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Abstract

Smooth manifolds are central objects in mathematics. However, the category
of smooth manifolds is not closed under many useful operations. Since the 1970’s,
mathematicians have been trying to generalize the concept of smooth manifolds.
J. Souriau’s notion of diffeological spaces is one of them. P. Iglesias-Zemmour and
others developed this theory, and used it to simplify and unify several important

concepts and constructions in mathematics and physics.

We further develop the diffeological space theory from several aspects: cate-
gorical, topological and differential geometrical. Our main concern is to build a
suitable homotopy theory (also called a model category structure) on the category
of diffeological spaces, which encodes the usual smooth homotopy theory of smooth

manifolds and the diffeological bundle theory of Iglesias.

This is a huge task, and at the moment, we have not yet completely proved the
existence theorem. However, in the process, we can see the beauty of the merging
of differential geometry and homotopy theory. (More details are explained in the
Introduction.) These results should be of some interest to people working in these

fields.

Keywords: Diffeological spaces, D-topology, smooth homotopy groups, tangent
spaces, diffeological bundles, irrational torus, simplicial sets, model category theory,

homogeneous Spaces.
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Introduction

Smooth manifolds are some of the most important objects in mathematics. They
contain a lot of geometric information: tangent spaces, tangent bundles, differential
forms, de Rham cohomology, etc. This information can be put to great use in
proving results. However, the category 91fd of smooth manifolds is not closed under
many useful constructions, such as subspaces, quotients, function spaces, etc.

On the other hand, the category of compactly generated weak Hausdorff topo-
logical spaces is closed under these constructions, but the geometric information is
missing.

Can we have the best of both worlds?

Since the 1970’s, mathematicians have been trying to generalize the concept of
smooth manifold. Based on the fact that the smooth structure of a smooth manifold
M can be tested by the set I(M) of all smooth maps from some test objects to
the manifold, or by the set O(M) of all smooth maps from the manifold to some
test objects, and these two sets I(M) and O(M) have compatibility conditions,
A. Stacey in [St] classified some of these approaches into three classes: the mapping-
in approaches (which use I(M) for defining the smooth structure, for example,
the Chen spaces [Ch], and J. Souriau’s diffeological spaces [So]), the mapping-out
approaches (which use O(M) for defining the smooth structure, for example, the

Sikorski spaces [Si], and the Smith spaces [Sm]), and the balanced approach (which



uses both I(M) and O(M) together with the compatibility condition for defining
the smooth structure, for example, the Frolicher spaces [F]). For the relationships

between these approaches, see [St].

We pick diffeological spaces as our main target for three reasons: (1) it is a
relatively well-developed theory, see [DI, Dol He, HM, 11, T2, 13|, Lal, MS, So, etc;
(2) there are some amazing facts in diffeological bundle theory developed by P.
Iglesias-Zemmour, see [I1, 12] and Section 1.7 of this thesis. First of all, a diffeological
bundle is not defined to be a smooth map which is locally trivial under the D-
topology (see Section 1.3), but is defined to be a smooth map such that the pullback
along any plot is locally trivial (Definition 1.7.4). Then, given a Lie group G and
a subgroup H (not necessarily closed), the projection G ! G/H is a diffeological
bundle, where G/ H is the set of left or right cosets (Proposition 1.7.12)). Instead of
(continuous) homotopy groups, we use smooth homotopy groups (see Section 1.4),
and we get a long exact sequence of smooth homotopy groups for every diffeological
bundle (Theorem [1.7.13). As a consequence of this, the smooth fundamental group
of the irrational torus (Example(1.1.6)) is non-trivial, but the continuous fundamental
group is trivial (Example(1.7.14); (3) if we take the mapping-out approaches, in order
to keep the underlying topology, the irrational torus becomes trivial. Similarly, if
we take the Frolicher space approach, in order to balance (M) and O(M) and keep

the underlying topology, the irrational torus becomes trivial as well.

Our main goal of the thesis is to develop a homotopy theory on the category Diff
of diffeological spaces, which encodes the usual homotopy theory of smooth mani-
folds and the diffeological bundle theory. By homotopy theory, we mean a model
category structure on Diff. In 1967, D. Quillen introduced the concept of model cat-
egories in his famous book [Q] by axiomatizing the basic properties and relationship

between the category Top of topological spaces and its homotopy category Ho(Top).



In the following 45 years, only slight changes have been made, and now model cate-
gories are a standard tool to do homotopy theory on any nice enough category. The
advantage of this abstract tool is that it unifies some ideas from different branches of
mathematics. For example, CW-approximations in Top and projective resolutions
of R-modules are cofibrant replacements in some model category structures on Top

and Ch=°(R), respectively.

We set up our basic definitions of weak equivalences, fibrations and cofibrations
of Diff in Section 2.4. We use this definition for the following reasons: (1) we do
not use Theorem |A.2.35 to check the existence of a model category structure on
Diff since it is hard to choose suitable sets I and J. Note that in the proof (see
[Ho]) that the standard model category structure on Top (Example [A.2.53) satisfies
the model category axioms (Definition [A.2.4), we need to use different forms of S,
for example, [0,1]"/0|0, 1]", etc. However, in Diff they are not diffeomorphic; (2)
we have the usual compact cosimplicial object JA®J; in Diff with each JA"J; =
f(xo,21,¢ ¢ ¢x,) 2 (RZO)"H | 3™ 2; = 19 equipped with the sub-diffeology of
R™*. We use the noncompact cosimplicial object A® instead in our setup since
these JA"]’y are too complicated (Remark [1.6.11], 1.8.2 and Example [1.8.1/(2)); (3)
A' homotopy theory also uses a noncompact cosimplicial object. There is a folk belief
that to get the model structure, one can lift the standard model category structure
from sSet directly, instead of passing to the projective model category structure on
simplicial presheaves; (4) note that we also have an adjoint pair between Diff and
Top (Theorem [1.3.4). We do not talk about co-lifting the standard model category
structure on Top to Diff since otherwise the striking example of the irrational torus
would disappear.

Unfortunately, we have not yet completed the proof that under these definitions

Diff is a model category. Our main tool for the proof is Kan’s theorem (Theorem



A.2.36). We have proved condition (1) of Kan’s theorem (Theorem 2.1.3), but we
have some difficulty in proving condition (2).

Nevertheless, we are able to prove many new results about diffeological spaces
and their homotopy theory. Our main results for this project are in Section 2.6 and
2.7 about some characterizations of fibrant and cofibrant objects in Diff (see below

for more details).

We also develop some basics of diffeological spaces. See below for more details.

Thesis Organization

Chapter 1:

We summarize and develop some basics of diffeological spaces in this chapter.

J. Souriau [So| introduced diffeological spaces in 1980. We review the basic
properties of this category in Section 1.1: it contains 9)ifd as a full subcategory
(Theorem [1.1.3), and it is complete, cocomplete and cartesian closed (Theorem
1.1.9 and [1.1.13). We recall the example of the irrational torus (Example [1.1.6) and
introduce another important example A? (Example [1.1.10).

E.J. Dubuc [Du] introduced the concept of concrete sites (Definition 1.2.5) and
concrete (pre)sheaves (Definition [1.2.10) over a concrete site in 1977. J. Baez and
A. Hoffnung [BH] gave a sheaf theoretical approach to diffeological spaces in 2009.
They proved that Diff is equivalent to the category of concrete sheaves over the
diffeological site DS (Definition 1.2.7/ and Theorem [1.2.12)), and that the category
of concrete sheaves over any subcanonical concrete site is a quasi-topos. We further
explore this approach in Section 1.2. We show that the subcanonical condition can

be dropped and most of the results in [BH] still hold (Theorem [1.2.22). We also



give conditions which imply that a presheaf is concrete (Lemma [1.2.24, Proposition
1.2.25/and 1.2.28). Furthermore, we study the example of lifting the standard model
category structure on sSet to a category of concrete (pre)sheaves over the simplicial
category A (Example(1.2.15) as a test example. The results are: we could not lift the
standard model structure to the concrete presheaf category (Proposition (1.2.35), but
we can lift the standard model structure to the concrete sheaf category (Theorem
1.2.38).

P. Iglesias-Zemmour introduced a natural topology (called the D-topology) for
every diffeological space in his thesis [12]. We further develop the general topology
aspect of diffeological space in Section 1.3. We have the following original results:
(1) there is an adjoint pair between Diff and Top (Theorem [1.3.4); (2) using results
from [KM], we observe that the D-topology is totally determined by all smooth
curves, while the diffeology is not (Remark [1.3.9); (3) the image of the D-topology
for all diffeological spaces is exactly the A-generated spaces (Definition 1.3.15 and
Proposition [1.3.16); (4) We study which topological spaces are A-generated. M.
Laubinger [Lal] gave a necessary condition (Proposition [1.3.3) which is not sufficient
(Example 1.3.23)), and we give a sufficient condition (Proposition 1.3.18)) and an ex-
ample showing this condition is not both necessary and sufficient (Example 1.3.20);
(5) we compare the D-topology on a function space with the compact-open topol-
ogy, and show that the D-topology is usually strictly finer than the compact-open
topology (Example 1.3.25 and [1.3.26, and Lemma [1.3.27); (6) some properties of
Mitd could not be extended to Diff: the usual notion of a ringed space does not
totally determine the diffeology (Example [1.3.29), and not every diffeological space
has the smooth variety property (Definition 1.3.31] and Example 1.3.33)). Also, we
can associate two topologies for a sub-diffeological space, and in general they are dif-

ferent (Example1.3.6). We give some conditions under which they coincide (Lemma

1.3.8, Example [1.3.14' and [1.3.14)).



P. Iglesias-Zemmour introduced smooth homotopy theory in his thesis [I2]. We
further develop this theory in Section 1.4. Our main contribution is that several
alternative definitions of the smooth homotopy groups of a diffeological space match
Iglesias’ original definition (Definition 1.4.1, Theorem [1.4.3, 1.4.4, 1.4.8 and 1.4.9)).
Two more equivalent characterizations will be given in Section 2.7 (Remark 2.7.1
and Proposition 2.7.2).

J. Souriau [So| introduced the differential forms and de Rham cohomology for
diffeological spaces. P. Iglesias-Zemmour, etc. [I1, MS| further developed them. We
summarize the basic theory in Section 1.5. Note that de Rham cohomology is smooth
homotopy invariant (Theorem [1.5.12). We calculate the de Rham cohomology of
the irrational torus (Example 1.5.8) and A? (Example 1.5.11)). In Diff the de Rham
theorem does not hold (Remark [1.5.9).

In Section 1.6, we compare two approaches to defining the tangent space of a
pointed diffeological space, one introduced by G. Hector (we call it the internal
tangent space, see Section 1.6.1), and the other suggested by A. Kock (we call it
the external tangent space, see Section 1.6.2). Note that we can define the internal
tangent bundle in a natural way, but we have trouble to define external tangent
bundle in general. We compare the two tangent space approaches with the germ
approaches, and develop some calculational tools (see Section 1.6.3). Although
these approaches match for smooth manifolds, in general they are different. The
main examples are the two tangent spaces for the pointed irrational torus (Example
1.6.8) and for the closed half line pointed at the boundary (Example 1.6.10).

To have theoretical understanding of their previous calculations in [DI], P. Iglesias-
Zemmour introduced the diffeological bundle theory in his thesis [[2]. We summarize
this theory together with some basic diffeological group theory in Section 1.7: the
definition of a diffeological bundle (Definition 1.7.4), an example from diffeological

groups (Proposition 1.7.12)), the long exact sequence of smooth homotopy groups for



every diffeological bundle (Theorem [1.7.13) and the difference between continuous
and smooth fundamental groups of the irrational torus (Example 1.7.14). These
results serve as a motivation for the development of a model category structure on
Diff in the next chapter.

Finally we summarize the dimension theory of diffeological spaces in Section 1.8.
Some new examples are worked out there (Lemma [1.8.3/ and [1.8.6, Example [1.8.4]

1.8.5 and [1.8.7, and Proposition [1.8.8)).

Chapter 2:

In this chapter, we are trying to develop a homotopy theory (that is, a model
category structure) on Diff which encodes the usual homotopy theory of smooth
manifolds and the diffeological bundle theory of Iglesias (see Section 1.7). However,
we haven’t completed the proof of the existence of the model category structure from
our definitions of weak equivalences, fibrations and cofibrations (Definition 2.4.2) on
Diff. We have partial results as follows. With a few exceptions, the material in this
chapter is original.

In Section 2.1, we prove by definition that @iff is locally presentable (Theorem
2.1.3)). More generally, a similar proof shows that the category of all concrete sheaves
over a concrete site is locally presentable (Remark 2.1.4).

In Section 2.2, we recall an adjoint functor theorem (Theorem 2.2.1) together
with three famous classical examples (Example 2.2.2, 2.2.3 and 2.2.4). We also set
up the adjoint pair between sSet and Diff using the noncompact cosimplicial object
A* (Example 2.2.5).

In Section 2.3, we prove that there is a model category structure on the category
of presheaves over the diffeological site DS (Corollary 2.3.3).

In Section 2.4, we introduce the diffeological spaces A", A, OA™ and OA7,

sub’

and we define the weak equivalences, fibrations and cofibrations in @iff (Definition



2.4.2).

In Section 2.5, we study some basic properties of the diffeological realization
functor j?j 5 and the smooth singular functor Sy. The main results are Lemma 2.5.1
and Proposition 2.5.2), 2.5.3/ and 2.5.5.

In Section 2.6, we give characterizations of cofibrant objects and fibrant objects in
Diff. The main results are: (1) we have a partial factorization (Proposition 2.6.2);
(2) S' is cofibrant (Theorem 2.6.9); (3) every homogeneous diffeological space is
fibrant (Theorem 2.6.23), in particular, every diffeological group (Proposition 2.6.12))
and every smooth manifold without boundary (Corollary 2.6.25) is fibrant; (4) every
topological space with the continuous diffeology is fibrant (Example2.6.26); (5) some
functional spaces are fibrant (Proposition 2.6.27); (6) every diffeological bundle with
fibrant fiber is a fibration (Lemma 2.6.20); (7) not every diffeological space is fibrant
(Example 2.6.30, 2.6.31 and 2.6.32), and in particular, no smooth manifold with
boundary is fibrant (Example 2.6.33)); (8) not every diffeological space is cofibrant
(Example 2.6.21).

In Section 2.7, we give two more equivalent definitions of the smooth homotopy
groups of a pointed diffeological space (Remark 2.7.1 and Proposition 2.7.2), and
we use these characterizations to prove that the smooth homotopy groups of a
fibrant diffeological space is bijective to the simplicial homotopy groups of its smooth

singular complex (Theorem 2.7.3)).

Appendix A:

This appendix contains some basics of model category theory.

Section A.1 contains the basics of left and right Kan extensions. A good reference
is [Mac].

Section A.2 summarizes the basics of model category theory: the definition of a

model category, its homotopy category, Quillen pairs, Quillen equivalence, the small



object argument, cofibrant generation, properness, simplicial model categories, and
Reedy model categories. We also review the standard model category structures on
Top and on sSet, and the projective model category structure on Ch=(R). Good
references for these are [DS, (GJ, Hi, Ho, Q).
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Notations and Conventions

2 We use N to denote all natural numbers f0, 1,2, ¢ ¢ ¢, gind we use Z* to denote

all positive integers f1,2,3,¢¢ ¢.g

2 Any category in this thesis is assumed to be locally small, in the sense that
given any two objects in this category, the class of morphisms from one object

to another is actually a set.

2 We understand limits and colimits to be small, that is, they are defined with

respect to functors out of small categories.
2 We use Get to denote the category of sets with set maps.
2 We use Vectg to denote the category of real vector spaces with R-linear maps.

2 We use Mfd to denote the category of finite dimensional real smooth mani-
folds without boundary with smooth maps (that is, C maps). All smooth

manifolds are assumed to be second countable.
2 We use Top to denote the category of topological spaces with continuous maps.
2 We use sSet to denote the category of simplicial sets with simplicial maps.

2 Given a site C (Definition [1.2.3), we use Pre(C) (or Gh(C)) to denote the cat-
egory of presheaves (or sheaves) on Cwith natural transformations (Definition

1.2.4).

2 Given a concrete site C (Definition[1.2.5), we use €Pre(C) (or €Sh(C)) to denote
the category of concrete presheaves (or concrete sheaves) on C with natural

transformations (Definition 1.2.10).

2 'We use DS to denote the diffeological site (Example [1.2.7).
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2 We use Diff to denote the category of diffeological spaces with smooth maps

(see the beginning of Section 1.1.1).

2 Given a category C, and given two objects A and B of C, we write C(A, B) for
the hom-set of all morphisms from A to B in C.

2 By an adjoint pair F' : C= D : G, we always mean that F' is a left adjoint
and G is a right adjoint.



Chapter 1

Basics of Diffeological Spaces

Smooth manifolds are ubiquitous objects in mathematics. They contain a lot of im-
portant geometric information: tangent spaces, tangent bundles, differential forms,
de Rham cohomology, etc. However, the category 9ifd of smooth manifolds is not
closed under many useful constructions, such as subsets, quotients, functional spaces,
etc.

In 1980, J. Souriau introduced a larger category called the category Diff of
diffeological spaces [So]. This category is closed under these usual constructions,
and on every diffeological space, we can still do differential geometry.

In Section 1.1, We summarize the basic properties of this category Diff: it is
complete, cocomplete and cartesian closed, and it contains 91fd as a full subcategory.

In Section 1.2, we develop the concrete sheaf theory following J. Baez and A.
Hoffnung. In [BH], they proved that Diff is equivalent to the category of concrete
sheaves over the diffeological site DS, and that the category of concrete sheaves
over any subcanonical concrete site is a quasi-topos. We show that the subcanonical
condition can be dropped and most of the results in [BH] still hold (Theorem [1.2.22).

We also give conditions which imply that a presheaf is concrete. Furthermore, we

12
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study the possibility of lifting the standard model category structure on sSet to a
category of concrete (pre)sheaves over the simplicial category A.

In Section 1.3, we develop the general topology aspect (called the D-topology)
of diffeological spaces after P. Donato [Do]. We discuss the following five themes in
this section: (1) the D-topology induces an adjoint pair between Diff and Top; (2)
we can associate two topologies for a sub-diffeological space, and in general they are
different. We give some conditions under which they coincide; (3) we characterize
which topological spaces can be realized as the D-topology of a diffeological space;
(4) we discuss the D-topology on function spaces; (5) some properties of Iifd fail
for ®iff. The main original results for this section are Theorem [1.3.4, Remark [1.3.9,
Proposition 1.3.16 and [1.3.18, Lemma [1.3.27, Example [1.3.20, [1.3.25) 1.3.26, 1.3.29,
and 1.3.33.

In Section 1.4, we develop the smooth homotopy theory of diffeological spaces
after P. Iglesias-Zemmour [I1, I2]. Our main contribution is that several alternative
definitions of the smooth homotopy groups of a diffeological space match Iglesias’
original definition.

In Section 1.5, we summarize some basics of the differential forms and de Rham
cohomology theory for diffeological spaces [So, T1].

In Section 1.6, we compare two approaches to defining the tangent space of a
pointed diffeological space, one introduced by G. Hector (we call it the internal tan-
gent space), and the other suggested by A. Kock (we call it the external tangent
space). We also compare them with the germ approaches, and develop some calcu-
lational tools. Although these approaches match for smooth manifolds, in general
they are different. The main examples are the two tangent spaces for the pointed
irrational torus (Example[1.6.8) and for the closed half line pointed at the boundary
(Example 1.6.10).

In Section 1.7, we summarize the diffeological bundle theory of P. Iglesias-
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Zemmour [I1, 12], as a motivation for the possible model category structure in the

next chapter.

In Section 1.8, we summarize the dimension theory for diffeological spaces. A

few new examples are worked out there.
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1.1 Diffeological spaces, a set-theoretic point of
view

Definition 1.1.1 ([So]). A diffeological space is a set X together with a specified
set Dx of maps U! X (called plots) for every open set U in R™ and for each n 2 N,
such that for all open subsets U 1 R™ and V' p R™:

(1) (Covering) Every constant map U ! X is a plot;

(2) (Smooth Compatibility) If U ! X is a plot, and V' ! U is smooth, then the
composition VI U! X is also a plot;

(3) (Sheaf Condition) If U = [ ;U; is an open cover and U ! X is a set map such
that each restriction U; ! X is a plot, then U! X is a plot.

Without confusion, we usually use the underlying set X to represent the diffeo-

logical space (X,Dx).

Definition 1.1.2 ([So]). Let X and Y be two diffeological spaces, andlet f : X | Y
be a set map. We call f smooth if for every plot uw: U ! X of X, the composition
fxuisaplotof Y.

The collection of all diffeological spaces with smooth maps forms a category,
and we will denote it by Diff. Given two diffeological spaces X and Y, we write
Diff(X,Y) for the set of all smooth maps from X to Y. An isomorphism in Diff will

be called a diffeomorphism.
Theorem 1.1.3 ([So|). There is a fully faithful functor Mfd ! Diff.

Proof. Every smooth manifold M is canonically a diffeological space with the same
underlying set and plots all smooth maps U ! M in the usual sense. We call this

the standard diffeology on M. By using charts, it is easy to see that smooth maps
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in the usual sense between smooth manifolds coincide with smooth maps between

them with the standard diffeology. O

From now on, without specification, every smooth manifold considered as a dif-

feological space is equipped with the standard diffeology.

Remark 1.1.4 ([I1]). Similar results holds for smooth manifolds with boundary.
This is a surprising result since it means that smoothness on the boundary can be
tested by smooth functions from all open subsets of R™ for all n 2 N. Actually this
also follows from Kriegl-Michor’s Theorem (Theorem 24.5 of [KM]).

Proposition 1.1.5 ([I1]). Given a set X, let D be the set of all diffeologies on X

ordered by inclusion. Then D is a complete lattice.

Proof. This follows from the fact that D is closed under arbitrary (small) inter-
section. The largest element in D is called the indiscrete diffeology on X, which
consists of all set maps U ! X, and the smallest element in D is called the discrete

diffeology on X, which consists of all locally constant maps U ! X. O

The smallest diffeology D x(A) on X containing a set of maps A =fU; ! Xgies
is called the diffeology generated by A. More precisely, D x(A) consists of all maps
f Ul X such that there exists an open cover fV;g of U together with the
property that f restricted to each V; factors through some element U; ! X in A via
a smooth map V; ! U;. The standard diffeology on a smooth manifold is generated
by a smooth atlas on the manifold. For every diffeological space X, D x is generated
by [ nen@iff(R™, X'). We call elements in this generating set global plots.

Generalizing the previous paragraph, let A = ff; : X; | Xg;e;s be a set of
functions from some diffeological spaces to a fixed set X. Then there exists a smallest
diffeology on X making all f; smooth, and we call it the final diffeology defined by

A. For a diffeological space X with an equivalence relation » , the final diffeology
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defined by f X — X/» g is called the quotient diffeology. Similarly, let B =f g, :
Y ! Yigrerx be a set of functions from a fixed set Y to some diffeological spaces.
Then there exists a largest diffeology on Y making all g, smooth, and we call it the
initial diffeology defined by B. For a diffeological space X and a subset A of X, the
initial diffeology defined by f A4 Xq is called the sub-diffeology.

Example 1.1.6 ([DI, T1]). Let T? = R?/Z? be the usual 2-torus, and let Ry be
the image of fy = Axg under the natural map R? ! 772 with @ irrational. Note
that T2 is a Lie group, and Ry is a subgroup. The set T?/Ry of left cosets with
the quotient diffeology is called the irrational torus of slope 6. One can show that
T? /Ry is diffeomorphic to R/(Z + 6Z) (denoted by T%).

Here are some basic properties of irrational tori:

(1) Let p: R! T} be the quotient map. Then for any interval J 4 R, p(J) = T3.
Therefore, as a diffeological space, Tj is neither discrete nor indiscrete. However,
for any a 2 T, T7 i f ag as a sub-diffeological space is discrete. As a topological
space with the quotient topology, T¢ is indiscrete.

(2) Let a, 3 be two irrational numbers. Then for every smooth map f : T2 ! T3,
there exists A\, u 2 R such that A\ and a\ 2 Z + 37 and the affine map F': R! R

sending x to Az 4+ pu makes the following diagram commutative:

R—LR

L

Furthermore, there exists a non-constant smooth map f : 77! T3 if and only

if a = % with (‘; 2) 2 GLy(Q) and a,b,c,d 2 Z if and only if there exists a

surjective smooth map f : T2 ! Tg.
Also, there is a smooth bijection f : T2 ! T3 if and only if o = atB with

c+dp
(2%) 2 GLy(Z) if and only if there is a diffeomorphism f: T2 ! Tj.
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Remark 1.1.7. Let X be a subset of R” with the sub-diffeology. Then by Boman’s
theorem (Corollary 3.14 of [KM]), p: U! X is a plot if and only if for every smooth
function f : R ! U, the composition px f : R! X is a plot. In other words,
Diff(R, X) determines the smooth structure of X. Therefore, all the techniques

developed in [KM] apply in this case.

Example 1.1.8. In contrast, let X = R? be equipped with the diffeology generated
by all maps R ! R? which are smooth in the usual sense. Then the set map
id : R? ! X is not a plot, although for every smooth map f:R! R2? id+f = f:
R! X is a plot.

Theorem 1.1.9 ([So|). Diff is both complete and cocomplete.

The forgetful functor Diff | Get preserves both limits and colimits since it
has both left (discrete diffeology) and right (indiscrete diffeology) adjoints. The
diffeology on the limit (colimit) is the initial (final) diffeology defined by the natural
maps from the universal properties. More precisely, for the limits, let F': J! Diff
be a functor from a small category J. Then U ! limF is a plot of limF' if and only if
the composition U ! limF' ! F(j)is a plot of F(j) for any j 2 Obj(J). And for the
colimit, let £': J! Diff be a functor from a small category J. Then U! colim F
is a plot of colim F' if and only if locally it factors through F'(j) ! colim F for some
j 2 Obj(J), with the factorization a plot of F(j).

Example 1.1.10. Let A% be the pushout of R<-—R? —>R with Im(i) = f0g.
As aset, A2 =f(z,y) 2 R*j 2 = 0 or y = 0g. If we denote the sub-diffeological

2

Zupe then we have a smooth

space of R? with the same underlying set as A? by A
map A% ! A2, which is identity on the underlying sets. However, this map is not

a diffeomorphism. This is because there exists a smooth function f: R ! R such
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that f(t) > 0 for all t > 0, and f(t) =0 for all ¢ - 0, for example,

et ift>0

0 ift- 0.

ft) =

Then the smooth map R! R? defined by ¢ 7! (f(¢), f(j t)) induces a plot of A% ,,
but not a plot of A% since no neighborhood of 0 has a smooth lifting to either of the
axes of R?.

We may call the crossing point (0,0) of A% and A%, a border point and a stop

sign, respectively, since every smooth curve making a turn in A% must stop for an

amount of time, while in A%, it only needs to stop instantaneously.
Example 1.1.11. Let X be the pushout of
R"E (i1 ,e)<—>R"£ (j §,e) —=R"£ (j 0,1 )

for some €,6 > 0. Then X is diffeomorphic to R?*!. This result will be used

extensively for the gluing of smooth maps.

Example 1.1.12. In contrast to the previous example, the pushout of
R*"E RSO« DO R"£f 0g——=R"£ R

is not diffeomorphic to R"*!, for any n 2 N. This can be proved by Lemma [1.8.6
and (2) of Example [1.8.1.

Theorem 1.1.13 ([So]). Diff is cartesian closed.

More precisely, given two diffeological spaces X and Y, the set of maps fU !
Diff(X,Y)j UE X ! Y is smoothg forms a diffeology on Diff(X,Y). We call it
the functional diffeology on Diff(X,Y"), and without specification, we always give
any hom-set the functional diffeology. Furthermore, for any diffeological space Y,

TE Y : Diff = Diff : Diff(Y, ?) is an adjoint pair.
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1.2 Diffeological spaces, a sheaf-theoretic point of
view

In this section, we explore more generally to study ‘something like diffeological
spaces’. They are called concrete sheaves over a concrete site. There are three
themes here: (1) the basic properties of these categories; (2) conditions under which
a presheaf is concrete; (3) lifting of the standard model category structure on sSet

to €Pre(A) and €Sh(A).

1.2.1 Concrete (pre)sheaves over a concrete site

There is a long history of the definition of a site, and there are many variations.

The following four definitions are essentially from [Jo):
Definition 1.2.1. A family is a collection of morphisms with a common codomain.

Definition 1.2.2. A coverage on a category Cis a function assigning to each object
U in Ca collection J(U) of families f f; : U; ! Ug,er, called the covering families,
with the following properties:

(1) given a covering family f f; : U; ! UQe; and a morphism g : V' U, there
exists a covering family fh; : V; I Vg,ec; such that each morphism g +h; factors
through some f;;

(2) let fU; ! Ugier be a covering family of U, and for each ¢ 2 I, let fU;; !
Uigjcs, be a covering family of U;. Then fU;; ! U; ! UQier ey, is also a covering
family of U;

(3) fid : U! Ugis a covering family of U.

Definition 1.2.3. A site is a small category together with a coverage.

Definition 1.2.4. Let Cbe a site.
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(1) A presheaf on Cis a functor C? !  Get.

(2) Let F' be a presheaf on C let U be an object of C and let f f; : U; ! UQiers
be a covering family of U. A function x : I [ ;e F(U;) with x(i) 2 F(U;) for each
1 2 I is called compatible with respect to this covering family, if for any 4,5 2 I, any
object V' of C, and any morphisms g : V! Uy and h: V! U; with f; g = f; £h,
we have F(g)(2(i)) = F(h)((})).

(3) A sheaf F on Cis a presheaf F': CP |  Get satisfying the following condition:
for any object U of C, any covering family f f; : U; !  Ug;e; of U, and any compatible
x: I V[ erF(U;) with respect to this covering family, there exists a unique y 2
F(U) such that F(f;)(y) = x(i) for any i 2 I.

The category of all presheaves (or sheaves) on C with natural transformations

will be denoted by Bre(C) (or Sh(C)).

Definition 1.2.5. A site Cis called concrete if it has a terminal object 1, such that
(1) C(1,7): C! Get is faithful;
(2) for any object U in Cand any covering family fU; ! Ug;c; of U, the natural
map [[;c;C(1,U;) ! C (1,U) is surjective.

Compared to the definition of a concrete site in [BH], we drop the subcanonical

condition.

Example 1.2.6. Let X be a topological space. Then the poset O(X) with objects
all open subsets of X ordered by inclusion together with the usual open covering is

a site with terminal object X. It is concrete if and only if for any covering family

f Uj & X Q;e; of X, there exists i 2 I such that U; = X.

Example 1.2.7 ([BH]). Let DS be the category with objects all open subsets
of R™ with n 2 N, and morphisms all smooth maps between them. We say

f Ui &= U Qier is a covering family of U in DS if each U; is open in U and
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[ ictU; = U. Then DS forms a concrete site with terminal object R?, and the
functor DS(R%,?) : DS! &et sends every object U of DS to its underlying set U.
We call DS the diffeological site.

Example 1.2.8 (|[BH]). Let CShbe the category with objects all convex subsets of
R" for n 2 N with nonempty interior, morphisms all smooth functions, and coverings

the relative open coverings. Then CS forms a concrete site.

Remark 1.2.9. Similarly, we can construct many such examples of concrete sites.
For example, we can change the morphisms in DS or CSto be continuous maps, or
C*-maps, or analytic maps, etc, to get concrete sites.

Also we can take the category with objects all open subsets of C" with n 2 N,
morphisms all holomorphic maps, and coverings the usual open coverings to get a

holomorphic concrete site, etc.

Definition 1.2.10. A concrete presheaf (or sheaf) X over a concrete site Cis a
presheaf (or sheaf) such that for any object U in C, the natural map « : X(U) !

Get(C(1,U), X(1)) defined by a(f)(u) = u*(f) is injective. The category of all
concrete presheaves (or sheaves) over C with presheaf maps will be denoted by

CPre(C) (or €Sh(C)).

Remark 1.2.11. By replacing X (U) by its image under a, we can make the follow-
ing observation: giving a concrete presheaf over a concrete site Cis the same as giving
a set A (thought of as X(1)) together with a set Ba U [ veowj)Get(C(1,U), A),
such that

(1) every set map C(1,1) ! A isin P4, so every constant map C(1,U) ! A is
in P

(2)ifg: V! U2 Mor(C),and f:C(1,U)! A2 Py, then f*+g. 2 Pa, where
g« : C(1,V)!C (1,U) is induced by g.
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A concrete sheaf is a concrete presheaf such that

(3)if f: C(1,U)! Aisaset map, and there exists a covering family f U; | UQ;e;s
of U such that the composition C(1,U;) — C(1,U) L Aisin B,y forany i 2 1,
then f 2 Pu.

Let A and B be two concrete presheaves (or sheaves) over the concrete site Cin

the above sense. Then a set map f: A! B is a morphism in €Pre(C) (or €Sh(C))
if f(PBa)H Bs.

This shows that €Sh(C) is equivalent to a category of sets with certain types of
plots.

Take C = DS as an example. The category whose objects and morphisms are
described in the above remark is exactly ©iff. There is an equivalence 3 : Diff
= €Sh(DS) : 7 given by:

for a diffeological space X, 3(X)(U) = the set of all plots U! X, and

for a concrete sheaf Y over DS, v(Y) = Y/(R") and D vy = [ veovjpsya(Y (U)).

This proves the following:

Theorem 1.2.12 ([BH]). There is an equivalence of categories between Diff and
¢Sh(DS).

Example 1.2.13. Fix n 2 Z*. Then DS ! Vecty given by U 7! Q"(U), the set

of all smooth n-forms on U, is a sheaf, which is concrete if and only if n = 0.

Proposition 1.2.14. Let Cbe a concrete site. Then the Yoneda functor C! Pre(C)
factors through the inclusion functor €Pre(C) ! PBre(C).

Proof. We need to show that for any object U in C, C(?,U) is concrete. This is just
because by the definition of a concrete site, C(1,7) : C ! Get is faithful. O

Example 1.2.15. In general, the Yoneda functor does not factor through the in-
clusion functor €Sh(C) ! Pre(C). For example, let C be the simplicial category



CHAPTER 1. BASICS OF DIFFEOLOGICAL SPACES 24

A (see Example |A.2.44] for more details). Then 0 is the terminal object, and
A(0,n) 2 10,1,2,¢¢¢ng. If we define f f; : n; ' n injective 2 A(E’ n)g to be
a covering family of n if [ ;f; (E) = n, then A becomes a concrete site. Clearly,
A(1,1) has three elements. But if we cover the domain with two singletons, and
note that A(0, 1) has 2 elements, the sheaf condition would require that A(1, 1) have
4 elements. In other words, A(?,1) is a (concrete) presheaf, but not a sheaf.

On the other hand, C(7, 1) is a concrete sheaf for any concrete site Cwith terminal

object 1, since it is constant.

Definition 1.2.16. We call a concrete site C subcanonical if the Yoneda functor

factors through the inclusion functor €Sh(C) ! Pre(C).
Example 1.2.17 (|BH]). Both DS and CS are subcanonical.

Proposition 1.2.18 ([BH]). There is an adjoint pair ¢ : Pre(C) = €Pre(C) : i, with
i the forgetful functor, and ¢(X)(U) = X(U)/» , where f » g2 X (U) if and only if
they have the same image under the natural map o : X(U) ! Set(C(1,U), X(1)).

We call ¢ : Pre(C) ! €Pre(C) in the above proposition the concretization func-
tor. Clearly, c+i = id, and ¢(X)(1) = X(1) for any presheaf X.

Proposition 1.2.19. The concretization functor preserves products.

Proof. This means that for any set of presheaves f X;g;c; over a concrete site C,
the natural presheaf map c([],c; Xi) ! [[;c; c(X;) is an isomorphism in €Pre(C),
and it follows directly from the definition of the concretization functor in the above

proposition. ]

Proposition 1.2.20 (|[BH]). There is an adjoint functor § : €Pre(C) = €Sh(C) : 1,
where § is the usual sheafification functor restricted to €Pre(C).

Clearly, § £i = id.
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Theorem 1.2.21 ([BH]). Let C be a subcanonical concrete site, then €Sh(C) is

complete, cocomplete, and (locally) cartesian closed.
In fact, we can drop the subcanonical condition and get:

Theorem 1.2.22. Let C be a concrete site, then both €Pre(C) and €Sh(C) are

complete, cocomplete, and cartesian closed.

Proof. For €Pre(C), limits are calculated sectionwise, and colimits are calculated sec-
tionwise followed by concretization. Let X and Y be two concrete presheaves over C.
We can define another concrete presheaf €Pre(C)(X,Y) with €Pre(C)(X,Y)(U) =
CPre(C)(XE£C(?,U),Y). Then we have the following adjoint pair 7€ X : €Pre(C) =
CPre(C) : €Pre(C)(X, 7).

For €Sh(C), limits are calculated sectionwise, and colimits are calculated sec-
tionwise followed by concretization and sheafification. Let X and Y be two con-
crete sheaves over C. Then €Pre(C)(X,Y) (now we write it as €Sh(C)(X,Y))
is in fact a concrete sheaf, since if C(1,U) ! €Sh(C)(X,Y) is a set map such
that there exists a covering fU;Q;c; of U with the property that the composition
C1,U;) ' C (1,U) ! €&Sh(O)(X,Y) 2 &€Sh(C)(X,Y)(U;) for each i 2 I, then for
any (f,9) : C(1,V)!C (1,U) £ X(1) 2 Pea,uyxxq), there exists a covering family
fV;1 Vg;es of V such that we have commutative diagrams of the form

o, v) Y ooy e x(1)

T |

C(1.V;) —=O(L,U) £ X(1)
with the bottom horizontal map in Be(1,v,)x x (1), by the definition of coverage. Since

Y is a sheaf, the composition
(f,9)
C1,V)—=C(1,U)£ X(1)—=Y(1)

is in mY(l)- ]
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Remark 1.2.23. The above proof shows that if X is a concrete presheaf and Y is a
concrete sheaf over a concrete site C, then €Pre(C)(X,Y) is in fact a concrete sheaf.

Let F': J! &Sh(C) be a functor. Write F'(j) =f A;,B4,g with A; a set. Then
colim(F)(1) = colimje; A; as a set, and C(1,U) ! colim(F)(1) is a plot if and
only if there exists a covering family fU; ! Ug,e; of U such that the composition
C1,U;) ' C (1,U) ! colim(F)(1) factors through some A; ! colim(F)(1) via a
plot C(1,U;) ! A; for each i 2 1.

1.2.2 When concreteness is automatic?

Now let’s explore some conditions under which a presheaf over a concrete site is

guaranteed to be concrete.

Lemma 1.2.24. Every sub-presheaf A of a concrete presheaf X over a concrete site

18 again concrete.

Proof. Let C be a concrete site with terminal object 1. We have the following

commutative diagram in Get:

A(U) —= Get(C(1,U), A1)

|

)
X(U) —= &et(C(1,U), X (1))

for any object U in C. Since A is a sub-presheaf of X, the left vertical map is
an injection, and since X is a concrete presheaf, the bottom horizontal map is an

injection. Hence the top horizontal map is also an injection. Il

Proposition 1.2.25. Let C be a concrete site. Then any coproduct in Bre(C) of

concrete presheaves is again concrete.

Proof. This directly follows from the definition. O]
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Remark 1.2.26. In general, the coequalizer in Pre(C) of concrete presheaves may
not be concrete.

For example let C= DS, let X =R’ =fzgand Y = R°[[ R = fy;, y»g be two
objects in €Pre(DS), and define maps f; : X | Y by z 7! y; for i = 1,2. Write A
for the coequalizer of X j::;: Y in Pre(DS). Then for any object U = Uy [[ Uz in
DS with both Uy, U, connected, we will have three elements for A(U). Since A(RY)

is a one-point set, A is not concrete.

Definition 1.2.27. Let C be a concrete site with terminal object 1. A morphism
i: Al Bin €Pre(C) is called an induction if

(1) 4; : A(1) ! B(1) is injective;

(2) for any f : C(l,¢) ! B(1) 2 B(c) with Im(f) p A(1), there exists g :
C(1,c) ! A(1) 2 A(c) such that f =i, £g.

We call A a subspace of B when there exists an induction A! B,

Proposition 1.2.28. Let Y<' X227 bea diagram in €Pre(C), such that
both fi and g, are injective, and one of f and g is an induction. Let

X-2-z

f h

Y —W

k

be a pushout diagram in Pre(C). Then W is concrete.
Proof. Note that both h; and k; are injective, and the rest is easy. O]

Remark 1.2.29. In the above proposition, the condition that one of f and ¢ is an

induction is essential. See the proof of Proposition [1.2.35.

Let Cbe a concrete site, and let f : X | 'Y be a morphism in €Pre(C). Then the
graph map g = (idx, f) : X! X £ Y is an induction, since there is an isomorphism

between X and Im(g) as a subspace of X £ Y.
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1.2.3 Concrete (pre)sheaves over A

In this part, we take a simple concrete site A (see Example [1.2.15)), and study the
liftings of the standard model category structure on sSet to €Pre(A) and €Sh(A),
respectively (see Definition [A.2.37). They serve as testing examples of the idea of
the liftings of the standard model category structure on sSet to €Pre(C) and €Sh(C),
respectively, for arbitrary concrete site C. We will talk in more detail in Chapter 2
for C= DS, the diffeological site. No results in this part will be used in the rest of
the thesis.

For the background of this part, see Example [A.2.44 for the definition of the
simplicial category A, and see Example A.2.54 for the standard model category
structure on the category sSet of simplicial sets.

Since every simplicial set is a set-valued presheaf over A, we call a set-valued
concrete presheaf over A a concrete simplicial set. The category of all concrete
simplicial sets will be denoted by c¢sSet, and by Proposition 1.2.18, we have the
following adjoint pair ¢ : sSet = ¢sSet : i, with ¢(X), = X,,/», and a » b if and
only if s*(a) = s*(b) in X, for any s 2 A(0,n), or in other words, the ordered

vertices of a and b match.

Lemma 1.2.30. Let X be a simplicial set such that its non-degenerate elements
have the following properties:

(1) none of them has repeated vertices;

(2) any two of them have different ordered vertices.

Then X is concrete.

Proof. To show that the natural map X,, ! &et(n, Xy) is injective for all n, we
write X,, as disjoint union of degenerate and non-degenerate elements, and check
that the image of any two different degenerate elements, any degenerate element and

any non-degenerate element, and any two non-degenerate elements, are all different.
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The assumption guarantees the last two cases. For the first case, suppose a =
si,(¢¢4 (v)) and b = s;,(¢¢&;(y)) are two degenerate elements in X,, with the
same ordered vertices, with both x and y non-degenerate, and iy, > ¢¢ ¢ 7, and
j1 > ¢¢¢ 5. By the assumption, it is easy to see that a = b. Therefore, X is

concrete. ]
Example 1.2.31. The simplicial sets A", JA™, A} are all concrete.

Here are some more examples considered by other people earlier. They fit nicely

into the language of concrete simplicial sets.

Definition 1.2.32 ([Ja2]). A simplicial set is called a polyhedral complex if it is
a subcomplex of B(P) for some poset P, where the classifying space functor B is

introduced in Example 2.2.3.

Example 1.2.33. Let A be a poset. Then its classifying space B(A) is a concrete
simplicial set, and so is every polyhedral complex.

In particular, let X be a simplicial set, and let NX be the set of all non-
degenerate simplices in X ordered by the face relation. Then B : sSet! sSet
defined by X 7! BX = B(NX) is a functor, since if f: X ! Y is a morphism in
sSet, then f. : NX | NY defined by f(z) = tf.(x) with f.(z) 2 NY and t an
iterated degeneracy is a functor. We call BX the classifying space of the simplicial
set X, and it is always concrete.

Let P be a poset. Then there is a last vertex map v : BB(P)! B(P) defined
by NB(P)! P with (x : n! P) 7! z(n). Note that, we have B(n) = A"
and BA" = Sd(A"™) = sd(n), where the functors Sd and sd are also introduced in
Example 2.2.4. The last vertex map induces v : BA™ ! A" hence 7y : Sd(X)! X
and Sd(X)! BX for any simplicial set X. Moreover, [Ja2] shows that ¢(Sd(X)) =
BX for every simplicial set X, and Sd(X) ! BX is an isomorphism for every
polyhedral complex X.
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Remark 1.2.34. In general, the concretization functor does not preserve equalizers.
For example, let Y be the simplicial set generated by

a
A

N—
b

X

Let Z be the equalizer of Al ::; Y in sSet. Then Z = OA!, while the equalizer

c(a)
of ¢(A") ?C(Y) is A'&c(Z)=Z.
Proposition 1.2.35. We can not lift the standard model category structure of sSet

to csSet from the adjoint pair ¢ : sSet = csSet : 1 (see Definition |A.2.37).
Proof. Actually, condition (2) of Kan’s theorem fails. For example, the pushout of

A2 s OA2
.

in c¢sSet is A2, which is not weakly equivalent to OAZ. O

Remark 1.2.36. By the definition of the coverage on A (see Example[1.2.15), every
object in €Sh(A) is a Kan complex. Therefore, none of A™, dA™, A} are objects in
€Sh(A) except A% Al and A}.

Proposition 1.2.37. Let X be a concrete simplicial set. Then its sheafification
S(X) = Get(?, Xo).

Proof. 1t is easy to see that Get(?, Xj) is a concrete sheaf over A. Clearly §(X) p
Get(?, Xy), and Get(?, Xo) 4 F(X) can be proved by using the covering family of n
by n + 1 copies of 0’s, and the fact that all constant maps n! X, are in X,, since

X is concrete. [
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Hence §(A') = F(OA') = A with A, = Get(f0,1,¢ ¢ ¢ng,f0,1g). In fact, the
geometric realization of A is S°°. Therefore, it is not always true that if X is a
concrete simplicial set then X ! ¢ £F(X) is a weak equivalence of simplicial sets.

The above proposition says that we have an equivalence of categories €Sh(A) '
Get. In fact from the adjoint pair § ¢ : sSet = ESh(A) : 4, we can figure out
the weak equivalences, fibrations and cofibrations on Set as follows. Since F(A}) !
S(A™) and F(OA™) ! F(A™) are all identities forn, 1, X ! Y in Get is a fibration
(or a trivial fibration) if and only if it has the right lifting property with respect to
do,dy : fOg ! f 0,19 (or ; I f 0g). In other words, X ! Y is a trivial fibration
if and only if it is surjective, and it is a fibration if and only if it is surjective with
X 6; or X =; and Y is arbitrary. Then A! B is a cofibration, if and only if it is
injective, and it is a trivial cofibration if and only if it is injective when A & ; or it
is;!; . Every map from a non-empty set is a weak equivalence, since Set(?, X)
is contractible for any set X via the homotopy Get(?, X)£ Al Get(?, X) defined
by (z9,¢¢¢x,;9) 7! (79,¢ ¢ ¢x;, 2, ¢ ¢ ¢x), where g~ 1(0) = f0,1,¢ ¢ ¢ig. It is easy
to see that this is a proper cofibrantly generated model structure on Get ' €Sh(A).

In other words, we have proved:

Theorem 1.2.38. We can lift the standard model category structure on sSet to
CSh(A) from the adjoint pair § £c: sSet = CSh(A) : i.
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1.3 The D-topology

A diffeological space is a set with some extra structure. We can associate to every

diffeological space the following interesting topology:

Definition 1.3.1 ([Do]). Given a diffeological space X, the final topology induced
by all its plots, where each domain is equipped with the standard topology, is called
the D-topology on X.

More precisely, if (X,D) is a diffeological space, then a subset A of X is open
(called D-open) in the D-topology of X if and only if ¢~!(A) is open for each ¢ 2 D .
If D is generated by a subset D', then A is D-open if and only if $~!(A) is open for
each ¢ 2 D".

Example 1.3.2 ([Do]). (1) The D-topology on any smooth manifold with the stan-
dard diffeology coincides with the usual topology on the smooth manifold.
(2) The D-topology on a discrete diffeological space is discrete, and the D-

topology on an indiscrete diffeological space is indiscrete.

Proposition 1.3.3 ([Lal). For any diffeological space, the D-topology is locally path-

connected.
Proof. This is because every path component of a D-open set is D-open. Il

Theorem 1.3.4. There is an adjoint pair D : Diff = Top : T given by D(X) = the
set X with the D-topology, T(Y)(U) =ff:U! Y continuousg, and both D(f) and
T(g) the same set maps for the underlying sets. Furthermore, we have T*D+T =T
and DT D =D.

Proof. This is routine. m
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Clearly, both functors D and T are faithful. But neither of them are full. Neither
of them reflects isomorphisms, since for example, the irrational torus 7j and the
same set with the indiscrete diffeology have the same D-topology, and Q@ with the
usual topology or with the discrete topology have the same image in @iff. And
neither of them is essentially surjective, since the D-topology is always locally path-
connected, and there is no topological space X such that T'(X) = T2, for the
identity underlying set map D(T(X)) ! X is continuous. The functor T sends
(in)discrete topological spaces to (in)discrete diffeological spaces, and it preserves
arbitrary coproducts. However, T" does not preserve coequalizers in general. For

example, RO% 0,1] —= St | with i4,(R°) = s for s = 0,1, is a coequalier in
1

T'(io)
Top, while T(R?) ?j) T([0,1]) —=T(S") is not a coequalizer in Diff.

Here is one application of the D-topology:

Example 1.3.5. Let X and Y be diffeological spaces such that X is indiscrete

and every point in D(Y) is either open or closed. Then as diffeological spaces,

Diff(X,Y)2 Y.

1.3.1 Two D-topologies related to a subspace

Let X be a diffeological space, and let Y be a quotient set of X. Then we can give
Y two topologies:

(1) the D-topology of the quotient diffeology on Y;

(2) the quotient topology of the D-topology on X.

Since D : Diff I  Top is a left adjoint, these two topologies are the same. [I1]
has direct proof for this result.

Similarly, let X be a diffeological space, and let A be a subset of X. Then we
can give A two topologies:

(1) 71 = the D-topology of the sub-diffeology on A;
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(2) T2 = the sub-topology of the D-topology on X.
However, these two topologies are not the same in general. We can only conclude

that 7 H 7.

Example 1.3.6. Let X = R have the standard diffeology, and let A = Q. Then 7
is the discrete topology, which is strictly finer than the sub-topology 7.

Remark 1.3.7. Let R have the standard diffeology, and let Q have the sub-topology
of R. Then Diff(T'(Q),R) = Get(Q, R).

We are interested in the conditions under which 7 = 7.
Lemma 1.3.8. Let A be a locally convex subset of R™. Then 11 = 15.
Proof. This is essentially (3) of Lemma 24.6 in [KM]. O

Remark 1.3.9. By the same proof of the above lemma, we can show that given any
diffeological space X, Diff(R, X) totally determines the D-topology on X, although

it does not determine the diffeology of X in general, see Example 1.1.8.
Example 1.3.10. For every open subset A of R", 11 = 7.

More generally, we have the following:
Lemma 1.3.11. If A is a D-open subset of a diffeological space X, then 1 = T5.

Proof. Let B be 11-open, and let p: U ! X be an arbitrary plot of X. Since A is
D-open in X, p~!(A) is an open subset of U. Hence p~'(A) is an object in DS, and
the composition of p7'1(A) ¢ U ! X is also a plot for X, which factors through
the inclusion map A4 X. Since B 2 71, (pip-1(a)) ' (B) is open in p~*(A), which
implies that p~'(B) is open in U. O
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Lemma 1.3.12. Let X be a diffeological space and let A be a subset of X. If
there exists a D-open neighborhood C' of A in X together with a smooth retraction
r:Cl A (here both C and A are equipped with the sub-diffeologies from X ), then
T1(A) = 12(A).

Proof. Let B 2 1(A). Then r~(B) 2 71(C) = 1»(C) is D-open in X. Therefore,
B = A\ r1(B) 2 (A). O

Example 1.3.13. Given a smooth manifold M of dimension n > 0, by the strong
Whitney Embedding Theorem, there is a smooth embedding M 4 R?*". If we view
M as a subset of R?", then 7; = 75 since there is a tubular neighborhood U of M in

R?" together with a smooth retraction U ! M.
Here are some other examples:

Example 1.3.14. The D-topologies on A", A? ,, OA™ OA” , coincide with the sub-

topologies of R", where these diffeological spaces are defined at the beginning of

Section 2.4.

1.3.2 Relationship with A-generated topological spaces

Definition 1.3.15. A topological space X is called A-generated if the following
condition holds: A X is open if and only if f~!(A) is open in jA"j, the standard

n-simplex in Top, for any continuous map f : JA"j! X and any n 2 N.
More on A-generated topological spaces can be found in [Dul].

Proposition 1.3.16. The objects in the image of the functor D are exactly the

A-generated topological spaces.

Proof. More generally, for any set S of topological spaces, we can define S-generated

topological spaces in the same way. Clearly any topological space in S is S-generated,
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since the identity map works. Hence fS-generated topological spacesg = fT-
generated topological spacesg if and only if every element in 7" is S-generated and
every element in S is T-generated.

Now let S = fR" jn 2 Ng, and let T = fj A"j j n 2 Ng. Then a topological
space X is S-generated if and only if D+*T'(X) = X. DT D = D implies that
the image of the functor D is exactly the S-generated topological spaces. To see
that JA"] is S-generated, we only need to notice that the inclusion jA" ¢ R™ has
a continuous retract, and to see that R™ is T-generated, we only need to notice that
for every small open ball B in R™, there is a continuous map JA"j! R”™ which sends

an open ball in the interior of A" homeomorphically to B. [
Remark 1.3.17. [SYH] has results similar to Theorem [1.3.4/and Proposition [1.3.16.

Proposition 1.3.18. Every locally path-connected first countable topological space

is A-generated.

Proof. Let (X, 7) be alocally path-connected first countable topological space. Then
for any x 2 X, there exists a neighborhood basis f 4;,0;°, of x, such that

(1) each A; is path-connected;

(2) Aiy1 1 A

This is because, for any neighborhood basis f B;g;°, of x, we can define A4; to
be the path-component of B; containing z, and A; to be the path-component of
A;_1\ B; containing x for ¢ , 2.

Now let 7/ be the final topology of X for all continuous maps jA"j ! (X, 7)
for all n 2 N. Clearly 7 4 7. Suppose A is in 7/ but not in 7. This means that
there exists x 2 A such that for any U 2 7 which is a neighborhood of x, there
exists vy 2 Ui A. Let f A;07°, be a neighbourhood basis for = with the above two

properties. Let’s write 2, 2 A, i A accordingly. Define f : [0,1] ! X by letting
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fj[i%l’%} be a continuous path connecting x;,1 and z; in A;, and f(0) = z. Easy to

see that f is continuous for (X, 7), but f~*(A) is not open in [0, 1]. O
Example 1.3.19. The infinite earring [ ;ez+f (z,y) 2 R*j (i 1)*+y? = 40 with
the sub-topology of R? is A-generated, since it is locally path-connected and first

countable.
However, the converse of the above proposition is not true:

Example 1.3.20. Let X be a set with the complement-finite topology. We write
card(X) for its cardinality. Then

(1) X is A-generated if card(X) < card(N) or card(X) , card(R);

(2) X is not A-generated if card(X) = card(N).

Note that X is not first countable when card(X) , card(R). This provides a

counterexample to the converse of the above proposition.

Proof. (1.1) If X is a finite set, then the complement finite topology is the discrete
topology. Hence X is A-generated.

(1.2) Assume card(X) , card(R), and let B be a non-closed subset of X, that is,
B & X and card(B) , card(N). We must construct a continuous map f: R! X
such that f~1(B) is not closed in R. Note that in this case, every injection R! X
is continuous.

Take an injection f : f%gne% I' B. We can extend this to an injection f : R'!
X with f(0) 2 X j B. This map is what we are looking for.

(2) If card(X) = card(N), then every continuous map R ! X is constant.
Otherwise, since every point in X is closed, R is a disjoint union of at least 2 and
at most countably many non-empty closed subsets. But this is impossible both for
finite disjoint union since R is connected, and for countable disjoint union because

of the existence of the Cantor set. O]
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Remark 1.3.21. Assume the continuum hypothesis. Then the above example can
be simply written as: a set X with complement finite topology is A-generated if

and only if X is not an infinite countable set.

Example 1.3.22. Let « be a field. Then Spec(k[z]) with the Zariski topology is
card(R). However, Spec(Z) and

5

A-generated if card(k) < card(N) or card(k)
Spec(Z[z]) with the Zariski topology are not A-generated.

Actually, not every locally path-connected topological space is A-generated. The

following example is given by J. Brazas:

Example 1.3.23. As a set, let X be the union of the closed unit intervals indexed
by I =f(a,b)j a,b are ordinals with a < b - w1g, where w; is the first uncountable
ordinal. We write elements in X as z,; with 2 2 [0,1] and (a,b) 2 I. Let Y be
the quotient set X/», where the only non-trivial relations are 0,5, » 1., for any
(a,b), (c,a) 2 I. Since we will only work with Y, by abuse of notation, we denote
the elements in Y in the same way as those in X. The topology on Y is given by
the following subbasis:

(1) open intervals (zqp, Yap) for any 0+ z <y - 1and (a,b) 2 I;

(2) ([ b<ccd<wr [0ca, Lea]) [ ([ a<b<e<wr (Tae, Laye]) for any (b,w;) 2 I and any x 2
0,1).

It is clear that Y is locally path-connected (but not first countable). However,
Y is not A-generated. Here is the proof. Let A =[ 4<u,(0aw,s law,]- Then A is not
open in Y. For any continuous map f : jA"j ! X, we claim that f~'(A) is open
in jA"j. Otherwise, there exists u 2 f~!(A) such that no open neighborhood of u is
contained in f~1(A). Then f(u) = w;, and we can choose a sequence (u;) converging
to u, and each w; is not in f~!(A). Since w; is the first uncountable ordinal, f(u;)

is not convergent to f(u) = wy, which conflicts the continuity of f.
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Remark 1.3.24. Except local path-connectedness, almost no property in general
topology holds for an arbitrary A-generated space. Example 74 of [SS| shows that

not every A-generated space is locally compact or paracompact.

1.3.3 The D-topology on infinite dimensional spaces

For any two diffeological spaces X and Y, we have a canonical continuous map
DXEY)! D(X)E D(Y). If both D(X) and D(Y") are first countable, then by
a proof similar to the proof of Proposition [1.3.18, we can show that the canonical

map is a homeomorphism.

Example 1.3.25. Let M and N be two smooth manifolds. Then the D-topology on
Diff(M, N) is finer than the compact-open topology. This is because the compact-
open topology has a subbasis A(K, W) =f f 2 Diff(M,N) | fix 0 W0, where K is
a compact subset of M and W is an open subset of N. Let ¢ : U! Diff(M, N) be
any plot of Diff(M, N). Since the corresponding map ¢ : UE M ! N is smooth,
¢~ (W) is open in UE M. Then for any u 2 ¢~ *(A(K,W)), fug£ K is in the open
set ¢~'(W). By the compactness of K and the definition of the product topology,
VEKWU ¢ YW) for some open neighborhood V' of u in U, which implies that
¢ Y(A(K,W)) is open in U. Thus A(K,W) is open in the D-topology.

Actually, the D-topology is almost always strictly finer than the compact-open
topology.

Example 1.3.26. Consider Diff(R,R). Let’s define A(Kj, ¢ ¢ ¢K,; Wy, ¢ ¢ ¢IV,) =
ff 2 Diff(R,R) j fO(K;) u W; for all i 2 £0,1,¢¢¢ngg, where each K; is a
compact subset of R and each W; is an open subset of R. The same proof as above
shows that A(Ky, ¢ ¢ ¢K,; Wy, ¢ ¢ ¢W,) is D-open in Diff(R, R). Now for example,
let U = A([i 1,1],[i 1,1];(; 1,1),(j 1,1)). Clearly the zero function 0 2 U. We
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claim that there is no open neighborhood of 0 in the compact-open topology of
Diff(R,R) contained in U. Otherwise, we may assume 0 2 A(K, (j €,€)) p U for
some € > 0, since if 0 2 A(Ky, W1)\ ¢¢ ¢\ A(K,,,W,,), then 0 2 W; for each i
and 02 A(K, [¢¢C[K,,, Wi \CCEC\W,,) u A(Ky, W)\ ¢ ¢ e\ A(K,,, W,,). Then
clearly f: R! R defined by f(y) = $sin(2) is in A(K, (j €,€)), but not in U. This
example is due to G. Sinnamon.

Now we define a topology on Diff(R,R). Clearly f A, (€)nez+ >0 With A, (e) =
ff2 Diff(R,R)j fO([i n,n]) 1 (i € ¢) for j 20,1, ¢¢¢nggforms a neighborhood
basis for 0 2 Diff(R, R). Since Diff(R,R) is a diffeological abelian group (defined in
Section 1.7) under pointwise addition with identity 0, we can translate the neigh-

borhood basis of 0 to get a topology on Diff(R,R). Let’s call this the extended

compact-open topology of Diff(R,R). G. Sinnamon showed the following:

Lemma 1.3.27. The D-topology on Diff(R, R) coincides with the extended compact-

open topology.

Proof. From the previous example, we already know that the D-topology is finer
than the extended compact-open topology on Diff(R, R).

Let’s make some notation. Fix a smooth function A : R ! R such that
supp(h) 1 [1,4] and h(2) = 1. Now let’s define h,(x) = h(4"z) and let M, =
MaXyer,je (0,1, n}fl h) (2)jg-

Assume that W is D-open but not open in the extended compact-open topology.
Without loss of generality, we may assume W is a D-open neighborhood of 0 in
Diff(R,R). Then there exists f,, 2 A, (jgaz) i W for each n 2 Z*.

Now we claim that o : R!  Diff(R,R) defined by a(z) = > .2, ho(z)f, is a
well-defined smooth map, or in other words, that & : R*! R defined by a(z,y) =
a(z)(y) =Y i) hn(x) fu(y) is a well-defined smooth map. Note that, except for the

y-axis, any point has an open neighborhood such that & is a finite sum of smooth
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functions. Also on the left half open plane, all partial derivatives of &(x,y) exist
and are equal to 0. We are left to show that %d(& y) = 0 for all j,k 2 N and
all y 2 R. We can prove this by induction on j, for each fixed k£ and y. Clearly
&@(0,y) = 0. Assume that we have proved the equality for some j, then
j+k j+k
i (e p a0 s (0.) =0
since we have
DItk 1 1

._,, . _ . ] k . . T,
157 ayka(x,y)J (@) faW)i - Ma£ 2o AT

1 1
4n s gn—1

if n, maxfj kg, 2 | ] and y 2 [j n,n]. The rest of the claim is easy.

Note that a(0) = 0 and a(2) = fa. Hence a™'(W) is not open, which contra-

dicts the assumption that W is D-open. O]

By the same method, similar results holds for Diff(R!, R™), with A, (¢) changed
to f f 2 Diff(RL,R™) j D*f(BL)u B™ for all 0 -j aj - ng, where B! is the closed
ball in R! with center the origin and radius n, and B™ is the open ball in R™ with

center the origin and radius e.

Here is another example:

Example 1.3.28. Let C be the poset N with the usual ordering. Define a functor
F:C! Diffby (i - j) 70 (R"! RY) with (z1,¢¢¢zx;) 7! (z1,¢¢¢x;,0,¢¢¢0).
Let X = colim(F). Then as a set, X = fz 2 RY j there exists N 2 N such that
x; = 0 for all © > Ng. This set has a natural metric d : X £ X ! R given by
d(z,y) = > ,en(zii vi)?. There are natural smooth maps f, : R* ! X given by
(x1,¢¢¢x,) ! (z1,¢¢¢x,,0,¢Cfor all n 2 N. However, the D-topology (which
is the weak topology, that is, U @ X is D-open if and only if f}(U) is open in
R™ for any n 2 N) on X is strictly finer than the topology induced by the metric
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d. For example, A =fz 2 RN jj> . i <1g\ X is clearly D-open with 02 A.
But there exists no € > 0 such that B(0,¢) =fz 2 X j d(z,0) <eg p A. Also the
D-topology on X is strictly finer than the topology induced by the box topology on
RMN. For example, B = (0,1)[ (0,3)*[ (0,3)*[¢ ¢ ¢is only open in the D-topology.

2

1.3.4 Ringed space and the smooth variety property

In this part, we talk about some properties for smooth manifolds, but not for all
diffeological spaces.

Let X be a diffeological space. Then Diff(X, R) is a commutative R-algebra with
identity under pointwise addition, pointwise multiplication, and pointwise scalar
multiplication.

Let zyp 2 X. Then B = ff 2 Diff(X,R) j f(zo) = 09 is a maximal ideal of
Diff(X,R), and as R-algebras, Diff(X,R)/B Z R.

Given a diffeological space X, we can define a ringed space (D(X),Ox), where
Ox(U) = Diff(U,R), with U equipped with the sub-diffeology of X. This gives a
functor F' from Diff to the category of ringed spaces. It is a classical result (see
[DLORV]) that the restriction of this functor to 9Mifd reflects isomorphisms, that is,
if f: M1 N is asmooth map between two smooth manifolds such that F(f) is an
isomorphism between the corresponding ringed spaces, then f is a diffeomorphism.

However, the whole functor does not have this property:

Example 1.3.29. Let X, be R? with the standard diffeology, and let X, be R? with
diffeology generated by all the usual smooth maps R! R2 Then D(X;) = D(X5)
by Remark 1.3.9. For any open subset U of R?, regard U; = U as a sub-diffeological
space of X;, i = 1,2. By Boman’s theorem (Corollary 3.14 of [KM]), Ox, (U;) =
Diff(Uy, R) = Diff(Us, R) = Oy, (Us).

Now we talk about the smooth variety property. It is motivated by the following
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theorem (see [KP]):

Theorem 1.3.30. For any closed subset A of R™, there exists a smooth map f :
R™! R such that A= f~1(0).

Definition 1.3.31. We say that a diffeological space X has the smooth variety
property if for every D-closed subset A of X, there exists a smooth map f: X! R
such that A = f71(0).

Here is an easy corollary of Theorem [1.3.30:

Corollary 1.3.32. Let X be a diffeological space together with a smooth map f :
X1 R" for somen 2 N such that the D-topology on X is the initial topology of f.

Then X has the smooth variety property.

For example, A", A” ., OA™ OA” , (defined at the beginning of Section 2.4), and
every smooth manifold has the smooth variety property.
However, not every diffeological space has the smooth variety property. The

following example is due to J. Watts.

Example 1.3.33. Let X be the quotient diffeological space of R modulo the open
interval (j 1,1). Then the D-topology on X is the same as the quotient topology.
Hence the point [0] 2 X is D-open. Note that every smooth map X ! R is a
smooth map R ! R which sends the open interval (j 1,1) to a single point. So

there is no smooth map f: X! R such that f~1(0) = X jf [0]g.

Also note that in this example the initial topology on X with respect to Diff( X, R)
is strictly finer than the D-topology on X.
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1.4 Naive smooth homotopy theory

Smooth homotopy groups for pointed diffeological spaces were first introduced by
P. Iglesias-Zemmour in his Ph.D. thesis [I12]. We introduce them in a different way
(although the idea was already hidden in [I1, T2]), and prove that they are equivalent
to the original definition. The advantage of this approach is that the stationarity

condition in the original definition is not essential for the underlying set.

Definition 1.4.1. Let (X,z) be a pointed diffeological space. The n'™ smooth
homotopy group 72 (X, x) of X at x is defined to be f f 2 Diff(R™, X) | fjorm = 29/»,
with f » g if and only if there exists F' 2 Diff(R"™!, X) such that F(a,0) = f(a),
F(a,1) = g(a) and Fjymwr = x. Here I"™ = [0, 1]", the standard closed unit cube in
R™.

» is an equivalence relation. Reflexivity and symmetry are clear. For transitivity,
let F} be a smooth pointed homotopy between f and g, and let F;, be a smooth
pointed homotopy between g and h. Then

Fi(a,(2t)  ift-
Fy(a,(2ti 1)) ift >

F(a,t) =

= N

is a smooth pointed homotopy between f and h, where ¢» : R ! R is a cut-

off function, that is, a smooth function such that there exists some ¢ > 0 with
(il ,€)) =0,9((1i 1)) =1and Im(y) = [0,1].

Remark 1.4.2. For any [f] 2 72 (X, z), we can find g 2 Diff(R", X) such that
g» [ and gjgn_cm = x for some € > 0, where eI™ = [¢,1 €|". Here is the reason:

take a cut-off function ¢ : R ! R, and define g = f +¢". Clearly, gjgrn_en = =,

and F(ay, ¢ ¢ ¢an,t) = f((1i ¢(t))ar+ o(t)(ar), ¢ CE(Li o(t))an + ¢(t)d(an)) is a
smooth pointed homotopy between f and g.



CHAPTER 1. BASICS OF DIFFEOLOGICAL SPACES 45

The group structure on 72 (X, z) for n 2 Z" is defined in the same way as that
on the usual (continuous) homotopy groups in algebraic topology, by using the rep-

resentatives with the above stationarity property.

Here is a quick review of P. Iglesias-Zemmour’s definition of smooth homotopy
groups 72 (X, x) of a pointed diffeological space (X, x):

Let X be a pointed diffeological space. We define an equivalence relation on X
by = »’ 2z’ if and only if there is f 2 Diff(R, X') such that there exists ¢ > 0 with
Ji(=o0,e) =  and fj(1—c00) = @'. We call such f a stationary path from x to ', and
we define 7 (X) = X/»".

Given a pointed diffeological space (X, z), define GtLoops!(X,z) to be ff 2
Diff(R, X) j f is a stationary path from z to itself g. The elements in GtLoops! (X, z)
will be called stationary loops of (X, z). Note that GtLoops!(X,z) is a diffeologi-
cal space with the sub-diffeology of the functional diffeology on @iff(R, X). There
is a canonical basepoint x; = the constant map in GtLoops!(X,z). Now recur-
sively define GtLoops"™ (X, z) = GtLoops!(StLoops™(X, x), z,), where z,, is the
canonical basepoint on GtLoops™(X, ), that is, the constant map f : R* | X
sending everything to . The n'* smooth homotopy group of X at x is defined to
be #P(X,x) = 7 (StLoops™(X,x)). The group structure on #2(X,x) for n 2 Z*
is defined as usual.

When unraveling SGtLoops™(X,z) as smooth maps R™ | X satisfying some
stationarity conditions using the cartesian closedness of Diff, these stationarity con-
ditions are quite complicated since they vary for different variables. However, we

have:

Theorem 1.4.3. The two definitions of smooth homotopy groups for a pointed dif-

feological space match.
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Proof. Let (X, z) be a pointed diffeological space. By cartesian closedness of Diff,
we have the inclusion map GtLoops™(X,z) ! Diff(R", X). Every stationary path
connecting f and ¢ in GtLoops™ (X, ) is a smooth pointed homotopy between f and
g, which implies that we have a canonical well-defined map i : #7(X,2) ! 72 (X, 2),
and it is clearly a group homomorphism for n 2 Z*. We have shown that i is
surjective in Remark [1.4.2.

1 is injective, since every smooth pointed homotopy in Diff can be made into a
stationary path in GtLoops™(X,x) by precomposing with a cut-off function for all

the variables except the time variable. O
The proof of the above theorem also indicates:

Theorem 1.4.4. Let (X,x) be a pointed diffeological space. Then w2 (X, x) can
also be characterized as T f 2 Diff(R", X) | fign_ern = x for some € > 0g/» 1, where
f »1 g if there exists F 2 Diff(R"™, X) and § > 0 such that F(a,0) = f(a),
F(a,1) = g(a), and Fjgn_simyxr = T.

Given any pointed diffeological space (X, x), there is a canonical well-defined map
Jnm2(X,2) ! 7, (D(X), ) by restriction to I™, which is a group homomorphism

when n | 1.

Proposition 1.4.5 ([I1]). Let X be a diffeological space. Then jo : 7P(X) !
mo(D(X)) is a bijection, that is, 7P (X) coincides with the usual (continuous) path
components of X under the D-topology.

The classical smooth approximation theorem shows:

Proposition 1.4.6. Let (X, x) be a pointed smooth manifold with the standard dif-

feology. Then j, : 72 (X, 2) ! m,(D(X),z) is an isomorphism for any n 2 N.

By a similar method to the proof of Theorem [1.4.3) it is easy to see that:
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Proposition 1.4.7. Let (X, z) be a pointed topological space. Then the canonical

map 72(T(X),z) ! 7,(X,z) is an isomorphism for any n 2 N.

However, in general, 72 (X, z) and 7, (D(X), z) might differ; see Example 1.7.14.

We can also define smooth homotopy groups for a pointed diffeological space
(X,z) as [(S™,N),(X,x)], where N = (0,¢¢¢0,1) is the north pole of S™, and
[(S™,N),(X,z)] =ff 2 Diff(S™, X) j f(N) = zg/»", with f »"” g if there exists
F 2 Diff(S™ £ R, X) such that F(a,0) = f(a), F(a,1) = g(a) and F(N,t) = x for
any a 2 S™ and any t 2 R.

For any [g] 2 [(S™, N), (X, z)], there exists ¢’ 2 Diff(S™, X) with ¢'(z¢, ¢ ¢ ¢z,,) =
xif x, > 1j € for some ¢ > 0, such that g »” ¢’. In fact, ¢’ can be constructed as the
composition gxh with h 2 Diff(S™, S™) such that h(zg, ¢ ¢ ¢x,,) = N ifz, > 1j e. We
use the following charts for S™: f (U;, ¢;)0i=12 where Uy = f (zg, ¢ ¢ ¢z,,) 2 S" | x,, >
i €9, Uy ="1(z09,¢¢¢x,) 2 S"|x, <eg, and ¢; and ¢ are stereographic projections
with respect to the south pole S = (0,¢ ¢ ¢0,j 1) and the north pole IV, respectively.
h is defined by hjy, = id, and ¢ £hjy, £o7 " by (y1, ¢ ¢ y,) 7! (y17(r), € ¢ ¢y, 7(r))
for some cut-off function 7 : R! R and r = \/m Clearly, h and idgn are

smoothly homotopic.

Theorem 1.4.8. For any pointed diffeological space (X, z), we have 72(X, z) =
(5™, N), (X, 2)].
Proof. By the characterization of 72 (X, z) in Theorem 1.4.4, we can define j :
T (X @) b (S N), (X, 2)] by [f] 7! [g] with
fré(xo, ¢ C¢x,), ifx,2U
g($07 ¢e q:xn) =

x, otherwise,

where U = S™ jf Ng, and ¢ is the stereographic projection with respect to the
south pole S. This is clearly well-defined.
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J is surjective, since for any [g] 2 [(S™, N),(X,z)] with g(zo,¢ ¢ ¢x,) = z if
n > 1 € for some ¢ > 0, we can define f : R" ! X as the composition
R* =R 2Ly« S 2 X | where s is a re-scaling so that [f] 2 72(X, z).
It is clear that j([f]) = [g].

J is injective, since any smooth homotopy in [(S™, N), (X, x)] can be made sta-

tionary by composing with h 2 Diff(S™, S™) defined above. O]
In other words, we have also proved the following;:

Theorem 1.4.9. 72 (X, ) can be written as f f 2 Diff(S™, X) j f(xo,¢¢¢x,) = x
if ©, > 1i € for some € > 09/» o, with f » 4 g if there exists F' 2 Diff(S" £ R, X)
such that F(a,0) = f(a), F(a,1) = g(a) and F((zo,¢ ¢ ¢x,),t) = N if z, > 1§ 0
for some § > 0, for any a2 S™ and any t 2 R.

Ifn, 1, then we can define [(S™, N), (X, 2)]E [(S™, N), (X, z)] ! [(S™, N), (X, z)]
by ([f],[g]) 7! [h], with f, g as described in the above theorem, and h : S™ ! X

defined by
ftoi(xg,¢C¢x,), ifx, 1 <0

h(zo,¢C¢¢x,) = ¢ gxoo(zo,¢¢¢ay), ifz,_1 >0

x, otherwise,
where 01,05 are some diffeomorphisms between f(xg,¢ ¢ ¢x,) 2 S™ | x,_1 < 00,
f(xo,¢C¢x,) 2 S™j 2,1 > 0g and S™if Ng, respectively. We can pick suitable
01,09 so that this coincides with the group structure of 72 (X, z), and the map j

defined in the proof of Theorem [1.4.8 is a group homomorphism (for n, 1).

From Iglesias’ definition, 72 (X, z) = GtLoops™(X,z)/»’, we can give 72 (X, z)
the quotient diffeology from GtLoops™(X,z). As [I1] shows, this is the discrete

diffeology.
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Definition 1.4.10 ([I1, T2]). Let X and Y be two diffeological spaces. We say two
smooth maps f,g: X ! Y are smoothly homotopic if [f] = [g] 2 7P (Diff(X,Y)).

Lemma 1.4.11 ([I1,12]). The equivalence relation of smooth homotopy is compatible

with both left and right compositions.

Proposition 1.4.12 ([I1,12]). 72 : Diff. ! &et is a functor, which factors through

Brp when n , 1, and factors through Ab when n , 2.

Clearly, j, is a natural transformation 72! 7, £ D.

n

As usual, we have:

Proposition 1.4.13. If X is a diffeological group (which is introduced in Section
1.7), then 78 (X) is a group.

Proof. This is formal. O

Proposition 1.4.14. Let f (X, x;)0;es be a set of pointed diffeological spaces. Then
the canonical map 7)) ([1;e; Xj, (25)jes) ' Tlje, 77 (X5, 25) is an isomorphism, for

any n 2 N.
Proof. This is formal. O]

Given a diffeological space X, its fundamental smooth groupoid 7P (X)) is defined
in [I1] to be the category with objects points of X, and morphisms 7P (X)(z,z’) =
7P (Paths(X; z, 7)), where Paths(X;z,2') = ff 2 Diff(R, X) j f(0) = z and
f(1) = 2’g with the sub-diffeology of Diff(R, X'). By using cut-off functions as above,
7P (X)(z,2") can also be written as 7§’ (GtPaths(X; z, 7)), where GtPaths(X;x, 2)
is the set of all stationary paths in X from z to 2/, with the sub-diffeology of
Diff(R, X). The composition in 7 (X) is the usual composition of paths using sta-

tionary paths.



CHAPTER 1. BASICS OF DIFFEOLOGICAL SPACES 50

For the rest of this section, let’s discuss relative smooth homotopy groups and
the long exact sequence of a diffeological pair (X, A), that is, X is a diffeological

space and A is a non-empty sub-diffeological space of X:

Definition 1.4.15 ([I1, 12]). Let (X, A) be a diffeological pair, and let a 2 A. Write
Paths(X, A,a) = f 2 Diff(R, X) j f(0) 2 A, f(1) = ag with the sub-diffeology of
Diff(R, X). Define 72 (X, A, a) = nf (Paths(StLoops" ! (X, a), GtLoops" (A, a), an_1))
for any n 2 Z*, where a,,_; is the constant map R"~! ! X sending everything to

a, and as a convention GtLoops®(X,a) = X.

Lemma 1.4.16 ([I1, 12]). Let (X, A) be a diffeological pair, and let a 2 A. Then
70(X, A a) = 72 (Paths(X, A, a),a;) with a; 2 Dif(R, X) sending everything to
a. In particular, 2 (X, A, a) is a pointed space if n =1, it is a group if n = 2, and

it is an abelian group if n, 3.

Theorem 1.4.17 ([I1, 12]). For any diffeological pair (X, A) and any a 2 A, there

s a long exact sequence
¢¢6=mD(A a) > 7P(X,a) -2 7P(X, A a) = 7D (A, a) — ¢ ¢ 6= 7D (X),

where 1, 1s induced from the inclusion v : A' X, j, is induced from the inclusion
J: StLoops(X,a)! Paths(X, A, a), and k, is induced from k : Paths(X, A,a)! A
by sending f to f(0).
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1.5 Differential forms

Differential forms and de Rham cohomology for a diffeological space were introduced
in [So| and explored carefully in [I1] as follows:
Given a diffeological space X, we have the full subcategory DS /X of Diff/ X,

with objects all plots U ! X, and morphisms commutative triangles

U—X

e

Vv
with the vertical map a morphism in DS. We call DS /X the category of plots of X.

The set Q"(X) of all smooth n-forms on X is defined to be the limit of the following
composition of functors DS/X DS ! Vecty’, with the first functor the forgetful
functor and the second functor given by (f : U V) 7! (f*: Q*(V) ! Q™(U)).
In other words, a smooth n-form on X is a family of smooth n-forms on the domains
of plots of X, compatible with smooth maps between all plots. We denote a smooth
n-form on X by a = fa,g. There is a wedge product on Q*(X) defined by plotwise
wedge product.

The exterior derivative d : Q"(U) ! Q"™ (U) induces an exterior derivative
d:Q"X)! Q"(X) defined by d(f a,g) = fda,g. Since d? = 0, we can define the

de Rham complex of X to be the following cochain complex
0— (X)) 4= X)) - 02(X) L >¢ce

0*(X) together with the wedge product and the exterior derivative forms a
differential graded-commutative R-algebra.

The de Rham cohomology of X is defined to be the cohomology of the de Rham
complex H} (X) = ker(d)/Im(d) as usual.

A smooth map g : X ! Y between two diffeological spaces induces a functor

g« : DS/X DS /Y. So we have g* : Q*(Y) ! Q*(X) (called pullback of smooth
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forms), which turns out to be a morphism between differential graded-commutative
R-algebras. Hence, we have a graded-commutative R-algebra map ¢* : Hj (V) !
H;,(X). In other words, we have functors Q* : Diff |  dgcAlgy and Hj, : Diff !
geAlgy .

These are natural generalizations of the set of all smooth n-forms, the de Rham

complex and the de Rham cohomology of a smooth manifold.

Proposition 1.5.1 ([I1]). Let X be a diffeological space. Then Q°(X) = Diff( X, R).

Proof. This also follows easily from Theorem 2.1.3. ]
Differential forms are local, in the sense that:

Proposition 1.5.2 ([I1]). Two smooth forms « and B of a diffeological space X
coincide if and only if there is a D-open covering fU;Qicr of X such that for each
U; with the sub-diffeology, ajy, = Bju, for any i 2 1.

Proposition 1.5.3 ([I1]). Two smooth k-forms o and [ of a diffeological space X
coincide if and only if oy, = B, for every plotp: U ! X with dim(U) = k.

Definition 1.5.4 ([I1, 12]). A morphism f: X ! Y in Diff is called a subduction
if the diffeology on Y coincides with the final diffeology defined by f.

Theorem 1.5.5 ([[1]). Let m: X ! Y be a subduction in Diff. Then n* : QF(Y) !
OF(X) is injective, with image fa 2 QF(X) | for any plots p1,py : U\ X with

TEp =7mEps, ap = 0.

Corollary 1.5.6 ([I1]). If X is a diffeological space with dimensionn (<1 ) (which
is defined in Section 1.8), then Q™(X) =0 for any m > n.

Remark 1.5.7. Given a diffeological space X, we can define its de Rham dimension
dimg(X) = supfn 2 Nj H? (X) 6 0g. Then the above Corollary says dimg(X) -
dim(X).
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Example 1.5.8 ([I1]). Let R! R/(Z + 0Z) Z T} be the natural projection to the
irrational torus of slope 6. By the above theorem, we can calculate that Q°(77) 2
all constant functions R! R, Q'(77) 2 all 1-forms fdr on R with f : R! R some

constant function, and the differential d is zero. Hence, HY, (T7) 2 H) (T7) Z R.

Remark 1.5.9. (1) Note that the usual cohomology group H'(D(T});R) = 0,
which implies that de Rham theorem does not always hold in Diff.
(2) If we define the Euler characteristic x(X) of a diffeological space X to be

the alternating sum of the dimensions of its de Rham cohomology groups, then

x(T§) = 0.

Proposition 1.5.10 ([I1]). Let (X,Dx) be a diffeological space, and let J be a
generating set of Dx (see the beginning of Section 1.8). Then f(ay)pes | op 2
OF(dom(p))g is from a smooth k-form of X if and only if for any p : U ' X,
q: V"V X from J, and any morphisms f - W ! U and g: W ! V in DS such
that px f = qxg, we have f*(a,) = g* ().

Example 1.5.11. Let X = A? (see Example [1.1.10). Then it is easy to calculate
that Q°(X) = Diff(X,R) = f(f, g) 2 (Diff(R,R))?j £(0) = ¢(0)g, Q' (X) = Q' (R)©
QYR), and QY(X) = 0 for all 7 , 2, with d°(f,g) = (df,dg). Hence, H (X) = R,
and H) (X) =0 forall j, 1.

Theorem 1.5.12 ([I1]). Let f,g : X ! Y be smoothly homotopic maps between
diffeological spaces. Then f* =g*: H; (Y)! H; (X).

Proof. This follows directly from the fact that for any diffeological space Y, there
exists a chain homotopy K : QP(Y)! QP YDiff(R,Y)) for any p 2 Z*, such that
K+d+dxK =t"j s*, where s,t: Diff(R,Y) ! Y are defined by s(y) = v(0) and
t() = ~(1). B
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1.6 Tangent spaces

There are two ways to talk about tangent spaces for a pointed diffeological space.
One was introduced by G. Hector and uses plots, and we call it the internal tangent
space. The other uses smooth functions, and we call it the external tangent space.
We compare these tangent spaces through some examples, and find that in general
they are different.

I’d like to thank A. Kock for mentioning the external tangent space approach,

and its possible difference from the internal one.

1.6.1 Internal tangent spaces

The internal tangent space of a pointed diffeological space is defined using the plots.
It was first introduced in [He| as follows:

Given a pointed diffeological space (X, x), we define a subcategory (DS/X), of
DS/X with objects f : U ! X such that 0 2 U and f(0) = z, and morphisms
commutative triangles

U——X

.

v
with the vertical map also satisfying 0 7! 0. We call (DS/X), the category of

plots of X centered at x. The internal tangent space T,(X) of X at x is defined
to be the colimit of the following composition of functors (DS/X), ! DS !
Vectgr, with the first functor the forgetful functor and the second functor given by
(f:UY V)T (fo:To(U)! To(V)).

The internal tangent bundle T'X of X is defined to be the set [ [, 7 (X) with
diffeology generated by all maps T'f : TU ! TX, where f : U! X is a plot of
X, TU has the standard diffeology, and for any w 2 U, T'f, : T,(U) ! Tyuy(X) is
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defined to be the composition T,(U) —=To(U i w) — Ty X , with U j u the
translation of U by u. Therefore, the natural map 77X ! X is smooth. This gives
us a functor T': Diff I Diff together with a natural transformation 7'! 1.

These are natural generalizations of tangent spaces at a point and tangent bun-

dles for smooth manifolds.

Example 1.6.1 ([He, HM]). Let (X,x) be a pointed topological space. Then
T.(T(X)) = 0, where T'(X) has the continuous diffeology on X (see Theorem 1.3.4).

1.6.2 External tangent spaces

The external tangent space of a pointed diffeological space (X, x) is defined using the
functional space Diff(X,R). Recall that Diff(X,R) is an R-algebra under pointwise

addition, pointwise multiplication and pointwise scalar multiplication.

Definition 1.6.2. Let (X, z) be a pointed diffeological space. An external tangent
vector on X at x is an R-linear map F' : Diff(X,R)! R such that the Leibniz rule

holds: F(fg) = F(f)g(x) + f(x)F(g).

The Leibniz rule implies that F'(f) = 0 for every constant function f on X.
In the definition, we do not require an external tangent vector F' to be smooth.

However, if Diff(X,R) = 0, then every external tangent vector is smooth.

Definition 1.6.3. Let (X, z) be a pointed diffeological space. The external tangent

space T, X is defined to be the set of all external tangent vectors of X at z.

Clearly T,X is an R-vector space under pointwise addition and scalar multipli-
cation.
Let f: (X,z)! (Y,y) be a pointed smooth map between two pointed diffe-

ological spaces. Then it induces a canonical R-linear map f, : T,(X) ! T,(Y)
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by f.(F)(g) = F(g%f) for F 2 T,(X) and g 2 Diff(Y,R). This gives a functor
T : Diff, !  Vectp.

As a set, we can define the external tangent bundle T(X ) of a diffeological space
X tobe [[,cy T,(X), and there is a canonical set map Pr: T(X) ! X sending F
to x if F 2 T,(X). However, it seems difficult to give a suitable diffeology on 7'(X)
to extend the concept of tangent bundles of smooth manifolds, since Pr in general

is not locally trivial (see Definition [1.7.2).

1.6.3 Comparisons and computations

In general, it is not easy to calculate the internal and external tangent spaces for a
pointed diffeological space. We are going to develop some useful calculational tools:
local generating sets and germs.

Let (X,z) be a pointed diffeological space. We call a set A, of objects in
(DS/X). a local generating set of X at x, if for any object V! X in (DS/X),,
there exist an open neighborhood W of 0 in V', an object U ! X in A,, and a
smooth map W' ! U with 0 7! 0, such that the following diagram is commutative:
%

l

U——X.

T—

It is easy to see that [ ,exA, is a generating set for D x if each A, is a local generating

set of X at z.

Lemma 1.6.4. Let (X, x) be a pointed diffeological space, and let A, be the full
subcategory of (DS/X), consisting of elements in a local generating set A, of X at

x. If we write F' for the composition of functors A, 4 (DS/X), ! DS ! Vectg,

then there is a canonical surjective map colim(F) ! T,(X) in Vectg.
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Proof. There is a canonical map colim(F) ! T,(X) by the universal property of

colimit, and surjectivity follows from the definition of a local generating set. O

Let (X, z) be a pointed diffeological space. We say that two morphisms f,g :
(! X)! (V! X)in (DS/X), are equivalent (denoted by f » g) if there exists
an open neighborhood W of 0 2 U such that fjy = gjw : W I V. This is clearly
an equivalence relation on (DS/X),(U! X),(V ! X)) which is compatible with
compositions. We define the germ category G(X, =) of (X, z) to be the corresponding
quotient category.

There is a functor G(X,z) ! Vectg defined by ([f]: (U! X)! (VI X)) 7!
fo : To(U) Y To(V). Clearly the colimit of this functor is 7,(X). And it is easy to
see that there is an epimorphism ©T,(R) ! T, (X), where the direct sum is over [p]
forallp:R! X 2 (DS/X),.

Let A, be a local generating set of X at z, and let A, be the full subcategory
of G(X,z) consisting of objects [f] with f an element in A,. If A, is final, then
colim(A, 4 G (X,z) ! Vectg) 2 T,(X) [Mac]. And always, we have an epimor-
phism from this colimit to T,,(X).

Example 1.6.5. Let (X, x) be a pointed smooth manifold, and let A, be the set of
all charts U! X with 02 U and 0 7! . Then A, is a local generating set of X at
z. Tt is easy to see that A, is final. Because of the existence of smooth partitions

of unity on smooth manifolds, it is easy to see that every external tangent vector is

smooth. And it is a classical result that T,(X) 2 R" 2 T,(X), with n = dim(X).

Example 1.6.6. Let X = A% and let z = (0,0) 2 X. Then A, =fig: R X 4;:
R! X,i:R! Xgis a local generating set of X at z. It is easy to see that A, is



CHAPTER 1. BASICS OF DIFFEOLOGICAL SPACES o8

final, and the non-identity morphisms in A, are

z
N

Therefore, T,,(X) = R% Also it is easy to see that T,(X) = R for any x &y 2 X.

R
R X
A
R.

These results are also in [HM].

We can also show that T,,(X) 2 Tp(R) © Ty(R) = R2. Here is the proof. For any
f 2 Diff(R,R), we can extend it to f; 2 Diff(X,R) by fi(xy, x5) = f(a;) fori =1,2.
For any F 2 T,(X), we can define F; 2 Ty(R) by Fi(f) = F(f;). For F\, Fy 2 Ty(R)
and f 2 Diff(X,R), we can define F 2 T,(X) by F(f) = Fi(f iy) + Fo(f +is). The
rest is easy. And it is easy to see that T,(X) = R for any = 6 y 2 X.

Remark 1.6.7. This example shows that TX ! X is not always a diffeological

bundle (defined in the next section).

Example 1.6.8. Let X be the irrational torus of slope 6, and let x 2 X.

Since the D-topology on X is indiscrete, the only smooth maps X ! R are the
constant maps, which implies T.X = 0.

On the other hand, since A, = fR ! Xgis a local generating set of X at [0],
and Z + 07 is totally disconnected in R, A, is a trivial category. Hence, there is a
canonical surjective map R = Ty(R) ! T,(X). Moreover, by the same trick, we can
show that A, is final. Therefore, T,(X) = R.

In other words, 7,(X) and T,(X) are not always isomorphic.

Let (X, z) be a pointed diffeological space. We say f », g 2 Diff( X, R) if there
exists a D-open neighborhood U of x in X such that fjy = gjy. Clearly, this is
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an equivalence relation on Diff(X,R), and Diff(X,R)/» , is again an R-algebra.
The map Diff(X,R)/», ! R given by [f] 7! f(z) is a well-defined R-algebra
homomorphism, and its kernel F,(X) is called the external germ of X at x. We
define T/ (X) =Vectg(F,(X)/F2(X),R) as an R-vector space.

We say that X has bump functions at z if for every D-open neighborhood U of z
in X, there exists f 2 Diff(X, R) such that f(z) = 1 and supp(f) p U. For example,
every smooth manifold (or more generally, any diffeological space X which admits
a smooth injective map f : X | R" for some n 2 N such that the D-topology
on X is the initial topology of f) and every diffeological space with (in)discrete
D-topology (in particular, any irrational torus) has bump functions at any point.
If X has bump functions at x, then the Leibniz rule implies a well-defined R-linear
map T,(X) ! T/(X), which turns out to be an isomorphism by the same proof as
Lemma 1.16 in [Wal].

Here are some applications of this approach:

Example 1.6.9. Let (X, x) be a pointed discrete diffeological space. Then T, (X) =
0, since A, =fz:R°! Xgis final; and 7,(X) = 0, since F,(X) = 0.

Similarly, let (X,z) be a pointed indiscrete diffeological space. Then T,(X) = 0
since Diff(X,R) only contains constant functions; and 7,(X) = 0 since for any
p:R!1 X 2 (DS/X)y, there exists ¢ : R! X 2 (DS/X), such that ¢+ f = p,

where f: R! R sends z to z3.

Example 1.6.10. Let X = [0,1 ) be the sub-diffeological space of R. Then X has
bump functions at 0, which implies Ty(X) is isomorphic to T}(X). [KM] says that
Diff(X,R) = f f 2 Diff((0,1 ),R) j f™(0+4) exists for all n 2 Ng = f fjx j f 2
Diff(R, R)g. Hence, the Taylor formula with the Lagrange form of the remainder for
any representative f of [f] 2 Fy(X) is given by f(z) =1, Wm’l + %x"“

for some y between 0 and x, for any n 2 Z*. In other words, f(x)j f'(0)x = xzg(z)
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for some smooth function g : X ! R such that g(0) = 0. So any element in Tj(X)
acting on f(z) is the same as acting on f’(0)z. Therefore, Tp(X) = T}(X) = R.
Now let’s calculate Tp(X). We claim that the square function ff : R !

X j f(z) = 2°g is a local generating set for all curves in X at 0. In other words,
every p 2 Diff(R, X)) with p(0) = 0 locally factors through f at 0. Note that
p 2 Diff(R, X) with p(0) = 0 means that p : R! R is a smooth function such
that p(x) , 0 for all , and p(0) = 0. Suppose p™(0) & 0 for some n 2 N. Then
the first such n must be an even integer, say 2m, with a positive coefficient, by
using the Taylor formula for p. That is, p(z) = 2*™g(x) for some smooth function
g:R! R with g(0) > 0. Therefore, locally at 0, = 7! 2™+/g(x) is a well-defined
smooth function whose square is f. The rest of the proof for this claim is due to
G. Sinnamon. Now suppose p 2 Diff(R,R) is such that p(z) , 0 for all z, and
p™(0) =0 for all n 2 N. Let A =\ 2,(p*)~1(0). Then A is closed in R, and by
the mean value theorem, A contains all the limit points of p~1(0). Therefore, we can
define a smooth map g : Rj A! R by suitable modification (choose appropriate
sign) of the function discussed above, so that pjr_4 = ¢°>. Now we define h : R! R

by
0, ifz2A
h(x) =
g(x), otherwise.

Then clearly & is continuous and at each point x 2 R, f(z) = h?(x). To show that
h is smooth, we will show by induction on n that h™(a) = 0 for all a 2 JA. n =0

is the same as h continuous. Suppose we have h®)(a) = 0 for all k- nj 1. Then

RV (z) i RV (a) h(x
(M) () _ 1 i
W (a) alclirzlz i a alclirzlz (ni Dz (I)"7
and
(2n)
lim )5 g [ Sy [

T—a (xi a)" T—a (:Ei a)2"  zoa (271)!
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Note that we have a commutative diagram

—idg

R—R

PN

X

?

which implies Tp(X) = 0.

Remark 1.6.11. Here is another observation made by G. Sinnamon: not every
smooth map R™ ! [0,1 ) with 0 7! 0 locally factors through the square function.
One example is n = 2, p : R? ! R given in polar coordinates as (r,6) 7! e’%(l i

cos(36)). Tt is not too hard to check that p is smooth (in zy-coordinates). p~*(0)
consists of three rays 6 = 0, %71', %71’, which cut R? into three connected pieces. If
there is a smooth (in zy-coordinates) function g : R* I R such that f = ¢* in a
small neighborhood of 0, then g has fixed sign at each connected piece, and g has

to change sign when passing through any ray, which makes a contradiction.

It is easy to check that g—jﬂé’(()), aizg’y(()) and g—Z’(o) are all 0. Hence, the square

function does not factor locally at 0 through p as well.

Remark 1.6.12. With a similar method, we can see that if X is a locally convex
subset of R™ with non-empty interior, together with the sub-diffeology, then T, (X) =
T!(X) = R™ This is based on the following facts from analysis: (1) every smooth
map f: X! Ris a restriction of a smooth map from some open neighborhood of
X in R” to R (see [KM]); (2) let f: X ! R be a smooth function with f(a) =0
for some fixed a 2 X. Then f(z) =31, xz-g—i(a) + > @igi(x) for some smooth
functions ¢g; : X ! R with g;(a) = 0.

Remark 1.6.13. It is much easier to see that Tjy(X,) = 0 by Lemma [1.6.4, where
X, is introduced in (2) of Example 1.8.1.
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1.7 Diffeological bundles and diffeological groups

Definition 1.7.1 ([I1, 12]). Let F' be a diffeological space. A smooth map f: X !
Y between two diffeological spaces is called trivial of fiber type F, if there exists
a diffeomorphism h : X | F £ Y, where FF £ Y is equipped with the product

diffeology, such that the following diagram is commutative:

X FEY

X Jor

Y.

Definition 1.7.2 ([I1, T2]). Let F' be a diffeological space. A morphism f: A! U
in Diff with U an open subset of R" is called locally trivial of fiber type F, if there
exists an open covering fU;Qic; of U such that fjp-1y,) : f71(U;) ! U is trivial of
fiber type F for each i 2 1.

Proposition 1.7.3 ([I1, 12]). Let f : X | Y be a smooth surjective map between
two diffeological spaces. The following two statements are equivalent:

(1) There exists a diffeological space F' such that the pullback of f along any plot of
Y s locally trivial of fiber type F';

(2) There exists a diffeological space F such that the pullback of f along any global
plot of Y (that is, plots of the form R™ ! Y ) is trivial of fiber type F.

Definition 1.7.4 ([I1, 12]). A smooth surjective map f : X | Y between two
diffeological spaces is called a diffeological bundle if one of the conditions in the

above theorem holds.

Remark 1.7.5. Every smooth fiber bundle over a smooth manifold is a diffeological

bundle.

Definition 1.7.6 ([So]). A diffeological group G is a group object in Diff; that is,
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it is both a diffeological space and a group, such that the multiplication and inverse

maps are smooth.

Example 1.7.7 ([So|). Any Lie group with the standard diffeology is a diffeological

group.
Example 1.7.8. Let G be a topological group. Then T'(G) is a diffeological group.

Remark 1.7.9 ([I1]). Let G be a diffeological group, and let H be any subgroup
of G. Then H with the sub-diffeology of G is automatically a diffeological group.
If H is a normal subgroup of G, then G/H with the quotient diffeology is also a
diffeological group.

Example 1.7.10 ([So]). Let X be a diffeological space. Write Diff(X) for the set
of all diffeomorphisms from X to itself. Then f¢ : U! Diff(X) jUE X! X
defined by (u,z) 7! ¢(u)(z) and UE X ! X defined by (u,z) 7! (¢(u)) () are
both smoothg is a diffeology on Diff(X ), which makes Diff(X) a diffeological group.

Example 1.7.11 ([So|). Let M be a smooth manifold, viewed as a diffeological
space with the standard diffeology. Then the set @iff(M) with the sub-diffeology
of the functional diffeology on Diff(M, M) is already a diffeological group, since the
implicit function theorem implies that this diffeology is the same as the diffeology

defined in the above example.

Proposition 1.7.12 ([I1,12]). Let G be a diffeological group, and let H be a subgroup
of G. Then G'! G/H is a diffeological bundle of fiber type H (equipped with the
sub-diffeology of G ), where G/H 1is the set of left (or right) cosets of H in G, with
the quotient diffeology.

Theorem 1.7.13 ([I1, 12]). Let f : X ! Y be a diffeological bundle of fiber type
F = f~Yy) (equipped with the sub-diffeology of X ) for some y 2 Y. Pick x 2 F.
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Then f induces an isomorphism 7P (X, F,x) ! 7P (Y,y) of pointed sets for j =1

and of groups for j , 2. Therefore, we have the following long eract sequence:
¢ ¢4 7P (F, 2) 2= 7D0(X, 2) — 7L (Y, y) — 7L (F,2) — ¢ ¢ ¢= 7P (M) — 0.

Example 1.7.14 ([I1, 12]). Let T} 2 T?/Ry be the irrational torus of slope 6.
Then we have a diffeological bundle 72! T2 /Ry with fiber Ry. By Theorem [1.7.13,
7P (T3) 2 7P (T?/Ry) 2 Z © Z. But as a topological space with the D-topology,
o (T2) 2 0.
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1.8 Dimension theory

The dimension of a diffeological space is defined in [I1}, I3] and [La] as follows:

Given a diffeological space (X,Dx), define a map d : Dx ! N by d(¢) = n
for o : U! X with U open in R". Let A be a generating set for the diffeology
Dx (that is, the smallest diffeology on X containing A is exactly Dx), and denote
dy = supfd(¢) j ¢ 2 Ag. The dimension of (X,Dx) is defined to be dim(X) =
inffdy | A2 Jg, with J the set of all generating sets for the diffeology Dx on X.
This is a generalization of the definition of dimension for smooth manifolds. It is
easy to see that dimension is invariant under any diffeomorphism.

Therefore, if dim(X) = n < 1, then there exists a generating set A for Dy

which consists of some plots of the form R* !  X.

Here are some (in)equalities about the dimensions of diffeological spaces, with
the first three from [I1]:

(1) dim(X) = 0 if and only if X is a discrete diffeological space;

(2) dim(X/») - dim(X);

(3) maxf dim(X),dim(Y)g - dim(X £ Y) - dim(X) + dim(Y);

(4) dim(][,c; X;) = max;e;f dim(X;)g.

Here is another characterization of dimension of a diffeological space from [I1} I3]:

By the notation we introduced in Section 1.6.3, we can define dim,(X) =
inffd, j Ais alocal generating set of X at xg. In fact, dim(X) = sup,. xf dim,(X)g,
and if f: X! Y is a diffeomorphism, then dim,(X) = dimy;)(Y) for any z 2 X.

Example 1.8.1 ([IT, I3]). (1) The dimension of the irrational torus Ty is 1.
(2) We can equip [0,1 ) with the sub-diffeology of R (denoted by X..), or the
quotient diffeology of R"/O(n,R) (denoted by X,) under the identification [z] !
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jizji>. Then dimy(X,) = n, dimg(X,) = 1 , and dim,(X,) = dim,(X,) = 1 for
any 06z 2 X.

(3) The unit interval X = [0, 1] with the sub-diffeology of R has dimension 1 |
since dimg(X) = dim;(X) =1 and dim,(X) =1if 2 2 (0,1).

Remark 1.8.2. The identity set maps (under the identifications in (2) of the pre-
vious example) f: X, ! X, andi,: X,! X, are smooth. Moreover, by (a) or

(c) of Theorem 1.2 in [BBCP],
forcolim( X —> Xy —> 606> X, — " X, —=CCEI Xo
is not a diffeomorphism. It is easy to check that the dimension of this colimit is 1 .

Lemma 1.8.3. Let X be a diffeological space, and let Y be a D-open subset of X
with the sub-diffeology. Then dim(Y') - dim(X).

Proof. Let A = ff; : U; ! X0er be a generating set for Dx with dim(X) =
sup,;f dim(U;)g. Since Y is a D-open subset of X, f;*(Y) is open in U; for each
i 2 I. Each f; induces a plot f;'(Y)! Y of Y, and it is easy to check that the set

of all such plots forms a generating set for Dy. O]

Example 1.8.4. Let X be a diffeological space with diffeology generated by f U; !
X0ies. Clearly, dim(X) - supfdim(U;) j ¢ 2 Ig. The equality does not always
hold, even if I only contains one element. For example, let X =f0, 1g be equipped
with the diffeology generated by the map f : R? ! X with f7!(0) = R£ R=°.
Then dim(X) = 1, since the composition R?2 —>R —"> R2 T X is f, where
9(z,y) =y and h(z) = (0, ).

Example 1.8.5. Let X =0, 1g be equipped with the diffeology generated by the
map f:R?*! X with f71(0) = Q% Then dim(X) = 2. Here is the reason. Clearly
1+ dim(X) - 2. Suppose dim(X) = 1, that is, there exists an open covering
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f V:0icr of R such that f restricted to each V; is equal to V; L Rr- ML x with g;
a smooth map, ¢;(Q*\ Vi)\ ¢;((R?j Q*)\ V;) =; and h; a plot of X. Then Q2 must
contain a regular point a of g;, that is, (%(a), %_gyi(a)) 6 (0,0), by its density in R?.
Hence there exists a neighborhood U; of a in V; such that g;(a) is a regular value
of giju, : Uy ! R. Therefore, gij;'(gi(a)) is a dimension 1 submanifold of U; which
is contained in Q2. This is impossible. This example also shows that f0,1g with

the indiscrete diffeology has dimension , 2. In fact, the dimension of f0, 1g with

the indiscrete diffeology is infinity, and the following proof is due to R. Shafikov.
Assume the dimension isn <1 . Then f: R*"™ 1f 0, 1g with f~(0) = Q" must
locally factor through some set map R” ' f 0,19 via a smooth map. Let g : U ! R"
be such a smooth map with U an open subset of R"*'. Let b 2 U be a point with
the highest rank. Then there exists a neighborhood U’ W U of b such that gj; has
constant rank. Pick a point a 2 U’'\ Q"*!. By the constant rank theorem, g,/ (g(a))

is a submanifold of U’ with dimension n + 1j rank(a), and the same argument as

above shows that there is a contradiction.

Lemma 1.8.6. Let f : A! X and g : X ! A be morphisms in Diff such that
gxf =idy. Then A is diffeomorphic to a sub-diffeological space of X and dim(A) -
dim(X).

Proof. g £ f = ids implies that f is injective. Let p : U ! X be a plot such
that Im(p) 0 Im(f). Then there is a set map h : U! A with p = f£h. So
h=gxfxth=gxp:U! Aisaplot. In other words, A is diffeomorphic to Im(f)
with the sub-diffeology of X.

Assume that S =fp; : U; ! X0 is a generating set of the diffeology Dx. Let
q:V ! Abeaplot. Then there is a covering fV;g;c; of V such that for each
J 2 J, there exists p;;) : Uj;) ! X 2 S and a smooth map V; ! Uj;) making the
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following diagram commutative

Note that ¢ = g+ f+q and ¢q*i = g f £q +¢, which implies that fgxp; : U;! Ag

is a generating set of the diffeology D 4. m

As a direct corollary of this lemma and Example [1.8.5] any set X with the
indiscrete diffeology has dimension 1 if card(X) > 1. And as a direct corollary of

this lemma and Example 1.8.1) there are no smooth retracts R! [0,1Jor R! X

Example 1.8.7. dim(A") = dim(0A™) = n i 1, where A" and OA™ are defined
at the beginning of Section 2.4. Therefore, it is not always true that dim,(X) =
dim(T, (X)), for example, X = A% and z = (0,0).

Proposition 1.8.8. Let f : X | Y be a diffeological bundle with fiber F. Then
dim(X) - dim(F) + dim(Y").

Proof. Assume dim(F) = k and dim(Y) = [ with &,/ < 1 . Then for any plot
p: R" 1 X, there exists an open covering fU;g;c; of R™, smooth functions fh; :
U; ! Rlgicr and plots fg; : R' 1 Ygier such that f +pjy, = g; £ h; for each i 2 1.

Hence, we have the following commutative diagrams for each i 2 [

Uc—>R"

TS

BN
N REF—>X

hi \\\\ l i
\\ f
N

R! Y,

9i
where the bottom square is the pullback square, and the dotted arrow exists by the

universal property of pullback. Therefore, there exists an open covering f V;;g;c; of
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Ui, smooth functions s;; : V;; ! R* and plots tij RF 1 F such that w;] v, = tijEsi;.

The inequality follows. O



Chapter 2

A Homotopy Theory for
Diffeological Spaces

Our main goal in this chapter is to construct a homotopy theory (that is, a model
category structure) on Diff, which extends the usual homotopy theory of smooth
manifolds, and recovers the diffeological bundle theory.

With the exception of the adjoint functor theorem and the first three examples
of Section 2.2, this chapter is original. Here is the structure of the chapter:

In Section 2.1, we prove that Diff is locally presentable (Theorem 2.1.3). More
generally, the category of all concrete sheaves over a concrete site is locally pre-
sentable. We also reach a characterization of A-generated topological spaces as
colimits of second countable locally path-connected topological spaces.

In Section 2.2, we recall an adjoint functor theorem together with three famous
classical examples. We also set up the adjoint pair between sSet and Diff using a
noncompact cosimplicial object.

In Section 2.3, we prove that there is a model category structure on Pre(DS).

In Section 2.4, we define the weak equivalences, fibrations and cofibrations in

70
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Diff.

In Section 2.5, we study some basic properties of the diffeological realization
functor and the smooth singular functor.

In Section 2.6, we give characterizations of cofibrant objects and fibrant objects
in ®iff. The main results are: (1) we have a partial factorization (Proposition 2.6.2);
(2) St is cofibrant (Theorem 2.6.9); (3) every homogeneous diffeological space is fi-
brant (Theorem 2.6.23), in particular, every diffeological group and every smooth
manifold without boundary is fibrant; (4) every topological space with the contin-
uous diffeology is fibrant (Example 2.6.26)); (5) some functional spaces are fibrant
(Proposition 2.6.27); (6) every diffeological bundle with fibrant fiber is a fibration
(Lemma 2.6.20); (7) not every diffeological space is fibrant (Examples 2.6.30, 2.6.31
and 2.6.32), and in particular, no smooth manifold with boundary is fibrant (Ex-
ample 2.6.33); (8) not every diffeological space is cofibrant (Example 2.6.21)).

In Section 2.7, we give two more equivalent definitions of the smooth homotopy
groups of a pointed diffeological space, and we use these characterizations to prove
that the smooth homotopy groups of a fibrant diffeological space is bijective to the

simplicial homotopy groups of its smooth singular complex (Theorem 2.7.3).
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2.1 2iff is locally presentable

Locally presentable categories are studied carefully in [AR]. The following definition

is taken from [Lul:

Definition 2.1.1. A category C is locally presentable if it satisfies the following
conditions:

(1) Cis cocomplete;

(2) There exists a set S of objects of Csuch that every object in Cis a colimit
of a functor F': J! C taking values in S

(3) Every object in S is small (see Definition A.2.30).

Remark 2.1.2. Clearly, if Cis a locally presentable category, then any set I of

morphisms in C permits the small object argument (see Definition [A.2.31)).
Theorem 2.1.3. Diff is locally presentable.

Proof. (1) We already know that @iff is cocomplete (see Theorem 1.1.9).

(2) Let S be the set of all open subsets of R™ for all n 2 N. We claim that every
diffeological space X is the colimit of the composition F': DS/X ! DS ! Diff,
where the category DS is introduced in Section 1.5, the first functor here is the
forgetful functor, and the second functor is the inclusion. For any diffeological space
Y and any cocone F'! Y there is a unique set map f : X ! Y defined pointwise
as follows. Since X is a diffeological space, for any 2 X, z : R°! X is an object
in DS/X. f is defined to be the unique set map making all the following diagrams

commutative:
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where R ! Y is from the cocone F'! Y. f is smooth, since for any plot U ! X of

X, the following diagram is commutative, which can be checked pointwise as above

N

where U ! Y is also from the cocone F'! Y.

Y,

(3) Let U be an object in DS. We claim that U is k-small, where x is some
cardinal larger than 2%, That is, for every s-filtered ordinal .J (see Definition[A.2.29)
and every functor F' : J ! Diff, the natural set map colim;c; Diff(U, F(j)) !
Diff(U, colim;e; F(j)) is a bijection.

This map is surjective for the following reason. For any f 2 @iff(U, colim,c; F'(j)),
by the definition of colimit in Diff, for any u 2 U, there exists a neighborhood V,, of
w in U such that there exists some j, 2 J and a smooth map V,, ! F(j,), making

the following diagram commutative:

F(ju)
e
V, U—

For any u,u 2 U and any a 2 V,\ V,/, the image of a under the two compositions V,,\

Vel Vil F(ju) ! colimje; F(j) and V,\ Viy ! Viy ! F(ju) ! colimjey F(j)

colim;e; F'(j).

are the same. Since J is filtered, by the construction of colimits in Get, there
exists an upper bound j, ., of j, and j, such that the image of a under the two
compositions V,\ Vi, 'V, ' F(j,) ! F(juwae) and V,\ Vi ! Vip U F(g,) !

F(juwa) are the same. Jy =fjywa ] u,u' 2 Uja2 V,\ V,Qis asubset of J with
cardinality - 2% < k. Hence by the definition of s-filteredness of .J, there exists

an upper bound j for Jy in J. By construction, we have a smooth map U ! F(j)
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making the following diagram commutative

F(j) — colim;e; F(7)

I

which implies the surjectivity.

This map is injective for the following reason. Suppose f, g 2 colim;¢; Diff(U, F'(j))
have the same image in ®iff(U, colim,e; F'(j)). Since J is filtered, this just means
that there exists j 2 J and two smooth maps f,g: U! F(j), such that their com-
position with F'(j) ! colim;ec; F(j) agree. For any uw 2 U, there exists j, , jin J
such that the image of f(u) and g(u) agree under F(5)! F(j,). Jo=Ffj.ju2 Ug
is a subset of J with cardinality - 2% < k. Therefore, there exists an upper bound
j" of Jpin J, and f,g : U ! F(j) composed with F(j) ! F(j”) agree, which
implies the injectivity. O]

Remark 2.1.4. More generally, a similar proof shows that the category of all con-
crete sheaves over any concrete site C (note that we define a site to be a small
category to start with, see Definition [1.2.3) is locally presentable. By the adjoint
§ : €Pre(C) = €Sh(C) : i, €Sh(C)(F(C(?,¢)), X) Z €Pre(C)(C(7,¢), X) = X(c). We
only need to change two things: (1) fix a concrete sheaf X over C. The set S is
changed to f§(C(?,¢)) j ¢ 2 Obj(C)g. The composition of functors DS/X ! DS !

Diff is changed to the forgetful functor S ! €Sh(C) with the index category S hav-
ing objects all morphisms in €Sh(C) of the form F(C(?,¢))! X and morphisms all

commutative diagrams

T

X

Y

with ¢,d any two objects of C and the horizontal map induced by a morphism



CHAPTER 2. A HOMOTOPY THEORY FOR DIFFEOLOGICAL SPACES 75

c! din C and the forgetful functor sends the above commutative triangle to the
horizontal map F(C(?,¢)) ! F(C(?,d)); (2) 2% is changed to an infinite cardinal
which is larger than the cardinality of the underlying set of any object in the site C.
S. Isaacson had essentially the same proof at the same time. Moreover, P. Johnstone

already has the same result in [Jo].

Remark 2.1.5. Top is not locally presentable, since not every topological space is
small. For example, the Sierpinski space and the indiscrete space on two points are

not small (see [Hol).

Remark 2.1.6. Let X be a diffeological space, and let A be a full subcategory of
DS /X whose objects forms a generating set of X and contains Diff(R°, X). Then by
the same proof as the above theorem, we can see that the colimit of the composition

of functors A 4DS /X IDS! Diffis X.

Corollary 2.1.7. A topological space is A-generated if and only if it is a colimit of

second countable locally path-connected topological spaces.

Proof. (( ) This follows from Proposition[1.3.18 and the facts that D : Diff ! Fop is
a left adjoint, and a topological space X is A-generated if and only if D(T'(X)) = X.

() ) By the previous remark and the above theorem, T'(X) is the colimit of
the composition (denoted by F) of functors A 4 DS /T(X)! DS !  Diff, with
Obj(A) = [ =,Top(R™, X). Then X = D(T(X)) = D(colim F) = colim(D=F). [
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2.2 An adjoint functor theorem

Here is a general theorem from [MM]:

Theorem 2.2.1. Given a small category C, a cocomplete category D, and a functor
F :C!D , there is an adjoint pair L : Pre(C) = D : R with R(d)(c) = D(F(c),d)
and L(X) = colimez o) x F(c), where c is any object in C and d is any object in D.

If we take Cto be the simplicial category A (see Example(A.2.44), then the above
theorem says that, given a cosimplicial object in a cocomplete category D (that is,
a functor AI'D ), we get an adjoint pair sSet = D.

Here are three standard examples from [MM] and [GJ]. Note that the second

and the third examples are not used anywhere else in this chapter.

Example 2.2.2. If we take F': A! Top, sending n to jA"j = f (zg, 21, ¢ ¢ ¢x,,) 2
RS x =12, 0foralli2f0,1,¢¢¢ngg with the sub-topology of R™!,

then we get the usual adjoint pair j?j : sSet = Top: s.

Example 2.2.3. If we take F': A! Cat, sending n to the poset f0 < 1 < ¢ ¢ & ng,
where €at is the category of all small categories with functors, then we get an adjoint
pair L : sSet = €at: B. The right adjoint B is called the classifying space functor
with B(C) = Cat(F'(n),C).

Hence the functor B commutes with products, which implies that B sends a
natural transformation to a naive simplicial homotopy. Therefore, B sends every
adjoint pair (in particular, an equivalence between two categories) to a naive simpli-
cial homotopy equivalence. Also B sends any small category with initial or terminal

object to a contractible simplicial set.

Example 2.2.4. If we define sd : A! sSet by sd(n) = B(P'n), where P'n is the
power set of the set 0,1, ¢ ¢ ¢ng without the empty set, ordered by inclusion, and
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B : €at! sSet is the classifying space functor, then we get an adjoint pair Sd : sSet
= sSet: Fx. More precisely, for any simplicial sets X, Y, Sd(X) = coliman_x sd(n)
and (Ez(Y)), = sSet(sd(n),Y).

Here is the most important example for the rest of the chapter:

Example 2.2.5. We write A" = f (29, 21,¢¢¢x,) 2 R*j S 2, = 1g with
the sub-diffeology. It is diffeomorphic to R™, by forgetting the first coordinate, for
example. As for the standard cosimplicial object in Top, A® is a cosimplicial object
in Diff. Hence, we get an adjoint pair j?j5 : sSet = Diff: Sy. We call 7] the
(diffeological) realization functor and Sp the (smooth) singular functor.
More precisely, Sp(X),, = Diff(A", X) = Diff(R", X ) and jAj 5 = coliman_ 4 A" =

coliman_, 4 R™ = coequalizer of H¢:ﬁam€Mor(A) R"E A, % [,enR"£ A, , with
" =1£ ¢* :R"E A,! R"£ A,,and ¢, = ¢, £ 1 :R"E£ A" R™E A™ In

other words, on [[ _R"£ A,, we can define an equivalence relation generated by

neN
R"£ A, 3 (a,z)» (a/,2') 2 R™ £ A, if there is a morphism f:n! m in A such
that f.(a) = o and f*(2') = z, where f, : R"! R™and f*: A,,! A, are induced

from f. And jAjs =[[,.yR" £ A,/» has the quotient diffeology.

neN
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2.3 A model category structure on Pre(DS)

Let Cbe a site, and let F : A1 C  be a cosimplicial object in C. Composing with
the Yoneda embedding C ! PPre(C), we get a cosimplicial object F': A1 Pre(C) in
Pre(C). By the adjoint functor theorem in the previous section, we get an adjoint

pair: L : sSet = Pre(C) : R.

Theorem 2.3.1. We can lift the model category structure of sSet to Pre(C) through
the above adjoint pair L : sSet = Pre(C) : R if R(L(A})) ! R(L(A™)) is a trivial
cofibration in sSet for anyn 2 Z* and 0 - k- n.

Proof. We are going to use Kan’s theorem (Theorem [A.2.36) to prove this:

[AR] says Pre(C) is locally presentable. Also, Pre(C) is both complete and
cocomplete. So condition (1) of Kan’s theorem holds.

Condition (2) of Kan’s theorem holds, since

(i) By assumption, R sends L.J to trivial cofibrations in sSet.

(ii) the colimits in any set-valued presheaf category are taken as sectionwise
colimits in Get, which implies that the functor R commutes with colimits, in par-
ticular, with pushouts and transfinite compositions. Because any pushout along a
trivial cofibration in sSet is again a trivial cofibration, and any transfinite compo-
sition of weak equivalences in sSet is again a weak equivalence, R sends relative

LJ-cell complexes to weak equivalences in sSet. O

Let F = A* : A! 2Diff be the cosimplicial object defined in Example 2.2.5.
Since A®* Z R*® as cosimplicial objects, we can also view I’ as a cosimplicial object
in DS. As in the above setting, we get an adjoint pair j?jp : sSet = Pre(DS) : Sp.

We call a presheaf X over DS contractible if there is a presheaf map H : X £
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jAljp ! X such that the following diagram is commutative:

XEjA%p
1x|do|p ¢
XEjAp, T sX
1><d1DT

X E£jA%p,

p

where c is the constant map and p is the projection onto the first coordinate.

Lemma 2.3.2. Let f: X ! Y be a presheaf map between contractible presheaves

over DS. Then Sp(f): Sp(X)! Sp(Y) is a weak equivalence in sSet.

Proof. By the two out of three property of weak equivalences (see Definition |A.2.4
and Example|A.2.54), it is enough to prove that Sp(X)! A is a weak equivalence.
And it is enough to prove that Sp(X) is contractible in sSet.
Since Sp is a right adjoint, we have the following commutative diagram
1x750

Sp(X)E A" —=Sp(X) £ Sp(jA%p)

Spec
IXSD|d0|Dl

1><7]A1 SpH

|
SD(X) £ Al HSD(X) £ SD(jAljp) HS[)(X)
)

1><SD|d1|DT /

1><77AO

£ AO —_— SD<X) £ SD<jAOjD),
where 7 is the unit of the adjunction j?jp : sSet = Pre(DS) : Sp. Hence Sp(X) is

contractible. N

Corollary 2.3.3. We can lift the model category structure of sSet to Pre(DS)
through the adjoint pair j?jp : sSet = Pre(DS) : Sp.

Proof. Sp(jA%ip) ' Sp(JA™p) is a trivial cofibration in sSet. It is a cofibration
since it is clearly injective sectionwise. It is a weak equivalence by the above lemma

since both jA?jp and jA"jp are contractible in Pre(DS). O
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Remark 2.3.4. jA}jp is concrete, F(jAYjp) = jA}jp, and there is a canonical

presheaf map jARjp ! S(jA7jp) which is the identity for the underlying sets.
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2.4 Definitions of weak equivalences and (co)fibrations
in Diff

Recall that in Example 2.2.5, we have the adjoint pair j?]5 : sSet = Diff: S5. Let’s
make some conventions here:

Since A} is the coequalizer of [[jc; iz A" 2 == [Tocicpizr A" in sSet,
JALjp is the coequalizer of [{oo; icp, iz A2 —¢ Ho<icn ik A"t for the (diffeo-
logical) realization is a left adjoint. It is easy to see that all jA}j5’s are diffeomorphic
to A" =f(z1,¢¢¢x,) 2 R"j x; =0 for some 1 - i - ng with the coequalizer diffe-
ology from ]_[Z(Q R —= [, R"" ifn, 2, andto A'=R%ifn=1.

Since DA™ is the coequalizer of []o; <, A" ? —=[[j<;<, A" insSet, j0A"] 5
is the coequalizer of [[;c; jc, A" > —=][pc;c, A" ", for the (diffeological) re-
alization is a left adjoint. It is easy to see that it is diffeomorphic to OA™ =
f(r1,6¢¢x,) 2 R"j ; = 0 for some ¢ 2 f1,2,¢¢¢ngor > " x; = 1g = A" [
f(x1,¢¢¢x,) 2 R"j >°"  a; = 1g with the coequalizer diffeology if n, 2, and to
OA, the coproduct of two copies of R, if n = 1.

Remark 2.4.1. Asexplained in Example1.1.10, A™ and 0A™ are not sub-diffeological
spaces of R" for any n , 2. If we denote the sub-diffeological spaces of R" with

the same underlying sets as A™ and 0A™ by A” , and 0A”,

b o Tespectively, then we

have smooth maps A" ! A7, and 0A" ! OAT, which are both identities on the

underlying sets.

Definition 2.4.2. We define a morphism X ! Y in Diff to be a weak equivalence
(or fibration) if S5 X I SpY is a weak equivalence (or fibration) in sSet. We define
a morphism X ! Y in Diff to be a cofibration if it has the left lifting property with

respect to all trivial fibrations.

The following proposition is only used in property (2) of the next section.
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Proposition 2.4.3. Let R* 2 DS be defined as above. Then DS®(R*,R®) 2 fg 2
Diff(R,R) j g(0) =0,9(1) = 1g.

Proof. Let f 2 DS®(R*,R*). We write f, : R® ! R" in coordinates by sending
(11,6 ¢ ¢x,) to (fui(21,¢C¢x,), ¢¢¢f,(x1,¢¢¢x,)). Clearly id = fo : R°! RO
and f; £d' = d' £ f, for i = 0,1 implies that f;(0) =0 and fi(1) = 1.

In fact f is determined by f; for the following reason. Assume that f,_ 1 is
determined by f; for some n , 2. Then s+ f,, = f,_; s’ for ¢ 2 f 0, 1g means that
fn is determined by f,_1, hence determined by f;. Moreover, we can calculate that
fri(z1,¢C¢x,) = fi(z; +€¢& x,) i fi(xip1 +€C& x,) for any i 2 1,2, ¢ ¢ ¢ng.

Moreover, for any g 2 Diff(R,R) with ¢g(0) = 0 and g(1) = 1, we can define
f:R*! R® by fu(z,¢¢¢z,) =g(z; +¢¢¢ 2,) i g(ri +¢CE x,). By direct
calculation, we can see that f 2 DS*(R®,R®). O

In fact, DS®(R*,R*) is a (non-commutative) monoid under composition, and for

any diffeological space X, DSA(]R‘, R*) naturally acts on the simplicial set S5X.
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2.5 Properties of the functors |7j; and 5

Now let’s explore some properties of the two functors j7j 5 : sSet ! Diff and Sp : Diff
I sSet:

(1) Sp is faithful, since if f,g: X! Y in Diff induces Sf = Sg: SX ! SY in
sSet, then f = (Sf)o=(59)o=9g: X =(SX)o! (SY)y=Y.

(2) Proposition 2.4.3 implies that the functor Sp is not full. For example, let
X be the set 0,19 with the indiscrete diffeology. Then any non-identity map f 2
DS?(R*,R*) induces a non-identity simplicial map SpX ! S5 X, but (S5X)o !
(SpX)o is the identity X | X.

(3) Sp is not essentially surjective, that is, there exists a simplicial set X such
that there is no diffeological space Y with X 2 SpzY. For example, let A be
the set R with the diffeology D4 generated by f : R! R with f(z) = 2% Let
X = ski(SpA), that is, the sub-simplicial set of SpA generated by (SpA)y and
(SpA);. If X 2 S5Y for some diffeological space (Y, Dy), then as a set Y 2 R, and
D4 uDy since f 2 Dy. However (S5Y ) = Xo i (S5A4)2. The inclusion is proper
since R? I R given by (z,y) 7! x?y? factors through f, while it does not locally

1

x°

factor through f by s% or s

Note that if X is a non-discrete diffeological space with card(X) < 1, then
there exists a plot U ! X which is not locally constant. Let n = dim(U). Then
(Sp(X))n is an infinite set. Hence (Sp(X)), is an infinite set for any m 2 Z*.
This implies that if A is a simplicial set which is not a coproduct of finitely many
As, and there exists some n 2 Z* such that A, is a finite set, then there is no
diffeological space X with the property that A 2 Sp(X).

(4) Sp reflects isomorphisms. Assume that f : X ! Y in Diff induces an
isomorphism Spf : S X ! SpY in sSet. Write g : SpY ! S5 X for the inverse of

Spf. Then f+gy = idy and gotf = idx as set maps. Infact, go : Y ! X is smooth.
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Let [: U! Y beaplot of Y, and let U = [ ;c;U; with each U; diffeomorphic to R™
N—1
(fi) U, U_t.y.

via f;, where n = dim(U). Write h for the composition R”

We have the following commutative diagram

gn(h)

R" —

N

X
|1
Y
lgo

X.

Note the composition of the two vertical maps is identity, which implies gy £ h is a
plot of X. Therefore, by the sheaf condition, gy £l is a plot of X, which implies the
smoothness of gg.

(5) We have the following lemma connecting naive smooth homotopy and sim-

plicial homotopy:

Lemma 2.5.1. Sp : Diff!  sSet sends smoothly homotopic maps to simplicially ho-
motopic maps. Hence smoothly homotopic maps induce the same map on simplicial

homotopy groups.

Proof. f,g: X! Y being smoothly homotopic (see Definition [1.4.10) means that
there exists a stationary path in @iff(X,Y’) connecting f and g. By cartesian closed-

ness of Diff, we have the following commutative diagram in Diff:

X Ef 0g
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Since S}, is a right adjoint, we have the following commutative diagram in sSet

SpX £ A

| X

Ixv
SpXEA LS XE S, R—— S5V
\ T SDg
SpX £ AY,

where v corresponds to the identity map R! R by the Yoneda lemma. O

We call a diffeological space X smoothly contractible, if the identity map X ! X
is smoothly homotopic to a constant map X ! X.
Therefore, if a diffeological space X is smoothly contractible, then X ! RY is a

weak equivalence. In particular, the map A" ! A” . introduced in Remark 2.4.1/is

sub
a weak equivalence.

(6) Here is a very unpleasant result:

Proposition 2.5.2. The functor |7y : sSet ! Diff does not commute with finite

products.

Proof. For simplicial sets X and Y, we have a natural map JX£ Yj5!] XjpEj Y]
induced from the projections. However, it is not always a diffeomorphism. For

example, it is easy to see that JA' £ Aljs is the pushout of
A A,
dzl
1A% 5
hence not diffeomorphic to R? = jA'j 5 £] Alj5. (In fact, JA'E Alj5 2 A2ZER.) O
(7) For any simplicial sets X and Y, the natural smooth map f : jX £ Yjp !
jXjp £]Y]p induced from the projections is surjective. (The proof of Proposition

2.5.2l shows that this map is not injective in general.)
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Before giving the proof, let’s understand jAj 5 better. By using the coequalizer
notation for jAj s, we call a point (x,b) in A= [,en A" £ A, nondegenerate if b is
nondegenerate in A and x is interior, that is, not of the form d'(y). We can define
a: Al Aby (,0) 7! (y,di, £ ¢¢ ¢k, (b)) if x = d" + ¢ ¢ ¢d (y) with y interior
and 0 - 4, < ¢¢& i, - n, and define 3 : A! A by (z,b) 7! (s £ ¢ ¢i(z),c)
if b = s, £ ¢¢ ¢4, (c) with ¢ nondegenerate in A and 0 - j; < ¢¢& j < n.
Then o * 3 sends each point in A to a nondegenerate point. If (x,b) » (2/,¥), then
axf(x,b) = axf(2,V). In other words, as a set JAjp is exactly the set of all
nondegenerate points in A.

Here is the proof of the claim. For any nondegenerate representative (x,a) 2
jXjp and (y,b) 2jY]jp, we can construct [(z,cE d)] 2 ] X £ Y] as follows such that
(x,a) » (z,¢) and (y,b) » (2,d). If © = (x9,¢¢¢zx,) and y = (yo, ¢ ¢ ¢y,,), then
define z = (x¢, ¢ ¢ ¢x,_1, 2, y1, ¢ € Gyp,) with 2, = z, | Z;n:l Yi = Yo i Z;:Ol X,
and define ¢ = s, 1 £ ¢ ¢ Csh(a) and d = s,14n—1 £ ¢ € Cs, (D). This defines a set map
g:1XjpE]Y|p!l] X E Y]jssuch that f+g=1.

(8) For every simplicial set A, the unit n: A! SpjAjp is a cofibration in sSet.
For every diffeological space X, the counit € : jS5(X)jp ! X is a subduction (see
Definition 1.5.4).

Here is the proof. Let a,b 2 A, such that n,(a) = n,(b) : A" '] Ajs. This
means that [(z,a)] = n,(a)(z) = n.(b)(z) = [(z,b)] for any = 2 A™. We can pick
r=(-%,¢¢¢

i ). Then a = s;, + ¢¢¢ &, (a’) with o’ nondegenerate in A and

1
n+l
0 j1 <¢C& j. <nimplies a+f(z,a) = (s* £ ¢ ¢ ¢F*(x),a'). Hence, a = b.
Since €([(x, a)]) = a(x), by concreteness, we know that e is surjective. Since each
open set U of R™ is locally diffeomorphic to R”, it is clear that € is a subduction.

(9) Let’s compare the three adjoint pairs j?jp : sSet = Diff: Sz, D : Diff
= Top: T and j?j : sSet = Top: s.
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Proposition 2.5.3. Given any topological space A, there is a weak equivalence

between Sp(T(A)) and sA in sSet.

Proof. For any topological space A, Sp(T(A)) = Diff(A*, T(A)) = Top(D(A®), A),
and sA = Top(jA°®], A).

Consider the Reedy model structure on Top?. See the appendix for more details.

Note that every topological space is fibrant in the standard model category struc-
ture of Top, both D(A®) and jA®j are cosimplicial resolutions of a point in Top,
and the natural inclusion map i : JA®j I D(A®) is a Reedy weak equivalence in
Top? (since for any n 2 N, both jA"j and D(A") are contractible). Therefore,
i*: Sp(T(A)) ! sA is a weak equivalence of fibrant simplicial sets. O

Remark 2.5.4. I'd like to thank D. Dugger for the idea of the proof of this propo-

sition.

Also we have the following:

Proposition 2.5.5. Given any simplicial set X, there is a weak equivalence between

D(jXjp) and jX] in Top.

Proof. This follows from the fact that i : jJA®j! D(A®) has a retract in Top?, and
7E1:%Top! Fopis a left adjoint. O
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2.6 Examples of cofibrations and fibrations in Diff

By the adjunction j7j 5 : sSet = Diff : Sy and Definition 2.4.2, X ! Y is a fibration
in Diff if and only if it has the right lifting property with respect to A ! R" for all
n2 Z", and X! Y is a trivial fibration in Diff if and only if it has the right lifting
property with respect to JA™ ! R™ for all n 2 N. In particular, taking n = 0, we
see that all trivial fibrations are surjective.

Also, if a smooth map f : A ! B is a (diffeological) realization of a trivial
cofibration in sSet, and g : X | Y is a fibration in Diff, then any commutative
solid diagram

A—sX
; 7
B——Y

Q

in Diff has a smooth lift.

Proposition 2.6.1. |?j5 : sSet !  Diff preserves cofibrations. The class of cofibra-
tions in Diff is closed under isomorphisms, pushouts, smooth retracts and (transfi-

nite) compositions.
Proof. This is formal. O

Proposition 2.6.2. Fvery smooth map f in Diff has a functorial factorization as

f=a(f)xB(f) with o(f) a trivial fibration and 3(f) a cofibration.

Proof. Apply the small object argument (Theorem |A.2.32)) to the set I = fOA™ !
R™ j n 2 Ng. O
Corollary 2.6.3. We have a functorial cofibrant replacement for every diffeological

space.

Example 2.6.4. A"! R" for any n 2 Z* and 0A™ ! R™ for any m 2 N are all

cofibrations.
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Example 2.6.5. R" is cofibrant for any n 2 N, since R” = JA"] 5.

Example 2.6.6. A? is cofibrant, since it is the pushout of

R ——=R

|

R.

Example 2.6.7. More generally, all A" = jA}j5 and OA™ = JOA"] 5 are cofibrant.
This can also be seen by building them as pushouts along the cofibrations in the
previous examples, and along the way, we obtain other interesting cofibrations and

cofibrant objects. For example, _7 R are all cofibrant.
Example 2.6.8. The pushout of

0A ——TRO

|

R

will be denoted by S and it is cofibrant.
Clearly S' is not diffeomorphic to S, because S! has tails. But even the sub-
diffeological space of S with the tails removed is not diffeomorphic to S!, because

of the point where the gluing occurs.

P (/

Figure 2.1; S* Figure 2.2: S with tails removed

We have the following amazing result:

Theorem 2.6.9. S! is cofibrant.
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Proof. Let X be the simplicial set whose non-degenerate simplices are:

y— -y
a bBa
A

Cl’

X

Then jX]p is cofibrant, and it is diffeomorphic to the union of the zy-plane and
yz-plane in R® modulo the following relation: (p 3y, v i %,0) » (0,y, */75 i P 3y).
We are going to prove that S’ is a smooth retract of jXj5. In other words, we
are going to define smooth maps f : S' ' j Xjp and g : jXjp ! S’ such that
gt f =ridsi. In order that Im(f) (with the sub-diffeology of j Xjz) and S* have the
same smooth structure, Im(f) has to tangentially approach the lines along which
the gluing occurs. These lines are the y-axis, the line y = \/ig i % in the zy-plane,
and the line z = j P 3y + ‘/75 in the yz-plane.

By modifying the smooth function R ! R? (see the graph below) with ¢ 7!
(¢, (1 gb(2t))p 3t + gZ>(27f)(\/7g i P 3t)) for some cut-off function ¢, we can define:

Figure 2.3: The smooth function

De(2).i 7+ 5% 1 1Do(2),0) if 6210, 7]

+3Z+ 10 2),i L&+ 1o &) it02 [ 7,0],

4

3|

and
emiV3r—y) if 2 =)

r,Y,z) =
9(z,y, 2) e~ mi+V32)  if 4 — ().
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Example 2.6.10. Every discrete diffeological space X is both cofibrant (since X =
jI1.cx A% ) and fibrant (since every smooth map A™ ! X must be constant).

Every indiscrete diffeological space X is fibrant, since every diagram

A" —— X

|

RTL

has a lift in @iff. Moreover, X is smoothly contractible.

Example 2.6.11. Let (X;,D;), (X2,D5) be two diffeological spaces with the same
underlying set X, such that D; g D 5. Then the identity set map X; ! X5 is a
fibration if and only if D; = D,. Indeed, suppose id : X; ! Xs is a fibration and
let f:R"! X, be a plot. Then

id—1
RO d=(£(0)) 7X1

of

A”%R"?XQ

has a lift to X in Diff, since 0 : R%! A" is a trivial cofibration (it is a cofibration
since it is the diffeological realization of A° ! A7 for any k, and it is a weak

equivalence since A" is smoothly contractible). Hence

Ani>X1

4
Lk
R" '? X,

has a lift R ! X, in Diff making the whole diagram commutative, which implies

that f is a plot in Xj.

Proposition 2.6.12. FEvery diffeological group is fibrant.
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Proof. The right adjoint of an adjoint pair between two categories with finite prod-
ucts always sends group objects to group objects. The group objects in Diff and
in sSet are precisely diffeological groups and simplicial groups, respectively, and
Moore’s lemma ([GJ, Lemma 1.3.4]) says that every simplicial group is fibrant in

sSet. 0

Example 2.6.13. (1) Every Lie group viewed as a diffeological space with the
standard diffeology is fibrant.

(2) Every irrational torus is fibrant.

Example 2.6.14. Here is a more concrete way to see that every diffeological abelian

group A is fibrant. Given a solid diagram

AT A
T
RTL

in Diff, define the extension F directly as follows. For any 0 - k < n and 1 -

W < CC& i, - n, write B, .., : R* ! A" for the orthogonal projection onto the
coordinate plane z;, ¢ ¢£; . When k£ = 0, this is the constant map R" ! A" sending
everything to 0. All of these projections are clearly smooth. Then the smooth map

A el . \n—kt : :
F =302 1<iyccip<nli 1) F+P, .., isan extension of F.

Example 2.6.15. Let A be a diffeological group. Then Diff(X, A) is also a diffeo-

logical group for any diffeological space X, hence fibrant.

Lemma 2.6.16. Fibrant diffeological spaces are closed under coproducts in Diff,

and if X 1s fibrant, then so is each path component.

Proof. This is because both D(A™) and D(R") are connected. O
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Proposition 2.6.17 (Right Proper). Let
w
Z

be a pullback diagram in Diff with f a fibration and g a weak equivalence. Then h

h

— =X

-~

—=Y

18 also a weak equivalence.

Proof. This follows from the right properness of the standard model category struc-

ture on sSet. O]

Proposition 2.6.18. The class of fibrations in Diff is closed under isomorphisms,

pullbacks, smooth retracts and finite compositions.
Proof. This is formal. O]

Corollary 2.6.19. Let f : X ! Y be a fibration in Diff, then any fiber of f is
fibrant, that is, for any y 2 Y, f~1(y) with the sub-diffeology of X is fibrant.

Lemma 2.6.20. Any diffeological bundle with fibrant fiber is a fibration.

Proof. Suppose f : X ! Y is a diffeological bundle with fiber F'. Given any
commutative diagram in Diff

A" X

S

Rn?Y,

we have the following pullback diagram in 2ift

R'E F-%.X

N

R" Y.

C
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Therefore, we have the following commutative diagram:

Let g : R"! F be any smooth map and consider the smooth section (1,g) : R™ !
R™E F. Then f+d*(1,9)*m =cxm =(1,g) £m = cxm, and by the surjectivity

of w1, we have the following commutative triangle

X

do(lV if

We also want the triangle
Ar s X
|
do(1,g)
R"™,
to commute, which requires us to pick the smooth map ¢ nicely. Since F' is fibrant,

we choose g to be a lifting of

A" —==F
4
Rn
composed with the inclusion F'4  X. Then for any z 2 A", we have d+(1, g)*a(x) =
d(a(z), g £a(x)) = d(a(z), e(x)) = (d £ (a, e))(z) = b(z). O

Example 2.6.21. Not every diffeological space is cofibrant. For example, the ir-
rational torus T (see Example 1.1.6) is not cofibrant, since the diffeomorphism
T7 ! T?/Ry by sending [z] to [(1,2)] has no smooth lift to 7% by the connectedness
of R, and note that the quotient map 72! T?/Ry is a trivial fibration.
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Definition 2.6.22. Let G be a diffeological group and let H be a subgroup of G.
Then the set G/ H of left cosets, with the quotient diffeology, is called a homogeneous

diffeological space.

Note that we do not require H to be a closed subgroup of G. We can define a ho-
mogeneous diffeological space to be the set of right cosets, and all the corresponding

results still hold.
Theorem 2.6.23. Fvery homogeneous diffeological space is fibrant.

Proof. We will give two proofs for this.

Here is the first proof:

By Proposition 7.5 (i) on page 26 of [May|, we know that if f : X ! Y is a
fibration in ®iff, X is fibrant and Spf : SpX ! SpY is onto, then Y is fibrant.
Here Diff(R™, X) = (SpX)n ! (S3Y), = Diff(R",Y’) being onto just means that
any global plot of Y has a smooth lift:

X

s

R" Y.
In particular, if X ! Y is a diffeological bundle with fibrant fiber and X is fibrant,
then so is Y. Now G'! G/H is a diffeological bundle with both G and H fibrant.
Hence the result follows.

Here is the second proof:

Given b : A" ! G/H, let a : R® ! G have a(0) 2 p~'(b(0,¢ ¢ ¢0)), where
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p: G G/H is the quotient map. Then we have the following smooth liftings:

R ——@

|k

A"~ G/H
e
R™.
The lifting o exists because R® ! A" is a trivial cofibration in Diff and p is a
fibration by Lemma 2.6.20. The lifting ( exists because G is fibrant. And v =p+x

is easily seen to be the required lifting. O

Remark 2.6.24. This theorem was suggested by P. Iglesias-Zemmour, and it gener-
alizes the two classes of fibrant diffeological spaces: diffeological groups and smooth
manifolds without boundary (see below).

The second proof of the theorem shows that if a smooth map X ! Y is a

fibration in ®iff and a surjective set map, with X fibrant, then Y is also fibrant.
Corollary 2.6.25. Every smooth manifold without boundary is fibrant.

Proof. We will also give two proofs of this corollary.

Here is the first proof:

Use Theorem 2.6.23 and the fact that Diff(M)/stab(M,z) Z M [Do], where
M is an arbitrary connected smooth manifold and x 2 M. Diff(M) is introduced
in Example 1.7.11 and stab(M,z) = f f 2 Diff(M) j f(z) = zg is a subgroup of
Diff(M). Then use Lemma 2.6.16.

Here is a sketch of the second proof:

Let f (U,, fo)9 be an atlas of M, that is, each U, is open in M, and each f, :
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U,! R™is a diffeomorphism, where m is the dimension of M. Given any diagram

AL m
|

R™,
take one U, such that it contains f((0,0,¢ ¢ ¢0)). Since U, is diffeomorphic to R™,
and R™ is fibrant, there is a smooth lift from a small neighborhood (we can think of
it as a small open cube) of (0,¢ ¢ ¢0) in R" to U,, hence to M. We need to further
extend it to the whole R™. This can be done because R™ has the following weak
right lifting property:

Fix any €,7 > 0 with 7 < e. Let A = f(21,¢¢¢z,) 2 R" j z,, > j €g[
all the coordinate hyperplanes in R"™. For any smooth map g : A ! R™, where
the smoothness means that the restriction of g to the first part of A and to each
coordinate hyperplane is smooth in the usual sense, we have a smooth map g : R™ !
R™ such that g restricted to B = f(x1,¢ ¢ ¢x,) 2 R"j z, > | 79[ all the coordinate
hyperplanes in R" is g.

This is because we also have a smooth extension h respecting all coordinate hy-
perplanes in R™ as explained in Example 2.6.14. Let V; =f(z1,¢¢¢z,) 2 R"j z,, >
i egand Vo =f(z1,6¢¢x,) 2 R"j 2, < i 79. Then fVj, Vo0 forms an open cover
of R™. So there exists a smooth partition of unity p;, po subordinate to this cover.
Then pyg + poh is what we want.

We use this weak right lifting property of R™ repeatedly to get the desired
smooth lift. Since R" is not compact, we will try to manage on compact sets first,
and then go further. For example, we will try on closed cubes, and then make the
cubes bigger and bigger, so that eventually we reach the smooth lift for the whole
R™. O

As a direct result of Corollary 2.6.3, if we take a functorial cofibrant replacement
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X of a fibrant diffeological space X, then X is both cofibrant and fibrant. In
particular by the above corollary, if we take a functorial cofibrant replacement M

of a smooth manifold M, then M is both cofibrant and fibrant.

Example 2.6.26. Let X be a topological space. Then T'(X) is a fibrant diffeological
space, since D(A") ! D(R") has a retract in Top. However, if YV is a diffeological
space, then the natural map Y ! T(D(Y)) is not always a weak equivalence in Diff.

Y = T}, the irrational torus of slope 6, is such an example (see Example [1.7.14).

Proposition 2.6.27. Let A be a diffeological space which is a smooth retract of the
diffeological realization of a simplicial set X, and let B be a fibrant diffeological space.
Ifi, £ 1:A"£] Xjz ! R"E] X|p is the diffeological realization of a cofibration in
sSet for any n 2 Z*t, then Diff(A, B) is also a fibrant diffeological space.

Proof. Since the class of fibrant diffeological spaces is closed under smooth retracts,
it is enough to prove that Diff(jX]s, B) is fibrant. By cartesian closedness of Diff, it
is equivalent to showing that ¢, £ 1: A"£] Xjz ! R"£] Xjp is a trivial cofibration
for every n 2 Z*. i, £ 1is a weak equivalence since i, is a weak equivalence, and it

is a cofibration by the assumption. O]

Remark 2.6.28. It is not always true that R"£] X] 5 is the diffeological realization
of a simplicial set. For example, if n = 1 and X is the simplicial set whose non-

degenerate simplices are

2 T2
\___,,7

then R £ Xjp is not the diffeological realization of any simplicial set.

Corollary 2.6.29. Let X be a fibrant diffeological space. Then Diff(R™, X)) is also
fibrant for any m 2 N.
Proof. This is because R™ = JA™j5, and for any n 2 ZT, A"£ R™ ! R"£ R™ is

the diffeological realization of the cofibration [ 7=d’(A"+m=1) 4 Anrtm-1, O
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Not every diffeological space is fibrant:

Example 2.6.30. A" is not fibrant for any n , 2, since there is no smooth re-
tract R™” ! A™ for the natural injective map A™ ! R", using the definition of the

coequalizer diffeology on A™.

A7, is not fibrant for any n, 2 as well. Otherwise, 7: AZ, ! R" has a smooth
retract f : R® ! A?,. Then the composition ¢ = f : R* I R" is smooth in the

usual sense, and id = (i £ f), : ToR™ ! TyR™. This implies that i £ f is a local

diffeomorphism at 0 by the inverse function theorem, which is a contradiction.

n

"y is fibrant for any n, 2.

For the same reasons, neither 0A™ nor 0A

Example 2.6.31. Write R" for R with the diffeology generated by any set S M
Diff(R"~!,R") which contains all the natural inclusions R"~' I R™ into coordinate
hyperplanes. Then R™ is not fibrant for any n , 1. Otherwise, we have the following

commutative diagram in Diff:

A" —L > R7 R"
74
IjAn F|U g
) n—1
U—R"",

where F' 2 Diff(R",R"), U is some neighborhood of 0 2 R", f 2 Diff(U, R*1),
g 2 S, and the unnamed horizontal arrow is the identity on the underlying set of

R™. This implies that we have the following commutative diagram in Vectg:

ToR™

<y T
gx

T()U —_— Tf(Q)Rn_l .

Note that (Fjy). = id, which contradicts the commutativity of the above triangle.
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The same method shows that for any n,m 2 N with n > m, R" with the
diffeology generated by any set S p Diff(R™,R") which contains all the natural

inclusions R™ ! R"™ into coordinate m-planes, is not fibrant.

Example 2.6.32. For any pointed diffeological space (X, x), we can construct the
path space P(X,z) = ff 2 Diff(R, X) j f(0) = xg, with the sub-diffeology of
the functional diffeology of @iff(R, X). This diffeological space is always smoothly
contractible since we have a smooth map a : P(X,z) £ R ! P(X, z) defined by
alf,t)(s) = f(6(t)s), where § : R R is some cut-off function. We also have a
natural smooth map ev; : P(X,x)! X defined by f 7! f(1). However, ev; is not
always a fibration in Diff. For example, take X = A? and x = (0,0) 2 X. Here
is a modified proof using ideas of Gaohong Wang. We only need to show that the
fiber of ev; at x, i.e. the loop space Q(X,z) =f f 2 Diff(R, X) j f(0) = f(1) = zg
with the sub-diffeology of P(X,x), is not fibrant. We can construct a smooth map
H: X! QX,z) by H(z,0)(t) = (z¢(t),0) and H(0,y)(t) = (0,y1(t)), where
¥ :R! Ris asmooth function such that there exists e > 0 so that ¥ (¢) = 0 when
t<eort>1j eand (i) =1 Then the diagram

A2 (X x)

RQ
does not have a lift in Diff, since otherwise A2 ! R? would have a smooth retract,

which contradicts Example 2.6.30.

Example 2.6.33. X = [0,1 ) as a sub-diffeological space of R is not fibrant. The
following proof is due to G. Sinnamon. Let f: A3! X be defined by f; : R?! X
with fi(x, @) = (z;i ax)? for f4,5,kg = f1,2,39. Assume that f has a smooth

extension G : R® | X, that is, there exists a smooth function F : R* ! R
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such that Im(F) u X, F(x1,29,0) = (21§ 22)%, F(0,29,23) = (22§ x3)* and
F(x1,0,23) = (71 i x3)*>. Consider the composition h : R—I-R S X , with
g(t) = (t,t,t). Then by the chain rule, it is easy to calculate that h(t) = j 3t>4o(t?),
which contradicts that Im(F) g X.

As an easy corollary of this result, any smooth manifold with boundary is not
fibrant.

Hence this example together with Theorem 2.6.23 gives another proof showing

that X,, and X, (introduced in (2) of Example [1.8.1) are not diffeomorphic.

Remark 2.6.34. We call a diffeological space X k-fibrant if it has the right lifting
property with respect to A" ! R” for alln 2f 1,2,¢ ¢ ¢kg. Then every diffeological
space is 1-fibrant since there is a smooth retract for A' ! R, and a diffeological
space is fibrant if and only if it is k-fibrant for all £ 2 Z*. It is not hard to prove
that [0,1 ) with the sub-diffeology of R is 2-fibrant, and the above example shows
that it is not 3-fibrant. And R in Example 2.6.31/is (nj 1)-fibrant but not n-fibrant.
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2.7 Comparison of smooth and simplicial homo-
topy groups for fibrant diffeological spaces

By Proposition 2.6.12, we know that Sp(R) is a simplicial abelian group. So we
can use Dold-Kan correspondence (see, for example, [GJ]) to calculate its simplicial
homotopy groups. More precisely, given a simplicial group G, we can form a chain
complex N(G) with (N(G),, =\ _ker(d;), where d; : G, ! G,_; is the boundary
map, and the differential for the chain complex is given by (j 1)"d, : (N(G)), !
(N(G))n-1. (This forms a chain complex due to the simplicial identities.) Moreover,
(G, g) Z H,(N(Q)) for any g 2 Gy.

In the case G = S(R), (N(G)), = ff 2 Diff(A",R) j d;(f) = 0 for all
i2f0,1,¢¢¢ni 199, and (j 1)"d.(f) = (i 1)"f(zo, ¢ ¢ ¢z,,—1,0). We claim that
H,(G,0) =0 for all n 2 N. In other words, if f 2 Diff(A", R) such that d;(f) =0
for alli 2 f 0,1, ¢ ¢ ¢ng, then we can find some g 2 Diff(A"™! R) such that d;(g) = 0
for all # 2 f£0,1,¢¢¢ng, and f = (j 1)""d,;1(9). In fact, g(xg,¢¢ ¢z, 1) =
(i D"o(li g [, ¢ 6

n
1—zp41? Tn+1

) with ¢ some cut-off function satisfies these
properties.

Note that 72”(R,0) = 0, which implies that 75(Sp(R),0) Z 72(R,0). This is
not a coincidence. We will show that the similar result holds for any pointed fibrant

diffeological space.

Before giving the proof, we give two different characterizations of smooth homo-
topy groups of a pointed diffeological spaces as follows:

By the rescaling trick, we have the following observation.

Remark 2.7.1. Let (X, z) be a pointed diffeological space. Then 72 (X, x) can also
be characterized as f f 2 Diff(R™, X) j fign_can) = @ for some € > 0g/»’, where
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A" = f (21,6 ¢ ¢x,) 2 R j Yomqx; <1j eand z; > eforalli2f1,2 ¢¢¢ngg,
and f »’ g if and only if there exists F' 2 Diff(R"*!, X) such that F(z, ¢ ¢ ¢z,,0) =
f(zy,¢C¢x,), F(x,¢¢¢x,,1) = g(z1,¢¢¢x,), and Fjgn_gan)xg = @ for some
6 > 0.

Proposition 2.7.2. Let (X, ) be a pointed diffeological space. Then w2 (X, x) can
be characterized as A = ff 2 DifR", X) j fioan = 29/», where [ » g if and
only if there exists F 2 Diff(R"™, X) such that F(xy,¢¢¢z,,0) = f(zy,¢¢¢x,),
F(z1,¢¢¢x,,1) = g(z1,¢ ¢ ¢x,), and Fijganxr = .

Proof. 1t is clear that this is true for n = 0.

For n , 1, define i : 72(X,z)! A by sending [f] to [f], where f is chosen to
satisfy the condition of Remark 2.7.1 that is, ij"—el An| = @ for some € > 0. Clearly,
this map is well-defined.

Note that there is a diffeomorphism of diffeological pairs (R, dA™) and (A™, 0'A™),
where O'A" = f (2, ¢ ¢ ¢x,) 2 A" j x; = 0 for some ¢ 2 f 0,1, ¢ ¢ ¢ngg with the co-
equalizer diffeology. For simplicity, we switch to use (A" 9’A™) for the rest of the
proof.

i is surjective. For any [g] 2 A with g 2 Diff(A", X) such that gjgan = =z,
we need to find F' 2 Diff(A™ £ R, X) such that F(zg,¢ ¢ ¢zx,, 1) = g(xg, ¢ ¢ ¢x,),
Fjganxg = x and F(xg, ¢ ¢ ¢x,,0) = z if some z; < e forsome e > 0. Let a: R! R
be the smooth function with a(y) = y¢(y), where ¢ : R! R be a cut-off function
such that ¢(y) = 0ify < e, ¢(y) = 1ify > 1j eforsome 0 < € < ——, and ¢(y) > 0 if

n+1’

Y, 75 Letay:R! Rbe the smooth function with a,(y) = ¢(t)y+(1i ¢(t))e(y),

and let p : R™™ i f (zg,¢¢¢x,) 2 R™j > z; = 0g ! A" be the smooth
function with p(z, ¢ ¢ ¢z,) = (Z,fi(;xi,¢¢¢z,ii’;xi). Define F' = g+ p + 3 with
B:A"E R!D R f (z0,¢¢¢x,) 2 R™j Yz, = 0g with 8(z¢, ¢ ¢ ¢z, 1) =

(a(z0), ¢ € ¢y (x,,)), and it is easy to check that F' has all the required properties.
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i is injective. If [f],[g] 2 w2 (X,z) with both f and g chosen to satisfy the
condition of Remark 2.7.1, such that i([f]) = i([g]), that is, there exists F 2
Diff(A™ £ R, X) such that F(xg,¢¢¢z,,0) = f(zo,¢¢¢x,), F(z,¢C¢x,, 1) =
g(z0,¢ ¢ ¢x,,) and Fjgunxr = @, then the composition F + ((p£a™™!) £ 1) implies
that fxpxa™ »’ gxpxa™l. Clearly, f »’ fpxa™ and g »' gtpta™™!,

which implies that [f] = [g] in 7D (X, z). O

Theorem 2.7.3. Let (X, z) be a pointed diffeological space with X fibrant. Then
T (X, @) 2 3 (Sp(X), @)

Proof. Since X is a fibrant diffeological space, Sp(X) is a Kan complex. The n'"
simplicial homotopy group of (Sp(X), z) is defined as follows [May|: 75 (S5(X),x) =
ff2 (Sp(X))nj di(f) = « for all i 2 £0,1,¢¢¢ngg/» s, with f », ¢ if there
exists h 2 (Sp(x))n+1 such that d,(h) = f, dpy1(h) = g and d;(h) = z for all
i210,1,¢6¢¢n; 1g.

Actually, 75(Sp(X)) can also be described as the coequalizer of

(Sp(X))1 === (Sp(X))o.

d1

Therefore, 7 (X) 2 75(S5(X)).

Now for n | 1, we define a : 72(X,2) ! 75(S5(X),x) by a([f]) = [f], where
f 2 Diff(R", X) is chosen to satisfy the condition of Proposition 2.7.2, that is,
floran = z. Tt is well-defined, since if [f] = [g], that is, there exists F' 2 Diff(A" £
R, X) such that F(zo, ¢ ¢ ¢x,,0) = f(z0,¢ ¢ ¢x,), F(zo,¢¢¢x,, 1) = g(zo, ¢ ¢ ¢x,)
and Fjganyr = z, then divide A" £ R into n + 1 (n + 1)-simplices using the prism
operators in [Ha]. Note that for each such (n+ 1)-simplex, exactly two faces are not

contained in JA™ £ R. Since »  is an equivalence relation, we have f » ¢ g.

« is clearly surjective.
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a is injective. Let [f],[g] 2 7P(X,x) with both f and g chosen to satisfy
the condition of Proposition 2.7.2, such that «([f]) = «([g]), that is, there ex-
ists F 2 Diff(A"™! X)) such that F(xg,¢¢ ¢z, 1,0,2,41) = f(20,¢¢ ¢z, 1, 7011),
F(z9,¢¢¢x,,0) = g(z9,¢ ¢ ¢x,) and F(zo,¢¢ ¢z, ) = x if some other z; = 0.
Then the composition F'+3 with 3: A" £ R! A""! defined by

6(1'07 ¢ ¢ q:l'n, t) - (IL‘(), ¢ ¢ ¢=’Un—17 tmna (1 | t)xn)

implies that [f] = [g] in 72(X, z). O



Appendix A

Basics of Model Categories

By axiomatizing the basic properties and relationship between Top and Ho(%op),
D. Quillen introduced the concept of model categories in 1967 in his famous book
[Q]. In the following 45 years, only slight changes have been made, and now model
categories are a standard tool to do homotopy theory on any nice enough category.

We summarize some basics of model category theory in this appendix. The stan-
dard references are [DS], [GJ], [Hi], [Ho], [Q]. Due to limited space, many interesting
topics related to model category theory are not covered, for example, the fact that
the homotopy category of a (pointed) model category is a closed module over the
homotopy category of (pointed) simplicial sets, that every homotopy category of a
pointed model category is pre-triangulated, localizations of model categories, model
category structures on simplicial (pre)sheaves [Jal], D. Dugger’s approach to A' ho-
motopy theory [Du2], existence of non-cofibrantly generated model categories [CH],
etc. All of these can be found in the references.

Only two uses of model category theory are explained: (1) the localization of
a category with respect to arbitrary class of morphisms may not be a category

again, but the localization of a model category with respect to the class of its

106
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weak equivalences is again a category; (2) model category theory unifies the idea of
CW-approximations in Top and projective resolutions of modules, and homological
algebra can be recovered from a model category structure on the category of chain
complexes.

In this thesis, model category theory will be used in Section 1.2.3 and most of
Chapter 2. Readers can refer to this appendix for the notation and basic results

(without proof) of model category theory whenever needed.



APPENDIX A. BASICS OF MODEL CATEGORIES 108

A.1 Kan extensions

We present the basics of Kan extensions in this section. A good reference is [Mac].

Definition A.1.1. Let A,B and C be three categories, and let X : A1 C | F :
A ! B Dbe two functors between them. The left Kan extension (LKp(X),u) of
X along F'is a functor LKp(X) : B! C together with a natural transformation
w: X1 LKp(X)xF such that for any pair (G,v) where G : B! C is a functor and
v: X! GzF is anatural transformation, there is a unique natural transformation

7: LKp(X)! G that makes the following diagram commutative:

LKp(X)+F.

Right Kan extensions are defined dually.

Definition A.1.2. Let A,B and C be three categories, and let X : A1 C | F :
A!B Dbe two functors between them. The right Kan extension (RKp(X),p) of
X along F'is a functor RKp(X) : B! C together with a natural transformation
p: RKp(X)£F ! X such that for any pair (G, v) where G : B! C is a functor and
v:GxF ! X is anatural transformation, there is a unique natural transformation

7:G! RKp(X) that makes the following diagram commutative:

REp(X)+F tsX

] /

G+F.

When a Kan extension exists, it is clearly unique up to a unique isomorphism.

Theorem A.1.3. If A is small and C is cocomplete, then each left Kan extension
exists, and LK p(X)(b) Z colimpg)—p X (a). Dually, if A is small and C is complete,
then each right Kan extension exists, and RKp(X)(b) Z limy_p) X (a).
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Proof. To prove the first statement, define 7 : LKp(X) ! G by defining 7, :
LKp(X)()! G(b) as follows. For any f: F(a)! b we have

Vq G(f)
X(a) —=G(F(a)) —= G(b).
Hence we have the required map. The remaining parts are easy. Il

Proposition A.1.4. If all left Kan extensions exist, then we have the following
adjoint pair: LKp(?) : C* = CP 2+ F. If all right Kan extensions exist, then we
have the following adjoint pair: 7+ F : C® = CA: RKp(?).

Proof. This is direct from the definitions. m
We now give some examples of Kan extensions:

Example A.1.5. The colimit of a functor X from a small category A to a cocom-
plete category Cis the left Kan extension of X along the unique functor from A to
the terminal category 1 (that is, the category with one object and one morphism).
Dually, The limit of a functor X from a small category A to a complete category C

is the right Kan extension of X along the unique functor from A to the category 1.

Example A.1.6. Define functors X : A ! Top by X(n) = jA"}, the standard
n-simplex in Top, and F': Al sSet by F(n) = A", the standard n-simplex in sSet.
Then the left Kan extension of X along F'is the usual geometric realization functor
7.

Example A.1.7. Moreover, the left adjoint L in Theorem 2.2.1] is the left Kan
extension of ' : C ! D along the Yoneda embedding C ! Pre(C) defined by
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(f:c!

)T (fe : C(7,¢) 1 C (?7,¢)). We have natural isomorphisms:

D(LX,Y)=D( colim F(c),Y)

C(?c)—X

2 lim D(F(c).Y
e (F(c),Y)

= lim RY(c)
C(?c)—X

2 lim _Pre(C)(C(?,c), RY)

C(?c)—X

2 Bre(C) (C(C?Ocl)ing C(?,¢), RY)

2 BreC(X, RY),

for any objects X in Pre(C) and Y in D, and the adjointness follows.

110
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A.2 Model categories

Good references for this section are [DS], [GJ], [Hi], [Ho|, [Q]. However, the termi-
nology is slightly different in these references. The purpose here is to summarize the

theory with consistent terminology for the thesis.

A.2.1 Basic theory of model categories

The basics
Unless otherwise stated, the main source for this part is [Q].

Definition A.2.1. Let M be a category and let f : A! Bandg:C! D be
two morphisms in M . We say that f is a retract of g if we have the following

commutative diagram in M

A—sC——A
! 9 !
B——D—B

with the composition of the two horizontal morphisms being id4 and idpg, respec-

tively.

Definition A.2.2. Let M be a category, let f: A! B be a morphism in M , and
let I be a class of morphisms in M . We say that f has the left lifting property with

respect to I if for any commutative solid diagram

A——-C

4
17
B——=D
with g 2 I, the dotted arrow exists and makes the whole diagram commutative.

Dually, we can define a morphism to have the right lifting property with respect to

a class of morphisms.
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The following definition is from [Ho]:

Definition A.2.3. Let M be a category. Define 9tap(M ) to be the category whose
objects are maps in M and morphisms are commutative squares in M . A functorial

factorization of maps in M is a pair of functors a, 5 : Map(M ) ! 9Map(M ) such
that f = a(f) £6(f) for any map fin M .

Definition A.2.4 ([Hi, Ho|). A model category is a category M together with three
classes of morphisms (called weak equivalences W, cofibrations Cand fibrations F ),
satisfying the following axioms:

(1) the category M is complete and cocomplete;

(2) (two out of three) let f and g be two morphisms in M such that g * f is
defined. If two of f, g and g £ f are weak equivalences, then so is the third;

(3) (retraction) the retract of a weak equivalence (cofibration, or fibration) is
again a weak equivalence (cofibration, or fibration);

(4) (lifting) given a commutative solid diagram

A—>

7
f hig

C_-D
in M with f a cofibration and ¢ a fibration, then the dotted arrow h exists to make
the whole diagram commutative, if either f or g is a weak equivalence;
(5) (factorization) every morphism in M can be functorially factored as a trivial
cofibration (a morphism that is both a weak equivalence and a cofibration) followed
by a fibration, and as a cofibration followed by a trivial fibration (a morphism that

is both a weak equivalence and a fibration).

Remark A.2.5. In [DS, [GJ], the definition of a model category (which is called

a closed model category in [Q]) is defined similarly except (1) only finite limits
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and colimits of M are required to exist; (2) factorizations are not required to be
functorial. However, most of the known examples of model categories satisfy all the

above five axioms.

The definition of a model category is self-dual, in the following sense:

Lemma A.2.6. If (M W CF) is a model category, then (M °?, W C F’) with
C=F and F' = C? is a model category.

The following lemma can be found in [Hi]:

Lemma A.2.7. Let M be a model category.
(1) Let A be an object of M . Then the comma category A/M is a model category
in which a map is a weak equivalence, fibration, or cofibration if it is one in M .
(2) Let A be an object of M . Then the comma category M /A is a model category

in which a map is a weak equivalence, fibration, or cofibration if it is one in M .
Here are some properties of a model category:

Proposition A.2.8. Let (M ;W ,C F) be a model category. Then
(1) C=1f2 Mor(M ) j f has the left lifting property with respect to F\W(g ;
(2) C\W =ff2 Mor(M ) j f has the left lifting property with respect to FQ;
(3) both C and C\W are closed under pushouts;
Dually,
(4)F =ff2 Mor(M ) j f has the right lifting property with respect to C\Wg
(5) F\W =ff2 Mor(M ) j f has the right lifting property with respect to Cg
(6) both F and F\W are closed under pullbacks.

These properties together with the model category axioms imply that any two of

the three classes of morphisms W, C' and F' determine the other in a model category.
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Definition A.2.9. An object X in a model category is called cofibrant (or fibrant)
if the natural map 0! X is a cofibration (or X ! 1 is a fibration). Here 0 denotes

an initial object and 1 denotes a terminal object in the category.

Definition A.2.10. Let X be an object in a model category C.

(1) We say that X is a cofibrant replacement of X if X is cofibrant, and there is
a weak equivalence X | X.

(2) We say that X' is a fibrant replacement of X if X’ is fibrant, and there is a

weak equivalence X ! X',
The following lemma is discussed in [Hi, Hol:

Lemma A.2.11 (Ken Brown). Let M be a model category, and let N be a category
with a subcategory N’ that satisfies the two out of three property. Suppose the functor
F:MIN takes every trivial cofibration between cofibrant objects to a morphism
inN'. Then F takes every weak equivalence between cofibrant objects to a morphism
in N'. Dually, if F takes every trivial fibration between fibrant objects to a morphism

in N, then F takes every weak equivalence between fibrant objects to a morphism

in N'.
The following proposition is discussed in [Hi]:

Proposition A.2.12. Let M be a model category, and let f : X | 'Y be a morphism
m M .

(1) If both X and Y are cofibrant, then f can be factored as X —— Z-oy,
where g is a cofibration, h is a trivial fibration, and there exists a trivial cofibration
k:Y ' Z such that htk = 1y.

(2) If both X and Y are fibrant, then f can be factored as X-2oz- Moy,
where g is a trivial cofibration, h is a fibration, and there exists a trivial fibration

k:Z1' X suchthat k+tg=1x.
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In general, given a category € and a class of morphisms S of €, we can formally
form the localization S™'€ in which the maps in S have been inverted. However,
the localization may not be a category in the usual sense, since the target of the
hom-functors may not land in Get any more. For example, let C be a category
with a proper class of objects, and let a, b be two distinct objects in C. Besides the
identity maps, the only morphisms are maps from a (and b) to all the other objects
except b (a), exactly one map for each such object. Let S be the class of all the
morphisms from b. Then S~!Cis not a category. However, model categories don’t

have this problem:

Theorem A.2.13. Let M be a model category with weak equivalences W. Then
the localization W =M is again a category (that is, all hom-functors have targets in

Set).

Definition A.2.14. We call the localization in the above theorem the homotopy
category of M | and denote it by Ho(M ).

The above theorem is true for the following reasons:

Let M be a model category. Let’s denote by M . (M ;, M .¢) the full subcat-
egory of M consisting of cofibrant objects (fibrant objects, objects that are both
fibrant and cofibrant). Then the inclusion functors induce equivalences of categories
HoM )! HoM . ! HoM)and Ho(M .f)! Ho(M ;)! Ho(M).

For Ho(M ), there is another description as follows:

Definition A.2.15. Let M be a model category, and let f,g : X | Y be two
morphisms in M .

(1) A cylinder object of X is a factorization of the fold map X [[X ! X into a
cofibration iy + 41 : X [[ X! X' followed by a weak equivalence X' ! X.

(2) A path object of Y is a factorization of the diagonal map Y'! Y £ Y into a
weak equivalence Y I Y’ followed by a fibration (pg,p1):Y'! Y EY.
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(3) A left homotopy from f to g is a morphism F : X' ! Y in M for some
cylinder object X’ of X such that F'+iy = f and F'+i; = ¢. In this case, we write
f»g.

(4) A right homotopy from f to g is a morphism G : X ! Y’ in M for some
path object Y’ of Y such that po£G = f and p; £G = g¢. In this case, we write
f»rg

(5) We say that f and g are homotopic if they are both left and right homotopic.
In this case, we write f » g.

(6) We say that f is a homotopy equivalence if there is a morphism h: Y ! X
such that h+ f» 1y and fxh» 1y.

Here is a summary of the basic properties of the above defined terms:

Proposition A.2.16. Let M be a model category, and let f,g : X ! Y be two
morphisms in M .

(1)If f»,gand h:Y ! Z is a morphism in M | then hx f »,; h*g; dually, if
f».gand h:Z"V X is a morphism in M |, then fth»,. gth.

(2) If Y is fibrant, f », g, andh : Z! X is a morphism in M |, then fxh » gxh;
dually, if X is cofibrant, f », g, and h : Y V' Z is a morphism in M , then
htf»,.htg.

(3) If X is cofibrant, then left homotopy is an equivalence relation on M (X,Y);
dually, if Y is fibrant, then right homotopy is an equivalence relation on M (X,Y).

(4) If X is cofibrant and h : Y\ Z is a trivial fibration or a weak equivalence be-
tween fibrant objects, then h induces an isomorphism M (X, Y)/» 1M (X, Z)/»;
dually, of Y is fibrant and h : Z ' X s a trvial cofibration or a weak equiva-
lence between cofibrant objects, then h induces an isomorphism M (X,Y)/», |
M (Z,)Y)/»,.

(5) If X is cofibrant, then f »; g implies f » . g. Furthermore, if Y’ is any path
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object of Y, then there is a right homotopy X ' Y’ from f to g; dually, if Y is
fibrant, then f » . g implies f »; g. Furthermore, if X' is any cylinder object of X,
then there is a left homotopy X'V Y from f to g.

(6) If X is cofibrant and Y is fibrant, then left homotopy and right homotopy on
M (X,Y) coincide, and both are equivalence relations. Furthermore, if f » g, then
there is a left (right) homotopy from f to g through any cylinder object of X (path
object of Y').

(7) The homotopy relation on the morphisms of M s is an equivalence relation

which is compatible with composition. Hence the quotient category M ./» exists.

Proposition A.2.17. Let M be a model category, and let f : X | 'Y be a morphism
m M .

(1) If both X and Y are cofibrant, then f is a weak equivalence if and only if for
every fibrant object Z of M, the induced map f*: M (Y, Z)/»'M (X, Z2)/» isa
bijection.

(2) If both X and Y are fibrant, then f is a weak equivalence if and only if for
every cofibrant object Z of M | the induced map f. : M (Z, X)/» M  (Z,Y)/» is

a bijection.

We also have the following generalization of Whitehead’s theorem from %op,

which implies Ho(M .f) Z M .;/» for any model category M :

Theorem A.2.18. Let M be a model category. Then a map in M ¢ is a weak

equivalence if and only if it is a homotopy equivalence.
We summarize the above theory in the following theorem:

Theorem A.2.19. Let M be a model category, and let v : M1 Ho(M ) be the
canonical functor. Write Q (R) for the cofibrant (fibrant) replacement functor of
M .
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(1) The inclusion functor M s ' M induces an equivalence of categories
M /»! HoM .4)! Ho(M).
(2) There are natural isomorphisms
M (QRX, QRY)/» 2 Ho(M )(v(X),7(Y)) 2 M (RQX, RQY)/»

In addition, there is a natural isomorphism Ho(M )(v(X),7(Y)) Z M (QX, RY)/» .
(8) ~ identifies left or right homotopic maps.
(4) If f is a morphism in M such that y(f) is an isomorphism in Ho(M ), then

f is a weak equivalence in M .

We consider functors between model categories in the following proposition. The

last two conditions are due to D. Dugger (see [Hi]):

Proposition A.2.20. Let FF : M = N : G be an adjoint pair between model
categories. Then the followings are equivalent:

(1) F preserves both cofibrations and trivial cofibrations.

(2) G preserves both fibrations and trivial fibrations.

(3) F preserves cofibrations and G preserves fibrations.

(4) F preserves trivial cofibrations and G preserves trivial fibrations.

(5) F preserves cofibrations between cofibrant objects and all trivial cofibrations.

(6) G preserves fibrations between fibrant objects and all trivial fibrations.

If one of the above conditions holds, we call the adjoint pair a Quillen pair. We

also call F' a left Quillen functor and G a right Quillen functor.

Definition A.2.21. Given a functor F': M N between two model categories.
The total left derived functor LF : Ho(M ) !  Ho(N) of F is defined to be
RK, (yv £ F), and the total right derived functor RF : Ho(M ) ! Ho(N) of
F' is defined to be LK., (v £ F).
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Theorem A.2.22. Let F : M = N : G be a Quillen pair between two model
categories. Then the total left derived functor LF of F' and the total right derived
functor RG of G both exist, and they form an adjoint pair LF : Ho(M ) = Ho(N ) :

Ho(F)

RG. Moreover, LF is the composition Ho(M )%HO(M )—=Ho(N) , and

RG is the composition Ho(N ) HL(B;)Ho(Nf) HO—>(G)H0(M ).

Definition A.2.23. A Quillen pair F : M = N : G between two model categories
is called a Quillen equivalence, if for any cofibrant object M in M and any fibrant
object N in N, M ! GN is a weak equivalence in M if and only if its adjoint

FM?!'! N is a weak equivalence in N .

Theorem A.2.24. Let FF: M = N : G be a Quillen equivalence between two model
categories. Then the adjoint pair LF : Ho(M ) = Ho(N ) : RG is an equivalence of

categories.

The small object argument

We talk about the small object argument in this part. Good references for the
material in this part are [Hi, Hol:

An ordinal is an isomorphism class of well-ordered sets. Or we define the empty
set to be an ordinal named 0, and a non-zero ordinal is the well ordered set of all

lesser ordinals.

Definition A.2.25. (1) The successor of an ordinal (3 is the smallest ordinal greater
than (3, and a limit ordinal is an ordinal that is neither 0 nor a successor ordinal.

(2) A cardinal is an ordinal that is of greater cardinality than any lesser ordinal.

Definition A.2.26. Let M be a cocomplete category, let A be an ordinal, and let

I be a class of morphisms in M . Then
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(1) a A-sequence in M is a functor X : A\ M such that for every limit ordinal
7 < A, the natural morphism colimg., X3! X, is an isomorphism;
(2) a transfinite composition of maps in I is X! colimg.) X for a A-sequence

X with each X3! Xpi; in [ for all ordinals 3 with 8 +1 < A\

Definition A.2.27. Let I be a class of morphisms in a category M .
(1) A morphism in M is I-injective if it has the right lifting property with respect
to every element in I. The class of all I-injective maps will be denoted by I-inj.
(2) A morphism in M is an [-cofibration if it has the left lifting property with
respect to all I-injective maps. The class of all I-cofibrations will be denoted by

I-cof.

Definition A.2.28. Let [ be a set of morphisms in a cocomplete category M . A
relative I-cell complex is a transfinite composition of pushouts of elements in 1. The

class of all relative I-cell complexes will be denoted by I-cell.

Definition A.2.29. Let v be a cardinal. An ordinal « is y-filtered if it is a limit

ordinal and, if A p « and jAj < 7, then sup(A) < a.

Definition A.2.30. Let I be a class of morphisms in a cocomplete category M .
An object M in M is small relative to I if there exists a cardinal k, such that for
every r-filtered ordinal A and every A-sequence X : A ' M with Xg! Xgziy in
I for every ordinal # with § 4 1 < A, the natural set map colimg.y M (M, Xj) !
M (M, colimg.y Xp) is a bijection. M is small if it is small relative to Mor(M ).

Definition A.2.31. Let M be a cocomplete category, and let I be a set of mor-
phisms in M . We say that I permits the small object argument if the domain of any

element in [ is small relative to I-cell.

Now we can state the famous small object argument:
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Theorem A.2.32. Let M be a cocomplete category, and let I be a set of maps in
M | which permits the small object argument. Then there is a functorial factorization
of maps in M . More precisely, any map f in M can be written as f = a(f) £5(f)
with o(f) 2 I-inj and G(f) 2 I-cell.

Related concepts for model categories

We are going to talk about cofibrant generation, properness and simplicial model

categories in this part. A good source for this material is [Hi:

Definition A.2.33. A cofibrantly generated model category is a model category such
that

(1) there exists a set I of morphisms (called a set of generating cofibrations) that
permits the small object argument and such that a morphism is a trivial fibration if
and only if it has the right lifting property with respect to every element of I, and

(2) there exists a set J of morphisms (called a set of generating trivial cofi-
brations) that permits the small object argument and such that a morphism is a
fibration if and only if it has the right lifting property with respect to every element
of J.

Proposition A.2.34. Let (M ;W ,C F) be a cofibrantly generated model category
with generating cofibrations I and generating trivial cofibrations J. Then

(1) C= I-cof = the class of all retracts of I-cell;

(2) F = J-ing;

(3) C\W = J-cof = the class of all retracts of J-cell;

(4) F\W = J-inj.

Here is a way to recognize a cofibrantly generated model category:
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Theorem A.2.35 ([Hi, Ho]). Let M be a category, let W be a subcategory of M,
and let I and J be two sets of maps in M, such that

(1) M is complete and cocomplete;

(2) W has the two out of three property and is closed under retracts;

(8) both I and J permit the small object argument;

(4) J-cell WW \  I-cof;

(5) I-ing uW\  J-ing;

(6) either W\ I-cof @ J-cof or W\ J-inj W I-inj.

Then there is a cofibrantly generated model category structure on M with W
the weak equivalences, I-cof the cofibrations, J-inj the fibrations, I the generating

cofibrations and J the generating trivial cofibrations.

Here is another way to recognize a cofibrantly generated model category through

an adjoint pair:

Theorem A.2.36 (D.M. Kan). Let C be a cofibrantly generated model category with
generating cofibrations I and generating trivial cofibrations J. Let D be a category
that is closed under small limits and colimits, and let F': C= D : G be an adjoint
pair. Write FI1 =fFuju2 Igand FJ=fFvjv2Jg. If

(1) both of the sets FI and FJ permit the small object argument, and

(2) G takes relative F'J-cell complezes to weak equivalences,
then there is a cofibrantly generated model category structure on D in which FI
is a set of generating cofibrations, F'J is a set of generating trivial cofibrations,
and the weak equivalences are the maps that G takes into a weak equivalence in C.

Furthermore, with respect to this model category structure, (F,G) is a Quillen pair.

Definition A.2.37. If the conditions of Kan’s theorem hold, we say that we can

lift the model category structure from C to D.
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Definition A.2.38. A model category is said to be

(1) right proper if the class of weak equivalences is closed under pullback along
fibrations;

(2) left proper if the class of weak equivalences is closed under pushout along
cofibrations;

(3) proper if it is both right and left proper.

Proposition A.2.39. Let M be a model category.
(1) If every object of M is cofibrant, then M is left proper;
(2) If every object of M is fibrant, then M is right proper;
(8) If every object of M is both cofibrant and fibrant, then M is proper.

Proposition A.2.40. Let M be a right proper model category. If

X—Y~—7

Lo

X —Y 7
15 a commutative diagram in M with all vertical maps being weak equivalences, and
at least one map in each row being a fibration, then the natural map of pullbacks
XEyvZ! X'Ev:Z" is also a weak equivalence.

Dually, let M be a left proper model category. If

X~—Y —7

N

X —Y —7
18 a commutative diagram in M with all vertical maps being weak equivalences, and

at least one map in each row being a cofibration, then the natural map of pushouts

X[y 2! X'Ily Z' is also a weak equivalence.
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Definition A.2.41. A simplicial category A is a category enriched in simplicial
sets. That is, the following conditions hold:

(1) for any two objects X, Y, there is a simplicial set A(X,Y);

(2) (simplicial composition) for any three objects X,Y, Z, there is a simplicial
map cxyz AY,Z2)EA (X,Y)!A_(X,Z);

(3) (simplicial identity) for any object X, there is a simplicial map 7 : AY !
A(X, X);

(4) simplicial composition for A is associative, and n provides left and right
simplicial identity;

(5) for any two objects X and Y, there is an isomorphism (A(X,Y)) Z A(X,Y)

which is compatible with the composition rules.

Definition A.2.42. A simplicial model category M is a model category that is also
a simplicial category, satisfyings the following axioms:
(1) for any two objects X,Y in M and any simplicial set K, there are objects

X - Kand YX in M such that there are isomorphisms of simplicial sets
M_(X - K, Y) z E—Set(KaM_(Xa Y)) z M_(Xa YK)

that are natural in X, Y and K;
(2) for any cofibration ¢ : A ! B and any fibration p : X ! Y in M|
M (B, X) ! M__ (A X) £ pmuy) M (B,Y) is a fibration in sSet, which is also a

weak equivalence whenever ¢ or p is.

Reedy model structure

This part is only used in the proof of Proposition 2.5.3. A good reference for this
part is [Hil:
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Definition A.2.43. A Reedy category (B,B,,B_,d) is a small category B together
with two subcategories By and B_, and a function (called the degree function)
d: Obj(B)! N, such that

(1) every non-identity morphism of B, raises degree;

(2) every non-identity morphism of B_ lowers degree;

(3) every morphism ¢ in B has a unique factorization g = g, +¢g_ with g, in B

and ¢g_ in B_.

Example A.2.44. Let A be a category with objects n =10,1,¢ ¢ ¢ngfor alln 2 N
and morphisms A(m,n) the set of all non-decreasing maps m ! n. Or if we view
each n as an ordered set (hence a category) 0 < 1 < ¢ ¢ & n, then A is the small
category with objects the ordered sets n for all n 2 N and morphisms functors
between them. In fact, (A, Ay, Ay;d) is a Reedy category, where A; and A, are
the subcategories of A with the same objects as A and morphisms injective and

surjective maps in A, respectively, and d : Obj(A) ! N is given by n 7! n.

Let B be a category, and let b be an object of B. We write B, and B? for the full
subcategory of B/b and b/B without id, : b! b, respectively.
Let Cbe a model category, let B be a Reedy category, and let b be an object of B.

Write L, and M, for the composition of functors C® CB+ C(B+)s ol
and C? Cc5- cB-)r tim, C, respectively, where both first functors are re-

strictions, and second functors are forgetful functors. Therefore, we have natural

maps L, X! X, and X, ! M,X for any object X of C5.

Theorem A.2.45. Suppose Cis a model category, and B is a Reedy category. Then
there is a model category structure (called the Reedy model category structure) on
the functor category CB, with f : X! Y a weak equivalence if fy is a weak equiva-
lence for every b2 Obj(B); f: X Y a (trivial) cofibration if X [, xIsY ! Yy
is a (trivial) cofibration for every b2 Obj(B); and f : X! Y a (trivial) fibration if
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Xo ! Yo vy MpX is a (trivial) fibration for every b2 Obj(B). The Reedy model

structure on CB is left proper, right proper, proper, or simplicial, if C is.

Definition A.2.46. Let C be a model category. A cosimplicial resolution of an
object ¢ in Cis a cofibrant replacement of the constant cosimplicial object ¢ (by

abuse of notation) in the Reedy model category C>.

Proposition A.2.47. Any two cosimplicial resolutions of an object in a model cat-
egory are connected by an essentially unique zig-zag of weak equivalences between
cosimplicial resolutions of this object, where essentially uniqueness means that any
such zig-zag of weak equivalences connecting the two cosimplicial resolutions can be
reached from any other such zig-zag of weak equivalences connecting the two cosim-
plicial resolutions by composing two adjacent arrows pointing in the same direction,

or deleting two adjacent identical arrows with different directions, or their inverses.

Proposition A.2.48. Let C be a model category. If ¢ is a cosimplicial object in C,
then it is a cosimplicial resolution if and only if it is Reedy cofibrant and all of the

coface and codegeneracy operators of ¢ are weak equivalences.

Proposition A.2.49. Let C be a model category. Ifi : a! b is a Reedy weak
equivalence of cosimplicial resolutions in C, and c is a fibrant object of C, then

i*: C(b,c) ' C (a,c) is a weak equivalence of fibrant simplicial sets.

Definition A.2.50. Let Cbe a model category, let ¢ be a cosimplicial object in C

and let K be a simplicial set. We define c- K = coliman_,x c(n).

Proposition A.2.51. Let C be a model category. If c is a cosimplicial object in C,
then L,c! c(n) is naturally isomorphic to c- OA™ ! c¢c- A" for alln 2 N.

Theorem A.2.52. Let C be a model category and let ¢ be a cosimplicial object in

C. Then there is an adjoint pair c- 7 : sSet = C: C(c, 7).
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A.2.2 Examples of model categories
The following standard examples are taken from [Q} DS]:

Example A.2.53. There is a cofibrantly generated proper simplicial model category
structure on Top with weak equivalences the weak homotopy equivalences (for all
points of the domain), fibrations the Serre fibrations, and cofibrations the maps
having the left lifting property with respect to all trivial fibrations. We call it the
standard model structure on Top.

Under this model structure, every topological space is fibrant. The generating
cofibrations are I = fS" 14 D" jn, 0g, and the generating trivial cofibrations
are J=FTD"E£f 0g! D"£ [jn, 0g. Every cofibration is a retract of a generalized
relative CW inclusion. Therefore, CW approximation is a (non-functorial) cofibrant

replacement.

Example A.2.54. The category sSet of simplicial sets is defined to be the functor
category Get®” = Pre(A). There is a cofibrantly generated proper simplicial model
category structure on sSet with weak equivalences the maps whose geometric realiza-
tion is a weak homotopy equivalences in Top, cofibrations the monomorphisms, and
fibrations the Kan fibrations. The generating cofibrations are I = f9A™ 4 A" jn 2
Ng and the generating trivial cofibrations are J =fA?4d A" jn2 ZT,0- k- ng.
Here A™(m) = A(m,n). We call it the standard model structure on sSet. Under
this model structure, every simplicial set is cofibrant.

Given a simplicial set X, we use X,, to denote X (n), which is isomorphic to
sSet (A", X) by the Yoneda lemma.

The usual adjoint pair of geometric realization and singular functors j?j : sSet
= Top: s gives a Quillen equivalence. The unit and counit maps for the adjunction
X! s(jXj) and js(Y)j! Y are both weak equivalences for any simplicial set X

and any topological space Y, respectively.
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Example A.2.55. Let R be a unital ring. Then there is a model category structure
on Ch=%(R) with weak equivalences the quasi-isomorphisms, fibrations the degree-
wise epimorphisms for degree > 0, cofibrations the degreewise monomorphisms with
degreewise projective cokernels. This model category is cofibrantly generated by
I =fS"YR)! D"(R)jn2Ngand J=f0! D"R)jn 2 Z"g, where for
n 2 Z* and any (left) R-module M, S"~'(M) is the cochain complex with M in
degree nj 1 and 0 elsewhere, and D"(M) is the cochain complex with M in degrees
ni 1 and n, and 0 elsewhere, with d,, = 157; S™'(M) = 0 and D°(M) = S°(M). Un-
der this model structure, every cochain complex is fibrant, and cofibrant objects are
exactly cochain complexes with degreewise projective R-modules. Therefore, a cofi-
brant replacement of S°(M) is exactly a projective resolution of M. Furthermore,

Ho(Ch2"(R))(S°(M), S"(N)) 2 Ext?(M, N).
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