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Abstract

This thesis contains two parts. In the first part, we investigate bifurcation of limit cycles
around a singular point in planar cubic systems and quadratic switching systems. For planar
cubic systems, we study cubic perturbations of a quadratic Hamiltonian system and obtain 10
small-amplitude limit cycles bifurcating from an elementary center, for which up to Sth-order
Melnikov functions are used. Moreover, we prove the existence of 12 small-amplitude limit
cycles around a singular point in a cubic system by computing focus values. For quadratic
switching system, we develop a recursive algorithm for computing Lyapunov constants. With
this efficient algorithm, we obtain a complete classification of the center conditions for a
switching Bautin system. Moreover, we construct a concrete example of switching system to
obtain 10 small-amplitude limit cycles bifurcating from a center.

In the second part, we derive two explicit, computationally efficient, recursive formulae
for computing the normal forms, center manifolds and nonlinear transformations for general
n-dimensional systems, associated with Hopf and semisimple singularities, respectively. Based
on the formulae, we develop Maple programs, which are very convenient for an end-user who
only needs to prepare an input file and then execute the program to “automatically” generate
the results. Several examples are presented to demonstrate the computational efficiency of the
algorithms. In addition, we show that a simple 3-dimensional quadratic vector field can have 7
small-amplitude limit cycles, bifurcating from a Hopf singular point. This result is surprisingly
higher than the Bautin’s result for quadratic planar vector fields which can only have 3 small-
amplitude limit cycles around an elementary focus or an elementary center.

Keywords: planar cubic system, Hamiltonian system, Hilbert’s 16th problem, higher-order
Melnikov function, center, limit cycle, bifurcation, focus value, normal form
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Chapter 1

Introduction

1.1 Overview of differential dynamical systems

A dynamical system can be considered as a fixed deterministic “rule”, which describes the time
dependence of a point in a geometrical space. For a dynamical system, a point, given by a real
vector, represents a state. The “rule” is usually given in the form of differential equations or
difference equations. At any given time a dynamical system has a state, and for a given time
interval only one future state follows from the current state. Systems described by differential
equations are called continuous dynamical systems, or differential dynamical systems, and ones
described by difference equations are called discrete dynamical systems.

The concept of a dynamical system was developed from Newtonian mechanics in the
seventeenth century. At that time, many great scientists like Galileo Galilei, Edme Mariotte
and Robert Hooke attacked mathematical problems in this area [1, Chapter 21]. Since then
dynamical systems theory has been being animate. Today, dynamical systems theory has been
applied extensively in a wide range of research areas, including automatic control, space
technology, celestial mechanics, biology, medical science, economics and so on. For example,
the mathematical models that describe the motion of a mass on a vibrating spring, the flow of
electric current in a simple series circuit and the number of fish each spring in a lake, etc.
Besides differential dynamical systems, there are some other research fields of dynamical
systems, including topological dynamical systems, symbolic dynamical systems, ergodic
theory and complex dynamical systems and so on, see [2].

For some mathematical models described by differential equations, we may obtain the exact
expression of the solutions. In this case, for any given initial condition all future dynamical
behaviors of the solution can be determined. But there are many important problems, especially
nonlinear ones, which are too complicated to be solved. How do we study the dynamical
behaviors of such problems? Poincaré’s work “On curves defined by differential equations”[3]
showed us that the properties of the solutions could be studied and determined directly from
the differential equations, even if they can not be solved in terms of known functions. This
result initiated a new research branch of mathematics called qualitative theory of differential
equations.

Bifurcation is one of main research objects in the qualitative analysis of differential
equations. Generally speaking, bifurcation is the changes of topological structure of the orbits
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in a dynamical system. In the real world, there are various of bifurcation phenomena that have
been discovered and described in the natural science. In 1883, Osborne Reynolds found that
the flow of fluid in pipes transitioned from laminar flow to turbulent flow when the velocity of
the flow is increased above a certain threshold. Other bifurcation phenomena include the
buckling of the Euler rod, the appearance of Taylor vortices and the onset of oscillations in an
electric circuit and so on. All these phenomena have a common feature: A specific physical
parameter crosses a threshold, which forces the system to the new organization of states that
differs considerably from that observed before. With the advancement of computer science,
symbolic computation has a great development, which provides us a more powerful tool to
study and simulate all the bifurcation phenomena.

Bifurcations in differential systems can be divided into two principal classes: local
bifurcations and global bifurcations. Local bifurcations includes the changes in the
topological structure of obits around a singular point. Global bifurcations occur when changes
are caused in the topological structure of “larger” invariant sets, like a family of periodic
orbits, a homoclinic loop and a heteroclinic loop.

Bifurcation of limit cycles is one of the most popular topics in bifurcation theory and
applications. A limit cycle is an isolated closed trajectory in the phase space of an
autonomous differential system. A limit cycle corresponds to a periodic non-constant solution
of the system. Limit cycles represent the simplest (after the steady states) type of behavior of
a continuous time dynamical system, which can be obtained from bifurcations of an
elementary center (like Hopf bifurcation), a compact family of periodic orbits (Poincaré
bifurcation) or other closed loops consisting of a finite of saddle points and orbits as the
connections, like a homoclinic loop (homoclinic bifurcation) or a heteroclinic loop
(heteroclinic bifurcation).

In this thesis, we focus on the bifurcation of small-amplitude limit cycles in planar
differential systems, higher-dimensional dynamical systems as well as switching systems.

1.1.1 Planar differential systems

A well-known problem about the bifurcation of limit cycles in planar differential systems is
Hilbert’s 16th problem [4], which is related to the following polynomial vector field,

X = Pn(x’y)’ y = Qn(X’)’), (11)

where P, and Q, are nth-degree polynomial functions. This problem was posed by Hilbert
at the International Congress of Mathematicians in 1900. The second part of Hilbert’s 16th
problem is to find the upper bound of the number, called the Hilbert number, H(n), of limit
cycles in (1.1) and to study their distributions. The progress of solving the problem is very
slow. After more than one century, it has not even been solved for the case of quadratic systems.

In early 1990s, Ilyashenko and Yakovenko [5], and Ecalle [6] independently proved the
finiteness of the number of limit cycles for any given planar polynomial vector fields. The
existence of a finite uniform upper bound H(n) for the number of limit cycles of planar
polynomial vector fields of degree n remains unsolved for any n > 1. For n = 2, it was proved
H(2) > 4 more than 30 years ago [7, 8]. Recently, this result was also obtained for
near-integrable quadratic systems [9]. For cubic polynomial systems, many results have been
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obtained on the lower bound of H(n). Among them, the best one is H(3) > 13 [10, 11]. Note
that the 13 limit cycles obtained in [10, 11] are distributed around several singular points. For
more on the research of Hilbert’s 16th problem see [12].

The local version of the second part of Hilbert’s 16th problem is to find the maximum
number, M(n), of small-amplitude limit cycles bifurcating from an elementary center or an
elementary focus in planar polynomial systems of degree n. Sometimes, it is also called the
cyclicity problem. The center-focus problem is closely related to the cyclicity problem, which
is to determine whether a singular point is a center or a focus in any planar systems. Both
problems are very difficult and still open.

In the 1880s, Poincaré first gave a necessary and sufficient condition to have a center at
a singular point with pure imaginary eigenvalues, for which there exists a local analytic non-
zero first integral in the neighborhood of the singular point. In order to find the first integral,
Poincaré created an algorithm for computing the so-called Poincaré-Lyapunov constants Vi,
Va, V3, ---. The singular point becomes a center if and only if all the Poincaré-Lyapunov
constants vanish. If the first nonzero Poincaré-Lyapunov constant is V, then the singular point
is a (weak) focus, and at most k small-amplitude limit cycles can bifurcate from it [13].

In 1952, Bautin proved M(2) = 3 by computing focus values, and obtained all center
conditions for general quadratic systems [14]. Moreover, it is well-known that quadratic
systems with one center can be classified into four sub-systems: Hamiltonian system,
Lotka-Volterra system, reversible system, and codimension-4 system, denoted by Q”, Q%",
OF and Qy, respectively [15]. For n = 3, the center problem is a long way from being solved.
Some center conditions were obtained only for particular cubic systems [16, 17]. For the
cyclicity problem of cubic systems, there are results with examples in the literature. Among
them, the maximal number of small-amplitude limit cycles around a singular point was eleven
[18, 19, 20].

In order to help understand and attack Hilbert’s 16th problem, Arnold posed the so-called
weak Hilbert’s 16th problem [21], namely, to find the upper bound of the number of zeros,
N(n,m), of the Melnikov function given by the integral

M(h) = 56 a(x,Y)dx — p(x, y)dy, (12)
H(x,y)=h

along closed orbits defined by H(x, y) = h for h € (hy, h,), where H(x,y), p(x,y) and g(x, y) are
all polynomial functions of x and y, and deg(H(x,y)) = n, deg(p(x,y)) = deg(g(x,y)) = m =
n — 1. The weak Hilbert’s 16th problem is closely related to the near-Hamiltonian system [22]:

X = Hy(x,y) + ep(x, ), y=—Hix,y) +&q(x,y), (1.3)

where 0 < € < 1 represents a small perturbation, because the limit cycles of the above system
bifurcating from the periodic orbits H(x,y) = h for h € (hy, h,) correspond to the isolated zeros
of the first non-zero Melnikov function M;(h). The first-order Melnikov function, M, (h), of
system (1.3) is given by (1.2). Then if M,(h) # 0, the number of limit cycles bifurcating from
orbits H(x,y) = h can be determined by the number of isolated zeros of M;(h) = 0.

For any n and m, the finiteness of N(n,m) was proved independently by Khovansky [23]
and Varchenko [24] in 1984. But the explicit expression of N(n,m) has not been obtained.
When n is fixed, it was proved that for the set of “good” H(x, y) there exists a constant c(H) <
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+00 such that N(n,m) < exp(c(H)m) [25, 26, 27]. For quadratic near-Hamiltonian systems,
ie. n = 3 and m = 2, all possible cases have been considered for the cubic Hamiltonians
[28, 29, 30, 31, 32, 33, 34]. Putting all the results together we have N(3,2) = 2. For cases
where n is fixed, lots of results were obtained for polynomials P and Q with arbitrary degree
m, for instance, m — 1 zeros for the Bogdanov-Takens Hamiltonian, H = (x> + y*)/2 — x*/3
[35], and [@] for the Hamiltonian triangle H = (x*> + y*)/2 — x*/3 + xy? [36].

If M (h) = 0, we need to consider higher-order Melnikov functions. In some cases, higher-
order Melnikov functions can help obtain more limit cycles [37, 38, 39, 40]. But it is usually not
easy to compute those higher-order Melnikov functions [41]. Only for some special polynomial
Hamiltonian functions, there is a procedure presented by Francoise [42] for computing higher-
order Melnikov functions through decompositions of one-forms. Its generalization can be
found in [43, 44].

1.1.2 Switching differential systems

In recent years, more and more attention has been attracted to non-smooth dynamical systems
whose functions on right-hand side are not differentiable or even not continuous. The basic
methods of qualitative theory for such systems can be found in [45, 46].

One class of planar non-smooth systems is the so-called switching system, given in the
form of

(.9) :{ (f"(xy), 87 (x,y), if y>0, (1.4)

(f(xy),g (x,y), if y<O,

where f*(x,y) and g*(x,y) are analytic functions in x and y. In (1.4), the system defined for
y > 0 is called the upper system, ant the system defined for y < 0O is called the lower system.
A detailed discussion of the research on the dynamics of switching systems can be found in a
survey article [47].

A great deal of work has been done to generalize the classical bifurcation theory and
methods for smooth systems to non-smooth ones, for examples, the methods for Hopf
bifurcation [48, 49, 50, 51, 52, 53, 54]. Poincaré map has been introduced into the study of
Hopf bifurcation in switching systems [46, 49, 50], so that the corresponding Lyapunov
constants can be defined. In [49], the authors developed a new method for computing the
Lyapunov constants of switching systems, by applying a suitable decomposition of certain
one-forms. The approach based on Lyapunov constant is an important tool for the study of the
center problem and the cyclicity problem in switching systems, just like that for smooth
systems. But it becomes much more complicated in switching systems.

As we mentioned above, a planar smooth system has a center at a singular point, if and
only if there exists a local non-zero first integral near the singular point. For system (1.4), this
statement obviously remains true if the singular point is not located on the x-axis. But if it is
located on the x-axis, the singular point may not be a center even there exist first integrals for
both the upper and lower systems in (1.4). In this case, it is also required that these two first
integrals properly coincide on the x-axis. Conditions for a singular point to be a center have
been obtained for some switching Kukles systems [49], switching Liénard systems [50] and a
switching Bautin system [53].

The number of small-amplitude limit cycles bifurcating from a weak focus in switching
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systems has been investigated in [51, 52, 53, 54, 55]. For linear switching systems, Han and
Zhang proved that 2 small-amplitude limit cycles can appear near a focus [51]. Note that
smooth linear systems can not produce limit cycles. The cyclicity problem for quadratic
switching systems is much more difficult than that in smooth systems, and some results have
been obtained only for some special systems [49, 52, 53]. It has been proved that quadratic
switching systems can have at most 5 limit cycles near a singular point, when its lower system
is linear [49]. The best result so far for the number of small-amplitude limit cycles in
quadratic switching systems is 9 [52].

Because of various forms of non-smoothness, switching systems can exhibit more complex
bifurcations that only non-smooth systems can have, such as border-collision bifurcation [56],
grazing bifurcation [57, 58] and so on. These types of bifurcations will not be discussed in this
thesis.

1.1.3 Higher-dimensional differential systems

For higher-dimensional differential systems, a rich variety of bifurcations may occur around a
singular point, like Hopf, Hopf-zero, double-zero, double-Hopf and so on. A detailed study of
some local bifurcations in higher-dimensional systems could be found in [59].

For the bifurcation of small-amplitude limit cycles in higher-dimensional systems, there
are very few results in the literature. Over the last twenty years, several researchers have paid
attention to a 3-dimensional competitive Lotka-Volterra model, and particularly studied the
bifurcation of limit cycles [60, 61, 62, 63]. So far, the best result for this system is 4 limit
cycles [63], which include 3 small-amplitude limit cycles and a large one.

Normal form theory plays an important role in studying local dynamical behaviors around
a singular point. Its basic idea is to introduce a near-identity nonlinear transformation into a
given differential system and to get a simpler one, which keeps the topological structure of the
original system around the singular point [59, 64, 65]. When the Jacobian matrix evaluated
at a singular point of higher-dimensional differential systems has eigenvalues with zero real
part, center manifold theory is always applied together with normal form theory. It allows us
to determine the dynamical behaviors by studying the flows on the center manifold, which has
less dimension than the original system.

In order to find more small-amplitude limit cycles around a singular point, we usually need
to compute higher-order normal forms. But even with the help of computer algebra systems,
such as Maple, Mathematica, Matlab and so on, it is still not easy to obtain higher-order normal
forms since considerably more computer memory and computational time are demanded as the
order of normal forms increases.

Lots of methods have been developed for computing normal forms and equivalent
quantities (focus values or Poincaré-Lyapunov constants), including the time-averaging
method [59, 66], Poincaré method [67, 68], the perturbation technique combined with
multiple time scales [69]. Recently, researchers have also paid attention to further reduction of
the (conventional or classical) normal forms, called the simplest normal forms (e.g. see
[70, 71, 72, 73]). The computation of the parametric simplest normal forms [72, 73] is much
more complex and difficult, which will not be discussed in this thesis. For Hopf bifurcation of
two-dimensional systems, a recursive formula was presented for the computation of
Poincaré-Lyapunov constants in terms of the coefficients of the original system [68]. For



6 CHAPTER 1. INTRODUCTION

general n-dimensional differential systems, the method of multiple time scales was combined
with a perturbation technique to obtain normal forms for a number of different singularities
such as Hopf [74], Hopf-zero [75], double Hopf [76, 77] and so on. Yu [78] developed a
unified procedure for computing the center manifold, the normal form of a differential system
and the corresponding nonlinear transformation.

1.2 Preliminaries

In this section, we shall give a brief introduction to displacement function and normal form
theory, which play a critical role in this thesis.
Consider an n-dimensional differential system

x = f(x,0), xeR", 6§ eR", (1.5)

where the dot represents differentiation with respect to time ¢, f(x, 6) is an analytic function in
the region D C R”, and 6 is a parameter vector.

According to the theorem of existence and uniqueness of solutions, for any point x, € D
system (1.5) has a unique solution x = @(t, x, §) satisfying ¢(0, x¢, §) = x. If @(t, x9, 0) = x0,
then point x is called a singular point (singularity) of system (1.5), otherwise a regular point.
The curve defined by x = ¢(¢, xy, 6) is call the orbit of (1.5) through x,. An orbit is called a
periodic orbit if it is closed. A limit cycle is an isolated periodic orbit, i.e. there are no other
periodic orbits in a neighborhood of it.

The topological structure of orbits near a regular point is simple: the family of orbits in a
small neighborhood of a regular point is topologically equivalent to the family of parallel lines
[79]. For a singular point, the situation is complicated.

Without loss of generality, suppose that the origin is a singular point of system (1.5). The
linearization of system (1.5) at the origin is

X = Ax, (1.6)

where Ax is the linear part of f(x) and A is an n X n matrix. Then matrix A has eigenvalues
A, i =1, -+, n, with zero, negative and positive real parts. The corresponding eigenvectors of
matrix A span three sub-spaces of R": center eigenspace E°, stable eigenspace E° and unstable
eigenspace E*, and R" = E° P E* € E*. Obviously, each eigenspace E°, E* or E* is invariant
for the linearized system (1.6). All orbits of system (1.6) in eigenspace E* (E*) tend to the
origin as t — +oo (—00), and the orbits in E¢ are periodic or singular points.

According to Grobman [80] and Hartman [81], if all eigenvalues of system (1.6) at the
origin have non-zero real part, then system (1.6) is said to be hyperbolic, and system (1.5) has
the same topological structure of the orbits near the origin as system (1.6). This means that the
changes in nonlinear parts of system (1.5) have no effects on the topological structure of the
orbits around a singular point, if its corresponding linearized system is hyperbolic.

If system (1.6) involves eigenvalues with zero real part, then small-amplitude limit cycles
could bifurcate from the origin under small perturbations. The cyclicity problem naturally
arises here. In this situation, the topological structure of the orbits near the origin in system
(1.5) is unstable, and various bifurcations may occur, depending on the number of zero
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eigenvalues and pairs of purely imaginary eigenvalues. If a singular point x5 of system (1.5)
has eigenvalues with zero real part at § = &y, then (x5,,0¢) is called a critical point, or a
bifurcation point. The following is Hopf bifurcation theorem, which can also serve as the
definition of Hopf bifurcation.

Theorem 1.2.1 ([82, Section 11.2]) Let J(8) be the Jacobian of system (1.5) evaluated at a
singular point xs of it. Suppose that J(6y) has a simple pair of purely imaginary eigenvalues
and no other eigenvalues with zero real part. A Hopf bifurcation arises when these two
eigenvalues cross the imaginary axis because of a variation of & around 0.

In order to study bifurcation problems, the critical point usually needs to be determined.
The eigenvalues can be obtained from the characteristic polynomial of the Jacobian J(&) as

Pu(2) = det(A — J(6)) = 1" + a ()X + -+ + a,(6). (1.7)

To find the critical point of a Hopf bifurcation, we do not have to solve the eigenvalues from
the above polynomial. Instead, we use the Hurwitz criteria [83], A;, i = 1, ---, n — 1, of the
polynomial p,(1). The theorem is given below.

Theorem 1.2.2 ([83]) Suppose that J(8) is the Jacobian of system (1.5) evaluated at a singular
point xs of it. Let (1.7) hold. The necessary and sufficient condition for system (1.5) to have a

Hopf bifurcation at x5 without eigenvalues having positive real part is A; > 0 fori=1,2, ---,
n-2 A, =0anda, > 0.

If matrix J(0) has n different eigenvectors, which is equivalent to J(6) being diagonalizable,
then we say that the singular point x5 in system (1.5) is semisimple.

The next two subsections are devoted to two important tools for bifurcation of
small-amplitude limit cycles, displacement function and the method of normal forms
associated with semisimple singular points.

1.2.1 Displacement function and Melnikov functions

Consider a planar analytic differential system with a parameter vector of the form

X=f(xy,6), y=gyd), (1.8)

where 6 € R”, m > 1, and £(0,0,6) = g(0,0,6) = 0. Then the origin is a singular point of
system (1.8).
The linearization of system (1.8) at the origin is given by

x)_0(f.8) X\ _[An Ap [ x
.= = (1.9)
y O(x,y) oo\ y Ay Axn |\ y
with the characteristic polynomial p,(1) = A% + a;A + a», where a; = —(A;; + Ap), a» =
A11A» — Ay1App. Denote by Ay and A, its two eigenvalues. Then the origin of system (1.9) is a
saddle point, if 114, <0,
node, if 114, > 0, Im(4;) =0,
focus, if Re(1;) # 0, Im(2;) # 0,
center, if Re(1;) = 0, Im(2;) # 0,

degenerate point, if 4;4, = 0.
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Therefore, we have a center point at the origin with a pair of purely imaginary eigenvalues,
when a; = 0 and a, > 0. In this case, the origin in system (1.8) could be an elementary center
or an elementary focus, and the center-focus problem arises here. Under proper conditions of
0, small-amplitude limit cycles can bifurcate from the origin.

Assume system (1.9) has an elementary center at the origin for § = éy. Without loss of
generality, we may further assume that system (1.9) has a focus at the origin for any 0 <
|0 — 0y < 1. Under a proper linear transformation, system (1.8) becomes

x = a(d)x —B(0)y + F(x,y,0),

. (1.10)
y = B6)x + a(d)y + G(x,y,6),

where |6-6o| < 1, a(8) = 0,8(8p) > 0and F, G = O(|x, y|*). Letting x = rcos(d), y = rsin(6),
system (1.10) is transformed into

i = a(6)r + cos(O)F + sin(0)G, 6 = B(8) + (cos(6)G — sin(O)F)/r.
Then eliminating time ¢ yields

ﬂ _a(®)r + cos(OF + sin(0)G
do  B(6) + (cos(6)G — sin(0)F)/r

= Ri(O)r + Ry(0)r* + R3(O)r + Ry(O)r* +---,  (1.11)

where R;(0) is a polynomial function of sin(#) and cos(6).

Suppose r(6, p) is the solution of equation (1.11) satisfying (0, p) = p. Then for system
(1.10) we define the Poincaré map as P(p) = r(2m,p), 0 < p < 1 (see Figure 1.1). The
function d(p) = P(p) — p, is called the displacement function of system (1.10). It is easy to see
that d(p) = 0 for 0 < p < 1 if and only if the origin is a center of system (1.10). If d(p) < O
(> 0) for 0 < p < 1, then we say the origin is a stable (unstable) focus.

Obviously, if and only if p is an isolated zero of the function d(p), i.e. P(po9) = po, then
system (1.10) has a small-amplitude limit cycle near the origin passing through point (o, 0).
So the number of isolated zeros of d(p) = 0, 0 < p < 1, corresponds to the number of
small-amplitude limit cycles near the origin in system (1.10).

The displacement function d(p) can be written as a power series in p:

dp) =vip+vp° +vip° +---, 0<p < 1. (1.12)

It is easy to see thatif v, = 0, k =1, 2, 3, - - -, then the origin is a center.

Theorem 1.2.3 [84, Chapter 2] Let (1.12) hold for system (1.10). If for some k > 1 it holds
that

d(p) = vip" + 0(**"), v #0, (1.13)
then k is odd, and the origin is a stable (unstable) focus of system (1.10) if v < 0 (> 0).

Definition 1.4.1 Let (1.13) hold with k = 2i + 1, i > 0. We call the origin a focus of order i,
and vy the ith order focus value. Sometimes v is also called the ith order Lyapunov constant.
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Figure 1.1: The Poincaré map for system (1.10).

Theorem 1.2.4 [84, Chapter 2] (i) If system (1.10) has a kth-order focus at the origin (k > 1)
for 6 = &, then it has at most k limit cycles near the origin for § near 6y. Moreover, k limit
cycles can appear near the origin if

5(V1,V3,"' s Vok-1)
0(61,62,"+ ,0m)

rank( (60)) = k.

(ii) If system (1.10) is analytic and satisfies
Vajs1 = O(vi, vz, - s vopeal),  J2k+1

for some k > 1, then for any given N > 0 system (1.10) has at most k limit cycles near the
origin for |vi| + [va| + - -+ + [vare1] < N.

One basic approach to compute the focus values of system (1.10) is to substitute the power
series of the solution (6, p) given in p,

r(6,0) = r(@)p + r(O)p* + r3(0)p” + -+ -,

into equation (1.11) and then compare the coefficients of the terms in p with the same power.
For r1(0), we get r{(6) = R1(0)r,(0), or

O ) a(0)
0) = erd®”, Ri(0) = —f1 1.11).
r@ =e since R;(6) 50 rom ( )

Then v| = ez’r;% — 1. When v; =0, i.e. @(d) = 0, we can easily obtain

0 0
ry = 1, }"2(9) = f Rz(@)d@, }"3(9) = f (R?,(H) + 2?‘2(9)R2(9))d6, et (114)
0 0

Obviously, v; = r,(2r), i > 1.
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Usually, we do not use (1.14) to study bifurcation of small-amplitude limit cycles in
system (1.10) since (1.14) involves integration of trigonometric functions, which demands lots
of computational time, especially when higher-order focus values are needed. On the other
hand, computation of normal forms or Poincaré-Lyapuvnov constants only contains algebraic
computations, which can be easily implemented in a computer using a computer algebra
system. Recently, researchers paid more and more attention to the computation of (1.14),
because Poincaré map and displacement function can be also applied to Hopf bifurcations of
switching systems.

The displacement function can be also expressed in terms of Melnikov functions for near-
Hamiltonian systems in the form of

x=H,+ep(x,y,&0), y=-H,+eqx)y,&0), (1.15)

where H(x,y), p(x,y,¢&,0) and g(x,y, g,6) are C* functions, and & is small. For € = 0 system
(1.15) becomes
x=H,, y=-H, (1.16)

which is a Hamiltonian system.
Suppose system (1.16) has a family of periodic orbits given by Hamiltonian levels,

Yh : H(xay) = h’ h € (h()ahl)

and a center at the origin, denoted by vy, such that y, — y;, as h — h;. Using the Hamiltonian
level H = h, h € (hy, hy), to parameterize the positive x-axis near the origin, we can express
the Poincaré map ¥ in terms of s, € and 6. Thus, the corresponding displacement function
d(h,&,08) = P(h,e,6) — h can be written as

d(h,,8) = eM,(h,8) + €My(h,6) + EM5(h,8) + - - -, (1.17)

where
M;(h,8) = @ (gdx — pdy)|.-o,
Yh
is called (the first-order) Melnikov function, and M;(h, ), i > 1, is called ith-order (higher-
order) Melnikov function.

Then the number of limit cycles bifurcating from the periodic orbits y,, h € (hg, hy), in
system (1.15) could be determined by the number of zeros of the first non-zero Melnikov
function M(h,6) in (1.17). The zeros near h = h, correspond to the limit cycles near the center
Yn,- For the first-order Melnikov function, M, (h, §), we have the following two theorems [84].

Theorem 1.2.5 For system (1.15) we have

(i) The Meknikov function M,(h, ) is of class C* in h > hy at h = hy. If the functions H, p
and q are analytic in x and y, then M,(h, 8) is also analytic in h at h = h,,.

(ii) If there exists a function B;(0y) # O such that

M, (h,8) = B(So)H™ + O(W*)  forO<h—hy < 1,

then there exist € > 0 and a neighborhood V of vy, such that (1.15) has at most k limit cycles
inV for 0 < € < gy and 6 near 6.
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In many cases (polynomial systems for example), the first-order Melnikov function may be
written in the form of

k
My(h,6) = " 6;l(h), k=2, (1.18)

=

Theorem 1.2.6 Let (1.18) hold. Suppose W(h), h — hy < 1, is the Wronskian of the functions
Ii(h), I(h), ---, I(h). If W(hy) # O, then system (1.15) has at most k — 1 limit cycles near yp,.

When M, (h) = 0, we need to consider higher-order Melnikov functions. Although higher-
order Melnikov functions can be easily expressed as iterated integrals, it is not easy to compute
them. In [42], Francoise developed a procedure to compute higher-order Melnikov functions.
Assume that for system (1.15) H, p and g are polynomials in x and y, and H satisfies the
so-called *-condition: for any polynomial one-form w,

if 95 w =0, thenw = rdH + dR,
Yh

where r and R are polynomials. We further assume that p and g can be expressed in the form
of

p(x,y,8,0) = pi1(x,y) + epa(x,y) + € p3(x, ) + -+,

(1.19)
q(x,y,&06) = q1(x,y) + £q2(x,y) + € q3(x,y) + -+ .

Then, Francoise’s procedure [42] gives

Theorem 1.2.7 Under the conditions (1.19), assume that for some k > 2, M,(h) = M,(h) =
=M (h)=0in(1.17). Let wj = qjdx — pidy, j=1,2,---, k. Then

M (h) = 56 Dy,
Yh

where
O =w;, D,=w,+ Z riwj, 2 <m<k,

i+j=m

and the functions r;,, 1 < i < k — 1 are determined successively from the representation ®; =
de' + ridH.

1.2.2 Normal form theory

Let us re-consider system (1.10) with @ = 0. Then system (1.10) has a Hopf singularity at the
origin. For any positive integer m there exist two positive polynomials Q;(u, v) and Q,(u, v) of
degree 2m + 1 with

01, v) = u+ O(u,v*),  Qa(u,v) = v+ O(lu,v),
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such that through transformations x = Q;(u#,v) and y = Q,(u,v), system (1.10) can be
transformed into

it =B+ ) (aju— b + ) + O(lu, v"2),

J=1

m (1.20)
b= pu+ Y b+ ap)a® +v3) + O(lu, v,

=

which is called the normal form of system (1.10) of order 2m + 1. In polar coordinates, the
normal form (1.20) can be rewritten as

F=air +ar + -+ apr®™ + 0,

' 1.21
9:ﬁ+b1r2+b2r4+...+bmr2m+0(r2m+1). ( )

There is an equivalence relation between vy, in (1.12) and a4 in (1.21): g =0 & vy =0
ifa; =0, vy, = 0,1 < j < k—1. Then for system (1.10), a;’s can be used to study the
center-focus problem as well as the cyclicity problem. So a; is also called the kth order focus
value of system (1.10) in the literature.

Note that the normal form (1.21) is derived from planar differential systems. Combined
with center manifold theory, normal form theory can also be applied to higher-dimensional
differential systems, to simplify the study of dynamic behaviors of orbits around a singular
point. For Hopf singular points, the normal form of a higher-dimensional system still keeps
the form of (1.21). Next, we will give a brief introduction to the center manifold theory and
normal form theory in n-dimensional systems.

Without loss of generality, any n-dimensional analytic system can be written in the
following form

x=Ax+0(x",y", 2",
y=By+0(x",y", 2P, (1.22)
z=Cz+0(x",y", 2" P,

where (x,y7,z7)" € R”, and the eigenvalues of matrices A, B and C have zero, negative and
positive real parts, respectively. Then the corresponding eigenvectors of matrix diag(A, B, C)
span three sub-spaces of R": center eigenspace E°, stable eigenspace E° and unstable
eigenspace E, and R" = E @ E* P E*. According to center manifold theorem [59], there
exist a center manifold W¢, a stable manifold W* and a unstable manifold W*, which are
tangent to E¢, E° and E" at the origin O, respectively, see Figure 1.2.

For real applications, we usually assume that system (1.22) does not have the unstable
manifold W*. If the origin is a semisimple singularity, then system (1.22) becomes

x =Ax+ X(x,y),

. (1.23)
y=By+Y(x,y),

where A and B are diagonal matrices, X(x, y) and Y(x, y) are analytic functions starting at least
from second-order terms.
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Figure 1.2: The stable, unstable and center manifolds for system (1.22).

Since the center manifold W is tangent to E¢ at the origin, W can be expressed in terms
of the variables of E¢ in the neighborhood of the origin. Assume the center manifold W¢ of
system (1.23) is given by

y=h(x), |x|<l.

Then h(0) = 0, Dh(0) = 0, and h(x) satisfies
Bh(x) + Y(x, h(x)) = Dh(x)(Ax + X(x, h(x))).

Expanding the above equation in Taylor series and balancing the coeflicients of corresponding
terms, we can get the power series of k(x) up to any order we wish to obtain. In [85], the
authors presented a method to compute center manifolds to any order, and showed how to
analyze the errors of the analytical approximations.

Thus, system (1.23) restricted on the center manifold W¢ is described by

X = Ax + X(x, h(x)). (1.24)
Further, to simplify system (1.24), we introduce a nonlinear transformation,
x = Q@) =u+ O(lul), (1.25)
where Q(u) is a polynomial in u of degree 2m + 1, resulting in a simple system,
i = Au + C(u) + O(|lul*"*). (1.26)

where C(u) is a polynomial in u of degree 2m+1, and C(x) = O(|u|*). System (1.26) is obtained
by eliminating as many terms as we can through the transformation (1.25), and it is called the
normal form of system (1.23) of order 2m + 1. The terms retained in the normal form (1.26)
are called resonant terms.
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1.3 Outline and Contributions

1.3.1 Outline of thesis

The thesis is outlined as follows.

Chapter 2 contains two parts. In the first part, we shall show that the result given in [18],
which claims the existence of 11 small-amplitude limit cycles around a singular point in a
particular cubic polynomial vector field by the second order Melnikov function, is not correct.
Mistakes made in [18] leading to the erroneous conclusion have been identified. In fact, only
9 small-amplitude limit cycles can be obtained from this example after the mistakes are
corrected, which agrees with the result obtained later by using the method of normal form
computation [86].

In the second part of Chapter 2, we consider a cubic near-Hamiltonian system in the form

X=y+axy+ a2y2 +eP(x,y,8), y=—-x+ ¥ - a1/2y2 +e0(x,y, &), (1.27)

where P and Q are cubic polynomials in x and y with coefficients depending analytically on
the small parameter €. It is proved that 10 small-amplitude limit cycles can bifurcate from an
elementary center in system (1.27), for which up to 5Sth-order Melnikov functions are used.
This demonstrates a good example in applying higher-order Melnikov functions to study
bifurcation of limit cycles.

In Chapter 3, we consider two previously developed cubic systems in [19, 20], which have
been proved to exhibit 11 small-amplitude limit cycles. Applying a different method, we not
only prove the existence of the 11 limit cycles, but also show that one of the systems given by

% = 10x(8axy — 3x* — 9x — 12y* — 6),
y = 24a — 16ax + 90y + 15xy — 16axy* + 60y°,

can actually have 12 small-amplitude limit cycles around a singular point under suitable cubic
perturbations. So M(3) > 12. This is the best result so far obtained in cubic planar vector fields
around a singular point.

Chapter 4 is concerned with quadratic polynomial switching systems. A computationally
efficient algorithm for computing Lyapunov constants of switching systems is developed. We
apply this algorithm to the following switching Bautin system,

( Ox —y — azx* + (as + ax)xy + (as + az)y*

(x)_ X+ 0y + arx* + (as — az)xy — a,y* )’ y>0,

) 1.28
y ox—y— bix? + (bs + by)xy + (be + b3)y2 ( )

X + 0y + byx* + (by — b3)xy — byy? )’ y <0,

and determine its all possible center conditions by computing resultants of Lyapunov constants
when agbs = 0. In addition, we prove that a switching Bautin system can have at least 10
small-amplitude limit cycles around a singular point.

Chapters 5 and 6 are devoted to computation of normal forms. Explicit, recursive
formulae are presented for simultaneously computing the normal forms, center manifolds and
nonlinear transformations for general n-dimensional systems, associated with Hopf and
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semisimple singularities, respectively. Maple programs are developed based on the analytical
formulae for Hopf bifurcation and semisimple cases with center manifolds of any dimension.
The computational efficiency of the algorithm is demonstrated by examples.

There are very few results in the literature about bifurcation of limit cycles in
higher-dimensional differential systems. As an application of our developed algorithm for
computing normal forms, in Chapter 7, we study a simple 3-dimensional differential system,
given by

X1 = ax) +x+ fi(xg, x2, X3),
Xy = —x1 + axy + folxy, x2, X3), (1.29)

X3 = —Bx3+ f3(x1, X2, x3),

where @ and § > 0 are parameters, and f;’s are quadratic polynomials. We obtain 7 small-
amplitude limit cycles around the origin in system (1.29).

1.3.2 Contributions of thesis

This thesis contains contributions in both theoretical development and applications, mainly in
three aspects.

(1) Obtained 10 small-amplitude limit cycles in a quadratic Hamiltonian system under cubic
polynomials perturbation by using higher-order Melnikov functions, up to 5th order.
This is an excellent example in demonstrating the powerful method of using higher-order
Melnikov function method. The result of 10 small-amplitude limit cycle is a record in
this direction of research. See Chapter 2.

(i) The research of the candidate is focused on one special type of non-smooth dynamical
systems called switching system, which has different definitions of continuous vector
field in the two different regions divided by a straight line. Switching systems have
recently been extensively studied by researchers from many different areas. Switching
systems also serve as a rich source of open problems, see [47]. The particular problem
addressed in this thesis is: under what condition does a quadratic polynomial switching
system have a center? This is a fundamental problem and a complete answer is given
in this system, and a better result on the number of limit cycles has been obtained. See
Chapter 4.

(iii)) Developed the computationally efficient algorithms and Maple programs for computing
the center manifolds and normal forms of general n-dimensional systems, associated
with Hopf singularity and semisimple singularity. These algorithms improved the
computational efficiency of the existing algorithms, and the user-friendly Maple
programs can be easily applied by those engineers and applied scientists to solve real
world problems. See Chapters 5 and 6.
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Chapter 2

Bifurcation of ten small-amplitude limit
cycles by perturbing a quadratic
Hamiltonian system

2.1 Introduction

The well-known Hilbert’s 16th problem [1] has been studied for more than one century, and the
research on this problem is still very active today. To be more specific, consider the following
planar system:

X=Py(xy), ¥ =0ulx,y), 2.1)

where P,(x,y) and Q,(x,y) represent nth-degree polynomials of x and y. The second part of
Hilbert’s 16th problem is to find the upper bound, called Hilbert number H(n), on the number
of limit cycles that system (2.1) can have. The progress in the solution of the problem is
very slow. Even the simplest case n = 2 has not been completely solved, though in the early
1990’s, [2] and [3] proved that H(n) is finite for any given planar polynomial vector fields. For
general quadratic polynomial systems, the best result is H(2) > 4, obtained more than 30 years
ago [4, 5]. Recently, this result was also obtained for near-integrable quadratic systems [6].
However, whether H(2) = 4 is still open. For cubic polynomial systems, many results have
been obtained on the low bound of the Hilbert number. So far, the best result for cubic systems
is H(3) > 13 [7, 8]. Note that the 13 limit cycles obtained in [7, 8] are distributed around
several singular points. This number is believed to be below the maximal number which can
be obtained for generic cubic systems. A comprehensive review on the study of Hilbert’s 16th
problem can be found in the survey article [9].

In order to help understand and attack Hilbert’s 16th problem, the so called weakened
Hilbert’s 16th problem was posed by Arnold [10]. The problem is to ask for the maximal
number of isolated zeros of the Abelian integral or Melnikov function:

M(h,6) = Sé( ) O(x,y)dx — P(x,y)dy, 2.2)

A version of this chapter has been submitted to the Journal of Differential Equations, and published on
arXiv.org.
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where H(x,y), P(x,y) and Q(x,y) are all real polynomials of x and y, and the level curves
H(x,y) = h represent at least a family of closed orbits for & € (hy,h;), and § denotes the
parameters (or coefficients) involved in Q and P. The weakened Hilbert’s 16th problem itself
is a very important and interesting problem, closely related to the study of limit cycles in the
following near-Hamiltonian system [11]:

)'c:Hy(x,y)+8P(x, y)’ y: —Hx(x,}’)"'SQ(X, y)a (23)

where 0 < € < 1 is a small perturbation. Studying the bifurcation of limit cycles for such a
system can be now transformed to investigating the zeros of the first-order Melnikov function
M(h, o), given in (2.2).

When we focus on the maximum number of small-amplitude limit cycles, M(n), bifurcating
from an elementary center or an elementary focus, one of the best-known results is M(2) = 3,
which was proved by Bautin in 1952 [12]. For n = 3, several results have been obtained (e.g.
see [13, 14, 15]). Among them, in 1995 Zolgdek [13] first constructed a rational Darboux
integral to show the existence of 11 small-amplitude limit cycles in a cubic vector field, which
was considered the best and was cited by many researchers in this field. The rational Darboux
integral proposed by Zotadek [13] is given by

5 4 2 5
4 4
o= - (4 4x +4) : (2.4)
f (8 +5x +5xy +5x/2 + a)t
which in turn generates the dynamical system in the form of
. _ 3
X=x+xy+5x/2 +a,
v (2.5)

y = —ax’ + 6x°y — 3x% + 4y* + 2y — 2ax,

with the integrating factor M = 20, ;.

For a < —2°/%, system (2.5) has a center Cy = (—a/2, —a*/4—1/2) and five (real or complex)
critical points (r, —r*—5/2—a/r), where r satisfies the polynomial equation > —10r—4a = 0. In
addition, system (2.5) has a saddle point and a non-elementary critical point at infinity. Let 4y =
Hy(Cy) = =2/a. Around C, there exists a family of periodic orbits given by y;, : Hy(x,y) = h,
0 <h—hy < 1.y, approaches Cy as h — h.

Recently, Yu & Han [14] applied a different method to system (2.5) and only got 9 small-
amplitude limit cycles. This difference motivated us to reconsider the Zotadek’s example and
find that the result in [13] is not correct. In the next section, we shall present a detailed analysis
on the Zotadek’s example and point out where the mistakes were made in the paper [13].

In the second part, we will present an example to demonstrate the use of higher-order
Melnikov functions to obtain 10 small-amplitude limit cycles by perturbing a quadratic
Hamiltonian system with 3rd-degree polynomial functions. In general, a perturbed quadratic
Hamiltonian system can be described by

X=y+axy+ a2y2 + eP(x,y, €),
(2.6)

1
y=—x+x>- Ealyz +e0(x,y, &),
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where P and Q are nth-degree polynomials of x and y with coefficients depending analytically
on the small parameter e. When € = 0, system (2.6) has a cubic Hamiltonian,

1 1 1 1
H(x,y) = E(x2 + yz) - §x3 + Ealxyz + §a2y3, 2.7)

and its parameters a; and a, take values from the set,

Q:{—1§a1§2, OSazs(l—%)\/l+a1}.

The Hamiltonian given in (2.7) is actually the so-called normal form [16] for all quadratic
Hamiltonian systems which have a center at the origin. There exists a family of closed ovals
around the origin given by I';, : H(x,y) = h, h € (0, %).

For any 4 € (0, é) the displacement function d(h, €) of system (2.6) has a representation

d(h, &) = eMy(h) + €My (h) + &M(h) + - - -, (2.8)

where M;(h) is called the ith-order Melnikov function, particularly the higher-order Melnikov
functions if i > 2. Then, we may determine the number of the limit cycles of system (2.6)
emerging from the closed ovals {I',} by studying the zeros of the first non-vanishing Melnikov
function M;(h) in h € (0, {).

Suppose M;(h) # 0 in (2.8). Denote Z(n) the sharp upper bound of the number of zeros
of M(h). Gavrilov [17] proved Z(2) = 2 for the Hamiltonian H with four distinct critical
values (in a complex domain). Horozov & Iliev [18] obtained a linear estimate Z(n) < 5(n + 3).
Also, some sharp upper bounds were given for some particular cubic Hamiltonian: n — 1 for
the Bogdanov-Takens Hamiltonian, H = 1(x* + y?) — 1x° (see [19]), and [3(n — 1)] for the
Hamiltonian triangle, H = %()c2 +y%) — %x3 + xy? (see [20]).

Moreover, for the Bogdanov-Takens Hamiltonian, there are some results on the upper
bound of the number of zeros of the first nonvanishing higher-order Melnikov functions
M, (h). Li & Zhang [21] got a sharp upper bound 2n — 2 if n is even or 2n — 3 if n is odd for
k = 2. Iliev [22] obtained a sharp upper bound 3n — 4 for k = 3, by applying the Francoise’s
procedure [23] for computing higher-order Melnikov functions. The higher-order Melnikov
functions can be also easily expressed via iterated integrals, which will be seen in the next
section.

In this chapter, we study the number of small-amplitude limit cycles in (2.6) bifurcating
from the origin, using higher-order Melnikov functions. Hereafter we suppose P and Q are
cubic polynomials with the following forms,

o0 3

Px,y,&) = Y &' Py(x,y) with Pu(x,y) = > aimx'y’,
m=1 i+j=1

(2.9)

(o)

3
0(xy,8) = ) &' 0u(x,y) With Qu(x,) = > bym'y.

m=1 i+j=1

Our main result is given below, and its proof will be given in Section 2.4.
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Theorem 2.1.1 Let the functions P and Q in (2.6) be given by (2.9). Then system (2.6) can have
[%] +4 small-amplitude limit cycles around the origin, when M, (h) is the first non-vanishing
Melnikov function in (2.8), 1 <k < 5.

Remark 1. It follows from Theorem 2.1.1 that 10 small-amplitude limit cycles exist in the
vicinity of the origin of system (2.6) when k = 5, i.e., M(3) > 10.

The rest of the chapter is organized as follow. In the next section, we consider the
Zol@dek’s example [13], and show that the result given in [13] is not correct. In Section 2.3,
we present some preliminary results for polynomial one-forms with respect to the
Hamiltonian (2.7). Then, in Section 2.4 by choosing special forms for the polynomials P and
Q without loss of generality, we prove Theorem 2.1.1. Finally, conclusion is drawn in Section
2.5.

2.2 Zoladek’s example

In this section, we consider the Zotadek’s example, described by (2.4) and (2.5), and briefly
describe the method used in [13]. Suppose the perturbed system of (2.5) is described by

X=M"Hy +¢ X, ¥, &),
_loy p(x,y,€) (2.10)
y=—-M"Hy, + eq(x,y,&),

where p(x,y,e) and g(x,y,e) are polynomials of x and y with coefficients depending
analytically on the small parameter £ and max(deg(p), deg(q)) < 3.

Let S be a section transversal to the closed orbit y,. Using Hy, = h as a parameter, 0 <
h — hy < 1, we define the Poincaré map P(h, ) of system (2.10), and thus the corresponding
displacement function, d(h, ) = P(h, &) — h has the form

d(h,e) = ¢ M(gdx — pdy) = eM,(h) + £ M,(h) + O(?), (2.11)
L(h,e)
where L(h, €) is a trajectory of the perturbed system (2.10). We can use the first non-vanishing
Melnikov function M;(h) in (2.11) to investigate the number of the limit cycles around the
center Cy. Generally, the zeros of M, (h) correspond to the limit cycles of system (2.10).
Let w = gdx— pdy, deg(w) = max(deg(p), deg(q)). Then, the first-order Melnikov function
M (h) can be expressed in the form of

.
fle

When M;(h) = 0, we may use an iterated integral to express the second-order Melnikov
function M,(h). The first integral of system (2.10) can be approximated as H, = Hy — eH|,

M(h) = O Ml =h9§
Yh Yh

e=0

where the function H;(B) is the integral H,(B) = fAB Mw@|.—y, computing along the vy;, with
A =7y, S and B € y;. Thus, for system (2.10) we have the second-order Melnikov function,
given by

(2.12)

My(h) = %( fH :th)

e=0
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Suppose that the polynomials p and g are expanded as

p(x,y,€) = pi(x,y) + epa(x,y) + O(?),
q(x,y,8) = qi(x,y) + £q2(x,y) + O(&).

Further, let @w; = ¢;dx — p;dy, i = 1,2. Then (2.12) can be rewritten as

d d(Mw@,) (o))
Mz(h) = — f M, + M@, = § H + h§ -, (213)
dg( Hg=h ) £=0 Y Y dH, Y f1f2
where ‘i(y—lzl) is the Gelfand-Leray form (see [24]).

In [13], the author studied small-amplitude limit cycles of system (2.10), bifurcating from
the center Cy, by using the second-order Melnikov function M,(h). More precisely, for (2.13),
the author chose twelve Abelian integrals /,,(h) = f@ W [(fifz),i=1,...,12, where one-forms
w; are given as follows:

wi = xXdx, k=1,2,3,4, ws=(18x>+ 18y +5)dx, wg = xydx,
wy = Xydx, wg=xy’dx, wo=ydx, wyp=xy’dy, wi =ydy,
w1 = y*(5 = 3xH)dx + xy(x* + 1)dy.

Then, by showing the independency of the integrals 1, (h), the author claimed that 11 small-
amplitude limit cycles could bifurcate from the center Cy after suitable cubic perturbations.

Later, system (2.10) was re-investigated by using the method of focus values
computation [14]. Based on the computation of e-order and £2-order focus values, the authors
of [14] showed that system (2.10) has at most 9 small-amplitude limit cycles bifurcating from
the center C,. This obvious difference raises a question: which conclusion is correct? If the
result of 11 limit cycles is not correct, then what possible mistakes were made in the
article [13]? In the following, we will answer these questions.

In [13], a key part in the proof of the existence of 11 limit cycles is the lemma in Section
5.1, which states that the eleven integrals, ij(h), j=1,...,11, form a basis of the linear space
of integrals 1,(h) = Sﬂy ) w/(f1 /), deg(w) < 3. We will show that this is not true. Firstly, we find
the relation al,,(h) — 1,,(h) = 0, showing that /,,(h) and I,,,(h) are linearly dependent. This
can be seen from the proof of the lemma [13], where the author obtained nine one-forms 7;,
j=1,...,9 such that I,”(h) = 0, where

n = ()c3 + 2x)dx + dy,

m = (=3ax* + 12xy — 6x — 2a)dx — 3x* +y + 5/2)dy,

n; = (6x* + 8y + 2)dx — xdy,

Ny = (-3ax® + 12x2y —6x% = 2ax)dx — (2x° — a)dy,

s = (ax® + 3x* + 4y + 2ax)dx — xydy,

Ne = (—ax’ + 6x2y -3x + 4y2 + 2y —2ax)dx — o + xy + 5x/2 + a)dy,

17 = Bax’y — 12xy” + 6xy + 2ay)dx — (3x’y — ax’ — 3x” + 3y — y/2 — 2ax)dy,
s = (=5x° = Txy + x/2 + a)dx + x*dy,

o = (21xy/2 — Txy* + ay)dx + 2x*y — 3x*/2 + ax + y)dy.
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It is easy to show that (3an; — 513 —n4)/2—ns5+16 = aws—ws, which yields al,,,(h)—1,,,(h) = 0.
Secondly, we find another one-form 7,9, given by

mo = [— Fax’ — 3y} = 2a* — 3)x* — 9axy + 6y + Lax + a*|dx + xy*dy,
such that the integral I, (h) vanishes near hy. Therefore, based on these ten one-forms 7;,
1 < j <10, we can remove [, (h) from the basis without adding another integral. Thus, the

number of integrals in the basis claimed in [13] should be one less.

Next, consider the integral I, ,(h), where wy, = y*(5—3x?)dx+xy(x*+ 1)dy, which was used
in [13] when the second-order Melnikov function was considered. Obviously, deg(w,) = 4.
In Remark 7 of [13], the author showed that /,,,,(%) could appear in the second-order Melnikov
function M,(h) of system (2.10), under a suitable perturbation.

However, 1,,,,(h) has no contribution to generate small-amplitude limit cycles in the vicinity
of Cy, since for x*y?dx and x*ydy in w,, we can show that there are two one-forms &; and &,
given by

1 11 4 1
& = [)c2y2 - %a(a2 + 144)x° + (@* + 3)x2y + Faxy2 - §y3 + ﬁ(3a4 —28a* + 46)x*

1 1 1 1
+ 8a(6oﬂ —Txy + g(3a2 +4)y* + 7—2a(9a4 +36a* + 77)x + E(3a4 — 104> + 12)y

1
+ ——(9a° + 364" + 100a* + 80)]dx,

288
[ 3 3.5 o, 19 5 45 1y 2 2
=[— - - = 4 -— =y - — -1
& [48a(a 60)x 2(a +4)x"y 2 axy” + 3y 16(3a + 70a 6)x
1 1 1
- Ea(3a2 —dxy — Ba® +2)y* + ana“ — 364 + 137)x — E(15a4 +2a” + 48)y
1 1 5 1 3 3 3
- 3—2a4 + &az - g]dx + [FPy + A—L(a2 +2)x° + Eaxzy + ga(a2 +2)x° + Zazxy
3 1 1
+ Eaz(a2 +2)x + §a3y + §a3(a2 +2)|dy,

satisfying I, (h) = I,(h) = 0 for 0 < h — hy < 1. This implies that /,,,(h) can be expressed as
a linear combination of integrals /,,(h), deg(w) < 3, for & near hy.

Summarizing the above results shows that /,,,(h) and 1,,,(h) can be removed from the basis,
since they can be expressed as linear combinations of the other elements in the basis. Thereby,
now there are only ten of the integrals chosen in [13] left. This clearly indicates that at most 9
(not 11) small-amplitude limit cycles may appear in the vicinity of the center Cy.

In [13], having obtained the twelve integrals [, (h), 1 < j < 12, in order to show the
existence of 11 limit cycles, the author tried to prove the independency of the twelve integrals.
In the first place, the author showed that /1, () is independent of the other integrals 1, .(h),
J # 11, by considering the behavior of the integrals at 4 = 1. In order to prove the independency
of the remaining integrals /,,(h), j # 11, the author considered the integrals /, as functions
of two variables 4 € C and a € C. With prolonging 1,(h,a) to the point a = 0, the author
used the independency of the integrals, 1,,(h,a), j # 11, for a close to 0, to determine their
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independence for generic a € C. The closed orbit y,, has the form

Vi = {(X,y) cx = ee?, y=——+ Ee"e +0(€), 60, 277]}
25 (2.14)

€ = (=h) /32758,

for a = 0 and 4 is close to the critical value hy = —2/a = o
In addition, the author introduced new variables u and v in the following form,

1 4 4y
=—— Hp'=1+—+ —=.
¢ H(l)/4x o o

Let K; ; f(j u'vidv, where ¢, is the image of the closed orbit vy, defined in (2.14) under the
change of variables. In Lemma 3 of [13], the integrals I,,(h,0) and some partial derivatives
with respect to a, for & close to hy, are expressed in terms of 4 and K; ;. Using these expressions
and eleven independent functions: 1, 7—1, (t—1)/7, g, = h'*K; ;(h), (i, j) = (-1,0), (-1,-1),
(=2,0), (=2,-1),(1,0), (1,=1) and h'">K_, 5, h'/*K _3 5, the author claimed the independency of
integrals 1,,,(h, a), j # 11 for a close to 0. Especially, the expressions for 1, and its derivatives
with respect to a in Lemma 3 were given by

L. (h,0)=0

ol,,,

aa (h’ O) = Iw4(h» 0)9
(2.15)

d (Al

(5 I,)(h,0) = hl/zK_zz + Z ah” K ;.

j=-2

Based on the third equation of (2.15), the author claimed the independence of /,,; from other
integrals. But this is not correct since we have already shown that al,,,(h)—1,,(h) = 0, implying
that the third equation of (2.15) should be replaced by

8 dl, ol,, )
%( da o —a da )(h,O) =0

which is the correct second-order derivative of the function F(h,a) = 1,,(h) — al,,(h). For
the integral 1,,,(h), the author made a similar error in the proof of its independence from other
integrals.

2.3 Cubic Hamiltonians with cubic perturbations

In order to prove Theorem 2.1.1, we need some preliminary results for cubic Hamiltonians
with cubic perturbations. Let w;; = x'y/dx and o7;; = x'y/dy.
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Lemma 2.3.1 For the cubic Hamiltonian given in (2.7), the following identities hold.

1 ;g i
(Cl) Oij = ]T d(-xly]+l) - j_'_—lwi—l,j+];

j—2i+4 i—2 i—2
(b) Wijj = Wj-1,j + ijalwi—Z,ﬂZ - j+—2wi—3,j+2 - j_'_—302wi—3,j+3

o | ar i1 @ o j
— x"%y/dH + d(_j " 2xl—2yj+2 T B e L W )

Jj+2 j+3

(c) 3 [H ! a(j—-3)+6j-2 ai(j+ 1)
c)wy; = ———— W a2 — — ia — ot wor
RS R 12G-10 G-

+10,i(%, y)dH + dRo j(x, )], j = 3;

3 U+ 2)a; @ ai(5j+3)+6j+2
d A = PR et R i
( )wl,] az(]+2)[ w1,j-3 6(]+ 1) W, j+1 6‘],(1)0’] 12(]_ 1) w1 j-1

ayj—3a; -2 1 |
_ 1{2(]—_11)600,]'—1 - gwl,j—3 + r1,j(x,y)dH + de’j(x,y)], j>3;

where r; j(x,y) and R; j(x,y) are polynomials in x and y with degrees i + j—2 and i + j + 1,
respectively.

Proof A direct calculation using integration by parts yields formula (a). From the

Hamiltonian, we have the equation 1x* = 1(x* + y%) + 1a,xy* + 1axy® — H, giving

x’dx = xdx + ydy + O;—Iyzdx + ayxydy + a»y*dy — dH,

which yields

ap i-2 .
Wjj = Wi_1,j + O j+1 + Ewi—z,j+2 +a10i-1,j+1 T A20 212 — X zy]dH, i>2. (2.16)
Then, combining (2.16) with the formula (a) results in the formula (b).
Similarly, the equation 3a»y® = H — 1(x* + y?) + 1x° — 1a,xy* generates
1 1 1 1 1 .
;= Hw;j 3 — ~wi0j3 — zw; j-1 + 3Wis3j3 T AW i1 > 3. (2.17)

3 2 2
Finally, the formulas (c) and (d) follow the formula (b) and (2.17).

From Lemma 2.3.1, we know that any polynomial one-form w, deg(w) = m, can be
expressed in the form of

w =r(x,y)dH + dR(x,y) + Z Z @ jW; .
i=0,1 j=0

The next lemma shows that there also exist some relationships among the one-forms w; j, i =
0,1.
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Lemma 2.3.2 For any non-negative integer mmod 3 # 2, there exist B jm, T'n(x,y) and
R, (x,y) satisfying the following identity

D0 Biimtwiy =T, )dH + dR,(x,), (2.18)
i=0,1 j=0

where Em(x, y) and v,,(x,y) are polynomials of degrees m+ 1 and m— 1 in x and y, respectively;
and f; j ., are polynomials in a, and a,, with Booo = P11 = 1, Boa,1 =0, and

B ot 1)
0m+3,m+3 — 5, A~ a 0,m,m A Plm-1m)s
3(m+3) 2 (2.19)
B G Boman + @B 1)
1,m+2,m+3 = 3( + 2) ap 0,m,m 2P 1,m—1,m)»

if B1.-10 is defined as By 10 = 0

Proof We use the method of mathematical induction to prove this lemma. It is easy to see that
the conclusion is true for m = 0,1. Now, suppose (2.18) holds for m mod 3 # 2. Then, we
prove that (2.18) also holds for m + 3. Multiplying (2.18) by H on both sides yields

> i BimHw:; = HrydH + HdR,,. (2.20)
i=0,1 j=0
The right-hand side of (2.20) can be rewritten as
H7,,dH + HdR,, = (HT,, — R,)dH + d(HR,,). (2.21)
For the left-hand side of (2.20), it follows from the formulas (c¢) and (d) in Lemma 2.3.1 that

Hw;j =& j3+Nije3, L+ ] <m,

H a)(m+ 4) N a(m+4) N
Wom = ————Wom o A Wim m+3s
0m = Bm 4 3) L0 T B g gy Wl T IO (2.22)
aj(m+4) ar(m + 4)
H m— = 1— m + N, A< m + m 9 O’
Wi m-1 6(m + 3) Wo,m+3 3m+2) Wim+2 + Nime2, M >

where n; j = r; jdH + dR; ;, and &; ; is a one-form with deg(¢; ;) < i+ j. Then, substituting (2.22)
into the left-hand side of (2.20) yields

2

5 S Bt = o+ B
e i,j i,j — 3( +3) ay 0,m,m 2 1,m—1,m)W0,m+3

m+4

+—
3(m+2)

+ Z fﬁi,j(fi,j% + i j+3)-

i=0,1 j=0

(alﬁo,m,m + a2ﬁ1,m—l,m)‘“1,m+2 (223)

Finally, combining (2.23) with (2.20) and (2.21) shows that the conclusion is also true for m+3.
The proof of the lemma is complete.
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Noting that ﬂo,o’o = ,81,0,1 = 1, ﬂl,—l,O = ﬂO,l,l = O, we kIlOW frorn (219) that ﬁk,m—k,m in
Lemma 2.3.2 are polynomials in a; and a, with positive coefficients for m mod 3 = k, k < 2.
Thus, wy m—x can be expressed in terms of other one-forms w; j, i + j < m and r,,dH + dR,,. This
gives the following lemma.

Lemma 2.3.3 Any polynomial one-form w of degree m can be expressed as

1<j<m—i

w=rxy)dH +dR(xy) + Y > aijwr, (2.24)

i=0,1 j mod 3#0

where R(x,y) and r(x,y) are polynomials of degrees m + 1 and m — 1 in x and y, respectively.

Now, it follows from (2.24) that

1<j<m—i

M(h) = 56 w = > ey 56 wij, (2.25)
T i=0,1 j mod 3#0 T

that is, any Melnikov function M(h) = 9% w, deg(w) = m, can be expressed as a linear
combination of integrals I;;(h) = 56_ wij, 1 = 0,1, jmod 3 # 0. A reasonable expectation is

that the integrals /; j(h) form a basis for the linear space of Melnikov functions M(h) = 56_ w.
Actually, it will be seen in the next section that the space of Melnikov functions M(h) could
be Chebyshev with accuracy at least 2. So the number of limit cycles in system (2.6) is not
determined by the number of elements in the basis. Further, the coeflicients «;; in (2.25)
could become very complicated when M(h) is a higher-order Melnikov function of system
(2.6). In this case, it is really not easy to prove the independency of «; ;s, which is the second
big obstacle in the use of the independency of the integrals I; j(h) to determine the number of
limit cycles.

To overcome the above mentioned difficulty, we turn to an alternative, which decreases the
complexity in computing M(h) by (2.24), but it still does not solve the problem of independency
of basis. Let w; = Q(x,y)dx—P;(x,y)dy. Then, for higher-order Melnikov functions of system
(2.6), we have the following result.

Lemma 2.3.4 (cf. [22, 23]) Let (2.9) hold. Assume that for some k > 2, system (2.6) has
M, (h) = 56 rmdH +dR, =0, 1 <m<k-1. (2.26)
rh

Then,

Mk(h) - é (wk + rzw])

=k (2.27)
rndH + dR,, = w,, + Z riwj, 1 <m<k-1.

i+j=m
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Proof We prove this lemma by using the method of mathematical induction. First, write
system (2.6) in the Pfaffian form,

dH - sw; — &€wy — -+ = 0. (2.28)
Multiplying (2.28) by 1 + &r + ... + &7 !r,_; and combing the like terms yield

dH + &(ridH — wy) + sz(rde — W) —Wy) + -

+ & (—naw) = = nwe — ) + 0(ET) = 0,
which, by using (2.27), can be written as
dH — &dR; — - — AR, — (w1 + -+ - + rwi—; + wp) + O = 0.

Then, we integrate the above equation along the phase curve y from point A to point B, which
are used to define the first return map. Note that

dh,e) = de = H(B)—-H(A) = O(|A - B)
Y

and
‘ f(ede +&dRy + -+ £7'dR,_)| = £ 0(A - B).
Y

In addition, it follows from (2.8) and (2.26) that d(h, €) = O(&"). Therefore, |A — B] = O(£")
and we finally obtain

dh,e) = & f(rk—lwl + o+ rwger + wy) + 0(8k+1),
¥

which yields

Mk(l’l) = 9§h(wk + Z }",'(,()j).

i+j=k

The proof is finished.

2.4 Proof of Theorem 2.1.1

Now we are ready to prove our main result — Theorem 2.1.1.

Proof We return to system (2.6) with P(x,y) and Q(x,y) defined in (2.9), and want to use
higher-order Melnikov functions to prove the existence of 10 small-amplitude limit cycles
around the origin.

Due to the difficulty in the proof of independency of basis, we use the computation of focus
values to prove the theorem. However, the computation becomes very demanding or almost
impossible for computing higher-order focus values if all the coefficients are retained in the
computation, and in fact many terms are not necessarily needed. Thus, before computing the
focus values of system (2.6), without loss of generality, we want to simplify this system, by
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choosing a group of coeflicients a;j,, b;jm in the polynomials P(x,y) and Q(x,y), which does
not affect the number of limit cycles bifurcating from the origin.

In the following, we shall show how to choose a group of coeflicients which are necessary
for the first non-vanishing Melnikov function M (k) in (2.8). Based on the results presented in
the previous section (in particular, Lemmas 2.3.1, 2.3.3 and 2.3.4), we provide an algorithm as
follows.

Consider M, (h) in system (2.6), we know M,(h) = 56‘;, w;. Using Lemma 2.3.3, we have

1 2
wi = Qidx— Pidy = ) ) ayx'ydx +ridH + dR,, (2.29)
i=0 j=1

with r; = —(b211 + 361301))7. Then,

My(h) = @ (@onydx + ai11xydx + g y*dx + a1 xy*dx).
Iy

It is seen that M (h) depends on a;;;, i = 0,1, j = 1,2. So only four coefficients in the
polynomials P;(x,y) and Q;(x,y) are needed in order to keep a;;;, i = 0,1, j = 1,2 being
independent without decreasing the number of zeros of M;(h). We choose these four
coefficients as b;j;, i = 0,1, j = 1,2. (Certainly, this is not a unique choice.) Then, we have
polynomials

Pi(x,y) =0, Qi(x,y) = bo1 X + b111xy + boy1y* + bioxy*. (2.30)

Next, let us consider M,(h) when M;(h) = 9?_,1 rdH + dR, = 0, 1.e., all @;;; = 01n (2.29).

Lemma 2.3.4 gives M,(h) = 5@] Wy, where wy = w, + riw;. Thus, by using Lemma 2.3.3, we

obtain
EDY

1 2
i=0 j=

cxijzxiyjdx + a042y4dx + rdH + dR,,
1

which shows that M,(h) depends on @, i = 0,1, j = 1,2 and a4,. Obviously, the coeflicient
@4 is derived from r;w; by Lemma 2.3.3 because the one-form y*dx of degree 4 comes from
riw;. For g-order perturbations, b;j;, i = 0,1 j = 1,2 are needed to get all a;;; = 0 in (2.29).
For r; we may simply take b,;; = 1 and a3y, = 0, yielding r; = —y. We also see that the
one-form y*dx can be derived from x*ydx by using the formula (b) in Lemma 2.3.1. Hence, we
may choose b3y, for agy, so that bsg x*ydx could appear in rw;. For aip,i=0,1,j=1,2,by
an argument similar to that for M;(h), we choose by2, b112, b2z and by»,. Hence, we obtain the
following polynomials,

Pi(x,y) =0, Qi(x,¥) = boy1x+b111xy+boyy* +b1ay xy* +b3o X* + X7y,

. X (2.31)
Py(x,y) =0, Qa(x,y) = bo1ax + bi1axy + boopy” + binxy”.

Following the above procedure, we can choose the coefficients for M3(h), and so on. We
list the polynomials for up to Ms(h) in the following (the detailed arguments are omitted here
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for brevity)

Pj(x’)’) = Clzlszy + a12jxy2a J=1,2,3, Pux,y) = Ps(x,y) =0,
Q1(x,y) = bony+bi111xy+bo21y* +b121Xy° +b301 X +bo31y’ + b1 1 X,
01(x,y) = booy + br12Xy + bonay” + bioaxy” + b3onx” + bosay”,
O3(x,y) = boi3y + bi13xy + boosy” + bioaxy” + bypsx’,

04(x,y) = bo1ay + bi1axy + bopsy” + bioaxy’ + byoux’,

Os(x,y) = boisy + byisxy + basy” + biosxy’.

(2.32)

Here, the difficult part is to compute the functions r;, i = 1,2,3,4 in w;.

Having determined the coefficients we need in P and Q of system (2.6), we now use the
computation of focus values to prove the existence of 10 small-amplitude limit cycles. We
compute the focus values up to &> order as follows:

5
V=2V, where V;={vi,vii, v, ). (2.33)

i=0

We call v;; the jth &'-order focus value of system (2.6), and note that v; =0,j=0,1,2,...
since at & = 0 system (2.6) is a Hamiltonian system. The computation of V; is equivalent to
the computation of ith-order Melnikov function M;(h). But the computation of focus values is
much easier than that of the higher-order Melnikov functions. The disadvantage of the focus
value computation is that conditions obtained from the first few focus values can not be used
to prove an infinite number of focus values to equal zero. But this can be easily verified by the
above formulas w;.

The focus values v;; can be obtained by using many different symbolic programs (e.g., the
Maple program developed in [25]). Firstly, note that v,y = %bou, i =1,2,.... In order to
execute the Maple program, set by;; = 0, i = 1,2,.... In addition, set b,;; = 1. Now, we start
from V; and obtain

1 1
vi1 = (@1 + 3bo31 + b1 — 3a1b111 — 2a2bpp1 + 1).

Setting Vi1 = 0 y1€1dS b()31 = (%alblll + 26121702] —dap — b]]] - 1)/3 Further, setting Vi2 = 0
results in

1
b121 = Cllb()zl —daj + m@a% + 20a§ + 401 - 20)(b111 + 1)

Then, we have

35
=—" (b + D@ -3 +4-4d3)Fy,,
Vi3 3072054, _2)( 11 + D(ay = 3a; ay)Fi
-7
= b 1)(a} - 3a? + 4 — 4ad)F 5,
V1 8+ 5a, _2)( 1+ D@y = 3a; + ay)F 1,
-7
Vis (b1 + 1)@} — 3a} + 4 — 4a3)F 3,

~ 84934656(+5a; — 2)
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where

Fi = Ba% +12a; — 4 —4a§,

Fp= 27a‘1‘ - 90af - 1308a% + 1608a;, — 256 + (420a? + 1608a; — 1376 — 256a§)a§,

Fi;= 19683a? + 343116a? - 12452461‘1t — 6168672a? + 7612368a% + 1585344a, — 1071424
+4[3(14O715a‘1‘ + 62253661? + 398800% — 1689568a; + 421808)
—(40450861% —396336a; + 267856a§ - 1265424)a§]a§.

It is easy to see that setting by;; = —1 results in vi3 = vi4 = vis = --- = 0, as discussed
above. In order to obtain maximal number of small-amplitude limit cycles bifurcating from the
origin, we have to use the coefficients a; and a, to solve F;; = Fj; = 0 (i.e., vi3 = vi4 = 0).
If the solution of F;; = F, = 0 yields Fj3 # 0, i.e., we have parameter values such that
Vio = Vi1 = -+ = vig = 0, but vis # 0, then we obtain 5 small-amplitude limit cycles by
properly perturbing bgy1, bosi, boz1, a1 and a,, respectively. In fact, by using the Groebner
basis reduction procedure, we can reduce Fj; and F3 to

Fip= Folp, =0 = 18(a; + 2)(11af +46a] — 84a; + 24),
179712

2 (a; +2)(3073a} — 5272a; + 1500) # 0.

Fi3 = Fuslp, =fp=0 = —

In fact, solving the system of two equations, F\; = F, = 0 (or F; = F}, = 0) we obtain the
solutions for a; as follows:

ar=diy, @ =y =+ \[3@,)+ 12a), -4, i=1,2,3, for which

a', = -561185383---, a?, =0.36507058---, a, =1.06496506:--

(2.34)

where the second number ‘1° in the subscripts of a), and ), denotes the solutions
corresponding to the first-order Melnikov function, i.e, k = 1. Note that a; = -2 is not a
solution of Fy; = 0. Further, we obtain

d (5(F11,F12))
et| ——
8(61],612) FIIZFIZZO

which can be easily verified by directly substituting the solutions given in (2.34) into the above
determinant.

Summarizing the above results we can conclude that based on the &'-order focus values
(equivalently based on the first-order Melnikov function M;(k)) we obtain at most 5 small-
amplitude limit cycles around the origin.

Now let b]]] = —1, then b121 = Cl]b()z] —1 and b031 = _%(0121 + %al - 2Clzb021), under which
all &'-order focus values vanish, or equivalently, the first-order Melnikov function M;(h) = 0.
Then, one uses the £2-order focus values to solve the polynomial equations vy, = vy = v3 = 0,
yielding the solutions for bg3;, b2, and byj>. Under these solutions, we further obtain

= 576ay(a; + 1)(11a; + 40a; — 36) # 0,

Voqu = — F20F21/(3a% + 12611 -4 - 461%)/36864,
Vo5 = F20F22/(3af +12a; —4 - 461%)/31850496,
vag = 11Fy0Fa3/(3a? + 12a; — 4 — 4a3)/107297229312,
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for which we have applied the Groebner basis reduction procedure to obtain

Fa = [2(3a] — 4a3)boa1 — 3(a; — 4a3)bs1 — 6ajar; + 4arainy — 4aiazboi1ban
+12a(aiain; — azaz1)boai,
Fy = 816141' - 64861? - 648(1% + 1632a; — 880 — (50461% —1632a; — 1696 + 88061%)61%,
Fy = Falp, -
= 1408243 — 52242 + 51724, + 6664 + (1053a> — 2424a; — 5572 + 1300a2)a)c
—50688(63a] + 564 — 148a; + 80),
Fo3 = Faslr, —fymo
= 72(67512164461? + 47563974561? — 1491227668a, + 849702020)
+{389315524Sa? + 2205619779661% —131201934348a; — 117343356608
+20[303274623a; + 3083354476 — 26(55458a; — 130879)a§]a§}a§ # 0,

Similarly, we obtain the following solutions satisfying F»; = Fy = 0:

ay=a,, i=12,...,7,

i |1017948-81864a]—179172a{+204992a} 3249647 ~ 1240324, +66880 —d)
A =dn= 4(5109a7+12076a3 7593643 —167664a, +48944) » a1 =dp),

where (2.35)
aj, = -2.43192492--- , aj, =0.12148877--- , a;, = 0.23963547 - - - ,

aty= 0.89471272---, al, = 1.60031174---, af, = 7.33752703- -,
al, = 10.40950390 - .

In addition, we can show that for the above solutions the following determinant is non-zero,

F>, F
det(a( 21, F20)

5(01, az) )F21=Fzz=0

360448
=35 a>{36(1571445a; + 86008343 — 3207848a; + 1911580)

+a3[4977612a7 + 24045705a; — 1381965964, — 132836684
+20a5(~119877a; + 2945227 + 169a5(459a; + 1799))]} # 0.

The above results show that we have parameter values such that v,y = vy; = -+ = v,5 = 0, but
vye # 0. Then, taking proper perturbations on the coefficients by12, boza, 122, b112, a1 and a;
yields 6 small-amplitude limit cycles around the origin of system (2.6) when the £2-order focus
values (or the second-order Melnikov function M,(h)) are used.

In order to get more limit cycles, we let Fy = 0 and solve this equation for b3, yielding
all the &*-order focus values v, i = 0. Under the conditions obtained above, we then use the
&-order focus values vs; to determine the number of small-amplitude limit cycles. Similarly,
we may linearly solve the polynomial equations v3; = v3; = v33 = va4 = 0 for the coeflicients
by, b123, by13 and bsp,. After this, no coefficients can be solved linearly. So we solve a,;; from
the equation, v3s = 0, which is quadratic about a,,;, to obtain two solutions a;,,. We choose
a1 = ay,, and then vsg, v37 and vsg are simplified to

Ve = =024 F30 F31, vy = —1248 F30 F3p,  v3z = =208 F30 F33,



2.4. Proor oF THEOREM 2.1.1 37

where F3 is a lengthy irrational function, and we further apply the Groebner reduction
procedure to F3, and F33 to obtain

F3, =4054] + 6264a; + 6264a; — 5664a; + 1360 — 8(99a; + 708a; + 524 — 170a3)a;,
F3 = Flpy -
=4(261117a; + 30742247 — 260532a; + 60680) — [9(1035a; + 13266a;
+ 111492a, + 84376 + 5(513a% — 4824a, — 57156 + 2660a3)a3]as,
F33 = Falp, -0
=4(152348063679a; + 175217936814a7 — 1513865046844,

+35757329960) + {7428338685a; — 38896637238a;
— 568264627476a; — 439876872808 — 20[714254595a;, — 6998804702

—380(11970a; + 132193)a;]a3}a; # O.
Solving F3; = Fy =0 yields

a) =a;z = 0.01871627 - - - .

(2.36)

_ _ 99a2,+708a13+524~12 \/1104+8496a13+504a>,~2724a’,~ 17 1a,
a, = axyy = % 370 .

Further, we have

A(F3,, F
det(M = —0.1124026367--- x 10'° # 0.

(9(611 > 612) )(al,az)=(a13,023)

This, together with the above results, suggests that we may have parameter values such that
vii =0,i=0,1,2,...,7, v33 # 0, and so the system could have at most 8 small-amplitude
limit cycles. Then, properly applying perturbations on the coefficients, by3, bz, b123, b113,
b302, az11, a1 and a, yields 8 limit cycles,

Now, we want all &3-order focus values to vanish (i.e., M5(h) = 0). This can be achieved
by solving the coefficient a;; from a polynomial equation. Having obtained the conditions
for which all the &!-, - and &*-order focus values vanish, we now use the £*-order focus
values to linearly solve for byy4, b124, b114, b303, a212 and ajn; one by one from the equations
V41 = Vap = V43 = Vg = V45 = V46 = 0. Then, the higher-order focus values are given by

13 ~13 13
- F,F S N -
1179648 740 V8 = 157401984 74 Y T 544611809280

Va7 FyoF 4,

where F is a common factor, and Fy4;, F4, and Fy43 are functions of a; and a,, given by

Fu1 =37179a% — 524880a] — 474724845 — 12436416a] + 7737120a; + 130429444’
— 1729920047 + 6945792a, — 578816 — 16a3{12393a$ — 8025484 — 1027084’
— 1317600a; — 40464at + 232128a; + 144704 — 2a5[3(11475a} - 354964;
— 27189647 — 38688a; + 129712) + 18088a5(3a; + 12a; — 4 — a3)1},
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Fyy =2676888a; — 52205877a] — 2237169784} + 3206239200a¢ + 200795760a]
— 5054946912a; — 39059521924} + 10386531072a; — 720573696047
+2022961920a; — 144704000 + 2a5{780759a} — 9325368a] — 64149667245
—2909890656a; + 558977760a] + 5294374272a; — 282476851243
+ 13663349764, — 486784256 — 16a3[9459994° — 253732547 — 1363131184}
—397028520a; + 24464505647 + 201986928a; — 100792544 — 2a5(47162254}
— 23135436a; — 141272064a7 + 42697968a; + 50396272
+9044a3(3495a, + 810a; — 1682 — 250a3))1},

Fu3 =5(1366216713a;* — 339390819724;" + 44272893168a;" + 4933870250404]
— 6289942986724a% — 14032675198080a] + 188893263237124°
+ 18007656030720a; — 427174153781764; + 2808535220121643
— 6517758455808a7 — 261522960384a, + 82636402688) — 16a3{3(3255393240a."
— 444396818074a] — 3610433944984% — 1113177716208a] — 33365388585645
+4370955883488a; + 4185503913604 — 5262495843072a; + 6238547740160a;
— 2585249949440a, + 164748398080) — a3[3(17368810155a% — 1384136650804
— 9745158211204 — 2142258103008a; — 13809492221764; + 8851316920704a;
+2793260427776a; — 2239742773760a; — 792175055104) — 16a5(2(741363718545
—9049012605a; — 2447874958504 — 2579117466964 + 92243500166447
+209975885040a, — 361224302752) + a5(3(9653815755a] + 436254581404’
— 831672472047 — 161578121840a; + 49510940944) — 180880a3(260344a;
—28239a; — 170778 + 8923a3)))1}.

Similarly, we obtain the solutions of a; and a, for F4; = F4 = 0, but Fy3 # 0 are given as
follows:

ay =dy,, a==dy,, = xar(a},), i=12,...,6, where
al, = —4.58252393 -+, a2, = —1.72294798 .-+ , @}, = —0.21827689---,  (2.37)
0?4 = -0.09420293 - .. , a?4 = 0.14811742---, a?4 = 1.45012903---,

and a,(.) denotes a rational function of the variable, which satisfy F43 # 0 and

Fy, F
det(M £ 0.

d(ay,as) )F41:F42:O

This suggests that with the £*-order focus values, we can obtain 9 small-amplitude limit cycles
by properly perturbing the coefficients, by14, bora, b124, 114, b303, G212, A122, @1 and a;.

Finally, in order to have all the £*-order focus values to become zero, we let bgy; = —%.
1

Then, we have the following simplified conditions, under which all the &'-, £2-, &3, g*-order
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focus values equal zero.

1
bioi = b2 =b301 =0, bz = ——2(0? + 861%), by = -1,
lOa1
b032 = Eazbogz - 2 {(5611 + 31)616 - 2612[(8611 + 13)613 + 4(611 + 14)612]}
25 125a,03(a3 — 242) b ‘ 2
3 2
b1y = =aibgy — ————————{(2a; — 2)a® — d2((17a; — 50)a> + 4(a; + 38)a?)},
12 = sibon 25ai(a - 2a§){( 1 —2)a; —ay((17a, )a; + 4(a; )as)}
2a a + 8a> 2a
bis =byp, @y =——2, @y =—— —2, bia=bss, bo = ——22,
a Sa1 a;
1 3 +a a;—2 6, 2 3 2
bos = — a3 — ——boy — 24% + d2[(Ba; - 22)a’ + 4(a, + 14)d2]},
023 2a261123 10a, 022 25a2af(a? — 2a§){ a; + a5[(3a )ay (a, )az 1}
by = —as;z + ﬂ61123 - a—%[5(01 +3)a; + 4(a; — 34)a31box
2612 50612 !
1
- 10(a; - 2)a) + &3[(5a% — 142a; + 208)a®
25adl@ —2a) O T2+ alBar - 1920+ 208
- 8a5((a — 118a; +96)a; + 8az(a; — 1)(a; + 21)]},
biop = =boyy + —————{2a% + 2[(3a; — 22)a’ + 4(a; + 14)a?]},
302 = 3ho 25a(@ = 2a§){ 1+ ay[(Ba; a; + 4(a; )as 1}
a2 = 2 by — = {(Bay + T — (Gay +20)a] - 24(ar + I,
5 25a‘1‘(a? - 2a§)
= 3y 2d; (154, = 32)a® — 4a2[(12a; — 43)d® + 6(ay + 14)a2])
122 25 022 12561?(61? _ 2a§) 1 1 2 1 1 1 214>
a -2 1 5 s 4ai(a; —=2) ,
b = a - 361—161—4961—136161 -
024 = 5 20a2@ 4a§)[( 1 — Day —409a; aslains 25 - 4a) 022
1
+ 154> + 40a; — 15)a] — 243[(113a* + 366a
500a;a5(a; — 2a3)(al — 4a§){( ! : Jay il ! :
- 609)a$ — 4a3((16a; + 571a; — 781)a; — 8a5(3a; + 102a; — 166))]}box
2
+ 30a? — 70a; + 20)a'? — a3[(65a° + 8574°
2500a%a(a> — 2a2)(a? — 4a§){( ! 200 - o[04 !
— 864a, — 1420)a] — 8a5((9a; + 84943 — 314a; — 1640)a$ - 2a3((18a;
+1759a7 — 740a; — 2500)a; — 8a5(11a; +207a7 — 108a; + 100)))]},
) 2 3(a? - 1242 16ala, 1
=——pt——a;t —————- -
303 a; ” 5ay(a; — 4d3 12 25(a; — 4a3 022 125a3ax(a} — 4a3)(a; — 243

X {15(a; + 3)a;] — 2a5[(113a; + 417)as - 16a5((4a; + 107)a;
2

625a§a2(a? - 4a%)(a? - Za%)

— a3[(65a3 + 1062a, — 40)a; — 8a5((9ar + 967a; + 370)a’

—4a5((9a; + 935a; + 450)a; — 4a5(11a; + 204a; — 50)))]},

—2(3a; + 83)a3)}boa -

{30(a; - 2)a;*
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@ - 2a* - 4a? 125
bipgg= ——1 20— 3a; — Dab - 4a3[(12a, - 5)a’
124 2das 213 25002a2(@ _4‘1%){( 1 — Daj 5[(12a; = 5)a;
2
—49a; + 1daays - —————[(2a, + Da — 4Qay + 7)a3]b?
(9a, a5 1}aios 25(a — 4 [2a; + Day —4Qa; + T)a;1bgy,

1

i 500a3a3(a; — 2a3)(a;} — 4a3)

+4a5((26a; — 1141a; + 624)a — 4a5((53a’ — 758a; + 474)a’
1

1250aa3(a; — 2a3)(a; — 4a2)

— a3[(65a; + 617a% — 904a, — 2140)a}' — 4a5((218a; + 120547 + 994a,

—5000)a} — 4a3((15643 + 17314 + 934a, — 4140)a]

—4a5((15a; + 1392a% + 54a, + 20)a; — 48a3(at + 20a; — 56))))1}.

{53at + 8a; — 3)a;? - 2a3[(53a% + 436a; — 459)a]

— 16a3(a? — 48a, + 21))}box + {103a? - Ta, +2)a}*

Under the above conditions, we use the &-order focus values to find 10 small-amplitude
limit cycles. Linearly solving the seven polynomial equations, vs; = vs, = -+ = vs7; = 0 one
by one for the seven Coefﬁcients, b025, b125, b115, b304, a3, 123 and bozg. Then, V58, V59 and V510
are given in terms of a; and a;:

187 —187 17
= —— FsFs, = FsoFs, = FsoFss,
Y58 = 61931520000 2" Y T 990904320000° % 310 T 11890851840000 O %3
where the common factor Fso is a rational function of a; and a,, and Fs;, i = 1,2,3 are

polynomials of a; and a,, with degrees 6, 7 and 8 with respect to a%, respectively. Fs5; and Fs;
are given blow (F’s3 is omitted here).
Fs; =3365793a;” + 609385684, — 774250488a,° + 1966200480a; + 131361717604}
— 8029124352a] — 4240115942445 + 616394188804 + 113487091204}
— 8505326592047 + 686530252804 — 204255313924, + 2343047168
— 8a3{3(1620567a;° + 26340228a] — 2148421324} + 216250560a] + 257308617645
+ 13141440043 — 40936285444 + 18819348484 + 11375930884} — 12751656964,
+718412800) — 2a3[3(101804854% + 153299952a] — 6741442084° — 353045952a;
+ 463664995247 + 880277760a; — 323221017643 + 170572800a; + 1300940032)
+ 16a3(7853517a8 + 134834868a] — 1204233484] — 748001952a; + 215457840a7
+31982400a, — 434094272 — 133a5(3(14175a} — 72216a; — 41551247 — 2996164,
— 611344) — 8aZ(1215a% — 74988a, — 63300 + 8602a3)))1},
Fsy =595745361a;" + 9456106860a;’ — 180495550692a,> + 8668840397764,
+ 1125517505040a,° — 79899771219844a] + 33661471190404} + 34380042236928a]
— 5927314577126445 + 7717979427840a; + 760970981836804]
— 94586831216640a; + 49990295040000a; — 12029752197120a,
+ 1171523584000 — 4a5{908390133a}* + 9845436600a;' — 1617570460084a;°
+687515327712a;] — 9568791597604} — 5927821906176a] + 11861554007808a°
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+5082805251072a; — 210660563980804; + 16917933938688a; — 4446179260416a;
— 2461820755968a, + 1818858868736 — 4a; [3(680430375a,° + 5494977468a]
—935113173484% + 342554370624a] — 4171480845124° — 26018125551364]
+3432229497216a] + 1662404330496a; — 2256035345664a> — 1807507138564,
+499346197504) + 4a5(6850884663a} + 97499706480a; — 620311388976a5
+ 2190721334404 + 3577077122976a; — 2324658546432a; — 134415753907243
+ 1227803667456a, — 445085841664 + 4a3(40265918914° + 798084955084;
— 889999502044} + 243954873936a7 — 494926244640a; — 338907588484,
— 111271460416 — 532a5(3(1871505a; — 8465592a; — 82349256a; — 241014724,
— 58663792) — 4a5(248955a} — 22082340a; + 215050043 — 13355108))))1}.
It can be shown that there are in a total 12 real solutions for (a;, a,) such that Fs; = Fs, = 0,
but F53 # 0, as follows:
a, = a’is, a, = iaés = iaz(a"ls) i=1,2,...,6, where
ajs = —2.39560267 - -+, ajs = —1.53681619--- , a;s = —0.38249860 - - , (2.38)
als = -0.19575710--- , ajs= 0.05960015---, as = 0.29402249---,

and a,(.) denotes a rational function of the variable, which satisfy Fs3 # 0 and

d (5(F51,F52))
et|l ———

dai, az) Fs51=F5,=0
implying that we can apply perturbations on the 10 parameters, by;s, boss, b12s, b11s, D304, A213,
ains, bz, a; and a, to obtain 10 small-amplitude limit cycles around the origin.

Finally, we need to check the critical values given in equations (2.34), (2.35), (2.36), (2.37)
and (2.38) are properly distributed in the bifurcation diagram in terms of the parameters a; and
a, with the Hamiltonian function H(x,y) given in (2.7). See Figure 1 in [16] in terms of the
parameters ¢ and b with the Hamiltonian function H(x, y) = 3(x* +y?) — 1x° + axy* + by*. For
convenience, we define the following points in the a;-a, plane:

k=1: P;=( 0.3650705869..., 0.4417795388...)
k=2: P,=( 0.1214887712..., 0.6855794168...)

Py =( 0.8947127237..., 0.3648137316...)
: Py=( 0.0187162703..., 0.5708409903...)
)
)
)

# 0,

Fanlal
I
(O8]

4: Ps =(-0.0942029335 ..., 0.6741464973 ...
Pe=( 0.1481174260..., 0.2303270018.. ..

: P; =(=0.1957571086..., 0.7336772199...
Pg =( 0.0596001501 ..., 0.4237619510...),

bl
Il
()]

where the number k denotes the order of Melnikov function. Note that all of the points satisfy
the conditions —1 < a; <2and 0 < a, < (1 —a;/2) V1 + ay, that is, inside the curve defined

by 2 e
@ =(1- 3) (1 +ay),
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Phase portrait at P; Phase portrait at other points

@ =1-91+a)

a

Figure 2.1: Distribution of points P; and their corresponding phase portraits.

as shown in Figure 2.1. But it should be noted that there are other points outside the curve
(not shown in this figure) which are also solutions. For each k, there exist proper Hamiltonian
functions for which the conclusion in Theorem 2.1.1 holds. It has been seen from our solution
procedures that a, = 0 is not allowed, and none of the above cases is degenerate. In particular,
the degenerate case, defined by a? = 2a§, does not belong to our parameter values. The
corresponding phase portraits for the eight sets of parameter values (8 points P;) are also
sketched in Figure 2.1.

The above results indeed show that by using the kth-order Melnikov function M;, we may
obtain [%‘]+4 number small-amplitude limit cycles bifurcating from the origin of system (2.6).

2.5 Conclusion

In this chapter, we have shown that the result of 11 small-amplitude limit cycles found in [13]
is wrong, and proved that there are nine limit cycles when the two mistakes are corrected.
Further, we have given an example of 10 small-amplitude limit cycles obtained by perturbing a
quadratic Hamiltonian system. This demonstrates how to use higher-order Melnikov functions
combined with the method of focus value computation to obtain more limit cycles.
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Chapter 3

Twelve limit cycles around a singular
point in a planar cubic-degree polynomial
system

3.1 Introduction

Studying bifurcation of limit cycles in planar polynomial systems is the second part of the
well-known Hilbert’s 16th problem [1]. The progress in the solution of the problem is very
slow. It has not even solved the simplest quadratic systems after more than one century since
the problem was posed by Hilbert at the Paris conference of the International Congress of
Mathematicians in 1900. More precisely, the second part of Hilbert’s 16th problem is to find
the upper bound, called Hilbert number H(n), on the number of limit cycles that the following
system,

X=Pux,y), ¥ =0ulx,y), (3.1

can have, where P,(x,y) and Q,(x,y) represent n-degree polynomials of x and y. In early
1990’s, Ilyashenko and Yakovenko [2], and Ecalle [3] independently proved that H(n) is finite
for given planar polynomial vector fields. For general quadratic polynomial systems, the best
result is H(2) > 4, obtained more than 30 years ago [4, 5]. Recently, this result was also
obtained for near-integrable quadratic systems [6]. However, whether H(2) = 4 is still open.
For cubic polynomial systems, many results have been obtained on the low bound of the Hilbert
number. So far, the best result for cubic systems is H(3) > 13 [7, 8]. Note that the 13
limit cycles obtained in [7, 8] are distributed around several singular points. This number is
believed to be below the maximal number which can be obtained for generic cubic systems.
A comprehensive review on the study of Hilbert’s 16th problem can be found in a survey
article [9].

In order to help understand and attack Hilbert’s 16th problem the so called weak Hilbert’s
16th problem was posed by Arnold [10], which is closely related to the so-called

A version of this chapter has been published in the Communications in Nonlinear Science and Numerical
Simulation.
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near-Hamiltonian system [11]:

X =Hy(x,y) +epux,y), y=—H\(x,y) +&q,(x, y), (3.2)

where H(x,y), p,(x,y) and ¢,(x,y) are all polynomial functions of x and y,and 0 < ¢ < 1
is a small perturbation. Investigating the bifurcation of limit cycles for such a system can be
now transformed to investigating the zeros of the (first-order) Melnikov function, given as an
integral

Mw@:§ gn( ) dx — pa(r, ) dy, (33)
H(x,y)=h

along closed orbits H(x,y) = h for h € (hy,hy), where § represents the parameters (or
coefficients) involved in the polynomial functions g, and p,,.

When we focus on the maximum number of small-amplitude limit cycles, M(n), bifurcating
from an elementary center or an elementary focus, one of the best-known results is M(2) = 3,
which was solved by Bautin in 1952 [12]. For n = 3, a number of results have been obtained.
Around an elemental focus, James and Lloyd [13] considered a particular class of cubic systems
to obtain 8 limit cycles in 1991, and the systems were reinvestigated couple of years later by
Ning et al. [14] to find another solution of 8 limit cycles. Yu and Corless [15] constructed a
cubic system and combined symbolic and numerical computations to show 9 limit cycles in
2009, which was confirmed by purely symbolic computation with all real solutions obtained in
2013 [16]. Another cubic system was also recently constructed by Lloyd and Pearson [17] to
show 9 limit cycles with purely symbolic computation.

On the other hand, around a center, there are also few results obtained in the past two
decades. Zotadek studied classification of cubic centers and listed 17 cases for reversible
centers and 35 cases for Darboux centers [18, 19]. In 1995, Zol@dek [20] first proposed a
rational Darboux integral,

R (x* + 422 + 4y)°
(P58 +5xy + 5x/2 + @)t

Hy (3.4)
and used it to prove the existence of 11 small-amplitude limit cycles around a center. This result
was extensively cited by many researchers in this area. After more than ten years, another two
cubic systems are constructed to show 11 limit cycles [21, 22]. Recently, the system defined
by (3.4) was reinvestigated by Yu and Han with the method of focus value computation, who
only obtained 9 limit cycles [23]. This obvious difference motivated a further investigation on
this problem. Very recently, Tian and Yu [24] have proved that the 11 limit cycles obtained
by Zotadek [20] are not correct, and the mistakes leading to the erroneous result have been
identified.

In this chapter, we will consider the two cubic systems proposed by Christopher [21], and
Bondar and Sadovskii [22]. The first system discussed in [21] is determined by a Darboux first
integral,

(xy* +x+1)

H, = , (3.5)
By’ + 2x9° + 23 + Bxy + By + a)?
where a is a parameter, from which we obtain the dynamical system,
o 242 _ 0y — 192 _
X = 10x(8axy — 3x” — 9x — 12y° - 6), (3.6)

y = 24a — 16ax + 90y + 15xy — 16axy* + 60y°.
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System (3.6) has an equilibrium point, given by
6(84> +25) 70a
Xe = ————— = .
‘T Re-75" T 3a2-75
Shifting the equilibrium point (x,, y.) to the origin and setting a = 2 finally yields the system:

(3.7

& = —10(342 + 53x)(289x — 2112y + 159x2 — 848xy + 636y?),

= —605788x + 988380y — 432745xy + 755568)* — 89888x)2 + 168540y, (3-8)

which has been used in [21] to show 11 small-amplitude limit cycles around the origin (i.e.,
around the equilibrium point (x., y,)).
The second system given in [22] is described by

x=y[l - 2r(3r* + 5)x + (r* + 3)(3r* + 1)*x%],
y = —x(1=8rx)[1 = 3r(r> + 3)x] + 2[23r* = 1) — r(r? + 3)(15r* — T)x] xy 3.9
—[r(r* + 11) = (r* + 3)3r* + 221 — Dx]y? + 2r(r* + 3)(* = 1)y?,

where r is a parameter. It can be shown that the origin of system (3.9) is a center [22].

To find the small-amplitude limit cycles bifurcating from the origin of the systems (3.8) and
(3.9), in general we may apply perturbations to the systems and then compute the Melnikov
functions around the loops defined by the first integral H(x,y) = h. For system (3.8), we may
use H;, while for system (3.9), we need to find the first integral, which is not an easy job.
Even we have these H functions, it is difficult to compute the Melnikov functions. Therefore,
we turn to using focus value computation to analyze bifurcation of limit cycles around the
origin. Suppose the focus values around the origin of the system (3.8) or (3.9) are given in the
following form:

V=>"gV, where Vi={vi,vii,vio, -}, (3.10)
>0
where ¢ is a small perturbation parameter. We call v;; the jth &'-order focus value of the system,
and note that vo; = 0, j = 0,1,2,... since the origin is a center of these two systems. We use
M(n) to denote the number of limit cycles bifurcating from a singular point, where 7 is the
order of the system.

The rest of the chapter is organized as follow. In the next section, we use the method
of focus value computation to show that there are 11 small-amplitude limit cycles around the
origin of the system (3.8) and (3.9). In Section 3.3, we use system (3.6) with the free coefficient
a to prove that there exist 12 small-amplitude limit cycles around the origin. Conclusion is
drawn in Section 3.4.

3.2 11 limit cycles in systems (3.8) and (3.9)

In this section, we will use the method of focus value computation to show that the systems
(3.8) and (3.9) can have 11 small-amplitude limit cycles bifurcating from the origin, i.e.,
M(3) > 11. Firstly, we consider system (3.8) and have the following result.

Theorem 3.2.1 System (3.8) can have 11 small-amplitude limit cycles bifurcating from the
origin by proper cubic perturbation.
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Proof Adding perturbations to the non-perturbed system, we have two choices: either to
the original system (3.6) (with a = 2) or after the shifting the equilibrium (3.7) to the origin
plus a linear transformation applied such that the Jacobian of the resulting system is in Jordan
canonical form. These two choices are equivalent, giving the same result on the number of
limit cycles, but the latter is simpler. Therefore, we take the second choice. We first apply a
linear transformation and a time scaling, given by

384833 - 12 V23602332855 2 5022227 53-12+v23602332855 ,

=Y 6969827487744 10593792 % 1271255040
20396149 - 12 V23602332855 o, 1047757 280912 V23602332855
2383681000808448 21187584 434769223680

+ep3(x,y) = filx,y) + ep3(x,y),
15317 , 154813 12 V23602332855 +5149003 2, 4490071331
— X — X X
371712 757589944320 V7353126407 774425276416

448925953 12 V23602332855 [ 165731 e 2809 12 V23602332855 4
23836810008084480 YT 47083520 ¥ 869538447360

+eqi(x,y) = f(x,y) + eqs(x,y),

y=-x

(3.11)

where the linear part of the unperturbed system is now in the Jordan canonical form, and the
cubic polynomial perturbations have been added, given in the general form:

p3(x,y) = ajox + apy + axx* + apxy + Clozy2 +azx’ + a21x2y + a12xy2 + ao3y3, 3.12)
q3(x,y) = byox + bory + byox* + byixy + bozy2 + byox® + bzlxzy + blzxyz + b03y3. .

To make the origin of the system be an elementary center, it requires that a;o + by; = 0, or
byoy = —ayo. To further simplify the analysis, introducing another linear transformation and a
time scaling, given by

X gday 1+eap X t
— , > —,
y —1+ebyy -—-eap y W,

where w, = \/1 + &(ag; — byo) — az(afo + ap1by9), into system (3.11) to obtain

X = filx,y) + & p(x, y),

3.13
¥ = flxy) +£40ny), (3-13)

where higher-order € terms have been dropped since system (3.11) only has first-order & terms
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added, f; and f; are given in (3.11), and p and g are given below,

5022227 1937634155

——djo T+
10593792 2477808 V23602332855

53 V23602332855 5022227

52968960  '°” 10593792
4389205759

€
743424 V23602332855
1047757 5404979485

daip +
21187584 " 4460544 V23602332855

2809 V23602332855 1047757 ] )
01

18115384320 '° 7~ 2118758401
[ 232627905227

app + (3
254251008 V23602332855
5233613631 15317

g =\|bxy + ap —

[ 123904 V23602332855 371712

4832063 3585623893
ao (ao

26484480 123904 V23602332855

53 V23602332855 5149003 ]y2

105937920 1% 7 35312640
4327705513 4490071331 E
X

0 486848 23602330855 774425276416 "
8985991 448925953 V23602332855
211875840 """ * T 3972801668014080
2809 V23602332855 165731
14492307456 '°~ 47083520
2809 V23602332855
2923074560 e + b

p= [a20 - (ao1 — blo)]X2

+ [a“ + ]Xy

+ [a02 + aopr + blo)]y2

+ [a30 - (ao1 — blo)]x3

+ |:(121 +

ap + blo)]xy2 + a03y3,

bio]® (3.14)

+ [1911 + - blO)]xy

+ [boz -

+[b

+ [bZI + (ao1 + blo)]xz)’

2

+ [blz - 001]30’

+ I:b()g, -

Now, based on system (3.13), we use focus value computation (e.g., using the Maple program
developed in [25]) to obtain the &-order focus values vy;,j = 1,2,..., all of them are linear
functions of a;; and b;;. For example, vy, is given by

_ 8776116145175287 215539887437 V23602332855 4187
VI = 1132048475384012800°1° 2264496950768025600 ' T 60192 %
24857 V23602332855 57611 440628167 V23602332855 159

_ _ b b
171005581440 '~ 601920“ 13242672226713600 1 * 12160

2597 V23602332855 L 3 V23602332855
5500179520 20 2044631952

1
boz + g(alz + b21 + 36130 + 3b03).

Thus, we can use any one of the parameters, say b3, to solve v;; = 0 to obtain by; expressed in
terms of other parameters. Similarly, we can solve the equation v, = 0 for by, vi3 = 0 for by,
Vig = 0 for b3(), Vis = 0 for boz, Vie = 0 for blla Vi7 = 0 for bg(), Vig = 0 for b](), Vig = 0 for aso,
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viio = O for a,;, respectively. Finally, under theses solutions, the 11th- and 12th-order focus
values are given by vy, = ¢y; Fo and vi1» = ¢y, F9, Where ¢q; and ¢, are some constants, and
the common factor F'y is a function of ay, a1, @z, a1, ap, aix and agz, given by

Fio = 691234068956115 V23602332855 a0 + 77703544185425357945 ay,
—2095858834724574 v23602332855 ayy — 302178196047882421530 a,
+3804860775858270 V23602332855 ay,

—42463100922992640 V23602332855 a,
—21814740024914038118400 ags.

This shows that the best result we can obtain is vi; = 0, j = 0,1,2,...,10 but v;;; # 0,
implying that system (3.11) can have at most 11 small-amplitude limit cycles bifurcating from
the origin. The above function Fy, also implies that besides the b;; parameters, only two a;;
parameters are used to solve the focus values. In other words, we may leave one free parameter,
say ajo which can be used to scale the focus values, and set all other parameters zero, ay; =
ary = ay; = ap = app = agz = 0. Certainly, one can choose other possible combinations of
the parameters a;; and b;; to show the same result. Thus, without loss of generality, we may
assume 0 < vy < 1.

Finally, taking small perturbations in backward order on ay; for vy19, on asy for vi9, on byg
for Vig, ONn b20 for V17, ON bll for Vi, ON b()2 for Vi5, ON b30 for Vi, ON b21 for Vi3, O b12 for Vi2,
on by for v, and on by, for vig so that

ViiVig+) < O, |V1j| < |V1(j+1)| for _] = O, 1, 2, cees 10. (315)
This shows that there exist 11 small-amplitude limit cycles around the origin of system (3.8).
Next, we consider system (3.9) and have the following result.

Theorem 3.2.2 System (3.9) can have 11 small-amplitude limit cycles bifurcating from the
origin by proper cubic perturbation.

Proof According to [22], the perturbations added to system (3.9) are given by

P3(x,y) = ag x + a; X* + a» xy + azy* + as x> + as x*y + ag xy°,

3.16
g3(x,y) = apy + a7 X* + ag xy + agy” + aip X° + an x’y, 510
and so the perturbed system (3.9) becomes
i=fi X, V) + & Pyys
Si(x,y) Pxy (3.17)

y= JFZ(X’)’) + Eqxys

where fl and f2 are given in (3.9). First note that the zero-order g-order focus value vyy = ay.
Letting ap = 0 and then executing the Maple program for computing the focus values [25] to
obtain

1
Vil :§[4r(3r2 + 1D)a; + 8r(r* + 4)az + 3as + ag + 4(3r* — 1)(a7 + ao) + 2r(r* + 3)ag + aj ],
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-1
Via :9—6[4r(729r8 +7816/° +261107* + 27656r% + 89)a; — 24r°(3r* + (¥ + 3)*a,

+ 8r(245r% + 2773r° + 9669r* + 106431 — 2)as + (7097° + 5107r* + 72277 + 45)a,
— 4r(3r* + 587 — 13)as + (215¢° + 1809+* + 31771 + 15)as

+ 4(759r% + 454875 — 25961 + 5022* + 11)a; + 20r(3r* — 22¢% + 3)ayo

+2r(r* +3)(263r% + 16017 + 258512 — 1)ag + (263r° + 1553r* + 2649¢* — 17)ay,

+ 4(735r% + 4744r° + 5778r* — 2744r% — 1)ay],

Similarly, we can linearly solve the equations v;; = 0 for a;, i = 1,2,...,10 one by one.

Then, the 11th and 12th-order focus values are obtained as v;;; = 2340 Lo »1(r) and vyjp =
Foop(r)

-120 %F 2(r), where Faoy, Faop, F21 and F»; are all polynomials of r, given by

Foon = anr(® = DU + 333 + D830 = 3174 = 1972 - 1),

Faop = 1323377757r* + 26996002137 + 37965987792
-32686552992961%% — 167603395201567r2° + 12963886884900r%*
+38642548810176r* + 3147430151568r%° + 6604961423494r!8
+38723884663134r'% + 6683800535760r'* — 3528405585600r'2
—58333647916r'° + 237931831540r% + 32335049504°
+6091835792r* + 71549398972 + 26239665,

F>1 = 63r'% + 86870 + 14078 — 1232/° — 803r* + 5887% + 133,

Fy = 35576178 + 9537262r'° + 77877345r'* + 17992704172
+41987927r'° — 16974143118 — 364160057° + 63798403
+14431452r> + 383173.

In order to obtain maximal number of limit cycles, we may solve F,; = 0 for r. However,
unfortunately, F,; = 0 has no real solutions for r. Thus, the best result we can get is vy; =
0,i =0,1,2,...,10, but vi;; # 0, implying that system (3.17) can have at most 11 small-
amplitude limit cycles bifurcating from the origin. Again, without loss of generality, we may
use the parameter a;; to scale the focus values such that O < v;;; < 1. Further, by perturbing,
in backward order, on a; for vy;, i = 10,9,...,0 such that the relations given in (3.15) hold,
which implies that system (3.17) exhibits 11 small-amplitude limit cycles around the origin.

3.3 12 limit cycles in system (3.6)

Now we return to system (3.6) and let the parameter a be free to vary. In this case, we have the
following result.

Theorem 3.3.1 System (3.6) can have 12 small-amplitude limit cycles bifurcating from the

center (x,.,y.) given in (3.7) by proper cubic perturbation with a properly chosen value of a,
ie, M(3) > 12.
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In order to prove Theorem 3.3.1, we need a lemma. Consider the following generally
perturbed system:
X = P(x,y,01) + £ p(x,y, 62),

¥y =0y, 061) + e€q(x,y,02),

where P, Q, p and g are polynomials of x and y. Suppose that the vector parameter ¢y involved
in P and Q is m dimension, while the vector parameter ¢, involved in p and ¢ is [ dimension.
It is further assumed that when € = 0 system (3.18) is integrable. In Hamiltonian case, P =
Hy,, Q = —H,, where H is a Hamiltonian. If it is not a Hamiltonian system one needs to
multiply the integrating factor in order to use Melnikov function. This increases complexity of
computation. While with the method of focus value computation, it does not need to find the
integrating factor and thus greatly simplifies the computation. For system (3.18), we have the
following lemma.

(3.18)

Lemma 3.3.2 By properly choosing the parameters 6y and 0, in system (3.18), k
small-amplitude limit cycles exist around the origin of the system, satisfying k < m + [. The
exact number of the limit cycles depends upon how many parameters can be chosen
independently to solve the focus value equations (or to determine the zeros of Melnikov
functions).

The proof can follow the proof for Theorem 3 in [26].

We first consider e-order focus values (equivalent to first-order Melnikov function), and
then consider g2-order focus values. We will show that using g2-order focus values does not
increase the number of limit cycles.

3.3.1 Based on s-order focus values

Proof Following the procedure in the proof for Theorem 3.2.1, for system (3.6), we first shift
the equilibrium point defined in (3.7) to the origin, and then apply a liner transformation with
a proper time scaling such that the Jacobian of the resulting system evaluated at the origin is in

the form of [_01 %)] The time scaling is taken as  — > —, where w, is given by

W, = \/(8a2 +25)(32a* — 75)(16384a°® — 14400a* + 16500042 + 84375). (3.19)
Then, adding the g-order perturbation terms ps(x,y) and g3(x, y), given by

p3(X,¥) = ai01X + do11y + Gx01 X° + A11XY + Aoy + A301X° + Ao X2y + Ao Xy + g3y,
q3(x,y) = bio1x + boiry + bao1 x> + bi11xy + boo1y* + bio1 X + by X%y + biaixy* + bosry?,
(3.20)
into system (3.6), resulting a new system. Here, note that we add one more sub-index “1” to
explicitly indicate the -order perturbation in order to distinct from the the £2-order perturbation
considered in the next subsection. Further, under the condition by;; = —ay01, we apply another
linear transformation and a second time scaling, given below,

X 1 0 X t
- —£4aj01 We , 11— )
y 1+sa011 1+811011 y ('UC
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where w; = \/1 + &(ap1 — bio1) — sz(a%Ol + ap11b101), and obtain the final system, given by

Vs, ,  (32a> - 75)A, V5(32a> - 15w, , V5(32a* -75)C, ,
76324 — 52w, | 384B, ° 3840B, - 4608B,w,
. (32a% - 75)%(128a* — 1764* — 225))62y ~ V5(324% - 75)w. o
23048, 23040(842 + 25)B,
"‘8{61201962 +apxy + a021y2 + azo X + a211x2y + 61121)0’2 + 61031)73
(32a% - 75)A, V3(84% + 25)C,
T 3848, ' T 1536B,,
V3324 — 75w, (32a* — 75)A,

xX=-

2

+

(aon — b]Ol)]x2

V5(324% - 75)w,
19203 ajpr — 38TCIOH:IX_)’ + 76SOBa ) (361011 + blOl)y2

-
[
[ (324 — 75)*(128a* — 176a*> — 225) V5(324% - 75)C,
-

+

+

23048, apr + 9216800, (ao11 — 17101)]?63
(32a* — 75)*(128a* — 1764* — 225) V5(324% - 75)%w. )
ap + 5 alOl]x y
23048, 11520(8a? + 25)B,
V5(32a% - 75)*w,
46080(8a2 + 25)B,

+

Bapi1 + blOl)xyz}a

(166> +225)D, , V5(42884* — 1200a> + 3375)D? . V3324 - 75w, 4
- X - X
7688, 1920B,w, YT 26080(842 + 25)B,”
(204845 — 30400a* + 23000a> — 28125)D, , 7V5(16a + 15)(164> + 225)C, ,
- - X
3840(842 + 25)B, Y 46080(324> + 9)B,w,
(16° +225)(3328* — 8320a> = 3375)D; ; _ (324> = 75)*(5124" — 1040a” = 5625)
X
3072(82 + 25)Bow? 460808, Y
+8{}'9201)C2 + b1 xy + by Y + bagi x> + by ¥%y + bioxy* + bz y°
5(16a + 225)D, V3(1152a* + 27206 + 3375)D?
[ 101 + 61101])6
38408, 1280B 0,
(614445 — 171204* — 28125)D, V5(4288a* — 1200 + 3375)D2
[ 2 aior + “(ao11 — b101)]
960(8a> + 25)B, 3840B,w,)
[ (3242 — 75)(204845 — 304004* + 230004% — 28125) V33242 - 75)w,

2

+

+

2

+

38408, do1 T TR 40B, aror |y

5(8a% + 25)(16a* + 225)(3328a* — 8320a* — 3375)C

a
+ bo

15360(32a2 + 9)B,w?
~ V5(2816a* — 1600042 — 10125)C, ] 3 V5(324% - 75)%w.
15360(32a% + 9)B,w, 1ot 92160(8a2 + 25)B,
[7(256a4 — 400a* — 1125)D? . 7V5(16a* + 15)(164* + 225)ca( ) )] s
230400842 + 25728, ! 92160(324> + 9)B,w, o T 20Uy
(512a* - 1040a> - 5625)D? V5(32a% - 75)2w, 5
[ aoplr — alOl]xy },
46080(8a? + 25)*B, 9216(842 + 25)B,

(3aoi1 + bio))y’
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where
A, = 2048a° — 7684 — 4600a* — 5625, B, = a*(4a* — 5)*(8a* + 25),

3.21
C, = (8% + 25)(32a% + 9)(324*> — 75)°, D, = (8a* + 25)(32a* - 75), 3-21)

and w, 1s given in (3.19). Now applying the method of focus value computation (e.g., executing
the Maple program in [25]) yields vy;, j = 1,2, --. For example,

(32a% - 75)3(8053063684'% + 3501916160a'° — 870784000048 — 67440000004°)
460800a2(4a? — 5)2(8a2 + 25)w?
N (32a% — 75)3(-55188750000a* — 3332812500042 — 83056640625)
460800a2(4a> — 5)2(8a2 + 25)w?
75(32a% = 75)3(111616a° + 270400a* — 23250042 + 421875)
- 921600B,w,
2 2
[(16a2 15y + 128a1(-)|- 57561021 , 32 - 425 m]
7V5(324% — 75)? 21(842 + 25) b 12842 + 225
 48(4a? - 5w, 20 20 40

21V5(32a% - 75)*(1024a* + 1004 + 5625) 1
- 921600a%(4a? — 5)*w, bior + g[am + by11 + 3(azor + boz1)].

Similarly, we linearly solve the polynomial equations one by one for vi; = 0 using b3, for
via = 0 using by, for vi3 = 0 using bayy, for vy = 0 using bsgy, for vis = 0 using bpy;, for
vie = 0 using by, for vi; = 0 using by, for vig = 0 using bg;, for vi9 = 0 using asg,, for
vi10 = 0 using a,11, and then obtain

V11=[

]61101

api1

B (324 - 75)*
96(4a*> - 5)D,

[(2612 + 15)b021 + a111]

F F
Vi = 12103 % Fa,  vip=-931-"% g (3.22)

30D Fsop

where F3p is a 62"-degree polynomial of a, and Fsqy is given by

15(32a2 — 75)%(20484° — 3200a* — 13500a% + 5625)
a(4a? = 5)1(8a? + 25) 1?2 o
, V3(16a” + 15)(32a — 75)(2048a° + 7360a" — 55300’ + 16875)
a?(4a?> — 5" (8a* + 25)"w?
6(32a* — 75)*'(174084° — 40640a* — 6750042 + 28125)

30N =

aop11

a2(4a® — 5)11(8a + 25)1002 201
6 V5(32a> — 75)2(16384a® + 10905648 — 5580804 — 525004 + 84375)
- a
a(4a® - 5)'1(8a? + 25)°w} t

67108864a" — 6291456a'? — 205992755240 + 5214044160a°
a?(4a® - 5)1(8a? + 25)°w?
, —809408000a° — 7945500000a* + 13078125004 + 474609375
a'?(4a? - 5)1(8a? + 25)°w?
23040(324” — 75)' (164* + 15)(204845 + 7360a* — 553004 + 16875)
- aO(4a® — 5)°(8a> + 25)8* i

+30(324% - 75)32[

]a021
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7680 V5(32a* — 75)*2(44171264a'° + 1948672004 — 8495104004°)
- al%(4a? — 5)°(8a? + 25)8w
N 7680 V5(32a> — 75)*2(=1291260000a* + 47362500a> + 170859375)
a'®(4a? - 5)°(8a® + 253w
The lengthy expressions for F3; and F'5, are given in Appendix A. It can be shown by using the

Groebner basis reduction procedure that F|p, -9 # 0 and F3oplp, o # 0. F3; = 0 has three
real solutions for a® (up to 1000 digit points, but only list 50 digits here):

]0031~

a’> = 4.08009735271177103610297484395201964354626904458021 - - - ,
55.41863304110367260819951662137654320234143464768321 - - - ,
244.18157931458134109747463727402489732946108654167498 - - -,

and all of them satisfy w. > 0O (see the expression of w, given in (3.19)). So there are in a total
six solutions. Taking the positive value of the second solution for a:

a =7.44436921714013810024462398546267395063347650296272 - - -

and setting the non-used parameters agy; = axo; = @111 = Ay = a1 = apz; = 0 and aj = 1,
we obtain the critical parameter values:

bps; = —0.19166152145498089355202548357797946751132495935848 - - -,
b1 = 0.11417084514014593144202950698087209236746686969414 - - -,
by = —1.21440862253395164484193434261717547030904451575014 - - - ,
by = 0.13315882740016516186295687278609694132824695861367 - - -,
bop1 =  0.39631189749427819043808615679104642347912703580286 - - - ,
by = —=5.32984926540348883870841754242680645572842701602586 - - - ,
byor = —0.12480581817579714308657357120962081536587770395955 - - - ,
bio1 = —19.01617439016444745664609221188921421020650255893027 - - - ,
azr = —0.34039103269248693441579309816048517526296907212322 - - -,
ax;p = —0.15448521013159245023264811458682922516993711282715-- -,

under which the focus values become

vip = =0.6x107%, v, = 04x107”, vj3 = -0.6x107,
vig = 0.12X107%%,  vi5 = =0.13%107%7, v = 0.8x107%7,
vi7 = 04X107%,  vig =0.8x107,  vjg = -0.2x107%,
vipo = 0.16x107%2, vy = =0.5x 1071,

vinp = 0.344486281117620615510983080164 - - -x 10718,

Therefore, we can take perturbations in backward order on a for vyy;, on a,;; for vyj9, on
azo; for vig, on bjg; for vig, on by for vy, on byy; for vie, on by for vis, on bsgy for vig, on
by1y for vi3, on byy; for vyp, on by3; for vy, on by for vy, to obtain 12 small-amplitude limit
cycles bifurcating from the origin.
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3.3.2 Based on g2-order focus values

Proof In order to show that higher-order Melnikov functions will not generate more limit
cycles, equivalently, here we use the g2-order focus values to prove this. To achieve this, we
change the perturbation to include the £2-order perturbation, given as follows:

2 2 3 2 2 3
P3(x,y) =aijo1x + a1y + a1 x” + ajxy + doa1y” + azo1x” + a1 X7y + apxy” + agiy
P 2 3 P P 3
+elainX + api2y + axp X" + ajeXy + aopny” + azpX” + a22X°yY + ainXy” + aony |,
P 2 3 2 2 3
q3(x,y) =bio1x + bo11y + bao1 x™ + b1 Xy + boa1y” + b3o1x” + ba1 X7y + bioxy” + bozry

+&[b10aX + bo1ay + baopX* + by12Xy + bonay” + bagax® + bya X’y + biapxy* + bosy’].
(3.23)

In order to make the origin an elementary center, we have by;; = —ajo; and by;, = —ajp.-
Also, in order to have all e-order focus values to vanish, we may solve a,; from the equation
F3on = 0. Then, all the solutions for the g-order perturbation parameters are obtained, as given
in Appendix A. Now, we use these parameter expressions to simplify the g2-order focus values
v2j, j=1,2,--- and then linearly solve the polynomial equations one by one for v,; = 0 using
bz, for vy, = 0 using by, for vy3 = 0 using by, for vy4 = 0 using b3y, for vos = 0 using b,o,
for vy¢ = 0 using by, for vy; = 0 using by, for vog = 0 using by, for vo9 = 0 using azg,, for
V210 = 0 using a,y,. Finally, we obtain

F
Va1 = — 146381281540702208 —2 F,,

1 (3.24)
Va1a = 180161577280864256 —_ .,

30D

where the common factor Fy4oy is a function of the unused g-order perturbation parameters,
aior, doil, d201> A111, Ao21> Ao31 and g2-order perturbation parameters,
aio2, Ao12, 202, A112, A2, A122, Ap32, while the polynomial functions, F3()D, F31 and F32 are
exactly the same as that obtained from using the e-order focus values, see equation (3.22).
Therefore, the best result we can have is v,; = 0, j = 0,1,2,...,11, but vy, # 0, indicating
that using &?-order perturbations still gives 12 small-amplitude limit cycles bifurcating from
the origin. This suggests that using higher-order perturbations may do not increase the
number of limit cycles.

3.4 Conclusion

In this chapter, we have applied the method of focus value computation to confirm the results of
11 small-amplitude limit cycles around a singular point in two existing systems in the literature.
Further, we used one of the two systems with a free parameter to obtain 12 small-amplitude
limit cycles. This is the best result so far obtained in cubic planar vector fields around a singular
point.
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Appendix A

In this appendix, we list the expressions for F3;, F'3; in equation (3.22), as well as the solutions
for the g-order perturbation parameters under which all the e-order focus values vanish.

F 10000267 16592044048 191270590349312 52
31 = 124556484375
819686924091392323606339765486944256 50
124556484375
4 631565347915542732579532606804066304 48
332150625
__ 144491654217902126 1406741 1041341335296 46
199290375
_ 115507069376852987648285501307291172864 44
39858075
6732806604930966441039914753995927715840 42
- 531441 a
_ 86756528992167810184858626362595239526400 40
177147
1635541261270023148372887981613624852480000 38
59049 a
7023522793601 1559337765 10850258960384000000 36
59049 a
376899976798232659047065576520743321600000000 34
6561
171684034961379014743720051976420800000000000 32
243
_ 2596904471315354305194736912364454250000000000 30
2187
22084024317894706571442263665320020922851562500 28
243
908740714146641997798947934773427473907470703125 26
324
4125233345203780686551133296904906654521042138671875 24
165888
107567819827193027781148287212115671421527862548828125 22
1179648
284999570580602343108427299249127665312290191650390625 20
50331648 a
704195633244279596986967502655697730006158351898193359375 18
- 536870912 a
_ 410853279732262501367963542505769453933392465114593505859375 16
68719476736
__16250392011965952848377341255043775151892863214015960693359375 e
1099511627776
_ 8347931071955375676942520836771027591 77903644740581512451171875 12
35184372088832
_ 730105308842055775332536779788738 3441 864349879324436187744140625 10
281474976710656
__ 1392720382042680388626305375788253537783790961839258670806884765625 8
72057594037927936
__ 1090784349176422278436971 579871882796 7621051357 127726078033447265625 6
1152921504606846976
_ 513470447745 10356671385745541771817633276441483758380949798583984375 4
18446744073709551616
_ 1209026166451524997276912796619257521 505915065063 16363811492919921875 2
205147905179352825856
_ 6641108029952768765569085330070167137276939683943055570125579833984375
302231454903657293676544 )

+

+ o+ + +

+ + 4+ + +

For — 3801794936047356569857584023552864689324032 66
32 = 84075626953125
4871211304076925410039730660578079195954937856 64
84075626953125
4 98115617017701347629012133322377101678229848064 62
5605041796875
_ 19624689786663606432543732667761814026010216103936 60
3363025078125
_ 21256591905213042405396221854632976200299114921984 58
134521003125

+
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_ 195263677424320371708861552414779290555435959975936 ;56
1793613375
_ 7011943597709914198500295736221723652294678493003776 54
1076168025
5772105063198199391608064251261116917800389025202176 52
43046721 a
70992038737144757058356540939663171263951096564940800 50
4782969 a
10429634905075021491277172839820714249329922183004160000 48
14348907
83853150271215686752220226312264946195301195055104000000 46
4782969 a
87437962180467579496457634960502924312130761523200000000 44
531441
582678688158772734164733109697550543385741982720000000000 42
531441
21292488896396114083846506545 169895680528 187655000000000000 40
531441
4724000036731 73486561688247447852235 171 53830430859375000000 38
59049
10919491620426678750599007836144315153620494616546630859375 36
1458
89140128376927347670942144404721861811295305640422821044921875 34
2519424 a
629691266428426884575305752253104611762725698597240447998046875 32
11943936 a
_ 130186402720436765803617626328 11892601 5126601205780506134033203125 30
382205952
119160273116346012695267181435439155038386739708407461643218994140625 28
- 48922361856 a
__ 165847643941527398200474279300538694341911125097103416919708251953125 26
21743271936
_ 2440766420396022071583631338583 161 1983950578039440028360426727204921875 24
1855425871872
_ 26822982831292963241441867136595001 77601 5586686010472476482391357421875 22
3208534883328
1237239683429339123586281174037416881980503446010383777320384979248046875 20
70368744177664
7253324110342472446370228429078979222 72698 1398995849303901 195526123046875 18
140737488355328
4154323473408 135675207380714496250685227393743325475952588021755218505859375 16
72057594037927936
4232947777440561 1 1206704140321 6392504222804 188581 1762767843902111053466796875 14
2305843009213693952
_ 9872142202066738724544947588328934558 1801 747508007338 18323351442813873291015625 12
205147905 179352825856
_ 3075933919260594108729245979125065632504422969309030122531 1 122834682464599609375 10
500295810358705651712
_ 1051741833916007265828111726023730566:44460795417 1402329848206 1363756656646728515625 8
302231454903657293676544
_ 14619852069348003811561 76030888 79760679893458608928824560280190078075885772705078125 6
1208925819614629174706176
_ 9278618885203336290965302082672859519981 102111803039633741718716919422149658203125 4
48357032784585 16698824704
_ 3928798540056683603865726163827286688006574670861681397582287900149822235 107421875 2
38685626227668133590597632
34145931423536452686251205334784599587659265074179870680382009595632553 1005859375
618970019642690137449562112 )

+ + + + + + + + + 4+ +

+ + + +

+

(32a%—75)(20484°-3200a* — 135004 +5625)w? V5(32a2-75)w.
- 3072(842+25)2(1642+15)B,Eq 101 ~ 26080(84%25)B, 2011
(17408a°—40640a* —67500a% +28125)w?
7680842 +25)(16a2+ 15)B,E, 4201
V3(32a%-75)(16384a® +1090564°—558080a* — 5250042 +84375)w,
76301642+ 15)B, E, ain
__324*-75 [67108864a'4—6291456a'2—2059927552a10+5214044160a8
1536(1642+15) B.E,
_8094080004°+7945500000a* —1307812500a2—474609375 la
B.E,
;ﬁi[603979776a'4+304087040a12—19492044800a 0+53643008000a®
15 (16a2+15)E,w,
_7845600000a%+1552095000004* +3585937500a> 21357421875
(16a2+15)E,w,

—+

laosi,
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bir = V30, [ 14680064a'2+1952972804'°-1067008004% —11937280004°+20313000004*
121 = 15360 (32a2=75)(8a2+25)2(16a2+15)B,E,
+ 1746562500a2-791015625 lao: + (32a%-75)2(512a* —1040a%—5625) a
(32a2-75)(8a2+25)2(16a2+15)B,E, 1 “101 460808, 011
V3w, [22020096a'2+985661440a'0—81203200a8—4414080000a6
38400 (8a2+25)(16a2+15)B,E,
4 109755000004 +8732812500a2-3955078125 la
(8a2+25)(16a2+15)B,E, 201
_ (32a2-75)(8a+25) [ 16777216a'2+17301504a'°-2995814404% +4956032004°
7680(16a2+15) B.E,
n 1821720000a* +761062500a%-474609375 ]
B.E, a
_ V5(8a%25)(32a%49)(32a%75) [22020096alz+985661440a'°43,12032()061&4414080000a6
16a2+15 E,
n 109755000004 +8732812500a2-3955078125 ]
E, ani
(3242-75) [19058917376a16—78454456320a14—480496844800a12+4597039104000a'°+3557792000000a3
3(16a2+15) Eqw?
—459330480000004°—409216500000004* +52998046875004>+4805419921875
E.w?

—+

+ lapsi

_ _35(3242-75) [1073741824a16+10536091648a14—14659092480a'2—130029977600a'0
46080(842+25) (16a2+15)B,E,
n 2068080640004%+250732800000a°-557212500000a*-176554687500a%+106787109375 la
(16a2+15)B,E, 101
7V5(164%+15)(164%+225)(324%~75)° _7_[5368709124'%+17012097024a'"
(46080a2(4a2—5)2w, aonr + 7680[ (16a2+15)B,E,
5368709124'%+17012097024a' 4136629452804 2597781504004 430886400000043
7680(16a>+15)B,E,
+317592000000a6—914512500000a4—294257812500a2+177978515625 la
7680(16a2+15)B,E, 201
_ V5(847+25)%(32a?~75)” [41943o4a12—52297728a10—169410560a8—1519603200a6
7680(16a%+15) BuE,w,
_884160000a*+4201875004% 284765625 ]
BoEsw. ajn
7(8a2+25)*(32a*~75)* [32078036992a14—48473571328a12+40654602240a'0
1536(16a%+15) BuE,w?
4151 54298880043 —5810918400004°-411075000000a*-7973437500a%+64072265625
B.E,w?
_ V5(84+25)(324%-175) [3848290697216a20+126851859087365118798385621155840a16
3(16a2+15) E,w?
+ 46400222003200a14+874754277376000a12—4853871 18336000004'°—-29601102720000004%
E,w;
+ 183037554000000004°+10748143125000000 ja*-2100858398437500a%-1081219482421875 1
E,w?}

b211 =

+

+

lam

apsy,

Doy = V5(324°-75) [240518168576a18+1523102777344a1°—12233610362880:114—12036918476800:112
301 = 3072(1642+15) BoEqwe
1514987192320004'°-200093644800000a% —993266400000004°
Bu.E ¢
42744161 875000004 +2705273437500a%-24027099609375
BaEaU-’c
_ (8a*+25)(324%=75)%(164%+225)(3328a* ~83204%-3375)
3072a2(4a%-5)2w?
V5(842+25) [223338299392a18+4358586499072a16—16686451261440a14

—+

laio

aopii

T 2560(16%a2+15) BoE a0,
__80077180108800a'%390446694400000a'%4101363840000004%+223834800000000a°
B.E w0,
574332187500000a" —25866210937500a2-40045166015625
+ 1 aso
B.E, 0w,
_ (8d%+25)%(32a%-75) [21646802944a12—72642068480(1'0+ 1793019904004"
512(16a2+15) BLE,w?
_429881280000a°+500337000000a* +1898437500a> —64072265625 la
BoEgw? 111

_ V5(8a%+25)(32a%-75)%Aq [21646802944a'2—72642068480a10+179301990400618
512(16a%+15) B,E.w]
4298812800006 +5003370000004* +1898437500a> —64072265625 ]
BuE,w} do21
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5(8a%+25)%(32a2-75) [ 1231453023109124%%+17853320056012842°—3617892545331200a'8
16a2+15 E,w?
2980885141913600a'0+21154374352896000a 4 —1492984414208000004 2
E.w?
+ 381401047552000000a'°+160875573600000000a3 —7948350450000000004°
E.w?
_302276812500000000a* —83774487304687500a>—27030487060546875 ]
Eaw? aosi,

+

+

b \F 5(135168a°+227840a" +432000a% +646875)w,
021 80(8a2+252(162+15)E, aio1
_ ¥/5(3792896a® ~7065600a% +18484000a +18675000a2—16171875)wc
200(4a>— 5)(8a2+25)(16a2+15)(32a2 75)E
_5242884'9+93061124a% —424832004° +189188000a* +459750004> —73828125
40(4a2-5)(16a2+15)E,
_ V5(8a%25)(32a%75)(32a*9)(3792896a%-7065600a°+1 84840004*+18675000a> —16171875)
40(4a2-5)(1642+15)E w,
_ 1536(10616832419+14177280a® — 17431200045 —64250004* +5557031254> +284765625)B,
(162+15)E w2 do31;

biiy = — 241172484'0+1298268164"~414392320a°-285120004* ~3424500004>~436640625
1 = 24(8a2+25)(16a2+15)E,
4 140509184a'?+6326845444'°-32176128004% +41790080004° ~5355000000a*
20(4a2-5)(16a2+15)(32a275)E,
__ 48656250004%-3955078125 ]
20(4a2—5)(1642+15)(32a—75)E, 1 4201
147 V5(84%+25)3 (324> =75)(3328a* +5400a> =3375)
20(4a’— 5)(16a2+15)E we din
4 147Ba 2+25)3 (32a%=75)(33284* +5400a>-3375)A, a
4(4a2=5)(16a2+15)E g2 021
_ 1024 V5(84%+25)B, [ 1543503872a'4+6099828736a'2-36852367360a'°—192480000004®
16xa%+15 E.w}
_ 104343000000a6—135160875000a4—352571484375a2—192216796875] a
ang 031>

+

oo = — 5 [75]6192768a'4+108095602688a'2+242027069440a'0—491692032000[;8
201 48 (8a2+25)(16a2+15)Eqw,
7649280000004° +1623960000000 ja* +3909515625000a2+2456103515625
- (R2+25)(1622+15)Eqo, laon
+ 5 [ 17179869184a'%4389936054272a'4381681664000a'%+1990696960000a ' +158882304000004°
40 (4a2-5)(16a2+15)(32a2~75)Ew.
__698103000000004° +27306562500000a* —49485937500000a>—2669677734375
(4a2-5)(16a%+15)(32a2~75)Ew.
(324%=75)(84*+25)* [67108864a12+2878603264a10+6557491200a3+89104320000a6
8(4a2-5)(16a%+15) E w}?
+ 1490733000004* +14681250004>—55529296875 ]
Eo? a
V5(8a%+25)%(32a2~175) [ 35809289830404'°+93059526164484'*+196061429760000a '
8(4a2—5)(16a2+15) E,w?
78571315200000a10—47351270400000018—1235033100000000a6
E, u)
+—1516122562500000a +152634375000000a2+408460693359375 ]
Eae? anpi
25600 (8a%+25)*(4a>=5) [481036337152a‘8+5655398187008a1"+168720282419201114
16a2+15 E.w?
_5 1098320896000a'2+274010419200000a10+64613721SZOOOOOOaS+403593750000000a6
E,w;
1894665937500000a4+2928636474i609375a2+1081219482421875
E,w;

a1

+

+
+

+

lapi,

b _ 25 3435973836848 +36238786560a'0+443023360000a 4 +2845179904000a'2
101 =—aon — =1

(8a2+25)(16a%+15)(32a2-75)E ,w,
__12819968000000a'°+170016000000004® —25578000000000°
(8a2+25)(16a2+15)(32a2-75)E w,
46800000000000a*+20012695312500a>—13348388671875
(8a2+25)(16a2+15)(32a%*—75)E 4w,

+

laijo
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n 96 V5a*(4a>-5) [536870912a14+96468992a12+6935347200a1°+48501760000a8

5(16a2+15) (32a2-75)2E .
__1931256000004°+70267500000a* — 1718437500004+ 11865234375 ]
(32275 E 0, 201
_ 6724d%(4a*-5)(8a*+25)* (232652845 —41164800a°—31260000a*—87750004> +18984375)
(16a2+15)E,w?
_ 96 V5a2(4a%5)(8a%+25)? [ 17179869184a'%4746250567684'4-9824926433284'2+10109632512004'°
16a%15 E.w}
_319119360000045-19068504000004°-76893075000004*-635343750000a%+1 601806640625 1
Eqw}

_ 49152087 [51539607552a16+428691423232u14—470936453120a‘2—4153282560000a'0
16a2+15 (32a2-75)E,w?
__ 6479961600000a%+103876080000004°-15258600000000a*-254453906250004°-10144775390625 ]
(32a2—75)Eq0? do31>

Qant = — (324%-75)* [67108864a‘4—115343360412—2115502080a10+7158784000a8
301 4608(8a2+25) (16a2+15)B,E,
_298880000a°+16416300000a* ~2303437500a>— 1423828125 ]
(1642+15)B,Es aion
V5(32a2+9)(32a2-75)* + (324°-75) [67108864a14—6291456a12—2059927552a10
6082 (42— 2w, _ A011 T 768(16a2+15) 768(16a2+15)B,E,
+5214044160a8—809408000a6—7945500000a4+1307812500a2+474609375 la
768(16a2+15)B,E, 201
_ V5(84%+25)%(32a%+9)(324%~75)* (163844 +109056a° —558080a* ~525004> +84375)
768(16a2+15)B,Eqw,
_5(8a%+25)°(32a%+9)*(32a%~175)*(174084° —40640a* —67500a" +28125)
768(1642+15)B, Eqw?
_ V5(84%25)(324%75)° [2147483648a16+28689039360a14+83844136960a‘2—49192140800a10
3(16a2415) Eq.w}
_ 1668308480000a8+2393026080000a6+137097?00000a4—376776562500a2—64072265625
E,w;

+

laosi,

_ V5(32a2-75)2(136a%+75)(20484%—3200a% — 1350042 +5625)w,
a2 == 763(8a2+25)2(1642+15)B, E,
(32a%-75)2(128a*-17642-225)
- 2304B, dont
«f 5(32a%-75)(136a%+75)(174084° —40640a* —67500a2+28125)w.
1920(842+25)(16a2+15)B,E,
(8a*+25)(324%-75) [4194304a12+4325376a1° 1102479364 +128967680a°
384(16a2+15) BLE,
9242400044 +77625004%~ 18984375
+ B.E, laim
" V5(842+25)(32a%+9)(32a%-75)3 (13642 +75)(174084°—40640a* —675004> +28125)
384(1642+15)B,E 4w
5(324%-75) [335544320a'4+7241465856a12+17690132480a'0—85375795200a8
3(16a2+15) E,w?
2463248320004 +96446400000a* —39479062500a>— 12814453125 la
an% 031>

ajol

a1

+

_l_

_ (32a%-75)(20484a°-3200a* — 135004 +5625)w? V3(32a%2-75) w,
dia1 = 1536(842+25)2(1642+15)BEs @101 + 33040822425)B, 4011
(174084 —40640a"* —67500a>+28125)w?
T 33408225162+ 15)B,E, 4201
V5(32a%—75)(16384a8 +1090564°—558080a" —52500a2+84375)w,
- 3840(16+15)B, Ey ai
+ (32a>-75) [67108864a'4—6291456a‘2—2059927552a10+521404416oa8
768(1642+15) B.E,
_809408000a°+79455000004* — 130781250042 -474609375 ] _ V5(324%-75)
B.E, dn21 316515)
44171264a'0+194867200a —849510400a°—12912600004* +473625004> +170859375)]
E,w;

X[

where w, is given in (3.19), A,, B, and C, are given in (3.21), and E, = 2048a°® + 7360a* —

55300a* + 16875.
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Chapter 4

Center conditions in a switching Bautin
system

4.1 Introduction

Many problems arising in science and engineering are modeled by dynamical systems whose
vector fields (i.e. the right-hand sides of the equations) are not continuous or not differentiable.
These systems are indistinctly called discontinuous or non-smooth systems. A full discussion
on this subject can be found in the classical books [1, 2].

During the past few decades, increasing interest has been attracted to the qualitative
analysis of non-smooth systems, because non-smooth systems describe some real problems
more accuratly and display rich complex dynamical phenomena, which must not be
disregarded in applications, for instance the squealing noise in car brakes [3, 4], or the
absence of a thermal equilibrium in gases modeled by scattering billiards [5, 6]. Because of
various forms of non-smoothness, non-smooth systems can exhibit not only the classical
bifurcations, like Hopf bifurcation, homoclinic bifurcation, but also more complicated
bifurcations that only non-smooth systems can have, such as border-collision bifurcation
[7, 8, 9], grazing bifurcation [10, 11] and so on. A great deal of work has been done to
generalize the classical bifurcation methods for smooth systems to non-smooth ones, see for
instance [12, 13, 14, 15, 16, 17].

One class of planar non-smooth dynamical systems is the so-called switching system,
which has different definitions of the continuous vector fields in two different regions divided
by a line (or a curve). Our attention in this chapter is focused on switching systems, given in
the form of

. 9) :{ (Ox =y + fr(x,y, 1), x + 0y + g*(x,y, ), if y >0, @1

Ox—y+ f(x,y,1),x+0y+g (x,y,p), 1if y <0,

where y € R” is a parameter vector and 6 = u;, f*(x,y, u) and g*(x, y, u) are analytic functions
in x and y starting at least from second-order terms. Obviously, the origin is an equilibrium of
system (4.1). There are two systems in (4.1): the system defined in the upper half-plane for
y > 0 is called the upper system, and the system defined in the lower half-plane for y < 0 is
called the lower system.
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Many contributions have been made to the study of Hopf bifurcation in switching systems,
see for example [12, 13, 16, 18, 19, 20]. As in the study of smooth dynamical systems, the
center problem, determining the center conditions of a singular point being a center, and the
cyclicity problem, finding the maximal number of small-amplitude limit cycles around a
singular point, are fundamental in the analysis of Hopf bifurcation in switching systems.
These two problems in switching systems can be investigated by computing the Lyapunov
constants [12, 15, 16]. Gasull and Torregrosa [12] applied a suitable decomposition of certain
one-forms and developed a new method for computing the Lyapunov constants of switching
systems.

For the center problem, it is well-known that a singular point is a center in smooth systems
if and only if there exists a local first integral around the singular point. However, the situation
is quite complicated in switching systems. The origin of system (4.1) can be a center even if it
is not a center of either the upper system or the lower system. On the other hand, if the origin
is a center for both the upper system and the lower system of (4.1), one can not ensure that
system (4.1) has a center at the origin. It also requires that their first integrals of the upper and
lower systems coincide on the line y = 0. So far, some center conditions have been obtained
for some switching Kukles systems [12], switching Liénard systems [13, 18] and switching
Bautin systems [16].

For planar smooth polynomial dynamical systems, linear systems can not produce limit
cycles, and quadratic systems can have at most 3 small-amplitude limit cycles around a singular
point [21]. For cubic systems, it is only proved that 12 small-amplitude limit cycles can appear
around an elementary center [22]. With the same degrees, switching polynomial systems can
exhibit more limit cycles. For example, Han and Zhang [20] proved that 2 limit cycles can
appear near a focus in linear switching systems. Without loss of generality, quadratic switching
systems can be written as

8x —y — azx’ + (as + ax)xy + (ag + az)y* N
i) )\ xr e+ @-aw@-ap )0 70 42)
A R R R DY BRI B R :
x+5y+b2x2+(b4—b3)xy+(b1 _bZ)yz > y .

The number of small-amplitude limit cycles bifurcating from a focus in system (4.2) was
investigated in [12, 15, 16, 17]. Among them, it was showed in [12] that system (4.2) can have
at most 5 small limit cycles when its lower system is linear. In [15], 9 small limit cycles were
obtained from a concrete example of switching Bautin systems through perturbations.

In this chapter, we develop a recursive procedure to compute the Lyapunov constants of
system (4.1), which only involves algebraic computations. We then apply the method to discuss
the following switching Bautin system

Ox —y — azx* + (as + a»)xy + (ag + az)y* .
x ( X+ 0y + arx* + (ay — az)xy — ary* ) 1y >0, 43
()")_ 0x —y — b3x? + (bs + by)xy + (bg + b3)y* . (4.3)
( X + 0y + byx? + (by — b3)xy — byy? ) , ity <0.

For system (4.3) we obtain a complete center classification under the condition agbs = O.
Moreover, we introduce perturbations into system (4.2) with an elementary center, and get 10
small-amplitude limit cycles.
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Denote by & the interchange of parameters (as, as, aq, as, ag) < (by, —bsz, —by, by, bs, —bg).
Note that by the change of variables (x,y,7) — (x,—y,—t), the upper system and the lower
system in (4.3) exchange their equations, which can be derived equivalently by the interchange
&in (4.3).

Theorem 4.1.1 Let agbg # 0. Then system (4.3) has a center at the origin if and only if one
of the following conditions or the corresponding one under the interchange of parameters &

holds:

1:0=0b¢=0, bs =as, a) = as = brb; =0,

II:6=5b5=0, bs =as, a, —as = (b, —ax)(b, + 2a,) = b3 = a4 — 3a; = 0,
Il:6=bs=0, bs = as, ay = as, by = 0, ay — 3a3 = byby — 2az = 0,
IV:6=bs=0, bs =as, a, =as = by, ay —3az = by —3b; =0,

V:6=bs=0, bs =as, ag = bz = azas — br(as + b,) = a, = 0,
VI:6=bs=0, bs =as, ag = b3 = az + ay = 3a, + as = (a, — by)(2a, — by) = 0,

VII:6=bs=0, bs =as, ag = a3 = as = by =0,

VII :6 =bg =0, bs = as, ag = bs = az = (b, —ay)(a, + by + as) = 0,
IX:6=bs=0, bs = as, ag = b3bs —azas = b, = a, =0,
X:0=bs=0,bs=as, a6 =bs—as=b,—a, =b;—a3; =0,
XI:=bs=0,bs=as, a6 =bs+as=b,—a, =bs;+a3; =0,
XI1:6 = bs = 0, bs = as, as = Yb3by +2a2 = as + az = 3a, + bs = by = 0,

XM :6=bs=0,bs=as, a6 =bs+bs=as+a3=3a,+as=a, — b, =0,

XIV :6=bg =0, bs = as, ag = a, + by — as = 0, (2b, — ax)a; = (3a, — 4b,) as,

(2ay — by)b; = (3by — 4ax)’as, (2b, — ax)a3 = (by — a)’as = (2a, — by)b3.

Note that through the perturbations of parameters in conditions I-XIV, we can get small-
amplitude limit cycles bifurcating from the origin of system (4.3). It is important to determine
the maximal number of small-amplitude limit cycles bifurcating from a center. Obviously, by
adding the extra condition, a; = b; = 0, to the conditions [-XIV in Theorem 4.1.1, the origin
is still a center of system (4.2).

Regarding the number of small-amplitude limit cycles in system (4.2), we obtain the
following new result, which is the best so far for quadratic switching systems.

Theorem 4.1.2 For system (4.2) under the condition X with a; = by = 0, 10 limit cycles can
appear near the origin under small perturbations.

The proofs for the above two theorems will be given later in section 4.4.

4.2 Preliminary

Let r*(0,p) and r~(6,p) be the solutions of the upper and lower systems of (4.1) in polar
coordinates, respectively, with *(0,p) = p and r (m,p) = p. Then through the positive
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half-return map P*(p) = r*(m, p) and the negative half-return map £ (p) = r~ (27, p), we can
define the Poincaré map P(p) = P (P*(p)), see Figure 4.1. Suppose the displacement
function d(p) = P(p) — p can be expanded as

d(p) = Vip+ Vop* + Va3p* + -+, (4.4)

where V; is called the kth-order Lyapunov constant of the switching system (4.1). It is easy
to see that the origin is a center of system (4.1) if and only if d(p) = 0 for 0 < p < 1, which
means that all the Lyapunov constants in (4.4) vanish. The isolated zeros of d(p) = O near
p = 0 correspond to the limit cycles around the origin. It is easy to get V; = > — 1 since
P*(p) = e”p + O(p*). Thus, V; = 0if and only if § = 0. It is well known that for the first
nonzero Lyapunov constants V; in a smooth system, £ must be an odd number. While if V; is
the first nonzero term in (4.4), k could be any positive integer. Because of this small difference,
the theorem used to determine the number of limit cycles by Lyapunov constants should take
some corresponding changes. We have the following lemma, which is based on Theorem 2.3.2
in [23]. The proof is omitted here.

Lemma 4.2.1 Assume that there exists a sequence of Lyapunov constants of system (4.1), V;,,

Vi, ==+, Vi, such that V; = O(|Viy, - -+, Vi |) for any i) < j < ijz1, where iy = 1. If for system
(4.1) at the critical point p = py, Viy =V, =---=V,.1 =0,V #0, and
6Vi,Vi,"',Vi7
rank Wiy, Vi k')(uo) =k,
(9(/11,/12, tee 7/1111)

then k limit cycles can appear near the origin of system (4.1) for |u — p,| small.

Based on Lemma 4.2.1, we remark that the expressions in this chapter for Vi, k = 2,3,...,
are obtained by taking into account V|, = V, = ... = V;_; = 0. Then for any i, < j < iy,
Vi =0(Vi,-+-,Vyl) in Lemma 4.2.1 becomes V; = 0.

A
T K

P (P (p) P o)

>
X

Figure 4.1: Poincaré map of (4.1). Figure 4.2: Half-return maps " and (P~)~'.

From now on, we assume that 6 = 0 in system (4.1) and so V; = 0. It is very difficult to
compute the remaining Lyapunov constants by using (4.4), since it involves the composition
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of two maps P*(p) and P (p). To simplify the computation of Lyapunov constants, a new
function was introduced [12],

PH(p) — (P) ' (0) = Wip + Wop* + W3p® + -+, (4.5)

where (P~)~!(p) is the inverse map of P~(p). For (P~)!(p), we have (P~)~'(p) = P*(p), where
P*(p) is the positive half-return map of the system obtained from the lower system with the
change of variables (x,y,t) — (x,—y, —t) (see Figure 4.2). Thus, to get (4.5) we only need to
compute two positive half-return maps P*(p) and P*(p). It is proved that for (4.4) and (4.5),
Vi #0,V;=0,1<j<k-1isequivalentto W, # 0, W; =0, 1 < j <k — 1. In Section 4.3,
we shall present a new method to compute W;s in (4.5). Because of the equivalence of V; and
W,., we still use V; instead of W; in the rest of the chapter.

Note that any Lyapunov constant V; is a polynomial in terms of the coeflicients of system
(4.1). Thus, having obtained the Lyapunov constants, we need to solve a sysem of multivariate
polynomial equations, and find the center conditions. We shall use the Maple built-in command
“resultant” to solve these polynomial equations and find their common zeros.

Denote by R[x, x5, - - , x,] the polynomial ring of multivariate polynomials in x;, x, - - -,
x, with coefficients in R. Let

m
p(X1, X2, -+, X)) = Zpi(xla C L X)X
i=0

i 4.6)
q(xl’ x2’ Y xr) = Z q1(x1’ T, xr—l)xi,
i=0
be two polynomials in R[xy, x,,- - - , x,] of respective positive degrees m and n in x,. We call

the following matrix the Sylvester matrix of p and g with respect to x,,

Pm  Pm-1 e Po
DPm Pm-1 - Po n
Pm Pm-1 Do
S 1( b ’xr) = b
Yip.q qn qn-1 e 9o
qn qn-1 e 9o
. . m
9n Y4n-1 " 4o

whose determinant is called the resultant of p and g with respect to x,, denoted by Res(p, ¢, x,).
We have the following lemma.

Lemma 4.2.2 [24, Chapter 7] Consider two multivariate polynomials p(xy,x»,- -+ ,x,) and
q(x1,x2, -+, x,) in R[xy, x2,- -+, x,] given by (4.6). Let Res(p, q, x,) = h(xy, -+, x,_1). Then

1. If real vector <ay, @y, -+ ,a,>€R" is a common zero of equations p(xi, x2,- -+ ,x,) =0
and q(xy, x5, -+ ,x,) =0, then h(ay, - ,a,-1) = 0.

2. Conversely, if h(ay,--- ,a,—1) = 0, then at least one of the following four conditions
hold:
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(a) pm(ay,- -+ 1) =+ = polar, - ,a,-1) =0, or

(D) gular, - 1) =+ = qolar, -+ ,a,1) =0, or

(¢) pm(ar,- -+ a,1) = golar, -+ ,@-1) = 0, or

(d) for some a, € R, < ay,---,a, > is a common zero of both p(xy,---,x,) and
Q(xl"" ’xr)-

From the first statement of Lemma 4.2.2, we know that if the resultant 4 does not have
zeros on the region D C R’"!, then polynomials p and ¢ do not have zeros in D x R.
According to the second statement, in order to solve p = g = 0, we first find the zeros of
h = 0, and then substitute them into p and g to solve for x,. In this way, no zeros should be
missed. For m multivariate polynomials with m variables, we can apply the command
“resultant” repeatedly. For instance, take m = 3. To solve F;(x;,x2,x3) = 0, j = 1,2,3,
suppose we compute Res(F, Fj, x;) to obtain Res(F'y, Fj, x1) = Fq(x2, x3)E (X2, x3), j = 2,3.
Then, we need to find the solutions for F,(x,, x3) = 0 and E>(x», x3) = E3(xp,x3) = 0. For
E, = E5 = 0, we can use resultant again, like solving Res(E», E3, x;) = 0.

4.3 Computation of Lyapunov constants

In this section, we consider a differential system of the form,
+00 +00

i= -yt D UP(Y), P=x+ Y 0xy), (4.7)
i=2 i=2

where P;(x,y) and Q;(x,y) are homogeneous polynomials in x and y of degree i. Obviously,
the origin is a Hopf singular point of system (4.7). Introducing the transformation x = r cos(6)
and y = rsin(0) into (4.7) yields

;= Z;(COS(G)P,- +sin(0)Q;) = Z;A,-(H)ﬂ,

+eo +oo (4.8)
=1+ Z(COS(H)Q,- —sin(0)P;)/r =1+ Z B.(6)r !,
i=2 i=2
where
A;(0) = cos(0)P;(cos(8), sin(0)) + sin(6)Q;(cos(H), sin(6)), “49)

B;(6) = cos(8)Q;(cos(H), sin(d)) — sin(6)P;(cos(H), sin(6)).

Let r(0, p) be the solution of system (4.8) with (0, p) = p. Suppose that (6, p) can be expressed
as the power series of p in the form of

r(6,p) = n(O)p + r2(0)p* + r3(0)p° + -+, ol < 1, (4.10)

where r;(0) = 1, r;(0) = 0, i > 2. Then, we have the positive half-return map of system (4.7),
given by
P*(p) = r(m,p) = ri(mp + r(m)p” + r3(Mp” + -+, |p| < 1.
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Hence, we need to compute r;(0) in order to get Lyapunov constants.
Eliminating the time 7 from (4.8) we have

dr XI5 AO)F

— = — 4.11
do 1+ Y75 Bi(O)r! ¢1D)
which can be rewritten in the power series of r as
d
d_; = Ry(0)r” + Ry(O)r + Ry(O)r* + - -+, (4.12)

where R;(6) is a polynomial in sin(6) and cos(8).

Lemma 4.3.1 For system (4.11), let (4.9) and (4.12) hold. Then deg(R;(6), {sin(0), cos(8)}) =
3(i — 1) and R;(0) is odd (even) in sin(0) and cos(6) if i is even (odd).

Proof It follows from (4.9) that A;(f) and B;(f) are homogenous polynomials of sin(#) and
cos(0) of degree i + 1. Also note that

1 I > . J +00 _ .
=l =) BO) =1+ ) BOF, < 1.
I+ X5 B(O)r! JZ;( Z; &) Zl @', Ir
Thus, Ef(ﬁ)r" is a linear combination of products of B,r, B3r?, - - -, B, r'. Suppose that Ei ) =

2 BiBi,--- B;,. Then 3", (i;— 1) = i. Since i; > 2, the largest value for m should be i. Further,
we have

deg(B;,B;, - - - B; , {sin(0), cos(0)}) = Z(ij +1)=i+2m < 3i. 4.13)
J=1
Therefore, deg(Ei, {sin(0), cos(6)}) = 3i, and from (4.13), we see IA{-(Q) is odd (even) in sin(6)
and cos(6) if i is odd (even).
Clearly, we have

Z;;OO Ai(e)’”i — i S i
oy 205 o=t ( Z;‘ AO))(1+ Z‘ B/(0)r)

Combining the above equation with (4.11) and (4.12) yields R;(6) = Z;_:]z A j(Q)Ei_ i(0) + Ai(0).
Finally, taking into account that A;(f) is a homogeneous polynomial in sin(d) and cos(6) of
degree j + 1 for any j > 2, the proof is complete.

Further, assume that r/(6, p) = 3= r;,(6)p' for any j > 2. Substituting equation (4.10) into
system (4.12) and comparing the coefficients yields | (6) = 0 and

ri(0) = Ri(0) + Ri-1(O)ri-1,(0) + - - - + Rp(O)r2,(0), i > 2. (4.14)
Itis easy to get ri(0) = 1, rp(6) = foe R,(6)d6 and

0
ry(6) = f (R3(6) + 2R,(6)r2(6))d6 = f R3(6)d6 + r3(6).
0 0

But computation of r;(6) becomes more and more involved by direct integration, as i grows. To
overcome this difficulty, we present a new method to compute r;(6), which is closely related
the proof of the following theorem.
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Theorem 4.3.2 Suppose r(0, p) is the solution of system (4.7) with r(0,p) = p, and let (4.10)
hold. Then for any i > 1, we have

3i-3
ri(6) = Z(s /() sin/(8) + C; ;(6) sin’~' () cos(8)) + Cip(H), (4.15)
=1
where S ; j(0) and C; j(0) are polynomials in 6.
Proof We apply the method of mathematical induction to prove this lemma. It is easy to see
that the conclusion is true for i = 1, since r;(6) = 1. Now, suppose (4.15) holds for i — 1. Then,
we prove that (4.15) also holds for i.
Firstly, we need to prove that for any 2 < j < i — 1, deg(r;;(0), {sin(6), cos(0)}) = 3(i — )).
Note that
r(0.p) = p/(1+ ra@)p + 13O + ) = p/(1+ 1 11(O)p + 1 j2(O)p + - ).
Thus, r;;(9)p" should be a linear combination of products of ri(6)o*™!, 2 < k < i—1. Suppose
that r;;(0) = X ryriy,---1i,, where iy < i—1,k=1,...,n. Then };;_(ix —1) = i — j. Since

deg(r;, (6), {sin(6), cos(6)}) = 3(ix — 1), we have

deg(r;i(0), {sin(d), cos(6)}) = maX(Z 3@ — 1)) = 33 — )).

k=1

From Lemma 4.3.1, we know deg(R;(6), {sin(6), cos(€)}) = 3(j — 1). Then, the right hand-
side of equation (4.14) has degree 3(i — 1) in sin(6) and cos(6). Applying sin’(@) + cos2(9) = 1
to equation (4.14) and decreasing the degree in cos(#) gives

3i-3
F{(6) = ) (T; j(0) sin(6) + D ;(6) sin’™' (6) cos(6)) + Di(6), (4.16)

=1
where T; ;(0) and D; ;(6) are polynomials in 6. Then,

3i-3

0 0 6
ri(0) = Z( L T;.;(6) sin’(6)d6 + fo D; j(6) sin’~'(0) cos(e)d9)+ fo D;(6)de,

J=1

On the other hand, for any polynomial f(6) and number j we have

f £(6) sin’(8) cos(0)d = L £(0) sin’™(6) — L f £/(6) sin’* ! (6)d6, 4.17)
j+1 j+1
and
f £(0)sin’*' (6)do = f £(6) sin’(B)d(— cos())
= — £(0) sin’(6) cos(0) + f £/(6) sin’(8) cos(8)do + j f £(0) sin’~'(6) cos*(0)de
= — f() sin’(8) cos(b) + L £/(8) sin’*' (9) — L f () sin’* ' (6)do
j+1 j+1

+ f £(0) sin’ 1 (0)d6 — j f £(0) sin’"(0)d6.
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Hence,

ff(g) Sinj+] (H)de = - ‘H-Llf(e) Sil’lj(e) COS(Q) + f'(G) Sil’lj+] (9)

o1
(+17?

It follows from equations (4.17) and (4.18) that the conclusion is true for i, and thus the proof
is complete.

(J+17?

. (4.18)
f £7(6) sin™*' (0)d6 + ]%1 f £(6) sin’(0)d6.

In the above proof, the precedure of computing r;(¢) is present: (1) to compute r;;(6),
2 < j £i-1; (2) to substitute r;;(d) into (4.14), and to apply cos?(d) = 1 — sin*(0) to
get (4.16); (3) for any j in descending order, to use (4.17) and (4.18) repeatedly to compute
foe T; () sin’(0)d6 and foa D; j(6) sin’~1(0) cos(0)do by decreasing the degrees of polynomials

T; j(6) and D; j(6); and (4) to compute foa D, (6)de.

4.4 Proofs of Theorems 4.1.1 and 4.1.2

Now, we are ready to prove Theorems 4.1.1 and 4.1.2.

Proof of Theorem 4.1.1 Without loss of any generality, we suppose bgs = 0 since agbg = 0.
Denote by C(E) the condition which is obtained from the condition C with the interchange of
variables &.

For system (4.3), we have 6 = 0 due to V; = 0, as we have discussed before. From the
second Lyapunov constant V, = %(a5 — bs), we solove V, = 0 to get bs = as. Then, we obtain
V3 = —%(az — as)as.

First, we assume a¢ # 0. Then, V3 = 0 yields a, = as. Further, by linearly solving V, = 0
for b, we have

1
by = —b[zag — byal — (3a5 — azay + 6azas — 2asa6 + b3)as + 3byb3],  asby #0.  (4.19)
asos

In case as = 0, we have V, = %bzbg, which yields the center condition I by solving V4 = 0. If
as # 0 and b3 = 0, we obtain

(3a3 + 6azas — 2az + asby + b3), (4.20)

ag =
as + 2ag

by solving V,; = 0 when a3 + 2a¢ # 0. Under the condition (4.20), Vs is given by

tasdag

" 48(as + 2a5)? (ba + 2a5)(bs ~ as)(Sazas + 2a5 — asby + 10dg ~ b)).

Vs
From V5 = 0, we have condition Il if (b, + 2as)(b, — as) = 0, or another equation

1
as = —5—%(2a§ — asbs + 10ag — b3).
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When the above equation holds, Vi and V; are given by Vs = =25 F1; and V; = 3% F,, where

875 2

Fiy = = 3b5 = 9asb; + (9aZ + 30az)b; + (33a2 + 60asag)b; — (1844 + 90asag — 50ag)b;
— (3643 + 120aial — 50asag)b, + 24aS + 120asa; — 350azd,
Fia =b5 + 2ash; — (3a + Sag)b; — (4al + Sasag)b, + 4as + 35aza;.
Then Res(Fi1, Fi2, by) = 244140625a*a5(9a3 + 40a3)* # O since asaq # 0, which means Vj

and V; do not have common solutions.
If b3 = a3 + 2a¢ = 0, we have

2a nasa

Vi = =22 by + 2a5)(by —as). Vs =~ (as + 6ag)(as + o),
dasa

Ve = 3;56 (a4 + 6a¢)[2(as + ag)(as — 4ag) + 90?]-

Thus, V4 = V5 = Vg = 0 yields (b, + 2a5)(b, — as) = a4 + 6ag = 0, which are clearly included
in the condition II.
When (4.19) holds, we obtain
tasdg
48

Vs = — (3613 - 614)(3613 —ay + 5616) (421)
Taking a4 = 3as yields Vs = 0 and Vg = —%bz(c@ — by)(4as + 3b,). Setting Vg = 0 yields
by(as — by) = 0, which gives the conditions III and IV, or b, = —§a5 which results in V; = 0
but Vg = ;14887612192 # 0 since asbs # 0.
For (4.21), if a4 = 3as + S5ag, we have V5 = 0 and
3(15(16
by Dy,

B; = (3a3 + 12a3as + 10azag + 2azas — 4a;), byDy # 0, (4.22)

obtained by linearly solving Vs = 0, where B; = b3 and Dy, = 9asae + 4a3 — asb, + 18a; — 3b3.
If b, = 0, we have Vi = 2”;“" F> and V; =

257ra5 a

¢ Fy, where
Fy =3a3 + 12d%a +1Oaa2+2aa—4a Fs = a% + 3azaq + a* + 2a2
21 3 346 3Ug 546 6° 22 3 3U6 5 6°
Then, Res(Fa1, F, by) = a2(9a3 + 40a3) # 0, which means that there are no center conditions
in this case. If D,; = 0, we have a3 = —ﬁ(4a§ —ashy + 1842 = 3b2%), and Vs = — =% Vy =
25nasag

17oalag Fas,
~1aq 124, Where F3 and F4 are polynomials in as, ag and b,. Similarly, it can be easily shown
that the two equations, Vi = V; = 0, do not have solutions by Verifying Res(Fys3, Fas, by) # 0.

257TL15[16F31 Vg _
b

Now suppose (4.22) holds, we have V; =
VlO = F 33 with

27D h1

1871102

Fs =a§ + 3azag + ag + 2a§,
F3, = ag[—aS + byal — (17a; + 18b3)as — (13azh,; — 9b3)as

— (30a; + 60azh; — 9b3)as + (=30dgh, + 90azh3)as + 90azhs],
D3 = 1648 + 14bya + (16ag + 24b3)as + (14agh, — 27b3)al

+ (15a¢ + 30agh; — 27b5)as + (15a¢b, — 45azh3)as — 45agh;.
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If D;; = 0, it follows from Vg = 0 that 5, = 0. Note that D3; and F5, are homogeneous
polynomials in a¢, as and b,. Thus, by a variable scaling: as — asaq and b, — b,ag, we can
eliminate ag. Without loss of any generality, we take ag = 1, and then obtain Res(F3,, D3y, by) =
—2187Oa§4(3862879a2 + 3507408041‘5‘ + 9275()400a§ + 50112000) # O for nonzero as. This
indicates that there are no zeros for the equations: D3; = F3 = 0. If D;; # 0, we have

a: 7~ a4a ~ g o .
as = —%, and F3; = D—;FM, F33 = 5—38;’F33, where F3; and F53 are homogeneous polynomials
in ag, as and b,. Similarly, by verifying RCS(F:“, I::33, by) # 0, we conclude that V; = Vi, = 0

do not have zeros when asag # 0.
Now we consider the case a¢ = 0, for which V3 = 0, and get

1
by = —l(a - by)az + (a5 + azay — b3)as — 3ayas + 3byb3],  asbs # 0, (4.23)
asos
by solving V, = 0. If b3 = 0, V4 = 0 yields a; = —L[a5a2 (3a3 + a3)a, — bral — bias)
2
provided azas # 0. Further, we have V5 = 0, Vg = —105a2F41, V;=0,and Vg = 28235a aF 4,

where
Fy = 15a3 + Sayas — 2a% — 9asb, — 9b3,
Fyp = 315a5a2 + (675613 + 315615)612 + (225a3a5 + 1890a5 + 225a§b2 + 225asb? )a2
— (90a3a3 + 405a3asb, + 405a3b5 — 60243 — Sdaib, — 54azbs)a,
— 24843 — 1176alb, — 1446aib; — 540azb; — 270asbs.

Obviously, a; = 0 is a solution of Vg = Vg = 0, resulting in condition V. For Fy4; = Fyy = 0, we
have

Res(Fy1, Fap,ay) = 270043 (as + 3b,)*(2as + 3b2)* (b, — as)(b, + 2as)
X (29a5 + 108asb, + 108b2 3)-

Solving Fyy = F4u = Res(Fy1,Fs,a;) = 0, we obtain condition VI, derived from
(as + 3by)(2as + 3b,) = 0, and other center conditions derived from (b, — as)(b, + 2as) = 0 are
already included in IL. If b3 = a3 =0, V, = %as(az — by)(ay + as + by). Solving V, = 0 we get
VII and VIII. If by = as = 0, center conditions obtained from V4 = 0 are included in I or VII,

where V, = —§a2a3 If b3 # 0 and as = 0, we get b, = h2 a2a3 from V4, = 0. Then V5 = 0 and
Ve = 35b4a2a3(8a2a3 8ashy — 3azasbi + 3b3bs). When aya; = 0, we get subcases of I and

1(&). Otherw1se we linearly solve Vg = 0 using by, for which V; = 0, and further obtain

2a2a3
945b8

Vg = (a3 — b3)[ — T5a3bi(a3 + b3)ay + 105a3(a3 + b3)a; — 95b3(a3 + b3)aj + 21a3b5].

When a; — b3 = 0, we get subcases of X and XI. Otherwise, we linearly solve Vg = 0 using au,
and get
4612 (613 bz) 3 461;&%(6% — b%)
T @ 5 T T a0218T5bG + BY)
_ 4azaz(as; — b3)
452460937563 (a3 + b3)?

Vio = S Fas,

(4.24)

Fuss, Vo=V =Vi3=0,
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where Fy3, F44 and F,5 are homogeneous polynomials in asz, a, and b3. Thus, without loss of
generality, we take b3 = 1 and obtain

Fy3 = 150a3a* + 300a3a3° — (50a; — 465a3)as — (400a; — 1240a3)as — (50a; — 1240a;
+48)a3 + (300a; + 465a3)a;3 + 150a;,

Fuy =35250a5a;3® + 105750a5as° + (9025045 + 111675a3)a3* — (1125045 — 403975a3)ay”
— (6200045 — 675150a; + 4335a5)a;’ — (6200045 — 765700a; — 4165a3)as
— (11250a5 — 67515005 — 4165a3 + 2352)a$ + (90250a5 + 40397545 — 4335a3)a;
+ (10575005 + 111675a5)as + 3525045,

Fy5 = 64267500d5a3" + 257070000a5a3> + (37441250045 + 20928225045)a3°
+ (21230000045 + 963353000a5)as® — (599500045 + 205748850045 + 9179400a5)ax°
— (5720000045 — 290344812545 — 82855050a3)as* — (4103000043 — 328283262545
—209672700a; + 8036550a3)a;* — (5720000045 + 328283262545 + 2719941004
— 11441925a3)a3’ — (599500045 + 290344812545 + 209672700a; — 1144192545
— 889056)a + (21230000045 + 205748850045 + 82855050a; — 8036550a5)as
+ (37441250045 + 96335300045 + 9179400a5)a; + (257070000a3 + 209282250a5)a3
+ 6426750045,

from which we have

Res(Fy3, Fuy, a3) =4.793776480822102166712284088134765625 x 10°°a3’EZE7,,
Res(Fy3, Fus,a3) = 1.481231288706170179381160778575576841831207275390625 x 107

104 72 72
Xd2 ECE42’

where E, = (5a; + 1)* + 5a5 # 0, and E4 and Ey are polynomials in a, of degrees 16
and 24, respectively, satisfying Res(Ey4, E4p,a2) # 0. Therefore, there are no solutions for
VIO = V12 = V14 =01in (424)

With (4.23) holding, we get Vs = 0 and further obtain

1
= —2a,a> + 2b,b2)al + (—4aia> + 9a,b,b? — 5b3b%)a?
9a5a3Eo[( 205 2b3)as + (—4asas 2byb3 »b3)as 4.25)

+ (6a3a; + 9a3byb; — 15b3b3)as + 27a3as — 2Tarazb,b3),

ay

by solving Vs = 0 provided asazEy # 0, where Ey = axa3 — byb3. If a3Ey = 0, we obtain
conditions IX-XI, V(&E), VI(E) and a subcase of II(£). Here, we omit the details of the
discussion for asas Ey # 0, since it is similar to the case asb; = 0 for V, = 0.

When (4.23) and (4.25) hold, we have asasbsEy # 0, V; = Vo = V|1 = Vi3 = Vi5 =0 and

Voo 2R Ly 2P S
*T1701asE,” 0 5613322E2T 7 1970268343 E3
2F, 2F;
Vis = o Ve = Py
62063451454 E3 949570807 18543 ES
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where F;, 1 < j <5, 1s a homogeneous polynomial in a,, a3, as, by, b3, and also a polynomial
of a3 and b3. Taking as = 1, A3 = a3 and B; = b3, we have

Fy = a5[135b,(3ay + 3by + 1)(ay — by)B; + 2ax(a; — 1)(3ay + 1)(6ay + 1)]A3
+ ayby[135b,(3ay + 3b, + 1)(ay — by)Bs — 189a; + 450a5b3 — 189b5 — 189a;
+ 171a5by + 171ayb; — 189b; — 48a; + 64arby — 48b5 — 2a; — 2by)|B3As
+2b3(by — 1)(3by + 1)(6b, + 1)B3,
Fy =63[135b,(3ay + 3by + 1)(ay — by)Bs + 2ay(a; — 1)(3a; + 1)(6a; + 1)]a3A3
— a3[8505b5(3ay + 3by + 1)(ay — by)B3 — 18b,(2898a; — 3150a5b; + 2421a;
— 1050a5b, — 1245a,b5 + 5387a;5 — 415a,b, — 4860b; + 1634a, — 1620b,)B;
— 2ay(a; — 1)(3ay + 1)(672a; + 416a; + 1349a, + 216)]A3
— a3y B3[8505b5(3ay + 3by + 1)(ay — by) B3 + 18by(ay — by)(3024a3 + 3024a5h,
+3024a,b3 + 3024b3 + 235843 + 2553a,b, + 2358b3 + 10191a, + 10191b,
+3247)B; — 1682145 + 40635435 — 6615a5b; — 510355 — 263974,
+ 15495a;b, + 28218a3b5 — 7182a3b; — 2205a,b;5 — 8505b; — 470764,
+ 10706a3b, + 99634a3b5 — 2394a,b; — 45612b3 — 47564a; + 38500a3b,
+36100a,b5 — 41832b3 — 1398645 + 13724a,b, — 10424b5 — 864a; — 432,143
+ a,b3B3[8505b5(3ay + 3by + 1)(ay — by) B3 + 18b,(3150a3b3 — 2898b;
+ 1245a5b, + 1050a,b5 — 2421b3 + 4860a; + 415a,b, — 5387b; + 1620a,
— 1634b,)B; — 5103a — 6615a3b3 + 40635a3b5 — 1682155 — 850545
— 2205a3b, — T182a3b5 + 28218a5b3 + 15495a,b; — 26397h; — 456124
— 2394a3b, + 99634a3b; + 10706a,b; — 47076b; — 41832a; + 36100a3b,
+38500a,b3 — 47564b3 — 1042445 + 13724a,b, — 13986b3 — 432a, — 864b,]A3
— 2b5(3by + 1)(by — 1)(378B3b5 + 672b3 + 63B3b, + 4165 + 1349b, + 216)B;.

The other three lengthy polynomials F5, F4 and Fs are omitted here for brevity. In order to
solve Fy = F, = F;3 = F4, = F5 = 0, we compute the following resultants

RCS(F] , F2, Ag) = —5292FQE1 , RGS(Fl , F3, A3) = —47628FanE2,

4.26
Res(Fy, Fy, A3) = —7001316F,F2E;,  Res(Fy, Fs, A3) = =1001316F,F; E,, (4.26)

where

F, = B$a5b)(3by + 1)(by — 1)(3ay + 3b, + 1)*(ay — by)°
X (405B3a5b, — 405B3b3 + 364, + 135B3a,b, — 135B3b5 — 18a; — 16a; — 2a,),
F), = B3asb5(3a; + 3by + 1)(ay — by)?,
and E;, 1 < j < 4, is a polynomial of Bs, a, and b,. Note that F, contains all the common

factors of resultants Res(Fy, F'j, A3), j = 2,3,4,5. Then conditions III(&), XII, XIII and XIII(E)
can be easily obtained if a,b,(a, — b,) = 0, For example, taking a, = 0 we have F = 2bg(b2 -
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1)(3b, + 1)(6b, + 1)B2, and then b, # 0 since E, # 0. We can get condtion III(E) if b, = 1 and

condition XII if b, = —%. If b, = —%, then F, = —&Bg < 0. Note that Ey # 0, A3 > 0 and

B3 > 0 from (4.23) and (4.25). The rest factors in F, can not lead to new center conditions.
Here, we only present the details for the case b, — 1 = 0 with a,by(a; — b)) # 0. Similar
procedures can be applied to other cases.
Assume a,b,(ar — by) # 0. When b, = 1, we have
Fi = aAz(ay — )Gy,  Fr = axAsz(ax — )Gy,

4.27)
F3 = a)Az(ar — 1)G3,  Fy = ayAsz(ar — 1)Gy,

where G;, 1 < j < 4, is a polynomial in a,, A3 and Bj3. For (4.27), a, # 1 since b, = 1 and
a, — b, # 0. Then

Res(G|, G,, By) = — 714420A3a3(1 + 3a,)(3a; + 4)*(ay — 1)*Gs,

Res(G1,Gs, B3) = 17360406043a;5(1 + 3a,)(3ay + 4)*(ay — 1)°Ge,

Res(G1, Gy, B3) = — 2067103542420A%a5(1 + 3a2)(3ay + 4)(a; — 1)*G,
where G;, 5 < j < 7, is a polynomial in a, and A;. We consider the common factor (1 +
3a;)(3a, +4) = O firstly. If a, = —%, then G| = —B3l;; and G, = $B3112, where I}, =
135A5 + 405B; + 328 and

I, =229635B; + (76545A5 + 1499310)B3 — (25515A3 — 75870043 — 1052136)B;
— 850543 + 8631043 + 25631243,

satisfying Res(/1, I12, B3) = 14696640(1080A3 + 42107) > 0. Thus, there are no solutions for
G =G, =G; =Gy =0ifa, = —1. If a, = —%, then G, = 2(4A; + 3B3) > 0. Next we
consider Gs = Gg = G7 = 0, and have

Res(Gs, Gg, Az) = 2789427520800a§(a2 - 8)(3as + 5)(3as — 8)(3as + 4)°G GGy,

Res(Gs, G7,A3) = — 376572715308000a3%(a; — 8)(3a; + 5)(3a; — 8)(3as + 4)°G,Go,Goy,
where G, = 486a; +945a3 — 1227a3 — 2779a, — 428, and G;; and G 5, j = 8,9 are polynomials
in a. If a, = 8, we have Gs = 12544(9143 + 196)121 and Ge = 39337984(9A3 + 196)122, where
Iy = 244111680A3 — 240599605103 and

In = 672679027641600A§ + 95795633236828680A§ —282894493179800916477A;
—4376089823211446777789,
satisfying Res(/,1, I, A3) # 0. Thus, there are no solutions for Gs = G¢ = G; = 0ifa, = 8. In
a similar way, it can be proved that no solutions exist for Gs = G¢ = G7 = 01if (3a, + 5)(3a, —
8)3a, +4) = 0. If G, = 0, we compute I3; = Res(G,, Gs, ay) and I3, = Res(G,, Gg, a,), with
Res(131, Iz, A3) # 0. Moreover, we get Res(Gys;, Goj, a) # 0 for i, j = 1,2, and then there are
no solutions for Gg; = Go; = 0. Therefore, if b, = 1, no zeros exist for F'y = F, = F3 = F4 = 0.
For (4.26), we consider E| = E, = E3 = E4 = 0 with asA3EF, # 0, and get
Res(E, E», B3) = — 3050238993994800F .Es,
Res(Eq, E5, B3) = —900567811781994726000F .F 4Es, (4.28)
Res(E,E4, B3) = — 38766491335360039793593446OOOOFCF§E7,
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where

F.=aby’(3ay + 3by + 1)*(3ay + 1)*(ay — 1)*(3by + 2 + 3ax)(ay + by — )E,E,E E,,
F, =ab)(3a; + 3by + 1)(3ay + )(ay — 1),
E,=d}— (b, + ay + b3 — by, E, = 3a5 — (6by + 2)a, + 3b3 — 2b, — 1,
E. = 486a; + (486b, + 459)a3 — (1134b; + 207b, — 114)a;
— (1134b3 + 1323b5 + 321b, + 1)a, — 189b3 — 189h3 — 48b, — 2,
E; =(1134b, + 189)a; + (1134b3 + 1323b, + 189)a;
— (486b3 — 207h5 — 321b, — 48)a, — 486b; — 459b3 — 114b5 + by + 2.

F. contains all the common factors of resultants Res(Ey, £}, B3), j = 2,3, 4.
Ifay + b, — 1 =0, wehave a, = —b, + 1 and

E, =2by)1,14, E,= 4[9%1“142, E; = 8b31a143,

where I, = (3b,—2)B3+(2b,—1)>. Then I, = Oyields E; = E, = E3 = 0, i.e., Res(Fy, Fj,A3z) =
0, j=2,3,4, when a, = —b, + 1. We substitute a, = —b, + 1 into F;, and get F;, j = 1,2, 3.
Next, we need to solve I, = F'; = F, = F5 = 0. We have

Res(l, Fi, By) = 2by(by — DIyIsi,  Res(l, Fa, B) = 2by(by — DI, 15,
RCS(Ia, Fg, B3) = 2b2(b2 - 1)11,153, with Ib = (3192 - 1)A3 - (2b2 - 1)2

Note that by(b, — 1) # O since F, # 0. If I, = I, = 0, then I::l = 1::2 = Fg, = 0, and we have
condition XIV. For Is5; = Is, = Is3 = 0, we have

Res(lsi. Is2. A3) = Tby(3by + 1)(b2 = 1)’ (3by = 2)° (202 = D Ju 1,
Res(lsi. I3, A3) = =21b3(3by + 1)(b2 = 1’ (3b2 = 2)°(2b2 = Vo2,

where (3b, + 1)(b, — 1) # 0, and

J. = 18b3 + 651b5 — 748b, + 214,

Ji =605304b5 — 2895060b3 + 2555877b3 — 373639h, — 148730,

J, =378882563472b," — 29071087999056b; + 18096866859861055 — 499455418644927h)
+ 1319463134471394b5 — 2296405188740916b; + 2157213472303974b;
— 10208391335592695h; + 1811890110153385b; + 20664548818076b,
— 8460097956280.

If 3b, —2 = 0, then I, = % # 0. If 2bob — 1 = 0, then I, = —%33 # 0. Moreover, we get
Res(Jy,, Isi, by) # 0 and Res(Jy, J», by) # 0. Thus, there are no solutions for Is; = Is, = Is3 = 0.
For 14, = 14, = 143 = 0, we have

Res(Iyy, Iy, B3) = 1807549033478400065 (b, — 1)*(3by — 4)* 11,75,

Res(l41, L3, B3) = 10673396287786604160000b,(b, — 1)*(3by — 4)*I.1,J4,
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where I, = 186b§ +235b, — 528, 1,; = 186b§ — 607b, — 107, and J5 and J, are polynomials of
b,. It is easy to prove that there are no solutions for I4; = Iy, = I3 = 0.

For the other factors in F,, using similar procedures, we can show that no more center
conditions exist, and thus the details are omitted. Since Ejs in (4.28), j = 5,6,7, are
polynomials in a; and b,, it is straightforward to prove that Es = E¢ = E; = 0 can not result in
more center conditions. It should be pointed out that although the computations are
straightforward, it is really time-consuming and memory demanding.

Now we prove the sufficiency for the center conditions I-XIV by computing their
corresponding first integrals. We shall not discuss all the cases one by one. Actually, most of
cases belong to three special types of systems. We use the following notation: for any
C =1...,XIV, C" denotes the upper system of system (4.3) under the condition C, C” the
lower system of (4.3) under the condition C.

Firstly, a quadratic Hamiltonian system is given by

X =—y—Ax*+2Bxy+ (C +A)y*, y=x+ Bx*+2Axy— By’

with the Hamilonian H = $(x* +?) + 1 Bx’ + Ax?y — Bxy? — (A + C)y’. Under the conditions
I-X1V, the upper systems of II"-IV* are Hamiltonian systems. The general form for I" and
I” (b, = 0) is given by

¥=-y+Ax*+By’, y=x+Cxy,

with the first integral

1, B , A-B-C A-B-C
—x"+

_ 2 - -
=+ D ¥ Y 5a-e) " a-oea-0)  ua-oea-o)

if C(A-C)2A-C) #0; or

1. B, A-B A-B
_ 2A 2 2
H=e y(ix oA T A YT Taas

C3x*+B+C 2B+C

), ifC=0,A#0,

H = + +BIn(Cy+1), ifC#0,A=C,
of 2Cyr 1 oy PEME D, ifCE
4A3x* +2A+B A+B By
H=- - INQAy + 1) + =%, ifC #0, C = 2A.
o sy + 1) | A ALy s

Systems VI*, XII" (b3 # 0) and XIII* can be written in the form,
X = —y—Ax* +2Bxy + Ay’, y=x- Bx’—2Axy+ By’

with the first integral

3 4A%x* + 4A%* —2Ay — 2Bx + 1

B 2Ay +2Bx — 1 ‘
All the remaining upper systems and lower systems except X*, XI* and XIV* can be written
in the form,

X =-y+Axy, y=x+Bx*+Cxy—- By, (4.29)
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with the first integral

¢ C
H = (-Ax + 1)*5°(Bx + V- %y + 1) @O By + 7y n %)y 4 ])w04

if AB(w? — C*)w # 0, where w = V4AB + 4B + C2. When B = 0, system (4.29) has the first
integral

1 1
H = 5y2 - P(Ax +1In(1 — Ax)), ifA#0,C=0,

1 1 .

or H=(Cy=In(Cy+ 1) - 5(Ax+ In(1 — Ax)), ifAC #0,
1 1

or H= E(Cy —In(Cy + 1)) + Ex"‘, ifA=0, C#0.

When B # 0, we have

16B? 8(Bx+1)

H=4In2Bx+Cy+2)— —— In(|4B*> + CO)x +4B)) + —————, ifw = 0.
nEBx+Cy+2) =y e W AB) S oy T

For Bw # 0, we obtain the first integral

C-w C+
= Sy In2Bx+ Cy + wy +2) —

1
232;" In(2Bx + Cy = wy +2) + Zx, ifA =0,
B? +C? B*y+C

1 e 2 2
or H:_Eln(Bx+Cy+1)+BZ—CZIH(BX—'-l)-'—m’ if o =C~.

For the center condition XIV, we have the following first integrals,

1 1 -2b + b -b
H =P+ + 505 as(as Z)xzy (a5 byt E 4 2(as 2)x4
2 2 3 . 3 4

_asby(as —2by) 5 3asbyai—b3) , , asbyas—by) 5 asby(as —2by)
F—— Xy ———(—— Xy =% xy’ —

@, 2a2 @, 4a

¥,

where @, = [—az + 3asb, # 0, - = /243 — 3asb, # 0. XIV*(a, =0) and XIV*(a_=0) are
in the form of I*. Under the center condition X, system (4.3) is smooth, and has a center at the
origin. Under the center condition XI, system (4.3) is symmetric with respect to the x-axis.

Therefore, for the fourteen center conditions we have obtained the first integrals H*(x,y)
and H (x,y) for the upper system and the lower system in (4.3) near the origin. More
specifically, for any center conditions I, ..., XIV, either both H*(x,0) and H (x,0) are even
functions, or H*(x,0) = H (x,0), or H*(x,0) = H*(p,0) and H (x,0) = H (p,0) have
common zeros x(p) satisfying x(p) —» 0~ as p — 0.

Proof of Theorem 4.1.2 For system (4.2), we add perturbations as a; = a; + €p; and b, =
by +eq,k=1,---,6,and 6 = gpy, where 0 < € < 1. Then we get V| = errome _ 1, Taking
po = 0, we get V; = 0, and then compute the Lyapunov constants, which are polynomials
of €. To prove the existence of 10 small-amplitude limit cycles, we need to solve the e-order
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Lyapunov constants, i.e. the coefficient V;; of & in kth-order Lyapunov constant V; for all
k> 1.
First, we get

2
Vai = 5(2191 +Ps — 291 — gs).
Setting ps = =2p; + 2q; + g5 yields V,; = 0 and then we obatin
T
Vii = —g[(% =3)(p1 + q1) + (1 = as)(ps + g6)]-

Letting

D6 = — [(as = 3)(p1 + q1) + (1 = as)ge],

1- as
results in V3; = 0. Similarly, we can linearly solve the polynomial equations one by one, for
V41 = 0 using p4, for Vs; = 0 using ¢, for Vg; = 0 using p,, for Vg; = 0 using ps, for
Vi1 = 0 using g, (V7.1 = Vo1 = 0) and then obtain

32}71 32p1
Vior=—-——F,F,, Viy1=—-———F/F., Vii1=Vi1=0,
12,1 b 14,1 73125E0 11,1 13,1

where

F,=—-(as—as— 2)(aia5 + a4a§ —4aqas — 2a§ —3a4 + as + 10),

F), =94623744a)*a$ + 9304668164, as + 615054336a,*al — 275404800a}’al
+ 1342162944a,*al + 2270969856a,°aZ + 5488177152a,’al — 24242759684, as
+10977847296a)’ a2 + 9213454848a,as + 924797952a,'al + 70958592a%a% + - - -

F, =3643883520a,°a% + 703622160384a,"as + 35831521280a,’ as + 23685242880@%2
+7044986537984a}’a’ + 4776306345984a,*al — 2047910092800a,’ a
+9980323651584a,’a; + 87453204480a,az + 211345244160a,’ a}

+ 18137210559488a,°a$ + 43606528505856a, a2 — 16936192867328a,*as
+83213921538048a,’a’ + 70628108476416aj2a§ +6876797571072a,' as
+527648090112a,°al’ + - - -,

Eo =436926698208a,a’ + 4296445865712a%a + 318301099644528a;as
+436926698208a5al — 314587222709760a,as + 10486240756992a;as
+31273756635401284%as + 2056104220650480a a3 — 4828695405245712a5a8
— 1589648559755256a;al + 509238066761424a,as — 520052002542072a3as - - -

By solving F, = F. = 0, we obtain a solution pair,

as = 5.99434633716685356826649663127143786914031276530387 - - -,

4.30
as = — 8.14861268316857869707181745161325145443180339888316- - -, (430)

which satisfy
(a(VIZ,la V14,1)
det| ————

~ —49.555 # 0.
d(ay, as) )
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Setting the non-used parameters g, = q3 = g4 = g5 = 0, and p; = 1, we obtain the following
critical parameter values

p> = 0.30002128428334381315440099372123751294081343627897 - - -,
p3 = 0.82206321614615752048525081842048327803889387395765 - - - ,

pa = 15.59292467796797586571633882108272157481790432063844 - - -, @31)
Pe = —4.62428933063556296887439369633640629890000278932871 - - -, '
qe = 4.62428933063556296887439369633640629890000278932871 - - -,

ps = — 4’ C]l = _17
under which the Lyaponov constants become

Vor=0, V3 =1.0x107%, V,; =06x107%, Vs, =-0.7x 107,
Ver1=10x10" Vv, =-08x 1077, Vg, =0.6x1077, Vo, =-0.6x 107",
Vit =05x 107 Vi1, =-03x107%, V5, =05x 108, Vi3, =-02x107%,
Vig1 =03 x 1070 V5, =-04x 107, V5, =13.3.

Then with (4.30) and (4.31) holding, we have V;; = 0, j = 2,...,14, and Vi¢; # 0. Therefore,
we can take perturbations in backward order on as for Vy4, on a4 for Vi, 1, on g¢ for Vyo;, on
ps3 for Vg 1, on p, for Vi 1, on g, for Vs, on py for V, 1, on pg for Vi1, on ps for V, 1, on p, for
Vi, to obtain 10 small-amplitude limit cycles bifurcating from the origin.

4.5 Conclusion

In this chapter, we have studied planar switching systems, in particular, a switching Bautin
system. We have developed a computationally efficient algorithm to compute the Lyapunov
constants for planar switching systems. With the help of this algorithm and Maple built-in
command ‘resultant’, we present, with rigorous proof, a complete classification on the center
problem for the Bautin switching system under the condition a¢bs = 0. Moreover, we have
selected one of the center conditions to construct a special integrable system and then
perturbed this system to obtain 10 small-amplitude limit cycles, which improves the existing
result. Future work includes the classification of the center problem under the condition
asbe # 0, and obtaining possible more limit cycles.
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Chapter 5

An explicit recursive formula for
computing the normal form and center
manifold of general n-dimensional
differential systems associated with Hopf
bifurcation

5.1 Introduction

Two of the useful tools in the study of stability and bifurcations near singular points are center
manifold theory and normal form theory. The center manifold theory can be applied to reduce
the dimension of the state spaces which need to be considered when some eigenvalues of the
linearization have zero real part. The basic idea of normal form theory is to transform the
original system to a simpler one which keeps the topological structure of the original system
around the singular point. Most developments in this direction for the past three decades can
be found in [1, 2, 3].

Since computation of normal forms is very involved and time consuming, in particular, for
higher-order normal forms, computer algebra systems such as Maple, Mathematica, must be
used. Several efficient methodologies for computing normal forms have been developed in the
past decade (e.g. see [4, 5, 6]). Recently, researchers have also paid attention to computation
of the simplest normal forms (e.g. see [7, 8, 9, 10]). Yu et al. applied the method of multiple
time scales combined with a perturbation technique to obtain normal forms of differential
equations for a number of different singularities such as Hopf [4], Hopf-zero [11], double
Hopf [12, 13], etc. This method does not need solving differential equations, nor involve
integration, but only needs algebraic calculations, which greatly facilitates implementation
using computer algebra systems such as Maple. For Hopf bifurcation, this method only
requires solving two-dimensional matrix systems for any higher-order normal forms of
general n-dimensional systems. Giné and Santallusia [6] obtained a recursive formula for the
Poincaré-Lyapunov constants of Hopf bifurcation for general two-dimensional systems,

A version of this chapter has been published in the International Journal of Bifurcation and Chaos.
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which can be computed recursively in terms of the coefficients of the original system. Yu [5]
computed the center manifold of differential equations with a proper nonlinear transformation
which is incorporated with normal form computation to develop a unified procedure for
computing normal forms of general n-dimensional systems. The formulas developed in [4, 5]
are in recursive format, but not explicit, which may involve some repetitive computations, and
so may demand more memory in a computer to obtain higher-order normal forms or focus
values. Since practical problems often have Hopf bifurcation in high-dimensional systems,
and thus the recursive formula in [6], which only computes focus values, can not be directly
applied to such systems. Moreover, for Hopf bifurcation, one may also need to determine the
frequency of motion, implying that normal form, rather than just focus values, need be
computed.

In this chapter, based on the result of Yu [5], we will develop an efficient method to
compute the normal form for Hopf bifurcation in general n-dimensional dynamical systems.
We shall present explicit recursive formulas for simultaneously computing the center manifold
and normal form of a given general system, which is the first time available in the literature.

5.2 Main result

Consider a system of differential equations of the form,

y=Ay+G(y), yeR", G(y):R"—>R" 5.1
where G(0) = 0, D,G(0) = 0, and it is assumed, without loss of generality, that the matrix A
has eigenvalues i, —i, Ay, ==+, k> Ast> Ayt » Akykar Akysho- HeTe Ay, -+, Ay, are non-
zero real numbers, and Ay 41, -+, A 41, are complex numbers with non-zero real part, and
2+ ky + 2k, = n.
Then, there exists a linear transformation,
y=Tx,
such that (5.1) can be transformed into
x=Jx+ f(x), 5.2)

with x, = X;, where

J= dlag(lv _i, /119 ) /lk1+k2’ /lk1+1’ ) /lk1+k2)’

@)=Y fu@) =" anxiay

m>2 m>2 m
n
and m = m;ms - - - m,, denoting a choice of the values of m;, my, - - -, m,, which satisfies », m; =
J=1
m with m; > 0.

Let x = (x1, X, x7)" and J = diag(i, —i, J,). Then, Eq.(5.2) can be written as

Xy = ixy + fi(x, X, X,),
_lxl +f1(-x1a)_cla xr)’ (53)
err + fr(xla X'], xr)-

X1

Xy
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Note that the second equation of (5.3) is a complex conjugate of the first equation.
The center manifold of (5.3) may be defined in the form of

x,=H(x, %)= Z H, (x, X)) with H,,(x{, X;) = Z hmxi X /, (5.4)
m>2 Jj=0
which satisfies
H, (xi, X)X + Hz, (x1, %)% = J.H(x1, %) + f,(x1, X1, H(xy, X1)).

Then, the differential equations describing the dynamics on the center manifold are given by

X1 =ix; + filxy, X, H(xy, X)),

- o — ~ - - (5'5)
X1 = —ix; + fi(xy, X1, H(xy, X1)).
Next, introduce the transformation, given by
=+ Qi) = u+ Y 0w, ) = g(u, B)
m>2
with Q,,(u, 1) = ﬁ q}”?uj "/, into (5.5) to obtain the normal form,
=0
it = iu+ Cu, t) where C(u,ii) = Z anu™ ", (5.6)
m>1
Let h(u, ) = H(q(u, it), q(u, 1)) and
F] (M, L_t) = .fl (Q(u’ ﬁ)’ C_](u, L_t)’ h(u’ ﬁ))’ Fr(u, L_t) = fr(Q(u, ﬁ)’ q(u’ ﬁ)’ h(l/t, ﬁ))
Then we have the following equations
( O.(u, )  Qg(u, ir) )( iu ) 3 ( iQ(u, it) )
h,(u,it) hy(u,u —iu J.h(u,n
(u, ) (u, it) (u, it) 5.7)

_ F] (I/l, b_t) Qu(u7 L_t) Qb_t(u? ﬁ) C(l/l, ﬁ) C(H, ﬁ)
N\ Fwn) ) \ hua) hun) |\ Cun) | 0 :

Solving (5.7) order by order, we obtain the center manifold and the normal form as well as the
associated nonlinear transformation.
Suppose for k > 0,

=3 3 q;"wwm,
m=k j=0. (5.8)
R (u, @) = z z h e

m=2k j=0

We have the following result.
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Theorem 5.2.1 For the differential system (5.3), the recursive formulas for the coefficients of
the center manifold (5.4) and the normal form (5.6) are given as follows: for s > 2,0 < j < s,
(1) if s is even, then

iQj—s-gi=a~C}, iQ2j-sh,—TLh, =b\~C

Lj° s

(2) if s is odd, then

s+ 1
. . s _ 8 s . _ 5 K
i(2j-s—1)q;=a;—-Cj;, for j+ 5 G5t =dy G,
i(2j— b, — Lh, = b — C° ;
i(2j— ) Iy =0, -0, 3
TS Tm,s Tm.s Tms \T S — (A5 7S BSTN\T
where hj = (hj’1 ,hj;2 e ’hj,n—Z) andaj = (aj,aj,bj ),
N
s _ ST = M2,82 13,83 L MALSe o Mn=1,Sn—1 ] MsSn
a;= Z Z } :“mqh Ao, iy st G
m=2 m 3 7
s—1 m s+k-m min(/y,j)
7 _ s m_kly =m—k,s—I|
hj a hj + Z Z hk qjl qS+j|—l|—j’
m=2 k=0 [,=k j1:maX(0,l1+j—S)
min([ %521, j.5—j)
s _ . . - s—2m
Cli= D, (G=may+(s—j-mang "
m=1
min([ 521, .5 j)
s . . _ ~s—2m
Ci= > (=man+(s—j-manh,,

m=1
s—1 min(/, j)
m,s m—1,1 _s—I
T = . ’ .. >
= ), diMal.mz2
I=m—1 ji=max(0,/+j—s)
s—1 min(/, j) y ;
—~m,s ~m—1,l—s—
K=Y > H R, m22.
I=m—1 ji=max(0,l+j-s)

Proof For any given integer s > 2, suppose that we have obtained q; and k' for n < s,
O0<j<nanda,,m< [%]. Now, we want to derive the formulas for qj and h‘; forO0<j<s
and apsy. We divide the proof in three steps, which can also serve as guidelines for developing
programs using a computer algebra system.

Step 1. Denote

H(xy, %) = h(u,0) = Y > T dbd™™* + o(lu, al").

m=2 k=0

In this step, we derive the formula for ﬁ}i, 0 < k < s. First of all, we need to compute
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x = ¢*(u, i), where 2 < k < s. Since g*(u, it) = q(u, #)q"* " (u, it), we have

A m S m
g ) =( " > qra T+ ol @) Y Y g @ + o(lu, i)
m=1 j=0 m=k—-1 j=0
min(/, j)

N m m—1
ZZZZ > Mg W o, al).

I=k—1 ji=max(0,l+j—m)
Then, for2 <k < 5,0 < j < 5, we obtain

s—1 min(/, )

s _ k—1,1 s—I
- Z Z qjl dj-j-

I=k—1 ji=max(0,l+j—s)

For2 <m<s,

H,(x), %) = Zh’" e Zh ¢"(u, 3", )

_zm: h( ZZq"lu] B+ o(lu, @)*))( Z Z'm Sl + olu, @)

k=0 1=k j=0 I=m—k j=0
m I+k—m min(/y, )
_ m k,ly =m—k,I-1; ] —[—j
S OIS SNt o)
k=0 I=m j=0 L=k ji=max(0,/i+j-])
l+k—m min(ly,j)
Z hm ki =m—k,l-1; l/l] —l-j +O(|M Ml )

k4 Ji ql+J1 -h—j
I=m j=0 k=0 Ili=k jj=max(0,/;+j-I)

MN
Ms

where q?’o =1 and q(,).’l =0if /> 1. In particular,

H,(x, %) = ) hwa™ + olu, al").

=0

Since h(u, i) = H(x;, %) = », H,(x;, %) and H,,(q(u, i), g(u, it)) = O(|u, i), we obtain

m>2
s—=1 m s+k-m min(/y,j)

. A ki —m—k,s—1;
- hj+ Z Z kq]l qS+J1 -L-j°

m=2 k=0 L=k ji=max(0,/;+j—s)
Step 2. Denote F(u, it) = (F\(u, i), F(u, it), F,T(u, )7,
Fa,i) = ) > i + o(lu, ).
m=2 j=0

In this step, we derive the formula for aj., 0<j<s.

89

(5.9)
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Let Ku,) = %, Y I, Wit + o(lu, @), k > 0, where ;" =k}, g = land &, =0

] 9
m=2k j=0
if m > 1. Using the same method for computing q];.’s, s >2k,0<j<s, wehave

s=2 min(/, )

~k K 'i/;k—l,l'i,;s—l
=2 X W TR,
[=2k=2 j1=max(0,j+I-5)
~I11
Leth, = (W 1Y,

ol h'"l ,)". For 2 < m < s, substituting g(u, it) and h(u, ii) into L (x)
yields

Fou(x) = Z a0 = ) g™ (a0, R, ) -+, 7)

m
J o j=1— N -
—Zam(ZZq’"l Wil + of|u, il ))(ZZq”“ #ul™ + of|u, il"))
I=m; j=0 I=my j=0
( Z Zh””lu @+ o(lu, @) - - - ( Z th” i+ o(lu, @il*))
lng]O 1=2m, j=0
h b b
SNTNINIDIP I Z IPINITDY
m I=m j=0 ly=my lh=my [,=2m3 n=2my, j1=0 jr=0 j3=0 Jn=0
myly =mo b pms 5 pmals  pmpt e pinsle  j=l-j ~
95 4j hjal hj42 h/n 1,n— 3h/ 2 + o(|u, af* ))

MN

my,ly —mz Lpm3, 3 mals Tl sl - P
E E E anq;"'q,, hnl h]42 h]n s 3h] hluu o(|u, ul*)
- =

3
I
(=]

I=m j

Since F(u, i) = f(x) = », f,(x), for 0 < j < s, we consequently obtain
m>2

— 1my,S1 —mZ 52 m3 53 m4 54, mn 158n=1 M, Sn
B ZZZ“W ), hnl hJ42 h]nln 3thn 2

where 0 < ji < s, forany 1 < k < n, and the index s satisfies that

=0 if my =0,

Sk >my for k=1, 2 .
> 2my, for3§k§n} i my # 0.

Step 3. Denote
Qu(u, )  Qu(u, it) )( C(u, i) ): m=4 j=1 ) (5.10)

h,(u, i) hy(u,it) |\ C(u,in) i 3 C ™ + o(|ju, al*)
m=4

j=1

i i C’" W™ + o(u, il*)
by

In this step, we derive the formulas for C7 ; and C

hp 0 Jj<s.
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Note that
Qu(u’ ljt)C(l/l, ﬁ) + Qﬁ(u’ ﬁ)é(u9 ﬁ)
[54]
—(szq, W@+ olfu, il ‘))(Zam "G + o(lu, il"))
m=2 j=0
s [54]
O Z(m DaFwa" I + ollu, al” ‘>)<Z 8™ " + o(|u, %)
m=2 j=0

s min([521,,1- )

- Zl: Z an(j = m)g oy u'a™
J=2

=4 j= m
1 min([521,j0-j)

+ Z Z an(l—m — ])ql 2’"14’ i+ o(|u, u)*).

=4 j=1 m=1
For the first term in the last expression above, if j = 1, thenm = 1 and j —m = 0. So we obtain
Q. (u, ))C(u, ) + Qu(u, W)C(u, it)

s min([ 521, ./~ j)

1
= > D (Gmmay+ (= j—mangwd + o(lu, @),
=4 j=1 m=1

Therefore, for s > 4,0 < j < s, comparing the above equation with (5.10) we have

min([ %521, j.s— j)

Cii= D (G=may+(s—j-mag .
m=1
Similarly,
min([2521,j.5— ) .
Ci= > (G=may+(s—j-manh,, .
m=1
Finally, from the left-hand side of (5.7), we obtain
iuh,(u. 1'4) —inh;(u, i) — J, h(u, n)
mz ]ﬁmuj lam- J—mZZ(m—j)ﬁTujﬁ’"_j_l -J, ZZ Wi +o(|u, @l*)
m=2 j=0 m=2 j=0 m=2 j=0 (511)
D @) = m)k; = JR)wE" + o, al),
m=2 j=0

and similarly,

Q. (w0 - i1Qu(u, @) — iQ(u, @) = Y " i(2j = m = Dglwi" I +o(u,al’).  (5.12)

m=2 j=0

Substituting (5.6), (5.9), (5.10), (5.11) and (5.12) into (5.7) completes the proof of Theorem
5.2.1.
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The Maple program developed using the above formulas is given in Appendix B for the
convenience of readers.

5.3 Application

In this section, we present two examples to demonstrate the computational efficiency of the
method developed in the previous section. We apply the obtained formulas to compute the
normal forms for these two examples, and compare the computational efficiency with existing
programs. The Maple program developed in this chapter (see the source code in Appendix B)
and the Maple program given in [4] are executed on a desktop machine with CPU 3.4 GHZ and
32 G RAM memory for a comparison. We have tested a number of systems and found that in
general (in particular, more terms involved in the system) the method and program developed
in this chapter are better than the perturbation method as well as the program developed in [4].
Only in some special cases is the situation reversed.

In the following, for the first example, we show how to use the normal form to determine the
maximum number of small amplitude limit cycles bifurcating from a focus point, as well as the
maximum number of critical periods of periodic solutions in the neighborhood of the critical
point. For the second example, we focus on the comparison of computational efficiency with
existing programs, and show that the recursive formulas and Maple program obtained in this
chapter are superior than other methods.

5.3.1 A 5-dimensional dynamical system

The first example is a general 5-dimensional dynamical system involving a number of constant
parameters, given by

X = a0x1+x2+a1x?+a2x%x2,
X = —X|+do X+ a3 X+ dg X3 + ds Xy X,
X3 = — X3+ ag X Xy, (5.13)
X4 = —x4+xS+a7x%,
X5 = —x4—x5+agx§,
where the a;, i = 0,1,2,...,8 are real numbers. The system has an equilibrium at the origin,

and its linear part is in the Jordan canonical form, with eigenvalues, ap + i, =1 and —1 + i,
indicating that the origin undergoes a Hopf bifurcation at the critical point ay = 0. For system
(5.13), we compute the normal form up to 17th order, given in polar coordinates as follows:

F= r(Wo+vart+ - +vgr®+..-, 5.14)
0= l+tg+trr+-+ter'®+---, '

where r and 6 represent the amplitude and phase of motion, respectively; vy, 1s usually called
the kth order focus value. The coefficients vy and %, are obtained from the linear analysis.
For system (5.13), vy = ap and #, = 0. The first equation of (5.14) can be used to determine
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bifurcation of limit cycles near the origin and their stability, while the second equation of (5.14)
can be used to determine the frequency of the limit cycles. The coeflicients obtained from the
output of the computer program are

1

V2 = gdai
V4 = 32 aa; — 100 asas (a7 + 3 ag),
Ve = 226304000 a; [359125 al + 5442125 az — 16 aya6 (35509 a; + 74168 ag)]
2176000 as [2 as (10075 a7 + 11603 a ag — 5643 a7 a8 4423 a; ag + 8300 a4)
— azae(7413a3 + 2664a;a5 + 1891a3)|
+ 171000 9612210 a3 ag — a> a;(105928 a; + 22921 ag)],
Vie = 44T677457423§470A2L12262397%2826629415561777502286%(;‘05(;‘0509(%206(50300 ay das a4 as ag a% as +-
L= % as,
fa = 21516 ai - 25516 a - 1éo as ag (a7 + as),
fo = T55amaas 4112845375 a1 ax — 16 a4 as (16738 a7 + 101 ag)]
+45260800 a>[7839975 a3 — 16 a3 as (11566 a7 — 7399 as)| — 555 a3 @

as[40 as (4800 a7 + 1708 a7 ag — 5713 a7 a8 + 1907 a; a8 820 ag)
—azae (121649 a7 + 9416 a; ag — 77889 aé)],

10880000

fie = — 112390166138349550268314971775544497279
16 640332625021398412193774960640000000000000

a2a3aia5a2a§ag + e,
(5.15)
where the lengthy expressions for vg, fg, etc. are omitted here for brevity.

To determine the maximum number of small amplitude limit cycles bifurcating from the
origin, one may solve the polynomial equations v, = v4 = --- = 0 for the parameters a;.
Suppose one can obtain vy = ayg = 0, va(a;) = va(a;) = -+ = vap-1y(a@;) = 0, but vyr(a;) # 0,
then one can conclude that at most k limit cycles may bifurcate from the origin. Moreover,
by properly perturbing the parameters a;, one can obtain k small amplitude limit cycles in the
vicinity of the origin.

Now, suppose under certain conditions the origin of system (5.13), restricted to the center
manifold, becomes a center, we can then study the critical periods of the periodical solutions
around the origin. The procedure is similar to that of finding the maximum number of limit
cycles, as described as follows. Let

h=r*>0 and ph)=th+th*+ - +tuh+---. (5.16)

Then, the second equation of (5.14) can be written as df = (1 + p(h))dt. Let the period of
motion be T'(h). Then, integrating this equation on both sides from 0 to 27 yields 27 =
(1 + p(h)) T (h), which in turn results in

21

T = m

for O0<h«x1 (and so 1+ p(h) = 1). (5.17)
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Now, the local critical periods are determined by 7”(h) = % = 0. Thus, for 0 < h < 1

(meaning that we consider small limit cycles), the local critical periods are determined by
P =tr+2th+ - +kty ' +--- =0, (5.18)

Then, similar to the above discussion in determining the maximum number of limit cycles, we
can find the sufficient conditions for the polynomial p’(h) to have maximal number of zeros.
If t, =14 =--- =ty = 0, but  # 0, then equation p’(h) = 0 can have at most k — 1
real roots. Hence, 1,, t4, - -+, thk-1) can be perturbed to have k — 1 real roots, and thus system
(5.13) can have k — 1 critical periods.

Next, we use (5.15) to determine the maximum number of small amplitude limit cycles
bifurcation from the origin of system (5.13). To find the critical parameter values, letting

a; =0 yields v, = 0. Then, setting ag = —‘3—‘ a7, we have v, = 0. With these parameter values,
solving v = 0 for a4 yields
13

as = [5508 a3 a; + as a;(117009 a3 ag — 689750 as a3)], (a»as az # 0).

2441880 ar g Ay

Further solving vg = 0 for a, results in

231361[9a3a6(612a3a6+13001a5a7)(5508a a5a2(117009a3ag-1379500as02) W475755062500a%a8 ]| />
b= T67530] 299539536604 24 —a5a2 (206323894568 T00asa? 4719756 145743305 | ’

and then vy and v, are simplified to

_ 481[5508a2a2—asa3(689750asa3—117009a3as) |
Vio = 299559536604a3a2—asa3(206823894568700asa3+4779756148743a3as)

x{13117140119171757150379152 a3 a;,
— a5 a3[3964521095122924744342256808 a; a;
— a5 a5(50237329268678519391542393913 a3 a;
+10as a3 (287295418808429080540146201219 a5 as
+509170724293870725274253763100 as a3))]},

_ 6015386[5508a2a2—a5a$(689750a5a3—117009a3a6)]2
V12 =7 343[299559536604a2 @2 —as 2206823894568 7000502+ 4779756 148 743a3a0) |

%{4369100288210241965165567410201975915584 aSa’
+as a3[48714467325624956765186957094776399777904 a} a6
—as a5(3845973325800546252799748753542377356118852 aja;
+a5a3[103213562801159168000556264482023982522738583 a3a;
+4as5a3(197025074518409040487257210142206321678001863a3a;
—25a5a5(16558651465224677787932424690182456471021097a3a
+196414263618794085309604077817625129955519500asa3))])]}-

It can be shown that besides the common factor in vy and v, the only possible parameter
values for vyy = vi; = 0 are as a; = as ag = 0, which are obviously not allowed. This suggests
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that there exist parameter values such that v; =0, i =0, 2, ..., 10, but v, # 0. Therefore, for
system (5.13), we can at most have 6 small amplitude limit cycles bifurcating from the origin.
To find the parameter values such that vy = 0, we may set as = ag¢ = a; = 1 and then solve
an equation from vy = 0 for a3, yielding 4 real solutions. Choosing one of them, we have the
following set of critical values:

as =ag =a; =1, ay=a; =0, asz_%,
az = —1.8401519905 ---, a, = —0.1765825495 ---, a4 =26.7243747795 -- -,
under which v; = 0,7 = 0,2,...,10, vi; = 0.0573817846 ---. Then making proper

perturbations in backwards order, on a3 for vyy, on a, for vg, on a4 for vg, on ag for vy, and
then on a; for v,, and finally on ay for vy such that

D<) <K 1) Ky K Vg K Vg K —Vpg K Vpp,

leading to 6 small limit cycles.

Next, we consider critical periods of periodic solutions near the origin. To do this, we first
need to find the conditions under which the origin is a center, restricted to the center manifold.
There are a number of such conditions. Here, we consider one satisfying

ay =das = dg = O, (519)
under which
_3 _ 51 2 _ 1419 3 47505 4 _ 438825 5
=354, 4="3505 I6= g9 8= "5571% 10 3507155 %

Therefore, under the condition (5.19), system (5.13) does not have critical periods near the
origin; it is either monotonically decreasing (increasing) for a, > 0 (a, < 0). When a, = 0,
the origin is a isochronous center.

5.3.2 A 3-dimensional competitive Lotka-Volterra system

In this section, we consider a 3-dimensional competitive Lotka-Volterra system, described by
the following differential equations:

Mw

_xl l

agx;). i=1,2,3, (5.20)

J=1

where x; represents the population of ith species, and the coefficients take positive real values,
ri > 0,a; >0,i,j=1,2,3. Over the last twenty years, a number of articles concerning
about bifurcation of limit cycles for system (5.20) have been published (e.g., see [14, 15, 16,
17]). Particularly, for system (5.20) four limit cycles were found by Gyllenberg and Yan [17],
using appropriate parameter values. These four limit cycles include three small amplitude
limit cycles, proved by using focus value computation, and one large limit cycle, shown by
constructing a heteroclinic cycle. In this section, we consider the Hopf bifurcation emerging
from an interior singular point and use the normal form (or focus values) to study the maximum
number of limit cycles bifurcating from this point.
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It is noted that system (5.20) has a total of 12 parameters. Since we are interested in the
limit cycles bifurcating from an interior equilibrium solution of system (5.20), we, without
loss of generality, may assume that £ = (1,1, 1) is the equilibrium solution, which yields
ri= Z?: 1 a;; and reduce the number of parameters to 9. Taking the translation x; — x; + 1 such
that the equilibrium solution is moved to the origin, we have

3

5= =(1+x)( D @) (5.21)

=1
The Jacobian of system (5.21) at x = 0 is the matrix A = (—a;;), which has the characteristic
polynomial P(1) = A3 — TA%> + MA — D, where

T =—(an +axn+as),
M = ajaxn — apnay + anaz — a;zaz; + dpasz — axas, (5.22)
D = det(A).

When TM = D and M > 0, there exist a pair of purely imaginary eigenvalues +i VM and a
negative eigenvalue 7', and Hopf bifurcation occurs.

It needs a parameter, say as;, to satisfy TM = D. Moreover, one may apply a time scaling
toset M = 1, using a parameter, say as,. Finally, we may use a parameterization so that a3 = 1.
Solving equations TM = D and M = 1 yields

— (2 2
asp = (011022023 + aj,a23 — anadxndz — adz1an
2
—a1aanay + apas an — a;zdnds t axags + aas
" 2 _ 2 _
ay + axax a)/(az;an — aj;ax — a13a2a23 + A3a11413),
— 2
azx = (—ai3 —anda;z — apdss + a11dnapds — ana;,dss

2 2
—a13a,, — a13a1105, — d13dz1a12 + Axna12a23 + a11a12a23

+22021a12013) [(A33012 — Ai3021 — Q13022023 + (23011013).
Thus, only 6 parameters a;;, i = 1,2, j = 1,2,3 are left for determining the focus values. In
general, we might be able to find the parameter values satisfying vi = v, = --- = v¢ = 0, but
v7 # 0, and thus 7 small limit cycles may be found in the vicinity of the equilibrium solution.
If, in addition, there exists an additional large limit cycle near the heteroclinic loop, then the
maximum number of limit cycles becomes 8.
To apply the Maple program, we first need to put the linear part of system (5.20) in Jordan
canonical form. To achieve this, introducing the linear variable transformation x — Tx, where
a3y — a12a23 ars apz(an + 1) + anan
I= a3 — a3an) a3 ax(axn + 1) + apzay
apndy —anan +1 —(an +axn) (an + Dan + 1) —anax
into system (5.21) yields the following system:
X1 =x + q1(x),
—x1 + q2(x), (5.23)
T x3 + q3(x),

X

X3
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where T = —(a;; + a» + 1) and ¢g;(x), i = 1, 2, 3 are quadratic homogenenous polynomials,
given in the form of

_ 2 P 2 .
qi = binoox] — binoox; + bipoax5 + bitiox1 X2 + bingpx1x3 + bignixax3,  i=1,2,3,

where the coeflicients b;j;’s are lengthy expressions in terms of the original 6 coefficients
ai;, i = 1,2; j = 1,2,3. We have executed the Maple program developed in this chapter
and that given in [4] on the desktop machine to obtain the following results. For the Maple
program given in [4], it took 251 minutes CPU time and 12.35 GB Ram memory to get the
focus values up to 3rd order; while for the program developed in this chapter, it only took 31
minutes CPU time and 3.86 GB Ram memory to get the focus values up to 4th order. This
clearly shows that the recursive formulas derived and Maple program developed in this chapter
are more computationally efficient for higher-order normal forms than that given in [4], though
the program in [4] was proved computationally efficient, in particular, for lower-order normal
forms. In order to get higher-order focus values of system (5.23), we need a more powerful
machine with higher memory.
The first focus value obtained from the computer output is

V1= M{2[(b2011 - bllOl)T - 2(blOll + b2101)]b3200 - [(b1011 + bZIOl)T + 2(b2011 - bllOl)]b3110}-

The focus values starting from the second one have very long expressions. The number of
terms in each of the focus values are given below:

Focus value Number of terms

Vi 8

Vo 1036
V3 24088
Vs 261401

It can be seen that the number of terms increases very rapidly as the order of the focus values
increases. Moreover, when the original parameters a;; are substituted into these expression,
they even have more terms. Thus, finding possible values of the 6 parameters a;; > 0,7 =
1,2; j=1,2,3suchthatv; =0, j = 1,2,...,6, but v; # 0, is very difficult and challenging.
It not only needs power computer systems (high speed with large memory), but also needs
efficient polynomial solvers implemented with a computer algebra system such as Maple.

5.4 Conclusion

In this chapter, we have derived explicit recursive formulas for computing normal forms and
center manifold of general n-dimensional dynamical systems associated with Hopf bifurcation.
Maple program has also been developed, which is convenient in application. Two examples are
presented to show that the method and program developed in this chapter are computationally
efficient.
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Appendix B

This symbolic Maple script is developed on the basis of the formulas in Theorem 5.2.1, which
can be used to find the normal forms of Hopf bifurcations of general n-dimensional systems.
Here, the input is for the second example in the section of application.

with(LinearAlgebra):

M1
M2
N :
Ord :
M

L

f[1]:

f[2]:
f[3]:
x[1]:

x[2]:
f[1]:

1:
0:

:2'

1é:

2 +

1+

x[2]
-x[1]
-L*x[

v[1]

# No. of non-zero real eigenvalues
# No. of complex conjugate eigenvalues
# the highest degree of the vector field

M1 + M2*2:

M1 + M2:

+b1200*x[1] "2-b1200*x[2] "2+b1002*x[3] "2
+b1110*x[1]*x[2]+b1101*x[1]*x[3]+b1011*x[2]*x[3]:
+b2200*x[1] "2-b2200*x[2] "2+b2002*x[3] "2
+b2110*x[1]*x[2]+b2101*x[1]*x[3]+b2011*x[2]*x[3]:
31+b3200*x[1] "2-b3200%x[2] "2+b3002*x[3] "2
+b3110*x[1]*x[2]+b3101*x[1]*x[3]+b3011*x[2]*x[3]:
+v[L+1]:

I*(v[1]-v[L+1]):

simp

lify(£[1]1-I*£[2])/2:

IEf[1]:= diff(£[1],vI[1]):

j = 3:

for n from
x[3]

f[n]

IEf[n]:
j 1= j+1:

]
od:

k := L+2:
for n from

x[3j]

x[j+1]:
f[n]
IEf[n]:

]
k

od:

= j+
= k+

for j to L
for k from 1 to M do
IEf[j] := subs(v[k]=0,IEf[j]):

2 to M1+1 do
v[n]:

:= simplify(£[1):

diff(£f[n],v[n]):

M1+2 to L do

= v[in]+v[k]:

I*(v[n]-v[ik]):
simplify (£[j]1-I*£f[j+1]1)/2:
diff(£f[n],v[n]):

2:
1:

do

od:
REf[j] := subs(I=0,IEf[j]):
IEf[j] := (IE£[j]1-RE£[j1)/I:
od:
SizeIndex := Array(l..L,2..N):
Mr := seq(l,i=1..M):
for m from 2 to N do
i = 1:
Mv = [seq(®,j=1..M1]:
temp := 1:
Mv[1l]:= m+1:
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Mv[2]:= -1:
while i < M do
Mv[i+1] := 1+Mv[i+1]:
Mv[1] := Mv[i]-1:
if i<>1 then Mv[i]:=0: fi:
if Mv[i+1]=1 then temp:=temp+1: fi:
if Mv[1]=0 then temp:=temp-1: i := i+1:
else i:=1: fi:
Mcv := [[seq(®,j=1..temp+2)], [seq(®,j=1..temp+2)]]:
Mcv[1l,1] := temp:
Mcv[2,1] m+add(Mv[n],n=2..L)+add(Mv[n] ,n=L+2..M):
j o= 2:
for k from i to M do
if Mv[k]<>0® then
Mcv[1,3j] := k:
Mcv[2,j] := Mv[k]:

j = j+1:
fi:
od:
for j from 1 to L do
coef := f[j]:

for k to M do
if Mv[k]=0 then
coef := subs(v[k]=0,coef):
else
coef := subs(v[k]=0,diff(coef, ‘$‘(v[k],Mv[k])))

/factorial (Mv[k]):

fi:

od:

if coef<>0 then
SizeIndex[j,m] := SizeIndex[j,m]+1:
Mcv[1,-1] := subs(I=0,coef):
Mcv[2,-1] := subs(I=1,coef-Mcv[1l,-1]):
Index[j,m,SizeIndex[j,m]] := Mcv:
Mr:=seq(max(Mr[n],Mv[n]),n=1..M):

fi:

od:
od:
od:

Mr := [max(Mr[1],Mr[14L]),seq(Mr[n],n=2..M1+1),seq(max(Mr[n],Mr[n+M2+1]),n=M1+2.

Rh[1,1,1,1] := 1:
Ih[1,1,1,1]
Rh[1,1,1,0]
Ih[1,1,1,0]
si = 1/2:
for s from 2 to Ord do
print(‘order =‘,s):
si := si+l/2:
Ms := min(Mr[1],s):
for k from 2 to Ms do
for i from 0 to s do
Ih([1,k,s,i] := O:
Rh[1,k,s,i] := O:
for m from k-1 to s-1 do

0:
0:
0:

99

L]:



100 CHAPTER 5. EXPLICIT RECURSIVE FORMULA FOR COMPUTING NORMAL FORMS

for 1 from max(0®,i+m-s) to min(m,i) do
Rh[1,k,s,i] := Rh[1,k,s,i] + Rh[1,k-1,m,1]*Rh[1,1,s-m,i-1]
- Ih[1,k-1,m,1]*Ih[1,1,s-m,i-1]:
Ih[1,k,s,i] := Ih[1l,k,s,i] + TIh[1l,k-1,m,1]*Rh[1,1,s-m,i-1]
Rh[1,k-1,m,1]*Ih[1,1,s-m,i-1]:

+

od:
od:
od:
od:
for j from 2 to L do
Ms := min(Mr[j],si):
for k from 2 to Ms do
for i from ® to s do
Ih[j,k,s,i] := 0:
Rh[j,k,s,i] := O:
for m from 2*k-2 to s-2 do
for 1 from max(®,i+m-s) to min(m,i) do
Rh[j,k,s,i] := Rh[j,k,s,i] + Rh[j,k-1,m,1]*Rh[j,1,s-m,i-1]
Ih[j,k-1,m,1]*Ih[j,1,s-m,i-1]:
Ih[j,k-1,m,1]1*Rh[j,1,s-m,i-1]
Rh[j,k-1,m,1]*Ih[j,1,s-m,i-1]:

Ih[j,k,s,i] := Ih[j,k,s,i]

+ +

od:
od:
od:
od:
od:
for j from 1 to L do
for k from 0 to si do
if s=0rd then k:=iquo(s+1,2): fi:
if k<si then nk:=2: else nk := 1: fi:
temp := min(s-k, k, si-1):

sk := k:

for t from 1 to nk do
Ra[t] := O:
Ia[t] := 0:

for m from 1 to temp do

Ra[t] := Ra[t] - (s-2*m)*Ren[m]*Rh[j,1,s-2*m,sk-m]
+ (2*sk-s)*Imn[m]*Ih[j,1,s-2*m,sk-m]:
Ia[t] := Ia[t] - (2*sk-s)*Imn[m]*Rh[j,1,s-2%m,sk-m]
- (s-2*m)*Ren[m]*Ih[j,1,s-2*m,sk-m]:
od:
sk := s-sk:
od:
for m from 2 to min(s,N) do
Size := SizelIndex[j,m]:

for i from 1 to Size do
Mv := Index[j,m,i]:
Nonzero := Mv[1,1]:
Sleft := s-Mv[2,1]:
if Sleft>=0 then
NIs:= binomial(Sleft+Nonzero-1,Sleft):
S := Vector(Nonzero):
for 1 to NIs do
if 1=1 then
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S[1]:= Sleft:
p = 1:
else

S[p+1]:= S[p+1]+1:

S[1] := S[p]-1:

if p <> 1 then
S[p] := 0:

fi:

if S[1]=0 then
p := p+1l:

else
p := 1:

fi:

fi:
for r from 1 to Nonzero do
if Mv[1,r+1]=1 or Mv[1l,r+1]=L+1 then
Sv[r] := S[r]+Mv[2,r+1]:
else
Sv[r] := S[r]+2*Mv[2,r+1]:
fi:
od:
Sv[r]:= k:
Ks = k+1:
q := Nonzero:
Kv[q]:= -1:
while g <= Nonzero do
Kv[q]l:= Kv[q]+1:

Ks = Ks-1:
temp := Ks:
aq = 1:

while temp >= Sv[qq] do
Kv[qq] := Sv[aql:
temp := temp-Sv[qq]:
aq := qg+l:
od:
Kv[qq] := temp:
for n from qg+1 to g-1 do
Kv[n] := 0:
od:
for t from 1 to nk do
Rei := Mv[1,-1]:
Imi := Mv[2,-1]:
for n from 2 to Nonzero+1l do
teR := Rei:
if Mv[1,n]<L+1 then
Rei := teR*Rh[Mv[1,n],Mv[2,n],Sv[n-1],Kv[n-1]]
-Imi*Th[Mv[1,n],Mv[2,n],Sv[n-1],Kv[n-1]]:
Imi := teR*Ih[Mv[1,n],Mv[2,n],Sv[n-1],Kv[n-1]]
+Imi*Rh[Mv[1l,n],Mv[2,n],Sv[n-1],Kv[n-1]]:
Kv[n-1] := Sv[n-1]-Kv[n-1]:
else
Kv[n-1] := Sv[n-1]-Kv[n-1]:
if Mv[1,n]=L+1 then
T := 1:
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else
T := Mv[1,n]-M2-1:
fi:
Rei := teR*Rh[T,Mv[2,n],Sv[n-1],Kv[n-1]]
+Imi*Ih[T,Mv[2,n],Sv[n-1],Kv[n-1]]:
Imi := Imi*Rh[T,Mv[2,n],Sv[n-1],Kv[n-1]]
-teR*Ih([T,Mv[2,n],Sv[n-1],Kv[n-1]]:

fi:
od:
Ra[t] := Ra[t]+Rei:
Ia[t] := Ia[t]+Imi:
od:
if t=2 then

for n from 1 to Nonzero do
Kv[n] := Sv[n]-Kv[n]:
od:
fi:
if Nonzero=1 or k = ® then
break:
fi:
if gg>1 then
q = qq:
Ks:= Ks-temp:
else
if Kv[1]=0 then
Ks:= Kv[q]:
q := q+l:
else
Ks:
q :
fi:
while Sv[q]=Kv[q] do
Ks:= Ks+Kv[q]:
q := q+l:

Kv[1]:
2:

od:
fi:
od:
od:

fi:
od:
for t from 1 to nk do

Ra[t] factor(Ral[t]):

Ia[t] factor(Ia[t]):

od:
od:
for t from 1 to nk do
if j=1 then
if k=(s+1)/2 then
Ren[k-1] := Ra[t]:
Imn[k-1] := Ia[t]:
Rh[1l,1,s,k] := 0:
Ih[1,1,s,k] := O:
else
Rh[1,1,s,k]

Ia[t]/(2%k-s-1):
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Ih[1,1,s,k] := -Ra[t]/(2*k-s-1):
fi:
else
temp := 2*k-s-IEf[j]:
Rh[j,1,s,k] := (-REf[j]*Ra[t]+temp*Ia[t])/(REf[j] 2+temp”2):
Ih[j,1,s,k] := (-REf[jl*Ia[t]-temp*Ral[t])/(REf[j] " 2+temp”~2):
fi:
k := s-k:
od:
od:
if s=0rd then
break:
fi:

od:
od:
save Ren, Imn, ‘output‘:
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Chapter 6

Computing the normal forms associated
with semisimple cases

6.1 Introduction

Normal form theory has been used for several decades as one of the important tools in
simplifying the study of nonlinear differential systems. Its basic idea is to introduce a
near-identity transformation into a given differential system to eliminate as many of nonlinear
terms as possible, which are usually called non-resonant terms. The terms retained in the
resulting system are normal form terms, called resonant terms. Since normal forms keep the
fundamental dynamical characteristics of the original system in the vicinity of a singular
point, it can be used to study the local bifurcations and properties of stability/instability for
the original system. There are various books which have extensive discussions on normal
form theory, for example, see [1, 2, 3]. More recent progress can be found in the article [4].
For higher-dimensional dynamical systems, normal form theory is usually applied together
with center manifold theory, see [5, 6, 7, 8, 9]. If the Jacobian matrix of a differential system
evaluated at a singular point contains eigenvalues with zero real part and non-zero real part,
then center manifold theory should be considered in the study of the local dynamics of the
system, and the dimension of the center manifold is equal to the number of eigenvalues with
zero real part. Center manifold theory plays an important role in simplifying the analysis of
local dynamical behavior of nonlinear differential systems near a singular point, because it
allows us to determine the behavior by studying the flow on a lower dimensional manifold.
Several computer algebra systems such as Maple, Mathematica, Macsyma, etc., have been
widely used for the computation of normal forms. Even with the help of these computer
algebra systems, it is still not easy to obtain higher-order normal forms since considerably
more computer memory and computational time are demanded as the order of normal forms
increases. Therefore, in the past two decades, various methods have been developed to
compute normal forms for general n-dimensional differential systems. However, many
methods are not computationally efficient because lots of unnecessary computations are
involved, for example, see [6, 10, 11]. To be precise, in order to get an expression for the
kth-order normal form computation, (k — 1)th-order normal forms, center manifolds and

A version of this chapter has been published in the International Journal of Bifurcation and Chaos.
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near-identity transformation are substituted into the original system. Thus, besides the
kth-order terms, the obtained expression also contains lower-order (< k) and higher-order
(> k) terms, which are not desirable for efficient computation. To overcome this problem,
Yu [7, 12] developed a recursive formula for computing the coefficients of normal forms and
center manifolds, which avoid those lower-order (< k) and higher-order (> k) terms in the
kth-order computation. = However, these formulas are not given in explicit recursive
expressions and may be not so efficient in computation. For general planar systems, [13]
obtained an explicit recursive formula for computing Poincaré-Lyapunov constants, and the
computation based on this formula is efficient.

In this chapter, we consider general n-dimensional differential systems associated with
semisimple cases, i.e., the Jacobian matrix of the linearized system evaluated at a singular
point can be transformed into a diagonal Jordan canonical form. Around semisimple
singularities, a rich variety of bifurcations, such as Hopf, double-zero, Hopf-zero,
double-Hopf, etc., may occur. A detailed study for some types of these bifurcations can be
found in [14, Chapter 7] by applying normal form theory to simplifying the systems.
Particularly, for some special bifurcations like Hopf-zero, double-Hopf without resonance, the
normal forms are symmetric with respect to rotation in the direction associated with the
imaginary eigenvalues. In this case, the normal forms can be decoupled, and the systems are
further simplified. Many methods have been developed and used to compute the normal forms
of systems with semisimple singularities, not only for the particular cases like
Hopf [9, 12, 13], Hopf-zero [15] and double-Hopt [16, 17], but also for general semisimple
cases involving center manifold [6, 7]. In order to provide a good algorithm to compute the
normal forms of general cases, in this chapter we will develop a computationally efficient
method and a Maple program without restriction on the dimension of the center manifold.
This chapter is an extension of our recent work [9], which focuses on general differential
systems associated with Hopf bifurcation.

In the next section, an explicit, computationally efficient, recursive formula is derived for
computing the normal forms and center manifolds of dynamical systems associated with
semisimple singularities. The explicit formula is given in terms of the system coefficients of
the original differential system, which is easily used for developing a Maple program. In
Section 6.3, several examples are presented to demonstrate the computational efficiency of the
method and the Maple program. Finally, conclusion is drawn in Section 6.4.

6.2 Main result

Consider a system of differential equations in the general form,
y=Ay+G(y), yeR', G(y):R'"—R", (6.1)

where the dot represents differentiation with respect to time, #, the matrix A is diagonalizable,
G(0) = 0 and D,G(0) = 0. Denote by 4;,i = 1,--- ,n, the eigenvalues of A. Without loss
of generality, it is assumed that there are only k eigenvalues 4;, j = 1,--- , k, having zero real
part, implying that system (6.1) has a k-dimensional center manifold.

Then, through a proper linear transformation, system (6.1) can be transformed into

&= Jx + f(x), (6.2)
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where J is a diagonal matrix, and f(x) is expanded as
fx) = Z f,(x), where f,(x)= Z Foy X 3,
m>2 {m(n)}

and m(n) denotes a vector (m;, m,, - - - ,m,) of n nonnegative integers, which satisfies Z?:l mj =
m.
Suppose that the matrix J has the form J = diag(J,, J,), where

‘]0 = dlag(/lb AZ’ T, /lk)a Jr = diag(/lk+l5 /lk+2’ T, /ln)'

Let x = (x7,x")", where x, = (x1,x2,--+ ,xx)" and x, = (X41, Xk12," -+ »X,)". Then, system
(6.2) can be written as

X, =Jox, + fg(xm xr),
X, =Jx, + fr(xo’ xr)~

The center manifold of (6.3) may be defined as x, = H(x,), which satisfies H(0) = 0,
DH(0) = 0. Then, the differential equation describing the dynamics on the center manifold is

(6.3)

given by
xo = Joxo + fo(xo’ H(xo))- (64)
Next, introduce a near-identity nonlinear transformation, given by
Xo=u+ Q@) =u+ ) > guuuy? -t = qa), (6.5)
m>2 {m(k)}

into (6.4) to obtain the normal form,

iw=Ju+Cu), where C(u)= Z Z Cono) Uy - U (6.6)

m=2 {m(k)}

Now the center manifold can be expressed in the new variable u, as follows:

x,= Hig@) = ) " Iygor" sty - = h(a). 6.7)

m=>2 {m(k)}

Combining the above steps yields the following equations

Ou) J.0w) \ _( F,w) O) C)
Du( h(u) )Jou _( J h(u) ) B ( F,(u) ) B D"( h(u) )C(u) - ( 0 )’ (6.8)

where F,(u) = f,(q(u),h(w)), F,(u) = f,(q(u), h(u)). Comparing the coefficients on both
sides of (6.8), we obtain the recursive formulas for the coefficients of the center manifold and
the normal form as well as the associated nonlinear transformation.

For convenience, we first introduce some notations. Suppose the powers of g(u) and h(u)
can be expressed, for j > 0, as

q](u) = Z Z qin(k)ullmuglz U ukmk,

m=j {m(k)} (6.9)
Ww)y= % ¥ k) ui"uy? - ut.

m=2j {m(k)}

We have the following main result.
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Theorem 6.2.1 For any fixed s(k), s > 2, let A = Z A;s;. Then the recursive formulas for

the coefficients of the nonlinear transformation (6. 5) the normal form (6.6) and the center
manifold (6.7) of system (6.3), i.e., g, €sx) and hyy), are given below.
(1) For 9500 and ¢y, if A—A4;=0, j=1,--- ,k, then

qsk).j = 0, Csth),j = As(k).j — bS(k)J’
otherwise,
Gso.j = (@sihy,j = s, )/ (A= A)), Cowy,j = 0.
(2) For hyq), we have

hy, j-k = (s j — bsao, )/ (A=), j=k+1,---,n

where

My ] my
st = Z Z Z Z Z Z f m<ﬂ>‘1]1(k>1 ' qu)khjk“(k)l"'hjn(kxn—k’

m=2{ Vn(n)l JY @} 2} {nR)

b :ZZZ si+1—1)| Dwor-twren o
s(k) (si i) P LLCY

i=1 =2 {I(k)}

s—1
Jj o _ Jj-1
950 = Q1) 4sor-100)>

I=j—-1 l(k)<s(k)
s=2

J
by = Z Z R Bio-1ao-
12272 1) <s(k)

Proof For any given integer s > 2, suppose that we have obtained ¢,,, By and ¢, for
m < s. Now, we want to derive the formulas for ¢, k) and c¢,). We divide the proof
in three steps, which can also be served as the guidelines for developing programs using a
computer algebra system.
~ Step 1. First of all, we need to compute all the coefficients of terms with degree s for
= g’(u),2 < j < s. Since ¢’(u) = q(u)q’~'(u), we have

](u) (Z Z qm(k)”m1 Zzz L)( Z Z qm(k)u11”;ﬂ2 "'”kmk)

m=1 {m(k)} m=j—1 {m(k)}

m—1

_Z Z Z Z qz<k>‘1m<k> oty Uy w + o([ul*),

m=j {m(k)} I=j—1 l(k)<m(k)

where /(k) < m(k) means [; < m; fori =1,--- ,k. Then, we obtain

s—1

jo— J-1 .
Ds = Z Z Qo Dot 2T <.

I=j—1 I(k)<s(k)
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Similarly, for x{ = h/(u), we have

s(k) Z Z hl(k)hs(k) s 2=<j<s.

1=2j-2 I(k)<s(k)

Step 2. Denote

F,(u) ' o m .
( F,(w) ) = D D Wiyt " - + o).

m=2 m(k)

(6.10)

In this step, we derive the formula for a,. Let q’;(’k) = (q’l’(’k) 1"1;?@2’ ‘.- ,q’l’(’k) k)T and h?fk) =

(hl(k) 1’ l(k) 2

Fu®) = D L5 = 3 Fui ﬂq’"l(u)ﬂh’"k“(u)

{m(n)} {m(n)}
k 0 — )
_ mi b Iy misi 1 D I
- Y L [ 1O St [T sl
{m(n)} =1 I=m;{ l(k)} i=1 l:2mk+,- {I(k)}
NI Z DI
{m(n)} l=m {l(k)} j1=my Jk=mge Jrer1=2myp41 Jn=2my {j1(k)} {j2(k)} ]n(k)}
mj LMk My ) my hob . s
qu(k)quz(k)Z Dokl o M2 M aith Uy o uf + o(ul))

DI

I=m {l(k)} {m(m)} {j(m)} {j1 ()} {j2(K)} {Jn(K)}

my m Mpe+1 my ) s
S0 Dicaoaierion Wl neitty Wy - -y + olul’),

where Z Jitk) = l(k).
Slnce f(x) =3 f,(x), we consequently obtain

m>2

M1 ny
A5ty = Z Z Z Z Z Z f m(mqu)l ’ q]k<k)khjk+1<k)1 "'hj,,(k>,n—k’

m=2 {m(n)} {j(m)} {j1 ()} {j2(k)} {Jn (O}

where the vector j(n) satisfies

=0 if m; =0,

Ji >m; for 1<i<k im0
>2m; for k+1<i<n 1 m; '

Step 3. Denote

( . )C( 1= S Bl il + ol

m=3 {m(k)}

L. k)T For 2 < m < s, substituting g(u) and h(u) into f, (x) yields

(6.11)
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In this step, we derive the formula for b,. Note that

k
D,,( 0w )C(u) - Z( G, )ci(u)
i=1

h(u) h,(u)
k q
-1

:Z(Z Z m,( hm(k) )”rlnl”;12 U U )(Z Z Con(loilly s =+

=1 m=2 {m(k)} mik) m=2 {m(k)}
= Z Z(m, +1- 1)( Dintioy-100+e: () )Cz(k),iu’f'u;” ™,

i k)=l(k)+ei(k)
m=3 {m(k)} i=1 [=2 b
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where e;(k) is a unit vector with a 1 in the ith place. Therefore, comparing the above equation

with (6.11) we have

k  s—1
q
b= 315051 g o,
s(k)—l(k)+e;(k)

i=1 [=2 {i(k)}

Finally, from the left-hand side of (6.8), we obtain

k
DQ@) 1~ Q@) = > w0, — J,Q)
i=1

k
=002 D Al = D D T

i=1 m=2 {m(k) m=2 {m(k)}
= Z 2 (Zﬂm L = Jo) oty 1ty - - w™ + o((ul’),
m=2 {m(k)} i=1

and similarly,

Duh(u)J()u - ]rh(u)

s k
=" DO Amily i = T oy - + o(ful’).

m=2 {m(k)} i=1

(6.12)

(6.13)

Substituting (6.6) and (6.10)-(6.13) into (6.8) and comparing the coefficients of the same order

results in the formulas in Theorem 6.2.1, and we thus complete the proof.

The source code of the Maple program developed using the formulas in Theorem 6.2.1 is given

in Appendix C for the convenience of readers.

6.3 Application

In this section, we present several examples to demonstrate the applicability and the
computational efficiency of the Maple program (see the source code in Appendix C)
developed in this chapter. We show three examples associated with Hopf, Hopf-zero and
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double Hopf singularities, and compute their normal forms and center manifolds, as well as
the corresponding nonlinear transformations. We have tested a number of systems for
comparing the algorithm developed in this chapter with that given in [6]. It is shown that for
most cases the method developed in this chapter is better than that given in [6]. Only in some
special cases, the situation is reversed. The program given in [6] can only deal with the cases
where the dimension of the center manifold is less than seven. All the Maple programs are
executed on a desktop machine with CPU 3.4 GHZ and 32G RAM memory to generate the
normal forms as needed.

Example 1. We consider a 5-dimensional system:
X1 =xp + xf - X1x3 + x%,
Xy = —Xx1 + x% + X1x4 + x;,
X3 = —x3+ x%, (6.14)
X4 = —X4 + X5 + X% + X4X5,
X5 = —X4 — X5 + X3 — 23,
The Jacobian matrix of this system evaluated at the origin has eigenvalues +i, —1 and —1 + i.

So the origin is a Hopf singularity and system (6.14) has a 2-dimensional center manifold. The
normal form given in polar coordinates up to Sth order is given as follows:

3, 25633 5 163441769

= — — + e,
"720" T 102000" ~ 2663424000 6.15)
. 7 , 6692923 , 47098141289 '
0=1—-—r"+———r ————————— 1 + -
12 14688000 299635200000
The lengthy expressions for the center manifold and nonlinear transformation are omitted here

for brevity.

Remark 1. The coeflicients of the terms 7 and 7°, etc., in the first equation of (6.15) are called
the first, second, etc., focus values. In general, the normal form of system (6.3), given in polar

coordinates, is in the form of

Fero+virt vty ),
. 5 . o (6.16)
O=l+ty+tr+tr+-Hr°+---,

where v, is called the kth-order focus value, which is a function of the system parameters
of (6.3). Small limit cycles bifurcating from the origin and their stability can be determined
from the first equation of (6.16). The second equation of (6.16) can be used to determine the
frequency of the bifurcating periodic motion (limit cycle).
Example 2. The second example is a 6-dimensional differential system, described by

X = —x% +2Xx1X0 + 3X1X4 — X1 X5 — x% + X9 X4,

Xy = X3 — )C% + 2X1X3 + 8X1)C4 + X3X5,

X3 = —Xxy — x% + 3X1X6 — X3X4 — 6)@21 — X4Xe + 2x§, 6.17)
)'c4:—x4—x%+2x1x2+3x1x4—x1x5—x%, '
X5 = —X5 + Xg — 7x% + 2x1X3 + 3X1 X6 — X3X4 — X4 X6,

Xg = —X5 — Xg + X1 X4 — 5x§ + X3x5 — 4)@2L + xg.
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This system has a singular point at the origin, with its Jacobian matrix evaluated at the origin
having three eigenvalues, 0 and +i, with zero real part, and three eigenvalues, —1 and —1 =+ i,
with negative real part, implying that system (6.17) contains a 3-dimensional center manifold
associated with a Hopf-zero singularity at the origin. Executing our Maple program gives the
normal form (in cylindrical coordinates) up to Sth order,

1, 1. 5, 59, 259 1
-__2__2 _3__ 2 i __22 _4
YETY I Y TP Y T Y T3

1850 11483
+ 84y° + 18509 52 4 r

yr y +..-’
400 4800
29, 9, 1171, 1371 ,

10 40 25 2 "7 00"
19331 263299 , , 576761 .

507" 23507 " " Tmaoee” T

Joty Ol 163, 4501, 1357
= - —y - r
Y 2oy 240" T 2007 T 800°

QAT 123833 5 102206489
r
160> T 2250 ° 58752000

Example 3. The last example is a 7-dimensional differential system,

X1 =xp + x? - x%x5 + x%x7,

Xy = —Xx1 — 2x1x§,

X3 = V24 + x%x; — 4x3,

%4 = — V2x3, (6.18)
X5 = —xs5 + (X1 — X5)°,

. 2
X6 = —Xe + X7 + (X1 — Xx4)7,

. 2
X7 = —X¢ — X7 + (X2 — X6)",

whose Jacobian matrix evaluated at the origin has eigenvalues +i, + V2i, -1 and -1 + i, and
four of them have zero real part. So the center manifold of system (6.18) is four dimensional.
System (6.18) was studied by [6] and the normal form in polar coordinates up to Sth order
was also given. We executed the Maple programs developed in this chapter as well as that
given in [6] on the desktop machine. We have found that the Maple program given in [6]
failed when it was executing to find the 9th-order normal form, because Maple was unable to
allocate enough memory to complete the computation. While the program developed in this
chapter only took 122 seconds and 13938 MB memory to finish the 9th-order normal form
computation. The normal form up to 7th order given in polar coordinates is listed below.

35,157 5 9 5, 428923841 , 433291 ., 612973 , ,

— 4+ — - +oee,
817 1360 T 2012 T 3847168000° '~ 832320 "2 8921600 "2
. 1., 5543 3 1
O =1 4 =2 — 2230 4 2,2 4
=T T 01760 T 80712 T 1672
888030 , 1744833 , , 1448249 ,, 3

~ 9617920 T 5178880 "2 T 93676300 2 T 322 T
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o1 1 10213 3457 27
r :Zr%rg - Er%r; + mi’?l’z - ml’?f‘g + —r%r; + -

256
, 1 125
92:\/_—5\/51”?4'% 2}’"1‘}"§+---

6.4 Conclusion

In this chapter, we have derived an explicit, recursive formula for computing the normal
forms, center manifolds and nonlinear transformations for general n-dimensional systems,
associated with semisimple singularities. A Maple program is also developed on the basis of
the formula, which is very convenient for practical applicants who may not be familiar with
normal form theory. It only needs users to prepare an input file and the Maple program will be
“automatically” executed to generate the desired result. Three examples are presented to show
the applicability of the new method and new program, and in particular, one of the examples
demonstrates the advantage of the new method over the existing methods and programs.

Appendix C

In this appendix, for the convenience of readers, we list the symbolic Maple program developed
in this chapter using the recursive formulas in Theorem 6.2.1, which can be used for computing
the normal forms of general n-dimensional systems associated with semisimple cases. The
input here takes the third example in the section of application.

with(LinearAlgebra):

M1 = 0: # No. of zero eigenvalues

M2 1= : # No. of pairs of purely imaginary eigenvalues
M3 = 1: # No. of non-zero real eigenvalues

M4 = 1: # No. of pairs of complex conjugate eigenvalues
N = 3: # Highest order in the system

Ord = 5:

Mc = M1 + 2%M2:

M = Mc + M3 + 2*%M4:

L = M1 + M2 + M3 + M4:

f[1] := x[2] + =x[1]173 - x[1]172*x[5] + x[1]"2*x[7]:

f[2] := - x[1] - 2*x[1]*x[3]"2:

f[3] := sqrt(2)*x[4] + x[1]72*x[3] - 4*x[5]"3:

f[4] := - sqrt(2)*x[3]:

f[5] := - x[5] + (x[1] - x[5])"2:

f[6] := - x[6] + x[7] + (x[1] - x[4])"2:

f[7] := - x[6] - x[7] + (x[2] - x[6])"2:

L3seq := proc()
global 112,S3,p:
if 112 = 0 then
S3[p+1] := S3[p+1]+1: 112 := S3[p]-1:
S3[p] := 0: p := max(0®,sign(-112))*p+1:
else S3[1] := S3[1]+1: 112 := 112-1: fi:
end:
L3product := proc(sl,sr,q2r,q2i)
local 13rmx,gpmx,qpr,qpi,ctpo,112,112r,p,pr,ctl,ctr,ctp,13,13r,sb,
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sp,S3,S3r,i,temp:

13rmx := binomial(sr+Mc-2,Mc-2): ctpo := 1:
gpmx := binomial (sl+sr+Mc-1,Mc-1):
gpr := Array(l..gpmx): qpi := Array(l..qgpmx):
S3 := [seq(®,i=1..Mc-1)]:
p :=1: ctl := 1: 112 := sl:
for 13 to binomial (sl+Mc-2,Mc-2) do

S3r := [seq(®,i=1..Mc-1)]:

pr := 1: ctr := 1: 112r := sr: ctp := ctpo:

for 13r to 13rmx do
for i from ctp to ctp+112+112r do

sb := max(0,i-ctp-112): sp := min(1l1l2r,i-ctp):
gpr[i] := gpr[i]+add(g2r[ctr+jl*qlr[ctl+i-ctp-j]

-q2i[j+ctr]*qli[ctl+i-ctp-j], j=sb.

qpi[i] := qpil[i]l+add(g2r[ctr+jl*qli[ctl+i-ctp-j]

+q2i[j+ctr]*qlr[ctl+i-ctp-j], j=sb.

od:
ctp := i: ctr := ctr+ll2r+l:
if 112r = @ then

ctp := ctp-binomial (S3r[pr]+1,2)-S3r[pr]*112:

temp := 112+S3[1]:
for i from 2 to pr do
ctp := ctp+binomial (temp+i,i+1)

-binomial (temp+S3r[pr]+i-1,i+1):

temp := temp+S3[i]:
od:

ctp := ctp+binomial (temp+S3r[pr]+i-1,i):
S3r[pr+1] := S3r[pr+1]+1: 112r := S3r[pr]-1:
S3r[pr] := 0: pr := max(0®,sign(-112r))*pr+l:

else S3r[1] := S3r[1]+1: 112r := 112r-1:

od:

ctl := ctl+l12+1:

if 112 = 0 then
ctpo := ctpo+binomial (sr+p+1,p+1):
S3[p+1] := S3[p+1]+1: 112 := S3[p]-1:
S3[p] := 0: p := max(0,sign(-112))*p+1:

fi:

else ctpo := ctpo+l12+sr+1: S3[1] := S3[1]+1: 112 := 112-1:

od:
return [gpr,qpil]:

end:

for i to M1 do x[i] := v[i]: od:

j = Ml+1l: k := L+1:

for i from M1+1 to M1+M2 do
x[31 := (vlil+vIkI)/2:
x[j+1] := I*(v[i]-v[k])/2:
f[i] := simplify(£[j]1-I*£f[j+1]):
j = j+2: k := k+1:

od:

for i from M1+M2+1 to L-M4 do
x[3] := v[il:
f[i] := simplify(£f[j1):
j o= j+1:

od:

for i from L-M4+1 to L do

.Sp):

.Sp):

fi:
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x[31 := (vlil+v[k]I)/2:
x[j+1] := I*(v[i]-v[k])/2:
f[i] := simplify(£[j]-I*£f[j+1]):
j = j+2: k := k+1:
od:
for j to L do
£[3]1 := simplify(£[j1):
IEf[j] := diff(£[j1,v[iD):
for k to M do IEf[j] := subs(v[k]=0,IEf[j]): od:

REf[j] := subs(I=0,IEf[j]):

IEf[j] := subs(I=1,IEf[j]-REf[j]):
od:
Qd := [seq(l,j=1..M14M2),seq(2,j=1..M3+M4),seq(l,j=1..M2),seq(2,j=1..M4)]:
Qc := [seq(j,j=1..M1),seq(L+j,j=1..M2),seq(M1+M2+j,j=1..M3),

seq(M-M4+j,j=1..M4),seq(M1+j,j=1..M2),seq(L-M4+j,j=1..M4)]:
Qb := [seq(j,j=1..M1),seq(seq(M1+i*M2+j,i=0..1),j=1..M2)]:
SizeIndex := Array(l..2*N): Mr := [seq(l,i=1..L)]:
vecf := Vector([seq(£f[j],j=1..L)]):
for m from 2 to N do
Ml := [m+1,-1,seq(®,i=1..M-2)]: i := 1:
while MI[M] <> m do
M1[i+1] := 1 + MI[i+1]: MI[1] := M1[i]-1:
if i <> 1 then MI[i] := 0: fi:
if MI1[1] = 0 then i := i+l: else i := 1: fi:
Mlc := Ml: ji := @:
for 1 to 2 do
coef[l] := vecf: cterm := 1:
for k to M do
coef[l] := coeff(coef[l],v[k],Mlc[k]):
cterm := cterm*v[k] "Mlc[k]:
od:
if coef[l] = ® then coef[l] := Vector(L): fi:
vecf := vecf-cterm*coef[1l]:
if Norm(coef[1l],2) <> O then
ji = ji+l:
if ji = 1 then
Mlc := [seq(Mlc[Qc[k]],k=1..M)]:
mlmx := max(Mlc-M1l):
if mlmx = 0 then 1 := 1+1: fi:
fi:
else 1 := 1+1: fi:
od:
if ji > 0 then
Mr := [seq(max(Mr[n],M1[n]),n=1..L)]:
qdg := m+tadd(M1l[n],n=M1+M2+1..L)+add(M1l[n],n=L+M2+1..M):
jr = 0: jc :=0:
for k from i to M do
if M1[k] <> 0O then
if k < M1+1 or (k < L-M4 and k > M1+M2) then
jr := jr+l: j := -jr:
else jc := jc+l: j := jc: fi:
Kvt[j] := MI[k]: Ivt[j] := k: Qvt[j] := Qd[k]*ML[k]:
fi:
od:
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od:
od:

Kv := [seq®vt[j],j=1..jc),seq®vt[-j],j=1..jr)]:
Iv := [seq(Ivt[j],j=1..jc),seq(Ivt[-j],j=1..jr)]:
Qv := [seq(Qvt[j],j=1..jc),seq(Qvt[-j],j=1..jr)]:
SizeIndex[qdg] := SizeIndex[qdg]+1:

N := max(N,qdg): sqdg := SizeIndex[qdg]:
Index[qdg,sqdg] := [Kv,Iv,Qv,jc,jr,ji]:

fi:
for 1 to ji do

eql := []:
for k to L do
if coef[1l][k] <> 0O then eql := [op(eql),k]: fi:

od:

coefi := [seq(coef[l][eql[k]],k=1..nopsCeql))]:
coefr := subs(I=0,coefi):

coefi := subs(I=1,coefi-coefr):

sqdgn := (-1)"(1-1)*sqdg:
Coef[qdg,sqdgn] := [eql,coefr,coefi]:

od:

for j to M do
Ih[j,1,1] := Array(l..Mc): Rh[j,1,1] := Array(l..Mc):

od:

for j to M1 do Rh[j,1,1][j] := 1: od:
for j to M2 do
Rh[M1+j,1,1][M1+2%j-1] := 1:
Rh[L+j,1,1][M1+2*%j] := 1:

od:

for s from 2 to Ord do
print(‘order=*,s):
smx := binomial(s+Mc-1,Mc-1):
Ku := [seq(min(Mr[j]l,s),j=1..L)]:
for j to L do
for k from 2 to Ku[j] do

od:

od:

Rh[j,k,s] := Array(l..smx): Ih[j,k,s] := Array(l..smx):

for sl to s-1 do

11
S3

2

:= sl: sr := s-sl: 13rmx := binomial (sr+Mc-2,Mc-2):

:= [seq(®,i=1..Mc-1)]: p := 1: ctl := 1: ctpo := 1:
for 13 to binomial (sl+Mc-2,Mc-2) do

for j to L do
Lslr[j]
Lsli[j]
od:
S3r := [seq(®,i=1..Mc-1)]:
pr := 1: ctr := 1: 112r := sr: ctp := ctpo:
for 13r to 13rmx do
for 1 to L do
for k to min(Ku[l]-1,sr) do
Lsrr := [seq(Rh[l,k,sr][i],i=ctr..ctr+112r)]:
Lsri := [seq(TIh[]l,k,sr][i],i=ctr..ctr+112r)]:
for i from ctp to ctp+112+112r do

[seq(Rh[j,1,s1][i],i=ctl..ctl+112)]:
[seq(Ih[j,1,s1][i],i=ctl..ctl+112)]:

sb := max(0®,i-ctp-112): sp := min(l1l2r,i-ctp):
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Rh[1,k+1,s][i] := Rh[1,k+1,s][i]
+add(Lsrr[j+1]*Lslr[1][i-ctp+1-3j]
-Lsri[j+1]*Lsli[1][i-ctp+1-j], j=sb..sp):

Ih[1,k+1,s][i] := Ih[l,k+1,s][i]
+add(Lsri[j+1]*Lslr[1][i-ctp+1-j]
+Lsrr[j+1]*Lsli[1][i-ctp+1-j], j=sb..sp):

od:
od:
od:
ctp := i: ctr := ctr+ll2r+l:
if 112r = 0 then
ctp := ctp-binomial (S3r[pr]l+1,2)-S3r[prl*112:
temp := 112+S3[1]:
for i from 2 to pr do
ctp := ctp+binomial (temp+i,1+i)
-binomial (temp+S3r[pr]+i-1,1+i):
temp := temp+S3[i]:
od:
ctp := ctp+binomial (temp+S3r[pr]+i-1,i):
S3r[pr+1] := S3r[pr+1]+1: 112r := S3r[pr]-1:
S3r[pr] := 0: pr := max(0®,sign(-112r))*pr+l:
else S3r[1] := S3r[1]+1: 112r := 112r-1: fi:
od:
ctpo := ctpo+binomial (sr+112+p+max(®,sign(-112)),sr+112):
ctl := ctl+112+1: L3seqQ):

od:
od:
Tt := Array([seq(j,j=1..smx)]):
Lm := M1:

for L5t from 2*M2-2 by -2 to 0 do
S5 := [seq(0®,j=1..L5t+1)]:
ct :=1: 114 := s: p := 1:
for 15 to binomial (s+L5t,L5t) do
for 1m2 from ® to iquo(l14-1,2) do
ct := ct+binomial(114+Lm,Lm)-binomial (114-1m2-1+Lm,Lm):
dml := binomial(114+Lm,Lm+1):
for Iml from 114-1m2-1 by -1 to 0 do
Immx := binomial(Ilml+Lm-1,Lm-1):
dmcm := dml-binomial (Im1+1lm2+Lm,Lm+1):
for j from ct to ct+lmmx-1 do
temp := Tt[j]: Tt[j] := Tt[j+dmcm]:
Tt[j+dmcm] := temp:
od: ct := ct+lmmx:
od: 114 := 114-1:
od:
ct := ct+binomial (114+Lm+1,Lm+1):
114 := 114+1m2-1:
if 114 = 0 then
15 := 15+p: ct := ct+p: S5[p+1] := S5[p+1]+1: 114 := S5[p]:
S5[p] := 0: p := max(0,sign(1-114)*p)+1:
else S5[1] := S5[1]+1: fi:
od: Lm := Lm+2:
od:
for j from 1 to M2 do
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for k from 2 to Ku[M1+j] do
Rh[L+j,k,s] := Array([seq(Rh[M1+j,k,s][Tt[i]],i=1..smx)]):
Ih[L+j,k,s] Array([seq(-Ih[M1+j,k,s][Tt[i]],i=1..smx)]):
od:
od:
for j from 1 to M4 do
for k from 2 to Ku[L-M4+j] do
Rh[M-M4+j,k,s] Array([seq(Rh[L-M4+j,k,s][Tt[i]],i=1..smx)]):
Ih[M-M4+]j,k,s] := Array([seq(-Ih[L-M4+j,k,s][Tt[i]],i=1..smx)]):
od:

od:
T[s] := copy(Tt):
if s = Ord then L := M1+M2: fi:
for j to L do Rht[j] := Array(l..smx): Iht[j] := Array(l..smx): od:
for m from 2 to min(s,N) do
sm := s-m:
for mi to SizeIndex[m] do
Kv := Index[m,mi][1]: Iv := Index[m,mi][2]: Qv := Index[m,mi][3]:
jc := Index[m,mi][4]: jr := Index[m,mi][5]: ji := Index[m,mi][6]:
slg := jc+jr: 13mx := binomial(sm+slg-1,slg-1):
112 := sm: p := 1: S3 := [seq(®,i=1..slg+1)]:
for 13 to 13mx do
Sv := [112+Qv[1],seq(S3[j]+Qv[j+1],j=1..slg-1)]:
qlr := copy(Rh[IV[1],Kv[1],Sv[1]]):
qli := copy(Th[Iv[1],Kv[1],Sv[1]]):
sl := Sv[1]:
for j from 2 to jc do
gp := L3product(sl,Sv[j],
Rh[Iv[j1,Kv[j1,Sv[j11,Th[Iv[j],Kv[j],Sv[jI1):
glr := copy(qp[1]): qli := copy(gp[2]): sl := sl+Sv[j]:
od:
slmx := binomial(sl+Mc-1,Mc-1):
if ji = 2 then
if jc > 1 then
q3r := Array([seq(qlr[T[s1][i]],i=1..sIlmx)]):
q3i := Array([seq(-qli[T[s1][i]],i=1..slmx)]):
else ivc := Qc[Iv[1]]:

q3r := copy(Rh[ivc,Kv[1],Sv[1]]):
q3i := copy(Ih[ivc,Kv[1],Sv[1]]):
fi:
fi:
for i to ji do
slc := sl:

for j from max(jc,1)+1 to slg do
gp := L3product(slc,Sv[j],
Rh[Iv[j],Kv[j],Sv[j1]1,Th[Iv[j],Kv[j],Sv[jl1):
qlr := copy(gp[1]): qli := copy(aqp[2]):
slc := slc+Sv[j]:

od:
1fa := Coef[m,(-1)"(i-1)*mi]:
for 1 to nops(lfa[l]) do
jl := 1fa[1,1]:
if j1 > L then break: fi:
Rht[jl] := Array([seq(Rht[jl][jl+1fa[2,1]*qlr[j]
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-1fa[3,1]1*q1i[j],j=1..smx)]):
Iht[jl] := Array([seq(Tht[jl]1[jl+1fa[2,1]1*qli[j]
+1fa[3,1]*qlr[j],j=1..smx)]):

od:
if ji = 2 then qlr := copy(q3r): qli := copy(qg3i): fi:
od: L3seq(Q):
od:
od:
od:
for sl from 2 to s-1 do
112 := sl: sr := s-sl: 13rmx := binomial (sr+Mc-2,Mc-2):

S3 := [seq(®,i=1..Mc-1)]: ctpo := 1: p := 1: ctl := 1:
for 13 to binomial (sl+Mc-2,Mc-2) do
for j to Mc do
Lslr[j] [seq(Ren[j,s1][i],i=ctl..ctl+112)]:
Lsli[j] := [seq(Imn[j,s1][i],i=ctl..ctl+112)]:
od:
S3r := [seq(®,i=1..Mc-1)]:
112r := sr: ctp := ctpo: pr := 1: ctr := 1:
for 13r to 13rmx do
for j to L do
for wri to Mc do
jw := Qb[wri]:
Lsrr := [seq(dRh[j,sr+1,wri][i],i=ctr..ctr+l12r)]:
Lsri := [seq(dIh[j,sr+1,wri][i],i=ctr..ctr+112r)]:
for jl to 112+112r+1 do
sb := max(1l,jl-112): sp := min(1l12r+1,jl1):
Lsrt[wri][jl] := add(Lsrr[i]*Lslr[jw][jl+1-i]
-Lsri[i]*Lsli[jw][jl+1-i],i=sb..sp):
Lsit[wri][jl] := add(Lsrr[i]*Lsli[jw][jl+1-i]
+Lsri[i]*Lslr[jw][jl+1-i],i=sb..sp):

od:
od:
for i from ctp to ctp+112+112r do
Rht[j][i] Rht[j][i]-add(Lsrt[wri] [i-ctp+1],wri=1..Mc):
Iht[j][i] Iht[j][i]-add(Lsit[wri][i-ctp+1],wri=1..Mc):
od:

od:
ctp := i: ctr := ctr+ll2r+l:
if 112r = 0 then
ctp := ctp-binomial (S3r[prl+1,2)-S3r[prl*112:
temp := 112+S3[1]:
for i from 2 to pr do
ctp := ctp+binomial (temp+i, 1+i)
-binomial (temp+S3r[pr]+i-1,1+i):
temp := temp+S3[i]:
od:
ctp := ctp+binomial (temp+S3r[pr]+i-1,1i):
S3r[pr+1] := S3r[pr+1]+1: 112r := S3r[pr]-1:
S3r[pr] := 0: pr := max(0®,sign(-112r))*pr+1:
else S3r[1] := S3r[1]+1: 112r := 112r-1: £i:
od:
ctpo := ctpo+binomial (sr+l112+p+max(®,sign(-112)),sr+112):
ctl := ctl+l12+1: L3seq(Q):



6.4. CONCLUSION 121

od:

od:
lic :=

Array(l..smx):

S3 := [seq(®,i=1..Mc)]: p := 1: 112 := s:

for 15

S5 :=

to smx do
[112,0p(S3)]:

lic[15] := add(IEf[i]*(S5[2%i-M1-1]-S5[2%i-M1]),i=M1+1..M1+M2):
L3seq():

od:

for j to M1+M2 do
Ren[j,s] := Array(l..smx): Imn[j,s] := Array(l..smx):
Rh[j,1,s] := Array(l..smx): Ih[j,1,s] := Array(l..smx):

Iy

:= -IEf[j]:

for 15 to smx do

od:

od:
if s <
for

od:
for

od:
for

od:

I1 := Iy+lic[15]:
if I1 <> 0 then
Rh([j,1,s][15] factor(Tht[j]1[15]1/1I1):
Ih[j,1,s][15] -factor(Rht[j][15]/I1):
else Ren[j, s][15] := factor(Rht[j][15]):
Imn[j,s][15] := factor(Tht[j][15]): fi:

Ord then
j from M1+M2+1 to L do
Rh[j,1,s] := Array(l..smx): Ih[j,1,s] := Array(l..smx):
Ry := -REf[j]: Iy := -IEf[j]:
for 15 to smx do
I1 := Iy+lic[15]: temp := Ry*Ry+I1*Il:
Rh([j,1,s][15] := factor((Rht[j][15]*Ry+Iht[j][15]*I1)/temp):
Ih[j,1,s][15] := factor((Tht[jIl[15]*Ry-Rht[j]1[15]*I1)/temp):
od:

j from M1+1 to M1+M2 do

Ren[M2+j,s] := Array([seq(Ren[j,s][Tt[i]],i=1..smx)]):
Imn[M2+j,s] := Array([seq(-Imn[j,s][Tt[i]],i=1..smx)]):
Rh[L-M1+j,1,s] := Array([seq(Rh[j,1,s][Tt[i]],i=1..smx)]):
Ih[L-M1+j,1,s] := Array([seq(-Ih[j,1,s][Tt[i]],i=1..smx)]):

j from L-M4+1 to L do
Rh[M2+M4+j,1,s] Array([seq(Rh[j,1,s][Tt[i]],i=1..smx)]):
Ih[M2+M4+j,1,s] Array([seq(-Ih[j,1,s][Tt[i]],i=1..smx)]):

gdemx := binomial (s+Mc-2,Mc-1):

for

wri to Mc do

for j to L do
dRh[j,s,wri] := Array(l..qdemx):
dIh[j,s,wri] := Array(l..qdemx):

od:

temp := Mc-wri:

Sil := [seq(®,j=1..temp+2)]:
lsimx := binomial(s+temp,temp);

11i := s: kst := 1: oml := 0: po := 1:
for 1si from 1 to lsimx do
if wri > 1 then
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oml := oml+binomial(lli+wri-2,wri-2):
for 1i from 1 to 11i do
limx := binomial(l1li-li+wri-2,wri-2):
for j from kst to kst+limx-1 do
for jl1 to L do
dRh[jl,s,wri][j]
dIh[jl,s,wri][j]

1li*Rh[j1,1,s][j+oml]:
li*Th([jl,1,s][j+oml]:

od:
od: kst := kst+limx:
od:
else
for jl to L do
dRh[jl,s,wri] [kst] 11i*Rh[j1,1,s][kst+oml]:
dIh[jl,s,wri][kst] := 11i*Ih[jl,1,s][kst+oml]:
od: kst := kst+1:
fi:
if 11i = 1 then
oml := oml+po: Sil[po+1] := Sil[po+1]+1: 11i := Sil[po]:
Sil[po] := 0: 1si := lsi+po: po := max(0,sign(l-11i)*po)+1:
else Sil[1] := Sil1[1]+1: 11i := 11i-1: £i:

od:
od:
fi:
od:
ZC := [seq(0®,j=1..M1)]:
RC := [seq(®,j=1..M2)]:
IC := [seq(IEf[M1+j],j=1..M2)]:

for s from 2 to Ord do
112 := s: p := 1: 13mx := binomial(s+Mc-1,Mc-1):
S3 := [seq(®,i=1..Mc)]:
for 13 to 13mx do
S1 := [112,0p(S3)]: term := 1:
for j from 1 to M1 do term :=
thetan := 0:
for j from M1+1 to M1+M2 do
term := term*r[j-M1]"(S1[2*j-M1-1]+S1[2*j-M1]):
thetan := thetan+theta[j-M1]*(S1[2%j-M1-1]-S1[2*j-M1]):

term*y[j]"S1[j]: od:

od:
for j from 1 to M1 do
ZC[j] ZC[jl+term* (factor(Ren[j,s][13])*cos(thetan)
-factor(Imn[j,s][13])*sin(thetan)):

od:
for j from 1 to M2 do

RC[j] := RC[j]+term*(factor(Ren[j+M1,s][13])*cos(thetan-thetal[j])
-factor(Imn[j+M1,s][13])*sin(thetan-theta[j])):
IC[j] := IC[jl+term/r[jl*(factor(Ren[j+M1,s][13])*sin(thetan-theta[j])
+factor(Imn[j+M1,s][13])*cos(thetan-thetal[j])):
od:
L3seq(Q):

od:
od:
for i from 1 to M1 do

ZC[i] := combine(ZC[i],trig): print("y",i,ZC[i]):
od:
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for i from 1 to M2 do
RC[1i] combine(RC[i],trig): print("r",i,RC[i]):
IC[i] combine(IC[i],trig): print("theta",i,IC[i]):
od:
save M1,M2,ZC,RC,IC, output:
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Chapter 7

Seven limit cycles around a focus point in
a simple 3-dimensional quadratic vector

field

7.1 Introduction

Limit cycle theory has been playing a very important role in the study of dynamical behavior of
nonlinear systems, emerging from many physical and engineering models, and recently even
from financial systems and social system. In mathematics, for a two-dimensional phase space,
a limit cycle is a closed trajectory in the phase space having the property that at least one
other trajectory spirals into it either as time approaches infinity or as time approaches negative
infinity. Higher-dimensional vector fields often exhibit limit cycles which may co-exits with
more complex dynamical behaviors such as chaos.

The study of limit cycles was initiated by [1]. He built a new branch of mathematics, called
“qualitative theory of differential equations”, and introduced the concept of limit cycles. Later,
in the past more than 100 years, the development of limit cycle theory was perhaps motivated
by the well-known Hilbert’s 16th problem. The second part of this problem is to find the upper
bound, called Hilbert number H(n), on the number of limit cycles that planar polynomial
systems of degree n can have. In early 1990’s, [2] and [3] proved that H(n) is finite for given
planar polynomial vector fields. For general quadratic polynomial systems, the best result is
4 with (3, 1) distribution, obtained more than 30 years ago [4, 5]. Recently, this result was
also obtained for near-integrable quadratic systems [6]. However, whether H(2) = 4 is still
open. In other words, the finiteness problem remains unsolved even for quadratic polynomial
systems. For cubic polynomial systems, many results have been obtained on the low bound of
the Hilbert number. So far, the best result for cubic systems is H(3) > 13 [7, 8]. Note that the
13 limit cycles are distributed around several singular points. This number is believed to be
below the maximal number which can be obtained for generic cubic systems.

Suppose we consider Hilbert’s 16th problem with limit cycles bifurcating from isolated
fixed points, then the question becomes studying degenerate Hopf bifurcations, giving rise to

A version of this chapter has been published in the Communications in Nonlinear Science and Numerical
Simulation.
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weak (fine) focus points. This local problem has been completely solved only for generic
quadratic systems [9], which can have 3 limit cycles in the vicinity of such a singular point.
For cubic systems, [10] obtained a formal construction, via symbolic computation, of a special
cubic system with 8 limit cycles. In 2009, Yu and Corless [11] showed the existence of 9 limit
cycles with the help of a numerical method for another special cubic system. Recently, this
special system was reconsidered using purely symbolic computation with the regular chains
method to confirm the existence of 9 limit cycles, and find all the possible real solutions [12].

Due to the importance of limit cycle theory and frequently appearing in higher-dimensional
dynamical systems, we want to study bifurcation of limit cycles in higher-dimensional vector
fields. In this chapter, particular attention will be focused on 3-dimensional systems with a
Hopf singular point. We would like to investigate what is the maximal number of limit cycles
which may exist in the vicinity of a singular point of 3-dimensional systems. This is certainly a
very challenge problem. There are very few results in the literature. Over the last twenty years,
a 3-dimensional competitive Lotka-Volterra model has been studied extensively. The model is
described by a 3-dimensional differential system:

3
5i=xi(bi= ) ayx;). i=1,2,3 (7.1)

=

where the dot indicates differentiation with respect to time, #, x; represents the population of
ith species, and the coefficients take positive real values, b; > 0, a;; > 0, i, j = 1,2,3. This
is a special case of general 3-dimensional quadratic systems. In the past two decades, several
researchers have paid attention to system (7.1) and particularly studied bifurcation of limit
cycles (e.g., see [13, 14, 15, 16]). So far, the best result is 4 limit cycles, obtained by [16], using
appropriate parameter values. These 4 limit cycles include 3 small-amplitude limit cycles,
proved by using focus value computation, and one large limit cycle, shown by constructing
a heteroclinic cycle. Recently, Tian and Yu revisited this problem [17] and showed that this
system might have maximal 8 limit cycles, but it is very difficult to prove using the existing
methodology.
In this chapter, we turn to consider general 3-dimensional quadratic system, given by

X = ax +x+ fi(x, x2, x3),
X = —x; +axy + fo(xg, X2, X3), (7.2)
X3 = =B x3+ f3(x1, x2, x3),

where @ and 8 > 0 are parameters, and f;’s are quadratic polynomials. This system has a Hopf
singularity at the origin when @ = 0. For general quadratic polynomials f; and 8 # 1, the
highest order of the focus value obtained from a desktop machine with CPU 3.4 GHZ and 32G
RAM memory is 4. Moreover, even just solving these four polynomial equations is not an easy
job. Therefore, we make a number of simplifications in (7.2) so that we can manage to obtain
higher-order focus values, at least up to 8th order, and then try to apply the modular regular
chains [12] to obtain 7 limit cycles in the vicinity of the origin. Compared to the Bautin’s result
for quadratic planar vector fields which can only have 3 small-amplitude limit cycles around
a focus or center, this result is quite surprising. The description of the simple 3-dimensional
quadratic vector filed and proof of the existence of 7 limit cycles around the origin will be
given in the next section.
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7.2 Main result

We start from the general 3-dimensional quadratic systems (7.2). Without loss of generality,
the system can be written in the following form, with its linear part in Jordan canonical form,

X1=ax +x+ Clll)C% + (2b11 + Cllz)xl)CZ + 6122)6% + 6133X§ + a13X1X3 + drz3 X2 X3,

. 2 2 2

X) = —X1+axp + bllxl + (2(111 + blz)xl)Q - b11x2 + b33x3 + b13X1X3 + bz3)€2)€3, (73)
3 2 2 2

X3 = —,3)63 + C11X] + C12X1Xp + CopX5 + €33X5 + C13X1X3 + C23X2X3,

where a, B > 0 and a;;, b;j, c;;j are parameters, and the formula in Bautin’s equation [Bautin,
1952] has been used in the first two equations of (7.3), which can be achieved by a proper
rotation around the x; axis. It is easy to see that the origin is an equilibrium point for any
values of parameters, and a Hopf bifurcation occurs from the origin when « crosses the critical
value o = a, = 0.

Thus, we can use the formulas and Maple program developed in [17] to compute the normal
form, which can then be used to determine small-amplitude limit cycles bifurcating from the
origin. Itis obvious that the zero-order focus value vy = @, and at the critical point: @ = a. = 0,
vo = 0. Then under the condition @ = @, = 0, the Maple program is executed on the desktop
machine to obtain the focus values vy, v,,.... It should be noted that for the general system
(7.2), the computation of the higher-order normal form is very time consuming and memory
demanding. Moreover, even we can obtain higher-order normal forms by using the Maple
program, it is almost impossible to find the solutions of the multivariate polynomial system of
focus values. Thus, in order to simplify the computation, we make some simplifications. First,
we suppose by, # 0 and ¢, # 0. Then, we can use parameter scaling and state variable scaling
in (7.2) so that b;; = ¢ = 1. In order to make the computation of focus values manageable,
we further set a3z =dxy =daz = l’)13 = l’)23 = l’)]g =C1] = Cypp =Cy3 = 0 and,B = 1, resulting the
following simple 3-dimensional quadratic system,

X =x+ aux% + 2+ apn)xix + azzxg,

Xy = —x1 + x? + 2a11x1x, — xi + b33x§, (7.4)

X3=—X3+ X1X + C33X§ + C13X1X3.
This is perhaps the simplest 3-dimensional quadratic system since it has only one coupling
coeflicient b33 between the first two equations and the third equation. When b33 = 0, the first
two equations are decoupled from the third equation, and the problem becomes finding the
limit cycles of the planar system, described by the first two equations of (7.4), and it is easy

to show that this planar system has three small limit cycles around the origin, as expected. In
fact, when b33 = 0, we can use the Maple program to find the first focus value v, given by

v = — é app(ay; + ax). Letting a;; = 0 yields v; = 0 and then executing the Maple program
produces v, = —ﬁa“(au + ap)(ay; + Sayy). Further, letting a;; = —5a,, results in v, = 0 and
finally executing the Maple program yields
140
V3 = 250;2(1 - 3(1%2), Vg = Tagz(l — 3052)(7 - 38(1%2)’ Vg = -,

and all the v;’s contain the factor ax (1 — 3a§2), clearly indicating that maximal three small-
amplitude limit cycles can be obtained around the origin when b33 = 0.
Now, suppose b33 # 0. We have the following main result.
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Theorem 7.2.1 Suppose the parameters, aiy, a2, an, bsz, c33 and cy3, in system (7.3) are
arbitrary non-zero constants. Then system (7.3) can have at least 7 small-amplitude limit
cycles around the origin.

In order to prove Theorem 7.2.1, we need the following lemma [18].

Lemma 7.2.2 Suppose the focus values obtained from a general dynamical system are
functions of k independent system parameters py, pa, ...,pr. Further, assume that at a
critical point, p. defined by (p1, p2, ..., Pr) = (P1es Pacs - - - » Pie)s the focus values satisfy

vj(pC):09 j:0519'~~9k_19 Vk(pc)io;

and o )
VOs Vi evs Ve
det [ 2000 V)
o(p1, p2s .- » Pr) 1P
Then, proper perturbations can be made to the parameters pi, pa, ..., px around the critical

point p. to generate k small-amplitude limit cycles in the vicinity of the Hopf critical point.

Proof By using the Maple program [17], we can obtain the first seven focus values in terms of
the system coeflicients:
vi = vi(ai1, a2, azn, bz, €13, ¢33),

V2 = va(an, an, axn, bz, c13, €33), 75)

v7 = vy(a, a, ax, bss, c13, ¢33),

and via them we can estimate the number of small-amplitude limit cycles around the origin,
which are embedded in the center manifold (which is also obtained from the Maple program),
described by

1 1 1
X =g (X7 + X100 — x3) — 5(2011 —ci3+ 1) - 5 (Ban +2an —ci3+ 20

1 1 1
+ g (4 ap —dap — 2(,122 —Ci13 — 1)X1X§ - g (a22 + Z)XS - _(Cl3 — ZC33 + 2a11c13 - C%S)le‘

5 5
1 2 1 2
2.3 3
- §(2C13 - §C33 +3ajic13 + 2a15¢13 — C[g)x1x2 + g( - §C33 —2c13 — 613022)X1x2
1 1
2\.2.2 4
- 3(013 + 3633 —4ayic13 + appciz + 2axc3 + c13)x1x2 + gC33x2 +

(7.6)

It is obvious to see from (7.6) that the center manifold near the origin is approximated by a
hyperbolic parabolid, as shown in Figure 7.1.

To obtain the maximal number of small-amplitude limit cycles bifurcating from the origin,
we solve the parameters a;;, a2, a, bsz, €13, ¢33 from the six polynomial equations v; = v, =
-+ = vg = 0. Alternatively, we may solve these six polynomial equations one by one, with one
parameter at each time. We start from the first focus value v, which is the same as that for the
case b33 =0,ie.,v; = —ap(an + Clzz)/g. Letting

ay = —ap (7.7)
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Figure 7.1: The second-order approximation of the center manifold described by (7.6).

yields v; = 0, and then executing the Maple program we have

1
© 1200

1%) b33((112 + 36’13 + 18(111 + 10)

Setting
app = —(3C13 + 18ay; + 10) (78)
results in v, = 0 and then executing the Maple program gives

_ b33
272000

V3 [ - 187b33 + (695C13 + 20706111 - 790)C33 + (922900%1 + 745826111 + 15384)C13
+(3342a;; — 45)ct, — 666¢7, + 22817243, + 220428a7, + 57028a;, + 2020].

Thus, we may solve for b33 from the equation v3 = 0 to obtain

1
m[(695€13 +2070a1; — 790)c335 + (922900%1 + 74582a,; + 15384)c 3

+(3342a,, — 45)ci; — 666¢;; + 22817243, + 220428a;, + 57028a;; + 2020].

by = (7.9)

Now, under the conditions given in (7.7)-(7.9), we have v; = v, = v3 = 0, and further execute
the Maple program to obtain

F()F] F0F3
V4 = , Ve = s
* 7 1483804608000 °~ 16134271099762131283963000000
FoF, FoF,
Vs

= 16015652769093120000° '~ 158315921739305937010807603200000000°
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where

F():

5(4146111 + 139C13 - 158)033 + (15384 + 745826111 + 92290&1%1)C13

+3(1114ay, — 15)ci; — 666¢3, + 4(505 + 14257a,, + 5510747, + 57043a;3)),

Fy =4(4078333cy3 + 14139153a;, — 2787647)c%,

F2:

+2[2(373041446a;, + 500749565a;, + 111353261)c15 — (98445579a,, + 52751465)ci,
— 16677015¢7, + 4(856767634a;, + 967186323aj, + 181154724a;; — 11713817)]c33
+29601792¢7, + 4(5370668262a3, + 420455967 1a;, + 34389389a,, — 252727446)ci,
+9(863035364a,;, +25802705)c}; + 6(882002754a7, +4377854054a,, +14608506)c,
+8(130799934874], + 2472847702243, + 15158560637a7, + 3657980072a;;
+287618390)c); + 16(16499286495a], + 378376277844, + 29685004857a;,
+9784662107a;, + 12186992124, + 2203887),
— 350064(144902698¢/5 + 366576733a;, — 142697703)c3,
+ 4[132287548607492c¢7, + (1587431095048589a;;, + 371135538912053)c1,
+2(1985595066771294a3, + 332568076619189a,, — 167986412567563)c 3
+ 4(8325572885938894;, + 343973807357514a;, — 129381390471427a,,
— 22505970396248)]c3;
— 4[213711424998672¢3, + 9(311807824390159a;, + 148318218680889)c’;
— (1180924979804906a3, + 5452054185589939a,, + 352322443563555)c;,
— 4(42788477935364425a;, + 67363587215176597a;, + 24044781463740170a,
+2314226039107142)ci; — 4(27591776267013391ay;, + 17364671526832319947,
+321001980070626737a;, + 1627322566486600034;, + 879991334108382)c 3
— 8(1167073600130760574;, + 25705147491854829747,

+171010776019582988a;, + 42694054908035380a7,
+ 2402049457670883a;; — 250745335036453)]c33

+630912865266000c!, + 9(2964712669290231a;, + 782392810580879)c®,

+ 6(735415969627290564%, + 38427258756511039a,, + 3606485585632344)c3,
+12(322411353706968259a7, + 280026912237356567a7, + 585250090283738874a,,
+366306838658389)c]; + 8(2731040674800736927a}, + 3810289896228085498a;,
+ 1688659169110635940a7, + 239657009603682009a;, — 731762510421390)c3,
+16(544258044610684210547, + 113322997591777000614,

+ 843536967347274019943, + 27683833478323993424,
+372489286490816132a;, + 11783278257257817)c?,
+32(639742617239577155445, + 17484633288012047816a;,

+ 1772914862105113047945, + 8645141995434202821a,
+2101633085727469205a7, + 225196488860266879a;

+ 6078244989652798)c 3 + 64(33356355498591042924]
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+ 11004977896310477071a5, + 137589873252232395014,

+ 8649165820899777993a’, + 293726300421780498443,

+51824850309889129143, + 38482349044241143a,, + 320434896140845),

F3 = 15197445120(1295313405565¢3 + 4841990370990a,; — 974241807866)c;

— 1664[24752566511047772643¢ + 2(81606533150962260337a,,
+206630065005504758855)c2, + 4(23784869920766047140a2,
+ 456247687686341245921a,, — 32067190881129442123)c/5
— 4(71801519911054095117943, + 16408327695441189050142,
+497187713917569014161a,; + 116882338879114660895)]c2,

+ 4[135516201497462967471977¢},
+(3652599114285837536632677a;; + 1372118809839451388158717)c,
+ 8(45216944742492029841543404%, + 34223576241410892731210954,,
+551772823682912535119127)c}, + 8(230014541270032670877016294,
+2263265776841173715485621742, + 417544958257711557818907 1y,
— 144592603169129179152061)c2; + 16(25197277762204780005004103a,
+235918556961034765780458144], — 133999148963229608939384842,
— 3368285960479851576060286a;; — 423709293782930794542471)c\3
+ 16(238332615578254829728064014], + 236050882605020226060316734",
— 192925835988881326697735847, — 385280363936943808865136647,
— 273354786339018249164467a;; + 72135305352486339433005)]c2,

— [7089593783469465557698 14c], + 6(1664554809177510639166637a;,
+ 1468549573192142753107527)c, — 4(1014247288861177169539700642,
— 8093351702071968321732515a;; — 8797678108504067116393611)c},
— 8(27031813819030943621116440443, + 37486691473068725003069443342,
+ 94857726635504393832071718ay; + 1611714501224953912649461)c",
— 32(7270208874166607484114171494°, + 14958402296224911172846751294°,
+ 84284965997531826681655819943, + 175620020144274765161496311a,,
+ 11157942239036269527525724)c}, — 32(381503507650024551365690452947,
+95076055464643027640411407614, + 73681677299082924452873434104,
+241769026016645511444812150642, + 327924924088386289070880621a1
+ 12481403710220223481605845)c%, — 64(46233659648813868282065419344,
+ 128732742100899055493974282014], + 118477219613893822244501622254%,

+ 4848749975836708041755541250a;, + 87967975884427191016923156047,
+47359781290947171771497733a,; — 1993655132477530259763543)c13

— 128(2182688317704910216101782722a], + 66503676301302239483386768514¢,
+7055523579922110839931549040a;, + 35319625646501529844234974454],
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+ 87615834357472326409983()730a?1 +918678220304084794307643494%
+93074881175678687047012a;, — 404530676080894666989045)]c33

+ 52377983042949992837606481’3

+9(4711878525758830961908464a;, +999345350877766901978141)cff3

+6(2258764527290158353563422344a%, + 110846523885056357949977533a,
+10253305691653840091798898)c!

+ 12(18333452648194751659366277780?1 + 1565971064556600537110067163a7,

+ 366397091618786153387840171a,; + 16051590214691783803149352)c?3

+ 8(2608658058355273455494058495 14}, + 33532903248572391712065771052a3,
+14238018150683934981297945709a%, + 20745402243934510690611085264,,

+ 27861686142403760251746546)c?3

+ 16(78548659777326308787336671659a], + 1411383635024539839946922975394,
+ 92813909971704479331226525567(1?1 +2671732057040389304903993525 14,
+2890106674925225565999192218a;, + 14630542556546467684436742)c],

+ 32(158056462633238785803151049168a?1 +37926101370434927233922419665543,
+35115533484958103203371261159047, + 159226588640254021019516857610a;,
+36006057259210021488914610840a7, + 3443427334420574893921441871a,,

+ 5334871 1666072696845705930)&3

+64(213934489231668821736726105776a], + 65386020699644131165185872954345,
+7879309127669413351808801970694], + 4897896053878893135866626617104,
+ 168372810485883167250927940970&?1 +31052460989227661080767094867a’,
+2595121581266887210220232361a;, + 47677864066744036593911688)c1,

+128(1757951805414548783279943236274%, + 646069392177506577189809704414a/,
+9439746329748239266285155234274%, + 730811516906412079242497471216a;,
+3287215761308721182963296347754], + 8686182061058845081084640365461?1
+12669250522915877666530948173a7, + 828317972353063952969598924a;,

+ 8430485593584154810200302)c 13

+256(654890781 14939885475729056623>a(f1 +27620778389608102302663159544045,
+467148550007619228316050778351al, + 42747496455237050956127271965145,
+23526151864815831382248111374547, + 8047353539490779296634635099 14,

+ 16803980816127953612017()02885(1?1 +1967923782290897527897320937a,
+ 100256044517078058643496652a,; + 235738171481448869001845).

Now in order to obtain limit cycles bifurcating from the origin (the Hopf critical point)

as many as possible, we need to find critical parameter values of a;, cj3 and ¢33 such that

vy =vs =vs =0(@Ge Fy =F, =F;=0),butv; # 0. In this case, we can conclude that
there exist at most 7 small-amplitude limit cycles bifurcating from the origin. Then, proper
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perturbations may be applied to the four parameters to generate 7 small-amplitude limit cycles,
or we can apply Lemma 7.2.2 to prove the existence of 7 limit cycles. Since we set @ = 0
to get vy = 0, ay», = —ay to getv, = 0,a, = —(186111 + 3C13 + Cy3 + 10) to obtain v, = 0,

and b3y = 1%[(20705111 + 695¢13 — 95¢23 — 790)c33 + -+ -] (given in (7.9)) to obtain v = 0,

perturbations on b33, a2, a; and a can be made one by one. Thus, we only need to consider
vy =vs =vg=0,1.e. F| = F, = F3 =0, but v; # 0, at some critical values a1, ¢3¢, C33c, and

further

0(v4, Vs, Ve)

det[ # 0.

d(ai, €13, €33) ](“llc’clh'"%')
To find the critical values ayy., ¢3¢, ¢33, such that F; = F, = F3 = 0, we apply the Regular
Chain method [12]. We use (7.7)-(7.9) to simplify v4 to vg to obtain polynomial equations
F, = F, = F3 = 0. Then execute the Maple program (see [12]) on the same desktop machine
to obtain the following results by using the modular regular chains method: the formulas of ¢;3
and c33 expressed in terms of ayy,

cisnv(an) cyn(an)
- C33 = — ————, (7.10)
12 ci3p(an) » N c33plan)

where N is an integer, and ci3y(air), cizp(an), csn(ar;) and cssp(aq;) are 156th-degree
polynomials of a;;; and a resultant equation, given by a 157th-degree polynomial g(a;;) = O,
which in turn gives a total of 19 real solutions. We solve a;; from this polynomial equation up
to 1000 digit points, with the results listed below (only show the first 50 digits).

aj, = —4.11276888495705654624708808345078873211396249503460 - - - ,
2 = —1.82010942866258004577090611868371605998764973794356 - - - ,
a;, = —0.76440311387403968219929953842967589771581114232615 - -,
1, = — 0.75410520646463776589886974547597729068673851680993 - - - ,
a;, = —0.46061934131364857055550286413352190906564989377128 - - - ,
a$, = — 0.44754772090870942476035011043695763950789559075632 - - - ,
1 = —0.38187937918219584496343813228246930627419322177798 - - - ,
a¥, = —0.31428920280160160469525336903289260600817103833470 - - - ,
a), = —0.28314729830779529882213773988148784486261517488513 - - - ,
a}) = —0.13330838515576413592119147947119785761283975388044 - - - ,
ajl = —0.02861803346154083192185648912224434468926816974799 - - - ,
aj = —0.01129618883353299940696424356394530075959246381228 - - - ,
a;3 = 0.00003261862103285667320075873891685629773802493465 - - -
ajt = 0.01557965760324882734099653888501403592680477722409 - - - ,
ap; = 0.02629936725348609926921580980768242470782868685459 - - - ,
al® = 0.04674224356461493450786328894470060987403146438352 - - - ,
aj] = 0.56032275926806357270588556057116717906044592783859 - - - ,
al¥ = 5.38438918903427504185594454194797573037902064705802 - - -
a)) = 26.01492173704774508843595793963653547777807547320274 - - - .

C13 =

9 o HQ
| 1 | 1 1 1 A (N | R |
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We take a;; = a],, which yields

c13 = —0.41261102816606685288914232443213702004650348278544 - - -,
¢33 = —0.33160576682318949987643286719692488957369961896560 - - - ,

and use (7.7)-(7.9) to obtain ax, = —a], and

a; = —1.88833809022227423199068664561914142692501155964000 - - -,
b3z = —0.14679339349579488722266912282493720766001218127019 - - - .

For these critical parameter values, the focus values become

vi =00, v =-0.1x1071%" ;3 =-0.6847 x 10710%,

vy = —0.13219256310383786756022068742997222535380219931004 - - - x 1074,
vs = —0.31762418358601926533300695679923261099352343009257 - - - x 107242,
ve = —0.46950935768785676094927172098325782856331763210221 - - - X 10742,
v; = —0.83776339081446765262795751469808290872469085804425 - - - x 107>,

The errors are due to numerical computation in the final step of solving the 157th-degree
polynomial of a;;. In fact, we can perform the interval computation in Maple to identity the
interval for each of parameters up to any accuracy, which proves that there exist solutions such
that vi = v, = --- = v¢ = 0, but v; # 0. Therefore, we can conclude that there exist at most 7
small-amplitude limit cycles around the origin. Moreover, a direct calculation shows that

0(v4, Vs, Ve)

dot | D0V v0) )
(9(6111, C13, C33) (a11¢,C13¢5C33¢)

~ —0.00000000333723796304 # 0,

implying that there exist 7 small-amplitude limit cycles around the origin.

7.3 Conclusion

In this chapter, we have shown that a simple 3-dimensional quadratic vector field can exhibit 7
small-amplitude limit cycles in the vicinity of a Hopf critical point. The method of normal
forms is applied to compute the focus values associated with Hopf bifurcation, while the
modular regular chains method is used to solve higher-degree multivariate polynomial
equations. This result may be further improved in future by developing more powerful
computational tools.
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Chapter 8

Conclusion and future work

8.1 Conclusion

In this thesis, bifurcation of limit cycles is investigated for smooth and non-smooth systems
by computing Melnikov functions or focus values. In particular, we obtain new results about
the lower bounds on the maximal number of small-amplitude limit cycles bifurcating from a
center in planar cubic polynomial vector fields and in switching Bautin systems. A new
algorithm for computing Lyapunov constants has been developed for switching systems.
Moreover, two efficient and recursive formulae are derived for computing the normal forms
and center manifolds of high-dimensional systems associated with Hopf and semisimple
singularities, respectively.

In Chapter 2, it is showed that the cubic system in [1] can not have 11 small-amplitude
limit cycles near the origin, and proved that there are actually only 9 limit cycles when
(first-order) Melnikov function or the second-order Melnikov function is used. Further, a
quadratic Hamiltonian system is perturbed by cubic polynomial functions for the study of
bifurcation of limit cycles by using higher-order Melnikov functions and focus values
computation. Decomposition of one-forms is introduced to express higher-order Melnikov
functions and simplify the computation of focus values. It is showed that the cyclicityies of
the system for the first five Melnikov functions M, are given by [%"] +4,k=1,...,5, and thus
10 small-amplitude limit cycles are obtained around the origin for & = 5. This demonstrates
an efficient approach of using higher-order Melnikov functions combined with the method of
focus value computation to obtain more limit cycles.

Two existing systems taken from [2, 3] are re-investigated in Chapter 3, by applying the
method of focus value computation. We have not only confirmed the existence of 11
small-amplitude limit cycles around a center in these two systems, but also obtained 12
small-amplitude limit cycles from one of the two systems by using a free parameter from the
unperturbed system. This is the best result so far obtained from cubic planar vector fields
around a singular point.

Chapter 4 is devoted to the study of Hopf bifurcation in switching systems. A new method
with an efficient algorithm has been developed for computing Lyapunov constants, and then
applied to study bifurcation of limit cycles in a switching Bautin system. A complete
classification on the conditions of a singular point being a center in this Bautin system is
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obtained. Further, an example of switching systems is constructed to show the existence of 10
small-amplitude limit cycles bifurcating from a center. This is a new lower bound of the
maximal number of small-amplitude limit cycles near a singular point in quadratic switching
systems.

In Chapter 5, explicit recursive formulae are derived for computing the normal forms and
center manifolds of general n-dimensional dynamical systems associated with Hopf
bifurcation. A Maple program is developed based on these formulae, which is very convenient
in real applications. Two examples, including a 3-dimensional competitive Lotka-Volterra
system, are present to show that the method and the Maple program are computationally
efficient.

In Chapter 6, the method and formulae developed in Chapter 5 for Hopf bifurcation are
generalized to general n-dimensional systems, associated with semisimple singularities. A
Maple program is also developed on the basis of the formulae, which is very convenient for
practical applicants who may not be familiar with normal form theory. Three examples are
present to show the applicability of the new method and new program, and in particular, one
of the examples demonstrates the advantage of the new method over the existing methods and
programs.

In Chapter 7, we have applied the normal form and the Maple program developed in
Chapter 5 to compute the focus values for a simple 3-dimensional quadratic vector field
associated with a Hopf singularity. It is shown that 7 small-amplitude limit cycles can exist in
the vicinity of a Hopf critical point. The modular regular chains method is applied to solve
higher-degree multivariate polynomial equations. This result may be further improved in
future by developing more powerful computational tools.

8.2 Future work

For future works, there exist many interesting but also challenging problems that remain open
and are worth exploring.

In Chapter 2, a general quadratic Hamiltonian system is perturbed by cubic polynomial
functions, to obtain the maximal number of small-amplitude limit cycles bifurcating from the
origin for the first five Melnikov functions by the method of computing focus values. Because
of the complexity of solving focus values, it has not been possible to get more than 10 limit
cycles. Thus, our first question is: can we find a way to overcome the difficulty and obtain more
limit cycles? We may prove the independency of Abelian integrals and then determine the
number of limit cycles. On the other hand, the limit cycles bifurcating from the origin should
be finite. Next question is: can we give an upper bound for the number of small-amplitude
limit cycles?

For switching systems, we have used approximation of the solutions to compute Lyapunov
constants. We may develop a new algorithm to compute the normal forms of switching systems,
and then apply the normal forms to calculate the Lyapunov constants, just like that for smooth
systems. This way, the computation may be more systematic and efficient. Note that in Chapter
4 we only obtain the center conditions for the Bautin system under the condition agbs = O.
Future study will be focused on the case agbs # 0. Also note that the existence of 10 small-
amplitude limit cycles in a perturbed switching Bautin system is proved by using only first-
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order Lyapunov constants. It is interesting to investigate how many limit cycles which can be
obtained under cubic perturbations, by using higher-order Lyapunov constants.
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