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Abstract
fa e —————

.Three studies were conducted in order to determine the source and

frequency of children's difficulties in subtraction and tc examine
P . ,

different approaches to remediation. In Study 1, 56 third grade'
children were asked to solve subtrscti\n problems and were observed and
questioned regarding their solution processes. Anaiysis of verbal
reports and written solutions suggested that the main s0urce/of

difficulty'involved bortowing procedures. Children who had difficulty

either attempted to borrow.idborrettly or msde inversion errors, chat

N

.
»

number from the larger. Srud& 2 éxamined- two .minimally intrusive
methods of remedftation. Eighty third grade'chiidren were given either
‘ . .- | L . -

instructions to borrow, promised rewards for sccurgte performance or no

7 . . o

, intervention and were asked to solve a series of subtraction problems

R R . -t “

requiring borrowing. Neither.experimental condition\rcsuited in a'
significant increase in the number 5& problems solved correctly. - Jhose
children who initially failed to solve any problems correctly responded
to instructions with a decrease in inversion errors fnd an increase in
uoirowing errors. These results suggested that more intensive
‘instrucriou was required. In Study 3, 67 third and fourth grade
children were assigned to one of three conditions: Component skilisv
Training, Criterion Training or a regular classroom conrrol conditiou.i

The Component Skills Training condition attempted to teach the skills

required for borrowing En's step by steﬁ %ashion with, feedback wvhile.

. the Criterion Training condition simply provided feedback in the form af

-.'QL
'correctly worked solutioss. Children who solved fewer than 6ﬂipercent

of the problems correctly on a pretest significantly incressed the
p

- . "’ " |

is, they ignored the locarion of the digits and subtracted the smaller °

v .m



number of problems solved correctly on posttests conducted 1-2 days and
two weeks following training. These increases ﬁire reflected by a .,
reduction of errors involving borrowing.’ Those children é%o didrgot
coiplefe thé training prég*ans successfully showed patterns qf
performance across days qhich wvere suggestive of fatigue} boredom, or
the presence of some, other inéerfering factor. .In all, the ‘results
sdggeéted th;t intensive érogrgnning through careful atteétion to
conting&hcies, a8 well as an appreciation of how ﬁrogran variables

interact with learner éharaéteristics and development may be necessary T

for effective remedial intervention in subtraction. ] .

-
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Introduction

Studies which have examined children's arithmetic performance ’
r;veal that subtraction presents more difficulty for elementary school
children tgan does addition, at least in the primary grades (Cox, 1974;
Ginsburg, 1977; Reiss, 1943). It also aﬁpears that this problem becomes
more pronounced when borrowing is required (Cox, 1974, Ellis, 1972;
Graeber and Wallace 1977).

Althoughvit seems that subtraction is a problem area, reports of

why this 1s the case conflict. Most research designed to find effective

remedial procedures (Harvey and Kyte, 1965; Post and Reys, 1979;
” s Brueckner and Bond, 1955; Fuson: 1979; Mick and Brazier, 1979;

Carpenter, 1980; Parson, 1%73 and others) have not based these

o

procedures on hypotheses concerning the causes of errors in any

consistent fashion. Attempts td\systematically evaluate cost
7 . AN
AN
effectiveness are also absent. Boxp of these considerations are
A
jmportant 1f effective remedial progéhyres are to leave the laboratory
AN .
AN

and enter the classroom. N

. “ ~
The purpose of this thesis was twofold. ., First, a normative
investigation of the sources of children's errors on subtraction
problems involving borrowing was conducted. Second;\gn attempt was made

N

to construcé and implement a remedial program for chil&ﬁgn who had
difficulty with subtraction. My goal was to construct an\é{fective
remedial package which could be easy to administer, which woJ}d\be
appropriate for use by a classroom teacher in a regular class, a\ which .
would result in rapid improvements in performance which could then ke

maintained by contingencies existing within the classroom. This

— required an evaluation of four different approaches to remediation: L




modification of antecedent conditions, motivation enhancement,
instruction in component skil%p and use of feedback.

Although an attempt was made to draw on findings from the cognitive
and learning literaturg when designing these programs, the motivaéing
force behind this investigation was eﬁpirical. That is, a procedure
wh%ch is effective in reducing the errors of ildren selected from a
lo;al school system was sought. _ ‘

Models of Children's Solutions

The logical place to begin a study of children's errors is to
examiqe the literature dealing with how arithmetic problems are solved.
Cumulative evidence from a number of studies of children's and adultsﬁ
mé;tal arithmetic suggests a developmental prpgressfon“fré;»counting to
fact retrieval for most simple addition and subtraction prpbiema. The
evidence éomes from‘two types of research. The first type is lafggly'
qualitativr in nature and examines children's solution s;rategies for
problems involving the addition and subtraction of small numbers of
objectéﬂ(celman and Tucker, 1975; Gelman and éallistel, 1978) and for:
arithmetic algorithms (Ginsburg, 1977). Gelman and Gellfstei (1978) e
report that the 3, 4 and 5 year olds in their experiments requiring
numerosity estimatizps engaged in counting whengy;r thg opgbrtunity
presented itself. Further, much of the child's development in the
numerical sphere from about age 3 involves the jmprovement of particular
counting skills rather than the ;cquisition of many new ones. Ginsburg

(1977), following intensive observations of individual children, repoifafﬁ

v
s

the frequent use of counting procedures when children attempt to solve

addition and subtraction problems, and describes some ¢f the more

N
»
P
-

popular counting strategies.




The largest body of evidence that preséhoolers ugse counting

»

strategies to answer arithmetic questions comes from studieés examini;g
chronometric models of addition and subtraction (Groen and Parkman,
i972§'Groen and Poll, 1973; Woods, Resnick and Groen, 1975).
Chronometric analysis, based on Sternberg'é (1966 and 1969) early
research {nto psychological models of cognitive ﬁrocessing, involves the
partitioning  of reaction time into separate, additive components. This
type of analysis requires that a process such as addition be broken down
into a number of identical stéﬁs, where the response latency forms a
linear function of the number.of times a step must be repeated.for the
éélution of & prablem. Thg counting models employed by Groen and his
assoclates assumed two operations: 1) setting a counter to a value from
which to beéin counting and, 2) incremeﬁting or decrementing by one. It
was assume&4that the setting-time 1s independent of the_value to which'
the co;nter is séQ.gnd that the incrementing or decremqnting time 1s
con;tant."hlso, if/;EQ agssumed that there exits a mechanism for keeping
track of the number of times:the counier has been incremented or
decremented. |

These studies examined children age 6 to 9. Only numerals smaller
than 10 were used. Children were required to bress one out of 10
buttons (0 to 9) in response to an arithmetic algorithm’preaented on an
opaque screen.

For problems of the format a-b= , children appeared to use a

process which involves incrementing or decrementing, whichever is .

faster. That 1s, the counter is set to-"a" and decremented "b" times,

[T " "

Q Or the counter is set to "b" and incremented times until "a" is

reached. This latter proceddre was observed by Ginsburg (1977) who

p3
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] . 8
.Y : .
’ referred to it as "counting on”. For problems of the type at+b= , the

4

mod€l which best fit the data involved setting the counter to the ~ -

L)

maximum of "a” or "b" and then adding the minimum of "a" or "b" by

increments of ope. For problems of the format +b=c, the data were not

wrt

fit by any of the models-examined, although: the error rates and reaction
times were nof‘subqtantially‘different from those seen in.the other

problems. ' ) . ..

» ‘-

When problems involved "ties”, such as _+2=4, or 2+2= , or 4-2=_,

the data were not f£it by any of the models, and the short 5ehpoﬁse
K \ )

lateng}es'aqggested that, the subjects retrieved the answers from memory.
For problems of the type 4- =2 (Weods éc al., 1975), older

children (4th graders) responded with shorter latencies than youngef

ones (2nd graders), perhapas due to more e;perienc; wifh these types of

problems. This last study also revealed that some second graders used a, '
.-

model which consistently involved decrementing only. No fourth grade
subject responded in this manner, lending some cfedence to the’
suggestion that some children move from a consistent rule bound strategy
to a more heuristic procedure which more accurately reflects specific
problem demands. - | '

Around the third or fourth grade, it appears that children begin to
rely less on counting &nd more on numbgr fact retrieval in order to

solve simple addition and subtraction algorithms. Ashcraft and Fireman

" (1982) examined the performance of subjects from grades 1, 5, 4, 5, 6

and college on algorithms arranged in a xrue—false’format. They found
that chronometric models of counting increasingly failed to account for

the reaction times of subjects from grade 4 upward. Fact retrieval

appeared to be the process most relied on by adults, except when errors




R R, (Nl "

Tva
.

. P U
occurred (Ashcraft and Battagléa, 1978; Ashcraft and Stazyk, 1981).

The above studies suggest.a aevelopmencalyprogression frem a
reliance on prpcedural knowledge of counting to the use of a network of

stored number facts in order to solve simple arithietip problems. This

. pfogression,refers to children;p mental arithmetic involbing gingle

v

digit algorithms only. Also, this progression addresses only the
processing or software aspects of developing arithmetical competency.
Brainerd (1981), using small whkgual arrays of objects, presents evidence

suggesting that changes in system hardware, namely short term memory,

accounted for a greater amount of age related improvememt than

processing developments. This was most noticeably the case when the

Voaoa
encoding demands were 1arg§r and where processing demands were minimal.

However, when encoding demands were decreased (by encouraging poéitional

versus numérosity encodihg of linear arrays) and when processfng demands

.
i

were increased (sqbtractidn versus addition), pr?cessing failure
accounted for a greater proportion of ch?ldrenﬂs errérb.

In an attempt to integrate tﬁe above findings, it follows that for
the types of problems studied by Groen et al. and Ashcraft et al.,
sh;ff term memory impfovéments andvproceséing improvem;nts should go
hand in hand. That 1ig, as“short term memory capacity improves,
information regarding counting procedures and heuristics should be
handled much more efficiently (perhaps in the/encoding process) in order
to fécilitate proéeqsing. This would result in the ability to form a
petw&rkArepresentation of stored number facts and procedures from which
to d}aw 1ﬁ order to solve arithmetic p;éilens.‘ The shifé'froﬁ'a use aof
procedures by rote ‘to a reliapCf on recall of information from memory

-

begins to occur at around grade .3 or 4.
» \ :

~
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However, at this grade level, children also learn to solve more . '

- . : ) 4
tomplicated arithmetic problems presented in algorithm format. The need .
1 . ' ) ‘ _ /
SN
to "borrow™ and to “"carry” in thesa problems would be expected to

increase encoding and short term mémory demands as well as processing

. y ' .
requirements. With thegg types of problems it appears that errors could

stem from two sources. In the first, information about borrowing

procedures could be encoded correctly, organized efféctively and stoged
as a set of rules and heuristics. Errors, in this case, would most &
i&kely be the result of éailureAto,retriéve the.necessary information or
of problems in the execution of the;e.heuristics, that is, problem: in
proce;sing. Errors which result from tﬁih process would likely be

- erratic, with correct solutions interspersed by errors with different 4F'J

topographies. 1In the second source of errors, short term memory ,

Y

capacity might be overloaded by the sheer amount and complexity.of the
1nforu;ati§n about procedures for borrowing. h This could result 1in *
failure to store these heuristics, and would result in errors which
;eflect gaps in the child's knowledge about borrowing. Fallure to
develop a stored representation of heuristics (or of number facts for
that matter) could also be .a result of things like failure to organize
. . -
the incoming information to facilitate storage. (In all this, it is
assumed thét the short term memory coméonent incl#des the organization
of information for storage while 1n working memory). Ta fﬁrther
complicate matters, it 1s also recognized that difficultieg in
processing could lead to failure to develop a stored representation of
number f&gis or heuristics as weli. This would be the case where

behavioral styles, attention span, etc. contribute to incorbect enco&ing

of incoming information, or where no attempt i{s made to rehearse or

-




'fr?m an incorrect application of strategies. and rules. For‘exa@ple, one

" located in the subtrahend (bottom), the child must apply a set of

organize information while in short term mem ry or to retrieve thea:
v w ‘ N

information from long term store. As we shall see, when subtraction
problems involve borrowing, it appe&?s‘that errors maigly refiec; gaqs-
in knowledge and further suggests that children who have difficulty do
= .. . & :
not have a cémplete éetwork of stored heuristics about borréw;ﬁg; or a
else do not retrieve them. As'" resul-t, :the errors they mak‘ appear to
be the result of the use of faulty p;ocedures. "'. =

Hypotheses Concerningfghiidfen;s Errors

Although they are usually not interpreted in these terms, usé'of_

faulty procedures appears to be most frequently implicated when‘¢hildfeh .

4 " .
make subtraction errors. Ginsburg (1977) suggests that errors result’

skill req&ired to solve the problem 47 demands that the child
~-19

locate the largest number in the ones' column., ‘If it is iocated in the

S

minuend (top), the child must then compute the correct answer. If 1t is

borrowing skills, that is, he or she must borrow ten from the 4 in the

tens' blace, édd that ten to the 7 in the ones' place, then subtract 9

from 17, as id the example,

1

2

Lo
O N ’

(¢}

/.
In the case where the larger number 18 located in the subtrahend, the

chiid does4not have to\apely these borrowing'skills to arrive at gn °

-~

answer. Instead, he or éﬁe may simply eubtract the smaller number from

. ~

’

the larger, regardless of its location in the problem. Application of




this erroneous strategy results in failure to produce the correct

/ : o
answer, as in the following example,

r~
{

—
w0
.
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R This error of always subtfadting the smyller number from the larger has

" been referred to as an inverétoﬁ'efrdr (Blankendhip, 1976; Cox, 1974;
1 N '

: EREP . s
Graeber and Wallace, 1977; Smith, 1968).
Another example of children's errors in applying the correct
h 2.
procedures is taken from the many exémpleslptqyided 5y”Graé%er and

¢ 5

Wallace (1977). 1In the probleﬁ

4:714
-145

& 339 ,.

t

1

the child app;ared éo have applied some of the borfowing rﬁie;
correctly., It looks as if the child recog;ized that bogréwing was
required and he/she therefore added ten to the 4 in the minuend of the .
oneg' column iﬁ\drder to make it 14. It also appears that he/she forgo;
to reduce 7 in the tens' column to make {t 6. All computatioAs were
- 55? done correctly. Brown and Burton (1978) and Young and 0'Shea 11981)
also present evidence that prrors children maké on sugtraction problems»
requiring borrowing are the result of the use of faulty pfocedured @« .

the result of omissions of procedures.

Frequency of Errors

Studies investigating the frequency with which various types of

errors are committed differ with respect to the types of problemg usged,

the conditions under which children solve the problems, the age and




&

" subtraction problems which require borrowing.

9

»

characteristics of the subjects, the methods of assessing which types of -

.errors have been committed, and the error categories used. Given these

: V

differences, it is surp}gsing that there i{s a high level of agreement
éoncerning the mosg fréquen; source of error when children solve
!

In one of the most frequently cited of these studies, Cox (1974)
administered addition, gubtraction, multiplication and d}vision problens
to ;hildren in grades 2 through 6 and to children in speéial education
classes. Onl& the g;suits for 'subtraction will be‘presented here. In
her study, six types of‘subfraction pr;blems were preéented. These
weée:

1) two digit minuend and one digit subtrahend with no borrowing, as

in the example 3 7 |, -
-4

2) two digit minuend and one digit subtrahend with borrowing;~for

»

example 3 7
-9 ”

3) two digit minuend and subtrahend with no borrowing,
4) two digit minuend and subtrahend with borrowing,
5) three digit minuend and two digit subtrahend with borrowing in

the ones' column, for example 4 9 3 ,
-4 5

*6) four digit minuend and three digit subtrahend with borrowing in
more than one column.

Clagsroom teachers administered problem sheets to the children on a

‘weekly basis, one per week. This process was continued until all 6
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problem types (as well as proSlems from the other four Opefations) had
been completed. The children included in this study all had received
instruction in solving the particular subtraction problems used and were
?*pected to know the numberrfacts to 18.

' Judgements concerning the types of errors that were committ;d were
‘based onwthe'written sollkions.produced by each child. No Interscorer o~
reliability for tgese judgements was presented. A problem sheet was
considered t; contaln a systématic error if 3 out of the 5 problems
cont;ined errors of ghe same type., Random errors were said to have
occurred if 3 of the 5 problems were solved incorrectly but contained
different types of errors. Careless errors referre& to situations where
only one or two out of 5 probleés were splved incorrectly. The
statistic of intereat to Cox was the number of problem sheets containing
systematic errors, random errors, c:}eless errbrs and no errors. In °
addition, the types of systematic errors committed and the number of
problem sheets containing each error type were also listed.

Of interest here 18 the frequency of each typé of subtraction
error. These data were reported for each t;pe of problgm but~n6t for
geparate grades. Grades 2 through 6 were treated as one:ggpup and
special education classes were treated as another grdup. For problem
types 2, 4 and 5, that is, 2 and 3 digit problems requiring bofrowing'in
éne or two columns, inversion was the most frequently occurring type of
systematic error. When problems became more difficult,; that }s, when
they contained more than 3 digits and'requir;d borrowing in 3 columns
(type 6), multiple borrowing errors were found most fréquently (a more

elaborate definition of this type of error was not provided). 1Ia this

last case, inversion was the next most frequent cateéory'of error.

“
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Graeber and Wallace (1977) conducted a similar study with_grades 1
through 4. The children v;re tested In order to determine their
knowledge of suglraction skills so that they could befin individual
programmed instruction at the appropriate levelv(no,post—instruction
" data were provided). _Five types of subtraction problems were presentedy
with 5 to 10 problems adminstered for each type. The types of problems
were: {

1) two digit minuend and: subtrahend without borrowing,

2) two digit mingen and one dixit subtrahend with borrowing,
‘3)btw0'digit’min;end and two diglt subtrahend with borrowing,

4) three or four digit minuend a;d sﬁptrahend with borrowing in the
ones' column, . . ‘4"\\\

5) three or four digit minuend and guétrahend with borrowing in all
locations.

In an ateempt to be cqﬂﬁistent with Cox (1974), Graeber and Wallace
attempted'£o clasgify errors the same way. When tﬂree or more errors of
the same type occurred;’the error was considered systematic. Data were
again reported for all grades taken as a group. As 1in the Cox study,
tﬁe most frequently occurring systematic error_wgé iqversion.

These studiesnuséd relatively similar procedures, overlapping age
ranges and problem typeé, and they obtaifed 81?1lar reaulés. They show
that borrowiﬁg problems cause difficulties and inversion is ;he most’
frequent Bouﬂpe of error on these problems. Although the regults are
fairly cléar, thé'deflﬁifion of systematic errors poses some .
inferpretational prdblems. The definition fails to take into

consideration the actual number of times the error was committed.

Netther does it consider the number of opportunities when that error

.
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could have been committed. The classification of an error as systematic

in the above manner would not yleld much descriptive or diagnostic

.

information. For example, when a borrowing error is committed on 3 ocut

v
of 5 problems and the other 2 problems are solved correctly, a

systematic error in bofrqwing 1s” said to have occurred. If a borrowing .

error is committed on all 5 problems, agaln a systematic error is said

to have occurred. 1In the former case, the fact that some problems were

“olvéd correctly suggests that the child has some of the necessary

skills to solve the problems, while failure on all 5 problems, suggests
that the second child does not. To consider the two sets of responses
as equals 18 misleading because the source of the two errors is likely

different.

Smith (1968% and Ellis (1972) also found inversion errors to be the

’

most frequently occurring errors in subtraction with borrowing. Smith

(1968) investigated the relationship between the type and frequency of
subtraction errors and‘chlldren's knowledge of place value. Only the

]
error frequency results are relevant here. A 50 itee multiple choice

test was administered to third and fourth grade students. Each item
consisted of a subtraction problem containing 2, 3 or 4 digits in the
minuend and-subtrahénd (with or without borrowing) and 4 possible

8

answers. Errors on the gubtraction test were classified into eleven

categories based on which of the responses were selected by the subject.

r

No detailed description of how these error selections weré made was

provided. Neither was information providéﬂ.concerning the reliability

£

. of th¢se€ selections.

Results showed that 70 percent. of the grade 4 and 80 percent of the

grade 3 pupils committed one or mare systematic errors in subtraction

L4
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(systematic errors Qere again defined as any error occurring three or
more times on a particular test). Inversion was found to be the most
frequently occurring systematic error,rcomgitted by 58.5 percent of all
students. i

This study, like that of Cox (1974) and Graéber and Wallace (1977)
used systematic errors as the dependent measure and therefore poses
similar problems of interpretation. 1In the absence of criteria for
making error classifications, it 18 hard to evaluate whether errors were
reliably classified. For example, if children did not actually attempt
to compute the correct answer for a gubtraction problem, but {instead
gimply wrote down an answer, no Information about how the child arrived
at this aﬁswer would be available. A subsequent classification of the
*child's choice as a particular type of error would seem, at least to

v

this author, to leave a wide margin for error.

Ellis (1972) bresented gr;de 6 students with screening gests
congisting of 8 different types of subtradtion problems. The most
simple type of problem containéd a two digit minuend and a one digit
subtrahend‘pnd required'no borrowing, while the most difficult type
contained 5 digiés in both minuend and subtrahend and required borrowing
in three columns. On the basis of performance on this screening test,
those students who "... demonstrated the ability to perform some of the
tasks Put had difficulties in some areas” were selected for further
study. Those students who made errors on every problem were excluded

from further study. N
' ) . ‘
Subjects were given diagnostic tests containing 3 problems of each

of the 8 types used on the screening test. Twenty-four problems were

presented in all. FErrors were, as in the previous studies, obtained
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from written records and no inter~scorer teliabi}ity vas reported. No aQ
priori error categories were defined.

The results showed that, in general, proslems that did not require
borrowing posed few difficulties for these children. However, borrowing
problems did cause difficulty. Across all types of problems, inversibng”
accounted for 26 percent of the total number of errors committed.
Twenty—-seven percent of the errors involved 5 different types of
incorrect borrowing procedures. Ten percent of the errors were due to
failure to recall the correct number fact. .

The four studies reported here,have been described in some detail
becauge they are among the’few error frequency studies to provide more
than a bare minimum of procedural information. Although procedures
differ between studies, the basic methodology seems to be to present N
children with different tybes of subfractionlproblems and to analyze the
written solutions in order to determine the type of error committed.
Despite differences in error categories used, the types of problems
used, etc., these studies all agree that inversion errors are the most

frequently committed of all errors for primary grade children when

] borrowiﬁg is required.

"Other investigators have suggested that failure to recall the co
correct number facts is8 responsible for mqst errors in subtraction
(Engelhardt, 1977; Morton, 1925; Williams and Whitaker, 1937). These
,stgﬁies are sketchy in theilr reporting of procedures and results.’
Conclusions must, therefore, be limited.
Engélhardt (1977) presented grades 3 ind 6 pupils with 84 addition,

subtraction, multiplication and division problems sefected from the

Stanford Diagnostic Arithmetic Test and ag>iszj/the solutions for
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errors. Error frequency information was not presented for the
indiYidual Opefations and inter-scorer reliability was not reported.

\erliams and ﬁhitaker (1937) administered the Buswell-John
Diagnostic Chart for fundgéfntal processes in arithmetic to 516 fourth
to:eighth grade children. The subjects were required to speak out loud
when solving the problems and the investigator wrote down the types'of a.
errors:thab/;g;zi;ommitted. No- information about how errors were
classified was provided. Data were reported as the percentage of pupils
having difficulty with the various subskills, although the criteria used
to evaluate "having difficulty” were not presented. ’

Morton (1925) administered 32 verbal arithmetic problems to fifth
and sixth grade pupils and divided their solutions into 8 error
categories (subjects were required to write down and solve the
problems). Rules'for assigning responses to error categories were not
presented in detail, and no information about the types of problems or
the operations involved (addition, subtraction, etc.) was reported.
Morton found that "procedure wholly wrong or entirely inadequate” was
responsible for more than half of the errbrs committed, whilé errors in
computations were the second most frequent errors observed.

The most complete evidence suggests that inversion 1s the most
frequent source of errors. for children when solving subtraction problems

which require borrowing. There is little information available about

the persistence of these errors over time. After a one year interval,
Cox (1974) retested her subjects who had initially made systematic

errors. She concluded that chiidren do commit systematic errors at a
later point dn time, although a close 1inspection of her data indicates

that only.l4 percent of thé‘group she tested (those who initially made

J
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‘inter-scorer agreement when error judgements were used. Given that it

16
systematic errors comprised 13 percent of her original sample) made the
same systematic error upon retesting. A coné&derable amount of learning .
probaﬁly occurred throughout the year, suggested by the finding that 44
percent of those who originally made systematic errors made no error one
year later. However, it is interesting that many children did not
benefit from classroom Instruction over the course of a year and
committed the same type of systematic error. It might be more
informative to examine the actual number of occurrences.of errors in
order to obtain a more gensitive index of how persistent subtraction

errors are.

None of the studies reviewed above addressed the question of

is gsometimes difficult to determine which type of errorywas committed
from examini;g the solution alone, Iinformation concerning the ability of
two raters to agree on the likely source of an error would be helpful.
It shquld be noted, however, that the pregsence of adequate Iinter-scorédy
reliability does not mean that the observer may be sure exactly what the
child did to reach his/her answer. High reliability simply reduces the
amount of error varilance attributable to observer variables.

After reviewing research on children's arithmetic errors, Burrows
(1976) observed that many authors recommend the analysis of written
solutions be accompanied by a diagnostic interview. With this
procedure, children are questioned about how they solved the problems,
and their answers are compared with the written solutions in order to
determine the source of the error‘(Brueckner and Bond, 1955). This

technique should yileld more detalled and reliable information than the

"solutions only” approach. ,However, the interview technique is
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extremely time consuming and tiring for the child, requiring extensive
questioning on an individual basis. And there is always the possibility
that the behavior of the children 1s different in this situation than
under more normal classroom conditions.

The decision about which procedure to use, that is, whether a

"solutions only” versus a combined method is in order, must reflect the

5

intent of the investigator. When it-is important to obfain descriptive
information which 1s as reliable as possible and when testing time is
unlimited, the combined method might be more appropriate. In'any case,
the investigator should maximize the reliability of the method chosen by
using precisely defined and discrete error categories and by making the
necesgsary reliability checks.

Inversion appears to be the most frequent source of errors iﬁ .
childen's subtraction when borrowing is required. It 1is nqt elear,
however, how persistent these errors are, either at a particular point
in time or over a giv;n period of time. Whether children's errors have
the:consistency which would reflect gaps 1in knowledge or whether they
are more erratic, characterizing problems with processing 1s, therefore,
not clear. Blankenship (1976) and Smith et al. (1973) pgint out that
two types of chiléren exist. These children have different profiles
which suggest different causal mechanisms for errors and different
methods of remediation. The first group make errors on all problems and
requiré direct instruction in order to eliminate these errors. This
suggests that these children have éags in their knowledge about correct
procedures. The second group makes errors on some problems, but also
solves some problems correctly. Contingency management is the

recommended remed‘al procedure here, suggesting that faulty processing
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%s the source of errors and errors may be reduced by facifitatingi
attention to correct procedures.
T The purpose ofjstudy 1 was to determine which type of subtraction
error occurs most frequently on problems that requitelborrowing for a
local sample of children. Children were placed into two groups on the
basis of the number of correct solutions, as suggested by Blankenship
(1976) and Smith et al. (1973). Group 1 children were those who had
made errors on e@ery problem while Group 2 children were those who had
made errors but solved some problems correctly. Thé type and frequency
of errors fo; thesg groups were examined in order to address the

question of differential mechanisms for errors, as described above.




Method

Subjects

Fifty-six third grade qhildren (28 male and 28 female) were

selected from two elementary schools in lower middle class areas of

-
4 .

.
London, Ontario. Children were selected on the basis of parental

consent. Grade three was used because it is the first grade in which
‘childrea are giveﬁ instruction in borrowing on subtraction problems as
part of.the regular mathem;tics curriculum. The mean age‘of the
3ubjects was 8.9 years. All children were exposed to and were expected

to have learned the subtraction facts to 18, and were experienced in i'-
I )
' 6

trying to solve problems of the type described below.

Procedure

The subtraction problems consisted of three digit minuends and

three digit subtrahends and required borrowing from both the tens’' and
hundreds' columns, as in the example

547
259

.

Problems were compogsed of the digita 1 to 9 inclusive, and those used in
each problem were selected at random. Two test forms (A and B) were

- constructed, each containing the same 20 problems arranged in a *

.

different random order.

For the initial testing, half of the subjects were randomly
P
assigned form A and the “other half form B. Each subject was
individually tested by the examiner, and each testing session lasted

«~

from 20 to 40 minutes.

4

Subjects were told that the experimenter Yi;hed to learn how




w o 20
children solve subtraction problemé. Each child was seated at a,table
and was presented with one 4x6 inch slip of white paper on ihich was
written one subtraction problem. The child was given a penicil and was
asked to solve the problem and to try to get the correct answer. When
the'child had solved the problem, the paper was turned face down on the
table and the child was preéenﬁed with a second slip of paper’, again
containing a subtraction problem. Testing continued in this manner
until ail 20 . problems had been administered.

. During administration of the test, the examiner was seated beside

the subject on the opposité side of his/her writing hand in order to

observe the written onses. After the child solved the problem, .

he/shs _was ask how each digit of the answer was obtained, moving from'
ens' to the hundreds' column. All questions were
presented in a nonspecifié manner, such as "How did you get the answer
here?”.

The above.procedure was repeated with each child following a three
to.four week intervali This was done primarily to determine whether or
not the sgame e?rors were repeated after a short time interval. All

subjects were tested using an alternate form.

Error Categories‘ *

In order to categorize errors, verbal reporté were compared with
the»writtenlprotocols fo? each subtraction probleh. If the examiner's
judgement of error type based on the written solution conddrmed the
ghild'a verbal report; theAerror4was recorded as such. When the error
could not be -determined on the basis of the written answer, the child's
description of his/her procedure formed the basis for the error

—_

categorization. In cases where a discrepancy existed between the



child's report and the examiner's judgement, the latter was used to

determine the type of error committed. The error categories used are
listed below along with their descriptions.
i) Counting error: the child indicated that counting was used to

get the answer and the solution indicated that the answer was computed

incorrectly, as in the example,

2) Number fact error: the child indicated that he/she retrieved
the answer from memory with a statement such as "I just knew it", and
thé written answer indicated that the difference was agaln computed
incorrectly.

3) Inversion efror: the child indicated that ;he smalle; nunber
was subtracted from the larger, and the written solution verified this,
as Iin the example,

2 45
129

[y

2.4
4) Borrowing error: this error was recorded if the child indicated
that he/she applied a sequence of steps to the,solution of the problem

which was not explicitly taught in the classroom. The error occurred

gsomeWhere in the borrowing process, for example,
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-

s 5) Other: . thid category included errors which, as described by
subjects, or as shown by written work, did not fit any of the above
categories, as in the example,

245 245
-129 -129
100 37 4 .

In some situations, it appeared that more than one error had been
‘committed -on a particular problem. In these instances, all errors

committed were recorded. For example, in the problem
i 245

-129

125 |,

- the child stated that she subtgacted thé‘;maller number from the larger
in the ones' column. The answer "5" suggests that the child must also
vm?ave cé?mitted a computational error here. Because she indicated that

! she counted on her fingers to get'the angwer, a countinglerror was also

recorged in addjition to the 1ﬁversion error.

Dependent Measure

There were three opportunities for number fact, counting, borrowing
and other errors to occur in each problem, one in each of the ones',
tens', and hundreds' columns. However, inversion errors could only
occur in the ones' and tens' columns.. In order to take into account

. this unequal opportunity for occurrence, the dependent measure for each
type'of error was the number of erroré divided by the number of

opportunities for it to occur.
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Inter—-Observer Agreement

A second observer was trained by the experimenter in the
categorization of each type of error. This observer was provided with
written descriptions of the errors and was then presented with exa;ples
of each type. The observer then practiced making error judgements which
vere based on written and verbal protocols of subjects (obtained dqring
pilot testing)¢ During the experiment, this observer was seated across
from the subject and recorded'explanations given by the subject for each
answer. Occurrence agreement between qbservers for each type of error
was calculated using thé formula:

# of agreements of error type x 100.

# of agreements plus disagreements
‘w

This information was obtained for 20 subjects.

i



Results .

Inter—Observer Agreement ' o .

Inter-observer agreement for each type of error was as follow:a q
inversion errors, IOOi; number fact errors, 100Z; counting errors,
97.8%; borrowing errors, 93.8%; other errors, 100%.

Error Frequency

¥

The number of problems solved correctly and‘tpe.frequency of each °
error type (expéesséd as a percentage of the number of opportunities, for
occurrence) for the 20 subtra;tion problems are presented in Table 1. -
‘Inspection'of Table 1 shows that, at initial testing (Time 1), 11
gubjects did not sova’a single problem correctly. Also, 27 subjects

made more than one error but solved at least one problem correctly.

Insert Table 1 about here

The absence of correct responses for some subjects ‘suggests that these
children may be different in some way from those who solve problems

correctly as indicated in the Introduction. If so, pooling these two

. .
r_

subgroups in an analysis of errors might mask potentially useful
information. It was decided, therefore, to investigate possible

differences between subjects who solved no problems correctly and those
A _ p .
who made errors but also sclved at least one problem correctly.

-

The number of errors as a proportion of the total number of
o

possible occurrences for each error category are presented in Table 2.

Group 1 refers to those subjects who erred on gvery problen.

. ' Insert Table 2 abOut(E;re W

. /
Group 2 referg to those who made more than ;Eé‘effor but solved at least '
one problem correctly. For Grpoup 1, inversion errors occurred in-over .

’, .

24

-1




23220000000523032
[3a]

Ad

002302002000000

_ Other

000020000
-t

Borrow

SCwnwooNOoOOOO

Coocooocoooo

4
Coocoocomoo0

Inversion

No~NOoOODoOoOOoO

Counting

Ny™NoOoONOoODOCOO
(g

-

OO NI NOONNG O

Number

VONNNNOOOO
-~ .

* Correct

ey
o]
x
[=]
1)
-1,
&4
~
=]
R-3
‘o
[
o,
(]
£
&
E
>
—f
-
7]
[]
-~
~
O
(&)
-]
o
>
—
<O
w)
cw°
=]
(7]
~
0
[<)
bt
A
Gy
=)
3
z

# Errors Committed for Individual Sybjects

Table 1
Error




’ 26
°  Table 1 (continued)
Error # Correct Number Counting Inversion  Borrow Other
Fact '

Time 1 2 1 2 1 - 2 1 2 1 2 1 2

Subject . b
46 1 0 0 0 45 8 3 50 2 0 13 3
47 - 4 14 15 7 15 2 3 0 0 0 3 3
48 12 0 2 3 10 2 0 43 0 7 3 0
49 0 0 3 8 0 2 50 50 5 3 2 .5
50 7 17 0 0 27 3 5 3 0 0 0 0
51 18 15 0 7 0 ) o 0 0 0 3 2
52 19 o 2 0 0 2 0 50 0 0 o o0
53 20 - 13 0. 3 0 3 0 5 0 2 0 2 -
54 0 0 5 0 18.. 13 50 50 0 0 32 35
55 14 0 3 0 10 0 0 50 0 0 0 3
56 ° 15 0 3 0 7 2 0 100 0 0 0 0

number of

*Proportions of errors were calchlated using the formula:

errors/number of opportunities for occurrence. For number fact,

counting, borrowing and other errors, the number of errors committed was
divided by 60 (3 opportunities for occurrence in each of 20 problems).

For inversion errors, the number of errors committed was divided by 40.

All proportions were 'rounded to the nearest whole number.

4
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Table 2: Mean Number of Probléms Solved Correctly and Mean Proportion

Group 1

Group 2

Group 1

Group 2

of Errors Committed for Group 1 and Group 2

Time 1

# Correct Number Counting Inversion Borrow Other

Fact
0.00  1.96 4.50 90.90 .45 3.04
12.04 3.95 7.40 L) 1.17 2.10
Time 2 ’ ¢
0.00 2.85 3.56 90.72 .45 3.79 i
11.%1 2.29 4.01 18.50 .93 1.91
-l . <
, ry
- L )
|
- . \
' : . \
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90 percent of all possibie 0pportunities.‘ A dependent t test indicated
thaf the proportion of inversion errors was greater than that of all
other error types combined, t(lO)-16.0s, p<.00l. It appears that
inversion wa; by far the most frequent source of error for those'
3ubjebt§ who made errors on every problem. Table 1 shows that Group 1
subjects usually made inversion errors to the exclusion of almost all
‘other errors. r

For Group 2, more non-inversion errors (counting, number fact,
borrowing and other) were committed than inversion errors, t(26)=z.54,
p<.001. 1Inspection of Table 2 shows that counting was the most frequent
source of error. There waé\no significant difference between the
proportion of counting and number fact errors, t(26)=1.7, although
counting errors occurred more frequently than inversion errors,
t(26)=4.23, p<.001, than borrowing errbfs, t(26)=3.69, p<.001, and than
other errors, t(26)=3.49, p<.0l. '

Error Consistency

t

Subjects were retested after a period of 3 to 4 wegks in order to
examine changes in subtraction performance. During initial test;;g
(Time 1), all Group 1 children made inversion errors on every problem
(In Table 1, a 50X frequency of inversion errors indjcates that an
inversion error gas committed in either the ones' or fthe tens' column of
every problem, but not in both columns). When retested follow}ng a
three to four week interval, all 11 children again erred on every
$,Ef°blemﬂ Ten children made inversion errors on every problem while one
child made inversion errors on 19 problem; and a counting error on the

remaining problem. The probability that a Group 1 child will make

inversion errors on every problem one month later was .91.
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Of the 27 children who were assigned to Group 2, 16 fall into this
category at Time 2. Five subjects improved their performance to 19 out
of 20 or 20 out of 20 an& were no longer considered members of Group 2.
Six subjects made errors on all problems, and qualified as members of
Group 1. The probability that a child initially categorized as a member
of\Group 2 will remain so after one month was .59. The retest
perfofﬁance of children in both Group 1 and 2 is shown in Table 2.

*
Sex

-4

0f the 11 subjects-who initiali& fell into Group &, 64 percent were
male. Of the 27 subjects composing Group 2, 30 perceént were male. And,
of the 18 who were excluded from the study on the basis of 19 or 20:oﬁt
of 20 problems solved correctly, 72 percent wefe male. 1;’ap§ea;; that
more males than females experienced extreme difficulty with-sugtraction
and also demonstrated mastery of subtractiéﬁqat time 17

Subjects who solved no problems correctly at Time 1 committed
inversion errors on every problem. Almost all of these subjects
repeated this pattern a month later. Computing the correct answer-
number fact and counting errors - gave Group/ff

more trouble than any of

the other skills. These children were more likely to change their

number of correct responses after one month.




* Discussion
The finding that Group 1 children committed more inversion errors
than any other type m;y be consistent with findings of Cox (1974),
Graeber and Wallace (1977) and Smith (1968). However, whether or not
subjects in these studies were equivalent to the Group 1 subjects
examined here is not known. In the absence of specific selection

criteria, it is likely that the earlier samples included a mixture of

hd b

Group 1 and G£0up 2 children. In that case, it may be that Group 1
subjects were responsible for the high freq;ency of Inversion errors
found in these studies.

G;oup 2 children's difficulty with computations may support
findings of Engelhardt (1977), Morton (1925) and Williams and Whitaker
(1937) who reported that number facF errors are the main problem in

.children's subtraction. Engelhardt and Morton did not use interviews in
order to obtain errgf frequency information. In those studies, counting,
errors could not be distinguished from number fact errors. Williams and
Whitaker, although using aé interview technique, did not report how
errors were categorized. It seems likely thg£ counting and number fact
errors were grouped togéther and reported simply as number fact errors
in all of these studies. Whether the subjects used in these studies
could be categorized as Group 1 or Group 2 is again unclear, however.

To say that the findings of the present study are consistent with these
earlier investigations may not be accurate for thig reason. Ellis
(1972), on the other hand, did use only Group 2 subjects and found that
inversion was the most frequent error, a finding not supported in this

study. ‘

It appears that the separate analysis of errors for Group 1 and
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and Group 2 subjects may help to explain some of the inconsistencies in
the error frequency literatu;;. Gropip l'clearly demonstrated a
different pattern of behavior than™Grpup 2. The errors of Group 1
childrgn were much more consistent both at one point in time and again
after a month compared with those of Group 2. This consistency over
time is especially disturbing given .that subtraction with borrowing had
been reviewed in class between initial testing and follow up.

Besides consistency, another feature that differentiated Group 1
from Group 2 was the type of error that was mogt common. Group 1
children tended to make procedural errors on every problem. That is,
they’subtracted the smaller number from the larger to get the ans;er
when the appropriate procedure 1nvolved borrowing. Group.2 children
made more computational errors - number fact and counting - than any
other type. They made relatively few errors involving incorrect
solution procedures (1n;ersion or borrowing errors).

The consistent pattern of inversion errors observed in Group 1
suggest three possible causes. The first two reflect gaps Iin their
knowledge about borrowing. The children may have made no attempt to
borrow becausé they did not have the necessary skills in their ' '
repertoire. . Instead, they may have used an available alternative which
was to subt;act the smaller numbe; from the larger. Alte;natively,
these children may not have recognized the conditions where borrowing
was appropriate. For example, borrowing may have been under the coptrol
of teachers' instructions to borrow, or under the control of contextual
cues (such as written instructions or the type of lesson presented in

class that day) rather than the actual characteristics of the problems.

If this is the case, in situations where these extra cues are
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unavailable, Group 1 children may slmply subtract the smgIler number
from the larger. .
0f course, another possible explanation for iﬁversionlerrors 1s
that Ggoup 1 children were not moti;ated to apply their borrowing
skills. This situation could occur because tﬁe contingency structure in

<
the regular classroom usually reinforces problem completion or time on

task rather than accuracy. Feedback regarding the accuracy of solutions
1s rarely immediate, while escape from the unpleasant or boring task of
solving problems, as well as teacher attention, often follows problem
completion. As a result, children may have'applied an easier strategy
of subtracting the smaller number from the larger because it helps them
finish faster.

. This'mqtiéation hypothesis may also explain the erratic performance
6f Group 2 children. Both the stimulus control and aSsence of bﬁrrowiqg
skills explanatibns used for Group 1 do not explaia the errors committed o
by Group 2 because théy do apply the correct procedures some of the
time. They do this even though additional cues regarding the ,
requirements of the problems are absent.

Group 1 chiléren may commit errors}because correct borrowing occurs

only in-tbe presence of stimuli not.useé-in this study. If so,
providing these chi}dren with instructions to borrow might result in a
decrease in the number of inversion eérrors committed and an increase in
the number of problems solved correctli. However, if borrowing skills
are pot in the child's repertoire, presentation of 1nstructions,fo
borrow might have the effect of changing the fype of errors commitéed. ~
Instead of making inversion errors, these childrenlmight attempt to

-

borrow but make errors doing so.

4
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1

Children (Group 1 and Grodp 2) may have not been motivated to solve

problems coxjréctly because reinforcement was got contingent upon correct ’

solutions. 1In this case, the provision of -contingenciés for accuracy
might increase the number of problems solved correctly. This latter
approach has been examined by several investigators. Marholin and

éteinman (1977) compared the effect of reinforcement for on task

behavior versus academic rate and accuracy. Eight special class

-

‘children were given teacher attention and points contingent upon periods

»

of on éask behavior and on increases in academic performancé. These
points could be excﬁanged for free time. They found that the number of
addition, subtraction, muléiplication, division and word problems
completed and the number of corre;t soiutions were highest when
reinfﬁrcement was contingent on rate and accuracy. These findings
applied to situations where the teacher was in the room as well as
outsiée. ' |

In an earlier study, Ferritor et al. (1972) examined the effect of *
c0ntidgenc1ea for on task behavior (at;ending), correct soiutions and
for both. Subjects were third graders who were disruptive in the
classroom and who demonstrated varying levels of arithmetie ability.
The children worked on addition, subtraction, multiplication-and
division problems for 20 minutes eacﬁ day and received tokens for target
behavior. These t;kena could be exchanged fotAtangible backup '
reinforcers such as candy, gum, small toys, etc. Results showed that,
as In the Marholin and Steinman study, contingencles for attending had
little effect on the accuracy of solutions, while contingencies for

accuracy resulted in an increase in the number of problems solved

correctly.

In a study by'Copéland et al. (1974), the school prinéipal praf%ed
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three graée 5 pupils for criterion performance in reading and

’
4

arithmetic. Increases in the number of words read correctly and in the
number of addition problems solved correctly were found relative to a

. L
condition where the students were given drill in reading and arithmetic.

The authors then re?epted this procedure with two grade three classes.

»

Students were given X datly problem sheet containing 100 addition
problems. Each day they also received feedback concerning the number of
problems solved correctly the previoﬁs day. The names of those children
who improved their scores from the previous day or who were among the 5
students with the highest scores were placed on a.lisg. Twice weekly
for three weeks, the principal entered the classroom and asked the
11§ted Studenté to stand. The principal then praised these students for
théir academic perfofmance. As expected, this-pfocedure resulted in an
increase in the number of;@roblems solved cArrectly by both classes.
Broughton and Lahey (1968) examined the effects of response cost,
positive reinforcement, and a combination of the two on the academic
performance of fourth and fifth grade remedial maghkmatics students. In
the paseline condition, the teacher walked around the room and monitored

each child's work. Check marks were placed under all correctly worked

problems and Xs were placed under all incorrect responses. Positive

comments were made for correctly worked solutions only. During the

' reinforaement condition, the £eacher behaved exactly as during baseline.
In addition, children were given one point for each correct response.
These points could be traded later for free time activities. In‘the
response cost condition, the‘children began with 20 points and lost one

point for each problem solved incorrectly. In the mixed condition,

subjects began with 20 points and lost points for problems solved

]

.
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incorrectly as well as gained points for correct solutions. Results
showed that all three treatment groups solved a greater percentage of
problems correctly than the control group. Gains were maintained in
response cost and reinforcement conditions‘during a two week follow up.

Harris and Sherman (1973) found that when contingencies were
provided for 90 percent accuracy, the power of an arithmetic tutorial
procedure was enhanced for fourth grade children. TLovitt and Esveldt
(1970) used a procedure where successively more rapid response rat§s>
(number of problems solved correctly per minute) were reinforced by
correspondingly greater payoffs. Compared with a fixed ratio
reinforcemeﬁt schedule, this procedure produced an increase in the. rate
of arithmetic problems solved correctly. Chadwick and Day (1971), in an
11 week study of minority children agé 8 through 12, examined the effect
of systematic reinforcement for reading and arithmetic accuracy. A
condition where social and tangible reinforcers were awarded for
reading, spelling and arithmetic accuracy was compared with a condition
where reinforcers were awarded noncontingently. Contingent
reinforcement resulted In increases in time on task, accuraﬁy on\{zi?e
tasks, and in an increase in the rate of task’ items completed. Accu;;cy .
and rate increases were ma;ntained'by teacher ;ediated gocial
reinforcement alone.

These studies‘which attempted to Iimprove arithmetic performance
through the provision of positive reinforcement utilized fixed ratto or. S
variable {atio reinforcement schedules. 1In these cases, the number éf,
correct solutions or the rate of correct splutions were tabulétédd.‘
following the completion of an assigned number of problems.

Reinforcement was then provided. These procedures were continued over

£
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a

a number of sessions with reinforcee&nt alwaysccontingent on a specific

number.or rate of correct answers. Visual displays érovided in some of
these gepofts, héweqpr, suggest tﬁat subjects' performances improved
during the first session, before reinforcement was qctually delivered.
In this case, enhanced motivation resulting from the promige of reward
fo; correct angwers may have been responsible for some of these
"reinforc;ment" effects.

This motivation-reinforcement distinction 1s an important one.
When reinforcement 1s provided on fixed or variable ratio schedules,
desired behavior is shaped‘and undesired behavior eliminated through
joint processes of feedback, increased motivation an& extinction. When
performance improves following the promise of reward alone, the skills
and knowledge required for égrrect resbonding are alréady presgnt. In
this case, the éromise of reward probably serves to increase attention
to the selection and execution of:coffect'prqcedures.

The purpose of.Study 2 was to iﬁ;estigate the effects of

s

instructions to borrow and the promise of reward for correct solutions

on the number and types of éuﬁéracﬁion/errors committed by Groﬁp 1 and
Group 2 children. A second purpose was %6 reéplicate the findings of

Study 1.

+

- In Study+2, the large number of subjects required and the limited
amount of time these children could be absent from the classroom
precluded the use of diggnostic interviews in determining the type of
errors committed. .Therefore, the error categories used in Study 1 were

modified to help keep reliability as high as possible. It is usually

impossible to differentiate counting and number fact errors on the basis
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of written solutions alone. Therefore, these two categories were jolned
tg{fog@-a new category calledQ"computational errors”. Inversion errors
~C L
are easily identified on the basis of w;itten solutions alone, so this
category wﬁs retained. Borrowiﬁé errors can also be identified by
examining a child's written solutio;g, although, as is the case with all
of thése error categories, exclusi;n of Iinterview information sacrifices

some descriptive precision. : , .

¢




Study 2

Method

Subjects

On the basis of parental consent, 134 grade ‘three children were
/ ’ .

selected from 6-elementary schools in“ower middle class areas of

Lond;n, Ontario. Of thisdpriginal sample, 80 subjects were selected for
further study using the criteria E;scribeﬂ'below. This final sample
included 30 males and 50 feﬁales. ‘

As in Study 1, all children had been exposed to and were expecteq

to have learned the subtraction facts to 18 as well as how to solve the

-
-

type of subtraction problewmg used in this study.
Items

The subtraction problems consisted of 3 digit minuends and
subtrahends and were of two types. The first type required borrowing
from the tens' column, as in the example,

546
-239 .

‘
The second type required borrowing from the hundreds' column, as in the

example, r

348
-163 .

All problems consisted of a random selection of digits from 1 to 9
inclusive, with the restriction that‘the digits selected meet thé
specifications of the item types described above.

* Two test forms, A and B, were constructed. Each form consisted of

a random ordering of the 10 subtraction problems, 5 of each fype. Each

form contained a different set of problems.
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Design &

ﬁal subjects were randomly assigned to complete either form A or
form B. On the basis of -pretest performance on these problems, subjects
. were classified as‘belonging to efther Group 1 or Group 2. Group 1

subjects were those who erred on eQery problg‘f,/;roup 2 subjecté were .

LS

those who made more than’one error but who solved at least dne problem

A .

correctly. Following the pretedt, subjects were randomly assigned to

either a Reinforcement, Instructions, or Control condition, _Following

. the experimental méhipulatioh, subjects were administered an alternate

-

form (either A or B) of the subtraction test as in the pretest. This
constituted the “posttest. The design, then, was a 3 (experimental

cogpdition) by 2 (group) factorial, where subjects were nested in

experimental condition and in Group. *

Procedure . ’ ) ,
Pretest (
oL . —— -~ e

.-Subjects ée;e selected from, their classrooms by their teacher and”

. ! sent to ;n experimental room in.groups of 4 to-6. When they were
seated,.the experiﬁente; presented them with the pretest, along with
instruction to solve the problems.~ Following the pregest,asubjects we
presented with the alternate test form and ghe inatructions_fbr the

! -

o selected experimental condition. .

~

Motivation Control ) ’ . ‘ '
= Subjects in the Motivation Control condition were shown a table
- containing various small toys, candies, pens, pads, toy jewellery, etc.

-4

Begide the 'oys was a.chart listing the number of correct solutions out

S “

‘. "
of 10 req irpd”E? earn a particular toy. The examiner told the children
7~
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shat these toys were to help them to do their best to answer all the

v
o

questions correctly., The examiner then read each item on the reinforce-
ment menu and pointed out the number of correct solutions required in

order to obtain each toy. Following this, the children were seated and

presented with a test form and reminded that they should try to ‘solve as

-

many probleﬁs correctly as they could in order to earn a prize. 1In

order to avoid- the disappointment which would result:'if some childrerm*

[N b

earned prizes of their choice and some did not, subjects were not giveny
their actual scores following the posttest. Instead, they were told
that they did quite well.and were each allowed to pick a toy of their

choice. Tﬁey were also asked not to tell their classmates about their

-

" experiences during the testing session. Subsequent questioning of

subjects indicated that the children were indeed naive regarding the
o PN

Procedures used 1in this study.

4 '
v /
{

Instructions L

The children in this condition were given the following instructions:

-
.

I am now gyiqg to give you more problems. They are borrowing
(regrouping) problems, and you will have to borrow (regroup) in
‘order to get the right anqﬁer. But each problem 1is differe;t, and
you will have to decidéﬁ;hether or not you should borrow (tegroﬁ;)
in the ones' or in-the tens' place. I want you to look at each
problem very éarefully and to decide what you should do to get the
;ight answer. Look at each one and decjide whether you need to
borrow (regroup) in the ones’' or in the tens' place.- Do you
undefatand? (E. answers questions if necessary). Here are the

problems. - &
.
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A

At the completion-of this session; each child was dllowed to pick a toy

*

of his/her ,choice. > . -

Control

Subjects in the Control condition were given the second set of
- problems under the same conditions as in the pretest. At the end of the

session they were also pfovideq with a toy‘of their choice.

§ N

Error Analysis

~ [

© Etrors committed Ey each cﬁild were assigned to-one of four
categories based'on the child's written performance.
1) Inversion error: this error was recorded if the answer® °
indicated that the child subtracted the smaller number from the larger

when the smaller number was located in the minuend, as in the example,

625 '
“34 3 : '
322 . ) ' .

- Sometimes bodrowing procedures were applied correetly but the answer
appeared to have been obtained by ignoring some or all of the borrowing

steps and subtracting the smaller numbér from the larger, as in the

exampies, . ) ' .- “
5 _ 5
#6125 . 612.5
=343 -3 43
322 222 .

In cases such as these, the error was assigned to the inversion
category.
2) Computational error: - this error was recorded if the child's

written work indicated that he/she performed all of the borrowing steps

correctly but still failed to produce the correct answer, as in the

example,




5

612 5

-3 43

2 7 2 .
Computational errors were usually characterized by answers that were
only slightly too large or too small. For a few subjects who
" demonstrated no borrowing throughout the problem sheet (suggeéting that
the child borrowed "in his/her head") and whé did not commit inversion
errors, errors were assigqed to the computational category, as in the
example
6 25
343
92 °.

For a few subjects, inversion errors had béen committéd, no use of
borrowing was observed on the problem sheet, but some answers did not
Jmmediately Appearki? fall into the inversion category. In these cases,
it was assumed that the child committed ad inversion error and also

performed the required computations incorrectly. The errors were

assigned td both inversion and computational categories. The following

@

nﬁa s
is an example:

6
3

25
4 3
1 2 .

-

This pattern occurred rarely in the sample of children examined here.
. +3) Borrowing error: this error was recorded if the child's written
solution demonstrated an incorrect application of borrowing procedures,

as in the example,
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If the coumputations appeared to have been performed incorrectly, one
error was assigned to the borrowing category and one error was assigned

to the computational category, as in the example,
5 11
6 2,5
-3 4 4
2 812 .

If the child made an error in applying one or more of the borrowing
procedures and if the ansawer fit the inversion category only, the error

_was categorized as an inversion error, as in the example,
5 11

6 2,5
-3 43

222 .

In this case, it appeared that the child subtracted correctly in the
ones' place, although he/she incorrectly added a digit to the 5, making
it 15. He/she appeared to have inverted in the tens' column, ignoring
the fact that the 2 was changed to 1l. And the child subtracted
correctly in the hundreds' place, taking into account that a hundred had
been borrowed from the 6.
4) Other: this error denoted err;rs which could not be placed in

any of the above categories, as in the examples,
343
-1 8 2

8 2 .

‘625 6 4 7
-3 43 27 4
370 2 L 71

p—

The above method of error analysis was intended as a compromise between
the laborious but accurate obgervation/interview technique used in Study
1, and the expedient but oversimplified right/wrong approach used in
some classrooms. It was felt that this type of analysis would yield
data per*nt to the hypotheses of interest in this study while
simplifying the procedure to allow group testing with minimal disruption

in classroom routine.

-
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Inter-Observer Agreement

. A second scorer was provided with a written description of the
error categories and was given practice with feedback in categorizing
errors, as in Study 1. One test form for’each of 20 children was
selected randomly and scored by this second scorer. Inter-observer
agreement was computed using the formula: (# of agreements of error

type/# of agreements plus disagreements) X 100.
Analysis

In this experiment, a pre-post design wag used where subjects were
nested in experimental conditions and in groups. Because the number of
problems solved correctly was eqyated prior to random assignment to
tréatment groups, analysis of variance ugsing posttest scores as Lhe
depehdent measure was used to examine treatment effecté for this
measure. Analysis of covariance, with pretest scores as the covariate,
was used to examine the effects of treatments on the frequency of errors
in situations where parametric statistics were considered appropriate.
The rationale for this selection is presented in Appendix 1. For
analysis of variance and analysis of covariance, comparisons between
adjusted cell means were made using the Bonferroni t test. The
eéfective error used Iin comparisons of adjusted cell means (ANCOVA) was

calculated using the formula: :

. 2MS error (adj) [? + (Txx/k-lil, where

n Exx

<

Txx = treatment sum of squares for the covariate,

k = the number of treatments, and .

Exx = sum of squares error for the covariate (Winer, 1971).

\
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" Where large differences existed in cell variances, homogeneity of
variance was examined using Hartley's Fmax statistic (Winer, 1971). In
cases where the Fmax value exceeded the 95 percent level of confidence,
the Kruskal-Wallace H test was used. This test is an ;ﬁalogue of the
one-~way analysis of variance and is used when more than two groups are °
to be compared (Horowitz, 1974). H is distributed as X2 with k-1

degrees of freedom, where k i1s the number of treatment conditions.



Results

Inter—-Observer Agreement

Inter-observer agreement for each of the error categories was as
follows: inversion errors, 100 percent; computational errors, 89
percentﬁ borrowing errors, 95 percent; other errors, 96 percent.

Frequency of Error Type

Thirty-one subjects were assigned to Group 1 on the basis of
pretest performance (lbﬁmales and 17 females). Forty-nine subjects were
assigned to Group 2 (16 males and 23 females). Fifty-four subjects who
solved 9/10 or 10/%0 problems correctly were eliminated from the
analyses.

In order to simplify interpretation, each type of error was counted
only once per problem. That is, the dependent measure was the number of
problems where each type of error occurred. .In order to examine the

frequency of errors uncontaminated by the experimental manipulations,

Insert Table 3 about here

the comparisons reported below were made using pretest data only. The
distribution of errors is presented in Table 3. As Table 3 shows, Group
1 subjects committed a greater proportion of inversion errors relative
to total errors than Group 2 subjects, t(78)=6.32, p<.003 (p. values
were controlled for alpha slipﬁhgg\using the formula: = o for single
comparison/# of comparisons, where ;{?efershto the desired levellof
significance for each comparison). Group 2 subjects committed a greater-
p;oportion of computational ‘errors relative to total errors than Group 1

subjects, t(78)=4.83, p<.003. The proportion of borrowiné errors

. committed did not differ between groups, t(78)=1.97, p<.15.

46
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(9]

Table 3: Mean Number of Subtraction Errors per Subject and Mean

Proportion*. of Subtraction Ergors Committed by Group:l and

Group 2
Mean Number of Errors per. Subject
Inversion - Computational Borrowing . Other
Group 1 7.32 1.19 1.90 .55
Group 2 1.22 2.16 1.31 L4

Mean Proportion of Errors per Subject

Group 1 .71 .}1 ".13 . .05

Group 2 .19 48 .28 .03

* Proportions wete’calculated for each subject\using the following

formula: # of errors of each type/f of total errors
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Alghqugh the error classification scﬁeme differs fro@ that employed

in Study 1, these results basically replicate those of Study 1. Group 1l
subjects committed many more inversion errors than any other type of

error, while Group 2 subjects committed more computational (counting and

number fact) errors.

Number Corpgect

The number of problems solved correctly on the posttest was
examined using a one way analysis of variance with experimental

condition as the between subjects factor. The analysis was repeated for
¢~
Group 1 and Group 2. The results indicated that the treatments had no

significant effects on the number of problems solved correctly for Group
1 or Group 2. Planned contrast; between cell means obtained for Group 1
Instructions versus controls, anJ between Motivation Control and
controls failed to yleld any significant differences. This suggests

that the Instructions and Motivation Control conditioﬁs as implemented .

here are not powerful enough to improve performance on this variable.

These results are presented in Table 4.

e

‘Insert Table 4 about here

-9

Inversion Errors

Group 1 and Group 2 were not equal in the number of errors

committed across experimental conditions. Therefore, for Group 1, the

L —y .
effect of these conditions on the number of problems containing

inversion errors was examined using a one way analysis of covariance

with éxperimental condition as the between Bubjects factor and with the

number of inversion errors committed on the pretest as the covéfiafe.

.

For Group 2, the presence of zero variance suggests that the scores

-
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Mean Number of Problems Solved Correctly per Subject for

Group 1 and Group 2

Group 1

Pretest Posttest

Motivation

.80
Control

2.20

Ingtructions

Control

Group 2

. Pretest Posttest
-

L 2
Motivation
Control

Instructions

Control
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f;r this dependent measure were noé normally distributed. The
Kruskal-Wallace H test was therefore performed on these data. The
dependent measure was the number of errors committed on the pretest
minus the number of errors committed on the posttest.

For Group 1, a signific;nt main effect was found for treatment,
F(2, 27)=4.18, p=.0262. Bo;ferroni ; comparisons showed that Group 1
subjects in the Instructions.éthition committed fewer inversion errors
than controls, t(27)=2.5, p<.025, one tailed. Tﬁose in the Instructions
condition also committed fewer Inversion errors than tﬁose in the
Motivation Control condition, t(27)=2.45, p<.025, one tailed. ¢

Kruskal-Wallace H for Group 2 yielded no significant effect. These

}

means and. standard deviations are presented in Table 5.

L]

Insert Table 5 about here

Borrowing Errors

For Group 1, the same one way ANCOVA with the number of problems
containing borrowing errors as the dependent variable yielded a
significant main effect of experimental condition, F(2, 27)=3.33, p=.05.

Bonferroni € comparisons between adjusted cell means indicated that
e ,
Group 1 subjects made more borrowing errors in thesInstructions

condition than In the Control condition, t(27)=2.5, p<.025, one tailed.

. ¢
Adjusted means did not differ significantly between Instructions and

Motivation Control conditions, »t(27)=1.76. ANCOVA yielded no
’
significant effect for Group 2. Treatment means are presented in

Table 6.

Insert Table 6 about here
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Table 5: Mean Number of Problems Containing Inversion Errors per

Subject for Group 1 and Group 2

Motivation
Control

Instructions

Control

Motivation
Control

Instructions

Confrol

mean
sd

mean
sd

mean
sd

mean
sd

mean
sd

mean
" sd

Group 1

Pretest

Group 2

Pretest

Posttest

Posttest

W72
2.14

.33
1.29

0.00.
0.00
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Table 6: Mean Number of Problems Containing Borrowing Errors per L :

Subject for Group 1 and Group 2

Group 1
Prétest Posttest 1
Motivation mean 2.50 ‘ 2.60
Control ) . sd - 4,10 4,20
N Instructions mean 2.00 . 4.91
sd 4,00 4,53
A
Control mean 1.20 ’ .80
sd 3.16 2.53
Group 2
Pretest Posttest :
Motivation mean 1.39 1.06
. Control sd 2.43 2.46
N v ‘}—
Instructions : mean 1.80 : 2.20
sd 2.60 3.55
Control mean .75 N .56
sd . .93 ~1.75
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N . a \
Comparison of cell variances using Hartley's Fmax test for Group 1

yiéld,d Qigﬁtgicant differences, Fmax(10)=17.19, p<.0l. A Kruskal~

Ll

Wallace H test was performed on these data. Analysis of cqvariance was

performed on the data for Group 2. No significant main effects were

found in either analysis. Means and staﬁdard deviations are presented

in Table 7. A . -B;

Othef Errors

A

For Group 1, zero variance in the Motivation Control Conditiﬁn
suggested the scores for this error were not normally distributed. "For

Group 2,'qomp&rison of cell variances yielded significant differénces,

1

‘Fmax (18)=132.21, p<.0l. Kruskal-Wallace H tests were performed for

Y

Group 1 and Group 2 and ylelded no sigﬁificant differences. Means and

standard deviations are presented in Table 8. ‘..

?  Tosert Tables 7 and 8 about here

Sex . . -
Lo ’

' " s .
0f the total sample ef 80 children examined in Study 2, 38 percent

was male. In Group 1, 45 percent was male, while 33 percent of Group 2

N ' [ ]
was male. It appears that the sex distribution within Group 1 and Group

2 reflects the. characteristics of thk sample.

L

L




Tgble 7: Mean Number of Problems Containing Computational Errors

per Subject for Group 1 and Group 2

o

. 7 Group 1
) Pretest ' Posttest
Motivatioh‘ mean } .70 .60
Control sd ) <95 .84
Instructions mean 1.25_ 1.18
sd +2.90 3.00
[ 4
Control mean 1.40 2.00 *
) d 2.80 - 3.50
. - .8 G
. Group 2 °
) ¢ - Prétest Posttest
> ‘,.} .
'Mqtivation _ mean 2.39 2.17
Control " ad 2.62 J2.68
" Instructions mean 2,33 1.73
. ) Bd 2.35 2-52
) Contro{' mean 1.40 1.50
- : sd 1.77 - 1.59
o .
. w  AY
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¢
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Table 8: Mean Number of Problems Containing Other Errors per

Motivation

Control

Subject for Group 1 and Group 2

Instructions

Control

Mativation
Control

»

Instructions

Control

.

mean
sd

mean
sd

mean
sd

mgan
sd

' mean

sd

mean
sd

Group 1

Group

Pretest

.10
.32

.09
.30

2
Pretest

17,
.38

.20
.56

.06
.25

~—
\

Posttest

Posttest
.60
.24

.07
.26
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Discussion
AJ

Study 1 showed that children who committed errors on all
subtraction problems did so because they failed to apply borrowing
procedures or applied them incorrectly. Those children who utilized
correct procé’hres at least some of the time committed errors that were
primarily computational in nature. That is, they made number fact or
counting errors.

Study 2 showed that two simple manipulations, one which altered the
séimulus conditions and one which offered rewards for cérrect solutions
did not produce a significant incre;se in the number of problems solved
correctly by either Group 1 or Grouﬁ 2. 'instructions to borrow, rather
than improving the perform;nce of Group 1, produced a shift in thg most

T

frequent type of error committed. In the absence of special

*

instruction, Group 1 children did not attempt'to‘borrow. When given

instructions to do so, they attempted to borrow but their behavior

suggested that they did not have the necessarf skills to solve the
problems correctly. That is, tﬁey committed other procedural errors.

Group 1 and Group 2<3ehaved in a similarwfashion %n sope'ways.
First, no significant changes in the number of errors tommitted were
.observed as a result of the offer of reinforcement or as a result of
instructions to borrow. From the standpoint of remediation, this is an
important finding, because it suggests thaé errors for both groups are
not easily eliminated, at least not by the’simpleliechniques employed
here. Second, promise of reward did not.significantly alter the types
of erro;s cpmmitted by elther .group, contrary to .results of studies

cited earlier. Again, this suggests that simply attempting to increase

g

a child's level of motivation is insufficient to alter subtraction-

" )
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performance. Third, instructions to borrow did .not alter the frequency
of computational or -other types of errors.

Group 1 and Group 2 differed in one respect. Group 1 responded to
instructions to borrow with an Increase in borrowing errors and a
<;7 ‘reduction of inversion errors. Group 2 did not show any significant’
ehanges in the frequency of these errors. This finding may‘be further

understood by examining the data for individual subjects in Group 2 and

in the Instructions condition. These data are reported in Table 9.

Insert Table 9 about here
Y

In Group 2, three subjecté made inversion errors on the pretest.

All 3 respgnded to instructions with a reduction in inversion errors,
these errors being completely eliminated in 2 cases. For two subjects,
this reduction in inversion errors was accompanied by an increase in the
number of borrowing errors. In short, this i3 essentially the same
pattern found for subjects in Group 1.

— From Tabie 9, it ig also apparent that quite a few subjects made

borrowing errors on the pretest. If the.presence of either inversion or

borrowing errors reflects»difficulty with the procedures req‘ifed for
bo?rdwing, an'examination of “the performance of Group 2 shows that 35

out ‘of 49, or 71 percent of these subjects made procedural errors. It

l

’seems that most children in Group 2 also had some difficulty with

borrdﬂing / .

AN s , . ' o
,

R Further many Gr0up 2 chidren in Study ‘1 also demonstrated that

/”f} jfr they had difficulty with borrowingcy Fortyefour percent of these

/
’/‘,'_/ SRR P

’ﬁf”' ,; childten made procedural errors. Iq &ddition 8 children who had

/

’mﬂ” "initially solved some prqblels correctly (two subjects had solved 19 out

of 20 problems correctly) e:red on‘every prqbieq}when'retested one month
> ,;/ ' .;1,‘7
. . ‘ ,‘."':: ’
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Table 9: Méan Proportions of Inversion and Borrowing Errors Relative

< 0

to Total Errors per Subject in Group 2 Instructions Cosdition

Pretest . Posttest
N :
Subject Inversion Borrowing Inversi:n Borrpwing

1 A4 .11 0.00 .54

2 .60 .00 .38 «54 :
3 0.00 .50 0.00 0.00
4 0.00 0.00 0.00 .64
N, 5 0.00 .23 0.00 ‘ .10
- 6 0.00 .33 0.00 0.00
. 7 0.00 . 1.00 0.00 0.00
~ 8 . 0.00 0.00 0.00 0.00
9 0.00 .86 0.00 0.00
, 10 0.00 1.00 0.00 1.00
11 0.00 . 0.00 0.00 0.00
12 0.00 .33 0.00 1.00
13 .83 0.00 0.00 0.00
14 0.00 0.00 0.00 .0.00
15 0.00 .38 0.00 0.00




149

59
later. Sevén out of these 8 subjects made procedural errors on every
problem:‘

Group 1 children were those who had the greatest difficulty with
subtraction in the sense that they never solved borrowing problems
correctly. Inversion errorslappeared to characterize this group. That
is, they‘did ;ot attempt to borrow unless they were specfically directed
to do so. They also did not appear to have the borrowing skills
available when asked to apply them. If borrowing is viewed as a se; of
skills, one of which involves recognizing when it 1s necessary to
borrow, Group 1 childreﬁ appear to have mastered few of these. But the
high percentage of children who made procedural errors in Group 2

Q\Eteted all of the

suggests that children in this group had not ma

t
borrowing skills either (agssuming that mastery is defined as the correct
W

"~ . execution of all procedures on the majority of problems presented at

.

various points in time). Their apparent mastery was transitory,
)

"

disappearing after one month, or their execullion of borrowing procédures

A

was éfratic from problem to problem during one sitting.

These findings suggest that both Group, 1 and Group 2 have varying

.

degrees of difficulty with the borrowing process and often behave the

L

‘game way when rewards are promised or instructions to borrow are
; ;

presented. In facé: it appears that these chilifen fall at different

locations on a mastery continuum, -but are not necessarily~quaiitatively
' .

N
1

different. . .

In tﬁi third study reported in this-pdper, it vas determined.to be

more useful to divide children on the basls.oﬂ'a commonly accepted
5 -

standard of satisfactory academic perfbrmanée; the 60 percent criterion.

*
£

This was because there did not appear to be any ;trong empirical support

-

-

'

A
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for maintaining the Group 1, Group 2 dichotomy. As children who achieve

<
‘grades lower than 60 percent are of concern to educators, it was decided

to focus attention on this group.

Instructional Programs in Arithmetic

—

The results of Study 2 suggest that simply trying to increase
children's level of motiviation, or making them aware of what procedures
are required are inadequate remedial techniques for children who
experience difficulty with subtraction. Since difficulties appear to
reflect failure to master one or more of the skills required féj ‘
borrowing, or.faiiure to use them congistently, a more Intrusive
approach to remediation seems necessary. A review of the remedial
arithmetic literature suggests that instruction in specific skills and
feedback'are two viable remedial techniques.

Reports of remedial approaches to subtraction involving instruction
in component skills, however, often fail to provide details of éhe
procédurés advocated or tested (Harvey and Kyte, 1965; Post and Reys,
f979; Brueckner and Bond, 1955; Fuson, 1579). In cases where the
remedial prograﬁs were eval#ated empirical%y, one must speculate about
their relative effectiveness. In addition, the programs are generally
outlined in a haphazard or non—speéific manner. Fo; example, Mick and
Brazier (1979) noted the i;portance of.varying the redundant stimulil
whiie maintaining the atability of critical stimulus features when
pr;gramming for generalization. They fuggested that stimulus attributes
should be varied and more and more instances zxpetienced uﬁtil the new
boundar} (of a concept) is clear. Unfortunately, they did nof explain
in'detailAhow to do this. Post and Reys (1979) wrote that instruction

which s based on a variety of experigfces encourages the abstraction of

&

{3
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" of the child. No direct attempt is ﬁsualf? made to ensure controlgof

61
essential ideas that are common to several activiti;s. For students
experiencing difficulty, "encourageﬁent" using different experiences may
not be enough to ensure recoénition of the essential components ‘ﬁ
crit;cal stimulus features.

When programming is carried out in a nonsystematic mannef, ;uch as
attempting to produce gemeralization simply by providing many examples,
teacher control over the child's behavior is not ensured. In fact,.many
authors (Brueckner and Bond, 1955; Usiskin, 1974; Post and Reys, 1979;
Mick and Brazier, 1979; Mierkiewiéz, 1979) advécate the 1inclusion of .

various compﬁnenté of aateaching program on the asshmption that certain .

behaviors, conceptual 'leaps' or understanding will result on the part
- h . -
-

4.

specific behaviors through attention to stimulus features, reinforcement

contingencies or both. As an illustration, Usiskin (1974) advocated

thdt a teacher should encourage different ;ays of visualizing an
operation, primarily through the incorporation of concrete on;;ts into '
teaching. £\*s will, he“claimed, shéy the child the important
relationship Getween arithmetic and tﬁe real world. These guidelines,
however, are too general in that they do not t;ll the teacher exactly
what to do. Also, there is little evidence to suggest that children
autbmatically make the connection between the examples used and the
'real world’'. -
ﬁhson (1979) stressed the importance of making sure the desired
behavior 1is the behavior actually reinforced. However, she suggested
that a child be allowed to use the procedure of his/her choice when

solving a problem. Following this, the teacher should discuss the

advantages of the alternate (correct) procedure with the child. There

-
>
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are two proble@s here. First, Fuson assumed that the child will realize
. ' ~

that the algérnate procedure is Sypetior énd adopt it. However, the

reinforcemeﬁ& likely received through the completion\of the problem by

the child's own method could serve to strengthen the undesired behavior

when ;o specif;c meéhod to control the child's behavior is used.

Second, as in the previous example, very little in the way'of concrete

suggestions were provided for the teacher.

s %
Consequeénces of failure to maintain control over the target
&;‘

béhavior are 1llustrated in s;qdies done by Carpenter (1980) and Parsons
(1973). Carpenter's subjects were trained to write open number
sentenceS*(addition aﬁdﬁ%bbtraction) vhen solving verbal problems. 1In
spite of repeated directions to write the number sentence before solving
each problem, one quarter of the subjects solved thé,problems before
they wrote the number sentences. iOften, once the subjects hgd written
the number sentence, they ignored it and used the vgrbal hrobla; to
Aecide onC? solution strategy. Parsons found that simply having

children circle the operation sign before solving an addition or

subtraction problem did not ensure that the child performed the correct
~

. operatian. Having the child respond differentially to the signs,

~

however (by verbalizing the operation), did ensure that the correct
operation was performed.
: Remedial procedures which assume children will learn certain things

when target behégiors are not specifically programmed ultimately lead to
k3

explanations of failure that invoke deficits in the child. Mick and
Brazier (1979) stated that the failure of a child to make a final 'leap'

to a larger class of concepts (to generaliié3cmay mean the child had not
»

reachedl}he Plagetian stage of formal operations. Such "explanations”

»
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of faflure often result in a "wait until the child is ready” approach to
reﬁedia;ion, cufbing the pursuit of academic gains through more

effective remedial programming. .

?

- Harvey and Kyte (1965), Logan (1976), Parsons (1973) and Harris and

o
-

Sherman (1973) all reported improvements in mathematics performance as a
“result of’ remedial procedures involving instruction. Unfortunately,

Harvéy.and Kyte did not include a control group or a description of the

‘prpcedurés‘uqed in their study, so conclusions from that investigation

-
D

are tentative. Logan (1976) provided modelling in the form of vignettes

+ where the subject read about a child who solved problems correctly,

incorrectly or both. This procedure resulted in reduced errors for B

1

subjects who initially made inversion errors on all problems attempted,

and produced a moderate degree of maintenance and generalization to

"“other problem types. No controls were employed. Parsons (1973),

although not examining the issue of generalization, appeared to have
obtained good short term results using a carefully programmed‘behavioral
procedure to teach developmentally handicapped students to solve story
problegs. .

. Harris and Shgfman (1973) conducted a study to evaluate the effects

-

of peer -tutoring with and without consequences for accuracy on )

_elementary mathematics performance. Fourth and fifth gggaa students who

T

‘scored one year below grade level in math on the Iowa Test of Basic
Skill§ were selected as subjects. Performance on problems selected from
the gtudents' math workbooks was evaluated under three conditons. 1In
the‘first condition, immediate feedback consisting of the number of

problems‘solved correctly wds provided. No instruction was given. In
. AN

the second condition, subjects were arranged in groups of 2 to 3 and

>
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asked to simply help each other ;olve the problems. Helping behavior
wags pralised by the teacher. Later, early recess was used as a
reinforcer for 90 percent accuracy in this condition; The third
condition éas similar to the second, except that subjectg were tutored
on related but not identical problems.

) Results showed that the tutorial procedure resulted in an 11 to 16
percent increase in accuracy and in a 50 percent 1n9rease in the rate of
performance relatiwe to feedback alone. When the effects of tﬁtoring
were compared with those of independeng study (keeping time engaged in
each activity constant), the tutorial procedure was still superior.
Tutoring on related problems also produced increases in accuracy, but
these }ncreases took longer to take effect than when the identical
problems were used. It 18 important to hote that the tutorial procedure
ugsed in this study was unstructured. thldren were told only to help
each other, and the nature of the help may have differed from child to
child. Larger gains in performance might héve been obtained if a more
structured peer tutoring procedure had been employed. In this study
again, it was ﬁ§t~c1ear what tutoring actually consisted-of and what
elements could be resbonsible for chaqges in performance.

Smith, Lovitt and Ki&der (1973) suggested that reinfofcement is an
appropriate remgAIal technique for children who solve arithmetic
r
‘Rroblems correctly some of the time, while teaching 1s a more effective
remedial procedure for those who never respond correctly. _They

performed.two studies. The first used withdrawal of positive

reinforcement with an eleven year old girl who &emonstra;ed erratic

performance in subtraction (equivalent to a Group 2 subject). The

design was.a multiple baseline acrosg three different -types of
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" subtraction problems, where the subject lost one minute of recess time

for each incorrect angwer. No inatéuction or feedback was provided.

Accuragy improved a;d was maintained when the contingency was removed

for a particularﬁproblem type, but generaiizaion to other problem types

(some of which tge girl had previously‘solved correctly) d1d not occur.
In the second study, the experimenter used instructions, paper.

clips, an abacus, and Cuisinaire Rods in a withdrawal désign with a ten

year old boy. Remediation was aimed ai helping the child solve

subtraction problems of the type 15-6= . ‘Although teaching methods

were not well defined, the authors reported no attémpt to fade out the
instructiopal aids used; they were simply withdrawn. It is ;ot
gsurprising, then, tgat when the teaching procedure.wah'discontinued,
performance on that particular pr;blan-deteriorated.

In summary, 1t ;ppegrs that performancelin'different areas of
elementaryAmathematics can be. improved through the use of instructional
techniques. The -optimal types of instruction, however, ;re unclear.
Indications are that the crucial elements include systematic programming
and good. control over the behavior of thé student. Such 1nst;uctiona1

PP .
material, developed through task analysis &hﬂ including the shaping of
successive approximations, practice, aﬁd advancement following |
achievement of mastery criteria have been advqcaﬁed by Skdnner (1968),
Holland (1965) and Gagné (Gagné-and Brown, 1961). .

Performance Feedback

-
'S .
A number of studies have examined the effects of performance

feedback on math performance. Conlon, Hall and ﬁanley (1973) used a
peer to provide performance feedback to 2 students who performed

erratically on arithmetic problems. This procedure resulted 1n an




increase in the number of problems solved cogrectly ﬁelatiye to

baseline. Sagotsky, Patterson and Lepper’(1978) conducted .a self
j . .

2

monitoring versus goal attainment study with fifth End sixth graders.
-Thesé subjects were unselected relative to any specffic performance

criteria. In the self monitoring condiﬂlqp, subjects‘were‘required to

\)
periodically note whether or not they were engaging in on task behavior,

that is, working on math problems. 1In the goal setting condition,

subjects were required to set daily performance goals and to record the’

number of problems completed. Self monitoring alone -resulted in

improvement in the rate of mathematics problems solved correctly. Short )

term maintenance was also found when this condition was terminated.

Kirby éﬁd Shields (1972) investigated the effects of immediate

>

praise and immediate correctness feedback on the number’9f:prob1ems

° .
', .

solved correctiy per minute by a thirteen year old grade seven student.

In the baseline phase of an ABAB design, a daily worksheet containing 20
: h : ‘ - v

multiplication problems was presented. The subject's solutions-qefe

corrected and the pépers were retugnéd. In the tfeatment phase, after

3 . 4
. (4

all 20 problems were COmpletéd, reinforcement in the form of verbal

praise was provided by the~§eacher for every 2:'problems solved, l -

- &
correctly. The number of correct solutions rqquired for praise was,
R

gradually increased in this condition.. Results indicated an ipcreéée ia

the number of problems solved correctly per minute during treatment
-» 0 - .
relative to baseline. gFhe amount of on task behavior also increased.

v

i

Thesge effecte.¢hrried over fnto the reversal phase of the study.

Fiﬁk:and Carnine (1275) performed a'studi with first graders. In

the.fifst condition, subjects were provided with feedback in the form of

\ L4 .

the number of problems qo;yeh_correctly. This number was written at the

\ ‘ '
- -
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. .

tdp of a daily arithmetic worksheet. 1In the second condition, subjects.
v
received feedback as above, and were required to graph their daily

performance on charts located on their desks. The authors reported that
. 1
feedback plus grdphing resulted in an increase. in the number of problems

4

N \
solved correctly relative to baselina.” Haowever, the report does not

clarify whether feedback alone constituted the baseline condition, so it

-

is difficult to evaluate the effect of feedback alone.'

Baxter (1973) examined the effect of feedback given for class and
>

homework assignments on the performance of sixth graders. The study was

conducted over an 8 wéek~period. One half of the subjects recelived
-

-

feedback in the first four weeks. Each subject' in both conditions

recelved one classwork and one homework assignment per week. At the

-

beginning of each week, subjects in the feedBﬁck conditipn were given

p—

feedback at the top of their assignment page based on last week's
performance. The f;edback consiated'of the number of each type of error
commifted. Assignhenti conéained four addition, subtraction,
multiplication and division problems, i6 problems in ail.
Errors committed were categorized by one investigator and were
bgsed on the child's written solutions. No ;nter-scoret”reliabiiity'was
\ y

reported. Errors were cl?ssified as: 1) number fact; 2) renaming
(borrowing); 5) algorithm; 4) blunders (caréless).t 6eécr1ppions of each
error type were provided.

Due to ﬁre-treatment inequality in both Fhe numpfr of prpblems
solved correctly énq the number of cett;in types of erro;s committed
.between treatment groups, the ANOVA performed by ;hé authors waé not

appropriate. Inspection of the data presented in gtaphlchforn,”

therefore, affords the best analysis. There was soﬂg'indication that

¢

i ! e ol M 4 G
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feedbgtk regsulted in an increase in number fact errors. No other

1

efﬁkgis appeared related to treatments. These results should be
; .

s ) [ :
" interpreted cautiously given the small nubber of errors committed by

these subjects.
’ R

Blankenship (1976) examined the effects of demonstration and

-

feedback on the subtraction performance;of«Children who committed a high

-+

' frequenci of inversion errors. Nine learning disabled children from
. o ¥ ' . . :

grades’ three through Mve were selected. These children committed

1 ' o . -

inversion errors on 90 percedp of the subtraction ptoblems presented on

a screening test An ABA treatment design followed. In baseline,
» A sign told

. students were pres%ﬁtea'with one problem ;heet per day for six days.

The ﬁnpblém‘sbeeté contaiqed nine different typesg of-subtraction

€

: ’ ) ’\_"’/_’ oo -:
" problems. * These problems ranged from those with a two digit minuend and

-

one digit subtrahend with borrowing, to thqpé with three digiés in both

minuend and subtrahend and with borrowing in’ two columns. There were

’
LY

nige rows of problems with five problen; in each row. Eaclt row
. 7 P

- [}

chsisted of one type of problem. . S

.., . v -

| During the treatment phase, students were again glved one problem
v L hd . -

aﬁeet_p day for six dayaxu.Trainidg was gliven for probléng contained in

9,. + NN

row one. Before. tﬁe day ] assignment, students received‘a written
b

demonstration acconpaniqd by_a-vgrbal explanation of how to so}ve a

- . K] 1

bt . ’ e ’ . - i
problem of the type 7 .. Th%y were ‘then, asked to solve a problem -

- ‘ -9 ) ’ -,‘ ° .
L] - s ‘Q
and ker¢<given feedback and additionaliinstruction until the problem was
* - N ¢ T <

solvqﬂ correctly. Instructidn on the other problem types was not -

L#tbvidgd? During the final or reversal phase, students were givep a - .

‘teg; lh;,t‘IS days and.30 dgzp following treatnent.

: f - . v LT R £
" - . . -~ N i
. ox

o .
¥
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Results showed that in baseline, subjects‘solvea,no problems corrggtly‘
and inverted on 91.7 percent of all opﬁoftuni;ies. -The percentage of

, . -
problems solved correctly increased to 95 percent on treated rows

following instruction, and this percentage gradually declined through \‘

rows 2 to 9 (10 percent correct in row 9) as problems became less

' &, .
similar to training problems. Improvements were noted on all problem

4,

t¥Pes relative to ﬁasg&}ne, but no statistical analyses were dote.
R 0 \—_ .
Gains in the number problems solved correctly were accompanied Wy a

reduction of inversion ervors (to 5 percent on treated probleﬁs). A
slight 'drop in accuracy and slight increase. in inversion errors_ were

noted during reve?pal. Three students demonstrated 11t;1e'br no

4

’

generalization to” non-training problems.
In some studies wher¥.feedback consisted of Qnumber of problems

solved correctly, additional reinforcement was also avaflable to the
é

subjecté. Other studies, which did not provide reinforcement along with

_ feedback suffered from méthodological or reportiang problems., However,
it appears that feedback Has promise as’a way of improving children's
performance in arithﬁet1C) especially when additional reinforcement is

-~

aiso iqcluded.

» S

The puéposé of 'Study 3 was to di{fctly cdmggre the effectiveness of
two abp;qaches to the remediation of ?ubtraction difficulzies. The
first'remedial tehnique was a siep—by-st;p presentation of the
prbtedgréa nécesgary for so%ving three diéit suytraction p:oSIens

'reqyiriﬂg borrowing. This ﬁrogra; atteapted to’ teach directly the
B génponeﬁk skills required to solve these problems. Some skills were

extracted from componenia of computer programs des!gned to simulate

' ’ . '
’ El .
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subtractiofi performance (Young and O'Shea, 1981; Brown and Burfon, 1978).

o et IR TSIRTRS

Others were obtéined through task analysis by the aithor.

. The second remedial technique ,presented children with subtraction
~

problems followed by performance feedback in the form of correctly

worked ‘solutions. All the information necessary to solve the problems

H >

‘correctly was included in this feedback. This procedure,wif found 'to- be

effecfive, would repfésent an improvement over the component skills

; D ) . .

; ' training approach in terms of ease.of preparation, presentation and

i N -

' , - perhaps remediation time.

; ’ | \¥c§‘ '

; As gtated earlier, a major aim of this @arch was to examine the

feasibility of remedial procedures which could be used by teachers

- within the regular classroom. To be useful in this way, these

3 el

techniq%és would have’ to work quickly, be easy to administer, and be

. B ngn—disruptive to othgr students in the class. For these reasons, as
well as to facilitéte consistency of presenta;iqn, both programs were
presenééd in a ppogtammed iﬂstruction format.

‘Most of the studies of remedial arithmef?c instrdction cited above
‘used small sdmples of children. Wﬁile having ad;antages; small samples
do ﬁot provide mucﬁ’informati;n about -the number of cﬁildren dho benefit
from a particular remedial approach and whether or ;ot aomé children

< ' have difficulty. In addition to the evaluation of treatment effeets, {t

was decided, th;refote, to examine the progréss of children as~they

e b

worked througb'ihe two training prbgra-s. Lasfly,.the effects of these -
two- programs were assessed for subjects who demonstrated substandard

acadenic-pcrforﬁanée (less than 60 percent correct on-aipreteat) as well

as for those whose academic peffor-anée wag satisfactory (above 60

pergent). ' "’ L .




e ' Study 3
Method
; " Subjects

Subjects were from'third gnd f;urth grade classrooms {n seven
schools located -in fbéer”middle ;lass areas of London,'On;ario. “One -
hundred and seventy-seven subjects were selected on the basis of
parental consept. These children were given a pretest, which is

described in detail below. Only those children who solved legss than 80

! o
) .

£ percent of the problems correctly on the pretest were fncluded in the
¥

study. This selection procedure resulted in a sample of 67 sﬁbjgcts who
! ) ) ’ '
' v were eligible for inclusion. Three subjects were exckuded due to

a

misclassifications: Of the final 64 subjects, 24 were male and 40 were

Lig
l

female. The average age was 9 years and 3 months. All.children had

4

b N

4,

- ,:Wﬂ‘m‘ﬁ* -

been exposed to and were expected (by their teachers) to have learned
the subtraction facts to 18 as well ds how to solve the types of
'subtractjion problems used in this study.

Items and Tes tSrms

The .training and test items consisted of 2 and 3 digit subtrac;ion
R " prablems. Some of th;se requireq‘no borrowing s and some required
) borrowing from the tens', hundreds' or both tens' and hundreds' columns.
| Three tests were coustructed, a pretest, a posttest ¥l and a
I posipest #2. Each éest conéisted of 24 different problems. The pretest

. . . P
and the posttest #1 were composed of 7 problems which did not require

; A borrowing, 5 problems which required borrowing from the tens' column, 6

problems which required borrowing from th& hundreds’ column, and 6
‘ ' : 'problel; which required,borrowiﬁg from both the tens' and hundre{o'

. S columns (The uneﬁual distribution of problem types was the result of an

-

)

. .
. .
. ' 2 N .
‘- N .
’ * " .
. A '
. . : .
. . .

11




-y AT AL e Sy g AR X 2T S

PARSEr .
.

o

‘1n the‘Satisfactory group.

. - B . ' 72

error which was not detected until the study was in progress). The

posttest #2 was compogsed of 6 preblems of each type. Two forms of each

test were also constructéd, each form consisting of the same items but

)

arranged in a different -order. - ‘ e

¥

Procedure _ , ’ °

¥
Children were pretested while in the regular classroom. Half of

the children received one form and half received the other. The tencher
asked the children to solve thé problems, and they were givén the time
to complete all‘ﬁroniemq. The experimenter was not in the room during

this phase of the study. Two to three days following the experimental

conditions, posttest #1 was administered. Posttest #2 was administered

L -

;in the same manner two weeks later.

-

Those children who solved less than 60 percent of the problems
correctly on the pretest were placed in the Unsatisfactory group. Those
who solved 60 to 80 percent of the problems correctly were classified as

Satisfactoty. of the 64 children who composed the final sample of

L d

children, 32 were placed in the Unsatisfactory group and 32 vere placed
- , .J/
\‘, b’-’

Congonent 5k1113~Train1n&

' e : .

Subjects in this condition were presented with a series of 5 "
programmed instruction booklets (neaigned by the experimenter) over the’
course of 3 dailg 30 to 40 minute sessions.‘ Booklets 1, 2 and 3 were
presented on day 1, booklet 4 vas presented -on day 2 and booklet 5 was

gpesented oyﬁday 3. The prograu vas designed to re—instruct each child

*

in the 6onponent skills required for aubtraction fbpera;ion sign

] . R I3 1

recognition, column recognition,'ninuend and subtrahend recognition,

recognition -of the telative size of‘nuuerals, etc.), and' to teach the

t ®» -
.

6,
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steps involved in borrowing. In the-program, one item of information

was presented on each page, followed by a question based on that item.

. L
. An item consisted of a sentence containing some “information about

.

subtraction. As in the following examﬁle, a guestioﬁ was asked and a '

- )

space was provided for the child to enter his/her response.

If the bjigger number is on the bottom in the ones' place or in the

tens' place you must borrow to subtact. 3 i

6
7

468
=2 74

"Should you borrow on this problem? :
: - (yes or no) -

¢
2

The child was instructed to correct his/her-answer on the item by
refﬁfring‘to the answer provided on the folloying page. Finally, he/she
recorded the score obtained on that {tem. If the item was comgleted
perfectly the first time, the child was lnstruéted to place a coloured

"gtar” beside his or .her answer.

-

The individual’ components included in this training package uére’

selected on"the basis of a-task analysis of the solution of a

subtraction problem requiring borrowing performed by the author. ''In
T’ o -

.

addition, some components were obtained from those iicluded in computer

programg designed to simulate children's solutions to subtraction

’

problems (Young and 0'Shea, 1981; Brown and Burton, 1978). These latter
- ~

components were adapted to fit the requirements of the booklet form of

»

preiéntation used in this study. A listing of the'}rogran camponents

4

fncluded in the Component Skills Traiuﬁhg progrgm 1is provided in
A v v

Figure 1. i ‘
. ‘ /’/ ' | O
" -Insert Fggure 1 about here
t ) ™

..

' - 'y

o
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Figure 1: Proéram Components for Component Skills &raining

-

o ' Booklet f1

1, Judgements of relative magnitude of numerals «,”.

R !
2. Sign recognition (+,~).

Oy REaa. ¥
MR P FTRTRIS bt i
.
]
¥
i
Pl

3
3. Column identification (ones', tens', hundreds').

% ' e 4, Idenfification‘of the number of ones', tens', hunéreds' in eéch
5 column. | ‘ |
I ’° . 5. Review. , ’ > '
5 , /
- ' Booklet #2

' N " 1. Order of, gperationg, i.e. which column te start, where to go.

. ‘ 2. Location of laréest and smallest number within a column (minuend,

h / ’ subtrahend). '

. 3. Subtract number in seébtrahend from number in minuend (aléays “ ‘ *

5 < - subtract down). . ) . . . b
|

4, quptify vhen largest number is ‘on bottom (subtrahend) in ones’

\ i [}
i - colunmn, , - .

5. Review,

'S

Booklet #3 ‘ - ‘o
. . 1. Id;ntify when largeat nﬁnber is dn bottom (subt;ahend)'in ones' -
column. . \* « | e
2, ~Sané as above for tens’ column.’

-~
1

” . * ey N hd

. \h ’ :
3. 1ldentify when a-p?obler requires borrowing (presence .of 1 and/or 2).

-~

4, -Revféwr ' w

S o ES




Booklet #4

1. Review identification of borrowiné problems.

2. Reduce numeral in minuend of tens' column. \\
i : iy
L , 3.“ﬂdd ten to numeral(in minuend of ones' colwmn.

4, 1Identify problems requiring borrowing from ten;! column, and apply 2

4

and 3.

5. Review: :
6. Heuristics for ident{fication of borrowing problems and execution of
borrowing procedures in tens' column. '

»~ ;
7. A mnemonic aid for above heuristics.

“ . 8. Review. -
i : . o -
\\ . ' /
Booklet #5
o : . . . . .
1. Review abave heuristics. . | " L
2. Identification of problems requiring borrowing from hundreds'
colunmn. H

3. Application of heuristics to hundreds' *column.

4. Review. -

t

- 5. TIdentification of problems requiring borrowing from tens' and
hundreds’ colqﬁni.

-
- -

6. . Applicat bf heuristics to 5.
7. 'Review and practice.

. 8.- Criterion. o
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. .
The ékpands of group testing and the technical aspects of providing

L]

this type of instfuctional package to young children made it impossible
to ensure that eacly child attained a criterion level of performahce on

each 1tem before progressing to the neXt item. Instead, pilot work with
) ) - £ . '
children experiencing difficulties in subtraction was conducted in an

-

- P A . .
r attempt to providd.the item types and sequencing, that would pose the

P N L

"least amount of difficulty for t®ege children. FEach of the last 2 {items

et S el %

. in the prograd.consisted of 5 subtraction problems (10 in all) which

* were designed to serve ags an index of how successfully the target skill

. -

was learned or, alterpately, how well the program fared in teaching the

5

skill. = ' v S R

Criterion Trainig&

=

The_fqtmat‘foé this condition was similar to that of the Component

-

gz ehey
«oa

Skills package. Subjects were presentéd with four'booklets.ove; the

course of 3 daily sessions. The booklets coﬁsisted of 5 pages each,

9 -

containing 1 to 10 problems on 4 of the 5 pages. Table 10 shows the

4

distribution of problems throughout the program

a

. _ " Insert+Table 10 about here

-

, An item in this .program consisted of one or more subtraction
problems which the child was required to solve. The fo{igwing 1s an -
— / % éxdnple:
P N Solve these problems:
4 6
2 2

27 7 4
-1 4 -1 8

Ptr——

The child was then instructéd to turn the page, correct his or her

N a . . : :
. ansvers, record the obtained score and reward perfect performance as in
L 3

>

S I

-

»




¥

Table 10: - Distgibutiou of Problems in the Criterion Training

Program by Page Number, and Booklet
,A » .

.

page number 2 3 4 ; total
( b g . ﬂy -
booklet v .
1 15 2 3 4 10
2 . 2 h 6 8 20
3 Y 6 10 10 30
4 “ 0 0 10 10 40
» hel ..4?‘ ]
EA &
/ ] . -
- . AY
¢ “w
- . Y

77
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the Component Skills program. Booklets 1 and 2 were administered 06 65?
& « .

1, booklet 3 was ad;::IBtered on day 2, and booklet 4 was admivicie;ed~

v »

1]

~on day 3. This format resulted in the}presentation of 30 problem%ﬁ§er

day for each child. The same types of problems were ptesenﬁgﬂpkn each

y 3'3'*’
session. The problems consisted of 2 and 3 digit subtradt{dd problems
: * i'ﬁ
e §
of the types contained in the pretest and posttests. ’

As in the Component Skills program, the last 10 problems of booklet
4 were uBed-as a criterion index of how well the child had acquired the
’ &
/
target skills. . ®

Control Condifion

Subjects in this cbndition received regular classroom instruction.
' -

This condition may alternately be viewed as an uncontrolled 1nsfruc§ion
condition in the sense that some children received addi;ionai clagsrdom

. /
instruction in solving subtraction problems. In 1light of the results of “

Study P wherehchildren's subtractio? performanéqﬁremained fairly stablf,
'after one month despite additional instfuction, the regular classroom
‘iontrol‘ieemed aﬁ appropriate comparison group for the treatments '
examined heée, - ’&
Design

. Members of the Unsatisfactory and Saﬁisfactory grOups were randomly

\

-
’

assigned to Component Skills Training, Criterion Training or Control ;
conditions (note that subjects were not assigned‘to conditions on tﬂe
basis of class membership).- Foliowing the pfeteqt,hgroups 6} 4 to 8’
' subjécts in the two experiméntai condittons were presented with thé
programmed instruction booklets in 3 daily sesaionsAconduéted in -an * \

empty classroom in the schools. Instructions on how to use the programs

?
were provided by means of an ;ntr&ductory booklet which explained how

4
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-

-

the program worked and gave examples of items for the children to

complete and score. Throughout the remedial sessions, the experimenter

-

13

was present to answer questions about specific aspects of the programs.
No ;nformation about how to complete any of the items was prqyided.
Answers were limited t6 clarifying instructions.

Within 2 days following the remedial phase of the study, the
subjects were presented with posttest #1 in the same manner as the

pretest. Posttest #2 was presented 2 weeks later.

Error Analysis

»

As 1n Study 2, errors committed by each child on the pretest and

N
posttests were assigned to one of the following four categories: 1)
L 4

@4 1inversion errors; 2) computational errors; 3) borrowing errors; 4) other

errors. ,_////,/ '

Inter-Observer Agfeement

As 1in Stddies 1 and 2, one test form for each of 20 children was
selected randomly and scored by a second scorer who was trained in these

erfbr analysis procedures. Inter-observer agreement was calculated
. N M

{

using the following formula:

(# of agreements of error type/# of agreements plus disagreements) X 100.

-
-

~n ‘Analziia, ’ . y
This ekperingnt employed a pre-post design where subjects. were
. nested in experimental conditions. Analysis of covariance was selected

P
as the analysis of choice where between group differencés existed in

]

pretest scores. The pretest scores wefe used as covariates.
Comparisons between adjusted means were per?orned ueing the Bonferroni t
R A A ’

J .
" test, as in Study.-2.
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- L)

Where large differences existed in cell Wé;iaqces, the Kruskal-
i ) ™

Wallace H statistic was used, again as in’'Study 2. Multiple comparisons

between cells were made using the Protected Rank Sum Test. A large

experimentwise type 1 error is avoided by using this test only in the

case of a signif?tant H (Welkowicz et al., 1976).



Results

Inter-Observer Agreement

f

Inter-observer agreement for each type of”error was as follows:

.

1nVersion errors, 98 percent‘ compptational errors, 81 percent;

borrowing errors, 88 percent and other errors, 92 percent.
Problems which did_not#require borrowing were included in pretest

and posttest measures. This was_because one goal of trainingawae'to

, - . )

teach ‘children to recognize when it Was - appropriate -to “bortow and when
l \ L)

it wag net. Because these problems did not require borrowing, the most

v
v

likely type of error was computational. /The remedial programs used in

< * ?
) )

this study, however, were focused on teaching the proceﬁures required

for errowiug and did not attempt to promote computational aCCuracy.
. ’ -
The errors vhich occurred on non-borrowing problema, therefore, cduld be

interpreted as noise and would serve to 1ntroduce an unwanted source

of variance into the analyses., In ordef not to obscure improvements in
. & st

subjects' -ability to apply borrowing procedures correctly, it was?
decided to eliminate non-borrowing proplems from the analyses? s

Number Correct -

~ D

Conparieou of eell'xar#anc;g for- Unaatiafactory and Satisfact y
groups yielded significant differences. Hartley;?'Fmax statigtic | .

copputed for Unsatisfactory subjects was }2.08, p¢.05. Eg;'the
. - : toa :

R . ; ) v . . <

Satisfactory group, Fmax. (10)=32.10, p(.al. "Due to theavioli%}bn of the
. . - . ) - s b ‘

homogeniety of variance assyaption, a non-parametric. analogue of. the

analysis of variance, the Krupkai-ﬁallace H teat,fVa; used to exanine
Ca
the null hypothesls tyat the locarlons of . the !xperinentab populatlone

.
? - - 4

were 1dentieal. Within. Uneatisfactoy and Sati%factory conditionc, v;

Codxonent Skills Training, Crlﬁerlon Trainiﬁdﬂind Control groups vere

N -~ [ ’ -,’ , h P} AR
conpared uaing the nunber of borrowing problens solved cortectly as tbe

s (-4
Y

v
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For Unqatisféctory subjects .at posties!: #1, H(2)=6.55, p(ﬁ:OS.
‘Between cell comparisong using the Pfotected‘Raﬁk Sum test indicated,
ghat subjects in both Component Skills Tréiniﬁé‘and ériterion Trainihg
conditions solved more borrowing probieps corre:tly than controls,
Z-%;32, p=.020%, and Z=1.97, p=.0488 respectively. At posttest #2, no
significant differences were found between the two treatment ;onaitions
and controlé. " For Satisfactory Subjects, ne significant—effects dg’

treatment condition were found at posttest #1 or at posttest #2. Means

and standard deviations are presented in Table 1l1l.

Ol

’ “Tnsert Table 11 about here

s ' Y

. ~

Inversion Errors

For Unsatisfactory subjects, treatment effects were examined using
a two way re'ated measures analysis of covariance. Treatment condition

was the between subject factor and trials (posttest #1 and posttest #2)
: S .
wgb the within subject factor. The number of problems containing
‘ b4
Inversion errors on the pretest was the covariate. No main effects or

. LY 7

. .
interactions were found. Examination of Table 12 indicates that both
treatment conditions resulted in a atatistically'ﬁonsiénificant

reaxction in inversion errors relative to controls.

~ *

' ‘ Tnsert Table 12 about here

«

A

p Conpariqon of cell variances for inversion errors for Satisf&ctory
subj;;ta yielded a; fﬁax (10)-i9;.00, p<.01. The_déﬁéndéht measure used
for the Kruakgl—Wallace H test. was the nunber/of ;ro ms éoniaining
inversion errors on thlie pretest minus the number owablen_ts containiné
inversion errors on the‘posttest. This was because subjects were

matched on the basfs of the nynbet of problems solved correctly on the

pretest before random aésignment to treatment conditions. Consequently,

\
-
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Table 11: Mean Number of Boérowing Problems Solved. Correctly -

1 s
Unsatisfactory

~. ' . . d

prestest posttest #1  posttest #2

GST . mean . * 1.27 ‘ 8.27 11.27

sd 2.97 5.92 - . 7.20
n . 11 ’
CRT . * mean © .1 1.64 " 6.64
- Bd * “ 2 .07 6 .531 ’ 7 142
n . Y11 ‘
Control mean ’ .80 '2.20 ¢ 7.0
. ad 2,53 4,54 7.12 -
n 10
Satisfactory -
CST mean . - 11.80 ¢ ' 14.80 © 15.80
" ed 1.4 1.75 2.35
t n 10
CRT ' mean ' Q.55 11.81° 13.18
- sd ‘ . 3.59 6.40 5.10
n . 11
& - s ] ’
. Control mean 9.55 10.55 11.55
! © ed | 3.91 452 5.97
! , n 11 )

-
0T
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L

- —

Table'12=_'Mgan Number of Borrowing Problems bq.;aintng Inversion Errors

>

Unsatisfactory ’ ' '
prestest posttest #1  posttest #2

CST. = . mean . 13.00 6.09 4.55

) - 8d T 6.02 ' 6.55 6.86
n ' . 1t : .
CRT" mean : 8.27 3.82 4,27
Bd . ’ 7.79 . - 6-55 ’ 6071 =
n ’ 11
o Control  mean | ‘ 6.10 . 7.20 7.90
-'! * . Bd . ) - 5067 - 7000 ' 7061
< ) n ¢ . . : 10 Lo
Satisfactory
csT mean S 120 20 .40
Sd ‘ 1-62 s . 042 052 .
n - 10
" CRT  meanm L L.64 1.27 .73
‘ ad 3-88 3.91 * ’ 1-68
n 11

Control  mean 1.73 2.18 - 3.45
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between group differences in the number of errors committed ‘on the

pretest could not be avoided. ‘

* .

The Kruskal-Wallace H test yielded no significant treatment effects"
at posttest #1 or at posttest #2 for Satisfactory suhjects. Means and

‘standard deviations are presented in Table 12.

Computational, Borrowing and Other Errors
' %

Comparisons of cell variances for computational, borrowing and
» ' ¢
other errors yielded the following results for Unsatisfactory subjects:

Fmax(10)=21.32, p<.Ol; Fmax(10)=20.86, p<.01;” Fmax(10)=54.38, p<.0l

respectively. For Satiafactoéy subjects, Fmax(10)=11.28, p<.05;
Fmax(10)=125.41, p<.0l; and Fmax(10)=35.71, p<.01 respectively: }he
dep;pdent measure for thése error types was Fhe number of problems
contgining the error on the pretest minus the number of probtemé :' '
contaiping the error on the ‘posttest. |
Kruakal-Wallace'H tests yielded no significant treatment effects
‘e for Unsg}isfactory subjects ;t posttest #1 and ngttest #2 for any of
the above dependent ;easures. As well, no significant treatment effects
vere fb;nd for Satisfactory subjects at posttest #1 or posttest #2 for -
any of the dependent measures. Méans and standard deviations are °

presented in Tables 13, 14 and 15.

Tnsert Tables 13, 14 and 15 about here

The results of these analy;es indicate that both ComponentiSkilla

: Training and Crit;rion'fraining vere effective in increasing the numbér
of borrowing problems soived cor?ectly, buE only for those subjects wgo

fell into the Unsatisfactéri category. A reduction of iﬁversion errors

appears to have contributed most to this result although small reduc-

tions in borrowing and other errors can also be seen in Tables 14 and 15.
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~ Table 13: Mean Number of Borrowing gtoblenb Containing Computational

.

o Errors ﬁ% 4
Unsatisfactory
- . prestest posttest #1 posfteat #2
CST mean T .64 1.64 . 1.18
sd 1.21 1.75 1.08
n ) 11 .
CRT "~ mean . 1.18° - 1.36 1.73
" ’ Bd . ’ 1060 ‘ 1-36 1042
. n - 11 . . -
' . : |
Control ' mean . 4.00 3.40 2.10 .
sd . .5.01 3.95 3.38
n 10 T
Satisfaétory
CST ‘mean - .90 .70 1.20
sd L 1.29 1.06 2.15
n ' ' 10 -
CRf ' wmean 3.09 2.3 2.64
' ‘8d N 2,02 3.23 ) 3.70
n ’ 11 ‘

Control mean 2.64 2.00 1.64
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Table 14: Mean Number of Borrowing Problems Containing Borrowing Errors

4

Unsatisfactory

prestest posttest #1  posttest #2

CST mean 3.09 To1.27 1.45
.8d . 5.30 2.69 3.39
n ] 11 :

CRT mean ‘ 5.09 2,36 4.09
sd ’ 7.11 4.43 6.09
n . 11

Control  mean . 3.40 2.90 1.00

. n 10
Satisfactory
L] ﬂ. -

CST mean 1.90 1.20 .20
sd . 2.8 . 1.62 W42
n 10 :

CRT mean . 3.00 o2, 0t 1,27
sd : 2.93 4.70 ) 2.33
n - 11

Control mean 2.9 2.27 /// 2.36
sd 3.11 2,76 - 3.67
n 11 )

p
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Table 15: Mean Number of Borrowing Problems Containing Other Errors

Unsatisfactory
prestest

CST mean 1.55

sd . 3.21

n "o 11
CRT . mean 4.64
. . ad 6.83

n 11 )
Control ;aan ) . 6.60

sd 6.31

n 10

- Satisfactory

CST mean ' 1.30

sd 2.50

n 10
CRT mean ) e .18

sd : ‘ .60

n o 11
Control mean . 1.45

n $ 11

-

posttest #1

.64
.92

3.09
5.39

posttest #2

.73
1.56
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Controls )

In an attempt to understand why “treatment versus control

]

differences disappeared at posttest #2 for Unsatisfactory subjects, the

perfornahce of control subjects wag examined. Table 11 shows that while

treatment means for Unsatisfactory subjects remained fairly stable

1 [ C

during the two weeks between posttest #1 éndhposttest‘CZ, the number of
problems solved ¢°r!|§$1Y by control subjects increased. This increase
.appea}s to have beeh responsible for wiﬁing’%ut the treatment effect

between posttests #1 and #2.

Some evidence is available to suggest that the improvemenf of the

Control group may have resulted from extra instruction in borrbwing
]

procedures provided by the classroom teacher dufing'the interval between

T

posttest #1 and #2. Table 16 presents the individual subject data for

the Unsatisfactory Control group. Subjects #12, #11 and #10

» -
3

+ dramatically improved their performance In the two week interval
following posttést #1. The errors committed by these subjects suggested
that ihey had difficulty with borrowing procedures. 'Subjeét #12 and #10

for example, wrote "0" as the answer whenever borrowing;was‘required, an

v

error which was categorized as "other”. These errors vere eliminated by

*

ibstfest #2 and were'replaééd by correéf borrg;iné. Subject a1
gcommitted borrowing errors which,;ere also eliminated by p;sgtest 12..
All three of'Fhese children came from thevsaﬁ;*cl;ssroom and were the
only control subjects from this classrooi.. Although the n;ture of:tﬁe‘,

. . 7
training provided for the children in Study 3 was not revealed to  the

teachers, tﬁhy could have been informed by the children participating in
X . . R L}

4

_the study.. It is not surprising, then, that a classroom teagher would

wish to provide -additional instruction in bor;oﬁing once he/ghe . became

o . T L4




+*

90
avare that some of the ;tudents had received remedial’instruction (while
some had not): In the same vein, ;his mechanism may have been
instrumental in the maintenance of treatment gains for children who were
agsigned to the experiméntal training conditions.

Given the above finﬂing{,:and the results of Study 1 which
indicated that children having difficulty with subtraction did not
improve over the course of one month despite regular classroom
1n§truct1;n, it‘a;;ears that the effects of Com;;ngnt Skills Training

~and Criterion Training were maintained when performance was examined two

weeks after training had ended.

Insert Table 16 about here

It is also interesting to note that, aléhough’subjects were placed
in the Unsatisfactory category on the basis of solving fewer than 60
percent of the pretest pr;blems cor?ectiy, 27 of 32 subjects comﬁitted
erro;; on all borrowing problems. “Of|thepe 2; subjeéts,’pnly 4 applied.. -
,borrowing<érocedure§ correctly. For lhese 4 children, c;;réct
procedures w?re applied on 13~ Q, 7 and 3 problems respectively (out of
17). This_augsests that laci_pf knowledge aof the complete set of
Bbrrowing skilla is the most gommon difficulty for'cﬁildren who perform
at a level considgrgd‘uys tisfactory by most academic stéﬂdafds (less
than 60%).. Correct th\I;f:;ij:;n: application.of borrowing procedures
occurs infrequeritly in-members of'éhis group (287 of Unéaiisfactory

subjects). . Y : ..
- . . N

Remedial Program Performance .
‘ A : '
Although it was found that the remedial programs resulted in

improvements pf Unsatisfactory Eubjedts.as h'gfoup, some children did




Table 16: Number of Borrowing Problems Solved Correctly for B

Unsatisfactory. Control Subjects

-

Sub ject. Pretest Posttest #1 Posttest #2
12 - 0 0 12
11 0 0 16
.10 0 0 18
- 30 0 0 0
35 . \ 0 13 14 .
53 0 0 - 0
49 . 0 0o - 0
48 8 8 11
54 0 0 -0
59 0 1

2.
.r ‘ 0 L
.
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not do very well during training. Because it would be gnreasonable to
expect childtgn who had difficulty during training to d;monstrate
posttest imponementé, the finding that some children had difficulty
warrants further investigatfon. In order to identify children who had,
difficulty with the femedial training, a median split was done on the
basis of the number of criterion problems sol;ed correctly. This median
aplit’bas done for sub}ects in Unsatisfactory and Satisfactory '
co;ditions. Recall that the criterion measure consisted of the last 10
" problems within each training prog?am.

This median split yielded.tﬁo subsamples of children within each of
the Unsatisfactory and satisfactory conéitions. Those above the median,
consideted t6 have successfully completed thé programs, were labelled
Tutorialiﬂigh, and those below the median, cons}dered to have been leis
gsuccessful, were labelled Tutorigl—Low.

As sgggested above, only those:children who complete rémedial v
training successfully would be expected to show improvements in
classroom performance. Those quatisfactory childrern who would be
successful in tfaining (and presumably later in the classroom5 could not
be identified on the basis og data’ obtained at the pretest. For
" example, gie number of borroﬁing and non-borro;ing probiems gsolved
correctly at the pretest did not differ between Tutorial-High apd Low
groups. Purther, scorefon the criterion measure which was useﬁ to .-
determine success during training d1d not significantly cofrelate”yith
pretest score, r=.22, df-?O. There also q1d not appear to be any
difference in the nu;ber or ty;es of errors most ftqﬂuently committed by

Tutorial-High and Low subjects.

»
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In the hope of shedling s;me light on why Tutorial-Low children did
not fare as well as their Tutorial—ﬂigé cdtnterparts, performance during
training was-examined. Because of the small number of subjects involved -
;nd the post-hoc nature of this examination, it was decided to employ-
analysis of trends for Tutorial-High and Tutorial-Low childggx.

* Material contained in the Component Skills égd Criterion Tralning

programs was divided into small units as described béYow, and accuracy

of performance was examined using a‘%epeated measures ANOVA ;Eroas these
units. Only “sdignificant F values were interpreted as'representing

actual fluctuations in the observed pattern of performance. Because the

-

: pufpose 6f this tyﬁe of pnalysis was to generate guéPtion; for further =
study, training units were gr;ﬁped in several ways:in an attempt to ‘

i . obt;in a better undérhtandingnof what happened during traininé: ' )

Criterion Training: Unsatisfactory Group \ | : .

In order to investigate performance throughout the Criterion

Training program, ;he ptogram»was\diy}ded'into 9 blocks of 10 problems
each. The érigerion measure used to divide subjects into Tutorial-High o
and Low groups consisted ff the last 10 problems in the program and
these were, ;ﬁerefore, excluded frJ:.;he analysis.

k for Unsa%iafactory subjects in the Tutorial-High conditiés, a o;e.-
way repeated méaaﬁres ANOVA with the 9 training blocké as thg within

AE »
E A

* subject factor indicated aﬁsignificant main effect for block, F(8,

”

32)=7.56, p<.001. This main effect Bhowgd that ‘the number of problems
solved correctly at block '7 was greater than at block #2. A Bonferroni -
-~ t » Jﬁy

t conparison betweepn blocks #1 and #9 showed that the number of problems

solved «correctly for Unsatisfactory squeetalin the Tutor}al-ﬁigh

condftion wasg.significantly higher‘at tﬁ;'ond,of the program (on block

L > 4
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#9) than at the beginning,(QE“Plock #1), t(4)=3.38, p<.05. Tests for
= trend indicated significant linear, F(l, 4)=10.56, p=.0314, and

quadratib, F(1, f)-12.39, p=0224 trends. In order tq further understand

-t

these data, a 3 (dé&) X 3 (blocks) analysis of variance with reg:gted

. measures on both days and blocks was performed (the training was
conducted over 3 days with 3 blocké completed per day). This analysis
‘ revealed a significan; main effecf of day, F(2, 8)-11;79;>p-.00b1, and a
significant day X block inferaction, F(4, 16)=4.60, p=.0116. ?be main
-~ - effect of day was accompanied by a significgnt liﬂéa; component, F(1,
4)-11.50,';3.0275. ‘Bonferroni t comparisons between me;ns on days 1 and
-2, days 1 gﬂd 3, and days 2 and 3 #mdicated that the ndmber’ of prdblems
solved correctly increased fr9m day 1 to day 2, t(4)=3.58, p<.05. This
increase was maintained at-day 3, t(h)-3;4b, p<;05 (day 1 versus day 3.
In all;»;hese'llsults deseribe a steady‘inCFeaséyin the number of ’
’problems solved correctly from block #2 through £lock #5, followed by a
’le§ell{ng off througe block #9. Eihmination of Fig. 1 suggéstg that the
“ﬁcfeasé occu;réd on day 2 and was maintained during day 3. The
-

previous -analysis also showed that this increase in tha number of

t
-~

problems solv;d correctly during training continued,othhrough to the
_ posttest.
. A one way repeated measures ANOVA a;ross the 9‘train1ng blocks for
Tutorial-Low aubjects'in the bnsgt;afactory groﬁp,gggin indicated a
significant main effect for blocks, F(8, 40)=2.47, p=.0282. This showe

tﬁat subjects solved significantly more proBiems cotregtly on block'#l‘

than on block #9. A significant cublc trend was also found, F(l, 5)=

.

13.87, p=.0136, To assist in the interpretation of this trend, a 3 . *
- ] ¢«
(days) %.3 (blocks) repeated measures é’éVAJwas performed, as above.

. -

[§
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This analysis yielded a significamt égin:effect for blocks, F(l; 5)=
-~ 13,19, p=.0015, a significant linear trend for blocks, F(l, 5)=26.54,
p=.0036, as well as a significant day X block 1nterac¥ion, F(4, “20)=

2.99, p=.0435. Bonferroni t comparisons between means on days 1 and 2,

days 1 and 3, and days 2 and 3 indicated that there was a'éignificant

decrease in the mean number of gorrect solutions per block from day 1 to

day 3, t(4)=4.57, p<.05. No differences were significant within aays.
L] ! ”
These analyses show a decrease in pérformance from day 1 to day 3. This

v

- ‘ ) —~ ’
" decrease did not carry over to the poettest, however, .as the preévious

analysis showed no pre-post differenceq for this group. These data are

»

presented in Fig. 2. ' . .

Insert Fig. 2 about here

When the tréﬁds'for subjects in the Tutortal-High and Tutorial-Low
conditions are examined visually, it appears éhat differences between
the tw; groupé‘ performance érenda occurred at block 4 and became ;ore *
pronounced with subsequent blocks. For subjects in the Tutorial-Low

group, it appears that decreases in the number of training problems

- solved correctly roughly coincided with days.

Satisfactory Group

For Satisfactory subjects in the Tutorial-High condition, no effect
for any of the—above factors was found. As can be seen in Fig. 3,
performance. for these ;uﬁgécts appears to commence ‘at a fairly high
level and to remain stable across the 9 training blocks.
. For Satisfactory subjects in the Tutorial-Low condition, the above
one way ANOVA across blocks yiglded a significant wmain effect, F(8, 24)=

3.6, p=.007, a significant quadratic trend, F(l, 3)=19.12, p=.0221, as
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Figure 2: Mean Number of Problems Solved Correctly Across
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well ag a significant cubic tremd, F(l, 3)=37.87, p=.0086. The main
effect reflects a signific;pg reduction in the .number of problems ;olved
correctly from block #1 to block #9. A 3;(d5ys) X 3 (blocks) ANOVA
yielded a main effect for blocks only; F(2, 6)=14.25, p=.0053, as well
as significant linear trend for blocks, F(1l, 3)=23.38, p;.017.

. . N
: ////;onferroni t comparisons between blocks #1 and #3 for day 1, day 2 and

day 3 showed that éhe number of problems solved correctly decreased from
block #1 to #3 atsday 1, t(4)=4.23, p<.05, and at day 2, t(4)=3.85,
p<.05. These resgltq suggest that for Satisfactory subjects in the
Tutorial-Low condition, performance decreased fai}ly steadily through
days 1 and 2 (blocks #1 through #6). Although the differences were not
statigtically sigqificﬁnt, visual inspection of Fig. 3 shows that the
‘nuﬂber of problems solved correctlz increased at the beginning of}theJ

third day (blocks #7 and #8), and then decreased again (block #9).

\
Insert Fig. 3 about here

Borrowing Problems Only: Unsatisfactory Group

)

When constructing the Criterion Training program, it was thought
'

desiraﬁle to inciude in each block a small number of problems which did
not require borrowing. The purpose was to shape -correct responses to
both borrowlng and nén—borrowing F?peé of probiﬁps. It was also thought
£est to vary the number of borrowing and non—-borrowing problems from
block ;o b10ck; to try to ensure that chilq;en éeiied only on the
critical features of the problems when deciding when to ‘borrow.
However, the change in the number of borrowing aqd non-borrowing

problems from block to block presents some interpretational

difficulties. Fluctuations in the number or problems solved correctly




* Figure 3: Mean Number of Problems Solved Correctly Across
b . Training Blocks in the Criterion Training Condition,

Satisfactory Group
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from block to block, seep especially in the performance of Tutorial-Low
children, could coincide with the number of borfowing problems contained
in each block. " If Tutorial-Low children (at least in the Ur‘\satisfactory
"group) had difficulty solving problems with bé;rowing, the number of
problems solved correctly might be greatér in those blocks containiﬁg
more non—-borrowing problems. In order to examine this'quéstion, all
problems which did not require borrowing wére eliminated and the above
analyses were repeated with the percentage of borrowing pfoblems solved
+ correctly as the dependent measure.

For Unsatisfacto}y subjects In the Tutorial-High e¢ondition, a
significant main effect across all 9 blocks G%s fOup&, F(8, 322-6.40,
p=.0001, along with a significant linear trend, F(1, 4)-7.51/, p=.0519.
To better understénd‘fhese results, a 3 (day) X 3 (biock) ;NOVA was
per&ormed. A significant main effect of day, F(2, 8)=8.49, p=.0105 was
found. This effect was partialled into a significant linear component,
F(1, 4)=8.09, p=.0466. A significant day X block interaction was also
obtained, F(4, 16)=3.15, p=0434. Bonferroni R“teéts £etween the ;ean
percentage of problems solved correctly on days'l and 2, days 1 and 3,
.and days 2 agd 3 indicated that these pe;g;nbaggs 55creased‘from day 1
to day 2, t(4)=3.25, p<.05, and from day 1 to day 3, t(4)=4.93, p<.0Ll. °
These results basically r?plicaté tho;e.of the earlier analyses which
included problems khat did not require 5o;towing. Both analyses showed

a linear increase in the number of problems solved during day 2,

followed by a levelling off on day 3, as seen in Fig. 4.

) y
Ingert Fig. 4 about here

g '

\




Figure 4: Mean Percentage of Borrowing Problems Solved Correctly
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For Unsatisfactory subjects in the Tutorial-Low coﬁdition, a one

way repeat?d ;easures ANOVA across the 9 training blocks revealed no
significant effects. A 3 (days) X 3 (blocks) ANOVA also failed to show
any significant effects, although the main effect for block approached
significance, F(2, 10)=3.75, p=.0611. Inspection of Fig. 4 shows that
the percentage of borrowing problems solved correctly appears to decline
each day with some recovery.between days. This was the pattern observea
when non-borrowing problems were included, as shown'in Fig. 2. The
earlier analysis produced a significant dec;ease in the nhmber of
problems solved correctly from day 1 to day 3. Although similar in
trend to the earlier results, floor effects appear to have prevented
this comparison from reaching statsstical s;gnificance when Sorfowing‘
problems only were included.

Borrowing Problems Only: Satisfaétory Group .
S

For Satisfactory Tutorial-High subjects, the absence of siénificant
effects in both the one way and 3 X 3 ANOVAs is consisténF with
performance which begins at a high level and remains high. This result
1s identical with that obtained in the previous analysis of borrowing
and.non-bof}owiné problems.

For Satisfactory Tutorial-Low subjects, a one way ANOVA across all
9 blocks ylelded a sighificant main effect for block, F(8, 24)=2.36,
p=.0493, and a significant quadratic trend, F(1, 3)=20.95, p-;0196. A3

X 3 ANOVA ylelded a significant main effect of block, F(2, 6)=6.06, p~

© .0363, and a significant linear trend for block, F(l, 3)=20.95, p=,0196.

" Bonferroni t comparisons between means for blocks #1 and #2, blocks #1

and 43, and blocks #4 and #6 (as suggested by visual inspection)

indicated a significant drop in the percentage of borrowing problems
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solved correctly at day 1, -t(4)=3.88, p<.05 for blocks #1 and #2. No
other differences between ;ays were siénificant. These results show
that the percéntagé of problems solved correctly decreased fairly
steadily thr;ugh daysc 1 and 2 and then incféasgd on day 3. Thege.
results are again éairiy.consistenF with those of.the earlier analyses _
which showed a significant drop between blocks #1 and #3 on day 1, and
blocks #1 and #3 on day 2. Visual inspection of Figs. 3 and 5 confirms

this similarity for Tdterial-Low subjects.

“Tnsert Fig. 5 about here

In summary, patgqrns in the numbgr of prohlems solved-correctly for
subjects in the Crlterion Training condition were similar whether
non-borrowing progiems were included or not. Increases in the number of
problems solved'Correc:iy for Unsatisfactory Tutorial-High subjects
occurred at dayxz.,'W}Fhin day decreases were observed for
Unsatisfactory ﬂnh Satisfactory Tu;oria}-Low.subjectB, as well as some
between day recovery. These patterns were éeen when non-borrowing |
problems were included iﬁ the analyses and when they were omitted.
D;fferencés in the -number of borrowing problems‘containgd in each block,
therefore,’cannﬁt explain the fluctuations in performance described
above. Instead, c¢hanges in the number of problems solved correctly
during training éppear to be in some way relgted t; days.

s

‘Component Skills Training

Unlike the Criterion Training program which was similar thrOugho_u'tr
the Component Skills Training program consisted of 5 booklets, each

unique In content. It seemed reasonable to assume that the content of

each booklet, rather than the day of administration, would have the

-

o
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figure 5: Mean Percentage of Borrowing Problems Solved Correctly
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strongest effect on performance. As we described earlier, the first 3 -

booklets dealt with pre-borrowing skills such as'column’recognition,

<

location of the largest digit in a column, etc. Booklets 4-and 5
contained items which presented the actual borrowing procedures.
Because Bbrrowing posed more difficulty than any other subtraction skill

for‘mény of the children-in this study, booklets 4 adé¢5 were expected
. - a »
to be the most difficult.

In order to evallgte the perférm;;ce of Subjec!L‘gs they worked
through the Component‘Skills program, each booklet was-divided into tw® .

blocks, the first block containing the first half of the items and the

>

second block containing the second half of the items. Tﬁgre-were 10 .

-

blocks in all, two for each of the 5 booklets. As stated above, each

“

block was composed of a unique set of items. The number of items within - |
! *

each booklet also varied. As in the Criterion Training program, the£10

criterion items used to group subjects as either Tutorial-High or Low

were logatéd at\the end of booklef 5. Thege were not inqluded in the

2
-

formation of the item blocks and. were, therefore, excluded from the -
analyses.

Unsatisfactory Group

A 5 (booklet) X 2 (block) ANOVA with repeated measures on both
booklet and blocks was performediwith,the percentage of items answered
correctly per block-as' the dependent variable. Booklet was included as-

a factor in order to determine subjects' performance over a pérticulgr

7

content do:z% « Block was included as a factor in order to observe

possible performance variations within these content domains. For

Unsatisfactory subjects in the Tutorial-High condition, a significant .

booklet X block 1ﬂteract10n was found, F(4, 16)=4.38, p=.0l4. Bonferroni

o
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t comparisons, however, failed to reveal any significant differences in
the percentage of items "answered correctly between blocks #1 and #2 of
each booklet. Inspection of Fig. 6 shows a somewhat fluctuating

patfern, with performance remaining .above 75-percent accuracy throughout

all 5 booklets. . ;

Insert Big. 6 about here

For Unsatigfactofy éub}aéts in}fhe futoxial-Low conditién, the same
r - N .

analysis ylelded a main effect for beoklet, F(4, 20)=5.27, p=.0046, as®

‘well as a significant linear trend for booklet, F(l: 5)=7.15, p=.0041.

-
P

The main effect indicated that perfogmance'waémlowef in booklet 5 than

P

in booklet 1. Boaferroni t comparisoqs beiwequbodklets 4 and 5, 3 and
5, and 2 and 5 (as sugggsted by visual inspection of Fig. 6) indicated
that Fhe percentage of 1§ems apswered coérectly in booklet 5 was lower
than tha£ in booklet 3, t(6)=3.92, p<.05. "This anél;ﬁib,;along with the
inspection of Fig. 6, suggests that perfqrmance remained fairly stable *
unti{l the beginning of booklet &4, where 1£ bégan“to deéﬁine steadily
.througﬁ io the end of booklet 5. Differences inlprgnds for High and Low
Tutorial groups became apparent at‘booklet 4 where the High group

remained stable while the Low group began to deteriorate.

Satisfactory Group

As in the Criterion Training condition, Tutdrial—High‘gubjecta in
\ -
the Satisfactory group began at a high level of performance (greater’
than 90 percent accuracy) and maintalned that level throughout the

program. These data are presented in Fig. 7. No further analyses were

conducted.

Insert Fig. 7 about here

.’
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Figure 6: Mean Percentage of Items Aﬁswered Correctly Across
. ¥
Training Blocks in the Component-Skills Trélning Condition,
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Figure 7: Mean Percentage of Items Answered Correctly Across

Training Blocks in the Component Skills Training Condition,

“

Satisfactory Group.
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The same.5 X 2 repeated measures ANOVA for Tutorlal-Low subjects
yielded no siénificant effects. Bonferroni t comparisons between ) .
booklets 1 and 5, and' 3 and 5, indicated that, as was the case for
Unsatisfaéfbry subjects In the Tutorial-Low condition, subjecta anﬁﬁered

fewer {items correctly in booklet 5 than in bpoklet 1, t(4)=3.79, p<.05,

and than In booklet 3, t(4)=4.67, p<.05. It Appears that booklet 5 is
more difficult tor these children than the first 3, amd différencés it
trends can be detected between ?1gh and Low subjects by booklet 4.
These data are also presented in Fig. 6. Profiles for {ndividual

subjects are preseqt;d/qu;:}§§»8 through 15.

! ‘ ° Insert Figs. § through 15 about here
. : 7

Sex

——

0f the 64 children examined in Study 3, 38 percent of the sample

- .

was male. Forty-seven percent of th Unsatisfactory condition conglsted

of males, - while 28 percent of the Satisfactory condition was male. On a
percentage basis, it apbears that males are slightly more likely to “
perform below the ac::ptable acadenfc standard of 60 percent. For
Unsatisfactory and Satisfactory Tutorial-High conditions, 40 and 36

percent respectively were male. These percentages reflect the Bex
distribution found in the origiqal sample.- For Unsatisfactory and T
Satisfactofy Tutorial-Low conditiona,’6i an 30 percent respectively

were male. This suggests that, of those children who were good

candidates for renediél work, males were more likely th'an females to ‘ .

experlence some difficulty with training. - -
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Figure-B:“\Number of Problems Solved Correctly DuringeCriterion

Training for Unsatisfactory Tutorial-High Subjécta
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Figure 9: Number of Problehs Solved Correctly During Criterion

Training for Unsatisfactory Tutorial-Low Subjects
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Figure 10: Number of Problems Solved Correctly During Criterion ,
Training for Satisfactory Tutorial-High Subjects
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7
Figure 11: Number of Problems Solved Correctly During Criterion

Trai&%ng for Satisfactory Tutorial-Low Subjects
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Figure 12: Percentage of Items Answered Correctly During Component

Ed
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Figure 13: Percentage of Items Answered Correctly During Component
Skills Training for Unsatisfactory Tutorial-Low Subjects
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Figure 14: Percentage of Items Answered Correctly During Component

> Skills Training for Satisfactory Tutorial-High Subjects
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Figure 15: Percentége of Items Answered Correctly During Component

N Skills Training for Satidfaétory TutoriélfLow Subjects
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Discussion
Grgde 3 children's performance on a series of bubtgactioh problems

was egamined following training with two different tyées of remedial

programs. The Criterion Training program presented children with
:subtrac;ion problems and feedback in the form of correctly worked
solutions. YThe Component Sk}lls &raining program presented the
procedures required for borrowing in a stép by step fashion, along with
feedback in the‘form of correct answers. ’ '

The subjécts were divided into two groups based on pretest
performance. Children who solved more than 60 percent of the pretest {
problems cdrreg;ly were classified as Unsatisfactory subjects. Those
who solved between 60 percent and 80 percent (inclusive) of the problems
e classified as Satisfacto;y subjects. Botﬁ’Componegt
Praining ana Cr}terion Training resulted in increases in the-
number of borrowing problems solved correctly relative to controls for
subjects in the Unsatisfactory condition. These two training conditions
appeared to have been successful in reducing efrors’in the borrowing
process and in increasing the frequency with which borrowing procedureé
were cofre;tly applied. ,Re;edial training -had no significant effects,
however, on the performance of Satisfactory subjects.

Vhile some;control subjects improved in the two week interval
follgwing remedial training, it appearg& that the performance

“improvementq seen for experimental subjects we?e maintained during this
time. The changes observed in the';ontrof subjects appeared the result
of a Sp;cific ¢lassroom related phenomenon w%iZE probably did not occur

in the other classrooms. It is felt, however, that the remedial

programs examined in this study would be most effectively utilized as

117
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techniques for elevating performance quickly. Performance gains c0u1§
subsequently be maintained through contingencies arranged by the
classroom teacher. As ; teacher implemented strategy, this remediation
' - maintenance intervention could be carried out easily and with little
disruption to clgss memﬁers not requiring such additional assistance.

An unfortunate complication, however, is that some children failed
to progress succsssfully through the remedial programs. Decreases in
the number'of problems solved correctly were observed both within and

between training days, although the pretest and posttest scores of these

-~
-

children were not different. In the Criterion Training Condition
examination of the patterns of errors of individuals who did not
- complete training successfully suggests that: 1) reinforcement used in

v

this study was not sufficient to maintain initially moderate to high
levels of accuracy S#5, #23 and #4) or to m;intain improvements in
performance S#73); 2) subj;cts did not appear to be utilizing feedback.
Error patterns did not change following th; presentation of correct
solutions, and subjects #28 and #57 failed to even attempt to borrow,
although this requirement was shown in the feedback presented.
‘Performance in Comﬁodent Skills Training 1s wmore difficult to
interpret because tﬁe items differed in content and were designed to
produce a high level of accuracy. The consistently high level of
performance seen in the individual subject Qﬁofiles showed that this
goal was achieved for some subjects (Tutorial-~High). ‘The performance of
others, however (Tutorial~Low), was again eﬁaracterized by fluctuations

[ ] .
in the number of items answered correctly from block to block as well as

»

hy decreases throughout the last two booklets of the program.

Ineffective reinforcers, or particular subject characteristics may have
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been responsible for these performance fluctuations. The similarity of
Tutorial-Low profiles in both training conditions strongly suggests that
similar factors contribute to the patterns observed for subjects who do
not train well.

This failure of some childrem to benefit from training indicates
that, if these remedial programs are to be effective in the classroom,
the identification of subjects who are likely to fail 1is crucial.
Diff;rences between potentially successful and unsuccessful training
candidates were apparent sometime during the secoﬁd day of training for
Criterion Training, and during presentation of the fourth training
booklet for Component Skills Training. At this stage of the research,
attention to performance while subjects are working through the programs
and offering assistance when deterioration 1s noticed may be the optimal
method to encourage successful remediation of all children. Ideally,
the identification of those children likely to have difficulty prior to
tra}ningVWOuld allow assignment of these students to programs perhaps

_more suited to their needs.

During Criterioﬁ Training, Unsatisfactory subjects who were
successful in training (Tutorial-High) showed marked increases in the
number of problems sclved correctly to a high of 88 percent. This
increase remained fairly gtable for the remainder of training. IA fact,
all but- one child in this condition attained 100Apercent correct on at
least two blocks of problems. So it seems that some Unsatisfactory
children were able to use feedback to achieve accurate performance. 1In
fact, tﬁis type of treatment was as effective as a more carefully

] v
programmeéd one in improving the performance of these subjects.

»
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In evaluating the relative efficacy of the two training programs,
factors such as the relative difficulty of designing the programs, ease
of administration, and length of time before acceptable levels of
performance on the target skill are reached, need to be considered in
addition to the magnitude of treatment gains. Although there are many
areas for improvement, the Component Skills Training program required
much planning and pilot testing. The subjects involved in this program '
tended to ask-many more clarification questions throughout, and the
level of performaqge on the target skill could not be assessed until the
end of day 3 when the program was completedf In the Criterion Training
program, high levels of performéﬁce were attained by day 2 for many
children. They had no difficulty following directions, and the mrogram
was easy to construct and implement. The repetitive nature of this
program, howev%r, may have resulted In fatigue or boredom which could
have undermined its effects for some children and produced the between
and within-day decrements discussed above. With gome attention to the
introduction of novelty and of more powerful reinforcers, the Criterion
Training program appears to have good potentiél as a remedial technique,
at least from the standpoint of training time and diagnostic

flexibility.
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‘General Discussion °

The aim of this thesis was to find a remedial techn}qu? whi;h could
be used to help children who_eiperiencé difficulty in subtract;on. The
techﬁique';as judged to bé more effective 1f it could be implemented by
a teacher in the regula; classrcom and if it could ytﬁf?fE@f%ormance
improvements within a short period of time. Two types of training
procedures appeared to fit the bill, éraining in the component skills
required for sélving subtraction'probléma énd feedback in the form of

correctly worked solutions. o - : . .
-4

When the performance of children whose performance was erratic was

compared with that of children who always committed erro;e,’no clear cut
differences between the two groups were found: While the errors of the
laktér group’tended to more consistently suggest problems with the
frocedures required for borrowing, many members of the former group
hehonstrated similar difficulties. These fiﬁdings suggest that
performance could be understood as falling along a mastery continuum.
The consistent inver8ion errors committed by some children represented
failure to invoke the procedures necessary to solve the problems. That
is, these children had difficuity at the extreme end of the conginuum.
It also apbeared that when these childre; were prompted to invoké these
procedures, large gaps in their knowledge were present. Othef children,
while recognizing ghe conditions wh;re it was necessaf} to engage in
borrowing, also demonstrated gaps in knowlédge. These children were
located slightly to the right of the first group on the mastery
continﬁum. A third group of children made procedural errors but also

{solved'problems correctly. This group was even further to the right on

1 : .
this continuum, but tended to move around a good deal. When tested at a

™~




. ' g’

. later point in time, the pqrformance of some of these children was

.

consistently accurate, while other children failed to attempt an} of the
bggrowing proéed;res.  Last1y, some children almost'always solved
problems correctly and were located ai‘xhe extreme right on the mastery
continuum, ‘

In termsywof a cognitive model of gubtaction performance, these
studies were not designed to evaluate thé contributions of particular
components to processing competency. I would, however, }ike to address
the developmental progreésion issue.‘ First of all, the c&ntribution of

. b
gshort term memory improvements (or of individual differences 1n short

term memory) to the type of performance examined here is difficult to
agsess. The decrements id performance during training of Tutorial-Low
subjects and their recovery between days, however, sugéests that short
térm memory failure is not responsible for ;oor training performaﬁce of
these ct\ildren.‘ For Tutorial~High *ildren, the aepérent gaps in their
knowledge werd quite easily remediated using techniques which would not
.

be expected tb address aspects of short term meﬁory functioning (for .
.examplé, information chunking).

f suggest that, in addition to the developmeqtal progression
proposed for the processing of mental arithmetic problems (Ashcraft,
1982), and the coptributién made bykehort term memory changes to this
de#elopment'(Brainerd, 1981), a second developmental progressionlﬁccurs
which begins at the .point where children appear to rely more "o stored
representations of number fach for tﬁe solutions to simple problems in

mental arithmetic. This progression would deal with children's )

developing ability to solve problems reqhiring the application of a

large body of rules and heuristics. By the time children are introduced

'
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K
to the process of subtraction with borrowing, their short term memory
cabacity would be expected to be reaching its upper limits (Brainerd,
1981). Further improvements in short term memory would be the result of

more efficlent processing techniques, such as chunking and imagery

representation. When introduced to the complexities of borrowing, *

children are faced with two tasks. They must learn to apply the”
procedures correctly and they must be able®to store and retrieve these

procedures in the correct sequence. As in the case. of mental

_arithmetic,.I suggest that the development of the use of procedures

L

preceeds a stored representatiopn of these procedures.

In the first stage of learning how to use the procedures, children

-

are at the extreme left on the mastery continuum. The consistency of

~ o

their errors reflect gapé in théir kﬁowledge of these procedures. While
they pfactice and receive additional instruction in these procedures,

their performance takes on a more ‘erratic quality and they move to the
|
right on the Qfatery continuum. Errors are made, but from time to time

+

. A
problems are also solved coérrectly. It 1is at this point that

. a
lmprovements in organtzation of information occur to facilitate

-

»processing in short tefm memory and subsequent storage .and retrieval.

At this stage, the fre&uency of procedural errors decreases, and factors
wildch 1nt;rfere with processing or with information retrieval are
primarily responsible for.errors.. These factors include fatigue,
boredom, behavioral styles, incompatible behavior,\etc.

If this outline represents the development of chiidrén‘s abllity to

gsolve these types of problems, three different types of treatments would

be expected to achieve different results for differemt groups of

;children. For those children at the procedure mastery level,
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interventions which provide them with information concerning their
performance should result in improvements. Both feedback and
instruction in component skiils should fulfill Ehis f;nction. For
children at the information organization staée, interveftions which
facilitate this process such as chunking strategies, mnemonic aids, cue )
cards, etc., would be-expected to be more helpful. The lack of these
types of interventions in Study 3 may explain the failure of
Satisfactory subjects to demonstrate performance gains. A third type of
intervention would be intended for‘those children whose errors are the
result of factors which interfere with proceséing at some level. These

"‘
factors could prevent the learning of rules at the procedure mastéry

stage, or could interfere with the execution of these proceﬁureé'at
latér stages.of mastery. Contingqncy m?nagement, introduction of
novelty, or interventions focused,on undesirable behavior are
possibilities: Again, éailure of ¥dme children to benefit from tta{;ing _
offered in Study 3 may be the result of failure éo in¢lude these types

of interventions, and the failure to identify the children éor which
these techniques ﬁ0u1d‘be apprOpriaEé.

It 1s of course recognized -that ;ixhout the necessary longitudinal .
(and cross sectional) data, this developmental progression and
implications for remediation remain hypothetical. Further
investigations might take the following course. .

A Yongitudinal study of chil&ren's solutions to subtraction

.

proLlems with borrowing could provide information regarding the
development of -mastery. Examination of errors and spggd of performance
might be e;pecially &seful in plotting changes in qoypetency. Single

subject experimental designs might be 'ised to examihe the effecté of -

t
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different types of teaching strategies at different stages in mastery '
development: This approach could be used.to examine the developﬁent of
skill in borrowlng, discussed earlier. Strategies used to promote one
kind o% development would only be expected to facilitate performanée at

that particular point in development. Also, an examination of

characteristics of those children who have difficulty in training and of

those whose development fails to progress past a particplar point may
suggest approprjiate 1n£ervention strategies or remedial techniques that
could be implemﬁhted at early stages of learning. Both remedial and
preventative applications would be of interest.

It is understood that the fallure of some .children to successfully \
complete the remedial programs coul{ simply reflect 1hadequacie3 in
program design. ,Sidman and Stoddard (1966 and 1967), with retarded,
nonverbal children found that although some children made errors on a
ciréle?elipse discriminat;dn task, they learned reasonable things.
Children appeared to be attentive to features of the stimulus materials
which were not critical for the discriminations the experimenter wanted
these children to make. The children's havior suggested that they
continued Eo atten& to these "irrelevant| features, obtaining
intermittent reinforcement pretty muth by chance. The authors pointed
out that, under the circumstanges, the contingency structure promoted
and fostered this type of béhgvior. While the children committed
errors, from the expegimente}'s point of view, subjects' behavior was

consistent with learning principles and they were in fact learning.

They were not, however, learning what the experimenter wanted them to.
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Modifications in the instructional sequence resulted in better
experimental control over these children's behavior.

In Study 3, it also appeared tha; Fhe contingencies, at least for
some children, were not associated with correct responses. Children
often éid not appear to att;nd to the feedback provided, 1n1t;a11y high
rates of correct responding were not maintained, and in some cases
children appeared to have been responding in a random $ashion. In
short, as wi;h Sidman and Stoddard's Subjects, the behavior of some

children did not appear to be controlled by the contingencies desired by

the experimenter. . ‘_bl,
It may be that problems in‘proéram design iqteracted ;ith certain

characteristics of the children who composed the Tutorial-Low group.

The programs designed in Study 3 did not ensure that the desired target

behavior was thé only behavior that was reigforced and that children

attended to the essential aspects of stimull and feedback. The programs

did not offer re—instruction immzi’ately following errors, and the

programs did not allow children fo progress to the next step“only after

-

a gspecified performance criterion had been reached. For children whose
behavior 18 not reinforced by knowledge of performance,.or for those wﬁo
are particularly subject to the effects of fatigue or boredom, these
problems in program design may have resulted in the observed
deterioration and low levels of perform;nce. For the purpose of
effective remediation it would be desirable to eliminate individual
differences in children's responses. Careful attention to the c;ntrol
of specific behaviors required for learning seems required. .That is,

the remedy may involve a "tightening up” of these programs in terms of

the application of contingencies and immediate awareness of errors. Or,

3
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the remedy may involve the addition of components which could assist 1in
the development of more efficient information processing.

Because of its generally unprogrammed nature, it was surprising
that Criterion Training was, on its own, so effecti?e for some children.
Referring to the sequencing of instructional components, Skinner (1968)
made the following observationy

The logical structure of a subject matter 1is not always relevant.

Th@re may be many réasons why programs should be designed on

logical principles, but they are not always logical reasons. The

well known case system, for example, is recommended because
spegific Instances are usually easler to teach and remember, and
are inherently more reinforcing than general principles; it 1is
ng;ertheless often easier to teach precept than practice, or rule

than example, and the specific-general order is then reversed. A

logical order is not the order in which most behavior is acquired

and 1is gherefore not necessarily the best order in which 1tlis.to

be taught (p.222).

In line with Skinner's suggestion, it appearé that at least some
children could extract the informatioh needed'to solve borrowing
problems from the specific examples presented. That is, the
specific-general order seemed to work in this case, and "logical”
sequencing of material did not seem to offer any advantages. Whether
those who benefitted from Component Skills Training would also have
benefitted from Criterion fraining is not clear. It may be that

Tutorial-Low children in the Component Skills program would have had

more success in the Criterion Training program and vice versa. «That 1is
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an empirical ques;ion which may not be answered until more is known
P .
about why some children succeed on these programs and others do not.

At any rate, the difficulties encountered in trying to eliminate
children's errors were unexpected. This 1is perhaps the most I1mportant
result of this research, in that it suggests a simple problem which has
been shown to be easily remediable (by studies cited in Study #2 and
Study #3) is not. At least, t%chniques like instructions and promise of
reward, and carefully programﬁed instruction§and feedback weré not

effective for everyone. Along with even more careful attention to the

technology of teaching, incorporation of findings concerning children's

these developmental areas may be necessary. This suggests that applied
researchers would be well advised to incorporate and utilize more of the
informatio; available from the cognitive laboratory when developing

behavior éhange methodology. Traditional teaching and remediation may

not be effgctive for all children until researchers underéfand not only

how to control behavior but why certain tlasses of behavior appear when

they do. With the advancement of legislation to protect'the rights. of
exceptional children’ the next few decades should see the.fbcus.shift

from the development of metheds and techéiqu;a to attempts to undérsténd -

differential responsiveness of individual children to treatment

variables.




AEEendix 1

Statistical Analyses

In Study 2 and Study 3, spbjgcts in each exéerimental condition
were given a pretest prior to treatment. Following treatment, subjects
were retested on one or two occasions. Those in the control condition
were tested on the same schedule but were not exposed to the
experimental conditions.

Thr;e types of analyses have been applied to this type pf design in
the 1iggrature. The first type is a repeated measures analysis of
vgriance where the pretest—-posttest factor is the repeated measure,
commonly labeled "trials”. The between subject factor is/;xperimental
condition. The second type of anaiysis involves the use of gain scores.
In this case, the dependent measure is used to reflect fhe amount of'
improvem;nt occurring in each subject from pretest to posttest. This
score is calculated by subtracting the pretest score from the posttest
score. The gain scores até then analyzed using a between subjects
analysis of variange. The third type of analysis is an analysis of
covariance. Here, posttest scores are adjusted on the basis of thelr
regression on the pretest scores. The only difference between the last
two analyses is that in the case of gain scores, the slope of the within
treatment regression line is arbitrarily set at 1, while in the case of
ANCOVA the slope is determined by the data. _

For a pre—pést design where the subjects.w;re randomly assignedrto

_treatments and where the treatments did not affect the covariate, ANCOVA

was selected as the analysis of choice. The reasons for this selection

- -~

are summarized below. e
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Huck and McLean (1975) argue that, in the case of the pre—-post -
ANOVA, the linear model whicﬁ thi%s analysis assumes is 1ticorr&. Both
treatment and 1nteraczion gffects do not‘ﬂhve any effect on pretest
scores. Therefore, posttest scores cannot be thought of as having an
interaction component. By including the variance associated with this
interaction component, the F test for the main effect of treatment is
"gpread out” over pre and posttests. In this case, the interaction
attually becomes the measure of the main effect. 1In addition to the
resulting léss of powver, thelinclusion of a "c;ials" factor does not
appear to be meaningful. A main effect of trials does not address the
igssue of treatment effects and is oben.to confounding by regression,

* maturation, history, etc.

AltBOugh the';se'of ggiﬁ scores eliminates the trials factor and
the/inFeraction component frém the linear model, this analysis normally
produces a less sensitive test of tréatqent effects than does a
covariance analeis. This is beéause the slope of within cTass
regressions is usually mot equal to 1. In these cases, arbitrarily
setting the slope equal to i results in greater expérimental error than

would be the case 1if.the slope was determined on the basis of the data
»

3

(Huck and Mc%fan, 1975). The use of ANCOVA would result in a more
sengitive test of the treatment effects by removing varilations in tﬁe
covariate from experiméntal error (Cochran, 1957). '

Overall and Woodward. (1977a) suggest that excess caution exercised
in éhe literature with regard to the use of ANCOVA {is unwarranted. They
argue from a theoretical vievpoint as well as from the results of Monte

Carlo“studies (Overall and Woodward, 1977b) that ANCOVA can give

unbiased results of treatment effects when groups differ in mean scores
g

Al
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on the covariate, even in cases where subjecta were assigned to groups ,
on the p&sis of the observed covariatg scprés. They also showed that
unbiased éstimates‘of'treatment effe;té can be obtained in cases where
the covariate is not perfectly reliable agp when within and between
group reggeasiona‘are not equal. These conclusions refer to situations
where freatments do not affect the covariate.

-

In the two studies described in this dissertation, treatment

effects had no effect on the covariate (pretest scores) and

Unsatisfactory and Satisfactory subjects were.randomly assigned to

treatments. That means that differences between groups on the covariate
were a result of chance sampling variability and, as such, pose no
problem for ANCOVA (Overall and Woodward, 1977a). It appears,

therefore, that analysis of covariance would result in a more sensitive

T

and theoretically defensible test of treatment effects than efther a
. '

galn score anaI}sis or use of a repeated measures analysis of variance.

v R
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