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. , Most of the literature in international trade

- theory has been’devgldped-in terms of a simple model . . -
yi;h'twé goods, two factors;'no traﬁspo;tifion costs,
etc. Without claiming complete generdlization in all
directions, the puépose of our thesis is to provide
some extensions to’ the model. " . |
_ e .

¢ . . . o . .
e Q .

The thesis' three chapters provide three .
additions to the basic ﬁo&el. ‘The ;irst chipter o
deQelopQ the génerq&\sfigléi/;ngéods,'m fac%ofs‘a;ound
the produc%idn possibility set and its shape: Necesééry
and suff1c1¢nt condltions for eonvex)ty of the set are
derived. We also review each‘of the main theqQrems in

-_~\\\ ‘the Heckscher-Ohlin litnratnri=1n terms ot the production
‘mset. ~auong the various theorems we prove, two are worth

. ' mentioﬁxng°- first we establilh that duality betwean»th-
Stolpcr-Sanuelson and BanDGIlonnnyhczyn-ki effect 1- ‘

.trne fo: any n and n, provided the numper of goods is .

. . “.,.




not duality between the Stolper-bamuelsop and Samuelson-
Rybczyneki effect‘is true for anx n and m; provided
the number of goods is not superior to the number of
fectors. The second noteworthy theorem Qe prove
considers the effect of a change in commodlty prlces
orr production. We demonstrate$1hat as soon as the
number of goods is superior to two, and, even with a
strietly convex production set, it is poesible to have
gross complementarity along the prodﬁcéion'set; that
is, when the price‘of a good increases, the production
of another good might also increases.

- ; .
et A%
- L
- ; '
) ¢
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In the second chapter, we relax the assumption

that factors are perfeétly mobile between industries,
Instead we assume that capitar'is completely immobile.
We are thus studying a particular case/of”the deel
'w1th three goods and two factors. We review each of
’hthe main theorems in the Heckscher-Ohlin model’and ‘
érovi@e a discussion of technological progress. /We‘

arrivé’at a weaker versipn oflthe Heckscher-Ohlin

theorem. We prove tﬁat if‘a-eonntry has absolute RO
L ’;

iv ; N .o®




_advantage in one specific factor, relative to a given

?

"the offer curve will move depending on whether a country’

amount of labor, that caggtry will export the good

most intensive in that factor. We also show that the
Stolper-Samuelson and Samneleon—Rybczynski theorems. -

are valid for the specific factors of production.

The third chapter introduces a~third good and a
thlrd factor in the model. ?urthermore it is assumed ’
that the other good is transportatlon serv&s, which
are required to_lmport anggor export. We show how
transports its exports, its i;ports or part of both.
By introducing a trading‘bartner, we are able to consi-
der the equilibrium before and aﬁter the. introduction
of transportatlon costs. An interesting result we.get
relates to a reduction in the amount of transportaticn
Services required to transport eaeh good. the questlon

we ask is 1f all the other conditions to get factor

price equalization are present, will we have factor

T

prices moving unambiguously.toward§ equulity in the th ‘

countries? The answer is not fh.fact we show that is

\'_'.

is even not pbssible to qtate ﬂhat commodity prices will'

tend’ to equality._ L S

;e s . . Ta,
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INTRODUCTION

It has now become a clich& to say that most
of the pure theory of international trade has been
e .

built around the.two-by-two model. This was meéntio-

ned so often that it is now beginning not to be true

- ‘e

anymore. By consultlng the blbllOgraphv the reader
will have a small id?a of the vast amount of research

that has been conducted in that general area.

Nevertheless? it still remains true that there
are many areas in which éxtgpsiéns to the theory have .
vet to be made. In fact, these are so many that it
would be beyond the goal of this thesis to attempt to -
make all possibleaextensions. It is also not clear,
furthermore,that oge could ev.list all the questions,
for theory is such that when one question is resolved,
anather is raised and consequently new frontiers of@

research are opened. . * .

From a general point of view,most of the research

on international trade theory has been conducted by an ana-

lysis of its possible determinants, ‘Followiﬁg Melvin's
l ) Y

k]
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approach(l), thése determinants can be found by listing the

set of conditions.under wbich there would be no trade.

The minimum list contains five conditions: .

(1)
(2)

(3)

(4)
{5)

Tastes are the same for every country.

‘Production functions differ among goods

but are the same between countries.

Every production function is homogeneously
linear.

Endowments are the same for every country.

Perfect competition prevails in all markets.

If any of these conditions are relaxed, then

there is a basis for trade. As soon as such a basis is

established, itvié clear thaﬁ other assumptions which will

prevent other barriers to trade from arising,-musﬁ be made.

For example, an assumption about the cost of transportation

must be considered; if it is high enoughlit can discourage

trgde,even though there is a basis for profitable exchange

between the two countries.

¢ .

Supposing that only the first condition is

relaxed, then the following case can be. considered: two

a7

countries, A and B, possess the same production.possibility

& . *,
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curve for the two goods X and Y, and: A's set of indifference

curves is closer to the X axis than. B's. In éutaﬁky, the
price of X in terms of Y will be higher in A. By allowing
trade, thé people in A see aﬂcheaper price for X in B.

@ éAlso, the price.of Y in terms o} X will be higher in B.
By intrdducingﬁtrade, the pattern of exchange is clear; A
will export Y and impor; X. “ It can thus be stated that if
trade is caused by a difference in tastéé, a country will
import the good:towards which itsytastes are biased.

9]

A lot of research has been conduct®d on the &\,//
effects S} relaxation %f anydﬁé of the (o ér conditions.

The fourth one, which postulafes that countries differ in
endowments, has been traditionnglly called the deg?rminanf

of trade and it has received ;;ple&ponsideration in intef-
-national tque thebry. Howevet, only recentiy has it bqu
placed in its proper perspective, i.e., it is simply one ?

of Ehe possible determinants of trade. From a theoretical
point of view,all of .the othér ﬁog§ conditions offer.as .

valid an explanation of trade as difference in endowments.

. .
- - Fi - - -
W ? »

‘It will be assumed'ﬂantheiess,,;hat trade is -

caused by a .difference in endowments. THis stand is takéh

-
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~_be‘céiuse most of the literature on international trade theory

is built around this assumption. This approach,eknown as

9 i
the Heckscher-0Ohlin model permits us to make generalizations
. - [ '

in the same manner that was developed .and ﬁsed decades ago.
- *_ . . - .

It is important to emphasize however that this

model relaxes only one of the five possible‘cquitions in

™

order to have né trade: This will help show the tremendous

amount of research that can“stinl be don2 in international
a4, .

°
trade theory. _ ‘ . . >

C . » . - LT
Given that all ‘other conditions_hold, it is

w _ . &

possible to dichotomize the model into a production side

4

on the one hand and a demand éige on tﬂe othef. Evef§ stu-
dent Of economics is familiar'bith the diagram showing a

tangency solution between the production possibillty curve

.
7
-

and an indifference curve. o :
- i . s . ) .
This thesis focusesgits,attentiod on the proBuction

4

[

gide of the model, thus;foilgwing(the generally"déoepteq
. \ ) P .

approach found in ihternat}onal-tradb theory. This does not
mean however that the demand side is unimportant: in fact,

e - ’ £ 4 .. @

> 3
s
.
0



; { ' whilst the concept of the prod ction pbsgibility curve was

d . E
- o>t - v * 20,0 °

P - -\_. - ‘ . d - . L R
) ..
it is equallv important because lt it through the 1nteraction

»
between the two whichéﬂwkes a sd&lution possible.

o
LIPS

o . ."' - b4 o ¢ O \ -

Ld

_JEL . ‘Even: though the demand side is as important as the

o productiop side in éeterpinigg:equilibrium, it was reiativer.ﬂ
i} *qnored in previous extension of thelnecksﬁerhOhlin '
_.model. This can be explained as follows: in order to, study
the propertaes of equilibrium 1n the light of various chan%es
in parameters, only thpse parametérs,affecting the production

o Q1

‘side were studied for the *following twopreasons: firstly, -
& ‘o

the parameters -0f the Droduction side were more directly
observable than those- of the demand side (tastes) “secondly,
when the theory was givenarigourous treatmentu the very exis- °

tence of the communltv indifference curve was questioned

readily aecepted and made its way into the introductory

<

textbook, -~ = ® : % o - L , o
L . : ) - ’

PYN
. This.tnesis is structured into three chapters,

each being almost independent of theoother two. The contént
of each chapter of fers both,different,direction,and possigle;~
P . . B . .

P -
- Q: o @ - 4
o .
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.- section.
e .

- results obtained. ) T

s . A2 R Lo 6
. :
extensions 'to the theory of international trade. Chapters

IT and III analyee two different models in detail while

the" role of chapter one ‘shall be expleined later on-in this,
N <]

A épecial case of thestwo-good4three faé%qr model is

consideted in chapter two. There, it will be assumed that

. capital is immobile between induetries; from this Lt is
duced that each sector pdssesses a specific type of capi-
tal. Jones }1971) studied this/model because it presented
aivery special‘cabe where.certnin mathe@atical properties
.could not hol& at the éeneral level. I£ chanter'two,_anes'
work wili be extended by studying the efféct derelaning ‘
the assumptlon where factofs are internally mobile; this

shall be done by assuming that one of the factors is:

completely immobile. The reader is refer:ed to that parti-

' cular chapter in order to foilowrthe,ﬁrocébs,utilised, the

"\ additions to Jones' contribution, and also the theoretical

P : ‘ : P
[+ ] . , M
. .

" ° N b ‘ ‘ 9 .
', Chapter three vill relax the assumption that .

transportation costs are non—existent.i Most. of’the-studieJZ)

3

-
t

-
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.. in this area made the following simplification: transporta-

.

tion costs were defined as that portion of good X or Y
that would be used in ianding ::Ekrest of X or Y in the

foreign country. This evaporation model was used in order :
> A\ | .

i

to avoid considerinq a model with three goods which would

»

have made the geometric derivatlon difficult. Chapter

<

three will relax the evaporation hypothesis and w111 assume
A thlrc factor‘cn order to obtain.a strictly concave product
tion set. It will'then be possible to see.%he varions ‘
p0331b1e coﬁfigurations of equxlibrium and to relate them

" to prev;ous:research in this area.

Chapter one provides the uhifyinc elements for'-
the entire thesis. That. chapter was originally intbnded tow
be much shorter, the plan having been simply to pteaent a
’summar? of the research conducted on thc'generai model by
.relating the extengigg‘to the concept of tﬁb,product%on
pcssibility cyrve. While constructing dhaoters two ;Aa-‘

hree, two goints were raised, points which- justified the
c siderable extension of the first chapter. '

. T } o

. _The first point raised forced a link betwaen

chapter one and chapter two: if otfe -considers the usual




b

/
presentation of the general medel with n goods and m

factors, the application of two of the main .theorems,
Stolper-Samuelson and the Samueison-Rybczvnski, must be
‘ doﬁe according to matrix A, Ehe matrix of per unit require-
ments. These two theorems Qere eitended iﬁ:previous studies
to the case of many goods and ;any factors, provided that
the goods and the factors were in equal numbers. By
applying the derivation 'to the case where thev were unequal,
the flrst theorem would require m to be greater than n
and . the seéond one would require the reverse, thus infering
that both theérems could applv only in the spec1a1 case
where the number of goods is equal to the number of facWors.
Chapter II'will-present’ however, a model wirh two
goods and three factors, and with the aid of differential
ﬁwggchniques, it will be shown that not only are both theorems
. valid, but alse that the duality found in the n x n case
is still ;alid. The explanation of the apparent contra—
diction will be found in the fourth section of the first
* chapter. - There, the . importance of RKuga's work (1972) will
" be shown, for it is through his- study that the conditions
for matrix A to be independent of the endowmgnt vector,

. shall ﬁE shown.



The second point raised,fqrce& the addition of -
. a section to unite chapter one with c¢hapter three. 'in a
case where two goods .are involved and the.price of the
first rises, i£ theh follows that the production of that
géod increases while the production of the othér decreases.
wWill the.samé result occur if the number of goods is
increased by only one? If this is so, then there are a .
number of possibilities which cannqt.be ignored in a model
° with th{ge goods. In the sixth section of chapter I, it
shall #e shown that iﬁ is possible tobhéve complementarity
along Lhejproduction possibility su&face as soon as more

than two goods are involved.

3

-

The final section of chaptér one will présent'a
summary of our work conducted on the production syrface.
/ 2 _ e, -
Since this thesis is structured in such a way that Fachﬁi'

*

chapter is accompanied with an introdugtion and a conclusion,
the reader is referred the each individual chapter for
further'infbrmati?n on their contenti

. , - 4
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Co ?obtqptes'to the introduction
7 ,

Y — v - -
e .\
.
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| \

"1 professor Melvin has described this approach in
various places.: For example, see: Melvin, J.R.
»"Increasing returns to scale as a determinant of

. trade." Canadian Journal of Economics, Vol. II,
~* No. 3, Aug. 1969, pp. 389-402. '

S

)

2 Both Mundell and Samuelson have presqntéd studies /
on the evaporation model. See the bibliography
for exact reference. v




THE PRODUCTION SET AND ITS IMPLICATIONS I‘H

INTERNATIONAL TRADE THEORY

-

/

The coﬁcépt”of the production possibility curve
is basic to international trade theory. Together.with
the commﬁnity indifference curve, these form the basis
for the analysig of what ‘has been labelled the Heckscher-
Ohlin model of 1nternatlona1 trade. ‘

Other approaches to the gquestion of the deter-

- " minants of trade .use this concept intensively. 'Chipman
(1965),in the second part of his survey, stpdied the
generalization of a community indifferenc&gcurve and his

.discusaioh of the proéuction possibili;y'curve (Section

2.4) was done only throuqh the two-by-two case. Quirk

. aq§25apg§n (196&3 made extensions beyond the two-by-two‘

case and were able to prowq,the convexity of the pro-

duction set fozx\ the case of two goods with n factorst
Lancastax(l) dis

Cugsed some aspects of the n goods, m
factors case, but 1ouc of his conclusions are false, as
e ' W be demonstrated later on.. Samnelson (196?) offers
a\very brief and indirect study of the general (n by m ) :
‘ case. 'npng (1970) impiicitly presented tﬁe case where

11
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theoreﬁs of interﬁational‘trade'theorv-can be inteqgrated

.

_ the cage of three goods and two factors.

-

- It is our intention to show that thé?principle

-

into a discussion on the production posslbility set, \\\\\

—

The aeneral cQSe, n qoods and 'm factors, aﬁd, the shave of

the transformation, are\the principle points ‘of interest.

.
* o -, s v

AN

This discussion.will bérmit the attainment of the
following three goals: it will pemi@ fir‘Stly, a tighter
inteqration of ‘the varicus theorems‘it will offer, secondlv,

1
more insiqht into the more aeneral*case and will lllustrate

the importence of the relatlonship between the number of

goods and the number of factors; and these results will be

~

useful thlrdly, in encoﬁraging further research. . -

The first intreduce the notation. B?‘bxtending the Melvin
~(1971) technique, th second Seetion introduces the geome~
trlcal derivation of - hs productidp possibility at the
two-by—two level and a ganeral derivition at the

‘ »n X m level. . The cpnditions under which the production sets

are strictly convex, both Lﬁcally and globally, is discus-
sed in the third secticn‘2,§ The fourth. section discusses

«.?

“«




‘two of the basic theorems of intornotibnq; trade theory,
the Stolper-Samuelson and the Samuelson;Ryoczynsk;
theorems and it shall be shown that Ehe:duality found at
the nXn level can be extended. to the case where the
number of goods is not equal to the number of factors,
.as long as the former is smaller than the latter.
Tho'factor piioo equalization gheoreﬁ io‘briefly
discussed in the fiftﬁ,sogtion. The sixth section pre-

sents a sfudylon the relationship between the changes

in cOmmodity~pr1oeo and output, while the seventh consi-_

ders possible pattern of trade, the Heckscher-Ohlin

theorem. The final section presents the conclusion to
' 5

the first(chaptef.

Throughout the chapter, it is assuapd that the

_production functions are linear homogeneous, continuous
and strictly quasi—doncave and that full employment of

all factors and perfect: competition prevail in all .
. %

markets.
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Section I ° = Notation

‘ The mﬁdelyqan be described as ;ollows: thege\
are n go&ds} (xl{.....,in) wiih their respective prices
(pi,.....,ph)' There are ®m factors and we denote the;
quantity of factor i used in the production of one
unit of j as a; ,> bach factor has its own price
(wl,.....,w ) and is\in fixed total supply (vr,.....,v ).

In vector-column notation we deflne respectivelv the

above as X, P, A V.

j' '

Let us introduce the fol owix;g.,u;

A - (sizg nXm)

fi: The production func ion of the ith good

f;’:

Fi; The matrix of second order partiv}/derivative for
the production function he ith .good.

F,: An r X n matrix with f§ i,-4th" ?;ement and,

' zeros everywhere else.
I An identity matrix of size

:  An identity matrix of siee k with-the ith.row °

N . ‘ "
! = ' 4,

" deleted.




JIk: An identity matrix of size k with the jth

column deleted.

More specific notation may be used in each

L 2N

section and it will be defined as we proceed.
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Section II

In this section we would like to show the rela- ,)
tionship between the general transformation surface and
the geometrical derivation of the curve. Three methods
have been presented. The first one by Savosnickfki958)
involves the box diagram and the contract curve. It
does not readily lend itsélf to generalization, neither
does the seconq method, by Travis (1964). The tgird
by Melvin 2197i),_can be transformed more easily!to higher

dimensions and ties in closely with other generalizations

of the Heckscher—-0Ohlin model. (3}

Let M be a diagonal matrix of size N, with the
ith element along the diagonal defined ‘as the maximum
of the ith gdod that can be produced with input V.

We dgfine

Thus M corresponds to ‘the value of the-isoqugnts at the

endowment point. The next step cpﬁsists in choocsing a

*

vector of factor prices, say W Let Ai be the cost

l.
minimizing point at the tangency of the isocost hyper-

plane, defined by-wl, and the m isoquantsf"




e

Such a point“can be derived {or every good (i=1,.....,N).
Putting together these vectors for the n goods, we get #
a matrix A* of size m X n. The parallelogram method as
used by Melvin consists of finding the solution to the

svetem
A& =

B

A% a =V (1) s

0<a <1 « ° (2)

where equation (2) is a vector equation. 1If this system
possesses a solution, it is possible to find a point on_

the transformation surfacé as <

» 2

X == Ma

[

By varying factor prices we can vary matrix A*, thus a

and generate the whole set.

Before discussing the circumstances under which

equation' (1) will have a solutidn; wé introduce the

-

following theorem

Theorem 1. If the production functions are linear

homogeneous and quasi-concave, then for any;giveﬁ set v
of factor prices there will be a unique set of reglative

1 -
commodity, prices, provided all goods are produced. -

.

It

o Y & o
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s ,, o N
—nﬁ// Proof. Let us choose arbitrarily good 1 as our

X

numéraire.‘'s In pérfect competition we have in eguilibrium

Ly .
° . v N .

o -

' Price ‘= Marginal costs’ & Minimum average cost

[

B s _

b - x0T * v,

L, - - %31"1 Pi - -Aiwl .

0w _—‘ ‘ . (i— ”_',o?.,_N)
mll ' L qmii’ . - .
A* W' 3

Thus Pl ) 1 ._‘mil , P
- E A L .
5 TS T T T L ‘

© T ] 2 o s * * N
Tll and m&i~are given, so is W, i noy if Ai.and Ay areﬁ

-, %*
Grunique for wl then Py is ak¥so unique. The proof that A

—— n -
£ .>

o S 1,, a
is unique for a%glven W { W’ 0 ) for llnear homogeneous,

qua91—concave produgtlon functlons can be “found in Chipman

(1964, P.11).

‘D
-

[

Let Q.IS now examlge ‘under which- gonditlon w111(1) .

have a solutfion, subject to (2)., A is anm X n matrix.

For tqy@b!‘é where n> m (more goods than factors) the‘

solution will never be unique. “The case- where n<m, is

analyzed below. We dbw(prOCaodwto the special ‘case where

‘Al e -

< - L3
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.o o
' ' o

n = m, since most of the extension of the Heckscher-Ohlin
model has been dohductéd along the lines Qf'this special

case. :.' ’ ‘ o

N

« o <L

o ) 3 -,
) e " For the case,wheféAn =Vm} wé shall refer to all

dimensionality as n. The solution to (1) wiil be

A*'lg T (3)

- = -
. ¢ .

© -

i.eihriﬁ,A* is invertible-and (2) is satisfied, then at

h

a given W (thus at a given' and unique et of relative

prices, from Theorem 1; there will be a unique level of
ouiput. . ¢ _

% . ‘ . '
Let us first seek the condition for the non- ‘

v

sinqufarity of A*. The column of A* must be independent

if A*-l is .to"‘exist.” The case where one col >3S ;
" proportional tglanofhe:‘iscknOWn as a factor?T:&ensity
revgrsal ;a?. This is also a possibility at higﬁér °
dimensions. . F;rthermér;, there iS'phe‘possibility of

one column Seihq‘equai‘tp aoﬁeighted“sum of others. For-

-1

A* to exist, the following gondition must hold. The -

(5) ]N_ (6)

* " cone of diversifigation must form a“basis for

This is jubt another way of staking that the columns of
A have to be independent.

o

- * o
4 , - . ¢ >
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W . ¢
~ The following step is to seek the condltien under

° which (2) will be satlsfied _This condition takes the
familiar form that v ‘(the endowment ray). must lie wit?id

the cone of diversification, formed by the columns of ',

A*, . If the endowment ray 'lids outside the cone of diver-

sification then the partlcular set of factor prlces yhich

generatedlthe'matrlx A*/w111 not be feasible because that -

s

SétArequires negative output for some products.

-~

£

If A* is singular then we know that (1) will not

'

. have 'a ‘'unique solution "and the production set will have
T %

linear segments. This will be the same as in the case /
£ ; * .
where n> m.

o

for the case where n< m, (1) can have one, aﬁ- , -
infinity, or no’solution. In order towobtain a unique
solution, it is necessary that the columns *of A* are
independedt. As in the previous cqpe the endowment ray
mudrlie w1thin the cone of diversification in order that
(2) be satiegied. If both oonditions are met then we
will have =~ = "
" W = atah At - 43)

——t
7 -

‘\. ‘ N ' - . T - -
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“This is true betause,if the columns of A* are

. independent then A* is of rank n, so is A* ¥ then

(A* A*) is non-31n?ular, positive definite.(7)

Jhe independence of the columns of matrix A*
is a necessary condition to have a unique soldétion.

fdhgﬁever, it is not sufficient. anside: the following

~

' counter example

1 0 ~5.
- A% 0 1 Vv — 4
1l 1 8
V4
14/3
Therefore a =
11/3
also (1) is

It is obvious that o does not satisfy '(2);

not satisfied-

14/3 5
a At - | 1173)] 4V
2573

The reason for this result is that the three
the addition of the first

<

equations are not consistent:

and the second will give
'.1 +0¢2 - 9

. }’ . [
a result that is hot consistaht.wikth the thixd equation.

I

!
!




Nw

/ | |
FIGURE I ’ ' ~,

o i

V(a)

- : V{c)
v (B) : y
. : %
: : r'.
i : Ceceepan e ol 2
el
y .. B
. ] . . - . v
B
, v




P

. ; '2:3

ThevFigure I offers a graphical representation
of the case .where there are two goods and three factors.
Tie tﬁree factors are Ly Ly, Lg, and the two points B
and C represent the columns of matrix A. B and C are
the tangency points between the two isoquants and their
respective isocost plane, for a given set of factor
prices. We then have to consider the endowmeit ray OV.

The following three cases are therefore possible:

a) OV cuts the line BC between pqints B gnd c,
in which case (1) will have a solution
satisfying (2); -

b) OV cuts the line BC, exfended outside the .

.~ segment BC, in which c;se,(l) will have a
solution but (2),wﬁ11 not be satisfied;

.C) OV does not cut either BC or its extension,

°  in which case (1) will not have a solution.

As can readily be Been (a) implies that V lies
within the cone of diversifiqation. This is also gene-
ralized to higher levels of dimensionality. It is .
the;efore false to conclude thatw?very sgt of factor prices

will lead to a point on the t¥ransformation surface. As

- ) .
there are only N goods, out of the R” positive orthant of

14

f




24

3

factor prices space, we will generate a production set

located in RN. . ’

The case where n>m (more goods than factors),,
has been discugsed by Hong (1979). He points out that
thefe-will be a basic indeterﬁinacy in production. This
is‘hlso true according,go the~?resent abproach Secause
the transformation surface;has linear subspace. An
example can be found in Melvin's treatment. of the three
‘gdods two factors model (}968). Linear segments of the
transformation surface will however occur not only when
n>m, butcalso as iong as the columﬁs of A* are liheayly
" dependent, provided that .(1) and (2) are mutually satis-
fied. - ’ , o |

Suppose that only K (K<N ) of ?Pe columns of A*
~are linearly independent at a given“éeé_of faclor prices.
Without loss of generality we can assume those to be the

first K geMumns. Defining °

N
AR, T o4l LA (5)
At "' {A*]-'. - .Aif- 'Ai }
' 4 S 0
p a
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I, A*a = V has a solution satisfying (2), we can solve
for ol'(.
defining a hyperplane for the ajijs-x,~...,N). Also note

We then substitute in (5) and see that it is

that the choice of Ai is quite arbitrary. The principle
is still valid. We can choose any of the non-linearly

dependent columns of A to aggregate with the other.

We can now see how this géometrical extension
relates to the usual mathematical derivations. Our method
comes from the solution to the following pfoblem:

mlnimﬁze y‘Vi i' i.e., minimize total factors payment

(subject to the full employment constraint). Another
method, adopted by Lancaster (1968, p.118), consists of
moximizing ? p xj,subject to the full employment cons-
traint. Before p;oceeding to the following section, we
note the following theorem, from Dorfman, Samuelson, and
Solow (1958, p.370).

Theorem 1T

-

"Whenever we solve a pair of duals problems, the

maximum value of the linear form being maximized
- :

(here I pjle equals the minimum value of the form being
minimized { here. K I rivi)-
1

E - -
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-Section III

In this section, we will analyze the conditions
under which the production set will be convex and
strictly convex. We will consider both local and global

convexity.

-~ £

Definitions

1. Convex set -~ A set S is convex if

X€S and xf£5a00 xl‘" 1 - ) X,€S8 for any 0<8 <1.
. ‘ . ) . /
2. Production set.

(8) = 8 ={(Xy... X)) / ¥ < fl(Al) x2<f2 (Az)...-.xndN(AN). f

RV |
3. Concave funétion - A function Ee R‘N-K ié 'said
to be a concave function if ﬁﬁ.is a convex set and

1, 52€§N-bf ( uz1+ (1-a )- Z, ) <uf(z ) + (1-a) f£(z, )

» -
4 L)

We can first considet convexity. ,Afterwards, ve

wilk concentrate on strict convexit§ We present the

Jfollawing theorem, extended from Quirk and Saposnik (1966).



Theorem III.. (Global convexity) If fi (i— 1,..N) are

¢doncave ,then S is a convex set.
3 o
Proof
Assume X € ;S ’ Y € s
define X = tX +(1-t)Y O<ct< 1
we need to show that X € s

we have

v
SRS RS TR TS PAFTRER ST, _
R A TR AR S PAPRRERS PAAY (e .
xn:‘fn(tnlvl"thVZ"'tnmvm)
where:
0 tyysl C i=1...N _
{) S ‘j-.. lo.aom (7)
also { tij -1 » j=l...m
We have xi equals the ith element in” X and
A the ith element in v.  ° " 2

(6) means that for. each Xy there will be a higher level

of production of that good which. will be feasible, and
(7) states that these levels will be all together feasible.

‘.
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gimilarly we have B .
Yi< f1,‘~ ©11Y17°**%1n'm)
vy < £ ( ®© 1Vl""enm m)
tr 8 =1 j=1...M
i ij ‘
0 <91 _N 1! l o e @ N
J
]s 1 3 B 2 M -
now . S . ' ) T
o + . o _ ‘ <.
- X, = tX; (I"= )Yy - ‘ B -

S [

< t fl (tll lldcnytlm )+.(l- ) fl(ell 1’.."61mym)

+ - + -

< f1 Tt tn_ (1-t) ell)vl,......,(t t 11 taam)v

The last result follows from the definition of convexity.
Generally we will have o .

-

%, - txi+(1-t)v , ., -

3 " a4 F
+ (-

: t fi(til lpcoo'ti V ’ (1 t) fi( il 1,..0' i v ) r/

P R CR (1%%) 0,1V esuwe (t ST LHRL
! A

- + -
Define aij, t tij (1 t)oij




we have

: ‘ I a,. =t L t,,+ (1-t).2 o,, = 1 (8)
i 13 i 13 . i id

also 0g aijf- 1 becausev even if eij and tij are at theg.r
maximum (1), aij is equal to 1; if they are at their

minimum (0), a,.

i3 is equal to 0.

-

' Thus

Xy £fy (33930000330 ) 1

R I ALF SRS RERERLS P/

< ’ Y e
xn _fn (anlvl' ceo ,anmvm ) zn

" X 212 )
2 or
but on account of (8), 2 is feasible: thus Z €S which
LY o r

implies X € s. -

‘ e ’ QoD.Eo

LR

e

‘ Theorem III states that .for any number of goods,
a; lon;g as production functions are concave, the‘produc-

- tion set will be convex. - Homogeneous ﬁroduction functions
of degree less or equal to l'hni.nq concave, we.:can apply

. -
., the following corollary to theorem III.




-
v
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Corollary 1

Any set of production functions which are

'“/,;;mogeneous of degree K< 1 will generate a globally convex

'

*~ production set.

We now turn té local results. We are interested in
the case where the se£ will be strictly convex. Let'us
. .- _extend Lancaster's-work-(1968) and theh\depar't from it in
| order to show that strict convexity requires that (1) has‘
- a unique solution. Kelly (1969) arrived at the same

conclusion as in this thesis. For a more detailed expla-

nation,the reader should consult Kelly's results.

. -y N
Consider the. problem of maximizing = pixi'subject
M . . i -1 _
to I A;* = V, where Ag* is the vector of input required
B \
to produce x_.

J

We can form the Lagrangian of the problem

T ‘N M ‘

LAJ*, ... B2%) = £ p £l -1 w (AX* - V). (9)
i =1 r=1

t ‘w»



‘o

\\\,,THe first order conditions can be derived

- £
SA¥® .

13+

(A;* -v)y =0 (11)

=1

Note that (11) i8 a vector equation of size m X 1.

]

Also, it is well-known that the u's will be proportional
3
.to the w's. By an appropriate choice of weight, we can

make our lagrangian‘multiplierg équal to the factor

»

e

prices so that (10) can he replaced by

pifj -~ mj ,I= 0 i = l-..n - . (lQ') '

\ 3 =1...m

This result is -useful for other sections.

-

A study on strict convexity demands sp6ciql inte-

rest in the second grder conditions rather thén in the

e

first; it “is necessary that "the quadratic form based
‘on the matrix of second order partial derivatives of L

( with respect to the Ai;-only ) be‘always negaEiveFﬁ(e) 2

<

Lancaster derived from this, the following fesult:‘,

"It is sufficient for a regular,(strictly convex) transfors

mation surface in an econo‘y consisting entirely of
- ‘?
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s . .

industries with constant returns to scale that: a)

every production functidn be concave-contoured; and b)
a .

no two production functions -have the same relative

factor® intensities anywhere" (1968, p:134).

The result accordind“to\him applies to the
n X m case without any reference to their relative

size. From the previous section however, we know that -
N - : a

4

whén n > m, there ig a !)asi.c indeterminacy in production

A counter-eﬁample to Lancaster's claim can be found in

mm1vin‘(1§€8). L -
v ’ ?5"“:7

- -~

azL -izo \j‘ K j’ K - 1...N
B -8 4 -
i aqgaas 8, r =1,..m
Py . ~ 2 _ j ) - ° - <
. o"- 3 L @ Pj frs . j 1...1’1
aajaaj s, r,~ l...m
- r ’

"where the superscripé j- and K stand for the jth and Kth

good respectively. . ..

3

[+

¥

3 2

The doub;e stars superscript was drdppedrfor burposes
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of clarity. Before proceeding, we would like "to present

the .following definition and Lemma 2, from Quirk and
~—~ . . .
saposnik (1966).

A function f: ﬁﬂ*@§ is said to be a locally quasi-

~ o

‘O L. =
coqsave function at 27 if RN is a convex set and § ; fij

hih;': 0 for any vector h satisfying s fj hj - 0.
3 -
" Lemma 2 /

o

"Assume that f possesses continuous second partial
derivatives at point Zo. Furth;rmore, assume that f is

homogeneous of degree K =1 then f is locally quasi-concave
' - ’

at z°."

e ) . : .
From lemma 2 it can readily be seen that for

homogepecus linear locally q&ksi-cpncéve production func-

tions the unbordered Hessian will be a negatiQe semi~ a

2

definite matiix.

Let us define Y as a vectoy with m X n eléments;
The first m elements are dAi*: the elements from mfl to
the 2m ére dA;*.and 80 on. Y is thus the vgctor of
differentials of matrix A**, -
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'\,
/ "
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Let
” .
. ) .. J
~ 3 ) '1" 4
‘ . ‘ plrl. D LI B A o ’ {
2 TN
. é . ¢ s '
0..-.......;‘4.PN% - . .
L i .
Thus Y is a vector of mn $1¢ments and B is a square matrix .

of dimension mn X - mn. The quadratic form in which we_are

e

. interested, is

3

<

Y' BY = z_ﬁj(yj)' plyl ’ ) (12)
':.‘ | j . | pe
subject to ' . : .
7'Y3 = ’ ' (13)
A B , ,
' Where (13) is the full—emp;pymeht'condition. ‘
E:".\? N ! : s
ij) . we can write (12) explicitly as’ ’ N ’ k |
N M M _ g
Y'BY = .z £ Y ¥° : (12*)

k=1 i=1 §=1 ~ |
‘The correction 'of Lancaster's grrér'will be done
along the same lines as Kelly's. However, he discusqgs'

[ - - . ' - ¢
the presentation in terms of (12') while our discussion




e

&

ol

i$ kept at the level of vectors. “ We next present this

theorem, an adaptation from Lancaster's (1968, p.127 ).

’

We use V£ as the vector of partial derivative of f. -

Theorem IV For ‘a homogeneous production function of

¥ ' - N
degree p, with continuous first and second order deriva-

<

tivés, the followin% relation holds: .

~for £ = £ (&*)
) (0 - 1) Tf = A*F o [z
Proof i From Euler's Theorem .
pf (A*) = A% vf | &'
differentiating,with respect to A*pVf = Vf + A*'F'
, . or ;(p/-l') VE = A*F
- ) ’ 0.D.E.

! ‘ . 1
Thus, when p = 1, we have A**'F* = 0

Let U represent a value for dA** gdch that it follows a ¢

-

) . = . ¢
.cgntour of f}, which lies along an isoquant. Since f i% P
; 1 ' N - ' !

&

concave contoured, we have

U'FU < 0 unless U = A*
L] ~ ; ‘

Iet us dgfine Yi = Ut + XA;* ' B ) v

-

" (14), -



“Phus Y BY=U (P

Then,

3 2 -1 * . AN
vEiyt - = il B+ ) FL o(wly 2 )

- pi' iv‘iUi+21P;* vpipl 4+ xzp;*'r'ing* (15)

by ,Theorem IV,

" Bturning to the ¢uadratic form‘in (12)*it is
noted that some of the vectors Yi can be ‘set to equaling
to. zero. A most, n-2ﬂcaﬁ be neutralized'in this fashion

without all of Y becpming a zero vector. Suppose we leave

)

only Yj and Yk non zero; we thus have (
) - Y BY —yj'ijjyj*'Yk'PkP!‘yk
-l P, Fiyd + u¥ B F* ok

/ - _
a}so from4(13) we can derive yj— -Yk

’ j k _ ° .
jF + Pk ? yu ({6)

‘ ] ]
in order that (16) be zero, we need U Pjﬂ-' U Fku= 0;
i.e., we need both. Thus, both U -'yiP;* ,i = 3,k, where

the Y4 are constant, arf Qeeded.

i

HE oy B . an
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The pre~cited condition will guarantee that we do not

have U = yiq* i= 5, k.

o

-

If (17) is satisfied, then it is impossible to obtain a
value of U which will make both terms of (16) zero,

<

because if, for example, U = Pg_*, then U ¥ YKP;(* which

. ?
implies, that U F‘kU ¢« 0,
ot .
*
M, this,‘ poir;t Lancaster concluded and stated that
he had proven his theorem which was mentioned above. However,
consider the statement after equation (15). 1If ol equals
zero for n-2 industries, at the';’:,very most, it can apw

to any number equal to orx. smaller than n-2.
- 4

- nsider a particular sector, the ™

consider a new Y defined as
2 1

- +
Y BlY 0

2
2 ¥ teee o, Y" ‘ (18)

where the 6 's are weights with at least two non zero and

ej = 0. We can also define

L2 ) 2, N
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Upon reviewing Lancaster 's exercises, the following
conditions are required in order *o arrive at a strictly

- - -
convex production set: .

-

4
A kh * ‘ v
3 vf Y JEL - ]

14
[ 4
Y

R Ak
where A*; -6, A + 6215* + soes+t BN%* ) (20)

A"
Thus P%*'ﬁust not be proportional to any weighted sum of
oiher P{*. By including the proportionality constant into .
. / .
the weights, we arrive at the result that the columns of
matrix A** must be independent.
However if matrix »** is non-singular, then matrix

A must possess the same quality. @

The fallowing theorem is -thus proven :

Theorem V.. In order,théi the production set be strictly

convex in an‘economy.consisting'entirely of industries
with constant returns to scale that (a) every pfoduction
function be concave-contoured; and (b) the column of 2

- be indépendent.




~

In the special case where n= m; theorem V .
implies thaf A be invertible. Geometrical interpreta-

tion clarifies the difference in results between Lancaster 's
and the present. He found the'condition forhstri?t
concavity when: there is parallel movement to all axes

except two, while the present'thesisAdemohstrated the

condition for movement in any ﬂirection.(g)-

Let us now turn to the proof of anothei theorem, which

deals more specifically with a globally strictly convex

transformation surface.

8
-

Theorem VI. The transformation surface will be strictly
- ' Y

convex if‘and only if at gvery point on the surface the

columns of matrix R are independent.

' Proof.

" Necessity. °

v
T

- »

Supéosg one column of A is linearly dependeht on

the ofher, it must then be shown that the production

Eﬁggsformation surface will not be strittly convex. We

have - ~ ) N




‘so that of

: P

.strictly convex.

and a2

-

By an appropriate choice of © we can get 02

are solutions, which are on the same .

hyperplane, since W has not changed.

/

- :
Thus ,the set is not

N v
A. = I A, . = 21
3 =1 Yl i’ 'Yj ( )
let al be a solution to (1) satisfying (a) or,
1 1 : 1 | 1 .
. ul Al + (!2 Az oo e + aj Aj *‘ c-.b. aNAN = V (22)
From (21) we défine -  °
1 N . * -
5] = I 0 A -
it is then poasihle to substitute into €22) and obtaln
¥: (0 at - ) A +( 6al- + .a ) A u-(l-e)a
v 3 Y1t oep) Ay § Y2 ¥2] D2ce 3 j"‘
-;- (e al ' Y +~q“) L= : v ~~ )
. j N N AN T '; - . ¢
B . D . .. -
2 2 - iy
+,,.+ =
or a] A;t... “N AN :V' (24)
where ﬁ ) ) N
?i = -~ ( ¢e c; . Yi {+ a}.\\\) J »’ .
- 2 v -7
thus Aa =V

to satisfy (2)‘

/.I- o
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Sufficiency

"The duality result obtained in the work done by
'Ibrfman; Samueleon and Solow brings sufficiency to. the

theorem. To arrive at anv form of valid conclusion, it

is necessary to show;.i£ the transformation surface has
linear subspace, then the columns of at least one A -

.o w1ll not be independent.
N 4

-§ | It is well-known that under our assumptions the

elope-of the transformation surface going parallel to all

axes except two will be equal to the reciprocal of the

(10),

4
" price ratlo of these twe}goods. ' The hyperplane tangent

wlkan therefore be called the price hyperplane. Thus, if
the transformation surface has linear’ segments, then,

at the given set ‘of prices, the solution to the problem

“
.

. N - - 4
max I P.X , . A ) -
- i :

-

- will have more than one solutfon.
this means however that the dual prcblem’ |
ain ',g- Wiy : ) o L .
i=1 -

. \\4" - p‘
oot %

hed
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‘will have more than one solution, which in turn impliiﬁ'
that A o = V will have more than'one solution and from

this-it follo&s‘that A has linearly dependent columns.,-

v

- ‘Q.D.E.

The exact curvature of the transformation surface
" owill depend on more than one factor. Melvin (1971)
mentions two: “The first is the degree of difference in
the intenkitiés of'the two goods and the second one is
the elasticity of production for the two goods, i.e.,

£ s ’ *(11)
the curvature of the isoquants.

‘

Both he and Hsiao
- (1971) reached different conclusions regarding the
effect of the elasticity of substitution. They were

both corrected by Scarth and Warne (1971). €

We would like to show that there is a,deéinite,
relotionshiplbotween the elasticity of substitution and
the curvature of the production possibility set. In
‘the two factors case, the total elasticity of substitu-
tion is a meaningful concept. For the generalfcase,
hoﬁever, there is no such relationship. ‘It is therefore

xecessary to use the _concept of partial elasticities of

s -stitution. 7
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P

Congider (12) which shows the curvature only if
the a are chﬁnged. fhus with P and W constant, we
=% ponstant, we
can state that ‘ :

- ' i
Vfi dAi = 0 ~ " (25)

If the stars upperscript are dropped, it is

then possible to rewrite (12) as -

' N :
Y BY = I aA;P Flaa, | (26)

i i

Let us consider only one element in (26); F' is the

unbordered Hessian matrix. The .followi transforma-
o

tions can be performed : define dat ={dA,l a vector
of order (m + 1) X (1). Let B be (16
. , V' .
0 Vfi
i :
i

. vE, P

t i *
Then dA; PiFT dA; = dA] Py Hy A .
because of (25). )
Thus

NS | ' i =1 =1
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Now
*. * - [ ] L] *
. R
H11 £t Hml
, >
- 5 ¢ .
mH)L = gty = 1
g+ Hx .
*
. . ) Hlm L] L] L ] Hm
® . - h —d
where Hrs is the cofactor of the element in the r
row and sth column of H. Stars replace the elements

.

'which are not needed.

»

This transformation permits the use of the

definition of partial elasticities of substitution as

proposed by Allen.(13) o
' -
S A4V £y Hpg \
s a, ag H . \

’ 1
i ' =
Using Euler's theorem A<Vfi Yio

then,

e
\ " Y

And combining this to (26) we tﬁua.have, when dropping

the i upperscript.

~ » )




olma lam .

. I's £ -
Let the matrix of partial elasticities of substitution

be denoted by I. It is a symmetric'matrix. Define

(i A) as an m X m diagonal matrix with an element of

-

Ai along its diagonal. Thus,
. *

* (iA)z (iAad)

Using (29) in (27) we thus have

i i - ] * *
dAi - dA;isPiYio

'
dA; P,F dA;(?O)

* (i a) i a)

By sub#ituting (30) into (26) a relationship between

the efasticity of substitution and the curvature of i
the productidn possibility surface can he obtained.

. . &
The analysis of (30) in greater detail is beyond the

scope of this thesis. The result was ftroduced only in

order to show that a definite relationship exiéts between

] - &




-
- -~

the elasticity of substitution along the 1soquant and

the production possibility suﬁkace.




Section IV The Stolper-Samuelson and

\

Samuelson-Rybczynski. Theorems,

In this section, we consider the Stolper-Samuelson

and the :Samuelson-Rybczynski Theorems. The latter

studies the relationship between a change in outputs
», 5 ‘ . "' -
and a change in the endowment of‘Pné factor. The

Stolper-Samuelson theorem cohsiders the effect of a
change in th%,price of a commodity on factor péices.
Moreuprecisely, it states that if ihe.price of a good
increases, the return to the f;ctor used most intensively
in the production of that good will 1ncrease more” than

8
proportionallyuw1th respecgt to the original price

increase. : ~
C - o AN
¢ Following Chipmam (1969), both theorems can be
classified into a siiong and weak form: let B
1 we, 1 2T
MWy Fe @40 0P R Wy
then —T , ) .
a) Weak Stolper-Samuelson criterion -
& ,_g%l}_r -> Oﬂ ',_i =l...n ‘ ' ;_

that is:‘"this expresses the fact that the ith factor

price will‘incréase‘mdre than “the ith‘comﬁdaity price,

.
-



which.is equivaleﬁt to the condition that it rimés relati-

»ye to all commodity prices;this is the criterion which -

makes it possible to aveoid the‘index number problem."l4) >
by Strbqg Stolper;Samuelson1criterieh _
Swi >0 .i=34. i, 3 =1...n
87y -+ < 0O i#3
' _ .c) Weak Samuelson-Rybeczynski.criterion ) .

§Xi - > 0 “im 1v..n ’

. dvi a

‘ This means that "there will exist an association

between commodities and factors such that an increase

in'ﬁhe endowment of the jth facto;'will inerease the
production of the jth commodity“.(ls) ‘
. - ‘., ™
d) Strong gamuelson~Ryhciynski criterion
' . ®

P

6Xi > .0 . i=3 4,4 = l...n
“ WF <o ig3

The discussions on the theorem havenalways been

_considered in the case where the ‘number of\qoods and

factors are equal. Kemp, Uekawa and Wegge (1973) have

. extended the the8rems to the case where intermediate
r

: |
. |
. '

v

I-
|
—

4
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b ! 3 ‘
products are possible, retain;hg, however, the restrictioen

on the eqdhlity between the number of goods and pri-

mary’ factors. - : /

With all goods produéed, the system of.equation

~ can be presented as follows

A x=V | ' (31)
A" wer | C(2) g
N ’ L

(31) states  that T aijxj = Vi i=l...m
o | j=1 1 -
(32) statés that N o

sta S a . -

P i=§ aijwi < pj j =l...n

In the more general case, if one good is not

produced, then the ineéuality sign will be valid in

. (26). Witﬁ all goods produced, the eqé ity sign holds.
' - = A

- ’ /&
Suppé?% m = n: Assuming that A is independent ©of
V, it is possible to derive from (31) - »
.--‘»..lgg'n - A-l / Q' (33)
By transposing both sides of - (32), the £ollo§}ng
is obtained after differentiation ’ ' &,
(dw )A+w dA = dP -+ (34)

-3

49
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The second term of (34) vanishes,.for it is

an aégz}bgtion of the Wong-Viner "envelope theorem"
i TR

)

given by Samuelson (Y947). 1In his 1953 paper,he
sketches the proof as follows: the second term will be

equal to I % (Gaj / ka ):it is " seen teo vanish by
k .

virtue of Euler's theorem applied to the homogeneous
function of order zero representing aj and where the

reciprocity relations have been utilized?.(ls) We

~are thus left with . 4
1 - ~
aw - = A1 o (35)

From (33) and (35) the fundamental duality relation is

derived, i.e.,’ - ‘

vc‘a

X, = 8w | (36)
| - i - :
‘gu -~ -W_j- -Ti . .

The papers by Chipman (1969), Kemp and Wegge (1969) and
Uekawa (1971) in the bibiiography, present the condi-
tions whether neceésary and/or sufficient,which verify , -

"either the strong or the weak version of both theorem.

If m and n are unequal, is it possible to derive
from (31) and (32) the following relations?

'
1

g

©



s1

1

ax = (A'A)" " A’ . - : (37)
A .

aw = (aa")"ta . (38)
dr

ThesF two relations cannot both hold at the
same time unless A is square, i.e., m equals n. 1In facﬁ,
it is possible for both to be invalid-.‘ With m>n, (38)

cannot hold because matrix'(AA') is of size m X m and
cannot be of rank n; even if the rank condition td

. have (37) is satisfied, this equation will not hold for
the case where m is gfgater than n. Tﬁis.is due to the
fact that in order to derive (37) from (31i we need to
assume that A is independent of V. Kuga.(1972) showed

that for the case where m >n, A ig dependent on V.(17)

For m <n, then](37) is not valid because (AiA)
is of sgize ﬁ X n. Héwever,-(38) is still valid. Note
fhat in the case where commodities outnymber factors,
we cannot use (38) to get some insight into the value
of the matrix (dx/@vi); As wiliﬁbe_ghowﬁ IAter, this
épmes from the fact that the duality between the two

effeqts does~npt hold anymore.

> . .
£ - - : ]
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The case of A quending on V is illus£rated by
Jones' paper (1971), where he considers-a model with
three factors and tﬁo,goods. Furthermore, he assumes
that two of thes; factorswenter into the production
of only oﬁé good; Using .the full‘empidyment conditioﬁs,
he is asle to derive a system of three equation%twith B

three unknowns.According to our notation, these equa-

tions are.

3 4
U3 Wy tug w3 = By
Uzp Wy + U3 W3 = Py
u31 Vl + uaz V2 = v * -
Y11 U2

Y ‘- \
In that case, factor prices depend on endowments.
A . )

Samuelson (1953) states that the duality between
the two theorems hold = for the géﬁéral\@ase.' However; — — .

“his proof is too sketchy and it is possible t

a proof of the duality between the'two effecﬂs can be
integrated into the discusaion on the transfbrmation
surface. Given our orié;na1>qssumptions, it can be

proven:. : . L - .



53

" Theorem VII

5.
-
.

~

If the’transfoimaéihﬁ{qﬁrface-is strictly-r
concave, (36) hold$ for the éase where m >n.
. Let Yfi.BQ the vector of first partial derivati-
[] .. . , -
ve of figlo ~can be transformed into fmatrix notation;

the full employment conditions and the set of/production
- - . i »

functions can be used.’ All of this is needed to obtain- .

- . i T ;
- x-i = f (ai) i=1 eseN ) (39)
i=1 / :
1 i=1...N (41)

W = Pi \'4 4
(39), (40) aﬁd'(41) can be viewed as'both~the'set'pf‘

solutions to the maximixationwpfOCess in !?; andpg%ég»;,
as the impiied,dgal rei&iions.t%sy' In bqthicases.the_
Iagiangign multipliers are replaced by éhe géods‘éé
; commoditf\éricésr(;g)‘ . ‘ ’ ‘
_ System (39f rupresentsain‘btha: hords;the set
of production functions, (40) the full. eﬁploymenﬁ‘

-

o

7
K4
;
4
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»

conditions, and (41), the equilibrium conditions in
o -

the production side of the economy. We have thus

‘N + M + MXN equations—in the sane number of unknowns

4

( X, W and the aij). The parameters are V and P.

In order to carry out total differentigtion,
the systems _(39) to (41) must have a unigue solution.
This is due to the fact that the partial defivgtives 7
must be evaluateq at the equil#hriuﬁ,point. It is for
this reason- that it is aésuﬁeé that the éroddcgion“
surface ivs’ strictlir coiuieic. 'Only in that case.will
the s{gtem have a unique solntion. 'If, on the other
“hand the surface is not strictly convex, then it will

possess.lgpedr segmentsignd the ‘'system will offer an

. ifh:inife number” of solutions.: }f (40 ) 18 written as

- — . > -
-.

the result_ié (31). (31) must therefore possess a .

-

- N .- R Fild . - -
N . ) v '
T A-,aij xi .=— Vj jS 1.-.” e
i=1 Xg 0 . S -

A ]

unique solution, thus requiring that M 3 ﬁ. For this

reason only this case is considered.




g

Let us differentiate (39) to (41) totally. ,
o M i . x4
ax, = I V.fy dagy i=1.. (42)
j = 1 . .
- N - S, . ’ 7 .
d\ o = Z‘ da«/ TS C = 1000“ ‘ 43 )
"3 i=1 /13 ] S ;
. - : i i - ” X ‘ ’ ‘0
dv - PiF 'dai"" v‘ff dpi ‘ i 1.“. -N I . (44) -
(42) to (44) are next written into matrix form: define-
- w‘h——— ’ —'——T
I(N) ’ O(N x’ M) -Fl o.o-.onooo.oo.-EN
\O(M xn) _ O(MXM) - IM ...‘t..‘..-... IM
B = ’ :
, * .- -p i
. - IM Pchoo:ooo..o..o 0
) O(M xN)‘ IM (0 oo-o.ooo-ooov--PNFr{ '
™ - -o -y B —
ax v x1)| P mem) x]
. , aw '
v ' £ = dal_ g . - , )
- ~ {(N+M+N X.M-)x_. [+ (N+M+M X N)X1 dV(M x1 ﬂvfldpl
| : 0 .
daN o VdepN
o L I S dL b -
(16) and (18) can be rewritten as
B Y = z \ (‘5)
/ ) -
< - + ;‘/:
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" Let us: first consider: the eﬁféct O: change in endow-

ment |on oﬁtput. In other words..dxi is urnder .study.
T
In that case the following is obtained:

dv = O dpi = 0 K = l...M i = ]:...N
K # 3

- e \By using Cramer"s rule, amd definimg - matrix
C as maitrix B with the ith column replaced by a column
of ali erb, except for the N + j element/which is

equal to unity; the following is obtained:

ks ST L (46)
¥vy . 1B

The \horizontal lines define a determinant. We

' first take the expansion of C along the first N columns

o

" except the jth. Since these columns a11<show'unity

. O
along the diagpnal,and zero everywhere else, all these

are simgl? eliminated, together with their respective
Th

row. i eol and the ith row leave out 1;13«;‘ first

kad

N columns and the \first N rows. The ith row will be

£
as follows.

01%. (N-i)M *

&
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, .
the ith column will have 1 in the (j+l1) element. If

we expand the rows in the first column ( the original

ith) and we multiply the first row by (-1),we get

1% (1+iM -1) £1xm Oy % (N-1) X

13
O(M—l)m ® O ¢ 000 s e o0 S N

-

¢ O, v 0 0000 00 00 0

lc] =t-13

N
LA BE BN BN B BN BN BN BN B N PNF

&

Let us now turn to.,aw1 . We Jefine matrix D as B

N + jth column replaced by all zeros except the vector
Vi,efrom the N + M + Mi + 1 element to the N + M + M ’

(1 + 1), we:have : ot

In]
TE]

L

We can make an expansion alony the first N
columns which all have a unity on the main diagonal. This
doés not change the value of the determinant. It simply

"
elimlnatés the’first N rows and columns. Next, the jth




column of the new matrix can be.blaced in the first

»w, column thus pushing the original column of the first

j=1 column into the second column and the second into

the third one and so on.

- 0(3+iM-1) x 1 M x M-1) Im - Iy
i 3 _
VE M x 1) I, ..PlF vees O
Ini=lo
3- P
0 . I, 0 PNF

Since the Hessian matrices Fi (i=1 ...N) are
symmetric, it is clear that in their reduced form

both (47) and (48) ére the same because

L}
) * Ip} = |lc |
Our factors can always be labelled in such a

way that j is even and thus the following is obtained

4

ol = et = cl v
which gives the required result
x; . el _.Ip ] _ aw (49)

Eu + S e R ’




Section V: The factor price equalization theorem

A}

' The theorem whicﬁ étipulates that free trade
f’A

will eqpalize not only commodity prices but also
factor prices has ,for a 1ong‘time,been &t the heart

of €he debate among the économists who are inferested
in the pure theorg of international trade. The
discussion has even 1e;ﬁ to some important. discoveries

3

j in the field of mathematics (for example, Gale and
Nikaido [ 19%5 ] ). The literature confains‘such,an
, ) . "

abundance ofﬁkummaries aqd sﬁrvey in that area,wthat
it was deemed unnecessary’to repeat the work here.
\ - ,
‘ ¢ p

There is’however one poiné téxq?te here. ~Most
of ghe studi%s have been conducteg acqording ;o?tﬁe
method of global inveréién of costs functions. Kuga'
(1972) has taken quite a differéhfpappioaghz he is |
interested in the conh%tion for dw/dV' % vghish;;i.e.,
factor prices are independe;t of eﬂdowments. Sincé A
débepds'solelf oA -W, then his condition iﬁpljes that
A iqﬁindepéhdent of V. This condition is therefore
necessary in order that the Stolper-S elson and the

Samuelson-Rybczynski theorems may hold. He,algp shows



7

that " The non-joint case when factors outnumber

commodities never meets this condition” {(p.723}. He

.- states . " The conditioén for { dw/dV ] to vanish is

-1

’ ' ]
. (10) Tae = Tawl Tasa) o (JTay)
where J, = T T3 } ) Tij = 52y -
; VIS «
J;* = -[ Ti’m-i +j ]' Ti,m"_j;"‘j = 62T ~
' C T . - VL 4Q7
and - | Jaae= . [ Tm-1+j ,m-1+i] -
| , Tme1+j, m-1+i = &2 -
{ i _ - . . 'q‘W}

He;preeentsuthe followieg economie interpretation: t;e
right-hand side, which ;efers to the direct effect,
represents "éﬁcﬁ ehanges in factor—priceeywithout adjust-

' ment in Qj's" The 1eft4hand side, called the adjustmentl
effect represents‘the possible amount of adjustment in

the Wils through Qi's corresponglng to the discrepanc1es
. + L}
- (Tua) - ". (21) "It is thus necesgary and sufficient that
the two effects cancel each other,

s

. By using this novel approach, he is able to

. consider the case where N >p..




. ' R
\ o 3 . - -
' z =~ ~ &
. - 81, ;
- @l h . - -
AT
= : ~ ’ ST .
, .
. ‘ . 1
He stated . & . . . - .
i - ' v -
Qe N , ‘ | :
"Theorem 4 [ .If commodities outnumber factors in the
C . . . . ~ o > .
. non-joint production case, the full rank Londitions -
Ay of all the m n submatrices of the input-coefficient - .
A . . ‘ e . .
R ‘matrix is enough to ensure the factor price equaliza~- '
% ‘ S "4 -
o tion. " Kuga, (1972, p.732).. ' -
2 . - " ‘
(T . »
RS S
,".'o' ! . ' N
The factor price equaligation theorem was , .
. RN : ‘ - AT . , .,
very briefly considered in the .fourth Section. The o
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results obtained by Kuga which were discussed in
] . ‘ .
. > : ' PN . " t. - "
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Section VI

4 "
-

°Because most of the pure international trade
theory has been developed by means of the two—by-two
model there is a basic relationship which seems to
“have been overlooked. It concerns the effect of a

]

change in the price of a commodity on the output.

»

«With only twd goods, strict concavity of the transfor-
. £ . . @

-~

mation curve will guarantee that.if the price of one

&

good relative to the other is increased, thePproduction

of the first will increase while the production of’the

°, F

second will®decrease. . It 1s not clear, though, that this

will’ occur when the number of éoods is increased

\

- B
“

TIn® order to clarify that 1ssue,-§pe following
‘ question must be ;sked . Does it- necessarily-follow
that the quantity of produced good decreases when ' . /
the price of.arother increases;for is it.possibls,ﬁo
increage the quantity of that good when the price of
the -otheér increases? A study on the poss?%ility of
gross complementarity along the production surface

®

can clarify the issue. The sign pattern oﬁ the - -

H




)

following matrix fs therefore needed:
. ‘.
2 AR
P! =
: Pj
n Xn nXn (50)
The relation between this question and gross
/ L d

complementarity is apparent. It is wellfknown that
- if the number of goods is greater than two, strictly
’ 2
quasi-convexity of the isoqu&nts will not guarantee

q¥oss substitutability. ”
’ /

Yet, the relationship which must be derived

has not been fully explored. There are two reasons

. - a
for this. ﬁrirst, the transformation surface has been

used;maiﬁly.in a two goods model. ° In that case,,the.
matrix in (50):posse;ses a positive element on t#e

main diagonal and a negaéiVe element elsewhere, this
being'an obvious conclusion from the concavity of the
production_possibiiity curve. Secondly, the analogy .
to demand theory'has long been’ recognized in production

theory. It has been used, however,to derive demand of

factors of pfqduction,'and not aggregate supply

relations.

N . {
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In order to derive the relationship, it is f
'necessary to use (39) to (41) of;SZcf?bn v, i.e., from

the differenti&l of the solution to the constrained
maximization proﬁiem. dvj = 0 (j=l....m) is fixed and

. the sign of 6Xi/éPj is sought by doing the appropriate
simplification, it is possible to reduce the expression

* A .

to the following determinant

r——— \ , —— ‘
0-.'...0 vfi 0.'.“0 L4
o
\w‘l - o IM. ® & & ® 0O 0" P .IN
\ .
\\\ .
Q . \\\ * i 1 '
GXl \‘.\ = 0 IM -PlF "e e e ecoceee '0 - ,
§PJ | ) ; (51)
\ * ° .
| vE.* * &
\ F. . ¢
\ 0 . -
- o i
\ ‘0 I * N
\ M 00.0.-.0.0000-PNF'9

- —1 -
The first row of (51) is composed of (ixm)+1l .
- ' - B“ \
zeros while the first column is made of (ixn)+1 zeros,

N t .
before Vfi and ij respectively. Instead of evaluating

(51) directly, this procedure can be used and it
4



a

3
follows more closely the technigues traditionally
employed to derive the other theorem? in international
trade theory. The full-employment conditions is stated
as ‘ T .
Ax =.V , . .

Differentiatiﬂq totally and using tpe fact that endow-
(22) '

ments do not vary , we get

AdX + (dA) X =0 : — (52)

We can partitioh the matrix (dA) into the differential

Vv

" of every row. -dai;, i.e., dA = [ dA;.....dA L.

—~~

. With all goods prdduced, equatioh (53) holds. bt
L] .

?

- . > I
W=, p; VE (53)
. : [+
we can derive from (53)
AL = piE(i) ‘ (54)
' Sw v
-1 *

Where F(i) is the inverse of matrix F for the ith
good. Note that (54) gives a matrix of partial deriva-

tives. Using the chain rule we can derive

dai?= ' sAY dw dp -’ (55)
Sw{ dap! :

1]




in other words

' sa
da, .= T ij dw
i3 . k=1 W k

Thus daij = dPr 1=1....M‘

. . A
By rewriting the above equation in matrix forﬁy the

relation (55) can be cbtained = = ;

X K ‘\’\-}
Let § = |ow.|" . (56)
3_p‘|

Using (54) and (56) in (55) we get

4 A, = p,F 1 (i) S dp = c(i)ap
i i
Define Ih X mn 23S @ matrix of siﬁe (m X mn) -

composed of n identities matrix of size m, one beside

the other. B is a matrix of size mm X nn such that

B CT g}
C (i) » 0 .....0 *

% . 0 C(Z).l.ooo
B= ’ L] [ ) L
.‘ ° L] L J
. v . L) ) [ ‘ -

. 0 0....C(n)

‘ L -
[ ]

66
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We can also define 4P* as a vector of size nn X 1

such that o f

. / ,\ , , .
x, ar} =

ap* = X 9P

e

*
I("x mn )B ap

Thus (dA)-X =

from (53) the following is obtained

' -1 v
dx = (A A) A B 4dP*

I(‘m X mn )

Let D be a matrix of size nn X n such that

B I
x1 In
D = .
” . ’
) Xn I
Then K -
. t ;l
ax, = -(A A) A I
@ a? ‘ m
[4
-
\

67
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S can be multiplied by I(m X mn )° The resulting.

matrix can be multiplied by B and separated again such

that

ax, I,- MI
35 (n X mn) (nn X n ) |
where : - _ . d
— -~
M (1) 0 0
v o= o )
| 0 mr})
‘ 1 -1 ) -1 .
M(i) =x, (AA)"" A F (i) S
- o i

define M (ij) as the jth row of M (i).

then ]
! -
N ‘ N ‘
dX, = = I M (1§)-mmmm- I M (nj) (57) |
dr j=1 j=1 |

Consider The two-by-two case.(23) Then .

L a™h ‘

4

whether}k“1 has positive elements along the main diagonal

M(1) = px; AT R (@

. ‘ ) 1’ .
and negative elsewhere, or vice-versa, the sign pattern

- of (57) will still be the same: | .
-'d'—x. = + - | s "
ar . .
. , .
- +




¢

]

When more than two factors are considered,
thepossibilitf of gross complementarity between factor
and the fact that the sgrong_Samuelson-Rybczynski re- &
sult might not hold, leads to' the possibility of
having positive elements that are not on the main

]
diagonal of [ dX/4pP ). # ' ©

-
e




Section Vil The Heckscher-Ohlin Theorem

Briefly, the Heckscher-Ohlin Theorem states

that a country will, eyport the good which uses more
intensively its abuhdant factor. As soon as factor
intensity is considered, ratios;enter the discugsion;
the usual two factors being capital and labor, the
theorem states that the country with the higher capi-
tal labor ratio will export the cﬁpital intensive good.
In order that the theorem be valid, the capital intensive
good mugt be the same in everylposéible set of factor
prices. ‘It is well-known that the theorem might not be
VQ;id if factor intensitiles are reversed when a specified
set of factor, prices are given. .

o.. ,

Also, soﬁethinq about: demand must be ‘known;it is

not onl& necessary‘that~all countries face the same
gét of community indifference'c&rﬁes, but it is also

hecessary that these curves be hodbthetic. See Robinson
(1956) on this point.

@ i -

.
P -

. Warne (1971) extended the theorem'to the three-

by~three case. His first theorem states:




" If a good is the only good most (least)
intensive in a factor, any country abundant (scarce)

!

in that factor will export (import) thét good".
7

The proceedure ig as follows. since every country
faces the same set of homothetic indifference curves,
all countries will consume goods in the same proportions,
provided<théyaface‘the same pricé'vector. Thus, the
-application of the theoreﬁ.consists of comparing prodqc—
tion ratios, i.e., if country A is producing relatively’

more of good Xi, it will be exporting that good. Ilet

v” be the world endowment of factors. That is

1 cooe
At a given set of commodity prices, the solution
to AX = v” will determine the‘tonsumptiqﬁ ray for - each

. . . - -
country because every country consumes in the same

proportioai_ and trade balances for every commodity.

Consider equation (58)

w - Al e



Note that when V is multiplied by a constant, and when
assuming that‘the‘conditions which assure that A is

‘inerendent of V hold,lﬁt is possibie to multiply ‘X by
the same constant. In other words, the production ray

is homogeneous of degree zéro in relative endowments.

Equation (58) shows a relationship between

endowment and output, with A independent of V. A &

Taylor expansion can be applied to (58) and the result
is
h

Xt = XY+ §X o wt - v

8V

) r (59)

Equation (59) is true because of the assumption
that A is independent of A all higher order terms of
derivative vanish. For the result to be meaningful,

1 existg, from Section 1 this

it dis imperative that A
implies a strictly convex:;roduéti9n set. It is
necessary to make sure that the techniéue;is applica~-
ble ,and this is only possible in the case where the

b

~ first partial derivative exists everywhere.

In that cése, and only in that case, can the

points by the differential path be connected. If the
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‘Vi / Vz;, so that in the ith position along Vg, V, is
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partial derivatiVéiis to exist everywhere, a™1 must -
exist everywhere, which is sufficient to guarangee

N ° . . -y
factor price equalization.

Through the information derived in (59) and
also because of the factl that the*producéiénjray is

‘homogeneous of degree zero in endowments, it is

1

pos§ib1e to multiply v’ and/or Vl by a constant without -

[

-changing the ratios between any two élemen;sAof x”

and/or Xl. This possibility can be used as follows:
. <

* -
by defining‘Vw as the result of v multiplied by
|5

1
i

<

obtained, 'Constructing a Taylor expansion as in

* u
(59), V% - V? is elimina¥ed. Thus,instead of .having

1

* .
n non—zergrelements in V- - V¥ n-1 is the result.

A

. Thus,for the two~by=-tw caseswe can derive a

*

‘relation similar to (59) for country A and country B.

By substructing the two equations the result is

& S ’ .
* x2 - xB =("'6x. (VA - VB) , + (60)
’ \&, & “vw d} l
q o R . ‘ '
o "3 /
1/ Ird r
5 _'} h
&
5 F
¥
| ’ ¢
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LY,

'(X§ - XB) = §X
- TIUT

Bxsmultlplylng V%, ohe facto; can be eliminated and

ueing K and L as our two factors, . (60) Wlll read

S |

T— LY
if the strong Samuelson result holds, the 'sign pattern

of §X/ GV will be [ ﬁlhlf LA e L K / KBlgp‘ (61)-__-

t“

then x? > x? and X? <'X§ ’ th;s implies that

v

74

xiiﬂxg > ?/XB .which in tugn implies that A is expor- .

ting Xq and importing o Xl being the L intensive good

s

«in that case. Rearranglng (61) we get

AT S L_B ’ he a
- &

the- well-known factor intensity hypothesis. &

\
g
v
o

]
no]

~

a
A

It is always possjble to eliminate one factor

From (59). However only one can be elimindted. As

.

! soon as the pumber of. factors is increased beyond 2,

b

fprthe;yrestrié%ion must be placedﬂon‘A—l in order-

"-to obtain a meaningfull result. this is how ﬁa;ne

worked with the 3 X 3 case. . SRR -

°© 4
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The reader W111 have recognlzed sdme of the

.

similarities between our discusslon and the One presented
by 'Samuei son (1953) Sinoce that publlcatlpn however,

many/éew 1deas and contrlbutlons were madeoand where
p0581b1e, these were 1ntegrated,1nto the qhapter. 3

B " - X
. " LR .o
’ N . -

-3

e
%

Ratﬁer:than‘summarizing,eaqh se&tion,afﬁew
general’bonclusions can bBe drawn froﬁ the content of‘-
thgvchapter. Flrst there is the fact that the theory .
here followed dlrectlyothe path drawn out by the

classical economists. qun though the demand side,
) . - . (4 {:’f ‘ . . ) . t
‘which~was,presented id‘the discussion on community

H o R Y
‘'indifference surface is qs 1mportant ‘as the produqtlon

5

.,

side, that side hav1ng been summarlzed in ‘the dlSCMSSlon

3

on' the transformatlon surface, the primaty‘target,of

studies has been, the proAuction side: all the'theorems

dlscussed here wefe related “to th@ productlon syde..

A -

Secondlylnt is 1mportant to emphasize the result

- 1

' obtalned in Sectro& VI wglch asshrts ‘that it is pOSSlble

to have gross‘complemeqtagltywalbng the Transformatlon

-

ot
-
o (&
‘, .
.
.

{ <« ~




tracing of an offer curve in a three good model.

This model shows that ‘case where two goods are’kept \\'

at toe same_Erice'whil5t_the_pxiee~ef-th6“thtfa*I§~—7_ -
increased does oot.hecessarily imply a’decrease,in the
production of both. This result canAbe useful for the
study of ,transportation costs, if it is assumed that

there is now, in the system,a third good‘called trans-

' k4 ~ S
portatlon services. ’ ) -

1

T

* the spec1al propgrty of~the.matr1x is lost and the

£l

>

Alsonote that some theorems aré no 1°n§e§L
valiad if‘agplied-at a higher dimension than at the

two-by=-two model. The -reasons for this are as L e
o - .

- . EEAY
.~ . . !

follows: some of,?heée theorems rest on the special

a

prbperties of two-by=-two matrices; in that context,

- ’

the deflnltlon of factor 1nten81ty becomes very rele-‘

vant. However ‘when another dlmen31on is con51dered, ;‘,

v

o
L %
o

*

result no longer:&ﬁpfies. T e N
» 7 @ & . * LI Q
All this information seems to pofnt'to tﬁ%’idee

o

that other. approaches to international trade theory

mpst be investigated, 1i. e.,!ther determinants of

.trades must be found. ’ t . .

.
]
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7

" Also, a change in the question underlying all

s
the research done in international trade theory seems

_ __to-be worth considering. Rather than asking what.willv

c

the pattern of .international.trade be?, the question

should perhaps ask(GG) how much benefit is obtained >
through trades? . . *
’ - e \_‘ g
ey
- ' ' ¢
v ~ )
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- F OTES TO CHAPTER I
| ,
1.. Lantaster, Mathematical Economics, MacMillan,
(1968), pp.118-134,
2. We will include a discussion on the}relation

between the elasticity of substitution and
the curvatureiof the production set.

<]
o
3. Note w1th Meléln "all three methods are really
variants of one another"” 1970, p.287, ff.2.

4, See Chipman, ( 964), p.1l1, for a proof of the
uniqueness of \; for a given W,

5. The cone of di*ersiflcatlon is deffned as the-
cone formed by 'the vector j01n1ng the cost
mlnlmlzatlon points and ‘the origin. -

- 6. Rn is used here to represent the n dlmens1ona1
Euclidean space.

7. Thege results are taken from Goldberger (1964),
p.36. “
8. ° Lancaster, (1968), p.124. .
’ .
9. I would like to thank Professor‘ﬂelvin for

pointing out this geometrical exp%anation. A
10. That is dxj/dxk3= - pk/pj for dxi = 9
',j'=l-..n' k #J ,i # k

12, Note that H is not the bordered Héssién‘hatrik
which is equal to . )
F' vet
, - vE; L0
.lii‘ Allen, (1967), p.504.
141  Chipman, (1969), p.40l. "
,waMf’”*””/“
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Chipman, (1969), p.402,

Samuelson, (l953),-p,8

See Kuga (1972), p 732, Theorem 3,

‘See\Lancaster, (1968), p.122-124,

. We are assuming that all goods are produced

" Kuga, (1972), P.726=727,

Kuga, (1972), p 727

s

o

As mentioned in Section v, it is qulte p0551ble
for A to depend on endowments.

In that case § = A-l

*

-
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.CHAPTER II

L )

SPECIFIC FACTORS OF PRODUCTION
- : S AND

: *
INTERNATIONAL TRADE THEORY

L]

-
Trade theorists usually treat capital as a
. homogeneous factor of ‘production which'can be substitu-
ted freély and perfectly between industries. The
purpose dSf this paper is to 'investigate whether or not
the traditional theorems of international trade can
1’ still be proven, when this assumption is relaxed. The

gssumption can be relaxed in different ways; Kenen

(19§5f:trea£s capital as a factor of é?Bductioh that

must be applied to land and iabou;, before these factors
can be/used in pioductién.. It, is then possible to

§xplain,the "Leontief parafdox” arquing that éhe United
"States imports in reality land intensive gobds instead

.

of.capital intensive goods.
.Mw—’
et === 7 The assuyéilon that capital is a homogeneous. -
"factor of productién,shall be rel;xed'by,assumingxthéé
each good is produced with a specific /sort of capital and

y:

4




RN e —

that there is no possibility of substitution bepyeen the
’ &
two. ) -

5
[ ]

This model has recently been treated by Jones
(1971). He uses it to show that factor prices will
not be equalized through trade. Jones algg'uses the
nodel to discuss Kenen's' argument and Peter Temin's
(1966) "remarks concerning American and British techno-
logy in the mid-nineteenth cenﬁury"fl) Jones - also
discusses both’the effect of a change in éndowmentg

on output and also the effect of a change in commodity

prices on factorerewards. His work shall be extended

by presenting demonstration of these results, and we will

alsoAinvestigate the effect of endowment and commodity

‘price changes on the other variables of the model..

™

In the Appendix, we will present alternative proof of

his results.

~

e oo e

The Chgpter is divided as/follows.ﬂ Section I,
presents the model. Section II discusses the pattern
of trade in a world with.two countries. Section IIT

treats the Factor Price Equélizatidn theorem. Sections

1

81
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"IV to VI discuss three comparative static statements;
Section_iv presents a study on the efféc;s of a
change in endowments, and the effects df a chénge
in-prices’is siudied)in‘Section V,whiie thé effects
of the introduction of technological’progress is ana-
lysed in Section VI. Seéction VII presents our
conclgsions. Sections in the Appendix are pnmfgréa
according to the section of the paper folwhich they

are related.
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Section It The Model ™ L

>

»

Let us first consider a closed economy prg?ucing
two goods X and Y. Faéﬁ good uses a common factor L
and a specific factor in production. K will be the
sbeéifig factor associated with X, while T wil}) be the
specific factor associaﬁed with Y. 4Tt isopossible to
use K and T as capital units which have been firstly
embodied into their industry and Qﬁich cannot be

~

transferred secondiy from one to the other in this world

where there is no depreciation. The technologies which

are opened tolprqducers of each good, are summarized
by the following production\functioé% which are homoge-

neous of degree one, continuous,and quasi-concave.
LY
t

n

X= £ (L , K ) * (1)
: . -~
Y= g (1, , T, ) (2)
P ’ ~ )

A
the following properties of tha partial derivatives

of these functions are assumed

-~ ! !

£,> 0 £i5 <0 éij > 0 i=15L,., kk
J o= Ly, Kg(iFgg) "
s v
. 8 8 7
L



A
o
-~
9
v
h Y
[
i

i3 si= Ly, Ky (2a)

. S ey Ty A
where the subscripts refer to the partial derivatives
of the production functions f apa g.

n* -

Next it is assumed tbat‘the country 'is endowed
with a given fixed amount of each factor (T, K ana D).

There is, furthermore, no friction in the model, so that

®
full-employment prevails at all times. Thus, ~
c: ) . { .
LX + LY = L | (3)
Ky = K .. (4)
e Ty = T S (s

-

\

1

It is assumed that éerfect competfition prevails
‘in all markets. Factors of production wiill thus be
pald according to the value of their marginal products.
Lettlng w, r and s be the mominal per unit returns to
. L, K-andﬁT respectively, the follow1ng.gan be written :

and this will close the production side of our mddel!

4

o




P

- X 6
w Pfo ‘()

. = . ' 7
W Py9 - (7)

r = p_f (8)

| _ X'K |
‘ .8 = P9 ’ (9)

To close the model we need the demand side.
We assume that tastes of the community can be summari-
zed in a well-behaving community utility function such

that the indifference curves are homothetic. (%) (3) -

AN | N :

u = .U (X, YY) (10)
U v 'p )
C X - - X (11)
e
- UY g . PY © ) >

!
o

Equation (10) represents the utility functioh
of the community;, (11) shows the equiiibridm cqhdi-
tion of the demand side of the economy.  In perfect
competition, a maximizatioﬁaof ociety\satisfactiop
Wwill be achieved at a point cf:SEn

'  J
indifference curve and the relevant price line.

gency between an

A systen of eleven equations for the -same number

X’ T

of_u;;nowns is thus obtained: X, Y, LX' Ly, K

Y'




. b2
w, S, rc/gq Px/ Py. Since our model is a spec1a1 case

of the general one used by Katzner (1972), because

all the conditions for such a model are met, it there-
a - e :

ford#®Follows that a competitive equilibrium will exist

and be unique in our mbdel,

-

The following geometrical representation of
< R

the system can be used. Since only L can vary between
, " .
industries, this reduces the task considerably, because
) - . .
it makes work at the two dimensional level® possible.

With the help;oféFigure I we can derive thg production
possibility curve YéAXO. It is shown in the Appendix
that the slope at any point along this curve‘will be
equal to the negative of £he price ratio. It is further-
more dem?nstrated that the function is locally strictly
convex. Ws can be seen fr Figure I,global convexity

of the production possibilZEy cug@g can be esf&blished

from the coﬁcavity of the two productibn functions.(4)

- In the third quadrant of Figure I, LL is blotted

thus sﬂ%wing the various combinations of Ly ahd Ly

will keep L fully employed. In the second and fourth

~

that

>
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. A e 2 £ 'Y ‘ . . R
Sl ‘ .. o
- o s - . .
quadrants the two production functjons are plotted under
the assumption that K and T are fixed. : T
- v t - .
e “ . o - ’ T ' .
¢ - - Y
N © \ ‘ - - «

" &
- —7ﬁx mov1nq from one end of LI to theﬂbther ‘and by «

readan off from . the productlon functlons the quantltles

of X agnd Y proﬁuced it is thus pessible to generate the
s ]

production possibilityogurve Y AX,. For example, if

. . - . : 4 ’
labour is divided between industries in the manner shown -

by point E (L, and=Lx)) pregﬂiiion wilk be pﬁéced at
&
point A, Next détermine\the a rkydequlllbﬁ}nm by- 1ntro-

»

ducing the set of communlty i“dlf rence curves in quadnant

[ 3
I. Point A represents the equilibr

1

. Where IO is tangent

to the traﬁsformatibn cufve: The gpnmon slope is equalf

%o the neqatlve of thd prlce ratlo (p /PY).

e

R

¥ g . 3

< A . )
’? v .
The relation between bhe price ratlo and the fac o¥ .
T l -
ratio can now be studied for each’ ;ndustry. Consider
. - ' . Y. .
Figure I. It can be observed that %he price*ratio increases

as points move away from .A and close in towards B. AY the

.same time the ptoduction of X Avill increase while Y/will

be produced in lesser quantifies. Less labour will be .







- o . : 89
indqustry. Since T and K are fixed, this will imply that
the (LX/K).ratid will increase while the (LY/T) will

decrease. In Figure II, the relationship between~6PX/PY)

and (LX/K) is répresented as ¢, while¢'reprgsen£s the
° relationship between (P,/Py) and (L,/T).- In the Appendix
it is proven that ¢ will be negafively'sloped while ¢ will <

—

be positively sloped and that the two are parallel as

shown in that Figure.(s)

Similarly\thg relationsﬁip betweerf w/r and Ly/K
and betweeﬁ w/s an /T can be derived. VCdnsider'Figure ' -
III. The isoquaét\xo is arbitrarily selected. %he '
_seleqtion‘ig not. important because- of o@r asgumpfion of
homogeneity of the production function. Consider poin£ B.
The sldpe of the‘isoqdant'is (h/r)o. The élope‘of ray OB C
is RXLXJ »As‘poiﬁts_move from B to C, w/r and K/Lx de-~ .
creasel Thus w/rAand LX/R will move in opposite directionms. -
fhis-rﬁgatidnsﬁip"is plot£ed as in'Figg;q Ig: Note

that it is independent of endowménés. A similar\rglation-

ship ( = ) can be derived Between w/s and LY/T‘ Y ' >

» 4
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FIGURF IV .

. w‘/s * w/r’
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Also included in Figqure IV are the. functions ¢ and.
¢ which were.already defined 3bo§e. Through this, the
distfibution of factor and their relative returns can be
determined. for a given price ratio. #° ~

3

g;:b ‘Let the pricte-ratio at point A in Fiqure I be
P

X/PY)O' The distribution of labour between X and ¥
will be L and LY . 'In Figqure IV we see that associated
K1l 2 . .
to (PX/PY)o will be the factor return ratios (w/s)o and
(w/r) j. Labour earning’ the same return in both industriies

we thus have the result that'r .i.e.; the nominal

g o %
‘return to capiial is higher in the X than in the Y industry.
It can also be shown that the relations ¢, ¥, x
and 7 are monotonic. As long as (la) and (2a) hold it is
clear that n and y will be monotonic. Similarly ¢ and ¥
are monotonic as long as the production pogsibility cqurve
is strictly conca;e. Here we are only considering the
/ cases wheéé bofﬁ’doods are produced. 'The monotqnicity.'
of these four relations will mean that for a given set -
of commodity priceg, factor pricésﬁﬁill be uniquely <

determined. ' : o s -




[

«’

L
This does not"necessarily mean that -factor price
will be eqﬁalized. As we will show, V¥ and ¢ do

depend on endowments.

This model, which has just been defined

can be used to test the traditional conclusions of
4

trade theory. More specifically, the Samuelson-

Rybczynéki,a;he Stolpe:;Samuelson, the Heckscher-
Ohlin, -and the factor price equalization theorems
will be examined through this model. The role of

technological change' will also be considered.

v
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Section II - The Pattern of;Trgde; -0

L4

Let us now introduce a second cougtry and

(6)

allow trade to take place. By definition X is K

intensive, while Y is intensive. A special case will

, be first examined. Let it be assumed that both coun-

tries have exactly the same amount of labour. It is

furthermore assumed that the foreign country has
absolutely more of factor T, while the domeétic N
economy has absolutely more of K . We shall refer

/
to the domestic economy as H and the foreign economy

. % . .
— : \\
In Figure V, LL founa in the thlrd quadrant
can be used to represent the full-employment of
labour in both .,countries. Since F has more T,
g ( Ly s T) will be higher for F than H. Because H
has more K, f(L,,K) will be higher for H.
The superscript to sthe production function
1nd1cate§ the country, for example, gH is the pro-

duction function of good Y £pr country H. Let point A

L d

' 94‘
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FIGURE V
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L 4

be the autarky equilibrium for counfry H;» iéxigin;w
nécessary to sho& the autarky equilibrium’gfint for
country H.” This will allow wus to establish a' basis
for trade and this basis is such that tﬁe traditio-

-

nal result holds.

The first one consists in considering a
. . . - F
decrease in K, i.e.,, a_shift from fH to £ . The

productign possibility curve will shift from Y AX

/
to YoAlxl. As will . be shown, K later, a decrease in K

1

will decrease X and increase Y for the same price
ratio. Point A 1 corresponds to the pofht on the new
curve which has the same slope as it had &t A. Second-

ly, the movement from gH to gF is éonsideréd. The

11 * .
production possibility curve for F is thus Yih%lxl.
At point All the slope of the transformation surface

1 and A. The following

is the same as ati: point A
relationship can be shown, if an increase in T is to
shift from gH to gF, at constant Eommodi?y prices,’

the production of ¥ increases and the production of X

decreases. Sinc¢e the indifference curves are homothetic,
o - ot

" consumption will still occur‘within ray OA. In autarky, &

<4

<
~

,
. ﬁa



there Qil% thus be an excess demand of X and an excess
supply of Y. The price of X will increase while the
price of Y will decrease. The'autarkyfequilibrium for
F is thus at'e point iike é where X is relatively

more expensive than Y. Once‘we allow trade, country

F will export Y, the good which is intensive in its
abuindant factor. éountryﬁg will export X, the good
usihg its abundant factor. Tﬁis result*is consistant,

with the usual result of tbe Heckscher-Ohlin model.

- -

It is clear that the assumption of the same
endowment of labour makes our case e very special one.
To generalize our result, the properéy which states,
that the production possibility curve i; homogbneous

in all endoqqfqte mus¥ be used. Figure V shows that '

\J.
-
L
P -

HEt vector of country F is multiplied
by a constant, productlon w111 still occur alonq OB
in autarky. Thus the same conc1u810n as in the pre-

vious case /can be deduced.

It is therefore pOSSlble to state the following

more general result: 1! .a countxry has: an .absolute

advantage.in one factor and an'abso;ute disadvantage

>
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* Y
in another , relatively to the same endowment of labour,

it will export'the good using the factor in which it

has an absolute advaritage. We will say H will export:

L J

X if
# o,
H ¥
and TH < o bl
H F .
Li \ Li
where L? is a given level of L for H and LE is a given

1evg1 of L for F.

Can this result be generalized further? 1Is it

possible to argue that country F expofts X if,
»

-

®)F, . xf

(T )’ (T )

-

(12)

as in the tWOeby-t&o modeI where only relative endow-
‘ments determine the pattern_of trade?
- .

The answer to
this question is obviously no. The rglt cannot be’

3

generalized, however it cannot be proven wrong.

-~

-
-~ o
- -

———,
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Furthér generalization cannot be made becayse the production

possibility curve is not homoéeneous in L alone but

S

in all.endowments. Consider Figure V. Suppose that
the endowment of labour is increased for F. 1In 7
» general it cannot be expected that production will

still occur along ray OAll Suppose it is moving

instead along segment AllAlll. If the endowment of

111 is the production point,

labour in F is such that A
the conclusion will be reversed and the country which
has a greater amount of T in absolute size will

export the K intensive good. On the other hand,

as long as no portion of the line All 111 intersects

ray OA or its extension, the traditional result will
hold. - '

o . -
There are three factors which will determine

the direction the 1line Al;Alll may take. " It can

be shown that
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4
\

The three factors can be seen as the sldbe of the
' transformation surface (P;/f ), where we are on the gurface
(X/Y) and the curvature ofdbth productign functions
(fLL and qLL). This greatly restricts thg possibi%ity

~\ : : Lot
“Of generating further results. Note that the rélative

/.

endowiments of°T and K will affect the result since they
will gffect gr1, and fLL respectively. N
2]

"In summary, it is possible to state that the
. o

traditional result can be shown to holdivi.e.,‘thap

(3

T abundant country exporés_thé T intensive qoddf7)

ition can be workéd out as, A

=
'
e

> Fpy and

2 .

H < F
LA > _E H (14)
Iy Dy Ty : - CZ/,

‘qt"l

In (14) the relative endowment of labour which is . ¢

used to compare.both XK and T is chosen to be unity.
% [ ]

-~
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Section III - Fact¢f‘Price Egualizatioﬂ. . 0
o n . Is 3

* In this type of world, factor priees will® not

be equalized. This is one of Jones' main points.
Factor prices do not depend on commodity pr15§§ alone.

They also depend on endowments. "In.terms of our model
53 .. - o . .
consider Figure IV, As endowments are changed, ¥

s

and ¥ will shift while "™ andgx are independent of

endowments. It is.even possible to concedive ‘a case

r .
where factor pricé® are equal before trade aml unequal

<

o -
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.- Section IV - The Saﬁuelson—RyBezggski Theor#&m

)

o

The first comparative static- problem ¥onsidered,

studies‘bhe effect of a change in the endowméent of ene

“

=0
factor. at constant prices. Changes in ™, © and K will"

h Kconsidered respectivelv, C° - - ©

-
¥

B
v 2

< B [

" In Fiqure VI it is assumed that an incrgase in

T has shifted %he production functlon of Y from .

q/1 Ly, T tog (LY m + Axu This means an upward

. -

shift of" the productlon pOSSlbllLtY curve from x AY

co . to X oBY1 since the ‘maximam amount: of X which cgn be
v e .

produced cannot vary. . e ‘o

. -

° °o Q
[N

Lt Kemp (1969,p 14) states the Samuelson-Rybczvngki .

. theorem for the twb-by—two case as follows: " Aﬁ

, o

: ;(—¥~’increase in the endowment of any factor results in aﬁ
expansion of whicheverainduétry;is.relativ?lyyintensg-

. ve in itg use of that factor and in a decline in the
‘e .

output of .the other iﬁdﬁstfy ", at fixed tzrms of trade.

In the case of an increaséin T it is clear that Y

£

is the T inﬁenslve qood, thus resulting in aﬁ increase

o

: 'in 4 and in a decrease in x, ‘if the theorem s sﬂill

> N ot +# 4

e

e ‘
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to be valid. '

Consider point B in Fiqure:VI. If the increase in
w ™ s
T would not change the productiﬁh of X, then the new

situation wduld be B. But fromnga) mSVEQFnt from A to

”

B will tend ¢o increase the marginal pﬁﬁsical'produét

of labour in Y (qL)'while remaining constant in X. At .
‘ a

constant prices this means a higher wage in the Y

industrv as taken from,(6) and (7). Thus labour will

h move from X to Y, decreasing X k-increasing MPLX) and

]
increasinag ¥ ( decreasinag MPLY) until the wage rate
‘ . -

returns to equality. A mathematical proof is given in
. ) . & P
the Appendix. (8 + x4

£

-

Next congider an increase in K. It is clear that
 the arqument presented above abbu;~$Jwill applv exactly
v’in the same manner. Thus, an increase in K will increase
X and decrease Y,'at constant prices. The Appendix gives
~a rigorous proof.(g) L

[

Thus, a chanqe in the endowment of a specific factor
'will lead to a chanqe in the same direction for the'qood

using this factor and in the opposite direction .for thq

other -.good. Thus, the Samuelson-Rybczynski theorem is valid.

insthe case of an increase in the endowment of a 'specific

factor. y;
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;inally, a chanage in the endowment of labour can
be considered. Fiqure VII coﬁsider% an increaseAin labour
from Ez-to Z'Z'. 'ﬁs neither ¥ nor T vary, g (L,T). and
f (L, K ) will remgin in their original position. The
production possibility curve will thus shift from

/

Y,AX, to ¥, B'C'X. ' As noted in Section II, the new
L]

curve is not homogeneous to the first one.

It is possible ta show that an increase in T

will lead to an increase in the production of both goods.

AN
a

Starting from the equilibfiug3point A, it can be noted
that if industry Y receives all the increase‘in lébour,
there would be a shift from A to B'; but at th%s point,
MPL,, haé declined while MPL, is‘constgnt. Based on (6)
and (7); this means that at constant prices the wage rate
in Y would be lower and thus;there will be a movement of
labour from Y to X. Thus, X increases so that the new .
equiiibrium.be to the right of B'.

Similafly, if the X industry were receiving all
the incréase in labour, there would be a shift from

A to.c'; but at ;his point MPL, has declined while
. . aih on (6) and (7); the

'Ql"\‘
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FIGURE VII

» X
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wage rate is {ower in X; if prices are constant, we would
t us-hiYe\a"ﬁmvement of labour from X to f, and an
incr ase'in Y., and, thifefore, &he new eqtiilibrium must
occur at the left of Cﬁ.

/
From this it follows that both X and Y will increa-
se. This is confirmed 5& results (A.24) and (K.25) in
the Appendix. ‘It must be noted thaénthe new equilibrium
is n6ffhecessarily aloné ray OA extended. In the appen-
dix (A.28), the condition neéessarv for this result to

v T

occur is derived. - el
We can summarize our results in the following

theorem. . N

Theorem I j' “
. (d) An increase (decrease) in the endowment of

one of the specific factors of production wilf‘fead

to an increase (decrease) in the production of the -

good using this épecific factor and to a decrease ,'.

( increase ) in the productien of the other good. These

results‘Qérifv the valid%ty of—éhe Samuelson-Rybczfnski

’

theorem in the case of the ﬁPecific factors.



(b) An increase (decrease) in the common factor
(L) will lead to an increase ( decrease ) in_the

¢« production of both goods. This is poégibie beqause
it is impossible to define a labour intensive good

in the model.



™

Section ‘;Y - The Stolper-Samuelson Theoremn. ' !

Remp (1969, p.l7) states the stolper~Samu$lson¢

:#heorem as" énkincreasé“ih the price of any commodity

:if is difficult to use thg*theorem to ‘discuss the ‘ .

gives rise to an 1nerease Ain the real reward of

whichever factor is used relatively 1nten31vél¥,1n the
productlon of that cémmodity, and to a decline™dn

the real reward- of the other factor."” If the kheorem

is to ve valid, it must be shown that an 1ncreas? in

the price of good X w111Nlead to an 1ncreaﬁ§,1n{the

real return to_féctor K while leading to a decreasée in .
the real return to factor T, since i is py deftinition

K iritensive, while Y is T intensive. Sinte it is-

impossible to define a labour intensive commodity;

return to labour. s ‘ /
- - b

Two different types of results must obtain -

otder to glarify the igsue: the effect of 'a change in

prices on both nominal and on real fetugp'to factors

must be obtained. Equatiqns (A 31) to (A.49) in the

Aqirndix contain the mathematical calcnlations and

results which were used as a basis for our conclusions.
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3

1

Suppose thé prige of X increases, then, the

. production of X will increase yhile the producttion. of

"

Y will decrease. Consider ERigure VIII where . f, fL'

fer 9s 9, Jp are represented. The increase in x, - -

3

an increase from x6 to Xl, will mean that fk increases

3

from.A2 to B2 while fL decreases from.A1 to Bl'

[}

. , * The decrease in Y, a decrease from Y  to Y,

wilibimply,tﬁat g, increases from A, to B, while g,

decreases from A, to B,. It is possible to rewrite

3 .
(6) to (9) as, o ' A : .
- g‘ = £ _ ﬁr = £y (15)
X ’ X
. .+ +_ Thus if the .real return to K increases, so - :

must its nominal return. Also, if the real return to
. T decreases and, since P, is constant, so must its
. » - : ’
nomirial return. Thg real return to labour incredses

in the Y industry while it decreases in the X industry. o

R
/

_Since PY is constant, this must iﬁply‘that w increases.




M

s &8 s ® 5 & B ¢
«

. FIGURE VIII

»
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A

A similar. argumentican be applied to show the effect

. of an increase in the price of Y. The results can be

summarized, in the following theorem:

Theorem V

»

(a) An increase (decrease) in the price of one

T e

good will lead to an increase (decrease) in the nominal

. return of labour and the specific factor .used in the

productionﬁqf_that good, and to a decrease (increase) in
the return of the specific factor of the other industry.

J

(b} An increase {(decrease) in the p;ice of :©one
good will lead to a decrease (increase) in the real wage
of‘?hat industry, while it wili increase (decrease) the
real wage of the other.. Similarly, it w1¥£}iead to an
increase (decrease) in tﬁe real return to ‘the specialized
factor used in the production of that good and to a

decrease (increase) in the real return of the specialized

factor used im the production of the other good.

- .
Ed

(c) Let us define a . over a variable as a pro-

For example, W = dw/w. Jones (1971)

!

C
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showed the following relation to be true'in this model:
‘if we assume that Py increases proportionally more than

P, we have

Y
2] '_S *
r > Px > W > PY > W )
It can be shown finally that the basic duality
relationship‘(ll) in the system is still present, i.e.,

~-

the effect of an increase in the amount of factor i
on the price of good j, will be equal té the effect of
an increase in the price of good j on the return to

factor i (i = L, K, T j =X, Y).



Section VI - Technological progress

&

' Technological improvement can take Many different

forms; better machineries and more skilled labour are but
two examples,

To stay within our two goods economy, it is
assumed that the change involves simply a new way of

‘.combining the existing factors of production of one or

tJ .
Both of the two goods.

We want to establish the-effect of an improvement
on output and factor returns. Prices are assumed to

remain fixed. To recognize the possibility of technical

iﬁbrovement,)(l) and (2) are rewritten and (17) is

introduced N ’
X = £ | aLx . ch ) (1") .
Y = g (.vL, , tT, ) 2 (2") .
a = ¢ = v = t e 1 (17) "
. .f:’d
‘ ) ‘ ’f
Shifts parameters have been introducéd in our TR

production functions. 7The next séep consists of finding.

)&v ) A -
114 ) 9 <y -

¢




> S 1} .
fectYof changing a, ¢, v and t. (A.51) to

2) derive the mathematical results for changes

o ~

in these parameters in the Appendix. . v

. S &

. . —
The following is a summary of the results

obtained in” the Appendix., It presents an analysis.og

o

the different pure case: ) . -

©

7




Pure 1abour sav1ng _ < . ° :
da >0 . .- |4 A lovc b R %

Pure K saving . e . . .
dec, > 0 R B e A

Neutral S _
da = dc >0 - 2 2.7 2 2? L

: TABLE 2 . [
Implidation of an improvement in thé;second industry (¥). .
) M —

g Ly . Ly oW .. x 8. X .. XY

Pure labour saving - . R £
.. ¥ ¥ ... + . +
av > 0 .. T U S Lt o T
. - ! '%/ B
Pure T saving | ™ + + + ? 0t
.~ & > 0 . e

- Neutral - T
gv..= atxo0. | * %2 [ % ? 20 7 i

- ' 'rmaa» - _
Impllcation of an improvaﬁent in both indus&ries.

I N . .

) -‘

rd A ) : i o =
Pure labour saving. 12 2 %t ot o *
da‘dv-d“,o",::':_:':':'.:'::::.::-:‘.'::‘!"'.:'::':"_a-'.. ¢ .
! L] ;‘ .
!" " ”
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Z‘A pure labour §aving,impro§ement jsiﬁh% first
point ‘to-be anaLy;ed £n Table I. There i an increase
ig a. Siﬁée the total amount of labour to be allocated
is fixed, any lncrease or decré;se in Lx will be mat-
ched by a change in LY in ghe opp051te dlrectlon of
the same magriitude. Con91der Flgure 1x. xl, the
eéuilibrium‘outpuf of X before the improveqégkferhe'

X industry was uéing“facfbrs aé A. 'The pure labour
sé@ing change will shift EheLisoquants to the‘left such
that the slope ;t B on the new isoquant (not drawn) is
equal to fhe slope at A. There is thus some amount of

labour (AB) that can be used to increase oﬁtput.

/
£

‘Let us suppose that X was‘to’:eéeiv%
all the newly released labour such that the industry uées
factor at A again. It is clear that the slope of the
new isoquant at A will ‘be .lower: than at B, This will
mean that the relative return of labour‘in X (w/r) has

o - DRI -
decreased while w/#\4is constant.' Thus, labour will move

from the X to the Y iﬁﬁuétry; Since there has been no

change in Y, the riFht-hand side portion of Figure VIII

is still valid. ’As.LY increases, the real‘wige decreases

9"

o

t

o
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FIGURE X
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*

/

A

nd the real return to T increases,,,Sipce Py is fixed,
this implies that w decreases and s increases. It is
ngt possible however to show diagrammatically what

happens to r. Result (5.56) in the Appendix shows that

[ . €, 1
‘\\//>t/1ncreases.

The second point to be ihalysed in Table I is
- a pure capital sav1ng 1mproye t in the second industry.

. Consider Figure X. - The change will Shlft the 1soquant

dowmward such fhat the same level of output can be
achieved at C. after the change ,as opposed to A before
the change, whlle remalnlng, in both situations, at

the same faé{Br-w/r ratio. There is thus ,AC of K relea-
sed. The X industry will obviously take the released

K, being the sole user of that factor.

It is/also possible to suppose that the production
"of Y does not change. The X industry would still be °
producing at A; But slope of the new isoguant at
A would be highef“iﬁgih:t C; Tﬁus, there would be an. ' ‘
increase in the relative return to labour in the X

/ ’ .7




- for the factor in order to take the AC of K released.
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industry while the relative retu;n to labour in the Y
industry woula not change. Labour would move from Y
to X. So, as Lx~increases, LY decreases. Using the
right-hand side Jdf Figure VIII, w and w/P, increase
while s and.s/PY decrease.

r can either increase or decrease. This is
possible for the following reason: the increase in
L, will tend to increase r on the one hand, and on

X
the other hand, X industrj will ask to pay a lower price

J

It is also possible to analyze in Table I, a
neutral teéhnoquical change by simply renumbering
the isoqﬁan;, Two different effects can be observed,
they consist of a pure labour saving plus é pure K
saving where ‘both inyo}ve changes of the same magni-
tude. As shown in the Appendix the net effect is
equal to the sum of the two. Because the pure labour ‘
saving and the pure K'saving have opposite effects on-

all variables except one, in this case X, the effect

<

L3
o
N

-,

e
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of neutral chanage will be uncertain for all except one.
What is certain however, is that Y, LY and s will move
in the same direction. For example, Y will decrease if
the negative effect of a K improveﬁent is areater than

s

the positive effect of a labour saving improvement.

<

The explanation of Table 2 is symmetric to the .-
one prese;ted for Table 1.(12), Thus, for.example, an
improvement which is K saving will have the same
effect on Y, as an improvement which is T saving, will
ave on X, | ’ .
Table 3 presents the results of (A;GZ). It
illustrates the case where labour saving,fhprovements

occur in both industries. As shown in the Appendix, the

effect is equal to the sum of the two separate labour
(13)

¢

saving improvements. Thus, Table 3 is simply the
"sum" of the first row of Table 1 and the first row

of Table 2.

A

Since labour saving improvement increase both

X and ¥, it is clear that the composite effect will
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alBo increase both. On the other hand, a puré labour‘
saving'imbrbvement in‘the X industry will decrease

%* Similarly,an improvement in the Y industry'decrea-
ses LY. ?hus, in one case Li goes up, and in the other,
it goes down ( i = X, Y). Depending on which of the
opposite effects dominate, the composite effect on
either Ly or Ly will be positive or negative. We can

examine, for example, the condition where the eomposite

effect is positive for Lx,~i.e., a net increase,

dly = Py 91 Wy - Py frp Iy 5 (18)
~du _ Py, g, + Tﬁk _?Zi

This requires

Px F Ly > 1 . - (19)
Py ILL Ly '

Equation (19) states that there will be, three
factors governing whether PX will increasé‘qr.degrease.
The first concerns the relative price of the two goods;
the higher the price of X, the better the chance that
Ly will -increase. The -second concerns the relative
curvature of the two production functions; wvhile the

third deals with the relative endowment of labour

4
I3

/"_;,
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between industries,

The rest of TaﬁleUB is easilyhexplained. Since
there is more of each geod, and since K and ?xare fixed,
it is clear that both will benefit. Thus, r and s
will increase. N oo . ’ @
Finally, the results of tﬁe section on the tech-
noloéieal improvement and .the results of the section on
éhange in endowments can be brought together in order to
permit ﬁew extensions, Ponsider first»a K saving- improve-
ment. Having more efficient units of K is equivalent
to having more units of 'K, helping the same. level of
efficiency.  Result (A.49) indeed shows that the two
effects are equal up tdﬁi%mult;plichtive constant, The
_demonstration is also vaiid~fer arT 1m§rovement and an

- -

increase in T.

It is also‘shoﬁn that a pure labour saving impro— . .
vement in both industries (Table 3) is equiwglnnt, up
to a constant, to an increase in E except “for the effect . 2// ‘
on L, and . LY Thus. 1et dc. be'a pure K- saving change *"
in X, let 4t be a pure ; 4 aaving change 1n Y, let dn.be

 a pure L saving cnange in' X and !., We havé shown that




124

g% = K Q% i= X,Y,Ly,L,, W,r,s (20)
dK .
g% = T a3 i = X,Y,Lg,Ly,, wW,r,s (21)
' aT
dk - . dk :
aQm = T = k= XYwr,s (22)
dr p—

Using these results and Tables 1,2 and 3, plus (&.26)

;o

for . ALy anda - Ly » We obtain
i ar
: . ‘ TABLE 4
- .
~ Summary of the effect of a change in )
endowments . - )
Lx I.Y‘ w X s i’{ Y
1 O i 3
Increase i'n k. ¥ ' ,+ ! P i ,4' ...... f P ? o +' oo
3 . X U + +
Increase ¥in ¥} ‘Y . t : S ? LT
1 4 + ¥ + + * +
Increase in &k } . ... . . .0 o000 L
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and the specific factorﬁgaving improvement in that /’

_industry. TE will increase the output of that 1ndustg§

Theorem IV . . »

(a) A pure technological improvement in the
specific factor used by an industry, at constant price,
will increase .the output of that industry and’'will, as a
consequence, force decrease on the output of thelother
indusEfy.. Labour will move from the nen-improvihg
industry to the improving.._The wage rate will increase,
and thué; the real wage will also increase. The return’

to the specific factor in the other industry will decrease.

(b) A pure labour saving improvement in odé

industryvy will increase the production of both qoods.

*

Thé return to both spec1f1c factors will 1ncrease, while
the return to labour will decrease.
A ( )
(c) . A neutral technological iﬁtroveméht 1n?one~

industry will be equalytb the sum of the labour saﬁing ) ”/

’
- ’ R . - *
. - ) - L. . ) / - h

-

¥ ‘;' - [ 4 54
L4 . « . .
(d) A pure labour saving improvement in both ) -

industries will be eqfll to the sum of the separdte’

) S




improvements in each industry. The ;Lodﬁction of ’
botﬁ"goods inéreases, together with the return to

both specific factors. The wage rate will go down. -

¢+ . -(e) The effect of an improvement in one

specific factor will be equal to the effect of an ,
iricrease‘in that facf:onmultiélie& by a positive

constant (T for an improvement in the second industry,

K for the X industry ). - This also. holds for the

effect on X, Y, Ly, Ly, W, r, 8. The effect of a °

labour saving improvement in both industries will

be ‘equal to L times the effect of an increase in T on

,‘{ X, Y, w, xr, s,

* K




Section VII Conclusion.

o

’

- RN <

A model in which capitai/is fixed in each
industry and where there is_no substitution possible
hasqgégn‘analysed. Labour however, iéﬁperfectly
mobile betweer: industries. At the end of Sections
III; IV and V, theorems summarizing the conclusions
have been presented. Let us briefly recall our re-

sults.

N

-

With respect to a change in endowments, the
Samuelson-Rybczynski theorem was valid when there was
an increase in either T or K. Also, sipce it is not
possible at the present to define a labour intensive

good, an increase in the endowment of labour, increases

the production of both goods. - Y

& { -

' The Stolper-Samuelson theorem is valid in this
type of model. An incrgase in the price of goéd X

will increase the return to K, since X is K intensive,

1

and will decrease the return to T,since Y is T inten-

[ Y 'l
sive. Similarly, an increase in the price of Y will
) ~ \' ___‘ “
. increase the return to T and -decrease the return to K.

L4
127
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The effects of introducing_technological progress
are summarized in Tables 1, 2 and 3. It was also found
that a technoi%gical improvement of X or T has Ehe
same effect as K or T times respectively the effect of

-

increasing K or T. 5

\? It was de@oﬁStrated that the Heckscher-Ohlin
theo¥em is not valid in genérél. Tpe validity of .the
theorem requires that each country have an gbsolute
advantage in either K or T, relative to the same
amoﬁht of labour. If this condition is not met, it
does not mean that the theorem is.not valid, it )
simply implies that a counter example can be constructed;

|
It was also shown that the introduction of free

trade in Phis type of world will leave factordprices

)

unequalized.

An attempt to solve the "Leontief Paradox",

can be made at this point if there really is a Paradox.

Assume there are two goods,; mahufacturihg goéds,“using

capital and labour ?nd agriqultﬁial goods, using land
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o

and lal?:)ur. Vis;-a;-vis the rest of the ‘\vorlé, the U.S§.
might be capital ix;tensivefi ?ut t}’l'e effec;t of possessing
a varied labour force can be such %that the U.S. is
simpiy improving thé capital intensive.good.

[}

. %




" Section A.I
" .
Let us~first restate the model.

o

X= £ (Lg, K)
Y= g (L T)
Ly + LY ; "ITS
R X

ST .4

= Pxf];

-

Py,

also, £, > 0 i,fiiA< o fij”’ 0. i 9 3 '(;9)’

c

gy > 0 - 953 ¢ 0 gy 30 4 ¥§ (2a)

4 .
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\

We first show that the slope of the transformation curve

will be equal to the negative of the price ratio. first

differentiating (1) through (5) we get .
ax = £ dL, + £, dK ¢ (a 1))
o L X X *
avy = g, dL, + g, dT°’ (A.2)
dL, + dL, = o \ (A.3)
aT, = AR, = 0 , : (. 4)

Using (A.3) and (A.4) in (A.1)%apd (A.2) and dividing

we get
@y _  -gp - ‘ (A.5)
(af) -5 -

N L .

, .
\ "~ (A.6)

‘Next it is posaible to show that the transformation
curve will be concave. Immediate use of (A.4) can

be made

‘2



Using (la) and (2a) ' ?ﬁ

Y .
i B
aly < 0 - : (A.8)
dx: o ’

The relatibnship between P_/P and /K and
X"y
LT/T can next be shown because ® is posﬂtlvely sloped,

- and VY is negatively sloped in the text, ’

Dividing -(6) and (7) and rearranginé, the followiﬁg is
%

obtained: ® f
?Px _ ”gL .
" F; f; ~ j.-
Tﬁusﬁ . f Tt
a igé) .
av ' =t O .‘. Y)
‘ a ) a, .&%,, >
M . = @




13%
& = g
.oaflk :
Ko .
,, . \ dTY.-,%*., using (A.4)
el _
= A %
—35—“‘ EEEIEE! - yﬁ:f- - fpp 9y
(£.) -
— L —

r Uslng (A, 3), (1a) and (2a)

- - :l (a.9)
A ' ‘
| - a(—.r) ‘f ’

For,? , the following is obtained:
, A | 4 By
a (%) = Y
a Iy a Txl ¢
-
Q- (gL) . ‘- .
- ' 'E‘L‘ ~ using (A.4)
) X
, -1 g L, - ' "gt £.. 4
Ly 9Ly
Iy | - (£)? —
 Using (A.3), (la) and (2a) | B
e : T . > 0 (A.10)
o+ g‘L IE 79PN |
4 (fn)‘ o
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*

Note from result (A.9) and (A.10) that

L 4
av = - _ 4o (As11)
a (Ly) g &y
T K -

So the two curves, as shown in the text will be paralle@,
i.e., have the same slope.

Next, Felationships between w/r and L,/K and
between w/s a LY[T arg’considered. This is done to
show that ¥ and x in.the text (Figure III) are negati-

vely sloped. '

W 1)
da = d s using (A.4)
a (Ty) e
) = d g‘L
9k - -using. (14) in the text
= 1 | g8ty - 9y e @
—r —Z— Ipr, Yy
,LY [: I () '
Using (la) and (2a) o
a.'[ 9 . 9.  Gg | < 0 (A.12)
g z '
T (Gop) - —
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u -
Also
w .
. ax - = a ( i3 ) using (A.4) y
T Ly dLy ] '
d(—f) A
= d (‘fL) using (13) in the text
I B ,
dLy
-’ .
—_—
) £ p .
= 1 LL 4L, - L £ dL
- |+ X KL X
X [ K - i (fK)PZ ___J
Using (la) and (2a)
ax = | - fun - £ fer] 0 a.13)
ax )y T (fK)2 -
R

«

-

Section A,IV -~ Change in endowments.

To investigate the effect of a change in
endowment, qguatién (1 to (9) in the text is différen-
tiated. Sihce priées.are considered as constants, ii
is possible to use this information directly; also,
wby doing this, the demand side ofvfhe asystem does not

need to be differentiated.

a®




& ™= Thus

dK
ar

And

_*dY
dLy
dw
aw
ds

dr

The

e 4

= J¥ dx

n‘u

A

aT

the following is obtained:

system can be. arranged. in a matrig by defining

f. 4L, = £ 4K

1, 9y k %x
gy, dby = 9y dTy
aL, |

Py fpp Ly = Py f1p ARy

Py 91, 3Ly = Py 9pp 4Ty

Py 9py, ALy = Py 9oy 4Ty

PX ng de = Px fKK de

-

-\

\ ','

s

1

1886

(1)

(2)

(3)

(6 )

(1)
(8)

9.

[4
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Y 0 - -f 0 0 0 0
L

0 1 0 -a 0 0 0

0 0 1 1 0 0 0 -

0 o Py f . O 1 0 0 = A

0 0 -0 ; -Py9r1. 1 . 0 o

0 0 “Pafer O 0 1 0

o o ° o =P o o 1 - -
R S . YL, 1 -

- .
= b . -
Lay - 3 .

&A1l the vectofé‘hsed will,becoﬁe volumn™ vectors.

¥ LI

In order to save space these will be presented “in-rows

- S

i

by putting -the transpose sign. -~ e . {
~ g - | A . A :_‘
z" = (@x ‘Y 4Ly . dL,  dw- - dr  ds-, )
b3 = (0 o' 1 " o _ o .0 ..- 0 )
'g " - .
.M - - - N
b5 (fx 0. 0 Pyfr © ~Prfpx -0 .
' - p - " . :’
b3 (0 ap -0 0 Pydre O PyIrpp )
.Thus' - _ -
Az = b1 dL' + b2 dk + b3 ar (3.14)

_a) Let dL = 4T ° = 0, dK > O
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They @ - ‘ ) :

z = A b, =" z (A.15)

The’followinq can be found.

‘det.A 0 Pyfrars -fL £ 0 -0
0 det.A Pyqg £ a, =a 0 0
. . o 0 Pydry -1 1 0 0
. 0 0 Pofi. - . 1 -1 0 0
) .otael= 1 | ‘ o ‘ )
‘ o 0 (PyPyfr gry) (~Pyfrr} (PyfL;)det.R0
. 0 0 (?prfLLgLT)(PYgiT)f-PYqLT)O det.A
t"b_ ‘» \ , _'{'
det.A f PfoL + .ékth' < Of:
ww
Thus , » : .
- ax _ fgldet.A) £ Pk 5 0 " (a,16)
dK " det A
: P, g, £ - ’ o -
ay _ x 91 “1x : 2
- ax —FeT.A <0 (3.17)
Also, f e
‘aI’x /- d:t.Y . dw “dr : ds

x>0 <0 a0 Ta¥ 0 . ogc® A1)
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b) Let L = 4K = 0 ar > -0
v
Then @ s
"oz, = Alb, = _z_- (A.19)
- —_aT. b ’
Thus , '
’ 'F
& . PyfiOe < 0 : (A.20)
aT det.A -
ay _ 9p (det.r) -9, Py e 5> 0 (A.21)
. dT .det.R
- ‘ *
“Also ,
dLy . 48 % o(a.22)
ar ' T '
c)
Then
(A.23)
Thus
. (A.24) '

(A.25)
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Also
aL . _

X Lo ) dLy >0, dw <o , ar >0, ds >o(A.zs)
at an aF at 4at

Y

Under what condition will the transformafion curve be

parallel? Thus, in Figure V, we want to know the

~»

conditions such that a point on the new surface on ray

-+

OA extended has the same slope. The following is

~

necessarv.
X -
a (g9 < 0
aL -

or'-

1 ~ax X ay. 0

'4 2 .

] dat Y drL
Using (2;19) and (A.l19) the common factor \

. _— ~
_ 1
Y [ Pyay;, + Pyufpy)

Al

can be eliminated and the following is obtained.

b 4 .
. fI‘f’Y"LL - ¥ g Pyfi .  (A.27)

since, : -

.Px gL C
. = , we can write
Py T o

\ /
LY




Section A.V - Change in the price of goodp.
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(A.28)

.

In this section the effect of an increase in the

price of one good is analysed.

rd
Since endowments are fixed, then,

v

dK « dr = 4f = c

differentiating totally (1), (2), (3), (&), (7), (8),

(9) and organizing that information in matrix form, the

following is obtained:

A, = 1;4 dPx + bsdP

] -
b4 = (0 0 0 -fL 0
bé = (0 0 0 0 qy,
a) ar, = 0 dp.> 0
2, = Aalb4 - zZ. ..
The following can be found:
aw _ Py 9 -,

(A.29)

(A.30)

(K.31)
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dr = g (det.n) - Py f, fx. > 0 (A.32)
dPy det.A ~
¢
g% = Py £x Gy, < 0 ) (A.33)
X det.A
also
g% >0 ,% <0 ’de >0 ,dLY < 0 (A.34)
b) dp, = ap, 0
oz, = AKlpo= _z (A.35)
Thus
g%’ = 9y, Px fLL - > 0 . (A.36)
Y det A
dr = Px 9 fx < 0 (A.37)
Y det.A Tg )
gg_ L ‘ST(.det.A) =Py 9 %m ., (A.38)
Y det.A
also o : A
ax ay /aLx 'dLY s
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These results. are just preliminary results since

=

both the effect on nominal return, apgd also the effect o

in the real reward to factors, are studied.

.
~ ¢
2

- » -
c) Let P, be constant‘and“Px increases, then,
w » "
. d., ( ix ‘ ) - l ) ’ ° _ w
'Y 35;' . '_17—_—' -HF- P

+

L= Py £
9 . . "P'—[ ]Q (A.40)

Using (A.31) and {(6) -

o -
- - Y = 1 aw > 0 (A.41)
R ap; ° Py ary
Using (A.31) S v
°) \“T\
°. F
(——) =
d - TX .o, = dr - r
s Fx By | 9P - Py
R .
= - £ £ . >0 (7. 42)
> - aEE’.’i - . 0
¢ © ,
Using (A.32) and (9)
'\.J , ‘ &> & ;
d * iY‘ - - ds, < 0 from (A.33)
. § - - el § ) .
x ° . Py X . (a.43)
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- o ) - . o

a) ', In a similar fashion the case 'where Py increases .

. while Px is constant is considered. Thus,

a

W

; <
’ ‘ ( ——)
% X . .= 1 aw > 0 (A.44)
) ) qPy . Px ‘aiy ’ "
. hi
a ) P, g.. |< 0 (a.45)
- Y = 9 1{- Y%LL A
cﬁ’Y m—ﬁy _aetr. ] o
a (=) |
Y = - 9 9 > 0 (A.46)
. 3, - T134 ,
3
* ' ) | i \‘ )
( Y ) _/ . ° [ .
: . d P = 1 - .. dr, < 0 (A.47) p
1 X ‘o . : o /\
e c.E,LY" / '—PX . aiY' c
. .The duality relationship between the Stolper-
: . . . ) >, °
Samuelson and the Samuelson-Rybczypski theorems can be
.- Observed by pairing the following ffelationsﬁip:
.(A.16) and (A.32) give dax . _dr )
. . e - ag ’ ‘ | . )
, - N4 ‘. * x . 3 .
. (A.21) and (A.38) give ay ds ~ -
/; H/n, atY ) "
N e . » g
'b\ . @ - &
) + X 2 . w ;n‘ l; - -
,’ |
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. L4 ’ 2
‘ ~
(.17) and (A.37) give dY _ * dr N
o o & T 3, Q
(A.20) and (A.33) give dX _ ds ) .
N T ar,
(A.25) and (A.36) give 'dY _ - aw -
C 4ar apr,,
{A.24) and (A.31) give @X _ adw
- f * — - —
‘ ar ap, )

i.e., the effect of an increaseiin the amount of factor i

-

on the output of good j will be equal to the effect of

an increase in the price of good j on the return to

~

‘factor i. (i.= L,K,T. = X,¥) S

%

L] ©
-

Section A.VI -~ Tecﬁnoloqicél Chaﬁge

4

.

To introduce tecﬁnologichl prqgress, (1) and (2) ‘ii"

are rewritten, as

% . \&‘ ~
Y

, . . X = f'(a&.x ’ cxx ) ' ) ' (1!!)
. Y = g (thy, vo, ) (2m)

v

o

Thefiext step consiégé»of&diggerentiatingl(1'),
(2") afl (3} to (9) totally.

Thé use of (4) and (5):

: (2]

1 .

N -
. .
: ~ 9 3 , N
»t N E
' * L]
b}




146
%#hich state that@dKx = dT, = O0,permits the elimination
. of two unknowns and two equations. ‘ﬁlso.(IS) and
dPx = dPY f 0 is esedf . . .
The resulting system can be arranged in matiix form:
AZ = b, da + b7 dc + b8 at + b9 dv , (AL 48)
where .
. )
b6 ( fL Ly 0 0 Py fLL Ly 0 PfoLLx 0 ) i
Wal
- ¥ -
by =. (fKK 0 0 Py FpoXK 0 PXfKKK 0 )
' — : . ’ 1
bg = (0 gly O 0 Pyapply 0 Pydpply )
| S . ’
b‘9 = ( 0 gpT. 0. 0 PYqLTT 0 PY?T’[‘T) -
&\
Note that o , .
. &
by 2 Tb, (A.50)o
[} + - :
N ' 0 . :
‘A pure labour-saving improvement in the first industry
< :
is defined as da>0 , dc = 0. A pure capital-saving
- ° a
improvement will likewise be de->0, da=0, A //
4neutra1 improvement will be defined as di = dc > 0. ’
@ -
» It can be qenera11v~defined that a labour-savinq impro- ’ &~

A " 3

‘vement is one where, o .
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da > dc¢ > O , -

also, a capital-saving improvement is one where
rd

de > da s O o,
Caseml -~ Pure labour-saving improvement in the first
industry. :
We have, "
da 0 , dec=dt =dv =0 kA
From (A.48§
1 = A*l b6 = Z
da
Thus;
f P g . .
ax L %‘zt ¥ 1 > 0 (a1
ay _ g, P +
) da - X Eit?;ﬁ'Lx > 0 . (A.52)
dLy Py frp Iy < o (A.53
3 - Jet.k -33)
ay ey
da - ~da . >0 (A.54)
P, P, L, f g .
: Py g P, £ . .
£ - TR o o o




44

ds Py Py Ly fr1 97
det.

- |

Case 1I -~ Pure capital-saving improvement,in the first

industry.

We have .

de 0 ,,da =dv = dt = 0.

From (A.48)

27 = A 2 K 1' aé

Frém (A.16). (A.17) and (A.18) we can find the s8ign of
z- as

sign zy = (+ - + = 4+ 2?2 =~ ) (A.58)
éase IIT" - Neutral technological cﬁanqe in the first

industry. ‘

We have

+

dn = da 2 dc>0.,dv = 4t = 0

»

£
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‘Prom (A.48)

-1 /
~ zg = A ( b6 + b7 ) = ag
Thus o . - e
: 29 = 25 + 2z, . (A.59)
Usinq‘(A;SIY to (A.58) we have
signzg = (+ 2 2 2 2 2 ? ) (A.60)

dX/dn is the only sign known with certainty. If
4

(A.59) is explicitly written, it could be shown that all
the others except dr/dn depend on the sign of the

expression ( fLLLx + fLKK ). If #hls expression is

positive, then

>

ay .X dLY 4 aw ds
&H(o a-l-‘—- > 0 an—-<01-a>.01r-1-<0

It is possible to show that whatever is the sign
of the expression, dY/dn, ds/dn and dLY/dn will be of

the same sign. ' :

L]

Let us now turn to the case where there is techno-
¢

logical improvement in the second industry.‘ Instdad of -

going through the same set of caléulations, we can

proceed as follows. 1In the system (1"), (25)'and (6)




to (9) interchange (1") and (a"), (6) and (1), (8):
and (9). 1In matrix A, thé dr and ds columns are
interchaﬁqed; the same thing is done {o the dLX and
'diy columns. This column and row manipulation will
not change the solution to the system. Our terms
define the relation =++ as meaning. "wg now write...

instead of...and vice versa".

4~

g«+f = K+ T K+ Y

a++ t ' Cc > v r - s "o (A'G;)

4 - 4

With these changes, the system is the same, as

in the case of improvements in the first industry. The

solutiQ:: will thus be the same. Using (A.6i) the

results kan be tabulated in the following manner:

"TABLE I \

- Kffect on

Pure labgﬁi sgvingsf i

dv > 0 dt = 0

Pute'?apitai savinéé
4t 20 ‘dv= 0

ﬁeutral ) o
dt = ‘dV‘;.ﬂ !
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Case VII - Equal pure labour savings improvement in

both industries. -

We have ‘ .

da=dv = du > 0 ge = dt = 0

From {(A.48)

zZe t+ Z4 {A.61a)
where z, is the first row of Table I.
We can use Table T and (A.51) to (A.57) t,o> obtain

sign ;’12 = (4 4+ 2 2 =94 4 ) (A.62)

\ . E ) .
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Footnotes . ' - S

v | X 4

* T would like to thank Professor J.R.Melvin"
obtaining a Killam .Senior Research Fellowship which
helped finance the research for this chapter. My thanks
are also_extended to the participants of the Internatio-
nal Trade Workshop at the University/of Western Ontario
.for comments on an earller draft.

1. Jones (1971), page 4. -"
2. i. e., alonq any rav from-the or1q1n in the output -
space, the slope of the indifference curves ) -
will be constant. Note that we assume that the-

"indifference curves are strictly convex everywhere.

»

P . ] .
-« 3. In the introduction to the thesis, we briefly
‘ discuss the conditions necessary for such curves
to exist. )
4 A functlon f (X) is said to be concave if we let X
= X +t (1 -0aJX, 0< & <1 then £ (X)
<a _f‘(X1) + (1- & ) E,(Xz).
. 5. By parallel we mean that the absolute value of
) v the 310pes are equal, at every .price ratio,
provided both- goods are produced.
) 6.. . We assume that trade is caused by difference in
S - endowments. The two countries are assumed to
have .the same indifference curves.
7 b Byﬂthe traditional result we refer to the conclu-
sions derived-from the Heckscher-Ohlin model.
8. .See (A.24) and (A.25).
- . - @ » Dad
‘9, See (A.16) and (A.17). -
. 10. - Note that B is the production point not the

consumptlon point.
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Footnotes ( continued )

A
’ 11. See Jones (1965).
- 12. ‘See (A.61) and the following text for proof. ‘
13. See (A.6la). o ' '




CHAPTER III

TRANSPORTATION COSTS IN INTERNATIONAL TRADE THEORY.

n

A GEOMETRICAL ANALYSIS

[

Most of the pure theory of international trade
has peen carried out under the ‘assumption that there are
no transportation costs. The reasons for ‘this are nume-
;ous._ First, it is‘one°of‘the sets?ffsimplifvis' assump-
tions which is made»in order to derive the basic features

of the economic system. Second, the iﬁgorporation of a

oty
N

third good, namely transportation serviqés, requires a
system with at least three goods. This makes the geome-
. rric treatment difficult. - | ’
. . .
The p:oblem has received some consideration.
Samuelsan s paper (1952) discussez the effect of trans-
portation costs in terms of ‘the transfer problem. .
. Mundell (1957) treated the problem geometrically. Both

»

useng "drastic but very useful asﬂumption rgqardinq

the nature of’ftansportation costs. transport costs are
met by wastage of a prOportion of the goods traded w (1)
‘Our aim here is to relax this . éggumption.'

-j ) 154

i .
b . -
-
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mﬁ?or this purpose it is assumed that transporta-

. tion services (T) are provided by an industry which uses
factors of production. Furthermore, there are two other
goqds X and Y and all production is cairied out under
constant returns to scale.' Three factors of production
-are considered, it is assumed firstly, that perfect
competition exists in everv market;, techn¢ology i§ second-~
ly diffused freely;, it is also diffused;lhirdly,instan-

taneously (i.e., all countries ‘face the same production

function for any good).

-

Tastes are assumed to be represented by a set of
'well—behaved(z) indifferencé curves and the level of
well-being for the éqmmunity is assumed to depend only '

on X and Y and nqot on T(3).

The assumption that the

indifference curves are homothetic is carried over from
previous chapters. L
7
\

.

’

Transportation-cbsts are iqnaqed within a
country. To keep our results in line with the Heckscher-
Ohlin literature, it is assumed that couptries differ in —
‘factor endowments. We will confine our attention to
the two countries case except for Section ﬁ where we .

assume more than two countries.




In order to avoid unnecessary confusion, we
Q

will b¥iefly explain the technique used. ' We will derive

the offer curve bv lookinag at all possible situations
ogﬂgaaiiibfia. This does not mean that it will be an
equilibria. We will ask the following question: for -
a given set of commodity prices,what quantities would ) ‘L
the producers be willing to supply? For the same set
of commodity prices and given tﬁé quaﬂtity prodﬁced o
- totally, we can find the equilibrium on the demand side.
The difference begween the two sideswill show the amount

» of excess demand§or excess supply for every good. v

As utility does not depend on T, there will be
an excess supply of T equal t6 the.fuil amount of
production of that, good. Only.if the ;mouﬁt needed to
transport x or y is equal to the amou;t-of T produced, ’
can an equilibrium result. This can énly be found when
the other country is_introducéd. sz when considering® .

. o the. offer curve for one countrv, it is ne;essary to”
consider all points on the trdhsformation surface as

a possible candidate for equilibrium, even if the

domestic demand for T is alway; zero. ) -
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The order of tgis Chapter is as follows. Section
I presents the model and diséuéses the existence of
equilibrium. S?ction II'derives geometricali§ the equi-
librium for the tﬁree bésic cases. the first case occurs
when each csﬁhtry is engaging in the trgnsporfation of
exports onf;: the geqond one oécurs when. each country
is tranépofﬁinq its iﬁbort only;, finally, the third, M
a cémbination of one and'two‘bceurs when each country )
is doing boﬁh: ﬁanjiintermedia:y céSes afe'iqnored.(d) g
In Section .III w; examiﬁe fhé effect of technological
’improvement in the T indugtiyJ;n,Qérms of the three
casyp;stated above. Segéiqp IVibFiefi} discusses the-
qugct of our;analysis oh‘thi\ygckscher-dhlin 1iterature.
-Sectiop v éovers‘&he°qains from trade thedrem, And the

¢
last section presents our cénclusigﬁbr

o>

Section I, The - 1 .
. o 1kﬁ¥1— -

. * r °
1

Using the.threeoproduction functiond; the full-
- ) . b . .
‘employment assumption, and,the fact that fattors are paid

the value of their marginal products in perfect qomgéti-
tion, it is possible to derive a production. possibility

N 4 :
surface which is agsumed to be bowed out everywhere, i.e.,

- R T P ; , -
o .
, ' - d




z . ., -
‘,- » ) L]
: : ' | -« 15
-
N .
- * (L3 »
> -

-

. ’ - 4 = » : ) ' 7 ® 1 )
. . strictly concaye.(s) In such a model, the price,plane .
: " ! 4 a ‘

will be tangeént to %@e'durface} and the tangency will be,
X unique, The demand side is fepreéented'bv a set of - g?
indifference su:@aces where each of them is perpendicu-

‘\

Ear to the X, Y plane. The productlon p0551b11ity surface

\ \“ n ‘
., ~ ‘and the set of ind;fference surfaces are graphicaly repre=-.
b ﬁ&ented in Fiqure I. .The autarky’equilibrium ig-at polnt
Y "‘\ é. :
ﬁ.where no T is being produced. - . e 0
- .&e‘;\ ' ) ) ¢: ) . ‘(__/ . A )

&

U ‘Y a

When trade is allowed, some T will be requited

te o Dependinq on’ commodity prices production will be placed

‘-h.), - v
. \\ - * -
at the point of tanqency of thé. production ‘set’ and the Cmi \

-

prlce plane. Consumpt1on w1ll be placed at a point of

ntangency with an indifﬁerence surface on the X, Y plane, -
Y % )
1 €., the domestic coﬁsumption of T w111 be zero. Ih a

tWO country case,.equilibrium can dccur at this point

*

only if the amount of iy produced ls equal to the amount :

required. ., - \ ' L | . S °

°
- . a . f - .
- — P :

% , v
The model must also include,teehnolqgicai-requi-

.
' >
. . s [ ¢

p réme?ta}which state how many units of T are required to I

. transport glven quantities of X or Y a given distance
. .(d). We have







~

TX (x,d)

T, (¥,4) | T @

These functions are assumed to have the following

properties. "

Y,d (2a) .

Let T;J and T;J be the cost of transportation
one unit of the good from countrv i to j. We must

> 4 L] (] 1] : a
have in equilibrium P :

L4

Y

i
Px

i
PY.

’

In a general equilibrium analysis T;j and

»

. T;J are determined within the model. In the usual

partial equilibrium analysis®™they can be taken as -

constants.

J
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Y

Let us look at the possible equilibrium éituationf
The three dimensional production surface is assumed to
be strictly convex everywhere;, wthis implies that to any
point in_the (X,Y) plane there will be a unique level
of T associated. 1In Figure II we draw YoAXo as the
éroducfibn“possibility'curve for countrv H, associated
with a level of T equal to zero. For country F the set

of production points associated with zero T are Y,BX..

1771
These will represent the production possibility curves

for the two countries when transportation costs are

-

absent. Jf transportation costs are inexistent the

trading equil?brium will be as follows: country H ::‘
produces at A and conshmes at A', while country F pro-

duces at B and consumes at B'. When t;anSpbrtat{on costs
aregintroduced such a trading pattern is impossibiéf;\\“

there will obviously be no T to transport X and Y between

~
— .

'H and F. Let the two autquy equilibrium be H for

country H and F for cougtry F.

Starting from the two autarky equilibriums, it
is clear that there will be a basis for trade. The

.4
price ratio is higher in'H than Y. 1In order for trade




©

FIGURE II » . .
Y N \‘
A | ,
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to actuallv take place, some T will have to be produced,

We picture two possible equilibriums.

;

A first possibilitv is to have country H producing

at C and consuminag at C', while country F is producing

at E and consuming at E'. PRoth E and ¢ are associated

with positive'levei of T and equilibrium will be gktained
if the level of T oroduced is the exact amount reqdired
to transpost the amount CK of ¥ and KC' of X. .‘;q ‘

A second possibilitv is to have R producing at ‘ .
D and consuming at D', while F is producing at L and
cons'ﬁina};t L'.. In that case, the result shows that
country E is better off in a world with free trade and
transportationlcoétﬁ. Note that countrv F is better off
at L than at the autarky point. This can be showﬁ as
follows: the line P, is really the base of a three
dimensional price plane tangent to the production .
possibility surface. Because the transformation surface

*ﬁ is strictly convex, the price plane will not intersect

the surface anywhere (except at the point of tangency).

4




-~

\\\\\\\\\\#\ ‘ | L

164

»

Since L is on the price plane, YlFBxl is -all intef}or
to the line P, extended. 1In that case F is interior

to P3 thus L is superior to F.

Note also that both countries canpnot be made
better off with trangéortation costs when cbmparéd to.
the case where such costs were absent. .This is because
some resources are released to producg "1‘.. Thé availaléle
resources for X and Y are thus reduced. In order for
both countries to be better off with transportation
costs, we would need the total X and Y to be qreatér than

without transportation costs.

To confféhct the offer curve, two basic sets of
relationships must be dergved. Let us assume fhat the'
country under consideration (H) will be exporting X .
and importing.Y. 1In Figufe I, letléhe price 6f T be
fixed at zero. ﬁBy,varyinq the price ratio.of X to Y

and'repozkinq the excess demand of Y and excess supply

. of X we can consétugt OH in Pigqure I1I. This schedule

can be identified with the offer curve for countrv H

when transportation costs are absent. The first set of
. . y

\

2

@y .
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P .
relations are derived in order to discover what happens

" to the excess demand of Y and excess sypplv of X as the
X and P, are kept constant.
For example, price ratio ( Px / P

wrice of T varies while P

) can be chosen.
Y o

=

In Fiqure IV, YoAXo represents the production
possibiiity curve when T is #ero, It is thus the base
of the production possibility surface in Figure I.

LW With (Px / PY ) , production.is placed at A and consump-~
“ - 0 .

tion’at C. This information is considered in order to
discover what happens to the production of X and Y as

- PT moves from Zero'to infinity. Since (Px/PY) is not

.~ changing, consumption will occur along ray OC, because
our assumption shows that indifference éurves are
homothetic. It is clear that, as the price of T becomes
large enough, only T will be produced. Thuys,the prodﬁc-
tion of X aﬁd Y will\fnove ffom point A to tje origin.
Because we have more than two goods; it is po3sible that

there will be gross complementarity between goods on

z . (6)

the produc¢tion set. The gross complementarity can

occur between T and Y in which case ABO.results. If the

complementarity lies between T and X,we will have AB"O,

¢

(=4 v

-
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. The case where no complementarity exists is AB'O, Thus,

as ?T'increases,the production of X and Y will move
accofdinq to one of these three possibilities: the

consumption point‘will‘be along OC extended, if no

gross complementarity exis@g,'as the prices of T increases

ﬁhere will be a decrease in the excess supply of X and'
an increase in the‘exceés'éemand of Y}klin Figure III
there will be a north-west movement from D along say
DE',‘ When there is gross complementarity on the

production side, it is possibhle (but not necessary) that

such curves be positively sloped in some range like DE

( corresponding to ABO) and DE" (corresponding to AB"O).

' . o
We can now derive the second set of relationships
~

needed. The schedule associating the excess demand Qf

.

Y to the excess supply of X, for a given amount of T

is sought. For example, in Fiqure III, O, corresponds

H
to the case where ™ = 0. These schedules can be derived

with the one derived above. Consider Figufe v. 22z,
z'%', z"2" ..., are schedules, each one of%hich is

associated with a particular price ratio for X and Y.
( Al

-
i - 4

»
.
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On each of these curves we find the points which are

égsociated with T=1, 7= 2, T = 3 etc... By joining

hY s

these points we are ablé to d‘give 0 o] which

4 r1’ Or2v Or3
correspond to the points of excess demand of Y and

excess supply of X when T is equal to 1,2 and 3 respec-

, tivelyg(e)

These curves will not intersect. If they
were to intersect this would mean that a pdint like
A" is associated with a higher level of T than B" .

Thig situation is not possible in the model.(g)

& o
&~

We are now able to derive the offer curve for
the three,différent cases stated iy the jntroduction. ’
This will be our task in the next sagtion. Before -
doing this we would like to briefly cénsider the question
of the existence of equilibrium.

> Hadléy and Kéép (1966). proved the existence of
an equilibrium for a competitive economyvin the case
where a transportation good is produced. Woodlard (1968)
extended their results to the éasg where differenét

. ", 3

routings are possiblé. Since oufjmodel is afspecial
case of the one used by Hadley and:Kem?,'theiryresults

are applicable to our model, We can thus state that

a competitive equilibrium exists in our model. o




- |
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Section II -“The offer ‘curves and equilibrium for

E]

3
three different cases.

o -

2\\‘ In this section.?e will consider a world where

country H exports X and country F exports\Y., The -
.three'cases'stated”in the introduction will be analysed

. in{turh.” .At the end of this section we.will compare
- v \\ .
our results with the “evapo}ation" model.

L}
[
’ N bl

[}

Case T - Fach country is using

its T for export oxly.

{’ ?
To anaiyﬁg this case,ﬁe can use the OTi curves
I ‘ ‘ i
[}

derived in Figure V. We reproduce three such curves
s

Op_ v O+ T ' ‘in ggqure VI, , Censider X .~ From

1 72
‘equation (1) suppose‘khat T1 1s requlred to . transport‘
XO from H to F. Then ,A w111 be on tie offer curve

S
being on 0& . SAmllarly,to transport Xl,sunpose T2
1

necessary. Thus B will also be on the offer curve,
&

being on Op . .We can dé?lve the offer curve repeatinq
. 2

the operation for eacH point ' The 1ncnﬁ%10n of transpor-

tation, costs wi ‘will thus shlgt the offer curve to &hé :

left in that qase. In Figure VII we represent such a










o4
1)
~\ . ) &

AT k-4

shift for country A bv OH‘ Thé offer curves for country
F can be added to the same diagram, OF‘w§11°be the

offefsburve for F when transportatio% costs are absent.
. . . . §

O§ will be the offer‘curve‘when F is transportina
-o$1y its exports of Y to H. The new equilibrium will
be ét A when countrv H will be‘erortinq.OK of X plus
~the amount of T required to tranfport it to F in exchange
of OL of Y p;us the aﬁbunt of T required to transport

it from F to H. Lét"OAF and OA, be the two domestic .

~
(10)

price ratio associated with. point A. The curves
. : k) ,

.“hAH_and AA, are curves like zZ' in Fiaure V.
. <

(53

Draw LA paraliel to OX and KA parallel to OY.

N -

Let point B be at the ;ntersectlon of OA; and XA
extended Point G 1s at the intersection of LA and
OAH extendedh Point R is where OB intersects LA and
p01nt Q- wheré KA ang AC meet. BM and €G dre perpendi- -

cular to thelr axls. We thus have,.




@

. ‘Iet us now find the value of T in terms of X ,

and Y for both countries. First, consider countrv' H.

<

The. country is exporting OK of X plus T in return of

AK of Y. At domestic prices the Oxgpf X would get
only QK.of Y in reburn.(ll) Thus in equilibrium this
means that the T required to ttansp%ft OK from H to

- . % . .
F is.receiving AQ in terms of Y. To get AK of Y

( = CG ) ﬁeople\inmﬂﬂygglgihave tq\qive away 0G of X.
Now,only OK of X is given. Thus ,in equilibrium KG
of X (= w has to be qi\'renf away in order to get T.

Thus ,AC is the value of T for H in-terms of Y.

Similarly for'country F. AR will be the value

a

of T in terms of X and AB, in terms of Y.

Let us derive some of the equilibrium price

relations. We can write
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PF = BK = BA + AK (6)
OK 0K OK
& ~

but pF = BA !
AR .

thus, BA =  PF

Substituting in (6), we get, after rearranginag,
e :

F ( 1 ) .
. 60K (T - AR ) '
- ( OK )
from (5) . .
F F ‘
Px = Px 1 )
F A, (T - AR ) .
Py Py’ | BK )
1 g .
thus(lzz ' , >
RN L 1 y = pF. e
i 4 Y
‘(»;1‘,:‘ AR ) 5 ™ -
( TR ) Y
Now Kﬁ is the value of Tg in terms of X ( the iiﬁaééfj“” o
‘ OK is total §mgort. Thus ,AR/OK will be the proportion;
of total import which goes to T. So kY will be the
proportion of total imports which goes to Y. |
) a e

A d




Similarly,we can derive,

PPT= CG = CB
- oG Ok
but €6 = AK '
pH - ax OK
. - OK oG
from (5) we get
_H F =
PX = PX. OK
“H H oG
Py Py
So,
‘F _ JH
x T 7x
kX
' where kk = 95
’ oG

~

-
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oK

(8)

The value of OL ( the import ) when considering

X at domestjc prices, is 0G.

In equilibrium, exporter~

will only receive a value of OK. Thus kX can be inter=

preted as the proportion of total import for H which

e

goes to X.

-

&
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Combining (7) and (8) we get
pF = 17 pt - (9
X

X Y

Result (9) reaquires further considration.

Mundello(IB)

finds the same result when considering the
"evaporation" model. He‘definéd ky and k. @as the
proportion of X and Y that® are landed in the importing
country. He studies the case where‘?trapsport costs
are incured only in the q;od of the exportinag countrv,
which means that some X is used up in shipping X and
some Y is used up in shipping YL”(14) This can be )
aséociéted with our case where each country transportsA

only its exports. The difference between his results

and ours can be explained in the "evaporation" model
_ P el

kx and kY which are given constants or can be made

variables by assuming a more aeheral-technoloqy like (1)

n

and (2). Tﬁéy will neverthelesé not be, as in our

-

4 -
model, part of the solution, depending on prices and

-

\endowméhip. Furthermore, only X is sacrificed to

transporf X, according to a Stateddtechnoloqy in the

P

"evaporation” model. In our model both X and Y will be

sacrificed to release factors to produce T.(ls)

r

ys




o

178

Case II - Fach cbuntry is using

its T for import onlv. o

—. e v
¢
L

In that case, country H will be producinag enough T

T .

/ :
»

to transpoff its import of Y, according to (2). Similarly p
F will produce ™ to transport its import of X, according 7
to (1). "We can derive the two countrvy offerﬁ&urve in the
same way as in tﬁe preg}ous case. Suppose tﬁat in Figure

VI we assume that Tl' TZ and T3 are~requifed to transport
Yo, ¥;, Y, as well as Xo,‘xl, X,sthen the offer,curvg

for counfry H will be OA'B'C'. It can be derived in the
;ame wéy as O,. . However, less than %l can be requ%;ed

to transport Y, ( tgus Y, and Yo)' In that case we can

t \

- have a situation like A"B"C",

-On the other hand, a simple comparaison of the

amount of ™ required to traﬁsport either quantities at

1

a point on O will not be sufficient to decide whether

T

the éurve for the se&ond case is more to tﬂgariqht or

-

to the left of On. For example, Y , ¥, and’Y2 can

]

require less T than X_, X; and X, respectively. Never-

theless we can still have a ;ituationllike pp'p". (16) i

-

Whether the offer curve in the ‘second case is to the

t
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right or to the left of O,, will depend not only on (1)

and (2) but also on the full model.

We can use Fiqure VII to represent the shifts in |

- . the offer curve for this second case. If we were to dfaw

both cases in the same diagram, the equilibria would not

be the same generally. 7A1i”£he relationship which was
) derivegffor the first case will carry through in the
second one. In other words, (7), (8),and (9) are still
valid. The equ?librium prices w}ll be different but not
the felatipnship among them. ‘The comments which were

made for thg first case, apply equally well here. o

I3

-

"case III - Each country is uéing its T )

for some of its import and some of its export.

In that case, the total T required is given by

i i i, .
™= Ty o+ T i = F, H . (10)
. ‘ ' . .
One way to find how much: T will be required, is.

to assume that a country is traﬁsportinq‘a fixed propor-
w tion of its imports and exports; The "evaporation" model

can be extended easily to take this case into account.

Or, we can.simply assume that total T produéedA(TH+T?)
L>4 ! )

has to be equal to the total T required according <o (10).




1)

The amount of its import “Aand/or exports which a country
will transport, depends on the specific parameters of

=N )
the model, to the same degree as all the other endogeneous

. AY
variables. A geometrical representation of this last

-~

general case is almost impossible..

— \/ ’ o
On the other hand, it is easy,to show that
whenéver transportatiqn costs are included, there will be

a leftward shift in the offer curve for H. Consider point -

A in Fiqure VI. We can state that T, is the amount of T

-

neceSjjry to transport’ that portion of X, and X; which
y

count H will move. ™Thus, even in this general case,
. »

we can use Figure VII to represent the new equilibrium.
This implies that (7), (8), and 49) will cagxrv throuagh.

b ) .

It is important to note that this third case will give
a solution which is different from-the previous two.
It is not possible to ébmpa;é the three cases exactly,

unless .we know the specific form of:the functions in the

model. s . =\

=

-

. Ve

Section III. - Technological improvement in the T industry.:

There are two kinds of te&thnological change whigh . ?

goﬁld be considered; the first one can be described as

-
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7
the same amount of T which can be proéuced with less of
each inpgt. This is the case generally, treated in the
literature on technological change. The second type‘
can be described as legs T, beiné required to transpoft

a given amount ole or. Y. Théﬁ is, there is a chanqge
in the functional forms (1) and/or (2). ‘We will treat
this second case becausé it focuses on the peculiarity
of good %.fbeing a transportation service).

In this diécussion wepwould like. to seé if it

is possible to stafe that factor prices will tend towards,

) d { '
equality, as the model returns to the no transportation

costs case.

o
v s -

Assume there is an improvemept in the transporta-
tion of X only."This‘means.that the same amount of X
. can be transpdted with less 7T for thé'same distance.
" \
' From Figqure VI, it is clear that if a country - \
transports X, its' offer curve which includes transport.
costs will shift towards its offer curve without trans-

. port costs. ‘We will refer to case 1, -2, Bnd 3 in theg

»

/o

a same manner as wag done in the previous. Sectioh.;

-
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-
Consider Fiqure .VII. 1In the first case, only H transports

X. Then Op will shift to the right while O will be the

offer éﬁrve for F. The new situation is pictured in
< VIIIa. In/the secox’ case, onlv F transports X.
In that case Og will shift towards 0F OH will not
change. The new equilibrium is representéd in VIIIb,
Finallvy, ln the third case both offer curves shift and
> the new situation is represented in VIIIc. Since the

conclusions reached in each case will be the same, we -

will only cover the first.one. A\\wva

n

f/—\’ ,
After the improvewent) equilibrium will move from

A to B. Aq 1ong as Og

be an increase in the trading volume of each qoo& 1f

o

is positively sloped,@there will N

the curves like 22 in Figure V are negatively sloped for

(17), we can state unambiquously that

both countries
commodlty price ratios will tend towards equality. For-
example, in quure VIIIa the domestic price ratio of

X to Y will go from 0C to OD in F and f;zx OE to OM in H.
However, if curves llkg ZZ are positlvely sloped in
cextaln regions (11ke DE and DE" in Figure II) it is
possible for these price ratios to become more unequal.

In Figure IX wﬁ’represent such a case. OH' OF’.A and B

/

- \
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prd " 1 . ) . . 'T“ - .
are reported from VIITa. We om1;~oz ’ Oﬁ » and Og. In

I L

o . ~ . . » ”
-this case the prige qgti? of 'X to Vv'will increase in F
&+

( from OR to’OQ{ and'ﬁeq}éase'in H (from' OS toe OV). fThus-
/. . .
the inequality betweerf-prices will be adcentuated.
s i‘ - ¢

.
- . M v ' 4
P : .
L . .
. 4 !

* ) : s + " k¢
The question.on commodity prices urfambiguously
/ Y

ding to equality must offer a positive' answer in order
to find out whether factor prieces,will-tend to equality
as commodity prices tend to equaifg;:::The second part

< - s
. !

first one

L
ofilthe cuestion becomes irrelevant is th
“~ . ’ )

f h]

<

cannot be answered positively.

- LY - » - -
-

Sectiong IV - Some related theorems.
~ ) EE -8

< )
, . o {2 i o -
- In this section we will briefly discusg’ the effects.

of incMudina transportation costs on four of the theorems
derived in the two-bv=two model. We will gonsider the

- - HegRscher~Ohlin, Sﬁo&per—Samuelsén,;SamuelsonvabéZynski

- N . r B
and Factor Price’ Fgualization thebremg.

. . . 5 -
4 . » - ?
. . .
i @ ° -

- ’ . . . 4
I&_the..mappincr of commodity priceé iry;i:oe;'gfactorb
. M ’ ‘
fprices %g.univaleqt, factor priges wi not be equalj ed‘&
»becaugé ;ommodiﬁv prites<are hot.y, On the ot —hand,if
the qappina is ﬁot univalent, it is possible to ‘find.

¢
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a case where the same set of factor prices will be asso-
. o -
ciated to two different sets of commodity prices.
: Ve . L

Conditiens might be such that these commpoditv prices
are equilibrium values. 1In such a case factor price

equalization will simply be of ‘an accidental nature and,

~

. _ j
therefore,not in accordance with the spirit of the .

theorem.

n
.o

The validity of the Stolpgr-Saﬁuelson and the

[}

\ \s%elson-vaczvnski theorems @oes not depend on whéther

-

T is a trapspbrtation good or simpiy another good. So,

if conditions are such that these theorems are wvalid in

5

the three-bv-three case, the fact that A is a transpor-

tation servicé will not chanqe this conclusion. 1In other:

v . W ’ ' N . . L]

.-words, the fact that T is transport, affects the .model

through (1), (2) and the demand side, not the production

possibility surface on which both theorems depend.(ls)
: ; -~ ~

NS

Finallv we can note that if the Heckscher-Ohlin

theorem is valid before T is introduced, Lt is still

{19) "~

valid after. COnsider the case where (1) and (2)

are sucﬁ that no T is required to transport either X

‘ /

or_Y. It is’ clear that in Figure VII, O an(!.oF will be

N
ox)
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the relevant offer curves. We reproduce these schedules
in Pigure X. We also include the portion of the offer
curves which is usuallv left out.FfT will reverse the

trade pattern if-an equilibrium caQ‘be found in quadrant

III..

-

-

In Figure.x} curves like 2% of Figure V will
alwavs be to the left of 6 for H and to the riqht~df\0F
for F. Thus,once T is included, the offer curves will
shift in the same diiectipnf This makes it impossible'
for the two modified offer curves to have any common point
in quadrant III. This proves that even high-transpbrtaﬁion
requirements will .not reverse-the pattern of trade which
would exist, if no such assumption woild be required.

. , B ) .
~ At most, it can discourage trade-to take place.

3

"]

) . . [

Section V - Thé'gains'frqm tradé.
can it begpdssfble that,on'accouﬁt_of th; prggence'
of transporiation costs, a couptry‘actually loogea; if RS
-lt engage# in trading reI&tion;? .The answer to this
question is no, ﬁecause théte are no ﬁraﬁéport costs ‘
donesticnlly,ﬂand,q}ven the bther aséumpélons of thé

model, the price plane will be tangént te the production

o
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~

set. Return to Figure I; the production possibility -

surface is strictly bowed out. The price plane, which

N i

is also the consumption plane, w111 this alwavs include

p01nts whlch are superior to A the autarky equilibrium.

A cdountry will therefbre always gain from trade.

N »

Up to now,we have beeni considering the case where

only two countries are involved in tiage.‘.Leﬂ us now -

In that case, it
L 2

is clearly possible that a countrv exports only T in

assume that there are manv countries.
exchange for X and Y. Is it posszble for»a countrv that
imports T to be worse off? Here, 'e want - to 1nvestiqate
whether t?e situation pictured in Figure XI is a possibi-
lity. The country is producing at A, exchangina AB of X
and BC of Y to get T, which:is.necessary to'carrv the_7

exchange of CR of Y for-ED of i. 'Suppose'YoAx; iﬂfﬁhe
case when no T 'is produced; then the situation-'is not
‘one of equilibrium. There is aipbsitdve p&?ce,on"T\
internationally (as reflected by AB and BC being non
s zero. There will thus be

zero). The domestic price

’

<3 X . 4 &

an increase in the domestfic:price of T up to the point

where équif%brium»is reachéd. This occgrs ﬁhen théxcbn-

sumption set is tangent to‘theﬁproduéfiqg pqssibility

. @
L

[¢]
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A Y

. includes completely the antarky consumption set YOAXO

Y ‘Y o . . e

“ o 190
. H - .
surface. Consumption will be@somewhere along GG, thch
(20)
" ! .'7- ’“ - .
, 1N
X o -3
- r

Section VI - .Conclusions. v
o v - s

e she

We have considered qéometricdlly;the effect of
including a producéd transportation good in the model of .

interndtiopal trade. /We have not started from the usual

two-by-two model because, we would have a model with two

factors and thfee goods giving“us ‘a production set with

lineaﬁ)segmenté.(ZI) ‘ ; 2

<&
H

We found that the 1ntroduct10n of transportation

“costs will ‘shify the offer curve towards the axis of the /-

imported good. This result is similar tq,the one derlved
in an "evaporation" model of tbé'kind proposed by Samuel-

‘son and Munaell;‘ One thing that.we have® not done, was

_to compare'the two shifts. This‘ié due to the fact that

a 31mp1e comparaison is ogt possible. The evaporatlon

model will qxve a technical constant which represents

the rate at which X apd/or Y can b;ltransforméd into . -
transportatxon services.~ In our model the- rate at which X

X and/or Y can be transformed into Y will not be given, N

but will,instead be dependent on the full mo@el. ‘ \

Vot l M . hY

P T~




We éesgribed the trading eqqi;ibrium acéordinq t?
thfee basic cases. We were able té sﬁowrthét results
k?), (8) ,and (9) wereh;élia for all three cases.' An
inéefestinq point was #ghat (9) is derived by Mundell in
" terms of the "evaporation®” model. In. fact gj) and_(s)
~can be related directlv to (4) and (3). P&nsider (7)

-

for example; it states that

1] ‘
HH 4 pF . ) 4
o= B .
kY -3
or o
F _ H : ‘ o
PY - kY P‘Y \\‘\ LS . Y

kY is the proportion of import. that qoes t\\Y. Suppose
-

that ky is .60% and PY is $1 00, then the transggrtation
N

industry is recelv%nq 40¢ to transport one unit o .

P being 60¢, we qet {(4) directly. The same thinq ochxs

in (8) and (3). Compgraison of (7), ‘(8), and (4), (3)

will give us, in relation to Fidure VII! -

+

£ - = Py " AC. « o) -
. a 66 ,
tgﬂ = . pg % (11) ‘-
‘n AN
/( N , . - ’
- . 1
* " ” . *
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Ac_.and AR -are the vadlues of T in terms of X for H
and F respectivelyv. IK is H export and OG is the domestic
. N ; : .

t in terms of X.

2 L]

. . . - We also briefly discussed some of the theorems

~

“ R derived in the usual -two-by-two model. We s#w that the
validit; of the Stoléé;-Sampelson and the Samuelsoﬁ—g ‘ ‘j,
Rybcgynski'theorems does hot-depend on T bein& a é;éduced

. transported qood. Factor prices will not in general be .
S eqdalized. -We showed that thj’&ntfoduqtion\of T will héf:‘\\

reverse the trading pattern. In the last section we saw

that there will still’be gains from international traé;_-

»

~di'scarding a possible counter-ex%hple as a non equilibrium .
: -
situation. g » o S .
’ ' - '
- '
. . : - ~ i ‘
L - -
// ~ *
//
/’/ ° ~
' - 2 .
¥ * r ‘ L
L] ” { : ‘
\ .
- ) /‘-‘ﬂ ’ Lty :Z“ - i
- . o & - * .
- A2
—— - - - - " ’
- ';: B » - - P R e , L
- y _ .
L. - o ‘
- 1 A’~ - 9 - . -, £
P - ’ “
- . ‘ ] ,
- - . . - s
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Footnotes

Q

* I

®
would like to thank Professor J.R.Melvin for obtaining

a Senior Killam Research SCtharShlp whlch helped support

the

-
a

1'

2.
3.

4,

~ this is impossible given ou asaumptiuns. N

" 10.

11.

12.

.commoditv prices-tend to equality.

research for this paper.

Mundell (1957), paqe'GS.

That is, strlctlv aua51-qoncavé’1ndifference curves.

Wé ignore the possibilitv of ™ being a’ consumed
good, for example, travel or tourism. :

For example, when only one good requires tranéparia;
tion or when a country is doing both, while the.other
is either onlv importina or only exportlnq.

See Chapter I £4r a discuSslon of this topic.
See the third Section of. Chapter IL.-

Such curves cannot be called "offer curves”" because,
they are not equilibrium points. I would like to
‘thank Professor Melv1n for this point. “a

To have such a possibility would require- that the,
schedule associated with a given’P_, and P and varylnq
amount of ™ be of the following fo§m ,

/ _ ' -
) »

These aré referred to as the f.o.b. (Free on ‘board)
prices compared to.the c.i. E. Agost insurance frelqht)
prlces. . oo .

This is because OAH is the domestic price ratio for,
country H. B / -

Note that as transportation costs é&nd towards zero,_
A

L]
" Ly

[




13.
I4,
15.
16.

"17.

18.

Footnotes (continued)

Mundell (1957, page 70.

Mundell. (1957), pages 68-69.

Unless éeqmeﬁt’AHA in Figure VII is posiﬁively sloped.
Suppose that the sgcond partial derivative of (1)

with respect to X aqoes from positive to negative while

the second partial of (2) with respect to Y has the
reverse pattern. It is possible to devise a case -

_where the two offer curves wt;l intersect.

i.e., there is no gross complementarity on the

is not

trong enough to generate,k a positively sloped
ZZ. ’ '

produjjgon side of the model. Or,if it exists, it

For a further discussion of the conditions under which
these theorems will be valid in tH¥® case where there
are three factors and three goods, see Chipman (1969).

‘Hemember there are three factors in the model.

Hartwick (1972) hgs‘found results of the opposite-
kind. : . ) ‘ ; .

See Melvin (1971) for a—tréatmeqt of this case.

-
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CONCLUSION

| SO ~
.

s

N This thesis concentrated on the producgion side of
ons for

the model. The introduction offered some r
this choice. We could not however extend the production
side in ail directions and, this imposed a more modest
contribution; We did contribute however three chaptere
whichlare'quite‘d;fferent by nature. . The reader will .
rEmembet that in the ihtrodﬁction we showed how the three 7
chapters were linked; recapituletihg, Chapters I and II
formed the first link while Chapters I and IITI formed

4

the othér.
Cﬁapter I was intended mainly, to summarize many

of the contn?bﬁtions mede on the qenerelizationdgf the
model with two goods and two factors. One of the main
themes of this—chapter dealt with the principelttheOrems:
in the ﬁtre Tﬁeory-of Internaticnal Trade which could be‘
integrated into a discussion of the shape of the prodtc-
_tion possibility euifia . One point can Se brought out
more clearly about th;ii;o-hy-tno model. if we assume
that any endowment raY‘ﬂﬁnQrﬂtgsrﬁw, ggzg “CORYEX
production set,,gll«the theorems hold, i.e., the

Samuelsonanybczynski Stolper-samuelson, Heckscher~0hlin,

A

" -19&




"Factor price-equalization theorems. This occurs on . ,

. 5 -
account gf a verv special propertv of the two-by-two

definitefmatrices;, fhis property concerns a>positivé
( negative) definite matrix of size two-bv-two, where
the elements along the diaqonai of the inverse matrix will
. be positive (negative) while the diagonal elemen%s will be
#
neaative“(positiée). When we -leave the two-by-two world,
and move to higher dimensionalities, pbsitive or negative

definiteness does not quarantee this property of the

inverse matrix. ' Other restrictions have to be imposed.

Chipman (1969) worked out the conditiéns hnder
which the property holds in a three-by-three matrix.
"y ’ Kemp (1969) ‘extended the diécussion to the four-by-four

case. Generalization on the three cases leads to this

”

observation, aa dimensionality is increased, the conditions’
o [
which would gquarantee the above property to the inverse

matrix woﬁld have to be more restrictive: what was

sufficiént for the n by n case no 1oiqer applies to the

(m+1) by (n+119. . o .
We can add to thié,'xugaé's findinqg (19725 which

, stipulates that when factdrs,outnumber goods, the per unit

(X !




”

requirements do depend on endowments, it is also to
\\Qﬂ . - . )
be remembere? that when goods outnumber factors there is

S

i

a basic inde erminacy in production.' It is necessary to

Ca- %
have, recourse to arbltrary assumptioéns, for example
- Hong (1969) assumes that the solut1%g/w111 be such,r@o

as to minimize the wvalue of transaction between céduntries.

All thése mentioned above, present a rather unha§;§ C ‘
‘future for 1nterg;tlona1 trade theory. Are ail the
theorems likely to hold only- for  the two-bv-two case
with some possible extension to the case where m equals
n?. One look at chapter 1II will reassure us. We consider .
v there, a model with two ;%ods and three factérs and‘a%}'

the theorems remained mostly valid. _The matrix approéch,

powever, used in the dlSCUSSlOZ;Qf the n x n case, will

generally not be valid anymore at ‘higher levels.
e

°

<~

~ . -

In chapter II,we studied the effect of relaxing
3 . .
the assumption that capital was perfectly mobile between
‘ . . - >

L

industries. We assumed that each industry had a specific

3

factor of pro&uction. Jones used the same model not te
4

study the effect of perfect immoblllty of a factor but for
it is the simpler model ;here'factor prices depend on P

endowments. . To his early results we added geometrical

’ ' ) ’ q s ‘ . . :' '4
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e
treatment And a falrlv inten51ve study af the effect

of technoloq1ca1 chanqe.';Por a summary of the flndlnas
) - s

[ 4]

the reader should consult the cong1u510n &0 chapter II.

: »
»
A

In chapter III, we analyzed a mo&el where transpor-~

tation costs wére not assumed to be zero. Unlike previoqs'

I Etudies;'We relaxed the wastage hypothesis, dssﬁmino

instead,.thatbtraﬁSportation services*had to be produted
G -

like any other commodity. Thls 1mglies that a model °

o

with three %pode had to be con51dered}' we assumed three

factors in order to have a strictly convex productiqn set.

The conclusion to the chapter summarizes our’fiﬁﬁinqs;

4 )

we wil} not repeat it here. L

- T e
g : ' ’

C e o
. ES

LR ﬁ% would,liﬁe to stress however;% partitular poﬁht
o ° ] L4 A d - = - y
which was derived in chapter III. Thig model is a primary

exgmple‘of an oﬁer-determined system. In order to arrive

at a unique . solutlon we had to adad further restrictions

or conditions. We had to assume what’ each countryfah

transporting. In the case of~a more qeneral over-deter- R
mined system, Hong assumed that tradé will take placé

at the point: which minimizes total international transac—

» 3

tiops. These are, two cases where the usual system will

~ v .
- - 4 -

. . .
- 2 -
4. ] .. . B ‘ .
N .- =, .
o , ” .
) ¢ | . , . - .
B . [ ™ -
. N . LA
.

<
o
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not qene‘rate a unlque solut:lcn‘xg There is a dlfference

[«

g,
between the ‘two Cases: in the case - of more goods than

LY

factors, the 1ndeterminacv will ba51ca11v follow from
the fact that one good can be produceg" by uqinq llnegr
. comblnatlon of other qoods. For transportation costs,

conslderinq the cases where we stated explicitly wﬁﬁch
P

v

good each country trandports is a vay to avoid to

¢

firstly’ make statement about the pfice of transportation

services between different countries andzsécondiv to

o ’ —

draw three dimensional pictures.” -

R NP
@ [~

> g e
There are many areas opened fér research and we

3

can point to ‘a few emerging *from this thesis®

- A 8 5% N ¢ - v il 'O
First the.specific factor of’production model

o o

could be extended to the case ‘where we have many“doods o
/and many common factors. One interesting model to

analyze would be® the case where eacﬂ\good has.@.speclfic .
. £Stor and there are n. common factors to the n goods.

]

It could well be that this model isanot that much diffe-

Cn

rent from the n by n case.




g
\ In chdpter III we stated that the absence of
° transportation costs was one of the simplifying assump-

tei%ns made in order to arrivg at the basic feature of
the economic system. It should be worthwhile to relax ,
o“the.r sj:mplifyinq assumptions one by one.or in groups. -
Much réseafch has been done'in‘that area, _btit tbere'

are °stil]-.. many unexplored issues leaving many possibi-

° #1lities for further research.

~

° ¢ ©

€
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