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This thesis is concerned with the Strong Cesaro

Methed of ofder D, [C,kﬂp.

i . 1
Necessary and sufficient conditlons on a- sequence
\\%ﬂ -
{e } are given so that z a e, mmable [C k]l

n=o
)

- -
. whenever Z'eh‘is summable [C,k];; necessary conditions

nso . .

. v o

on a sequence {e }‘are given so that } a e, 1s summable
: ' n=o ' :

[C,kl] wh?neser' Y a_ is summable (C,k) and hence are
p . . ° - n i . .,»‘

) :
' o«

n

necessary for ‘Z aﬁen‘to,be,summablet[c,k] . It is shown
‘, . n=o .
that these conditions are sufficient for Z a to be

Y

n®
. . Lo ]
summablé (C,k) for k > 1.and sufficient for ] a e to
: - n=o

be summable [C,k] .for k = 1,2,3,---- Whenever Z a’ is
. . p - © n=o

— - T - g »

e .7 )

summable [C,kﬂp

aiy
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-

o

W‘nle thlS thesis’ wes in preparatlon it was br'ouoht
to my attention that Theorem o 1 Vas included in a paper entitled

Matrix Transformations of Stronggy Summable Series by‘ B. Kuttner -

.and B. Thorpe which was submitted for publ;catior; in the Surmer

of 1974. My proof of this theorem was completely independent of
' [N

theirs. Indeed, I had no idea that anyone else was working on
-, :

®

. ' L §
this problem. : ’ / : .

K

In this introductor'y (,hapter' I will sketch their prooi .

"n main result, from which.tne proof of Theurem 2.1 ig deduced,
, 18 the follow:mg; Theoren. ' N

In order that a matrix‘ A map the convergence Tield of

,,*] into that of [C, 1] it is riecessary and sufflclont, that the
A0 -
following conditiong hold.. . : . v

+
f

(i), TFor each Vv > 0-there exists® , such that 'J
. » - L4 ' ' ;

SR ‘ : L
znlm—lv_av|+0dsn+m

¢ » - .‘ -
N . . - \
(3J.) - there exists a constant a such that R
- . N . - - -
) o™ an "z" am__l - al >0 as n -+ o
PR v=0" " >V e e
a (iii) (a) if 0 « p‘\_i 1- '
En = - ' o -
TP max | ] ol =o)L, T
' u=o P u‘mscn éfn—l,v-f ‘ ' s
uniformly incn . E , @ " ‘4 . | ' s



) . }
or (b) if 1 < p < = . .
G < . » .
" %X Men T g %
p =

} 2 {Iul 2 am—l,v-—l| } .= 0(1)

u=o MECy,
uniformly in U't;hereji,; L. 1

: ‘n P q

’ ' . ..n . ntl .
end 9 .3s any gsubset of integers contained in [2., 2 ).

s

. . . A
They use this theorem-to-prove the following theorem;

t

.
- *

\\ ’Let @ >0, B >0 and E' be a matrix. ‘Suppose that for-

.all xe[lejp . ( .
{E o2 )x‘=\E (c=1. x) ’
. ; o=1 a-1 «

(this includes” the assertion that both sides exist). Then

\

. in ordér fhat, E:[c,a], > [C,8]) 1t 1is necessary and .
»x‘ufs sufficlent that = _ g -

~n
..

B & Cg-1 E C&.],‘l'.maps‘ [C,1]p to [C,1]; -

-

"That 1s (1), (1ii)eand (i1ii) (a) or (b) must hold. i
& ) . . -

»

They thefMuse this last theorem to obtain the result

o ) ) ‘ ,
in Theorem.2.1 by showing that,the conditions on‘{en}

i - ~ N ' 4 ' b
imply (i), (11) and (1i1) (éJ hold for'Q < k < 1 and

&

-

, [ 4 .
i k=1 - °. ' -
\ Ay " <.
—_ =k=1 k-1
anv Ak‘-l Z € Au-v An—u°
. ) n H=v : .,

o




CHAPTER 1

- v C -

1.1 INTRODUCTION .  ~

E
A

- .
Let ] a_'be a series of real numbers and {e_J be a
n=o " : , no

sequence of real numbers. If A and B izzi;i/;wo summability

methods then we say {Eh} 15 'a summabili actor and write
l ’po ‘ ‘ §

{e } e [A:B] if whenever ) a_ is summable bysthe method A
n=o >‘ . ) ‘
o N v . [ . . . , .
then |} a €, 1s summable by the method B. &

n
p n=o .

The problem of finding necessary and sufficient
-‘ .4
conditions so that {56} e [A:B] 1s well known. Fagr example

Bosanquet [1] gives the necessary and sufficéent conditions.

(1) e =omP ¥y . . . ..
~ I &
- B Q. ' §
N A

and

i

so that for integPal values of p and E'Wi@h p >'k

¢

s e ¥ e [(CLk):(Chp) ]l _
. 1 1 - N

In the same paper he gives reférences to other pépers"

T;”7

.dealing with summability factors for“ondinareresaro

summability. - - l B L

e .
« .
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In this thesis we shall be dealing with q9sa<€/E;g

Strong Ce§5ro methods of summabillity which are,defiagd in

the following way. For n an integer and k a real numRer

-

set : .
’ ( 0 \ . n<go0
k°o_ -
Ay = Ly n =0
= " . ™ )
(k+1) ¢k+2)--- (k+n) > 0
% nt »
. ’ L i
and for k > - 1 set °
1" n "
k _ —¢ § ,k :
é On - Ak Z An_\) av ]
. n v=o
Then we say that ‘7 a is summable to s by -the Cesaro
. n=o- . 0
Method, (C,k), if _ BN
lim.bk.= s. -
n-+wo

» )
N

Following Hyslop [2] re say ) a  1s summable to s
. : n=o

by the Strong Cesdro Method with index p,‘[c,kjp

(x>0, 1 $p < =) 1f - . | =

n
1 k=1 P = o(n). . R




. . .,’,0 . B +*
’ » . - P . i
R 14 i *
The symbols M and Mi:i = 1,2,..-. are used throughout

thesthesis to denote . positive constants, independent of the

variables under consideration, but not necessarily having

A d
[

the same value at egeh occurence.

We use thé standard convention:

0(g) 4if |f| < Mg . \‘ @

- f

n

f =o0o(g) if f/g - 0. o

i

By the symbol } , we mean the sum is td be taken- over

2r+1

the interval fEr, ) -and similarly max , means tbhe maximum

r+l)

————

is to be taken overu[2r, 2 - If Ye have,,m—axr X we

n,m

ke

mean the dependent variable to be the éecond subscript.

o

The theorems and lemmas 1in the thesis are numbered
chapterwise andAindependéntly. That &s, Theorem 2.1 1s phe
first theorem of Chapter Two andvsimiIarly Lemma 2.1 is the
first lemméaof Chaﬁter Two. Relations are numbered- |

‘ ‘according to the chapter and section in\ﬁhiph they occur.

_For example (3.2.1) is the first relation in ‘the sggond

X
73 -
s

section of Chapter Three.

. ) . T

A )
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1.2, THE RELATIONSHIP BETWEEN THE CESARO, AND STRONG CESARO
. METHODS | ‘ ,

In this section ye prove the following theorem. ° - ° B
- ' . % ' ) E ‘ :
. ‘ . .o’ "‘

Theorem 1.1 * . . : ' .
-\\ ! . ) ° - ' N ¢

o : .

A series ] a  1is summab I® Lc,k]p (1 »p <'®3 if., .

- n=o ‘- o Lo '

2 T . ™~

and only if, it is §ummable (C,k) and
o

LI "‘“

n . . . o
) yovP ag - og_llp = o(n). , S
hY \)=Q " LT : . i - s
o . . : . ‘ ‘. i ) = © - )
3 o i ' ) .
This theoréﬁ,was~first proved b?'Hyslop°[2] énd ’ -

We'foalow his¥broof .In order to prove Ihe thearem we

L -
requlre two lemmas the first due to Winn [3] and the
- ‘ L7

> second to Hyslop [2].

@ .

© ' ) . ® @
., If ) a ;s summable to s TC,k] then it 1s, )
£ . © 'ﬁ_ l'n___ob_n ) 1 ) l o . . . 7

"‘summable to s ('C,k).’ e X . ) e

»

&




. Q- / K3
) . - - ?
® .. . -
‘ » we \L\' >
o, P
Y Proof . '
L . .=
' . n
: - | "2 Aﬁ_u &y -
p=o~. 7, .
e »
3 - *,

\
.
o

4 That - is

cn f's
. K3
. I 2
’ L3
o '

e = ; :
' T v=o’u£;~ vou Cu —T §4An e . c Eﬁ
N . ) . < ‘
& — ‘ S % \ -
n n < ' -
k-1 k-1 k-1 . PR 7
= | )} A a0 - 7 A ] © .
V=0 ‘v. v =0 \ .
£ ) . o . :
o -
_ < §oalelpgk-l . ,
- -— . AY Vv s ¢
) \)"—'0 . «Q n
’ ) \ ¢ . . : .
: kel % k-1 nooyaviloen L
= A L leyT o =s | -0 1Ay ¥ o, = sl
- V=0 | g v=1 *  u=b ©
. - " T AR v
: = 0 ¥y 6 () -] 0 (iR o (v)
- . P\}:l . Q[, /\ o ‘ ]
k2 “ - N . ::4’, e .
. . ! « ’ - . -
S - - o (nk\ - o .g - ‘
. o - .
. _ - - . -
o . 1 noog . e ‘
- +' Therefdre k. I A -s| =0 (1). °,
' “A uso HH W - o
P ] .
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. 29

‘ -
. : . ' e
Proof -
i | . . . - . .
This 1is Hyslop's [2] Theorem 4.

. L I A !
- v ) ’ : . ‘ “‘ . )
Proof o . ’ ‘/ o .
THe case when € = 1 is trivial. Otherwlse
\ ] :
. .1 e Z . (u+l)€-,-1 I.a | . _
(v+1) "~ up=o L
\) . s K -1-1 . @ - N
. - e - : -1
et L 0 s D R ') ks B W EW RN G- R SN EN b
(v#1)™ wu=o T r=o, < M=0 H
. q. > -
M v ﬁ - M V
1 T P
Sem—t ) D Jlaglr gp 1 lal
(v+1 u=o r=0 T ou=o0 -
) / .
: M,m v , ) - .
i “__]_____ i (‘u+l)€"l . ) + M2m .
(v+#1) u=o ' '
5.; M3m. R
]



'n . =
17 VP o - 05 1|Pyp < &P

;o J{f " . . o

A .
[

and hence for p > i by Minkowski's inequélity

* .
1 .

1
| oﬁ,‘-. PP

1~

© ' ‘ © . V=0

« ?(i : l

n . 1.
» o+ {KP X I‘ck—l[p}P

o

Heriee when p > 1

5 \)Aj-.
S 1 -

By hypothesis the second .term is o(nP) cand sinfe 05
S {‘ '1 . . .

the first term is also o(nP).

e

n ~ n
: k - k
Zr v ¥ -0 gl 2x 1 o legl + k- z lo,”

='—-é(n)._-"‘:

Qo=

bt N . - _ . .
Hence.the.canditlons -are -RECESSALy
] ‘ i

A'Now,suppose the two conditions hold with

" summable to 0 (C,k). Writimg (1.1.1) in the form

= k k k'

e

%



-

- .
e
.

when p.> 1, Minkowski's inequality gives .

Y

’ -, ) n 1 ' N . . 1. . )
L L | k o< Ip]p < [MZA,-J KC}E,.J%?A e
o Tt o T T T o 7 ' =0 . .

.Lv=o
4 . - " . :
' - Lo - . .- . l — g
'—I;"l | o 2 k - }i |p.1§
+ L v ] G\) - Gv 1 I
14 \)=O _ .

»
~f

' 1 . :
The second term is o(np ) and so also is the first since 05 = 6(1).

. S ¥ : .
When p = 1 the proof, as in the cdse of necessity, is obvious.

L]
5

§1.3 A4 SUMMABILITY FACTOR THEOREM

. This sectlon deals with a summability factor theorem

&

prpved by Kuttner and Maddox [4] Theorem 2(b). We follow their

p¥oof. - - VWe begin by setting - _
. . | 9

o
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L. ) ’

. o ! ‘
Theorem 1.2 . ’ . ‘
- . . {e ) e [[C,k1,3(C,k)] Af and only if -]

(1) e, = 0(1) L . ‘
and
. a ° 00 \'
T (i), 7 2TE MK <,
r=0 r .
. :o,_‘&

In order to prove this theorem we require the

”

following lemmas. Lemmas 1.3, 1.4 and 1.5 are Lemmas 4;15
ahd g in- Kuttner .and Maddox [47.’ F°%~b§f 1 Lemma 1.6 is
stated but not explieitly proven in their Theorem 2(b).
Lemma 1.3 -

g % ~
Let k > 0. If conditions (i), (ii) of Theorem-1.2

-

are satiSfied then

; .=k ..k e -
En - A '(A En) .i- d'-, . ‘. -(1-302) %

”

WHETE ™ d {5 B COMSTaRT

Vv

(‘\ - . -

- ‘ ’ . : k
L] * ) \ . .

Proof - 0 ’ . : ‘

Supposing thet ks> 0, 1

-k

[see [5], Theorem l] that 1if tHe series defining A C

converges for some’ n th@n it converges for all n, and

*y

that we then have r -

as) (n1 k) (0 < k < lf

, -A“kc e . (1.3.3)

B e L ks D).

as been'proved by Andersen



.
[

Further, the general solution of the equation

"Thus

12

excffeding s, s beiné.the greatest integer less sthan k. We

apply these results‘with C, '= Akeg noting‘that conditlon

i) .implies’ that for fixed n- (and hence by 1.3. 3 for all n)

s . - - -

kol Kk, T kl K
pznrﬁp‘n el < 1 L 1A 18 el

L

,T=0 ¢

el P(kl)m 21}
r=0 )

‘ . g, s (A £, )‘* P (n) . ]

and it -follows from (1.3. 3) and (i) that P (n) is a constant

r

Lemma 1.4 . . ‘ ~ T,

Lob et mnSrend Lekt S

C . P

min(n,p) °

T =T = T
» - ’P . . u=0 : . .
Then, for n > l,: p > 1 we héve . . .
: o= T - N .
koL
T < 0.
n,e .
. ¢ -



q

] C ¥y * 13
\\, i . — .:‘. . N
"é‘ - ’
. : >
Proof : *.
',By symmetry, it is enough to considel( the case in which
L. . .
P » m. - Sineg-m>1;-we-have — AN
R ¥ S .
S S (1.3.4)
-t T
The - ter'mzp— 0 in the sum (1.3:4) is posit,lve a.nd the
rema_’ming t’er'ms are all negative Since . L

1 ’
.

Ed

k-1 : .
A . - .
P ,

Lemma 1.6
’ . ! JORE
"Let k> 0. Let - .
‘ B S mnén’p)‘ LI ST S it
ot 0.0  —— : D=l o.-u U ‘ ~
Then, for-fixed k we have, 'uniformly for n > 0, p*> 13
v * ‘ ) . " ) ‘ " _' ' ’ ’
) ot + ¥y (s 0 .
L] Sk = K . » ' . )
' ™~ E
LY ‘ .
’ ¢ . .
’ d
\ - J o



Lo ' r . Ly
E - . ’ 14
Al . . " ,
. L F
. ] - . b
Rroof . ,
A . < 7 -
We remark that = ,
k- ° '
I LD \ : (1.3.5)
¢ ) o " :
so that the exclu.sioh of the case p.= 0 is essential. \ ' ’
. . | .. - 3 v
.; Let us write f'k(X,y) for the generating function
fJf( . T oo k np ‘ . oo
(%) =) 1 S, XV (1.36
';’%FO p=0 n,p ° . - /B

¢

' the series (1.3,6) clearly converges absolutely for x| <1, |y} <1.

A straightforward calculgtion shows that

- . . ’ [ [ ’ . | :k ' : * L)
F(x,y) = (1 - ¥ 1la - p¥a - xy)k. . .
Hencé ' « N Lo @

A’ )

P R P I

f‘k(x,y) ,

e A LS
VL =Z/\L = )/

R

. Comparing coefficients we find that

L n o opelt o 7 ,
- k# ' : . . :

B S MR s (1.3.7) ..
. V=0 ’ u=o U - . - ’

Using (1.35) to deal with the tgrm ‘p'—f.O’in the secord sum; we



.

deduce, at _once that 1f theklemma is true for a given k >0
* 4
then 1% is true!for k + 1. Thus it is enough to ppbvé*the

1epmaﬂfbr the ease 0 < k < 1. Bug, forn 2:0, P 2.1,

n‘. @ R i . | - ‘ ) . )
» ot . e - : Sn Q’J =1 ’
. ‘- - ‘ . L

80 that/the resul% is trivial when k.= 1.. We may therefore.

suppose, throughout the rest of the proof\of this lemma,

thato<1c<1._,. " C.

+

o
Now-itlis clear that with the potatibn of
» - T < 'y .

Temma 1:h, <~ ‘i

2

npp - Sn"l’p

It therefore follows from that lemma that, for fixed p,'

K

Sn, o

is a decrehsing function of n for'n > 0. Since
’

>, &
' LI
M the\truth of the lemma in the case n < 2p 1s now evident.

Let us therefore suppoae that n > 2p.. We*write .

= S—— SV - DA S S 7, T —
S A ) - A__.T A ]ETA

'—1 A-lZ-a'k

¥

!

(1.3.8)

‘The first sum on’the-rightiof (l.3.8).manishes (since

}pll)a ' *,




' o -' “":‘?f*r',‘ % L ) ‘ . - 16
. Sinqe,ur@fb}"()iuip,nSZQ,b o | )
[} \ R :' 'l ) " “
T ‘ . ) .
. k N R k-1 . .
e [An_u - An‘,}= o(n +1) )y .o
it follows easily that the second sum on the right of (1.3.8) is
* o((m’™+ 1)¥ ). B ‘<o
_ The proof of the lemma is thus completed. )
' ) R - - Yy . c ' g -
e .. —Lemmag 1.86. s — .
i - . _ \ . .
- " Lew k>0-
~ O ( ) ..
. ' ’ . . ' ’ . ¢ : N
: : (a) In order that {en} € [[C,l«c]p ;- (Ck) ], 1<pee it is "
X\ ) i . ‘ ‘ - ‘3«7 .
: ; . r ol oo
sufficient that uniformly for r, 2 < n < 2 : -
' . - B . / < ., l . ’ - . o‘
: ‘ _ -8/p a\a _ . o
. s 1) I 2YF (g e I = 0(D) . .
’ . : S=0 . 1 . . .l .
\”/ ~ - -
'y o ’C! ' - o T
‘ (11) mw - % @& n-> . ,‘
- , v

and (b) in order that {e_} e [[C,k] s(C,k)] it 1s sufficient <

. . . L 4’ R}
‘that . ‘ e ‘ . T
(1) . for r, unformly in'2" <n < 2L e
’ ' '
] ‘\"" .




L

(i1) for fixed v, an\) tends to a 1imit as n >

(a) ILet 1< p < ». There is clearly no loss in generality in .,

5=
and that < e
S
. where .
[ 1
) v
k
- An
' . oa = 7
nv
¢ 0
. . B L
. Proof

TN

n
k
L n-p u-v EU'
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s . , , ot ~
assuming } a_ =0([Ck] . Let )
\ n=o _'nl p _
n
l “ k ~ L4
v o= = 1 a €
n k & "n-upuu, .
.. : An u=0 R ’ \
Rl Y \ -
- A - ’g - % TRt
. ;\}:{ iEe DM \,zi) = v Ty -
~ N
_oab ToaC Y ok kel el
> -
.
‘ 2 < k-1
he = a
nv _ov '
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Giyen € > 0 since

-—

©
L 2y
n=o

-

0 [Cgkjp.there is an r
l .

1 k-1,p\p
suc?~that,for all s > ro,_(§s Zslov |IP)P < ¢ and since

Q.

-

O
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nv -+ av there exlists nO such tpat for all m >n > nO
©
r i 1 1 .
(o] S ! , - 1 ~—
oy a4,4d k-1,p\P
=0

;Zet 2F <m < er}, Then s——{ °

J
m ‘ n k-1
k-1 i
| Y oy, © - ) a0, |
vep TV TV vep BV TV
m
k-1
= |} (a  ~o ) o | ”
veo MV nv’ v
r' 1 1
. LS Kol . =
< L Qglagy = ap 1D Q1T R
S=0
. B 1 ; S
- r = %F : = 1 =
- D ‘ ~ 10,0 /3 k-1,p.p '
- I 2 (Eslamv - anylF @ Igle, ) 
$=0 . v .
y .
¥ 5. _ =T e : I
= " 5P & 13YQ (3S k-1'pyp .
Z‘ 2 (Zslamv gnv{.) (2 Zslov“ Ok
. S=0 Vs . ;
] R o 3
P rraNg L k-1 ]p‘
+ Z 2 (z\slamv - anvt' ) (zs zsl v Ip



. 19
Fd t;l:?“
T _ L
. r 1 ‘ 1 o
g r 0 _ - _r -~ v
- e2” 1 Ulog PP+ e § 2P qa 9yd
— S=0 ) 3=0
. ' r s/p o qé— nE‘ )
te }o2 (It 1™
s=o s' nv
< Me.
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(b) The proof of (b) is similar to that of (a). -
AY e .
Definition: ‘ »
A séquence {ns} of positive integers is said to be .o
.o ' S ~.r
rapidly increasing if, for some constang C > 1, . '
[
T__o-— . B P ¢ -
s

4

. We now prove Theorem 1.2.
3 Suppose, -that (i) is falée.

incfeasing sequence {ns},guch that -

Y

......

[N
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S~ .
e ’ - ‘ . . ° &
s el o ey . (1.3.9) «
as s » », Define . .
’_‘/ . . ‘ ) 2
.3 IYS : " ¢
Ty “v (n=n) 3
-;' el , ‘ € ns . s -~ ] .
. O'n = ." JRRE . . 4 . . . i ‘ r '
Y 0 ‘(otherwise) . SRR N
2t - \ﬁ . ) ‘\3‘1 (" ) o v ] «
It follows :from (1.3.9) that, however the signs are chosen, ”
o] - ) ‘ _ . . | ns * ‘
) 'an 1s summable [C,k]; to 0. Now" a, = % A;k:l A=l k=1 (
B=0 w0 g p=e MgTH M Mo Ll

| T

. e § ] v k-1 . . :
Suppose we__hale_cb.asen_the_signs_oﬂﬁ__ior W< nsffqhec;&, e

- =~ o
‘ " . . k=1 k-1
possible values of a will differ by 2An o cﬁ SC we can choose
- . ng - s - Mg ,
-1 . 0 ’ -~
the sign of o, ., So that . . , 5 )
.8 ‘ —— ' . e o
- e Y
b
. Ny ] !
. ‘ k-1, k-1 1 . v < )
- la, | > Ao ] s .
14 S o % s +
~ ° . T
Hence ' 1
b ]
” . v 2 = -
N derga 3} by ot renn te
Ty e T2 AT 2 e,
* s s s n s * '
s . A .
’ b - -
2 ) k ) } . N
- st v |
. . ’ R
. e ‘ L < 4 -
T)‘\?' \ . . . .
. ¢ ~
Q _ .
ol - . . %
Ce . . n) ‘.
" Sy ) S e “—. ’ °
' *
] “ : -
4 1
. 4 ] ’
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It is then clear that = g .
- , , éhen" # oy c
& L] e °
- . * ' ' * ' - e N
so that ]} a ey cannotbe summable (C,k). s
L “n
n=0 : ‘ &
' It remains only to prove that (ii) is necessa:r'y’.° We
. - .

o ra

~ prove Bhe ‘equivalent result that®(i1)', for any rapidly increasing -

. ™ - °. ¢
' sequence Int o \ S - B
p @ Dk k * . . n i ) )
L ngl8em)| <=, ' g
s=0 . .
. . .-
. ’ : . . v : & .
is necessary. Since (1) has been ‘provéd necess y We suppose
’ 3 /Vl . ) " w\-;\ .
. » . .. ” . ‘q : ‘ © [ - - i
this satisfied. Let v, denote the (C,k) mean of } a-e . Then
. N , o . . ’ n=0 - © ®
» R - . % - ‘
* » . r.{u . 5 ’ a a °°
. 1 . o -
‘ Yh = AK u_z__g* An—u €8 ' - A
- \ ' n : . ’ . . - i
. ® . a
g n N &u & . ’
- = ;_k ! giu fu ! O‘Aul-(vl. A\l:)c—l ’ 5 : e
' A~ wy=o . V=0
N . .
' [ . ¢
n. * o ’ ¢
. k-1 -
= o] ot (1.3510)
. , R V=0 Jn,\) \‘J -
where ‘ S ] ’. . i
a1 f : .
LN V. ' k -k-1 . .
, a_ o= ) A € . . ((1.3.11)
r}_,v Ak = Nn-y :u=-v “u . -
n o )
LY = P
4 . , .
: e
. v ' .’: ~ V-] "




Now let {hg}_ﬁe anty fixed rapi@ly’incneasing'sequence:- We .

consider the épecial case in which

~

Ao ‘ o

(otherwise),

[

so that the tfa&sformation (1.3%10) becomes: }

. ‘@ . .
’ = ] a(n,n_)n_B_. - ' (1.3.12)
: ﬁJ s=o s’ sTs » : _
- C ! @ . ‘ 8 ' Tt

Tt ts clear—that;—wheneves y al-is summable [C.k]ys
& = - .. . .n=0 .

thus a necessary condition for {Ep} e\Pic;k]lg(C,k)] is

' ‘\i ' v . 5
‘-that the-transformation ¥(1.§,12) should be such.that {vn}

? - . . ' /

converges whenéver %s + 0. For this, b% Theorem II.l;'

=,
M

' . A e '
Statement 4° on page 12 of Peyerimhoff [6], it 1s mecessary

e a

%
wre A

<that, for each fixed s, _ s
; . R .

- ]

+
a(n,ns) Q

el

.

ot

°
S

. e L
say, as n > «, and.khat’

EA AR C T @sa3)

s= o7 ‘o

2

.
* .
- [>] -

o . :""“ e .
But it clearly ‘follows” from (1.3.11) and (1) that, for

each fixed v, Sl




1. . B ‘ . ‘ ‘
k-1 ,k
an,\) > Av_ A €, . .
‘ . . as n > =3and hence (1.3.13) is equivalent to (ii)'; i
'9 I | , o |
Now supposé, then, that the conditions of that theorem
v V“. _ . , " }
' are satisfied. It then follows from Lemma 1.4 that (1.3.2) hplds.
. But by Lemma 1.1 a series summable’ '[C,k&l is necessarily sumable
2 - .' A
(C,k); hence'any constant belongs to [[C,k]l;(c,k)]. “Thus it is -
: ‘ 4 . ‘ , ~
ENOUZ tUtonéiderrthsTaséiwwrﬁch—the*cmstmtd*of—&:%ﬁ}*is—fw
. ) - "’.' - . .
equal to O, , ‘ , o . ~ .d -
é. -~ ’ o . ° ; i - —
There is clearly no loss of generality in supposirg
* - ’ - : - -,
; ‘ : , @ ’ . . . o
that the [C,lg::[l sum of ) a_ 1s 0.» Thus we are given that -
o : n=o " & ‘ y .
. _ k=1, _ oy | - -
. Lo =e@®y @3
Y , and ‘wé have to prove,that the sequence {tn} ‘converges, where P
- §oy ("‘ ' i L s ‘ ' : . . - )
' -y ‘ - B - ‘ n ‘ R
o . v . T _‘ _}; ‘ k ’ .
. SRV r~ 5 t, = K Z An—u 2,8, o
. ~ . : 2 " ., H=0 . v
. . he . In - . - A
: . L » . C '
: ‘ . ' . | : - : ' ‘ - ‘ ] S e . b
A o ' j,. R . oot . ; ® [ -
' :’. - . - ’ 1 4 / .J ‘ .‘ o' :
- . | . = - \ - !f ‘ ‘,‘\ 3
L ) ¢ - . . " . - ' . ' - - * ~€*J- N
P ‘ . i . - N . - .A “.'R ' , - . o ( L ="',
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Now we have ’
o ) ’ ,
n - H e _ _
6, wgk I oA e [ oAhaACh oo |
A p=o H o Hy=o H SR \ .
. n _ - ‘
. ! n -
k-1 .
‘ = ) o G (1.3.15)
. - ‘v=o n,v' v *. ‘ .
where
LK-1
A n A
" = ; - Aﬁ_ 'A_ﬁ;ls &
- n,v A p=y RO M
. n
Ag-l _ , 5 .
i Bagws o | (1.3.16)
o n . -
say. -In view of Lemmy 1.6 it is clear that the conclusion will .
. '~. ( - - K
follow if we show that B .

—

(a) fdr"larg;e_r, uni formly in 2% <n«< éﬁlg \

. r - ' . '
s . - - - »
Sy 2 maxslun,vl = 0(1) (1.3.17)
* , 5=0 . . -
N and that ' ) ' \3
(b)” for fixed v,a . tends to a, limit as »n - °°.[ D e '
s We note ‘that, expressed in terms of B ,"(1.3.17) and

»

(b) are equivalent respectively to ’ . ‘. )\

-

4

w S
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r ‘ | ) .
\,) 2 2S]rc'maxslsn \)l = O(.grk)i o - (1.3.18)
s=0 ? ' '
' ' . y
BM/,% > B, . o (1.3.19)

(say)asr{+w'¢/

Now it follows from (1.3.2) that
-«

25

n w :
k-1 k-1 LK
B. .= 1 Aﬁ_\‘A_ Y AT Ae .
nyv o2, ﬁ,,\u Y s, P P .
L o -_.»-_.w_._-_' ~ R} e
T & X I . : -
' = 3 sn_.v_’p_va € . . B (1.3..'20_)

p=v .
with the notation of Lema 1,5. Now let B -1 =1,2,3) denote

-

respectively the contributions to the sum {(1.3.20) of the term . ;

o =y, the terms with v+ 1 < p < n, and the terms with p>n. It~

will clearly be enough to show that (1;3.18)'and (ll3;19) are

- -

satisfied with 8 replaced by each df/Bi (i=1,2,3). s
. n,\)' , -.n,\’ ;
. " First consider the cdSe 1 = 1. It follows from (1.3.6)
that ..
. , ’ ‘:/ N
.k ok '
Bi,v - Ah~v_§.€v
- ) - ‘1" '
o o ;o ’
R 'lm, . ) s
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. . i ’. ! . , ‘ - - R
g It 15 clear that, uniformly in 0< v < n; 2° < < 2%, ‘

1 k |k
8w = 0@ |afe )

and (1.3.18) therefore follows at once from (i1). Further, -,

(1.3.19) 1s evident. Next, it follows from Lemma 1.5 that

,'.“ ' i R
=0 {1 7 ke |y (1.3.21)

- : ' 2
nf“ ‘ p=utl . P

’ \ B

4

r+1 s

* - Suppose that 2r <n<?2 5 2_,¢_<_‘\) < 2S_l (so that_s i r).

If s <T -2, then n > 2v, so that

@) = o) = 0@ ® )y L @z

4

hence >

S r 4 . ,
coB 0P &1y 2. - (1.3.23)
/ ’ .

. - t=s

If s=r, r -1, then {1,3.22) is valid only when k > 1. However,

L " -~ . . . -

€99 . it cledrly follows from (1.3.\?‘1) that

2 n ' N l% :‘ . B k - .
B> = Q{(ntl-v) max. " [A7e {3
n,v © v+l<p<n p }

and we deduce that (1;3.23)' still holdg in these cases. - Hence

' {L:' sk . (.2 /- .;r(k i) ]g sk '§ tMlé
2% max_|BS | =of2r*, ) 2 Y 2"M_k
s=0 8,V s=o . t=8 .
a - , - ' .
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‘t‘. ® .
Pl ‘ ¥ "
- s r(k-1) E R S
= og2" I 2 1 29
- ) . # ' . t‘% . 8=0 ' . ._‘.
. ’ ’ S
- _ S Pk Z 2tle€ 0(2FK
— . _ . t=0
by (ii). Also it follows from (1.3423) that, for' fixed v, ’
. 5 kel . p
Bn,\) = 0(n~ ") + 0(1),*
‘which gives (1.3.19) (with B, =0). - .
‘ ' . - r r+1 ‘
Wwwfmwagaﬁz?—by—bexm' : Exk 5 : IS5y wehaves-for 2SR <25
- . ' - » - ’ ] ' . . . . _ . - -
8;9’1 =0{ Z ) (p+1-v)< 1} - .
f _t=r Z ' o -
) F : ‘“‘ ‘. v
where the 1nner S,LII;I is taken over the range ) \7
. g . . . E‘tf_p<2.t+l; p_>_n+l. ’ T ’
i It thus does not. exceed the same sum taken over the range
"L v <p< 2P, ‘ . .
wnich is 0(2%%). It-follows fram (i1) that B —~#s bounded for
. ‘ 0 ail,n,v, and hence certainly satisfies (1.3.28) and (1.3.19): v
. . . : ..' ‘ : . ~ -
- @ .
o } rJ - - - 4“’
» .
e A ¥

el
-
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In this chapter we will prove that‘the conditions
LY “a . . v
on {en} of .-Theorem 1.2 are;also sufficient to show that -

rS

\

whenever J a, is summab le [C,k]ys
. n=o s

..Ak_
V-

I} o~
|

Ly

I~

1 -
B “éuenl - O(n)f

. Combipinglthié resul%fwith the results of Theorems 1.1

and—tr2—gives the fortowtngr >~ = = . g T T oo
. B N
, {eh} £ [[C,k]l;(d,k)} if and only if
'{en} e}ﬂ[q,k]l;[c,k]l].
2.2 SOME LEMMAS
Lemma 2.1 |
s . l _i) [ . 5
‘ . If m. = sup —7= a’'l] < ©» and € > o
o : V>0 v+l H=o H
‘then for vdz o .
‘ . s ' .
., - . v
=2, 1 anFHa ) <
(v+1)~ u=o - .
.
' 28 ' " "
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’ . ) P
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Proof P ‘/
. . ! &) .

THé case when € = 1 I's trivial. Otherwise _

N ' : . ‘ D
. A"
. " . i" ) * 1 = Z . (u+1)€-‘l Ia.u| R ,
. : (v+1)~ p=o =
. : u o L
IR 2 Qi) 72 - - w21y § la, |+ +2)57h T Ja )
, L : 0. = N
S (v+1) u= : . r=o, < M=o
R \‘ ° e
M v - '. : oM V
o= )} D Tallx 2 T a |
($+1 =g Y r=o0 T u=0 T
. 4 / L4
| M.m v . .
< 1 z (’u+l)€"l [y + M2m )
. (v+1) u= '
. 5_; M3m. i Y
,F
4‘ ’ *
n v o
Ir ¥ Ilk ) Aﬁ:ixu] = o(n)
V=0 ,Av'u=o .
Av;uxul 9(n)
. L -
s " ) » . T
Proof -
) This i1s Hyslop's [2] Theorem 4 |
. . _
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Lemma 2.3
' ® "
: | . n | e .
. . Let p)_>_ 1, Xn = IH_———T” Z y\) then i o ‘
\ o . V=0 . ) ‘ N
n . 'v X Toar . |
\\igl;k;l_l HZO A\’—uyul = o%p) if ,apd only if,
. v B "
) - / — . L 4
. - 9
n - v j o) ~
: ] 15 I ATl = o(n)
\)=o A&) “=° e ) e
b ! - . .)"* \ ,‘
! . ""
Proof ” T T y
Slnce the (C, k) matrices are Hausdorff and the .
.p-roduct method (c,k)(C} l) is equivalent to the QC k+1 ) .
* method, Peyerimhaff [6] Theorem. II 22, we can apply
Corollary 2 of 'l‘heorem 5 1n BOrwein [8] using the ' -
o
(c, l) matrix as P the product matrix (C,k)(C,1) as Y . ‘
and ‘the (C,k+1) matrix as Z-to obtain the if statement. ". »
< v "and then interchange Y and Z to obtain the only 'if part ™~
L) - ‘ ) ¢ L}
i R - , . /
4 ) ‘ . -
. AN , - ) .
4 < . ‘ .
’ v , -‘
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The following Lerima 1s Lemma 5 in Borwein (9],

S

Lemma 2.4 ' B
i ,
For y>w>v>0; O®<k<1l S
W k-2 -3 =1 51
Tt < 07w (y-w)® (-n)? -
v .
Proof ’

The result is obtained ot taking the #bot of the

Y
(

product of the followi.ng two inequallties

~ e
. ¥
-
. »

W e ‘ W "

[ -0 ar <X f (r-) 72

v. - v’

. W-v). (y-0~L (zn*L

. ' "," “ - ' /\'

(R 4

n

—
Lan)
%
ct .
S?
~
o
it

-1, . ) —v.\k ’ -I.{-l -1
(107 {y=v=y=w) G5} (3-) " (3-v)

-

A

(l-k) (v v)(y-w) (y—x;)‘l.

v . Lemma 2.5
- ~ V ’
- . o For g <v <ep and 0<k <1
/ ’ N >
k-1 kl k—l -1 1y 7l -
| Z A ya | < M { j ): A ua | + A AL
y=o VM Ao “H ~ p=o VM ul Sy uéo p—ulréo u—rmr“'_




e e e .T_.,Now form>v >-Q

» L=y nl-u -

Proof -
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&

By Lemma 2.4 for y >w > v > Oand O< k< 1 »

a . o!
<

- : - ¢ 1 K_
[y 4167208 < (1) ™2 bz (yh1m) 2

~ v

1

and.hence forn >m > v > q we have

k. k
N
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L
H
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=
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=
)

i
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=
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1
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~
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" and s0 forn > m > 0§

T a2 ¥ e, g -
pk=2 A" ug ¥
suso TV 2, MU
m-1 o *
k-42 l k— —k—l
< ] A Z | Z f-\ IER ) Wil
T v=o o p=o &M y=vtl I_D—Y v-E
m-1 ¢° : y-1
k-1 k-1, -k-1 k=2
< XY AZmwalt oA | L A C]
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SN 5
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=MLY Al LA v-g oy
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k : k . .
s =1 m-1 ¢ =1
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| 1,808 e, |
= M A A . ua A o ‘& » ° -
o ' n=r E-—O u=0 g i'\},-l ]"\ p E : 2 - :x'
¢ ’ :
: So forp>v >0 e
| E k-l k-l \_Q ,Ak-hl ‘z’ Ak—lw +GZ k-1 k-1 ‘z‘ k=T o |
- u":a A u - p THRRY v 2o vau n=0 Er p —p- l req VT T
u ! ~
> ? d < :..—- -
k-1 k 1 v=l k=2 /
s 5 - = - /
< AT 50 Tk | ) 1A uz e
£ H=o J.!—~O N -
[+ . -~ z .7 ,
re——— e it ahe s B it et Sl s e e —--- e e tmeemee B - R_._\ . K .
¢ 51 Vel =1 -u
. k~1 k-1 2 2 k-1
Ce M T a4 23 A
a p~v' 2, Tv-uTR Tpmweie el o g
. Theorem 2.1 , -t
' ', Let k-> 0 then vt
.Y L o .’ ° : - : . 4
e . - {en»}- g [Fc’k]15[0’k31(% if and only i‘f . A ) )
. . ' o
. - ‘ o s . T o :
: | (1) - § ¥ Ilf‘(, < , )
s . P g_ 4 : r=° [ '
and (11) 0(1) . :
4 -] , [ ‘ . ..
where / )
Mlé"’g ‘ k e I
L] } r: /— mr !A e i . LY
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Proof : i : - =
' -~ Suppose {en} € [[C,k]l;[c,kjlj'theﬁ by
: ST 2. .- s -
4 . . Q

Lemma 1.1, {‘in} € ”C’ml?(?’k’”' "

Hence by Theorem 1.2 the conditions are necessary. @y

o
%

°. S ¢ . - -
‘Theorem 1.2 tRe condltions _ are sufficient .for ! -

e} e [[C,'k];(C,k.)], ‘ '

9

and hence by Theorem 1.%$ since

T
rnp k k 1 . s ,
vwiog, - 0 } A a | we néed onhly show that :
v v-1 k e s
. A H=0 ” ; :

R . . B o

(1) and (ii) together witif ; . :
4 . ' , . . - '" . - Lo~ . ‘
a X . s

[ XY
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We first note that conditior (11) implies that
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i.é
d
)
Y
and ‘so
Lase 1 |
a
. )
n
Z 1
. = v+l
r: ;’
42-
f;.. 2
F .
,
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’

W la%e | = o).

Let k = 1.
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.
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x, M8 summable (C,k)"if and only if

Definiﬁion 3.1 .
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€3 - e - -
W is the space of real sequendes .x
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for which there is a number icﬁ ZX such, that
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Definition 3.2 - d S ) . N
’ ) o> , . s A . » ©
% . - . A i . k« . | . .
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Lemma 3.2

(1) If fis a linear finctional on wp; then there is & real
- ' ' |
. - .
number g and a real,seQuence a= {an} such that

f£(x) —Otl + j a X o (3.2.1)
R S

' for every x = {x }ew and
7 vy n p

\ I m(a,p) <. T (3.2.2)
- . n=0 *

-

(11) If ois a real number and a = {an} is a real sequerice

 satisfying (3.2.2), then (3.2.15 defines a linear functional f on wb

with R : 1 1 '
ufu < 1ol + P 2m<a3>\/
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.
v [ »

and the series in (3.2.1) is absolutely convergenﬁ for every
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o
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I
L ]
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.
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n Vv
1 . k=1 P _ '
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~E(_x) =1 . ) ApvPa +‘ *y
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where G is a co‘n’s‘cant and

m 3
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’ s@n]A\fh\)l p=1
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-
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. Where , | . supn'|l\)k}\)| p=1

- \1 -
and } IOLI']| < w,
- n=o
The result follows by defining ' .
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n . .
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By temmas 3.3 and 3.4 there is an integer a > 1.such |

that for all xe xi ~ -
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- where h = [hn] satisfles the conditions- of the Theorem. The result
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