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(ABSTRAGT |

Integral Hausdorff methods of summability“wefe

1nvest1gatéd by W.° W Rog051nsk1 in papers publlshed in

1942.w Some of hlS results are examlned and extended.
-_Integral Abel-type summablllty‘}s defined and a scale of

'inclueions obtained. "The* eha?iou;vof tﬁewprodﬁct of
;integral Hausdorff- and Abel~type methods is studied and

it is,showe that the product is cqmmutative;’ Some integral

1oga}i(hmic methods of»summability are defiﬁed and are

related to the integral Abel-type scale previously

obtdined. Finally, strong summability for integral methods
N + . ' Iad . :

s studied, with particular emphasis on strong integral

' S
Abel-type summability. O
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CHAPTER 1 ‘. -
_ INTRODUCTION * - . -

L 4
+

Integral Hausdorff methods of summability were

investigated by W. W. Rogosinski in papers published in’

1942. We examine and extend some of his results. "“Ipntegral

Abel-type summability is defined and a scale of inclusions
~obtained. The behav1our of the product of integral .
Hausdorff and Abel type methods is studled and it is

shown that the product is commutatives Some 1ntegral

logarlthmlc methods are deflnéd and we relate them to the -
integral Abel-type scale'pteviously obtained. Finally,

strong summablllty for lntegral methods ~is. studied, w1th
2

partlcular emphasis on strong 1ntegral ibel type summa-

bility. ) f‘

1.1 CONVENFIONS AND NOTATION. ) _ .

.

Thegrems appearing with letters (fer example,

~

Theorem D) are results due to other authors and are not

fproved_in this thesis. Theorems which we prove are

‘numbered within each.ch er and section. For example,.

Theorem 4.2.3 is the third theorem of the second section -

L] . . T

- of Chapter 4. Lemmata are numbered‘in a similar manner. .

- . *
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The symbo¥s diaﬁa 1 are used 40 denote arbitrary
i i

real numbers. We emphasizé(ﬁhat o and Tt are finite.

Throughout. the thesis, the symbol f denotes a

real~valued function with domain [0,«). We require that -

v ; - . . ~ \
such- an £ be bounded on any finite interval of the form\”
. “ -
[0,x]. Occasionally g is used to denote another such

. function. ) -

. - \ ¢ ~

1.2 INTEGRAL METHODS OF SUMMABILITY,
i .
Much of traditional summability has been concerned

wkth methods applled to infinite series or sequences

(see; for example, [13]). In this thesis we are concerned
*
with a general class of summability methods applied to
: 3 -
functions. An integral method of summabiiity 1! is of .

the following form (see, for example, (13, Ch. III]). Let

. 'I"(y)‘ 7 ¢

]
~~~
<

N

|

~f f(x)dg (x,y)
Q . ‘
. . ' , A
. S where ! is some subset of [0,»). and df(x,y) indicates
some . type of integratioﬁ with respect to some function
of x and y. The integral may ba;a Cauchy-Lebesgue integral
or a Lebesgue-Stieltjes integral, depending on the nature

of £ and £, If T(¥)cxists (in some sense) .for akl y > 0
- : 0 . r,b "t
’ - ] WA .
' lThroughout this thesis, a method denoted in the

form T is always an integré{ method. A method denoted in

,

b )
the form T is a method applied to series or seqguenceg.




.. of T(y) aé.y + ®, QOccaslonally\ we shall write T(%) to

’. . , !
.- L

“u P * 3
and-if T(y) » ¢ as*y » «, then we say that f is

@ .

"

T-summable to ¢ and we write, .

Cf(x) » 0 (T).

» «d

For convenience of notation, T(y) is sometimes written

in the form (see, for ekample’ [13, Ch. III])
\ B

~ v T(y) = [ cly,x) f(x)dx.
" 0 2

‘ : '
Here c(y,x) is known as the kernel of the transformation.
When considering a method applied to a sequences {s_!}

?

we are always interested in the behaviour of the transform

as n'+ =, To avoid possible qmbigufty with an integral.
method, the symbol y is reserved for a parameter(tending

» o

. )Y
to infinity; that is, we are concerned with the behaviour - -

N - N &
indicate that we are using the parameter t - 0¥,

For two integral methods T: and T,, the symbol °

1 2
T 2T _ ,
indicates that whenever f(x) - o’(TZ) we also havgn

f(x) » o (Ty). The symbol, al .
. : ¢ A ~Z
T, 27,

-

~ o~ N & .
indicates that T; 2 T, and that there is at least one

_ function which is T,-summable but not T,-summable. We

write ’
- | 9Ty =T, o .

when we have for every £ T, (y) = T, (y) for all y > 0.
. ’ f o
The symbol

s
bt
e




- . @

—_ -

- « -
-

. indicates that f(x) + 0 (T ) if and ggly if f(x) > a (T ),'
but doés not 1mply any IElaulonShlp between T (y) and T, (y)

’ L4
We use s1m11ar notatlon to describe' sequence and series

.
2

methods. . v .
Coa . LI vt . ’ °

All pmoducts of 1ntegra1 methods in’this thesis are

‘Q o 1. . r

. are iteration products. For example, if .
Lo LY "
. f o - Tl(y)‘F ; f@ £lt)dat
o : ;.
. and : ' Tz(y) = J e_u/yf(u)du, ‘ : .
. o . : . ‘ 9. o - o 'm Q . a . .
then the method T = T1T2 has transform \
r - - . &“,,ﬁ» . <' ‘! T(y) =iTlT2(y) , . . -
< . " " ' - ! é» « .
. 1 fy T, (t)dt
S S AP

) ‘.1 ' ° - ’ -
y s ¥ (= | -
At | ' J J | u/tf(u)du at..
. 0 Jo :

L o . .

- " we brlefly mentlon ofle problem assoc1ated with

-1
y

' 1ntegral methods whlch is.not encountered w1th series’ or

'l‘g

sequenoe_mgfyods: the 1ack of a llmltatlon theorem for,

P O3 »

<o

. integrals. 1f a series } ‘a, converges, then a_ ~ 0 as. *
L’ ST T s ST B R

. 4 B 4 1 ”~
n > «, Similarly, if a seguence {sn} converges, then we
¢ ) ’ . . 8
know s tends.to some finite limit as n - ». However,
’ %

3
o LR

oo L
if f F (x)dx exists, even as a Lebesgue integral.we know’
S . - .

1

* ¢ -
. v . ) ' v - -
nothing about the magnitude of F(x) as x o o, o
. .' v ) °

’ . .
L R . 4 A ' . - v
k- R . ’ - . v -




’f’e'gul‘ar (see, for example, [13, p. 43]) if everyo convergent

3
[ ]
(8,

1.3.: REGULARITY .

.

A series (or seqknce) method T -is 'said .to be v /

o ¢

A

serles (or seqﬁence) is T—summable to its llmlt Necessary
%

c [3
and sutfy‘ca.ent condlt’lons for the reqularlty of s¥ych. methods N
4;,,';-_ " are well known (see, for example,.[33, Ch% III]) TR T
- i - . . * . ) A~ s ¥ T .
. . An‘int;groa]'.‘method T is regular (see, for example,
[13, p. 50]) .if every function cconverging to a ﬂinite/
llmlt at infinity is E—summab,le to that llmit. The\ follow-
. 0 ¢
1ng theorem states sufflc1ent condltlons for regularlty
of integral methods. : M f
’JTHEQREM A. [13, Th. 6] Let T be an inté{;ralmetigod wiﬁh
. trans form ‘ . ‘
. 6 . . = . -
’ ° - o .. . ° c
- - T(y) = ( cly,x}f(x)dx. - o
s o e _ “ro
co B} - If (i) ."for some cogﬁst Krr. "
0.\ ®, g . % 8
. o . : e s
. ,‘ . e f Lc(y'x) ldx < K. - ,
Q . = . 0 . ‘ . I
./-3, e’ n’
for all v > 0, S
. i —foruny—firite—tonstan bl 6 i
A IR . : :
.' f My, x)|dx + 0 as' y + =,
o = 70 : ' L
' o é . p00 k v -
- - « . . »
T T and (iii) e f cly,xJdx + lggy >==;,— ~ i
' o’ 0 = ‘,,_. B » .
' #hen £(x) » o (T) whemeger £(x) > o as x » =; that is,
_ i " y ‘ ' ' ) / ' afl

T. ie regular. - . , : g
‘ L. - ‘ i a . o , >4




o
' ’

, _ . s .
€orem. By prior assumption we have f bounded on

finitewinterval. Since we. suppose that f(x) » o as

)

f is thuelﬁounded on all‘of~[0,w).

Nécessary conditions fo; regularity are given by:

v . ' * ' . : A

+

.THEdREM B. [L%, P-. 6}{1‘Zet T be an integ}al method.with

\(\‘ %;‘")’ N Y °
trans form {{ - :

o~

Ty = f'o cly,xVf(x)dx. |

N

& N R

Suppoée f(x) » 0 (T) whenever f£(x) + o as X » =5 that Ls,/

~ . , -

0 I
—’T %6 IPUHVW . leen

-

(i) there extsts a constant K. such thgt

«

<

f ety x) jax < x° ‘
0 v . . .

-

fof y sﬁffioiehtly’large, «f ’ S5
(ii) Ifop any fznzte congtant 'Y > 0,
Y @, ‘ ’
[ C(er)dx >0 as y =,
0

o
and  (iii) { cly,x)dx > 1 gs y > o

¢

o S

‘.  Hardy's requiremeﬁ; of £ boupded is' again satisfied.

‘Hardy {13, b. 62] states.necessarxvand sufficieht

condltlons for regularlty of 1ntegral methods. For our

J
purposes, however, Iheorems~A and B are more convenient

than the most general theorem. T B

L

<l
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’ CHAPTER 2 A

e : »
INTEGRAL HAUSDORFF METHODS %/
» 7

.

2.1, INTRODUCTION. . | .
Following Rogos:.nskl (23], we def:.ne the’ zntegral

' Hausdorff method of summalnlv,ty as gollowsr Let ‘ N "

| X .€ BV [0,1]; that‘_ls_., let X be a function of bounded

va.riai:ion on the closed interval [0,1]. We extend x to
- - .“ 3 . M

< the entire real line by requiring

n.

- o x(t) =.x(0) for t ¢ (==,0)

and - x (t) X.{(1) for t-e (1l,»).

For y > 0, we define

~ ' . . : 1
: = - = = ’
H(y): HX(Y) | Hf;x}y) . Io f(yt)dx (t),

-

where the integral is the Lebesgue-Stieltjes 'integr‘all'

over the closed interval’ [0’,-}.] . If H(y) exists- for all

y > 0 and if H{y) >0 as y > », we say that f ig

~ . . CA

H-summable, or, Hx'-aummabZe, to o aﬁd we write
£f(x) >0 (H) or f(x) + 0 (Ij,x).
whlchever is convena.ent.
S » » 7‘.By' prior assumption, vwe have f bound'ed'i on all

!
+

e : ’ % : I,!

lFor a d19cuss:.on of ‘the Lebesgue-Stieltjes integral,

see Appendix 1. ‘ o : ¥




r A N ’ F
finite intervals of the form [0,x]. We now require that

f be Borel measurable (see Appendix l) These\conditions

? are suff1c1ent to guarantee the exlsFenCe of Hf (y) for
T anyxeBV[Ol]andanyy>0 ' ’
Rogosinski restrlcts his integral Hausdorff methods
to régular methods. We‘relax th;_aeflnltlon to include
. some non-regular methods. Regularify wi;l be inyesiigated
in_the next section.
o ' © The séquence-to—sequenée Hausdorff method is
defined as follows g[ls}'le']; see also {13, Ch. XI]).
;‘. For a sequence {a_}, we-define | o .
o 5 : T “Aqa; = a, i
" - ; Ala‘n = Aan = 3n ._' an-i-l'
- %o = a¥lay,  for k = 1,2,... . _
N . Given‘a éeqﬁence {dn}, we define ? tr%angu;ar
’ | matrix‘M = fan§]~Whére a , = (g]‘An—vdv. A.;equgn;e
~ 8 = {s }is said to be H-summéble to o if Ms'héé limit o.

, By'a well-known theorem (see, for example [13,

. ‘Th, 208]), the method H is regular if and only if {d } is
.a regular moment sequence; i.e., K

R

a =,f t7dé (t)

oo :

r . where ¢ ¢ BV [0,1], ¢ (1) - ¢(0) l and ¢(0 Yy = (0).
We use’ Hf to denote this method, when conven;ent.- o

v ' . N e
0 B - . . ..




», ©
L.
v v

. " For any function ¢ ¢ ?V {0,1] » we can define-

- L3

the methods H, and H,. We will refer to these as the
; .

related sequence—tb-sgquénce Hausdorff and integral

1

Hausdorff methods determined by ¢. e

b

~

—In this chapter, we will égamine propertiesy of

g

iQFegral Haﬁsdorff methods. We will find that the

\ )

often establish

Hausdorff methods. ' '

PRl

* -
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2.2. PROPERTIES OF INTEGRAL HAUSDORFF METHODS

We now investigate necessary and sufficient coqd;tion%;

for regularity of integral Hausdorff methods.

. & LEMMA 2.2.1. ILet X € BV[0,1]. The following are equivalent.

(1) (0*) =" (6); that 18, X ig contindgus at -zero.
X X\ X
.- . : .
.. .t = e - *
(ii) llm+ J dy (t) = 0. ’ |
e"}o 0 . [
o .. , e - - . » ?
(iii) 11m+ [ [dx(t)] = 0, '
. . c-+0 0 :

PROOF.. That (i) ‘and (ii) are equi&aléht:fqllows from the

definition of }f dy (t). ‘Since
B 0 . ’ *
e " re 4 *
_ fo dy (£) ] < f lax (e |,

A" R t
¥

(iii) implies (ii) It romalns_Lg_shnu_that_ill_;mpl;es_44i*+f————

Let v(x) denote the varlatlon of x on {0,x]. Since - v.
:X«e BV([0,1}, there exist monotone qon-decrea51ng functions

- p and q such that -

S x(x) - x(0) = p(x) - g(x)

amrd ; ) ] VI{X] = p(X} + g(x).
Hehce‘ 4 o 2p(x) = vix) + x(x) - x(0) . , - Lo
B . o R l, . .'. ’ -,n_ ’ . . .
and . Ceeo2g(x) = viX) - x(x) + x0)
. o ' ‘ _‘:,. ‘ i '. ’ ‘ i | | ) . \
. Since yx is continuous at zero if andxonly if v is continuous , A

_at zero (see, for exémple, [24,(31 61)., it follows that‘p -

and g are also contlnuous at zero. . Hence

Y . al . v
» L . Ce ' . : )
Y .



© - . : 11
‘i 4
“‘G € " fE . . ) '.o .
f |dx (e} | = I dp gy + f . dg(t) (p,g monotone -
0 C 0 . 0 non-decreasing)
=p(eh - ptoT) + q(eh) - q(o”) o
=v(eh) -v(07) T
- - - 0 as € + 0. . - '

This completes the proof of the lemma. |

_ THEOREM 272,1. The method HX 18 regular if and only if

° - | x0Ty = x(0)
and o x(1) - x(0) = 1.

2

‘PROOF. We use TheqremsiA and B. For y.-> 0, we have

. Cw
H(y) = H (y) f X(y) = [0 £ (yt)dy (t)

Y f" o 2
= J'o <(x) x(;) .
, Yy e 1 } -
| J Idx(-’i)l‘.=f lax (&) ],
o Y o :
the variation of ¥ on [0 1}, lS a constant ;Bdependent of

Y. Thusmthe_flrsﬁ,cnndlflnn of both fheOIBMS—L‘—S&#LS@&&éT——~———

€ ) By Lemma 2.2.1, the second conditions are equivalent
) “ "." . ' ' . .
- to ‘ | N P ‘
S - < ox0h = x. -7
," Since N > . ‘ ,
. . Y . (l § |
. , I ax (=) = [ ax (t) = x(1) - x(0),
"n. e 0. Y 0 e .
N i ¢ ‘ )
] ‘ 75 .



the thlrd condltlon of both theorems is satlsfled if and
L

only if

E

x(1) = x(0) =1

This completes the pfbof of the theorem. : o o

We remark that these conditions for regularity of

integralvHausdorff methods are identical to those_fof‘

I S [}

-

- sequence-to-sequence Hausdorff methods. \\\~
- If
. L NI : \
x(t) = z{x(t ) + x(t')} for t ¢ (0,1),

then_ yx is uniéuely determined up to an additive constant.

We will assume henceforth that ¥ satisfies thls condition . '
and that x(0) = 0. Hence an 1ntegral Hausdorff method g

w1ll cor;9spond to a unlque x. We w1ll refer to such a y

. as being normalized. . We theﬁ:have the follow1ng result,

9

. e -
- THEOREM¢2.2.2. The method Hx-is régular if and only if-

: v (0%) = x(0) =0
and . . x(1) = 1.
- ]

-

Hafdy [13, pP. 276] has préved thiS'result. He

. f""- -

requlres, hcwever, that f be. contlnuous on flnlte 1ntervals

.of the form {0 x]. -He evxdently restrlcts hlmself to the
1

->

Rlemann—stleltjes Lntegral. - ) - .

Let HX be an lntegral Hausdorff method We define

- a related methpd‘ﬁk as followg. For y >.0,,let

. - 1 . 4 L “
?(y) f‘ﬁf;x(y) = Jb f(yt)ldx(t)i.




% ___1_+)_

-
o .y

w

1f H(y) +0-as y > , <. we say that £ s.pH ummabl‘e or

Ste :‘J-
. b

H- ocr and we write- . e .
X summab % t¢ ’ s

. g T f(x) > o (H) or f(:ﬁ ~ ('1\1‘ ); 'c‘

as is convenient. We observe that 'ﬁx is 1tse1f an integral

Héus"dorff method Hm' where .- . S

"4

Y Y

> Y 3 - i A 0 P
. - . / . . . -
. . ¢ . ) - -

t
o () = L |y (i,
0 . ..\

. L
f:he_- variation of y on [0,t],is a function of bounded variation.
: . - [ .- A% ‘. 3 o '

Even if HX Jds regu‘lar, HX need not be regular: The following
‘ 8

theorem shows that for certain y, rﬁx dogs preserve conver-

. . . , '“

. gem:e ‘to zero. o . e

THéO}tEM 2.2.3. Let ﬁx bé an integral Hﬁusdorf‘f method

with x(0%) = x(0). If £(x) » 0.as x »®&, then £(x) + 0 @) -
. , i

L

1 -y
. v [ laxe | g
the total variation. Given ¢ > 0,. there is a constant K

such that = - .

"for x> K. - For v > K, we have

1 , 4
ﬁf-x(y) =I f(yt) |dy(t)] . /

K/y 1
- [" f(yt)ldx(t)[ + f Fue) |axe) |

‘ - E(K)Ax(K/y),

#

where - ’Ax(x) - x(x ) - x(x ).

s




°¢. "- :&:-\:_ "'D J . r.
e o - 14
““r'!' 2 |
: "51 . . . ]
Now, - lf(K)ile(K/y){< gv*. vV = <
i "t 7 ! - xl_(_ _ . . ..
Since for t/e [K/y,1] we have yt 2 7 = X it follows that,
| 'y, l, | R . .\'\q.‘
1[ £ (yt) [dx ()]} < 3% .V = % . ~—
K(y |
- | A i —
L
fyt) |dx(E) |} = f . JElyt) | |ax(t) |
o . . 0 .
l | K/y . . ) i
< max | £(x) ] I lax (£) | )
. Xe [OJK] 0 . * ‘
T < % for y sufficient;y';arge_' ,7 J &3““
- 2

‘Hence H; (y) .~ 0. as y » »; that is, £(x)"> 0 ().
f;X‘k \ L. : )(,'

COROLLARY. Let H be a peguiar integral Hausdorff method. i
~ N X - . S e

< . . i
If £(x) » 0 as X » w, then £(x) + 0 (ﬁxy.',~ g

5.

PROOF. By Lemma 2.2.1, the redﬁlarity.of ﬁi implies

*(0+) =‘X(05; and'wg can aﬁblyfthe!ﬁheoréhi,_f.‘

-t — - «

We now -examiné the behaviour of the broauct of .two. “

- -

Y ' L 2 e

integral Hausdorff methods. — R L
’ . I A A = .
' .THEOREM 2.2.4. Let~ﬁ%,'H¢ be integral Bausdorff methods.
Then: or >0, " HH (y) = HH (y). .
f ‘ y 0’ 4 . X w y w X y ‘.‘_ ] 3 .
"‘ A‘. ‘I‘ . ° ’ ’ / ' . o . u . I
PROOF. TWe have e e “ °
4 v " . .
) >
SR ¢
“ : . ; . . v
] ' ‘ ‘ il . : ) v "
v g
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) S |
H w(y) - [0 H, (y%) dX (x)
] - .
= [ f (yxt)dy (t)dy (x) ,
‘ el o
R T i " . : —
D= [ £ (yxt)dy (x)dy ((__'t) ‘ , \
.‘ .30 0‘ i:, .

. . 1 . ] |

= HX(Yt)dw(t)‘ R

¢o> . v :1"

H .
. ‘Hw X(y)

Since the integrals are absolutely convergent, the ihter-

-

change of integrals is wvalid. This completes the'ﬁr of of

the theoreﬁ; \

+ As an immediate gorollary, we have:

1
t
v

THEOREM 2.2.5.

for any integral Hausdorff methods Hx and Hw;
e T
‘ XN voX
e emphasi H
A ' ¢ v
th ‘ 7Y : 3 i ;

RogOSLnskl [23] has proved the f6110w1ng resul S.

Although he defines hls 1ntegral Hausdorff methods sg as to

L »
be regular, examination of the proofs shows this to be

. ’

unnecessary (see also Appendix 2)".

THEOREM C) and H

(i)

" be‘intégyéz Hauedorff methode.

Integral Hausdorff methods commute, with

Let ﬁ
X

r

. . . A A A A
: : HH = HH

- . xooox ¥

: - \ . . Co. .
Integral' Hausdorff methods commute; that is,




- ’ l . - - . T ’ LN

(ii) _ The product of two zn$egral Hausdorff methods

f> - is ttself an zntegral Hausdorff method N
" (iii) IfH, = HH then_H~-u=HeH. AP A
( ’ofqo\ i RO B B . :
- Wé note that. (i) is - ahe alternate to Theorem ’
'2.2ﬂ47 buc Tts pluor ;nvu;ves—proving4the—strenger—resu%t——~—~——~»
. (ii). That the produc;spf two sequencxrto-sequénce I*Iausdor'."ff’,c:’i

methods is %gain a sequence—to—squeﬁéé'3ausdorff method is .-
~ famlllar (see, for example, [13"Ch 'ij) —_—

o THE flnal tHE&cTen of thlS section is agaln‘due to

Rogoslnskl and deals W1th the relatlve strengths of Hausddrff

methods. First, WE’needfa définitioﬁ?”“?br K= 12,3, 00,
. the moment of order k of the Hausdorff methods H . and HX.

is defined to be (see, for example,“[13,.Chﬁ X¥])

- W g j dx(t) S |

' 'THEOREM D. [22,23] Let H, and H be'sequence-to-sequenee

1 2
. . ‘ \ » E )
Haugdorff ﬁFthods. If Hl E‘HZ and-'at most' a finite number

e of the moments of H, vanish, thén there exigte a unique oo
regular Béquence-ta_ggqugﬁcé adugdazﬁﬁ method K. éuch that
. " , ' . . . '“u ~‘

Hz = H3H1-" ' - {: e )

-Further, - N W-Hé = H3H1'. - .
a ” . » ”~ v‘ ~ ’5 N

Hence, B ‘ H, ¢ HZ' .

’ :l“ l
- ~ Again, regularity is not necessary for the proof

R0g031nsk1 [23] BhOWS that the converse to ‘the f;nal

result of Theqrem D is not true. A,countérexample is
R . .o ‘L‘ .
-7

-
s
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“ provided by the Euler method. For o 2 1, leb '
’ . -0 *
K : ¥ 0 for 0 < t < % ’
' A Xa.(t) = \. ! l ’ - °
' “11 for = <t =1 .
£y ' : a
. Now the integral Euler method (E,o) is given by *
R o 1 o L
| T E = | Eana () ‘
’ o | o, = f(%), for vy > 0.
N e ~ . %
_ Hence for o z 1, the methods (E,a) are identical and are -
merely convergence in that there are no functions which
‘ do not conVerge whlch are (E o) -summable for any\m 2- 1.
For a > 1, the sequence to-sequen;‘kﬁuler methods (E a) are
. not equlvalent to conVergence ‘and -for a' > o satxsfy _
' (E,a) ¢ (E,a') L ,
' L ¢ ‘ ° N
) (see, for example, [13, pp. 179-180]). Since, gior i -
. k = l,2)‘73,;-- -
1 ‘ TN ¢ )
Cowy = f Hay_#) = o7F, - ) -
0 {
o - 5
7 - which never vaniéhes, the moment condltlon of Theo;em D
_-__;_;_‘b—~——is-satiséied;——mhus—we—have, fer‘N'lum > 1 e = .
. ‘ ] 6 - : - PN N < ) i
. ',(Elu')ﬁs_ (E:a)rv 4 s . *
but (E,a') Z (E,a), even though the moments of ‘(E,a') never ;
vanish. - \
. \ te " . "U o

2.3 INTEGRAL CESARO~TYPE METHODS.

Througﬁoﬁt'this section,isuppose that o > 0, 8 > -1,

L)

y > o',Iand‘a > -1. - | .

we




o

LT . P . .
he Integral Cesaro-type method 1§\geflned as .

For y > 0, let

follows (see, for.exaﬁple, [’3]).
G - #
CG'BKYZQ fcf;a,s(y) :
T (atgrl) | [ a1 8¢ oy :
.~='r(a)r(8+13 [0 (1-t) t"f (yt)dt.
) N o
1f C, B(y) é&lsts fcr~ail y > 0 and if C (y) >0 as-y *®,

then we say tHat f 'is (C,a B)- summable to ¢ and we wr%te

¢

N

o

| f(;)‘% 5 (Cra,B).

[

We alsoadefine‘the integral besaro method (C,a) to be

(C,0,0), with

. : C;(y‘l=‘c
<a .

¢ |
)

1

= (1-t)* " Le(yer at,

0

m

3

,

We could require ghat

@

(see, fbr exigple, [13,.p. 110; 231).
f be only Lebesgue measurable (see, for example [20])

(Tagia 51mple change of varlable, we obtaln

Cc

T2

~

+

P(q+8+l)
I ()T (B+1) ¥R,

v -
f (y-t) %~ 1t3%xt)dt.

¢ a.B8
‘ A

- Borweln [ 7 3. has deflned the sequence to-seguence

Cesaro-type method (C.p.B) for B > —l, p+B > -1, as follows.

.1

Given a s$quence {sn}, let ' .

— 3 =

1

-

p.B
n

. i Py
- . .

= n+p+8
[ an ] v

e~

(e

.

°

4

4

v+8]s .
v v

% -

I;N}§4§~+ o as n,:fm' we' say that {s } is (C,p,s) summable

-0 a,

N "

and we write

S
n Q'/

(CnD:B).

2

*




The case B8.= 0 grves the famlllar (C,p) mqthod (see, for - .

~ example, [13 ‘Ch. V]). The regularlty'of (Cip s B) and {C, p)

e

re familiar. [ _ N R
Letting ¢ - : < ) “
RS ) =’ ria+gsr)  (© 1_x.)os-§1x-sdx T
. T (ED é JEA
'we see that (C a,8) is an ;ntegral Hausdonff method H¢
S:ane q>(0 ) = ¢(0) = 0 (by deflnltron) ;and ¢>(l) £ 1, by -
Theorem 2.2.2, (C o, B) 1§ a regular 1ntpgral Hausdorff
method. R ‘,~£‘ | s
We now show‘tH“f‘fﬁe*behavrcur*uf—tntegrai<€esére-\4-
type methods'parallels that of se uence-to—ééqhenﬁe J '
,Ceséro-type methods. fBorweln L7172 roved - "~
v . . uf.;‘ s ".}i!\
THEOREM E. . (C,a,B) v (C,a). ' S .
) % . T o . ’ P - : ) . .
: ¢U51ng thls, we show o = »
'4\- “P : C dn' ) ,.
THEOREM 2, 3. 1. {Cra,B) N (Cho)..”
| T A . o o
PROOF. The reéuﬂt follows 1mmedlateLy from Theorems E- and .
‘D, prov1ded at fost a flnlte number of the moments of (C a) :
and (C,a B) vanlsh. We,show, in fact, that none of these. o
. ) £ o o . ) /
. momentg vanish. For k = 1,2,3,..". the.moment of order k of )
"'(C.lalrd)c is ' o ’ + s . R ‘ o "
| o Dlarben (1 (1-6“"‘1?:“*5&{ ‘ i
o Yk T TTEFD j, T | A
® - : - .
_ Iatsslyrts )I‘(k}_é+l) ' 2
: ® RS T(a)r(6+1)r o+ -°
-4 ; '

7 0. s | L




Qi Q.A . - @

Kl

-Lefbing § = @ and 8, we see that (C,a) and (C,a,B) have no

~—
.

moments which vanish. This complet%j/yhe proof of the~
‘ / . % o
W ’ !

ﬁheorgm.'

<

Q

- The following theorem is again the integral analogue

- .of a seéquence-to-sequence theorem by Borwein T~7]. He +has -

-

'proved, f%F B, > -1 and p+B > -1 N v
’ (C,p,B) (CiB) = (C,p+B) ..

- THBOREM 2.3.2. - (C,a,v) (C,¥) = (C,a+y) . «
dence S (€ (Cy) v (Chaty). ,
PROOF . ‘Wé_ﬁav% I

+1 ¥, AL
Cy 4Gy (y) = —=Llatyrl) I (y-t) %" heY X f (t-x) Y"1 £ (x) dxat
Y F(a)r(y+1)y 0 eV le -, .
. Lo laty) T (aty) ¥ (YL ..o el
= e £ (x) y t) (t-x’)é‘» dtdx,
F(a)YT(Y)Y 4, x

the” absolute convergence of the"1ntegra1% ai‘bw1ng us to-

change the order of 1ategratlon. Now

-

4 - - fY-X Yo em
‘ I (0 ® l(t—x)Y ¥dt ='{ [y=x)-u}® T g 1
X . . v . ‘LO’ g ) ' : -
CL _ 1 T 1
5 . =.J [ (y-x) - (y-x)t] -[(y-t)!:]-Y; (y-x)dt
. 0. . - | '
- aty-1 {1 a1, Y=, ) '
(y x) f -(l t) ' Tae L,
- 0 .‘ ‘ ‘ .v
' '.—.?'(y—x)“” (a)r(Ig | .
~ - : \1"_(a+Y) —— 5
— :"(: ) - y
L - 2ty * )
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Hence ' ‘ R - . i
- 4 . .
) . c .Ccly) =—2X [y”(y—x;“”"lf(x)dx
~ ay v ¥ oty Jg T.°
' Y
/
= Ca+Y (y)o ‘ «
Thus (C,o.Y) (Cry) = (Craty). » Y
By Theérem 2.3.1, we also have R
L L (ga)e,y)y v (Crady). :
\ B to ‘ . ’ . s y .
, ""An immediate corollary of Theorems 2.3.1 and 2.3.2, is '
- * ', i ) .,

L.
]

THEOREM 2.3.3.. For.a > y > O and 8,8 > -1,

, ~ A "j"‘ = . (
. (CIYIS)_C_ (C,o,B) . . ‘

Theorem D could also be used to prove this result. . The

similar théorem for sequence-to-sequence Cesaro methods. is

also true (see, for example, [7 ;13, Th. 431).

- .Y
g £
’ v o -
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CHAPTER 3

S INTEGRAL ABEL-TYPE- METHODS

3.1. INTRODUCTION. ' _ ‘ '

-

Throughout this chapter, we suppose that A > -1. -~

We define'the integral Abel-type method of order X

as follows (see Jakimovski [34}1).

For y > 0, let
(y) '

oo

P
<
"

A
X

T > ~-X_A
T\?TixiT.fo-e & f(%y)dx.
©If Ax(f) gxisgg'@s a Gauchy—LeBesgue“inféérall qnd'if
:, A (y) > 0 as'y + o, theniwé/say that £ is gAféumTaEZe to o
“and we write ‘ . L

£(x) » o (B,) .
The method A, is the Laplace transform (see, for

exémple, [10,31]). Shawyer and Yang [27]'utilize.the'A

A
, transform but do not explieitlf define the method. 6
. . + The sequence-to<function Abel-typi{method A 'was \ ?
- : A " .: . ' A d . '
©L e defined by Jakimovski (34]. For a sequenkte {s_}, if
LI X [SH ’ ! i . PR - , o
[ ' o +1 T . o }\
. @a-xP Y (nn“)snxf?
. y n=0 S . )
3 ¥
. l oo ? - R T . R g = F ) '...,
By this we mean J« = lim J , Wwhere J is a Lebesgue
+ . ‘ ' 0

0 RwJp ,

integral. ,

. ‘ ‘ Y
s . - .




is convergent for all x e (0,1) and tends to ¢ as x -+ 1™

in (0,1), then we say that the sequence is Aﬁ—summable to
o and we 'wxjite
, s, >0 (Au)'

It is clear that AA is‘hot an integral Hauédorff
! ’ . method and'thaEAp i not a sequence-to-sequence Hausdorff

- method.-

~ -
[}

By a simple change of variable we_éptain

A (y) = ‘l' ] f e WY xf(u)du. -
- T()\+l)y 0 ; . % v
Another convenient form is’ 2 ;-
' L AL e : -
R ) -ut: A .
. AX(E)‘=.3%T:TT fo "'t (w)du.

T

— Here we are 1nterested in the behaviour of A, (%) as % -+

A(t
that 1s,vas t » 0

.

' ~ .o T -
» “ .

3.2 PROPERTIES OF INTEGRAL ABEL-TYPE METHODS;

.

. - Borwein [ 3] has shown that for H > -1, the sequence—
‘ to-functlon Abel—type method Au 1s regular. We prove a
‘ s s
, i ~similar result for integral Abel-type methcds; ] | .
THEOREM 3.2.1. The fiethod A, is regular. '~ = .
P .PROOF. Since ', R -
# : - N ‘o [} N ._‘
oL | 1 ® ~u/y A ‘
' e AY) = Ty I‘ e Y Y¥y f(u)du,
.o roany? ™t Jo

.

. o . S _
. we have : . . ' . ’
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1
T(x+1)y

_u/yuxdu -xxkdx

. e
A+1»J0

Let ¥ > 0. Then ‘ - VL

| Yo Y e
— 7T J' e WV ay = 21 [ e-xx*dx
T(A+1l)y 0 ' )

o,

T e—— . . . + 0 as y +» =,

Hence, by Theorem A, A, is a\regular method of summability.

A,

I, - IO - [ ~

In deflnlng the lntegral Abel type method we have'
4
employed the Cauchy-Lebesgue %ntegral. Unllke the Lebesgue

integral, the Cauchy-Lebesgue integral is not absolutely
convergent, nor does it possess a s:mele general theorem

enabllng us to change orders of, 1ntggratlon where needed.

* > <

To avoid these problems, we will ﬁenceforth require that -

‘A (y) exist as a»Eebeegue integral (see, also (10, p. 11])

\ is
applicable, or, applicable to- £, as is convenient. If A, (y)

- If Ak(y) exists for all y > 0, we say that A

' exists and is bounded for all y > 0, we say that f is

A—bounded and we write
f(x) = O(1).(a,)
We will show that integral Abel-type methods have a

+ natural scale of inclusions. We first prove two lemmata.

-

LEMMA 3.2.1. Let X >p > -1 and y > 0. If A,{y) exists,

then A (y) exigts. " : . .

’lSee Appendix 3.




N .’-,( .

&

It is sufficient to assume f(x)

PROOF . > 0 for all

]
X € We have

[O l°°') .

1
P(u+l)y

\l
I (u+l)y

é—x/yxuf(x)dx

Au(y) u +1 |

e-x/yxuf(x)dx

u+l |
*

. I e_x/yxxxu-xf(x)dx
H 1 ‘

[

e x/y uf(x)dx

25

e “’Y “f(x)dx

-

This completes the

~s5

proof of the lemma.

~

LEMMA 3.2.2. (cf. [31) Let A >3 > -1 and ¥ >-0.
Ax(y) existe, then
AY) =6, A,
—PROOF. ' By Lemma 3.2.1, A, (y) exists. Now '\‘
C’)\"N 'UAA (Y) .
. 3 : a y ‘ *® - P
F(A-wW)T (p+d)y 0 r(x+1)t 0
A . e . . ] _
' e o
= & l I (%—1)k M 14—% [ x/t Af(x)dxdt
“T(A-p)T{u+l)y” ‘0O t” 70 | A
o L ¥ L a1 e X/t .
= 1 - N f x*f(x)‘f (%-1)* W-l -5 ataxt
I (A=u)T (u+l)y” ‘0 o t L

-5\?'5

If

f(x)dxdt
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Since the ihtegrals are absolutely convergent, we are able

to change the order of integration.

Lettiné z = % -~§ and hence dz = —57'dt, we obtain
. ! - - ! ,t ! B
oy, - -x/t. w —u—1 e ZTX/Y
. f F-py il e ‘.at=f E e g
. @ 0 t 0 , R '
' ~ A-u-1 o -
- b e~ ¥/Y [ P P
_xxfu 10 .
A-u~1_-x/y |
_ y e . - . ~
o o - ‘ﬁxl_]';'l F()\ U)-

Spbstituting this simplification, we obtain the desired result

’ e

A, (y) = Au(y)- .

Ca-pi,u

, A -w . ' -
- If.Ak is applicable (to f) for all A > -1, we say
‘ @

"that.A is applicable (to £). The following theorem is

a direct consequence. o

'~

THEOREM 3.2.2. (§). If A is applicable, then A is

applicable. ’

W

'(iif Let A > W > -1, If A is applicable, then
'Au :—:.(C’A_u'u)Akc - -‘.

The more general version of this]theorem'with Cauchy-Lebesgue

integrals, has been proved byldakimOQéki [34].

.

Since (C,A-v,v) is a regular method, we have as a

.cé;ql}ary:

»

If A > u > -1, then A 23,

" We will now show that this is a strict inclusion; that is;

' there exists a function which is A -summable but nof‘

N

A,-summable. We need the followfné familiar theprem  (see,

.

for ‘example,- [19, Theorem 249]).




-

-

THEOREM F, (Riemann-Lebesgue) Suppose that F is Lebesgue7 a
integrable over {-x,») and that G is bounded and Lebesgue
measurable in {=»,®). SuppoBe aléo that there is a

s .

constant ¢ such that for all x, G(x+c) = -G(x). -Then

"m. .bo’égz’:ﬁ'
lim f F(x)G(kx)dx = 0. . e
k+co -0 ’ -
Using this regult;'wé are able to show:
THEOREM 3.2.3.  (cf. [3]) Det A > -1. Then there .
exists a funcfion which ig Au-summable to zero fbr all u-
pith‘k > u > -1 but which s not Ax—summabte.
bROQF. For all real x we define . ~
7 ] © _
.. f(x) = ) %xn,
‘ =0
: 0 ~ .. - for n even )
where - a, = c ) :
' : [n/2] ‘ . e
(-1) sT(A+1) e
C n. T (A+n+l) - for n odd, ,
B b o .
- N 9 o0 ' ©
. ) #*
Since - l£(x)]| = ]} Ianllxln . e
=0 ! . ‘_//'
. . ‘ « . /// i o )
. : o n -~ . . )
. < Z ot //// o | '
. n_ » -
- ) . / )
. elfL// -
‘ H A . ' ..<’J=b,“ ‘ ' i ‘ ' .
f(x) exists for all/fgéi/;.{-ﬁence < ‘ - ‘e
’ . LU ’ . // . LR o .
: - \
- /
v
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e—uu%f(uy)dd .

—uuk a»unyndu
o ™

N~ 8

) ! = TO+D) ] e

0 .7 n

' ' ‘ I -u_A+n
‘ = 3 o _ n f e *ur " Mau
, n=o ?(A&l} * S .
; 4 n
_ = = T (A+n+l)y . .
: nto TOFD g .«

A\ ~

]/' . . § (- l)m 2m+1 <
. g T L% T (2m+l) !

- ot

'," ’ . \m'=0

.] . : — ;- i —-bi,u‘T

e observe that o . -

. < el¥l <.'¢,_

Hence the sum resultlng from the interchange of ordgr of

“ £
1nteqration and summation 1s absolutely convergent, and Yo
. - the 1nterchange is thus valld. : L .

.

~ We now have Af A{y) = sin vy. since. sin Y dbeqinot

tend to a limit as y + =, f is not ﬁk—summable. However,
B . by Theorem 3.2.2, - o . . |
L A . 1 ‘ ’ y ) _ _ .
‘Af-u(y) = J(A+l)° ;Y f .(y-t)A H ltusin é’dt
. TO-wT(wl)y _— e
e ’ 1.
I' (A+1) J A- i -1 u
p— (1-u) sin (uy)du . -
TO-T (L) |

, k]

-~

- .+ 0 as y » @, by Theorem F.
- ’ -

~ Hence £(x) + 0 (Au).- This‘bomp;etés the probf'of thgleﬁegréqgﬁ e




Summarizing, we Nave the'following theotrem .
(cf£. [ 31).

o

THEOREM 3.2.4. (i) Let A > u > =l. Then

. Au 2 A}\.
(ii) ©Let a > v > 0. Then

(C,a) 2 (Coy).

' PROOF.~ “The firs ws rately from
Theé;em 3.2.3. .

We now prove_ the second resu’;, Let § > .a - 1

4

BY ‘Theorem 3 2 2 and 2.3.1, if A is appllcable,.

(a,y,é-y)g& ﬁ‘(a;y)aé
and | (€,0,8-0) By ¥ (C,a)Ag.
B& Tﬂeorem 3.2.3, there is a funetion £ éuch tha£
£(x) » 0 (A ) and f is not AG Y-summable. Letting
g (y) éiA (y), we have g(x) + 0 (C u) and g is not
(a,y);summable.

[ 4
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-CHAPTER 4

A

SOME RELAYIONS BETWE‘EN INTEGRAL ABEL-TYPE . \

-

. 7 "AND HAUSDORFF METHODS

4.1 INTRODUCTION.

Thrbughout~£his chapter, we assume that A > -1. .

S

In this .chapter we invéstigate the product of integral

' If'AA(y) existe for some y > 0, then

PROOF. Jet H = H . “*Fhen

Abel-type and Hausdorff methods. Ainong other results, we

find that the product is .commutative.

i

4.2 RESUL;Q. !

Ll

f‘

o
L 4

&

THEOREM~4.2.1, Let H be an integral Hausdorff method.

HA, () = A\H(y).

Moreover, if A is applicable,

=

= A

4 AN

* HA

i

e
©

thdt'is,‘integral Abel-type and Hausdorff methods commute.
- ‘

-
I

l [} ¢ N
1 A
HAA(Y) = [0 AEES) [0 eﬁuu f(yut)dudx(t)
7 . . -

—t
T (A+1)

o . 1 B
! e 9} J " f(yut)dy (t) du
0 0

o

A}\H (y) . l ‘ "rﬂ/ .




<«

.0
)

To justify -the change of order of integration, we.

<

,grove that HAk(y):is absolutely convergent. To show this,
it is sufficient to prove that ”

4

'
b

. e L - .
< ) . [ e uuk|f(yut)|du o
. - 0 ] . o

:s bbunded with respect to t, for y fixed (cf. (31, p. 1811).. °

Letting g(ut) = f(yut), since'x is fixed, we will examine’ 3

~ ~

1 [ c-u/t - . ST
Trff e/ *u} g (u) |qu. ,
t 0 ‘ - ‘
v . - © . ‘-
. Lete>0 bevgivepﬁ;<Eor t e fe,»), we have
N R ~ .~ :7“> - T T R - - ‘A. . “
- m N '.
. ‘ _T%I I e u/tux|g(u)|du
’ . t 0‘ b ° -
‘ . ; " 5T w
' 1 [T ~u/élx o
. < -—)\Ti_ f e ' 1 ’] g (U.) ‘ du . .
. . L E 0 . ¢ oL S '
X . . . ) I
‘which is bounded independently of t.
’ ' * s q

. Let R be given. Let S > R. Inééérating'by quts, we ‘

Suppose now'ghat t < g. We fipft observe that

°

L ‘ . ]
f W€ W EyM g (u) |du
0 ‘
- .
x/e [* _-u/e A
< e/t J e” %y’ gqu |du .- ;
) 0 :

; % ‘
, .[6 u'|g(u) jdu

c

Qs-ex/e f é—u/euklg(u)ldu _
0\ . ! - ) . !

K . ;. .
_; QX/E X, .' . /‘- . }

v

where K is a constant independent of x but dependent on e. o
. », ‘ :

v .

obtain ‘ -

Y .
L
-

° P | ~




s *2’: . 3
: ST T v 3
: s . : AR & ,
f e/t )‘Ig(u)\\»du r
Y k N
. 2 u u=Ss S “'U./t a * . -
/ = e_u/.t [ x‘xlg(x)]dx‘ +I e‘t 1{ x>\|g(x)|dx du S
: Q- - bu=R R o . N . ;ﬁf«’
/ . [ . Ae e ’.
- B s _-u/t (u . '
- e J x"|g(x)|dx + f f—ﬁ——f x"|g(x) [dx du
0 ..’R } 0
) Q : A ‘ .
~S/t _S/¢c 1 S "i'uyt u/e
C < e’ e K +-¢ f e™/ te® x au
—— - N B R : -v '
. - [ S ) . r—~ , . W
L f L g emSQ/EVE) %J o~u(1/t-1/€) 4 -
\ R : ,,
N .I ': i
VTS VSRS kA sk T —
) ) ‘ €t (1/t-1/¢) ) A
+ . ) :
.~ . B »
¢ a~R(1L/t-1/€) ’
d » K€ as § » = '
Tt (l/t 1/) . ; o
‘. We therefore hKave. '
. . ' ‘ A ’
' RS U o o~/ A K e R(1/t-1/€)
. . ST 1g(u)|du < 7\_'_1
. - t R - (1/¢- -1/¢) -
. R A - : .
\ . 7 : ~0ast ot
o 3 Ag !
Our flnal task is then to show that' .
s ’ ‘R e i i}
‘T}'_—f[ ~ue Alg(u)lcxu
t " 09.’ N -
is .boundecf as t + o*. Ini:egrating by parts, we have ”'.7
o ° . . .
’ i R - u . . z d
3 " J AN | g(u) |du ’ g
0 ’ ' ' o
< s/ ru - Ju=R* R _ T _
. LU/t f xklg(x)ldx‘ + %J e u/ﬂ:: [ xh"lg(x)ldx du-
¢ 0 e u=0 0 - ¢ :
- R_’ . - '%- N R . -' — u » . .
, - =R/t | A 1 [7, ~u/t A+l 1l ° Ay s
. = e /% f X- |g(x) Idx + ry J e. / u 31 I b4 Ig(x) Idx ‘('3.11. !
] . o . 0 u 0 Lo
¢ - Ed . )
- ‘ -
‘ © L
o g‘ » ? ,



. . Examining thé first integral, we haVe . Y
S | -R}t R, B -R/t R/e‘-
.. e {‘ x"|g(x)|dx s e /e K
i LY R :
| : T S - K e-Rflét“}/€7§

>

- \
) - s . . ~

: - ’ o
"The secorid integral is less than or, equal to

< N ’ L

- » - ' R - . ’ R ) . - u - . . .
\ o %f e/t ML max . o f x| g (%) |dx ,
b ue [0, R] u 0 ‘ ‘ -

’u& [OIR] O ¥

<(. o o LT ¢ u . LT : :
v : o “ |

.o B Now we have - - - .- C e s -8t

N -
- 1

' : 1 u = }\{ ) I S 3 : : - -
max ——-I- f x"{g(x)|dx o ) as -
‘ue [0 ,R] u%f 0. ;! . , ' V . .

S

r's

. . fu

. .a < max lg(u)] - max . Ai ﬁ° xxdx .

ue [0,R] © uelo R} W0 e ee

'='Kf,,where5Kl is a constant’depemﬁent on R alone.
Th\.lS we 'haV; LI L ’ ) T . ’ * B - ' ) ‘P,Q
: ‘ ' T AN © 5 S s e
ex: fR e U/t XIQ(U)ldu.s k,e—%fl/t—lZE) + e b P(K+ZX o ’

T C SR AT "

* ' o . ° L 2 9

. - PR Klr(x+2) cas t > 07

Thls oompletes the proof of the theorem.

Da

"o

<. The sequence—to-functldh analogue was p%bved by Xe

o

Borweln‘ﬂB] The next theorem paraLlels a sequence—to—
’, &. -
function regult of Jaklmpvskl [18)1. It has been proved oo

S . -
PR 3

o i

w1th Cauchf?iebesgue lntegrals by Jéklmovskl [34]

.
. R ¢

'?HEOREM 4.2.#.? Let'H be a regulap zntegral Hauadorff

Ty ﬁeihqﬂ.- Then ' . AAH > AA : : , .

»
P ) d . e e

3

- 1 ~—

“ . . , . N o
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PROOF. . This resultfis immediéfeefrom'gheorem‘4‘2.1'énd

the regularity of H. ) , ;

The following theorem' gives a stronger inclusion.,

. THEOREM 4.2.3. (cf \}3]) LetPHx be'a'reguiar integral

»
Hausdorff method with x(t) absoZuteZy cvnttnuous in® [0,1].

. Then \ 3 A)‘}\IX 2 A}.'
. - . . N 4
PROOE.l‘By Theorem-4;2.2,‘%§‘have‘
~ oA . ~ " -
7 . }‘\AHX 2 A)\. ‘ R
We show'by éxemple,thé£=~'- o ;~Jv—*~
’, ~, . - - Y Y . -
] A A~ ~ . *
- ‘ . AAHX_‘ # A}\'. .
‘ Y B ’ ' " .
In Theorem 3.2.3,"we defined.a function f such.that Co
Affk(y) = sin yT Now - ) L . 'Z

AXHf:X(Y) = Hfo}%(y)’ by Theorem-:4.2.1

-

= sin(yt) dx(t) e
, o . ’ C .

. v e . \ .
S ’ 1 . . . con .
0 = I sin(yt)x'{t)dt, by the -absolute
s 0 v N -

- " : .
. . Y ) . \ H . P
o * - continuity of x. _ E

L e

. cl- “(
> 0 as y > «, by the Riemann-Lebesgue

Theorem £Theorem F). . e

°

: Hence f(x) »> 0 (A H) but f(x) is nct A —summable, since

" sin y does nJ@ tend to a 11m1t as y + o, " This completes

) *

- the proof of the theorem.

"
[

. s

Y

a“' '
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THEOREM 4.2.4. (cf. [7]) Let Hy wnd H, be integral

. n < i :
Hausdorff methods with Hl regular. If’h i8 applicable,

”~n -~

Lo : Q'.A'.A' »AI‘
Q?hen . AXHZHIAi Axﬁz.

PROOF. ~Using Theorems 4.2.2, 4.2.L and 2.2.5, we have

2

o
fa ol
s oIS

1AHz = AjHHy = AHoH,.

e

THEOREM 4.2.5. (cf. [7]) Let H, ‘and H, be integral

'Hadsdorff methods, ©with Hy 2 H,. If A is appliecahle,
B tqhen . ) ' .. AAHl 2 A>\H2' ‘ - y
- PROOF. Using Theorem 4.2.1 twice, we have
. > N M \ ‘ .
AyHy = HpBy c BBy ‘.Aﬁéé' R
' ‘ Sur finél theorem of ﬁhis chaptet‘ elates integral
Abel-type and Cesaro-type methods. . -
' ) Lo ’1 c ; v . - - |
THEOREM 4.2.6. (cf. [7]) Let o > 0 arid B > =1. If A is
- * ' ’ - - * A A ’ . — . ‘ ¢ .
applieable, then -~ A 2 (C,a,B). L »
; T . ¢ . ) :

- . ~ . -

PROOF. ByfTheorem;3.2.2,

. . oL . ’,
' N > .
-

‘ © A, = (C,a,;)qx+a . o , L _
. 4 = Ax+a(C}a,A), by Theorem 4ﬁ?'i .
- N . ) N '
‘e > (C,a,A) | s " b
’ ” - ’ ‘ ' ' .0 "5 4 .~
3‘(C;a73f,’by Theorem 2.3.1. "+ .,

:In View of Theorem 3.2.4, we have /°

© A A
oy e 2 - ot "™ o
~ — Az (Crua =
L : e
) & - v
L] - -
» - ‘ ° ]
‘ ' ¢ * . .

an



CHAPTER 5

~ ¥
THE METHOD: A_j

5.1 INTRODUCTION. . ' - ;o

We define, the integral 4bel-type. method A -1 as'fdllows.:

. -
a - r ' H iy [

For y > 0 1et A ~ z ., ! )
- \e N ‘,.v. N l\ J ..~ q(x+l)/y |
A'l('y)f‘i”‘%ff Af-—l‘y" ‘“‘W{ T fxax ’

’
‘%

If A_ (y) EXlStS (as a Caué%y—Lebesgue 1ntegral) for: all

"y ™> 0, and if Aql(y) + 0 as y + =, then we say that f is
. N X 1 .

A , i . . ‘} , .
A_;-summable to o apd we writé€

CE) o Bp. '

A

. “This method is the integral analogue of the sequence-
to-éunctibn method L definéd"by~Hardy'il3; p. 81] (see also

x . ~’ . ' .'

Borwein [ 2]) as follows. Let {sn} be a.sequence of complex

npmbérs; If A ‘ B ”

- e atgmtl e @
-1, s X

- 1.og(1—\x nzo —-IT‘Fi—+ (o as} x > 1" in (oll)l

CA

then we say that {s }1s L-convergentvto c and we write ’

. ) ':,sn-’c(L)"

Henceferth we will wrlte A 1 in place of L.
_Another'conggnlent form‘of the A l-transform'is‘
o -t(u+l)

é . 1 e : .
e A I( * —iT f(u)du.

@

- 11.1\ e
OGN v




5.2 ' BASIC EROFERTIES: ' :

!
»

' R I
Here we are interested in thé behaviour as T o that-

» d . . [}

. : + :
is, as t » Q. . .

i)

« -

.

‘As is the case for the sequence4to—function me thod

. . A
* . A_, [ 2], the integral Abel-type method A_; is regular.
¥ THEOREM 5.2.1. The method ﬁAl is auregular method of
T Bummability. S - o .
. PROOF. We use Theorem A. We have'v
- : o '
v St © o (x+l) /y [ et 4y
. ° ———x—+-l—— dx = T z
0 1/y -
¢ ' * . ' '
[y @ ‘._z ‘
' T = I E——ndz, where t = i.
. e 2 Y
A.:.,«f [ 4 . . ' . ’ 3 T
Integrating by parts, we obtain - : : : .
’ o -2 ) - o -] . -
f & _dz = 7% log z | + [ "% log z dz
+ z B .
t t 't ) Y
- . . .4mj | | ‘
. = -e log t + 0(1), since J e_z’log z dz exists.
o 4 , . 0 . “ . .
‘ S _=(x+1) [y - . : .
e - ~1/y : :
- Hence, Jo —Fr — @x =e "9 log y + 0(1).. .
. Therefore, we have . ’
Lo = (x+1) /Y h
* 1 e & 'y = o—1/y .
e 1 as y + oo'; c
“ . . » . ) .
r




= "~ To show that for some constant K
' ) N . ’ \ . . 'y

. . © (x+l)/y | i
| Tog (1%y) fo xF1— & < K for ally >0,

we show now that

e~ Xt /fy - :
lim J dx = 0, o
y+0+ log(1+y) 0 x+1 e .
*" We use t'Hospital‘s rule. We have
. : (x+l)/y 2 gy
’ [ _([0 log u ,4‘:'«-

where z = e-l/y and u'= e $x+l)/y-k Hence

\ . . :
¢ d o .—(x+l)/y . —l/y a Z gu .
f i dx = _f €, 3" fb 1og u .

o ’e-l/y ~1 ’

. 2 ‘71 - ' " . -
’ . ¥y o9z .
o - REVe's
- . Tty
-y
L e 1/Y
. Yy e
We also have Eians ‘
P
)  d _ 1
. ‘ Ei log (1+y) = T‘T}? .
We thus obtain , < . .
. , 1 N Sy ot1/Y
. 16g (1+y) JO AT dx v (L4y). S5 asy-~ ol
. : } B A - -+ 0 asy > o*.

g




Also, for X¥-7 0, '
- 3, .
Y s(x+1)/y .Y
1 e_____._____.._. dx < 3 dx

0

log (1+y)

+ 0 as y.* o,

/

Hence, by Thebrgm A, A-l is_a regu%ar integra; nethod of

éummability., o -, : s s

S m

Because of the‘ﬁroblems involved in using the
Cauéhy—Lébesgue,integrqu we again restrict ourselves to

the Lebesgue~integr51. If Aﬁlﬁy) exists (as a Lebesgue
"integral) we say that A_; is applicqbie{dor, A_i{is

applicable to £, as is convenient.

- Our next theorem shows that any finite intefval of »
‘the range of integration .may be’ ignored.
. * . s ' . ) ]

THEOREM 5.2.2. . Lét M be a fized positive constant. Then

(i) there exists a constant K such that

X

IM o= (x+1) /y

o  xX+1 £(x) dx < g' for all Y > 0, and
S T ¢ £ I0< T fXAx >0 a5 y > .
PROOF. We have o7 ~ | : o -
M SGerl)/y. M m (kL) Yy T
”0 = ff,x’dxl S, TmT o |Ee
(M . o
= | £(x)|dx . -
/0 } . ' .

- 39

<.K, independpnt of y.

. v

°




F

The 'second result follows immediately, since Jdog(l+y) +» =

as y > m.‘?This'éompletes the proof of the t@?orem.;

LEMMA 5.2.1. Let & be real and y 5> 0. ILet *
B s for xafslk 1
ug(x): S . .
0 ' [ otherwise.
IflAf;_l(y) exists, .then Ag;-l(y) gxisté?‘“{fMti““ﬁ” N

~PROOF. In view of Theorem 5.2.2, we need examine ‘only f
. - L N . B N M
where M > }6] + 1. We have

<'Jm é-(xfll/?lﬁ(x)l-&x
Ty (xl) (x48)

) e-(x+l)/y
,j %1 g(x)dx

M

‘ P e X l)/y]f(x)]dx
. .- ) M+4 M x+1 R
/ ° < = by hypothesis. .
This completes the proof of the lemma. -

Our next theorem relates -the iﬁl-suﬁmability of

£(x) and £é§l? - | o o

THEOREM 5.2.3. {cf. ['2]) . Let & be real. Let

f (x)

23T for x = |§| + 1

glx) =

‘ 0  otherwise.

If £(x)-> o (R_), then g(x) + 0 (&_)).

PROOF. By Lemﬁa»S.i.l, ﬁ;l_is applicabiéféo g. Let"
y (o =t (x+8) '

’




v ) ST oo -~ t
where M is a constant such that M > |§| + 1. Then )
° -t (x+§)
f“li—r- o(t) = 1 T I = =T f(x)dx .
Lag (1+%) log (1+7) /M
; = e-t(s-;l fw e-::§+1) £ (x) dx . €£
a log (L+g) ‘M 7% .
. »glas t » 0"
-, using Theorem 5.2.2 and the fact that f(x) -+ o - (A ).
)
Hence there exists,a constant K such that for te (0,1),
we have . ${t)Y s K Jlog(l+:) .
, _ e ¥ s x |log(1+p) |
We have .- ' .
@ -t(x+l) +
A --l(E) v f = g(x)dx, ast - 0
gi , log(1+—) M
’ _ —t(l-é) [m t(x+6)f x) ax } : o
'  ' . log(1+137 M - (x+8) (x+1I) ' ;
_ et~ 6) > f(x) ¥ —z{x+s) '
1", . M - x+l . e d dx
. - log(l+ P oM -
' -t(l—é) fw fm —z(x+5) 'K)
= ——————ﬁr— f(xh ax dz,
log(l+~) t '

the absolute convergence of the 1ntegrals enabllng .us. to
'~ change the order of integration. Hence .

e t(l-d)

A &y~ f e (z)dz
gi-1E 1og<1+l> |

g ‘ . L. . "J > 1 f ¢(Z)dz, as t:."o+'
o @ - ' ng(l""‘)




* “' € B R o
. Ag'—l(%) " ———l——r— f ¢(ﬁ)dz + ——*l*—r— f ¢ (z)dz.
! ’ €

log ( l+:E') t, ) log (1+E)
. ‘ . 1 . ﬂ .
- SincenAg__l(y) exists for all y » 0, Ag-—l(E) exists.
® i I
, Hence f ¢ (ZYdz exists and is independent of t. Therefore ) ‘
€ ’ )
1 e y ‘ + ‘
— J.h¢fz)dz +0 ast->0.
log(l+€) € ) - o
We also have ‘
Eroveve v NEL L e L
¢ (z)dz| < «f ¢(z)|dz .
log (1+§) ‘'t : = 1og(1+%_-) t ) i
3 : ' : - < —-45;—T— je log(l+%)dz
T . : o 1og(1+€) te ‘
® . : : < K log(l+%) < e
log(l+E)
= Ke. ’
Thus, given ¢ > 0, ‘we have
X ‘ 1 ' )
llmsgp IAg;;l(E)[ < Ke, A
' .e t+0 ‘ . ’
where K is independent of_e.” Therefore B S
) ’ . | ' A
11@ A . () = 0;
.t+0+ g,-l t.l‘ '
that is, g(x) -~ 0 (ﬁ_l). This completesﬂéhe.proof of the -
‘theorem.  ¢. ' .

v <

We now introduct the notion of translativity. Let .

2 1 Pe a seq 40 = . = ‘
{s } be a sequence. Pet th = 0 and let t =8, for

n=1,2,... . Let M be a method of summabflity operating

v

~ .« s ) -




on sequences. Then M is right translative if {t 3} is -
M—su@mabie whenever {s_} is M-summable.  Also, M is

left tra;slative if {sn} is M-summable whenever {tniis
M-summable. If M is both left and right translative, then

-

it is said to be translative (see, for example [33, pp.. 69-70;

13,.conditions y and §, p. 951).

" An integral method M is called translative if for

-

(M) if and only if £(x+8) + o (M).

real number 6, f(x) -+ ©
\ .

- THE M'5.2.4. (c£.- [ 21) The nethod apl 18 translative;

. that is, for any real number §

£(x) » o (A l) if and only 1f f£(x+8) .o (A 1).
. — L2 ' -
PROOF. For.ponveniehce, we define £(x) = 0 for x < 0. -
Let § be a real number. Let g(x& = f(x+8). Suppose

f(x) - o (3_1). Then for y >'D,_we have

f(utd) ~(utl)/y | £(8)  ~OH1-8)/Y  nore u = x+s,

u+l x+1-08

eI - (x+1) /y .
J W87y f(L)e (x+ 5
R 2> S5 e

"Hence we obtain —*
2] :. ' N . . i B . e- (u+l)/y - ‘( \ . . o L:
' Ag;—l(y) = log(l+y)'(0 YR g(u)dgi A
L 8/Y e (L) /y -
. . o8, . | .
o . . P Y log (1+y) [M S {1 + “—_‘-x-’-l-é}, fl(X)dX,

hy Theorem-5.2.2, where M is a constant such:that M > |§] 4 2.

-

. 4
- We now have
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- (x+y)/y
1 [ s_.___.__.f<x>ax
M

dax

‘ : +' s N e-(x“"l)/Yf (x)
- > log(l+y) M (x+1) (x+1-9)
>0 4+ 0, by hypothesis and Theorem 5.2.3.
Therefore f (x+§) -+ o (ﬁ_l).' Since § was arbitrary, the
result follows. - . . . ‘ S .

14

.The preceding theorem shows that we may define the

transform for the ﬁ—l method by

L e uks) sy | ' "
: 1og (1+y) [o T f{u)du y

[

for any positive §. We shall continue, however, to use

§ = 1.

-

-

THEOREM 5.2.5. [Let A > -1. If ﬂh i8 applieable, then A

-

-1
8 applicable. '

. -

PROOF. Let y > 0.  Since we are dealing with Lebesgue

- integrals we may assume that £ is non—neéative. Now, using

" the translat1V1ty Qf A i, we have ' .-

® -x/y , oo | o -
.. e ; x/y A *1 .
Jl £ (x)dx- Jl f00 iy ax

. . X 1

f ~x/y Af(x)dx . \\\V
N |

< @ by hypothesié.'

A

We now extend the definition of A being appllcable

to ‘mean AA is appllcable for-all % =z -1.

-



-~ 0

.0 . t . , ' .

X

5.3  RELATIONS WITH INTEGRAL\HAUSDORFF METHODS.

%

~ e
In this section, we examine the product of the

integral Abel-type method i_

t

' E
methods. - e . .

We need a result due, to Borwein [ 2]. ~ ’

<

THEOREM G. _ Let ﬁX be a regular integral Hausdéf?f ﬁethqd.

For x 2 0, let g(x) be a continuous function. If

g(x) - 0 as x > o, then T .
i (Mg ‘ d j ..
1og(1+y)‘JO og (1+yt) g(yt) X(f)nf 0 aqas Yy + .
We can now prove ‘ _ . ©o

THEOREM 5.3.1. (cf. [21) Let ﬁX be a regular integralu
; .

Haﬁgdorff method. Then ° -

. A _H

. PROOF. Suppose f(x)f4~o'(3_l). -By Theorem 5°.2.2, we may
e ,

<

1 and integral Hausdorff - cP)‘

N

. ~ . Y
assume «€(x) =,0 for x £ 1.. Now. . _ :
. . .
o ‘- r
e ¢
Y A :
h o .
¢ gt
. At X S
- ‘L,
. _ by .
Q e
- hd N .
- \\ -
s A M
. ’
)
. .
¢ ‘ E]
*
i N 3
’
. ’ - -
R -
" »
- ‘ - ’ & o
3 ~ Q "‘ ' 3
. 1 d
- - S‘ oA
a - Bl s 4?
.'I( - = ‘l
.. ; . !
¢ ’ .
o ; $ hd




& . = o~ (utl) fy -

—_ e .
(-] e_u/y Q. )
v log(i4y) (1 -H(u)du, by Theorem 5.2.4,
o -u/y . s
N log(1+y) fl f f (ut)dx (t)du ~'
r ! “;-u/y o . .
s =0 Tog(1+y) ]Onfi‘;a_— f(Ut)du dx(t?, oy

Lo .
v, L4

© usiﬁg the absolute tonvergence of the intgegrals,

~

. R 1. 1 (o e"'x/ (Y’E) o . 1
R fo ft S £ ax axe) .
h 1“ } ® 'X/(Yt) ' .

v B ’
since f(x) = 0 for x < 1,

]

R T L qmem®/ lyE) |
- Tt folog<iﬁyt){log(l+yt) fl - f(x)dx}dx(ET
1 _ 1 1 o
=.W,JO 10g(l+yt)g:(yt)'dx(1.:) .

+

Py

7' where g is the functjon given by

&

1
log (1+x)

w:e-u/x .
g(x) = J - £ (u)du.
. 14 , ¢
We now show that g is continuous. It is clear that for

~—

any given e >0, g(x) is continuouss on [e,®). It remains. *

. . ! X - .
. to prove that g(x) is continudus as x -+ 0+, We show, in-
- . . v . -

fact, that gi(x) - 0 as x ~ 0% (cf._ §31, p. 181]). For °

N . - " @
t>1, . . » o .
y; L —— - — - e e e
v . - . .
- e
=Q ¢ - R




N . -
Tr“ | _ Q . . o AD
. C ot . ,
. , ! lf(u)i du = [ € e—u/e If gu__l_) - 'du
. -#u " a "
. 1" @ . l - ,
. ',Q ) 6} & v ‘?
Y AT t/e o~u/e L£ (u) | du
*;‘J “ P*x B . - ) » “
. ’ . ’t_ o o . ‘
, 't/e,c —u/s f(u) du S
- o a Y l R . ©
- ., “ o? v i ) ' S
“ ] = et/@ o K, re e ° - ’ C .
f where K is 1ndepgndent of t bixt" dependent on e, We also *
| g N \
e observe that X log(l+x) as x » 0+ Let 'y > € and let o
’ 7 -
R»> 1, Integfatlng by parts we obtaln .
< ' 9’ & » N B
.r ,\:: fR e_}x ‘ ) ¢ .. ] . q - 6 .
> . ’ ’ 1
: - u : u=R - (R._-u/y
- e g/y[ 2] g | +4.[_ e [ Ift(t)l""dt w -
.o s T 1'4 ’
» RS - I . S o
. T 1 ’ Y )y . ?
' / l ' " e ~ + o : o
;. v ‘=R/y Ri/s ‘ 1 R -uu/y u/e: ‘ - ‘ . °
‘. . £ e e «.K+-I K da e :
v Y iy e . X
» ' . ) > "
- : Ty R ‘3. e . ';, [ .
s, Lx e RW/AY-1/0) 5[ S 2 _
° . : o Yy 1 ’ o . o .
B . LT e e
, Tl g o R(/y1/e) | K —e BU/¥SL/E) qusRo S S T
= e . + = - o Yoo
L L . .. o Yy l/Y - 1/e u=1l ' o4 ’ .
‘- . S i N . [ . ’ HEN ]
. P : v - ) - - g x"c. : = - . 'f abre s .
‘ - SR/ K fe J/ymlfe) _ gRU/yRlely - 0
. (!I . et &y - o y ’ v I[Y‘— 175 ) " !);‘J a7 ) . :




0

-R(1/y-1/¢)

»|f(u)| du <

fR e VY ' - Ke
1

3
.Y -

- (1/yri/e) | gmR(L/y-1/e)y

IR 3¢
e

1/y - 1/¢

2 Therefore, letting R » ®, we haye o ‘ .
SR emY - (L/y=1/ey .
g, lre s R
1 S . ‘
e as y <« 0+. ) :
We have thus show/? continu | o -i
o ' - \ g as x * @
. QUt ) - 'g‘x) N‘Af7—1 ; M |
Hence, by Theorem Gi-A_;H(g) > as y ~ ® .-
/
] ”/ i .
. ’ .
]
. S, "y
t ' -
- L; - . a . . ] .
L % .
, ’( . . - , .
) . ‘
N : e

-
.
- . s
|
¢ | 4 w»
5 o
i i
‘ | .
-
»,
. -
»
L]
. \ .
-
' o
.
™ L J v -
[x]
. s




-« . C}'IAPTER 6

f’ ‘ . ' ' MOMENT FUNCTIONS - )

P

6.1 INTRODUCTION ) Lg
Let ¢ egv[0,1]. Th for x =2 0, E?e m- funetion or

,moment functzon U is defined ([161]; see also [22]) by

Nl ) l “ ‘ ‘
: | H(x) .= [ t* dg (t). ) ’
3 0 -
4 -
k- ) "'7,. “ )
If-in addition - - " . s
N -> ) - - .
. 1 . "

‘ u(x) 2-8 J tx1d¢*(t)| for x =z X, 2 0,

) a, M 0 LI )

- where § is a constant with 1 2 § > 0, Xo is constant and
\ B C 0 ; , T fer t =0
v - . . l _ - - + —— ‘ N . A'
¢*(£) = |5{o(t q>(t (@)  for t e (0,1) :

te RS 9(1) - 6 (0) - for £ = 1,
- ‘ T . 4 P
.then 1s an m- functwn (cf. [ 5\]) )

We observe that ‘eplac1ng ¢‘by ¢* does not affect"
Y __the valug_of_thg_mpmpﬁf function; that is, -
/ A
. . Ce, 1 'x . 1 x ‘ :
y o , : I tfdo (t) = f £hdexte) . - 3
‘ : . o ‘ ;40 .
E .

We also reﬂérk that if ¢ is the functlon assocxated
with an 1ntegral Hausdorff me thod H¢ (not necessarily
regular)h then 'by preV1ous assumptions,. ¢.= ¢*.

/ . ] "-¢.
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-

- - s . -

v N °~ “ - " N -
In this chapter we briefly ‘examine some properties

of ﬁ;funcﬁions needed in the folléwing chapter to\prove

that for A > -1 -

4 Baa 2By

[ | ' . ‘ ) &
6.2 RESULTS. L .

-

LEMMA 6.2.1. (cf. [ 5]) 4Any m-funetion cbn&érging to a

pogitive limit is an M-funetion.

a s ~ o ' - -~ ‘ -
PRdBF« Suppose that ‘ . .
- , ' l x 55.
Cou((x) = f tTde {t)
. ! - 0 .‘»_.v

[

it

1 . ,
j t¥de* (£) :
0 .

.

. 7+ 1 as .x » », where 1t >'0.

" Then thére exists an x, > 0 such that u(x] 2 % whenever

0
X = x5.  Let § be a constant such that &8 ¢ (0,1] and -
. o . '
. ' - e[ el

Then for x z‘xo we ‘have

N . =

o o “—ﬂ%tﬁm*wﬁﬂ ﬁAI@T{’E‘)’Tf"“

' Y
’ . L . : s T N . * L
L] . -—
‘ H C . o < 2 L
. . o -
— s pix). (
P ' ' . - . T, . - ,

. ' ] o=, T s
Hence, ¥ is *an m-function.

)
.

£
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. 1EMMA 6.3.20 (cf. [5]) | ,
(1) The sum of m-functions is an m-fuﬁctibn. ]
(ii) The function 1 i8 an m-function and an ﬁ?funétion.
‘* ’ \ ) <
PROOF. (i) - Suppose
N 1
. ‘ u(x) = f t*de (t) .
- 0 ‘ .
. _’ v -
» 1 ‘
.and Cov(x) = f xdw(t) . '
. : 0 | S
- . } ~ l N - N - . ‘ ,
Then p(x) + vi(x) = j t¥d{e (t) + y(t)} ¢
0 - |
‘ P A 1 . - :
. =~f txdx(t) ’ ‘ .
I \ 1 0 - , - ' .
. where - S x(t) = 0(E) + Y(t) e BV[O,1].
Y Hence 1 + v is an m-function. | o .
; "o fo 0st<l . o
- (ii)  Let x(t) = {- ! ,
. . 1 t.=1. 7 !
, . . 1 x , ) n h. N -
Then | . 1= [ tTax (e). - - - :
-.— . ) . ~ ., » . -
Hence 1 is an m—-function. By Lemma 6.2.1, we have 1 is
— an m-function. o ' R o
A ' — THEOREM H. ([22], see aiso [ 4]) _Let“qo be a constant. . v *:

- ;f»f(s) is an analytic function of € = p + ri iy the region

P >vqo,~dnd_if fér all‘c z.cg'thérq ig a comgtant K guch
. ’ . . - ¢ : .
o thgt A . = ‘ R

-t ) . ¢ e
0 . . . 2 - b . '
I IF(c +-it)]“dt < K, Ce
-0 ’ ’ T -‘

8
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then for p > CO;

€

a . 1
. " F(s) = f t% ¢ (t)at,
. . 0

where tc¢(t) 18 Lébesgué integrable on'[O,lJ fof all c > Cq e

L 4

EXAMPLE. (cf. [4]) For X 2 1, o~

R 1 -
(-5—J -1 = [ t* ¢ (v)at,

x+1 0 )
where tS0(t) is Labe&Q?e intégrable on [0,1] for all c > 0.
0 \ . " . N
PROOF.” Let s = p + ir. Let
. A ‘
: &) = |5 -
, JF (S) [S"'l} l.

4

Hence .for p.> 0, F(é) is analytic. Let ¢ > 0. Then we‘

have -

'(c+it)x
(c+;+'it)A

| F(e+it) | - 1','

|9

(c+1t) < (c+l+it)k -
(c+l+1t)

(x+1t) dax . .
. ' ‘ .

|c+1+i;f

‘ ) . "A‘lfé+l A=l - ]

ST . ‘ C+1 '’ -1 . A\
xf B AT L P

. . < . o] X .

a . — X ry
v | e¥l+it]

- max | |arig|he ST
_xele,etll - s
le+l+it|r '

A max 5‘(x2+t2)(k'1)/2_c

| - xé[C3¢+lj .
: : C Uelat )177/

"




- F— : - . (A=-1) /2
o oA (@D %+ £5)

B ' 2 i A2

((c+l) + t°)

A
= 77
((c+1)2 + t5) . -

Tpus we obtain

g ' ' . : ) , ——
f |F(c+it) |2at < A2 f’ — gt 5 - .
' - -0 = (c+l)© + t°
. . 3
~ 2 f“ at -
<X ’
E —eo 14+t2 .
. a constant independént of ¢. Hence by Theorem H, =
. . ) . .b
» X .,
{i;jJ - 1 has representgtlon ~ !
X - _ X _
{i?TJ 1= fo tTe(v)at ”

- ‘where t°¢(t) is Lebésgue integrable on [0,1] for all ¢ > 0.

- . This completes the example. .

We .remark that sincé we have been unable to prove

" o ¢(t).is Lebesgue integrabie‘on [0,1]), we .cannot claim

. U . : o
that (E%TJ' ~ 1 1is an m-function.




7.1, INTRODUCTION.

'THEOREM 7.2.1. (cf. [30, §4 61) S5 Suppose A > =1, Por

. ‘ . A“’a AX.
7.2 ‘WATSON'S METHOD. . . e ‘ ‘ P
Adaptlng a method defined by Watson [30, p. 4&],
~ --
for A > —l we deflne the method A as follows. For y > 0,
o - y ~1/x ,
let JA(Y) = -3 1 f‘ (y—x)l € f (x)dx. .
. - y log(l+y) ‘0

ﬂand if Jy (y) > o as y +'=, then we,say that f is

If Ais applicable to £, then

CHAPTER 7

A SCALE OF ABEL-TYPE METHODS !

In this éhapter, we prove tHe full scele of Abel-

type methods; showing that for A > p2-1,

If J (y) exlsts as a Lebesgue lntegral for all positive y

~

Jk—summable'to o and we write

£(x) + d‘(ﬁk).

t

X>0‘; let '
‘ “ : T | | // o
~ X A |
| g(x) = (ZpP" £x). « |

x+1

'

.
~

i ~
« b ‘ J.A




“PROOF. ' Let y > 0. We have .

-

TA £, ) | .
* . Y ‘l/X : @
( RS- S I (y=x) " S f e W% g (wyau ax
Yy log(l+y) 0 F(x+1)x S
S Y Ly = (utl) /x
s J, e [yt S ax an,
I (M+1)y"log (1+y) 0 0 o .

 assuming the;cpzége of order of integration is valid.

Examining the/inner integral, we obtain

‘ CY e (utl)/x A Y 1. N gmtwlx S .
(y-x)" =gz dx =y f F-3 =—a— &
fo ) xx+2 . : o * ¥ X &

_ yx [ e (utl)z= (1) /y o
0

¢ .
\ e | ' X -(utl) 7y (7 xPe” ‘
£ . : =ye ],‘ 3T dx ) -
' - ‘v ' 0 (u+l)” '’ : '
» . N . .
v ® . "
= DY 4.
(utl) ™ . ‘ .
Hence _ ' .
. ‘ .
a ' . o S e e—(u+l)/y 4u A T
S JAAf;A(y),- log (1+y) IO u+l [(u+1) £(uw)] du
i . . )
= Aq:_l(Y)
- ST T T e e
where - g = (X*l) f(x) - , 5 . ’

To jusfify the \change of order of integration, we .

. show that}Ag_;i(yl_i dbsolutely convergent. For A 2 0,

« ) e

we have . .




. We therefore haveAAg

the‘interchange is Valid._

" regular integral method. .

N . 1 @ ~(wl)/y (o) ‘
- 57 L
© _W
1 e
* Tog (1+y) !0 utl |£{u)| du
_ < = since A_; is applicable to f. )

We now consider the case -1 < A < 0. Let ¢ > 0 be given.

Then we have

| @ - (utl) fy A
log tl+y) [E a+1 (u+1] |£(u){| du
. b © - (u+l)/y ‘ .
€ 1 e )
= {-e+l]~ log (1+y) Je —ari L£(a)| du E
< o .
o y

We aléo have.

— . -

e - (u+l) /y A -1/ e .
[ (@) 1r@ e_._l_xf W), du,
Jo | , |

A

]

where |[f(u)| < K for u ¢ [0,¢e]
oL , )

~ e—l/y AL

0
=

.(g+l)x
. K:»."-
IS

_ ih{s complétes the proof of the theorem.
s N a Q ', . - " y L .
- Usifig the preceting theorem, we are-now(able to
, . e S .

prove:

F

TEEOREM 7.2.2. (cf. (30, §4.6]) For x > -1, J, is a

o I

v

1(y)m;§ absolutely conve:gent,“andi

56



*

PROOF. We use Theorem A, Letting f(x) = 1 for all x, A -

is cfearly applicable to f£. We have

»

il
ro+nxMt Jo

e W ¥ gy

1.

?

, . X .
Using Theorem 7.2.1, with g(x) = (;éf]g, we obtain

P

Tea ) = J\Ae, (¥)

l
b
!
=
<

- » . . .
But g(x)'+ 1 as x - < and A -1 is regular (Theorem 5.2.1).
Therefore J (y) > l as y + «» for £ = 1,

We must show Jf A(y) is bounded as y - oF for

£f=1. For X = 0,';

1 . e-(utl)/y o oA a4
log (1+y)” u+l . u+l
- 1 e e-(u+1)/Y -
= log (1+y) 0 u+l

= Ag,1¥)
- . K
which remains bounded as y =+ Of. We now consider the case

-1~5]££< 0. Let e > 0 be given. Then' we have

Py -

O -(u+1)/y A
o [, e (@ @

log(l+yT u+l u+l .
L O -(u+l)/y -

: : S ‘(e+1]‘_' log (1+y) I I «du

. BT |

s {Eif} Aeria )

which remains bounded as,y - 0+, Now we have

—

&

-

\



'e—@u+1)/y‘

JE
.-\/ 0

u+l

u A |
‘(u¥l] du

Hence we_obfaip )
? 1 e o~ (utl)/y , )A¥L
og (1+y) 0 u+l utl) - -

4
LY

We have therefore shown tﬂgt for £ = l}.Jf.X(y) szEEQEig\
bounded as vy, +-0 o /; L . a ’

[

.

It remalns to shOw that the'second condltlon of

-

58
-1/y- e .
< [ ux du ! 4
(e+1)" 1o O !
RN
eT1/¥ AL -
(e RS
‘ ’ ) - no
"1y EA#i

du <
1°9‘1+Y) (A+1) (e+1) *

*:0 as y N 0+,.

LI ]

Theorem A 1s satxsfled' Let Y be a.fixed posit;ve constant.
For A =2 0, we have (y-x) syk for R € [0 Y] and ¥y > Y.
Thus, for A 2‘0 | ’
.;‘ g fg ky_x)x o~ 1/% éx . I —l/x e
‘yXiog(1+y) 0 * ‘ = ldg(1+y) X
.; - . , ﬁ‘ . .>0asy-~ o |
For -1 : X< 0,’we?ha§é {k%fﬂé évi;})for X € [O,Qi a;d;.v
’.;;//? > 211 ”hené;) Ebi -1 <A< 65‘ , | g N
- Y. ~1/x ‘ =) —l/x
,y 16;(1fy) j o S ax e l°é%1+y’ I *‘luéf"f: S
S+ 0 as >, RS
Therefore, for A > —l JA 19 a tegular method of
summablllty. o _?;,. | »
. - .

,(gniimmedieterooroiiery of Theorems 7.2.1'and 7.2.2'

. ; ' ’ . 13
7 . S, .

|‘;

s, -

=X

>
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- ~a . ' ~ \'1
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THEOREM 7.2.3. Suppese X > "-jﬁ,. For x > 0y let

v s )\ ] y~/‘°.' N

. PR N - x - - ) ’ A . . . . ~>
. gi{x) = {m—] f(x). M £(x) ~» 0'({\)\), then” g(x) - q_ (A_;) -
7.3 THE MAIN. RESULT ,
o . ) FA B
THEOREM 7.3.1. (cf. [4]) Let X 2 1. If £(x) +0 (A_j),
. : [ ]

A ~
'then'(§§T] £(x) o (A_7)-

£(x) » 0 (A]). We mus

."-where ¥(z} = —

e

: i . X :
PROOF. Let g(x) = (E%T} f(;){ In view of Theorem 5.2.2,

we«méy assume .thatr £(x) =,/0 for x < 1. Suppose first thatc
show g(x)-+ 0_(A_,). .
By the example of bhaptﬁg 6, we have :

X A 1. X 3
= - 1T fo trele) ae

where tcé(t) is Lebesgue integrable on [0,1] for all c.> ij
We observe that ¢(t) is thus Lebesgue infegrablé‘on [e,1]

fér‘aﬂy € > 0. Changing variables ye obtain

A o |
X - — "._‘_}(W/Z : oy -
R ) [m] 1l = Jo e Yi{z) d? ’ |

- : ‘ . &

o (e~ 172
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. Weinotewthatw#{z)fis~£ebesgﬁe

S zm , g »
frigtegrable‘on‘[eim) for any € > 0. [Jn pﬁrtigular,.wé‘haVe
- < e A
o veee e
p L RS S . ‘ e

act that f(x)"'= 0 for

By Thééféﬁ 5.2.4 and the f

%X <'1, we obtain’



.

b A ) v 2 [ e% [ u )‘f (w) du e
. % gi-1 Tog(1+y) J; ~u  {u#l _ : v
_ 1 S (® g TU/Y ® -u/z '
. - T Iog(1#y) J;f’*u £ 0 - ¥(z)dz du
Y . : -~ N ) .
\ 1 (T eTWY - |
) + log(]_+y) Jl u~ f(u) du. ¢
L' The second integral {s merely Qf_;l(y). which By aséumption
J ( - ! . L
tepds to zero as y + ©, , . . o ’ 7 *
Now-we have T .
a - . ‘ - ’ ‘ : -
. v o > ~ull/y+l7z)y - '
. H y{z) I B 'ﬁ 4 f(u) du dz R
0 1 . .
oo o _ © -u/y’
- s f l?(z)l e /% I 9—3—— |£(u)| du dz
- 0 : 1 ‘ ,
. o © o-u/y g
t — L. ‘ =‘ I |‘¥(z)i e l"/z dz ) [ e u If(u) Idu
0 ‘ 1 '
~ 5 ) < o0 R v R
- * . - - 'u ' R a
. - This shows that the function obtained by inter-

. : changlng the order ofllntegratlon in. the first integral

P
is absolutegy convergent. We may therefore perform this

. . . »
Y (\‘/)4%terchange. we’ thue obtain’ , ‘

) ® ?' ‘ m"é-u(l/y+1/2) - .
: RN 5'4 I ——————I (z) J ‘ . f(u) du dz.
‘- Ag;-1 19g(l+y) 0 1 u

o, Let Y be a eonstant greater than 1 which will be

. specified later. - Then for y > ¥ we have

¥ ' v' o - 1' Y e éfu(l/y+1/z) SR
- : . Agi—liy) " Tog (1+y) JO ¥(2) Il.- N £{u). du dz

. ) ¥ . .. . LI N ' ' L . ) o L )
| - : : 1. w, e =udl/y+1/2) -

. S | o * Tog(I7 “fy ¥(z) Jl = f{u) du dz.

r *




/ ' 2

o0 -

Y

le -

. 1 = ; ~l/z (* e .
" Tog (T3] JO ¥ (2] e f g £l de g~

[N N /

L . sp - . , .
R VI il A
' Q’J’_ W{ I‘i‘(%)l . , fl- JE du

s 0 'ﬁ—_)*‘

-

_ . , l ¢ va ) 2 ' . . .
= To5 (I K, whkre K is;a constant. dependlng on Y,

but 1ndependent of vy, - .. B
' B . N 4

e

""O&SY‘*“’", ) <.

. . - .. ~w‘ Coe . A - Y
4 . L e ‘ ‘ - ' o ¢ 61
. Exam1n1ng the flrst J.ntegral we have - N
) .
R 1 T Y '-u(l/ys/z) oo/ "
ety [y v [, S e el e

*ar -

* The second integral sat:.éfles -t “ . v
oy . w" . _u (1/}()\{/2) o ;
3 Q =) ’ . o &
Ilog(l+y JY :‘(Z') Jl VI ‘ fSuv) éiiu dz : N
. . - - - . 2N . . ?% . . ‘\ »
. T ' LY --u(l/y-t:l/z) Lt ~ . 2
. ’ ¥ (z) ” e : ’
. = I —‘—'n—‘L;- £(u) du|dz , :

' Joo dytegtidy) 1)y 0w ' e
*, “ L ) ’ ) ‘ . oL
LR Lo o —u(l/y+1/z) .

-s[ 1¢(2)] H’ T aan
S Y 1og(1 + #—) -~ . L
L= - ot . - - Iy A
{ . 1 /’“2‘/ . s 4 ﬁ". .
_y__ i,1.2 YZ2 , %
ls1nce y > -, We elso have Y + z..s ¥ and hence F+z 2 e
R " L ‘ ' i LAV :
. Substltutmg thls résult in- pur :Lne@allty, we obta:.n L
r "’f_( -
i [ ® -u(l/x-!-l/z) ) . . Lo
1—-—%——)— Ji‘-(z) I ‘ i f(u du” dz‘l\ o ot
og (1+y J1 ) u 0 . ° o , e
-, -. o oo . . o0 e-u/x ° :
. ! : '
"" ' ° v x s - o P . -
/' “' -f ' R SRR
D L PR 1 > e":u%.( , -
_ ¢ sJ _“‘(z) |dz- ’ .sup|m f £ (u) du_{
. 1 w . yr=v7 1 .
. T . . "xz'i. 4 oot . e ¢ . ¢

DU By 26 £ R A e

# ..-.‘ - XzF - D e S
'y | . / L ¢
.‘. ' 3 “ op . o ! LA N ‘ .
‘. / \] . s . .
N 'q e 4 ’ - " w “e ° > . i i : ‘ .



x - : . -

. .‘where ‘Kl 1‘s a constant 1ndependent of y and Y. Since
' . f(x) + 0 (A l); th,].s sécond J.ntegral may. be wade as small
. 7’ . . .
as desired by o;t’uoos:.ng Y sufficiently largg. . ST

Comblnlng these results, we have shown that

T (,X)"‘O(A . ...’" gt @ -, ”

Suppose now that f(x) —+ ¢ .(i-il) . Then we have ¥

. , f(x)-0 =+ 0 (A-i) . Using the preceding sect}n bf the -
’ prdof, we have’ ‘ S « L ) .
R , \ >\ . . -
R = R R R S L
. Lo ' ) xt - =177
© an « ) . . o ‘x )‘g i x A . A
- . ., .that is, . {(;FPT} f(x) - [k—-!-_f] o} -+0 (A__]:)'..
. 0 ' X . . ’ e 8
- ‘ x >\ .. - ~ « ‘ . ?
) SRS Bu“t [ETI] G,> 0 as X > @ and. A_4 is'\akegular. Tperefore

3

k/ _“ theorem, . . . - - .. ’ R b

. - )\ . » A ] ‘l. ' . . .
. (xfl <f{x) » o (A_l) . This 'completes the proof”of:the "7

P - -

. “A . L. 3
« * . L ) .
L] S .. . ~ .
afHEO&EM 7.3.2. Supposev A> -1, The;a f£(x) » o (A_;) if
¢ | ‘ and only zf (x+l} f(x)y.»g (A l). -

P ¥ - = 8. ) . . . o : .
/‘\_, + - PROOF. We first prove the necessity. Suppose
. ) . . : on & . ) X YA . A
' £ (x) + o (A_l-) . .For A =z 1, we'pave (‘x-f-l £ (%) +%c; (A._lj ;
§ ' - . b ) ' ) N - N
o by, Theorem 7.3.1. Fo® 0 < A < 1, we observe that = -
‘ ) o ‘o A N P~ }\""1 .
. o A o - X : " X+l xl '
- , ) . . 8 - * " ‘ B ‘, .
S 3 T (—fI' £(x) + £lx)
PR O ' n‘ ’ X / x+ X
Y .« - s . e )

N : oo x+1 . : e
: ooNow A + 1 2-1, Hence (—‘fﬂ f(x) » ¢ @_l)-. ‘By fheorem

0

- ..p y . 4 -, - o ] . » . u
5.2.3,,we also have ° . T ',‘“\-‘,




(v,

. LR . . &
‘ . \;V“ N '
o ; < é ' . . '

e

° A,+l N * ~
X f(x)x.
[x+1]«j x o0 B

)

Hence weuobtain -Ee'xf(x)'; a 13 ) For -1 < A < 0 e
Hen R x+1 . R : 'd‘v
. again use the relation T . }43?’ e
. ‘ : + .
ST { x Af(x) _ [x+1l) x JA+L
x+1]. ~ ' X x+1
b . . . | /v

to obtain:Ehe desired result.

-+ .* We now prove the sufficiency. Suppose
: . .

A M ~Lt , . “ . .
X . - N ‘ . ‘
(x+l] fx) > o YA_j). For -1 < ) < 1,uwe note that

. xp ‘FA . x )\ . .
f(X) = [m] . {(;{—;‘]‘_‘] f(x),},

'where'—kl> -1. Hence, by nece551ty of this theorem, we

have f(x) + o (A ) for -1 < X <,l §uppose now X .= 1.
Then A = X- + Al, where Xolls a positive integer and

0
-i <o Ag. 2 0 We have now _

1
. A A ar, :
X - X 0 X171 o
(ml.f (x) = (x_+f] : [m] B
i YAy A A
X 1 x+1]170 X
But (x+l} £( : ) = (—;—‘] (3?4';'1'7] £ (x) p

/ _ ~‘}\ N | l P x’ x : @
= [1 +-—g+ *-- +T][(m] f(1, ,

X 0 - .

. . , ~ X . .
J . L .“‘""0' (A_l)‘ :' )
by rEpeafed application of Theorem 5.2.3. Since -1 ¢« xl

.by u51ng the flrst part of’the proof of the suff1c1ency,

1

we=have £(x) + & (A 1) e
.. By Theerems 7.2.3, 7.3.2 and 3.2.4, we ha&e’esta-
bllshed a-full scale of lncluslons for Abel- type methods

ot -
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(cfa [2]) For A-> u_2 -1,

THEOREM 7.3.3.
. . 3
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~ CHAPTER 8 . ¢ .
- . A LOGARITHMIC METHOD OF SUMMABILITY
o = o
8.1 DEFINITION AND PROPERTIES. ’ s

-

Borwein [ 7] has defined a logarithmic method of

éuminability (L,a) for o > 0 as follows. Given a series

1a, let " | >
- | oy
, 2% = 1 Z n-v+a-1l a R
n n+a- vao -V v’
n
S -1 | o n+l . -
= mzﬁx >ao o ag x>,
] ) . l: £l " 1
then we say that\z a is (L,a) -gummable to ¢ or
Sh +o\(L a), and we_wrlte e o - 7

2 a =0 (L,a), or s, -;BW: w,;a),

7

e~y

where % '5;;'}\' . Hef has proved that
. 0 -

A »

r JS‘

) 3‘

Q

(L o) v A i\(c &;1). -

.

We use thlS relatlonshlp to define the 1ntegral logar1thm1c

. . ¢ B - ') -
method : _ _ . . o

o

©

,For @ 2 1, we define the integral logarithmic me thod

N (L a)’ by ]
A . 3_11 . . "fOJr o = 1 -
- (Lla) ~ ~ . ’ .
E a_,(C,a-1) - fer-d > 1. !
It is 'cleér that’ (f;,‘a) is \fregular. ‘ . " .
« ‘. ' ' '

65 .
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' THEOREM 8.1.1. Let H be a regular integral Hausdorff ‘
.. method, 'Thén for a 2 1, | o o ‘ C ‘ )
. - ~ A ' A ) ‘ ’ ! ¢
. . ) (’L,G) -B 2 (L, a) ' -, -
_‘ >~ S
" PROOF. Theorem 5.3.1 gives.the result for « = 1. For
+ ’\ .
a > 1, we have- .
o ) S de = i%_l (&,a-1) H
. A ¢ = ﬁ-l 13 (e,a—l) ’ by Theorem 2.2.5
~ . .__._‘M-w - 3 A B . ,
. .o C 23 (E,0-1), ‘by Theorem 5.3.1
. . } - o= (ﬁ,oz) . ) — -
- ~ " . / ' l | )
The next theorem gives a scale of inted¥al
- logarithmic méthods and relates it.to ‘thé‘ integral Abel-
. . ’ - ’ )
type methods . : T
¢ hTHEOREM 8.1.2. (c£. [ 71). ‘Supp‘ose g > o 2 1 agnd ) > -1,
" - Then . -, (L,8) > (f.,u)‘_::_'.ﬁ_l 2 'ﬁ,x. - N
. s ’ ~n 4 A . o
G : PROOF. By Theorem 5.3.1, (L,a) > A_; for & >'1. It remains
to show that (f.,e) > (f.,a) for 8 > a =2 1. For ot'r-:‘/l‘, we
, ' R - A - SR ‘ .
';' . . - have - . ‘ ' LL’B) = A_l (CIB'_I) ) ' - B . /K\
- S . . L a2 3‘—'1’ by‘ Theorem 5.3.1 .. . -
» . Y R .
Y - |
. = (L,1)77 . \ .
For a > 1, we obse-f}ire‘that SR N t. .
% d.e) = Ay (C,8-1 e -
v ’ . ‘ ' - ’ ’ ) “‘ . .
\= ﬁ_l (CyB=a,a-1) (C,a~1) ,* “by Theorem 2.3.2
B . k] A . . .
. 2 A_; (€,a~1) ) , by Theorem 5.3.1
'\ ‘ ._ -, R . . q ',. “ “ ' -
X \7 . =" (L,G)- B ] . . ’

4

. B : ‘ ‘ . . . . ‘
. e o . * B L ' . ’
‘e - ‘. ! . “ ' . .
.
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introduced. in 1916 by Fekete [ll]. Strong Cesaro summa-

' strong summability to other methods. Borwein [6] hefines

L)
L]

cr

~ . CHAPTER 9

s \_‘4 * ..
© 'STRONG INTEGRAL SUMMABILITY ° . .
9.1. INTRODUCTION. . . "L

-

We now study strong integral methods of summability
- . i ° L

based on summability methods encountered in previeus
B . N ‘ .
chapters. N ' . e o

[ A

The first stndng sequence- to sequence method of ‘

summablllty waSrstreng Cesaro summability of order 1, .

bility of any positive order was defined by Winn [32] ig

1933, ‘Various‘authorsfhavejsince extended the nétion of

a 3 «

strong suﬂgfbility for matriX'methods'of a generalvtype.

The strong sequence—to—sequence method [P Q]e is .

defined for e >0 as follows [6] Let {sn} be a sequence

®

ia.n.(i let | <! g . - R {,
| =g, ] ana p'=" - -
| Q = la, |, anA' :.tpn'v{
. - 3o
be matrices, with’ph y £ 0-form,v =0,1,2,... .
SRas A
.1 . A , -, . ‘ e : w > . o '4 . b ]
Let - ’ T.0= )} g &, . I
: : noo Ly VLV o , . )
( . . ’ & -
. . @ 0
1f ‘ . : 1. - .0 1. -
1f S vzé Py, ol Ty =0l

is deflned for each n and tends to-zero as n * w© then

L] - ¥
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h Al

we say that {sn} is,[P,Q]e-suhmaQZe to ¢ and we write .

s, ’ X sn + O [PIQ]e'

k) ”

' Various types of strong summability for sequence-to-
N . -~
\}unction methods have been defined. For example, Srivastava
: S A

[28,29] gives'the follq&ing definition. Let {sn} be a'

’

seqﬁence and let {¢n(x)} be a sequence of functions., Let .
. : ¢(x) = .Z ,cbn(x)sn._ -
¥ T |
" 1f ¢(x)'ex1sts for all x > 0 and if ¢(x) > g as x > o
P
< then We say that {s, } is ¢—summable“to o. Given a

E

sequence -to-function method $r - strpng ¢-summab111ty with

&

index 6 is defined. 'If for some M >0 A
" y B X ' (3 -
' ' z { \xéﬂiﬁllEz dx + 0 Jas y » » -
L Y dx

. and if {s_} is ¢ -summable,- then we say that {s } is strongly

¢vsummable with index 6. . T 3 . ) °
H a 1]

. -4

N .
. / “ . We now consider function-to-function methods of

strong. summability. We fi}it ﬁofe that a seQuence-to—
function method miy be regarded as a functlon—to-functlop‘ '

method. Given a sequence (s, }, we deflne a function by
f(n) =8 n ="0_'l,2,.o:on .

Usiné this cénvehtibn, wé‘wzll henceforth-regard sequence-

to-function methods as functlon-to—functlon methpdsq'

ﬁmawyer [26] has- deflned strong summabzlzty far a. ¢

.4> ) - general class of funotioy- to function methods Let Pbbe

..

.+ "an 1ntegra1 method of summablllty given by ‘the transform

-"l
Y i

P(y) = Pgly) = To'pﬂy.;)f(t)dt

A
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Jwhere p(y,t) 2 0 for all y > 0.and all t > 0. Let Q be
- ' PO - . [
a function-to~function method., Let 6 > 0. For'y > 0,
we define .
® V'e<¥>\ ='r’ ply.tylog(e) = of%e. .
$° |o-of © 70 - ‘ . ‘
[ ” ——~—
N } ' ‘
If P (y) exists for all y > 0 and if P . . ,(y) > 0.
' e ‘ ! 2 ’ ‘ e ¢ -
lQ-o|” , Code-e| T :
) ) ) i
- as y % ©, we say that f is strongly summable [13,('5]e to o
: L / .
and we writ '
24 ‘ ’~ ~ -
£ (x) f o] [?,Q]e.

We emphasﬁze that the‘leﬁt—hand member appéaring in‘Fhe

must‘saqfsfy ply,t) 2;0 f?f atly >0 énd'

] . o
. v \

ase of an infegral Hausdorff method ﬁx,

symbol [ﬁ:ﬁré
ali"t > 0.

In the

f ply,t)E(tyat ¥ - .
o T ,

*

will be intgrpxeted‘aé

: cn o B , . y L P
, , o J eax®,
. : 0 — s
W . . . ‘
that is, as L ’ . - - - 1
e + N - . l " ' . * ’ . , 4
| - - [Crwoaw. L
. o | 0 | - - . //,' 5
The condition A Sl T : S ‘
' | © ply,t) 20 o
-, ! A ‘ . 4
- will be written as . dx(t) 2.0, . = e
.o , ) . ' * ' .
‘ meaning y (£) is non-decrehsing;
. . . . oA Y]
.that ‘is, i, , . H_ = H_.
. ’ ) "’ ) ; . X X
- - d
I3 ‘ '




. - . A ~ : A . )
' ‘ Weswill use Q or R tb indicate. any function-to-
function method thropghbu{: this chapter. - o
_ 9.2. BASIC PROPERTIES. ., ' S
< . THEOREM 9.2.1. (cf.[6]) Let 6 > 0. - g
' A A /(' ~ A ‘ . -
(i)  If P and Q aré regular, then [P,Q]e 18 regular.
’ (ii) If Py 2 P,, then 3
;»\v;:‘) i - . [PllQ]e 2 {szQ]eo
N * a
N - (iii) --Strong summability is—-linears that is, -
. - (a) f £(x) » 0. [P,Qly, then for any real

; | zumb/eg a, af(x) + ao [5,6]3, and o
‘ - (b) if £(X).+ 0 [ﬁ,élé and g(x) .> 1 [ﬁ,ale,
. then f(x)’ + g(x) S o+ T '[ﬁ,éle.

3

| Lo PROOF. Results (i), (ii) and (iii) (a).follow directly
) ) :‘ - - . R . ) R
from .the definition of stfong.summability. We now examine
xf . . A X
© ~—Xhe final result. We have oo : P
‘ P I (y)
: 6
. . [Q - g - 7 I ‘ .
4 f+g . d . . o
‘ ) o0 7 . 8 ’ Co &
- fo P(y,t) Qg (0) - 0 - 1) 7at
- I . © . . ' 6. A
: : ‘=,f ply,t)|Qe(t) -0+ Q (2 - T}7dt ,
- : : “0 | . v 9 .
.8 0; T | T v 1
moo2 2 f ply,t) (e (t) -] + o (t) - 1|%}at
“ 0 , ) g )
: 1 3 L . 2L
. o We use a convenient form of the triangle inequality:
. for c > 0, |a+b|C s 2%{]a|® + [b|€y. v ’ ,
. . 1 .

- s ‘ R .

‘ . A

A o
. ' ;
r { ., i , : .
. S P - N




0 . . / -
. - o= 2%{p (y) + P v -, -
) 18 . 0.
o B L R
, - , ;
+ 0 as y *

c We -now guote two thég%rems‘ due to Shawyer.

THEOREM I. (26, cf. 6] Let 6 >n > 0. \

(1) Suppose that for sgme constant M,

1)

o : | .
f ply,t)dt < M- .
0 ,

.independent of 'y. Then o - S
) lﬁran 2 [;:6]6.

(ii) Suppose P is regular. Then

®

°THEOR.~EM J. [26, cf.6] Suppose that P is regular, Then

R ‘ (i) for 8 > 0, “ ‘ ﬁa\kh

& ~ ) [P(_IQ]B 2 ,Ql and
"(ii) for 6 = 1, ‘_
. The next th’fem:gives a result for prcduci: methods,
THEOREM 9.2.2. ' Let P and 6‘be regular integral methods )
with both ply,t) 2 0 and q(y,t) 2-0 for all y > 0 and all
t >0, Let ® 2 1. Then '

ALAAS AN N —
[P,S’.’R]‘e X [P%,R]_G- B
'PROOF . S'uppc')se f(x) » o [136,13]9. We have . ot

o

i
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e .
P gly) = f p(y, TQR(t) %{edjt'
| QR-0 | .- P S )
i oo . ) : . /
T = f p(y,tilf q(t,x)Rf(x)dx -AOIedt o
. 0 S ,
= L Y f q(t,x){Rﬁ‘x).— oldx + h(t)[edtzr(
" wher®e h(t) + 0 as t » o, s;:.nce Q i regular., Using the
~tr1angle inequality, we obtaln ' v R )
P oly) = 2° f p(y,t)lj q(t,x) {R;(x) = o}dx|’at:"
" |QR-0 | Lot , Yo : , -
I A 0 ‘ o ’
+ 2 f ply,t) |h(t) | dt. . .
.o ' , L
: ) - . | ¢ “0 “
The second integral.on the right side tends to zero as
. i' !’ ”~
y * ».since h(t) - 0 as*t » » and P is regular.
y . ‘
By HO6lder's inéﬁuality, we have
g . $ : o “
][ q(t,x) {Re(x)" - o}dxle‘
0 . . '
T < " , . Lo . ‘." ‘ l
.w ' ‘. '. 6 l/e oo ' l-l 6
< {]f q(t,x)]Rf(x) - o dxr 'f q(t,x)dxl '5} ‘
’ 0 ) . . . o . o e
< Lb q(t, x)IR (xg - cledx,
f(' “‘"““{M ._‘__h 4 : .
=Moo glen o s

{R-0

where M ig’ a constant independent:of t, since 6 is regulaf.

Hence ‘ ‘ - "
' 2
' 'lWhen 8 = 1, the second inﬁegral does not appear.

4

X . ]
("’ . ¥
& -
: ‘
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g0 o . \
[ p$y,t)‘|'f aft, x%{R =) [dxl at > \_/
0 0 '
3 e[ ) f Gk, [R () - o%ax
- f Je ‘0! l .
o= MEQ- oY) S
|R-0 | , 7
: : £
+ 0 as y + %, ' : " i
This completes the proof. of the theorem. o -
| . - P ] : v,
o Our next result investigates necessary and sufficient®
. conditions for strong summability. =~ * - v
‘ v ' '3 .
“ “ THEOREM 9.2.3,; - F 6]) Let P be a ragular method. ‘Let
" . 6% 1.  Then the,following are equivcbzle'nt.
(1) *£(x) »'o [P,Q],. . .
. ) s A i . 'A i ‘
DY e o @Q) and g(x) + 0 (B), where |
| gt = og) - Pogdx [0 . "
- PROOF, We,first show that (1) implies. (ii). Suppose
. . o . .. N Y ' . 'AA ’
B f(x) + o [P Q] . By Theorem J, we have £(x) + o (PD);
that 1s, PQf (x) + 0 'ag x » o, Hebce . . . o
]PQf(x) —ole+0asx+°°
sy , But p is regu,lar.A .. *  Therefore IPQf(x) - o‘|m+ 0.(F).
NOW Qf(;x. Y ‘) 0',“"'“ “\i"_""'-; S :' o j&‘ o ’ . e ;4 \»-‘
¥ . e ' a
o ) 5 4
;( : M : ’ o .
o ' \ , . / < - _
° \ g '] .
- \\’ ! ( ' \



o°*

R P

&

"P

b -
. » oo " - “. e : .
Pg(y) =’f6 p(y,t)_'IQf ft) - PQf‘(t)I dt ‘ )
. C ‘ - .
o"~ ® LY ! ’ . ’ e ’
= J' ply,t).{Qe(t) - 0 - PQ(t) + of"dt )
0 ' . . .
; sge\&)_é(y,ps{qu(t).~ ol% + |pog(t) - ofPlat
e, '
' 2 [p (y)e+ P oy}
Qg-0 |@ * |pr-0 .
o_' oy O as y - 03 . - -
that is, g(x) = 0 .(p) - o
’ oy e ¥
IR We now pr‘o‘ve that (11) 1mpllés (i) . Suppose
f(x)-> c ,.(/PQ) ,and g(x) - 0 (P). Slnce P is regular, -
. we ha.ve ‘ |Pva(x) e | . > 0 (5) . \‘ . : A
Now for y4>~*0, " 4- U , i |
' T . oF . .ﬂa .‘ ‘ . A'
: {y) = f ply.t)]Q.1t) - otlat
o e ) ‘ £ , -
,{.Qf—gla 0 . ~
.- o, s ~— R

.

= f' p(y,t)|Qf(£[.- PQ. (t). + PQf(t)”—‘oledt.,,

Jh 9.3, smaouc SUMMABILITY WITH INTEGR%L HAU§DORFF METHODS

e ) 2

B In ‘thla sectlcm we investigate strong summab:.llty
» . . . .. ;

.mvclvxnc; mtegrab Hausddrff n}ethods. I S
“, . " ° ’ - , a N

e : L K . - ” . . ,
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" . 5.0 ‘. ® . . “ iy
‘ RPN G Y 0 (8
, S Py, ) {|Qe(t) - POg(t)]” + |PQp(t) o] At

Cl - a ' . o . - . . ' .‘." ‘ , "
T = ze{gg(y) T NN ) 1

A AR .IPQf-O] IR

-, : -" Lo ‘(—p 0 és: 'Y, > o9, . : v Z ) . .o - .

‘ Y . Lo

.




LEMMA 9.3.1.

)
$ 0 0

R (R .
e methgd and le

T G e O

, 1 . \'9 e . .
o o = M . f ]f(yt)l IQX(t)Pb . : . . "o

E) o .
. oo ‘ e

'~ B - ~ -ﬁv. . ® .
(cf. [6]) Let,HX-be an in&egral Hausdorff g

t 6 > I. Then for y > 09" . o WS T

@ P S
SR 1P L

g . k4 e
) .—-.—\ .‘ l i . -ba
-~ _ where - "M = f Iﬂx(t)l E, .
. o g 0 q . <
. * «"‘ ‘ ' + ’ - ' -
. 18 the vamatton of x on [0,1]. . .
14& ‘i, | ‘ : - . o - %-r’ ' <
3 , PROOF. For yu?&o ‘we have L o y
' ' . . ‘ . : . ) 3
. "‘ i e TJ‘. . N
o |H (igle < ][. f(yt)dxgg)‘. o, IR
] ‘ , . . ’ ) " .0 '
- C s {[ lfAyt>|4dx(t%1} RS
-~ 40 v
¢ ¢ N a0

.' @ u“‘ "l el
0

A}

0-1

L

? a . S
11 N [ r

e-l'ﬁ (y):v SRR
IfI e '

/

) f,e We use this leﬁﬁh @ﬁ.proﬁé¢L$N; o7 .. ’
Lo | &- ‘ - ‘ ’ ‘(" ' ) < : T ~~::'__. zT 7
. THEOREM‘é 3. 1. (cf (61) Let Hw!and HX be regular mntegraf‘~
. Hausdorff mezﬁodsngth dw(t) - 0. QLet e > 1. Then .
Y W
Lo ‘ ﬁfw,n Q] > {Hw,Q]e L ‘_
: P v ' ‘ o .
PROOF. aSuppose f(x) > o [Hw,Q]e.
9. we. have gtx) + 0. [HW,Q]e
e e i Lo i ¥
PE v, lwhen 8 = 1, the second.matag‘é::ral does not appear. -
. .' S — ' ,?“- » ‘ [“ " ‘ R ‘ i . -
v . 3 = . ‘ ‘% ——

ER

. o("



s, X \
’ » s, ° o .
v s . g~ v
o L ; gl . og !
: . ter o e 4. |HB t dy(t) . )
St et H T g, () Jo |5 Qg ty )| "y (t) , .
. . P . ‘H Q 0' ll) . . .
. i e X°9. 5‘\ | o .
a0 e e L ‘ 1 AT i )
oo NN ; .= f {QE.; (ge) [Faw(t)y . -
R T L o T GgixTe <
u’i'o ) . . [d '>. . % - ’ . ’ .'
% , . . “ . ‘ “: 'A a l“‘ e‘__l . . . l
- R | < woly (yt)ay(e),
o e . . v 3 ~ 0 C IQ l -X ‘ < B 4
R e, AR A T
; IR b§';emmawg.3.1, where M is constant,
. . » ’2’ . o-1 1 1 ’ e‘g ’ .
' ~ : . - =M J J |Q txyt) | ¥]dx (x) [dp ()
. . gt
. . 0‘ G s & &
X o . b Y ’ R
' a-1 l l c 6 f
: oo no xyt)l dw(t)ldx(x)l,
e . oM
. o o Ceoe e ?by.Theorem'2f2.4,
VS T X(y)' .
- ) H" ‘6
IQ 17
A - / - ' >0 asy ~ », b THhorem 24%2.3.
L , . . " Y Y .
) Thié'cdmpletes‘thé proof of the theorem.
; ’ | SR - e
. .f . Let H be an lntegral Hausdorff method _For '
convenlence, we shall. say that i (or H). satlsf;es the '
finite momgntuqondztton if at most flnitely many ofAthe T
'moméhts dftH (o H)Y vanish. . I RN -
- <y ' e . ' ot -? . . .'
Lo - THEOREM 9.3.2. (cf. [6]) et Hx be « regular mtegraz -

4

Hausdorff method with dx(t) 2 0. Let’ Hl and H be zntegral

Hausdorff methods such that H1 > H2 ‘and H2 gsatidfies the- ';
P " “ 4 . R
' ftnzte mament condztmon \Let 6.2 1. +Then

-

i . -
. . * - . . . .
\ S o . \ aA A o o, .
4 - . . A
. " - .
. . ) -
°
' . a

:[Hx'H;le > A8,




) -
_PROOF.

-

¢ .

By Theorem D; there, is a’regular integral Hausdorff .~

‘umethed H, such that Hy = H3ﬁ2. Hence we d%f?&b by

- +

Theorem 9.3,1,.

~

(H

x'H1lg

.
~ WA ~

\

.

2]6

ec

THEOREM 9.3.3.

. me'thod with dy(t) > 0.

Cesaro summabilify;

THEOREM 9.4.1

2 [HXIH?_‘]
o s i

As a corollary to Theorem .9.3.2 we have:

I\

Let H be a regular zntegral Hau:dorf{L

Let H1 and H2 be zntegral R .’J,
Hauedorff méthods‘bo$h sutisfying the finite‘mément
?fopertysand(with'Hl-E‘Hz Let § 2 1. .Then .

w ~ A P ~ A

._[-HX“,H]‘-.] 0 _’}i. [H

T Under-theihypot@eses of Theorems ?.3.2 and 9.3.3,
. / -‘ | H . " ! . T»'”
we obtain the relations

C Al 2 [H 00, D
\o ~ A A ’ \ ) : . :
' a-nd‘ B ’ [HX'HlQ 8 ~ {HX'H%Q]G: ' - « '
respéctiVely.
- 9.4. STRONG INTEGRAL CESABS SUMMABILITY.

We examine same strong summab111ty methods 1nvolv1ng R

d then consider strong’ Ceshro

summabilitf. ,

-
L

'. B > an > 0

. (c£.[6)) Let a,8 >0, 8 > > 0 and . x“- -
- Then ~  ° Y ST ﬁl&\\ T S

B




)
: ° . ~ ‘ ."‘ ""‘ L , -
i . [(C_fB)IQ}n _D_d[(cuo")‘;lQ].e- - -
o R R -
' PROOF. Suppose f(x) »~ o [(C,a),Qlq: " Let
. e gy = Qf(x) - 0. .
Then:[g(x)|e > 0_;C,d). Using Holder's inequallty, we
‘ . ""..,.__ »
have, y . - T g
A -
c (y)=cCc . . (y) -~ . ,
lQg=o|":8 lg|™:e " .

. . B j,y (
: = . (y-t)
-~ , . B 0. .

K y !
L) yB O
v )
y = 5
.o U Hy t)B -1- (- -1)n/b,8 ndt}
0 - . . .
o ‘ : Y. _: ‘ n/6.
. . = ou){—é j (y-—t)“~-1|g(t),|~"dﬁ} .

. o " y °0 : -
b | oy, =
o . .{ . 1 Y‘(,—t)Bg_z?B— 1 at Qw

. ) Bo-an Ty Y : ol
y L S
o ) v‘V *“, R ’ -~
~ =om e, 1V
.- 1
« 9 © e o |g| He
._"' s 0 as y'+ o, b - )
B . . " : ) , " .'.

' This completes the proof of the theorem.

A b . .-

THEOREM 9.4% 2.‘-(qf. fé]) Let HX bes an . ¢ntegral Hausdorff

"method . Let 6 2 M Suppose f is absolutely contznuous

., . r' B . . .
Then .the following are,equtvalent. N . Vo
. . , N ) Py ) o - ) L8 L .- . .
R . [ L ‘s
) o S 2 v
® -.\~ , - “ \‘
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. \\ ( - s T
P . o A ~
’ o 0. (1) ' f(%) >0 {(Cpi),Hxle. C

s - / > ’ ’ " .
(11) 7 £(x) >0 ((C,DH) rand

xE' (%) L 0 [(Cll)l (Crl)HX]e-

. B PROOF. 1In view .o’f Theorem 9.2.3, it is sufficient to
: ‘;I,OVe X' (x) > 0 .[(C,1) ,(E:‘,l);lxl-’e | '
' ‘is equivalent to | |
' - . T gm0, - )
' ‘ where gfx) = IHfﬁX(X) - Cy ;lti)|6Q
. y . - £ix -
( P '1~Now, %Ptegrakinq by parts, we obtain
) i l' t 1 u
. -\\\ T f .xuf'(xu)dx = s f zfﬂ}z)dz

- 40 ' l) 0 \

‘ : “rtu
= 1 tu _ .
' . \ = ol z€(2) ], fo £ (z)dz}
N | 1t A '
L—. ' ‘o = ftu)-— L | £(xu)ax. .
, . L , «t 1, :
Hence for y > 0,[wée have ™ - - °
yoqp ek
1 f 4’% [ f- xu ‘(xu)dx4u)dxieth
Yo %o o - 7 o | .
Yy jril.4 gt e ,
= l.(‘ I[ % f ng'(xu)axdx(u)‘edt, '
- Yidg lo.Flo . , Ly ’
o, } , ' e . ‘
3 . c . . o + . by Theorem 2.2.4, -~
. - N . . - |
. .- i“ﬁﬁ‘ 1 .7 1001 P 18
o = f‘ Ijlif(tu)dx(u)'f E-[ f(xu)dxdx(u)] as
: Yig Ho 0- . . .
:ﬁ * ) h

3

y b
Jg(er)®ar ™

p




~232and933 4 U ,

I ]
M °

This compietes the proof of the theoremn.

. 3
‘We remark thattTheorem 9.4.2 parallels Srivastava's
def;nltlon of strong sequence to—functlon summablllty
For o,8 > 0., the strong integral Cesdaro meth_od of
ordeﬂ at+l wath zndex 0 1s deflned by ,
[C,u+l]e = [(C l),(C,a)] ¢

This is analogous-to the’definition of strong sequence:to*

' sequence Cej?ro summab;llty given by Fekete Ell], Winn {32]

[P

and Hyslop [12] (see also [6]), as

!C,p+1]e_='{(ch1>,(Cfp)]e. for p > -1.

r »

In Vie//of Theorem 9.3.3, ‘we réstrict ourse ves to
' "
Cesaro methoﬁs, with one 1ndex, rather than Cesaro—type

r’ethods, with two 1nd.1.ces.

THEOREM 9.4_.“3." (cf. 16]) Ige-t o > 0 and © 2'1. 'Suppose £

’ . . A-J;

18 abso'lulteZy continuous. Then the following are equzvalent
-

(1) - £(x) ~ o [C,o+l]]. - :
7 ) ’ . N \\,\‘ E *
. (ii) L E(x) + o, (Chaid) and E )
p . . . ~ ‘ ,3' . _fr’#
x£' (x) + 0 'I 04+2] . - S
. . , Y
‘- 7/ S . . 3 N . ‘ &‘;

PROOF. The’ result follows 1mmed1ately frga Theorems 9. 4 2,

i
«

\‘ ‘ - . ' ' ) 7 . ’
3

For Oy e > 0 the strong integral Holder method of
summability is def:.ned by [cf 6 ] S Lo

- ~ © 0¥l pem [, 1) 'ﬁ.ane
/' We have the following result from Theorem 9.3. 3

-

: .. . 5 o t C '\
N - - .
o K L) . . ’. * - .,
.
! [ - . ‘ . : e
. N .

-

P



v THEOREM 9.4,4. \cf.[6]) For a > 0'and 6 2 1, .

. .
>
£

: L [Cra+l] p v [H,o+1Rgr B

3

..

\ N , o i - v R ¢

that is, for '® "2 1, strong éntegraZ'Ces&r‘o and strong = \
integral Holder suhmabilit.y.are equivalent.
Ll ! v ® ' * <




) .
o g . a -
. | , » ." \ ‘ . ’ K | . .
T - - CHAPTER 10 _ v o
- o STRONG INTEGRAL ABEL-TYPE SUMMABILITY =
> . , o ' - -
10.1. INTRODUCTION. ' 3\ ' - . .
" ‘ Har;,ngton and Hysl:op [14] and Flett [12] have .
- ' . .
B “Ldeflned forms of strong sequence to—functlon, Abel type
. _—
| summablllty RJ.ZVJ. [21 pp- 29 and 45) (see also [8]) “»"_ﬂ;,'ﬁ,,- gady
has-defined strang Abel -type sununabllltﬁ?"’as fol*Itmfs.‘ '
o :  For 6 > O,, T ' "q, ',.,:_'ﬂf‘:‘é'*ﬁ’; e - .
. i “‘,‘&q_"~1~ . . X
5 . . R RN . .
L] . _‘/’.‘.’f—wj’ N N = . . .
. r - . ':‘;"":"':;',;‘ [A>\] ) (C l) IA>\+]._1 ‘ . /
] We deflne strong zntegral Abel type summabzlzty in ‘
' a similar manner. For<9 >. 0 J\ > -2 and o > 0, -~ 7
? . _ \ ‘ .. . . A -
: 4 [A 1y [(C a),A ]
Co e y A'e Bxel 6° :
Strong Borel type. sum;ablllty LS def'lned in a somewtrat
51m1]:ar manner [26]. O K L : /
v’ . ' ’ : s ) a ) < - v ! ’
‘ . . 3
10.2. RESULTS. | : . -
- . L Fl g i . v
e ©  Wesfirst gather some simple results. - -
/‘) | THEOREM 10.2.1. (ef. [26f)  , . -
T G) For 85 o> 0, )\>-2and€'>0,‘.""f,°’ ,
e ‘na M . \ "‘ « B i Y n N
. i . v , "‘ "“.;’ s N . " :
AL L e “‘u] 2 H |
¢ (ii) For a8 ¥ 0, A'> Z2,. 8 3 n 5 0 and 80 > an > 0;

L IA]B:[AAIG

et . ;'\ o:
- 82 -

-




(iii) For a > 0, A > uy > -2 and' 6 2 1,

-~

. ot a - M A a
x T 2 35

%o

(iv) For a,B > 0, > u&-z,,e_‘é 1, 6 >n >0

. and BO > an > 0, : )
, s

e {

PROGF. The flrst result‘ls tr1v1al. The second follows

TN Ve "

..‘.

.. from, Eheeﬁém i 4\ 1o W prova the third resultn. By

o A'v ~ ‘
Theorem5'3.2.2 and 9.3.1, we hav’e, o "
. A “a ~ ~ e T %
L’ .={[(C'9)'}C'A—H'“+1)Ax+1]e
;o %7 ~ ¢
’ g;?": .2 [(C,a) 'A>\+1]'6* «
L - = e |

#’—:; ' The final resuit follows from’parts (ii)

a

" We have o o ‘ . -

A B - "A a
‘[A“] 3_ (A le
(2 [Axle
This completes the pr6of of the theorem.

. - ) 2

o-

"‘.- s . . : -y . '
THEOREM 10.2.2. (cf. [26))Let a,B > O, n > &8 > 1, an > g6 > O,

a _ B

Y>> F-5> 07y > (% :.%). 20 and A=y > -2,

s, . 0w

. o . ~ - .
. [ A Yln 2 [AA]Q... SN
PROOF. -We ‘are required to prOVe o ' -

o [(c'lﬁ) ‘:AX"Y;I(] 2 [(C (1) AA+11'9

- .
ﬁa »

¢
Then

’ .

s




LY
Suppose f(k) > 0 [kch“)'Ax+1]e' Slnce all the methods
N : involvéd are regular,‘wé may assume ¥ =0, We also have
[(C B: AK Y+11T1 = [(C,B), (Chy, Mtl-vIA, 4]
’ ~ ~ ~ ~
- R . . . Q/\‘ [(CyB) [ (C'Y)A}\‘l’l]n"
S SO hélng Thgg}ems 3 2 2 and 9 3 3. It is therefore sufficient
to prove
v o . £ (x)w™ 0 [(C B)’(C’Y)%}+l]n
. ‘s .
a . :
.LeF o a(x) = Af;l+11x) |
% oo
-~ . _ 1 -u A+l
, ' . \ = m J f(ux)du. ,,
, ) ,. | . ~
‘ ' We must show P :.
. N " - g r-4
gt (¥ B-1| y f* Y-1 n P
3 J (y-t) ‘—1 [ (t-x) a(x)dxi dt » 0 as y + «,
0 . Y g o : .
Y 4 » - . en
' 'Using Holder's 1nequa11t§ w1th indices n, —g and
. - - A )
. ‘ ‘g%I, weé obtain " T ) -
M ) . . ’ . . o _,,‘
O : ) . t . -1 ‘ ﬁ.\ .
; . ' lf (t—x)Y T a(x) dgp : . ,
- 0 . IR o
N - . ’ ‘t , . N
: e ' *k
;o < {f [a 240 (t-x) % ~1”dx}-1/”
. N . » - ] i 0 . ‘ ] . .‘( .
o . . 6 (n=8) © n-g_-2n 51' -
‘ . ‘ ‘ | - y; t -T]—_ “((! ,\1) 5 n-9o-
- S . . U ‘[Iaix)l : (£-x) . dx}
< ) - - r A ) 00 ’ 'Y . -~ ‘ ) . a
. : . ) TS ' _
A oot ' ‘ . ) . ‘ . ! 6 l—' %‘_
. ‘ oo L t a1y ) =1 L
, 4y « . ,
. u; ) e 0 . ‘
where 0’, and a**-are given by LT . I

.
. ' ) ®
.
.




s C e
- 4 - : '
- . . v = 1 - v
0<a*(l-—é—)<y-%+%
\ } .
\A\: ‘ Y ! . } l _ _li
\\ : 0 < a* (1 - E), <y - o (é' ,n)
\‘ and ‘ ' aF* = Y-l - (a—]_) (D_-Q:-Sl-) - (G*"'l) (..Q.gl'.)

-

Y-1 - (- (g < 3) - 1= 3.

i

¢
Hence

A - _ o ( s rt
|5 [ amax|? ¢ {rbry [ 120017 60 * e
t . - ) .

Yo t 0
) ,V . t g - 1 -
; {_1 ?\0\'|a(x) |e t-x)* 1dx}”/6 1
[ o . i
S A ' . -
\ : - S
t f :
' " {'\—d—; [ (t-X) dX} . - ‘
. ‘ ) 0 <
: . . t *_
Now \ —l; f (t-x) ¥ ,ldx = 0(1),
. ’ \ —— tu 0 - . »

independent ‘o"i-E t, .-for a* X 0. Further

.. )
V= f ary¥ % % tax

V%o
Ve "
g [a Dle-a
Y A+1 ’
\
1‘, . ‘\\ . + 0 as t + o=,
~ . since~f&x) -*‘O [(C,a)AM_l]e.
' ) a-1 ;
Therefore }\a (x) |7 (£-x) dx = 0(1), >
- 0 >
N - ' x‘o\\ - , . . ’
independent of t. PR )
We now’show that o**n+l > 0. We have .
\ T ..

&
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. . )’
s ‘h[Y"l - ((I-.l) (:—é- -‘%)H— (0.* 1) (l—%)] +

,./’

1

Myl - (et (F -3 -y + o fF -~ﬁ) #1-3]+1

0.

Therefore .

———%——I ft latx) | % (t-x)®
g@* L g S

is defined. We’also have
»
a**n+l > 0 ly-1 = (u-1) (5 - 3)
. BN :
oa-B.

We now have .

-

oL (Y, _..8-1 1 ft C 8. a*n
___B.__. fo (y-t)°' W ~0 lafk)l (t X)‘ dxdt

y

?

"0(1) CBC ' Y {y)
*
| A+1l n+l

“*

0(l) C o (y), by iheorem~2.3,2
Ay [T sBta%2nel o

-+ O'as~y -+ w,'sinbe B + o**n + 1 > o

This completes the proof

and f(x) + 0 [(C o) A)H_l]e .

of the tﬁéorem.
[ . ’ ‘ | o 2 o
THEOREM 10.2.3. (cf. [9]) lLet A > -2, 8 >'1 and
1>y > 1/0. Then | '
) [ ] .
‘ ’ ~ b ‘I\ ~ ‘l
If fu%thef k_; 1 -y > -1, then
Ak+l—y




7

- THEQREM 10.2.4. (cf. [8]) Let u > 0y X > =2} and 6.2 1. -

-

s

3 ’ »g- i
PROOF. Suppose f(x) -~ o“[AAlé.. We“may assume that
; 1,1 _ ¢ o
g = 0. Let a(x) Ak+l(X}; Letrﬁv+ 5= 1 and.letv. -
0 <'e < Y - % . Then for v.> 0, using HO dér\g ineduality
we have
’ @
o Y b4 v=-1 N 4
lc & (y)]| = l-— f (y-t) a(t)dt' ‘
YA Y Jo -
Y. , .
rY - 1/6 .
<v{r | w0 lam e
* . { 1_ f¥ (y- —gyn (-1 E)dt}l/n:m
e ynﬁr}:w+r 0 , .

3 .

M-

o(l1)} ¢ 5 ~ (y), since n{y-l-g) >:-1
A, 1] 10+l

+ 0 as y + » since ef+l > 1..

4

This completes the‘groof of the theorem. . o
V\K’ ‘d s . - <
Ouxr flnal theorem relates strong 1ntegral Abel type

and Hausdozrff summablllty.; We Just need some notation.’

For an integ:al‘ﬁausdorff method H ’ forvx > -2 and
’ 4 ‘ * 3 ' ¢
8,0 > 0, we define (cf. 8’
. ~on a. _ . r o ~ A e

£ T )

°

Supposge HX is'an’integraf‘ forff method. ‘Then '

(2,1 N> (2]

1, ' ‘ 2
PROOF; We have, by Theorems 2.2.5 apd'9.3;l, i <
’ * . ."\ Co - ) L

S = . g

"0
2N P T . | .




~ > A ~

A

= [(c u) H x+11
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r . .
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" ) _ APPENDIX 1 - Y,
_— ' LEBESGUE-STIELTJES INTEGRATION
. : * . . oo A o

-

(Y

. - . 4
We wish to clarify what Rogosipski [23] means when
* - . .

he writes c ] '

- i P

1 , o L
- . f £(xt) dy(t) )
0 . . ! P ‘

(whererx ¢ BV[0,1] and f is Borel measurable and bounded
on every interval of the form [0,x] & He describes it as_ '

a Lebesgue-Stieltjes integral. We shall examine the

LebesgﬁerStieltﬁes-integral-as discussed® in Ash [;] and- °
\Ruaiﬁ [2%] andlobtain'the properties Aeeded for’integral
ﬁausdorff methods. I .
We use R and R* to denpté’the géal numberé aﬁd .

the extended real numbers, respectively- ’ , -
A collection S of subsets of a space X is called a
- A / ‘ -
o-algebra in X if $§ satisfies the following three conditions.
t. . '} R .

-~

\

s (1) X'e s.
(ii) I; A ¢ §, then A% ¢ S, where aC denotes tﬁz°

complement ¢f A with respéét‘to X, . 7 A
< ~ o - - .‘. . ’ . .
(iii) If.A= u A, where A. ¢ S forn=1,2,3,...,
. ) L S "
then A ¢ S. » )
. L. / ’ ~ -
. Given a topologftal 5p-c§ X, there is a smallest
g-algebra containing all the opeﬁ'sétS"of X. ‘The members i

> 89
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- for all x\> R. He then -proves the following result

“[1, ps ?4]-

N - ‘.
&7 . : T

S . | : T . .

’ | X .
of ,this o-algebra are:callggd thg Borel sets of X. We

S

~

use B to denote the Borel sets of R.

<

A positive measyre on a o- algebra S is a- map ¢

’

, p:S"+ [0,»]) ‘for which u(A) < o for some A € $ and which -

is ctountable additive; that is,- when Al,AZ,A3,.}. is a
countable coll%ction of disjofnt sets in S, ‘then

p(o Ay =7 u(a).
/nf3£9~

&

In particular [1, p.‘23], a Lebesgue-Stielt M

-

measure - on R is a measure v on B such that P(I) <'= for
all bounded intervals I < R. . 5.

. -
- 4

: .
: Let F:R + R be a monotone non-decrgasing function.

Ash (1, p. 23] calls -such a map a dtaributiorv function

1f 1t is also rlght continuous; that ds, F(x) = F(x+)

P

N
- * -

. » n . L
e Let F be a dzstrtbutzon functzon on R and let

u(a b] = F{b) - F (a) for a < b.

[

Then there 18 a unique extension of u to a Lebesgue-

" Stieltjes meadure on R, . R

.a/‘ . . v"

. 28 N
Hence, starting with a monotohe non-decreasing

function F, Ash definés_a right continuous function F1

by Fl(x) = F(x+). He then obtéins a uniQue Lebesgue-

Stieltjes mehsure Mq éatisfying for a < b .
up(a,bl =-F;(b) - F,(a)

- L = Fpt) - Fla'y.

.



e’

»

Rduin_defines a left—cgntinugps function Féjby ,‘
F,(x) = F(x ) and obtains [25, Th. 8.14] a unigue

Lebesgque-Stieltjes measure u3‘sqtisfying for a < b

u3[a,b) = Fz(ps - F,(a) | .

L]

. F(b') - F(a™).. . ¥

It iS easy to Sh.ow tllat u an.d u agr-ee n ‘i Ilter Va-.ls
.o

and hence must agree on all Borel -sets. Using u to denote

this common measure, we have < .
v ) +, i + b
- : y(a,b] = F(b') - F(a')
.  u(a,p) = P =_F(ah)
ula,b) = F(b") = F(a")
and . T ula,p] = FbH-F@a)..
Note that _u(a) = F(ah - Fa™ )

= AF(a). :
Henge u does not depend on. the actual vafﬁe of F at any .
peint of.diSCQntinuity of>f. ‘Thereforé Rogosinsk{'[ZB]

.may normalize in the fashion

" [Fl0) L for x < 0
F3(x) = %{F(x’) +~F(x+)} er X ¢ 30,1)
F(l) ' . fdr x*> 1.

-

The Lebesgue-Stieltjes integral is now defined as.
in Ash or' Rudin, It is applied to Eore; measurablé

functions; that is, ﬁo functions f:R + R for which
/’ . .

£l e 8 for all open V c R. . One resulp‘whichlwe use

-

" is the following. R

FUBINI THEOREM. (L, p. 103; 25,i;iﬁ 7.8]. Let uy,u, be -

-

- "' .",. R ‘< )
ok Ao -
st a ‘

.
. N
. . L R - B
. . e B bu-r"‘ -
My - ¢ A et . R ' . .

Py

& Lebesgug-Stierjeq'm%asureej let Aj,A, € 8 and let f;bg

v l)’ s 3
‘e ]

et




-9y

\ i )
) ! 1} . .
Borel measurable. If ' . L 4
) f J I£4x,y) fau, (v) dj ) < =, ’
. 2 1 4
Al A2 ..
\- .
then JA fA\ £(x,y) du,(y) du,(x) S
. l 2 . 4... .
= f f of (x,y)dp, (x)du, (y).
g # 1 2
. A, YA
S 2- 71 h

. L e f £f.dy
» - A -

[

t

The, symmetric Pesult is also true.

We observe at this time that the symbol

b .
F i -
a L o
. N .
is ambiguous, since it can be regarled as

LA
3

. - e
where A ‘is any one of (a,b), [a,b), [a,b] or (a,bl. :-When

we write N - .7 - a

r ' : R
» B ) b ) A .
L . ) f .[ f du

t

N

we will mean

Hence for a < b < ¢,

c - (b c )
: Iv f du = J £f du + f f daup - £(b)u(b).
a a - b . . .

¥ To interpret Rogosinski's integral, we observe that

for a given X ¢ BV{O,li, there are monotone non-decreasing

functions p and g such that f )

”
¢

w(&) = pt) % q(t).

.

et
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Fxem these, we can obtain Lebésgue—Stieltjes.meéspies
] . . Y L ]

. -'+ F— * - . - T
' and p  and define for A« B . - - o

{. .
ﬁ 2+ = ]

.. .fA f(t)dy(t) =‘f f dyp —%T f du . {ﬁ
_A A' A i .
. .'Q‘A'

If, as is the case for an'intébral Hausdorff method, ‘A

-

T

is a flnlte interval and f is bounded on finite intervals,
this integral ig always deflned since we never have a

Moo = oot situation on the rlght s;de.

a

,‘we note that the familiaﬁ\fieﬁhnn-Stielgjés integral
. - 4 . . A .

1
. S f t7dy (t)
. 0 o

<

agrees with éﬁr Lebesgue-Stieltjes integral

T
: n
trdy (v)

x Jto 1)

,since we ﬁéve lmposed the condition . ' - .
. - x(0) foy—t <0
x(t) = : o,
x (1) for £ > 1.
\» s
' - -
) /
ey P Y - - -»
R . 'J’ = ES
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APPENDIX 2

r -
&

.SOME COMMENTS ON TI}EOREM C .

* We examine some aspects of the proof of Thebrem‘C.~

in Rogosinski's‘paﬁér [23].

¢ P

Let ¢y,9, € BV[0,1] "and be normalized so that f@r

i=1,2," “
. - I -
. ¢i-(0) . ) Jor t < 0 B
Ll - + . G v
¢i(t4 = 7{?i(t-) + ¢i(t;)}, for t.e¢ (0,1)
) 6, (1) . T, forf =21, - L
He states the following fdtmulal for .f Borel meagurable -:
'~ 'and bounded'on finite intervals of thd form [0,x]. For. .
N -',, ¢ ' . 1 1 : | o g '/_":5
Loye o, my R, 7= [ [ exmas; mas, )
’ 027017 L dodo T 2 R
- ‘ Cf 1 ' S ’ . . )
, ‘ = fo f(YZXd¢21(z). _
. where -
- ’ ’ 1. 2 . -
. &by (2) = fo ¢l(§)é¢2(x) S e
v R - . '
- = z N .
S S = Jz ¢4 (4o, (x) .
a‘ . > ‘ A . .
) ) | T 6 (116, (2) = 4,00 L
. ‘ " . i | . ¢1 ¢2 z) ¢2( )’ Lo L
‘Using‘tﬁis_formula, he proves that ¢2l(z) = ¢12(z)‘at 0

z'=90, z=1 énd at points of contihuity of ¢21(z) in (0,1).




\\ e - L] - | J’ . -
. \ o /L ) | .. -
He then has shpwn that H¢ H¢ (y) = H¢ H¢ (yy. We can '
- 21 172

~

‘prove this relatlon dlrectly, using Fubini's Theorem

(see Appendlx 1) We do need his formula, however, to
show that the prqduct of two 1ntegral Hausdorff methods

is ltself an integral Hausdorff method We now prove

the formula. . “ : f

N S

T . ' .'We first show éﬁét ¢21(z) € BV[U,l]: This follows

‘-

- directly ffom a'iemma-due to Tatchelll which gives us

'

™ 1 . x Dz 1 '
, f |d¢21(z>l sup Ja 0,1 - J ldo,(e) | -
0 . 0/ o<z<l Jo ¥ o 2
| o Mlaggl - [ lagwl
e : o = sup 4 ¢, (u)| - f d¢, (t)
Py 0<z<l Jz @1 o 2 »
s .. 4 - ’ l "- A
7 < Vivyy -

1? “ ] »
‘”  where Vl andV2 are e total variations on #10,1l] of ¢l
\. +
and ¢, respectively. Hence°¢21(z) e BVI{O, 1] The seconds _

‘e

.aﬁﬁ' ‘
. expression for ¢2142),1s derived from the first by
2 - i tegratlon. ‘ R .
. now prove the formula for step functions. Let
- N . C
.p e ( l]‘be a fixed constant. ﬂbflne
I. , . . ‘ :
A 0. for X € [0,p)
. od = L ,
. ‘ 3 . , 1 .for x ¢ [p;l]. i
) ‘ . A} I N 5 - - ’ . N
. - Now, supressing the parameter y, which is constant within -
. the formula, we have,® . /j .
3 ‘ . o , M -]
N A") ~

1J. B. Tatchell, "A theorem on absolute Riesz

sunmability,” J. Londod Math. Soc., 29(1954), 49-59., ~ _ .




\@ CEE I'O 'f (t) &¢.2 1'( t‘)‘“-“"' o L . ' . ’
» . . . : " . IS : )

- 1l 1 -" ) ) °,
© f(xz)d¢, (x)dé, (2) .= f ,f' dé, (x)de, (2)
fO fo X 1 2 .11 ‘' [p/z,1] e 2

= d¢,, (t)
J[p.l] 2t
= 0,0 (1) = ¢, ()
.e i '

= 07 (1) {4, (1) =~ ¢5(0)} - J ¢ch—)d¢2(t)

i ’ '. [p,l] . T
) = 0, {e, () - 9,(0)) - -
' . 'y ‘ . . ;
= ¢; (1 {o,(1) = ¢,(p7)} ~f "y ( P—-)d¢ (t)
- L lp,11. )

we o obtain | ¢ | . :

. - y - 6. R 144,
oo " [[p gy e ey Eidey (2)
. [ . v'

. .
W - >

L =0 We4(1) - o)) N

’ .. 6 (B ds, (z)
. I[P+1l 1z 2
. fl . 2. y
= | . f£(t)de¢ ., (£)., ° T
. 0 § . 21 . B

L] -

The result for general functlons f whic¢h are Borel
‘measurable follows by -a llmltlng process, u31ng a sequende N

of tep functlons appr9x1mat1ng f. Ce \4

v
- = o oy P v
s . . .
., - oo o AP
’

» : .
r ‘e . . . T«
» I 'l '

e
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' APPENDIX 3
CAUCHY-LEBESGUE INTEGRATION ..
. - - ‘ .' N v

»
.

. 4 The’ Cauchy-Lebesgue ‘integral is d ined as the limit
- f' : A
».0f Lehesgue ‘integrals, jus®” as the Cauchy-Riemann integral

is the limit of Riemann integrals.  For example, we might
A : ’ - T ’ ' . B

- £

have . { =

< e : R | .
. . ) f F(t)dt = 1im f F(t)dt,
.- ‘0 - R> é *

-

(R - ‘ o ‘ -
where,f F(t)dt is a Lebesgue integral. We note that if
0 _ N .'.N ) . o

” . . [

,,f” F{t) 4t ts absolutely convergent, then it is a Lebesgue
0 . :: i N N ?

e -
’

S.. -. integral. -Since absolute convergencé of the iteréted

:rntegral is’ needed to apply a Fubini Theorem, we have this

1

' tool for 1n;e:chang1ng order of 1ntegrat10n only when the

5 . o - R - .
Cauchy=Lebesgue integrals reduce to Lebesgue integrals.
.- . ' - . . ' - a
. Hefice we encounter the problem of finding an ad hoc method

for each spgéifib casé'to‘justify'interchanging'order of
integration for Cauchy—Lebesgue 1ntegrals. It‘is foﬁ'this

reason that we restrlct ourselves to the Lebesgue 1ntegral
Y . . 3 (4

- -

P
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