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ABSPRACT,,
¥
o ol . ) - ".‘b .
" The S-wave elastic scattering ahd annihilation of

4

Al

,p031trons by helium atoms'in the energv region below the

p051tron1um formatlon threshold are studled. The corre-

lnlation method has béen.employed in order to construct an

,optlcal potentlal from a.set of short ranged correlation

-~

‘ terms which represent the ‘§losed channel part of the trial

function. Furthermbre by applying the "meéthod of models" _
i ’ > S i
L]

of Drashman- (1972b), the phase' shift (scattering lengtﬁ)
is a’léWer (upper) bound to the exact one of the modified

#

Hamiltonian. The accuracy of the final results is within

the(reliability of the helium models. Four helinm Wave
4 o
functions. (one -parameter Hylleraas type and Hartree-Fock

typeT have been employed and up to .84 correlatlon terms \

are used. It has<been found that the monoton1c1ty theorem
indeed applies and satlsfactory convergence is obtaiped as
! the number of correlatlon térms is 1ncreased However,'

tbe final results from the best model (a three-parameter

: : . Oa . .
) 4 ) : - ) .
HartreeEFGék wave funczioQNzi;h’bs;req‘ polarizability) do'.

differ not 1n81gnlﬁlcantly from Humberston's (1973) model

H5. The results are dlscussed in relatlon to those of

1 ¢« .

Y n

other calculations and those of experiment. -~
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The integro-différential equation, for the radial

A\
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function was first converted into an integral equation by

& ) -
‘use of a Green's functiqn, and the numerical functional
; tiq ex iona,

. . r -
values of the radial equation were then obtained by solving

.

... ' Y , ' A '
a system of .linear equations. Phase shifts (scattering

lengths) are hence obtained from the solution of the radial

equation. The scattering wave function also has been

-

applied to calculate the parameters oﬁ anpihilation of .
S ) ' :

positrons by helium atoms, i.e. the effective charge; the .

_positron-electron cusp value and the probabilities of
° o . ]
finding the residual He' ion in different .ionic states
. - " - ‘ 4 .
after annihi¥ation. All the numerical computations were.
) ’ ' ’ .

performed on a CDC cyber/73;éomputerl

Ll
L]

The four variants of PeterMop and Rabik (1971)

have Beeh applied to the e+:He‘system. The eigenvalues

of ‘the.true Hamiltonian of the e’ -He system have been
examined in tﬁe’context éf stabilization, -It is found *
that_oﬁe éiaenvalue seems:to be stable'aLd this may corre-
spond to a ppss}ble é+-He %ésonancé'ag 20.355 eV which is

just below .the first singiét,@elium excitation at 20.6 eV.

. [l ' . E
However, this_}ijFatipn of the-resonance is still vet to

be confirmed.

» -
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1.1 General Review

i ’ - . -~
. ® . . , b Wi .
There "has been some ipterest in u51ng thre posf%ron in

<

various branches of phySlcs ever since 1ts existence was

predlcted”by Dirac (agza) and 4t was experlmentally diso '
— .
covered by Anderson (1933)0 In particular, atomic physitcists

are .interested in pgsitron collisions with gaseous atoms.
kS > [ . \
: !

The results.--can provide more understanding about t&e pro-

M

cesses of atomic scattering. < . ¢ S
‘ b
"~ In calculations in scattering prohlems, there are some

differences‘between the ele@tron~and positron cases. There - .

are no exchan terms involving the 1ncom1nq DOSltron and *

the target electrong Moreover, the mean steth field of

the atom repels -a positron but the,po¥arizéibdh force s

- 14

attractive regardless of .the charge of the projectile. These

two .forces will Eend to cancel eacH other.and hence a posi-
4 PN

<

tron scattering calculation is very’sensitive?ae“the éffec—
tive‘potential Another'dlfference is that the p051tron1um
ﬁhannél will open if the energy is hlqh enouqh (17. 8 ev or

more in heliumy. Positrénium is a bound stgtg‘of electron




e

N
e,

2nd positron with a-life time about lQ-"sec if.ﬁreir spins
-10'

'1are parallel and 10 sec ‘if their spins are antlparallel

[ e 4\7
The virtual p051tron1um e ect or. p031tron—electron comre-=

lation #s important in low enérgy;colllslon§:‘ o

-n

_experlmentally, p051tron argon is more manageable an?,has

- * c -~ *
- » . P
-)' ) . " %

, . 3 .o ] N
Theoreticallyy the simplegt target system is hydrogei;

C ¢ 9 o

Q
been very popular.“Therefore, posxtron—hellum seems té be-
. & —-..‘
come the compromlse syd®em between theory and experlment.

.

There haVe,beLn some reV1ew artlcles converngnq p051tron

o8

¢ (,-
atom scatterlng. Frasero(1968) {and’ references contained

theretn) and Masseyﬂ(1971)‘provide a general(review fof2

positrons in‘anes; Bransden (1269) .and Drachman and Temklg

-

e it gt

. e 8 :
Generally, two tvpes of’experlments have been carried

out. The flrst type is the swarm experlment, thHe second

'.' - ' ' ¢

< . .

(1972) outllne dlfferent theoretlcal methods in p051tro
o 'colllslon problems, Drachman(1Q72a)and McGowan 11972) g e
’ o prégress reports en p051tronpcoll;51ons 1qa§?e aspect; of
theory and experlment respactlvély, Coleman, Grlfflth
Heyland and.Klgleenwllaldlmsupmaxlzed the_most necentldevelopww_VWH"l"
ments,; mainly 1n experlmental workg in low energy positron
o _ interactions w1th.§aseous atqms ‘and molecules. o v
.- . R . ; S
. _‘, 1.2 Experimental'Baequoundﬂ»” T
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. (SR | . .
~type is the beam experiment and has been. intensively applied

. . to .gases in .recent years. ° o < - «
. N . < .
= . - 2 . <

' | The references to-éarly experiﬂzhtefmay be found for '

. L] example in the article by _ Frase il&ﬁalb__mhemstudles/of *
annihilatib (measured. by Zeff’ the effectlve charge) of a
b free DOSltron with a bound electron have been done by swarm

,'exper.lments.~ The effect1ve~charge of the pos:.tron-hel:.umlr L

system has been determlneq malnly at two energles At 77°K,

4 ‘s)

’ . ‘they range from 3 68 bv Leung and Paul (1968) to 3 96 by ( -

f'Roelllaand Kelly (1967) 0" At room temperature, they ate

fénged from 3.63 by_Lee, orth and Johes~(1969),to 3.94'by

’ - . . ’

Coleman, Griffith, Heyland and Killeen (1974). Tao and

Kelly (1969) taking the'éverage value' between 4.2°K and )
. . ' 4 . ‘0 . “ ) L A
300°K, obtained an effective charge 3.84. vk

’ . ." .v.. - . )
While swarm experimente permit studies of annihilation *

and 1n61rect measurement e;,the cross sections for total

_mnmenfnm vnansﬂenw&twthexmalménénqvv4ave?mLeunqmand«éauL‘»ﬂ—«wmmmﬂ«“—mw

Ly
»

1968, Tao ang Kelly 1969), 1t‘does not tell-much of the. . {

hlgher enerqgy behav1or of the system. On the other hand,

®

EE beam experimen}s in thch the energy dlstrlbutlon ig narrow
- ’/’L/ o ’ - ‘
TIf the positron motion -were undlstorted by the helium .
atom,- the effective chargewould be 2, the number of )
e, electrons in the helium atem;.this leads to the ‘so-called 4 o
. -/.' Dirac rate when used in seqguation (4. l) : , /
’ I ) & ‘ . ' e . . x‘.w
. %
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and controllable, is more effectlve in measurlng the total

.

cross section aboye 2'eV Cos;ello Groce, Herripng and T
McGowan (1972) using a beam measured the total ¢ross section  /

. up to 26lev ‘There ar€ several other groups which have been
¢
engaglng in. positron- hellum beam experlments, e. q the

*

University of Toronto group (Jaduszliwer, Keever~and Paul

4

1972; Jaduszliwer and Paul 1973, "1974; Jaduszllwer, s

&

Nakashima and Paul 1975) has measured the total cross section '

from 4 to 270 eV. The energy reglon from 2 to 400 eV has
"been“measufed;by—tﬁéfUﬁiver§ity"”mﬁollége group (Canter,

Coleman, Gtiffith, .and Heyland 1972, 1973). They are in
' : , . “ o : .
relative agreement for the?energy region between 20 .to 30 eV, 4

but thev are 1n dlsagreement at energles below the formatlon »?

threshold. Recently, the total cross section for the
o -

scattering‘of‘50-400_eV"positrons by,helium has also been .

measured bv Dutton,—Harris and Jones (1975).
. -8 ; "/5' ™ - B

. The measurement by ‘(‘a'nh;r,. Coleman, Griffith and F’-h:y]anﬂ-

- e

(1973) up to 40Q &V enabled “Bransden’, Hutt and winters-(i974) -

to check the‘con51stencv of the experimental results by u51ng
a.sum rule based on the forward dispersion relat1on. They.
" concluded that the experimental data weré too low for the

energy region before the Born approximation is -valid. Coleman,

afs
'

‘ Grlfflth Heyland and Kllleen (1974) presented corredted total

cross sections and they are in bebter agreement w1th theoretlcal
' . . I .

~

"
a
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\
estimates at high energies. Furthermore Bransden and Hutt

+

(1975) tested these new measurements and tﬁi'e bv Jaduszliwer, -

Nakashlma and Paul (1975). - These authors also compared the

¢

——real part of the forward scattering-

(@2 111

theoretical calculations.

1.3. Theoretical Background

In one of the earliér theoretical calculations, Massey

and Moussa (1958) considered positron-helium scattering in

a mean static approxlmatlon using a numerical Hartree-Fock

-
-

field. Xestner, dortner Cohen, Rlce (1965) used a pseudo-
potentialiapproach in both e"and et - He scattering. Kraidy.
- (l;é7) and Kraidy and Fraser (1967)- considered this'problen
| bv usina couéled-static approximation (both helium and
positronium qsound state). They employed a one parameter
Hylleraas taraet‘wave function. Wardle (1973) extended their

- work by using a Hartree—Fock waﬁ//functlon and found that ’ .

P B o o et — b g e ettt g e, e

A

€

1

the results are very dlfferent when dlfferent helium wave 7‘ ‘

functions were used. Recently, Ho, Fraser and Kraldy (1975) -

-

qualltatlvely corifirmed Wardle's (1973) observatlon by

.
<

examlnlnq frve helium ground state wave functlons. However;j
thelr numerlcal results differed from tHose of Wardle.
Furthermore, ‘these authors p01nted out that with a more ela-

borate %Elium‘funCtion, the result is more qualitatively in



i ¢ 6

- L ’ ¢
- ) o ) ‘.\

accord with the corresponding hydrogen problem (Cody, Lawson,

C Massey.and Smith 1964, Chan 1972). )

e
. -

The effect of inexact target wave functions hae been . .

the subject of recent investigation. Peterkop and Rabik - - b

(1971) examined four variants of Kohn's varlatlonal prlnc1ple

in an e and et - H scatt ring length calculation, and found

esults could be obtained if the .
el ! .

that violentlv varying

target wave functiop”is inexact. Houston'(1973) extended

‘their calculation to an et - He scatterlng length calcula—

. e\

tlon and concluded that the 51ngular1t1es persist.

-

.

In order to recover the bounu theorem Drachman (1972b)
emplOyed -an 1dea of ' Lee and Chrlstan (1954) and suqaested ’ .,

the "method¢pf models" for elastlc scatterlng problems where

inexact target wave functlons have to be emploved and ex-

‘

change plays no part. 081ng the method of models, Drachman

(1966@7\employed the adlabatlc approx1m§tlon to e - HE

-scattering;—Houston—and Prachman (1971) used Kohn's method

3
Xz

1y

at zero energy and, the Harrls meEhod (Harrf% 1967) 'in non-

- bl

zero energy calculation using five helium models. These

wtget: wave function which bears

: . .
authors copsidered that the.
the correct polarizabilityf-gave the best result. Recently, RPN

— Ho ahd Fraser (1975T con51dered the importance,of. belng

correctly polarlzable for the target wave functlon They




-8

)

found that even in+ a method of models 5alculation, wnrealis-
tic results could be obtained if the target atom is over-

.polarlzable. Furthermore, they conflrméh that the target

Y ~ )
in low energy scattering. . ST P

Other recent: positron helium calcdulations include
drachman's variational calculationr(Drachman 1968, 1969) and
semi-phenomenlogical analvsie (Drachman‘197l) ‘Humberston

(1973) employed the method of models and Kohn s algebralc

-method to an S wave_e+ - He- calculat10n u51nq a flve para- .

mgter helium wave - function whichhbears essehtially the correct
- ‘ Sy L
polarizability. Aulenkamp, Heiss and Wichman (1974) used

Kohn's method (varlant I termed by PeterkOp and Rablk 1971)

t =

to calculate Ehase shlfts up to L ;'3:. o =
L -

o - -

L I
.

A(rlqorous statlonary upper bound of e+/- He scattering

length is 0. 796 calculated by Blau, Roeenberg and Spru

Y

“

y
scattering length of the: coupled static approx1mat1dn by

(1975) and a rlgorous lpr:r‘bound,. -0.7 is ovaluated v _Hahn
and Spruch-(1974) using the adiabatic approximation. As an
example of the utilization of these-bounds; we note that the

‘'

Kraldy (1967) who used a One parameter Hylleraas_wéVé ﬁunc-

i thn, is.less tha&\-o 7 and hence the lowetr bound is v1olated

-

A refinement of Upper bound calculatlon, however, at/;ha

”stage is difficult to implement: . -~

‘

-



,1.4 The Scopé and Contents of the Thesis ) .

ey

. \ ~ 'r ‘./_ .
Humberston s (1973) _zero energy calculation ls an upper

‘.

)
beund to the exact scatterlnq length w1th1n the rellablllty' -

6f the~he11um wave: function. hTherewisfnoAbound_théoremttare;_
- - ’ N

. the phase shifts oBtaiped from Kohn's algebraic method.

o

.Moreover, it fs;possible that a’Schwartz (1561b) type‘singu-

larity may be enddunteged. ‘It is the: purpose -of this thesisf
‘ ' 2 ’ .~ - . . n . - ' . Ve
to invesﬁ;date:positron—heIium elastic scattering using the
’ ° ' ' : \

correlati‘n method together With the method of models. It

&

should be mentloned that the most rxgorous po!itron-hydroqen

elastlc scatterlngreqults have been obtalned by Bhatia, Temkin,

Drachman and, Eserike (1971) using the correlation method.

'These authors constructed an ootical potential by a projec-

tlon operator such that the correle\{%ﬁ term% are orthogonal
to the open Channel part of the wave function. Followihg

the argument of Burke and Taylor (1966), the bound prin-

*

.c1ple is valld as long as the closed channel part vanlshes

T4

P

N

4

Al
-

E M .-

l *

-

asymtotlcallv. Furthermore by applying the method of

models of Drachman (1972bp the bound. theorem is retalned
A ) g
and the accuracy is w1th1n the rellablllty of the helium o A

» Y

models.

. .
L P .

i’.‘ i : " ‘ . . . ‘. .\.
Four helium wave functions have been examined in this

'thee§sf ‘Two are one-perameter.ﬂylieraas type wave. functions



A ~
[ . /
v

andtho are- of Hartree-Fock type. These wave functions are

. . - ’ - N
relatively simple but we believe that the present method will

lead to more deflnitlve phase shifts when more accurate

helium wave Pnnn+1nncqare_employedf Mofeever, two of the C e
L__‘_'_ T -

tarqet ‘wave functions bear the correct Dolarlzablllty*, This
'phyéical parameter has’been emphasized by $>§qhman (1966a),
Houston and Dracﬁmah_(lQ?l) and Humberston (1973). Its im-

-

portance in low energy collisions has been confirmed by Ho

aﬁd Fraser f1975):‘ S , \

'In Chapter 2, we present the formulations of the optical
potential and bound theorem as well as the method oflmodels.
We discuss the method of solqtlon in Chapter 3. Chapter ¢
is malnly/ebout positron annlhllatlon with the hellum atom.,
Results are'shown in Chapter SQWhere the compquson with
‘experipents and other calculations are made. Some problems

related to the present calculation are discussed  in Chapter 6.
. S

For example, different variants of Peterkop and Rabik (i97l)

have‘been applied to the e+ - He problem. The eigenvélues

of the true Hamiltonian‘have,been examined in the context

,of the stablllzatlon method. “A p0351b1e respnance below the ;'
LA - -
 first 31nq1et hellum exc1tatlon threshold is discussed. In ' _
Chapter 7, we summarize the work of this. thesis. Some possible

future work is .discussed in thé concluding remarks.

, | N
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,'6' ) CHAPTER 2 .
, . . a THEORY AND FORMULATION . :’
- . .o . i .
- v : ¢ N - L ] e - —— . _
> - N . ) ) S
- 5 ¢ 2.1 The~Schroedinger ﬁggﬁffbn .- . i
- The Schroedinger equation for the positron-helium system
. = e P ¢ .
is Lo, ’ '
. 1 ' ' s
_ ﬁ2 2 2e2.4 ez e2 - _ . .
(H-E)Y = (- VR T i~ t H My ry,r)=0 (2.1)
—p— iP 2p : :
-

We assume the nucleus is infinitely . massive and is
fixed at the origin of the coordinate $Y§ em, gi and I, are

the position vectors of electrons and positrons respectively

and r, ip = E ;pl with i =,1,2. For aascatterlng ‘problem
the total energy E of the system may be ﬂ!ltten as: ‘

L}

. h2k: *

E=E + =5 where —7——-15 the kinetic energy of the incoming

o) 2

— positrons H?@mwlmn;m energy of the — .,

helium atom respectively. , ' N

Throughout this thesis, atomic unats in which & = Tom

= %ez = 1 are used,“ The unit of 1ength ;f agr the Bohr ’ .
radius of hydrogen (?0 = 0.53 x 10'8

cm)'®? the unit of energy

is the rydberg 3913.6‘ev;‘cross sectionS‘ére in na02 = 8.8

. o ‘. ) ‘ L
X 10 l'7,cm2. Usiﬁé'thesq,atomic units, equag}onﬁ(z;l) becomes
» ‘ ' , . '

10

\t
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g 24 4 _ 2. 2 _ o2 - . _ . o o
( Voot 5 r—l?)-‘,‘ Tom - kP4 H E’O)W(gl,g_z,gp) 0 .(2.2)

A
ol *

" where the true Hamiltonian for the helium atom is,

-

.

H = -y2 -y2 ¢+ £ -4 A

X4 © 1 2 "1, Xy I, (2.3) »
’ ) . . ' !
When ‘a positron collides with a ground state helium atom

different channels could be open depeﬁﬁing upon the energy of

(9
.

the incoming positron, e.g.: . -

A - : .
] ’ .
+ 1 + A] . . ) S
g +He(1!S)+e +He (1'S) (elastic) - - ‘ (2.4a)
+Ps+He’ -17.8eV (positronium“férmation), .- (2.4b)

. A e
+e++He(2‘S)—20.6eV (excitation of first singlet

state of hegium): C (2.40)
+Ps(g=2)+He+ﬁ (excited positronium formation) (2.4d)
*e++He++e—;24.6eV -(ionization) v . © . (2.4e)

.wi+bApcssibly;e+fﬁe+(He,e+)compound étate%He*4e+ ' t2.4f)

. Elastic scattefing only, in the S—ét@te,paflicularly, is

considéred in this thesis.

g . -« v !
e » . ’ .
-~ . L ¢

2.2 Wave Function in the Asymptotic Region ~ , -
N r 4 0
. . @ - v . R e ) . ' -
-~ ) . v .,
For elastic scattering, the asymptotic behavior of .the

[

total wave function

» ' . : '
¥ in equation (2.1) is . . - -

.
- '
\ . .
’ .
p
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(2-5)

X -~

-~

where P (r,,rf) f@ﬁthe ground state of the helium atom'and
; o =1 A . .

‘satisfies the following equation

— e — e -
-

. Cevrepze 2o oA A - \
-(Ho Eo)wo(El'EQ)_( Yl va© rio r, r,° Eo)wo(£1’£2) 0. (2'6?

The function F(EP) is asymptotically the solution of the free

e .-

" particle Schroedinger equation.

(£72-K2)F (£ ) =0 | (2.7)
) ¢ ik-r ikr, i
with F(r)) e T TPeE ()5 — .7 . (2.8)
rp*w P J

For S wave scattering, we have (to a multiplicative constant)

[~ 4
- 5 l . B ’ 1
F(r_) v/ 321 {sin{kr_)+tann cos(kr_)} (2.9)
e 2 k rp P o , P ‘ :

Lt

L]

where N, is the S ané'phagé‘shift- In equation- (2.8),

e ~

fk(e) is the scattering amplitude and & is the scaftering

- 1

anglé} and . .

. 1 Zinl . . ] , ’
fk(e) = E 3Tk (e‘ =1) (22+1)P2(COSB) s N 4(.2.10)
* 2‘:0 : N - - .
. 1‘
where n, is the phase shift of the Lth partial wave. For

-
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forward scatterlng in whlch e = 0 we have ’
(22
_ee (2041)
Re fk(O) = E T sn.n2n2 (2.11a)
=0 , .
. /
fcm A2 oy 2o IIby -
Im —__E_— sin®n, {2.11b
' The “total crosg section iS5 given’by
J ‘ S N :
4 Z L] 2 i3 ' 2 \ \
Orot = ;; (29+1)sin?n, (in.7ra ?) (2.12)

- Nakashima and Paul 1975; Canter, Coleman, Griffith and

Recently;iBransden apd Hutt (1975) have carried out
a study of experiments and tHeories for the e+—He system.
The measurements of the total cross sections (e.g. Jaduszliwer,
Heyland 1973) have been tested for con51stency with a sum . .

rule based%&n the forward dispersion relatlons. The real

parts of the forward-scattering- amplitude (denotegd as

ik—wu—ea;ea}a%eé—by—ﬂaese—aamwmm

perlmental and theoretlcal cross séctlons can be compaxed

w1th theoretical calculatlons (equatlon 2.11a). It appears

that Re fk(O), llke the cross sections, serves as é’heefinéa’

& ‘ \
place between experiment and theory.

L

2.3 Optical Potential and Bound Theorem

]

The ‘trial wave function is taken as w e
~ .
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‘;{“} ‘ ! o .
t : SON ' ) - R
with r FS(r)  / B{sin(kr_)+tanntcos(kr )} (2.143)
- . P P’y 50 K P o .P
S ‘ .
o S t ,,,,, - . ) .. ~
r F(r. ) ~ 0 (2.14b) ’
r_-0 i .
, The first term of the right hand side of equation (2.13) .
3 v . .
represents the-open channel part of the wave function. The {
second term represents the closed channel part of the wave
function and‘xiis are so-called short range correlation func-
- » : . o > .. .
tions through which short range distortign effects are taken .
‘. y o _— | ’ g

into account. .
) - L

- ! - . « - RN "

From the Kohn variational principlé;applied to the ‘trial

wave function ¥, s v : .
§[<¥, |H-E|¥ > - tan nt] = 0 i - 12.15) L
t t .0 ¢ , . -
® where the variafion is taken with'respect to Ftand ,Ci',*w'é

N ; PRSI .ﬁ_,.ﬁ bl mna s g
e e @ EA Rt he-following -coupted ~integro~differential- and-alge= " Lt

‘

o braic\equgtions- -

) “ L

, ' N 4 s
<Y, ‘Ei'iz)]H‘EWo(51'52)Ft(£p-’+zi CiXi(El"Ez'Ep)”O (2..16§) ,
. . » ‘ ? .
| ‘ N o
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In order ‘to establlsh a bound. theorem on tan M followlng
Gailitis (1965), we deflne progegpion operators P and Q=1-P,
such that PWr v wOF(qp).- We take P=|ws><w | . where w is the? .
" ‘ ground state wave function. From the asymptotlc behﬁylor of
e the prOjectxgn, ‘one could sa&)that P‘pr01ecgs out thz open - = *=:
s
part of a wave function and 0O, the closed. i P
The Schroedinger equation for the exact ¥ mal be written }Q/
. ! Ag + N
) ; as i . ' . - e s
{.\/ P(H—E)Q(P+Q)'\P=0‘ o . : 2,17 . N
’ Q(H=E) (P+0)¥=0 : N (2.18)y
3 3 . o . . - N ~
We obtain, by eliminating QY,
. -‘ < ' ',
PIH-E+V_  )P¥=0 - oy L . (2.19)
® [} ! T : N .
g where V=P (H E)Qa(—El—m QHS)P N , g‘..éo}
) z , p ‘l / P . - ' r .
) . ) o L ) .\ 7

If E is less than the lowestxeigenvalﬁe;of the operator

L
g . «q

~ the lower bound stati approximation (V_ " =0). , ,

QHQ, ¥ is negative and hence. ;
opt —

€

opt

-

) 4 o
°In practlce we use: an 1ncomplete 0, Qt, to construct

* »

an apprbxlmeterpotentlal. We introduce an -operator -
B ' . v ) T T W, .
e ) ﬁ‘\‘ . . . t * ) B
>y L 2<E | = = : : .
o~ Pl wél+>il£l E;l =P+ 0 =1 (2.219
- ; \ "y
. ” hd 1 .
« ° AN — )
/2 o x;;'
v . {
] [} X
. { p
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orthogonal to the open channel space.

-the bound theorein is estahlished.’

.the argument of Burke and”Ta?lof (1966) , X4

) a “ e ;T ‘
5 . ‘ -
LB s o fal
o '
. ° o 16 Lo
where Ei is an drthdnormalzset which can be constructed fion
the linearly independent set Xy of equation J(2.13). By re-f
quiring ¥ satisfy ) PO S ' .
. - G.. '
~ > . S
M (H-EYyMY=0, , (2.22)
¢ | " . '< ) - , ° . ‘ < IJ\
instead of obtaining equations (2.19)F and (2.20), we get
. P(H E+prt%P¥-O - o ) 52.23) R
2 o« ‘D . ©
with VE =P (H-E) OMyerimie —MO (H-E) P T 224 0
o opt ~ MGIE—HiQMM : : . S L.
' 5 o . <t ) ) ) . © | \
Gailitis (1965) has proved that Vopt>vOpt if E.li les§ ‘ o
. than the lowest eigenvalue of. QHQ hsnce n < 7 exact' and 2

.‘ermore, folhbw1ng

- /

need ngzﬁbéumade -

As iéﬁg as they vanish

‘Fu

asymptotlcally and do Bgt affect the asymptotlc gphav1or of .

F(rp), thé‘bound theorem is retalned Equatlon (2. 23) is
eqguivailent to0equat10n (2.39) whlch}ls obta;nedvlater in this
' chapter as' a rewriting Of eguations 12.16). U ‘; . .
2.4 The Méthod of ‘Models : T e o s
. IS : /

‘in‘reali;y 2

other than hydrogendc.

The bound theorem. is valid if the target wave function
s ) )

iqaexacfp i.e. w;(gl,gz) is the solﬁ&iqn df’eguationh(2.7),*

=

B , L E R
cannot be obtained exactly for target systems

Thefeffect of an.inexact target

o~ &

¢ ‘ B =



o

A

s
4

function has been iq&estigated regéntly and it has been found |
éhatfunrealféfic Tesults cpuld be dugﬁto inexact targeg'wave7
functions (Peteikop and Réﬁzk 1971,.Houston 1973) . To pre-,
sérve a version of the bound thebrem, the method of models

(Drachman 1972b) has been employed in thjs thesis. I
? » q A“-

> { . e ' . .
energy Hg and E_ o§>gquation (2.2) by HoM and Eom respectively.
o T o~ ‘ : L.«

ge

t wave function becomes an eigenstate

The” approximate ta

m

bl

Of Hé ’ i'fe. . . . :
m, __m . :
HOU SES W, . (2,25)
/
H™ is given b . ’
o g .Y ] I ‘ t‘\“
i ' 3w”_ o
> o, m m J_ o ) . ~\ . ) \
TR Hy =Ty HE, - N (Tt¢o? ' o _ (2.28)
. ) T ’ ‘ M . Q
I . e R o : | k
- where Tt is the kinetic energy part of thé target Hamil-

“tonian andﬁin the last term Tt operates only on wo and nothing

following. As noted by Drachman (1972b), there may be
© . \

difficulty, if y * has nédes; The full (H-E) operator £6r the
by . ,

L4

system then becdmes,:with Tﬁ the projectile kinetic energy’ o

¢

the interacf:ion energy

opefator and Vint
. S i . .
- [y ( B . l . L. k N i 3 © . B
H-E+T_+T_ -~ ==(T, 'y )+V,_ . ~-k?2 . , o (2.27)
t t Yo int ) '
. p — ‘p;o( . \ .
. . N . &, # .
o N
& o . "

: k;f\“ - The meéhodAiSwto~rep1ace the—target Hamiltonian and s
- D R




With a trial wave function of "the form of eguation

(2.13), we haVe to calculate, among other terms, - -

- - " l ! : -
. Ty - 5= Ty s (2.28)

v

o Egeﬁpgggt;gg;ityﬁQf a t?ial.functicn,o£~the-f0rm of

? . equation (2.13) then debends on whether or not matrix elements
1] - \

of {%— (Ttwo)} are readily calculated. Such is not difficult
o0 - . e

if w’ iéwgeﬁg;Eble.' For exdmple, if ¢ *is a one parameter

-

. — — -

Hylleraas type wave functlon, the matrlx elements of

t; (Ttw ) can be evaluated analytlcallyg 1f w is -a~three

. : parameter Hartree-Fock type wave function, ﬁT (Tth) carn -be
) ) . 0 ) !
' simplified into a function of single variable, and the matrix

- * . .

o " elements can be calculated semi-numerically (Ho andiPage “a

. .1975) . It would generally become impractiea} for honjsepafeble
s Y, and we should then use the product form for the trial o
E - function, i.e. . - - ™ / )

(. (‘ oo ‘ : (&\b B _ o Do ;

¢ ',4 . s ‘y (rlrrzlg_p) {F(Ep) : i C -'(_r_l,£2,£p) }w% (£l£2) (2.29)

-~

where x:',are also short range’cdrrelatien functions. It has’
) - been implied in the literature tﬁatgit is necessary ®hat to .
use. the method of models, thé’trial function must, have form

of eguation (2.29), but this is not' so (Ho, Fraser “and

Kraidy 197%5) e




We should pbint out t gttequatioﬁ (2.28) is eégivalent
to Drachman's (1972b)or1q}£al preSentatlon in terms kf a trlal
functlon like (2.29), whlch we show in the context of a one
electron target. In this case T > -v%, equation (2.28)

t
becomes

02 el ~ . N
(0] & 1= UTig) Vg - 230

_ This ‘is_identical to. the guantity - - - - — | —-

i
<
L4

, ) 2“_ L N
%p{—vl ~2(vilog-y ) -Vytxy : : (2.31)

*»

L]

which arises in Drachman s, (1972b) paper, taking Xl -xl/w

2.5 The Radial Equation ' ’

Equation (2.16) can be simplified t6“'

(v_2+x2)pt (r ) = U(r yFE (r ) + 2 c,vy (r ) . .(2.32a)
P P i=1 ( - \
o ) o i

, o N
'J;d£p Vj(rp)F (rp) )\ (2.32b)

where U(rpo <Y |- 7= ———[¢oz S (2.33)
- , p . 7lp T2 7

1]

is the static.pbtential_for the incoming positron and helium

atom, and




s -
) o . | 20
. Vi(ré) =.<1PO|H—E|?(j:> ' - (-2.3(4a)‘
Hjl.=’ i3 =,<le H lx}> (2.34bY
Ny o= Ny = <ol (2.34c)
It should be:e;phasized that in the method of moéeis

L4

calculation, the (H) ,and (H-E) operators in equation (2.34{

.

are those of equation (2.26). Explicitly, we have;
H= -7 -5 -v; # -2 -2 Ve ) (2.35)
, p. "lp - 2p . ‘
e 02,02 .
S L T (vEsvd)y .
where Vm(r ;L~) = B m e—l——g—fg »(2.36)
. _ 1’72 o wo -
. ' . : :
Com ~(vi"'vg)wo ' ‘
with E = - —_— ' < (2.37)
. o} }po PR - ;
: rl—k,oo . ' ' :
r2->co |
Y //" , 4
After solving the eigenVaiﬁe‘problemi L
- Y- . : ., .,
N o ’ e
I (H, - &N, )a =0 (3.3
i=1 , - : . ,
e
.-
. . , [
equation (2.32) can be converted to
S ST ; , E ‘
N ’
v . s



A _ .
: : vi(r )
2 .2t C t J - et 1y i
‘V —-— Z -
(Vo) B (5, I =U(r )™ (x)) +x‘—EjZ§_[ dr, 'V (x IFT(z,")] (2.39)
where Ve = zaMN.(e) - - o —tq2.40)
' N p . l l p - ) 4

i
with aiA the eigenﬁectors of equation (2.38).

For S wave scattering, i.e. the orbital angular momentum

state of_W iis zero, we can write the radjal function as

e}
[

ety v
= F S T

\Y

Fo(r ) = —2 : (2.41)
—p’ . r
P
. .wé‘finallg_obtain an intedro-differential ‘equation for

the scattering problem

L)

.. . A : .

az 2y ot : t NW () J A t

+ k°)f =0 f + W ") f Ydar: '(2.42)
g + K () V) £50x ) l_—_l?_—epr (ry") 5 (r ")dr, " (2.42)
TP .
~

where Wx(r') = r Vl(r ) o (2.43) i
IR op P ' :

and the boundary conditions:for'ft(rp)are )

4

gf0) = 0 : | o - (2.44a)

t ) .l'n . t . .
f,(rp) ~ /r;¥51ngkrp)ftan.no c?s(krp)} _(2.44b)

| o r o

’
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v CHAPTER 3 : .

,

CALCULATIONS AND METHOD OF SOLUTIONS

* ¢

3.1 Helium Atom Models

In this thesis, four helium wave functions have been
- used. They are all product type wave functions, naﬁely HYl,—

"HY2, HF1 and-HF2. HY -and HF represent "Hylleraas" and

: "HaréfeéJEOCk"Viéépectively. The. index 1 denotes & minimum

. v
-

variational eﬁergyitype wave function and index 2 indicates
that -the wave function bears the correct polarizability (ve
" take the‘pogarizépi}ity to be a = 1.376 a033. These wave

functions are described as follows:

One-~parameter Hylleraas: ﬁodels_HXl and HY2 ' .

—a(r1+f2)
wo(rl,rzx =N e ' o (3.1a)

fAnalytic'Ha;tree—Fock: models_HFl and HF2

C-ar., - -br -ar, -br

b (rj,r) =N( T+ce Na’ (3.1by

, ¢ ‘ I
The parameters of these models with various physical

propérties}ére‘lisg?d in table 3.1. The function HY2 has

been intro@ucéd b§ Drachman. (1966a) in which hé chosg to‘adjust'

22 ' -
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1

the parameter a to give a polarizability o =-1.376 a°3. The
experimental wvalues reported range from 1;376 ao3 to 1.395 ao3

(¢¥e Houston and Drachman 1971 for references), while the

most elaborate theoretical calculations give 1.383 a03

{Schwartz 1961a,Thomas and 'Humberston 1972). For comparison

purposes,Ho, Fraser and Kraidy (1975). constructed HF2 by keep-
3. The method of obtaining fhg wave function

ing a =.1.376 a,
HF2 has been discussed by these authors in which some further

references to polarizability calculations are also mentioned

~

3.2 Correlation Terms and Eigenvalue Problem

The correlation functions in equation. (2.13) have been

taken as - : o : ’
- r) .
rd
R =Y.r m, n. -a.r.-g8.r
- i i'p i i it1 Fi~2
‘xi(rl,rz,rp) ‘ rp e . xrl rlp e . . f
Y. -B.r.-a.r c o
- Ty n, it17vit2
+or, i e ) (3.2)

.2p N . |

where o Bi and Y; are non-negative constants and 21 + m,

+'n; < w, with o = 1,2,3,3,5,6 which correspond to

N=4,10,20,35,56;84 respedtivel&. These a;e'explicitly sym-

' metric in the spatial coordinates of the two electrons.

-

If we recall the bound theorem from Chapter 2,'thé phase
. - ' . A ’
shift n (strictly tan n) calculated using cdrrelation terms

(equation 3.2) is a lower bound to thé éxact phase shift for

ﬁ' - | - | t‘:}v
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PLEEEE
s

» = .
1 - B ' ., . o N : . R
el ' ) <.

the modified Hamiltonian. Furthermore, it has also- been

shown (Gailitis 1965) that as the number of correlation

s

terms increases, - the. phase shifts do®not: decrease, i.e.
‘\5 . _
t

N+l > tannN,‘where nN+l and.nN are the phase 'shifts from

two sets of correlation terms Enel and en respectively and

v

tann

includes all the members of‘e\. The~50uﬁq theorem Further

N+1 N
means that the nbn-iinear'ﬁarameters ai' B

, v
. . Ina
/ ) r By and y; may be _

t

optimized to give the hlghest tan n and we know the exact

_ deflnltlon of scatterlng length*— see equation (3.10) -, the

~calculatlons glve upper bounds to the scattering 1engt1}li etc. )

1 ,“’ .
ot 7 . «

mhehmethod of Calculaéinq the matrix elements H, . and

“
[

. ,."- [ lj .
Nij.Of equations 2.34 b,c). are those of Perkins (1968¥. In
. . . ’ . - - . -~
the case 9f~the gF wave func%ions, the matrix elements in-
1

volving -the form of: {

*

7 VZwOJ'of equation(2.30) are:iﬁﬁégrated
. 0 . o
semi-numerically (see section 2.4). The formalism andMsome

g3 ‘ 1 .

-numefical examples ‘have been dlscussed by Ho and Page (1975)

‘This method-vis also applled to do the necessary integrals to
‘ ’ -
construct the optical potertial.

4 ; . - .

The,mat}ix form of the'eigehvalue problem, equaflon

LY

(2.38), is as follows ‘ ' -

value-will no Pbe——exeeedeé {Beea&se—ef —-a—s—rg—n—changeW e e




.t ' . ) " , r .
where A is amatri:*;;\giifnvectors and A is a diagonal matrix

-

o
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of eigenvalues. <y ;

Two methods have been tested to solve the eigénvalue
problem. The first method is the Cholesky-Wilkinsqn decom-
position (see for example Reinsch and Wilkinson 1971). Since

N is symmetric and positive definite, N can be décomposed as

-N=LLT where L is a lower triangular matrix, and equation (3.3)

>

becomes. -

- ‘ . ) )
e @t = @wan (3.4) .
Equation (3.4) can then be solved by Jacobi's method.
i . . _\‘ .
The second method is to solve-a generalized matrix eigenvalue

probleﬁ,using the Householder reduction. It has been founa . S
that tﬁe two methods gave the same'resu;i ;nd hence proyided

a Parﬁial check to the accuracf of the subrogtines involved.

In the‘final'calculatioﬁs of this thesis, the Hoqseholder

reduction method has been employed. Y Lo .
. |' - «

. 3.3 Green's Function and Integral Equatidn‘ ot

] :
Hlaving solved the eggenvalue_ problem, "and the necessary K -

.. . ' - ‘ [ o /
integrals for Vi(rp).(Ho and Page 1975), the optical potential ~ ¢
is readily obtained. Dropping the superscript t, equation

rd

v .
(2.42) can be rewritten as L




o,

_ ; Ty ] L -
d + k2 )f(r ) = U(rp)f(rg) + j}vopt(rp,rp )f(rp )drp (3.5)
P : ~ ) . ) .- »
Q U'll - *
o N w"(rp)w"(rp') -
‘where (r 'y = %' - ' . {3.6)
P Aoy LA A oA, A ,
W}Eh W (rp) = rpV (rp) ané v (;B) = iaivifrp),‘where a; are j
the eigenvectors of the eigenvalte problem (2.38). )
The boﬁndary conditions on the écattering function are
s L £(0) = 0 SR (3.7a)
£(r ) s 31n(kr } £ tan n cos(kr ). . . A (3.7B)vrfz'
P r -0 ) R o
- !
ﬁgv . ' ' I

Note tha; the boundary conditions are 51m11ar tqwequatlon'
(2.44) w1th a tr1v1a1 <change in normallzatlon.
‘The integro-differential equation can be converted into

an-integral equation by the use of Green's function:
é .

p,.l"

f(r ) = 51n(kr ) + J G(rp'rp )U(rp‘ .)f(j-p ‘)d,rp' . .
) + ij G(rp,rp() opt(rp jr ')f(r ')d:p" ; ) (3.8)
4 ' _ - E 51n(kr)cos(kr') (r <r')- (3.9a)
where } G(r,r') = ! . } .
A 1 . : oo .
- - i sin(kr')cos(kr) (r >r') {3.9b)
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3.4 ScatteringrLenhgth Calculation 4 .
. 4\ o =T - e . a A - . ' 4
L i - . . A v .
. i R We define the scattering length a by . f'yfj
v - tahn- ’ v
N a = lim'(- " O)._ . a T (3.10)
}1(_)0 14 ’ <
E a - _\\ -
N
, The scattering length can be{determined by introducing !
- : ' ¢ . : f(r ) . }
: a new function g(r ) = — iﬂxo equation (3.8) | (see )
. p - k0 e
. .for -example Fraser 1961), the inteqral eduation becomes .
r) =r + ldr_'G(r_,x_"YU(r_")g(r_ ¥ Ve .
g} P). p J p. ( P P Yol p Yot P )drp
| - x_,; - }w i
o+ et ,c. V. (r ',r_"al(r_'')dr_''dr_’ (3,11
. JJ P P opt P p TP p P ( ”)
’ . ' N
with the boundarY conditions ‘
M S
. - e . e
~ ‘ 4
c g(0) =0 r (3.12a)
r eV r —as T (3.12b
N (" q( p) r p < ( h )
\ 4 p—»oo
The Green's function, equation (3.9) then becomés .
- -r (r<r') (3.13a)
o G(rlr') = . LV .
s ~I' (r>r") “(3.13p) !
. ‘ - . '
[
° S . )
The cross section is given by '
' \} M

.




b . L , A | .
I A S
¥ T - a NP
. . A #
o = 4a? (in naoz) “(3.14)

3.5 Numerical Method of Solutiony - .
1N v’ . —_ . N
© : " \\;/‘ \ B *

'The method of éolufioq;ﬁbr tha.scatte}ingﬁ;unctlon f(rp)

-

N is non- 1terat1ve.g The . functlonal Values of . f(r ) were deter-

-

mined at Gaussian integration points. Equatlon (3.§)/1s

approximated byg o - f

@ -
»
~

[ . o
e L 4
N .

£;.= sy t?“] ij Uity ijijlk 1k( Opt)kj_J’ (3.13)

/
= where » and w' are Gaussian integration weights, fi represents

the functionalvaluefi(rp) at the ith Gausgian point and

_(51nkr ) etc. Equatioh (3.15) can be written in a matrix

°

= form
J > » b s - - . 0 B
N - . . ' . o
, F=S +YF " . : (3.16)
' - , A' ‘ -
where F and § are column matrices and ¥ is.an N by N matrix N
& .
. With “ '

i
2 ) ] 4
. .

After solving the system of linear equatlons, phase

s shifts can be determined by the asymptotlc form (equatlon
¢ - *

3.7b)-i.e. : ' e s

.
w
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g ‘ . B
fGrA)—sin(kr )
2 a2 - . (3.18)
cos(kr_ ) | . .
- L - s ‘”
s .-l . ] . N L4
where r, denotes a value of rp«in the asymptotic region.
Since f satisfies .
- 4 0 ]
f(r) = sin(kr)+ dr' G(r;r'){Uf +J Voptf} ' | (3.1%a) -
. @ . E -
N ) 1 ‘.‘ 5 v
with G(r,r') = = Ecos(kr)sin(kr'), for r>r'’', .(3.19b)
. ¢ “.

- B -
.
~

we can see that the value-of tanné given by (3.18) would be 3
the same as that obtéined from the integtal expression ,
N L . o - ' T ~ "

. m ’ - °

(3.20)
O -

Q

- -1 Ve '

tan n =Tk Jodr sin(kr )‘{I'Jf +J voptf}
J—_— ’ & } * | a

Furthermore, by'éhecking the cgnsistency of the phase shifts

a

obtdined at several values of r in the as$¥mptotic region, » "

. B - ’ / o - . ,
we are abde to make sure the‘asymPtotlc rgglon,fE reached.

It also- implies that the range,of the Gaussian points is long

a . [

enough to .represent f(;P). : .

"o

‘Similar to equation (3.18), the scattering length is

. " e
-

- determined by ;2 o . T

3 o . £ ‘ °
) ) rl
iy £E e

a=r,- (ra?

v

. (3.21)°
7 c e . - ’
' Throyghout this thesis, f(rp) has been represented at

40 Gaussian integration éoiﬁtsf ‘We used 16 Gauss-Legendre.
A .‘q . , o '
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- extended Eg (81+Rjao approximately.

. parts, from 0 to rp' = r_ pnd from r, to =.

‘weight wik' of equation (3.15) is consequently dependent on

D"

_ . : s ' lﬂ
points to cover the ramge from the origin to rp=R and 24
f ‘-' .

Gauss Laguerre points to cover the remaihing region which
o : ? .
The value of R ranged

from'4ao to 6ao; The independence of the results on changes

‘

in R (since the final result should be independent of the
’ : -

Gaussian points chosen ptovided that the range is long enough g

- <

as discussed. before) served‘as one of the cgiteria for
accuracy of the program. ?By 1ndependent"‘ we mean that they

are consigtent to three to four dlgits.s . .

» ’ L ~

In approximating the integral'nuﬁerically, due note has
‘ e _ ; S
been taken of the‘discontinuities of the slope of the Green's "«

functions For example, the 1ntegral over rp' id the last

term of the RHS of eguation (3.8) is broken down into' two

P The Gaussian \~

o

the value of rp ot the LHS of~equation (3.8). This numericaf

K]

technique has been employed for example by Chan (1972Q and

. e . N
Chan and Fraser (1973) . ' ' »
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CHAPTER 4

POSITRON ANNIHILATION WITH THE HELIUM ATOM

]

~ e

. 4.1 Introductioﬁ

»

e .- A p051tron can annlhllate "with an electron when they
are w1ﬁh1n a Compton wavelength % = H/me = (lfl37)ad of ",
each other.‘ According to selectlon rules, a positron .and

an electron Wlth OppOSlte spln can annihilate 1nto two gamma- -

Pquanta, with parallel spin, they produce three gamma guanta.

The ‘probabilitv that tHe later process w1ll take place 186%2%
‘' r q © . 3 ‘é
in the order of 1/137 of tHe fdYmer. e} : . g
/ ’ \, - :

Experlmentally, one measurable quantlty'ls the annlhl—

lation rate or its 1nverse the llfetlme T, Theoretlcally, .
: a quantatv which can be calchlated‘ls Zeff' the effective .

number of electrons per atem (or molecﬁle)’felt by the iﬁ-

Jﬂoming positron. The direct relation between annihilation

» N “ . e 7

: ’ i : e . - TN
Vfate Rs and Zefles | ' ) = A
- - 2 _'n.c, B - ~
° - .r . s ’ . o

~ R

0 bl

where r = ;f/(m=c%) = 2. 82 x 107" *cm is the clasg;gal radxus»

of the electron; ¢ is the veloc1ty of llght and Na is the
6

number density of atoms or molecules. A discussion of equa-

tion  (4.1) can be found for example in Fraser (1968). oo
0 ‘ T e ‘ '

- ’ t, 32° * '
, v . ,. ..
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4.2 Effective Chafge Calculation

The effective charge for the pési‘tron—helium systgn"is'

X
. given by S T
= . \ 2 - N
leggr =2 JdEJ_“dl{p -I‘”}'_]_'Ez(Ep) l §(xy .E_p)," S (4.2)
The free paaf‘:t of the wave functibn .in .équat‘ion (4.2)
must have unit amplitude at infigity,ﬁi.e. it “mas thevasymﬂL
totic form . ’;niggf'.‘} Jf\ﬁi T X
- R ciker =
& q’(£17£zl£'p)_ ’\“wo(rl'rZ) (e ' -+ fk(e)"—?——"’) . . (4.3)
s a ’ p o ! —
‘The S wave part of e'quat.ion (4.3) is | .
. ) ‘ . - 3
ino - “ % : Lo ’ ’
¥ o~ \po(rl,rz)e s.:Ln(krp + no)y(krp ). 4 5 (4.4)
", ) . )

- S : o
The- S state trial wave function Wt_must‘therefore be modified

to be . ) | £ ' o7 o ,

‘ . - Jin dos n o o /(ﬁwk' o
t : o o . :

Y v wo(rll¥2) e A‘ k )f(rE)‘/rp . , (4-5) -

W1t§ f(rp) o 51n(krp )‘+tan Ng qqs(krp ) : -~ (4.6) .

-

The efféptive charge from the 5-wave contribution is

. 14 i
. <

‘v



-t

for k=0, we have

. gflr)
'Zeff =2 J- IlPo(g-l’--'t:-p) r
: p
; 2 * -

-

(4.7a)

(4.7b)

Since wo'and X decay exponentially, we can see from

equations (4.7) that the largest contribition to Ze

from the inper part of the scatterinq wave function.

is .

Qhe

effectlve charge can be regarded as another meetlng place

tbetween theory and PXperlment whloh probes the adequ\cy of

the innér oart of the wave functlon.'

In order to estlmate the contrlbutlon of higher oartlal

anes (2 >.0) to 2 ey we subtract the S wave contrlbutlon

of the undlsturbed free wave from the Dirac rate, %2

H
i.e. .

‘e ' o L]

. ' .

(4

- S N sin(kry). .

= - 2 (; . 2 '
Zgg (2 2. 0) = 2 = 2 ] Vo (B ) l—g5—1%ar, ar,.

1

For the. one-parametér helium wave function Yo = N
oy s

we have . ‘ e "

eff

= 2

. (4.8)

—a(rlfrz)



. \ 2 . -
A ff(‘Q’ > 0) =‘_L ’ (4.9)
© . a’+k?

[
»

4.3 Excitation of the Residual.He+ Ton’
. . '

¢
.

We gssume the annihilation takes place instanftaneously

when an'electron is at the position of a‘positron. - The, times

@

. involved are very rapid compared with atomie times, and the

Spectator electron of the He' ion will be found in differeht

4

ionic' state of ‘the new Hamiltonian after the annihilation

~ is completed.. The probabilit"y.Pn of finding the'reéidual

.

+ . . , . . C
He 1ion in a state whose wave function is ¢nrls given by:

b
-{Drachman 1966b)

J

.- . 2 JA - . N ‘2
P~ = j az |2, () /2 j argla, (x| | R
where An(Ep) = J d£l ¢n*(£i)w1£1,£p,£p) . . (4.11)

-

is the coefficient in the expansion of the parent wave func-

tion (the scattering wave function with electron 2 ‘and
positron coalesced) in the ionic eigenstates; i.e. .

»
<

s

(4.12)"

By 'using the closure relation for ionic eigenstates,
: % 1 . o

)

oy



; i oo
the denominator in equdtion (4.8) is eqial to %zeff and P

L3

/

becomes . B L -

P = J dgpIAn}Ep)] /52 se (4113)

14

Drachman(1966b) suggested that ,if the probabiliéy for
Beiné found in excited states other than the ground state is,

:not toojﬁmall, there may be a“possibility of obsgrving the

¥
- ° *

radiative de-excitation of the'résiduqb Hé4 ion, féllowing

c ) annihilation. No experiment for this process Has yet been

- »

-8

R N ’ e - :
done, but the present calculation hopefully will provide
. ¢ - \ hd -

some, guidance for future investigation.
t .

-

4.4 Cusp Values

To test the éccuracy of the wave function, Kato's éuSp~
&COndition (Kato.1957) may be employed here. - fhe cusp condi—
tion, or coaleéégnce condition, states that the exact wave -
function Y for a system of particléé.iﬁteracting'through
coulombic force. must -satisfy | | : ' .

-

. 3log¥ | ' _ o

j , .
.o ri.,-lzo . - . . - B i S

- where a5 and q{lare the charges in units of e of particles .

}

i and j, and "y

is their reduced mass; Vi (measured in ao—

-
+




| @ |
is defined as the cusp value between particles i and j.

r . -

Since amnihilation properties are point'prdperties bet-

ween the eléZtron and positgdn, it is‘useful to judge the

-

goodngss of Zeff by comparing the calculated cusp valhes.to
the exact one. This has been partigulafly_emphasized by
Schrader (e.g. Lebeda and Schrader 1969). The exact cusp

value of electron and positron, vlp is -0.5 (from q; = ~q

= +]1-and v = %)ﬁ Taking the average of equation (4.14)

1p
for a trial funcéion ¥, Chong and Schrader (1969) obtained

. P .
explicitly '

- )3 ' | "
= <w[<s"(£]j- E‘P)srlp I‘P.>/<‘P]6(£l - ;p)lq» - (4.15)

]

<

. . - 1 4
where the denominator is equal to fzeff' .




F . - CHAPTER 5 ) .

RESULTS o

T~

5.1 Optimization of Non-Linear Parameters

q&hroughout this thesis, up to 84 correlation terms were
used. The first step is to optimize the non- llnear parameters
. iQi' Si and Y5 of equation (3.2). Gulded by the bound theorem,
the hon-linear parameters were chosen such that the calcula-
tion gave the highest phase shifts. Similariy, for zero
energy calculation,‘the non-linear parémeters Qere chosen to
-, ‘ gi&e the lowest scattering lengths. The,results‘ehogld,be_

optimized for each k and each. N for each helium model. Hew-

£ ) ’ ~

‘ever, this iS‘economically impractical. On the other hand,
there is' some evidence that the non- llnear ?arameters that
gave-the best scattering lengths did not necessarlly glvewthe

" best phase shifts. Tﬁéﬁefore, we have used‘twe sete of non-
linear paremetets for each model. -The fir?t set.is applied
to the energy region'k < 0.1 aed the’seconé set is applied

to k > 0.1 up t‘ k =1.0. ~They hévevbeen optimized at N=10 |
terms and-k;0.0 nd 0.2 respectiéely. '

A‘. The non-linear pa}amete;s are shown in tabie 5.1 with
@ = a, for all i, etc. It should be noted that the two values

of vy, the noA-linear parameter for the positron qpordihate

38
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-

do differ somewhat.

5.2 'S Wave Phase Shifts . ;

-

After obtainingithe non-linear parameters, we applied
them up to N=84 terms for the final calculation. The con-

»

vergence behavior for each médel4is éhown in tables 5.2a - d‘

’ "with the subsEripts a, b, ¢c and 4 deno£ing tﬁe,difﬁerent ' ./3
models HY1l, HY2, HF1 agngFz respectively. It is clear from F;%
the résults‘that the bound theorem appiies. The finalvre—

sults were taken at N=84 terms '&4nd they are shown in figure

- "5.1.

}n order to make a &irect comparison’with other calcu; LN

lations .we compare our results with others for a givén heliuﬁ

model, namely HY¥2. -In table 5.3 we list other: calculations .

for this one-paramet#r Hylleraas type wave funltion with the

corrgcp éolarizability (o = 1.376). Column 2 is the present

éa1Cu1atioﬁ; column 3 is from Drachman's (l968) variational 7

method; éqiumn 4 is by‘Houston;énd Drachman (1971) and columﬁ 
. 5 is by Huﬁberston (1973?. Fér the zero.energy caiculaéion
Ajyithout the so<called 1oﬁg range dipole terms, Houston and -
Drachman kI??l) gave a lower estimate than the present cal-
Eulation,and hence their scattering length is better for this v
' | ﬁodel. This may be due £0'the fact:that'they Opfimized‘at

: ! ?
N=84 terms compared with the N=10 terms in the present

-

o~
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Table 5.3 Comparlson of phase shifts w1th other
calcuIatlons for model HY2

Bound calculatlon within the model

Wlthout dipole tvpe correlatlon terms

++W1th .dipole type correlation terms

Phase 8hifts are in raalans, the k=0 entry is the

scattering 1enqth

. * .
’

!

©

-

. o ¥ S
. ) | fDrachmanf Houston and
'yggsent* .{1968) Drachman

: LT (1971
of a3 | - -.485%
ot s , ' -.524*
.10 03762 "~ .036- 035 -
.20 < ~.04965 047 " lose
.30, .04325 «039 . .039
.40 .02445 020 © 020
.50 -.002280 P -.007 -.003
.60  -.03358 -.039 _-.034
70 -.06711 - -.073, ;=069
.80  -.1015 7 =.107 ~-.106
.90 - -.1357 -.141 +.143
.00 . -.1687 - -.174" -.177

¥

45

‘o

Humbexston

(1973)
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S-WAVE PHASE SHIFTS

S-Wave Phade Shifts From Four Helium Models.

(4) HF1l; (b) HF2; (c) HY1l; The circles a%e

from model HY2; (U) and (L) represent the
_upper and lower correlation limits réspectively

of Jaduszliwer and Paul (1974).

g

¢




calculation. (The scat%ering lengths .of models HYl and HF1l

*

‘have_lgwer values than those of Houston and Drachman (1971)

¢ rour results give hlgher phase shlfts than those of Drachman

(1968) and Houston and Drachman_(lQ?l).' We can conclude that

' based on the bound theorem, our results give a better estl-

-

mate. On the other hand, we can not rigorously conclude that

: . -
our result is better than Humberston's *(1973) since he ob-

,

tained higher phase shifts. However, since there is no bound

theorem for his algebraic Kohn type non-zero energy.calcula¥
tion, and judging from'the eonvergence behavior of our result

and the conclusion by Bhatia, Temkin, Drachman and'Eiserike

(1971) that the correlatlon method is more accurate than

Schwartz 's (1961h) Kohn type calculatlon, we may conclude s
" that our phase shlfts are more reliable for this model.-

»
~

PR
»

" . The best result of this work is considered to be those
of HFZf a Hartree-Fock type wave function with correct
polarlzablllty Recently, Ho and Fraser (1975) confirmed

that’ polarlzablllty plays an lmportant role in low energy ¢

uscatterlng, espec1ally for -a..method of models calcu&atlon.

for the corresponding models.) Howéver,'for non-zero energies

Jhe result of HF2 1s shown 1n table 5.4 and ‘figure 5.2 to-.
gether w1th the best results of other authors. Column 4 .
shows those of Houston and Drachman‘(197l) who baged on - the
reason.that‘the,qorrect.polarlzablllty is important, con-

. sidered model HY2 (their model B) gave' the best result among

L]




Table 5.4 S-wave phase shiffs

S‘

- Pregentf* Drachman+* Hous ton Humberston*
k (HF 2) ~ (1958) - and Drachman' (1973)
| (HY2) (1971) (BY2)
0.0 -.4512 . _ Y
0.05 .02106 _ . ' .
0.10 -.03583 036 -.035 031
* 0.15 .04388 ‘ _
0.20  .04650 .Q47 ©.049 .040
' 0.25 .04471 R
0.30  .03914 .039 039 L0290
0.40 ~ .01971 .  .020 .020 .007
0.50 ~-.007204 -.007 -.003 -.023
0.60 -.03841 -.039 ~.034 ~ -.057
‘ 0.70 =.07147  -.073 -.069 C . -.093
0.80 -.1051 -.107 -.106 ' T -.128
® .. 0.90 -.1381 -.141° ~.143 x -.163
1.00 -.1696 -4 -.177 -.195 .
g ¢ (. f
Phase shifts are in réaians; the kK = 0 entry 1s.the l
scattering lenoth. . : (;
T "Method of models" calculation : )
* Boundicalculation within the helium model | '
4 ) .
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Y

o

K(A.U)
Eigure 5.2 S-Wave PhééeWShifts

(a) Houston and Drachman (1971); (b) Present calculation .
(d) Humberston (1973); (U) and.(L) represent the upper and -

lower correlation llmlts respectlvely of Jadusz11Wer and :

Paul (1974). . . ‘

) .
.
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the five helium models they used. "The mesult of Humberston's

(1973) model H5 is shown in’ column 5. This is also a method
. : ~
of models calculation with a five parameter Hylleraas~helium 3

function which bears essentially the correct pbla;izabilf?&l

However.,, for other than zero energy, his Kohn's variational
. o

method is'not a bound celcufétion. Alsd shown iﬁ'figure 5.2

are the results of Aulenkamp, Heies and Wichmann (1974) who
Vo used variant I (as termed by Peterkop and Rabik 1971f in
. Whléh the true Hamlltonlan and the Varlatlonal energy of

- . hellum atom were employed. (Different variants of Kohn's

principle will be discussed in more detail in chapter 6).
By comparing the present HF2 results with those of
C Humberston's (1973) H5, it is noted that they differ not
‘.' insignificantly. ‘This méy suggest that for a more definitive
solution a bound calculation (like the present'cdrrelation

method together with the method of models) w1th for exezple -

Humberston s (1973) model H5 should be worth trylng.

/
i

+

-

In figures 1 and 2,fwe also show the cross coirelation.
L s 1 I

limits by Jaduszliwer and Paul (1974). They areréiven by

0

: [

¥
3
]

A- 0.3k . "~ (5.1)

'#here A is 0.14 and d 18 for the . lOWer and upper limit res- )

pectlvely. It is noted that the result by Aulenkamp, Heiss

and Wichmann (19Y4) lies below this 1ower llmlt. , ’,‘

5 ‘ $. C ‘ F

“e -
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5.3 Cross“SéctionS and the Real Part of the Forward

Scattering Amplitude

H o

After obtaiﬂing the S-wave phase shifts, total cross
ions can be calculated from equation (2.12) where higher

rtial wave phése‘shifts are taken from other calculations.

L]

sed two sets of higher partial waves. The first set is

from'Drachman's‘(1966a) lowest P and D waves using the ‘adia-
batic'metﬂoa with full monopoleAsuppression. (In S-wave,
scattering, such an approach led to the lowest phase shifts
which wa.s in better accord Q‘ith. other, calcu;ations~:‘ e.g.
Houston“ahd brachman«1197l), Hu&gérston (1973) 'and the present

work) .» The s&cond set is from the experimental results of

+

Jaduszliwer and Paul (1973). We used the following'analytic

fit for their P wave results (Hara, private discussien) ' )

« -
: ¢
A ¢

s

ny = mok?/15 - 0.18 k? (5.2)

where o is the polarizability of the helium atom.

For the contributions from higher partial waves, ‘we

-

used the result from the generalized effective range theory -

KO'Malley, Spruch .and Rosenberg 1961)

< s mak? " - . .
. e T2pF3Y (2210 (22= o (5.3)
« b . ' ‘
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We’applied this formula to the first set for & > 3 and for
"the second set for £ >.2. The tétal.cross sections with the
S wave from model Hfz are shown in fiqure 5.3, where expefi-
mental resulfé of Jaduszliwer-and Paul (1973) and Cantér,
Coleman, Griffith.and Hevland (1973) are included. We also
.compare with other theoretica{/éilcdlations, e.g. those bx:

Humberston (1974) and Aulenkamp, Heiss ‘and Withmann (1944) .

6tal cross sections are obtained froﬁ
"his S-wave (model ﬁS) with Drachman's (1966a) lowest P and
D waves. This result, as we note, ié very different from
that §iven by Drachman's f1971) higher partial waves with

the same (Humberston 1973) §'wave‘phase shift.

Recently, from the phase shift analysis by Bransden and
'ﬁutt (1975), we are able to compare calculated phase shifts
with experiments through Re fk(O), the fea% ﬁart of forward
scéttering ampli#ude by use of equaticn (2.11la). 1In figure
. e 0+4 we show the results from qunséen and Hutt (1975) and

- the éresenp calculation (model HF2) fogether wifﬁ some £heore—
ticél results. Ag%in,‘we'usg two sets of higher partial wavVes
as described before, and also used équation (5.3) to in- P
clﬁde higher pa:tiél wavge contributions. It appears that .. -
Re‘fk(O)lés very sensitive to the Pténd D waves. For,examélg,‘

curves a and c which used the same S wave (Humberston's

(1973) model HS5) but different P and D waves (Draéhmaug(lQZl))

for curve a and the lowest P and D phase shifts of Drachman
. . ’ a .
- P .




(1966a) P- and D-waves;

(d) Present

(HF2) S-wave, Drachman's

(eY Aulenkamp et al (1974).

(1966a) P- and D—wavesH\

Allowance is made for
for all the curves.
and Paul (1973); Clos

A

gher order phase shifts. (eq. 5.3)

Open circles are measured by Jaduszliwer
ed circles are from CSleman et al (1974).
. - ~ T

- | 53
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501 Wit 7 C 1
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‘ ! ] gy 1 I | 1 ‘l
0 4 - 8 - 12 16
, 'POSITRON ENERGY (EV)
Figurels 3 Total Elastic Cross Section’ (ﬂar) . ’
(a) Humberston's (1973) S-wave, Drachman's (1971) P- and
D-waves; (b) Present (HF2) S-wave, Jaduszliwer. and Paul's - ~
(1973) P-wave; (c) Humberston's (1973) S-wave, Drachman's -




(1966a) for curve 4} gave very differenﬁfresults. It seems

more accurate P and D phase shifts are certainly needed.

~

‘, The results of Re fk(O) for the préseht four helium

models are shown in table 5.5 for two sets of higher partial

Owavés. It is clear that they are very sensitive to the P

.
Q

gﬁd D wave phgse shifts.

h] : The con51stency of the experlmental Ccross sectlons g

can be checked by verlfylng the sum rule based on a forward

dlsper51on relation (Bransden and McDowell 1969)' o
[ ]
1 l © N
a+ £, = - ot Joc(k)dk, - (5.4)

’ ’ -, ) w

where a 'is the scattering length and fB is the Born approxi-

"mation for the direct'elastic amplitude in the forward direc-

tiom and k is the momeéntum of the incident positron. Pekeris

o

-

(1959) calculated £, as 0.791 for the électron-helium system.
For Ek% positron case, the direct Born amplltude has the

‘same magnitude but is of opposite 51gn, hence we have

f‘ = =0, 791. To compare with‘the experiment, the LHS of
T equatlon €5~A+~gives—-1r242-whe;eaa = =0, 451mgj!mmdel HF2 is_

employed. It 1s n?ted that the LHS h&s 4 value of —1 263

td

v . where Humberston's ,(1973) scattering length (model H5) is

used.

. P -

A value of the RHS of equation (5.4) is -1.30 which has
. ' * ‘ -

s
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POSITRON ENERGY(E V1

‘ Flgure 5.4 _Thé Real.Part of the Elastic Forward Scatterlng
A@plxﬁude : s e

(a) Humberston s (1973) S-wave, Drachman s (t?ﬁﬁa+~?-and
D-waves; (b) Humberston's (¥973) S-wave, Drachman's (1971)
P- and D-waves; (c) Present (HF2) S-wave, Drachman's (1966a)
P- and D-waves; (d) Present (HF2) S-wave, Jaduszliwer
Paul's (1973) P-wave; (e) Aulenkamp et al (1974).
Allowance is made for higher order phase shifts. (
for all the curves. Crosses and circles are fr

Bransden
. \and Hutt (1975%) in which experimental data of Jaduszliwer
and P3u1 (1973) and Coleman et al (1974) respectivély are
used.. . 4 '

4

s
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been calculated,by Bransden, Hutt and Winters (1974) who,

employed the cross sections of Canter, Coleman, Gri€fith ~

M :
and: Héyland (1973) for k < 2.0 and the theoretit¢al adjustment

for k»>,2.0 guch that tRe cross sections join smoothly to the

¢
region where the Born approximation ig valid. Afte} Coleman, ‘

-

Gr1ff1th Heyland and Kllleen (1974) presented the corrected ]
L 4
- c;oss sections and Jaduszllwer Nakashima and Padl (1975)

measured the total cross sectlons up to 270 eV Bransden and

'

Hutt (1975) obtained the RHS of equation (5. 4) a value of

-1.24 + 0.05 and-1. 39 respectlvely for these two sets of data.

. . However, according to, Jaduszllwer, Nakashzma and Paul (1975), ‘

the value of the RHS is -1.015. Moreover these authors also

. v -
obtainedewvalues 0f -11235 and -1.315 when different extra- ’ .
polations, to the high energy region are used.

3

- & ,

L\g}/ﬁ f;ect1Ve Charge and Cusp Valua ) =

The S wave contribution to the effectlve charge has been

cglculated by using equatlons (4. 7) The energy dependent
effectlve charge is shown “in f;gure 5.6 together with some
other theoretical calculations, e.g. Humberston's (1974)

(models H5 and HY2) and prachman's (l968)'model HY2. Some”

experimental fesults are also shown in figure 5‘63'fof B
”~

example. the %easurements at 770K by Roellig and Kelly (1967)

-

©

" and hy Leung and Paul (1969), at room temperature by Lee,

Ll

_‘ Orth and Jones'(lat9) and by,CoIeman,‘Grlfflth, Heyland and




.A gﬂ" - " e V'
L Killeen, (1974). SRR

The typikal convergence behavjor of Z=ff/fe showff in

table"5.6. lge fact that there is no ‘bound theore for 2

~

eff .
is demonstrated at low energles. It 1s noted that a similar

L 4

Gy
observatLOn has beé% made by Bhatla, Draghman and Temk 2n

- (1974) in.a pos1trohfhydrogen annlhllatlon éalculatlon.

L

. o8 A B b“’
* .

The final resﬁlt (Nd84) of'the energ§°dependent S-wave .
Zeff for the féur helium models is showp in flguxe 5. 5 and

, f able 5.7. - In the first entry of each model in table 5.7,

. - a - g .
we show the energy dependent Zogg in which the contribusions
¢ 5.
. from undlstorted hl%her partial waves (equatlon 4.8) are ln-

fclﬁded. It is noted.that such. contrlhutlon is less than 30%

ﬁor'the highest energy we considered. 1In particula®, the .
3 ' > . .

\ ' ~result of model HE2 is shown in figufe 5.5, R

' .. "-.~ | . |
The S-wave positron electron cusp values at N=84 are. * .
oo also shown in table 5.7. The final cusp values are quite

. . o‘ 'r
- '“‘ctose to the—exact*value-”ﬁ 5. However, cusp valués near- - -, - -

. ﬁ
- u
l

Zero energy and near the formatlon threshold -are relatlvely/

o
1 ©

-

. o ‘ poor. This may 1nd1cate that for zero energy, dipole type

,

e oo correlat terms mayllmprove tHe performanﬁﬁ: and for”
- P : L ]
. , - energied near threshbldlthe .explicit,use of a p061tron1um .

wave fune&ron may glVe a better cusp value. The typlcal .

‘con‘ergence of the dusp values li shown at table 5.8. Agair’,

. T ‘ o 4%

dlike Zeff; the lack of bound principle’is shown at, low emergies’

— -
+




X

)

K LA A
i v g
Flgure 5. 5 -,Effectlve éharge for Four Hellum Models
(a) HY2;  (b) HY1l; (c), HF2; The circles are from modelg HF1.
The S-wave contribution is shown in. (a)-(c) and the-@rcles.
Curve (d) is from HF2 in which the contributions from un-
distorted higher, partial waves (Eq. 4.8) afe also inc¢luded.

) . . : K




‘j ~02 04 06 08 10
' o b . K(AU) '

Flgure 5. 8 Effective Chargen

The curves are from theoret1cal calculatlons 'in which only

the S-wave .contribution is ‘included. (a) Humbersten's (1974) |
model HY2; (b) Present work (model HF2);, (c) Humberston's
(1974) model H5; (d) Drachman (1968) (see Humberston 1974).

The rectangles are from experimental results. LP: Leung and

Paul (1969); LOJ: Lee, Orth, and Josies (1969); RK: Roellig.

and Kelly (1967), CGHK Coleman, Grlfflth, Heyland and
Kllieen (1974) .
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5.5 Excitation of Residual'He+ Ion

The probability_Pﬁ that the residual He® ion will be in
a state n after annihilation has been calculated using equa-
tion'(4 13) The typical convergence of differeni-pnohabili—

’ tles is shOWn at table 5.9 for model HF2 at zero energy.

It is fqund that except for small N, the result changes little

‘as N lncreases, and also the 1ack of bound principle is ORnce

«

o
agaln demonstrated _in tables 5. 10a and b, we show the

energy dependent probabilities for models HY2 and HF2 res= .

qpectively at 84 correlation terms. "It is found that they are
» : /4

nearly energy independent and more than 9%% of the He' ions
s . \ . 3

are in ‘the 1S state for model HF2. ¢

[}

.
9

There is a favorable transition 29 lS ultrav1olet line

%

at 304 A for‘khe >radiative de-excitation of the re51dua1 He

ion. 1In ta%le 5.11, we show the results for model HY2, the

fraction of each state which eventually reaches the 2P state
- ° is shown in column 3 in which cascade processes like
L : P
. 55-4P-35-2P are inéluded For;Todel HYZ2, .we found that the

-

e
L
-

\ total probablllty for a 2pP-1S tranSLtlon after annlhllatxon
.;\le about 0.48% compared with l.2%gfound by Drachmanx(l966b)

: using the same helium model. By comparlng the resplts of HY2 - .
: and HF2 whlch are shown 1n tables~10a and b respectively, we

expect the probabll;ty lS even smaller for model HFZ.
. . 1.
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~ CHAPTER 6. <:;

- PROBLEMS %EBA%ED TO THE PRESENT CALCULATION

.
N . ‘
* L]

-

" 6.1 Intraduction

.

During the cqurse of thé present work, some related
éalculatiohs haﬁé‘also been carried out. For exémple,

Peterkép and Rabik (1971) used different variants to test
Kohn's variational me@hod when‘an ine#gct target w%;e func-
tion *sis employed. Judging from the similarity and differences.
between. the method of models and these variants, it is p&ssible
to carry out such calculétions without much change of_thé

existing program subgoutines. Consequently we performed - "

such calculations and the results -are presented in sgction 2.

-

4

During the calculation of these variants, the true
. : + . i " s
Hamiltonian of the e ~He system has to be used in evaluating
certain matrix elements Hij' In examining the eigenvalues$

of the true Hamiltonian, one eigenvalué seems:tb'be stable.

The results are. shown in section:3 in which a possible resonance
. + . . ae - ’ o
in e -He scattering is discussed. ‘ !

e
- p

6.2 Different Variants of ‘Peterkop and *Rabik

. Peterkop aﬁd Rabik (1971) investigated the effect of

| .
. 69



4

-* inexact target wave functions in scattering length calcula-

-

tions using different variants of Kohn's variational method.

It may be of interest to apply these variants to'the‘e+—He

-

' 'scattering problem. If we write the operator (H-E) as:

i 22 2,4 202, 2 _4 _ 4 N2y
H-E = -V = —— = —=—— + =— +C(=-V -V, + =—— = =— = —— = E ) =-K?(6.1)
o) rlp r2p rp ,1 2 ryo ry r, Q

: ' * ' . Ve

and characterize equation (2.16) as " T \ .
o .. . : " s .
<wo|H—E|wOF>+<wO|H-E|ZCixi>E(open-open)+(0pen—closedk=0; (6.2) .

- : © :
<Xj|H-E]¢OF>+<leH—E ZCiX?bs(0pen—clOSed)+(0105ed-clos$d)50, (6.3)

&
I 3 ¢

f

we may describe the different variants as follows co.
L /
R S ) :
» Variant I = C=1,E_=E_,  in (opeén-closed) and (closed-closed)

in (6§enrclosed), C=~1,EO’-=Ea in .

Variant.-II C=0,E =E
. : (8] a v

a7
R :
(closed-closed) . -

Va:%ant 111 C=1,EO=Eex‘in (open-closed) and (closed-closed)

4 » ’

in (open—closed), C=l,EO£EeX in & ;

Varqut IVﬁ C=0,EO=EeX

(closed-cifsed) - . t ¢

o

¢ . g ' . . :
For the (obéh—open) terms, C=1 and EO=Eav is applied to

- N . - .
all variants so that the integral exists, and E .. and E x are
the variational average energy and the-exact energy (Pekeris

. . . N N




¥

1959) of the helium dtom respegtively. .
a | S

% . . .

;o : It should be mentioned that the bound tﬁeerem does not
% . apply to‘%hese variants, hence lt may not be useful to opt1—~
“v
mize the non—llnear parameters. Consequently, we used the

samge set of non- llnear parameters as thosg which gave Optl— -
‘ .
> L
mized values in the'method of models calculatlen.

o) .o,

"We show the results of~variant§¥}$ and IV .for models HY2

[}

and HF2 in tables 6.1 to 6. 4. r"’l-'te"vresults of variant IV seem
generally to behave be&;er than. tbOSe of variant IT. . From .
tge result "in table 5.3, it seems that the bound theorem‘is .
violateda MQreovef,'itEis aoted that phaee shifts from | .

. e 'y - : . .
variants II and IV are 1£We¥ than those from the cortesponding-

model in the method of models calculation.” 9

N . N -1
L ) - ]

. B S . .
The results of variant I are :showrt in table 6:5. "“Except

for the HF models, the scatte{ing‘Iength ‘changes sign as N
.a - s *ao ' . ]
1ncreases. vThis indicates that singularities exist. Further-

more, from the resultsbpf Spruch and co-workers,~that the

5catterf%g 1encth of the positfon helium system must be.

L4

™ bounded \below by -0.7 (Hahn and Spruch 1874) and above by
Q. 796 (Blau, Rosenberq and Spruch 1975), it-is clear that

Varlant I Wlll give unreallstlclscatterlna lengths,lf the

t4drget wave function is relat1Vely poor.‘ The results for

(I e ‘

* kodel "HF1 are rather 1nterestrng (tablé 6.6). "It is noted.

G’ that except for 4ow energies (1.e. for k < 0.5), the qoﬁbergeﬁce

‘e

Ly
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/. behévior is not unreasonable. This suggests. that for an o\éh

channel calculationlwhich vaf¥iant I is the,natural choice, .
L Y A ]
model HF1 may glve meaningful- results (Ho, Fraser and Kraldy

.o 1975). Model BF2 also has 51m11aﬁ behav1o¢ at k > 0.6, even
though’ the scattering length is rather_dlsapp01nt1ng. For

. - Y .
simplicity, e do not show the, results of variant III, but R
) - ' . ” - - ’
it is the worst among these varjants. The singularity in the

scatterind length even appéars earlier as N‘increases.

<

For the flna;,reSult of this thesis, we sgefer the Ao-

. // sults from the method of models calculatlon. -Since hy taklng“

P . the advantage of bound property, we arerable to impro e the .
R ° . ) e . . . B .
results systematically. . How&ver, ju ging’jrpm the gopd con-

vergence Jbehavieor of variant IV, we suggest that in calcula-
: .

tions on electron-atom scattering where the method of models
no longer applies, variant IV type’caléulations may be worth
. N 2 i . . § 7
» trying., ST, - " ' ‘ *
- ' ‘ .h_ . )

-

. B ‘ - ’
6.3 Possible Resonance in Positron Hellum Scattering

In gvaluating the matrix elements Hij’in the previous-

- - . [ . . " . ‘. N i ,’ R ’

' section, we have to employ the true Hamiltonian.of the .
o . - . ’ ‘ ' e - .

positron-helium system. It is interesting to ‘examine the "

Behavior Qﬁ'the eigenvalues of the. true Hémiltoéign.: First
of all, -it-is féund that the lowest,eiggnvé}ue in-the,b&éis
of -the true Hdmiltohiap of the positron-helium system is: v

. ' . 'Y R
e ' . s ! ‘- o o -

LT T Y
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L4 ) N -

higher than the groﬁnd‘state energy of helium (Pekeris I952).

»

* This 1is consistist with the g0nclusions\by~Gertler,"Snodgrass

-

and Spruch (1968) that a'positron and a helium atom do not i

-~

bind. Secondly, the result of one set of non—linear parameters

(o= B ‘1.6875, y=0. 65) is "worth mentioning. The &amest,ten

.“L\ |

eigenvalues which were calculated-on 1ncrea51ng the baSlS by SR
. PP WBT
‘step of 2 are shown in figure (6.1). The fifth. elgenValue -
e vy" SnT

seems . to be stable in the reglqp of‘N 38‘%0 52 Furthermore,'
¢ ! w ~,<H"r ‘”“ i A .

.....

Lot ‘ a ‘:}, L 4

. .l" .
‘ 5 “to 80 In the context of stabilizatlon, tpis corresponds to

-

- a resonance in the e —He system .

Several authors have used the stabilization method ‘in
*  Tecent vears. Tayign‘(l970)_in afreview'article discussed
T, s $ x4 ) ' .
the nature of stabilization. Ha21 and co-workers apleed this

. méthod to model problems for.glastic scattering (HaZi and
'oTaylor 1970) and inelastic scattering (Fels and Hazi 1972).

The H-r and-He- problems have been investigated by Taylor
’ .
and Thémas (1972) and Elizer and Pan (1970) respectively

» o LI

K Bhatia (1974a, b) has applied.this method to H and He

- antoionization caleulations._ Recently,'Drachman and H0uston

'e

(1975) used thlS method to logate a possible resonance p051—

CY tion for. the stitron;umr hydrogen system.

s
-

If. we consider the mid-point’of"the stabilized region

to by the sthbilized eigenvaiue, we‘have*ES=—4;3099 and the - .
X . . & " .

. . . N . ®
. - . - N
. . . ! ~
* . . ‘ ; \ ‘. B




L] . N )
Figure 6.1 Eig/é)nvalues of. the ‘e’ -He Hamiltonian
The lo%?ést ten eigenvalues are plotted as a function of N
in steps of N=2 (a=8f1.6875,~Y=0.65;‘».s'ee eq. 3.2)
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“

resonance pos@fion {if a resonance does  exist) would be

g Eg-Ep, © 20.375. eV, where B, is the ground state energy of

. e, = - Gy
O "n’r’ '

‘the helium atom (Pekeris 1959). This resonance is located

e w5

_in a region above the_positronium formation threshold and

- . . et
t+ _just below the first singlet excitation of helium atom at
*

920.6 eV (see equation 2.4c);' \ﬁkﬁ

- +  There has been some interest in the positron-hydrogen
resonance problem in the energy region aboﬁenthe‘pdsitrdﬂium

formation threshqld and below the first hydrogen excitation .

[N

threshold- Mlttleman\(1966) has pointed ‘out that there could

?

be an 1nf1n1te,Ser1es of resonances’ ]ust below the first
L hfgzoqen ex!;tatlon threshold through -the same mechanlsm as

in the electron case.” Hahn (1974) (and some re;erences con-
- ' ? N ‘ ."‘ ) . .o
tained therein) discussed the difficulties.in ‘the .theoretical -

.

o

galculation of such resonances and a series of tests were
~ 'propeosed, to rlarify the question. There have been some

’ » o -
indications*that such. resonances must lie considerably higher

»

than in the correspondlng e -H case (Chan and Fraser 1973,
- -Drachman 1975) op’that they are even pushed oGér the first

< excitation lEVel of hydrogen (Chan and Fraser 1973). It ts”
’ 7

.interesting that Chan and Fraser (1973)';bserved no Stablll—

‘.: w zatlon of - elgenvaiues in the positron- hydrOgen problem.

- ’ . “ € °~?
. ! = . C . -
a

The resonance for e -He system at 20.375 ey'is still -

"yet to be confirmed. Nevertheless, this calculation hopefully

(4



‘Wwill provide some reference¥£or future investigation)_both

experimental and theoretical.
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CHAPTER ‘7

CONCLUSION

We haVe per formed a.bound_calculation‘based on the

Method of models for positron-helium scatterlng below the
pOSltrOnlum formation threshold ih terms of various target

helium atom models. We used the cdrrelatlon method to con-

>

N © struct an optical potentlal,and tﬁe phaseé shlfts are .ob-
tained from the solution for the scattering functlon. The |

integro-differential .equation for the radial function was

-

first converted into an integral equation by use of Green's
. . ,
function, and the numerical functional values of the radial

function was then obtained h¥ solving a system of linear
'; v R .

.
" . ' »

equations.

in o®der to retain the Bound proﬁérties, the method of

models (Drachman 1972b) has been emplOyed such that the phase -
shifts (scattering lengths) are 1ower (upper) bounds in terms|
of the helium models. Four helium wave,functlons have been

N . . .
used throughout this thesis. It hasabeen"found that the ‘
bound theorem indeed applies. Furthermore, i% we combare

our results with other calcﬁlqtions for a particular helium &

* model, namely HY2, it - has been found that our phase shifts

r
3

o . R R




sty

A N

LB

are higher than some other calculations (Drachman 1968,

Houston and Drachman 1971} and based on the bound.pyinc;ple,

~we are able to conclude that our results are more reliable .
& N

- ’
s

Y i p

’

for that particular model.

- \ The final results of this thesis are chosen to be those

-

from model HF2, a three parameter Hartree-Fock type wave
f ‘ > L - -

function with the correct polarizability. Theximporténce of

bejng correctly polarizable for target atom in low,energy

scattering has been confirmed by Ho and Fraser .(1975) for the

posiﬁrqn—hydrogen problem. Howe&er, ﬁhe results of model
'HF2 differ significantly from thosewby Humberston (197?) who
used an‘elaborate five parémeter helium wave funcﬁﬁoQ aﬁd,
enployed an'algeb;aic Kohn‘typé calculation which iagks a’

° @

+bound property for phase shifts. It may su@gest that a more
¥

——

P . CL o+ , ,
deflngtlve solution, similar to the e -H case (Bhatia, Temkin,

»

Drachman and Biserike 1971) ,%ecould be obtained using the

present method (co?relation method together Witb the method
of models) and more elaborate helium wave functions.' It is

the intention that such calculation will be-carried out in

the near future.

The total cross sections have beeh calculated using

S-wave phase shifts from the'present results and higher par-—

tial waves from other calculations and experiments. When we

-

combined S wave phase shifts from model HF2 and the P wave
: ®




Px)

tA - -y ‘
E):éhcreaSe. Cusp Values Wthh may probe the. accuracy of the ' S

Vi

*‘phaée sﬁ§#ts of Drachman 1966a) gave very different results. : )

the COnﬁributiof, the result of HF2 is close to eéxperimental. - ,

' .
from Jaduszliwer and Paul#(1973) the tdtal cross sections

\ ' ¢
"are closkr to Jaduszliwer and Paul (1973) than those of

Canter; Coleman, Griffith and gefleod (19;3).' However, ; , !
more- accurate P and D’ wave ca{culatioﬁ should be done in order
to ger & better pic%pre. S : q" :
: C | - ) ; ’ ..
-The'sensitiviryato the P. and D weves:is morge clear if

. y D

we consider the real,part Qf\Egeﬁforward\scétteriﬁg amplitude.
. - . ,

v

It has been found that: using the same S wave phase shifts but
: : ¥ "l - .

different P and D waves (i.ez.Drachman 1971 and the Jowest

A bound calculatlon u91ng the'present method (correlatlon-b

method together ﬁlth the method of models) should prov1de a s

L
L]

better calgulatlon for P and D waves. o . ' .

-
o R e

The energy déoendent Zeffahas alsc been evaluated. At

-
¢

thermal energy wﬁere ﬁﬁe‘s wave Cdmponent‘of Zeff dominates

-

o f

\measurekénts by Roellig an& Kelly (1968) and Coleman, Qriffith,

Heyland and Killeen (1974).. of course, 1f the dlpole type

correlation terms gre lncluded, it is expected that Z off w111

~

trial functlon near’ the p01nt/of coalescence between positron ~ . =-

. D . -~ . ! .
and electton have been calcu%ated;"lt has been . found that

2

-

!

4 v _ 1 .
they are quite close to the dxact value -0.5. -
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-




. #ion for e+-He'witﬁ nore elgborate hél um wdve ‘function ié

. -
» .
. .. .
¢ ! AR R
. -

P

T dlfferent probébllltles P of flndlng the residual
He 18& in state n following an annlhllatlon also have been !
caléulated. It has been found that more than 98% p% the He'
ions aré in the 1S state. The radlatlve de- exc:tatlo; ‘of

LY

2P—lS‘%fansitioh, including the cascade protess from higher
s &tates to the 2P‘state; is-found to- be.less than 0.48%.
Moreover, Pg is found to be nearly independént of ﬁhé efergy )

of the incoming positron for energies con§idered in this work.
‘v . » . . v

Besides the method of models calculation, different

~

variants gfl?eterKOp and Rabik (1971) also have been tried, ' . ,
PR . . ‘ J
The lack of bound’principle;is clear for yvariant I and III

where violently varying results have been‘observed. . However,
: * . .

the reasonable conveérgence behavior for: energies near thres-

¢

hold for model HF1l in a variant I calcuigtion suggest that

. - -

én_open channel calgulation-where variant I is the’ natural

4

choice, may be meéningful'to pursdé. Even though the bound
4/ * .

principle does not apply, the convergence behavior of variants

II and IV. are"quite good and these give relativeiy lower . i

, )
phase shifts compared with the cOrrespondingxmgthod of models

. ; ! , s . S )
calculation. The goed convergence beh€v1o: of variant IV may -

sﬁgge’st ‘an e -He caléulation where the method’ of,. model no, .

'loﬂger applies, is worth a try. A variant IV type cglcula-

-also worthwhile to try. Since the cor eiation terms need.

~




a%

not have the product forp of ¥ oX (equatlon 2 29) in a varlant

v calculatlon, it requires less computatlon o evaluate the -

-~

“matrix eTementa;Hij, LY etc., compared with the method of

. models when an elaborate helium wave function is employed.

Essed&;ally, arl E?é‘%our variants and the method of models

. =
hd -

_should lead to the same result as the target wave function

.approaches exactness. . S o (~

"IA examining the eigenvalues of the trpe Hamiltonian,

-

4

one. eigenvalue seems to be staﬁlé. This correspondé to a .

possible e’ -He resonance at 20.375 eV, just below the f%rst

. singlet” excitation of He atom.of 20.6 eVv. of course, this
- \ o ¢

indicated resonance needs_to be confirmed. Qhe‘preseht cal-
: Lo 8 .
culation hopefully will provide some reference for future

investigation both efperimentally and theoretically.

a . -

P 1

s




REFERENCES

Anderson, C.D., 1933, Phys. Rev. 43, 491-4.

Aulenkamp, H., Heissv P., and Wichmann,'ﬁ.,.l974, g.'Phys.
2685 213-5. E ~

Bethe, H.A., and Silpeteg, E.E., 1957, H. der Physik 35,

.- (Berlin, Sprinaer-Yerlag). -
" Bhatia, A.K¢, %2}22? Phyé. Reﬁ. A9, 9-11.

-

Bhatia, A.K., 1974b, Phys. Rev. A 10, 729-30.

Bhatla, A K., Drachman, A.J., and Temkin, A., 1974 Phys.
Rev. A 9, 233 5.

Bhatia, A.K., Temkin, A., Drachnan, R.J., and Eiserike, H.,
-¥971, Phys. Rev. A 3, .1328-35. -

Blau, .R., Rosenberg, L., and Spruch, L., 1974, Phys. Rev.
A 10, 2246-56. | -

Bransdeh, B.H., 1969, Case Studies in Atomic Collission
Phygics I, Chapter 4, ed. hy E.W. McDaniel and M.R.C. McDowell,

(North~Holland), pn. 168-248. - - ]

Bransden, B.H., and Iutt, P.K., 1975, J. Phys, B: Atom. Molec. °
- Phys. 8, 603-11. o

Bransden, ‘B.H., Hﬁtt, P.K., and Winters,’K.H., 1974,'J. Phys.
B: Atom. Molec. Phys., 7, L129-31. : .

-

/

Bransiﬁn, B.H., and McDowell, M.R.C.. 19¢9, J. Phys. B:

Ktom.

*Burke, P.G., and Tavlor, A.J., 1966, Proc. Phys. €6c. 88,
549-62. . 3 : : - -

Canter, K.F., Coleman, R.G.,Griffith,’ T.C., and. Heyland G.R.,
1972,  J. Phys. B: Atom. Molec. Phys. 5, L167 9. .

-

olec. Phys. 2, 1187-201. o,

/

Canter, K.F., Coleman, P.:., criffith, T.C., and Heyland,'G:R.,
1973, J. Phys. B: Atom. Molecu Pkys 6, L201-3. o
Chan, Y.F., L972 Ph.D. Th951g, Unlver51tv (o} Western Ontario.

.




At ]

Chan, Y:F., and Frases, P.A., 1973,4J. Phys. B: Atpm. Molec.™
Phys. 6, 2504-15. . :

-

Chong, D. P., and Schrader, D.M.} 1969 Mol. Phys. 16/ 137 44,

. Cody, W.J., Lawson, J., Massey, H.S.W. and Smith, X., 1964,

Proc. R. Soc. A 278, 479-89.

Pop'
[

‘*Colemah, P.G., Griffith, T, c.j Heyland, G.F., and Killeen, T.L.,

1974. To be publlshed in Atomic Phy51cs 4. (Plenum Press).

Cosfello,hD.G!, -Groce, D.E., Herring, D.F., and McGowan, q.w.,
1972, Can. J. Phys. 50, 23-33.

Dirac, P.A.M., 1928, Proc. Roy. Soc. All7, 610-24.

Drachman,-R.J., 1966a, Phys. Rev. 144, 25-8.
»

Drachman, R.J., 1966b, Phys. Rev. 150,.10-4. .

Drachman, R.J., 1968, Phys. Rev. 173, 190-202." !

Drachman, R.J., 1969, Phys. Rev. 179, 237-9. . ] .-

Drachman, R.J.,“lh?la Phys.'Lett §7A, 187-8.
L
Drachman, R.J., 1972a, The Physics of lectronlc "and Atomic
Collisions, VII ICPEAC 1971, (Nortthollqnd), PP. 277 94. ..
AT

Drachman, RuJ.‘ 1972b, J. Phys. B: Atom. Molec. Phys S,AL30 -2.

Ny

Drachman, R.J., 1975, To be published. ,
S “a

Drachman, R.J., and Houston, S.K., 1975 Phys. Rev. A (In Press)

Drachman, R-. J., and Temkin, A., 1972, Caser Studies in Atomic
Collision Physics II, Chapter &, &d. by E.W. McDaniel and »
M.R.C. McDhowell, (North Holland), pp. 399-481.

Dutton, J., Harris, F.M., and Jones, R.A.,-1975, J. Ph§s. B:
Atom. Molec. Phys. 8, L65-9. . -

Eliezer, I., and Pan, P.K., 1970, Theor. Chim. Acta. 16,
63-74. . : : . :

*More discussions of positron~helsum results'bQ these authors
are also published in J. Phys. B: Atom. Moleé Phys. 1975,
8, 1734-43, _ . '

/

'




. A\

- 1 P ’ o ‘ . .
. \/\iu\‘ A. _: : .
Fels, M'_F- ’ % HaZi, A.U' ‘;.]_;'972' Phys. ReV. A _5-' 1236-493
[} ' /‘ Vi‘i . '
éraser, P.A., 1961, Proc. Phys. Soc. 79ﬁ 721-31.
Fraser,- P.A.; 1968 Advances in Atomic and Molecular Phy51cs,
© Vol. 4 (New York: Academlc Press), pp. 63-107, ‘

.Gailitis, M., 1965, Sov. Rhys.—JETP 20, 107-11.

‘Gertler, F.H., Snodgrass, H.B., and Spruch, L., 1968, Phys.’
Rev. 172, 110-8. ) v ’

~

¥ A

..Green, L.G., Mulder, M.M., Lewis, M.N., and Woll, J.W:, 1954,
2515

Hahn, Y., 1974, Phys. Reva A 10, -15.

Hahn, Y., an,'§pruch; L., 1974, Phys. Rev. A 9, 22§~40.

Harris, F.E., 41967, Phys. Rev. Lett. 19, 173~5.
Hazi, A.U., and Taylor, H.S., 1970, Phys. Rev. A 1, 1109-20.

‘ Ho} Y.K., and Fraser, P.A., 1975, J. PhysiﬁB: Atom. Molec.
‘Phys. 8, L230-5." *.- P

Ho, Y.K.,.Praser, P.A., and Kraidy, M., 1975, J. Phys. B:
. Atom. “Molec. Phys. 8, 1289-301. ¢ :

L4

Ho, Y.K., and Page, B.A.P., 1975, J. Comp. Phys. 17, 122-31.
Houston, S.K., 1973, J. Phys. B: Atdm. Molec. Phys. 5, 136-45.

Houston, S.K., and Drachman, R.J.~, 1971, Phys.- Rev. A ;ﬁ
1335-42. o :

'Humberston,-J.W., 1973, J. Phys<” B: Atom. Molec. Phys. 5,
L305—80 ’;",' - R S - o ! e -

Humberston, J.W., 1974, J. Phys. B: Atom. Molec. Phys. 7,"
- L286-9. ‘- . ,

Jaduszliwer, B., Keever, Wm. C. and Paul, Q.A.L.; 1972,
Can. Jc Phys.s_(_)__, 1414—8 -‘ . . ‘ . . .

3adus%iiwert B., Nakashima, A. and Paul, D,A.L., 1975, Can.
J. Phys., 53, 962-7. , ‘ ‘

o




L]

e

Jaduséliwér, B., and Paui; D.A.L., 1973, Can. J. Phys. 51,
&1565—73 f . ’

/ o ' - ‘ .=

Jaduszllwer, B., and Paul D. A L.,’l974 Can,“J,‘Phys.,Eg,:

1047+ 9 zv S ) o . .
. ‘: . '4 . 4 i - v . X . . o . "o , » - .
Kato, T., 1955, Gommun. Pure Appl. Math. 10, 151-77.". S A

Kestner, N.R., Jortner, J., Cohén® M.H. and Rice, S.A., 1965, e
Phys. Rev. 140, A56-66. ‘ ' C “ )
Kraidy, M., 1967, Ph.D. Thesis, University of Wésﬁern‘bhrario.,\
Kraidy, M., and Fraser, P AL, 19¢7, The Phy51cs of Electronlc ’
and Atomic COlllSlonS,IV ICPEAC 1967 Lenlngrad, U.S.S. R., ST,

Pp. 11013. N
,*/'—"—‘—*—“\ . . .

Lebeda,,C.Fl,'and/ééhrgagrjznzw., 1969, Phys. Rev D78, 24-34.

*Lee, T.D., and Christian, R., 1954, Phys. Rev. 94 1760- J.

- - ’ v . .
Leung, C.Y¥., and Paul, D.A.L., 1969, J. Phys. B: Atom, Molec.’
b ’ ‘

-"Phys.”2, 491-8.«

Lee, G.F., Orth, P.H.R:, and Jones, G., 1969; ys»/Lett; .
287, 674-5. . - ' - ' T i

o

7 4 . I
S . " N - ~

Phys. 2, 1278-92.

-

Méssey, H.S.W., 1971, Atomic Ph¢sics, 2, 307-43 (Plenum'Press).
- : : A . o .

Massey, H.S.W., and Moussa, A.H.A., 1958, Proc. Phys. So

71, 38-44. - : . ,

McGowan, J.W., 1972, The Physics of Electronifg and Afomic

Collision®¥) VII ICPEAC, 1971, (North-Holland)) pp. 795-314. »

Mittleman, M.H., 1966, Phys. ‘Rev. 152, 76-8.-

O'Malley, T.F., Spruqh, L., and Rosenberg, L., 19GI,AJ.'Math.

L
»

Pekeris, C.L., 1959, PHys. Rev. 115 1216-21.

perkins, J.F., 1968, J. Chem. Phys. 48, 1985-8.
Peterkop, R., and Rablk L., ‘1971, J. Phys. B Atom Molec.
Phys. 4, 1440-9. :

'-»'

Reinsch, C., and Wilklnson,.J ‘H.y 1971 HandBook for Automatlc
Computation, Vol. 2, (Springer-Verlag, Berlin).  ~
. '

-



»

Roeliig, L.O",‘and Ké;ly, T.M., 1§%7, Privdte communication
gquoted by - P.A. Fraser (1968). . ; : - : ’
. S U .

Schwartz, C., 196la, Phys. Rev., 123, 1700-5.

T y S X S ,
Schwartz{‘Cu,‘1961b, Phys. Rev., 124, 1468-71.

$hull, H., and &&wdin, P., 1956, J. Chem. Phys. 25, 1035-40.

A

Tag S.J., and Keily, T.MY, 1969,'Phys. Rev. 185, 135-40.
Taylor, H.S., 1970 -Advan. Chem. Phys. 18, 91-147-.

»™ . - )
Taylor, H.S.,: and ‘Thomag, L.D., 1972, Phys. Rev. Lett. 28,
*1091-2. - P . .

, . : » ) :
Thomas, M.A,., and Humtberston, J.W., 1972, J. Phys. B: Atom,
Mélec. Phys 5, L229-32. : , :

Wardlgﬁ ‘C.E., 1973 J. Phys. B: Atom. Molec. Phys 6,
2310 4. VR - :

?




b . ot .
PREVIOUSLY COPYRIGHTED MATERIAL, NOT MICROFILMED.,

"Evaluation of Some Integrals Required in Ebw-qurgf’
Electron ornPositron-Atom Scattering", by Y.Kkhﬂp and
~ B.A.P. Page. Reprinted from Journal of Computational

‘ Physics,*Vel. 17, No. 2, February 1975.

L% w




\ | ‘ . K
> ' * ’ g
r:‘ K} B S Tt .
_ﬁl ,' ’ | o | o A ‘ | ‘ ' @ |
PREVIOUSLY COPYRIGHTED\!ATERIAL NOT MICROFILMED. B , 'r .
] = \<,_)) v . 7
i . “ / »
R i "The 1mportance of being correctly. po]amzalﬂe by ‘

— T ' Y K. Ho and P.A. Fraser. Reprinted from J. Phys B: . /o ‘
: S Atom Mojec. Pnys., Vol:8, No n, 1975. - yooe

. .
3 ’ . -




-

- ’ PREVIOUSLY COPYRIGHTED MATERIAL, NOT MICROFILMED.

"The S-wave elastic sc‘atteri"ng of positrons by

helium in the coupled static approximation", by >
Y K. Ho, P.A. Fraser and M. Kraidy. ,Réprinﬁed

from J. Phys. B: Atom. Molec. Phys., Vol. 8, No. 8, .
1975. ‘




	Western University
	Scholarship@Western
	1975

	Elastic Collisions Of Positrons With Helium
	Yew Kam Ho
	Recommended Citation


	tmp.1410227953.pdf.qF7ak

