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ABSTRACT . : L

. A N £ .

‘A general mathematical theorycﬁs developed for the '

dynemics‘of the earth. The facts that the outer core is <

.

#liquid and theeeifrhﬁis rotating are taken ‘into account so
that,%h& hydrqdynamic equatlon for the.outer core are
correct to first order 1n the elllpt1c1tres of the. surfaces ﬂ

of equal density. To sepanate the variables in the equations .
of motion, the method of Epherical harmonic expansion is |
used. The resulting ordinaryslinear ﬁifferential equations

iid

show coopllng among spher01dal and tor01dal frelds.
[ . (8

However, the nature of the couﬁilng is such that for spher— -

e
oidal defprmation‘of a specific degree, it is sufficient ' )
. -£o ‘consider-.only the coupling effects from toroidal‘fields“ -
of neighboring degreee. C -
- ) -~ F.

- Using earth models with unlform polytroplc cores,~
e

we applled the fheory/tb free spher01da1 osc1llatlons of the

-

earth” of Qegnee two as well as the earth tides. qu types

. - o

of free cere,oscillations are found to exist for all three
earth modele used. The first'oype we call the 'core modes'
has spheroid‘l fields as the doﬁinant oomponents in the
outer corh and?freéuency‘spectra characterisric of the
density stratificarion inlrhe outer core. The_secono‘gxégwﬁﬁ

we call the 'toroidal modes' has large toroidal fields in

-

¢ .




/

~

. L S ,

I
[

the outer” core and consequently sizajple spheroidal fields.

: .« . R . ] P
in the mantle due to the ellipticity of the core—mantle

boundary.' The frequency of a toroidal mode is found .to

. be very 1£§pn51t1ve to the den31ty dlstrlbutlon in the

<

outer core.. R ‘

@

© ". Due to the existepnce of free oscilldtions, the
tidal response of the earth exhibits resonance patterns.

Two Amportant cases are found: 1. TResonance of diurnal
LS - .

tides at a toroidal'mode~of5period 23.88337 Qoﬁrs. " This
éffect is observed astronomichlly thtough_theuhntations_

. P : . []
associated with diurnal tides. Good agreements between
: s, 1
the observations and the present theoretical results

demonstrate the dynamlc effects of the liquld core.. 2.

. Resoﬂance of seml-dlurnal tides at a core mode of perlod

~

about 12 hours. The period of this core mode depends
strongly on the density stratification in the outer core.
Therefore, this resonance is important for the study.of

the core structure. . ) T
P
-
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- NOMENCLATURE
£

DRI

r

Netation ~ Description

‘ ]
n\ T T NA equatorial moment of inertia .
\ ¥ A R .
. ¢ + _  polar moment of inertia
F , ~ = (Fr’ Fgr Fw) i
. 'e¥teqnal‘force - e ) .
- : | rah' an,-an fadlal qoeff1c1ept§ of F under spherical
. o harmonic expansion .
’ . 1 ¥
N F defined 'by equations (3.14) and*(3.15)
e e e - > g e e —
3 . Fn . radial coefficient of F finder spherical _
- . . “T . ) ' ) \ ) ,.’
'aharmonic expansion ’ ’
G gravitational éonstant
H_ “ ‘radial coefficient Qf W_ under spherical
) _
'5 o . ’
v». VN - harmonic expansion : ‘ ‘
Ixx’ Ixy! Ixz' Iyy, Iyz' Izi‘. principal moments and
products of inertia . L.
} | N oo . - '
Ir I2 ' integrals F R
K defined by equation (4.36) ‘.
-~ - -
) Kl‘ defined by equation (4.38)
. - -
. ‘ L = (Lx, Ly’ Lz-) . " a N
external torque ‘ A
, .
s (Ve >
xiii
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Notation  Description ‘

= . ) .(.If}x!~\M);' Mz) - '

[N

" angular momentum ' .

4

AMX; AM_, AMZ relative angular momentum of the outer

Y . i .
‘ core

P ** " hydrostatic pressure .
! : $
m m ' ‘ )
P . = P {cos 6) | ' .
as%ociated Legendre polynonial: of dégree n, "
} ) :
- @gzimuthagl number m J}
Qn rad;al‘ coefficient of the change in normal
& “gravitational flux density under spherical
harmoﬁic expansion
R defined'by equations (3.10) and (3.11)
R radial coefficient of R under spherical
- - } . ‘ ‘ . -
harmonic expansion
s " defined by equations (3.12) and (3.13)
S, - radial ‘coefficient of S under' spherical
harmonic¢ expansion
. ) ‘ ° B LN
mn.T radial coefficient of torvidal displacement of
- /
degree n .
L 4 ‘_-‘ - : m
Tij ‘total stress tensor .
: U, radial coefficient of ‘radial displacement'of
. degree. n ' '

X1V




defiﬁed«b&-equation\(Z.ZS)

xv o,

Notation Description ' )
_ R
Vi ® radial coefficient of t‘angential‘displacement
of 8egree.n for-spheroidal field )
v WL total gfavitatiohal,pbtential
-] ! . -
W, . additional potehtial\due to deformatien
’ T : ’ “» o \
Wc -centrifugal potential - ) .
H% _gravitational 'potential of the earth due to
the undeformed mass l
w. o ' compdnent of wé with spherical symmetry
Wi the fesseral'pgténfia!'defined by eguation (2.7)-
[ ] . :
W, .defined by (2.12) - )
'WO. = WII_L+ Wc <
. “ :
gravitational potential of the earth under
- hydrostatic, equilibrium
Xn , 'defined by equation (3.17)
Yo radial coiigicient ofténgentihl stress for
spheroidai field .
m o TN
Y, Yo=Y (8, 9\ | |
spherical harmonic ©f degree n,. azimuthal
' v
number m ° ° )
z, - radial coefficient of radial stress
1:‘\ ) ’ )
b -
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Notation  Description- )
. - . / )
» d radius of the equivalent spherical earth
e ellipticity of the surface of equal dénsity
N . : .
. within the earth
. . . Y
£ defined by equation (3.54)
g ! gravity of the équivalent sphericd® earth
h, k, 1 * 1love numbers
n ’ external’normal to the equibbtential surface
|
. of Wo ‘
s - . - _ ,
. p . components of the rotation vector defined . -
! ' '
by equation—(2+3}
T radial distance from center of earth-
£ = (‘x‘ll le X3) = (X, Y- z) = (rl 8, lb)
coordinate system !
. - ‘ ) ' —
* t time . . ‘ ‘
s . . ! ’ ‘
B = (ugups ug) = (B uge u) = (uptuge wy)

displécehent.véctor_ .
» ) = (p, g9, w)

——_— -
= ‘(Ql. 2 Q3) = (Qx, £l

|

27 z
L , ) Y
= ’(Qr,' Qel Qw , (
s - - ' L
“rotation vector of the earth .
R defiqednby equation (2.35)
' - " , ’ [y
B . - defined by equatioh (4.35)

-y .
- 1 :‘
- .




Notation  Description ] . . .

- Gi., §3  Kronecker delta ,
] i .« . _
) € constant related to nutation or free wobble; .
defined by equation (2.4) | - *
. . 4
€5 value of ¢ for rigid gafth -
* .
: n displacement normal to‘the~qui§otential surface )
. + ’ ‘ ;“ , . -
, Ny radial coefficient of n under spherical harmonic
| ; . . o i %
expansion - .
- * '
LA Lame's constant . an ‘ *
[ * \
' - . . § N § v . iy ®
A Lamé's constant for .the equivalent spherical ® _ .
E /8\ -~ . / .
T —earth v - '
=< - . A .
u rigidity. ‘
. Mg - rigidity for the equivalent spherical earth
' -k v , defined by equation {4.45) , : ' .
T defined by equation (3.53)
w
A . - T, .
R G p density at any time
.JI - ) ) ‘ L7
fo. density of the earth under hydrostatic equili-
brium e
’ N p; ' density of the equivalent spher;lal earth e
o ) \"b R § \
o A%gular frequency pf oscillation.

1
v

. —_— ’ - XVii

a
-
-
{




Notation
hd é

£

.

“vector operator; gradient -

’

Description ‘ :

]

add1t1 al stress relative to the stgfe of
b

hydrostatic equlllbrx*h

compopeni of the rotation vector; ' angular

-

frequency of diurnal rotation

.

dilatation

radlal Qéeff1c1ent of dllatatlon under

spherlcal harmonlc expan51on

v

Laplacian - Ty

o | .
a prime over wo, Por A, u,’ps, AS, H_ means -

derivative along the external normal of '

- ~

equipotential suyrface of Wo .

’ 1

a dot over any quantity means derdvative along

radius of the earth

r i -

th

=
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) ¥ ) CHAPTER 1 ‘N .
° INTRODUCTION - . N
A . - | | -
1.1 Dynamiéds of the Earth 7
The éﬁudy of the dynamic behaviour of an elastic

’

earth extends back more than one hundred years.: The

1nterest in such studles arises malnly from the influence

L S N

they-have qpon the better understandlng of th%llnternal
“constitution of Ehe earth. Early works bleord Kelvin,

H. Lamb, G.H, DarW1n, A.EF.H. Love, Lord Raylelgh, and

_b¥_R Stoneley (1961), were malnly

ed with;the free and forced v1brat10ns of a simple,”
aifform hypoegetlcal earth.. The forced oscillations,

such gs ’diurnal earth tides and the associated nutations
. 7 .
were the most discussed due to the-availability of -

‘ astronomical data. The free oscillation of the earth was
e B 23
of limited lnterest at that time bkcaus® the phenomenon

- " was not observed until 1954 when h "Benioff Ldentlfied a’

57 minute period as the fundamental period of free

oscillation from the record of ‘Kamchatka earthquake of c-‘
1952, waever during: phe past 15 years, w1th the advent

“ of computers and observatzonal,1nstruments, the problem .
’ -

bf the free oscillations of the'éarfh has been solved
. - _ N | . '

LS .
. . . i -




___,_W;,léwééﬁyearﬂprincipai~nutation. However, in subseghent

[

with increasing details. The state of progress is summed up

’ e

in the work of P.C: Luh(1974)whereaaperturbathn technrgue

has been employed to tackle the effects of. rotatlon and

¥

aspher1c1t1es of the earth. .
S,

1.2 Dynamics‘ofcthi\Liquid Core . .
. - . ' .

In 1910, H, Pojincaré treated the dynam1cs*’f.an

-
» -

1ncompre351ble fluld/enclosed in an e111p501da1 rigid

shell. The resulﬁs, when applied to the earth, showed
<

that the presence of the liquid would shorten the perlod

of free (Charrdler) wobble»and reduce the amplitude of the

studies of the elastic deformations of the earth, .the _
{
: dynamlc effect of the liquid core was neglected (e. g.,

Lamb k932) The hydrodynamic equatlons for the llquld
were obtalned from tl! elastlc theory for a spherlc.ally
symmetric, non-rotatlng s®lid by simply setting the
rlgldlty to zero. The Very recent theorles of free
050111at10n Bf the earth (e.g., Luh £%74) do - 1ncorporate

the elllpt1c1ty apd rotatlon of the earth by means *f°

perturbation schemes. However, in the perturhation

theory, the uﬂperturbed eigenfunctions are derived from a

spherically symmetriC,-non-rotatiﬁg earth.

-

. .The eigenfunctions in the liquid core will there-

fore be purely spheroidal (Smylig and Mansinha 1971); and

\l .




Qespite the perturbation scheme, toroidal fields wi}i re;\\ﬁ\i?
main non-existent. It will be shown in this th€sis that

for the real earth, toroidal fields do e;ist'in the core

due to,the ellipticiti_and rotation ogﬁtﬁe earth. "In

fact, in some cases;'tor01da1 fields dominate the dlsplace-
ment in the 11qu1d core, even though the dlsplacement 1n

the mantle is largely spheroidal. The applicabllltyfof

a ?perturbation theory ,based on a spherical, non-rotating

- v o~

earth is therefore in ﬁoubt. C L : : R

The observed Chandler period of 14 months can be
cbnqeniently explained by assigning a rigidity to the,

"equivalent" earth (Munk and MacDonald 1960, page 28). Bﬁt,

theﬁdisérepaaeyfbetweenwthe*observed~+9?2039—r~6%6623¥*

"and .theoretical (972232 + 010012 for a rigid earth)

amplitudes for theﬁgtinqipal nutation cannot be explaihéd
N .

in this way.  In fact, consideration of elasticit§ leaves

the theoretical value practically unthanged (Jeffreys 1949).

Therefore the entire problem of diurnal. earth tldes aqfa =
nutatlon§ should be recon51dered, using the proper hydro-
dynamical theory for the liguid core. Physically, thg ~
teason for the revision is simple. Due to ‘the absence-of
rigidity, the llquld core 1is capable of rotation relatlve
to the man le, which, together with ‘the elllpt1c1ty

of the core~mantle boundary, lead;’to the appllcathy of
additionél stresses at the’base of'the mantle. Conse-

guently, the solution in the mantle will he changed. The
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. "4:
i . . v
L)

same argument abplies to other type of oscillation of the

s < v

earth.

. . . . 5 ) . .
are shown through the: theoretical spectrum of free core

"oscillations. Diurnal earth Fides have periods close to a

free core oscillation of period 23.88337 hours. The *

resulting resonance is shown to agree with the wbserva-

tions as well as Molodensky's rebults.

¢ »
14

" »

1.3 Previous Work on the Dynamics oﬁ the Liquid Core

~

b

The theory:of elastic deformati#n for a self-
’ ‘ - . !’ o — . ‘
gravitating eargh‘Was first formulated by A.E.H. Love

'In Chabter 4, the dynamic effects of the liquid core

-t

rl

apgroxxmatlon for the SOlld mantle and enabled H. Jeffreys

(1911); Howeqer, numerical solution for a reasonably -
realistic earéh model was absent until 1950 when H.
Takeuchi publlshed the paper entltled "On the Earth Tide
of the Compre$51ble Earth-of Varlable Den51ty and
Elasticity". Thi£SOIUtlon, although only the static

llmlt to an actually dynamic problem, gave a good
»

and R.O0. Vicente to attack the problem of diurnal earth
tides and nutatiees. With Takeuchi's (1950) selution for
the mantle, H. Jeffreys and ﬁ.o. Vicente (1957a, 1957Db),
applied Poincaré's theory to the liduid core, assuming

the medium is incompressible. The results change the
discrepancies between the observed and theoretical empli—

~ L]
-y



tudes of nutations in the right direction but with tis-
J . ’

factory amplitudes. Moreover, the variational methoq)th
employed lacked logical clarity in the sense that some of .
~ ¢ . .

the mathematical steps are not obvious, and the degree of

‘e~

app”;ématlon cannot easily be visualized.

e —

M.S. Molodensky proposed an analogous to;pry in

1961 which we will rederive from our general theory as a

particular case. The theéory, taking into account the

compressibility_of the liquid core, and correct eo first

order in the ellipticity of the earth, exhibits mathemati— v
cal simplicity and egreeswell wieh the observations. How-
ever, there }re certain'drawbacks. Firstly, the theory is

particularly constructed for the diurnal garth tides only

and therefore cannot readily be general%ged to other

problems. Secondly, although results from the%Eresent
- 2 - .
work show otherwise, the theory is apparently wvalid only
v [} . . v
for earth models with Adams and Williamson.(1923), cores

(see section 4.6.1). ~ .

-
~
@

The dynamlc behaviour  for earth models with polytro-

pic cores (see section 4.6.1) was dlscussed by C.L. Pekerls

and Y. Accad (1972). With the earth being sphericallyv
symmetric and non-rotating, Love numbers and spectra of

) . .t :
free core oscillations were ‘derived for uniformly stable,

-

neutral, and unstable core models. ‘One important result - .

is that the uniformly unstable and geutral core model’s




. ,
i . X
. . I

e

exh%bit no free core oscillations while the uniformly

*

stable-  core modei has an unlimited numbér of free core

=

»

~.v -’ L e []
However, it will be shown in section

4.6 that for the ieal earth, the situation is. completely

différent. '? ﬁd s >

> ¢

1.4 The Present.Work ’ C;\\ “ . -

(

The aim of the present work is to Construct a

~

oscillations.

general theory which deals with the dynamigc effects of the

liduid core. upon free and forced oscillations of thé -earth.
4 ¢

The block diadgram (Figure 1) illustrates the logiéal
[ ]

orgaPization of the theory. ) - N
S . S . . .
~ In the Tiquid outer core, the ellipticity and
\ . .
rotation of the earth are€ taken into account so that the

resuiting hydrodynamic ‘equations are correct to first order*

in both displacement and ellipticity. These equations are

general in that they impose no limitations on the strudture

[

of the liquid outer core, and are applicable to any type of

spherical harmonic oscil‘tions.

[

In the mantle and inner core, due to the existence
5t large wrigidity, the effects of ellipticity.and rotation

are relatively small and are neglected in the preseht work.

It is Known that any vector may be expan!éd in
S . )
spheroidal 3gnd toroidal fields (Copson 1935).
»

We therefore employ the method of spherical harmonic

[

ﬂ\
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L J

expans;on to solve the general equatlons of deformatlhe -

~

In the outer core, compling occurs between the spher01dal

and toroidal fields. Therefore, to render the numerical .o

T ~ solution possible, .-an-approximation is neeéssary. rt'is_ . ’t,
\found>that.the couplihg constant is the eilipticity'o%
v ¢ the earth.: Sihee the equations ofﬂdeformatdoﬁ are correct
to first orden‘ln elliptlcrty, dlsplacement flelds of the

order of elllpt1c1ty and smaller are neglected

o

' toroidal dlsplace ntcflelds are separablé. ‘Inlthe‘

f‘ g " present work, we shali‘gonsider only deformations ot the \

. earth in wniih the displacement .field in the mantle apd -
idner core‘is spheroiaal,”ﬂﬁd we shall‘Eall'them sbheroldalJ

dd!brmatipps gf“the earthn. It is worth noting that the

; ¢ -
. purely sphercidal fields ln the mantle apd inner core are

accompaﬂied by both tdroidalfand spheroidal fields in the - |

- ., outer core. . . ) - -
. ~, -9 . X 4 -, Y

1.5 Numerical.Calculations. . .

8 ’ "~ As a particular case of the general theory, we study

the second degree spher01dal deformations of the earth. Due

o

to the dlfferent character of the approx1matlons, ;

- osc;llatlons of sectorial, tesseral, and zonal harmqnics

&

o ' - . - .
are trieated. separatedy. r{dal Love numbers and spectra
‘ ) ° s H .

of free core oscillations .are derived for varioug earth




e

o

7
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s

models w;th uniform polytropic cores. -

LN L4 - ’
¥ \Two types of free core OSC1llat10ns are found. The

o n

core modes" haye the dominant spher01da1 dlsplacement

conflned mainly- to the llqu1d core. These are the "core
‘. ? b
oscilllations” first discussed py C.L. Pekeris, Z. Alterman,

and H. Jarosch (1963). The "toroidal modes",'on the

other hand, exhibit the same~characteristics as *the' elastic

- ¥
—

normal modes except that there ex1st large tor01dal flelds

A}

in the. 1iquid outer core. * An 1mportantrtor01dal mode is

the tesseral free oscillation with a pérlod of 23. 88337

IS

hours. This mode, in addltlon to g1v1ng rise to a nearly
hY .
diurnal free Wwobble of the earth, leads to the resonance

effect for diurpal earth -tides and nutations., T

s . Y
i ¢ o

The co&e modes by thmselves are barely observable
on the surface of thelearth.:.ﬂoyever; their strong deéen-
dence on the density stratifieatioh of, the core &nd the
possibility of observing thﬁm throﬁgh resonarce make'them,
'interesting. A sectori%l core mode occurs at & period of
about 12 hours for unlformly stable cores A close examina-
_ tion .of the semi-ditrnal (sectorial) tidal responses is ¢

therefore recommended. .



'CHAPTER 2

)
©

GENERAL THEORY

o

' . ‘ L, .
In this chapter, .the general theory of deformation
2

. of the earth is desc¢ribed. The basio equations of motion
o ,
are given in section 2.1. The frame of reference in whlch

these equations are glven is descrlbed in section 2.2. In,

[

section 2.3, the gravitational potential and stress dis-

L)

tributions are described assuming small dfisplacements.’

.“l\. . ", *r . Tl T .
-The conditions in thé undisturbed earth &re discussed in
,A_L .x’ AU [ ' o

section 2.4. 'We then write ‘the equations of motion in
‘ ? ’ N
section 2.5 in terms of displacements.

a

To cemplete~the solgtion, we also fieed the equation
- L
of motlon of the rotatlng frame of referenge in space when

the deformation: leads,to vgslatipn of latltude. Thlﬂl\

is Euler's equetlon for‘the angular momentum and''is
discussed in s&ction’ 2.6., j ‘
) S . hd )

‘2.1ls Equations of Deformation | ’ »

-

Let r = (xi} Xy, X5) be a spatial coordinate systefi

rotating in space at an angular velocity {Q = (Rl, 92; Q3);,

7. . S - . T
To describe the dynamical behaviour in this 'coor;

dinate system, let the dikplacement vector of a particle

qhich-is initially g%{;fbe given by u = (ul% Uy, u3), .




. . -
LI

. . where u; = u, (}r r), and~ui(0, r) =

0. Then the acceléra-

‘} tion of the particle in vectokr notation’is -
) ‘ . -
) d2u , ézu -au af
—_— = e + 20X =+t m=—xTr+ (] ") Q- (0 Q) *
at? a2 T ot to == - =
\\\"- - )
‘ R ‘
2 t Tt:- v t r (201)
j ou

where the term 29 x 5% is the acceleration of Coriolis -

'apd the rest combfisééxaﬁét\is generaily called the o

‘acce%eration:of transport. 8/3$ is (d/dt)roéating frame:

The last term in the right hana s;dé of (2.1) is
non-lineéar in u. However, we shall consider only small

.,diégipcements°30 tﬁﬁigfhis term may be neglected.

. - ' €he equations ®f motion are given in tensor notation

- by -
.‘o , . ‘2
7 p 2 .t = p F, +°'p oW + 0 T | - (2.2)
a 2 i oxX, ~oxX. i’ - _ *
t L _ 1 7 .
LY )
*where p is the dénsity, F =

(Fy. F., F,) the (external)

force density, W the potentiil of self-gravitation, and
. ! ' ) N

. Tiﬁ the stress .tensor. Notice that Einstein's summation

convention is’ used. ) ,

2.2 The Frame of Reference : :
' L . . ~ . ) . '
’ . - The choiée of the rotating éoordinéte system is

h

~&

o
. - N
» . -
‘

.
» <
\ »



arbitrary. .But 1t must be attached to the earth in sone

@

way. 1If the earth were rigrd, we could choose-the coor-

r [U—

dlnate system which rotates with the earth. Unfortunately,

the earth is deformable; wihds, ocean currents, fluid

core, tidal distortions, and in the geologlc time scale,

.convection in the -mantle complicate the problem. Therefore

-
-~

in ‘studying the dynamical behaviour of the deforming éarth,

‘Wwe must choose a set of rigid axes which are kinematically

defined. fhree possible choices are -described by W.H. Munk

, : |
and G.J.F. MacDonald (1960, page 10). , T

i) Tisserand's mean axes of bod »
. y -

These axes are deflned so that the relatlve angular

g
momentum w1th1n the frame vanishes., If #he earth were

rigid, this coordinate system;would.have been the one that

~

"rotates with the earth".

ii) The geographic axes

' These axes are attached in-a prescribed way tp the

observatories. The possibility of relative motion of the
observatories can be aVb;ded by ch0051ng su EéBle locatlons
for the observatorles. ﬁf the relative motion canhot be "

avoided, the relation between the rigid axes8 and the

observatories ‘may be prescrlbed.‘tGeophysioal observations,

n-) d d »

astronomical observatlons, etc. are. referred to this

&

coordinate system. -

» 12

N4

e
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iii) The principal axes, or axes of figure '

These axes are defined so that the "mean" products

of inertia vanish.

a
-

.

The principal axes and the mean axes of body lead
. . . '
to mathematical, simplicity. However, possible relative
motion between these axes qn&’the observatories must be

-

corrected for (Munk and Macdonald 1960, p.. 11).

>

- We shallidiscuss our choice of the reference frame
; - '

“in sé@tioh 2.6, For the “time be}ng, we assume the angular

velocity of this rotating frame in space is given by

e
-

9 = (B, q, ) E . : (2.3)
- .}‘ § . )
in right handéd cartesian coordinates (x, y, z). Here u

is the apgular fréquency of diérnal rotation, and.p-and q

are Que to deviation from diurnal rotation when the

+

. oscillation ofﬂthe earth leads to vaniatién of latitude.

If the frequency of oscillation is o, we can write
~
b e

b = we cos ot,

- _ . (2.4)
we sin ot, - 3

2

ﬁhere £ is a smali,cqnstant,'the angle between the angular

velocity and the axis of diurnal sotation. - '

L I . .
The equations of motioen (2.2) are conVeniently given

-

in éphe;iéal coofdinates (rﬁ 8, ). We sﬁall take the z-
axis as the polar axis. Then 0 is thg'colatitude- and VY

o A ‘ ’
T . .

» . LJ . -

&




. | . ) ,
K ‘ .

the east longitude.

~

. The angular velocity £ given in (2.3) méy be
4‘ L -

du” s ou du ou
Ju .
W sin & —35], ‘
1Y) af a8
T x r [0, r Yl r Ik
(@ " r)a=ra. @ .
(Q " Q) r = 92 r.

] - - - LB e =

4 ' S
: ‘transformed into spherical coordinates using the covariant
law, : . '
- ' .. N
9, =% 0
x,' J
, i
N L
We find .
Q, =P sin @ cos Y + q sin.§ sin ¥ + w cos 6,
, Qg =pcos § cos y + g cos 8 sin ¥ - w sin §,
« - R
Qw = - p sin "'y + g cos VY. ’




z
[}

dzur azur ou ) b 1 S A
= L - 26 sin 6 =¥ - £ woer P, (cos 0) «cos (ot -¢) -
dt2 atz ot _ 3 2 A) . S .
. -
2 wo+ Ty . | ‘ (2.7
or { € w "T)F | o -7
2 2 ’ L :
d™u 9" ou ’ .
e = e -— ! .__.31’. §. 3 l l
dtz. atz 2w cos ‘0 Y +’5 Woer == Pl (cos 9)
4 1 ’1 ' ‘
cos (ot - y¥) - 15 WOEY —=—p .P3 (cos 8) cos (ot - ) -
. _ N .
1.9 . T+ )
< T 5 (.t o M v (2.8)
" .
" , &
dzuw.; azuLE . dug Ay *
= + 20 sin 6 —F + 2w cos 6 —% ~-.
'dt‘z 3t2 . t R 3t "
- - H N 1 ’ 3 o+ ] , . . .
————— | m——— e w + ——— W ’ [ (2.9)
r sin 6 oV €. w T ' )
-t . ’

[ .
where P% (cos 6) is associated Legendre polynomia} of degree

"2 and azimuthal number 1,

" »
L

W= % w’r® sin“ o ' c . (2.10)

is the centrifugal potential, and

eg?r?-P; (cos 6) cos (ot - P) (2.11) R

)

Wi

--,WT=’-'-

. 1

<

L

is the potential in the form of :thettesserél harmonig
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. [ ’ . )
[ ‘ ’ - ~ ’ N ) ¢ - . . r
arising from a variation.of latitude (Melchior 1966, p.368).
Jf .
" We shall write’

ew'r”, - (2.12)

2.3 The Potential W and the Stress Tij

. . \‘ ’ ,
2.3.I Assumptions '

o

For the sake of simplicity, we shall make the -
following assumptions about the undisturbed state of the

Y

earth: | - v

. ) 4 ' L.
i) In the undisturbed state, the earth is in hydrostatic
v - ! ”
equilibrium.

The.earth is subjected to the potential W s

>
Y

e W =W W ~{2.13)

Qhere W is the undisturbed gravitational patential which

satisfies
“
2

VW, = =476 o,  (2.19)

LA, ' T »
with Py the undisturbed density. .

., The fundamental equatibn of hydrostatics then

states L . . . .
VR =rp, W, - ©(2.15)
e
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. -
-~ - s .
where P is the hydrostatic\pressure. : y 3
ii) In the undisturbed state, the equipotential surfaces
coincide with the surfaces of equal density, equal incom- AN
pressibility, and equal rigidity. ' ' '
Letr a prime over a quantity indicate its derivative .

L

along the external normal of the eqﬁipotentiai surface,

i ' ‘ } ,
then the assumption states . -
) ’ c¥
€ i 1 ‘
| Ppy Pl M,
' W™, a T 0%, : (2.16)
. i W i S
a ¢ .0 .

and similar expressions for other elastic properties

-

of the earth. . - , . s

b

) /
- , LI .

L] - -
iii} The dynamic. stress-strain relation'i53perchtly

4

elastic and isotropic. ' , . : 3 "
2~ This imR}ieé that the additional stress T4 due to . -

[ hd =

>

o

small deformation can be given by ’ -
o » ' -
: A ) \ [ ] aui au' . ) '
Tij = AA . (Sij + u 'é-;c-; + ——laxi ’ ’ (2.17,)
where A and u are Lamé's constants, ' .
.. ‘ ‘
A = div (u) ‘ (2.18)

the dilatation, and 6, the Kronecker delta,’

7




Nl . .
A 0, if i # 3
§.., = g
' . Y11, if io= 3. )
) - LN i
\ -
’ 2.3.2 Expressions for W and Tij l
2 . . , ... , Y
The gravitational potential W and the stress Tij - .
T - ’ /\\ N . . .
* . for a.spherically symmetric, non-rotating earth sinder small ‘®
’ g ~ : ’
. v
osciltation were first given'by A.E.H. Love (1911). For
. . . Y
the real earth; W and Tij can be deduted in a similar way.
- ' -~ '
. . ,Due to ‘the deformation, there is a variation in
~ volume density. - The equation of continuity states that
¢ ‘ - - . . r . _
. | ‘ | | | ‘
. P - Py = — div (pu). , 'y (2.19)
» - ) . .
. Let n be the work done b§ the deformation,
»
. ] n =u grad W )
- . - .
b v
) . AW LA )
Lot r S oy T Yo me t
v
- .
‘ 1 W .. S
. . Yy T sin B v’ (2.20)
. .0 N \ . - »
1 then (2.19) can be written as )
. . (e .
‘. , . ,
Noaw fol
ot P = Py = = Py A = (2.21)
" - LW )
§ . 1 A
"y where equation (2.16) has been used. ' { ‘ N

o

.

S
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The wvariation in vglume den31ty 1eads to a change in

gravitational potential, W which satlsfles the Poisson

-

equatlon
2 c RN
VO W_ = - 471G _(p - o) = 4nG{p_ & + = n|. (2.22)
3 A ot = "o W

The total poteritial of self-gravitation in the dis-

turbed state is then given by ' ‘

.
.

W= W ok W= W R W =W (2.23)

< .
. : : <«
The stress TijconSiststdf the initial hydroestatic

stress and the additional stress Tij given by (2.17).

» The initial hydrostatic pressure at a material

point (xl, 2, X ) Ln the deformed state is glven by the

hydrostatlc pressure at the point (xl - Uy X, -;uz, .

Ky u3) in the initial state. _ ..
Now, to first order in u, : A
i o o \
: - s | - 4d,) = P(x X X,) - u ° rad P
Plx) = uys %y 4% X3 = U3) = P{Xy, X5, X3) -4 g .

A |

Using.};.ls) and (2,20),

-

L]

P(x1 - Uy xz = Uy x3 - u3) =P - p_ n.

Thus, we ‘have




-3

. ¥ A . éul . Ju. - "
Tiﬁ = - (P.- Oo ) éij + AA (Sij + pu 'E;.-i-_——laxi - ‘(2'.24')

-

»

- [N .-
2.4 The\Potgntial W  in the Undisturbed Earth’ \

-, . .

Due “to the: centrifugal potential'Wc, the equipoten-

Aial surfaces within the earth are not-épher%cal.A In fadt,

_correct to first order in the’ ellipticities of surfaces

~ of\gqyal_dengity,.wo‘can be written as v ] .
W, = Wr(rL + e(x) g(ri r siin2 Q; -'f (2.25)

whére~‘ ’ . ' :
. g_;_~d%‘ W, (x) = - w;' Q | (2.26)

e

=4

is the gravity, and e(r) the ellipticity (see” Appendix A,

[ -
L4

eguations A.17 and A.18).

e "

. 1“ ) .
We shall write for convenience,

~

‘ W™=W_ + b(r) sin’ e, (2.27)
(o] . r -
. / -, - *
with B ]
b{r)-= eg r. - (2.28)

f
/

The ellipticity e(r) can be determined in two ways. One is

to solve the classital clairaut's equation with the

. L ] ‘e
surface value determined from observation (Jeffreys 1959).
This, however, is in confl%ct with our assumption of initial

Y



~

. B .ﬂ - P
“, ¢ T !
hydrostatic equilibrium, as the figure of the earth deviates

sllghtly from that of hydrostatic equlllbrlum .
s A

The second method is to cd‘!’her the centrifugal
“ﬁnﬁe as a disturbing force to an initially spherically
syometric earth and” calculate the fésulting deformation.
The eouatlons that govern the deformatlon are equlvalent -~
to Clalraut S equatlon.; But the advantage is that hydro-

4

static theory can be strictly followed.
&

S

»

- The detailed theory for the second method .is given in

: Append%x:A:

1

" "Since the earth deviates from hydrostatic equi;
"librium by only about 0.5% (Jeffreyé, 1963), the ellipti-

P - : \
cities calculated f#gom the two methods differ at best by

- . » T

the same, amount. With our theory correct to first order-’

-

in ellipticity, such a small difference can well be neg-

lected. e - : é\d o

r ¥ R

As the equipotential surfaceg are assumed to coin-
cide with surfaces of equal density, incompressibility,

and rigidity,‘the foliowing expressions are correct to

first order in ellipticity. . ) . -
. ) ‘ a .
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: ‘o 1 - , .
2 — xS H Qa-
4“' . Py = psfr) + W;T'b(r) 51n3.eﬁ 0
.4 ' o .
. )\ ¥
A= X_(r) +.a2r b in® o b \
. = AgLx) + g7 b(r) sin” 8, (2.29)
t ¥ O .
> ." ] . : P

.. M
-0 = us(r» + WET b(r)’sin 8,
1 O ’

- . s -

where the subscript s inflicates the value of a quantity

in ‘the éphe;}cally symmetric earth. e

] ! %
Ly |

L=

a4

2.5 Equatidns o} Deformation in Terms of Displacement

¢ [

Using (2.21) and (2.23), we can.write N
oW _ { W, AW, W, . £,
P 3x,; PI” 3%, T Ix, | Ix. Coak 2T
.97 L i i i p ' R
~ 3 - v
- oW S et YW, - oW .
c o o) a
-0 Y P T PA T w TN 3%, T oPe TR (2.30)
. axi o - o ',Wo‘ axi (o) axi
. S . s
o . o - e - T
neglecting second,order. terms.. ]
) e‘.» R e T ) .'Mi‘;\ . " ) N s,‘ )
Using (2.15) and (2.24), with the hélp of (2.16), 'we -
get v . ¥ “iﬁ
v 'Z."
- ) L ., . .‘93
o ‘3‘ . - ')
4 ’
A 3 TP )
L Q . .
. ’ o ) v ’
r-4 -
-~ .
1
Y J . .
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e d
2 ' ~
N
aT.i" . )
, T T T P e 138 4
5 ) i "‘,PC_)
A A ' ‘\ ' 1
Py e IW_ . - '
' . i W " |ox,
po WO 1i¢ 1 °
13 “:l-ﬁ. - -
¥ )
2 04 ‘ b
. u v ul + —x—i- < (2.31)
A N Ce . L -

Substituting (2.7, (2.8), (2.9), (2.30), and (2.31) in

]

(2.2), we get -

4

R

L]

Fo
azu i az .
oo 3 -
r _ . .2 - y
atz' 2w 51n_e—§%¥-— J WOEE P% (cos 8) cos (ot = y) =
vy + o oW
C+w - )
Fr +» -a—r- [Wa + —m—— WT + n 4+ EA—] + a(r) A —5—0— +
) “0]J- , -
-1 s . u' 3_1.1 ™ ‘
_ u. + — - 2 M 8A
P H T W;T [ar VWL RV U Y3 (2:32)
azu ‘ - . 2u » | /-\ .
3 : : )
- 2. L 4+ 8, .1 .1 : ‘-
;—7— w-cos 8 5t t § Wogr sin o 1 (coi 8) cos (ot R 2
4 1.1 § -
1§ WOEr 7= P73 (cos §) cos (ot - y) =‘e
no , - RN
-
'l 3 iy o+u AA 1 N
AP b S W+ T8y 4o o+ 28 = a2
e T ¥ 36 |["aT g Wt o a(r) $4 =g +

LY

23
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Equations (2.32), (5.33), and (2.34) are the general _ o

equations qf deformation in the rdiétipg coordinate system, -

The same saet.of eqﬁations_was derf&ed by M.S. MoYodensky

- 4

* (1961) in cartesian coordinates. d

Iﬁ'the,outer core where the rigidity u is. assumed -

to vanish, the last terms in (2.32), (2.33), and (2.34)-

are identically zero.. 4

s
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" 2.6 Euler's Equation for the Angular Momentum : -

i

.:/; » - gw ] . .

. . v

- rl . o

The Euler's equation of motion .is - -...
< ) Py

« 7 am ’ : ’ o,
+ @XM=1L, :

at iotatinq frame ' CT

(2.?6)

o

where M is the angular mgmentum, & the-angular velocity of

N L]
vo. , i .“- 2

" the roteting frame in space, and L the external torque , :nﬁéixf

{Munk énd_MacﬁGnald 19§0, page 9). ‘ ST R )
o " o ’ CF
. In cartesian coordlnates, w1th g glven by (2 3), the

components of

s

angular momentum to first order in ¢ are

- M, = ug(Ixx € coeiot - Ile +_AMX,
’ > M = w(I. € sin gt - I e AMI i
. y yy- =~ Iyg) oy
MZ = u Izz+ AMZ ’, -, g ‘ A 7"”.-‘- ~;' . )
. 3 . L ) A} | ‘ [N 4
where I .  are the moments of inertia; AMX ‘AMy, and AM'
ij .

_are components of relatlve angular momentum due to motions

-

¢ [ ]

in the rotatlng frame of reference.

Tne_ggge}ble choices of rotating frame of reference

for the earth have been discussed in section 2.2. To - .
simplify the mathematical expressions for the products of .

‘ E ] »
inertia and the relative angular momentum, we must choose

+

By: .-

> C s .
between the mean axes of body and the principal axes.
. » .

choosing the mé€an axes 'of body, we can maKe the relative.




;w - " N .

angular momentum idéntica@ly zero. However, astronomical
.',— . . b P
) observations are referred to the geographlc axes whlch are
" - /

attached to the mantle and canéquently characterlze the
rotation of theg mantle ofily. We therefore choose the L.
- L ‘ - . .

. \ , principal axes of the earth as our rotating frame ef
.,' '] ’ ' - i .
reference. < .o ’ . : .

- .

r " ) jd:eﬁalﬁate AMX,-AMy, and«AMz{kwe observe that ‘

_ in .the mant le ‘and inner%cord&, the effects of ellipticity .

»

and rotetion of the earth. have  been neglected (section 1.4). -

We ocan therefore con51der osc1llat10ns of the earth with’
- ’ pdrelj spher01dal deformatlon in the mantle ‘and inner core.
S For«these‘osc1llatlons, the contrlbutlons from mantle and
" 'inner core tojthe,re}etive-angular momentum vanish (eection

3.6). The relative angular momentum is therefore due only -

¢

to motions in the outer core relative to the rotating frame

fiad

- ) .

of reference (the prinéipaliaxes)f

' o In vector notation, . . g .

¢

' \ . -‘ + éu - '
- AM = AMX' AMy, AMZ' = p <X X 8_‘E-dT'“ - (2.35'3)

. outer core

. . . 4
. ., ‘
.

- The products of inertia are due to the redistributions of

/ # . ~ . .
P ' )kl ' '\ . s . p |} h !
volume d%nsity (p - po) = = o A - ﬁgf .Nn, and the surface
* N o .

4

den51ty 9—— qt each surface of discontinuity;

O . . . .
L% . o . -

k]




' >
N P on_ S . - SO
I = j_(p- p ) xz dt+ L [ ~— X2z ds, (2,39)
XZ . o 1 W .
: T s o
- s :
. _ R o
and similar expre331on for I.__. .o
.Yz \ e

- U51ng (2.37), (2. 38), and (2.39) in (2.36), a rela—

tion between ¢ and the displacement u is obtained.

[
) d - ' [N .
* " Equations (2.22), (2.32), (2.33), (2.34y and (2.36)
form the cqﬁplete set of equations for the dynamical
problem in hand. . o ‘ : o //~

If we assume the earth is rigid,

Yy Xy vz Xz )
’Vll* LY .
Léet ) ]
_J . Ixx ‘=‘- {Iyy = A' B
9 ) .
C . . . (2.40)
1 =c, .
ZzZ
I.-_ = (LX' LY’ O) ’
L, =~ sin ot, . (2741)
'L ‘= [ cos ot,
Y

then (2.36) becomes



- \ " . '
) wc SE

-

v;rhere‘eo is the constant ¢ for the rigid earth.

»

The interpretiation of the angular mgmentum M given:

apove is slightly -incorrect in that pdssible rotations‘of

the inner core relative to” the principal axes have, not been

. o taken_into,acéoqnt.' Due to its ellipticity, the inner
B ) L4 ® ' - o .
i . core is capable of free wobble or_nutation relative to the o

® <

mantle.‘ Let the amplitude of nutation or free wobble of

.

. o - . ~ ) Q@
‘the inner core relative to the principal axes_be €4, and

o - ; E e
let the principal moment of inertia'Bélyhe inner core be

-
-

II' then a term of'the form
AM_ = { I t I i ot ' e
‘ = VweI I ?os_o ’ weI I sin ; O)
ﬁust be added to the apgular momentum M. Howevér,
€e; is of the order of € of smaller, . . .A';‘ .
2 [ €. - %(
~ I -
. . . -3
. Also_ II 10 A.
Therefore AMI can be neglected.
» k\ ey o
I &
. . ‘ -
’ ’ /
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- T - CHAPTER 3 ' " :
’ _ . _ : )
g EXPANSION IN SPHERICAL HARMONICS .

L]

-

MRS

To facilitate the solution of the equations of
. motion described in chapter 2, the displacements are

) P : :
.expanded, in spherical harmonics Yﬁ (6,¢9).

° . Due to the eiliptiéity and the Coriolis force

» . ‘ .
//ﬁj> there are couplings among the displacement fields with

: ' ) . ) » ’ ‘ LJ .
__different 'n'-. However, eguations with different 'm'.can

be separated. Therefore, it is only necessary to exbggd

the displacements in spherical harmoncs Yﬁ with m fixed.

Some relevant properties of spherical harmonics are

given in section 1. A sufficient form of expansion is

>

given in séépion 2. The inclusion df toroidal fields in

addition to the spheroidal fields is neée;sary~in the
~Aﬁliquid'core,~bﬁt not in the mantle and inner core,

éspecially when we are mosgiy'interesééd,in the dynamical
behaviour of'thé-liquid core. The treatments of the
expanéion for the li&hi@ ;utérycore and mantle and inner
core are discussed'separately in section 3 aﬁd‘4. Que‘to
the discéntinuity in.mechanical properties at the outer
core boundaries; it is necessafyito éohnéct'the_Qigplace—iA

s . ’ ‘ .
ment fields, stress distributions and potentials on both

¢

29 . L ‘¢




- ' /)r ‘
~*sides of the boundaries. This is discussed in se%tion 5.
- Finally, the angular momentum is given in terms of
displacement fields in section 6.
Spﬂerlcal Harmonics Ym le,w)‘of Degree n énd
A21mut§a1 Number m

b - S
The . spherical harmonic function Yﬂ is related to
. 1

the associated Legeﬁdre polynomiai PE (cos §) by -

' . i \
a L4
. .

' _o\172 | :
¥ (e,y) = ()" {22“:}- &:ﬁ)’f] P" (cos 6) ™,  (3.1)

for n > m > 0, an& .

Yy ™ (g,y) = (=)™ ¥

n N n (ﬁe:A‘P) ’ (n > m > 0) ’ (3-2)

. . ,
where ¥2 is the complex conjugate of YE. 4 s

The associaEed Legendre polynomials’ are defined

by
‘1/2 m
! n+m n= 0} & -
m _ (1-u”) d 2 _ yn - ’
P = -5 el O 1), m= 0)'n (3.3)

2 ' n! du ~-l<u<l

P,

1 . e :
m ., .M _ .2 (n+m)! S
J A il v g =) R (3.4)

The recunsion relations are

-t



)
. * m_ ’ ¢ m .
(2n + 1) u Pn‘(u),= (n +1 - m) Pn+l (u) +
(n+m P, (W), (3.5)

L d

2, d _m _*_ n(n+l-m) _m
1= ut) g Py (W == T Prey (W7
(n+l) (n+m) . m

I+l < Fn-1 (W (3.6)

which are alsp valid when n = 0, when the convention
’ - a -

PSI %.0 is realized. ‘ ‘
. Some particular values of Pﬁ (u) are given as
follows: .
o ' o n ’
P (1) = ll_ Pn (-1) = (=1)7,
) (3.7)
. .2ﬁ (1) = P70 (-1) =0,%ifm> 0. . -

.
[ 3

"

" The spherical harmonics are given here in complex
. L
version. However, it is clear we can avoid complex-
. ’ . imyp . L
variables by replacing e with cos my and sin my.

v . . ’

3.2 The General Form of Expansion

For a particular m > 0, the displacement is expanded

in the following way

&



1

(r)'Pg (cos 6) cos (ot - my),

3 m :
36 Pn {cos 6) cas (ot - my)

& v

_;L_a pg (cos 6) cos (ot - my),

— P:: (cos 6) sin (ot - md)){

1

P" (cos 6) sin (of - my).

In the right hand side of (3.8), the first term represents

the sPhéroidal field, and-the second term the toroidal.“

field. " The summation is over m < n <{w.

f L]

The general representation of kime and y dependence

is gi(ct - my). Heré we take the physically .significant -

real part. Also o is taken as necative so that a positive

- L]

_In is related to a retrograde motion. -

. With the displacement expanded as in (3.8), the

change in potential Wa, the work. done by deformation n,

the .dilatation A, and the body force F are ekpanded as

- follows = -

-

| . _ |
.Ra ﬁ H (r) P (cos 8) cos (ot - my),

: m
i n, (r) Pn (cos?) cos (ot =~ mnp),~




A =X An (r) Pﬁ (cos 0) cos (ot -~ my), -
‘n )
: - - ©
F =?2? F_ (r) Pm"kcos 6) cos (ot - my)
o 'n rn n D . ’ .
- ' (3.9)
F, =% F_ (r) R Pm (cos 8) cos (ot - my)
6 . on 36 ‘n , y .
1 m .
Fw =mZI F_ (r) P (cos 6) sin (ot - myp).

oV n‘ sin'e
Substituting (3.8) and (3.9) into (2.22), (2.32), (2.33),"
-and (2.34), we can obtain an infinite set of linear ordi-
nary differential edquations by using the recursion and |
.orthogonality relations of associated Legendre polyﬁomiais.
Theoretically this set of differential'equationsxxulgﬁen be

solved for Un' Vn’ T , Hn’ n=m, «, {in terms of €, if

n
4 .
e # 0.) However, in practice, depending on the form of

the body force, simplifications must be made.

In the next two sections we shall derive the differ-
ential equations for the outer core, and the mantle de

inner core.

L]
-

is invoived, Euler's equation for the amgular momentum of '

the earth must be added for a complete solution. ' ..

4

N

A\«

We note here that when free wobble or forced nutation
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3.3 Hydrodynamic Equations

B [ X .
— In the outer core, 4 = 0, and the equations of

motion (2.32), (2:33), and (2.34) become

-
2 Ve
R = S-ur - 20w sin 6 ;Ei - 2 oer pt (cos69) cos (0t =)
at2 t 3 2 i 4
(3.10)
) oW
_ 0 W40 AA o
R = Fr + 5T [Wa + e WT +n + -‘2- + a(r) A -y (3.11?(
N - - ~.
Bzue auw 8 Pi(cos 0) \
s = atz - 2w cos © Et—‘i:g erIj w cos (Ot =y) =
4 P%(cos 8) )
E woer —Sﬁ—g——— Ccos (Ot-w), - (3.12)
S =7F, + & 8; P AR TS N € 9| A.BWOLW 3.13)
=Fg + 7 35 |Ya T p T (3. ‘
L ] ” O . r
azuw L Bug ) ‘ o
F = at2 + 2w 51n'8 —5t + 2w cos © - reanll . (3.14)
_ 1 3 | . W+C An) .
F=1F *m-w[wa’f—w—wrr*”*g]* |
) \ ’ T, B
8 N ¢
<2 ‘ - W |
o) L, _o , . (3.159-
r sin 6 oV .
L~ )
Wa satisfies the‘?oisson equation - (2.22),
, , o v
V2w =dng |p_ &+ 2. n|. (3.16)
-a o} Wo, :

r
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R WPV

s I W

N »

. Let us expand R, 5, F,énd lg as follows

Pee :
, ~
(R=2Rn (r) P (cos 8) cos (ot - mp), N o
© s = 1 _. r s (ri p¥ ({cos Bj cos &pt —‘mWi
sin 0 » n ; - ! -
. . -(3.17)
) . 14 ' Lf’m
F = <Tn 5 X Fn (r) Pn (cos 8) sin (ot - my),
9 -3. r
M _ v x (r) P® (cos 8) cos (ot - mp).
Po n n _ i

< . -

Using (2.29) and (3.9), we get

v -

"% (1) =-i§ A+ ig ii _ s| b(r) [_ (n-1-m) (n-m) , +
' -— —-— ™ —
) n, P N Py [Ag PGl W (2n=3) (2n-1) n-2
. S _
2 2 .
2(n"+n-1+m~) , - _ (n+l+m) (n+24m) =~ (3.18)°
. ‘. - {2n-1) (2n+3) "n - (2n+3) (2n+5%) n+2j. o .
Now from (3.10), : |
2. ((n=1) (n-m) P -
Ry (£) = - 0" Uy + 260 [ -1 = Tn-1 ™V
¢ ' h
(n+2) (n+1l+m) _ 2 2 .1
TS Tn+1] gfwoe? ﬁP,Gm. (3.19{
’ é -
’ -
From (3.11), o ' ¢
5» ' 7
N v ’




R

(r)

s

-

‘o
~ - &
A (. who L <2 Rl : ' ,
dr.{Hn =W, h(Sn Gn'l +~nn +-xn] angn + er + ;

. =
: dr -

. A
2 2 .
A + 2(n"+n-1+m") A . ‘1

n-2 ° T2h=1) (2n+3) “n

db (_ (n-1-mj (n-m)
(2n-3) (2n-1)

(n+1+m) (n+2+m)

T nA(znds) Sns2)t ' (3.20)
. . M X g 1
me/(3.12),
.y _ {n=3) (n=2-n) (n=1-m) _
%nJl”(rX « (2n-5) (2n~3]). 2w T3 ¥
‘. H - 7 .
* r 1 T 5 N
- nN=l-m M
) -75:-5} [ZIWA)U + (n}—2) o )%711_2 +. - .
’ » - .k
2 >
- pin-1)-3m 200 + mo?| T +
- | (2n-37.(Zn¥1) “¥° 7 ¢ n-1 .
([ n+m = - AN : |
¥ 53:1}“ {Zmﬂﬁ B B
- r - ¢
.. {(n+2) (n+m) (n+l+4m) .
(2n+1) (2n+3) ] 200 Thyp *
~ . ' ‘ . |
'8 oer 62 6l - A uger &f & (3.21)
AT, ' 1
. From (3.13), » . ’ % e
":, J(n—'2) (n=-1-m)} 1 w+g 54/ 1 . »
Sp-1 (Th= (_ 2n-3 ] r |Pn-2 Y5 e n S * ‘
"2 " X2 P T an-z} * ' -



. 4 _ (n*1) (n+m) 1 w+0 2 .1 S
[ 2n+l } ‘r [H * w Wt Sy Sm ¥ M F xn ¥
) . +
‘ ._ {n=3+m) (n-2-m) (n-1-m)| 2ab
r.an] t [ (2n-7) (2n-5) (2n-3) ] r. An—-tl +
(, -__otm__ 2 (n24n-1402)™® (n-1-m) (n-1+m)| -
(2n-1) (2n+1) 2n+3 . 2n-3 . 7
20b , L [% __nci-m (n=m) (n+m)
r n- *(2n=3) (2n-1) 2n+l
. z o .
2 : )
2(n -3n+1+m )| 2ab
'."\ ._ .. .
» {_ (n+m) (n+l+m)¥n+2+m) ) -2ab , (3.22)
(2n+1J(2n+3)(2n+5) r .“n+2° .
_From (3.14), . . | L
. - _ .
* {
F_. ] 2wo V *+ ~&
n -2 e o
m 2w0 + ( —1) 2| + - i
wa n 0~ he1
’ . ./
* ' ( +l) 31'(1 . ' — ' 27 . J'(\; . N
E n-1)72n+37’2w°' R A ,
. ".L ’ ¥
‘ n+1+m T&_ X 2 . . '; . . i J 1
:{ 2n+3]{m 2wo ?ﬁ*Z) o J‘Tn+I . ‘
' ! i . o - -
'(n+3) (n+1+m) (n+2+m) . ST
( (Zn+3) (2n+5) }ZwaAVn+2ﬁT ) )

* Hiwl-mJ (n-m) | |
I;%Zn—B)(anlil 2w Uy o+ - .




Iy -

{ 2(n2+p-1+m )] .o ST

rn-l) (2n+3) n

°

NI '~ -q\'. i "
I ro Y - .

2 2, .
¢ 12(n"4n-14m”7) ]
Zn=1) (2n+3) b g U, +

o

2wcr U + . >

!
(n+1+m) (n+2+m)
. ( (3n+3) (2n+5) }2“"’ Unezs (3.23)
) 2
From (3.15),
P =R fu + 99 g 26l iy e x 4rF (3.24)
n o {'n we t n m 'n n g nj; :
Expariding (3:16), Jfe. get
&
o' ' . ‘ 4“Gp )
.02t 4n(ptl) . _ -
Hy + £ Hy == ") Hn—‘thpoO‘An*‘ Wo' U TX)'
‘ ' ' (3.25)°
- , \ A ! *
Al'so,, An is given by
. -
) (r) - ., g_ n{n+l1) - »
‘ An = Un + : Un . .Vn, (3.2'6>)—
\and si‘nce ~ ’ - N . '
oW ow_ oW
Ty O 1" "o 1
"= YY.r e tW rsing 8y
J - -
_ _ (n-1-m) (n-m) ' Y n- EP_ | /
g A¥) = [ (2n—3ﬂ2n-l)“] (b (x) Uh-2 ) (n 2) Vn 2} *
- 3 ;
) “n-m] 2b . > .7 -
. m [- §n-1'] r m-1" A )
a’ M - i ' °
. o n(n+l)73m2 .Zﬁv O .
{ ; ' . (2n-1) (2n+3} n .




n+l+in) 2b -
(" 2n+3 ] T Tot1 T .
o _ {mlem) (n+2+m)) |; . 2b -
. | [ T2n+3)(2nﬁi"‘] [b Upeg + (043 R v ol (3.27)

. . -
- . . |

Equations (3.i8f to (3.27) with n =m, + ©» form the complete ;

set of differential -equations for the deformation inltne

outer core. biscussions on the formalism are in Appendix C.

AN
We notice that the dbupling among* the. displacement

fields are such that spheroidal and toroidal fields do not

' appear with the same degree n.

- #
I . R R -

. E 4 " ) L ‘
3.4- Equations for the Mantle and Inner Core. *V/
2 J . N . .

. In the mantle and inner core, duel to the rather large

rlng!ty, the effects of elliptieity and rotatlon are small.

In Zact, for 1ow frequency oscillations of the-earth the

4 problem can be treated w1th statlc equlllbrlum theory
: | *  without 1ntroduo1ng 51gn1flcant error (Jeffreys 1959
“ , Ppage 211). 1In the present work, we negleot terms.due to.
N ellipticity and rotation in the.equaﬁion%nof motion: Then *oe :

the. deformatlon 1s governed by a set of 6th-order llnear,

... . -

ordlnary dlf‘l‘entlal equatlons (Smylle and Man31nha 1971)




| aw., i
. o+w Tt 2 3
2y T Zn o [Q e aE Gn Gm] Po oFn *

r o9 A+2u 2 +

. r . }

[n(n+1) o g - 2n (n+1) 1 (3i+zu)}ov .. n(n+l) "
n .

R | 1 1
V="t eV YT Y (3.28)
oL (L _ 2u(32+2p) oA 1 .
*n T [tf;eo s (\+2u) r2 ] Un A+2u T Zn
o fn_ 4wt ;v 62 61 o2 4
r n mj . &Fn ,
1 4
2 H 2 - ) 2 -_- ] A{ ., _3
Y ou ((2n +2n-1) 2 + 2(n"+4n ]_).UJ rz} V.- Y,
. .
.
. . . -
H = 4nGpO u, * Q . .
» “
én = - 4nGp - n(n+l)V + n’(121+1) ﬁn.-'% 0.,
. o b o
»

whére U is the radial dlsplacement, Z the change in

normal stress, V the transverse dlsplacement Y the

[
1 &

chqgge in tragsverse stress, Hn:the changg in gravitational

pdtential,_and,Qn the change in gravitational flux density..

\
LI .
- - ~ .
[
P "

3.5 Boundary Conditions

Due to the ellipticities of surfaces of equal den-
sity, the boundary conditions for a spherically symmetric

earth must be modified. The condition for the radial

® 2

i d

-

.
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;
. o
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- iy

component og_s\guantity is to be replgced:by the condition : T v
for its component normal to the equibotentia; surface, and

T ~ 4 . P *
the condition for the transverse component by the condition

for the component tangential to the equipotential surface.

—’jHowevef, the effects of elYjpticity hé?e béen neglected
. . B . , \ .
in the solutions for inner core and mgh;Ie. AS a conse-

¢ . o -

quence, errors of the order of ellipficity cannot be avoided

“

-—

in the boundary conditions. . : . .

a

A) At the inner core-outer core and outer core-mantle
boundaries, whete mechanical properties are digcontinuous,

the conditions on the deformation are as follows.

- i) . The normal displacement is continuous. - ‘) S "
v o - - - R ‘ . .

n. (C) =W ' U_ (M), L (3.29)

_ n . o n , - ' . |
. . . ’ e - ) .. . # ’ .
'ii) The change in normal.  stress is continuous.

E
v

Aoy (@ =z, 0 (3,30) "

iii) The transverse displacement. can be discontinuous. =~ . .

iv) The change in transverse stress is continuous.

Since in the outer core the transverse stress vanishes,

-~
N

Y (0 =o0. : - - (3.31)
L}

(] ¥ -
*

3
-

.t




%]XQL= H, (M), . : S | (3.32)

w

vi} The «change in gravitational flux density is

-continuous. .

‘ n
H' (C) = 4nc99“ﬁ§7 (€) =0 (M), , (3.33)

LY

In the above, (C) stands for quantifies evaluated ‘?
0 in the outer c¢ore, and (M) those ln the mantle 'or inner

¢
core. Notice that these condltlons 1nvolve errors of the

order of the ellipticity.

i
A

o - B) At-therorigin, thé’solutions\of (3.28) must be

v ‘ . . - N
regular. Since (3 28) is .a set of 6th-order differential
‘equations, there are only three 1ndependent solutlons in

4 the inner core with € as a parameter.

-
'y

C) At the free surface,¢thefchénges in stress must vanish,

and the change in grdvita;ional potential’becomes harmonic.

\~ . L
These are . ' . o .
o L oz, @ o=y, @ =0, o (3.34)
a . S . -
o JH (@) 4= 0 (@) =0, _ (3.35)

. . / . o
» [ *

where d is the rafius of the earth. ‘ '

] ) ’ : . ‘ ¥
. ‘
-
¢ . ’ ,
4
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3.6 Euler's Equation of Motion

,In section 2.6, we have given'the Euterian equation
of ‘motion in itk general form. Here we shall derive the

expression £ he angular momentum in terms of the dis-

14

2

placement fields. ' ' )

Equation (2.38) gives

’ du_ cau |
AM, = po Y at -2 —3%- ar. e ' (3.36)
OUTER' CORE '

Now

u, = cos © u, - sin 6 Ug s .
. (3.37)
uy = gin © 51? (] ur'+_cos 8§ sin ¥ Ug + cos VY qu

w ’ N

'Using (3.8) in‘(3.37), wé find

8 ‘ : - ]

au
2 _ ol - ' Smo_ .
=t = ¢ sin (ot my ) [Z Un cos 6 Pn Z,Vn sin ©
n . n
“aP‘:'

n

-~

»

ou ! .
~& = - g-sin (ot - my) sin W'[Z @h-sin g Pﬁ +

3t - n .
. , ' m ’ 7 : y
. . BP ’
: ' cos © m :
Izl Yn .COS. g "a"'e"' m i T m Pn} + .




i

-

8 cos (ot - my) cos ¢ [? I v —vl——~P: -
n -

n sin 6

apgl '
LT =] -
a0 a8 /// .
Substituting (3.38) into (3:36),;we get X
‘ \____,_,:ﬁ '
3 . ) BP?: - '\“\_',
MM, = olp, i g V, |sin 6 35— sin w‘51n (ot - myp) -
OUTER CORE Ca

v
o -

o

m cos 8

-

Pg cos § ¢cos (ot - my){ dr 46 dy +

o] Po f3 Z'Tn)[— m ngain Y sin (ot ~ my) +
n _ ,

] outewr CORE

, e
nx _ 3P
sin 6 cos 8 -§%,cos;w cos (ot - my)f dr 46 dy. (3.39)

‘.

Expanding sin (ot - my) and cos (ot - my), and using the
orthogonality relations of sin my and cos mw; we find

upon integration over V¥,

AM, = 0, if m# 1. e (3.40) g
- e ’
' For m = 1, (3.39) becomQS' > . .
o b . " op 1 :
AM, = - mo cos ot (L p r>V_ dr sin 6 + .
. X , n . 96
- n'‘c o . ~ . 7
. T,oa .
- N r L . L w )
. 1 ) b 3 ' -
. cos 6 g dd} + mo cos ot <L pr~ T_  dr .
n - .'n .
[ N n C' O
! A . . ; L '




\

; v oppl <
g - n
. [Pn + sin 8 ‘cos 6 —-3-—6——] det. ‘ (‘3.Q41.)

- e C -

Consider the _integral I 17

' [

. Integrating by parts,a,é get
’ ' ™

. T .

—[cosePlde+[coseP1 de

: n n .

O

I,.= sin © p 1l
- n
~ ' - 'o o

= 0. ' ‘

Consider the integral I, , /

’

’ T ‘1 _BPI:_Ll ; '
I=°Pn‘+51nec956-—-é-é—- de. ’ .

Agamtegratidn by parts gives

T

‘ 12'=J [Pl - cos 260 Pl]de+sihecoseP
> _ n . R o )

‘.‘ le) ) . \ O - B — ;\‘

» s in‘p pl S ‘
. 2 J s%n 6 P ds B o~

. ‘ v rl oo
i s 1 1.
N = 2 Py (}1) Pn (u) du.
-1 o o~

r

Using the orthogonmality relation of PJ;: (u), we gei: .




v . L
. b
AM_ = 8t 0 cos ot pr3 T, dr, . (3.42)
X 3 . 1
Ve
' and for m #1,
. Ayx * 0. -
L P .. . /
Similarly
- ( b
A%; ¢ sin,ot [ pr3 Tl dr, ifm=1
- ‘c o
MMy =9 | , (3.43) .
o, . ¢f m#1
L,
Equation (2.39)'§ives S
o ' Pon : ‘
Ixz = (p—po)”xzdr + f T xzds ) (3.44)
T ‘ s o )
Y (] a

¥ -

Using the equation.of continuity (2.19) -and the boiséép, '

-

equation (2.22), we can write (3.44) as _ -
S| 2 Por T Y
Ixz —: m [1; v 'Wa xzdt 'l'b i { ﬁ:r xzds. (,3.45) ;
’ , A

L

The function xz is harmonic, ,

» . '
P . - - .




' d

AN ' :
Applying Green's theorem to.the first integral , we

J vz’w xzdT = zJ
a R
T s s

where n is . the outward, normal to the surface S.

-

aw e
——% xz - W 3(x2) ds

on - 2  on

L4

L -
Neglecting ellipticities of the surfaces, we

(3.46)

get

aWa s ?wa
- — - 3 "
Sy a;, »
3(xz) _ % Xz )
- an Y
Thus Ixz besgggs
aW_ - PN
-1 2 a _ o]
IXZ = AnG z J E_' Wa ""a—f 411G W—r] XZ.dS.
. s o
s .
. BW_ PN ) o,
Now since Wa and T = 471G wT are continuous across each

-~ o

surface of discontinuity,

& W  pn -
_ 1 2 _ |_a _ o)
lez T TnG r\wd' ar 4“G‘W;T} xzds.
< # FREE SURFACE .
Since ¢ —
L]
— m -—
W, =IlH P (cos 6) cos (ot - my),
n
, - -



r,,} ‘ ) . 5
) and . o »e
- . ._ A/
oW PN .
—2 - 471G —97~= rQ p” (cos 6) cos (ot -~ my)
dr W n'n !
o n !
*(3.47) becomes
R,
| I Lo 13 -
, = X2z 471G n [r (2Hn,-—-Qn r) Jn P (3,48)
' where v
N - IR - N .
Jn = 3 f J Pn (cos B) P2 {(cos 8) coz (ot - my)
0’0o
. .
cos ¥y sin 6 de dy. N , (3.49)
W . : ' . : ‘ D
. Carrying out the integration, we find t
. 0, . .ifn#2, orm# 1; o
~ J = ' . .
n .
’ %m cos ot, ifn = 2 and m.= 1. )
. .
4
. Therefore,
0, | ) ' ifm#1, C.
Ixz - - . n . - . 4 ' (3.50)
cos ot 43 (3 B (a) ~ 4 Q,(d)], if m = 1o’and n= 2
56 &~ 2 AR ! o

L 2

where d is the. radius of the earth.

« 1)
13




it

g,\\ ’

u-.#/

YZ - ’ , (3.51)

1 i 3 : , _ L
=g Sin ot 4 [2?2(5) ,d Q?(d)], if m =.4 and-n = 27'

-~

+  Using (3.42), (3.43), (3.50), and (3.51) in (2.37),

we can write

X ) .
(3.52) ‘
M*= M sin ot, . s '
-4 .
where . . ,
b ® o
g = y— pr3 T dhr dl ’ (3-53)' ‘
3 1
Y - _ 11 33 o _ oy 1 ' i
B = 156 d (ZHz(d) d Qz(d)] S 3 - (3.54)
and o~ ,
: T _ ' TN
M= wlae- f) + 0C. o, . ?.(3.55)
. 1 . b | -
Using (2.41) and (3.52¥ in (2.36), the. Eulerian
equation of motion becomes .- ' ] ) ¢

e 28 % o=k 1. . - (3.56) - e
. ) w € . , /-
¢ ' a | '

Equation (5.56)wshould be compared with equation (2.424.

- -
a »




s fore, to fac#litate numerical computations, we must trun-

s
«?

% tides is derived from~our theory in sectlon 4 5 The

-

' ,(
- o - - . -
v ’ \\. '
: raS - ' \ -
» . .
DI CHAPTER 4 - Y
. ” ]
AU .
* ' FREE SPHEROIDAL OSCILLATIONS OF DEGREE 2 ‘e «
- " AND EARTH TIDES
For numerical computation, the general theory
developed in chap er 2 and 3 must be 51mp11f1ed . The
.method of 51mp11f1 atlon is describ d in. section 4 1. The
' - 3

and 4.+4.

As~a-check

¢ 7
«nuyerlcdl results are discussed ir section 4.5 and 4.7.

o .
4 : L4 . %

R, S

4 1 Slmpllfled Mathematlcal Theory

L P v 0 ’ .J
. P ‘_MI
We have - seen that‘the hydrodynamlc equatlons for the

- . \(

quuldocore dlffer from~the cla551cal treatment in that

B R
S, e =5 . e
+

“ §
there ex1st 1nteract10ns among spher01da1 and tor01d31

-
- L] ¢

dlsplacement fields Qf varlous degreesr. As a result
Af A ‘hr}

the dlfferentlal equations governlng the gotlon form-a set

of infinite order ordinary dlfferentlal equatlons.' There~

. " v

»

-~
¢

cate ‘the. infinite set. We observe firs} that there exists

no‘co;p;;ng among,displecement fields with different

,” . -3 , -
o ? »

+
v




azimuthél numbers. (Dahlen 1969). Second, the direct coupling

. constant, among spheroidal displacement fields with different

l degrees (bdq same azimuthalinumbet) is the ellipticity.
L -~ ~° . . R .

' "Thus, if we are interested in spheroidal de€formation of a
specific degree (in this case, degfeev2), we can-well T
neglect the contributions from spheroidal displacement

b‘fielas of any other degrees. : .

On the other hand, numerical calculations show that
- N\,

& thegcouplihg of toroidal fields to the spheroidal fields
. N : € .
depends strongly.on the. frequency dﬁfoscillation. For-

» . 4
LI ) > . :
< tunately, we have found that when we are interested 1in

. ] . . A .
” spheroidal deformations of degree.2, it is sufffc;ent to

consider only the ‘contributions from t®roidal fields of
[ . ‘. )

defYrees 1 and 3, With these considerations in’mind, we

I : Do ¢ .

' §ha11 write down the differential equations which-are E

>

.. sufficiently a

)

‘ L4 r 1B . .
Lorivenient. Further:

-

iscussions of the truncation are

A qiven in Appendix D. - . .

4,2 Hydrodynaﬁic Equétions
EY) ‘ C

‘4,2,1 Free Spheroidal Oscillations of Degree 2, ,*“.
. - Aziﬁqthalgnumbér 1. '

* 9

. " putfing n = 2 and 4 respectively and m = 1 in
. _ \ . ‘ A
(3.18) - (3.27Y, we obtain the folloqiﬁg_relationg,

1 0 .
. ‘ §° - g
. -
L R " R

""l L) P [ ’ - ) « N ‘ -~

51



7 ’“'; .
18 021 T, —"%wUUZ,- ' )
wo v, +;[—g-‘wo + 3 02] T3 % % wo U2,
1 % -sg- wg - %oz] V, - 9—,6-'wG'T

_ 4 4 _ 4 2 _ 2,

S3—i-5woa'rl|+[ gwo 50]V2+[ 5w0+0.
. . .

--\\/

- 1% -
Y .
2 2 32

- q ngwch—qu-Vz——T-,wcTz’ ¢



& % ¢
» ' _ . |
*Bp = Hp * Qo * Xar . - (4.9)
rF4 = H4 + Ny + x4, - (4.10)
A ] . * ‘
‘ __ 9. - 24" o . -
rs, T (H, +n, + X,) + 35 © b Ay, (\4.11)
_ 4 ‘ _ 25 -
J T A 4 b T o §:12
. ‘15 ¢ 2" . .. el2)
. . ‘ - )
> ﬁ ‘='£i-(H +n ; X,) - ag &, + iy B A "(4 13)
: 2 dr 2 2 2 T2 7 2° * )
o iminating . n and x, £ 1) 6
: E}lmlnatlng F2, Sr, HZ' n2 an X2 rom (4.4), (4.6),
(4.11) and (4.9), we ogaain
T 2 ‘3 3 iy ‘_
(wo + 07) Ty - 7 wo YZ - 7,(wc + 6&2) Ty =
" - -
. ' 9 3 ab : :
' . . . i - T wa UA2 ‘1— T = AZ' - wosr: B (4,1.&4)
. . .
o £ . ) . v h i
X, from- (4.4), (4a5), (4.7),.(4.9), (4.10), and (4.12),
. s — , - )
. we get - . ] . ‘. ‘ K
. - 2 ‘ ) Wy 2 t
: - (@ + o) T, - 11 woo V, + 4 (wo + 6¢7) .T, =
o~ ] o ' 1 . . 2 3 e
. " N ‘r ’ - T ab ) L ’ /
' o * \ - - _‘ - 7 U)g ‘2 - -]—::-Az +‘w0€r. ' s4.15)

Substituting (4.2) and (g.3f\igbo (4.9), we get

Ed
/



2b |1 1l 4 =
. - ? [—3-T1 ‘+ 7- V2 'h ‘.T T3] - rFZ =
;o \ _ (. < o) .
4 - T s S -
~-sb+g|lUu, -—1]1+ - - — | =—| &, - H,. (4.16)
[ 77 2 7 oy { T T ag Pg| W ] 2 2

Eliminating Ry, Hyr Ny and X2 fromv(4f9), (4.13)

ana.(4.8),‘we obtain
. o« ¢
. . ’ . d -: '
- . ‘
2 4 2. (2. 32 .
-~ U: - a(g-+:7;b9g +wolm Ty 2V, ‘.17'23) + 3 woer.
. 3 | . .
. (4.17) -

we obtain -

Putting n = 2 in (3.25), and using (4.9),
5 . 4nGp " 6] - 4mGp '
H,2 + T H2 + —w-;—r—— - -;2—j H2 = - 47TGps(XA24.'—'w—o-1——"‘ rF2.
A (4.18)
o :

>

(4.14) - (4.18) and (4.4), and (4.1) can-be solved for U,,
othér free coﬁ-A

‘ v . : ’ ’ f »
Vz’_EZ'_Tl and T3 }n térms of euénq 4 °

, stants. .

’
LS o

4.2.2

o

Free Spheroidal Oscildations of Degree 2,
Azimuthal Number 2 ' g
N ) v - b

. ‘ § ~ . .
Similar:treatments\as in 4.2:1 lead to the following

Y

equatighs. .
' . (




dwo V2 + (-5wo - 1\562) T3 = 2wo U2 -

T

'[4 B 205 + 72| v
r

+ (— 20 ;% = 10wo + 1002] ‘T3

2

y | . - }\
![— 6 E,- 6ua-+ 7 3} U, - 7 ——
. r - r za . Tog

t

-
-

. . ' > ' - .
- (4.19) to (4.24) can be solved for Upr Vor Hyr Ty in terms
L ; 1/" .
of 4 free constants. We also have ) .

., 4bo _20p .
9] oty Va- T Ts

-




—
b
i ‘_‘7'

56

“ &
4.2.3 Free spheroidal Oscillations of Degree 2, i
Azimuthal Number 0
Following the similar treatments as in 4.2.1, we _
obtain’ T , o ' .
s o) ) _ .

7/ . 2 - 6 ~ ' . '
by = Uy + 20Uy =7 Vor - : . . (4.26)
962 T+ 6wa V. - 1862 T, = 10wo U . C(a.27)
R | 2~ 7% 73 > C2! A

4 v, - 5 2 T, = 2 U . "“" (4 28;2
wo 2 R g 3 UJ‘O' 2' . . . .
- - - 5 2 ‘ =
~ Ldwo T, + |- 12.=% + 210°| Vv, - 24woc T, =
, Ty 4 2 3
[ ] \ A
-109‘+219-JU+-21——S+29‘-9A-
S o r 2 . Tpg r 2
» i - .
,. 21 'f 2, . hd ‘ (4.29)
' - 7
“ 4
: . 2 - . ‘ab .
' l4wo Tl - 21o ‘VZ + 24w0 T3 + 2 = A'z = '
| L (14go T v 2162 V. - 96ws T, - 2102 U,) +
‘T 1l 2 3 2
129 _ qgeb _ ,ab 5 d fobl} [ '
., 28 -1 - 25 -2 1 [T (4.30)
- ‘ ' ‘ T ?_.
. H.o+ 20 + Am6es T e oo r g T, -
IS 2 T T 2 w_ 7 2 T W 399 =1
o . r .0
) -



- "2 8 4'1TGD . (4} -
. T . (6} V2 + —.7- wo T3] + -—w—-|—— *i“i" ba 4nGp a AZ, (4.31)
S " \ )
L __4b 10 ¢ : ' '
’ . Ny 77 V2 ¢ [ﬁ,b ,,g] Usy-. . (4.32)
- ‘ "
- (4.26) - (4.31) can be sqlved for U,, V,, H,, ana‘\"I' in

"terms of &, free constants.

— L

4.2.4 Rema;ks‘on the Equétions given in Sections
¥ g ‘ .
4.2.1, 4.2.2, and 4.2.3. ' -t
» ! »
. . : 1

A. The forms of equations for free épheroidal\oscillations :

of degree 2 and azimuthal numbey -1 and -2 are identical™ *
with those given in 4.2.1, and 4.2.2. respectively provided

rs

o

we replace the fréquency c by -o.

‘'The quantity I& in sections 4.%.2 and 4.2.3 represents

radial coefficient of the additianal potential arising

from‘redistribution of -Mass. éut;ﬂz in section 4.2.1

1ncludesalsothe ‘quantity 952 Wt (r)

| (2917 (2,200, (211D l i -'

% .- »

(see equation (2.7),

14 ' N - ©
\

C. Although the equatlons in 4. 2 1, 4.2.2;‘and'4 2.3 are

wrltten for free 030111at10ns, they are also valid for earth

-~

tides except in these cases, the quantity H2~1ncludes also

the radial coefficient of the external disthrﬁing poténtial,
A .

‘ ,"8uch a treq;menf'is péssible‘because for earth tides, the

)
A ‘ R . ©
- .



.

¢

/

dlsturblng potentlals satlsfy the Laplace equatlon.

(For treatlse on earth tides, see Melch10§, 1966)

o L0

D.: Spheroidal oscillations of degree 2, azimuthal ‘bmber
: o .
1 are accompan{ed by variations in 1latitude. - In this case,

equatien (3.56), is needed for a qéﬁblete solution.
.‘-o f

b -
4.3 Solutions for the Mantle and Inner Core: 3

-

 Because the ellipticity and retation are neglected,
the set of equations (3.28) with.n = 2 is applicable for

ali azimuthal numbers.
«
- »

The external force terms rF2' 9F2’ and sz are aPsent
for free oscillations. However, for earth tides, the
body forces exist. Since the body forces Are derived from

potentials which satisfy sgshe lLaplace equation, the radial

coefficient of the external potential and its derivative

-

may be included in H, and Qz‘respectively. -

. ¥

-

4.4 Boundary Conditions:

°
°

The boundary conditidns given in section 3.5 deter-
. ' ’ » ‘

. \ . . < \
mine the solutien completely except\{n ‘the cases m = 1 and

-1 where the remaining free constant € is. to be determined .

by the Euler's equation (3.56). L - ; ) *

. - “

But it must be remembered that in the condltaon

(3 359, the H2 and Q2 represent the change in grav1tat10nal

v
Y

# -
» h ) * - .

\"‘u\_ -
gt




-

s

. potentlal*and change in grav1tat10na1 flux den51ty due

\

/6nly to the redistribution of mass. They bear different -

‘meaning as compared to the H, and o, in the differential

& . equations given in sections 4.2, and 4.3. Tft“ a
4.5 Mo;odensky;s Theory for Diurnal Earth Tide& and
. v 4 ) ’ - " .

- ’ Nutations 3 ’ A

» ' J.i o ) L. T g,
WhiPe our theory ‘is applicable to any density

stratification of the liquid core, Molodensky s theory is

valid only for an Adams—wrillamson core (AdamS*and

-

. wWilliamson, 1923); . Theréfore keg us assume : . A
) ' Apol . .
P Co. a(r) = —5— - 1 =0 (4.33)
] . e
‘ to Po "o '

in the liquid core.

I3

- Next, we observe that for most of the diurpal earth

tidesfw:O << 1, hence in view of th® .forms of the equations:- '

pw (4.14) and (4.15), we have oo

-

- . -
' .
- i - '
- ‘ ’ - - ’ ’
. .
> - - .
. . . »
. .




Therefore (4.4) may be approximated by

| e [2 1.2 o -
- in_=_= [§ wo + 30 ] T, . ‘ (4.34)

"Using (4.34) in (4.17), we get

« o
_,{% w@~+'% 02] g% (xT) = % wo T, + % Woex.
The last equation m®ans '
9
) S T, = = BT, (4.35) -
. N A' ’
where 8 is the resonant parameter in Molodensky's theory.
Let us write " <t
4 *
< L k(@ =H - rF,, (4.36)
. .. . , -
then (4.18) becomes
’ 2
. . 471Gp " ) :
K+V%K + _W_,-i_-\G K= 0. (4.37)
o r-j-
. This 'is equation (30) in Molodensky's paper.
7 -
We notice from Appendix A, the function b(r) = -
egr also satisfies (4.37), we can therefore write
: 2b(r) = - K, (r). (4.38)
" Now, (4.14) and (4.15) give'’
’




A Y

/ ‘ .
.Now, using ,t4.36) and (4.33) in (4.9), we can write

-

e - B

) - W+ o - L - . .
v, = - 30, + 5[—5— Ty +T€r] E .
w+0 t
Substituting "(4.39) into (4.1), we get v 5
1 a (.4 10 (L wro o) 2 o
Az = 4 ar m(r Uz] 3 - [6 TB] . - ‘(4.40)~ ’ )

r,

To relate U, to n,, we neglect terms of the order
» L

¢ ) =
W ;. (4.3), and obtain
. . ) ] ’ ,- ’ | h;‘--‘ &
2 2% b(r) -qu - .
nz ':' 3 B r g 2 .

Upon using (4.38), the last equation becomes \l;-‘

1 1 | o L

y

N

5 - P

ps' 1 o . e ¢ .
Aoy = = =t [— K + n ]. - (4.42) -~ -*
2 QSWO 3 2 2 . .
N
3

Combining (4.40)., (4.41), and (4.42), we get

4 <A ) 4 o,

a L} .
ad PgT My 1 PgT Kl 1 Ps * .
5 dr W 38 W ty o K- BKl)‘“
1
10 .4~ - wto g * - (4.43)
3 Ds E LU . \ L4
- L y , 3

But from (4.37),

.
: .
. ‘
: ’ ’ . < - :
. 3 :
. - o
e . ) ) r
. .




5\)1 GO dr. ¢ ' (4.44)

s
c
);.. 3 }' -
This is the equation (39} in Molodensky's paper, except

that here the constant v is given by

_ _ WHo- ' . , .
Vo= 2{ — B ;/s],u E? (4.45)

. while in Molodensky's theory

“

: 4 - ) ". ' . S - ..
,Howevez, since o ~ 3 w, the resulting error is small, }-.
. . . . ° s

}
- v - .
¢ . . * s %

4.6 Numerical Calculations K K v -

* g

R Numefical'computation was done using the“CDC

v ‘ : L am

CYBER 73 COmputex at the QﬁlverSLty of Western Ontarlo.

Spllne 1nterpolatlon and fourth order Runge—Kutta methods .

' o

wereusedfbr 1ntegrat10ns of the dlffgrentlal equatlons

[3

The step s1ze was varied in such a way asito keep the

4

, "




e

$ ' S
ratio between_the‘step size and the initialyradius (the
lndependentqvarlable) at each step constant A value of.

0.004 or smaller for the ratio 1s found to,glge stable

integrationsg.: The numerlcal ggecedures are given in-

¢ or

.Appendix B. O - e

radially, is proportional to a(r). “Thus wherf o (¥)

4.6:1 Earth-Models | * L.

~
- .

&

—~ The three earth models with uniform pqufropic

cores {a = +0.2, 0.0, -0.2) listed in table 1, and plotted

-

in figure 2, 3a, and 3b are originally given by Pekeris

and Accad (1972). -Hére, a slight,modi%ication is made tp; *
g .

allow for a solld lnner core. Also, for the model with

Unlformly unsg?ble core (o = -0.2), the density in the core

is sllghtly iticreased as the orlglnal density used' by Pekeris

¢

and AN leads tb a def1c1ency in the tof:al mass of the

’

earth. , s ‘ . X
I3 ~ -
The interest in u51ng these earth models stems from
. o )\p C 3 R
the fact that the functlon a(r) = ——5—9— - 1 determines
. - ' p.wW_*"
- - o o©°

the stability of the outer core (Smylie 1974). The

restoring fofce;‘when a particle is suddenly/displaced

<
<

A

3 "'_—’v‘i‘
‘(Adams ‘and Williamison 1923), the core if in neutral
gguiiibrium; when'd(rf > 0, the core /s stable; .and “ '

4

3

An immediate

1

when''o(r) & 0;;;2? core is unstable.’
a

implication is'Ffhat an ufgtable, or peutrally stable cor}

is incapable of free dséiiletions. his, andieomé other
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dparactﬁfistic dynamic responses of the polytropic cores, Y e

have been demonstrated by Pekeris and Acécad. - .
o o ' N , . TN ' -
However, the'parameter o determanes stability‘for

. ’ i I Y -
the liguid outer pore only when the earth is ndn-rotating.

It is clear from equation (2, 1) that in a ;otating earth

the acceleratlon of a partlcle assumes a compllcated form.
= -
The stability of the outer core no’ longer relates +0 a in
(-4 \ 1
a‘simple way. In fact, as: we shall show - ln'the follOW1ng

»

4

A}

subsections, all three types of uniform polytropic cores S

are capable of free osdillations. ‘ e
4.6.2 Free Core Oscillatjons B L.
El - \. . ‘ . . . ' y‘ . ‘ -

"The free‘core oscillations have periods longer than

the fundamental perlod of free elastlc osc1llat10n -of’ the

.e,arth (Pekeris, . Alterman, an&- Jarosch 1963), and have

:périod'dn the core model as well as 6n the mzimuthal

dlsplacements and stresses malnly conflned to the lquld

’

.outer core. Table 2 shows the periods of free spher01dal

) -

core oscillationéfof degree 2. The dependence af the .
ndmber m is manifest. Thehs%fong dependence on the azi- ¢’

mutha& number indjicates that the effects of e111pt1c1ty L

-

-and»rotation.are large and-cannot be neglected. In the : "

.table, the free Perlods are calculated up %o 28 hours.'

k]

€
?

It is pOSSlble to extend the caICulatlon to 1nf1n1te -.' v

perlqd. But at lqu perlods‘ the dynamlc theory can be e

8 * e .o s - 3
a ’ ‘ [ | .-
, .

-
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h

: approximated by the static theory and is therefore un- .
necessary. Periods of the~fﬁnQamental eléstié modes are - -
. s#own on the flrst row. They are included toﬁshow'the

+  slight perturblng effects of elllpt101ty and rotation upon

the dynamical response of the liquid core. 4

Geesider fref;§éhefoidél oscillations of the earth'
f‘degree 2 and azlmuthal number 1° for the earth model w1th
a unlformly stable coEe of a = +0.2. We notlce/from sgf-
gdon 4.2.1 that this type of free osclllatlonbls asseelated
lth a. free wobble of amplltude €. Figure 4. 5 6 and 7 .
' shoy the tor01da1 d;splacemeq} Tl (equlvalent to Smele-, (l_

(%
rotatr@n),(ﬁormal spher01da1t§15p1acemenp UPY fhormal stress
. X . ; & ‘ -©3

Z,, and-chahge inigféVitétional potential H, respectively.
4 e . . L -t . ’. : . L 4
Tbe normalizatﬁbn‘factor is rndicateg\ﬁy the value of €. - ¢

. . ) . .
] - - -~ . - . e \

<« From these 4 figureq“rwe‘ﬁay'classify the 5 free

o a

‘oscillatiens inta 3 groups: | ) e,

B o .. }. ,V.. . ;
Group A. Elastic Modes | _ o . : L

!

* This grdué is represented By"the\free OSciliatign -
- . . It ¢ - « .. ™ . .

with peridit 0.88928'houfs.’ The f&quid outer core :espdnds'
as a solid.. Although the core"fdtates tcurve 1. in Figure

LY

4y slightly with resggct to’ the mantleh,the motlon in the :
® * . L .
aliquid.cpre is predomlnately sphero;ﬂél and determlned by

. i o '
v,the’elastip.properties. . '//, d e e .
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N\

Group B. Core Modes ‘ 1j

© . + ’

This group is represented by the free oscillatif
g . i ' ' .
"~ with periods 6.58885, 8.99421, and 11.18246 hours. The

free oscillations in this group are the type first dis-
- ¥ 4 . .

.covered by A}terman et al. -(1959) The -normal §isplacement

\ L3

in the mantle 1s indbced by the tor01dal dlSplaceMent in

- o

therlquld core. . Slnce the toroidal dliglacement is of

A

a Ny

‘.the -same magnitude as the normal displacement in the outer
oo . .

core, normaiydisplacemeht'in'the mantle is of the- order of

eliipticity cgmpared to that in the outer core. In view
o

of this, observation of these modes thay be dlffrcult' -

3

unless resonance occurs. oo : .

, Group C. Toroidal Modes i
- - * . - . . ” - ",
‘ An example of this type is. the free osc1llat16n .

-

. wrth perlod 23.88337 hours. q%he spHer01dal part of the

dlsplacement resembles. those of the elastlc modes. But 'in

3

. the@liquid outer core, there exists a large toroidal

W

~

‘field of degree 2 and azimuthal number 1. This Tl ﬁorogg?l

field. asgumes the form of a rigid rotation of the entire
N 4 . ; . » LT
oy R . . ’ .

f. 1liquid outer core as can be seen from Fig. 4. Moreover,

if we comparehcurve'S’on Fig 4 with that on Flg 5, we,

see'tha% the T, . fleld is 2. 5 x 104 times larger than the ~ -

# .
P .

normal displacement n2 ' We &all this free core osc11lat10n

- » o R
e a Tl_mode. - . *ﬁi@-

N




- h . r

Y ° : . 4

; i : 3. ,
- The importance of this Tl—mode lies in the fact .

that the period is close to those of-the dilurnals earth tides

- - - . -

.and hence leads to a resonance effect. This we shall dis-

5]

’

cuss in the next subsection.

-
»

. In view of the form of the equations (4.14) and
(4.15), there is the possibility of a T3—mode:withiperiod
’ ' about 144 hours. The dbminating field in the outer core “\f\4

will.then be toroidal field of degree 3 and azimuthal.nﬁmber

R 1. But there is:ujtgsseral$arthatide ‘with such a long ¢
oy _. - ] )
L .. period. Therefore computation was not attempted.
\p .t ' B : * .o » .
) - . ¢ © o ]
A gsimilar classification canp be made for free spheroidal
g A .
A - "’ " -
. oscillations of degree,N.= 2 but differeng azimuthal numbers.
~ ° ' ’Howevep, for the period r&pge® under investigétioﬁt"Tl or
‘T3-modes exist only for the azimuthal number 4#1. Inspection.
. ) LA - - “
. of Table 2 shows that the elastic modes, varies slightly
with the core modql, the.core mbdes’depena .Strongly on
L. ) the core model, while the‘Tl—mode'is'practicélly”independent<

cﬁ,tﬁé core model. Thus for' the study of the structure of

LY

' the core, core modes can give.us the be%t information.
' - Unfortunately ,»due to their characteristics, they are

S hardly observable. Thé. nly exceptioﬁ is the core mode h

-

N =2, M=% 2, period T =

_Z.TQGO hours for, the uniformly

¥ ] . - ' . .
‘ stable ctore, model, where resonance may be .possible due to
- . . & "‘ . .
# . .  the semi-diurnal tides. - . ) ' ' .
. . ‘ “ . . . .' . ; ." ..".',':.’",
o i B . ] -
~ - N 3 »
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. & > s .. v ) - 1
‘4.'6.3' .Diurnal (Tesseral) Earth "I‘1c‘ies and Nutat10®

. o
.- N . 2

TRe principal components of the diurnal ‘tides are

given in Table 3 (see Melchior 1966, 1971) together with

¢ -

. the associated¢nutations. _.

The importahce of these tides 1ies ig the facts that
- ) ’ . . .

resonarice occurs near the Tl—mode, and the nutations can bey

u
3

observed astronomically.

®
f )
*

In Table 3, both the obseruwed and theoretical (for

A

. »
dlscrepancy ween the two values can only be exp]alned

z

by the dynamlcal effects of the llquld\core as we have

a rigid earth) plitudes for nutations dfe §iven. ' The
lf

mentloned»ln,sectlon ‘1.2, ¢

= .

- . - P
» - . w

Figure 8, 9, and 10 illustrate the response of the

_earth models (= +0.2, 0.0, -0.2) to the diufngl tides

v1 and Si.which lie on either sides of the T,
| o v S’ AR :
variations of the normal displacement n andggravitational
' « ‘ Lt z2 - ‘
‘potential H, are clearly observable. .

4MOdeﬁi The '

Table 4 shows the Love numbers of the pr1n01pal

dlurndl tides, and Flgure 11 shows the Love numbers as

'-fbnctlons of the perlod (hypothqplcal 51nce;t1dal poten-

hY
~

tlals do not exi%t thrOughout the-frequency range) . 7

Notice that the aeymptotic behav1purs of the Love numbers!

!
near the perlods of free osai‘latlons .change form at - the

'lemodef
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Figure 8. The normal displacement n: and torqidél*displacem&nt T
for the ‘diurnal tides V¥; and S, for earth models with a=+0.2, 0.0,

-0.2. Amplitude of the tidal potential is set to unity at the
free surface. - C
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Lo ‘Table 5 gives .the amplitudes of nutations cal- —
. . . L . ' - '., ” R ¢
culated‘from the present theory and Molodensky's theory. 'y T

The results from both theories’ agree well and thev also

agree W1th t;! observed values ' (see Table 3). —

=

- ° . .

4.6.4 Semi-diurnal (Sectorial) Tides ~ =~ . ' ~
. » : . : ,
The prihcibalcgemi—diurnal earth tides are given in
- Table 6 (see'Melchior 1966). o . A b

A IS ..

- Flgure 12-17 show the responses of the earth

" models to the semi-diurnal tldes A, and.L,: For the earth

2
mode w1th unlformly stable core (a = +0.2), resonance octurs.

This is. 111ustrated by the behav1ours df'nz and 22 ih

boe F}gured,lz and 13. On the other hand for the earth models
- with unstahle and neutraliy stable cores, there ex1sts RO
fesonanee. ‘These characteristic hehaviours are reflected
ihz}éqa numbers glven in Table 7. For earth médels with
; ,

0 and ¢ = -0.2, the Love numbers. are practlcally

&s

1ndependent of frequency, whlle for the earth model with
»

+0.2, the Love nuribers vary, with frequency.' Clearly,

o

- -careful analysis of the Observed semi-diurnal tidal

¢

. response may offer us a clue to the structure of the liquid

- |

core. ’ L ’ ¥ -

. , . )
¢ To illustrate £he response of the earth to forced

sectorial oscillations, the Love numbers are plotted against
period qin'#gu're 18. Again, we observe the asymptotic .
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L]

L4

—

M 075.555

-

o TABLE 6 PRINCIPAL SEMI-DIURNAL

ARGUMENT

2N, 235.755
M,  237.555
Nz ">~ 245.655
' 247.455
\)2 "4
M 355.555
2
263.655
. Az T
. 265.455
L2 |
T 272.557
~ 3 ,
S 273.555°
2
R, . ,274.554
. . ‘ L
sz 275.555
. .
X, 275.555
. o LONG
M 6;;.555
) s, 055.555
S, "~ 0564554
) 057.555
sa ) .-
M 065. 455

27.895355

27.968208
o

28.439730

28.512583

-

28.984104
29.455625
29.528479
29.958933
30.000000
30.041067
30.082137

3p.082137

0.000000

0.000000

0.041067

0.082137

. 0.544375

098033

¢

) ' ..
_ . FREQUENCY
. DOODSON'S -« _ IN DEGREES
SYMBOIL, PER HOUR

-

AND LONG PERIOD TIDES

PERYOD COMPONENTS

-

*

85

)

F g

. .
. . ~

(AMPLITUDE *

SEMI-DIURNA® COMPONENTS

*

+0.02777 A

+0.15642

OF THE TIDAL . .
POTENTIAL

+0.02301

+0.17307
+0.03303
+0.90812 S
-0.00670 L
~0.02567 ‘
+0.02479
+o.422§é' -
~0.00354
—0.00354 )
+0.03648

-
4+0.50458
+0.23411 -
+0.01176
+o.ozze§ | -

+0.08254 P

[

* The-ampliﬁude is given in the form of a diménsionless coefficient °
which is to be multiplied by G, = 26206 cm? /sec? ' ’
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“Figure 12. The normal displacement n: for, the semi-diurnal tides

X2 and L, for®the earth model with oa=+0.2.

potential is set to unity at the .free surface.
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Figure 13.° Thé ngrmal stress 2. for the semi-diurnal tides X:

and L.

we

for the earth model with a=+0.2.
potential is set to unity at the free surface,
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behaviours.

]

-

4.6.§p Long Period (Zonaly Tides oo ®

’ [}
I

The principal zonal “tides are given in Table 6.
’ ‘ - | -
b Due-to their 1ong'perioés, static theory is -valid.

5

The curves on Figure 19, 20, and 21.Pre plotted for the

* .

tide M¢. -But in faqt,“curves for other long period tides +
are indistinguishable from them. This is reflected by

®he Love nuinbers given ’in Table 8, which are almost
.. . f |

i&engicaifto tge static limit.as exhibited by the Love’t

-

-

"numbers fo; Mg and so.

[] . .

. R . L - < , * . T
~~ However;if the external potential existed at -higher X
. N . - Y
fregquenciés, the zonal. tidal Love numbers would béhave the , -
. .,1 . a - . . “ ':.
way.as shown on Figure 22. - o -
- - “ | .
[} . . - ' =~ I3
4.7 Summary of the Numerical Results L N

g

The dynamical résponse of the liquid outer core

+

depends on its density sérétificaflah. But all three types .
of stratifications (stable, neutrally stable, unstable)

.A"are capable of free oscill&Qions.

-

The free spheroidal oscillations of the earth can

be classified into three groups, the elastic” modes, the —
-core modes, and thé-toroidal modes. The elastic modes are

' - 4
governed by the elastic properties of the earth and have

4
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earth models with a=+0.2,0.0,-0.2.

is set-to.unity at the free surface.
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periods shorter than or equal to roughly 53.7 minﬁ%éé.’

. o

' \ .
> The core modes are mainly ‘governed by thé gravi-

N\ . ‘ » .
tational force in the liquid outer core and have periods

extendimg from youghly 7 hours to infinitﬁﬁ The core-.motion

. V! - 7 , .
is primarily spheroidal. These modes qge the only ones

L 4

which depend stroﬁgly on the structure of the outer core.
~ ' T ’

The toroidal modes are due to the rotation of the

L]
9

. outer core relative to the solid mantle. In the case of

a

-

T, mode, for example, the outer core rotates as [} solid |

1
as exhibited by curve 5 in figure 4. -

.,

¥ Under the applications of external.forces,
N Y

-

resonances occur near the frequencies of free oscillations.

The—ualidity of the present theory is demonstrated thrphgh

diurnal earth tides which have frequeng}es near a Tl—mpdé

with period equal to\23.88337 hours, the resonance effect

. being observed astronomically, through the assbciated

Ry

-

nutations. o ' : g e
L) - - - " -

Since core modes -8epend strongly on the nature qg;,

\ f

Jensity stratification in the liquid core, they should be

investigated more thorbughly for a better understanding

of the core. A core mode with azimuthal number m = 2 ahd

period 12,1980 hours exists for the stable core with

@ = +0.2 and not for'unstable and neutral stable cores, -

Therefore semi-diurnal tideg deserve a detailed study.

)




APPENDIX A -

w . ¢
- ) .

-

/ > ROTATIONAL DEFORMATION . -

-

. The problem we have here is to‘find‘the ellipticities

AN

of surfaces of equal density within the earth, éssuming the .

L 3

- earth is in hydrostgp;c equilibrium.

. ' The classical method consists of solving Clhiraut's i
;g;férential equation T P
' ] oW >
2 . 8nGp | Y
d % _ n(2+l) e + o [%% + g} - o, - (A1) {
dr r , g
> . “ i

"~ with the arbitrary constant determined by the observed
) J

surface elliptigity. : 3 )

® -In (A.1), e is the ellipticity,’,pO the density,

g the gravity, and n“=‘2”
. Détéfled tﬁeorz can be seen in The Earth (Jeffreys,

1 .

1959). One inconsistericy in this°theory is that equation

. [ . .
(A.l) is derived from hydrostatic thegry,\Ept the opserved
» -‘ N

surfate ellipticity is not the hydrostatic value.

R
4

In the following, a self-consistent method is

described. . . e N

1

-~

-

The problem of ellipticity is eguivalent to the

-

problem of deformation when an initially spherically

symmetric earth is éubjected to*rotation. s

S L, - ’

3




—¥ - /\\ ’ -
Therefore, the deformation theory developed in -
3 . . G
Chapter 2 and 3 can be. applied. . IR )

- In this case, the external potential \is the centri-
¥y o ‘ . ’

fugal potential. ’ : . ' .

-

rf/J T .e = % 0? r? sin? @, : ., (a.2)

which can_ be written as-
. -

o

L ‘ Wy = Wy + Wy, (a.3)
with o
1 2 2 ¢
~ WR =3¢ _; pg (cos 8}, . (A.4)
“ -
W, = K (1) ?g (cos 8), o~ (5;5)
¢ A " ) [ 2 . .
S | 2 2 3 (A.6)

Thé purely radial displagement resulting from W

& V]

is small due to. the large incompressibility of the earth.

Therefor%l.as far as ellipticiﬁy is concerned, the effeét

3 + of Wy can “be neglected. c . | -

The potentialth*is a solid Spherical harmonic of

n =2, m =-0., Due to its static character (o0 = 0), there

a

is no coupling ameng the displacement fiéld&.
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i

- 'we must sét U -=

1

‘s Y

R - °
_ - (A7)
3
= — P
) Ue 'Vz (r) a? 2 (COS e) '4 , —‘v
N N 1 — f
U =0. .
wv ‘ ° ) ‘.
W, = %2‘r) Pg'(cos 6). ‘J(A.B)
. . F
oW : '
- 2 _ 4 o - i
. F. =5t = aF Kir) P, (cos e)f : '
W, ' )
1 2_ 1 ) : .
4 82 e sema— DD ot P
) Fo = 5% F; K(E) 56 2 (cos 6). . 5
Dué to the\assumption of hydrostatic eqwilibrium,

0. Then equations (2.32), (2.33) and

(2.34) become

- D2 =-H2 + K, ) (A.9)
: o ]
Py A .
DZ +'E_ AZ - g UZ _’0' _(A.th
o .
ﬂ;
qél ‘D2 + A AZ "g UZ +agh, = 0. (A.11)
. T Po ¢ -
And (2.21) becomes &
.o T . 4“Gp ! [ , . ¢
. 2 s o) ,6 - 3
D, + = D, +| = - —7] D2 = 4ﬂGpo a by (R.12)
A o r . Iv)

The bound#ry?condition (3.34) and (3.35) are

e



& ' ~
Hy
Q F g

rd‘ !
+'3(H, - 4nGp_ U,) = 0, o AL,

at the free surface. L v

-

Notice thatbA2 is.rglated to U2, and"V

2

2 by (%.26),
"N 4 <

. . 2 ' 6 _
° A2,.— U"" "f Uz N "i: V2. ] (Atl4).
y
Equations (A.9) - (A.1%) should completely detgrmine

the soldtiohs in principle. However, a careful study of
* - L %

the equations shows “that some precautions, must be taken.

A .
o
‘ Equatiogs (A.10) and (A.Lll‘iééd to the condition
z . J ) :
A\wy.'. ; : . - e oy ] .
af, = 0, : . (A.15)
- where o is given by (2.35), . ; .
’ R * 7 - »D ' - ‘
a(r) = =% Ar - 1. - (A.16)
r “ po O

!

1f o #‘OAthroughout‘the entire eartl"'hen A # 0, and '

2
» .
the déformation is completely governed by the gravitational

N force. Howevéri if o = 0, an arBitrary constant can éppear
in the mathematidal solutions. Thereforéﬁ‘the physical

argument that A2 is, continuous when g, approaches zero is

necessary> 'Tth for any a(¥), we can.take A2 = 0. Thus

i b ]
v U, is related to D, by .
o ) ' .

a‘.’\\




&

: - '_l-.-lh o [S *

\ u, 3 D2, ) , : (A.17)

\ ) “ | 3 : AN ' [ P . -
. and the ellipticity is given by ’ ) . A .
? e(r) = i \U;[e = %] - Ur (6 = o)},
A 1
. or . i . &£ .
[ ) S . b - 3 U2 3 1;2 ‘ ' o
< elr) T~ 3.7 =-385 " . - )

-
.y . n

We notice that the eéqivalence of (A.1) ahan(A,l2) can be

: s
shown by subst'tut%gg (A.18) into (A.l).

. P
- ~
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o

) . NUMERICAL INTEGRATION , -

. . &
J . ' .

\’, . ’ ) »
“The cpntet of the earth is'a singular point for the

set of differential équatidns (3.28). Téﬂavoid this,

. *

L]

sindular point, we must start the.-numerical -integrations

at a finite distance r; from the center. "The approximate
a A i ' »

solutions of (3.28) at a sufficiently svall ry can be

-

| obtained in several ways. . If we assume that.the earth is

o’

homogeﬂéous within L4 exact solutions of (3.28) for

r < r; can be found (Logé 1911). The three independent

solutions are BBi, Biz, and BB3 given below. R
' $ .
’ .O
(1)
wn+1¢ur),

.

1

-

Vn + a fnil

- n ] 23 -
-r U a 2 {n+ )'wn+1(ar)' _
A o k] . .

N . 2
+ wn(ar)} + (k # ) =2
g / ‘471G

'wn(ar) ’

¥ . .

a a ‘., 1
2y Gen) + R e ]

a . o




- 2 T o . 107
g . f
- -2 a u,z rz ,
1Yy = ¥ T > ~ 2 (n - 2) -(B.1)
‘ o n - *
}
’ * a
‘ i 2, 1
v (or) = —— y__. (or)
. . n- “n-1 4TGpo - .
7? - L 4 . . . .
. a2 r2 l 2 (n~-1) -
. wn(ar) + — \Un_l(ur) o
c n n . -
- " ¥ d N
’ ’ _.n ' ;
'y 1= v lar), B
S on-1 | .2 2° ‘
.« ATGeo U (‘ o . ; LI
. ro .
. 2 /. . ) ,
where -~ azr';‘i‘s the* negativ? root of thé™equation
C.':> s .'o . . . . - B ' \
. . , 16 . ' ' ; o
U G T P A TGpoU + ( A+ 3 u ) 0%pof x 28
, - 3 D - 4
: R 2 s D o7
n‘(n+l~)[ — nGp3 ] - — 7G5 o2ps - o3| = 0; (B.2) .
I3 3.« ‘ 3 ‘ * . ! ' . ®
| , . - e
j -..




. M
|a &
*
: * ’ ¢
az ’ 41er%n, . -
a= : 1+ — |
47Gpo o ) .
and ; .
i . \\:'
, 1l a n sinx ’ ’
Y (x) = { - = ] . i
n WX adx
1] ] \\\
. (J.l). . BBZ -— - — 4 \\\\-
‘e \\ -
‘, N + R . , . L4 ~ -
2Un =R QVy ¥ Db S Xney (BT) o &

1

n‘ZYn - |'ub [ 2(n+2) x, . (BT) - xn(Br)] -

~Xn(3r) . r

r ‘Bz
( A+ u)
* 4nGp
'Y -
b ,
rn 1 —-8—2- xn(Br) = [
»
Y 8%-r
Hr - -
B n
]

.(B.3)
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9.
.\ ° * .
) . ﬂt' i . t +
[} - . . ! , v
2 1 82 r2 '
—r X L.,.(Br-) . — X, (Br) +
n nEds 41Gp n n ‘ " -
2{(n-1) '
Xn_1 (BT) ’
\ n n-1 ’ )
_ il <
_ .n
- JH, =T xn(Br).
. - . -. - ’
_ on-1( .2 2 o - :
20, = T ['B o Xn+l(8?l_+ n Xn(gr) T ATGe Uy

®

- where 32 ig the positive root of the equation (B.2),

32 ' 4ﬂGp§n
bs —— | 1= ——il,
amGe | 3u B
and
P ) . ’/'
1 4 T sinh x v ’
xn(x) =.| — ' .
. x.l dx ] /\ X »
(1ii) BB, . ) -
3Un =n 3Vn’ SN .
5 s
/ T/_ '




3 ’ ’ L . . ’ o s
3Zn =n 3Yn'
; n-1 B s
3Vn —\c r I .
= ; - ' v
3Yn 2(n-1) u c, .
¢ 2
. ¢ v
3Hn =r, . . (B.4) .
' »
Q. =n et 4wé U B ' A -
3*n ) . po‘ 3°n’ - " . \ A
. ' a . -
where .
+ Cc = - 3 . 4
© 41Gp, n ' —— .
A

We mu#tr point out héré that the three independent "S

~solutions BB, , BBz[ and BB, given above apply oﬁ}y yheﬁ'"’

-:théiequatidﬁ (B.2) possesses é positive and a ﬂegativé
root. Wﬁen'c i§>§ufficiently large, both of'ﬁhe roots of

(B.2) will be negative. 1In this case the solution BB,

will also assume the form of BB;. ' Finally when ¢ is such

-

that ' ) ' A
® . . ) ) . ‘ . '
4 16. K
n(n#l) ( — 16 p2 )2 - 7Gp2 &2 p = 0,
. 3 0 3 0 . 0
P . i

®

-




L

the solution éB

2

mu§t'5e replaced by BB

= n 4Vn +dr L

= n 4Y + ( X % u ) ‘
27nG p
. 0
1 n + 3 . -
- , + .2. rn+l}+ e rn 1'
41Gp | 30
, e
n;2 | 2n+3 -
=ur 3 - tn+2) 4 | r
2nGp
0
‘n+2
= r .
= (n+2¥ P*L anGp U
0 n'
¢
1l 2 n
-— r 9 7 ' 4
27ero 3 ©
) 2n + 3 [
- 2 v 2 .
21ero { ¢© - §nGp°n)

a7,

4 which is given by

111
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. .
. .
- - M . A

Aﬂothér way to obtain.the approxiﬁéte sblutions' of
(3.28) at small r. is to expand U, Z#, ;tg. in bower |
serieses. " Retaining terms to 4th power in r;,'wé»find
in the force free cases, : . .

= 3
U . =n a37 Ty + a5 Ty

Vp = 833 T3 t asy ry, A ¥ )
Y =n* a + a r2 - (B.6)
n 31 42 ~i’ .
H = a r2 + a o r 3
yoone 52 71 54 “i’ , -1
-O = 2 { —;2 5 TG p. a + é ) r., + a r3
n _ o x31< . 52 i 63 i’
where ¢ | '
v - B ‘ <
2 ) .2 - N
det = (n® +n) A + (n° + n - 6) yu,
[ »,
- . AN
- 2
o . . 2‘ _ 2 . .
K = po a52 + oo | o 3 n" G ] a31 ’
4 det a5y = - 4 (n2 + n) A k + u [ (n2 + n)2 +



“ .10 an + n).L 120 ] A+ 24 (n2 +n-=-26)wu}, L

£y

4 det a

. - _22 \
33 = 4k + { 202 = (n® +n - 34) u | ayg,

2 det a

4g = Uk +u [ 2 (12 +n+10) A+ (n2 +n +

'y

22) ] ay3r

. ' . ¢ N N *
. 14 det,a;4 =.m G p0 [ - 4n (n+l) k + (ﬁz + n + é)
. (n2'+ n-20) pa ’ T )
’ . - A3 .
! 7 det'a63 =27 G.p, - 4 n (h+l) k + [ - 14 (n2 +
n) A +_[ (n? + n)% - 15 (% + n) - 124 }] aj;ts

The three iﬁdependent Eonétants in (B.6) a;éwa3l; Agg
?nd aj4- |
We note here that (B.6) can be obtained from (B.1)

. . - » . -
to (B.5) by power series expansion. In the present work,

h

(B.1) to (B.5) have been used,

The apbrqximate salutions for (3.28) at r, for

t4




Ed

foreed osciliétions are harder ?o obtaip because pe;fi-'
cular soiutions ﬁust be found:. However, in the present
work, this problem caqﬁbe a;oided.‘ We deal onIy.wifh
external forces which are derivable from potentials .
satisfying the Laplaee,equation. ~Sucﬁ external forces can
be made 1mp11c1t in (3.28) by 1nc1uding the correspondlng

. external potentlals in Hn and Qn' The prob{em is then

equivalént to a force ‘free case.

-

2. Integration by Runge-Kutta Method -
LU

'The propagator matrix formalism (Gilbert and Backus

1966) was used in the numericalAintegraﬁiop.* The three

- - . 2 ;Q N
independent constants are propagated from r;* to the top
of the inner core where one of the free constants is
determined by the re&uirement that the transﬁerse stress

vanishes. The remalnlng two free constants are propa--*
_ gated through the outer core. At the bottom of the mé!tle
a free constant is 1ntroduced to account for the _ - ..

transver;e displacement. The new set of three free
constants are then propagated through the mantle and
e determined at the free surface by the conditions (3.34)

and (3.35). o | ~

. At this point, we must bring attention to the

- o




3

equations given in sectlon 4 2. l Due to the non-

vanlshlng constaﬁt €, partlcular integrals must Be
evaludted in the outer core. Also, due to the continuity

conditions at the outer core—ﬁ’rtle boundary, the. ' ’

constant € is propagated through the mantle ‘as a free

N .
. * constant. ThlS additional constant is determinad by the
TV ’ M ‘ ’

-

r condition (2.42). : ) . ' :
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APPENDIX C - ,
‘ S _ '.
THE NOTATIONS' AND FORMALISM OF THE DIFFERENTIAL

3

EQUATIONS FOR THE OUTER CORE .-
. ‘ - L3

In fﬁe stuaiee of‘ghe’free_oseillafioes of the
ear?h: the differentiel eéuations'governing the
deformations are éenefelly ;resented in a standdrd form
(e.g., Smylie and Ménsighe'1971) wsing the vy notations

introduced by Alterman, Jarosch, and Pekeris (1959).

P
M

However, in the present work, it is lmmedlately obvious -

o«
from an 1nspect10n of the equatlons given in section

3.3 that such a formalism is no longer convenient. The

-

‘nece551ty for changing the formallsm arises mainly from
the effects of introducing the. elllpt;c1ty. For example,

due to the‘:ellipticity, the funbtions n, (x) ang_gg(r) do

not have analogies in the y-notatioqs. Expanding these
functions using (3.27) and (3.18) regspectively would

. A
unnecessarily lengtgen the differential equat%sns.

" Moreover, 51nce*ﬁ and X“ and their firét derivatives

. boﬁh appear in the dlfferential equations, a reductlon

of tlé equations to the standard form would lnvolve
tedious algebraic manipulations. These are the obtious

reasons that we put the equatione in the present forms.

-

116



: discﬁgéithis point in details in Appendix D.

‘ . * o 4
In fact, e;en if it is possible to put the present
equations in the s%éndard form; there isinot much
meaning inKQBing SO. Thé free core oscillations,‘whicﬁ
is the prid&ipai subjecf of the present'séudy, aié SO
strongiy inflﬁenced;by the ellipticity that compariséns'

of the results with those obtained from a SPh?rical‘ear£h7

s

are not only impossibie but also meaningless. We shall

*

The following identifications may be helpful for

L 4

readers whé are fami%ﬁar with_the y notations.

’

= h
Unc ¥y .
o ° G , -
! n
rg by = Yoo . .
n ¢ '
vn = Y3/ .

.

H = Yg_, 4 ’ ‘-t;

n .
f
v - PN
. - ' = n . -
Hn 4 1 G ps U ys. .

o
PN

A * 3 * —
)

-
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g APPENDIX D ’ ' , \““
. L
O ' .

-

THE TRUNCATION OF THE HYDRODYNAMIC EQUATIONS
. o :

-

I. In the present Wwork, the truncatlon of the

dlfferentlal equations for the outer cote is goyerned by

<

the approximation made in the mantle and .inner core where
2 8 -
we neglect the effects of the rotation and ellipticity of

the-earth. Let us consider a specific example. Suppose
we @re ihterested in a spheroidal gscillation of the
earth of Hegree'Zuand azimuthal number m, tgen in the
mantle end inner core, th; coup&ing effects -from the “

M

spheroqdal flelds S ( 2 Zn Y and torcidal fields Tz

>

( £ any ) are neglected. The coﬁtinuity conditicons at

the outer core boundaries then'gorce ¥s to neglegt the
3? ( 2 #n ) in the outer cores Mow since theltbroidal‘
fields TT ( 2 < n43, or % > n+3 ) are coupled to s™

n
through SZ ( L #n ), we must also neglect their effects.

o

This leaves us with the coupllng effects’ from/Tn 1 and
T§+l.\ ‘At th;s p01nt we must -note that "the coupllnq
among the digplaeeﬁents Tn-l' Sg, and T +1 is of zero

order in ell;bt1c1ty ( and / or rotation ) and not of

*

first order, ‘ m?lle (1974) neglected the coupling effects

from the toroidal flelds. This leads to zero order . J

| F—
"errors in the solutions for the outer core and hence zero

-



<2

oﬁspr errors in the periods of the gravitational

o

undertones. . o o
. : =, ° g
+IX. The solutions for the mantle and inner core involve

errors of the order of ellipticity due to the neglect of
the effects of rotation and elllptLCLE& As a consequence,
in treating the inner core—oqper core"%nd outer cere-
mantle beuhdary eonditions, the same amount of.error can
be allowed. This is why we can cons;der the bottom of
the mantle as spherlcal. However, Re cannot do the same
.at the teh of the outer core because in the outer core,
the effects of ellipeicity isxbf zero order;l For
example, in the case'ef the nearly dlurnal free

©

the roidal field Ti in the outer core 15 roughly.

2. 5 x 104 times larger than the spher01dal fleld 52 (see
» N
Figures 4 and 5). Since -the elllptlclty is about
. ey
2.5 xin at the, top of the outer core, Ti qnntrlbutesf

.to the dlsplacement normal to the core-mantle boundary

62.5 times more than S% does. In thls case, obv1ously, &l

the ellipticity of the outer core boundary cannot be e
neglected. ) 0

.

v
L ) .

III. At periods comparable to a day., the'elliﬁriciey 0

;9)

ahd rota;ion of the earth play about equal rolesg in

<

’ - 00“

Sphezzadal oscillation w1th ‘a perlod of 23.883 hours (p. 74),1



)

4

.

<

a8 +

arises . from the consider#tion of the effects of the

: the outer core. . Crossley (1974) did- not taMe the effects

- - -

. o2
determlnlng thé deformation of the outer core. This is . {‘

obvibus from the equatfﬁ%AQA.lﬁx. The. quantlty b/r i

of the order of 3 w Therefore, gs the period of

.oscillatioh increas the elliptféity gradually becomes

<

the dbmipatihg factor in determining the defofmation of

of ellipticity into acecount. It is. therefore nog
surprlslng that he obtalns drastlcally different results
as pompqred to*the present ones. Smylie (1974) and
Crossley~(1é74) both suggested the existence of an upper
limit for the perioa of gravitational undertones, while~

the present work does not. The dngerence obviously

&7 "

elllpt1c1ty.
1 ]

©

Iv. The tord!dalimOdes of free oscillation of the earth

discussed in sect¥dn 4.6.2 are -inertial oscillations of

the outer core as.cqnsidered by Greenspan (1965){ Aldridge

,end Teomfe'cl969), and Aldridge (1972) . /However, for .the

) ) N L}
real earth, the inertial-oscillations are strondly -

affected by the eompressibility and ellipticrtytbf the

outer core, as well as. the elasticity of the mantle. This ¢

is clearlﬁ gemonstrated in-figur%s 4, 5, 6, and 7 (.

. ¢

curve*5 ). Apart from the rotation of the outer core




. 2 )
"in both equation%. « Ty is therefore expected to beceme

EX © . 4

r

relative to the mantle and.inper core, the deformation

[

of the eartg\for the T, toroidal mode resemblz: those of .

elastic modes. Obviously, it is‘insufficient\to consider

L]

' the outer core as imcompressible and the @antlé‘as rigid.

- .
»

The existence cf the 23 883 hour 1nert1aL oscillation

can be predlcted from ‘the forms of the equations (4.14)

”»

and (4.15). The factor w o + o2 - appears inggront of Tl ~ - -

o’ ® L. .. N 3 =
_very large when © approaches - W. The readers areé¢ — '%?€?L
’rs

rehlnded that we hajjltaken o negative throughqut the

present work. -

Lo d
-
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