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In this weffk the ‘bounds ‘on some theoretical quantities of the

‘scattering amplitudes (like The relative phase and. relative %odulﬁs) . " o -
and the ‘imaginary parts of the spin non-flip and spin flip amplitude o -

) : for the spin 0 and spin;% particlg‘scatéering have been investigateq.
_The latter case is related to the existence and uniqueness problémiof ‘

\ . the so{ut%ons of the unitarity equations for the_séattéring amplitudes.

. e

Some applications of the inequaliti of'fhe theoretical scattering '

quanpitieg for the scatteripg of épin 0 and spin-% particles have~6een
’cérried out. “In particular bouﬁdé on quantities describing K+p
scattéring a;e cons;r;cted from experimental polarization and differ-
ential cross section. With tﬁe bounds so established, different séts

of phase shifts at 13 different energies between‘Plab = .87 Gew/c’and
: . . ) '

1;89 Gev/c for Kfp scattering processes, namely the Cutkosky phase -
B ) ' Lt . s
shifts and CERN o, £, y phase shifts, are compared. -

Y ¢

e

Furthermore these inequalitiés have been used in the unitarity
- ' equations. Diffgrent ways of the-majorizafion programs .in the
imagi?ary parts of §bin ﬁon—flip and sﬁin flip amplitudeé have been
performed. The numéric;l caicglgpion for ‘the béunds %f the wfp, )
’and Kp scatteri;g'below the fnéias c thredhold are presented.
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During the last few years the scattering amplitude constructed ,

from the experimental data has been investiga;ed,gftemsively. “For, .-

-

energy below the first in€lastic threshold the‘elésiférunitarity
. - .
equatiga*t&n be considered to be an integral equation for the phase of,
/ : ,

) v T - . w -
the séattering amplitude. Since the unitarity equation.is a non3inear
» D -
Q

\

g : integral equation it is not guaranteed that the unitarity equatiom has

“a

a solution or that solution, if it exists, will be unigqgege.
N g

- Sy

~

o | 0

o]

The possible ambiguities in scattétring amplitﬁdes, due to the nof-
5

linear character of the unitarity equation, have been studied from two

directions. ) . a’
. G

.

’ ‘¢
- 3 . Q
< : o

Q
One is to display explicitly the existing ambiguities. This me3ns
' o ’ . ’ .
to construct a new scattering amplitude from the;known,scattering
& - o

amplitude with the same experimental data (totalbchSS section, d}ffér—q

ential cross section, polarization gtc.). Instead of considering the

—
-

total scattering ampiitude one expands‘the scattering amplitude into

.
-

partial waves. One can then look for different setg, if possible, of
3} ! . o
phase shifts-that reproduce the same experimental data. For scalar

4 v

particles scattering the trivial émbiguity.which ;s the simultaneous

chahge,df the sign of all phase s$hifts has been known for a long time.
The first non-trivial ambiguity was found by Crichtonl: He gave a very
simple example in which two sets of phase shifts (up't6 D wave) give ) .

the same differential cross section. Atkinson, Johnson,'Mehta and

- ' [

LI !
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de Roo” pointed out it is not a numerical accidént. They reproduced 1t >
B : ©Q - -, C?]‘ o, a
o , 0 .t 2 , . . . c_ 3
in a.more rigorous way.. Latér Berrends and Ruijsenaars” constructed
) 9 - o ' © <
systematicglly pairs of different sets of phase shifts which give the )
\ Y ) . . 8 : Pd
same di?fefhmtial‘cross section. “For SPD wave the'construgtion leads
< . " .
. I Y-
to the Crichton ambiguity. ’ For SPDF'wavq\four different pairs of phase

¢
o

shifts were foundif:L; is expegted that‘ﬂéfthe number of waves ificreases
. +) -

3 A > S
so do the ambiguities. Other articles on this subject were, presented
by differenﬁ’authorsa*lq; :
c 9"0..0 0 ' o ' >

R © < . - -
Amb}guities in the scattering of spin 0 and spin %-particles,
) T . L o ’ !
specificallyhdifferent sets of.pbqée shifts giving the same differential

] . «
cross section and polarization, were-considered by Puzikov, Ryndin and
o ) 0

Smordinskiili, who also idtroduced the concebt of. a cqmﬁleteiexperiment.

fﬂey pointedsout the existence of a generalized Minami ambiguity, i.e.. a
¢ B -

v L) -

o 1]
transformation of the scattering amplitudes leaving the differentdal
[+ . ) ° ‘! *
cxoss section, polarization and unitarity conditdion fnva;iant. Less

o . . . «
obviouws ambiguities involving S"and P wéyes only were found by Berrends
: 12 o e 13
and'Ruiisenaau;su . Recently Bruet, Gauthier and Winternitz ~ presentéd
°8 . -
B o .

the possible ambiguities‘lgaving two of the four expefimental measurable

[ w 9 . . . .
quantities (differential cross sectiony polarization, rotation parameter
‘ ) : - )

o Q .

R and A) and unitarity’condition invag}ant. This p:qblém was also ' o

° ° ) o .
15-16 -

o : iRy
.

[ - : . A

studied by Dean andnheela,‘ilepikov and Smorodinkii et al
¢ [+ .

o . .
b - ‘ ! . L ' ’ . N +
The disadvantage of this approaah f2 th@E it 1s onlx;manageablef_ - L

for a small number- of. pattial waves. Asiéé see in Berrends and

o
3,12

-

Ruljsenaars' work it is very complicafed bothffor imax = 3'in spin-

less particles scattering case or SP waves in the scattéring of spim.0 =~ .
o " > - :

- - . |

v N : T “
° ;4 S ‘-
. ’ o . . C g
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and spin % particles. The other disédvantage is one cannot conclude

that all the poésible ambigu%tiéé have been exposed since other types

of ambgguities are still ﬁbssible constructed by ofher ways.

The alternative approach is fundamentally more mathematical. It
= \
is to solve the unitarity equation+directly to determine the phase of

the scattering amplitudes. The unitarity equation being a nonlinear

integral equation it has not been possible yet to'find its solutions

»
under general conditions. But some results, on the existence of

solutions under certain fonditions and their uniquene’'ss under more
stringent conditions, have been found. The existence condition for the
solution of .the finite dimensibnal,unitarity matrices obtained by,

diseretization of the unitarisy integral was studied by Eftimiu 7 and
more recently by Tortorella and Leisels. For spinless particles

" scattering Martin19 and 'Newton20 obtained the sufficiency conditions

for existence and.uniqueness of an elastic unitarity amplitude with a

given differential cross section. They proved that under certain
conditidns the nonlinear integral equation hds thé solutions and under
more restricted conditions the solution is unique using the fixed point

theoremZI. Atkinéon, Jd@nson<3nd Warndck22 improved the Martin-Newton

resulté‘on the uniqueness and the iterative construction in ‘the

4 -

applications of Schauders' theorem. They extended their work to the

. ’

inelastic region and predict the "continuum ambiguity'' with a‘given .

23

differential cross seCtioﬁ. Atkinson, Mahoux and Ynduraiﬂ pursued

the investigation by taking ihto account the analyticity in cos 8 plane.

, i
Specific cases of physical processes were studied by Sakmal)?'4 and .
Goldbeégzs;, Alvarez-Estrada and Carreras26"proved that the two-spin O

] - . .
’




¢

,and.splh\z;?last1c~unitarlty equations determine uniquely the two

.
.

scattering amplitudes inside a certain restricted space Q, once the

)

differential cross section and polarization are -given and suitably
' .

- restricted. There are also three solutions outside Q obtained through

a

certain transformations. They correspond to the well known trivial and

Minami ambiguities and their combinations. Atkinson, Mahoux and
- +

. 2 - . X . . ' .
Yndurain ! extended their investigation to the scattering of spin O and
. e N ! . .

-

spin % particles within the frame work of spinless particle scattering23

The scattering amplitudes-of spin %-and spin %-particles were studied

By Alvarez-Estrada and Carreras28 and gore recently by Mandlessou-

. 29
Grammaticou .

!

It must be realized that the Martin-Newton sufficiency condition

-

is very restrictive. In particular it implies autométiéally }691 <-%

for all 2 > 0, which means that an amplitude with a resonatiné L =0
wave will never fulfill this condition. The numerical investigation of

4,25

the physical processes2 and the ambiguities of tlfe phase shift3

show that none of them satisfies” the Martin-Newton condition. ,Iggis

clear that an improvement of this sufficiency condition is needed. The

problem of findiqglthe sufficieney cogditibn for the existence -of
solutions for the unitarity equation is more or less related to maxi-
mizing the integral partlof the uni?arity equation (thch ieads to thé
problem of finding an upper bounds of'xﬁe iéagipar& paftéygf the

scaﬁtering amplifudes from‘the unitarity,gbndition). For the scatterin

o

of spin 0 and spin %’particles the working'amp}itudes of Ref. 26 are
the trans&ersity amplitudes G+ and G_. The differential crods section
and polarization data give complete informatioh on the moduli of tHe

»
p ]
v : -

g

A1
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-

transversity amplitudes [G+] and |G_| but nothing about the phases. Im
. : L ' )
order to majorize the integral of the unitarity equations they take the
{
cosine of the phase to be one. This means that all the information on

the phases is lost. On. the chér hand, the moduli of the spin non-=flip

and spin flip amplitudes |f] and |g| are not determined with the know-

."ledge of the differential cross section D and polarization P neither is

the relative phase of f and g. But the upper and lower bouhdﬁ for the

moduli and the relative phase of these amplitudes are determined by D

and P30 33. The additional knowledge of the rotation parameter R would

‘

* determine the relative phase as well as the moduli. The -experimental

information on D and P is distributed’between the three quantities £],
|g| and the relative phase (sin o) in terms of ‘their combinations or as
. Ov . . P . I
bounds on each of them3 . Thus there is too littYe Information on |f]

and lg| which are needed in the unitarity equations énd too much infor-

mation on the phase (relat1ve phaSe) which will be determined by those

- equations (This observation is due to Sakmar). The other, reaSon to use

L] . o

the spin nonlglip and spin flip amplitudes rather than the transversity

5

amplltﬁdes in the derlvatlog of the boun@s of “the imaginary part for

o kS

e tﬁe scétterlng amplitude is in the simpliclty of the unltarlty equat1ons

o

P

"o

©

and“the majoftzation program. We apply this,program later to wp and
> ‘ 2 . R <

o s o G

ﬁpﬁgscattggings: : o o e R T s
P ¢'° . s > . i - , ° )
’ ou ’ e vf;é i v e ".'l'v - o o 04’ ;
In this work the tests of K P phase shiftS°usin§ ‘the, bounds Qf the .+
o o . ? LS e
scattertng amplltudes are irrves,tigétedB4 §Different setswofhphase “
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by the differential cross section-and polarization the bounds ‘on the

imagigary parts below the inelastic threshold are obtained from the

, ... 35 !
unitarity condition

-

-
. e

In chapter II the ambiguities of the sFattering amplitudes and
the Martin-Newton sufficiency condition a;e ;eviewed. The inequalities
of the moduli.of Ehe spinanon—flip ampliiude;'%nd spin flib QmplituQe,
relative phase ;nd their combinations are discussed in?thaptérv¥lli

© e,
P

The material in chapter IT as well as dn the fitst two sections of
chapter III is well known and have,Beeﬁ‘included here as the basis of
the following work -for the sake of cbmpleteness. In section 3.3 of-

chapter* III, test%ng the restrictions of the inequalit‘iéé’g four o

-

. + . )
different sets of the phase shifts for K p scattering are” compared.
We give ‘here computer printouts for the b6unds of different theoreticaly

3 . ° o <

quantities as well as their calculated values from the four sets of '

phase shifts at 13 different energies.

o v ’ s ©
A B 3 .
a
n -, Q . .
@ o

AN

In chgpfer IV the coupléd‘unitarityoequations of spin pon-flip and

. spin flip“amplitudes for the scat

.

tering of spin O and spin %‘particleé

° v 7
parts of the spin nomn-

-

<o 8

i o~ (3 oo
». _are established. The bound% on the imdginary
. o .

. . to B
. f1/ip amplitude and spin flip amplitude are obtained by different ways
o *) ' ’ 4 o
. , * v . 0 .
‘of majorizatioﬁs. " Wae also give in this chapter improvements over some-@ R
o s ,
© . ' L o 20 ) :

o #of-the results oﬁ“Re?. 35. The numerical gompafispns of the boundg with -7
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: A Teo, © : ‘ W o o w
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CHAPTER T1I . s

©

=]

THE AMBIGUITIES OF THE SCATTERfNG AMPLITUDES’

Fe)

»

<

2.1 The Construction of the Amplitude in the Scattering of the

Spinless Particles. b

o -

. .
In the scalar particles scattering process, for example the 7 - 7
o “ -
and a - a scaﬁtering,'the experiméntal measurements are the differgntial~

~ . do . .
cross SéCtlon’Eﬁ and the total cross section o. Assume that the experi-

@ . oy B, ? S . °
mental measurements are infinitely accurate‘'at any fixed energy E and
A :

e P)

scattering angle §. In principle one can determine the scattering. -

2

o -
amplitude up to the overall phase for any fixed value of ‘energy E and

& -

Y a

e »
o

scattering angle 6 from .o ' :

G

=

. ¥ ! -
do(E, 8) 9 : . .
g C [f(E,8) ] : - - (2.1.1)
i

and the phase of the forward scattering (9 = 0) is determined byaoptical
; . )
. v . ¢ 1 o
theorem . : - : : v

¢ ' - ] .

o : : T (2.1.2)
o R o o i o

o
© o -

Q .
where- f(E,0) is ﬁhe’sdatterimg‘amplitude at energy.E and scat;eriné
° : , o . s ] o ) o .
angle 8, $C M is the C.M.-momentum of the scattering particle, gﬁ*and .
)’ - - < - & s

o

9 = 3

. 7 a o
«,0 are the éffferential‘cross section and total cross section respectively.
, o : ; N

©

[ . o
eThens%atteringEamplitude f..is a complex quantity.

. o
7 o o




. The partial.wave expansion of the;scattefing‘amplitude is defined
by N
LY 1 *

1 L ' '

£(8) & yoo2e + 1)f P (cos 6) (2.1.3)
- 9¢.M. 2=0 ‘
» ‘ AN
*24i6

\ ng e -1 )

fR = 71 ) . (2.1.4)

where' f2 is the partial wave amplitude of the f-wave, Pl(cos 8) are

o °

'the Legendre polynomials of order %, n and § are real, they represent ) ’
the inelasticity coefficient and the phase shift respectively. Below -
‘the inelastic chreéhold:fﬁ lies on the unitarity circle. It is Ng =1,
oL id ] ! )
then fé becomes e sin 62. o
1 o . v e [
N i) trivial ambiguity . \\ :
- .Vol \ o ' '
- . . B
o The conservation of the probability is origin of the unitarity

equatibn (generalized optical theorem) satisfied by the scattering
<O

amplitude below the inelastic threshold : . . o

- ‘ - ‘ .
q M >ir ; .

Im £ R) = —= fdn" gx{nr 2" £ R) ©q2.1.5)

-
o
.
o 2

°

where &, ', 8" are the directiors of the C.M. momentum of the initial

o °

final and'intermediate states reSpectivély.~ The details of the

o

Lo 0
initarity equation are discussed in chapter IV.
[ - -




#
.. .o . »
N ’ ) - v § 9
’ . In onder to satisfy the unitarity equation the pﬁase of the

scattering ampljtude can no longer be arbitrary; It is obvious that if

‘ R
f is-a solution of (2.1.5) so is -f*y the overall sign of real partg

-

of scattering amplitude cannot be determined from the unitarity. If

e consider the unitarity equation an inte&ral equation for the unknown

phase when the modulus, of the amplitude is known at all angles the

© above ambiguity means that if ¢(8) is a solution qf'the equation (2.1.5)

then so is m - Y(8).. This kind of ambiguity is called trivial ambig-

uity. In terms of the partial wave amplifudes the trivial ambiguity :

means that the pairs.of $, and —62 give the same differential cross

3
section and satisfy the unitarity €ondition (2.1.5).

- -

o
©

ii) non-trivial ambiguities

-

In principle the partial wave expansion is an infinite series,

u

but in actual phase shift analysis one always cuts off the series at a
finite value of LI(L depends on‘the'scattering energy, the higher the

energy the larger the number of partial wavesj. Then the scattering

'amplitude becomes a polynomial of cos 6, which can be expressed in terms
of its roots Fi (complex) and the forward amplitude f(0)

3

. ‘ ) & L cos b - Fy
,J £(8) = £(0) [ ———
1 F, .

=1 i

(2.1.6)

/
The possible amplitudes f'(6) can be obtained from‘the known

amplitude f(8) by two types ofutranéﬁormations or their combinations.

o

-
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' . s . n mn e
- N N s . .. [ e L 'f"q;,-&';“‘- - Lo OIS L.
. . e e . EEPRN . 2] . ‘ “ )

- * ﬂ‘x\\
AN l.« e - "
i E ™ ’ .
.o w ' ' , 10
a) S : Ref(0) -~ —Ref(0) ' \;' o ' v
L . @ ’ . . . .
X I e (2.1.7)
.o b) T F..+ F, S .
1 1 1

which lﬁﬁds.to the invariance of the modulus of the stattering amplitude

as well as thé differential cross section and total cross section.

-, . ' L N )
‘First we notice the transformation S ‘ | Ti is the trivial ’ )
. : : i=1

ambiguity. Secondly if the transformation A and B are such that their

‘produet is a trivial ambiguity then the difference between them is a

dif@erent sign of the phase shift 61' The tranfformations A and B will
{Egrefore be called equivalent)‘-To consider one.of them is enough. We

have the freedom to choose A or B as®convenient as possible.

. 4

..

-

Not any transformation is physical. The scattering amplitude

generated by the transformations should satlsfy the unitarity condltion
below the inelastic tﬁ!eshold. This means that the partial wave

°©

amplitudes f' obtained by physical, transfoghations are on the unitarity Ta
c1rcle.. The procedure to construct a new scattering amplitude £'(8)

!.om f(e) is following. Assume the scatterxng amplitude £(8) has b
216 o

=7n_ .e . The

physxcal partial waves characggrlzed by ny or ¢ %

2 L

and the forward scattering

Cg are expressed in terms of the roots Fi

amplitude.f(O). And then the.effect of the transformations generated

by, (2.1.7)‘are investigated. - We require the 1;2L to be invariant.

‘Next we restrict7{;z| = 1 (this is equivalent to £, being on the
‘ 4

unitarity circle); In this way the specific sets“cz'and ti both
physihal and giving the same differential cross section are found.

- ) : '



. B . S TN -_t"-"ﬂ::,’g.:-‘-r; .:_a.?.»_:,«m.-,-f,,gg;;fs.a\«f»;'."‘v‘-"ﬁ‘fgﬁ“}‘—:»f‘iM* )
% o | ‘ ) ' - . . |
t ; S &
g For SPD wave case CR in terms of the roots Fi and a quantity a
3. - . M A «
F{ defined as a = 2i qc M £(0) a%e,-'
R - .- a 2y 1 . | -
C LT a-myacEy 99ttt '
. | 1 27 ) :
‘5 P w “ ] . -, v
‘ ‘ ‘ ’ F, + F .
3 _ -a 1 2 ‘
. - C]. = (1 _..Fl)(l — Fz) (_'5—_) + 1 . (2.1.8) “

. a 1,
%0 = @ < F) (T F) (FiFy + )+ 1

The pes;%ble transformations arg S, Tl, T2, Tsz, STl, STZ’ SIlTZ. SR
If we discard the trivial,ambiguity and'thé'equivalent transformations

g yeagen e g

this leaves us with the transformations S and ST, to be considered.

[

3

\ ST
Irr the case of the transformation S the’invariance of |c2| leads

N ' to (1 - F;)(1 - F,) real. The dnvariance of tcil'implies F) + Fyto =

’ be real also. It turns out that the transformation § is the trivial

2

ambiguity, i.e._d +-62. It is true for higher partial wave case too.

‘
In the case of transformation.S‘T1 the invariange of [;2] requires
% . either F2 is real or I—fif% = x.with x real. 1In-the first case S&

§ o 1 e, . ,
is equivalent to.STlTZ, i.e. trivial ambiguity.- .

1

! - - | | | B /['
1 | ‘ . ' ‘ ~In thé ;attér‘éasé the invgriancg oé lclJ le;dg to FZ is.real or
x = -3, Aga}n-when Fé'is real it is a triyial'apbigﬁity. Tﬁe,oﬁly;.
interesting case is x = -3, Under this rest;iction (2.1.8) becomes

/

"
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Ty
4

£ . .
L 4 )

. . . . .

d '3 A .

1+ F ' .
& f 1-7F - - (2.1.9)

-F,(3F] + 1) . E

C, =‘_ = —
07" °1 )

Imposing the unitafity condition (|g1| = 1), we have the following

relations - : - :
¥ | cos v, =4 (2.1.10)
- . 2 2 5. . 3 -
’ _ 2 2 8 “ .
) lell cos Y, = [rzl - IR T - » (2.1.11) .,
.n
2 1 2 1 8. 1 -
1P = deim, ) - =2 e S (2.1.12)
5[F2]
f
and F2xrespéétive1§. The

where wl and wz are the phases of F1
restfictiou'of‘lFélz is that [Fllz >0, 1cos‘w2] <1 and ]COS,¢11 < 1.
The last one means (frem (2.1.11) and (2.1.12))

-

h(|F,1%) > 0 S (2.1.13)
. , .
where  n(|F,|%) = =225 |F,|® + 520 |F,|® -286 |F,|* + 8 15, 1% -1
' | (2.1.14)

-

.
3 .

which restricts,IFZ{2 to the region [0.8389, 1.4498]

P

-

.
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‘ >Define ’
. 1
. o2y 2. 16,2
8UE,D - 5CIF, |7 - 25)
'l

The phase shifts can be in terms of 1F2|, h‘dhd'g as following

- v

L 4 . - N
5 o
= &' = - =
8, = 52 arc tan g - ST
5 B .
{.1} = + %-arc tan 7 h > + %-arc tan g .
51 vlS[fzi = 41T, :
Y 1 . ’ ﬁi ’ Lo o
. 5 { "} =+ 5 arc tan 5 —~ + 5 arc tan g
85 . o 15|F2| [F |
. R /_.__ i
+ l-arc cos *-JL*—'t L 7 6(26 /2% l? ! )+ = 2
2 2~ 3 45 .
51F, g oo

S 4 * . N . &
- . B N . .

v where 6(x) is a step function 8(x)‘= 1 when x > 0, 8(x) = 0 when x < 0., -

- PR ' ', .
& . . ae I
., - "' . ‘I .t - . ’ S

The region df’lF I? from 0.8389 to 1.4498corresponds to a domain of

v
»

— t = T
éz 0 —’60 and 61 6 (modulo n), ab

the points 6 '= 12 53° and- 24.15°, _we see’ that- there is -a ‘'unique set of

from 12 53 “rQ- 24 15 « Note that &

phase shifts ‘at ﬁé =, 12 53° but this’ set splits 1nto two sets as: 6 is

3‘3‘2&'150 the phase shifts coincide again (modulo-n)
: '~

increased. At §

‘ 6utsid; thié regibn‘ohere are no scattering amplitudes which satisfy

the unitarity condition. .
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2.2 The Construction of the melitude in the Scptgering of Spin Q

-

‘and Spin %—Particles. _ B

- The scattering amplitude for the particles with spin~% and spin.Q

is described by the 2 x 2 matrix

4

F(8) = £(8) I + ig(8)(o - n) | ’ (2.2.1)

:

. . : > . . . )
»where o is the spin vector with its components pauli matrices, I is an
‘ [

A ~
is the unit normal to

unit matrix, n = q x q /[+
: : , oM. ™ Yeum./ 19m.

s

-
g, |
‘the scattering plane, f(8) and g(8) are the'spin non-flip and spin flip

amplitudes respectively.

.'
.,
5

-

‘he differential cross section and polarization are measured-

o

ekperimehtally thus enabling us to determine a0

LS IO

2
an |

+ |g(o)]? (2,2.2)

¢}
do

P95 = 2 Im £(8) g*(8) - ‘ (2.2.3)

In the pértial wave expansion the spin nonjflip and spin fl;p

amplitudes are

L. I .
QZOI(R + 1f, +2f 1P (cos ©)

sin 6 L
- !
) [le fg_]PZ(c?s 8)

Jo.e(8) = ==
9dc.M. 9=0

-




:'l\w ““ .‘ ‘15

r

where q is the C.M. momentum, P, and P' are the Legendre Polynomials
) C.M.. g °8

L

and their first derivatives respectively, and f +(f _) is the partial o
’ ’ L ‘

wave amplitude with angular mpomentum £ and spin up (dowm). f2 are

~defined by

where Ny and 62 are the inelasticity coefficient and the_ﬁhase‘shift “
respectively.v '
> ] ‘
° The constraint of unitarity in terms of partial waves is (with o
definitions (2.2.4) and (2.2.5)) ?
2 .
Im £, = |f t] . A (2.2.7)
Q/ H. o
<
i) Minami ambjguity . . i
. a ’
It 1s obvious the differentiab‘crossigection and polarization are -
invariant under one of the following transformations or their
combinations. . . p ) . ‘ .
a) anti linear transformatios I : ,
" * . k’\\.c o L S RS
£(8) » - £ (9) - L : © Al P
) 3 " ‘.. ' -5 ) j 5 - i .‘““
B i . T Yo .‘(:2'. 2'.8) {' W
x o N ST
g(8) ».g (8) O R B .
' ot . T v . . : . s,




: ') 1linear transformation” . « N o .

£' e ° ; cos v sin gy [E(O\ .
.- © " PO ¢

..w N o - ) ‘= ’ - RS | ' v e B (2.2-9) a

c . S

© g'(®)] ° -sin'y cos v/ \g(8)Y . P
o ) o .
in particular ¢ = 0. S . s
b\‘l .
' °
P . ' . 8 o
. ‘ < o ¢ ) ., . «
In terms of partial waves the-anti linear trénsfo;ma;ion'(Z.Z.B)
is equivalent to replacing f‘+ by (Appendix 1)~ . ., -
. : " - . S
'] L':‘ .. o B . z <. - e )
"?,, © % * ® ‘ I K '
“ f' = ~(f + 22f )/(20 + 1)
3 + . - + o = . <o .
. 5 2 2 2 o . .
X . Wi oo e : . (2.2.10)
o . . 1,. - - ‘- - o (] .
. * * .
Y £f' & —[2(+ 1)f | - f 1/(2% 1)
- I R - ' ~
. 2 . S A A : .
N ! “_" ) ‘ ’ " "\‘u . ’ < . R R ) )
and the tinear transfoymation (2.2.9) wifh § = 6 becomes {(Appendix 2)
T oL s ' : ' '. -t . c'“ R © 'C:‘ :
Sl = P26 DF ¢ LRE M2+ 3) | . e
N 2T ‘_:*j:.. B : 2‘ ' ” 9,+1\ »Q,+J. IS . . . . " . L ’
B . e S .4 i ST (272.11)
o CE'_ =12 - DEL_+f o W@L= 1) s el T
ERE e il R L - f-1 T T e T
St A Q. . ‘:“‘ . 4... 5 - . : . ) .“" OA ‘ . "'." ..«.4-"’..' N K ' .
..  The combination of the transformations (2.2.10) and (2.2.11) leads-té "
I oo ‘ . . ule St e o . ' '
. 7. the Minami transformation -, - . R
N "o B ' o . . 5
» p ‘ ) - t : g .
T R S . - g
" M e - . C Lo £2:2.12)
- X + T . -
- ° [ S P “ - : o

© . A s o - e ) v 2"
e . :kt 1s easy _to show that the amplitudes' . obtained by the ‘
DA Tff' ‘H.t' L L Coe oo .
" L. o . . v :
. ‘ k) . ’_ ; N ‘ »”
1 | & ¢
- ¢ - ] . »



¢ s

transformation (2.2.10) or (2:@.11) violate unitarity conditdon (2.2.7);
. .. [4

.only the Minami transformation (2.2.12) survives.
' -,

N ) .
ii)’ -non-trivial ambiguities K . >

It is similar to the scaf&r particle scattering case. We choose

the transversity amplitudes defined by .
* : C )
G, (0) = £(0) + ig(p) | . (2.2.13)
G _(0) = £(3) - ig(0) A ' , : (2.7.14)

~ .
The relation between the transversity amplitudes and the .
4
differential crdgf section .and pélarizations are
. . "J £ .

-

- .
) \ |
do _ 1 . 2 L2 PR .
o = zde l” e 1D - e . . (2.2.15)
do ; 1 2 2 - . o
Pag = 3G, 17 - 160D - - (2.2:16)

Because of the partial wave expansion (2.2.4) and (2.2.53 we haveJ
o)

the relations f(0) = f(-Oj and g(o)'=,—g(—0); From the definitions of

+
<

the two' transversity amplitudes (2.2.13) and (2.2.1%)“they are

a

cgnnected by

"'c‘(e) = G, (-7 ‘f‘ ' o (2.2.T7)

..
. @

-

H . b ’ ,
. -

- N

Co
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From the partial wave expansion (2.2.4) and (2.2.5) one can wfite
the spin npon-flip and spin flip amplitudes in the foxjms: ‘ o
- e
13 < ’ ' L ) :
. £(0) = .) f_ P _(cos 6) ‘ s (2.2.18)
. c . 2 3
kK =0 5 )
. .9
L—l N ¢ ? O . . [
g(") = fne [-g P (cos ) . (2.2.19)
" C:Q_=O ' \; ¢ . ' MRS
o ! M B
In practice®the partial wave expansion 'is cut off at a finite -, _
i number L,; in this case f_(e) is ‘a polynomial of degree L in cos 6 and, o
g(8) is a polynomiil of deére.e L - 1 in cgs 6 which is multiplied by -
o ) ‘.t'sl
sin 6. We can represent the functions f(6) and g(@8) as rational - v
. functions of t = t'a;ﬁ > 8, because . e
g v . % " 2tane © * )
) sin 68 = 2 - . 2t “ - ) - .
L | 1'+_tan2%9 1+ 2. .
. . . ’ : - o (2,2.20)
T 1w tan? L o 2 - - . =
° . cos 0 = ' 2 S S
. . . . 2°1- 2 -
g o . 1+ tan -2—‘:8 1+t ’ . ‘
J . ’ »
, . Hence we obtain, . S . > .
o ‘ M o:.- i 0}3 ” . @
) TLET ’ T ° c
" Jes ’ . e
G, (08). 5 —2EEL_< N : e (2.2.21)
f "(]- + t") ‘ ' N b o
. o . l o -0 3 no
. i 8 - B :
‘ where . P T °
® . . . . - . . o °
' - v, LT . N o - o "
- .521‘ ° ‘, A ! B ° » ‘e
° A(t) = ]7 ath : et T, e (2.2.22) .
. - ! n . ! . ] s
. . ’n=0._ ,. ' b e - ’ .
. . B R 4 « D ", Y N . . . i ’,\(’
- ’ f ® g | © ’m N ! ‘ . e .“' 5 i : -
. I BN . oo T ° .., T :
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-1+ i(Fl +5F2)
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z,=1+-a @1+ ) (2.2.34)
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The transformation$ we have to consider are STl 29 S,,Tsz, Tl and
STl.’ Thé” remaining transformations are either equivalent or the
o ° ¢
Minami ambiguity. . -
- 1) Transformation STlT2 )
I ° ¢ 2

~ °

According to (3.2.31) and (2.2.32) this transformation is an
anti linear transformation. The aaplitudes génerated by this trans-
formation, never sarisfy the unitarity condition excgpt'when the polar-

ization P = 0 (in that case g(98)°= 0). -

o s ]
o ° 2) Transformation §
qa
¢z. and ¢! _have thé form . .
3 3 , , .
. =1 +acC, . : , .
CJ J .o ¢
(2.2.36)
r=1+ac - o | ~
'j' .- j . -, . . -
‘ - s i e .
, _both a andACj are complex. Ilj] = ch' requires either a or Cj is real.

If a is real the transformation S is ah ident?cal,transformatign. If

3

C, are real it makes the transformation S the same as STITZ. .
o . . d
o * -] \J

o
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3) ‘Transformation Tsz

°

]g +|‘does~not chanée'under the trénsformation Tszawhen a is real

or F.F, = % is real; The first:case makes T
.

152 T2 equal to ST,T, and,

1 172

therefore uninteresting. For the second casé the condition that ]c

1+J

remain invariant implies that

- ;6; +i -y = xy (2.2.39)

- &

where x is real. The invariance of g _( is guaranteed by unitarity.

1 1 . !
By defining G = =~ + —— we obtain
' F F .
1 2 . )
. oxt2taly .
0+ 1¥ -1+ X o
. X=G )
C1+ "Iy -1+ =% (2.2.40)
. x + 26 -
1” iy -1+ x '
; . ‘ . .
The effect of Tsz is replacément of G by G
The unitarity condition lcjl = |;5[ = 1 leaves only two values for
y and give the répresentation in terms of a parameter Z.
. 1
a) y=-‘1“, Z=-3:
ix )7 1x :
-1 _1+37212 Sl-62ze ) )
° 4 L+ 1T+61

e
o
ot 1 z 1 1+6iz .
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(2.2.42)
cos x = 32 }Zl'j_%-Vg
73

The transformation T,T, now changes x into -x.

© -

Following the éamé,procedure which is more complicated, the
and‘the transformation ST

parameters of the transformation T are.

1

1

found. Each transformation has two different ranges of parameter.
The actual values of the phase-shifts 5, and 8 which leave the

o

dif€gfential cross section, polarization and unitarity invariant are
presented in the table 1. The cor-respo'ndin’g c;,ulfes for phase shifts of

transformation T.T

,T, are shown in Figure 1." If we drew the curves in

s 6 and § different curves correspond
ot 1t 17

different kinds of transformation. Given a point & on such a curve the

the three dimensional space §

same transforﬁation will pick up anoéher‘péint 5' on the saﬁe curQe
which leaves the differential cross sectibn polarization- and unifatity
condition invariance. ‘If the cﬁrvés do not intersect the only two-fold:
ambiguity 6 and &' exis%s. If two curves I and II intersect aé 8§ tﬂen
at 1e;st there is one point whe:e the three-fold ambiguity exists. In
the case S and P waves one. can see that thercurvgs do not intersect.

This means that only two fold ambiguity exists. But the rigorous proof

has not been given. h ' ] o "
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Figure., 1. The phase shifts Gi (solid line) -and 6{ (dashed‘lihe) for

the transformation T1T2.
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A SCHEMATIC: DISPLAY OF THE SETS OF PHASE SHIFTS <

«'

WITH RESPECT TO THE CURVE PARAMETERS

4

j ¢ ¢ A
Pa?ameter §0+ 61+ ‘§1_
0 0 —0
[\, ", .
0 -45.0 . .
b 54.7 (=)
-0 0 )
{
-4510
-70.5 -35.3 54,7 ~(-m)
-0.50143 75.2 16.9 C41.4  C
. N \ . ]
\ / %.5 : l 22.3 / \
T,:x 0 0 ' 30 0 ) -90 0
-/ \ 83.5 (-2;,3 l : /
0.50143 -75.2 '(in) -16.9 ~138.6° (+1)
0.8139 -'5.3\ - 56.3 -59.2
35. 34 / 71.8 N
Tl:x \ 19.5
- 35.27 \ ' |
1.6158 ~141.6 (+m) - 22.5 -173.3 (+m)
. '_ D , i
-0.8525 _8.4 /20.0 4 ~45.2
A / .
\ / 27.3 23.3 |} /\
ST 0 90 b No/ 0 -90
x . -
1 , | /
\ -27.3 -23.3 \
* 0.8525 -171.6 (+m) S0 45.2 (-m)
|- -0.9198 -87.2‘3 81.6 -74.8
=1,4578 -130.8 148./6 17.0 ’
—35".3 ' (
ST, % -3?.6 114(.6 38.7 -162.6
-0.485 166 123.7 277 4.7 ) ol
-0.51034 4.7 78.4 \ools :

ey




L s

27

It is likely that for highef L-values the number of ambiguities
increases. Both the number of trans%ormations Qnd the number of
representations increase. The shape of the curves ih the épace of the

” phase shifts is not clear. Whegher the curves.of different transfor-

mations intersect or not- is not: known.

2.3 Martin-Newton Sufficiency. Condition.

- » . .

.. ' . The existence and uniqueness of the unitary amplitude which fits
v - the experimental data can be considered dirgctiy from the unitarity
< equatiofi. In the simplest case which is that of spin zero elastic
. scattering at an energy below the first inelastic threshold the unitarity
equation is given in (2.1.5).
~>‘ > qC.M_ N . I >
Im f(n' n) = e dw" £ (n' n")f(n" n) (2.3.1)
o« ip ’ - -
” v ’
- '. ‘. o
Define ‘
b Q
- ) -
\ . - f(n' n) = A{cos 8) , (2.3.2)
: . dc.m. : : Lt
. . @ i
and A(cos 6) = A(x) = 1A(x)l e v(x)

where ¢(x) is the phase of Akx).

°

Then the unitarity equation has the form

-

sin y{x) = J J dydz HCx;y:z) cos[yp(y) - w(;)] (2.3.3)
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<

where
o . .
g 2 lagyila@]

TA(x) | /1 - xz' - y2 - 22 + 2xyz ’

. (2.3.4)

Since the modulus of A(x) is given by the differential cross

B . . ,
(&1 .

section if there 1is a solution.for ¢ of the unitarity equation (2.3.3)

then the unitary ampltiudes are completely determined. This means that

n
-

finding a unitary amplitude is equivalent to solve the unitarity
_equation for y. But the unitarity equation (2.3.3) is a non-linear

equation. Our understanding of this class of equations is still at a

very primitive level. Because of lack of the knbwledge to handle this
: type of equations one concenttates to:finding the gonditioﬁ under which

the eqqstion has solutions and the solution is unique,'if it exists.

In general modern mathematics provides the method to find the

existence and uniqueness condition of the solution for the non-linear

- integral equation ¢

@ '

= ‘ (2.3.5
b (x) { F[x,y,\li(y)]dy ( ‘2
Q .

in the function space, i.e. in a space the points of which are certain

functions.l The right hand 51de of the 1ntegral equation (2 3.5) defines

S

a functional space operatLon whmth maps a set of funcnlons w(x), i.e. a

set of p01nts of the funCtion space, to the points x(x) of this space

according to the formula.-u ? . Tﬂ *@ -

o
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x(x) = ] Flx.y,0()1dy LT a2
q - - ! J

.
‘ v vi .
. v

The problem of ‘the solution of the Lﬁtegral.équaéion (2.3.5) ean be

. . - © * T ) N . 3 '
thought geometrically as finding a point ¢ of the fudction space whigh

corresponds to itself under the mapping (2.3.6Q; thisfgoint is haligd

. the fixed point of function space with respecglto the opgratiqﬁ'(2.3.6$:
or jn gerreral : ' ' -Tf

o= A

¢ e
{
(<)

There are theorem§ for finding the conditions under which solut-sions

<

of (2.3.7) exist and are unique. They are:

The Schauder theorem: If in a Banach space a continuous operation
A}

tonvex set of points into a compact subset, then

© -

transforms a closed

o

there exists at least one fixed’point‘of_the operaiion, i.e., there

exists at least one solution for equatione{2.3.7).

]

©

. The principle of the contraction mapping: Let A _be an operator in
L

a Bdnach space E and A mag:é subset S of E into itself for every Xy and

. : <
%, in S we have - , .

<

2

Y

“w

- e o

J1aGy) - a1 < a e - %]

v

< -

the positive constant a béing smaller than unity, and indebendent of therﬂ°
Lt L

pair x, and x_,, then there exists an unique point x of the space which

1 2

o

satisfies the equation
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A(x)

. . ol ¢

-

. We give the expl

-

~
©

El

P

v

.- the mathematical terms in the folldwing example.

.

) . ) : . .
Consider'the‘genefal non-linear integral equa;ioh
L ' ' 5 -
N vx) "j Flx,v,¥(y) Tdy ) -
¢ 0 PR
i - oﬁoo h o

© set of vériablés.iﬁ the closed and bounded domain

. xg 0, ve

2

4

o

Let us find under what conditions the operation

o

-

-

Wt

¢

&

2

x(x) = AE@(X)Ia% f Flx,y,v(y)1dy

satisfies the assumptions of the Schauder theorem. .

<.,

° 3
-

o>

-

§

b

norm
; [lel] = sup
', X €
0 c *

)

-~

11 LR

[y (x) |

)

0y

-

anation of thesg theorems:and the d

efiqition of

v,

[yt

»

Consider a funttion space E the points of which ‘are alllreaT"/

then the function gpace is a complete normed vector space, or Banach

with the assumption that F is defined and continuous with respect to the

continuous function,¥(x) défined in the closed’set 2. If we' define the
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space. In this space a-set s of poimts satisfy
oL ‘ oy" ’ .
Holl = s,0) < R” i

. . o
. L © -

o

whicre S(p,0) is the Léngth of ¢ in the Banach space.

-

. - Let wl and Vv be drhitr&ry points of s, L.e.

-

fwz(x)f_; R

>
.
* .

then everv point of the line segment

hx

\

“"AN."\\M . -
(1 —'(1)311 + 1'21112 .= .
. ' = g
. RN ’ ”
“where 0 -« | and we have = .7 : ’
.

T = e+ | = e+ ey SR
R . o L R - . o .

‘then all points of- this segment belong. fto s

- L-—.
-

v » ‘ ~a v

) .. e
-. . A B

Now the operatton (2.3,9) is defined iR s 'and maps evéfy”

. -~ Lot -
¢ © s to-a point x ¢ E. The. fixed point operation®{2.3.9) is exac;lf‘*f

.

poffit

tﬁe-sﬁlutioq of the intégral eéquatiom (2.3.8). -

-

on the basis of Schauder's theorem,

* -

Since .E is a Banach space,

0

\

Y

[ -

to prove the exis

1t is Sufficient_to es€ahlish the

/ 4
o 2 .
Ve
e B

+

- ..

N L
. :
T .

s .

.
P o

P
. ;

sy "

and, this set is convex.

’

Joining these pn{%;s is defiruﬁg )

.eﬁcewgfxa fixed point

- -
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reactions. To construct the scattering amplitude from dynamics a

number of theoretical models have been used, for eXample.the direct

chanﬁel resonance model,'Regéé pole model,.abéorption or‘Regge cut
,_model'etc..‘ At low energies, é'partial wave decompositign is often -
Jused. There are.several'phase.shift analysis methodﬁl The; are the
Energy-inégpendent phése shift analysisaz, ﬁnergy—dépendent phase shift
analysis43 and lgtely the accelerated convergence eibansion anaiysi§

(ACE)44.'_TBere'are many sets of phase shift presented by different
. : ’ \ a '

groups using different methods. The phase .shifts are constructed as to
fit the differential cross section and pélarization on the average as

best as possible but without the knowledge of the bounds of the theore-

tical quantities. ‘From the "view point of theé bounds the theoretical

quantities constructed from the phase shift analysis should be inside

.

the bound. The bounds provide the criteria to choose one set of the

‘ phase shifts among possible sets thch lead fo the same observed P and
D. The bounds .do not tell us how large a quantity should be as. long as
it ié betweén its lower and upé@f allowed limizs. But ghey do'tell us
things 1ike, for instahce, the one set of the bhaée:shifis has Been
obtained at the<éxpense of making the relative angle between the spin

non-flip and spin flip amplitudes’ as small as allowed.
3.2 The Bounds of the Theoretical Quantities.

To describqgthe scattering process ﬁhere are differenﬁ‘pgirs of

scattering amblitudes we can use. One such pair is the transversity
12,26 '

"amplitudes G, and G . The absdlute.valuqs of the transversity

amplitudes are completely determined by the differential cross section

- . . R = H
< , - - : . P
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o R (1 - 82)2
3 o Bl
- L] [ ~ -l;“
< (1 - sinzu) 2
) where . A
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' ’ o= f f dydz H(x,y,z)cos[y,(y) - ¥,(z)]
. . . . . ) ~’ .
and sin u ~ £ or o - - _ . . °

and in the last step the symmetry_propert§ of H(x,y,z) with respect to

¥,z has°been used. - Thig inequality can be ﬁritten 1h terms of the.,norm

1 ’ . ‘ ) - ) . . . ) .
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solving this inmequality leads to the sufficiency condition of -the .
‘unique éolu;ion for the unitarity equation:

sinui-l-z.hlﬂ' )
. /5 | R

"

Martinl9 has improved this bound for the sufficiency condition df o

the uniqueness problem as o {

sin u < .79

-
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‘the differential cross section D, poléfization,? and the rotation para-

-

{ CHAPTER III

~

THE INEQUALITIES OF THE THEORETICAL QUANTITIES

»

3.1 Introducfion.

-1+ -1+

The experimentally measurable quantities for O 5 -0 5 Processes,

»

for example the 7N and KN scattering, are theé total cross section OTot

meters R and A. For local measurements’ there are only three independent

£

o . .
quantities since these measurable quantities hav&® a relation

R2'+ A2 + P2 = 1. The experimental differential cross section data in

A

TN scattering cases are known with'good precision. Also in last
Lo - ©36-40
decade accurate polarization measurements have been performed .

But measurements of the rotation parameters are-still in the primary

stagea¥.,'They a;é not reliable and even the sign is. not determined. On

-

the other hand the theoretical® quantities sﬁin non-flip and spin flip

amplitudes represent four real quantities whicﬁ can be taken as the

//abéolute values and phases of the scattering-amplitudes. Three indgpéqr'

dent measurements are not enough to completely. determine the scattering

-

amplitudes. If we use only the reliable local measurements, differentia1 
cross section and the polarization, the scattering amplitudes cannot be

completely determined from these local measurements. But .we can

»

restrict the scattering amplitudes to certain ranges,'the‘bounds of the

’theoretical values of the scattering amplitudes.

In the‘elementéryfparticle physics, one would like to be'aﬁle';o

’ . . : . ..
determine experimentally the amplitudes in the S-matrix of the particle

. L
3 : .

3%
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reactions. To'construct the scattering amplitude from dynamics a

number Sf theoretical models have been used, for exampie.the direct
chanﬁel resonance model,'Regéé pole model,'abéorption oruRegge cut
,model‘etc..' At low energies, é'partial wave decompositiqn is often-
‘used. There are several phaselshift analysis methodé. The; are the
Energy—inéependent phése shift analysisaz, Energy-dependent phase shift
analysis43 and I?tely the accelerated convergence exbansion anainiE
(ACE)44. _There.are many'se;s of phage.shift presented by diffe}ent

. ' \
groups using different methods. The phase .shifts are constructed as to

fit the differential cross section and pdlarization on the average as
best as possible but without the knowledge of the bounds of the theore-

tical quantities. +From the Wiew point of the bounds the theoretical

quantities constructed from the pﬁase shift analysis should be inside

I3

the bound. The bounds provide the c¢riteria to choosé one set of the

' phase shifts among possible éets thch lead to the same observed P and
D. The bounds .do not tell us how lérge a quantity should be‘as long as
it is betweén its‘iower and upé@f allowed limits. But ghey do‘tell us
things 1ike, for instance, the one set of tﬂe bhaée:shifts has Been
obtainéd at the éxpense of making the relative anéle between the spin

non-flip and spin flip amplitudes as small as allowed.

3.2 The Bounds of the Theoretical Quantities.

To describq%the scatteriﬁg process there are differenﬁ.pgits of

_scattering amplitudes we can use. One such pair is the transversity

"amplitudes G, and G 12’26. The absdlute‘valuqs of the transversity

amplitudes are completely determined by tfe differential cross section

-~ .
- : o . 4

[ . s N ) . . . I




A0

and polarization as

G, |*

"+

=%jb(1 £ {ph) . , T (3.2.1)

o

where G _, D and P are the transvefsity amplitu&es, differential cross

-

section and polarization at a fixed scattering angle respectively. But

!
t

- the phases of the transversity amplitudes are completely unknown'when
the differential cross seétion and polarization are known.
. . .
One pair of'3cattering amplitudes. commonly Qsed are the spin non- -~
flip amplitude f and spin flip amplitpde g. They-are derived from the
symmetry principle (rotation and time reversal invariance and parity

conservation),. The‘deriQation are gi%en’in Chaﬁter IV. They are

. F(E,Z) = £(2,2) + i 0 - n g(E,2) ' _ (3.2.2) |

-+ . . - - > .
Here n is the normal vector to scattering plane. (n = n, x nf) and

are the unit vectors in’

i f

6 the scattering angle’(cos 6 = 2Z). n and n
the momentum directions of the initial and final scattered particles

(pion or kaon). o is the Pauli spin matrix vector. ) -

]

We define the theoretical quantities, the relative magnitude r, the

[}

relative phase a and the product m and the sum s of the magnitudes f

A

' ~and g sin'g, as follows,’
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. k:; . 41
. ' N
- a = arg(f) - arg(g) (3.2:4)
: g
. . | ,
m = |f| [g] sin"0 , (3.255).
s« |f] + |g] sin y ‘ (3.2.6)

)
a v

The relations between the experimental quantities D and P and the

s

theoretical quantities are,

%2 €] + 1g® sin® @ (3.2.7)
- §2 ‘
_ 2 Im fﬁ* sin 8 2 sin 0 sin a |f| [g]
LPET 2. .2 2.2
If! +]g|'sin 3] If] + [g[ sin~ © -
2 sin a . '
= - . Sip ® (3.2.8)
sin © r )

In the last relation the denominator of the right hand side is

4

o

always positive with minimum value of “two in the physical region

0 <8 < T (1 > sin 8 > 9). It is easy to get the bound for sin o

4 .
P « . . ) . ‘. -{ ) i ) r .
'\ ~ LP| < |sin «f or ‘5‘—1%—&-3_ 1 - (3.2.9)
}, ' ¢ ' ’. . :(' o ‘
. Eq. (3.2;9)éndicates that |P[ is the lower bound of |sin al. If

7

we ha‘yé' full poléfization {P = +1) ‘then sin a becomes *1. Sin a and P

have the same sign as sin a = 0 1f,P cross zero. Solving for r in -

- Eq. (3.1’2.8): using |sin af < 1 we obtain bound‘s'o‘f the relative magnitude -

o

r ~.1,, ) . ' { .
o ‘ s . <,
- A . . , ,
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sin 6 2¢ -
r < +--m—(1 +J1 - p%) (3.2.10a)
: sin 0 - ) o °
. . ror =T (4 -J1 - P (3.2.10b)
' e © .
- - . ¢
Thus the experimental knowledge of P alope restricts the (theotwt--
.ic:ally) allowed sin a and r. ’
-4 .
e, - When we take inte account the differential cross section and use
the bounds of r, the bounds of |f| and |g| sin 6 can be obtained.
29— = 1£]? + |g|? sin®
dge - . Ce
. o . < o 2 -
v = 0 ¢ 2 2
5 D = ]f[2 (1 + sz Oy - {glz sin® B(—F— + 1)
, 2 or . sin_ O °
o . 3‘\* &
- ’ {f{2‘=——-—9—~2-—' : (3.2.11)
¢ ‘ in~ 6 g A
. 1+ s ; ;
wh e 14 cl r \
2 2 D T - o
3 g|” sin” o = e ' (3.2.12)
' . rz + 1 '
€ sin” 6 .
. ’ < (-f'lz < —D2 , (3.2.13) '~
'sinz 8 . sin’ 9 o
+ —— + — s
A
- . ‘ + . n' . .Ah.»:'
£ M o ‘ "’I‘ °
. D < |g|? Sin o~ —— D C(3.218) o
A 2 - - 2 s , .
T : , .6 r i :
L J a * +y_—_,_+_.___,_ 1 + iy X ’ , &
" sin? e sin® 6o ' . ) ‘ o q
’ @ < ’
¥
o . . - ; , oo
. LY q‘ < z - . . o 3
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° \
43
¢ It turns out that the upper (lower) bounds ofblf] and |g| sin 0 are the
same (see appendix 3).
' . /o f 2 [
11, 5 lgl, sin 6 /2 1+J1-29)
s N 9 .

“ ° @‘(fl + [P] +/1

it

—‘]P‘T) \ (:}.2.1-5a°)» :

' we search for ;heoupper and: low

. (lower) bouhds simultaneously _ >

relatiqn between |€] and [g| sip 6. They cannot reaeh their uppér

. . ‘ D »'( : 2 =]
ifl., lel_sin g = /5 (r - 1 - P9 0 v a
,"' < \éﬁ . -3 g,
=5 (AT + P - /- PD (3.2.155) ..
From (3.2.8)
. ,,4"" . . Q ¢
w PD = ZIf{ lg! sin 8 sin a .
- o ’ < ‘ 0 a R
o .:f:, ‘»-:; I . 9
- 'PD =2 @ sin o -
. .:\gx " PD - _° . _PD ' ‘ ‘ '
o M 2 sina =™ " 72 - (3.2.16a)
\ T ¢ o -t
D s sin a _. - - PD 3
and since =21 5 m= Teina 7T M, B : (3.2.16b)
. . . . "

| - . . C
then %gfand-g are the Ibwegyand upper bounds of m respectively. . When

er bounds of s.we notice that there is'a

¢
a [




\\\ .
The upper and’ lower bounds elther satisfy -lif Q. or on the boun.dary

of |f] regi(;n (i.e /— (1 + /1 - P ) They are (se pendix 4)

(3.2.17a)

(3.2.17b)

We summarize these bounds in the following’
t i .
iy -

4

HE

sin «f ' lglsin 8

-

‘uppex bound ' —S—F’Tev(l f1-p%) [2a + /1;—?2’) g.

.

' s - v N s . . 13 -
lower .bound S TeT -t 2 -/ l—Pz) Q‘I%}‘L /D(1+[PD)
‘V ’ 5 : ' : |

o °

F‘foml a Dt,h‘eore?tiéaf point <;f view we can gef the bounds in. tert;ls of
“any two of the rfouvr m:é'qéqrable quantities P, D, R and A.
o7 . Ta .
'i‘he djéf‘initions: of the rota'éion parax;létefs R and A are

% . , .
- L - »

2 Ref g sinoe _ 2]f| lgl sin 8 cos a

)2 + lgl sin2 6 . |£]%+ |g|? sin’ 6




lil“ lgl

Bk +|g bmz

© From (3,2.19) we have

then ris urrfquely deL;rmiﬁRQ'hy A alone.

-

'Ff;m (3~2.1§y‘we have the inequality

. IR] 1s a dower bound of {cos wl.
!
A " . S P n g
. And again the upper and ‘lower ;
= s perAan e o
1) wriLtﬁn i terms of R alope ’ '

R

“
*

sin © / N S B
'TET“ (l +J1 - . . : e (3.2,2Qé)

’

“‘" TRy (- /1 L (3.2,228) .

i

" We «ompare (}.-.2’) with (3 ~,10), Lhe Jdrger }Pl or IRIfAfé the better:

the bound 1

o

.
» .
-
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/B + A). . " 1 - . a
z ; {f| ELL§~J§1 i |g|ﬁs3q § = Pé_f;~ﬁl ) (3.2.23)
.The'relatlvé,bhase a is found frem vquat fons (3.2:18) and (3.2:85_';
sin « . :l' - 'ahd:' LL0s a - - ¥ e (3:2;24)
. P R Tyt t
. . P-4+ R" ¥ ‘ P® + R g
. . . . . :

7 We get,tﬁeée bounds ftrom .the relation betﬁeeﬁ the theqreficdl'
L) . )

quantities and the experimantal quantitieq and to maximlze (minlmize),

- . »

it is model independéht and good for any energy and any

1+ eV ‘o S . R
0 = _pProecess. (nN KN &t( Y. oo - . ;:
=Y b L ¢ B ' . '° el v
+ ’ - .
3.3 Test of the K p Phase Shifts ]
oo N and, KN sdattering'pnpcésses fgll ifi the catégnry Jf ; '  .
0_ %'u+ﬁd— 2 processes. nN scatgpring gaq been invebtigated by Liu and
,-.. - - °7
§akm3133, Here We tese the K p gpattering in more details. ‘We LhOQSQg

2 >

chL expeTimentaI data of . the digfefentlal CTOSS §€(t10n and polarization

pkeseq@éd by-CERN gfbup39.'=Ihough it 1is ﬁot the"latest data we°hhve.A

3

it is beqe suiteﬂ for our purpo%e Qince these experimentaP data ‘on P..and

<y ‘ < s o 3

,,Té. and y are obtained

o
D Hpvers "the entire scatteriné regfon at .the fhedian ‘tnergy (the incident
B : fb
momentum.is between O 36 Gev/c to 2. 74 Gév/c) with Smdll errars in the

Y e
pdlarization measurements. Ihe energy-indepegdent phase qhift solutions

s o-, l

Solutions at dif{erent
42

are found using theqe data by QﬁRN group

’ moﬁbnta were: 1inked tqgether by the shortest path" method It 1is S

u,, N -

sho%n that the soLutions arge not unique an4,3 sets with paths qgll o,

°

“h - -

Recently Cutkosky pbtained a set of phase shifts

-

-0

IR 4

N

o ¢
o

b o




+* ‘'using the energy independent gccelérated convergence expansion (ACE)

13 . .. ) < o o -
IS - « o ’ o

B ~ avt [ ° e € SO ..
*analysis in whieh the hith{ partial, waves are consfrucmed from the

LA e T h5,66 . ’ v
. lower parttal waves. . We compart’ these 4 sefs «f phase>shifts with-

. o . -
Lhe bounds at thLv13 anigent lab. momenfum bétween 0.86 Gev/c and

1. 89 GLV/L (Tvencthuugb the LbRN dataegoes“up to 2 14 Gev/L we dld npt

©
. ®
< WY “

use them above 1.89 Gev/c because Cufkoskx,phase shifts go pnly up to o ¢
chiéfenergyk).

. S

Firbt wc use the experimental P and D frOm CERN group to obtaln the

boundb of t," |f],. . lgl stn 0, ‘m and bzfrom equations {3.2. :10), (3.2.15),

9 ]

'®
(3.~.16) and (3 2. 17) Next'we reconstruct sinta, rye [ ],ulg[ sin 6, m

and s from a, 8, w and Cutko%ky S pha%p shift solutionb.

s
- -
. ° - r “ e
: . [ o -
o - - & "

The . scattering,amplltudes are pranded in pdrtlal wave

' S - o
= ‘ . ’ -

'ih'the usual form.

P b+ 1)r2+°+ %fg_}?ﬂ(z)f

‘T e - T
8k 2y = =AY 1, eIl
] “Cu S el

rl

3

> 3

. v

In ordér to g%ita‘bettér éompariéon’with'the boupdsm%é calgulaké'"

rl a

the error bars of tﬁbse'hounds from the erro; barsuof the experfmental'

et
5

P and D.
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¢ * e
N o a ? e € ° s
5o ¢ . = Loe I , Y = ‘ . - .
: i . “:'\|th+ /\[ﬁl_ = Alg + sin 8 A g}__ sin © . .
¢ . o ) . . B

<

0
r

- . 3 =L=[(l+lPl)'AD*D:DAP.'+ (1—[PI)AD+DAP<

. S o S omaEED S - e A - PN

1

. I " <
" U 7 : : S . (3.3.3)
: - i ' _AD . _|plap+¥par . '
/\m+ =5 - and Am” = . > . (.3.3.4)
’ ; N As+ = ~ég ~and As_-°=,(1 t 1P1)A D+D2a P‘ (3.3.5)
) g V2D e O 2/p(x + [PD :
’ where AD and‘AP are the errors for the differential cross section and
z o - ‘ © L - . o
. polarization rsspectfvely. .
? e . : - ) R . . . . -
C ] - The trivial upper bounds for If[+ and°|g}+ sin 8 obtained directly
;from eguation.(3.2.7) are; , . ‘ v
° ° 1 : L

o L el =D and  |g|, sin 0 ='D L (3.3.8)

o ' . vdt.is obvious that théy are the limit cases equation (3.2.15a) when
. . r+ A and r_ *,Q (i.e. P> 0).. o ‘ s A' | .
; B
E . « The acceptahle solutions of phase shiﬁts should satisfy the
. R PRI ‘ °. ‘
- e uE e bounds over the entire scatté%ing angle*region at all incident momentum.
] B ,JI 57" In the cases of violations of the bounds either the solutions need a .
F . ' C i s e e
’ reexaminat“or more accurate measurements 'at the vi'olat‘éd points ares
: ,Q”'T “olls. needed, . 0 . , : R o
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We have tested the bounds at 13 incident momentum from 0.87 Gev/c =~

to 1.89 Gev/e. Combuger graph prinfeut.are~obtained for alltanergies.
- . -]

Give all results in Fiéhres 2, 3,4, 5 and 6. We show thé comparﬂson ofA

~ the bounds with Cutkosky solutions and CERN a, R and v paths respectively.

y ‘ . ° " 7 )
e observe the follewing features:

L SN

\

Cutkosky phase shifts:

I i ‘k
. L R - ’ . .

., 'Here we are cohparing=sin a constructed from the pﬁase‘shifts, on

the one hand with‘the experimental polarization, on the other hand with . ...

ol e

_Maﬁnhe polarxzatlon-constfuctéa from phase sh1fts. Both should be lower

» than sin o, Cutkosky solutlon satisfies this bound except at‘sbme’odd
s experimental points where P turhs odt to be lafgef than sin a. One
'striking feature of Cutkosky s qolution is that his sin « not only

follows the general shape of the polarization but ,at almost all. energles

it is practically equal to P 'over a large angle region except,for

forward difection.-‘This makes one suspect that |f| = |g| sin 8 (see
equation (3 2. 8)) But notice that, our definition of r isﬂlflllgleand e
not_ If]/Igl sin 6 ‘ Actua&ly r for Cutkosky s solution as can be seen

o

f;om the figures is close tp one. But this is not the ratio of |f| and

. |gl sin e;, It turns out &hat a small percentage difference between P
-~ 2 . ’ ‘
and sin o give a very 1arge percentage difference.between ]fl and ‘ P

[g| sin 8 (see equationi(3 2.8))... T - C ! -
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Comparison of .the K p polarization with the relatlve phase

i (sin ) to test the inequality (3.2.9). “The experimental
'1polarizsxions with error bars are taken from'Ref. 39 and
the relative phases are constructed from (A) Cutkosky phase ’

shifts, (B) CERN a solutions, (C) CERN 8 solutions -and’
(D) CERN v solutions at Pl b. .87°Gév/c, :91 Gev/c and
.97 Gev/c’ respectively a The upper -line shows sin «a,

. - the lower 1line the polarizatjion cénstructed from the phase .
. shifts. Experimental points are connected to gulde the eye
only. ' ) T s . s ) ]
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Comparlson of the K P polarization with the relatlve phase

. {sin o) to test the inequality (3. 2*‘). The experimental
,polarlzations with error bars are taken from Ref. 39 "and

the relative phases are constructed from (A) Cutkosky phase
shifts, (B) CERN a solutions, (C) CERN B solutions and,

(D) CERN y solutions at P1 ab. = 1.09 Gev/c, 1.17 Gev/e and
1.21 Gev/c respectively. ‘The upper ling shows sin a,

.the lower 1in€ the. polarlzation constructed from the phase -
shifts. Experimental points are connected to guide the eye
only. . = ™ ' ' ' S '
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‘Comparigon of the Kfp polarization with the relatj
A(sin a) to té&st the inequality. (3 2.9). The experimental

)
-

polarizations with error bars are taken from Ref. 39 and
the relativé phases are .constructed from (A) Qutkosky phase

. shifts, (B) CERN. 1 solutions,, (C) CERN B solutions and s
.(D) CERN y solutions at P

CERN lap. = 1-32 Gev/c, 1.37 Gev/c and
1.45 Gev/c réspectively. ‘The upper line shows sid a,

the lower line the polarization constructed from the phase
shifts. Experimental points are connected to guide the eye -

. .only.
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Comparison of the K+p polarizatlon W1th the relative phase

e et e i S

Tl {sin @) to test the inequality. (3.2.9). The expetimental
‘ polarizations with error bars are taken from Ref. 39 and )
the relative phases are constructed from (A) Cutkosky phase
shifts, (B) CERN o solutions, GC) CERN B solutions and, .
(D) CERN y solutions at P, .p. = 1.54 Gev/e, 1. 64 Gev/c and
1.80 Gev/c respectively, 'The upper line shows sin a,. -
- the lower 1ine the polarization constructed from the phase
'shifts.l Experimental points:are connected to guide the eye
only. - . . . I
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. (sin a) to test the inequality (3.2.9).

Comparison of the K p polarization with the relative phase
The éxperimental
polarizations with error bars are taken from Ref. 39 .and -
the relative phases are constructed from (A) Cutkosky phase
shifts, (B) CERN a solutions, (C) CERN 8 solutions and,

(D) CERN'y solutions at P = 1.89 Gev/c. The upper line .
shows sin a, the lower li%e “the polarization constructed
from the phage ‘'shifts. Experimental points are connected ¥

"to guide the eye onmly. . , .
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Compariéon of the K+p relative magni;ude‘r'with their
bounds to_ test the inequalities (3.2.10a) and (3.2,10b).

_r are constructed from (A) Cutkosky phase shifta, .(B)" CERN

a solutions, (C) CERN B solutions and, (D) CERN.Yy solutions
and their upper amd lower bound are found from P of Ref. 39
at P_- = .87 Gev/c, .91 Gev/c and .97 Gev/c respectively.
Experiméntal pbintS'are connected to guide the eye only,

g e -



Figute .3.,2.

il

Comparison of the K p relative magnitude r with fheir

.bounds .to test the inequalities (3.2.10a) and (3. 2. 10b). c‘

r are constructed from (8) Cutkosky phase shifts, “(B) CERN.

-a solutions, (C) CERN B ‘solutions and, (D) CERN Yy solutions -
“and their upper. "and lower bound are found from P offRef 39

at P, . & 1.09 Gew/c, 1.17 Gev/e and 1.21 Gev/c respect-

inely? Experimental points are connected to guide ‘the, eye

only.
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"r are constructed from LA)e Cutkosky phase shifts,

Gomparison of “the K P relatlve magnltude t with their Lo
bounds.to test ‘the inequalitles (3.2.10a)"and (3.2. lOb)

¢

(B) CERN
o solutions, (C) CERN B solutxons and, (D) CERN y salutions,

and ‘their upper ‘and lower bound are foumd from P of° Ref. 39
at P = 1.32 Gev/c, 1.37 Gev/c and 1.45 Gev/c respecf—" '

1ve1y ‘Experlmental points are connected.to guide the eye i
Only. ‘ . o . L .0 ‘ .
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pompérisoq of the magni;ﬁdes of K p amplicudes f and g sin 6

~with their bounds to test the~ inequalitles (3.2.16a) and.

- (3.2.16b).
"phase shifts‘
and,

Cev/c respectively*

. 1£] and |g|éin 6 ‘respectively.’
Jfrom experimental data have error:-bars (Eq. 3.3, 3).
- are-connected so’ guide the eya only.
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= .87 Gev/ce,

f and.g sin O are ‘conhstructed from (A). Cutkosky
«(B) :CERN a solutions, (C). CERN B solutions

(D)‘CERN'ysolutions and their bounds are found from P
. and D°of Ref. 39 at P

.91.Cev/é and .. 97
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and ——X—— represent

Here . the ‘bounds construcfed
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" phase shifcs, (B) CERN. @ .solutlons, .
(D) CERN Yy solutions and their bounds are found from P .

“|#] and-|g|sin B respectively.

\BA e an on an o [

‘”Comparison of the magnxtudes of K P amplitudes f and g sin '8

with thedr bounds to test the inequallties (372.16a) ‘and
(3.2.16b).. f and g sin B are cqnstructed ‘from (A). Cutkosky.

(€) CERN B solutions
and

and D of Ref. “39 at P
Gev/c respectively.

= 1.09 Gev/c, 1.17- Gev/c and 1,21
“The 1ine and —X— represent
Here the bounds constructed

lab.

-~ from experimental data have error bars (Eq. 3.3.3). They
° are’ connectud to guide ‘the .eye ‘only, o
L " *' N T B
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Comparison of the magnitudes of K P amplitudes f and g 84n 6

with their bounds to test the inequalities (3.2.16a) and
(3.2.160). £ and g sin B -are constructed. from (A) Cutkosky .
phase shifts, (B) CERN a solutions, (C) CERN 8 sdlutions
and, (D) CERN y solutions and theirlbéundp are found from P
and D of Ref. 39 at Pla$ = 1.32 Gev/c, 1.37 Gev/c ‘and 1.45°
Cev/c respectively “"""The 1line ;and ——X-‘repre9ent
|£] and :|g|sdn © respectively. Here the bounds constructed
from experimental data have error bars (Eq. 3 3. 3) They

 are connected to guide the eye only.‘
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P ‘with thely bounds, to, ‘test the inequiil'ities (3. 7. 16a). and
€3:2:16b)\ £ and’g sin 8 are constriicted. from (A). Cutkoyky,»
R Phase shifes, . (B) CERN 6 ‘solut tons, (C). 'CERN B soiutiohs% k-&f
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" g PIOE.ReT. 39 at Pm, = 1,54 Cev/c, 1.6& Giy/c and so "
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Gaw/e. Yespectively. . The line “and —H¥ rayresgnt

lf [ .and* }g{sta d resbectigglyw Here 'tﬁe bauﬁﬁs“ﬁ@nsttuaﬁ

frpm experimental .data” have’ ‘e¥ror bars (Eq. 3 3. 3’) The
“Bre . ”onnected to guide the eye only -
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(3.2. 17b)
shifts,

.
o)

A

(D

6 6

Comparison of the sum s of the moduli of the K P amplitudes
- with their bounds to test the inequalities (3.2.17a) and,
8. are constructed from (A) Cutkosky phase
(B) CERN a solutions, {(C) CERN 8 solutions and,

(D)

- CERN y solutions and their bounds are found from P and D of
= 1.09 Gev/é, 1.17 Gev/c and 1.21 Gev/c,
The bounds constructed from experimental

Ref. 39 at P b
respectlvely

'data have error bars (Eq. 3.3.5). They are connected to
quide the .eye only. o i
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Figure 5.3, 'Compérison of the sum 5 of the moduli of the K P amplit des
, . ‘with their -bounds' to ‘test the inequalities (3.2.17a) ang
.(3.2.17b). s are constructed from; (A) Cutkosky phase
shifts, (B) CERN a solutions, (C) CERN B solutions and, (D)
CERN Y solutions and ‘théir bounds are found from P and D of
Ref.l39 at Plab = 1,32 Gev/c, 1.37 Gev/c and 1.45 Gev/c
réspectively.” The bounds constrncted from experimental’ .
data have error bars (Eq. 3.3. 5). - Thgy are connected to .
guide the eye only. Tl
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(3.2.17b).

Comparison of the sum s of the moduli of ‘the K p amplitudes

with their bounds to test the inequalities (3.2. 17a} and
8 ‘are constructed from (A) Cutkosky phase”
"shifts,.(p) CERN a solutions, (C) CERN 8 soclutions and,
. CERN vy solutio

lab.

Ref. 39 at P
éggggctively..
data have erro

(D)

and their bounds are fOund from P and D of -

r bars (Eq 3.3.5).

guide the éye only.

§ .
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1.54 Gev/c, 1.64 Gev/c ‘and 1.80 Gev/q
The bounds constructed -from- experimental
Ihey.are connacted to
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Comparison of the sum s of the moduli of the K+p amplitudés

. with their bounds to test the inequalities (3.2.17a) and

(3.2.17b). s.are constructed from (A) Cutkosky phase
shifts, .(B) CERN o solutioms, (C) CERN B solutions and, (D)
CERN Y solutionq and their bounds are found from P and D qf

"Ref.'39 at P = 1.89 Gevic. The bounds constructed from

experimental1 ab. ‘data have error bars (Eq 3.3.5). They are

connected~to guide the eye only

3
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Comparison of the product m of. the moduli for the K+p ampli~"
tudes with their bounds to test the inequalities (3.2.16a)

and (3.2.16b). m are constructed from (A) Cutkosky phase
shifts, (B) CERN a solutions, () CERN B solutions and (D)
CERN Y solutions and their bounds are found from P and D of
‘Ref. 39 at P, = .87 Gev/c, .91 Gev/c and .97 Gev/iec =~ -
respectively.” 'The bounds constructed from experimental .
data have error bars (Eq. 3.3.4). They are connected to

guide the eye only. ’ ‘ :
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r s right In the middle between upﬂgf and lower bounds at all-’

3

energies. . ' . Coe

[f], af sin &)

.

. ) L
- : . : ‘.;‘ ""1 : r‘

<

At low energles [f] and |g sin D &ro ulds; to chelr upper and

fdwe( bounds respec;lvely. Whe. the.dncvgy“inureases thov move towards
"v; ! .. -
T the middlc rebion between the- boundq

R PO . " L

at higheéc energius. ‘ ;V' ‘ ' - T

<
5 btays at Jll cnvrbiea on or near Lhe upyer bounda. vbulqtlng it .

. ,-_A »'

in partlcular between 1. 17 Gev/e and~J 45 LPV/L. .

LIRS

® behaves very much 1ike Sn sraying en Or near upper bounds.

“also shows the same violations between 1 17 Gev/c and 1 45 Gev/c.
... s . .

" CERN « solutions: -




e . —— e Do

-

aboVe)éhe polarizatioﬁ.except-at some odd experimenta 'points. The

behaviour of sin'a foﬁloWb more or less P at 16w ‘energies. Then beyond‘

a vertain énergy €1.32 GLV/C) sinfx deve;ops a hump Iin the middle fang le r'_

region qnd hag the,s;me featuré at the ﬁighér energies. ) .
. At energles up to 1. 09 bev/c r is closa to 1ts uppe;ubpunaa ,Aqgvé}

this energy it comes down. At high energies up ¢ 1.60 Gev/c part of ; . ) .
] 1ts[backwérd,seption'épproacﬁts fhejlower pouﬁdx”j: AR ‘ ‘ ‘ ( ;\
IR I Y o T
: - Up t?,l .09 gfv/c nhis set. is roughly bimilar to Cutkosky solution, L'N:ﬁ”fﬁ

. both moduli staying more dr less near . cheir ggsp&qtive aﬁper and 1ower
-l

.: PR R
. . . PRI

bounds. Above this energy a qtroqg cross over occurs, meantng that

[

lgl sin 6. approaehea naw Ak uppéﬁkiaund whcreas ff| comes doww “to its

:lower‘bound. e C .7 T ) - "fA‘f‘ﬂAVr“f
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gin a. in Lhis case behaves completely different, At mps& energies

ic stays close to one especially in: the quﬁgyd directions. In the
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s stays ‘at all energies on or near the l&wgr bound with bad

" vielatlons at Py, = L.17 Gev/c, 1.54 Gev/c and 1.64 Cev/c.

L

m stays close to:dr~bn the'lowér bound, violating it badly at. -

somé middle angles and the férwardudirection especially at-;,l7 Gev/c,

< s . o . ) .
 1.54 Gev/c and 1.64%Gev/c. . ] : ..

" CERN y solution:

& - i

For the vy solution sin a behaves 1fke‘fhe Cutkosky solution ﬁb to.”

. 1 32 &ev/c. That means i; folLows P closely sittiﬂg almosn on top of
\\

1t./ Above 1.32 Gev/c it gtarts behaving 1Ike the CERN a-- solution,

devélopingﬁthe same hump in the»middle region: |

Q‘ lower enexgies this set‘is close to Cutkosky solution. At high
' energiea 1t 18 cldae to the o set. . ;\'f . 4 o
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If], gl sin 0.)‘ e .

o . /
Heré again we have an entirely different behaviour. ]fl and

:

|g] sin.0 are right in the middle between the upper and lower bounds

up to 1.17 Gew/c.” Above this energy a cross over ‘occurs and |[g| sin 0.

- approach its upper bound wheteas |f| comes down to its lower bound.

. 4 b

: . \ ! ) . , .

*» ‘ . L]

3 has the same behaviour as\fdr a solution. It .satisfies the

. s

bound at all energiles in €he entire scattering region.

- ' - N - . \

"

‘m) : o . B

- 3 ) . i . = - “
m shows, in general the same behaviour as s except’ the forward -
direction, where it tends to-fall low. There are occasional local-
. e R . - i 4 . B
-violations." ‘ -~ . . v
R e R ' A
JRotation parameters: .- = . ¢ - " T N : ¢
: ;"“’; - ) L “_ i e :__‘ : . -.~ . )
- ;_ s R e 7 :., , L »9 o
’ o ’ - ' 2 e : o LA

With f and g being the spin ncm-flip and sprin flip amplitudea, the
‘ ¢ . o , .
following theoretical definitions can\be introduced

’ . hd - .)_ N . LI e o .

'J - . .
. . . L . -1 L, ) . e . . .
L - . . . . , . / . wv e

e v‘f'f‘x.R‘"- 2Re(fg*) sin O . - o S )
P Y A Y 2 . T e
Cen e A el ee L 4
) ..‘,_.1 ‘0 ’. ‘ e : | . ‘4" N r" ‘
T - ifl _&I sinz 8 -"",' 4-3“_-‘.
. .§ﬂ o lfl +. ,g] 8in” B v . N‘, oF ‘
e . e e e .




" t Experimentalists:use siightly different definitions, which are

»

LA

linear coﬁbinatiopé of the above deflnition ) o f

IR

el - If*-lzzdoﬁ Op ~ 2 Re(f £, 0)sin g, (3.3.7) -

—f 2 . 2 . . ) . o e Tt
o 1A = (] —,]f+_[ )sin 8, = 2 Re(f £ *)cos 0, (3.3.8)

- ) - ' \ ' . / . S

‘Here f,, and f 4. are helicity-nonflip and helicity flip amplitudes

; oo and they are Linear combinations of f and g yep‘is the recoil proton

Y

angle measured 1n the laboratory frame. The relation between laboratory
) and C. M angles is BE -
- _4 r >",‘r
. 2. - ‘1 4+cos B o~
: .- P22
- F « 2% (g7/M)(1 - cos @)

.-

- B “ 1 S . -

. ‘ ‘ . . . D/

» . St - . :
s . where g is the meson €,M. momentum and M is the pplton mass.

: . . . ' S T " A
- . B
g . Using the definitions (3. 3 7) and (3.3.8), ﬁe have constructed from

'f » o Cutkosky phase shifts and CERN o, 8 LY solutions he rotation parameteré
N - .. [
R ) R and A, He present in figuru 6A and 68 our restlts at three energies, -

' 'p§me1x at Pl;B v,91‘G§v/q, 1.21~Gey/c andél.64 Gev/c. . . S SR

T ‘ Lo . o,

ﬂ 5? : ‘ “.glf_ The R—parameter has more)or 1ess the same behaviour for the Cutko&ky .
. as well as for the CERN a, and Y- solutiona. It is negative at a11 angles,

_ " g except in the backwam di,rection, where it gpes +1. o

’ . e T R ’ N i i R { L “ . - !
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C e . r o R

In contrasg, the‘CERN g solution predicts 4 R-parameter which is
positive at all angles.

.. .

For thesA—parameter, even though the Cutkosky and CERN a and
solutions predict.similar behav{ours (positive at all angles) for the
lower energies, at high energies the Cutkosky solution remalns the samel
whereas both a.and‘y solutions dip Str;ngly, the y solution becoming
even neﬁative;

- ' -

The characteristic difference in the prediction of the CERN g
solution is the lack of backward peak fnr the A-parameter. Here A stays

small as one approaches the backward dbrection at high energies.
( g £

«
.

x.

‘We note that inequalities for the relative magnitude and phase of

the two independent amplitudes depend on experimental polarization onlyf

They are sensitively effected by the error bar of polarization. The

*

. - . - s
largetr P is and smaller its e¢rror bar is, the bétter the bound are. The

.

smaller P is and the larger its error bar is, the poorer the bound are.
For example, if the error bar of the polarization crosses the z-axis

({ue. P = 0) r, has no limit and r_ = 0. This means that va}ué of r

can be any positive number (i.e. no boqnd'at'a}l) and‘thg-sign of s8in a

LY .

- e

1s not detérmined since polarization can be positive Qr negative.

The .bounds for ||, |g] sin &, m and s are determined by, both

polarization and differential cross section. Since the error of |fl+, .

[€1_. l&l, sin‘b, lg)_ sin‘é,'@‘, m_, 8,

-and s_ come from the combin-
ation of the errors in'P and D. WNe expect'lafger grrbra in ‘these

L}
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‘theoretical quantities could possibly be of help for dynamical

']
quantities.
]

Comparing «, B and vy solutions  of CERN and Cutkosky solution with

the bounds of P, r, |f], |g] sin 8, m and s we find there are less
violations in a and Cutkoskﬁvsnlutions. In our point of view the a and

Cutkosky solutions are better than others. 1In the last case the only

disagreements with the bounds occur between 1.17 Gev/e and 1.45 Gev/c.

1t seems that too large s and m with vtolationa of the upper bounds at

{
N

several anﬁirs indicate that the moduli of f or/and g could be lowered

without vwolating the remaining bounds. As we remarked before, the

®

‘ 4
bounds themselves do not tell where the physical guantities ought to be
‘as long as they are between the limits. _But they indicate what the
peculidrities of the theoretical quantities. are and those features of

thg)quantities energing from a comparison with the bounds may be of

»

\J ‘ .
interest to the people who had%_obtainad the phase shifts by fits to P
and-D. Thus one 'set lepda to a relative phase (sin o) between f and g
which is alMost equal to P, its lower bound, whereas another set has

sin a equal to one, 1£s uppér bound. One set has a modulus for f equal
to its uppe} bound with modulus ofig equal to its lower bound whereas

a

another set has a larger spin flip amplitude than f. Apparently we need

L3

- badly good measurements of the rotation parameters.

. -

Finally we would like to point out that the behaviour of the .

Here we have tested different phase shifts against the' rigorous bounds.

A test of the different theoretical models like Regge pole model, direct

A . »

ﬁ‘qhannei resondnce model etc. with these bohnds would provide ctiteria to

L -
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* 'For the_$¢atqéring.hnder time reversal and ,rotation inyériance T
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matrix is symmetric o L TR . N

-

.- 1 ‘ - .‘ . .
’ ’ ' K .. 4 " '
Tij_\ = Tj i . . . , N . ‘ ’

AN

¢ C e ! ’ . T ) >
. L .

This means "_ ’ e

> . . v

L s ‘* . N :
T~ 2ImT,, =] T, T. ) o (T
B R B I

R \ " The left hand side is a real quantity but the right hand side is o
<in general a comple; quantity. Hence the imagiﬁary part of the right
i . .

e - dand side must g‘nisht So the gquagion (4.1.4) 1is actually two real
' equations: o~ * . o

v - RN : . . 2

L) . : .
- - - * ® .
-2Im Ty, = Re é Tixe Tj S . (4.1.5a);
v . . u_\’.‘ .
’ » ‘ . I - . ‘
o N 0= 1Im E‘Tik L - (4.1.5b).
'F?r the elastic scattering the states differ only by orientation of the
- =3 . . . . ~ .

C N C B . .
_ -~ momeritum vector. Thus summation over all states is a integration over

e . ) 511 di;ections; . ‘ - > . \\"

, S T - | e
Im F(Z) = —f;ﬂs J'F*(z")rfz')dz"dw"

Tea
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. __The fggtq;_uﬁﬂ_ .an the. rlght hand. 51de\21ves the correct dimension-=’

~ ' H . .

. ~. .o
llty and will be derlved below» Where. 9. M. 1s the C.M:- 4mpmen£um of &

. - *the scatterlng partlcle, Z is'-the cosine of the angle between the ininyal

’ he - L] T

and the f1na1 state (cos 6), Z'" is the cosine of.the angle bétheen the

R NI e T p T R &
R .
/ »
)

v

1 ‘ initial and the intermediate state (cos '8'"), Z' is the cosine. of the
[ - o~ angle between the iptermediatel state and the final state (cos 6').,:

These angles and vector§f2;;\§ﬁﬁyn in figure 7

b e [
b & . . ’
;
. e : b
: : , t \
g
3 . ’ {
- ;' - .
- ' v :
\
.'; ‘ . ' ‘ . l | ) ) '
. ,' . B "-\\ . ‘ ,‘ .-: ' ' ‘A‘
Figure 7. C.M. momentum of the initial, intermediate and°*final states.
{ S . .
1 x . . . - R
g The angles 6, 6' and 8" are not independent. They have the relation
; ; ST . ' g
roo
? cos 0' = cés_e cos 8" +.sin © sin 8" cos "
! ) | . . : ‘u : L0 ‘9 ’.
= | ' ¥ " 2 liz Rl . o ‘
{ ) ‘ or ©Z2'=Z 2"+ /1 -2 [1 - 2" cos ¥" . (4.1.7)
' o SN S _ ' : v ,
' , When' we’ éhaﬁge the'intggral variable from 8" and ¢ to Z' and 2"
o then?ihé dntegral becomes C i

5 ‘Y q ‘ " ' ' Lo . .
In F(2) = g;r“‘j ¥ (ZA):F(Z) k) dz" dz' . - (4.1.8)
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It guarantees that the integﬁg&ion is over the inside of the unitarity
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This‘megns ' P
g - q 1 z"
‘ / Im F(z) = M= f dz' I +

"and F(Z) is the scattering amplitude.

daz" F*SZ )

")F(Z'-

k

8o

(4:1.10)

In scalar>-scalar scattering case (for example, the =7 soattering)

F(Z) is a scalar. In 0 %* >0 %f case (for examplé, nﬁ and KN .
séattering)‘it is a 2 x 2 matrix. And in %* %f +-%? %f scattering (for

example, NN scattering) it is a tensor with rank two.

"a) scalar particle scattering

N

e,

F(Z) is a scalar and the normalization is such- that

p- 52 - ro)|’

\

(4.1.1})

The equations (4.1.6) and (4.1.8) are thejgénerél optical theorem.
. B ' v . - - .

3

When it.is forward. scattering (i.e. 6 = 0) then 08' = 6". The gqﬁatién

(4.1.6) leads to the particular (forward,diréction) optical theorém

N

9 .M.,

In F(8.= 0) =

L4

- PR ’

= C.M. | 9_9_ "oagn
. Aw f,dn dz qw
dc.M,

K ‘ ™ “Tot.

-

* (1] t "Wt
X f F(2")F(Z')dz"dy"

- 4

(4.1.12)

L]



b) 0 = '~ 0--4+ scattering
‘ i ¥

.
y ' : ..

.

F(Z) is no longer a scalar but.a { x 2 matfix. ,The most general

form of the‘scatter{hgqpatrix in the two—combonent sﬁin space is a

linedr combination of I, the unit 2 x 2 matrix and the Pauli spin

5 .
> ~ "4 -
matrix 0. The T matrix is ‘ . - .
. t, . 3
. _.> 1. . > _:L - > > T
Tif < nf ’ 2 ] v IT'lni s 2 ’ v o> (ul ' ’ (A+io : B)ul )
. - ) ‘E’V E,\)
‘ . . (6.1.13)

where |Hf ,-% , v'> is the final state with unit momentum vector ;f’ spin"

% and spin orientation v',-[ﬁi; %,v > is’ the initial state'with unit
momentum vector Ki’ spin %-and spin orientat{bn v, ul and ul are the
. . . 1
TV . V.

spin eigenfphctions of the finalyan& iﬁitial states respectively..

' 1
’

Here, singe T'ie?#nvariént under rotations. A = A(Kf . Ei) ﬁust_be.

'a‘function of Kf . Kiﬁ(aﬁd bficourse'the éﬁergy), while B will be of the
1

. form C o ' -

" _‘ (
> - > - > ¥
B = blni + bzgf + b3ni x'nf Lo B (4.1.14)

where Bl, b2 and b3 are functions of gf . gi‘(and the total energy).

Under Ehe time reversal operation we have

t

. SR 1 )
o . . - = 4 IV v'l .
-+

1. > 1 112 2
<nf ’ '2- ’ \"I,T|n% 1 _2' v‘\)>. = (-1)" .

- . . A
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.' 4 .
* . N . ‘\ - . , s ; 92
' - S § [T -G S ‘ o
, ® X -<_ni‘: 7 V‘Ti nf g Vo> ‘ . ‘ (4-1-15)
_. 1 . -
Let e 2
’ X ' N
A+i0- B = T(n,, n,, 0) - 4.1.19)
. y . ' £ i <
Since .
. % + v
; %02 ?l S = (—1) ?l . (441.;7)
2’ I
» . - i ’ . " . . \‘
then we may write the rfght hand side of (4.1.15) as
o i
-y
’ * > > > %
(102 U T(~ni,—nf,o) 102 u, ')
. E,\) 7,\)
T C > =l ‘ , ' ) K
( (-n.: nf, o)o2 9l o . 02?& ! )
' : 2 2" .
T
. = (v, ', 0,T(-nyy -y 0)0,7u; )
y Z,V ‘2",\)
[} ’ = (ul . 14 T(-T—:i' -Kf’ -g) ul ’) B (40‘1018)
. ' . = ‘ -
- 2 | 2" ..

N M ] oo .
-> . - . . - Lo : .
where o is the transpose of o and we have gsed‘éz = 0ys Gy ° Oy = I and
5 _ - . “ . - ' '
7y 0 0y | 0. 4 .

4
-

. Prom (4.1.15) and.(a.i.l6) thg time'reverqal 1nvariénce“réqu1ies

» - ej"
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iy .
L 9 3.‘
a n . > > o - - - . . > T
Tgnft n, o) = T(-ni, ?nf’.f o) ‘ (4.1.19)
- Iy
i . - - : S y )
. Comparing (4.1.16) and (4:1.19) and inserting (4.1.14) jinto latter we
.. . ’ - C . Lol ..
find that ' :
4
L
A(g e ) + io -[b n + b a.+ b (;‘ x n )1 "
. £ g7 030y £
. : s
- - o kg ' - . ,3; s .
) . I - T - o . >
' - A(nf } ni) io~ [_blnf b2ni + p3(nf x ni)].
. v . (4.1.20)
5 ’ S ‘

, .

This is trheabnly when B =b_. So the general'form of T matrix

1 2

consistent with invariance under rotations and time reversal is

-

'--v -> >
~1A + iblo . (ni +.n

N

-+ - it > 1
R P : v'leni,-i s, V> = (ul . f)
. _Z-’v
. " L - . |
= > o ) ) D .
+ 1P3o -'(pi x.pf)}ul ) . . (4.1.21)
- 7’\) ‘ ‘ ’ v ’
, ‘,, -
Next we impose the parity conservation in the T matrix. Parity‘
:ﬁ‘ - conservation is PTP -1 = T where, P is parity operator Since -
‘ﬁ* - Py~ - =y > ‘ * where x+ is the eigenfunction of thetétate with
' 4 n, 8, » -N,5,W n,s,v o
‘momentum n, spin 8 and spin orientation v, therefore we. have n
+ . _1_ : "" > }_ S ,
<nf 7’2 ’ \J’ JT[.niy :‘,V‘ >= (ng’l’VU >, T(nf’ ni' 'U)X i!liv)
) ‘ "2 ’ o 2 .
s . . . ) R ) v . s
— . ‘ ! '. . A -1 > '-p >
y - - . = ,(x;f’_l_-_i\)' ’-?. T(nf’ ni' ?)PJ.XEL’-L, ) )
2

. ‘ ' ‘. )

«
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(4

_invariance and with parity .conservation is

e R@) = £@ - T* 1 g(2)3 A n

\ .
) ~ 94
. - . , _ - > >
, - / ‘ (X‘_;f l, .li T.(nf'! ni’ G)X‘;i,_l_,\))
: 2 2
o > S V 5-
T ORLLe TR e O )
2 . S2 .
‘ (4.1.22)
This implies -
L ] :i -
-> RS > -> - > ’ . '
T(nf, g, g) = T(—nf, -n,, a) | i 4 (4.1.23)
ahd then
- - ’ -> > >
A(nf *n,) + iblo . (ni‘+¥nf) + ib3c [—{ﬂ;'x nf) )
- - '
> > . N > v
= A(nf . ni) —‘1b1 o(ni;+ nf) + 1b3c(n% xtff) ‘ (4'1'24)~
; : .
7] . ’ : &

o is is true only if b vanishes. So the general form of the
, ! l . 1

scattering amplitude consistent with time reversal and rotation

i

. N
- ' ’ ‘ y ‘ - g
'

£) (4.1.25)
- - ,
;,I% we choose gi'Ed be in Z direction agd'ﬁf'in x ‘< z plane (1.e.” .
‘the sddtteripg hléne ie in x ~ z plane) as figure 9
a. . . . , N
' ¥
! '.
. ¥




e - R e R T N LT R e L -

& . 3 DO 'Y
! -, »

-
Figure 9. Unit vectors in/\,'fthe direction of momenta.
- / ] .

- . )
R, = (0,0,1) F
N ' .
n, = (sin 6, 0, cos 8) L . .

. '+ Ctt ’ z ‘ *

v ' ' n = (sin 9" cos ¢", sin 6" sin ¢", cos &™)

."' ‘ ) ’
—* N ..
ny xﬂ*f= (0, sin o, 0)
L]
g X > - u. i " . 'u "
nxn = (cos & sin 6" sin ¢", -sin 6 cos 6 cos ¢!
- ‘1 '

+ sin 8 cos 0", -sin © gin.8" cos $'") }
) - e ' R

-
P

ey

. Ei X (-sin.6" sén ¢", sin 0" cos ¢",.0) .
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So

where

a4

ay

a+

‘

. .. . N e e s Ry e o A e SRR IS

. N
" 96
N - 0 -i sin © ’
(n, xn.) = -
. f i sin 6 0 R
. 0. - ) -sin@8"sin¢"-1i sin6"cos9" .
(ni x n) = o/ .
-sinf"sin¢"™+i sind'"cos¢" . o
K - / .
-sinfsinf"sing" cosfsind"sing"
- N X +i(sine"cosecos¢"—sin6cose")
(n xn.) = » .
cosBsin6"51n¢"
-i(sin6' cosBcos¢"-sin9cose") ‘sinesine"sin¢"
.. .
a £(6) g(8)sinb
-g(8)sin®d £(9)
< (M0 ™20\ " v
F(8") = E .
M1 M2l .
- ' A
N3 P)
LICUIE S
' N1 Ny2 -
. ; -
my T My, = f£(e")
m, = g(e"™ sin 8" cos ¢" - 1 g(8") sin 6" sin ¢";
mi,a¥:—g(6") sin 8" cos " - 1 g(e8") sin 0" siﬁ3¢".
i‘n = £(6') -1 g(8") sin 0 sin 8" sin ¢" (6.1.26)-

4

Rr PRI
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-g(e')(side"cosécos¢" - sinfcos8") + i g(9')cosBsinb"sing" _-

‘ 2D

g(e')(sine"cosécos¢" - sinfcogb™) + i g(6')cosbsind''sing"

. o
) , 2 (4.1.28).
‘ . ) )

4 ’

£(8') + 1 g(6')sin6sin6"sing" (4.1.29)

»

The unitarity equation (4.1.3) becomes

~1[(£(8) - £7(8)) + 1(8(8) - g (NG (A x B

.

q ' N1 o ¥ oM . (2 x D]
) c.M.‘[ng[f*(e")+ 1g (M3 - (n; xn)]

27

4

x J{E(0") + 1 g(8)% @ x &

Here we have used the facts
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f(9) g(8)sin 6 \ - . ‘ <
" Im ( A )
‘ -g(8)sin 6 = £(6) .
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. Yy [ Mo Moy /Bl M2\ o ] o
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© e *
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where Nll"N12’ N21 and.N22 are defined in (4.1.26), (4.1.27), (4.1.28)7 »

and (4.1.29) respectively ' 9

. . : .

‘ ’ ok S
@:Mzz_ﬁ (8" . RN R

fs]
- 3} -

o’ .
(4.1233)

' 0. - e b3
o

. . . [
- . . N - ol . .

=
]

* o ..
12 = 8 (8'")(sin B8"cos-.¢" - i sin.8"sin ¢")

L

, : . : .
b1 = ~8 (8")(sin B"cos-¢" + i sin 8¥in ¢") - (4134 7

s [ 'Oo

o
=
L

o
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" After some_simplificatibn‘(see:appendix 5) we §e£~twp cbupled equations:

B »
b Q

- . - . L
- . . .

S S q E%. - . ; x " ' :
tn £06) = 2 [Cazavif o) + 8 s - 22)
. ‘ g o E P . s . I{"D
. ‘ . N v ) . - -“. .-.‘1' ) . e e (4-1-35)
. ‘ . o . g" o - L)
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Y . q ) . , x R . o . " ‘:- ' . ’ e
Inm g(6)sin 6 = —g—;”—J aziautE (amygce ) T L . L .
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° (g "y
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«OY, O : . ,
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Q o ,"1 SN 8 . S a

° o n ,2‘ 7 v
: 4 ) \: 1 -2 - ,
o o .
. * . ° . & cg -
v - - ** ] ' - .
% o° 4+ £(8")g (8" Z—————Zz— ) oo :
. et « 1 ;'Z . ) -7
' ° . * o _ - . :\. . - -
[4] . - c o - F , e Q ™

‘ .y 2 a2 ‘
o . ° * - R LR A tonw
. > ‘ . + g (eM)gea') L \Z : Z, % 222 27y (4.1.36b)
) ) . R . N ‘ \\ ‘ . . M
o : LT e R - .
For’ the fo7ard scattnering case ﬁ‘m'z."'an_gj Z =1. Then (4.1.35).

a
.
&

Y
R .

v “léads to the OPtical theorem B
e T ‘a ' S e L °
' - ‘ M & ' ¢ RN . ' .
Lot . Im £(2) = AR A AN .
' ' 47° Tot. S Lte s .
4] ) . : R ‘
E | . N o . v oc o " i . | S
e and .both Sides® of the equation (A 1 36a) v_aﬂish\ T - :\
PR «'“ /. . o . " a,." ] 0 _‘ a v, .'\o . . ¢~ . s
L '.. . ‘ . - woe ’ & . ’:F 0 m " :.:\ . : ':“’ . G } A “v "m .
ot T, o In fact each of these c0up1ed equatiens contains two equatlons e
“p . ; |
. < £ e o N | ) o
since the right hand sldes of the eduations are ﬁ: gehera-l the~ C°mplex -
. ‘ ‘get \

C oo o ' ,q:.xantities.; The real parts of these quantities should\ equ&l the 1eft -~
. P . o

hand sidé”’ and the imaginary parfs sfiould be zero. They» are
: . ° T e ‘ s LB .
{ - ‘ ."\‘;‘,1‘;\ -.‘ N . ] "‘\"5::7. 2 ey .
] ' 2 o 2 qc M:

| TR YS f(z) v ‘._;‘{.‘,cig'.‘!gw“:{;’ldi'(i'."_:")|!f(g')lgo,g{?f(Z.'5*~...‘¢f(z")']~

3 o . ) 7 ‘ e ',.;,,\;,'H.‘ L .Q' ‘ ,. ; ' ‘fa‘- e, L . m; o - - df' .i:' i t E . R :,.‘
¢ . ‘o ° e , - e - ‘ C . ."_.i' L
U “+ lg(@"|ls@"y|(Z - 272" cos [45(2)) ,-0%412")]} ‘
o » U ) s N S i . e .; ] ‘ o Ly s AT
° Ce S L e N B N t(lo 1. 37&) .
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ST e " . 100
.n. - . q o ) oo 1 «
. Im g(2) = = fdz"dw"{ ez | ey B -
{ * : 1-12
' - < cos[6,(2") = ¢,(Z")]
- : + 1@ |1a@ | F B cosla,(2) - 9, () ‘
2 2 2 ‘o
+ ‘g(zn)!lg(zy)[l -7 -'Z - s + 2Z27'2
i . - 2
[l . “ v
x COS{¢B(?') _ ¢g(zn~)]} ' 3 ) - (4.11‘-371.3)‘ )
Z".- o 'é | 0 = qC.M. dz"de"{ |f(zll llf(zt)l in[ ~(Zl) _ .(Z"
: = ur dy )| 1£(24) [sinl6.(2") — ¢.(2')]
C o+ le@)le@N) (2 - 2'2Msinle (2') ~ o (Z)]Y  (4.1.382)
| . : ’ . _ . -
t - ) - . . . ' . : 9
. . . q ) "wo_ v : o
R J dztay"{ £z | ]e(z" | Z——_——Z—-§— sinl¢ (Z2')=0¢(z") ]
. {
T | o+ e e | B sl 2z - 0 @]
f ‘ . . . 1~ Z - ' .
‘ ' ’ 2 ) 12 n2 ' ‘e ¥ 1l .
| + gz taezn | it n ki 222 E ,
' . ‘ s \ ‘ ) 1 -2
: x (zZ') - 0 A ' . (4.1.38b
. sin[¢g(? ) ¢g(2.)]} o (' 38b)

wﬁere’¢f‘and ¢g are tﬁé phase of the spin‘noh—flip amplitude and spin
- : N - ' .

flip amplitude respectively. ' ‘ o » ]
, ) . e 'b |
We focus now,on-the_equatioﬁs'(A.I.SZaL and (4.».37b). nlike the -
- scglé% particle scattéring the |£| and |g] in the integral equation -
- N ; . . : . i
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.write the real part.of right hand side
A

(4.1.37a) and (4.1.37b) cannot bg‘written in terms of the differential

] ~ : ’ B
cross section, polarization and their combination. We.only have the

.bounds of them in terms of the differential cross section and polarig
zation as in (3.2.15a) and (3.2.15b). v . )
4.2 The Bound on the Imaginary Part of the Non-Spin Flip Amplitude.

We majorize the integral in-the right hafd side of equation
(4.1.37a) in different ways.:

a) M , . |

Consider first the unitarity equation (4.1.37a) ) e

. qc M. x s ’ ( N .
Im £(2) = hn I J'dz" dy"[£ (2" (Z") + (Z - 2'2")g (Z")g(2")]
' ‘ . T (4.1.37a)
We change the integral variables from Z" and y" te 2" and Z' and
- . - ({%{

3

4 N .

.9 : i o .

Im £(2) = -§;ﬂé [,ﬁ dz" dz' 9§§l e |1£(2") [eos o (2") -
. R K . LN \

BERCOI RS FEONED)

Q

(z - 2'Z")coslo_(2")
_ o o B '

- 4,021} -t (3.2.1)

om

Y

b~‘ . '» - 1-0'1_“
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6(K) ensures that the intégrapion is over the ellipsé defined by

v

= 0 where K ='1 - 22 - Z'zqur-'Z"’2 + 227'2". We use the relation

K
(2.2:15a); |f], |g|sin.6 are.bounded by J/%Dll + [1- P2]

~lfl, |g|sin e,ijz% D1 + J1 - P?) » © (2.2.15a)

A%

We majoriée

HuﬂLlﬁrH,mwwwl—wzmduuwul-rz

by taklng the 1argest value® sup. of // D(l + /1 - P ) 1in the entire

angle region with the understanding that each term under theointegral

will be majorized by positive quangitiesf

.

.h - . : .‘ _ "
<M 20+ /1 - ) f‘J az az' 4K
: sup. YK

2 L]
‘o
.

’ ‘ . " - giogn
< {cosle (2" - o (20)] + —L L&

- 2? jqf— 2
° @ ! "~ ' N

o " LB Ed "”cs.o
% cos[ig(zz) ¢é12 )J} s

e .

.. .

o
3 o

.We note that ¢he spin flip ampliﬁude g(Z) appearipg in the unitarity
- ®
eqdation tontains a sin 6° factor - implieitlf This means that &he:
-t - " of

’ c 0

aifferéntial cxoss section is expressed in’ %exﬁg,of |ff and [g] %s

Ov

‘o“ STy
. 2 v e 2 2. .
= 6@ " + {e(@) ] -°27)

Jo <
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* The extremum of ' .
4
~ gion ) . ' ’
YA Z'7 = x(zv . Zn) ) . (Z = fiXEd)

/1 - z? Yo : | L

- o

- ' f
is on the ellipse (see Figure 8). The maximum value of x is one when

§"= -z" = / ; Z and the minimum is minus one when z' = 2" = 1 ; z .

{(We remember /T + Z and /1°- Z are the séﬂi-axis of the elIipse.)- For

¢ this caée.|x4m3x°= 1. Ma3orizing now cosine terms by one, we 'fiad .
B . , . . PR o
q ¢ g ° LN . * - "
Im f(2).< gM [‘!’- D(1 + /1 - P )] 2J [ dz"qz’ 8(K)
—_ 7T 2 —
sup, VK o
’ \ (4.2.3) .
L
. ) ? ° - ) ’ q% . < R
with —$F= 3 1 @+ DR (@P2")P () 5 °
N K ) 1=OQ " v '° . v , ' .
Loy ’ c: . . - a
the'integrél becomes . . E
o - . ) ’ . R o *
; o L 8(K) L 2. .
. A I qpugey BAN) Z . - s '
S J J dz"dz i J 2, J(2n + 15 20 + 1 P (P zhaz .
’ . ,‘,:- ’ o : ° ) o - o o
u . c , ) : B; )
. ¢ : = 2% ” °
=} "\. et ° - . LA
P . . =4 o 0% s . ° .
o “ - o .
’ °e ' PR Lo ®
Hence » o o
] 9' * @ " -3
u/ G. ¥ 0 o

Y , - I | . o -
X4 a’ 2 . 2 ' g
A @ 52 agy, [% D1+ J1- P - wR.)

o : s @ 8 . - . 8up. )
? ° g “ < C : - - ° o 0‘ e P ° o ,,u o o
u o @0 ] €° O o 1Y @ &
PR The noteworthyeaspect of “this reSq;t is. the explicit qC‘M - <
o S o0 . ¢ o %o
< [ ° ° u"g ° J R ° "
. ° depenﬁen; aswopposed to , ;e ’ . , . o g
A ' u: o o o % v, o ° "oa ° Do o° e . -
o o o o ° "ugn © 0 -
o' o ° o v o ° g o ® a® ° ‘ o
3 o . . . o o o * .
o~ o b a'® ° - © [ 8
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We also remark that the full experimental information is not used

Bt

in the sense that the only piece of data used is the sup. of ¢« -
1. / p2 he enti 1 j
de(l + /1 -~ P7) 1in the intquJang e region. .
b) . . '
i - . /

We try to improve. this bound by latter majorizgtions. Using only.

.D and P cannot improve |f| or |g|. Therefore, the implication is clear:’

o B L v
we must improve the phase factors. There is the relation between sine
' . o s
of the relative phaée a of £ and g and the poiarization 4 sy
- ’ s Y ) '
e w :
i e - . ° ° . N . a
sin a : .
1 . e £3.229) v
. P potny . N - <
. .
N o ; .
where - . ) . ”
o b °
a = b s - .
. .¢f ¢g s
> e

. “ ’ ) ¥ . [
. 0 . - : ° . A
* Since [f(Z)Imax ='|g(Z)|max sin 0 we.write-mow Im f(Z) im the form

.

o 3 , h * . - - - .
, q ° ‘ .8 " . ’
> Im £(2) < C.M, JJ az" dz'_—& [£¢z*) ] |£(Zz™)] R
° ] S~ 2 : . K Comax, max

. ‘ < ° . ' _ '; " | ,.‘A

° x. [coe(Aa + B) + 2 - 22 cos B)- (4.2.5) -
SR /1 - z'z /1 2% Lo
. ) j o o ' o e
i’ Pincy ‘ S C o

°
° ) o
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3

B g R Y s
o

w
°

7

Ba = [9027) = 9, (20) 7 [0 (2" % 0 (2] ‘
= «(z') - a(z™) 4.2
LY t “
RO RN B | - (4.2

. The largest ¥alue of

N2

Bt

Z - z'2"

:_ ﬂi _‘sz /1 = an

o

is one. The above majoriéation is justified only if each term in the

bracket is positive.

L.

We now find

the mgximum of the bracket for a

fixed ‘Aa as a‘function of B. f N

‘call ’ : . ’ . %
- 0 ’ Fgé) = jcééCA; +B)| + [co;tBl e :u 5.‘(4.2
) °o d;éB) =0 - ‘ o
1; ;eéns .‘ i,f sin(Aa f B; + gin B.= 0 ' 1 . N )
gives° :_ . ; ; e ) |

® ¢ tan B =

sin A &
+] -~ cos Aa
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with this value of 8, F(B) becomes (Appendix 6)
. ‘ . , _ |
F(8) = /2(1 £ cos ba) , - (4.2.10a)
. .

F(B) will be larger of the &wo .cases. It is

F(B)‘=.¢Q(; ¥ |cos hal) s o S (4.2.10Db)

.
-

. If in relation (4.2.5)

o N " e

ooz -2z'z" .
-t | = a -

s ‘ - ) N , [
-~
© . . %

- .

is kept rather than majorized by 1, one has to find the maximum of an B

expression such as

E

o

|cos(ba + BY| + acos B8] ‘
where a is postive and less than one.

©
L

In this case further possibilities arise dépending on whether a is’

larger or smaller than |cos Aa|. The result here is (see appendix 7).
- - - = . . * s . , .u

N
[F(8)] =¢ﬁl~+ a’ + 2a|cos Aar . (4.2.11)

(4.2.10a) is the 1imit of (4.2.11) when a is one.

]
o
°
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f; Now the imaginary.fart of f satisfies ) {-f ' i
Im £(Z) < Te.u. dz"dz' i@l E{¢ADY! "|f('vz')| B
. , — 27 Rt max’ max
. ) s 3 . . Q.y v
. HI ‘ o . -
' Xq/i + a2 + 2ajcos Aal ) (4.2.12)°
. ] ' | .
We now write cos Aa in the following fotm: :
cos{(a(zZ") -ma(Z“)) = cos a(Z'fcos-a(Z") + sin a(Z2")sin «(Z")
' - (4.2.13)

‘e

~

- ~

We would hope to tse the inequality (3.2.9)

w +

ﬁ;}—i’— >1 e : ‘ (3.2.9)

'

L]

in the majorization of the expression (4.2.12)." Howevef; the inequality
(3.2.9) is in opposite sense. ‘That is,. |P| is not an upper bound for

|sin-a} but a lower bound. ‘Still there is information 1n’the idequalityﬂ

s

163.2.9) which can be used in the following manner.
]

/

.

- First of all; {3.2.9) tells‘uh that:sin o and P have the saﬁe sign.
. ; _ o s

"Hence a knowledge of experiméntal P gives us the sign of the second |

“tertln in‘(4.2.1‘.3). whé’n"sin a'fz") sin a(z") has the same sign as the
firét'term for a p:i? qf';oints‘Z', z" @e’ﬁajo;ize cos Aa by one.

| e . |
'wheﬁ 1t has opposite sign we write (4.2.13) ;n,thé following form’

Ty

. e , A ‘;;‘

N\
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o a " - cos(a(Z') —.Q(Z")) =;/& ;‘sinz a(Z') f& :,sin2 a(z™
' ‘_\\ . . s ' 'a, : .'-“ ' i )
’ - |sin o(z")|Jsin a(z")] (4.2.14)

.
2

To determine the relative sign of the two terms in (4.2.13) dne

either needs the sign of the rotation parameter R since the'inequality ..
.- v .8

) : (3.2.21) . ) :

-(3.2.21)

~

N .

indicates that cos a has the same sign as R, or cases where P = 1.
‘ 3 . - ' ! . .
- Obviously we have to know where R (or cos a) changes its sign. 'From

continuity arguments cos a.cannot change its sign unless sin a = 1.

& “

But at places where sin a = 1, P must be one as can be seen’ from (3.2.9);

.- : . e \ . .
.We shall study the situation below more in detail. -Let us consiger-. °
. ‘ B ‘0

[RESOT

(4.2.14), when its two terms have opposite signs. " To majorize this we
see that in the first term sin.a must be replaced by its smallest value.

Siﬁilarly the second term must Be made as small as possible. Thus we -

~ find

{

;c,éé Ao _<_/1 -'Pz(z') /1'- p?(z") - ]P(Z’))IP(Z")I (4'.'2.15')

Here inequality (3.2.9) has peen used in the form

oy

-
~

Ystnal 2 lp| ' S
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Consider now 3 typilegl %expgrimental ppiarlzatlon measurement '
. L ’ .. ) - ’
47,48,49 : TP, ‘ . . :
(Even though the references are for inelastic cases our purpose
. ) .‘ ‘ . . B . -
. here is just the discussion on how the unitarity ellipse is divided into
A \ - L) - ' , M
different sections. VYe will not use the inelastic data in our calcul-

1

ations.). Suppose the polarization changes sign twice at point X, and -
. . .

x, and equals -1 at x (Figure 10) (cases where P changes its sign

2 3°

less or more than twice are analyzed in a similar manner. See in

i

particular the K p and n_p'data for the case where P changes ité_sign,

three times.) °

. +1

-1

-

Figure 10. An example for the polarization curve and the behéviour«pf

. cos a. | ’ . ) -7,
. -~ ‘ ’ A

Since we‘are interested oﬁly in the sign of éOS»u(Z')‘cgs ukz") it
does not matter which one Qf cosine is (+) or’ ().’ For the sake of
illustration we choose an arbitrary éign for.it ;nd dr;; cos a as in
Figure 10. (We are aléo not'conéidering the case where cos a may be -

i

-
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tangent to the Z-axis at the point where sin a = f1.) ALso .it does not
matter what the value of cos a is in any region, as long as it does not
change sign. cos a cannot do this without making sin a = *1. However,

even though we can conclude from |P| = 1 that |sin a| = 1, the reverse

is not true and we may lack information about such points where |P| < 1,

|sin o] = 1 on whether cos a changes sign of not. But even with this
limited kndwledge and possible experimental knowledge on the sign of R

we can do thé‘following. i
. ' o )
Let us 'divide the unitarity ellipse with a knowledge of the zeros
CYP . ; - .

of the experiméntal polarization into the domains shown in Figure 11.
Next we divide the same ellipse according to partial or complete know-

ledge of the zero of R {(or cos a).. We may not know the sign of all

domains' in this second case. ,But for the regions in which the signs are

-~

known we can combine Figure 11 with Figure 12 and find the domains in

which the signs are¢ opposite. 1In those domains we majorize cos ba by -

y
‘ _ +14

v

R

[ 4

<

Figure 11. Sepaxation of,ﬁhe unitarity ellipse into domains of different

-~ -

\ . ) -
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When we do the numerical calculation her. it is understcnd {hﬂ; N
: ) : Ve e S . )
. ;" B Lot ‘.: o
icds Au} is majorlzed by gither one or ekpnession (4 2 153 dependlng on )
- -
\‘ :{u '. - s - RO . -
e product oﬁ,the §igns in the domalnawof the unitérity . =
A SR I A P w
e ($)or ()i iy i T T e,
;- T - R S ;
- Lo e T TR o T . U B
: . . L 2o ’, " ., - " >“. s . o
o = SR A DU A e -7
v * Y : S ; s ‘
L 4 b Lo R L

. : iLE - . 7 . S
.,Im the above majétlzaglon we consider ifl éhd'lg]sigie,insiﬂé;thee . \
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&4 We, defink
L

(2" 1//D

S,

= Je@|/E T e

° o ' v,
e
[3)

= D(2') and E = D(Z");

v
o

9 ok -
and tife régions of x and y are

:3‘c:

-4 s

L

“F = /DE '[xy +a /1 'J'. lefl - yz] ) L (4.2.18)

N ° N . °
: o
4
.

i . 4 4] .
Fipm appendix 8 we know this function has po local maximum or

*

minimum poiﬁffand it Has only a saddle point in X = 0 -,and y = 0. Further-
v 6(‘ K . ' N ., 3] -
more:when we sSearch the maximum of F with fixed y we find it is at
. { » . - ..
e . . . ‘ 4

- - o *

-2 . - .
T —— . : ' (4.2.19)
Y@ -a") +a .

“
<

e L]

+4n our domain. So the maximumjof F with fixea y is
. . o

L]
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-

- -, “

\ - - . . -

“ /i)i/yz(l - az) + a2

’ : : e

- . i - 4

L

This function ig ‘an increasing function with mespect to y. Its maximum

isyVDE 4t the end' point ¥y = 1. Hence i
iy . . »

max

F = /DE = /R(Z') /D(z") . - (4.2.20)

-

# with this result the inequality (4.2.16) is réplacé\by -

4

. .
‘ In £(2) < — J f dz'dz" 9§§l Dz Bz (4.2.21)
K - Q
v A

»
L)

Sim-ilarl’y inequality (4.2.4) is improved‘ by almost a factor of two
\ - * .

(4.2.22)

Im £(Z) < 9= ‘Dsup

. ~
by 1] " -

‘ ) N 4

However lf[ and Iglsin 6 are bounded by their upper and lower.

bl

Bounds (3.2.15a) 4and (3.2.15b). Hence we should maximize (4.2.17)

- subject to con,straﬂlts -

- . -
v z L

J/? l1;;‘ 1 - p%) 5 £, lgfsin~8 :,J/g 1+ /1 - p%

. * o
% * ‘ =] .
- We have shown that there is no local maximum and minimum in the
. * . . o (i h v ’ .
range 0 < x <1 and 0 < y <1 as it is in the domain @

» . . I . o .

<

__xf_»/%— {1 +- 1 ~P2] = x

__y-_<_/—;~ [i + /1 - p'2]'~{= y

ks

&
]
Py
—
H
H
{
-]
| 3%
A

Y4.2.23)
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<
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°
o
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Here P = P(Z") P = P(2")
> ": o
< > ©
Therefore, the largest value of F must be on the borders. It °° ¢
- ‘ > - - ’ <
© depends not only on /D and VE but on P and P' too. K
o N ‘ o
= L 4
- 5 ‘ ‘ - « 2 3
e * E -
O -® . .
Since the maximum of the function G . . o
. . , a M
- . [=3
&
- . ® , O E
. N © -
3 2 2 - . Y . a, bl
G=xy + afl - x 1 -y (4.2.24)
o] Te
Kl o . ‘r . ' =
: R ° ‘ T
: : > with fixed y is at TN _ : o s P
2 . o
* - . . i o
s ? : o
P : - a ,
- 2 ‘ ) .
(e} »
X = >4 - : .
2 2 2 s : . °
‘ Yy (1 -a’) + a : - o
- : . . . - © . ‘ R
, - 4 ’ [v3d o
. . - LA
This curve is shown in Figure 13. Lcurve I).- S G §
a Y 4 - A< . a
. e . { ’ -
- ’ * ’ ) " [N
i~ A w8
a e 2 : o
N 3 < o © e n 31
°© o 3 . v 4] e
‘ n A - N o @ =l °
J 4
* t 0. & 1 * II
~ 3
s V o ° . I e T e . -~
© o - ° o =
o o o = °
N 0 o o‘ " . 1 A : - e
> rr-o L v N © @ ) -
° ** ° s © b
” B ‘e e T o s u o o2, * 0
T @ ’ c 2 ° 6' Q'D <
’ 0 s : ) ° e
- [ °
& e . - @ . .
: o o . : s ] .
—. . . . 1.
% X R . - . . @ ) x 0 e 5

- A » ' - -
oL 0. . . e 1. - \ e,

Figute 13. The cyrves for the maximum value of G (4.2.24) with fixed x
o ) s Y a B “ . . ®

and y respéetiVely:‘
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» then s "
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F- =4/D « E J/yz(l - a2) + a2
maxc u ' o
Case 2: ¢ o
> ° on 30
. . oa2 2 ]
' yu < X < a
’ 2 2 - .
l—yu(l—a) u y (1 -3") +a
~a2 ° e a2
as shown in figure 15. ° °
- Y
[4 ° ¢ °
»
o 3
L 11
° _YU T
o / ? -
- Y, b-oL- ‘
° .t L
: ] ! )
‘ . - ' .
’ 0. X, . X, 1- X
Figure 15. The.maxfmum'point of G (4.2.24) in case 2.
" where curve 1 is ,
: 2
E x= [5—"
] ‘ y (1 ~a’) +a -
and curve II is
L]
. ag "
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o !

.. . 2 2.2
y/ x . x=/ aly
a , x2(1 - a2) + az_ lo— y2(1 7’32)

o b
P=y o

-]
©

It means the corner of X0 Yy is between curves I and II. The largest

value of G is at thé‘corner X = x, and y = yu'since'on the line x = X,

Qo

it is an dincreasing function from y = O to the point where it inter-
‘. : . - o Y

sects the curve II. Alsoif is an increasing function on the line

-

y =, from x = 0 to the point where it intersects the curve I.
! - .

< . s

- Hence
« .
= . 2 - 2
max - xuyu +afl Xy jg— Xy
’ = xuyu + a xLyL <1 A S
4
- then o
. Fmax =.7D ‘_E [xuyu + axLyL] <9i2§28)
Case 3:’ °,
c . oo »
X > 2 (4.2.29)

as”shOWn in figure 16.

°
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Figure 16. The ﬁaximum point of G (4.2.24) in case 3, -

o

<
~

>
N

The .largest value of G is at the left uﬁper corner.x = X and y =y,

S e L

since G is an increasing function on the line x = X, from y = 0 to the

point where it intersects the curve 1I and a decreasing functiom on the

o

line y = Yy from the point of intersection with the curve I to x = 1.

b

Hence

EO
o
i
o
<
[~
+
%)
SN
' -
.M
-
=
!
“~
N

n
<
e
+
Y
»
c
.
r‘

" then

max

F = /D « E [xLy;'+ a‘xuyL] (4.2.30)
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Case 4:

R R v S
,

2 ' azy'z" ’
u L .
y, > ) 7y Or x < : (4.2.31)
L x°(1 - a) +a “ 1 - y2(1 - a9 ‘
u - L
as shown in figure 17.
. Y
L o
, J -
L.
1. i
Yu - 4
] !
YL -" ; ‘ . L
’ )
! ]
! ot
. 1] ' -
g s 1 -
d L] '
i ' 1
H ' L
: - 2 x D
b : t , X . _
; : 0.X, Xy ' 1. -
v ‘ L. , . :
€ LN ;
3 . Figure 17. The maximum point of G (4.2.24) in case 4. e
Since G is symmetric with respect to x'anf,d ¥, this case is
similar to case 3. The largest value of G is at x =X and y'= YL and
4 ‘ - ' P
‘ Gmax - ‘xuyL +a xLyu
o N
then - )
Fmax =/ . E (xuyL + a xiyu)' ’ : .' ' (4.2.:32)
,“ » ,
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tase 5: ¢
: 2 ' .
- Xu - K
y > [ >y o (4.2.33)
Y xz(l - az) + a’ L - :
, . u . ] .
. or . ..
I : .
; 3N
J22 T 2.2 A
YL ‘< x < yu h
1-y2a-ah U/ 1 -y2a -eh
L u
- - ) - ~ . . . . T @
[o]

) as shown in figure 18.

Y

1.
YU - "
YL" - . X . .

Figure 18. The maximum point of G (4.2.24) in case 5.

o

Again it is similar to case 1. The largest value of G is at x = X,
and . xi' ;‘. ' ' ,- ,?}
y = 2 ‘

2 «2 .
xu(l a“) + a

Hence e o ‘ . S °
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4]
G =¢/;2(l - 32) + a2
max u- . . s :
then
>. , . .. 4 ’ ’ .
) F = VD + E /xz(l - az) + a2 ) (4.2.34)
max u
ry
4.3 The Bound on the Imaginary Part of the Spin~Flip Amplitude.
We now turn to the spin~flip amplitude. The elastic unitarity
condition (4.1.37b) is
‘ b
qC-M- " " u [] Z” - ZZ'
\ Im g(2) = /= dz"dp"{ [ £(2") | |g(z") | ="
. - . . -z
[ 4 " ' 2' - z"
. x coslp_(z') = o.(z9] + |£(z) ] ez ] —E
g f 2
, . 1-2z /
x coslec(2") - ¢,(2M] + [g(z")]]e(z™M] .
o _ 2 - '2 - "2 ' n ‘ ) -
S s « 4 _Z _Z Zz * 222 L7 oosle (2') - ¢ (Z9)])
- s . ) - . ‘ . 1 - Z B g g A
. - 0
. , o . ‘ (4.1.17b)
. ‘ ) <

. Since we shall majorize .{f| and |g|sin 8 we write out the sin

-

factors explicitly. We also change the integral variable from Z" 'and o

o

V" to Z'.and 2".

. b . q > . - a .‘ ] .
In g(2) /1 - 2° f-{%}h-f J dzrazt K- L e

vK ' 2
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¢ 1 " ; - 2 _ 12 o -
. . x klgz") {lg(z )1/& Z_ J& 2 cosls_(z") - ¢ (2]
> 2 & . B
/1-z ,/ﬁ -z , ¢
N . . :

1] " / - '"2 v
+ (%' - zz") lf(thllgjz LAl =k cos[4.(2") - ¢ (Z")]

L J1 - zr?
! .
é‘: @ " ' / - v2
:‘ ‘ + (2" - ZZY) lf(Z )Ilg(zﬂ 1 Z \ COS[¢lg(Z') _ i1)f(zn)]}
J1 - 22 : '
) S . m o (4.3.1)
Dgfining again - )
;s, |
. -¢f(2 ) - ¢g(Z ) = a(Z") ¢g(z ) —~¢g(2 ) = B(z', z')
this bec_omes_ ’ .
. 4 . K )
q ,
In g(2)y/1 - 2° jd—gﬁzk-f-f dz'az" LK —
: oA K 2
, . ) . o ) 1 - 72~
XJ/D(Zf)[l + 1 - PZ(Z')]J/D(Z")[l + 1 -pPo(zM]
; . S : Cx A L (4.3.2)
, ] .
where ' . :
A= K|cos Bl PR ARLE A\ |cos(B - a(z") |
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The moduli of the amplitudes are majorized and takeﬁ outside of
the brackeg with the understanding that the multiplying-factors will be
. v
majorized by positive quéptities.
2 B ’ o
. »
We can ecombine the second and third terms of (4.3.3) as twice.of
either one of them because of the symmetry of the integrand with respect
to Z' andeZ" in the second and third terms of (4.3.1) and the symmetry

of the area of the integral range with respect to Z' and Z" (unitarity

ellipse). Thus we obtain .

A= |cos B(z' 2| .
i u .
° - ° P o
+ 2 J-—'—sz—L lcos(B(Z',2") - a(Z'))] T (4.3.4)
"2 -
1 -2
)

Majorizing the cosine by one we “have
E";’ " \
0 : | "
NPSEANCE Al o (4.3.5)
/1-—2'2 jl—z" ,/1-2"2 e

- . .
We now apply the consideration used for the non-spin flip

&

amplitude also to g(2)/1 2.2; namelyr;:he | £] and - Igl,/l s 72 cannot

, have their maximum simultaneously. Keeping the symmetry of the second

o

and third terms the integrand of (4.3. 1) becomes

N o

%
<

¥
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— |é(2')1 1 - 22 gz /1 - 2"2 )
Foot e

. « coslo (2" - 0 (z")] * 2 lz' - zzv]
) fl — ZHZ

]

F =

\

< etz [ |1 = 27 cosle (2) - apZD] (4.3.6)

" we defipe as before ’ = .
. ' - Y - - ] 12 a 2 . )
‘ {£(z")| =/Dx then _ |g(z 1 -2'" = DS - x Y
i - ‘
N N » .
o ‘ : e el
° 1£z") | /By then _. lg@m 1.~ 22 #WE/1 LS
- ° ~ o . - ,=‘ v . T @ B
4 S : . A\

o
1

.~ and pzy .. - , R -

." 0 . B
E =.D(Z™) - ‘
& w .
. S e ® R
also we define L I : .
o : -3 ¢ o ! ! e ' 3
: S K ,
< S E S
o a" = 2 'oflz"- ZZ"‘I o . . - S
‘ o - R Z.’;Z"" — L '
. p - . i e = - ) , “" A U /
. ST e’ replace co_sines by one. '-."*'Tﬁaa:n ,
R O B Ry S L 4,37y
. " e ' i v . . . ' -
. . . , , . ’ ‘ . i .',: Al R
0 € d a "
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We now consider . 5
. . - V [a)
. ‘ 2 b . i
(2=;1'/17—x’2/1'°—.y + a" x¥1 - % (4.3.8)
where Q - .x ~ 1 and 0 <y :u r -
We majorized the function G .
w o /T2 a' e
qx=,/1-y [- ———+ a"]
t 5
, - * l - X <
*Solve
3G, . ) -
i Sx o
. s ).
qQ
T %o .
- _2 .’ l _ 9-
3G o 2
. - R NI LS U R °
ax ) .
This means x = Xq is the line on whigh the function G is maximum (with
fixed y). o ‘
Also ’ .
*g—;; = [a’ /1 - x2'+ a"x] S S
1 -y
¢ .
2
| N « .
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- , o 9“ N
¢ S"Olve . ot < " A ’ ° ‘.
0 ° @ . S Uy o ’ ! : ~
: = S L o - e L LN N
. o o i} < e " . o . o P
s - N 3G i - T o ©
et e =20 \ S .8 ,
A ¥ o ay o o I3 o “B . N
= L > o - . 5 a0 N
4 o - PS - o Q . [
. s . J -\ Dot R
« e ~ o
o ° o . ‘ g
. ° ‘for y then y'= 0 is the solution ¢ g © . L
o
™ - ) B o . o I .l - <
@ . Oﬂ . I
o 0 = - - 2 A IS £
5 9 G o, 2 1 - .
- , © — = -fa 1 - &7 + a"x] s 3/2 < 0 0 et
) ) . N .
. 3y o 2 . (1 -y ) °
° < » 0 B N ~
’ * ] o 30 ] N . o . ° . -
- > -]
B ” B o <0° > - ) .
, Again y = O~ ts fthe line on which G is.a maximum {with fixed x).
ot < . ° . ) B . - ' e . -
- Cdlculate 7 s . .
R [} ot ‘ ® ¢ & ° S ’
Ot o i 5 : ¢ o ) - <
o - % 2 i . . s

@ - 3 o\’!
: T dxdy /-——* /“—— . .
3 R N ﬂJ . OQ ° G o
R v, i 0 ° 0 ° . -, ’
. Since . v ¢ B ° s
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The largest
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u
* N
2 7 ,2¢
F 9= /b - E Ja'“ + a"“. e
ax e Y 0 -
| .
. /
© El
. . :

as shown“in
K3
@ 4y «

0. X, . X, 1.

; Thé maximum point of G (4.3.89 in case 1.

v
v .

o

value of € is at x = x. and y=y

LR PRI
7 .
pyEE

de

figure 21.
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(4.3.10)
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Figure 21. The maximum point of G (4.3.8) in case 2. . ‘

|

> f

"The maximum point is at the left lower corner x = xi and y = yi.
: R A 2°/ Z yanx o2
. Spax T 2 /1 ol -yptat g /1 -y
N “ . v , -
= ! " . ‘ ! o
2’ xgy, tat gy ) |
and ' - o . )
- 5E [af +a"xy : 3.
~ . Fﬁax D ‘E [a xy,tea xLyL] (4.3.11)
Case 3: o , .
<
*u = *p
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as shown in figure 22. : . .
Y
-1. c
1 o
Yol-s
YL“'." .
N I X
0" XL Xu ‘ ll
Figure 22, The maximum point owa‘(4.3$8) in e¢ase 3.°
T
. The maximum point is at the‘right lower corner x = X, and y = Yy
‘ggnce : -
= v/ '._ ‘_ 2 " '_'2
Gmax a 1 x&,/l . yL‘+ a xu/l Y, .
= J "
a %y, + a_lxuyu
e ’ o
- & "o ’ .
then . U . )
(4.3.12)

) - /5 . “fat L PR '
Fmax D+ E[a Y, + a xuyu] ; .

In order to coipare'these results with (4.3.2) and (4.3.5) we write the.
integrand, of (4.3.2) with (4.3.5) in thelfollowinglfbrm

B o X P
- N ' ! .

| i

. f * .

-
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u’u .

(.

There is no doubt the results in case 2 and case‘3 4.3. 11) and

(4.3.12) are better than (4.3.13). But it is not clear about which one

>

is better than case 1. ) :

; On the other hand the second and third terms of the ekpression,.
(4.3.3) are symmetric with respect to 2' and Z". This can be seen from
"B(Z', ZM) = ¢ _(Z') - ¢ _(2"™) = - B(z",Z")
: g 8 ,
o Ll
*»
and . . . -

cos[- R(Z'Z") - a(Z')] ; cos[B{Z',Z") + a(zZ")]

) -‘ Thus an interchange Z' <+ Z" takes the second term of (4.3.3) to

-

-

the third term and third term to second term. -Let us call the second ’
and third terms ofu(4r3.3) E(Z',2"). Since £(2’,2") is syhmetric in Z°'

' o

and 2" its exiremum is at z' = 2"

’ ‘ _ ' oE(z',2Y) =J—-—————J- lcos[B(Z LZ') - a(Z )”

1 - Z'

s, ST
.
B

: | L—/_f ICOSIa(Z ) +8(z',2" )]| © (423.18)
L4 R , » 2 '
' S 1 -2z

Because B(Z',Z') = 0 and cosine function 18 an even function we find

- - ' " )
F YD+ E [a x Yy +a" xy ] . (4.3.13) .

) - el Crme Sy
[ e N A TR CINC I L S VL oh

<
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f= 2 —ZL (1 - zy)cos a@h . (4.3.15).

' B . e
z &
. .

is on or in the unitarity ellipge-(fgr the timé being cos a(Z2') is *
méjorized<by one). As a larger 2' increases the numerator and decreases
the ‘denominator, ;f must be as large as possible; céﬁgistent with the
condition to be in or on the ellipse. Since at the largest yalue‘

Z2' = Z" it must be on the ellipse. Hence

2

1 -2z% - 22

2

-z" 4 222'2" = 0

when Z2' = 2" then it is

2 2

. '1-‘; .
1 -2 —zz'2 +222'" =0

It giﬁes ‘ ‘ C
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e o=2/1-12 (4.3.16)

L 4

Again except for the reasons of ‘simplicity we do not have to use

5 .
the largest value of Z'4/1 - Z'" since it gan be explicitly evaluated.

The bound (4.3.16) can be improved if we replace in relation

(4.3.15)

cos a(Z') =¢/; - sin2 a(Z')

and majorize this by

cos a(Z') < /1 - Pz(i')

Then A becomes

K + 2 ——J—Z—'—L—'(l -5/l - Pz(zf)

A =
o /1 _-z'? /1 - z? f1——23

(4.3.17)

@

When integrating inequality (4.3.2)'with1(4.3.17)_we should

remember that the largest value of IZ'| is /(1 + 2)/2. Hence for
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0 ° + .
4.4 The Numerical Calculation in 7p and K p Seattering Processes.

[ 4

N

~

. .
Inlrelation (4.2.22) q is the centre-of-mass projectile momentum

in mb 2. The gonversion from Mev/c is achieved by multiplying the

-

°

momentum with‘.OOiG

1 B} R
gk %) = 0.0016 q(Mev/c) :
. :,;* -

As an example we take Z.P data .at Y% M. = 91.4 Mev/c (Ref. 47 and

48). With negligible po}gﬂlzation at this'energy and DSup = 1.56 mb
relation (4.2.22) gives

2

: o 1

WM.~ .0016 =< 91.4 = 0.146 mb

NI f=

. Im £(Z) < .146 x 1.58 =..231 mb"

This compares with Im f(Z) < /D(Z) as given by the following examples.

‘ g ka

°o

, 1
At zZ = -.9062 D=1.58 mb /D = 1.257 mb?
o o B " . o %’ .
. Z = -.5446 D=1.13mb /D= 1.063 mb
’ §¢ - . . 2 L
z=.6018 °  D=,130mb  , /D= .361 mb°

.
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gl ’ ‘ M
) . We see that at this energy the bound (4.2.22) is better than /D
'y even for the smallest differential cross section., The goodness of
inequality (4.2:22) depends on the test .
'”' . /DTy . o
. ) q Dsup- D(Z)
. , . o
*ft}_ ar - q < _.I.)_(__Z.l ¢
% — . D ¢
v : . ) sup . .
[
which is satisfied at 91.4 Mev/c.
S
B) ’
! ' - Fgr Im f(Z) we evaluated both (4.2.16) and (4.2.21). vIn calculating
o . o R ° R
e o (4.2.16) |cos Aa| is majorized by either one or expression (4.2.15). As

-

it turns out (4.2.21) is better than (4:2.16). We also calculated the

\‘4 . 2

\ ° right hand side of ,the unitarity inquziify with the ingegrand F (4.2.25),
* A (4.2.27), (4.2. 29), {(4.2.31) and (4.2.33) in-different cases. It shows
¢ QQ that the 1mprovemen£ is not mueh since the poldrization is small in . e

most of our cases, (less-than .4). But from the® relations indicate that

Ve

"much better results can be obtained when the polarization is Targe.

e

2 , . Y
<

¢ L]

o7 " For Im g(Z) sin 6 we used the 1nequality (4,3.2) with (4.3.5) and

. ) (4:3.17). Also we calculated the right hand side’ of relation with the

]

integral F (4.3.10), (4.3.11) and (4 3. 12) in different casesq We can

E

see this improvement is'muchobetter than the .relationg(4.3.2) with i

o

(4.3.5). °

-
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All these inequalities are tested for the processes
+
np TP
T p > TP

+ + .
Kp->Kp 3

Cu
L 4

o
o e . s

below the inelastic threshold. In evaluation of taﬁfe integralgs the

computer Cyber 73 of the”UniQersiry of Yestern Ontario wgexused.* We

N - e . g . -
choosé the Gauss-~Legendre method to caleulate these {ntegrals since these

N . .
. .
- - <

Q

integranda-are s&ooth,functiona., For n+p ahd n-p the data were taken

ot ) . ) -3 0.
ﬁrom phase shifts of Almehed and Lovelaceag. For K+p the data were .
o . 39 . = e

taken from the a phase shifts of Albrow et al” ‘In fact .ip our

.celculations_the onlyxnedéssary input are the differential croes Sectiqné
ééhd pb}aréeationeliﬁ:rhe‘entire‘éeaﬁtering region. The use of‘theu" '
s e e , . - . .
”t_phase&;hiftefis for‘eonvenience only: The unitarity}céndition is,given
forugy;efieospiﬂ etates.= For u p ca;e we formﬂthe proper combination

= .
e X <]

of the different isoepin states. In general the lower the energy the

e &

. \\::tcer ére our bounds as compared to vD on the upper bgdnd oﬂ‘|f| and

]sin 6.”; But when energy 1ncreases "the results are not as good as_at
« * ! o .- ¢

3 o -
lower energies. ‘The bound at some scattering angles are larger than

c

E3

. - N . -
o /D. In the ™ p and 7 p cases our bound for Im f apd Imeg sin e in the ;‘
° ' ':‘ 9 -
enti;e sgattering region are better than /ﬁ'up to the Pl b. = .14 Gev/c

é N ..

(halfway to 1nelastic ;hteshold) Near the inelastic threahold the

» ©

baunds oﬁ.tm g sin e are. better than /D only in the forwatd directién.

.‘Q '.\ 9 - ‘ s

T The“reSults are shown in tables 2 and 3. In the”K’p case all our -bounds



G
o
°
. o
[
TaQ
S
o %
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for the Im f and Fm g sin © are be;teé than /B'in the entire anéle
~We present all our results'below

region‘bg}ow,tbe ineiastic threshold.,

an table 4. . Co ] .
! ! L ’ '

the inelastic threshold
)o ' \ ",.' . ) N “ ) o ‘ .
' ) - L]
Also we' compare our bounds with the imaginary parts of non-spin-

’

0flip;anci gpin flip ampli;udeé constructed ffom phase shifts direc;ly in

the-typical cases. . These comparison$ are included in the tables 2.4,
. . . .

¢ 2.7, 3.4, 3.7 and 4.7. )} A

) < - B » 7 f'ﬂ:

Q v N ' )

-
v oo o t

¢ 1 1
L
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N SUMMARY AND DISCUSSION

¢
<

In this thesis we have compared, Cutkosky phase shifts and CERN u,

. . + .
&, v phase shifts for K p scattering at 13 different energies betweefn

© -

qub .= 0.87 Gev/c and 1.89 Gev/c with the bounds of the theoretical

20
<

quantities relative modulil of, the spin non:flip and spin flip amplitude

~

r, relative phase a, moduli of spin non-flip amplitude |f[ and spin

flip amplitude |g|sin 6, product 6f the moduli.of spin non-flip ampli-

tude and spin flip amplithde,m and sum of the moduli of spin non-flip

El

ampl {tude and sbin flip amplitude s. ., The comparisons are shown }n

figures 2, 3, 4, 5 and 6. The features are discusged. Using these
> s .. .. ) ) L ) . -
inequalities also in the unitarity condition different. majorizations for

3
-

the imaginary parts-of spin non-flip and spin flip amplitudes are
o oy 5 ‘ . .

" obtained. For the imagihary”part of the spin non—fkip’amplitudefthe

resuits of the majorizations are shown %n (4,2.22), (&;2.16), (4.2f21).

£

Expression (b.2;17) is majorized for different cases which ‘are possible'

- with forms (4.2.?5), (4.2.27), (4.2.29), (4.2.31), (4.2.33). Those
expressions represent an improvement over the form (4.2.21).“F0r the
imagfﬁary part of the spin flip amplitude the bound is shown in (A,3.25

one factor of which is majorized alternately by (4.3.5) or (4.3.17).

v N

Expression (4.3.6) is majorized by (&.3.10);'K4.3,#i2;4(4;3L12) in
- w"

) . . ~ . - + - -
different cases respectively. The numerical results for 7m p, w p-and

c

+ c ° ¢ i 2 ) . -
K p below the inelastic thfeshold are presented In tables 2, 3 apd 4.

v

In our majorization program therg is still room for improvement.

For éxample, when yé majorize ¥ of (4.2.17) we. replace cbg(Au + B) and
, | . , .

cos B by ene. This is a complete loss of information about‘relative

-t

‘ 167 -

<
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phase. If one considers F as a function of  three va%lgbles If(Z')f,

[T

[£(2")]| and B (instead of only moduli) usihg bounds both of -|f| and -

gelative phase one would expect better bounds. However the process is

," very complicated being a three variable case. If'one consliders the

: fact that everything we have done is in two variables the complications

. N P
can be appreciated.

N 4 J
N .

5%

. .

‘ - On the other hand thes inequalities of €, sin o, |f]

, lglsin 6, m
"and s are obtained by using the relations of the scattering amplitudes

and experimental meassrdable- quantities D, P, R and A. Thosé inequalitie’s
. @ - '

are rfgorous and model 1ndepengent.' The upper bounds of .the tmagina;y

H

parts of the scattering amplitudes are found by using these inequalities
in the unitarity condition. But the analyticity property of the

scattering amplitude and Mindelstam representation étc., have not been

used. Adaing these properties one can expect fhat better bound will be

obtained. ' : ) .

<
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APPENDIX 1 ' o .
. o ) coT . -
THE PARTIAL WAVES IN THE CASE OF THE ANTE-LINEAR TRANSFORMATTON
.« L. T . e
' _ —~

From the partial anC~expansioh of the spin non-flip and spin flip

amplitudes (2.2.4) and (2.2.5)

L. -

W(b) = : Yol(e+ 1)f  +0¢ £ P (cos ) (2.2.4)
.M. =0 'R o :

’ the anti—liqéhr'transfurmatibn'(2 2.8) . .~
. . ) - . ¢
g f(o) =-— f (V)
- . » (2.2.8)
w B 3 * ’ )
v g(oy »-g (9)

-

i : P - . - .
;< « 1s equivaleat to v P . .

DA P ) ‘

TI(e + 1)E7, + ¢ £ 1P (cos.8) = =TI + DE, + ¢ £ _JP (cos )

. 2 ¢ . . ¢ ¢

o . . ~

7 < . . . (A.1:1)

]
A

- « 0

] . « J‘; *& - o
T L' = f' )Pi(cos 8) = J(f _ = £ )P (cos t)
R <R e R ) -

T, s

| - .
. (A.1.2)

4 —

<

This ﬁeans . .

“a

-

¢ (R +‘i)f’4_'+'2 £ = (2 + Df' ;- o f o (A.1.3)
. ‘ B A .2 )
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; L P T | P cos
, x Pegcus ) +'siu?6'£(f; - f ) ( ”
‘ , . R - w+ ¢ a cos 8
use “the: recursion telatian fbrﬁngékd%ekrélynomialQ.
T e o . - ) ‘. ‘,.‘
G T
. sin 9

THt PAR1IAL NAVLS IN THE CASF OF THF L

4

B(0)

5

.f!(ﬂ)

°

L]

©

f

L QUs . Q

TV -sin 8

.- o' he
1 Lo
« N
f
‘-
[ .
f
- ‘e .
“e

APPFNDI)\ 27

.

sin
o

-

. R (" 3 - '
‘.!'(ﬂ) = cos d (0} + sin o g(¢)

g'(ﬂﬁ‘-”rsip 0 f£(a) +

.
11
&
.

Sy

-

-

'dfadg ]

+

ln termﬂ of partlal wave amplitudeq (A

,_'

e A

cus op{o)

]

.

a

v

cos O

<

o

INEAR. Tmnammwrmn

The linear trm;qfarmaéiun'(“ 2 &3 . |
. trans 2.2, with ¢ = o,
_ tton RS

K3

¢ £00)

.-.l) beaomes

)
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(A
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g
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t = L
..
> .
? N "
'4 . i hd s
‘ LN
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P R , e v 4..,_‘
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LG+ D+ e f;?_]!?t(ens ) = ocos.0 )_[(R +Df 4

>
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(A.2.3),
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- Then tﬁe/right'hund side of (A.2.3) has

Al . . : " l‘ ) .
- a
) L3
. ’ °
- - ' 5 - P o . N X . L
| - ; o172
‘ as 0 b 0y = —L o - T
S ] = ,
‘ Cos Q((0-?- ) 70+ 1 [(2 + L)PQ+1(COS ) + ¢ p£_1(00& 0) ]
| - R | T (A.2.5)
P (cos 0) = - 1 [ g+1((05 ) ) d PQ-L(LU:’ 0) , L "
T 2¢+1 % dcos 6 . d cos © ] (A.2.6)
* 3 E .

. “ y S

cos 0 FI(C+ f  + ¢ f JIPteos 0) + Jet + D(F L -1 )

. S ') ¢ -
S ~ ¢

¢

’

X I}‘*’?‘ 8 P, (cos 8)" - 2+1<“°i 8) ] T

-

= s 0 Yfroe - » ~ \ 1 3 » ‘ ’
- cos M2 4 2)fE+ fﬂ_]IQ(LOb B) ~ Y(¢ + 1)(£Q+ - fg“')

2l ‘ - ,

e « . § , . - :

LAt B ’H'l (cos .0) s . L . . \
. 1' . h .- - . R :} . . - ) . o . . f,. “‘ PR

- Slee+ 2y ~r '.“”' 1 . S
.« o , = i+o w:l'zq + 1 (¢ + I)Plflttns 0)
- ) ." ".l_a‘ . .

*

+ ¢ P (gos 6)] - Z(R + 1)(f ) (Lus U) .
o ) L E : Q 2+1

- - : ’
) . . . . ‘e

. - L+ 1 20 + ‘ -

. + 20 + 1

o . ‘ Py . A e E+.l

2 - e
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+M.f °

b - 2 -

t+ 1 .
mf. _ .(A.2.7)
'(Q-H)

»

Also . in terms of partial wave amplitudes (A.2.2) become§

- ) d Pq(cos 0)
Ve = ) ey
sin t }_(fg+ fﬂ-) d(tos )

. PN , ' d P (cos 8)
- s 0 3.0 g L= D TR T T
N PE(C;"’ 0) + cos. b sin O'E(fg'F _fq_) d cos 8

N .-

= -sin 0 J{(¢ + 1)f , + &
. '9+

|
i

s - '

Using (A.2.4), (A.2.5) and (&.2.6) and doing ‘;{nysimpliﬂiattons‘ we.

have

(1#1)'.
—

+

Snlvin‘giequations (A.2.7) a&d '(A.2.8). for fr ﬁa_nd" f"_' we ‘ge-g.

"2+ 2)f L ]/(21 +3);
: (y+1) (z+a) x

PN 7, .
- °

.f;_ - {2(& - 1)f~ B v,+ f ]/(,241 - 1)
K : (2-1) (2-1)
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Y , THE BOUNDS FOR THE MODULI OF THE,SPIN NON-FLIP AND SPIN FLIP¥RMPLIEUDES
: , ; - )

. °. ‘ ‘\:/ : ) . . \

] “ ’ . P -

. For ‘the right hand side of the inequality (2.2.14) we have
o - - b ‘
A 27 2
1+ = ,‘-‘“"29(1-/1415)
in“e |p|
) s 1 + . . A

sinze ' o o

: For the right hand side of the Jincequality (?.2.13) .we. have
b D ~
- 1+ sin 8 1+ gin 0 s
2 in%0 ’
T4 5 “ (1 +/1 - P9
; : S T
] % | - — ) . s
: . o_baa/r-pHt ot
a +/1 - pH? + p? L e
_ p+/1 - pH)? '
P o 2(1 +vV1 - P7) | L ] )
é:‘\ h ' . - - . ‘ ’ . ; - -
g‘ ‘ ' ‘ | = 'g‘(l +/1 - Pz) ‘ : R . (A.&._l)
i ] M | ~ o .
i
i
%~ Lo

' . . . . ° s,
. i X - e
N . )

. - " “ S ' ’ S - , ; "

‘d - B :’ - - .”‘» m"-‘ ‘ - - ) ‘. . .
. . |1>-|,2 + @ -v/1-p%? Aot
. st L ! y . ' - \ ! ’ -
: - ' R .
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L T . pip| ‘ | - ‘
A T¢ N I L A
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T B

RO A

| | T 1vs
o - DIP‘Iz(l +/1 - p% ]
R 201~ @ =) ’ ' ‘.
. | S . ’ " R
= 20 +/1 - ¢? _ C(A3.2)
and then we get T : K

—— =

.

‘ f ol stn o= /D /1 _ p2 V L
Ll = sl stao /2(1 +/1 - P9 | (2.2.15a)

°

— " L)

. . a '
For the right hand’ side bf the inequality (2.2.13) we have

L
..

e o g e S . . : .
. D 2.'3 D - ’ - o
Phsle | ey
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2
R R AL

e LT C— | |
-~ Y e e =J/1- P |
T as e
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10‘r'the 1gft hand side of the inequality (2.2.14) we have .
" . 4 ‘ . ‘ ) o :

P

.

. © ’ \ ’ o

- . ‘- B )

. hd ’ ! '

. -

) ) 3

v L3 ’ ‘

o - " : - X v '

. . > . ., o ? '

) N

. * ’

. . . N : : ‘ .

’ 4 .y ’ ’ ¢ ' "
. - B . . . A
. » ‘ o . . P ot

‘ Ll . o . . . . ! ’



]
D : D
. 2 - 2 .
0
;r+ sin a + /1 —.P2)2
sin 0 1+ 3
. s;n 0 -
N 5 DlPIZ
K IP12+ a+/1 -P2)2‘
T p|p|*
20 +/1 -9
- = 2a-fi-eh

f
Finally we get .

-

‘|f,|_<'? g

-
L)
-
1
.
-
-
- .
° »
- . -
‘
)
. -
-
. .
. .
.
- L)

QO - +
2
»
»
’
-
-
. .
-
C e [ 2
L ]
) %
2 .
. M ‘
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- ]
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R Loy . APPENDIX 4

THE BOUNDS OF s DEFINED AS (3.2.6) Co
We solve . ‘
3B _0 7 whete s = [£] +/D = [£]?
4 - afl . ‘
- o f) /; S , co '
s , ‘
\ and : s = v2D )
" It is the extreme point of s . .
g The other extreme gbints are on the boundary L i . .
. . ‘ :
' B o /o T
le} = 1£1, /20 +/1 -9
- ¢ '4: . N : ’3."
" 4 s . L)
© s |+ dp - ]2 /
. . ¢
¢ R ) . -] . . -
- /D + [P ) , T o = T 2
‘ ‘ ‘ . . AP , D ‘7 ) 2 "j:’f!) o
e - .and - |f]| = |f|._vv’~2—(1— 1 « P%) N
.; ) .‘... | L4 ' - A ’ 'll -
) P ;o o c ‘ ' : - '
also  s= /MA@ +PDH. - . = f . | |
] It turns out: s are the same in the boundary points of If‘[ ‘It 19 Cr,
"' easy to see that & < /2D 18’ the, maximup and}g /525 + ]P1 18 the U
:... ,.J . ‘ﬁ l } N ' ,' “o_y.
...' - mipimum,. ’7 . . .;’ . . . ' ’ :

N \ B . .
‘e e . . « L .
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< . -~ APPENDIX 5

*

THE DERIVATION OF THE COUPLED UNITARITY EQUATIONS FOR SPINeO

ANI SPLNi% SCATTERING

1]

-

From -equation (4.1.31)

 £(0) - - g(0)sin 6, U
Im(_ )= 41; hd
-g(8)sin 6 f(0) “~. -

~y

& -
so we have four equationw

- Vo

- f dn (M) N, + M,ND D) : | (A.S.%)"

°

.

- : et h’ . T . "‘ . . . .
. C.M » PR s
. = ——tt ‘ ! (

Im g(ﬂ)ainwﬁ e f dn (Mlle2 + Hfzﬂzz) . (A.5.2)

q

- "

~Im g(0)sin 6 = C.M. {-d&ﬂ(M‘ N.. -+ M_.N. ) :A (A.5.13)

4n 21711 722721 '

-

’ A . T - ;
SC.M, | . ’ )
Im f(ﬁ) 1011 f dn (MziNlrz + M22N22) (A.5.4“)‘ ‘

P e
*

where Mll’_.MIZ"M21' ‘MZZ"" rfll’ le, ’N21, N22 lare defined in ‘(_4‘.:1.32),

(4.1.33), (4.1:34), (4.1.32), (4.1:26), (4.1.27), (4.1.28) and (4.1.29)

rggbghtively ' . IR 1 . o ren 1

[P}
.

LR} .

. SO *
= Voom " - 4
SMyy T My T BT ‘
.* . . ) ~‘-‘ . .
= g (8)(ain 6"cos ¢ -1 sin 0"sin ¢")- - 4.

L]

\ © et
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, \ , . ‘

M2l_ = -g (8)(sin 8'"cos ¢" + 1 sin 9"sin ¢h)

. Nli = f(0') - 17g(0")sin 0 sin 6"sin g"

= ) ' . .

.~

. Ve »
N,, = -g(8')(sin 0"cos B cos ¢" - sin 0 cos 8")

12
&' .
) + ig(0®')cos O sin 8"sin ¢" - .
. _ : ' . ‘
. o >
N,; = 8(8")(sin 0'cos Beeos ¢" - sin b cos 8") - .

i . RO + ig(6')cos 0 sin 0"sin ¢" ‘ .

- ’ L - 2

N,, = f(8') + 1g(0")sin 0 sin 0'sin ¢"

. .

. ‘ Then’ . ‘ : C, } '

. g

v MpNyp LN . ;

v . . - N

S

\ . o . |
\ P § (6")[£.(6")J- 1g(06')sin 6 sin 8"sin ¢"]

rid

g - ' ‘ )
-1 . L , .t B €0'")g(0") (sin 8"cos ¢" -1 sin 0"sin ¢")

.
- - M
- ’ ’
s * L ] .
[ . t .

« x [(z‘sinr 8"cos .0 cos ¢" - sin P cos 6") + 1 cos @ sin 8"sin ¢"}

P s , .
. 3 . '3
- . ~ .

e, T8
-

i- F3 [N 2 .2 -
Tm f (9")f(9') + g (6")3(9")[008 8 sin”0"cos ¢" . -

” . -

+ +« gin 6 sin e'cbp 6"cos-¢" + cos 6 sin?&"éin%"] R

" ,
4 . L4 ¢ .
.
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- * B : g
- if (0")g(@')sin 8‘sin'i;j}nf$" + 1g={0")g(t¢")sin 0 sin o

*

.o r e . T
> C

-
¢os O'"sin ¢

x

£ OMEGY) + g (0" g1z - 20y - 2%z < 72M)] + B

]

* * ’
£(0")E(0") + g (0Mg(8")(2 - 2'2") -+ B
N E
where : B = ig ("M g(0")sin v sin 8"cos v"sin. ¢"
*
- 1f £9")g(8")sin 0 sin0"sin ¢"

and we have used the relation

'
S : » . :
cos 8" = cos 8 cos 8" + sin 0 sin 8'cos 4"
ot
Substigute it in equation (A.5.1) we have
’ ¢, +> % * .
Im £(6) = e dn [f (8"™)§(0") + g (8")g(8")(Z+~ 2'2")]
; ' e, [ . :
, + Ay .J dn‘; B 7 - . (A.5.5)
» J
Next we calculate - . : : .
- MMz ¥ Myoly : :
- ra ” \/

- g*(e")g(e')(sin 8'"cos ¢" + 1 sin edsid{¢")[§in 0''cos 6 cos ¢?'ﬁ

& B . 12
o

5

-~ .
. , . - 4
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*
- sin 8 cos 0") - i cos 0 sin v'sin ¢"] + £ (0")[f(01) |

= Tt e

A - -

o / -

> + ig(0')sin ¥ sin 8"sin ¢")

* o ) 2
= { (8"MFf") +'g (9" g(08")[cos 0 sin"8"cos ¢"

)

¥

9 ’ . . 9 g
; - sin 0 sin 0"cos 6'"cos ¢" + cos 0 sin"0"sin"¢"]
k. - 4 3 ' ‘ - K

* X . :
+ ig (0")g(8")sin 8"sin V¥ sin ¢" - ig (8")g(v')sin 0 sin H”‘

. oo, : - -
e ' x cos 0'"sin ¢" v :
< = % " ' * 1"y ' " et -
) = f (0"F(") + g (0o )(z - 2'2") ~ B ,
and substitute in (A.5.4) we have ) . : .
) .
' .
‘ 9¢ .M. P ¢ * ‘
~ . Im f(V) = 1”" “ | dn|f €0")F(0") + g (8")g(a")(Z - Z'Z"))
Y » - N
.- 9e.M, » ) ’
m sl f dn B . ' (A.5.6)
Compare (A.5.5) and (A.S.q) then the last ﬁerm~of the righﬁ hand
side must be vanished. Finally we get . . A . - ®
qC-Mo g * [} ‘8 * " '. |n' ‘
o Im f(p) e dn [f (8"™)L(8") + g (B‘)g(e MZ -~ 2°72")]
w o i-!. . . ’ ) ’
A . . | "(4.1.35)
. ‘,
* |
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. We .calculate

MM F Moy,

-~

* - .
- } cos ¢ sin 0"sin ¢"] + g (0") (sin 0"cos $" -1 sin

~ [f(0") + 1g(0')sln‘é~;:k 0"sin ¢"]

4

.

7

. * N
= ~f (M) g(O") [(sin 0"cos U cos®P" - sin 0 cos 8")

- \ 2 .
- f*(()"")g(ﬂ') sin”0 é‘()S 8" ~ cos 0 sin 0 sin 6"cos p"

sin 6

sin O

sin 8"cos ¢"

. ‘
+ g (8"f(8")

#

5 -
"sin 0

sin O

sin%@"sin2¢"

Al | *’ " ‘
S A e (0Mgloh)

sin ©

¥

18

oo

0"sin 0")

3

?

* ,
+ if (ﬂf)g(O')cqg 8 sin 0"

*
x sin ¢'" - ig (6")f(6')sin "sin ¢"

/

£ <t
* " ‘ 2 [\’"
+ ig (0")g(8')sin 8 sin 8"s\in $"cos ¢"

2 " [ [T}
- f*(O")g(O') (_I - Z )Z - Z(Z "_,\.ch)

1

_22

- 2 -l o2
g eemgca) g1'~ 2 - 2% - (2" - 22"):

« :
= £ (8")g(8') =

1"

1

- Z

- 2z

2

1-2

2

<

L] K r, "
+'g (ene(en) AL

2

-2

+ C

a

”

P

S
A

* - l"-"' "
+ g (emfenE-—2L .

/1

=z

»

EY

&



\1. . ., ® e - ' s ) 3 B : ) .
- _ " ' °‘ o _ * "
- ..‘ ’ rd R . r /- \ -
° * . : < . a ..;: « ) .
R . - e i : N
. ,\“ ;' , . . A > L] X - ..1! H :‘
* L ’ : 2 '\’ ’ II) ‘:9 '
° . - - - -y - -
Fop (0&)&@; ) L _,BL_-,__ 2 // 2 + (o
, , . e ) . / & °: . o o o
", ~ ‘ “ " . o .
; . } o I . . .4’@
- ' v ‘ s vu [ - LE n: [ ’ 'mk . ,o
% . . where C & if (0 )g(t‘-)cn's Wesip Wsin ™ - g (0T sin osin p"
4 ’ - | . : - LY ’ s ) o ot Tt @ d
1 .- ° ) . . . °
j}. R . ° T L . N o
£, ’ LS - * [ 13 . 12 t : "n )
: - o Hig (@) sdn 0 sinT o "sdn pMeos W,
{‘: <t oo * . T ' & .
} c - > ° . .
is Substituty id (A.5.2) we havé : '
» ® + & ) .
- ’ . . » . . -
' “‘. 2 . fo
' 3o : ' » © c-e: l
' : ' ’ - Ve, z" -'72" .
. Am og(9)sin 8 = A J du [t (0")5((;') e
F] . i Y . ‘o L 17‘3 w,
- . - N \ ‘ 1 _-Z
3 < . -
- * ‘ [ , ; e
o N : ‘ P VR A 7 A
T . o 7 SRS N DL Chp Bt g OG0 FTURD TP
) ’ N .. . ¢ . ! -‘Z.‘. 2 T !_.
- . 3
° . : . . ’ *e - ’ ﬁy y ' <
o ./ : AR AN /"“ X 222" ¢ .M. { L
- . T T T ":'_ o hataas _+"_—"°" d“ . (.‘
. A - . - 3 . R AR
, . 1.- 2 o j ,
Tl s ’ ' < - O, ’ -
1&— . - - . B ° (‘A (S 7)
v . o ? i ) n 5
:’ 1 9 - ““ . o - ] »
;?-A ¢ . . e 4 . o
g . e ] ’ - .
R Next we calculate . v
- . s . . ' . - - .‘
4, ~" . o ’ - " _ v * ‘
-2 ~ *
M o+ ) . - .
2111 ¥ Moy : Coe o
£l -’iﬁ , - > )‘. N .: . F
s “ o (0){sin 8'"cos ¢" + { sin O"sin ¢")[f(H"* o
.o ] ) -
- . “ % ’ ‘ . - .
. - 1g(B)sin 0 sin 0"sin ¢"] + £7(0")F(V') [(5in 68"cos B cos ¢"
. - . : - ' . '
- ” - . . ¢ ! ' R
'~ sin 0 cos 8') +1 cos -B:8in B"sin $") §
. Ld - -] ‘l s -
» I e L .
. -~ -.' . -
< ! 4 b ‘ - ¢ *
N o » - N , ; ' .
a J - - S »
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-

¢« - ’ ' 7z .
. L % : ‘ ' A ' .
~ o= -f (8")g(8')(sin,d cos 0" 2.cos 6 sin 6"cos ¢")
v : . . . - .

’
P

PR, PR . . l L S
* " * I\ 2 2
- g (8")f(6'Jsin B8"cos ¢" - .g (8")g(8')sin 6 sin“O"sin ¢"
‘ . ' .,‘ . ‘ .
‘ " . : ‘. - n. /

4

. % - :.\‘ * ' . .
+ if (BY)g(8')cos @ sin 8'sin ¢" - dig (8")£(8')sin 8'"sjn ¢"

i . e . .
e ’ ’ .

x. .
- + ig (8")g(6')sin B Sinze"sin ¢"cos ¢"

’ .. LU v *. : t 1
S A G TICI R Ly P S

1-2'2' 1 -2z

% . ' . ’ -
‘ 2 2. 2 .
* vy L =27 = 2" - 7" 4 2z7'2" N
# g (8 9" -C ‘
'g (6'yg(e™") . — ] .
‘1 - 2 ’

Substitute in (A.5.3) we have ' . u >

e, | -
et fdr'f £ (6™ g(0")

* - X X 1-2

2
3

ZI' - zzl
2

)
-]
09
~~
d
-
AN

L I, zz'l'

. .. * ": B [} “Z ) * | 11 L]
v a . e (M) 4 g (eMg(8")

2

S P , Ji-z22 .

L

A . ’ R )
* ’ , - 2 — 2 - n2 Ton q :
1-2%- 2" - 2" 4 2z2'2",  CC.M. J & ..

x
5 4w

- 1 -2

-

Compare (A.5.7).and‘(A{5.8) then thei.last term of fhe‘right’hand

side must be zera. FIhally‘we get ,

. L ) , " 4

. (A.5.8)
. ; R

.,




J TN -~

q _ '
Im g(8) = ~te f an [f (e">g<<ﬁ\~—~z—z—

An
- < 1 -7 .

-

“+ g <e")f(e ) =2

-

.2 2 w2
L 1 -2z =72'" = z2"" + 2z2'2"
¥ (8"g(e") Z 1.

.." : J&’- 7%

4’“

(4.1.36a)




. P . | .

o APPENDIX 6 .
— . THE MAXIMUM VALUE OF ‘F(8) DEFINED AS:(4.2.8) WITd a = 1 '

.. R . T~
-
)

' From (4.2.9) o

AL

- . .

) sin Ac . - . ' :
tan B = tl1°- cos Ao | . (4.2.9) .

. . N ‘ ' -
c . there are two cases .
~ N ‘ » - = »
] RN . ’ b - .
<1> - . ' . *
1]
S sin Aa : ~
’ . . " tan B = ——m———— - .
' 1 - cos Aa ) . ” .
) o
. ’
Ao : ‘ ’ :
. = cot —2— A -
i - ] v
// ' !
. D ‘»
He{lce ‘ : _— ' ' ‘0

\foss=tsiné2 "sin 8 = + cos 22 o .

then

7 lcos 8| = fAofosde T (A.6.1)

.\ ' . L ¢

. | | C

A ’ - . " . . ) N
and cos(ba + B) = cos Aa cos B + sin Aa sin B ‘

o . - - w
Aa / B . :’ ‘ ’ ‘
= % s8in 2 S R
. ) ,
1 - ‘

) - 186 .
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So

<2>

Hence
then

and

(9 then

* So

[cos (8 + Aa)| = /__.___,___']-"’;"SA“

o
1 - cos Aa
—*——7?———_?

Y

]coé(Aa + B)| =

4 . ]
F(B) = |cos(da + B)| + |cos B8]
= J2(1 - cos Aa)
. sin Aa
ta? B -1 - cos Aa
= - Lo
tan 2
C.OSB=tcosA—°l sin B8 =
N 2 .
}cos Bl - /'J-. + cos Aal
- 2 -
) :
cos(B + Aa) = * ces 4o’

o 2

-

_F(B) = |cos(B+.80)| + |cos B

»

— <

P R ARCE LR TRy St e
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: (A.6.2)

(A.6.3)

(A.6.4)
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. - o .= /2(1 ¥ cos.ba) . B ' | ’ (A_f,;f,)' e

. - .

& . ‘ ' B -

. épmbine (A.6.3) and (A.6.'6) we h‘ave. .

SR AN TR RS r'—r‘.ig.—:'v'rv-jfﬁrgm
RN
.
3
-

) 'Q‘
;:‘ - : 4 v ' : o
- v ‘Q K L. :
% s . FfB) = v2(1 + cos Aa) ' s v (4.2.10a)
. , . . . »,
. . - -
\ .
. - )
. .
.
QL , .
, ..
.
. ) . »
;
" - 4
¥ - -
» . &
. Fa n ‘a
’
, .
2 * >
R .
-
-
N
. * o -
P - .
. .
h °
'
]
A3
-~ [y » ‘/
Y .
\
L3 . - .
1
LY
N -
b {
Ll
. .
i . ~ .
. i .
P
o .
. 7
. [
¢ - v
P o=, B
- -
o .
-
» - - ‘
» - L] . -
# - ’
.
/. . -f
- “ . :
, - o‘ A
) - 4




&

-

- - o .
-y . . B . .
o - ‘
"
K %
- ~v B 4
.
1
P

‘ v
. +
v

i | ' X}PEﬁﬂlx iﬁ . ;:k

P’y

Tﬁe-maximum of o L o e ey
F(B), = |cos(ba + B)] + a]cos Br o
i -
‘occurs at -

L

‘THE MAXIMUM VALUE OF E(B) "IN 4.2.8)\WITH a < 1 *

- sin(sa + 8Y ¥'a sin g =0 - - e

- N \\
th?s leads to ) : )
- , A - T L ’
|cos B| = 1°93 @ 7 al
flcﬁ a2 2a cos Aa
. © P . ' .
- ‘e 3 - N
F(B) then becomes
: .
) F(g) = L T a cos Aa + a|cos Aa T a
J1+ a2 5 2a cos o ,
/' - . . - .
The following casgs arise: o o >
-, .

(1) (a) sign (), coé Aa > 0 a < cos A :

S 189

e
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aw

I} T B N,
K . . \‘.- l__a _lIA“ ) -
TR = g ot :
* 0 1 4 at 2acos da
. e ‘ . L ., ' \?*7. L . . _ . K . '
.. (b) ‘sign (=) - cos 8> 0., a >cos Ad
L . b e : ‘ o - L
)} In this case =~ . o "
Yy B(B) =/ 1'+'a’ - 3a cos Ad ..

(c) 'sign () ‘cos'ma <0, TN
. s . R - . "“4 ,\: o .

a

R

Coe : e F(B) =/1 + a‘z;fv,'?z;';/lcos A(!_-

(I1) «a) _si@n (+) cos Ax >0 )

E(B) = /1 +a% + 2ajcos Aa . .

’ . -

v

(b) éign +) cos Aa < 0 a < -|>cos'Aa|

Zl-a2

I NG /1 + a? -',2a[cosl 'Ad}

(c) sign (+) cos Aa <O a> |cos Aal
. -‘41' .

‘ . . .

[ i

F(B8) =-'/1 + :«.12 - 2a|cos Aal
N ' ‘ .

-,

-
It 1s'réadi'l)'r shown that if cos Aa > 0, 1T
& “ - B v

PR . -
B

(a)

4

gives a larger .F(B)

b Y



N

- . .
- »

/ than I;(q) or I (b). Simi;ariy‘if.qos Aa < 0, I (c) .gives a larger

F(B) than II {b) or I1,(c). ThUS'when.pos ba > O we choose .11 (a);
s S - “when co% Aa <.0 we choose I (c). In.the eitlter case - ¢ ’

; ' VF(B) = Jl + 32 + 2a|cos Aal . /

<

o
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‘ ' . APPENDIX 8 r
THE*DISCUSSION OF THE FUNCTION G DEFINED AS (4.2.18) »
We investigate the function
- ' 2 2 , ‘
G =xy +ajfl-x 1-y . . (A.8.1)
in the domain .
. . ." »
’ 0<xx<1 ' ,
' ’ , ' and O<ac<l ' ’
. - 0<y=z1l .
§ ™
And .
P | ]
G . - : ! . 7
2.y -axa - yHia - 2 . (A.82) ¥
- 1 _ 3 i , " .
i g = - a(l - y2)2(1 - xz) 2 0 N ' (A.8.3)
X C, “ . v , ’

.
¢

Since this function is symmet;ic with réﬁpeég to x and y we find

from the eqdépion above

£y i l
’ - 2.2, 2,
x - ay(1 - x2)‘(1 ~y) -

ay - .
Y

ay

* [

Q

|

nN

226 *

and ”3;3;‘

-

-

= -a(l'- ¥5H%d 2 ¥h)

=] +"axy(l - xz)

~

1
2

[

IS L I

3
2

200 o
A=y S 0.

-
"
) 2
; “
. . ‘ ’ h .
4 al A AT .

_1
2 (A.8.4)

i
o

BRI
<0 (A.8.5)
. ‘ .

Ll

v ‘.

(A.8.6).,
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- b RN B gy e - W‘*’W o " : ,' ] *v&%‘”??‘w*"ﬁé‘;”’;";‘“*”
l ) N . B ,x,' .“ .
o A ,,
. 1 93
= 0, y =0 1s-a saddle peint for-a < 1. W‘hen a. 1
'. . ' - < . " '.c': ,:'., . ' - ‘ v .',,,‘-. '. - 1 . L. . -._l_ . o .\‘ B - - - N /
- b ) T PR 2 . ' 2.2 NETEY ’ N e
, I . :;.C. = x}” + - (l = X ) (1 -y ) S e (A.8.11)
.o ' ‘8. . EEEE . hN .
3 ) . : : ‘ S PR
; . s ‘ The maximum value of this funétion i& at X = y for a fixed value '
- o . : . Y ]
: ' of y. In that case
: . »~ . t . ‘ - . - ;
Pt ghxy @ -y =17 :
4 ~ ® ;:)
‘ . N I
. , - This medans that G' is a constant and equals’ one on x =y line. That is
* - T » . =, . i )
E ’ '. “ - [ ‘ ’
& Gmax =1 ) : g T - '(_A‘.S 12)
.ot g ' ) ~ - Ny
: } ) From (A.8.2) and (4 8.3) when a <1 the Iextrgr;:um of Gwhen y is fixgs h \
. . at . o
1 ~ .
‘: ' 4
: : S AL : LY
’ L A P ,
. y (1 - a.2) + a2 !
E .. « and : )
| - GAX =./ Z, 2 2
, - ' C(y fixeqy “/Y 1 -2a) +a , .
: . - - ' "’ ‘
-y = - t
1 ‘ This function is. an 1ncreasing function in the region 0'< y <'I.
D . B -
‘ i Hence the largest value of. G is at y 1 (also X = 1) and ‘ B3
E X , " 3 ) . LS pe
i‘ - s ; - ‘
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L _1 ’
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y = ax(l -"y )2(1 - xz) 2 N (A.8.7)
: 1 21
L 2.2 2 2 )
x = zy(l - x ) (1 -y") \ . ’ - (AR .8)
We sqdare both sides of (A.B.J) and (A.8.8), and then multiply :
-them with (1 - xzj and (1 -'y2) respectively. We find
. ' . . @
-‘ ‘ .
g *@2(1 - x2) = a?xz(l - yz_ . N ' ' ‘ (A.8.9)
v “ (
' xz(l - yz)‘= azyz(l _.XZ) ‘ . L (A.8.10) o
' The roots of these coupled equations are:
. ‘%,At ] o

But. from (A.8.7) and (A.8.8) to (A.8.9) and (A.8.10) we multiply

{1 - x%) and (l,° y2) in both sides of (A.8.7) and (A.8.8)'respectivaly.

It creates a root x = 1 and y = 1. Actually x =1landy=11is not o -

the solution of (A.8.7) and (A.8.8).

~
.

‘Substitute x = 0 and'y =0 into
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2. 2. . .2 o ~
aGaG 9G)zaaz—l<0 ) Whena(ln.

axz \yz axay ’ . - - '. o ©
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