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ABSTRACT . _ , ' \

- -

—— “This dissertation is. concerned with the economic

< f,—:é—--:problem experienced by countries who export products produced
from non 'abpmpriatéfi natural resom'te'stocks. ~ The problem
- generated is that today's decisions in regard to consumption”
: ‘and export of natural reséufce Intensive products will be
/based upon a myopic view of the 'future avai&amhty of the
~ ' resource stock, thus producing the result that future generations
/ . | may be deprived of the basis of the comparative advantage. ‘
K The myopic conpet';tive economy, accepting at each point in
S s " . time the availsble rescurce base as a parameter, will grope

towards a steady state equilibrium by a.series of static
“

optimizations. Hwever the soc’i/ally optiml route to steady

f statg_jgﬁﬁbrfmﬂmst include the fact Qt for society-as

—~—“"a whole tfxe resource base is changing ove

.-

ime. 8

Bl

A relatively simple two sector mdel of trade is
: e;tployed. The export good is a resource product commodity ©
p:od:!ced by combining a variable factor with the existing
resource base, while the jmport competing good is produced
by using the variable factor alo_ne;' It is assumed that the .

iii ' : >




variableefactor is inelastically supplied, and that the temms
of trade vary in a raixge-such that the trade’ pattern does nof
change. g

With this model, the socially optimal path is found
by using variational methods to maximize a measure of social '
welfare subject to an equation showing how the resource base
dmanges'over time, and constraints obtained from the productian
and excess demand functi‘ons It is demonstrated that the -
optmal steady state ethbnun is obtamed by correctly .
assxgmng an initial social price for use of the resource
mass, -provided certain sufficient conditions are satisfied. A
The competitive eEonomy, neglecting the effects its consumption
and export of &source product have on the future size of
the Tesource base, is shown to have an intertemporal path
and steady state equilibrium which is not soc1a11;' correct

-The two intertemporal paths are 111ustrated geometrically

in output spdce.

In comparing the two paths and associated steady
state equilibriums, it is seen_ that the Competitive economy
overproduces the export good and uilerproduces the import
campeting product. It is, however, also possible that the

‘market economy produces too little of both commodities, i.e.,
by allocating factors of production along the optimal 'mter-’

temporal path, more of both goods can be obtained .at the steady

’

iv




state equillbrium.
| A Y

1

/It is demonstrated that the joint imposition of a

use)/tax on the resource base and an export tax on exports

of resource product will produce optimality.
. = N -
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A.”  Introduction

Only recently has there been a significant increase in
m\derstand'ing, both by the general pui:»lic and by ‘economic model
builders, of the importance that natW@ral resources have for the
economic welfare of any countwy. This past lack of interest in
the influence that natural resources ca}n have in economic models
is rather surprising considering the fact that natural resources
c:ar{ be viewed as being simply nature's capital as opposed to
man-made capital. A country's stock of natural capital dépends
wpon historical and political variables, but the theory of how
to optimally use the natural-resource input once its size has
been established does.not differ sigﬁiﬁcantly from the modern
economic theory employed in analyzing man-made capital. Thus,
we may speak of the act of investment in natural resources when
present consumption of the resource is postponéd in,favor of
higher futare consr.'mption, just asswe speak of investment in

-made capital when present consumption is less. than currently
produced output.

One of tlfe/mst important aspects in the theory of ¢

natural resources, is the tremendous export pogential of the




resource products produced from the existing raw natural resource

base. It is reportedl that between 1928 and 1955 crude petroleum

. exports alone accounted for over one half of the increase in

exports from all non industrial countries. The -importance of

certain mineral product exports for countries or régions within

; s should be obvious. For replenishable natural resocurces 3

exports o the resource products produced from forest stands

and fish populations are inpbrtant elements in the balance of

payments of ma'ny cov.mt‘%ies.2

Howefer, those countries whose export paft,ern is dominated'

2

by products relatively_intensive in the use of some domestic

'natural rgsoufce are becoming increasingly more concerned over

3

the volume and terms of such exports.” It seems that the concern

is due to the fear that“ today's decisions in regard t;) consumption
and export of natural resource intensive products are Eased_

upon a myopic view of the future availability of the resource
stock. ‘ Thus, the present generation ‘will make dec151N on

S - consunptmn and export, volume‘s which may deprive future generauogs

el - )

1 g, T)Moore(lgv’l p. 221).
2 3. Crutchfield ( 1963, p. 208) reports that the export of Aél‘
products is an mportant source of forelgn exehange for -

Norway, Iceland and Peru. y

: 5 A scott € 1973, p. 259) givés a summary of how this concern
- ¥ has been expressed in,(Canada in regard to_forkst product exports.
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of .the basis of the compagative advantage. -This éissertation
g.tterq:;ts to captlire this fact by making the assumption that at
every point in time the résourge,exporéing country is so myopic
™ regard to the future, availabilitv of the reésource base’ that™
it always accepts the available stock as a parameter, neglectlng
t;‘calculate the naty)al growth in the rescurce stock, or to
subtract its own use of the resource in determining the stock
;railable in the next period. Such an extreme situation would
arise if the resource were only available in a non appropriated
6r common property format, and. to a less extreme extent if the
capital markets worked imper{eﬁtly (say) dﬁe to the extremely
long nature of the investment period. This dissertationMkes
the first assumption that pr&%erty rigﬁﬁs to thé resource cannot
be "allocated due to the . physikcal problem -in defin;ﬂg rights,
as in the oceéh_fisherzés problem, or due to the political
problem of enforcing the boundaries once defined. <
Expressed in :ers of capital theory terminology, the
problem is that due to the- cgmnnﬂproperty nature of the resource
the capital markets do not signal information back to- curreny,
decision makers on the effects of investment or disinvestment
taking place m the resource stock. For the case of replenish@le

natural resources, harvesting less than the natural growth rate

can be said to produce positive 1_nvestment, i.e., the resource




stock will be larger m. the next peried. Similarlyy harvesting
- at a rate faster than the rai;e at which the ‘resource is capable

-, - of regenerating itself produces positive disinvestment in the

resource base. Viewed in this fashion a non replenishable’

BT, resource is merely a Specza.l case of a replenishable one for
which harvesting alwws implies disinvestment. Correspondingly,
the class of natural resource stocks considered will be the
more general replenishable cnes. Examples of the consumpticn
goods proéuced are va‘i ocean products such as processed
fish’, lobsters or shnm seal fur and whale dertvatwes plu.?a
‘the output from forest stands \guch as timber, ashes,” pulp,

\/ paper ofF cellulose. - ‘ - C
'me dlssertatmn employs vanatmnal methdc& to d&mon- .
strate th,at a resource product exporting country myoplcally '
groping toward a steady state equ111brm by means of a series
of static optimizations will produce.sn intertemporal path ’
- which is not the soci{allyv correct cne. s Specifically, e |
be shown that¥h system of decentralized mrkets which produce .
g myopic view of the future availability of the resouree stock, .
. will in steady state equ111bnun yka«fd one of- two possiple °
¥ outcomes. The first“is that the equilibrium may occur at a R

production point at which too mxh fesource product

-

stati




- The second possible situation is the interesting case in which

too little of both cammodities is being produced, i.e., by allo-
: e cating factors of production along the optimal intertemporal
’ path, more of both goods are'potentially ayailable at the steady
state equilibrium. Finally, the poli¥ tools which will force
t the myopic society to behave in socially optimal way are derived
and dlscussed A
. In regard to the open economy nature of the problem,
it is assumed that for dl11 terms of trade the tradmg pattern
. is such that t.he country possessing the rsw natural resource
. exports res&urce product in exchange for imported manufactured
goods for the fest of the world The reason for this ﬁattem
"of trade is assumed to be the st\mdard Heckscher (hlm one of
differences in the relatwe factor endommts between the
home ‘and foreign countries. 'nms, the technology of production, - '
- to be disﬁsed later in t}us , Chapter, and the taste pattern .
are the s between the home country and the foreign country , .
so that the ‘home country's comparativg. advantage in re_source
product prbductim comes about solely beqaus.; of its relatively
greater abundance of resource mss.. "This comparative,advantage
in resource product production is assumed to remain unchanged
| over all time periods. Also, by assumption, trade with the.
* outside worldl is.strictly balanced at all time periods, thus I




there will be no intemational capital flows. Finally, it is.

C

b

assumed that there are no factor movements between countries
. . . .0,
no transportation costs either in obtaining the natural

resource product, or in moving it or the imported good to

final consumption, and no specialization in production.

B, Specifications of the Economic and Biological Systems

We assume that the behavior of the replenishable .
natural resource in the absence of exploitation can be summarized

by the differential e-quation"'
[ ]

(1-1) . X = N(X)

where X is the aggregate mass of the raw natural resource
measured in the same units as the produced resource Jproduct
output. Thus, for example, X is me uredc in terms of pounds

of fish products or board -feet of sawn tinber: T‘i\e ﬁarticular :
function N which is relevant depends, of course, upon the
individual resource and the natural enviromment in which the

resource mass grows. However, for the two cases of fish

populations and timber stands, the differential equation (1-1)

y

4 For the justification, see G.K. Goundry (1960, p.440),
" V.L. Smith (1968, p. 410 and J.P. Quirk and V.L. Smith
(1969, p. 4).




& -

" 1s assumed continuous with contimuous first and second derivatives
with the following prcrperties5 for X £ 0
1) two zero points X and X such thatN(X) = N(X) = 0
2) a maximizer ;( Where_N‘(i) =0 '
3) strict concavity for all X, i.e., N (X) < 0 .
The graph of Equation (1-1) is given in Figure 1 .
which shows that the resource left in its natural stéte will
continue to grow until\ the equilibrium resource mass X isq6 -
reached. The ofher zero growth mass given by X is the point
at which the population is too small to engage in growthy and
thus will become ex.tinct as time passgs. This lower mass
point X has been set at X,= 0 to preserve the strict concavity
of the unexploited growth fumction. Finally, the mass X is o
. the point of largest net’ growth in the resource. This mass is
-called the' maximm sustained yield, because it defines the
maximun sustainable harvest or cut which can take place.

Into the model depicting this hatural resource emviron- .
ment, we may now inygoduce the functions suunnnng the economic
system. It is assumed that ¥he home country is engaged. in the
pwpduction 9f t;xly two cwmditi;s. The output from sector one
is the resqurcé product, and the output from sector two is 8
manufactured good. The total industry ocutput for sectors one
and two is the smofmtput;fmindiyida.xalfimwit@in

¢

s

> V. L. Smith (1968, p. 410).° .

-

*
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each of the sectors. Here it is assumed that-there are n,
identical firms in theé resource product industry, and.n2
identical fimms in the manufactured good industry. Thus,
industry output for the resource product sector is given by
UNER where Yq is the output of resource pyoduct from one of

the identical firms. Each of these firms has a production ‘

technology given by G(+}, so that ‘ -

L

(-2 y, =6, X L £

) . c '
y_lhe.re 1, is the af\ount'of labor used per fimm, and X 15 the -
‘existing stock of natural resqurce mass. The variable cg(lled
labor may more correctly be thought of as labor combined with
a fixed and non shiftable amount of physical éapit’al. Reflect-
_ing the definitioxf of'?('m\an aggregate mass of the raw naturai
resource, it is assuned that all individual units within this
mass have homogenous physical properties, as do all units of 1.
For convenience, the industry output nlyl'yill be denoted by
t}}e upper case letter Yo ané total industry labor input by
the upper case L,. Since all fims in this sector 'havé

identital technology G(*), the industry production fumction
will be simply o

(1-3) Yl'- G(Ll’ )()

The output Yo obtained from one of the n, identical

fimms in sector two, is produced by a production technology

~

N




10

F(:) so that '
(1'4) YZ = F(lz)

where 1., thought of as labor combined with a fixed amount of

physical capital, is the variable input employed per firmm.
Again, since each of the n, firms: in this sector has the
identi;:al broduction technology F(-), the industyy production
function will be given by -~

(1-5) Y, = F(LZ)

where the upper case Mhters Y, and L, denote industry output
and indlxs;ry labor use respectively. The total economy labor ,
supply is assumed to be fixed throughout the analysis. Thus,

(1-6) | Ly + L, | o : -

The following conditions are assumed about the |

'

* . pr&duction technologies:
J N Y btt.hGandFaretwicediffemtiableandhave_

L d

cont inuous second derivatives: The primé (*) notation will be

v used to denote d1fferentlat1m when the: function contains only

one argment For. functmns with more than one vanable, b

a mnbencal subscript. mll denote parnal differentiation

with respect to the torrespondingly mnbered argment .
2) t.he marginal products of labor in the two sectors,




’

~

both a mamuf’ahtured good and the resource product, the home

11

. o

written G, and F', and the marginal product of the resource

stock in the resource product sector, written GZ’ are all
positive.. 'I‘t:e assumption that G2 > 0 reflects the contact
technologyé nature of the production functions (1-2) and

(1-3). Thus, as the raw resource stock increases in size,

the harvest or cut increases due to tge fac; that the resource

-

input is more readily available. . )

v 3) the marginal products of both labor and resource
stock dmumsh Thus F '611 and. GZZ are all negative.

4) for both sectors, a gefo input of either factor

gives zero output. 'Thus G(0,X) = G(L;,0) = 0, and F(0) = 0

-

In addition to being able to produce domestically.

country may engage in trade with the rest of the world. As
mentloned earlier, it iscassumed that the exchange takes place at
a world price ratio within a range such that the home country
always’ emprts the natural resource prodict and always imports
the manufactured good. ﬁe supglyl' and demand relationships for

the rest of the world can be summarized by the offer curve

v, "x“ ’
(1-7) Z2 = 0(Z,)

& ;

6

This term is due to J.P. Quirk and V.L. Smith (1969, p.3)

-







-~

|

where Z2 is a physical quantity of the manufactured good
exported by the rest of the world and imported by the home

. " country, while Z, is the physical quantity of resource proc.luct
exported by the home country to the rest of the world. It |

is this ability to tramsform the raw resource stock not only
- into resource product for domesnc consumption, but also into
domestic cmswptlcm of the mmfactured good by trade with the

rest of the world that is of major concern to this dissertation.

¢  The offer curve (1-7) illustrated in Figure 2. is

-
assuméd continuous with continuous first and®second derivatives

and with ghe following properties:
1) e(0) =0
2) 9'(21) >0

3 e"(Zy) « 0

»

' v ° With this’shape, the rest of the world offer curve is of
greatef than wnitary elasticity throughout its range. Since
it is well known that a less than unit €lastic offer qurve
implies that the country's export good is Giffen, the curve as
drawn rules out this possibility. g

The equilibrium international terms of trade is
determined where the hofe coumtry's offer curve intersects

this foreign offer curve. With this realized, it becomes clear

/o - ‘




that the export supply of resource product in the home country -
is sufficient in size to have some influence over the determin-
ation of thelwo;id price ratio. A special case of.this sit-
uation which will be used in later chapters of this dissert-
ation, is the small country assumption. Thus, assumption

‘t)hree above becomes O"(Zl) = 6,‘ so that regardless of the

home country's export decision, the world terms of trade do

not change.

b

W Interaction between the ecomomic system given by
equations (1-2) through (1-6), and the biological system
‘given by ‘(1-1) is provided by ‘

(1-8) X =N - G(L,,X)

. S
Thus, in any time period, the ecomomic system produces a flow

of resource product from the e)usé\hg stock of resource mass
X. This harvest or cut of resource product, is measured in
the same aggregate biological mass umits as the resource stock
X, and hence, can be subtracted from the unexploited growth
.function N(X) just like the extraction of any other predator
such as fire or disease. The result is tfat the net growth
rate of the resource mass when the extraction of man is taken
mto account is given by equation (1 8). Since the raw re.source

is measured in terms of homgeneous biological mass units, no

attention will be paid to the possibilities of selective

N




harvesting, or to possible interactions between harvesting
and the gross growth of the resource. A stationary equil-
ibrium between the resource mass and the economic system

clearly aycurs when the extraction by man for the purposes of

domestic con_sdnption or international trade is just balanced

' C e :
- by the'gross growth of the resource stock, so that there
= occurs no net change in X. - =
.
o
C. Relevgnt Literature
The essential geal of this dissertation is to
y provide for a resource prBduct exporting country a com;‘)ézrison
between the interteni’ﬁorél paths to stationary equilibrium
) - 3
produced by a market economy, composed of profit maximizing
firmms and utility maximiziﬁg households, and the optimal ‘ ’
situation produced by a coqtrolled'economy‘ As such, it )
builds upon closed economy work by.J.P. Quirk and V.L. Smith7,
' C.G. Plourde®, and y(L. smith®. . |
The models by Quirk and Smith, and Plourde are
— 7 J.P. Quirk and V.L. Smith (1969, p. 1-15) .
3. .. Prourde (197D) N
9 ~.

V.L. Smith (forthcoming)




concerned with optimall exploitation through time of a replen-
ishable natural respurce in the context of a closed general
equilibrium model. Together, they form the underlying basis
for't.he material in Chapter I1I. While there are important
differences in technique between the two models, both employ

~ the Pontryagin Meximum Principlé to maucj.mizelo
, -
(1-9) . [ [U(Cy, + V(CTe °F at
subject to the condition L -
(1-10) X = N(X) - 6LLy ). -
and the constraints
>
S (1-11) G(Ly;,X) - ¢ =0
(1-12)  E(L,) - C, 20 L
(1'13) Ll + LZ = L_ .
- ‘ ’
where all variables are-ih the notation of this dissertation. .

- In a~ttenpt'mg %o analyze the convergence of the |,
system towards steady state equilibf.im, both models aré h
hindered by ambiguity in determining stability properties
of equilibria.” In the Quirk and Smith model, stability is

< -

10 mis is the Plourde fornulation of the objeEtive function.
Quirk and Smith do not employ separable utility.

Y

16




3

X

L 4

t

S -
shown to depend upon | whether or not the resource product good
is mfenor with respect to increases in the resource s '
- ~
whether the marginal product of labor incréases with the stock

Jof raw hatm‘il resourcd, and the relationship between the

17

marginal product of the resource mass and the percentage natural ., )

.

growth in the resource stbc_k.lll Plourde overcomes a similar
difficulty by restricting the analysis in three ways. ‘First, <
conly resource good production ftmgtions' which are Cobb-Douglas
and homogeﬁous to a degr'ee less than unity are considered. |
Second, it .is ‘assumed that the marginal pro'duct of labor increases
x;rith the stock of natural resource. Finally, an assumption
concerriing the elasticity of marginal utility for the resource
product gdod is made to produce the tesult that more labor

TN
4 s allocated to the resource pro&uéte sector as the stock of

W,
raw resource increases. 12 This mphes that it is efficient
in terms of proéq.xctlon ancL social consumption te produce less .

_of the cenmbdity from. the seé:ond Sector wh;en resource s|tocks

_are increasing. Clearly, more resourc'.e productl: will then be
—prodm:ed due to the larger labor input associated with the

‘increased resource stock.

The Plourde model is more. detailed in analyzing

N\

p—— {

Al

11 J.P. Quirk andyV. L. Smith (1969, p. 12).

12 In his unpublished dissertation, Plourde [1970 (a)] also
. considers the case where less labor is used in the resource
. product sector as the resource stock increases. -

H




— location of the ‘equilibrium in terms of the gross resource

-~

' and discussing the stabidity of the steady state equilibrium ¥

’ . . . ~Q o
in this dissertationa . -

. ) -

- oA ’ b/

»

produced, and its location in terms of the sPe of the stationary .
equiiibr{m resource stock. He _shém's that if an equilibrium

exists it will be either saddle point stable or unstabie. <
Hence, for the case of-slacddlg poiqt stabilﬁy, optimal controls

can be feund to place the syst\enH)n the optimal path. The

growth function is shown Yo be \{ndeterminate without some

restrictions the socit discount: rate, productlon ut111ty

and resource | funcfions.- With this result, the non< .

optimality 6‘f~ sustained yield programs becomes obvisus.
. ) . , \

_The Quir}k and Smith model gbes further by considering
the problem, specific to fish’ res&n:oes of interdependence
between the growth rates of various species -of fish. Also,
-they melude a brief apalys the case where capital stock, N
as well as the naen’\‘al{s\w::f stock, ,enters as a state X
-var;able in .the modelr None of thete pra;}_e\ms will Be condidered

¢
’

" ~.A forthcoming paper by V. L. €mith provides-a mathenatical -
.derivation of a pmducnon transformtim curve smnlar toﬂxe\
one denved in Sec;:.on Al oﬁ»the next Chapter. . 'l‘lus dissertation
ases this mrve ; as\a locus of stanomry equilibrium points towards N
whlch Jhe market economy will gravitate in the long un. Smith '

contl?mes by denv:.ng a sthtic productxcn tax on resource -

'
. N ] . N ' .
' ) . . . /
M -
. f
.

s




. product which will force the market econcmy to behave in a’
. socially’optimal fashion, once it has reached stationary equilibrium.
Thus, it 1s ex;tirely concerned with the question of ﬂow to
keep the closed economy at an optimum once it has arrived
(there, and not with the problems involved in gettir'tg'it to

' the optimm. )
g

Y
1 N .
N .
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) , CHAPTER 11 - :

A. Derivation of the Transformation Curves

1. The Long Run

The long n;n will be défined as the pe\ri'od of time &
sufficiently lon'{simh that positive inve-sment,or disinvest-
ment doés not take place in the resource sto;k.' Thus, the
long run transformation curve is the locus of points in output

space at vhich a stationary equilibrium occurs, and'is defined

. by equations (1-3), (1-5), (1-6) and (1-8), with (1-8) set

equal to zero. Thé long-run transformation curve reglting

from these equations is given by Figure 3.

In order io_ gain an intuitive understanding of th
properties of this transformation curve, consider the following
geometric der_i\‘raticm.1 Onto Figure 1 given in Section A of
Chapter I, it is po—ss‘ible to plot the total product curve
for production function (1-3), ‘givenuvaricm.s values of the
labor input.L,s The point at which the total product. curve
intersects the mexplmted growth function R(X) defines a
resource product output lewl w)uch is exactly equal to the gross

.
Y

1. As mentioned in Chapter 1, a“similar curve, called the bio-

nomic equilibrium transformation curve, has been derived
.mathematically by V.L. Smith (forthcaning) . « He does not,
howéver, view it as a locus of stationary equilibriim pomts \
towards which the economy will gravitate, but as a socially -
correct transformationr curve in a static analysis.

-
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FIGURE 4
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~ growth in the resource stock, thus leaving a stationary resource

stock. For the unexploited resource stock growing at its
maximmm rate, -a labor input £'1 may be found such that the
Tesource p;'oduct produced matches exactly the growth in the
resource, so that a stationary resource mass exists at :(

This situation is shcmi:in Figure 4. At arny point on this total
Tesource product curve GC'I.1 X) above the intersection point
with N(X), the produced resource product exceeds the growth

in the resource stock giving positive net disinvestment (X < 0)
in natt'n’e's cagital and‘thus, a shrinking resource stock. By
similar analysis, amy point on the resource product curve

below the intersection point shows positivé net investment

(X > 0) and ?yl.s, a growing resource stock. As\mentloned
earlier, this mtersectmn point is the maximum sustained -

yield which has been much discussed in the fishing and forestry
literature. With this known value of £1, it is possible to
find L2 by (1-6) and thus, to determine ‘unique v-alues for both
Y, and Y,. This point is shown as Q, in Figure 3. If for the
Y, output level given by this point Q;, the Y ou‘tput level is
above that specified by Ql’ i.e., we are on the total resource
product curve G(f,l,)() above the intersection point 'in Figuré 4,
there occurs positive disinvestment in the resource stock.

For Yl output below .that specified by Ql’ there exists positive

net investment. These results are also shown in Figure 3.
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If any other gross resource growth rate is chosen,
there is no longer a'unique resource mass at which a stationary
equilibriun_l between the economic ‘system and the biological
system occurs. Thus, it is possible to obtain a stationary
equilibrium by increasing L1 from Il:l or by decreasing it. Two
possible points of resource mass equilibrium are then obtained,
1 and a lower equilibrium resource .
stock than the second. By definition of a stationary equil-

the first having more L

ibrium, and since the gross resource growth rate is the same, ‘
both equilibriums have the same Yl output. level, lower than the
one which generated point Q in Figure 3. The result is that

for this lower Y1 value, points Q2 a’nd 93 ax"e obta’ined in Figure 3.

Point Q3 shows more Y2 output than point QZ’ hence it
mist correspond to the stationary mass equilibrium point gen-
erated by the total resource product curve which uses the labor
ifiput il in Figure 4, Since.i.,:l is less than {‘1’ and since
by (1-6) total labor supply is assumed to be fixed, the
resul.ting‘ larger available labor input in the manufactured
good indts'cry".produces a 'Y, output grea'ter than that obtained
at Ql' Point Q2 is obviously generated b).' a total rfsource
product curve which uses a labor input in exces$’ of L,, thus

leaving by (1-6) a lower available labor input for the man-

ufactured good industry, and consequently , a 1owe'r.Y2 ocutput




level. Again, any point on either of these tgtal resource
product curves above its intersection poin; with N¢X) implies

\ < 0, and any point below the i;ltetsection point }lrplies X > 0.
This net investment or disinvestment information is summarized

on Figure 3 for the fixed Yz output levels around points Q2 and
Q. Finally, since point Qs is generated by a total resource
product curve using fixed labor input il less than f‘l’ it
corresponds to a stationary equilibrium which occurs on the N' < 0
side of the unexploited growth function. Obviously, point Q2
corresponds “te a stationary mass equilibrium which occurs with

N' > 0.

The process can be repeated for successively lower gross
resource g{‘owth rates, thus producing for eac}'x Y1 level, two
points on the transformation curve which diverge further and
further from each other due to the fact that the stationary
mass equilibriums are obtained by constantly increasing and
decreasing the labor input from its previous level. For Yl :
1‘evels on ﬂ;e newly generated total resource product curvés
above and below the intersection points, the motion of the
resource stqck is similar to tl‘u;t obtained at points Q. QZ’

Q;- These results follow so long as the slope of the total

Tesource product’ curve (GZ) exceeds the slope of the unexploited’

\




A

resource growth function (N') at points of stationary equi'l-

oy 2
ibrium. : . N

If, es lower and lower gross resource growth points
are chosen in Figure 4, tﬁe stationary mass equilibriums occur
with G2 less than 1;1', there results a change in thé shape
of the long run transformation curve. Now, for any gross
resource growth rate, the two p%ssible stationary equilibrium
points will both be found on Tesource product curves obtained
by 1oweriﬁg the L1 input from its previous value. Thus, by
(1-6), this leaves a higher labor supply input available to
the manufactured good industry and hence, levels of Y, which
both increase over their previous values. This is illustrated
in 'Fi'gmte 3 by the fact that poim‘.'Q.] is above Qg, and point Qg
is above Q4. Finally; point Q7 shows a larger Yz output than Qﬁ,
therefore it must be geneiiated by the total resource product
curve which uses the lower labor input value. Hence, point Q7
corresponds to a stationary equilibrium which occurs on the N' < 0
‘ side of the unexploited growth function. Point Q6 is generated by
the total résource product curve with t.l:el_larger fixed lgbor input,

-

2. In Smith"s mathematical model, these are called respectlvely,

the marginal technological prod\Jctiv:lty‘ and the mrgmal
biologlical productivity of the resource stock. See Smith
(forthcoming) . _ «

-
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- thus giving intersection with N(X) on the N' > 0 side.

If the stationary mass eqﬁilibriums continue to be

generated by total resource product curves for which G, is less

than N' at the mtersectlon point, the above analysis contmues
until the last possible gross growth rate is chosen. Now, for
zero growth rate, the stationary mass equilibriums will occur
at X and X, and will obviously be produced by a total resource
préd'uct curve which has zero labor input. Thus, by (1-6),‘ al\l
available labor goes into -YZ productior, generating point Q8
in Figure 3." Point Q 4 is clear}y the dividing point between
stationary mass points- which occur with G2;> N', i_.e.,. distance -
Q8Q1Q4, and points which occur with G <N', i.e. Q8Q6Q4’ The
motion of the resource mass around thls point Q4 is derived

P

in the same fashion as the other pomts

The motion of the resource mass for stationary mass
pomts on the distance Q8Q6Q4 can be derived in the same way
as for t}tose points on the dlstance Q8Q1Q4. As, bﬁore for
each of the stationary equilibrium points in this distahce,
consider the resource pro&uct curve which generated the:
equilibrium. Now, with G less than N' at the equilibritnn
point, Y values on the product curve greater than the equil-
ibrium value have positive mvestment in the resource stock.

For Y1 values less, i.e., below the intersection point with

~
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N(X), there occurs positive disinvestment eind hence, a con-

tracting resource stock. This information is summarized for

disequilibrium Y, values around points Qg and Q, in Figure 3.
All points in the commodity space can be classified

as' to whe\ti'ner they have an increasing, reasing or stationary

resource mass. It is seen for any give YZ output level, that

all points in the interior of set bounded by -the long run

transformation curve QBQlQéds show an increasing resource

mass stock. Any point on the exterior of the set show a de-

creasing mass Thus, it appeaws that stationary resource

mass poiniﬁs along the distance Q8Q6Q4 are unstable while

those along the distance Q8Q1Q4 are stable.
{

The long run transformation locus need not look

28

exactly as portrayed in Figure 3, if statiom@Yy equilibria
occurred with alternating values of GZ-N' as lowér and lower
gross growth rates are chosen. This is possible on thé’l\' >0
side of the unexploited growth function, if multiple equilibria
occur be'tween G(Ll, X) and N(X). The result would be that

the long run transformation curve will have several positive
and negative s.lopes ‘along the distance QQ,Qg until point Qg °
is reached. -Also, if all stationa;ry resource mass equilibriums
occur with G, > N', points ;n the transformation curve will
constantly diverge further apd further from each other as

lower Y1 values are chosen. In the resulting transformation

-~

T
7



by

curve, the distance Q8Q6Q4‘would have a positive slope just
o like the distance Q1Q4.3 Clearly, if all stationary eduilibria
on the N' > 0 side of N(X) gccur with G, < N', distance

Qle will have a negative slope just like the distance Q8Q6Q4‘

-Finally, the distance Q1Q4 may touch the {1 axis and "crawl"
along it as lower and lower gross: gro%th rates are chosen until
point Qq 1s reached, if the total resource'product curves which .
gener?te these equilibria use all the available labor supplv.

. ‘These are, however, merely special cases of the transformation

—

curve drawn in Figure 3. -

-~

a2
It is possible to summarize the infdrmation contained
- A
in the long run transformation curve.agffdilows: .

~

b

1) by definition of the long rum, eaéh point on the -
curve represents an output combination at which a stationary

resource mass is obtained.
2% the output combinations which occur on the distance
QgQQ; are stationary equilibria from the ' < 0 side of the
unexploited growth function. Point Q, corresponds to N' = 0. >
Sl/véutput combinations which oézur on the distance
ngdgfkgge stationary equilibria frgm the N' > 0 side of N(X)y

-

3+ Without deriving the transformation curve, Scott and
Southey portray the curve with this shape. .See A, Scott

and C. Southey. (1969, p. 58). o ' n

-




4) the marginal technological productivity (G,)
exceeds the marginal biological productivity (N') of- the
resource stock at staticnhary equilibria for all output
combinations on the distance QSQle. For distance Q8Q6Q4’ )
equilibrium resource stock values are obtained with G, < N':

Point Q4 occurs when G, = N'.

A

9

The Short Run - . .,l_,'ts

For each of the short run-periods which make up t}:e
long r-u:i, there exists a certain stock vélue of the raw natural
resource. Thus, the transformation curve between the two
outputs Y, and Y, is based upon'equations (1-3), (1-5) and
© (1-6), where (1-8) has been dropped due to the definition

of the short run. The resulting turve is the standard concave

to the origin one of economic theory, drawnfflos a fixed and >

given value of the resource mass.in Figuge 5 as 'I'I‘.4

A question of considerable irrportance' faor latter
analysis is the comparative static result showing the effect

) ' hd - 3 .- -
on tpe short run transformation curve of an increase in the

Q

stock of the resgurce mass. Thus, from thé equations determining

N\

4. Appendix 1 gives a geometric derivation o¥ this tra.n;fT)_

formation curve. .
: _\ ‘ ! ) &
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(2-2) oY

4

TT, a§1 increase in X for a fixed level of Y,;Qtput prodnces.

the- result. >

‘ )
(2-1) dY{{ - .
" I JY, const g . S
With.:Yz output fixed, it follows from thg labor constraint
eceatl.on (1:6) that L, must also remain fixed. Thus the
result (2-1) becomes
' ®
le = G )

x YZ const 2

[

. ’
which mist be ‘positive.6 This informatign is diagrammed %in

Figure 5 as the transformation curve TT' which shows that for

each Y, outpui level, production of Y, increases when the X

stock is inereased.

» »

The rrcuarginal rate of transformation for any one of . -
. %

these short run transformation curves may easily be found by '

totally differéntiating (1-3) ,'N(l-S) and (1-6) to produce
the result '

I -F' _‘ ~
R

2 »
dy,

&

This result is also ¢btained by V.L. Smith (forthcoming).

A4

Appendix 1 shows the geometry of this result.

L
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B. Discussion

The interseé’tion of the H&ne contry's offer curve with
the foreign country offer curve produces the equilibrium international
price 8, where 8 is the relative price of resource product in ‘
terms of the manufactured good. As discussed earlier, the price
is such that the hame country exports resource product in exchange
for an imported manufactured good. With this information on
the initial relative p;ice of the resource product, and given

the initial raw resource stock, a unique short run production

point such as point Kl.inl Figure 6 is obtai7}.’2

\

It is k!mn from the derwatmn and discussion of -
the long run " transformgtion curve that ~all points in commodi ty

space can be classified as to whether othey havé an 10;1creasmg,

_decreasing or a stationary-.resource mass. Thus, for the pfoduc-

tion point K, in Figure 6, there occurs p'ositive investment

in the resource stock, because at this Y output level the

(389

Y1 producnon is less than the gross resource growth rate.

The resmglt is that in tite next period there exists an Aincreased

available resource stoclt, m which resource product can

be produced. By the result {2-1), the increased resource

stock yields: for this Yé output, a larger a;nmmt of resource A
. A

.

]

See Footnote 1 in Chapter 3 and Appendix 4 for a discussion of
the problem$ involved with the tangency between the price line
and the transformation curve

»f )

7
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FIGURE 6 ,
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product K

1

Now for the special case of a linear forejgn offer
curve, the terms of trade 8 remain unchanged rega dless of amy
change in the home country's export decision over timg. This

international price ratio produces the new unique p

curve in the next period.\ Positive investment in the resource’
stock will continue in this mr until the stable stationary
resource n;ass point K3 is reached at terms of trade 8. Since
the long nm is simply a series.of comparative static positions,
the .market ecanomy on the basis of ‘sémentum generated b?/\
_short run investment or disinvestment in the resourte stock
produces a path K;KK; to the 10n§ Tun stationary equilibrium
point. Clearly,‘ different initial resource stock and terms .
_of trade values will produce other routes to stationary
equilibrium. It seems that these different initial ccr;c'litions
will produce stable stationary equilibria which can occur any-
where on the distance QanQ‘;.8 The cmsmptioﬁ points associated

with the short run production points Kl, Kz and K3 aiwe not

8. While it is certainly possible that a stable equyxbrium
occur at the specialization point Q,, correspondirfy to
totdl deplesion (X), or total negléct of the resource
mass (X), this possibility has been ruled out in Chapter 1.
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s-llown to gwid cluttering the diagram. Clearly, each consimption ) -
point will be determined where the prevailing intemational
price ratio is just tangent to the highest commmity indiffer-
ence curve., It is the difference between the consumption bundle

and the production point which determines the size of the ,

. country's exports and imports. -
. - x

.

For the more general case w'ﬁere the home ‘country's
export of resource product has- some. influence’ over the world
price ratio, the series of comparative static production
points is obtained in a similar manner. Now, depending whether
this period's export decision i.s larger or smaller than the
previous period's, the world price ratio 8 will’change on route
to the sta’tionﬁy equilibrium, producing a path different?than
the fixed terms of trade case shown in Figure 6. Regardless
of whether or not the international price ratio is a parameter -
for the home country, the results dre similar in the sense that
given the initial conditions on resource stock and intemational
relative prir;es, the market econamy will generate a path which
must lead to a stable stationary equilibrium. The values of Y,
and Y, at this stafimary point are the outputs produced in
long nm equilibrium. '

-
-

A question of central importance to the dissertation is

whether or not this path generated by the uncontrolled market

<
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process is socially optiﬁal. To investigate ‘the probleln'?

the next Chapter will present the oftimal version of the model,
where it is assumed that allocation of the variable factor

of production between the two industries, output ansl exports

of résource prodpct are directly and with certainty _com:rolled‘

by a central planning authority.

37




CHAPTER "T1I |
It was seen by the &i‘s.cmsion surrounding Figure 6

in the last Chapter, tha‘t given the initial size of the resource
stock and the international terms of E-rade, the market economy
will produce a path which culminates in a stationary equilibrium
resource stock. The questions raised at thés Juncture were

the si_ze of the stationary resource stock, i.e., the position of
the stationary equilibriun_on the long run transformation
curve, and the social optimality of”the market path produced.

To investigate these questions, this Chapter will present an
intertemporal general equilibrium model of the verbal and
geometric discussion contained in Chapter II, Section A, by
employing the Pontryagin Maximm Principle, will provide bath

a description of the socially optimal path to stationary
"equilibrium, and a discussion of the optimal steady state

size of the resource stock. Sectipn B will compare the results
obtained in Secti‘onﬁA for the socially optimal version of the
model to the results which are derived for an uncontroiled
economy composed of profit maximizing firms and Autiiity,max-
imizing households. Finally, this Section will inves;:igate.

the policies which are available to create comditions such

that the mrkét economy obtains the same dynamic equilibrium

path as the socially optimal version.
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In regard to the question of the location of the

e

steady state equilibrium, it will be seen by=analyzing the

sufficient conditions for stability that the equilibrium

may occur anywhere on the unexploited -resource function.

The intertemporal path to stationary pquilibrim :

. produced by the market economy will be shown to be non optimal
for two reasons. The first is the production externality in
the market solution caused by the commen property nature of
the ra;' resource stock. This produces a domestic distortion
such that the; relative price of the resource 'pro&ict‘facing
consumers is not equal to the domestic marginal rate of trans-
fornation. In addition to this domestic distortion, there

is also a foreign distortion due to the fact that the country
possesses monopoly power to influence the international price of
resource product. Thus, the marginal rate of transformation.
through trade will not be equal to the domestic marginal rate
of substitution, due to the fact that the individual exporting
units trade on the basis of the average not marginal terms. of
trade. In the sl.)e'ci‘al case where the home country lacks this
inflience over the determination of the world price ratio due
to its position as a small exporter in a larée world, the
marginal terms of trade will equal the average and this foreign
distortion disappears. In sumary, the country id faced by a

situation where the domestic marginal rate of transformation




N

,

does not equal the domestic marginal rate of substitptiof, )
which in turn does not equal the foreign marginal rate of
transformation. To correct these 'two distortions, the policy

tools of a domestic tax and an export tariff can be applied.

The domestic tax on fimm's use of the raw natural refource
mass will intgmalize the externality caused by the common
property nature of the resource, thus giving equality bétween
the marginal rate of substitution and the domestic marginal
rate of transformation. An export tariff will restrict
production of resource product to the point where the marginal
rate of substitution is equal to the marginal foreign rate
of trans.formation. The si;;e of the required ta;x/tariff
combination to forc';e the market determined intertenpora.I path
toward stationary equilibrium to be identical with the optimm

path will be derived and discussed.

by

From Chapter I, ‘the fUI".ICti.G'IS sumarizing the prod-
uction side of the domestic economy are given by equations
(1-1) through (1-6). In this Chapter, it is necessary to’
assume thaf the pn?mction functions G(-).and F(°) .ar.e bath

b




identically homogeneous to a degree less than unity.1 Trade
with the rest of the world occurs along the foreign offer
curve (1-7), and interaction between the economic and bio-
logical systems is given by (1-8). For both the optimal

and market models to be ilevelcped in this Chapter, the object-
ive is to maximize a welfare function W(Cl, Cz) , where welfare

is defined by the discounted, infinite horizon utility integral
(3-1)  W(C, ) = [ UG + V(Cle Pat

where o is a constant positive social rate of discount employed
to exponentially discount future utility, and C; and C, are
the home count'ry's consumption of sector.one and sector two
goods respectively. ~Following Plourde, the function has been
assumed separable to obtain simplicity in analyzing the

. properties of the model. Finally, it is also assumed that the

integral (3-1) converges, so that evaluation of alternative

1 A sufficient condition required for stability later in this |,

Chapter is that the productiom function G(-) be hamogendous
to a degree less than unity. No conditiong other than homo-
geneity are required for the technology F(°). However,.H

. Herberg and M. C. Kemp (1969, p. 413-414) havemtedthatwhen
returns to scale differ between the two industries, the price .
line will cut the production possibility curve at the equil-
ibrium point. To avoid -the geametric difficulty this’ Crestes, , .
it is assumed that the teclmology F(:) shows the identical ®
degree of decreasing returns to.scale. The assumption is

. entirely one of convenience, as the argument follows for
equilibrium points characterized by non tangency between the
price line and the production possibility curve. Herberg and
Kemp's results are obtained on the basis of production functions
with two arguments, but their proof can be appli.ed to the pro-
duction functions pf this dissertation as shown in Appendix 4. @

¢
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consumption I:Srograms is possible. The instantaneous utility

functions U(Cl) and V(Cz) possess the following properties:

-

1) U'(C) ~=asC +0andV'(C,) ~=as Cy~0.»

1
This assumption serves to keep utility positive.

2) U'(Cl),~V‘(C2) >0
3 UC), W(EC,) < 0 ,
N
}

7 Sifice it has been specified that for all terms of

trade the trading pattern is such that the home country exports

resource product and irrports‘manufactured goods from the rest -

of the world, domestic consumption of resource product is

given by
(3-2) Cl = Yl -2

s

where the '_export of resource product (Zl) is non negative.

Like««;isé, the fact that the home country imports the non’

negative quantity (Z,) of manufactured goods gives the definition

(3-3) C2 = YZ + Z2

~ “A.__The Dynamic General Equilibrium’Model: Optimal Version

1. The Necessary Conditions

..

Faced with the functions summarizing the ecoromic ‘and

bgological systems, plus the function showing how exports are

42
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e
transformed into imports throxigh international trade, the
planner must choose the time path for the control variables
which will maximize social welfare. To be as general as
possible, the production functions (1-3) and (1-5) for the
’two sectors can be thought of as wéak inequalities. Thus,
the amount of re's;mrce product harvested em=ewt is less than
or equal to the amount technically available.’ The same applies

for the manufactured ouip‘ut YZ.

,

I

The controls available ‘to the planning authority for
the task of maximizing social welfare are the output levels

Y1 and Yz, the variable factors of production L1 and Lz, and
21, the amount of Yl production which is exported. From e/
relations (3-2) and (3-3), it is clear that C1 and Cz may be

used as controls instead of Y1 and YZ, where Z1 determines
a unique value of Z2 by relation (1-7).
L)

»

Mathematically, the pmb'I/em_.is to maximize the

=

criterion function
ESVI U/ IRRTON T

subject to the condition !

18 X = N - G(L;,X)

‘ 13
the constraints

>
=

(3-4) 6LyX) - € -2y % 0




(35)  F(Lp - C, * 0(3))

A1-6) L-1,-L,=0

1 2

and the initial condition of the state variable

(3'6) b = Xg

~ -

The constraints (3-4) and (3-5) have been obtained
bv substituting (3-2) into the resource_pfoduct'production
function to yield (3-4), and (3-3) and (17 into the ‘man-
ufadtured good production function, to yipld X3-5).
-. : | .
In this format, the problem can-be solved by application
. of the Pontryagin Maximum Principle.2 vjhis Principle states
~that for choice of instruments C}0t), C3(t), (D), L3(D), Z3(1)
which maximize (3-1), 'suiaject to an initial conditiqn on the.
state variable (3-6). and equatigons (1-8), (3-4), (3-5), and
(1-6) 1listed above, there exists an auxiliary variable P(t) ‘
and Lagrangian multipliets q"l‘(t)', q,(t) and q?;&) suc}; that
the instruments chosen will iﬁstantaneomiy maximize the
current valued Hémil.tonifm' gsubjec1: to the constraints (3-4),

(3-5) and (1-6).. The current valued Hamiltonian is g'i_ven by3
. . .
H =.0(C)) + V(C)) + PINX) - 6(Ly,X)]

I
L .

4
2.

See K.J. Arrow and M. Kurz (1971, p.26-57)

.3+ See K.J. Arrow and M. Kurz (1971, p.47)-
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where the auxiliary variable P mav be interprete(f1 as the

rate at-which the optimal value of the-objective functional

(3-1) changes when there is a small change in the rab resource
TRASS froﬁ its initial value Xo. As s@, P is the shadow
pxlice of ‘the resource stock measured in terms of the presént
value of future utility foregone. It will be remembered that
tﬁé utility derived from X TOMm itH ability to produce
directly theAc.onsunption good T and indirectlv, the corLsunp~
tion good C through trade. w1th the -rest of the world.

} * ~
. To interpret the term P[N(X}_—\'R%,X)] in the Hamilton-
ian function, recall from the discussion o yChapter II that
< ’

positive net investment is lsaid to take place in nature's - .
capital when N(X) - G(L1 , X) >0, apd posi.tive net di's'mvest-; !

ment when N(X) - G(L;X) < 0. Thus, the term P[N(X) - G(L,,X)]

represents the preseﬁt valye of the increased potential to

produce future utility when investment is positive, and is

. the present value of lost future utility when disinvestment in

the resource stock takes place. 'Ihé whole Hamiltonian H is the
present value of total utility, composed of the direct effects

contained in the instantaneous utility functions U and V, plus

2

See M.D. Intriligator (1971, p.382). For a different inter-
pretation of the auxiliary variable as an upper bound on
the average rate of change of the objective functional

when the initial state is allowed to change shght"ly, see
D.W. Peterson .(1973, p. 234 243) .




3

Ny : the positive or negative indirect effects through cha'x{ges in

S S the size of the resource mass, where the resource mass charges

. C : due to investment or disinvestmnt. ‘ s

b} > -

In order to determne the neoessfary cond.ltlons for
mstantaneom maximization of the current value Ham11toman
sd:;ect_gg the -constramts (314), (3-5) and (1-6), form the

Lagrangian expression . - -
.y ;7 . -

Vs , b ' -
- L= H+ q[6(L;3X) - C) = 271 + q,[F(L,) - ¢,y + Bz)) -
\; + qsn:r'- Ll - Lz]
S . e
and set the partlal denvatlwss of the Lag'ranglan with respect)to

".the mstruments equal to zero For an, mtenor solutlo;n,

- ) evaluated at the agtmal values of the 'controls this pgoduces

the necessary ct)nd:ltloms, : o -
~ . ‘ M . ~ ) \ . .

T - X u'tey) = 4

.. .« . ,g ) . N .
(3-8) V'(Cpi=q, | <

. T (39 (@ - PG maF gy - . )

y -

(3100 ap- Lo - . -
’ qZ . - . \ '

where all resulie have been rearranged to enqh:g,ize theitr
<

economic content. : ~

~

\_—\/- .
; . . B
N 1
B
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The Lagrangian nultlphers UL q, and q5 can be
thought of as the change in the Lagranglan function from its

optlmal value with respect to a small relaxation in each of the
:constraints (3-4), (3-5) and (1-6) respectiveiw Thus 9,
N ) and qz are the marginal evaluations or prices placed on outputs
Yl and Yz, wiule the multiplier Qs is the implicit wage or
rental rate for the variable factor of production labor.
Conditions (3-7) and (3-8) state that ihe instantaneous marginal _
utility @er each good should be equated to its price while
(3-9) states that the value of the margmal product in 1ndustry
. two equal the value of the marginal product in mdustry one,
equal the implicit retum' to labor. - Note  that t,hé_ 1np11c1t
price of putput in industry two is (ql - I") thus, we are sub-
_the mputed price of a unit of Yz. .Reﬂec;_lng the fact that ~
we are dealing with a.li-open econom;' which is free to exchange
Yy for YZ‘, equation (3-10) states that the inplicit relative °
o pnce of resource product equals the’ mrglnal rate at which
‘ resource product can be tmxsfomd mto the manufactured good

by means of trak_,wnh the rest of the world ' / ’

)—\
The Maximm Pri ciple for mfmite honzon discounted
e 't' .'j'.‘ 8 gptimi zation problems also ::,tates5 that for the optimal progr&(\

~ -
) Am
L4 ’ v

T " oL ’ . . -
S'/see K.J: Arrow and M. Kurz (1971, p. 48) . -

n e AN :
) _. . - - - . R b / ) M
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o _ \
. ’ \.
s ; ¢ {
C{(t), C’?:(t!, Li(t), L’z‘(t), Z’l‘(t), the auxiliary variable P(t)

will have a continuous time profile given by

(3-11) P

"

oP - 5L
k)¢

- N' - i
Plo - N' + GZ] quZ

x

/
Together, the system of equations (1-8) and (3-7) through
(3-11), plus the initjal .condition (3-6) on the state variable,
form é coupiete dynamic system. 'I'ile problem i's to determine
an initial value for the muiliarly varisble P, which when
o ¢ cofbined with the 1n1t;al ‘value on the state variable, produces

- the result that the time paths of (1-8) and (3-11) convergé

\ . . .-
. ' N . ~

\2. Derivation of Ll = f(X,P) an'daz1 = h(X,P) S

to stationary values.

< The problems in analyzing the steady state properties
of the differential equations (1-8) and (3-11) can be seen by
dybstituting the definition (3-2) into the necessary condition

(3-7) to produce the result
G129 qp = U0 - 2]

for the binding case where Y, = G(L,,X). By a similar sub-
st¥tution of definitipn (3-3) into the néecessary condition (3-8),

o

<
ﬁ‘ 1 N O . ’

I D o R
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the result
is obtained, again for the case where Y2 = F(Lz).

Swbstituting these results into the differential

-

equations (3-11) and (1-8),.it is obvious that we have a

‘ system of two differential equations in five variables X, P,-

1? L2 and 7.1 This number can be reduced to four by making

" use-of the full employment equation (1-6) so that L, = L - L,

G {wIe0 - 2] - P 6,

two in order to solve the system.

However, we desire that the number of variables be reduced to
s
©
To make this reduction in the number of variables,
substitute into the necessary condition (3-9) the results

(3-12) and (3-13). After rearranging, this produces

- V'[F(T -L) + 8(z)] F'(T - Li) = 0

Thus, we have an implicit relationship in the variables Lys )
21,
function (3-14).

X, P. Define D(L,, Z), X, P) = 0 as this isplicit

Now, from necessary condition (3-10), substitute the
results (3-12) and (3-13) to obtain a second implicit relation-
ship in L Z1 and X. Again rearranging, thig ;’iroduces

L]




(3-15)  U'[G(Ly,X) - 24] - V'[F(L- L)) + 0(Z))] ©'(Zy) = 0

Define B(Ll, Zl, X) = 0 as this second implicit relationship
T (3-15). - {
Given these two implicit relationships, it is possible

~

to obtain 44

(3-16) L £(X,P) e
and

(3-17) Z

;= h(,P). , /

where f and h are well defined, differentiable fumctions

provided that the Jacobian determinant

n

D
B

J = D
1 B,

evaluated at the optimal values of the controls does not vanish.
From the definitians of D and B given above, we may obtain

the following results:

-

UGG, + (U'-P) Gil + VETF' &+ PV

]
"

o
n

,,UnGl - V'O'F'
' v

B, = U"Gle' + V'F'

© B =

U - Ve'et- @V




Given the specifications of fumctions in Chapter I,

and the first part of this. Chapter II, we have U', V', Gl’
L 8

F' and ©' all positive, while U, V', G F' and ©" are

11’
negative, As discussed earlier in Section A.l of this Chapter,
the magnitude (q1 - P) is simply the implicit price of resource
product which must be positive if the output is not a free
good. Since in equilibrium the necéséa'ry result U' (Cl) =q
holds, it may be stated that (U' - P) must also be positive.

With these specifications, the following signs are

easily obtained:

D, < 0; D2>0;B >0

1 <0; B

1 2

These signs produce the result that the Jacobian determinant
cannot be signed unambiguously positive or negative. It must
be assumed not to vanish in order that we are able to write

the results (3-16) and (3-17).

3. Signs of fl, fz, h1 and h2

It is important for latter analysis to have information

on the signs of the partial derivatives of f and h given in -
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equations (3-16) and (3-17). From the Implicit Runction

Theoren”, it is known that 8L, or £, will be given by

From the\definitions of the implicit functions, we may obtain

the results
D4 = -G1
.B4 = 0

These signs produce the result that f2 < 0 when J < 0, and

£, >0 whenJ > 0,

2

Tuming now to the explicit relation given by (3-17),

it is possible to obtain 3‘21 , T hy, by

With the information on the signs of these partial derivatives,
it is possible to make the statement that hz < 0 when J <0,

-
L]

: ) 4
* W. Kaplan (1959, p. 90-96).
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. dt.\d h2 > 0 when J > 0. Thus, both f2 anfl/bz are negative when J
is negative, and positive for positive J,
This dissertation makes the assumption that f, is nega-
tive, See Appendix 2 for the implications of this assumption.

Since a necessary and sufficient condition for negative fz is that

J <0, this result on the sign of the Jacobian may be used in deter:

t 3
' mining the sign ofhz as negative as well as the signs of — Ll or
3z aX
fl and -1 » OT h J
3X ’
& ' The sign of the partial derivative f; will be given by
Dy Dy .
fl = -
J

Again, from the definitions of the implicit functions (3-14) and
.
(3-15), it is easy to find

. A%
Dy = U'G,G; *+ (U' - P)G;,

’ 83 = UG,

Following C. G. Plourde and V. L. Smith’, we make the assumption

that G,., > 0 and hence, obtain the results that B;< 0 and

12

7+ €. G. Plourde (1971, p. 259) and V. L. Smith (forthcoming.
This assumption states that the factors are cmplmentary
in productlon. ‘

-




nv

D3 = 0. With these results, the sign of fl will be indeter-

minate due to the fact the D3 cannot be signed.

. {

As see.ﬁ in Appendix 3, the result Dy can be signed
only by making specific assumptions regarding the relative
desirability of 'r:he two consumption goods and the substitut-
ability of the factors L and X in production. The relative
desirability of G and C2 is expressed by the elasticity of
marginal utility fy‘ the resource prod?xct, and the elasticity
of foregone marginal utility created in the instantaneous
utility function U by exporting some of t.hé -resource produ’ct
production instead of consuming it domestically. The measure
of substitutability between Ihe factors is captured by the

elasticity of factor substitution .

Given this inability to sign D3 in general, the

strongest statement that can be made when it is remembered

8

that J < 0, is that £, > 0 when D, & 0, and f

ARV

3 1 0 when D3< 0.
Finally, it is possible to obtain 821, or h1 as

-

The resulz that f; = 0 produces the situation discussed in
Chapter II where.Y2 output remains constant as the rescurce °
- stock increases. In this (hapter, concerned with more
general results, the case of “fl = 0 will be neglected.




Agam using the results from Appendax 2 that J < 0, it is

p0551b1e to state that h1 >0 whe'n D3 2 0, and h 3 0 when D < 0.9
The situation }gardmg the sign of h1 is identical to those
obtained for fl’ i.e., detemunate\ only when I)3 0 and

indeterminate when D3 < 0. /

In summary, for the optimal program C‘{(t), C?(t),

L‘l‘(t), Lg(t), Z’l'(t) it was seen that bot:h‘f2 and h2 are

iguously negative. So as the social price or rental on
the. natural resource mass X increaSgs, less of the variable
fa;tor of production L shm\ix)d be allocated to the natural
re$ource product industry. "This implies a decrease in Yl
production and an increase in Y, output as labor, which is
always fully employed, leaves the resource p£~oduct ‘industry
and is employed in §he manufactured goods sector., From the
result that h, is also negative, it is seen that optimality -

requires a reduction in exports of resource product as the

%+ The case of hl = 0 is also neglected.




social price increases, Thus, the home countTy's response

to an increase in the social price of nature's capital is to
save the resource for future doﬁestic use by reducing prod-
uction and export of resource product. Domestic consumption
of reseurce producf is protected by the simltaneous reduction
in exports alcng'with tﬁe reduction in production, although
it is impossible to s‘ay whether the absolute size of domestic
consumption will increase or decrease, Secause the relative
sizes of these two effects are unknown. With the reduced
export volume 2 there occurs a reduced wolume of imports from
_ the rest of t.he world. When it is remenbered that domest1c
production of YZ is increased due to the transfer of L from
the resource prod‘uct sector to the manufactured good sector,
it is clear that the percentage share of imports in sector
two consunptlon has fallen, due to this result combined with
tﬁe absolute dechne in mports Agam, the absolute size «
of C s unknown due to the unknown 51zes of these offsettmg
effects. Optimal allocation through time thus requires that
the economy become more self sufficient, and use less of the
_ raw natural resource as the social price of X increases. These
resylts are accomplished, while pmtec;ini the glomestic

consumption levels, by moving labor out of the Y, industry

and into t};ne Y2 industry, and by reducing the level of exports.




For the results on the signs of f1 and hl’ it was
seen that both are positive when D, 2 0. Theh as the resource 3
mass X increases, more L1 should be used in the production
of Tesource product, and more reéoirrce product should be
exported. Thus, production of Y1 is inéreased due to the
. joint effects <of la larger resource stock and a higher level
of labor input. This implies, due to the fact that the
labor 1is in f{xed supply, a decrease in the amount of Y2
produced domestfcally. However, the ihcreased exports and |
resultant higher level of imports result in t-he replacement »
of domestically produced manufactured goods by imported ones.,
Due to the unknown size; of these two effects, it is not known
whether the absolute:'siie of C, increases or decreases. The
same is tme for C1 which is determined by the offsetti_ng
| effects of a higher Yl production, but a higher level of
exports. Optinal\allocation th'rdugh time for this case of
D3 20 requires that the economy move toward speciélizati;ﬁ
in the production of resource product, thus gaining a larger

share of C2 through imports.

Unfortunately, as shown in Appendix 3, without
specification of the instahtaneous utility functions U and V'
and the production function for resource product, it is impossible -

to be sure that D, =0, If D, < 0, it is possible that

f1 2 0 and h1 > 0, thus giving three further cases of possible
! o

-
“

v { |




optimal behavior by the open economy.

v
The first is that f1 > 0 while h, < 0. Now, as the

1

resource stock increases, more L should be allocated to Y
production. When combined with the higher X stock value, this
increased labor input produces a higher resource product
output, Wxth a fixed labor supply, ‘the transfer of labor
results in a fall in domestic YZ production. Sinnltan{eous
with these effects, there occurs a fall in exports and a
resultant decline in imports to give the result that domestic
consumption of resource product increases, while domestic

consumption of the manufactured good declines.

A second ﬁq?sible situation is that both £, and h,
a;‘e/ﬁegative. Brieifly, this implies that as the stock of‘ the
raw natural resourée increases, less labor should ‘be allocafed
to Yl,pmduction, thereby giving an increas;e in Y2 outpuit.
Since X increases while Ll’ decreases, it is" unknown what

happens to resource product output. With the information
that exports ar-xﬁ hence irrpm"ts are reduced, it is seen that
the absolute size of C, cannot be detemu.ned The absolute
size of C1 is also unknown, due to the fact ‘that the Yi

production point is unspec1f1ed.

The last possible case is that f, < 0, while hy > 0.
Now, along the optimal path, Yz.;output increases and it is

L]
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unknown what happens to 'Yl production. To find the consumption

- -

points, note that exports increase producing an increase in

imports, and hence, ‘an increase in the absolute size of C,.
As in the situation abowve, it is impossible to say what happens
\J *

to Cl' ,

These results on the optimal behavior of the open
economy as the stock of the resource increases will be of |
considerable importance in t§p following Chapter. The next
few Sections of thig Chapter will be concerned with finding the

steady state solutioh to the system.

4. Slope of. P = 0 and X = 0 in Phase Space

The differential equations (1-8) and (3-11), plus the

given initial condition (3-6) on the state variable, show

how X and P vary optimally over time. To find a steady state '

»

-
solution for this system, we will obtain the slope of the
\ ) o . S,
curve of solutiohs for P =-0 and X = 0 in phase space (P,X).

¢

Into the differential equations (1-8) and (3-11), we

can sdbstitut‘e’the explicit .rel\ation for L, and Z1 given by

(3-16) and (3-17) to obtain

* (3-18) X = N(X) - G[£(X,P),X] - | t .. '

i

&
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P =0, i.e.;-dP/cDC for P = 0. Define the implicit function:

(319) P =P {o-N'(0) + GIEK,P) X)) |
-y (G[f(X;P) ,i]-h(x,P)} GIEX,P),X] . .

where result ¢3-12) defining q; hes been substituted into the

differential gquation (3-1]).
¢ - .

' . Consider first the slope of the curve defined by -

-

R(X,?) = 0 as relation (3-13) whéh P = 0. To find dP/dX by’

(:the Iuphcu Punctmn Tﬂeorem, we require that Rp # 0. -From

the defmltmn of R(X P) R 1t is p0551b1e to obta'

Ushy=1) 3

(3-20) PP = p- N' + (P-U')GZI 2 -G [U"G f2 -
. ‘ B
{ To detemmine the 51gn' of Rp reqmres that we deter- -
mine the signs of three separate tems . )
: _ e
a) S'gg' p-N's »
To obtam the" 51gn of -this temm when we are on the
curw; P 0 write equatlon (3 11) as o - ) .
. \‘\
G, = P[o-N' + G,] . \ N
Gl = Pl v Gl S
o N : . N
Divide by P to ob&am .- LN
| o S S
—r =p - N .

' \
\ . N
.

From the discusSion in7c’tion A.2, we know that -P), the ..

N - . ! .
. . . -
. b
- .
o\ . .
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- - ’ ' N he . / .
N . ) ¢, .
e .
‘ , price placed on output Yy, is positive. This lelO;l‘S‘ from .
o the result obtained by C.G, Plourde 17 ihat as long as there ~ -

are production costs, the value %placed on a unit of . resource

_ ’
product (ql) exceeds the value of a unit of unharvested

_resourcé stock ). Then for resource stocks for which P is
"positive, it nust follow that o -W'>0, when; cD'(/dX = N' j\
\t& the percent ‘rate oigrm 1n the umharvested resource
e stock onthe margmal b1olog1ca\l productl\rlty In prep-
. o " aration for the. discussion of the next €hapter, which is’

contérnedrvuth the ‘mcatlon of fhe statlonary equll‘lbnum

. on the ,long nmn tramforma ,surve note that thés result

¢ _ does not preclude steady-staté ue of .X which occur on the o
T - . '+ N' >0 side of the gross resource growth function ﬁr&éss
- . p=0. s - .
€ . . * . N b) Sig\.(P-U')G’ZIfZ T N '-

’ ~ . -
\ v ‘\ Ny r p ‘-
w, T “

3 From the necessary comy.non (3- 7) the gesult

” - . -

that U' = qp in ethbnmn produces (U'-P) > 0, as dJ.Bcussed

. Thus, it follows that (P-U!) < 0. Also, Section A3

_ : — - — ~—~
© T 10 - ' - o {
77 C.G. Plourds (1971, p.262) @ . . \
o o 1. 5.p. Quirk and V.I:\Smith (1969, p.12) also obtain thiS
oo A . result, They néte that a necessary and sufficient L.
e condition for P20 is p-N' >0,

/




made the assumption that the factofs L1 and X are c@lmnmw-in

~.
~

-“ . \\ . -
production, i.e., G12 =\ Gzi>\a. Finally, for the result that.

J <0, it was de!mtratéd that f\2\<\ 0. The result i’s'that
< N

A}

(P-U‘)anz is positive:'.

) Sign PG f, - Uh,-1

-

From Section A.3, we have that

- -[D,8, - B,D,]
2 = .

J

- B,D
e L

Noting that Section A.3 gives D, = -G, and
. , S Y4 1

}}JH ay

1 -

. U"GIGIBZ + U"BJG

J




«

When multiplied by -G

0

We desire this expression to be negative., Since J = DIBZ - BIDZ

this amounts to showing that

" -
4] GIGIBZ + U"BIG1 > Dle BIDZ

or

BZ[U"GIGI - DI] >'BI[-U“Gl - D2]

From the results obtained in Section A.2, we have

L]

[1]
D1 <U GlG1

and

D, > -U"G1

2

Recalling that B1 < 0 and B2 >0, it is easily seqm that both sides
are positive and it is impossible to state that (3-21) is negative,

Y -
Haaipu}ation of the above provides no easily interpretable resuits,

In orderﬁxg sign RP’ it appears necegsary to aséume that K
11} - ’ -
[u G1G1 Dl] Bl _
. < B—
r T -
[-v"6, - D,} 2

With this assumption, the whole term U"sz2 . ﬁ"hz-l is negative,

»

2° the tefq in (3-20) becomes positive,

With this information on signs contained in the sub

- . ' °
Sections (a), (b) and (c), it is possible to make the statement

< 0,

63




that RP > 0, and hence we my employ the Implicit Punctlon Theorem
to find dP/dX for P =0 as RX/RP

™~

\ ) [y
From the definition of R(X,P) given in this Section,we

can obtain

(3-22) ‘)Q -PN'"' + P[G21 1t ] - U"GZ[Glfl + G,y - h‘ll

U [021 1t 22]

The sign of Ry depends wpon the sign of £, and h, which were shown
in Section A,3 to be ambiguous, There it was demonstrated. that
both fl and hl',are positive when Dz ¢ 0 and indeterminate in sign
for Dy< 0. The' four possible situstions discussed in thit Section

are sumarized here as: S | . ' “
1) f£< 0;. h‘-'<,0 -y

'2)’ £,< 0; h1>j) .

3) £,>0; hy< 0 -

4) f.>0; h

1

64 7
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’ Consider the possibility given by situation (1).

Rearrange (3-22) into ' )

(3-23) R\ = -PN" + [P-U'] [C21f1+GZ,] + U"Gzh1 - U'GZ[Glf1+G2]

. From the specification of fumctions given in Chapter I, we know

that < 0, Gyy < 0 and U" < 0, Combining this information
with the result from this Section that P > ¥ and (P-U') < 0,

. o We may state that for situétion (1) a sufficient condition for
Ry > 0 is that Glf1 + G 2 0. When it is remembered that
Y1 = G[f(X,P),X], the total de;riv‘atik with respect to X for

fixed P is'

.

. ' (3-24) oY

[[A"4

The result obtained here is simply the general équilibrium
equivalent of the result (2 1) cbtained ‘when output Y, is y
. held constant Now, along the optimal path. where Y output
is free to vary as shown in Figure 6 of the last Chapter, the .
relationship between the ygegource stock and L1 is no longer zero. .
This is demonstrated by the discussion concerning the sign of
o £, in Section A.3 of this Chapter. The sufficient copdition ’
being imposed on the optimal yath is that; as, the TesouYce
stock 1ncreases the economy’ ,s harvest of - resource P ct

m.:st also increase, after ad;mting L, to the new rce




W

stock value, i.é., allowing Y, to change.

Now consider the sign pattern given by situation (2).

Rearrange (3-22) once again, this time into

(3-25) R‘( -PN‘" + [P-U'] [GZl 1 GZZ] - -U"GZ[Glfl A Gz-hl]

nv

Now a suff1c1ent condltldn for R\( > 0 is that Glfl 2 - h1

or aYl/ax -hl In other words, as X increases in a situation

0,
where the home Soxnt;'y is 3oing to export more Y,, it is no
longer sufficient that the harvest of resource product increase.
Now the Y1 output must increase enough so that domestic consump-
tion of.r;esource product does not decline. Hence, we are
imposing the condifion that consumption aof resource product
cannot be socially inferior with resped to X. This same

result is expressed by the weaker condition (3-24) when less

48 is exported as X increases.

) Considering now situation (3), R will be positive
provided that GZlfl + G22 can be shown to be negative. By .
employing Euler's Theorem, it is possible to show:that with

£, > 0 we have Gy £ + Gy < 0 % for E§§$s where the production

fupction (1-3) is homogenous to a degree less than ohe. Since

12,

- C.G. Plourde (1970(d), p.78-79) proves this for the
closed version of the model
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the analysis has been restricted to resource production functions
which are homogeneous to a degree less than one, this result

follows.

Finally, for situation (4), equation (3;25) will
be positive for homogeneous to a degree less than unity production

functions provided that consunptién of resource product is

not socially inferior with respect to X as in situation (2).

In sumary of all four possible situations regarding
the signs of f; \\,;Qd hl’ it can be -stated that 1?.X'> 0 for the
class of resom?te ptroductlon functions under consideration,
provided that aY /aius non negative and exceed any increase
_in the export of‘ resource t, even though some of the
variable factor of production may ke transferred to the Y2
'mdust\. The condition being imposed is that consumption
of resource product must not be socially inferior with

respect to X,

- With the results that R, > 0 and Ry > 0 for all

¥ ) &
possible signs on fl and hl’ it may be concluded that dp/dX
for P = 0 is negative. Thus the gra;M R(X,P) in phase -

space (P,X) has a negative slope. ) ) L

_Consider now the sign of dP/dX defined by the

points for which X = 0. Define E(X,P) = 0'as relation (3-18)




Q’hen ’( = 0. As before, we wish to use’ implicit differentiation

N
\

and as such require that E; # 0. From the definition of N
E(X,P) we can obtain

(3-26) Ep = -Glfz ~ ) . >

>

which will he positive given the result obtained in Section A.3
‘that f2 <.0. Thus, we may again employ the Implicit Function
Theorem to find dP/dX for X =0 as -E\(/EP From the definition

of E(X,P), we may obtain .

(3-27)  Eg = N' - [Gf] + G,]

and thus,

(3-28) &, _ G, + G,) - N
. Rk- o 11 2

G, F
- "R

. C Since it is known from the .discussion concerning

the sign of RX in this Section, that BYl/BX = Glfl + (32 a 0,

and that -Glf2 > 0, because f, < 0, it follgws that the sign of

2
" @/dX for X'= 0 will be the same as the sign of )/ - N'.
Thus, the positive or negative slope of the line E(X,P) in
phase space for stationary biomass equilib‘riuns is determined
by the relationship which BYl/BX bears to the marginal bio-
logical productivity N'. '

[

In Section A.1 of Chapter II, it was noted that the

+

N R




shape of the long numn transformation curve for stationary biomass
points was determined by the relationship which the slope of

the total resource product curve (GZ) bore to N'. at points of
stationary equilibrium. ‘Along the resource product curve which-
generated.the stationary equilibrium point, it follows by

1 is fixed at some level., and hence, so too is
.13 .%ith Y2 held constant, it was seen that

delfin\ition that L
output level Y2
aYI/ax = GZ, and thus, the two results on stationary biomass
equilibrium are different only by the fact that the one for
phase space a;alysis is concerned with the general equilibrium
case where 1;1 is free to ac_ljust to the equilibrium biomass
stock value. . ’

For points of stationary biomass equilibrium which
* occur with resourt:e masses on the N' < 0 side of the unexploited
resource growth function, it follows from (3-28) that dP/dX for
X = 0 is positive. For resource masses with N' > 0, the sign
_of dP/dX for X = 0 depends upon the relative sizes of the t_woj

tetms N' and EYI/BX.

S. TWe Pontryagin Path

As suggested earlier, major interest is centered

B3 mis follows from the full employment)assumption.
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around the long run properties of the model. In an effort to . ‘
see these gpng run properties define (Pw, X') as the steady -
state. equilibrium at which all motion ceases, i.e.,-f" =X = 0.

Also, defi\r?e the Pontryagin pa‘ch14 as the system [X(t), P(t), -

CH(D), C3(1), LY(t, L4(t), Z3(1)] which-satisfies the differ-

]

ential equations (3-18) and (3-19). If this path converges

to the 10n?nm steady state equilibrium (Pm, Xa?), it is r\ ' .
- optimal providedcthree conditions are met. The first is gat .
the function H° definez as ‘ :
: ' \ :
HO = max H evaluated at q, c?, L{,’ Lg, Z’l*

is concave in X for given.P. The second is that the trans-

versality conditions L

nv

1im et p(1) 0 as t~ow

lime PY P(t)X(t) = 0 as t + = . P

r

must be met. Finally, the third is that the differential

equati,oncs (3-18) and (3-19) must be autonomous.
L N

Clearly, this last condition is satisfied as time
enters into (3-18) and (3-19) only as a‘'subscript. Also, the

transversality conditions are met because X(t) = X as t + «,

Y. see X.J. Arrow and M. Kurz {1971, p. 57).
U -
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Concavity of the fumction HO is discussed by C.G. Plourdel®

in :;.-closed ver;im of'a similar model. With this iﬁformation,
tJ:e question ié to defermine the properiies 5f a steady state
solution, if one ewists. Iﬁ order to do this, consider the _

o

"following trajectories in phase space.

~ - . .

6. The Trajectories in Phase Space

Section A.4 demonstrated Rp > 0, and that Ry > 0
for ;_he cIas‘s of production functions under considerétion, i
provided resource producf is not socially inferior-in‘ .c‘cmsump-
tion with respect to X.C} With these results, it was concluded
tflilf dP/dX for‘i-" = 0 is negative. To see the trajectories in
the phase space (@,X), choose some arbitrafy P° value and
determine the sign of 3P/3X. This has already been done in-
equations (3-22), (3-23) and (3-25), which showed under the
sufficient condtions listed above that R,( > 0.‘ T‘ms-, above
zoand to the ljight of P = 0, we have P!i 0 and to the left and

below, P < 0 as shown in Figure 7. .

The curve for X = 0 was shown in Section A.4 to be .
positively sloped when BYI/BX, -N' > 0, amrd negatively sloped

when the opposite is true. Choose some arbitrary X° value,
L]

15 ¢.6. Plourde [1970(a), p.75-77]
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and- determine the sign of S).(/BP. This is simgly the result
glven by equation (3-26) which shows that above \ 0 we
have X > 0, anq below, X < 0. These -results on the trajectories
hold regardlegs of whether dP/dX for i =0 is éosi%ive or neg-
ative, because Eprjs unambiguously positive for J < 0, The

.pictures of these motions are given by Figures 8 and 9.
. , <
Putting the curves for P=0and X =70 together,
we can observe the direction of motian of a poiﬂt anvwhere in
phase space. Thcse)mot1ons are demonstrated by arrows in
Figures 10, 11 and 12 for the three possible 1ntersect10ns
of the to curves. Thus in Figures 10 and 12, only a path
which beg;ps in regions If or IV will converge towards the’
‘steé&y state (Pm,'xw), while the motion in T and III is away
from equilibrium. For Fi gure il, the motion in all regions’
“is away from equilibrium, Thus, the equilibrium (equilibria)
if it ('t_h)ey) exist will either be saddle points or unstable.
In the case of saddlé points, an initial P can be fgund which
will start the system towards (Pw Xm) Subsequent P(t)
values can be found which correspond to the eg1nv1Ftor of the

negatlve eglnvalue of the linearized system. 4

It follows from Figures 10, 11 and 12 that a necessary
and sufficient condition for a saddle point equilibrium if

it exists is that dPfa&X for X = 0 exceed dP/dX for P = 0 at the

[
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steadv state equilibrium P = X = 0. From Section A4, it is

"o that dP/dX for X = 0 equals -Ey/Ep and dP(ﬁk for P =

equals - RX/RP Thus the necessarv and sufficient condition

for a saddle point if it exists can be written as v

(3-29)1 E >

r T ' .o

,Since it is known that Rp, Ry and By are afl positive, it is

clear that a sufficient, though rot necessary condition, to

"satisfy the result (3-30) is that Ey < 0. From (3-27), it is

known that h¥'= N' - aYl/ax gg that the suf£1c1ent condltlon
becomes 3Y,/3X > N' at the éteady state equllxbrlum As
< discussed earlier in th1s Chapter, this result is simply an

. % . . . e
equivalent stafement, to the one derived geometrlcally in

(hapter II for J
The geometry of Chap eT*ii'ﬁhowed that\a stable stationary

,b1omass equilibrium w111 occur at respurce masses for which -
%

resource stock values, the sufficient condition for stab111ty
é

> N' at equilibrium. Now with Ly free to adjust to pew

becomes the mdre geaeral one that aYl/ax > N'.

where the Y ou;pui was held constant.

°S
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In terms of where this optinh‘ steady state equil-

ibrium occurs on the whexploited natural mass function (1-1)16 it

18

clear that either N' < 0, or some values of N' > 0 can satisfy

the sufficient criteria foy stability. This is the answer

to the first of the questions which this Chapter has attempted

to answer. It geems that a sufficient condition for a stable

, , ®
optimal-stationary equilibrium is that the equilibrium, if it

~

exists, occur with a resource $tdck mass such that the marginal
I4

13

biological productivity of the‘resource stock (N') be less

than the marginal techrrolgical productivity (aYl/BX), after ’

;adiusting L1 to the new resource stock value. From th‘is, it

follows that maximm sustained vield.programs which suggest

~ ~

a steady state resource mass At X a¥ n necessarily optimal.

A

a

The s stion of concern to this Chapter is

the social optimality of the free market path to equilibrium.

Ed

Here, due to the common property nature of the resource mass,

. ;.
each of the n) identical firms in the resource product indm?ry {
- ," . T LS

-
-

16.

- —4-

For results in regard to this point in an industry model see .

V.L. Smith (1968,%p.426-429), and the exchange of articles
between R.F. Fullenbaum, E ,W. Carson, F.W. Bell (1971, p.484-
485), V.L. Smith (1971, p.490-491), R.F. Fullenbaum, E.W.
Carson, .F:W. Bell (1972, p.763-764)-and V.L. Smith (1972,
, P.777-778). For results in the closed version of this
model, see C.G. Plop§ (1971, p.264). <

©»
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considers the resource mass to be a parameter necessary to
production, .but bevond the firmm's individual control. As a
‘ -
result, the pricd P placed on use of the resource mass is
zero, and the equatiom (1-8). showing the net change over
time in X is of no concern to the individual fimms. Without
this transition equation, the dynamic maximization problem
simply becomes a series of static maximization problems

indexed by time. 17

This Section will perfomm the]intertenporal
maximization for the competitive model and then éorrpge the
necessary conditions obtained to those obtained for the optimal

version given in Section A.l\la_ \

1. The Necessary Cogditioqs

4

a) The Consumption Problem

o e '

Consider a model in which thege are a fixed mumbér n
of identical consumers. The consumption problem faced by'each
of these Consumers can be cast in the following format. From

(3-2) and (3-3), it is possible to write

L

P

3

)

7. M.p. Intriligator (1971, p.310)

‘ 18, The mthédé}bga&-afﬁ-ﬁ»ié-ﬁection borrows from J.P. (ﬁnrk

and V.L. Smith (1969, p.5-8) and €.G. Plourde [ 1970(a),
p.54-57}. - _ o
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¢

where the lower tase letters ¢, ¢, I, a;ld z, are the per \
capita counterparts of* the upper‘ c:se ones used in Sec’tion A,
and )7'1 and §'2 are the per capita outputs of resource product
and, manufactured goods respectively. The lower case letters
Y1 and Y5 without the bar notgtion are per firm output levels.
It is assumed that the consumers know with certainty the *
domestic price of output from sector one, written Py the ‘
domestic price of output from sector two, written P» and
the intemmational 'price B of the emoﬁed resource-product
good in terms of the imported manufactured gooci. Also,

) L

N > consumers know exactly what their per capita incomes m will

be over all time periods.

The problem faced by ope of the n identical consumers

in th?'opﬁ:momy can be cast in the following format:
: - .

- max f° [U(cy) *+ V(c,)} e *tdr
o ) SO A
subjéct to the budget constraint

)

P1€1 * Ppcp =M




and the international exchange condition

which states that the value of per éapita exports must équal

the value of per capita imports, where valuation takes plaée

A

at the international price 8, the relative price of resource

product in terms of the manufactured good.
the beginming of this Chapter, it is assumed that e objelt-

ive function is increasing and strictly concave in its arg-
19

uments. By making use of the identities (3-31) and (3-32),

?

it is possible to set up~the current value Lagrangian for

some period t-

~

\ ~.
L(C19 Cz» }-’1’ }-’2’ >‘1’ )‘2) = [U(Cl) + V(CZ_)]
+ ’lem'plcl'chZ} + AZ[B(}-'I"C}) = (Cz';’z)j

The necessary condition for an interior solution at amy t

-
value is

G' 33) g‘;_ = R

.\.

. plus the constraints. .

9 i s

-

See J.P. Quirk and V.L, Spith (1969, p.6) for a discussion
of how this concavity asg{mption on.the ‘gbjeogpive function
fits in with neoclassi/ utility theory. '

19,

/

/

/
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b) l"Ihe Production Problem .

f
1

&

Given the per fimm production functions (1-2) and

(1-4), it is possible to formulate the production problem

.

faced by eac¢h of the firms in the twe industries. - It 1s
assumed that producers Xnow with certaintv over all time

periods the cost of the variable factor 'w, and the two output

Q

prices Py and p,.

The productiGn problem faced by one of the ny

identical firmms in the natural resource product industry ean

@ = . . .
be formulated in the following manner: ‘ -

o)

3 o —*‘ "Dt
max{ [ply1 wll]e dt

-

subject, to

L d

= { ' »
_ oy = 6N i

where the objective function is the firm's profits, discoui\uted

by the sociai:f?f discomt. .

v For one of the n, identical firms in the manufacturing

goods industry, the problem is

C . 8 ) -pt
| " max{ [pzyz wlz] e dt




~
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subject to ot

v, = F(15)

-

Substituting each constraint into its objective function, we
may obtain the necessary conditions for an interior solution

at each t as

1]
o
I

(3-34). PGy - W

(3-35)  poF' - w 0 .

These conditions are obwiously stating that fhe_\gahle of the
marginal product of the variable. factor in each industry should

be equated to its cost. These may.-be rearranged in{o the more

convenient format _ o P
(3-36) p, = F
Lo
R !
* ' ‘ [ % . .
$ren the market ecchomy neglects the effect that
harvesting has on the existing stock of resource mass, the I
necessary conditions to be satisfic_ed for each t are (3-33)
and (3-36), whic}‘hmay bg written as .
- v -y
(3 37) p_l- = gb = g = é,_.- ’ -*
. p ' 1 ) " L 4 . .
2 . l | ,
. ) i ! *
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2, Comparison and Dvnamic Policy

o R {
i

L . j o
The necessary conditions for the optimal 1(61‘810(’1
*
given in Section A may be rearranged into the same fbmt‘as B

(3-37) for the ccmpet.ltiv% model. B'v d1v1dmg (3-") by (s 8),

R Uit is possible to’produce . .
J : L ‘ ‘
(3-38)  U' _ qu- e
T - L . r Va
. " . ’
) “., (7/
’ ‘\J.sco £3- 9) may be rearranged into g § s
(3% 9 . op b /-f< <
. a  G|ar-
' ]
. When these': two conditions are combined with the.necessary
/- ) : condition (}—10) ,whid{ states that the relati\ie'price of resource
. 4 e . e ‘ )
'pro/duct f0r- thé home country is equal to the marginal terms. of .
trade 0', the result is ) o
e s . . '
N T« '
io. ol (340 q W SIS
e A o v £
Ch 1 1:
. st

- R ./ v

The marginal terms of trade O and the internafional p'rice
ratio gf Tresource product in temms of the manufactured good

. < o,
- ", are connected by the‘rt‘:laltionship_20 . . : -

20 i ' .
» See HYG. Johnson (1958, p.58). .

[ 7 . 4 o

.
~ R !
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where ¢ is the elasticity of the foreign offer curve. Sub-

stituting this into (3-40) produces '
(3-41) QY -y o= e = P a : . \

L T Slar .

The necessary conditions for the optimal version o0f the model are
the two differential equation (1-8) and (3-11), plus the

aggregated cog.dition (3-41).

-

. The necessary conditions defining'the time path produced
by the competitive version 'are ﬁot the same as the optimal
’ .
conditions produced by the control vers-ii)n in two ways. The -
first difference arises due to the discrepancy between the

marginal rate of transformation (MRT) for the competitive

and control versions of the model. Chapter‘.II showed that the

MRT along a short rum, fixed X transformation curve is givén by “
the ratio F'/G ‘ﬂus t.hen is the MRT for each short nn

) per‘md which occurs when the time path of the gesource stock
is not taken mto account, 1 e., the MRT which the conpetltwe
mocllel, neglecting the influence of the harvesting decision on
the stock of resource m'ass, would view as the corfect one. . ‘

However, when the &anging resource mass caused by the harveot-

ing decisions is taken 1nto account, in the optmuzanon process

- >

. . : \



.

(Y9

v

(T4

-
L ]

the MRT for each period should be

e

Gyla;- T

Since we arg dealing witi. resoerie masses.which have positive
social pr{ces, the term ql/ql-P mist exceed unity t?us,
giving the result that the MRTJaang the socially o;timal
path will exceed that produced by the competitive model.
Clearly, the MRT in the optimal model becomes identical with

the MRT produced by the competitive version only when P = 0.

Thus, it may be stated that tﬁe first problem is caused
hy‘the external production’externality attributable to the
,comhﬁn property nagure of the resource mass.\ This externality
problem can be remedied by the well cstablished21 policy

prescription that a charge equal to P(t) should be levied

*against the use of the resource mass. This will internalize

into the profit calculations of eachr firm the user cost of

nature's capital in the system, ,
. { .
"The second difference between the two models is _'
caused by the foreign distortion. By comparing tke aggregated
necessary conditions for the, optima} version (3-41) and the

competitive version (3-37), it is clear that the marginal .

” -

J.P. Quirk and V.L. Smith (1969; p.10) and C.G. Plourde
[1970(a), p.56].

21,

. ' ’ -
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rate of transformation through trade (C') will be less than

the i“nte.rnationqal price ratio '8 due to the assumption that »
the foreign offer curve is characterized by ¢ > 1. \‘
The classical policy prescription for this problem
is, of course, the optimal tariff. us; when a 60untry‘s
ex‘poit supply decision affects the iC:emational terms of trade,
optir;\al.ity Tequires t}le imposition of an export tax to restrict
exports of resour.ce product té the point wherp the marginal
rate of t_ran'sfomation through trade is equal to the socially
correct marginal rate of transfo;ma}ion in production. If the
home country is sufficiently si'?lall, s\nch that it has no influence
over the intematiqnai price of resou&ce product, it follows

that 0' = 8. As such, the correct export tariff is zero.

With both the domestic distortion, caused by th-e
common property nature of %he resource mass, and the foreign dis-
tortion, caused by the home country's ﬁbnopoly power- in t:ade,
it follows that the competitiv:: model can be forced to i)ehavc_
like the op'c.irf\al versic:m if there is a simultaneous applica;tion/

. ' 0
of the user cost tax P(t), and the optimal tariff.”" Together,

they will interact to raise the market determined price ratio

2ol

““* J. Bhagwati, V.K. Ramaswamt, and T.N. Srinivasin (1969,
p.1009) demonstrate that if only one of these corrective
policy measures is applie%ﬂi,t is impossible to stdte
whether it alone will incrde%e welfare over the manket

¢ situation. ‘ ' .

-
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pl/pz to the optimal one ql/q2' As a final point, note that

‘the user charge P(t) will clearly varv over time according

to the result (3:11). _Less clear‘ié the result that the size
of the optimal tariff will also vary. Compariéon of (3-41)

and (3-3j3 suggests that. the difference between 0' and B,

at the optimum tariff point will be tndg5endent of time-due

to the assumﬁxiqh that ¢ atfﬁiagapoiﬁt‘is fixef.\ Howevé, it
follows that if’this point on theiforéign offer curve at which
welfare is haximizédﬂmoves’ovep time, theg‘the size of.the
optimal tariff must also change. Due to the assumed depéndence
of .the home Fountfy's taste pattern on time by the'discouﬁfi‘

\ ,
factor e ®Y, this wil]l indeed be the case. -

- , -
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GQHAPTER IV
. - The.phase space pictures of Chapter III show how the

© T YTSOUYTE” FESS {v\} and its implicit price (P) vary optimally

along the Pontn'égin Path towards steadv state equilibrium.

This optimal path to a statignaﬂy resource mass mav also be
: - .

1llustrated-by means of the short and long run transformation =

curves derived in Chapter Il and ilhi%rated'in Figure ot
R - > .

] . - > . . -
In Chapter II°*t was shown that given the initial

relative price of resource product- and the initial raw resource

[

E stock, a production point such as K; on the short num transformat ion

j )

curve TT can be found in Figure 6. Since each point in commodity

space* mav be classified as -tokhether it has an inc'reas'mg, '
& . . -

decreasing or stationary vesource mass, the route to stationary
. ¢ ¢
equilibrium prﬁduced by the market econ%my is easi),}\". obtained.
e

; Information on the socially optimal route for P given and fixed

a L}

at its socially correct value given the existing X stock is .
provided by the si‘gnssof the‘partial derivzan:'wes..f1 Aand hi.‘ ’

With information on these signs, the optimal route for production
M ) N v
and consumption may easily be plotted on, the same short and >

long run transformation curves that were used to plot the market

path. “To aid explanation,

Section, A will be concerried with .
- s A i . .
*
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unaffected as they do not depend upon®", but B, becomas *

-

i ~ _

the special caSe in which the home country’has no influence over

the determination of tﬁe\intemational priée ratio, while Se’cfgion
. . . . )

B will consider the more general case in which exports of rasource

product do influence the world price ratie.

A.  Constant Terms of Trade

~

For constant terms of trade, it follows that the foreign
offer curve (0) must be linear, i.e., 0" = 0. From Section A.3

of Chapter III ¢ .

B andDzare

173

due to the fact-that J < 0. Now, with 6" = 0D 3

By =,- U" - V' o' @' -

With these results, f, can be rearranged into -

-

(4-1) \% = Bl'\gz V' Q' (F' - (;1 o) - U (;12 (U' +.P)
- G12 Vvt er.e' (U - P) N

@

_ From the discussion of the signs given in Chapter III, it is.clear

that the last two terms are positive, and the first term's sign.
depends upon the sign of F' - G ©'. Note, however, that F'/Gy
is simply the marginal rate of transfotmation given by result

(2-2) for any fixed X, short run transformation curve. 'Also, €'




¢ -

is the intema;cional price-of resource product 8 for this special
case of a linear foreign offer curve. For a competitive equilibrium,
it clearly follows thatF'/G' = 0', and thus, the first term in
(4-1) is zero, 1eaving:f1 unambiguously positive. Now, unlike
- the case giscussed in Chapter III in which o < 0, an increase
..,, in X stock produces the definite result that more. labor should
be allocated to the resource product industry. Thus, Y, cutput
will rise dpe to the\ fact that vmore of both factors gre employed,
. while Y, output will fall due to the<fixed supply of labor assumption.
This result, shown in Figure 13 as the movement from K, to K,
Q\is the well known Rybczynski Theorem. .The Complete movement to .
2 stationary mass equilibrium is shown by the production points
SERSTRS
» market economy which at every point in time, 1.§. , for évery shor't ~

K, in Flgurel'; .This-will be the path produced by - the
run transformation curve, equates the fixed relative international
price of resource prodﬁct to the competitive economy's marginal

A\
rate of transformation

The consumption points correspondil}g to this series of
production points can easily be determined once the sign of h,

is specified. Unfortunately, the spec1chatmn of a linear foreign
'offer curve does not change theiindeterminate natufe’ of h, because
@' does ndt enter into D;, Dy, By or By used An the determination
of‘hl. Taking the case where h, is positive rociuces the result
that exports, and hence imports, will increase along the optimal
path. Combining this information with the result that Y, output

-
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increases and ‘1'2 decreases, it: follows that the absolute levels of
N consumption for each good are unknown. However, Section A.4 of
Chapter II] made clear that definite results on phase space motion
require that consumption of resource product not be socially inferior
with respect to changes in resource' stock. Thus, ¢ m.st~ remain
- constant or increase over time. For the manufactured good, domestic
production declines but imports increase. If it isi assumed that -
consumption of sector'two output is not inferiorl, it foll-ows
that E:z must also increase as X increases. The’ée consumption -
points are shown as H and H2 in Figure 13. With h < 0, exports
,and imports decline along the optimal path giving, the determinate- X

. results that C, rises absolutely and C falls. Th%: assumption

that C, camnot be inferior renders this an impossible case. -

) ) ‘ The p;zth for production points K) s —KZ and Kz, and for

‘ consumption points H,; H, and Hy 'is produced on the basis that-the N
market economy equates the observed marginal rat'e of t‘ran,sfomation
(?'/G') to the ‘existing fixgd price ratio ©'. Comparison of results
(3-373 and-(3-41) clearly demonstrates that this policy will be

non optimali, for the social MRT is different from the private

one due to the facf 'that the resource mass has a positive ailmplicit
price (P) .‘ The common property nature of the resource stock causes
ﬁ(he market 'bconauy to view P as zero. If a tax is levied o use

&

1s 1s an assumption mlposed on the instantaneous utility functions '
V. It does not arise as a sufficient condition for stability.

N
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of the resource mass, and set at the socially correct value® given
<

the existing X stock, there ocCurs am expansion in Y, production

- and a decrease in Yl production. Beginning from the initial
position K1 in Plgure 14, the socially cptmal pmductlm pomt
- ' after expansion in the resource stock is given by . same pomt

like S, ». showing more Y, output and less Y; output than the

P
- —

- . ‘market econcmy point K,.

R T st ot ! -

This production tay drives a wedge between the competitive

- y s MRT and the observed mtemanoml and domestic pnce
ratio ©'. Specifically, gt the optmal productlon pomt F'/G‘ <o

‘ as shown by point §,. This result foilws_fran the observation

L - made in Section B.2 5f Chapfer i1 that with P > 0 the socially

correct MRT will exceed the short nm MRT equal to.F'/G'* Thus,

it follows that along the optimal production path, F'/G' <.@'.

. T With this result, it is clear that fl ‘in equation (i-l) can no

. | . longer be unambiguously signed, i.e., the optimal production point-

>

lmFlgureuwnlshwanmcreasemboth ytsu'f <0/.

}Xesq)ands less 1abof1susedmthemom~ceprod:ct
T mdustry, thereby labor available to increase Yy prodnetzm
"me Yl output will also i e eyen though Jess: Ll is used with
the higher résouroe stock becanse ‘of the cendxtmn imposed in
Section A.4 of the IQ Chapter that ayl/ax >0. +

1

The optimal serz&e of short D production points, beo.%.bg
Tom the initial po tKl atwhichthepro&xctimtax?hasm

yetbeenxq)osed willbeasenahkekls S,- “'The market







ass Valht.‘i Combmmg this information on stability with

-

’

*path will be the series Kl, KZ, KS‘ Of course, the optimal

series may, like the market geriés, show a decline in YZ output

if f1 in equation (4-1) remains positive when F'/G1 <0'. As
in Figure 6 of the last Chapter, ;he.cogsmmtion points have

not been shown to avoid cluttering tMPdiagram. However, C1

and C, may easily be wérked out- for the four possiblé cases

0

£, >0, h

170N 1 1 1<
when it is remarbex_‘e;l/fran Chapter III that aYl/ax mst not

>0; £ >0, hya< 0; £,%0, by > 0; £ <03 h

only be positive when £, < 0, but exceed any increase in exports

so that consumption of resource product is not socially inferior.

I" L4

.

’f’?ﬁ geametry of Figure 14 illustrates that with the

impasition of a positive tax (P ) on Use of the resource mass,

the_optimal path to stationary equilibrium will lie above

the market path. This i§ true regardless of yhethér fl. is’
positive, as shown in Figure 14, or negative. In Section A.6
of the last Chapter, it was shown that a sufficient condition
for s£ati6nary equiiibriun is thgt aYl/ax > N' at the steady
state point. This.result was shown to reduce to the result

that G

2 3 N' when L1 settles at its optimal stationary reSource

. .

-
the result from Chapter II that G, > £ for all out?&" cambinations
on the distfnce QQ Q in Figure 18, it fo,}lows._tjut the .

opfimal sféady state equilibri\in must 'occ‘:ur somewheré on this

distance Qg Ql Q- In temms of the unexploited natural mass

function (1-1), it is clear.that the steady state equilibrium

-

| (/./ | / |
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[ 4
will pores'nord to resource masses for which N' < 0 if the equilibrium

aocc;rs on the distance Q8 Ql’ and to N' > .0 if it ocq;_fs on
\L . Q1 Q- s Section.A.4 of Chapter III showed that o - N' > 0
‘ quarantees the result tha1-: P > 0. Thus, it follows that only
\ if p = 0 will the optimal steady state equilibrium definitely
. t.a.ke ‘place on the"istance Qg Q1 of'I:igure 15 corresponding

<r o N' < 0.2

When the social rate of discount is required for
- the evaluation of alternative consurpno;a paths in the dvnamc i
4 . .

model, it seems that the optimal stationary equilibrium may

occur as shown in Figure 14 on thé distance Q8 Ql' or on the

‘,b:n\ . ~distance Q1 Q4 However, given the fact that the international
oo T Emes B UIEN T
'g“f-{‘-:—'gzy , pnte ratio must also equal the marginal rate of substltutlon,
RS

- - "\

it %Rm for convex to the origin indifference curves that

. “ﬂ

the socially optxmal equ111br1un st take place on distance
Qg Q- |

4

R _ " For the optimal péth to steady state equilibrium

.

| ~* always above t.he market path, the soc1a11y correct equ111br1un
will have less Y and more Y, productmn than the market
equilibrium for the su:uanon depicted "in Figure 14 » However,
if the market path sett{les at a stationary equilibrium on
the distance Q; Q, shown in Figure 15, the optimal stationary
.equilibr}ti\ may‘have more of both goods. The common sense

‘e

2]

. 1 . .
znms in sthe stationary model by V. L. Smith (forthcoming), he
obtains the result that the Pareto Optimal solution can only
occur at a resource stock at which N' < 0.

A

o




of -this position is that a high internatiomal price of resour‘ce
product causes a large amount of labor to be alloc;ated ;:oward
the Yl .industry. This large labor allocation results in a
largc-.: production of resource product output, and consequently,

a small growth in the resource stock. s For the situation in

-Figure 15 where this growth, or investment, in the resource

stock is still positive, the péth K’l’ KZ’ KS to stationary .

equilibrium will be obtained. More of both goods is potentially

available in this case by taxing the resource product output, ?
éausing labor to moveA from the Yl industry to increase YZ
output. With tﬁis lower _L-1 input, the resource mass X is
allowed to expand at its optimal rate, thus producing the

steady state equilibrium S2 in Figure 15. The point S2 has

more Y; output than K;, because the increased available resource

stock has more than compensated for the reduced use of L.
This yields a Y; expansion, as well as the increased production

of Y2 caused by the higher available L2 input.

<

B. Cham Terms of Trade

~
~

: I For the general case where the home country possesses

some monopoly power in trade, it was shown in Section A.3 of

Chapter III that 'fl-and h; could be pdsitivetor negative along
the optimal path. Thus, identical res@lts to the ones obtained
‘-for the small country case follow with the exception that along

the optimal path the optimal tariff as well as the production

-
-

~—
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« tax will be levied. The result is that the domestic relative

- . .
price of resource product falls for producers and consumers
due to ‘the.tariff, but in addition, the production tax drives

-

a wedge between the MRT and this price ratio. -~

. ' , The results are illustra?ed m Figure 16. As before,
béginning from the initial point K; with temms of trade B, |
the home country si:mlt::measly_' imposes the optimal tariff

and the optimal user ‘tax which correspond to the given X stock
value. The tariff distorts the domestié price ra®ig to B',
while the production tax on resout:ce mass use causes, the pro-

dduction-point to shift to S,. At this production ievel of

1
Yl’ it follows that X > 0, so that the e;q>and?d resource
. stock generates.the new productmn point 82 Since fl may
be positive or ne?atlve S2 may, as shown; have a lwer level’
of Y, eutput, i.e. fl <'0, *or have a er ‘level of Y, ocutput
than point §1.' On the basis of t}}ese taxes, the re’59a=ee
stock is allowed to expand at its socially optimal rale until
the stegdy state equ111br1un pomt 83 is obtamed At this
producnon point thé terms of trade w111 be at® their optmal
level f*. The consumption levels tl and C, along&he optmal
path nuy be calculated as before on the basis that C1
not be inferior with respect to X for stab111ty reasons, and
C, is assuned also to be non- mfemor for conveénience. ’IIhe.

final s’teady statercommbnon point will settle along p*

-
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. ® - .
- . X

at the point where the marginal rate of substitution is equal

to the tariff distorted prices B8'.

L4 .
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Geometric Derivation of a Short Run Transformation Curve

The éhort‘rut} transformation curve shown in Figyre 5.
of Chapter IT may easily’be derived by.making use of Figure -1
of this Appendix. Quadrant 1I contains f:h_e toial product
curve for output of YZ. The third quadrant contains a line
with a slope of -1 whi.dl.'intersecfs the L, and L, axis at the
full eglayment level L. Finally, in quadrant IV is plotted™
the total product curve for output Y, on the baf¥s of some

A
fixed, short run X stock value.

' 6
o F
A short run transformation cerve corresponding to

this existing resource mass level may easily be derived in ~
quidrant T by the following method, If all available 1in
is used in the plrod:uct].m of Yy, it is clégar that output
level T may be produced. Altemnatively, if all id)or is
“used in Y1 pro&ucum, the output point T on the Yl,, axis
can be obtained. If labor is allocated between the two in-
dustries -in any other faslucn, say pomt A in quadrant IIY, the
output levels for Y, and Y, are easny calculated, and plotted
as p01nt B in the first quadrant Clegrly, this same prooess ‘
can be mpeated for ﬂl points along the full enploymnt line

" in t III. This genherates the transformation curve TT.

3

- 101 . -

L)



102

o =0 ot et ey o > - > oo




- If the X stock increases 1n the next period, the
trgnsfotm;:icﬁ curve correspond..mg to this new level pf resource
mass may also be derived. This new higher X stock value
produces the total product curve labelled ;'1 in " t IV.

By repeating the same anglysis, it is clear that if all
available labor is used in the production of Y,, the same

point T’is obtained on tﬁe derived transformation curve. Now,
however, if all labor is used in _the production of res‘ource ‘
product, a higher output of 'YZ is obtained. This is shown
by the point T' exceeding the old output point T. Again,
any distribution of labor between the two extremes will generate

. the output levels plotted as the cancave locus TT'.
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APPENDIX 2

i
»
1

" IMPLICATIONS OF f2< 0 <

Unlike the closed version of a similar lmdal,1 thi-s' open
model does not, with the restrictions iq:osed,\'pl:oduoe an unambigu-
ous sipgn for ﬁz i.e., as .t.he social pri\cea of the unharvested resource
increases is it optimal to allocate wore or less m variable fac-
to,.r to the resource product industry. The dissertation makes the
sstl;;tim that as P increases less labour will be allocated to |
tl;e Y, industry, thus the resource stock is saved for the-fumm.
With £, assumed niegative, it follows immediately that J must also '
be negative, . W

' The assusption that f, is positive implies the curious
result that society should optimally allocate more of the varisble
factor, towards harvesting the resource stock when its price increases.
Nith'.this assumption it is'diffi{.ént to derive the slopes of the

curves in ph&e space. . _ -

— -~

1+ c. 6. Plourde (1971, p. 259).
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Sign of D3 : — g
DS
From Section A.3 of Cnapfer III, the result D3 is
given by '
UGGy + (U'-P)Gy, .
. . N
Rearrange this into . '
U5 +1-pf v, N
- T :12 .m -

Multiply and divide the first term in the bracket by G, and
note that for q; > 0 the constraint (3-4) is binding, A,
G(LyX) = C;*Z;. Also, by necessary .condition (3-7) it is

koown that q; = U'(Cl) . Substituting these results yields

9es
U u'|G,G P
C + 7 21 +1-=>%U'G
Thx -result can be put in’more m‘xageéble form by noting ghe”
following:

1) the elasticity of marginal utility for consumption
% . ] '
Of C;, defined as a posilive musber, is given by p= -Cyfr -

L J .
2) the -_elastiéity of foregone ‘marginal utility
created in the instantanecus utility function U by export'ing

-
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13 ; . -
resource product is given by ¥ = -Z; gr. This too will be
a positive mumber due to the fact that 3U/dZ, < 0, and ‘
220/325 > 0 for U(Y, - Z,). The elasticity measured by this
mmber is the utility opportmity cost of exporting sode Y,
which will presunabiy be recéptured by inport§ in the instant-

aneous utility function V. ’ '

* 3) the elasticity of factor substitution 1 in the

G G
SS:IZ
" ‘ ‘
Stbstltutmg these produces the resuﬁ

P
{[u- ]0+1--qi-UGlz

.

Tesource product mchstry is g1ven,by q=

Fm.&gs, it is clear that the sign of Dy deperxis
upon the sign of the large bracketed term. Since-we are only
interested in resource products which have positive social

. P

prices, i.e. (q1 - P) > 0, it s clear that'l - q—I > 0.

- However, the sign of the/'term [-u- ¥] o remains \mknown unless

spec1f1c assumptions are made concerning the sizes of these

elast1c1ties . Co.

¢

1. The elasticity of factor substitution may be written in )

this form for homogeneous production. functions.
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APPENDIX 4

APPLICATION OF HERBERG AND KEMP'S PROOF
I .. . !

Tlus Appendix-will demonstrate that Herberg and Kew'rs\/}
proof that the price line w111 cut the producucm poss1b111ty

" curve at the equlhbrn,n point unless both -mdus,tnes havg .
identically increasing or decreasing returns to scale can be
applieq to the production functions of this dissertation. |

“ ) ]

In terms of my functions and notation, assume two
production fuiictions |

WDy = g0 60y, X

w2, = B0 FGp° 4

where the fmlc\nons gl(Yl) and_ gz(Yz) capture the foects of
scale economies. on the output levels Both 8y and g; are pos)it:.ve
functmns with contimuous first and second 7lgv'at1\res and elasuci- "

tlesgivenby . ;" T : '
- ; ', ' - . ,h'}.. ’

WD e = N

S 1 ‘
’ ~

N\ . P
and - , _
Y, dg .
(A4-4) m, = 127 98
, 2 82 37;
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. .‘ 0 . - . .
<
Fordecreasmg returns to scale, wy andm will benegauve

. and for mcreasmg returns to scale they w111 be pos1t1ve
The e:q:los;ve case of Wy or ‘w, greater t.han or equal to um.ty
is ruled out. It is alsoassmdthatthefmcums G(-) and

F()arehapgenemsofmeflrstdegreemﬂnnmm;!ms/'-

-

In order to proceed with their analysis based on
prodncucn functions mth tm arguments, Herberg and Kemp
~ make three assuptlcns all of which are sat1/§f1ed by productxon

~

fmcumsofthetypegivenm(Ml)md(MZ) ‘ R

. L t.he mrgmaltedmlcal ratg of subsitution for
| both industries is between the range (0, =).
: ) 2. total factor supplies are inelastically available.
. , | , )
~ . . ‘ 3.‘a'teg}ni°icél assumption concerning the sign of a
.. T term as Y‘ and Y, approach z¢ro. Simple inspection of this

- ‘ temlre\r;alstlmtitsszmzsindm:dmtofﬂ:emderbf
(4 ‘ . - < - : “
: " grguments. g . 4 )
o B PP n s
R 4 ,]' ¢ : *
’ . With the aid of these assumptiens, Herberg and Keip
. - St

i
- L4 B g

>

"
» . . . ‘e

1 See Assumption B, H. Herberg and M- C. Kemp (1969, p. 405)

‘ ', - . » .
’ - . ' ,
- ’ .
L]
L4
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(' IS
are able to produce the result?
. ' - /"
(A4-5) N Al g 6] -,
TodY, g F 11w

: Since all the assumptions a:;eyal{d hére, this result follows| for

the production functions u.%édf in this dissertation.

-

» . . ) -
. Following Herberg and Kemp, with perfect competition

I . @
. + @y incomplete specialization it follows that

(A415) Py = 83 qy * ey P

- (Ad4-6) - _ Pz * 85 Q3

) - N\ll R . - * -
-Hhere the coefficient gy is the amoumt of labor used in the
p:ro&x:txm of one unit of Y and 8y is the amount of X avallable

to produce'one unit of Yl. The socially correct price Wg .
to this X stock value 1\\1’ Finally, a,; is the amount of '

. labor required per unit of Y, production. By dividing (A4-6) -

~» mapped into the latter set.

by (A4-5)- it:is possible to form

\

-

1 e ;mtsmtion involves establishiné the rcperues of -
.the production possibility set based on the "kernel" production

functions G(-) - F( -). Using the result that a contimuous
one-to-ane mapping exists between’ this set and the production

possibility set to the production fmcticns
(A4-}) and (M-2), it is possible to establish dY./dY.
showing the mdergmebyﬂwﬁrstset\d:&bling

»
S .
e
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S
. -
Ppoap *oax [5—] ' .
q3 - . -
. ‘ : ) .
- " Noting that cost minimizing behavior in the Y, industry requires
(A4-8) p _ % "
» ‘“ q'3 EI- ’ :
4 ' /\ .
AT is possible to substitute f)ﬁ/ resalt into (Ad-7) to yieid
(A4-9) P G s
| R i :
Pp G gy * G oax

4

Remeubermg that the kernel productlon functions are hanogeneous

4

to the first degree, it follows that

(A4"10)‘ . gl(Y]_) G(alL’ a’ix) =1
' \ .
. Ad-11 . F = 1
. ( \) 82“2) (aZL) )
These results may be totally d1fferentlated and
. rearranged to produce , ‘ . ~ - e

' , 1) - 8y . g .

Gayp * Gy gF

* H

Substituting (A4-12) into (A4-9) gives

. ey P, Gy o - g
) o Py F' g,




111

-
\

e

Finally, substituting (A4-13) into (A4-5) produces .

:(A4714) PZ 1 - mz

dy
dyy Pal ey . . . |

Thus, only if Wy = W w111 the Price line be tangent to the

productmn p0551b111ty curve at t.he equlhbrlum point,
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