1.8. '([Co—La—Ma,'Paft,III,‘Thm. 1.2]- The Browder operations:

A quX 9 HX -~ Hq¥r+n are natural -with respect to maps of Hnigpaces.
They satisfy:

..(1) *1f X is an Hn+ljgpace, Anﬁx’yj'f Q'for-x,y G'fo'

°

@) Ay

NORRWER’)

Xy + yX, x;y‘e‘H*(Xf.' 

A Br.x), X,y € H, (0

07 / ...n"'

'Xﬁ(x,x) | .4 -
(4)A An(¢,x)'=~d_= A (x;¢), where ¢Tis«the identity.elgmgnt'of H*X,-

and x e HX. ¢ .o
. C IR
P ‘ * - ) .f,‘\! &Y
. N . . ““ “
N
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(S)..(NishiAa relations) !
say A, (x,y) = T A [Sayx, Sayy] LT
. i+j=s : ) . .
B A (x,Y) = A, (BX,y) + 2 (x,By),’x,y e HX.
(6) ) L(x,Q%y) =70 = (Q ), Xy € HXoo o | -
" The fop Araki-Kudo bperation on an Hn—space enjoys the properties staﬁed'
in the following theorém: Following F. Cohen, Qn is denoted gn
-'Theoreﬁ f.gn (Ibid, Thm. 1.3) ‘The function £ :HX->H,. X is natural
DA : ‘ . n' q 2q+n g
with respect. to maps of Hn-spécesf It satisfies,the following -proper-
tiss, where ad_(x)(y) = A (), ad (0 () = ad @ W) N L
4 PR L L L n;q . B
(1) If X is an Hn+1(spage, then gn(x) = Q. '(x), for x € HqX.
(2) 1If we'let Qn+qx'denbte &'(x),\thén'én(X) satiéfiés formulas .. )
(1) (3), (5) of Theorem 1.7. 1t alsq satisfies .
PG = I @ XD(QJ IR RNCME :
i+j=n+|xy| :
" where | | denotes degree. 1 s
" .(3) (Nishida relations) )
vf' . r+i n+q;r m-T+i, 1 : A ;??3 1
sqie, () = & (-1) | QT sy« 1 ad, |5q, ‘|54,
A S (re2i Lot ' '
Hefé m = ﬁ-?]x]‘ ana the second sum runs over all sequences
‘. \(1 ,1 ) such that. 11-+1 = ;; 11 < i,
1 .
B £ (0 = (le+nxl) Ql"l + 2 (B,X) .
. . . ) »
@ 'X"(x,a W) = ad’ (y)(x), X,y e HXo T e
%) ¢, (x+y) »: cx) RCERY (x,y),, v € HX,. o
. 4
. ‘ ‘ s 7, A 'ﬁ' .
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Theorem 1.10. ‘(Ibdd. Thnm. 1.4) If X = Qn+1Y,'then
1) 0, = QCo,(x), x e HX
(2) 0,8 (0 =& j0,X, X e HX
(3 .o;kn(x,y) =’Xn_1(o*x,-o*y), X,y € H.X.
~ N+l n,, . e .
Here o, : H,Q 7Y + H, QY is the homology suspension. -,

~

H, (@ s"x;. z/2) .
We descrlbe the procedure used by W Browder [Br] to compute

H (Q S X 22/2), when thls group is finitely geherated (1n the graded

~-

*

‘sense)

There are canonical maps

r X+ 08X

Ay
.

with the property that ¢ E =

*

Thus Z

*

and S is the suspension 1somorph15m
If X is connected

H, (QS X Z/Z)~T(H (8 X 2/2)), P

algebra over. ZMZ generated by the graded module M

T(M)
i
If M=

Lie algebra generated by M in TM). H (S

it 1s a cla551cal result-that -

Mor eov er

-/

X z/2),

each X above is transgre551ve, for 1f X. [al, [az, [as, 1,

.

w:Lth a e H, (S X Z/Z),, and 1f oo = as;

0. € H (X ZZ/2) < Hy (Q S X 2/2), then the class

Fl

v

£‘;1

(al 2

(2: )\ (a3:° ):

{

))‘lS such that ) 6

-

\

is a monomorphlsm

1, where T(M) is ‘the tensor

8 P(x ) as Z/2- modules, where {x } is a basis of the graded

3

1]

S, where o 1s the homology suspensmn -




T~
2 . . '
The set {xi } forms a simple system of transgressive generators

for H, (@S"X; Z/2). Then by usé of the comparison theorem for spectral .

sequences W. Browder proved

¥

Theorem 1.11. [Br]. 'H,("s"X; Z/2) = P(QH,(X; Z/2)), n = 2, where R(M)

is the gnaded—polynomial ring over- 'Z/2 generated by M, and Q(H, (X; Z/Z)j

.is ‘the ’submodule of H;(QnSnX;JZ/Zl géherated by all elements

A

i i
Q-0

n-1
o1 ¢

_1)’
Araki-Kudo and (il""'; in—l) is any sequence of nonnegative.integers,

gj), for gj as defined above, Qm‘are the operations of

E 1

.1:12,‘ The eXact sequence ) .

“derived from the short exact sequence 0 + Z >z i>€Z/'2 -0

-~

witthmm denoting iteration of QTn (in particu%ar, for all m,Qﬁ =-identity).

* F. The Bockstein Spréttral’Segpeﬂce for mod 2 Homology

I, ) E W (X ) P H, (X 7/2) H*(\X; zZ) =5,

2

9
°

" gives rise-to an exact couple [Mas] which can be briefly desciibed as

. a\friaﬁgle of gradéd groups and gyaded'mapé )

. . B
b

I e €% L CAR IO o

1

. 4]_

- B

CH, (X5 Z/2)
with deg(2+-) = deg

’
PR

corner.’, ° o

Let. El' denote H, (X; Z/2) and V_denote H_(X; Z). "’I'hﬁ mod 2
- * ! # | / . - x W i :

‘ Bockstein‘homombrphism g = pa'safisfies BZH? 0, and allows to define
. , : . y . , R ,". B

}

2“; ker B -
im -8 |

, which fits‘in an.exact ‘triangle =~ -

20—

p;=10 and deg (9) = :1{ and which is exact at-each

83
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q »~

(1.14) . A S BEALIE: v

\ / e g‘m . e N

called‘the derived couple of the exact couple {1.13). The maps of
(1 14) arevlnduced by those of (1 13),1n the obvious manner.

1 , ker B,
, Setting Bé = pzf 2 T 0, one_deflﬁes E*~f T Bz .

" The procedure can be iterated and the r-step gives the r-th

derived couple

. | B R ‘ R N
a " -
& .

(1.15) 2TV —————+ 2 V

\/

)
Bo=p-2 +3
. -Definition 1.16. The spect;al sequence of the exact céuple (l.lg) is
{Ef,.Br}, as defiﬁeé‘;bove;,énd is célled«tﬁe"ﬁockétein spéét?éll
. sequence. L o . | ‘ i .
i " As is cds@gmary,’we d%ﬁote‘by Zr.the'gfoup kég.Br; épd BY the -
) group—im Br. %ﬁe folloﬁi;é pfoperties of {EZ ,Br} wilf'ﬂé'useful to us.
,«’ l B ’ ) -’ 3 ‘. o a | "’ /‘ |
Proposition'l 17. ~'[Ar—T II, sec. 111. I
a) a(z (E )Y = (2 vy o (ker 20-),1F 2 1
,” .: ‘ » b) » ,(B (E )) = ker(2 (Vo> V) .+ 2V, Tz 174'
* The Bocksteln sp;;tral éequence provides 1nformat10n on the
- 'H L E homolog§‘of X. N S ‘ ‘ | /0
. )
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1’ ‘ .
Theorem 1.18. [Ibid.]" )

H, (X; 2) ]

tors - Hi (X3 ZZ)J :

2

E; (X; Z/2) ez/2 ' S

>

. 2

.. : . . -t - .
where tors'.‘kmli {(X; Z) denotes the torsion subgroup of Hi(X; ).

‘Analysis of the effect 6f higher Bocksteins on 'the:‘ operations
Qm, Xn and gn allowed F. Cohen to prove the ﬁgll’owing result.

.
- oo .
- . - - T

: Theorem 1.19. * ([Co-La-Ma], Part III, Cor..3.13) If X has no.2-torsion, -

then them?'_-torsion of H*(stzx;.zz)'~i‘;s' all of order 2. e o )

-t N L4 S e ~ -
" This theorem will be- crucial for our computations in:Chapter 0,
oy, . . v P ‘ T
) . o o
! - - h - ~
] . ‘ -
N e 4
. F : ' : na. T .
. - - - - -,‘- : ) ~
- 2 . ) ’
q <o «
. i ‘|
. o ;\f " = 3 . e -
. . e T o prE T s
’ /‘ “. s
2 . . e . » N -
voF s T . . ! i ’
[Ny . Yo B PR " 4 .
e ' . - - -
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.8 Ihe dlrect sum @ ~and- tensor prodgct @,pf two G vector bundles ar

v
o d ‘,‘ » . ’ 2K
o4t ¢ ;
=
f -
. ) ' . Lo ' )
7 , - CHAPTER 2 .
i ; . . L
R FaRY K-THEOR?%}% ,
g s P L . ' -
"A. =~Generalities on G-vector Bundles - e T

2.1. {Se]e lj JEFix a topological,éﬁoup Gi' Theﬁ a G-space is a :jj:
topologlcal space X together W1th a (cont1nuous) map G x X_+ X, denoted
K,(g,X) —ig x,“satisfymg g- (g';' x) .= (g g )(x) and- Iex ,,=‘ X, 1a the ‘
e . .
1dent1ty element of G "r-“, S i ] .o R
. 3 : N . . )

H

éj Let X be a G- space. A G-vector bundle on X 1s a G- space E "“

-

' together w1th a G-map P E > X

B \ .
'« whlch satlsfles n“ﬁ .;: , é'. o . ff{ ’ N f.
<5§33;\ p- E =~ Xrlsza complex Vector bundle on X JE ":}j T 2
- . o o » ¢ ! (3 R \ :’ )
- b): Eér any g € G 'x e X, the group actxOn g E: %;ng is:a thomor—i
R : >
phlsm of vector spaces& I V';._ ' i% " " . '-k.:-'

+ .
, 'ﬂl A}

“deflned f1breW1se°by (E @ F) E @ F and (E @ E) —,E @ F ;

"‘ . i
Hom(E F ) assd fated to ‘the E bundles E and F on X

L S

respectlvely 'There,Ls also the G vectof&bundle (Hom(E F))

‘4)ﬂ The sect10ns of a 6- véctor bundle E -E+_X‘are the maps s 'X »-E .

"d;

.s- . - {x
such that ps Id. &@ a sectlon 1s .a G map, 1t 15 called 3‘? .
equ1var1ant. J; #.“ T fg R R S
e L B ‘} o TN T "'\5 '~1‘.\. . Kt
-5) A homomorphlsm'iﬁ E ¥ F of G vector bundles on X rs a contlnuo s
. i -<“ - \ ’ 0y " v
G- -map whlch 1nduces 2 homomorphlsm of vector spaces f~ EX +_FX' %
L . “ . . ?. 1 ‘."/.-;,’ - "f'{'- . o S .
s ,forweach X € X, 5L \; . A A o S
- P . Y o ",‘:"l RN V4 PN / v
. 3 .. g o
: SR ) ,
., Iy R . - oy . )
) ' ! , '
" [ 1

e,, a map such that p(gﬂ'X) 8 P(X),

‘. A
5]
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&
e

Y
. -
.
1

7

3

‘2 ;"hf.

-

Lo

2

~

- o .
. Lo LT .
g
e . PR

e,

5) . If.M is a finite dimenéional complex representatiph space'of G

.

Ca D

;ﬂ?(or“Simgly: M is-a G- mOdule), the ObVlOUS G;vector bundle ¥x M -
s denoted I{ '.1~f;< S : ~.‘ .

\ﬂ -

B 6)2; Let ¢ : Y X be a- G map Qf G spaces,oand E a vector bundle on X.

- -

Thealnduted vector bundle oan; ¢*(E):def1ned as usual, 1s a

- A L N N - .
7 te o B " . - ’

e . R ) . ) .
o G-vector bundle on Y.',' . ..

. - 4
‘, . e . e ., e,

Suppose that Y'is an H- spac X is an'G;space)'a:ifﬂ+jG ahomomorphism,

fa;x_i di YaX satlsfles d:(h y) J;"'a(h) oy ’T-heﬁ';q*}z is an’H-vector
jbundle on'Y ‘ . , CoL .?: hqum o
“it if ihl%fg’x is the tnciu51onlof d sqbspa;e m*E is also denoted Fl ;
. égﬁﬁoee~}rom'howﬁon that G is’ afcompact group The f0110w1ng propo-

Taiticns of~ISe] hrbEthe basic “facts in the definition Gf eqplyarlant

: o S _ )
K-theorys - ‘ 5 T e S . o s

Dy b . ° - . L~

~

c s .

'Proposition-zﬁ?— £ E is a,G vectox‘bundle dn aecompact G space~X and

T P A .
A is'a closed G~ subSpace of X then an equlvaflant sectlon of tl can’

a °

87

be extended to an equ1var1ant sectlon of E. - ,j{l “

‘1”‘ . . L -,.,' ) - ' ) P
;Propo§ftion 2.5. Amder: the.assumptlons of 2. 2 Yt Fis another G-vectorw -
bundle on X and,f E}A ‘lA 1s an Lsomorphlsm then there is a _ i' '

G neighboufhd%d U of R 1n X and an 1somorph15m f Ej - EJﬁ~extendihg f.

U

.

‘,‘ _' » <5 a
,ffﬁopoSitionW2.4. Ifdgg,&fﬁ”fﬁ}‘x:are?Gehomotopie Gemaps}AandiY is.

[}

compact 3} and E-i§le G-véctor bumdle on X, theﬁ‘¢6E ~ 9TE. .
.‘.‘5: ’ L. e Tl @ e ’ ‘ 0 o J} ro o /

B KgXde Y sy "

i o : . o i : 4

‘.ng. ‘I) Let X be,a\compact G- space 'The'set‘of isomorphism classes of

1
G vector bundkgs on X forms an abellan semlgroup under @ The

s 4
\ N T . .
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\\‘\ .

con51sts of formal dlfferences E —E of.G—vector.bundles onf;?\modplo

) ‘lthe equivalence relation: \EélEl { 6 i if*and only if -
. Eb ®E ®F~ Eé @ E; ®F for some G~vector bundﬁe F on X.
: -

N

.« G-space compatlble with a, (see 2.1. 6), then ¢* : K (X)_%-kH(Y

\\”‘\\ L

$) The tensor product of G vector bundles 1nduces .a commutative
e :

’

ring structure in K X). - G is a contravarlaut.fynctor from eompact
L0 L ‘ , N T .
"G-spaces to commutative rings, via the.induced G:vector bundle construc-
L .. ’ heS " , >‘ ,‘— o . i - ) -‘ N
“tion of 2.1.6. ' . .

v . ‘

.
3) A homomorph1sm a'iH-+G 1nduces a morph1sm of, restr1ct1on via

~

21, ‘6, and more, generally 1f d: Y > X is a map from ah H- space to a

=
o

;4)\ If1G = 1, write K(X) for KG(X). E L \\\\\ :

IS : .- . . .. - g
° . ] , : . - . . B
. - . . . ; . L . RN ,

\\\Srothendleck construct1on on this: sem1group is” called k (\), and it
: \\\\

S

fExample‘Z 6. If X = pt then K (X) ~ R(G), the representatlon rlng of \\ .

gG.' K (X) 1s an algebra over R(G) via the map X+ pt whrch a551gns -
P .
M Fﬁ-[ll] [X9<ﬁ§, (see_l aboye).

2.7}h If X is, a compact H space the]following‘G?spacé is:cdnstructed; S

¢ L

G><X/H G EX. There is ‘an embetiding ¢ : X » G-x; X, which identifies

X n}th thé H-subspace H 4 X of G.x ‘X; The induced.vector—bundle

>

o .

constructlon {2 5 3) is an equlvalence between G- vector bundles,on G X
P

P
\

~

: and H- vector bundles on X ~. ]
Let "X be a- compact G- space " The projection pr :X.f‘X/C\induces
. \ BN ‘ . - ) B

K(X/G) +'K (x) f*f\\ .'i\\\\\ o oL _ L og‘f,.

DA . . D

Suppose that G acts’ freely -on’ X, i.e,, that’ .gx'= x if and only if

Cog=1, The folloW1ng prop051t10n I\\proved in. [Se]. Ve

-

A

‘Proposition 2.8, If G acts freely ‘on X then prf : K(X/G) — K (X);



. Chacts trlQially on X ifﬁg\ﬁkc x for all g € G, and X e X.. There

. 1s the homomorphism k(X) - k (k) Wthh glve‘\a\zector bundle the tr1v1al

G—act1on. The1e is also the natu1al map R(G) + K E\)\\\!lth both these

T .
homomorph1sms deflne R(G) 9 R(X) -+ k (X), L oot e

~

4,:»{ . ' . o

. Proposition 2.9. If X is a trivial G-space the natural map

o Propoé"ltion -2._1(3. If ¢>O,-¢.$: Y » X are .G'-homotcpic G~3néps theﬁ:-

er =KD KWL R

u:R(G) © K(X) > K (X) is an isombrphlem.of rlhgs,‘

ThélfblloWLng property is deduced from. Proposition 2.4.
. . N . : ' . , : ) - . ,'- \/;‘

i

o

'3 . i -

c . ] - - . - [
. h . d N o
' . . . K . W
. 3 ‘ * ” M . .

« The next result ﬁlays’an'impor;ant role iﬁ equivériant'Khthéory, as

" +.does the corresponding fesulf for the hon~equiVafigg¢'casef[Se].

Prop051t10n 2. 11. If E is a G4Vecfof bundle.on X, theh'thefe is a

L4

G- module M'é\d a éévector bundle E such that E @ E ~ M.

‘ﬁghenifioh 2.12. Two G—vector bundles E, E' on X are* called stably

'ﬁecuiuarent if’there,exrst.G—modules M, M such that’ E’@ l[ ~ E‘ 8 }I'

‘ For two based“/aps of compact G- ipaces, i

@

From 2 11 the stable equlvalence classes of G- vector bundles on X form

an abellan group;undeq 0. ThlS group is called K (X), and .can be

:{
naturally 1dent1f1ed w1th a quotlent of K X)...

) . ‘ s

het X be a compact G space w1th base p01nt xo ' The reduced core -

'of X CX, is obtalned from the quotlent of X x [0;1] by (Xx O)U (x X [O 1])

LX'+ Yl’ i, % 4:Y y U, Y

1 2 ¥ Y% L2

,denotes the 1dent1flcat10n space obtalned from the topolog1ca1 ‘sum. : e

s

.YllJY by settlng i (x) =1 (x) for all x ¢ X. - The map from X to CX

,..a

5

Py ]

89

.
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~
¢
B
R
e
¢
.o

Y

a

. : A X _ . .
suspension of X, denoted SX [Se], B t\\\\\f\f{\\\c N -

! h i . i - NN : ‘

1Pr0poq1tlon 2 13; If \ is-a compa t G space w1th base p01nt XO’ and

A is a closed G- subspace (b qe‘lent at AO), then the sequence

P -
EERY
B

n

KX v, CA)vf KGFX) - K ()

“is exact. _ - N N N

Y | B ' N o )
~\a the obvious inclusion X c‘X‘U CA construct CX UA CA, aﬁd

151m11arly from k C\X u CA < Ck UA CA construct CX u C(X y (A) ~

CX u~\CX U 'C(CA), The maps in the follow1ng dlagram:are the obv1ous

ones, and the dlagram commut,,up 0 G-homotopy, w;th tows whlch-arefl

o . . -1
G- homotopy equlvalences - e _”

SA L CX Uy CA

'\;“'; Ly : . .
B SX'—f+ CX:PX (CX UCAC_CA)_'

- . .- '

This fect-produces'the'eXact”sequenCe

‘K (SX) > k (SA) -+ K (X Ui CA) - K (X) > K (A)

.Q" o
Vo . . N N . 9'
Definition 2, 14 For a. compact G- space W1th base p01nts X0 and A a

closed G- subspace an@ q,e lg, deflne .;

‘ r" AU . o
(x) 1< (sqx CosW= (),

[l

such that X v+ [x,0] 1s an embeddlng, and ®X v .CX 15 called the reduced-\

2

| IA; » &

PR




v- 4- (—‘.i ‘

e ‘ G subspace, deflne ‘ _
' SO =AY and KM < ROt L T
g 00 = Kg (XD and KA cua) = Kglod,a o TR
C - K MZ_)_ Lo o 1 S N o |
. PRERSS O ' [zxBU, (n even) -
2.16. Let M ‘be the space S u2 ¢ 5%, and let U ho { U ‘5,(u“odd)" .
be the spaces of the unltary spectrum ,f,t" - -
. Defihition‘Z.l?. Isn 5] The "based maps ff‘dm'M , into the's é‘ées; u; of

R \‘ ' )
3 | ‘_
. Due tp’ the identity'sqcx Up CA)- = sy CSqA, 1terat10n of the e
Or ] ‘ . ' _. A . . o Sq S .
. N ) . A
e Sequeﬁce 2;13 give the following exact sequeﬁce, infinite tolthe left
o A RIE Reo s KT - TN s

> KO0, > K > R ()

For a locally compact G-space X which- is not compact, X" denotes’ its

one point compactification which.is a cempact' based ‘space.. If X is
b - AN '
Xy d15]01nt unlon ‘with ‘a base po1nt - \\.

A

Deflnltlon 2, 15 : If X is a locally’compact G-space, and A is a_clcsed.

’ compect, XV =X ux

the unltary spectrum constltute the spaces oﬁ a 22/2 graded Q- Spectrum.

n,

The meps of thls'spectrum are 1nduced by xhe Bott‘meps;.{SU ———»-U ).

n+l
M"‘ } . ) . \

The spectrum {U 2, . } deflned above represents the generallzed

, cohomology theory denotied K*( R Z/Z), whlch is z/2- graded 'I'hus '
Sl . » S M . . M .‘ .
(x z/z) =-[X, U2 ], © (x 2/2) - [, U]

)

theory, denoted as usual K (. 2/2), 1s thus :Z/2 graded, and

-

', The associated'hemelogy:. ‘




AL

‘(2.18) s, XAU ] > [s x/\UI'lz]g,. (8" xau

* The .mod’ 2. Bockstein homomorphism:

(2.20) 0K 0 z/2 2o K, (52/3) S Tor®, 00 2D 0

.'whlch holds for K, ( ; Z/Z) by the duallty ‘ h;'

-0 . N ] R . pe o CT - N ." . . .
A . L o Lo e - ' - :
Fs . . . . - - .- B ‘

IFO(X;‘.E/Q)' dim (S ,_XAUn.] s e A

e,

,'.n ~‘ . o \'A;~'V o i "" 4 ‘
11m [Sm1 XA_UnIz}
. e

[Nes zz/zj.
S . _
135 Conudé the coflbratlon S ——-+ M - thJ)S y where i is the inclusion

and 'n.sﬁrinks S. to a_ pomt. From thlS one gets by‘B_ott periodicity,; -

the exact sequence: . 4

§? M ‘ 511’

RS
e

n

R . |
s ,.x'Au.n_?_‘]‘ i ;_s , )‘(/\‘Un,:_.l],_." e

‘Tak'ing direct Iimits ‘everywhere in- (2.~18')"yiel’ds, the exact sequence :

-

k4 2 5
.‘3 " ’ ~° -~
- .

1<~(X)—»K(x 2/7) _'*'1()

6 is_called the reduction mod 2 and § i$ the 'Bockstéin homomorphism,’ -
.. From the sequencé above

L

“ follows ‘the exact éeqﬁeﬁc.ef S .
t - L. - ’:1‘ .o LT, @
(2.19)° ... _2; 4 (x) £ K (x z/z) SR, (xi)..,i'» Ko )

"and then, the gﬁi\(ersai ‘coefficient .es'cact ':ééquépdé

‘o . : S [ N

. 3

:“'.'where » and 6 are 1nduced by p and 6 respectlvely d Moreover - ?,{EX; Z/2)

-,

. ‘ y. L - i . . .
‘1s a Z/Z vector: space a fact proVed in [Ar 'I‘ 1] for K*(_; Z/2) and -

e

. + . . . . R . M ’ . .
\ Ce I L . . ]

-



. . . N . g , . _. ' -> . )":E'
K, (L5 2/2) = Hom(R*(; 2/2), 2/2), “(sec [An]).
T " . . ‘. . . -\ . . o .’ .

Dﬁe to this duality a no’n"sliﬂgglaf.P?irin“g) is defined:
'Kd(X;_‘,E/.Z.)je K (X5 2/2) » Z/2.

D .Multlphcatlons in X- theory Sl L

221 The external product of complex Vector bundles deflnes the multl-

_pllicafc;()n 1na.per;0§11c reduced K theory

¢ ; , t‘ . . Lt
v e > '”K,“j..(x/\'v)', i-Ajc_-H,],. ‘

.-‘Thé def“iniltfio'n 6f K.* (X; Z/2) given in 2. 17"‘%'111' be stéted ‘a’s"_' o
(TN "K (X, z/2): = Fo (XAMz), and the. coflbr&tlon x/\s1 N XAMZ > XA52

o T e . T S
o "prov:xdes us ‘with the- followmg notlons [An T I] S

1Y Suspensmn o KJ (X Z‘./Z) > KJ+1(SX 2/2) s wluch is defmed by

" the 'édmp051te - b\-‘ - .’.' R “\ B ,, : T E
.- L : - B T . . ' L, R
‘ . »,‘ . Q’ . - 3 " - - ~' - > . '. Ea - B - . ¢ .
' VL . : = " 143 - . S * - A ‘ . S
) R (XA M) > K3 st “AAD 5 33k Ak A M)
‘ o KJ-*I(SX;-_E/Z)J =

\

R A} ' ' ,
oo 2) Reductlon p: K2 (X) > KJ ; 2/2), g1Ven by [ .
e ) L= . : ':f',‘__:,‘:_
:(~iAv562}'EJ (X) x?‘ Z(X—AAS ) o l\JH(XAM) R

gl

- - — e P e o e et o —

,'3) Bocksteln homomorphlsm (coboundary), 8 KJ (X 22/2) > l(J 1(X),

defmed as .o L R
' s ,:~ R .
: . S o

P (1A1)* J*:’cxw ) * Kj*Z(XAS) — K’ l( X)

)

.
v P . . B
. -
. - L. . , ’ 4 .
) - . EE o , . P N .
P < . - ) . s o . . . ® .
B * e \" L. ) Lot . . PR
- * - ’ . * . .t - . N C e
' ‘ . P . 5. - N
v : ’ .
. -
a7 . 4
o 5 <
‘ ¥ - . o~
N ¥
v a ¢
b . 1]
-

R1Y
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o 4)- ModizﬁBockStein hoﬁbﬁdrphii?'-

" B+ Kxs z/2) 5 ¥ x; z2/2) ; given by

T “ sB:p:G.
‘Sj‘ The pofiﬁratipn ébbvgtyiélds the folldwingwexaqt Sequénée?;,

HORC S (x; 22/2) x*’?ch)

2.i2;‘ The product \' 1nduces the follow1ng homomorphlsms v

' R ',._V_y\\'i(x)' _.2;.._y

R and YLyia

[ArTI] o g, T

e il‘(x;‘fZZ/Zl)‘@ Yo - R . KAy )
“f" « Lo - - R B

s (X/\M ye KJ(Y) ”J*Z(XAM AY) —(1—,1,)*—» xi* +2(XAYAM
SO A . . , . . ' ,«.’, .

: S v, o
e B e¥ oz SRy ziay

2)

| : AL SR

—= K””z(x AY A M2)

Y . . . . »

L TRy e B A'M_'z
'Tﬁe'félloﬁihg;fprmﬁlas are stated in‘[Ar;T?I].
223, 1)"}7*{'(01'9{:14)“ =V = v (18 p) " "

A T

‘ ey rdv (x 8 y) V('Gx 8 y') Ceo o L
T L ) ! -.’ '. T ) . e - (‘ : A
- 3) Gv (x [ y) v(x 8 Gy) ‘-_, Coe V'”f".‘ Ve

‘- -’ s

T L) BV (x 8 y)l- vR(sx g y) SR e
.‘( s i ..": , : ‘
,_ '55' BVL(X ® Y) v (x 0 sy), ) :
4 , 3 L, ;E‘ o \
w1th the notatlon pf 2 21 ,‘I;;“" LIV

oqg
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' ‘ - . -3
[ H - . '
. . .o .- - 2
2,24, *Theré is ayiﬁpnt‘plic‘ation, B
- - ’ - o : .- « -~

" :"'v"‘,: (e (x 22/2) e KJ(Y 22/2) red J(XAY 2/2) .

: . .
deflned in [Ar T II, sec, 6], and which is descrlbed as follows~~-7a

[

“ For x ¢ ? (XAMZ) and Ye KJ (YAMz)” the external product glves :

. 0
. -

,jx-‘ye‘.Ef+3(x»Y,'AMé-AM§),. L R

B

In [Ar-T I,. sec 4] 1s deflned a complex N2 2Ug C(SMZ) and a map

A N2 + M?_/\M2 with' thé property that the coflbratlon sequence

- .95

O 5 K (XAS MZ)ce K*(XANz) - K*(X A'S ) + 0 15 naturally sp11t exact e

for all X+ v, (xey) e' Kl J(XAY zz/z) ~ 1+J(XAYAS 2) is then

deflned as the component of a* (x y) 1n this group

'“ Ad

o Proposition 2:.2"5..‘3"(_1(uﬁneth'.' isomorphism)’ v, is an-isomorphism"

22(? The m'ufitip.licat'.io'n v, satisfies the following f'ofmulaer [Ar-T 1]

D Re (X5 2/2) 0R*(v; Z/2y > Re(XA Yy Z/2)7 | (AxiT TI]0
. 3 - i . o - . S .g. o

3

-’- . V

D v = vy(ep)y
: 2‘) V= Yg('p 9"1)‘,_-. s e - R :
3) Bv,(xey) = v<2(B,xey) +'V (X,@By),;' ~ :

I’

) ) v (vz(xey) Gz] = vz(xﬂvz(y@z)), o 7

;»'I', :
i ',)- v (pep) = pv,

| 6) *VZ(XG}’) = VZ(YSXH Vz(BX&By), where 'r : )(AY > YAX

s the. sw1tch1ng mdp S Ceem i
6, ..r.,." : H L ea ‘li-",'

B -F.-,
P

| """2.'27'@ We not:.ce that all the defimtlons above cén’ be carrled 1nto

'—theory, when the spaces 1nvolved are flmte CW complexés. ThI.s 1§

g - e . K R Co
R . e . * PERY .
. o N ,
o . . . . . T
. . O . . ! .
. A ,
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due'to the fact that K (X) ~ K

[

. . . b 96 .
hat K (DX), where DX denotes the Spanler- °
. - ., ,'Q

Whltehead dual- of X (see [coh])
We denote‘the homomorphlsms in K homology w1th the same symbols :
R’ vL and v2 are denoted reSpect1Vely,.

wh11e the duals of. the products v, V

E

by u, ‘R’ u a and u2 i
Thus we have the K- homology counterparts of .the formulae 1n 2 23
or no symbol at all ’

and 2, 26 1f we replace v, by u,, * ~.R5‘L, 2,
Dual.to 2.25 we have AR _.:‘ S .
Proposition 2.28: hé‘is an isomorphism, _
S iy, s K, (X5 2/2) é K, (v; _2/2)' + K, (XA ,ZZ/?,),
2,29, . Let X be a flnlte CW complex whlch is a homotopy assoc1at1ve /
xh'space.with unlt e. Leti :{e} -+ X p: X + e‘denote the 1nc1u51on and.
constant maps, and h X><X > X A X -+ X><X the mu1f1p11cat10n and *
dlagonal maps of X Defrne o T o o
AR A*-v K*(X zz/z) 3 K*(X 22/2) + K*(XAX 72/2) 5. K*(X 2/2),
o S _ , , ] S e
v = v;-h* ‘K*(X- 2/2) > x*(x A.x; 72/2)’ ‘+A.I<’*,(‘x; z7_/2) 8 K*(X 'zz/z)”
A: : "J - ) . o ‘~~ ’?« B ',.-:’ ) B .
¢ From. [Ar] we have the following result: I
- L B ‘ * ‘ ¢
S Prop051t1on/2 30 Suppose vyt x*(x zz/2) e K*(X z) > K*(XAX 2/2)
= N
"ﬁ C 1s commutat1Ve.‘ Then K*(X 12/2) 1s a Hopf Algebra w1th multlﬁllcatlon
i . ¢, comult1p41cat1on w, unlt n p R and coyn1t £ 5"*. h“ L
p ] Wlth the obv1ous def1nit1ons of multrpllcatlon aqp comultlpllcatlon,
unit’and coun1t we have,udualﬁto 2. 30. S o "“'fié’gﬁﬂj "‘J"“ :
N { et . Lo ..‘ 3 [; co A R : :
& e T I . ‘ 3
. '.'f‘)-l' . / ‘ ) -
- /'J ‘ / R ’ "
.' ’.; / . ’ | ' 4
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,
4 - :
PN

o’

'proposmon 2,31, If u: K, Z/2) 8 K, (%; Z/2) » % (XAX zz/2) is

Y

'.commutatlve ‘then X (X 22/2) is a HOpf algebra ) -

-Definicion-Z.SZ. -For a compact G-space X define .

Rexs 2/2) = Re(Xam) . [Sn 5]

7

A The Bockste1n Spectral Sequence

in 1.12-1, 18. If we replace H, (X Z) and H « (X3 2/2) by K, (X; ZZ) and.

A

K, (X ZZ/2), respectlvely, and 1f we use the homomorphlsms of 2.2], 1n .

.‘th611‘ thomology versions, then we obt,aln the exact couple for

T

K, (. Z/2)-théory: . S e

L}

234 - KX 7) '_%;'K-(xlzy A

N / o ‘. N

. :s‘ E . . | ‘ . . K (X Z/Z) ‘, p ,"‘.

Properties. 1.17 are. valid in chis situation, except that, as we arg in’

" periodic K Z—theory,' :degree m'us't be( lrel;léced by'filtrati'on. ,‘ The

lanalogous of theorem 1 18 also holds in K, Z- theo*r‘y

- Ve Wlll exp101t the followxng fact concernlng the duallty (see ot

2,200 el
) . B : - .‘ o P e . . ‘ * C. . .- . g “ S ) .
o K*_(x;,ZZ/Z) ZoHom(R*(X; 2/2), Z/2) T S T
. kerB . ﬂ ' e e i
(2.35) The quotlent - is self-dual for thé duality above. -
. ¢ ‘. e . ’ c . - .- . 4’.
R .
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*2.33, Recall the Bockstein spectral sequence for 22/2 homology descrlbed -



B :\(6

’E.. The‘Traﬂsfef'Homomorphiém

" " the bundle whose fibfe at y ¢ Yis @ E

) .
I.'. .~

-~

2.36. Let X.aﬁd Y be'coﬁpacffspaceég and £ : X 57Y a finite covering.

If E.is a vector bundle on X, the direct image bundle £, (E).over Y is

, E_ the fibre of E over
x? °x - -
f(X)=}’ v

x-¢ X ([Se], [Sn 5}). The function E P»‘f (E) is fdnctoriallon vector';
bundies, éommutesﬁﬁith difect sums, so as to give rise to a homomorphlsm'

£, K (X) » K*KX). f1 is called the transfer homomorphlsm assoc1ated

)

with £ ([At lf, [Sn S]J. The transfer homomorphlsm can be defined for,

'the reduced’thepry, £ K(X). + K(Y) [Se]i

_Theffellowing-broperty of the transfer f is proved in [at 1}. .

N ’ : ., s
.. s,

,2.36. IfF is a vector bundle over Y and E is a vector’bﬁnd}e over X,

" then’

Cf(E 0 £5(F) = £ (B)-8F. -

Hére'f*tF)uis the pullback of E aiong f.

2;38. Let X ‘be a compact G space, Y-a closed G subspace of X, and -

’ Z‘J HcG be the 1nc1u51on of a finite 1ﬁ3ex subgroup “Define’ the;map '

TG AX)/IJ > X by f[g x] = -g'l, where x ¢ G and [,’] an \H—orbit‘

~.equ;vaLence class. Then £ and its restrlctlon to GxY/H are flnlte

1

' ~cqverings.. G. acts oni Gx X/H by multlpllcatlon on the G factor and with

this abtidn f is a G map, [Se] There is the lsompyphlsm.

t

“

s Kﬁ(X,Y)' “ KE(Gxx/H,‘CxY/H} )

,';and f composed w1th ) glves a homomOrphlsm KH(X Y) > K*(X Y), whlch '
- ‘happes to c01nc1de w1th the homomorphlsm Jl KH(X Y) > K*(X Y) 1nduced

7""by iy [At 1] [Sn F3 PR '

98
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Ty e

' Then R(ry)

For general X in'(2.38), the composite i

-H.  The AtiYah-Hirzehrich'Spectral'Sequence

Notatlon. Let X be a f1n1te~CW complex and X the n-th- eleton of X

' space, SO that K*(pt) ~AﬂL'1f 1s even and K*(pt) v O 1f * 15 odd ’ o,"

99

2.39. Consider the representat1on ring R(nz) .of the group T, [At 1]

‘Let .y ¢ R(nz) ‘be the class of .the one- d1mens1ona1 complex representatlon

: 127r‘ ) (”

of 7. whose character is e 2 on the.canonical p-cycle, - L

°

2

-
o - 4 &

Z[z] _
(y j )

l+y.e R(x

o~

n

‘Thus in R(nz) Q ZZ/2, 02 = 0. ‘Moreover {1,06} .

[ _
Let G 2).

- .. r .
is a- Z/2-basis for R(mZ) ® Z/2. - With the notation of (2.38) for

— . 1 - ; -— ' ’ . -' J
={pt} i/(1) =0 ¢ g(nz) ® ZQCQQ/TSH.S]'

Let i* 1 K*¥ (X,Y;52/2) + K*(X,Y; Z/2), be the forgetful homomorphism.
. | . rgetiul :

!i* equal multiplcation“by Os

“and i*il = 1+T * [Sn 5]

We will use these facts in our computat1ons in Chapter 3.

rd

2’40 The Atlyah lezebrlch spectral sequence for K*- theory was set up

by M... F Atlyah and F lezebruch 1n the1r foundat1onal paper [At H]

, They stated,1t for finite" 51mp11clal complexes, butﬁ1ts va11d1ty-f0r

A.finlpe CW—complexee is'proven in [Ad, Part IFI], where also a discussion

o .9

. of ‘the-spectral sequence for geqefal,‘filtered, CW-complexes is given.

P

'

,. -
o

F11ter 7 (X) by (X) kernel [K (X) xp 1)] o f._. S

- ,-_-.,
B i

Theorem 2 41 Let X be a f1n1te CW complex and {pt} the one p01nt

q‘." . e
W%Fh : o B

L




TUiad

Theoreh 2.42. [Ad] Let X be ‘a f1n1te CW complex Let Eg(X) be the

Theoiem'2.43.n [At{H] 'Leth be as in 2.42, ahd'cénsi&erfthe speetfal h.’, Tl
“”sequence‘EPCX), r> 2, With‘the.difﬁerentials d,. ;” Thenithe cup—ﬁroductf

' UEP(X) @ Eq(X) > Ep q(X) 1nduces palrlngsEp(X) 8 Eq(X) > Ep q(X) whlch are ~

_d @ 1+ ( 1)p+q 1ed, (1 e. ,‘the dlfferentlals d are der;yatlons) L Lo
:'Moreover the palrlng lnduced in. GK*(X) c01nt1des w1th the produet

' 1nduced by the r1ng StruCture of K*(X)

. . . ’ './.
i ) \ i PPN -~ 1."00
p ' ij-{EE ;=CP(X Kq(pt)), dl the ordlnary coboundary, ° o A’
i B o ), N

U 5 L A 0 PR, B
1;12 E@ '=TGPK,: (X) K (X)/Kp+1(X),

4 -

“iv) dr :Eg’q +.Eg+r,q—r+l Vanishes for r’even, as Eg’q =% for

- all odd values. of q.xf a i'/.— ca

C ' - . . o VU
The spectral Sequence aboye is compatible with the Bott periodicity, so

“that the grading can be dfsregarded and we have - A

S

. \ ) ) .
kernel of K*(X) > K*(Xp 1).. There ex1sts afspeetral sequence EE(X),

“r > 1, w;ph
i) B ';cp(x;‘zz),',. S . ‘
‘ii)‘.Ep(X) 2 HPx, 223 .

©

iii): EP(X) ~ GpK*(X) = K*(X)/Kp+l x)

iv) The'differeqtlels d. yenlsh ‘for even r.

- Cohcernfng the multiplicative etfuctuge of K*(X), théffdllewiné hoTds.

o

o

- maps of spe&tral sequences 1f EP(X) 8 Eq(X) ‘is glven the dlfferentlal <

"J"

e
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o R i e - 101
:- © .- 2,44, K* and f* satisfy the wedge axiom [Mij'sé'fhat, if v E s
Xl c3x2 € ,..cXisa filtra;ion.of X by CW sub-complexes, .then

- .
i

I - Theoren 2.45.° The group Em(X)'is canonically isomorphic to 1;m'Emtxn).
. : . S - . an S . 1 o >0 J
.‘l : ‘ » ) ' . . .

: Remark - We' must make clear that 2.40- 2 45~ are va11d if we 1ntroduce

N 5 o

coeff1crents, and that the’ pairings of 2.43 are natural w1th respect to
.2 : o L

,based maps in the category. . - - o .

e L e . I I ) S
ATSCRE o K*(RP z/2), .- : o ' '

- , . . . .
The K*ctheory of the real: prOJectlve spaces was computed by Atlyah
. - 7

- . .
. N

' Egéposition'2.46. :[At 2] The structure qf.K?(Rpm)is as follows - B e
:‘,‘ R * -~ : N\ - » . ‘ J . .
- o e K (Rp2n+1) - ) b /zf) . S

‘»A "‘ "vj"‘-K'l(RPZP)':"O-A - . . ) . ' o )

N . . N - . . o

[ e ' A .
L 3 (szn“‘l) — (RP ) : I
* Z oy : e
. . X N i -2' " . ) .. ¢ .
. P, . - - “ “. , “ R s o ‘, ) I \
) 3 ' 2.46 and the universal coefficient theorem imply the following

. , exact+sequences:
P B ) . . I

S T

. a) 0~ 'EQ__.(RPAZ/"I) ® Z/2 _+.§O(RP»2“; 7/2) —;'Tor(rﬁl(RPz.n)’, Z/2) » 0 -,




wy

.
-

by 0 B we™ 6 z/2 5 K e

I
0

‘for all n'> 0.
Then _\K'l (RRZ“; Z/2) = Z/2.
& - 0% (RP2n+1) @-Z/2 }EO(R
k
.7yt e z/2 ~ /2

form =1, . e

« . st

. Thert X° (sz‘“l

2

2n+l

| d;’ > (RP )8 72 +‘K5}(R

Ze Z/2
: . SRR i/ 7
Thus Kl(RPZIHl:;_Z/Z), o

Tia e r

‘Dualiiihg_gives the same’ grpups in

s Z2/2) ;\Z/Z:

B}

s 2/2). > Tor (R (RP™™), Z/2) + 0,

- T

=
TOI‘CZ/Zn, Z/2) o
. ; ‘:bk
) ' -~ " ~ -f-;‘ '

pml, 22/2) K Tor(K (R92“+1

Tor (Z,; Z/2) =0 "~

1102

) 2/2) + 0

pn+l, zz/z) > Tor(K (Rp2“+1) 7Z/2) >0,
o N
Ve . . . n -, -‘~
! ! TOT‘(Z/? ,Z/Z)
® Z/2 n2l ’
X -2/2‘ n = 0. T _g‘Qx
K*?/Zl, - ""

a
!
.
i)
a4,
Ay
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e CHAPTER ‘3,1',- ) A L
) , “THE ROTHENBERG STEENROD SPECTRAL SEQUENCE .
& v L " - \\/1‘ . { RSN ) - .
) A,  Preliminary . ) L L ; "' ' I
" “We brlefly glve the elements of the’ constructlon of spectral LT A"_
: 4 ‘ 'sequences of the Rothenberg Steenrod type which we rqcord from ESn 2}.
v _ ( . ‘ , - . . - .
“3.1._' Let H be a- compact Lie group, ‘with K*(H k) a- flat k module.
~Let. EH' be a (free) rlght H—space, flltered by closed . subspaceS'
v ! ‘ '(pt) =D 0 c EO « Dl c El,ci.;., where'the~H<invariantisubspaces Ei )
‘ satisfy: ~ ©° SRR T ) ,‘ o » o “Q{ I ,
- . i) -EH =-U;En, with the topolégy'oflthe union: * )

{l),>gﬁ;}%fgontragtlb}?iln-Eﬁ+1"£9? eéch n.o o 3 ‘“l:

ST ) L “For each n. the actlon map Vo : B xH » B restricts fo a.

-l

coflbzaiion aad the

-«.’ -3




.0R ) - A . « Al
, - N ! .
FEE T areACQHtiﬂﬁOQSx Prpperfies'(iij-and)(iiij above ensure that the complex
- SR L, - . S e e e . R ~-
o VTt 0ak b K+ (E, ) &y (B, ; Fo; k) oo
. is an exact sequence offfighiik*(ﬁ;k)-comodules. Defining an H-action = °
e on.(Dn,En;l)x_H.bx 0., En_l),xli¥li-+ (@, E _1) H; ‘
;- - “(z,h,h ) b~ (z h+h ), the follow1ng 1somorph1sms represent K*(E E l,k) ' f. v
o ( - as an extended right K*(H k) -comodule: o ' P
* - 3 - % 1'; . "~ * . A . . ~ N N .ﬂ' . N
a K (Dn,‘En_lslk} © K*(H:k) =<K (@ E,2)) xH; K) 2 KEY B 5 K.
i . ‘ - 3.3, An‘exemple of a space EH is the'Milnor H-resolution: Let

‘D, = {1} ¢ E, = H. Define,,inductively, D ;.C E -, the cone on E. s N
- ) o , . S0 Tn n-1 i n-1’ .,

- . . . . - A

. . "and E_ = (D ><H) an'lEn-l’twn tE xH o En.such that %nlgn_lg<ﬂ =_¢n_1f,

SN =y l{t}x ,;1f<..H->‘{t} x E _q for tE.I..

. . . - . o

‘For Hf; nz,lthe‘Milhor,resolution is the filtration giyen;by
» . - ) - : ‘ o - ‘ - ) - . .
Mok os™lok ¢ 8T s Bag, with the n,~intopodal
T 20 N S

’ . . . - - -

A L. e T e ‘_'. PR o . .

B v\,\.n

N ‘\‘7 .,
S5, pN




I
-
£
<
g
-
- Yo
~ .
-
Yo
..
B
.

) tlon (X, Y)

LR

_ ZZ/Z algebras and E (pt b ZZ/2) modules satlsfyny{g

- Due to the)‘ i;soinorpshism‘ K;A(x{'Y;_Z'/Q) ~ Kﬁ'( (’X,’Y)H; z/2)" for'H e L, we

. - \\‘\,- . R . . .. N 4 R e . - B L .
’ co s Ty O
H G’ «"H,n. TMmMTE S

oy . © . L. RS
. . s . " . C L e

" The. fiitr'at'ion X, of X}'{ gives,\iupon applli'—c'at‘ion Aoif‘. K* (__, Z/2); a-

H,n

speetralzsequence; called the RothenbergJSteenrbd'spectrai sequence

for X. For an H- -pair (X, Y) with Y a closed H- subspace of X the flltra—

. e

é A E of (X, Y)ﬁ )Y( A EA 1nduces, ‘upon: applylng

'K*( R 22/2), a correspondlng relat1v1zed spectral sequence -called the

Rothenberg—Steenroq spectral sequence for (X,Y).,

- Theorem 3.6. The Rothenberg-Steenrod spectral Sequence for X, {E ,d }, T

(s > 2), » 1is a strongly convergent spectral sequence of 7L x Zz blgraded
] _ t . .

D

.t '\. ° - )
Pra P,d * = K ~ KA 7NN
1 ,Ez . CotorK* (H Z)2) (22/2 K* (X; 22/2)) => l( (X Z/Z) ~ KH(X’.Z/?);
2) ds : Ep’ Ep+s o -s+1. :is a- derlvatlon W1th respect to the ZZ/2°
e and E** (pt $3 2/2) actlons mentloned above O T a
. . i . .- . i
-3) The .spectral sequence is multiplicative. N - -
‘;“'4)/' If H s a sobgroup' ‘of-,'z “and X ('is‘é f.inite complex, the. spectral

v

-~ e sequeme converges st;‘ongly to KH(X Y 2/2) This is so as,--

,for such”an H KA X, Y, zz/z) gxﬂ(x Y z/z) [Sn 5].

- .

1

are, entitled fo define.’. R :
2(3.7)70 Ko (XY 2/2) = K (X, 05 2/2) . B

& ‘ e e c R o ’ S ‘ * AN . '.
Dual te 3.5 we have [ T L o Y T

~Theorem.‘3;7; - Let HC»E . 'I‘here 15 a spectral sequence E**(X Y ZZ/p), a° ),

s 2 2y natural in the H-palr (X Y), satlsfylng

.
L
4

t
b



.
S

“

. N s ) "
2) d7 is. a derlvatlon .with respect ‘to !

3) (X Y3 ZZ/2)

. the natural 1somorph15m K*( 3 22/2)

~ and dually

‘e

v
-

- comodule

<

‘e coactions above

p 72/% [} (K ®, Y‘ 27./2)

*

4) .The s'pectral 'sequence ié multi icatixve'

* 5) The spectral sequence ccmverges strongly to’ K (X Y 22/2)

‘I‘he propertles (11) and {111) of the H- resolutlon 1mp1y
. : ° :

(3;;'9) ' z_z}z —5‘» Ki@('ﬁ 72/2) ——+ K* (E zz/z) R K*(E

"0 R

- (3.10)- ._z;/z J— .K*(EO; Zl_z)f +.—‘K,; (_E,l.,_EO;_ Z{J/Z)g*—:,— f*(Fz.,El.it

5 -

'alfe, respectlvely, free K*(H;. Z/Z) comodule and‘K (H; E/Z)

-

Hom(K (. ,zz/?) 27./2)

e

.-
v .
-

“from. [Sn 5, sec 1] o :
Condltlon (111) on the resolutlon EH 1rnp11es
. ' * —_ . [N (N X » ~
o ‘@.11) TCEAE (yfﬁnflj./“’-?/?) =

B ,x) A (B, ?En.‘i) J/H; Z/2) =~

K*(x Y; 72/2) DK*(H‘E:/Z) K+ (E B ;~zz/2')' .

-

EEP R

n

(3.12) ?;‘((3‘-‘?@ )/H, ;(5:/\.}3 )/H 2/2) o

- .

K, (X, Y3 7.7./2) 9727\2[}” K, (E E 1, zz/z)

. . )

106 and 1@56. -

. ] . e

'Under the 1dent~1f1c;afclons ;3,1‘1) and (3.12) the Ei‘-differenf'ials‘a:re/

'1)' The terms E** are Z xZ blgraded coalgebras, and E**(pt,qb E/Z)

T w

-2729,,.—‘5-.4'

22/2)”—5% e

1

gmodule resolutlons of ?Z/Z 3 8 and 3 9 are dual chaln complexes, by

Z/Z[H] - .
We have S
. ‘ \ : ""



I
3
-
o

foy .

_ the cone on S , w1th the obV1ous actlon -of n

~ result is proved 1n [Sn S] as Prop051t1on 2.3,

X;bﬁe é}icbmi),actﬁzi—space Under the 1somorphlsm of 3 13 and ‘the *

e isbmdfphi,‘siﬁ ‘

iphé‘cohound.ary*f o "'\ ‘

gqrreéﬁqnds to the gt;i'ans'f,er' ~('i) (. '("2,'3.61‘)1.

‘ Lemma 3. 15. Let i and (X,)() be as in 3 14 Under the 1somorph15ms of

We also record the followlng result whlch is proved in [Sn 51 as

T

. B N Tt FKI
3 -" ) t -'-~
. e
B

- .o L - . . o -
> - - .

»

Recall the MlanI‘ n2—resolut10n descrlbed m 3.3 where D = CS”

il 9 ofr D:-, VThe fol-low1ng..

\‘.
.

Y

T e ’ . i

N

- K (x Y; zz/z) ~ x* ((x Y) (D 2"‘, Tf'“ L z2/2) s

. ' A'/ 2 .. ! \- .. °
KR (X,Y):% (Eno,So™ .);-22/2). T A
1\'2__ , '\2':“ . o . .

Prop051t10n 2.4, ° e e

Rl

Le_rru;\al:s.l'z&’,l""l,et i {L} > Tr be th@ 1nc1u51on of the 1dent1ty, and let

-

((X Y) . (S S ) ZZ/Z)
2, "2

. € . - 4

e

((x \eg zz/z)

’ L ~

B [ »

e K (G R, 80y /2y s KT (Y X (B, 8hy s 22
" H)z P kit n S P ‘n2 T 2 W, g : .

- R “ Lo LR : ’

e

- 3. 13 and the lsomorphlsm K ((X Y) - (S S ) 22/2) o, l( (X Y: 2/2) the

, T2

:‘:;_<‘,'-‘~": . " .:, '\ ' Lt :‘n ‘-‘/ 2 1‘ P "
x;‘,‘z-.c X,0) x (Bny )3 Z2/2) x;‘.zc(x,‘v‘)‘ * (87,8,)5 2/2)

PR . 0 i L. - L

‘corresponds to "the h‘c()m'orlnorphism (R*. e

.
E
P

Cl"'l Lo, . N Tt 5 R

' hcmma* 3.13\.; Lét X be ‘a'.ccmp‘écft, T ,-spaces For i ’>_~Q,V"‘the_rél are isomor-

j ph 1sms

Y
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| "Bj;f.'rs‘**(cmm, i z/&)

.

groups . L o

i S N DY
Al . . £.4
3 ¢ . . . ! ¢ ‘*
A, - .
' . . .
.. ~ . . -
. K .. T
v [ - . v N I AP )
. " . : . ST . L
. - - - .- - N . N B .
. ~ - . . ~ . - '
N .o e A, . E Ly \
- w . s . . B . . . . . .
e . ¢ . .. . .. .
° . B . .
N
I ‘
. 2

+

‘ Snalth [Sn 3] proved that the spectral sequenCe obtalned by applylng

1ntegral K* theory to ‘the Bn f11trat10n collapses,'and has non zero

S

Ez_q’o = (;o‘corzq 0 (E Z)
2 K¥(mg) ™

.From thls he’ deduced the g’pectral sequence obta1ned by . applymg

a K*Z/Z to an : { e

.

. Theorem 3.16. [Sn'S, Prop. 2.6] - - T

0. .r'nod’ 2 -

cT L ot v DR t =

s e ,t' . D : .
(@ 1) EP UL, 0); Hiy5 ZT2) = . o .
T t = 1_ mod 2__ .

1'1‘) 2q 0((pt ¢), 'rr2, Z/Z) con51sts of permanent cycIes

iii) Any element quthé fom oq i_'): ol ® aj' ¢ ,R(,;;-z-)._e:_zz,lz
. ',‘\, R ~'. S - j>q ‘.! o N e

N 29,07 24,0

is represented by the canomcal generator of E2 jad Eé .

¢ . . . o
. . . , Ly,

1v) 'I‘he only non-zero dlfferentlll is

i

-E§;q¥21,0,

4);0.' (de 2)3

(mod 2)

EERONRE IR c(pt V3 vz,m) 2 R s S

o
.;ﬂ.
n
,a

11) If 3 is. Odd or j < 4, Ez ((Pt ¢J> “2: ZZ/Z) 00n51sts of"“":"i

permanent cycles. o

Ve

- 111) The only non zero d1fferent1a1 is-

apow soam a0
& B (ar2),0 =F2(q¢2),0 T Bage1,0 2 Faqes0.0

Y - ' . N ¢ a



0.

8 sultable baSLS for 1< (X, Y zz/2), [Ar Y, 6 14] (K‘(x Y; :2/2')'«4)@f3 is,

c E**((X N2 7 zz/z)

.‘ N " .l

o Recall from 3. 6 and 3. 7 the E** and” E*,, terms - of the Rothenberg—

2
Steenrod spectrai sequences for KH( ] 22/2) and K ( ;. E/Z), respectlvely,

where Hc '): In [Sn 5, sec. 1] the 1somorph15ms _*V T .»--‘-

KX Y; 72/2)‘p

IIZ

; K*_(A(X\,“{) 2/2) B K (X Y Z/Z) (see 3 3),

are shown -to render Tor (K ((X Y) Z/Z) 22/2), computable as the

Y z/z[ 2]

; homology of the complex _f S ST ‘_ S :

0 K00y 2/ Kk ¥ 2/H L L

¥

fﬂz ﬁcts on. (Ke (X, Y"~ZZ'/2'))\9‘2‘ by' T (x\@ y) = ye x %va e By Moreover,' for

~as a nz—module the dlrect sum of 11" *submoduies of type

Te

{u euj,u @1:J+8u @Bu}and{u}wherefﬂu1 Oandu ,flmB

“We stape- th,e."fbli,owing 'res‘_ult ; fmm~»[§p, 5',__ Thm. 3,‘8] 3
The’orem 3,17,.~ (a): In the spectral sequence {E ((X Y) ; n 22/2)} the
£ ]

.

only non tr1V1a1 dlfferentlal is d and if x € K (X Y 22,/2), then o

( 3, ‘. .
T c . el s e .
1) 4, x®Pee, ) s gé:zee'e‘  ifew 20 med2 - oo
L S G |

-

i) " d (xgz

' where,"ln (1) and (11) ‘3; € ker B - 1m=8.‘

L i’iij-_ ds is zero’ ot.herwi.se. o L ' T s
The dual fésﬁ1;¢i§. AP RIS R
E i(b') In the spectral sequence {E ((X Y) 1& Z/Z)} the only dlffer- ‘

.‘a(

ent1a1 is d 3 whose actlon 15
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o ) ':" .' ‘ 2 '
B

»20°

.3

Denote S “the v- sphere with the a t1podal act1on&pf Toi the
group of order 2, where v =1,2.. 2
and con51der the nz—palr (S XX R ¢)

| facts ' |

S / ek o)
Y S - N
.‘ ii)- .I',et. ZO~ Qeo

3 , A <
a | .. & 5 ~
. LB
. )
& 2
3 .
. !
e 3 La'd .
\\ <
. /-

BN
v '
I ,
SR

o e LT o
TR . Co l) ’ q+l) DX 8 e2(q+2)
e iegt.
'1.:.1). d (X 6 ezq) -

;f @20, mod 2 ...
- 82 . o
X ¢ ??2{14-3 if «a

me.”

o
,

L. mod 2y

a7 08,

' 31\1 eO

L iii)

..‘\\
,dj-is zer0~otherwise.

. 3.18. The pairing <,> : K ‘

. where in both 1) and 11), x € ker B - im 8 c k* (X Y; ZZ/Z),

m_-

.7,( ;'ZZ'/?)- G\K»a_( : 2/2) by the spectral sequences,-a fact which is
2 . o . T
exp101ted in the sequel; '

Lo F

L“

In [Sn 5], usmg bundle theoretlc constructlons, the follow:mg
theqrem is. p_roved _ ‘

Theorem 3.19.. [Sn.5,.Prop. 4,10] . - - .
‘ R 2P (U S
i) Let Z1 .8 e € K (,(X,Y) ; Z/2) determine a class in
1,0 00 o2, o
B ((LY)75 ™5 Z/2) . Then 81 (Z &e) =1 (B (Z ) )

L2
e (117 @2h <« k) (0 z/2).
T . v 1‘2 -

2, 212
(ie% eg) = B 2% 0 ¢ k! (1% z/2). i

. Ty % :
Then =~

z/z( o

; 2/2) and K _@
2

~-

Let T

act on X permutlng the factors
"o

From 3. 6 e dlstill the followmg .

Q‘.A

K (52/2) 8 K*( ;Z2/2)» Z/2" of 2.31 passes to

~
o
]
LS
1
L
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_"(a) For the Trz‘—pair X,Y), ¥ e X exists a multipliqatﬁ/e sp_ec~“tral.
:sé'quenCe such that - - S . - o N .
" e a2 g \ -
R EN(S % XD, ¢) CotorK*( i 22/2)“( (s xX z;/z)"
' s kr sV x? zy2)
. . T
. . - . ¢
IEE VA -7 . bigraded by Z x Z,/Z.
. ‘, . - * .
Let A denote the Z/2- vector space w1th basics l gv“such that.. ' s
LA, = K*(S /)y ‘ - ST )
Sna;ﬁh's computatibn of '4.}5(21’ (SX X 'X2;> $), [Sn ,6,. sec. 1] takes the R

' following form - . ' T . » - .
’ ’ : a - — L - L e TN

i) CotorqOE 22/2) (K*(S wx? ’zz/:z z/2)

e

nz—lnvarlants of A 8 K*(X Z/Z) _if q=20

e 1 ker B .l V. (X /2 e e
S A\{em._s ]\(S 2/2)@——————1_1f9_.> 0

: ...V.‘ . q',*_'~ C v - . S ) '.0;)*4 :'
: iii) ) "El' =AV 8 (K (_X,,Z/Z)) | %] {e_q}»,VE,2 .<.: ElA. as the

“inclusion of the m,-ifvariants. = | ° o I
oy - L g, T ke B Lo KE(K Z/2) :
. ; lV)- If q> O)E.Z \\‘\‘61 AV 8 im' B < AV 9 ] im B . o
cLT T iwith6fa @ [x+im.B]) = a8 x°% g e i

- R Do S f - q
: SRR Dual.‘ti? (a) we have, with (q,a) ~g-Z><'Z/2, -

e L T ap “Tf;\

CT ey B T ey = Tor ? (K. (574 X% 2/2) 2D

[ . v L 14 A;. ’ i ’ & . . ‘ ‘Q\\, N .
| o ’ \

* ,/«ﬁ

. c.-/\ -

I—f AV K*’(SV;IZ/Z) = '{1 E; }, as. Z/Z vector space, then - ' ‘

R

,,,,,,,
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o /2[712] . o\ o

“ii) Torq o (K (S xx 22/2) ZZ/2) ~
wz—comvarlants of A K K (X 2/2) if q =
A-gKeT By K, (s 2/2)@—*——1,(’( Z/2) * ifq > 0
.V Am ‘8 ’ ~im B

3 ‘... q,a . ‘ .- ; ."
Liii) El = A, 8 (K, (X; _2/2)) 9 {eg}_.
g o 5 =
V) Forq>0,E,q TA@

» O

ker B
~im B

is given by
N : @2 ,‘ ' . <.
§(a 8 x @eq)=a@[x+1m 8].
3..2:1. In [Sn 6, sec. 1] Snalth computed the Rothenberg-Steéenrod spectral

sequences E**(S ><X ;) = K* (S ><X .2/2) ~v =1,2, In the above

wtral sequence the only non-zero dlfferentlal is d l whose 'act.ion is .
given by . ) T . |

Y Q2
.a) dz(zslei):c @eJ) = 18x @_ej+2

R B

. | WL +E)BX @e .y, ] = deg (x) (mod 2)

) dg(Grug)ex ee) =4 e
(A +1{) ex (2] eler3 , " otherw_1se ‘

'he're x.='0-‘; ’ Co I
where Bx.= O - r

s Dually, in- E** (S ><X ) ¢) —> K 2(va)( “Z/2) the 6n1y non-zeijo
: dlfferentlal is d 1,.v.uth \ . A N
- 92 . .. e ’
a) dzi(lex . @lej+2)'—£§1$x @gj _
o S [Oeugextee, 37 deg (x) (mod 2)
b) dg((repe) @xPBe ) =] S o e
< L X(1+ &;’2).9 x-~ @ ej,' otherwise. .

where Bx =0



a

- -is“o'ﬁt‘o;_p collapses 82 I L

TEap 431%_‘1__51'

- filtration.. . . . " S S

\‘

l._’c)' Moreover E (S ><)(2 ZZ/Z) = O 1f _'] =Y +.'1_‘.;:‘<, For L»sj 5.:y,.f .'

ker g = 82

te

' Using the RQ.’,chenberg—S_feen-i*od:'speetral sequence

. . 1 . . 2’ N ) M . ) - . ) 1_ ‘2‘-‘ . . -~ - - y
* : - . - .. . -
B0y 2y X0 900 1 2/ S KNGS % X5 2/2) :

Snaith [Sn 6, see. 2] defiried a function

_ ker B l T2,
ql'lmB Kl (Snxn X" 2/27)

a

_ for (;ojnﬁaict spaces X, which extends to ‘arbitrary X by taking direct

" limits. We give an"_outlin"e of the definition of q1;

"ImB 3§ Ej_,o’ 5("? ",1 ®° X;.,;.@-,-eq-g_ P i K (8, X5 2/2) = KT (X521 2)

Definition 3.22. [Sn 6, sec. 2] For X a compact space, 1ét .

ker B

¢)’:imB_

-« (311r XVT; Xz'; Z/2) 'be_defiﬁed by

p(x+im 8) = 1.8 x%% @ e ¢ BT . .kl -st x ¥z, S
) - 1',0 ™o, ‘ o

Propertles of the transfer and forgetful maps (2 36 2. 39 3 14 3 15)‘ -

show that the homomorphlsm

ker B

(K (S xx ZZ/2)/J) @ e

1.1 2

K (S'n xn X ’ Z/Z),
where §(u+3, (x+in §)) = SCEICNS

is an isomprphism Here J is generated by {1+ T*) (w), 5;18)(@2 with

82,1

=0} c iK*(S 2/2) @ K*(X Z/Z) 17, the superscrlpt 1 meanlng odd_)'
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.. ‘} i . .‘ . -

ker 8
im B

Defi-nition_S\.23. ‘ [Sn 6; 2.1] For fe c K, fX;ia-E/Z)/ im B, with

'. :_ . ker "'
dual T ¢ Hom({im“BB , Z/2), let
‘ 0o ol L kil W2
q (f) .= (00 f) 9 ¢ Hom(K (STr X'ﬂ' X7 ZZ[?), Z/2) v -

(see 2.35).

* '
-y N

' Defi’n‘i_tion 3.24. [Sn.6, 2.13] Let X be a twWo- fold loop space and letc

g : Si x X%—» X be the Hl-space structure map (see 1 1).. Define
i
¢ 2 - - . °

-
-

~ ker g Cap e S - |

Ql imp o KK Z/2) by Q09 = egay x
Here ker B C K (X. 2/2) im B . -

im B . * . 3 * . . -o

114"

The propertles of- ql dlscussed in [Sn 6, sec. 2] imply the follow-. -

ing result

:.

B O ¥ o ‘
. Theorem 3.25. [Sn 6, Thm. 2.15] (1) Q1 is’a- homomorphlsm, natural

- P .v,"
~<'—‘~, e

for H,-maps. g o -
v k
Gi) For xy'e Ker® Gy - QI(XJY + X Ql(y)

im B°
(111) if (w ), is the dual of the Adams operatlon \p for ;s odd

then o ) 00 = Qlcw*(x))

(1v) If B and B are- ‘the flrst and second Bockstelns and
X ¢ ker '3 c K (X; ZZ/Z), then

C B(x)/, lf o = 0 “(mod 2) -
‘ B(x) + x7, ;i—? a, 2 1 (mod 2).
Hére B(x) means z 'for any-z e B(x):

ot

‘(v)' Let o K (QX 2/2) > K l(X ZZ/2) be the suspensmn homomorphlsm

"

and let x ¢ ker 8 < K (QX Z/Z) Then le (x) = o(x) € KO-(X;' ZZ/Z).

,),,'



b )
s B
5
. <>‘» - . ’ e 9
L T, .
th:“ .- _. ‘;:). F . ”%-QZ and Q2
._%. . oy 4_,»&_:_.,) - T ; B 3
L B . e
O e /W‘e fdlstlll some consequences> from :

3, xS . ,.'?. P ;1{
. KL

(1+¢€,) of:hel_*}-z\'

¥,

’ s 3 \,
§ "\,\ T Steener spect'ral sequences 3 *21.b and
s . L) N .
s (a) L’ex a,:’
. ‘. v * * ! ‘.
. B =K 8K K(XZZ/Z)‘BA@K(XZZ/Z) ’
. - V1 © im g - 27 im g -
‘\‘.' o
1/, Wh.é‘re : °
' ; . ﬁl =<{a@[x+1mts] | a =1 1f deg(xg = 1,'ap=
v N ,’ . ’ H ) ) ’ N .’ A C'" - {
- ‘ ’ K, = ‘<{a@ [x+ im-"s] | a = l'if@&x) =0, a ='(1_+F,2) otherls
. T B m .
. Me {K»(s2 x xz;_z/z')}
- ‘ M:_=7':‘<{n2—iﬁvariant;s which are not permanent"cycles,}>
S (1+£,)8x°% | deg(x) = 0} gZ@x@fZ- “deg x = 1
S £, 8 x| g, x'=,0 10x | .gx=0
: 2 T2 4 , _
U (b) ~Defihe & = 8,-® 8, .+ K; ® Ky ~ K* (8" x X"} Z/2) by |
. I A o Y 92 l ’\
X §.(a@im B]) ™= a @\x " 8 e.. ol
‘-« - v - ' , 1 N . .o, . - i PO
S l (c) " Then 't'h'e_ following seqlience is exact ° -

K

. .,0‘

Z

““{K*(S X2, Z)2} .
.o T2 o

PSP S

/

a . 1* is the forge} ul map (2 39 3 15)

.
. . . R
. ‘. i > L
e . . . PR
P .

Proof. . The sequence expresses the determination of K;‘r '(STZI,X X2;

. .. . ’ -’ .‘ ‘ ’ . 2
L0+ “in 3.21.b. : ‘

z/2)

AR




e T [N T
e 5, x
2 B B4 -
£ [ ahy 3 '
D L2 . NURS 116
ThLn Sl . k! - '
S,\_‘ s R 5 f,. o -y i ,'&" w
I ) d'a\» P .
BB . {_.. 5 o c‘; \
IRty X - -
- ki (d) Dual ‘to (c})- here’ s the :
Las .ol 4 Y A " )~ 1
I A B , ,‘ 0 T
: B A I oo Y - .
ch A s mpd, P
. 7% N e 3 Rl
Tud . N q‘ : . U ’, 2 l f
e T, s R (82 s 2/ 25 B 0.
oA L AR
Y S W34 M -3,
3, '“; :—f};‘. : )"‘ i ?":" ’\?“ ..1 ’ c. .
) -‘7: <{n ~L01nvar1ants w}uch are not permanent cycles}> L
§ et e 20 )
g Ry B
+ o ’

02 | deg x =

[
A
oy
¥
[y ]
@
by
&
.
rq
>
nt
1
o

1, 8 x =0} v f(1+€2) ® X(
T o - | . - o Bx = 0}

B! 18 K'; k! dual to K., and. from 3.21. c, K' :kcr B o KK ZZ/2) ;
I i=im B im B8

B _ the maps-dre dual to those in '(c)'.

For later usge,\}le‘.3 determine the -iniage of.the transfer
i ¥ KO,(Szvx XZ;. Z/2) > Kg (S: X XZ;’,Z/2) . (see 2.36).

- The procedure mimics that of Proposition 3,10.ii of [Sn,S].

Lemma 3.27.- Let -Q c KQ‘(STZE X X2; Z/2) be the su_bspaiée generated by . IR
L " s - - e ' .
{(T+*) (W1, ‘ ' h ' '

a

((L+g )ex | deg(x) 20, fx = 0), 116x%%| deg(x) = 1, gx ='0}.

s

x5 L Then.- . fe

T (s % Z/Z)/Q ~ i i, = ker(o+-) < Kg (572{" X2, z/2. s
' <proof'. (a) ~By 2.39.1-1*@) = z-‘o‘, z e K* ~(s§';xx2;_zz/2). If ®\'e ker B,
' ‘ T then 1*1 (u@x ) (1 + r*)(u@x ) -0 by 3.17, S0 L .

"

o o ‘i|(a 9.x ).'= A(~a e [x+ im 32])", Moreover

(1 (a@x )) = 1 1*1 (a@x.) = i!'i*(A(a@’[x;fr' im., 82])5' ‘=I~O, (3;,26.c).

. e
‘ >
.



TR VIE R RN
) For genei“al i (a@xlﬁxj);{
g~ i (a@x @xz) =1 (a@ﬁ @x,z)l*(at)) = p . f Sou
) 5%, ;f- . 4,?: i\;
which shows that im i ¢ ker(s«-). ; R
. ) . - . _.“ . . v - 2l ' e t
’ Ly . _ Q2 ' SR 2 . Tl
(b) "Let i*(z) =% ai@xi + (1 +1t*)(w), with ai@xi a permanent -Cycle, )
. ' . . S . 82, o . e
. i.e., x ¢ ker g. As above, gz = i,i*(z) = ¢ 1,(&;i @'Ki")'~ Since Co
. i*ii(ai@xgz) = (l +T*) (a. @x@2) =0, i ‘(Z(ai@x?ZS) = A(% ai@ [‘xi +im B]).
. ‘ . ) ' - ‘ N
Suppose g+z = 0. Then A(a %] [x ¥im B]) = 0 \iso that xl e im B, by the
A N , . 92
, spectral sequence. Say‘x. = By./; so ’that a, @x. =, a Q (By )
o B2 L
= 1*1f(ai9yi S 'I“hen 1*(2) 61+T*) (w) = 1%i (w), ’.”(z+14[(w))i =0, - .
;and-so 221,00 ¢ i bi®x%:@e2Ae im e 'Xj;
Thus we proved im 1 ker(o-—) o ' ' B .
(c)” Consider now ('1 + £ )'ex 1f deg(x) = 0, and 1@)(?2 if .deg(x) z [
. R From 3.21.b we have that (18¢. )@ @2 e and 1@x@2 ]: deg(x)
and deg(x) = 1 Tespectlvely, ara- permanent cycles in the Rothenberg—
B Steenrod spectral sequence "By 3.14 we have the exact sequenee‘wnh s
’ determlnlng the transfer 1 (see 3 14) o : . ‘ L ‘ ' .
S : 1., .2 .2
, K ((SwXX)X(E?T S) 2/2)—*K ((S ><X)><(S S).-ZZ/Z)
B : o S ‘ . ; | , .
. 3 87 k% (52 x) x CEzz-,sl); z/25. -
T Ty T e T

¢

O

'Via the “isomorphism 1,'(1((812T x Xz) X '(SqlT,S“ Z/Z) K (S Z/ij stait,ed L

o 1n 3.14, both tl,+ E;ZI)' 8 x@Z ® e‘i’ degtx‘-) 0.and 18 x@%@ e'l" deg(x)' = ‘-]\'

1

‘are ini im (j), -so that .

«




(2)

-

e

o o
827 3
6(1.__@ x, ‘@"e-—l) = 0 if deg(x) 1 ‘
Then i ((1+g2) ex ) = 0 deg(x) E ", and ,1 (lex ) -\O deg(x) = 1,
Slmllarly, since g 9x92@o1' 15‘.-'not 1n 1m(J) B for both deg(x) 0 and -

- l.(
< fag .:*’ H

s

deg(x)

(see 3 21 b) we have that i (E, exg.z) # 0', deg.x

From (1) and (2)

B3 (1’+ 52) 9 x

Moreover,

. Then -Q < ker 1.

i

027 deé(x)t

»

0o 1-' 1

0} v {lﬁx_@2 | deg(x) = 1}> < ker i; .

1, ((L+z*)(w)) = i!‘:i*i,(w) =o(i, (W) = ,O’ ao_ we.proved above:

¥

e
~

-(d) Suppose now i (Z a; 9x @x ) " Then ] g ;,

-'""0. = 1*1 (Z a, ®x'@x") = Cl~+\‘r ){(E a @x'@x"),_so that I a, exi@x"

-1nvar1ant, i.e.,' v \ . ,‘ ’ ’

ISTT
2

PN
N 1 . -

C . 1 " = * k :
E“_aigbxi@xi . (lf"r )Fy)’ + Z:. oi®xi s X5€ }\or B,

So 0.=

Sin (c), is

dveg x; = i

‘. .

p0551ble only 1f a1 = 1 + F, 'if -deg X4

4

. T'hus Q= ker 1,,‘as clalmed R R

.0,..and ai?-; 1 if’

i

Ii“r ke a._':@:x.' @_x'.") =1 (2 a @x ), which, fr'om«thé compu‘t‘ati/onis‘, ’

The next Lemma w111 be of use 1n the analy51s of the operatlon q2

- of 3.31.

A

.wmqsz&

1

The statement and reSult are analogous to those’ of [Sn S,
. o - /\\- -

v ©

2.

.1s dual to K (S x X~ ZZ/Q),_/Ind, wﬁero Ina is genégated by

f{i*(a

~

L,ét‘ X be a"éo_mp'ac-‘:t space. . ~Then im 1 c K (S x X2 ,'Z/Z). :

[

3.11] . -

. g2, _;3 LT e
8.x"") 1| 8x=0, a=1if dég(f) =0, azlag, if deg(x). = 1}
. - ." . . .
N Come ‘ ¢
o e

3
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S T R ) 119

R ) " Prdof As usual, < ,> ¢ KO( ZZ/Z) @ K ( Z/Z) + Z/2. denotes the
. o palrlng of 2, 20 which passes to. K (L ZZ-[Z) as inentionedv_ixlfjd'Sl‘lS’. -
(a) Su’ppos_e z KO ‘(SAxX» ; Z/Z)'is’ ,su’ch»-that 0= L<Z, i, (w)> for all -
: ' : L <_' . ‘
" "__"w € K (S X X ZZ/2-). In partlcular 0 =<2, ,1,'(a @'x@ )> X € ker B.
’ 7 . 2 ’ 3 , \. ‘.: ,‘.':;’:'«fl.', @2 B - - -
B). 3 23 i (a@x ) A(y), and so O = <z !(a@x B “..éz;f'gA°(y)>
T = <a'z, y», all y. C 5.36A",iinp11é§ 7 = i*t%‘). S Y A
F - . (b -Mo_reove‘r E B e Lo R A S . )
<4 , ) . x.,- . - Co ’ s ;' S o . -

L < T N
N . 4 - 0= <z, i (a@x @x )> = <i';~z_'._‘, .il,(.a e~x -@-)ez)y S
r ‘ ’ % . . . ’ . g

. ~ .= <zt %y (a@xlex )>-,-<z' (1+r*)(aﬁx @x) o o '
' : o ' : . T T e e
I . voen ) o PRI

C. . Thus 2 ‘does.not pair with any: (1+t*)(w), forcing'z' = I a};'e'z'-ifgz., SR
(€) By the assﬁmpt"i:oni:op« ;z, fot, aﬁ'y;_nglA@.x..z':i o St R
.. o 0 = <i,a. @z "_b@x.1 eagz; =.‘z‘.'<'-é._e 247 (\1 _-l-‘."r*)'(b-"@'xl‘g x2)>— .

.n

El‘%algz'l'_ez boE X QBX - = n A bay, Bxlxzi' 8 "2’ e ew ”’

- N ,‘ ', 4 ' : - I Wae °
. . =T <ai,b><B z;.l’,,xl‘>.,<gz'i!, x2> e e ST

A_‘n R

PER

,Fixiﬁg and taklng b a1 1-‘=’ ‘xz = Bz" We conclude thau for each i,
4' . . 2

- . Bzl j= 6. Thf:n im 1 < Kg (S XX Z/Z) has the dual 1n the Sta’cement

A'-: . ,,' -,v.
.

. . )
. - of the lemma 51nce, from the spectral sgquenc’e 3 21 b' 'the classes

‘), Bx = O W1th a- l 1f deg(‘;c) -E 0. and a, 1+ F’Z if deg(x)
’ . :-,jxl» 2 - ‘ . . A

=

° \/ i 'H ) [ '
determlne non- tr1V1al elements in KO (S >s'X 2/2) A1§o,. 1 e‘g; 82 fqr‘:**

. . . . . et
. - . Y ‘ ‘ . - -~ - " .

\ deg X = 0 and (1 +g )9x for. deg(x) , are equlvalent to‘ {1 ex ), A .f'
ATREE R T
deg(x) = 0 and 1, respectlvely, 1n the $pect'ra1 sequence 3 21 b' 'and
.. we can wﬂrlte:‘ ' Ind = <{1*(16§x,‘2 O}.>., iy M | .
! (’: . l,",‘f'. . ) » : [‘ ff » ) 1\ - .
'.l ) - "-‘ ‘ “l o J ,’ .' g + ! 4 n, ;:‘ J“. l‘:?
N . ( ra ’ S
L, . A \
W ‘ oo ~ . Lt -
' 4o ey L W . —




R 3. 29, " We def1ne an, operatlon on. ker Bfé"ifx 22/2) ) wheré X<iéiﬁﬂ‘u
o . ~rim 8 h xm‘B Sl T

i

ot B - . -
e . - g

e R -»—Ko(x /2y . e
-space (see l ‘1) valued in. T e . This ‘operation, denoted'sz

oh

S N . . . v
. /;L

w111 “be nicely related td ;he Dyeér- Lashof‘operatlon Q2, through the -

s Atlyah lezebruch spectral~sequence. :
' ’<g_~ Co . - ‘ : ',”t\ B ,~" S

RN 1 T 7F ) LA
ST Time et : ’
° @2 e, T e R

by ny(x) = a @ x '8 e,, wheré a = Lif deg(x) = 0, a = 1 + g5 if.

= s e oo S . R U
“deg(x) = 1, both (mod 2). .See 3.21 for Ihé.ﬁOtatiOD.' ﬂé:iS«nétural
- on ker ‘8. BY'3~14T-Ji P . T
.‘ . “"_\ . B ol . 3 a' . . ‘
. N R N i 0 ) 2 o2 . . v : 4: . - . , o )
:f,nz(x) e {dm i) < K (8" xX";-Z/2).. y » .
vl L. e A T . ) U . i . L
CE 27T L LoD 4
» See (2.36) for the meaning of i % . .-
T [ , , '
. ! M g d, N . ,i‘ '
- -, )
. - ' I(‘ N {:l'{ . i |
e ¢ [ Al p .
' A K ‘ A )
4 * : ‘ ;”‘ :t;' l C ” :‘( ',_:
K‘- ."" h “'I‘ Y , s . ot .

I



Definitio'n_:’}.Sl.i Let- IR I S N {_ o SRRy
| e SR

"Ker 8 (s x X%3 Z/2)

‘:ﬁz ~-1m.6 T [_Ind oy

- . .e &

1--7;'.} ’ be glven by qz(x) = (nz(x )) - Her‘e ( )O.SVt’a{ids _'f‘or"'dtj'al '(2.20,‘12‘.35‘)

and 'Ind = <{19x@2 | 8(x)~ = 0}> the subspace dual to im 1 determlned .
B ‘1n327
¢ L : Next we use the dlscu551on of 3.28 to prove that B qz(x) 0 if

K* (X ZZ) is tor51on free
e -+, ‘Lemma 3.32. ,’B-v‘qzi(x) =0 if K*(X; Z) is torsion free.

Proof. "\Ta}ke' zZ e K;‘;’(STzrx Xz; @/2),'. Using the pei‘ring of .(.2;721, 3.'1‘.'8)-- _
T S
-, . we have o o

L

- <8 qz(X), 2> & <q2(><), 8 (Z)> |

, Notlce from 3. 27 that the only odd classes mot in (im i ) are: of form
s ] . , \/‘ » . .
B vz o= a@y 9 e, a dependmg on deg(y) .So, -to prove our clalm :1‘1:

28e ) does not palr with qz(x} for all

-’:,:s_;uffxces to show that- R (a@y
Cy'e Ker-. L

(a) .We"i':feat the Apairities of y. sepai'afely ’ Let deg (y)

1, (mod 2)..

By 3.20. b we must only study B (ley @el) .Noyi. .

8(19 YQZ'@ ;) = B p*‘(y?2 9161')...;" ‘

e g ' '
o8y 961)'é'p*(i!(32(y? 9, - o IR

DSOS iwhere p 1s the map S xX —*X 1h.3 21.c, and‘ B 1s the second Bockste1n.
. 1ntrogluced 1n~2.33 'I‘he flI‘St two equations hold by the naturallty of :

K

‘ the Bockélte‘in_B.‘- The last equatlon follows from 3 19 1. Slnce X ;Ls

‘ .
M ‘4 N
P
. . . . I - .. . : .
i ! ‘ - L > ' ’ - ' N : ‘ W - - . . v .
. B . A o . . . "
: V- 4 . L . . , o ', o
. X ! - \ ., RS (Y. , . B ' 3 .
c . N ) R ‘e . . s Y . - .. LI
: : ‘ Lo . Seer 8 + . ! H . . , .
K - . . 2 , :' . " . . ¥ - M
I AN O ., - N L y B
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 torsion free,.nBz'(y) = 0, thus giving the ¢laim for deg(y) odd.

(b _'_SAuppoAs'e now that .deé(‘y)

- B((1+ &2)“9-}’92@ elj. . First observe that we can factorlze ‘
. CoA , .

‘ ' ‘.
0, (mod 2) From 3. 21 b we must analyze

(l+g 5) @ygzﬁe% = ((1+£2)®1®e ) . (1ey@29e0) }n equ1var1ant’

B L K; 2/2 theory (see 3 6 3) Thls is -so since . (195;2) Se 1s a ‘g‘enei'ator
," ' . ”" - N 2 . R - ‘. . ) : )
SR . of -K (RP k! 2/2), as Seen from 3. 21 b for X = po‘int; and sinoe s . .
"1ey9 @eo‘ 1s al generator of I( (X~ 22/2), by 3.17. b Then . . -

‘ -B.‘f(..(l._'*'i Ez)ﬁayezgel) T

=B [Ureyyee )10y "8ey) » [(145,r8e ) [BO Oy O] . 70 T
= 8 1)) 0108y 0e) + [+ £) 618,00 0ey)
B RN~ BN T
. ~ 2 M " ‘ : . ’ ‘ i
The flrst equallty 1s the der1vat10n Pr perty of B, the secdnd by 3 19 b
. “and the third 51nce X is tors1on f%ee No\q K (RP 22/2) has tr1v1al
- L %
- flI‘St Bocksteln B, (2 33), and dua11z1ng, K (RP 2/2) haS'trlmalm..-
. \ - L . .
- Bockstel,n 3 (see 2-.35) ’I‘hls proc(res the clalm for deg(y) ,4’4(gnod 2) e
;-: . e A\‘\ _. \_\_ Lo _ _:“I :0":
3,330 In orde to exh1b1t the relatlonshlp between the functlon CP
‘deflned above and the Dyer Lashof Operatwn Q2, (see 1. 7 and 1 9) we
make use of the propertles of the Atlyah lezebruc spectral sequence.
e . '75 Let X be a torsmn free CW complex, ‘k’ k 0, 1ts/k skeleton, and the";‘,
‘ - .. maps below the canon1ca1 ones: A ' Lo
. ’ L ‘> ”‘r““_“ E ‘ y “"\ .’ . xk :,_4: . . .. ' ' -7,:‘:.“ g:.\: e ,-: i‘ §:/ E,’“;j‘:_.: '
PR Tt Tl Thah syt TR A D (SRR

-
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. Given'y ¢ "Ka(x; E/_Z)","V let [y] ¢ H (X5 Z/2), repreeent-' y ip"'the.At'iyah-
.o Hir'z'ebruch ;spectz‘al-se.q'uence'.' There is a""-tili,z;ss X € Ka’(YR, Z/2) with °

fuk)* (x) =y, and G, (x) ¢ K (Yk,vk ¥ 2/2) 2 Ok, L O D)

A""'I‘}_{e:fi;omi)onent 18x ,@eA is'in the 2k+ 2 skeleton of [S X (Yk) ] >< 'Sﬂj

“that ¥
N procedure gives us “the leycle d\etermi-jned;‘b'y‘ 1‘9‘){9‘? @.,e.

(Y

A foa

® 3

~

is a cycle in the chalns on-Y which represents [y]
9

+

Suppose that y is 1ntegral, S50 tha‘t X ,15 also 1n‘tegra1 1n

%.'K (Y ZZ/Z) ‘Then ‘ o "‘.' o 1:"'.7» .
' 2 2. L e B
. KO" (Sw X (Yk)‘ E 7Z/2) e " a 5
- 2 . . . 5 . . -
q'2“(x)' € Ind s

82-
) 1

L ie:-defiﬁed; and "olz(x); ='1@x 9é§ +ji;'(‘x‘i2) ,--'x, x. € . ker B (see 3.2'8).

@2 ) 2
Z. Ty

-7wh1ch ,1s the. second space in the 1r2— Tesolutlon ef 82>< (Yk)
. _ N <t ! - . o
e _(:see :.«,3.1;73.5) . And indeed 1‘@x @e2 11es 1n' *x(Yk) x _Sft, .assufning

Y is- the minimal filtration whe"r'e X is. The foilow:;tng canonical

in the.chains on

. , ) 2
2A - . ' ’ . ?“ . ':. R 3 "'-;.
k) . ’Ir:z'_-Sﬁ . “ * (i!".' - . | | v
€ ), K. (s2 % (¥,)?2 zz/z) >k (* x(Y ) ('S'z’»s:lh)' 2}2)" :
2k+27% © "1 Sy k k 1- 5 Rt S A A
. - S -‘ S ,‘1}2' |
o 2k+2( x szg\zz/z). { '
s o .. . [ 2 . ‘
RS - o2 2 ¥
Clearly:the 1mage of 1 ex: Be ‘1n_the_ group~C (Y .8 ;Z/Z) .
- 2 2k+2 1:2 S

is. a, chaln representlng the Dyer Lashof operatlon QZ([y])

A 51m11ar procedure exhlblts xhe class x@2 as a square in some

1
gven flltratlon degree Iower than or equal to 2k ,' .
' _ . )
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3.34. Wé”bfbvedfin’z.sz that'g-qz(x).: 0, x e'ker s,- in s;’which SR

~

implies that we, can- 1terate q, at least twice, and that also qlq2

deflned (see def 3. 23) - We only pursue on qlq2 L ' :
i Vel

Proceedlng‘as in 3. 33 one sees that qlqz(x) determlnes a chaln in

-~
]

e’

([S x  (Y7)7] Z/2),
4k+5 5 k7. T,

and..that this chain reépresents the Dyer-Lashof composite Q QZ([y]) ‘o

IA

There'is.arsoﬂthe class ql(x ) e K (S ' T(Y 1 ,JZ/ZJ, k. However

from the propertles of q1 and Q1 we conclude that Q (x9 ) ‘0, . )

(see 3 25 11)

Definition 3.35. Let X be an H,-space, and let 62 :§$" x X" > X be

0 vker B K, (X; 7Z/2) define

the H im 8 - im B

2" space’ structure map

Q, ];I?ITBB sk ()I(ndZ/Z) Q) 4, (%) ‘ ’

From .the discussion in 3.34 we see -that if x is integral, then qlqz(x)

is defined ‘ *

3.36 We carry out a similar analysis ‘to that of -3.34 for the Browder Lo

operation-A, of 1.4 (which is denoted 5 -in [Br]),

2

X H, (8 xX2 Z/2) ~ H, (X; Z/2) A o

-

Let A K (S ><)(2 2/2) > K (X; ZZ/2) be 1nduced by ) (see 1. 4) in

K, Z 'theory Take Y (al,ot ) € K (X ZZ/Z), where [ € K (X; 22/2)

l 2

Represent al and a,y by [a ﬂ dnd [az], respectlvely, in. the Atlyah-
ps ra
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. 1.2.5
lezebruch spectral sequence, say [al] s H (Y, 212), [az] € H (Y ZZ/Z)
Let Yl € K (Yk, E/Z), Yy € K (Y @/2) I_)e:such that \(1k)4*(yl) = ali’
(1 ) (Y2) \az The‘commutatlylty of the next diagram is clear.
\~ . - ' .
) 2 ."n\\' - ‘ ) X;.z ] ‘ . »
Ka+8((sﬂ.x (XXX))Z k+£) E/z) " ' ‘>. i 5 ‘7‘ KG+B( 2+k+2’ Z/z) ’ ",
U.+B((S X(XXX))Z k Q,’(S (XXX))l k+£) 2/2) +B(X2+k+2’ l+k+£’Z/2)
(3.37) ¢ . . .' T
T C2+k+2( X s 2/2) 2+k+£(x Zt2)

T4

(We see that )\ (Yl,yz) determlnes ‘in tﬁe chalns a cycle wh1ch represents

X ([u ], [az]) in homology In the-top square of (3 37) )\ is“the

obv1ous restrlctlon - ‘ N . ) -
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‘CHAPTER 4.

Ei OF THE ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

[
1

' ,Let Y be an Hl-space'(see 1.1). We record the action of the first
non—trivial‘@ifferential d3'= Sqf + SqiSqf in the Atiyah-Hirzebruch
spectral séquence H(Y; z/2) => K*(Y;,ﬁJZ), és‘compﬁted in [Sn 6].

2 2

Propdsitioﬁ 4.1. [Sn 6, Lemma 3.4] Lett X ¢ HS(QZX;ZZ/Z). ‘Then, for
* . . . . . ‘\ o . . .

p:Z o,

- - 4 ’ . ‘—
3 12 per (Q?(x)) , if p > 0.or s odd
[SQ* + Sq*sq*](Ql (x}): = ' , ’

: A ’ o, otherwise.

e =

The'prbof‘of,this proposition is an appliCation of the Nishida relations
(see 1.7-1:9). " We will make use of this result in the rest of this
chapter. - ‘ : o o B >
' j Ye détermine‘noﬁ fhe action of.d - S 5o S'lS 2 the Atiyah-
) e . R < - q* : qt 9 ln_ he Atiyan-

Hirzebruch- spectral :sequence ..

‘

H;(s‘}sstx.;‘z:/=2) ;>4‘K*(QSS‘.T"X;’ Z/2), s <t. S
Here X. is a ‘torsion-free, finite CW-complex. As the differentials are
dérivationg, we éenpfe oﬁr‘apalysis oh'th; efféct QE 33 on thg alggbra
géneratbrs of H*(g§stx;,zyz)) (seeEiyil fo€‘fhe'n8tation).
| We first consider s é 4,E§olthat‘in the QOpjopéfatibn,
. Qs_i,ys—llz 3...Undér'theéé'CQndifions we have '

’

¥

e T 128




- ; . : : ‘ ‘1 27

:;\\3 - ~{‘§;
“ .
g4

* Theorem 4.2, E; of the Atlyah lezebruch spectral sequence L .
L @SStz - K, @St 'Z/z) s > 4, has the following mul@iplcative |

- generators:

»

(1) Q(8) if j = s-\ ‘and j +deg(g) = 1, (mod 2)

mn

1, (mod 2)

(2) QS 2Q -1 (g) 1f S -1+ deg(g)

1, (mod 2)

(3) QQ, (8) if 15k <2, ands-1+deg(s)

(4) Q. Q S (g) if 3 < j -odd, s~\ia-deg(5) = 1, (mod 2),
Jq s-1 1 : - ‘

N
S —1:+j1 =1, (mod'2).‘ So s-1 is even.
~ (5) QZQJZQJ3"' () if j, even, and : . . . L
\ o . deg (Q; ... (€)) + 3, = 1, (mod 2)
iﬁ . , - ‘3 . .
(6) (QyQyp - -- (€)% if k 2
(7) '(Q2k+1Q22+1' (g)) 1f»k 21, or if k = O‘end 2 =0.
B . : 2 . '
(9)';Q15£2n)'1f s = 4;~and"92(€2n+1) 1f s < §5;
Eon Bonai .
‘Remark.’ If.4 < s < 6, we see that the .classes in (2), (3) and (4)
intersect, »
Proof. The\geocedure is a systematlc use of the lehlda relatlons
- ' - (see 1. 7-1.9). See 1. 6 for the 1ower notation in. the homology operations.

A - - . P

We- denote m = deg (6)

(A) We.enaiyse first‘Qixg).' The Nishide relations'give,'fOr j <s-1,

m¥j-2) m+j-2 mej-1) il 1.,
f29) @2 + 1) s

P

(8 Sa7(Q;(6)

() Saz(Q(€)) '{W*g'?] Qm*J 3(5) ‘. [mfifs] Qm+3 % 1(£)

S e e [ VS I VNG VD U VORIt 3 Gz, - . TIPS

e P



From (a) and (b) we deduce C
BNEY
(1) The second summands of (a) and .(b) are,triyial Since £ is

,: annihilated by Sqi-n

v

[m+%—2] =.[2(§+2)]”,~which equals

(2) Suppoée deg (&) = 2k+i, j =20+12 3. Then in (a)

o © () 0 ifk=g, (mod2) .
(1) 1 ifk + 2 =1, (mod 2). Lo S,
(3) In (b, {‘“*;’3} - [2“‘*?‘1] , which is

"i

(). 0 if'k+ =1, (mod 2)

0, (mod 2) and k + ¢ > 2 or k 2 2 = 1,

(i1) 1. ifk =% = . =
o T (mod 2).
(4) 1In case (2.ii) above we have.sqisﬁi(g) = Sqi m+j_2(£)'
‘ m+j-3 , :

= Q TEE) # d, as j-Z 3 by:aséﬁmption, and m+j even. By'(2), (3) and

(4) we cohclude,_for j 2 ¥, that ,
S S T N L L ‘ 1
(Sq; + Sq,Sq,) Qj(a)A# 0, if deg(¢) =j =1, (mod 2). -

,-Then

<

S C(me5-2) L [(2(k+2):2) _ {0 - k+g odd
1) In (&), [ 2 ] . [ 2 " 11~ k+g even

(I1) -Suppose now m = 2k, j = 22, m+j 2 6.

(2) Moreover in (b) [m+%i ],='[2€k;£)73] = o
(1) 1 if keg odd

(ii) ~ 0 if-k+% even.
M )

(I11) - By (i)_an& (IIj Qj(£)5.j,+ deg(&) = i,'(mod.é) i's a az;cycle,

..

mj 2_1;' Also from (I) and "(IT) Qﬁ(g) is not 4 dé—c&cle{

jm =0, (mod 2) m+j 2 6.°




L

-

)

|
)

Ll

‘In_case.j'=-s—l, Qs—l is the t0p_épération, and’SquS_l(g) involves

- - "a B . . - . -~
an extra sum‘(see 1. 9 3) However, if r < 3,‘eaCh extra summand

R .
‘anOIVBS Sq*(g), which is 0, as noted above Then the ‘extra sum

does not contr1bute to the lehlda expan51ons of Sq*Q 1(&) and

-
. Sq*Sq*QS 1(F,), and the ana1y51s (I -111) applles for the top
operation. -, a
X R @ S . . Y- ' .
(B) Consider now-the monainials Q, Q. "... (¢), with s-1 > j1 z 3, j2
SR L 172 o | :
Let m = deg(d. «..)/ﬁ/// . -
o l“"" J2 . . . .
" 'The Nishida relations imply )
. , m+j1—2 m+j1—2 ' :
.(a) q*(QJ Qu - (&) = (. - Q jS‘--~(€)
L J2 2 .72
] m+i, ). m+j _
= s \(mp3,-2 —2?--- 1" mey -1 22—1 ,
| S B Q QL (®) =
- 0o - 1 S . )3
B ‘ o .
‘ . N . ’ * = .
o i ' ' . N NP : =
: - m+31-3 m+31—3 N . *
- : (b) Sq*(Q Q (ﬁ)) = 3 Q Qi .. (&)
‘- m+j, _ " S mEj
\ - m+j1—3 '2—2 -1 m+j1_2 . 22_1 : :
S S I R B SO €3
210 S T
l'll+' ] - ) ) ‘ gt
. E T2 i ‘ » ,
(1) Notice that | 2~ ='0-1if and-only #f m+j, =2 (mod' 4),
. .,.- ‘; 'A'. . 1 ! .‘; - ) 4‘ . . .
7 vhich is'pqgivéiént to -~ . L
.‘A '(i)i.m = jz'E 1, ér (mod 4); i.e:, elther
- C(i1) m =0, SPLIEE both’ (mod 4), or .
. ©(igl)” = 2, jz‘svo,_both }‘{)d 4.
";ﬂ 3 . . ‘ -
i ’-"‘ - 4
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» _ S0
(iv) ;Moreover‘m-+j2‘5~2; (mod 4) i;.éasily seenito‘be-"
" equivalent to jé4~¢eg(Qj3;..'(g)) = ?, (mod 2) which,
in caseﬂa3 > 0, 'in turn is equiyglent to
‘ jzf-js =1, (mod 2). A
. Condition (1) will bé'used oﬁgf.and.éver,'toggther‘with the binomial

m+ g -3} m+j, -3} (m+d -2). S
coefficients , . 1, | of (a) and (b), ‘to.
’ 3 ) 1 2 e .

determine ds—cyclés an& ds-boundaries: Assume through (2) ‘and (4) that

Y

condition (1)'is satisfied bysz
- 2

e (B), sl > j 2 3, s-1 > 5 > 0.
1 ) 1 : 2

(2) Letm=j, =1 (mod 2), so.that m+j = 4k+2. Then -

" m+ j, -2 - m+j, -3 4 -1) .
o ’ = 0, while |. = | # 0.
. 2' ' ' " 3 3 -

(3) Let mk-jl = 1, (mod 2). By condition (1)

: '-m+j -2 ‘ (m+gj, - 3) m+j -3 o

. 1. 2 . 1 . - ‘1 17 -

(1) S‘l*Sq* = [Q T QJ R (E;,)} = |- - |Q ) e (£)
g 1 R

' R L , n1+jﬁ -3 -m4j1-3: : _ -
(ii) Sq,(Q. Q. ... (&) =| . -° Q . 7Q .. (&) oo
L J1d20 - 3 JzJ _ R
. (iii) -By parity | T =4 . = 0. .

o » - 1] 3 '

" - e - .
B Y . El
. P - . . <

0, (mod 2). Then either

© Also by (1)

i

(4) Assume now m Ehjl‘

rm+jl-3~ T e
: . 0 if m ;‘jl; Kmod 4), o __

W

R
-

. s ’, by .
. m+ Jl.._ 2 . - N . )
PO 65 5 IR I FO043fm = jo, (modA4).” -
N . ‘2 B . =1 a” L y
R \ . ’,4\‘;' ‘. ° . “ )
- o~ = ‘n:'
. ‘ <7 Lo Py . '
. .
oy ' "
r . ; :
v ' ".




R 2P N

‘o5

e dS(Q'
3 ’; . 4 ’) . ’ ’ m+>-j »_}‘1 m+J _2 - 1 . ' . o
. -.' - - [ ” l., ]Q -1 Q :?': Q. cre (E)u# 0. _':,:

_ m+j, -3 - ' R
- { L ] = 0, since the term 2 is not in the 2-adic expansion of

‘
.

ey

(iii) By (2), (i).and (1i).(5qi5qf-+5qu(Qj
Al _ . ) _
. . | e

. m+j1'3 N
= Q Q; ... (&) £0
l2 . N
in case m = j,, (mod 2). )

>

Let us assume through (5) - (7) that condition glﬁ‘is not satisfied, and,

as above, s-1 > ji > 3, s-1> iy > 0. N

1, (mod 2). -As (I) does not hold, -

[E]

(5) Suppose m-ﬁj1

™7, 1 m-fjj_- 3 m+ jl-S :
2 #'0. Moreover = o | = 0 which gives
- : : 3. S ‘ *
1 ST
' ! ) ) 1 m+j1—2 ' 3
.. (£)) = 0. Also Sq,(Q . Q... (&) =

0, as, by parity,
12 . '

m+j’-3). - N . '
[ 1 ] = 0. We then have
I .
Y : m+j .
2

o mejo-1 —mZo1 B .
oo @) Esq et g @)
QN A . g .
. Co

o mj, -

R

e ey
ji’ (mod"4), m even. Then { = # 0. Now,
. . . ) 2 g .

3

1

.(6) Let m
i ¥

AN

,3 |

“1@+ jl-s._ We obtain B ' T T -

i .

- . m+j_ -3
; 2 1
e 5989, (Qy

L@y = g @,
‘ C ']2. o

1
) P PfJZf : " ' T A

S -y LT T T
Sq @, 2. (€)) =Q ¥ Qf Q... R
iy ] . SRR . v

1. . 3 1

b4 '." i .<‘v.:,, . ‘ar' . ) By

A
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l‘(7)_ Suppose m = jl’ (mod 4), m odd: Then'only'

m + j-l"_ 3 m+ Ji" 3

tl-
1Y)

1 is non zero. Then SR

-

Qe (€)= SAUQ L ED)

iy ' | . N
. l\"'o m+J2 -
m+ji—3 . : m+31 5 -1
=Q Q. (E) + Q Q.” Q (€)
3 J.z . )z
‘ - (C) In (A) and\LBi”We have’ analyzed d Q (g) for Jl z 3, and. . , .

d: (Q Q . (g)) when '3 < 1, 32 < s=l. We deal presently w1th .
jl,z 1,2, wﬁenfthe rest of the-conditions in (A)‘and (B)‘on jl’j2 are .-
. 2 ¢ l,;'f‘ .
“kept. . In partlcular the ana1y51s of the blnomlal doefflcxents made 1n

-

(A) and (B) applles However a dlfference between the conc1u51ons 1n.
(A) and (B) and the present ones arlses as 31 '1'2 1s-tpo small

' Spec1f1cally, we have d (Qz(g)) = d; (Ql(g)) = 0 as seen easlly from
'1.7.6 and 1.9.%. In case Q2Qj Sy, B glyes SRR
T o s T 2 S - .
v 3d3(Q2Qj211. e ﬁ:QZ-sQ‘ ..( Q§) =‘0f, Th1s ‘is dlfferent from (B 3.1)-
and B.4.iii) . Q\Slmllarly, if B(1) is assumed “then d (Q Q . (g)) L
as opposed to B(2) and B(S), where, depend1ng on the parlty of 32, the

dlfferenblal d:5 is non‘tr1V1al.

'l(D) .Through (A) (C) we assumed both 31,32 s-1, the.reason'being the

dlfferent behav1our of the top operatlon Q A compared witn the’lowér‘\;f‘
"ones, when Sq* acts on it. Nevertheless, opserve that in case of . '
, . T\ ,

Qs_l(g), (A.IV]:applies, thus making th’ extra sum 1ngSq (Qs_l(g)




oY

lﬁrivial; "(See*Thnfrl.Quzj If we. now- allow ]1 2. s5-1 and 32 = s-l,in"

- . . '

the ana1y51s (B) (C), we see that the extra ‘Sum appearlng in }3/..~ E

'-prodqces dnly d' cycles Q

gl‘+ deg(Q :;,.(g)) z ;;f(mod 2), and the'condition'B(l)=i§hsatisfied;
2y , ST ‘ i T WEg
(2 Q(e)y J+deg(€) taisaa geveles § = s o,
. ) . IR

-

IV

fareid —boquarles. From ‘this th& proof of the theorem w111 be’ if' JEINCRe I

ot

~

e

- N 3
“\ . z .
a‘_'. » " s ) ! o= .
N ~ oo . L ‘ . N . . HE) . .. - - - hgs
. . .o 1 - . . [T N
M Ve [ N . Y ) . *
o . L . [ Y . (', .
N [

] (F)"From (A) (E) we dlStlll the folloW1ng 1nformat10n

q (QJ QJ t(g)); r = 1:2»3“15‘tr1V1a1,,as comes from prbpetty
172 ‘ : B 3 "
(1 8 6) of the Browder 0perat10n A so1 Then .the whble ‘analysis of -

(B) (C) applles if Jl ="s- l or 32 s-1;

&

- o . <
- DR S . PRI
E R . - K ve . L
L]

/'5

reason is that we wanted to;deal with the blnomlal coeff1c1ents anvolved

LI N K ’ v

by a general proce ,e; as’ we 1ndeed d1d However the case m‘+J1 < 6,

‘~ a

1

4

relevant b1nom1a1 coeff1c1ents.1n (A) (D) are tr1V1aP

g K ‘i

(1) If j é’s, .0, Qe Qo il ca),ls.d cycle only iE
. 1 : Jl 32 P . ,";::, 3

- e

(3. If 11'= 1,2; 32 0, and condntlon E (1) 15 satlsfled thenx
w Ql(a), cha) are d -cycles for all £

(5) Clearly all squares (Q e (g)) are d ~cyoles.

PRI . ‘ P . T
. . . . A O -, AN,
o . ) . . . .. o . o
, . Seee

4 !

-3

“dccomplished. B R I %

' -

”:(E) Notlce that in (Az,ﬁgd (B) we made the, assumptlon m-+31 >“6 “.Then

(g), 51nce m4-31 belng small all%tﬁe.j‘su

?tG) Our next &ask is to determlne whlch of the classes llsted 1n (Fj 4?fgéx

Vo .
D 3
¥ . B J
- i .,
. ' v
' 3 . .
c L IS + . e
3 .
* s
s B L3 ‘.
. N -
s
. K . -
. o4
< e, . "
- - * o
“ . LN 4 -
I ‘ . . -
. a ~ U B
< 5 .
. o »
Foy Jebea
) ”e Y - 2 R

e
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b= 3 A
R Tae e N
N f 3 DRI
- 1o * A . - g M
\ [ 1 . . L. . - B - . -
s [ . . ° . R ‘ - 5 . - o \{.—- I

m T &\'(1) Con51der the d —cycle Q QJ .r.(g), which rsatisfies Br(l) .« -« . -
. A C R P PR S

P .
P . H -

N o . . L i,

> PR

by F (1), and assume that both 0 <! Jl, :j.z\ <‘s 1 8o that }A o T

boa : - =\ . 1 o M . A
EO KN ' ’\“ M A - *

T g +QQ .J..Eajiéh&éfined, By condition B.(1), ..*. .. i A

Coo -jé“+hdég(Q5§5%i'(g)j’£ li{(modizy,'and‘as poinfed out in FIQ1Y, ..o o .
R J N '+'de'g~(Qj'~Z"?'x” (E)):'; (mod 2)_ Then QJ +1(2J +1Q 0. (g) does, ‘no’t_’-
; ST satlsfy B (1) \smnce 32+ I +dEg(Q (P;)) 0, (mod 2}, and moi‘eover, ’
S coA] N o K 3 PRI P _'
:‘4 - e, -. ) L . ‘ '.. x::, \‘.. ‘\z -; o L e N , ], .
we .see that:_;,gis(Q +1QJ +1Q R (&)) 4 QJ QJ Qj‘ ...(E;)
Ve, S B 172 3.
. .' . S ,!" ‘g ! ’
then conditlian B. (1) forces 33 > 32 : NI .
L - .- T T J

1, 3 ‘<.'S,‘3' 'We }s)ee from

«

c 1 ear that QS
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.fneceseaty' higher openatienéi -Thi§'account§'for_part'(Zlﬁéf the

s ‘

..ment in (4) ‘This acconnts for' (1 of" the theorem.‘

e

theorem., .- - . L

P
(5) Slmllarly Q 3(g) or QS 2(‘,

J + deg(g) 1, {mod 2), and'the

:.(6) Con51der -next ds—cycles Q. Qs 1(g) 07< 3 ‘< s- 3, 1 e.,

s-1 + deg(g) , (mod. 2), by F (1) By (B), Q Q -1 can only be a

- d —boundary of QJ+3Qs 1) whlch is of the type analyzed i B (2)

, “and B. (4) | There we saw. that d (Q +;Q 1(5)) Q Q 1(&) 1f J+3 de
odd, i.e. s 1f i] is -even, ‘while- d~(Q +3QS 1(E)) 0 if- J+3 is even,,
i. €., 1f J is odd "“The. last sentence prove§ (4) of the,theorem N
| ( ) As for d3-cyc1es Q (g), ;5 J <s-3, satlsfylng ;-fdeé(g) = i,

(mod 2),‘we see frOm (A.I11) that d3Q +3(g) Q (g) . et

3

They are not d boundarles, 51nce d boundarles satlsfy B. {1)

(9) NlL classes g are d3-cyc1es, by thelr def1n1t10n and by 1. 9 5

S

)

: " and 1 9 6 as H (X ZZ) is tor510n free.« It follows ea511y'from the .

' 51mllafly for Q2(£2 1) 1f é 2 6 completlng (9) of the theOrem

lehlda relatlons that they cannot. be hlt by d3' ;‘ tf""; -'f;',’:x’?

[

(10) \1f«s >, 4 Q4 15 deflned and d Q4(£2n) Ql(gzn), ::éndl :

, 4

/

Thls completes the: proof of the ¢heofem The détermlnatlon of the

dscycles 1n Theorem 4 2 clearly applles to the case 5= 3. A‘dlffer—-

135

g (8) - Some c}asses in (3) and (5) ‘of the theorem fa1l to satlsfy the'

L Q;ndltlon B- (1) They are nevertheless d —cycles, as 1 and 2 are smalllu

:‘ :ence between the E terms of the Atyah lezebruch spectral sequences for .

Q S X and Q° S X could only%arlse when decldlng the’ d ~boundar1es ( We™ -

),‘

-

can then state‘, o

.




A A

I
“(‘Aﬂ.‘ .

TheoremudéS The Eﬂkof the-Atlyah H1rzebruch spectral sequenke

,;Pnoof The only class llsted above not mentloned in 4. 2 1s Q QZ(E

‘:dlspose of Q3 ‘and the: theorém follows

%,

4.

'H (s’z S X Z/Z) =% K (Q S X 2/2), (X as:in 4 2) has the follow1ng

- multlpllcatlve generators

: £2n’ €2n+1’ Ql(€2n+l)’ Q2(E2n+1) Q2(£2n+1)

3

'for ai.= 1,2;‘ai.$ i+l (excludlng from these Q QZ(EZn&l) and

Q2(€2n+1)) R

=

Ay

n+1)

—-If Q3 is deflned d3 (QZQS(g2n+1) Q1Q2(€2n+1),,.At present we do not .

-

A

. ﬁ‘hr . R “:‘ R A "ij

~ee %

“We glve here the eXp11c1t form of the E4 term of‘the Atlyah—

..’. } e
‘lezebruch spectral sequence H (Q S x 2/2) =p K (QSS X. ZVZ), for

5

é = 3 and-for s = 2n > 4 X satlsfles the condltloﬁs 1n 4 2. We only

h wrlte down the E term for such values of_s, 51nce only about them We

A

'w1ll be able to. obtaln more results on the spectral sequence. The

§

'”.,stamement 1s analogous to that of [Sn 6 Thm 3 6], w1thout the E

assertlon. ; ."‘ﬂi_f'g'
. . “‘
" (%% ﬂ/Z);'£> K;"(-g3s,3x;ﬂzz /2') R

\‘—- o ,_‘4 , D - . e " . . . v
2

for X flnlte, tor51on free CW complex H%re A and B are glVen by the

f0110w1ng expre551ons where € is as 1n 1 lL

b

136"

7

“\JP‘ -

. ““Theorem 4.4.. a) E; ;;Aﬁiéfinfthe'Atiyah-HirZeb;och'§pectral~5equenoeu .

2
-




- Heredeg (5 ) %1;Cmﬁ 2)., IR
Here'deg (8 Gnod 2), -0 T

o T - | .
g, . . “ - . - , . . . e .o - . .
- . e . . . 3" N L P - o

. S A R Lo

'A'_‘?‘He‘i’ei}ieg_’(‘é;)_ = 0, (mod 2). . -\‘1 e

i

£, G i, 191(€i31.'_591qgﬁ€i}?f: cnggi)) (Q2(€ )y )

Tf@l?&%%“enllt?'* ;:5

i T ,Qlca 9,056,)). : e,
-:_<". ’ ((QI(E )) cqzca )) ) ;~”"',_,‘:‘;g_;i;ig,af ;'_3?,; i

K

LS R N -
. e

- 2
< Ky
L

s :Bc‘;th:in‘.'A -and ‘B, R stands for f"p‘(‘g,lyno’miAa‘l “and E for ‘Exterior.

ks | Here 'd‘e.g (_gi) ) z _1,, ' (mod ;—2) ,‘

: wieo.
- A . - . .. R b G , . :
§. . . . . g 4.

b) In the °At1yah lezebruch spectral sequence I

oy 2 : »”

o H (Q StX ZZ/\QQ__—> K, (Q st X ZZ/2), X as, above, s even, 5.2 6,
‘ 4,~ ABB where :_"_ L ’

A =@

- ’:@ . E[(Q.‘Q .. (E )) J ‘.=f"' L
_M~J1,_l24.“(mﬁd»2) s ”3“1 32 33 o ' 3 | .

e {(Q Q, .. (sl))z] Tt
e al—az e O B ! I P SO ST ,




3y

o asss
o &, ((taai)) , (QS_SGEi)iZ,'(stl(éi))?,‘(QIQS_i(Ei))z, .
T . . ' ' L . .
. ’\F T ~':, - ::-‘ I Q2Qs-i(gi)? Q542Q5;1C€i)) 
Y X A7) AR I T G D R
. o . : ;
6| . © [B (Q Q .- (£:) ]
§ =3, (rod 2) 3173, )
. (31035) # (Ls-1).
Here deg(£,) = 0, (wod 2).
. ! ' : ) T a \ [
o (¢ For s = 4, A and B are the same as 1n (b), when the over- ’
o lapplng of classes in the polynomlal part P is s1mp11f1ed

—

A

. Proof ., . (lj Let'Q (E) be é'ds—cycle,‘j > 3. Suppose that j.is odd.
RN ’3"‘ Then Q3Q (8) is ‘of the type analyzed in 4.2.B.(2) and B. (7}“SQ that'

d (Q3Q (€)) =(Q; (a))

0, mod 2 we saw in 4 2.B. (5) that T

\

(2 ) If deg(&)

3 d3(91q2tg))'- (QI(E)) I | 'i.‘ o
"7;33 rfom 4.1’Wé-hayg' e I
3Q1Q4 (8 = gqlqg;i(g)j4;
o) ;f*aeg(t) z ifvgﬁodAQ), A.g.AtI“giva"" . :.i‘ /
‘14“*'*{~1-——-§3cé3cai) et e
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- Consider (Q; Q, et e, <, 18

132 . 1 ’2

- Q Q5 +iQf' (E) does not, satlsfy condltlon 4 2 B (1), then

- ' o ' o _ a3 2
‘vith jSQj2"J,(€)'59°h ahat j; 7 jz»-mdd'ﬂ.j

(6) If. 32 "2, by 4.2.B. (6) we get

a (QIQZQ (;)) - cQ1QJZ )

if 4.2.8. (1) does not hold for Q1Q2Q . .(g), i.e., if jz.even.

.

7 The last two paragraphs have as -a consequence that 1f 31 z 1,

. jl Z jz; (mod 2), the_class (Q. Q. . (g)) ad, —boundary.
o - o ' J1'32 ) 5.
(8) For classes Q Q . (g), 3, S 34, (mod 2), j, =z 1 we haven
: | 1 e 1 2 1 ’
bY 4.1 that d. (QlQ Q (B = (Q Q. . (&)) (1}—(8) give
) Iy B oo J1 J2 :‘f- ‘ ‘
, b), and c) l of the theorem.

(Q)‘ In case s ;AS, g?-ié not a d boundary, as there is not Q3
A . operation. The situation is"simila% for some other d ~cyc1es which
'"gi{aégj.‘Théidiscuasion ‘above gives the form of Eg‘stated in a) - ¢).

~

%
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- CHAPTER 5
EF OF THE ATIYAH-HIRZEBRUCH SPEGTRAL SEQUENCE .

FOR K, (9353x 7/2)

We state the result of [Sn 6] on the Atiyah- lezebruch spectral
.seqhence for 9283X where X is a tor51on free, f1n1te ercomplex.

Theotem 5.1. [Sﬁ 6, Thm. 3.6] .Let X be a finite CW- complex whlch is

torsion-free. Then, in the Atlyah lezebruch spectral sequence 3
H, (225°X; 2/2) => K*(Q?SSX; Z/2),

E, = E: ;AQ'B,‘ where A and B are ’

e P QD) [
t

0 E((Q}(£;))%)
N CARCNERID . }

22
. ~ \'
if deg(gi) =1, mod 2.

'@ = -
((Ql(i n* @enh

6 F((Ql(& H%)
23 .

PCE,, Ql(a.), HGRI
- 8
E:
8 if_deg(gi) = 0, mod 2.

Here P stands for polynomlal, ‘and " E for .exterior.
-, - )

We are now.in a position io‘determine the Atiyah-Hirzebruch spectrai

'sammme L




W%

: 7

-

‘H, (2°S x 72/2) = K (Q 53x z/z), _

for X a finite, torsion free CW-complex. Pér,the rest of this section

“let £ denote the classes on which the group H*(stsx;ZZXZ) is generated

by applying'the Dyer-Lashof operations.

141

Théorem 5.2. d‘.5 ='Sqf + Sqlqu is the only non-trivial differehtial‘in‘

-

the éfiyah—Hirzebruqh spectral sequence’ . . —
H, @383 z/2) = K, @%%; z/2) -

X as ih 5.1.
(Y

are
Q10 (Epen) s @ (Eands QlEgp)s @, Q- (£))°

for o,  =-1,2, a. <'a. ..
i. i i+l

.Proof.) The multiplicative generators of Ei’were computed in 4.3. They

Notice that,tﬁ% odd classes in (1)_aré4a11'infinite cycles. That Ql(g)

. - 3 .
is so is fhe éontent Qf Thm. 3:6 of [Sn 6], (see 3.22-3.25).

3

Q Q2(€2n+1) is an 1nf1n1te ‘cycle. Thi$ fact is clear when X. = Sn,Aand

' the general case may be reduced to hlS one by a result of J. McClure

The proof of the theorem will be complete if we prove that the odd

classes above cannot be- h1t by any dlfferentlal d ; 8> 3. Now, 1f

. gither Ql(g) or QlQZ(E n+1) is the image of some d1fferent1al, then so

is c*Ql(g)'or g*(QlQZ(Ean+l)),,respectlvely,,by the naturallty of the

,AtiyahﬁHirzébruch spéctral sequence. Here

P
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If o ) . ’ . .> "_ o "w‘--. ' s '—. .- ’...‘f
o, ¢+ H(2387%; 7/2) > H, @%s5x; z/2)

is the homology suspension, : ' : - ' ‘
L L2 _ 2 o o
But ¢,Q, (£) ff«i .and 0,Q,Q, (¢, 1) = Q (-"Ezn+1_)_-v and we kr}ow from .
5.1 that neither §2 nor (Q1 (052n+l))2 are targets of 'any~d-ifferentj.efl .-
. ‘ B L‘ _ . - . ) 7 . L o
in the 'épectral-“sequem:e for Q?‘SSX.
e -
o
.. -
. n’%‘j ’ [y ¢
//—'. ,A “' "
.-
- I b . .
B o o *
-
. 0 N ’ '4
o ’ v . g I3
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Lo

- with [(le"" ), (xl,.r.,

-flltered by closed subspaces{ E C X‘c F 1C’X where

) The quotients; Fan}(/pn_,lg; X = ’,D

.CHAPTER 6 . ¢

THE ALGEBRA X, (2252™1; z/2), n =1

- . o

In this chapter we ﬂetermlne K, (QZS2n+1 Z/2) "as an algebra. We

T give briefly the notions which will appear in the proofs of our resuyjts.

i

o Pq L S

R . - 1

6.1. Let C, (q) denote the space.of ordered q- tuples of llttle cubes

d15301nt1y embedded in_ Ik [Bo—V], on which the symmetric group acts
Ey N R - .

freely'._FOT-a'baSEd space X, CX is defined by " IR

CX = u ,Ck(q) x_ XY/
. o I .
921 - q,

D q-1° )] ~ [(cl,...,,cqfi), (xl,.aﬁ, xq_i)]
B

determlnlngtheequ1valencerelatlon[Ma 4] The importance of the spaces

~CkX is that they are approx1matlons to QkSkX, 1 e there are natural

maps ak :CkX > QkSkX Wthh preserve the addltive structure and Wthh are

homotopy equlvalences when X is connected [Ma 4] The space CkX is _.

S
FECX = u Culq) x; XV/e . g
o q=0" @ . 3 SRR

I - - o P v
-of this chapter. - - . . L 9f~ L T o

* . a3 o ,‘
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‘ Dk qX are called the reduced extended power spaces and ‘
'Dk?q-— C (q) Z X[q], where Y" is the union of Y- with a d15301nt . e
:_. N 5 q- .. ) . o ‘ .
base point, and XFQ]-ié‘the q—fold smésh produbt§ ;' IR v
, ’ /‘ i ) - B . N . - N
Theorem 6.2. [Sn 1}-° Len £y denote the suspen51on spectrum of a
= : : - »
-space Y. Then o - T - - . :
" o . . , '; n
z*oks‘]f'x ~ v z‘?'?D}'(' X. R
. ' v ,qzl ‘ ‘,’q '_ .. ‘i ) [ -
. .‘ . : ’ ‘ ‘ Tt >
.;}There~ape maps‘FanX x-Fkax'+ Fﬁ%kaX spch'tpat the compo51xe
Yy Fabck Emck¥b+ Fn+mC%§;+ Dk:hﬁﬁx,,
factors.through,the %pojection » i&
FICX x F'Cy +"'Dk,fnx A D..k’\mx\,.,’ ;
. .". v . C e
thus giving maps
Dk,,nxA l.)k,'mrX ” pk,m+nx" {Ma ?][ , R )
PrOJectlon for each. q of V- Dk X, and -then adjunction in 6.2 provides
, Cooqxe T
- maps e . . o : oo o
- " k k . . . ’l. . . ) . . .‘-. [
. )+ @85 X -+ QD R ) . - . . -
o g WD q,

. -

called the_Jahes—Hopf maps. Q denotes theoas§ociated infinite loop

spacei[Co-Mé~Té]. Con51der the weak infinite product I QDk X,
‘ . _ . gzl »a .
.where all but a f1n1te nUmber of coordlnates ‘arexthe base p01nt .then '

H

‘the palrlngs descrlbed above glve 1 ‘QDk' X the structure of an
' . . 3 . qu ’q ! '
E rlng Space ([ha,s], [c-C ﬁ T])

.
¥+
‘«- e e




With the notation above; in [C-C-M-T] is proved .a refined version °
v of Snaith's theorem 6.2, namely
. 8 ) . ' : 7 .
4 . Theorem 6.3. [C-C-M-T, Thm.>' 1.1]  For n 2 1 and connected spaces X, Q- .

the following is 4 natural commutative diagram in the stable éapegory

in which the horizontal arrows are equivalences

-’
: BT A o - \
22 (M Ry x afsky) X2lprqer ».v v 7D X ADy X
' r2]1 p+q=r - XoP 9
E J‘ ° -
. ‘ r @
. soksky XL .y «"p X ]
k,r
, T2 .

Here the map on the left is ioop addition and that on'the rigﬁt‘is given

by the. pairings mentioned in 6.1. Thus the stable equivalence I j
4 - o ‘ o e =1
is exponential, that is to say,:it sends sums in Zm(QkSkX) to. produsts”
in V 1 (Dk,rk). [ibid.]
Tzl - _
L : - -
6.4, We specialize»to X'= s* , T odd k = 2, in the prev1ous dlscu551on
, ( ;

SO that we are deal1ng with Q S S" T odd “e suppress the 1ndex 2.in:

the symbols D, d, and denote the components of the spllttlng of

2 r+2l .

S v, odd, by D . W1th these ‘conventions we state the result of .

’

[Co Mah- M1] on Dq, q > 1.

Théorem: 6.5. " Dr'=.8q(r—1) DI .
. S -9 . -9
. THus .Snaith's splitting 6.2 betomes

P ® N . . . St

Y




‘(L)bserve th‘at B Q?%(l)”: (Qtl:(,t)')z s0 fhét g e. 1m K for dall g € G

' and from the exact couple (1. 13) we conclude that G c ker 3.

146

Prop051t10n 6. 6 925r+2 ~ V. Equ(rfl).Dl .
- . g=1
The following result is.due to P. May. and F, Cohen [Co-La-Ma]. L:ét 4
TS U 2.3 L jel e

aJ = Ql (11)..5 H, (@7s”; Z/2), and define wt(aj) = 2° 7; extend wt by -

wt(xey) = wt(x) + wt(y). _ .

Theorem 6.7. [B-P] - H*(Dé; Z/2) c-H*(QZSS; ZZ/2) is generated by all’ ¢

monomials of wt\%q Due to 6.5 the theorem holds for

'H*(DZ; Z/2) < H (225%™ 770y if 2, QJ 1(1 l) and wt (a,) = 211

extended to deccglposegblmei‘s. as abcve. -

B. K, (QS ZZ/2), T odd

~ “In [M- -5n] Snaith and Miller computed the: algebra K, (Qs*; z/2).,

- where QS‘ is as us'ual‘th‘e',lnfmlte loop space on ST. . We will-only i éd-
‘the case r odd, which we étatc,

- Theorem 6.8. “ K, (QS E/Z) E(x 2;...), if 'T-odd.

C.'_. Determlnatlon of K (QZSZIWl Z/Z) o S ‘ .

fi o We now_have at hand the. necessary}_cnota'tions to st:.art. with i:he'. i:st;udy ’ )
of the algebra K, (9282n+1 2/2) m 21, » ' - g 3
6.9, Considcr thf; set S ’ : _ "

;"'t 2 22n+1"
G =1(QpEy” | t=2)e Hevenm ST .

2

.
-

L
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7 We will usé' these observations on G, togethér with the’ properties
1/ . . . - . L ’ L .- ~ ’ : : ) - ' A TTo.
~of the Bockstein spectral sequences for H,Z/2 and K,Z/2 and the split--
- 2g2n+1 L ive ‘the Followil
\ ting 6. 2 of Z Q S to prove the following. .
' - - : ‘ -— - , . 22n+1 :
Theorem. 6.10. Let G = {K,7Z/2 classes determined by G c H (Q S s Z/2)7%.
Then. G c il p, “(in K,Z/2). L ,
Proof. Thea naturallty of the Atlyah lezebruch spectral sequencé
. 1mplles the followmg ”dlagram convergence'' (modulo lower filtratian) )
R o | H, (2282n+1 z) .2._- sl gy
" . . i' ‘a . u‘%
(6.11)  A-H¥ i (9252““1 z/2) - - LAk
- ™~ ) »l“ , T -
" ) 2 ERTRY 2.2 '
K, @ sy R K, (@%s“™; z)
s ~
- - ’x “ e : )
K, (9252“+1 'zz/2) - o © R
The top trlangle 1s the flrst one of the exact couple for ZZ/2 homology,
_and . the bottom tr angle is the correspondlng one for KZZ/Z homology,
“(see'1.12 and 2.33‘) .’ Notiee that _f-rom the «definition.of K, - Z/2)
o given in 2.27 (see also 2.21) it is naturality of Z-homology and , o
L ,Z—K’h’omology which we are considering. ' o o
T < We proceed ‘to j:’)rovre the theorem. ' | ’ ' L I
b i From 1.17, ¢ l,(ir'n,s) = {order 2 elements} '+ {2—divisib1e,eleme_r_1ts} ‘
S : H(QZSZ“” z)";';"
L o Choose for each g e G a 2-torsion element y such that o(y) We L
. ‘ >c1a1m that y 1s an 1nf1n1te eycle 1n the spectral sequence S SV
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2 2l 2n+1 o ' o e

. “,H*(' ER ZJ => K (Q S’ ) 'For suppose there exists a differ-- |
\\ N o ) . -ﬁ&"
'entia1~d ll in thls spectral sequence for wh1ch d and

i assume furthermore that 2r+1 is the smallest 1nteger igger han 3

N

.:WIth,th1$ property. Then the naturallty of the ‘A-H spectral sequence
“implies that

e

p(d 2r+1(y)) zmto(y)) + Crerms 'in- (in EREREN (92 sz,

) . . .
Thls 1s so by Theorem S 1, which also implies that d o1 (o(y)) = 0,
: ;r’> 1 thus glulng p(d2r+l(Y)) E_im déuf We.next show that’ this forces

\
"u}' r+1(y)) = O Fot.lf_ds(z) =p’ 2r+1(y) # 0, then Theorem 5.1

= . SRR o e ‘ N

N .o

Z[ej~'QlFtlj] Q wk,.whepe the.j, 's are distinct and | -

.implies' that z

bigger than 1, and w is a square. Moreover, notice that there hust be

- an even number of factors Qlk(1), jk > 1,.at least 2 of them: +this is /.
. g - . : _ T S ‘ " .
‘so since-deg(z) is even and d.z e Dzzli ,” the component of g. - St
B P ' - o .

U51ng the Nishida relatlons (1 9.3} one checks that thls form of z-
1mp11es that. B8 d (z) £0, whlch contradlcts that d (z) ¢ im, 0. Thus

(-2r+1(Y)) " O, ° Clalmed Thls 1mp11es that d (Y) is 2- lelSlbIE,j;'

2r +1

say 2x, and it ts 2- tor31on by the 11near1ty of % re]? (repa;l the o o

choice of y).. HThen 2 +1(y) 2(2x) 0. However this COntfadicts

2 2n+1

.1.igfon'the tors&on of H (Q g° ZJ?), Thus d2 +l( )‘f 0 foftall,,

“
v

T 2 13 50 that y is a.permanent ¢YClefinw
- : S . .

H (9252’”1 Z) ===> K, (szz el sZY. .
. ;A“H ) . P . . -. o ‘IA

< N .
Looklng at dlagram (6 11) we see: that the naturallty of the spectral

~sequence 1mp11es that G c 1m Py whlch proves the theorem

s

e gy



in the component p2n

~then

" where 0 < kl, z € 4, k +‘£,

Ny ,

We are-nowaprepared to prove the'resulf which, tegether with 6.10

constltutes the maln 1ngred1ent for the determlnatlon of the algebra
2 2n+1 T ‘ : . .o e

K, (@°S ZZ/Z) S - - ) ‘.,'
] . 2n—2-~ . ‘1 . 4 ' © - .
Let X = 5 “in Theorem 5.1; then thé E_ = E, term is
- Cotomi2hapd
2 E 3 R
G K (g s gy - 3 ! — ©® (9 E(Ql(t)) ),
[V (Qu] 2

Cdeg(1) = 2n-1, deg[(Q1(1))?] - zt”2n-2.

" Theorem 6.12. The classes 1, Q (1) have height 4, while the ciasses

2 2n+1

'(QE(I))Z, t > 2 have hemght 2 in- the algebra K. (@S Z/Z)

- Proof. Inspection of. filtretion shows that 14 A Q(l) + 12,'

' A;”u e {0,1}F. . However the right member of thls equallty does not fall

n-1

4 y where 14 lies (see 6.4 for the notation).

~ Similarly, using.ehat-14 = b, we have
@) =2 @ en® e, 12(Q1(1))2;f Ql(t) + 2, Q)
L S AS(Q (1) + >\61 ; e'{O,l}‘

However none of the terms in the rlght member 11es in the’component

p2n-1 i

8 7 of (Q(1)) s whxch proveagahat (Q1(1)) = 0, Con51der now
. (Q§(1))4, t > 2. If this class is non- tr1v1al in K, (Qz 2n+1 272), ’

k" ' . Z. t.
1

o i N FENP
613 (@ (1)) =zt e ) te e, (@ F)Y
. , . 1 : . . " .

‘ 3y -
< .

1
i

the rlght member of flltratlon lower than that of (Ql(l))

Thus (Q (1)) 0 in K (52 52p+1 Z/Z), rov1ng the - t]"ﬂbrem
1 P

L] ' . . A

0 mod 2, tJ 2‘2, and with each term of
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We .prove by lnductlon on t- > 2 that (6.13)'is imppssiblg. 

For t = (Ql(l)) . ﬁ; and one chécksfthatsho yalues_bf
; A S

kis % and tj iﬁ_the fequiréd Tange are such that any - summand at the

_ i _ . o
" right of (-6.13) is in D-,. o CoTe T
Suppose (Ql(t)) = 0 for ¢ é%t-—lL;: Then in the expressionﬂé.lét'
¢ for (Q (1)) we have that if 28 t, < t fhen tj aéppearé at most oncq ’
. i : ;»1 ‘
” in the right~summahds.- Also by flltratlon, (Q (1)) appears at nost
':once in the,xight}téfms Aga1n use of 6. 7 ‘allows us to see that no -
© values Qf'k;, 2: and tj are such that a;mqnomlal o ‘_ e
- N < . i ‘. € ~ . A : R . .
K ST S ST
S O S RN C R S DS .
K . ! oo T
lles 1n D ten? which is the component of«(Qlft)).. Thus (Q1(1)) =0 -
2 ' : e T , - : o
. in X (9282n+1 Z/2) proviAngi_tlié'thﬁorein.
% .

‘ o ' nt /
J : - .
v/,‘ ’ . t l\

¥, . . “" .




H, (Q°S 2 Z2/2). /

CH(@°TT 2/2) == K, (2757

. * c i - L.
o~

e state our result on K, (9252n+1\2/2)

Theorem 6.14. "As an algebra®, o o ‘ -
2.2n+1 ,E/Z[I’Qlcl)]

K8 zz/z)s i - 9.(8 E(Ql(t)) ?),
- [QONT 22

-

_where 1 is a K,Z/2 represenyative of 'the fpndamental class. of

2.2n+1

/

Proof In‘E g,E: of-the

iyah—Hirzebruch'spectral-s'-dence
2 2n+l 2g2n+1 . yZ/2), (n - 1), stated in‘S.l,'there
A-H -7

»

.Are. two p0551b1e sources of algebra relations, namely

a) those arlslng from the 1dent1ty X. 9 ya-y- x =°Bx 3.éy) -

(2.7%. 6, 2. 27), a

b) d boundar1es whlch are non- tr1v1a1 1n Ky (9282n+1 22/2)

.8

‘From 6410 we have that if x is a ba51c generator X # Q1(1) then

(x) 0, wh11e by 6 12 1' (Q (1)) =0, so that X y4-y°x -0. for all'

&

- X and be Moreover, 6. 12 also shows that (Ql(l)) =0, for t =2, %

Thus nelther a) nor b) produce new relatlons among the multlplca-

2 2n+1

_.tive generators of K (Q S ZJZ), other than those der1ved from the

spectral sequence, whlch proves the theorem

. « -
- =%

t
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