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Abstract

Convection in an infinite horizontal slot subject to a spatially distributed heating has been
investigated for a wide range of Prandtl numbers. The case of the lower wall subject to
heating being a sinusoidal function of one of the coordinate is considered in details. The
mean temperatures of both walls are set to be equal. The primary response of the system
consists of convection in the form of rolls with axis orthogonal to the heating wave
vector. When heating wave number a is sufficiently large the convection is found to be
limited to a layer adjacent to the lower wall. Under such conditions a uniform conductive
layer emerges at the upper section of the slot. Temperature field in this zone becomes

independent of the character of the heating and varies in the vertical direction only.

Conditions leading to the emergence of a secondary convection have been identified
using the linear stability of the above primary convection. The secondary convection
gives rise either to the longitudinal rolls, or to the transverse rolls, or to the oblique rolls,
or to the oscillatory mode of instability at the onset depending on the heating wave
number. The longitudinal rolls are parallel to the primary rolls and the transverse rolls are
orthogonal to the primary rolls, and both of them result in striped patterns. The oblique
rolls lead to the formation of convection cells with aspect ratio dictated by their
inclination angle. Three mechanisms of instability at the onset have been identified. In
the case of small and moderate o the parametric resonance leads to the pattern of
instability that is locked-in with the pattern of the heating by a subharmonic relation. The
second mechanism is associated with the formation of patterns of vertical temperature
gradients and patterns of the primary convection currents, operates approximately in the
same range of a as the parametric resonance and provides direct modulation with
structure dictated by o.. The third mechanism operates in the case of large o where the
instability is driven by the uniform mean vertical temperature gradient created by the
primary convection and the fluid response becoming similar to that found in the case of a
uniformly heated wall. Such rolls exhibit weak preference for the transverse orientation.
The first two mechanisms dominate if the spatial modulation of the flow is sufficiently

strong while the third one dominates in the case of weak spatial modulation. Competition

il



between the first and second effects gives rise to commensurable and non-
commensurable states in the case of longitudinal rolls and appearance of soliton lattices.
Competitions between the second and third mechanisms lead to the formation of very
distorted transverse rolls. A rapid stabilization of the oblique rolls is observed when the
heating wave number is reduced sufficiently, with the oscillatory mode taking the
dominant role. As a becomes very small, secondary motions concentrate around the hot
spots; the corresponding bifurcations may have either the supercritical pitchfork form or
to the “bifurcation from infinity” form. When an external flow is introduced into the slot,

the heating assists in reduction of the overall drag.

It 1s shown that the heating wave number o plays a role of an effective pattern control
parameter and its judicious selection provides means for creation of a wide range of flow

responses.

Keywords: Rayleigh-Benard convection, periodic heating, pattern control, linear

stability analysis, Chebyshev collocation method, Fourier expansion.
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Introduction

1.1 Objectives

The main objective of this dissertation is to unveil the flow physics and to develop control

strategies associated with convection driven by spatially distributed heating.

1.2 General introduction

Thermal convection represents one of the most common forms of fluid flow in the
Universe. It has a wide range of applications, e.g., industrial appliances, crystallization
processes, liquid metals, weather prediction, motion of oceans, dynamics of the interiors
of planets and stars, evolution of galaxies, etc (Pal et al. 2009). Convection in a layer of
fluid heated uniformly from below represents an idealized version of thermal convection,
is called Rayleigh-Benard (RB) convection and has been studied for almost a century.
Convective motion occurs when the so-called Rayleigh number Ra exceeds critical
conditions. This motion is rotationally invariant in the plane of the layer, has form of rolls
(striped pattern) and is characterized by a linear neutral stability curve with a well defined
minimum which identifies the critical Rayleigh number Ra. and the critical wave vector
gc. Various researchers considered different configuration of RB convection and various
forms of the motion, i.e., patterns, have been observed, see Bodenschatz et al. (2000) for a

recent review.



1.3 Motivation

Understanding of motions of fluids over geometrically, chemically and thermally
patterned surfaces is of vital interest in designing microfluidic components and devices
for biological applications such as cell analyzers. Of particular importance is how
convective motions develop and, in the case of droplets, how they move along regularly
structured surfaces (Beltrame et al. 2011). The same issues are relevant in the
development of hydrophilic surfaces. Beltrame et al. (2011) found seven distinct
transition regimes for the interface depinning; this diversity shows that in addition to
requiring a clear understanding of the different kinds of surface heterogeneities that may
cause the pinning, the complex coupling between pinning force and surface of the fluid

needs to be taken into account.

Patterned heating of surfaces offers potential to produce structured convection that
provides alternative to geometric patterning. The RB convection represents a system with
finite wave number instabilities. When subject to a spatially-distributed one-dimensional
forcing, such system may exhibit wave number locking and responses that extend into
two-spatial dimensions allowing for a wide resonance range even in the case of weak
forcing (Manor et al. 2008, 2009). The understanding of such systems is still incomplete.
Patterned heating leads to instability and drop formation in liquid microjets (Furlani and
Hanchak 2010) by inducing a spatial variation of surface tension along the length of the
jet to cause deformation of the jet (slight necking in the warmer regions and ballooning in
the cooler region). The size of drops can be controlled by adjusting the heating. Such jets

are used recently in integrated microfluidic inkjet devices.

1.4 Related literature survey

The existing literature on the RB convection can be categorized into two generic groups.
In the first one, the bottom wall is kept under a uniform heating and in the second one
various temperature modulations may occur. Few analyses focused on RB convection
with modulations are available. Such modulations have been done either by (i) changing
the geometry of the flow domain, or (ii) using time dependent temperature, or (iii)



applying spatial variation of temperature. Usually small amplitude modulations had been
considered and the analyses had been carried out from the point of view of identification
of tools for control/alteration of the pattern selection process of the reference RB
convection. Pattern selection of systems affected by time-dependent forcing are
considered to be well understood (Arnold 1983). In the forthcoming section we shall

review the relevant literature according to the modulation techniques.

1.4.1 Modulation using geometry

We shall begin the review with the modulations created by geometrical effects. Results
dealing with the RB convection modified by spatially modulated geometry are very

limited.

McCoy et al. (2008) experimented with spatial modulation created by very thin stripes
glued on the lower surface (using SFs (Pr = 0.9) as the working fluid). The periodic
constraints was characterized by the wave number g, and was applied along a selected

direction, where gn, varied in a small interval around

d.|. Two-dimensional roll patterns

with the wave vector g were observed for Ra<<Ra.. Amplitude of these rolls grew with
Ra until they were destabilized with various mechanisms which depended on the ratio of
the wave number g, of the imposed modulation and the critical wave number q. of the
RB convection. The wave vectors of the destabilizing modes typically formed a nonzero
angle with the modulation wave vector gm resulting in the formation of obliqgue modes

producing a variety of three-dimensional patterns.

Seiden et al. (2008) studied (experimentally) the combined effect of the intrinsic
symmetry breaking due to a gravity-induced shear flow and spatially one-dimensional
forcing associated with surface strips attached to the bottom plate using CO, as the
working fluid. They considered two type of forcing: (i) parallel forcing where surface
corrugation is aligned parallel to the gravity component, (ii) orthogonal forcing where the
corrugation is orthogonal. Depending on the inclination angle, they observed longitudinal

rolls (LR), varicose pattern (VP), subharmonic resonances (SR), periodically spaced kink



lines (KL), undulations (UN) and transverse bursts (TB) for parallel forcing, and
transverse rolls (TR), rhombic pattern (RO), hexarolls (HR), bimodals (BM), scepter-
shaped patterns (SP), and heart-shaped patterns (HP) for orthogonal forcing.

(i
({{(((
Sl((

Figure 1.1. Patterns observed experimentally by Seiden et al. (2008): (A) by parallel
forcing, (B) by orthogonal forcing. The patterns, starting from the top-left most of
Fig.1.1A, are longitudinal rolls (LR), varicose pattern (VP), subharmonic resonances
(SR), periodically spaced kink lines (KL), undulations (UN) and transverse bursts (TB);
transverse rolls (TR), rhombic pattern (RO), hexarolls (HR), bimodals (BM), scepter-
shaped patterns (SP), and heart-shaped patterns (HP), respectively.

1.4.2 Time dependent modulation

Effects of time dependent modulations were studied by Or and Kelly (1999) who
considered temperature of either one or both walls to vary periodically in time about the
reference temperature. They considered fluids with Pr varying between 0.1 and 10. They
investigated both the anti-symmetric and symmetric boundary temperatures. For
symmetric modulations, they obtained alternating sequence of synchronous and sub-
harmonic instabilities at low frequency modulations, but found only sub-harmonic
instabilities at high frequency. In the case of anti-symmetric modulation they observed

two localized disturbances, each of which was associated with a Stokes layer at the wall.

Or (2001) determined analytically the onset condition for very low modulation frequency.
Liu (2004) investigated this type of modulation for a second-grade fluid. Pesch et al.

(2008) studied convection in a fluid layer which was periodically accelerated in its plane.



They found that shaking in a fixed direction broke the original isotropy of the layer. At
the onset of the convection and at small accelerations, they found longitudinal rolls whose
axes were aligned parallel to the acceleration direction. With increasing acceleration
amplitude, a shear instability took over and transverse rolls with their axes perpendicular
to the shaking direction nucleated at the onset. In the case of circular shaking, the system
was found to be isotropic in the time average sense and with broken chiral symmetry. The
onset of convection corresponded to the transverse rolls with the rolls' axis selected
spontaneously. Their study had been carried out using fluids with Pr = 0.5, 1, 2, and 6.
Singh and Bajaj (2009) performed linear stability analysis of thermomagnetic convection
in a ferrofluid layer subjected to time periodic modulation of temperature along the

horizontal plates in the presence of an external vertical magnetic field.

1.4.3 Spatial temperature modulation

The effects of spatial variations of temperature were studied by Kelly and Pal (1978) who
investigated thermal convection in a fluid contained between two rigid walls with
different mean temperatures with either prescribed spatially periodic temperatures at the
walls or with surface corrugations at the walls and focused on fluids with Pr = 0.025,
0.027, 0.71 and 7. The amplitudes of the spatial non-uniformities were assumed to be
small and the wavelength was set to be equal to the critical wavelength for the onset of
RB convection. They defined Rayleigh number based on the mean temperature difference
between the two walls. When values of the Rayleigh number were close to the critical
value, the effects of the non-uniformities were greatly amplified and the amplitude of
convection was governed by a cubic equation. This equation yielded three supercritical

states, but only the state linked to a subcritical state was found to be stable.

Killworth and Manins (1980) analyzed convection in a fluid with Pr > 1 contained in a
rectangular two-dimensional box resulting from the application of a quadratic temperature
variation along its lower surface. The other walls were insulated. They obtained
similarity solutions for the boundary layers and a separate solution for the interior of the

box. The buoyancy in the interior and the gross Nusselt number were found to be



independent of the Prandtl number but functions of the Rayleigh number (based on the
horizontal length scale). The magnitude of the interior stream function was found to vary
roughly proportionally to the square root of the Prandtl number in the laminar case, and to
be insensitive to it in the turbulent case. In either case, magnitudes of the stream function
within the thermal boundary layer were quite insensitive to changes of the Prandtl

number.

Hignett et al. (1981) performed an experimental study of convection in a rotating annulus
by maintaining a radial temperature gradient along the lower horizontal boundary. The
vertical side walls and the upper horizontal boundary were insulated. They used water
(Pr =7) and paraffin (Pr = 16.5) as the working fluids and obtained six different flow
regimes parameterized by the square of the ratio of the non-rotating thermal (or
buoyancy) depth scale and the Ekman-layer scale. For small values of this parameter the
flow was only weakly modified by rotation but as the value of this parameter increased
above unity rotation tended to thicken the thermal layer. Existence of a baroclinic wave
regime was observed when the magnitude of the controlling parameter increased above a

certain critical value.

Walton (1982) investigated the onset of thermal convection when the lower wall was
exposed to either one *hot-spot’ or a periodic array of ‘hot-spots’. It was found that
disturbances had the form of rolls that were largely confined to the neighborhood of the
‘hot-spots’. Mancho et al. (1997) studied convection in a container with the upper surface
open to the air and heated from below using a Gaussian-like temperature distribution.
They considered both buoyancy and thermo-capillarity effects and used silicon oil with
Pr = 40.32 as the working fluid. A pair of rolls with the upward motion taking place
above the heater and the downward motion occurring near the sidewalls was observed.
An instability forming stationary rolls perpendicular to the primary ones was observed

when the temperature difference at the origin increased.

To understand the ocean circulation and thermohaline overturning of the oceans Rossby

(1998) carried out numerical experiments on convection in a insulated square container



whose bottom wall was exposed either to linear or to non-linear temperature distributions
and contained fluids with Pr = 1-100. Mullarney et al. (2004) performed both laboratory
and numerical experiments with the convective circulation that develops in a long channel
driven by heating and cooling through opposite halves of the horizontal base. They
considered channel with small aspect ratio, larger Rayleigh numbers and an imposed heat
flux. The flow was characterized by a vigorous overturning circulation cell filling the
box. A stable thermocline formed above the cooled base and was advected over the
heated part of the base, where it was eroded from below by small-scale three-dimensional
convection forming a ‘convective mixed layer’. Wang and Huang (2005) studied
experimentally circulation driven by horizontal differential heating in a tank filled with
salt water. They maintained linear temperature profile either along the lower or the upper
boundary. Stable thermal circulation in the form of a shallow cell adjacent to the
boundary where thermal forcing was applied had been observed. Natarajan et al. (2008)
performed a parametric study using computer simulations of natural convection inside a
trapezoidal cavity with the bottom wall either uniformly and non-uniformly heated while
the two vertical walls were maintained at constant temperatures and the top wall was
insulated. They considered Rayleigh number O(100) and Pr = 0.07-100. The non-uniform
heating of the bottom wall was found to produce greater heat transfer at the center of the
bottom wall as compared to the uniform heating for all Rayleigh numbers but the average
Nusselt number showed the overall heat transfer rate to be lower for the non-uniform
heating case. The effect of variations of Prandtl number on the local and average Nusselt
numbers was found to be more significant for Prandtl numbers in the range 0.07-0.7 than
10-100. Lyubimova et al. (2009) investigated steady convective flow in a horizontal
channel of rectangular cross-section subjected to a uniform longitudinal temperature
gradient imposed along the walls. They found that zero Prandtl number solution
corresponded to a plane-parallel flow along the channel axis. In this case, the fluid moves
in the direction of the imposed temperature gradient in the upper part of the channel and
in the opposite direction in the lower part. At non-zero values of the Prandtl number, such
solution does not exist. At low values of the Prandtl number the basic state loses its
stability due to a steady hydrodynamic mode related to the formation of vortices at the

interface between the both flows. The increase of the Prandtl number results in the strong



stabilization of this instability mode and, beyond a certain value of the Prandtl number
depending on the cross-section aspect ratio, a new steady hydrodynamic instability mode
became most unstable. This mode was characterized by concentration of perturbations
near the sidewalls. At higher values of the Prandtl number, the spiral perturbations (rolls
with axis parallel to the temperature gradient) became most unstable, at first the

oscillatory spiral perturbations and then the Rayleigh type steady spiral perturbations.

Most recently effects of spatial temperature modulations have been studied by Freund et
al. (2011) who considered temperature of the lower wall subject to a small-amplitude
sinusoidal variations about a mean average. The system response consisted of a weak
primary convection induced by the temperature modulations and instabilities driven by
the mean temperature gradient. A competition between the pattern induced by the
modulation and the preferred wave number g, of the RB convection developed. When gn,
~ (, the RB pattern locked in with the modulation and the rolls remained stable for fairly
large Ra > Ra; with the stable zone similar to the Busse balloon. For gn, slightly less than
gc the secondary motion developed in the form of cross-roll and oscillatory instabilities
(Clever and Busse 1974). For gm slightly larger than g. skewed-varicose instability
appeared but the Eckhaus and zig-zag instabilities were suppressed by the modulation.
Several modes of instability directly associated with the modulation were identified for
gm away from g, and with Ra ~ Ra.. For gn, less than 0.8qc, the instability involved two
oblique rolls; this response was originally described by Vozovoi and Nepomnyashchy
(1974) and Pal and Kelly (1979). The same response was found for 1.2 q¢ < gm< 2Qc.
Longitudinal rolls became dominant for ~2q. < gm < ~2.08g. and were replaced by
transverse rolls for a still larger qm. Direct numerical simulations identified several

patterns of saturation states and transitions between them as a function of Ra.

1.5 Overview of the present work

The present analysis is focused on a form of convection that has yet to be studied. The
lower wall is subject to a heating distributed in a selected direction with the mean
temperatures of both walls being kept equal. The heating represents a simple form of one-



dimensional periodic forcing which is responsible for the system dynamics and the
pattern selection. In the simplest case of sinusoidal heating the forcing is characterized by
a wave number and an amplitude, resulting in a two-parameter problem. There is no
reference wave number as in the case of the modulated RB convection. The wave vector
of the primary convection is imposed by the external heating. A secondary convection
may be generated through an instability process. Determination of conditions leading to
its onset as well as determination of the pattern of this convection and its relation to the
pattern of the heating are of interest. The convective system being considered can be
viewed as an example of a more general dynamical system solely driven by a periodic

forcing and thus the results being presented may be of a wider interest.

1.6 Outline of the dissertation

The dissertation is organized as follows. Chapter 2 provides description of the primary
convection resulting from the imposition of the heating. First the primary convection
problem is formulated, and then various flow characteristics of the primary convection
are discussed. Chapter 3 is devoted to the formulation of the linear stability problems and
description of solution methodology that permits identification of conditions leading to
the onset of the secondary convection. Different forms of instability at the onset are
discussed in Chapters 4, 5, 6, and 7. In particular, longitudinal rolls are discussed in
Chapter 4, transverse rolls are discussed in Chapter 5, oblique rolls are discussed in
Chapter 6, and oscillatory mode of instability is discussed in Chapter 7. Flow bifurcations
occurring at long wavelength heating are described in Chapter 8. Finally, changes of the
system response associated with presence of an external flow are elucidated in Chapter 9.
A short summary of the main conclusions, suggested applications of the results and

recommendations for the future work are presented in Chapter 10.



Primary Convection

This chapter deals with the convection due to the presence of the distributed heating. We
refer to such convection as the ‘primary convection’. In Section 2.1 we discuss about the
steady convection problem description, Section 2.2 is devoted to devise the governing
equations, method of solution is described in Section 2.3, and the characters of the flow
and temperature fields are elucidated in Section 2.4. A short summary of the main

conclusions is presented in Section 2.5.

2.1 Steady convection

Consider steady motion of fluid contained in a slot between two plane parallel plates
extending to +oo in the x-direction and placed at a distance 2h apart from each other with
the gravitational acceleration g acting in the negative y-direction, as shown in Figure 2.1.
Motion of the fluid is driven by buoyancy forces resulting in the formation of convective
rolls. The fluid is incompressible, Newtonian, with thermal conductivity ky, specific heat
¢, thermal diffusivity k = kg/pc, kinematic viscosity v, dynamic viscosity p, thermal
expansion coefficient I' and variations of the density p follow the Boussinesq
approximation. All material properties need to be evaluated at the reference temperature
defined below. The plates are subject to a distributed heating with temperatures of the

lower (0r) and upper (0y) plates described by the following relations

n=+oo n=+oo

0.(x) = 2,07e™, 0,(x) = D 0'e™, 2.1
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y,V +h i eU(X)
I—» X,u 1 g
Figure 2.1. Parallel plates subject to spatially distributed heating.

where o stands for the wave number of the heating, 6 denotes the relative temperature,
i.e., 0=T-T., T denotes the temperature and T,.r denotes the reference temperature. The
reality condition has the form 0™ =0 where star denote complex conjugates. The
wavelength of the heating is denoted as A= 2m/a.. It is assumed that the mean
temperatures of the both plates are equal, i.e., 0 =0\"” =0 and this defines the

reference temperature.

2.2 Problem formulation

The temperature field is represented as a sum of the conductive field 0y and deviations 0,
associated with the convective effects. We introduce two temperature scales, i.e., we use
the amplitude of the temperature variations along the plates as the conductive temperature
scale T4 and T,= Tqv/k as the convective temperature scale, where T,/T4=Pr, with Pr=v/x

denoting the Prandtl number. We select half distance h between the plates as the length
scale, U, =v/h as the (convective) velocity scale and P, =pU> as the (dynamic)

pressure scale.

The complete dimensionless temperature is scaled using the convective scale, i.e.,

0(x,y)=Pr" 0,(x,y)+6,(x,y) (2.2)

where the conductive temperature 0 is a solution of the following problem
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626 829 &, n) _inox '~ n) ,inox
8x20+ P~ =0, 0,(x,~1)= n:z_we(L>e , eo(x,1)=n:z_meg>e (2.3)

and has the form

0,(x,y) = 2 00" (y)e™

“f ) . (2.4)
_$ oM _gm Slnh(nay) o™ L gm cosh(nocy) inax
n§w|:( v - )2sinh(ncx)+( vt )2cosh(noc) ©

with 0" (y)=0.

The dimensionless field equations describing motion of the fluid and the resulting

changes in the temperature field have the form

u@+V@:_Gp Viu, (2.5a)
ox 0Oy 1)

u@+vﬁz ap+V v+Rab, +RaPr'0,,
ox oy 0Oy (2.5b)

Pr uael +Vael +u680 +V66° =V?0,, (2.5¢)

)4 oy 0x oy

ou Ov

—+—=0,

ox Oy (2.5d)

where v = (u,v) denotes the velocity vector, p stands for the pressure, Ra = gl'h’Ty/vi is
the Rayleigh number, V* denotes the Laplace operator and dissipation effects have been

neglected in the energy equation. The boundary conditions take the form

u(x1)=0, v(x1)=0, 6,(x1)=0. (2.6)
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The reader may note that the above problem represents a forced response problem as the
motion occurs regardless of the amplitude of heating, i.e., one does not need to meet any
critical heating conditions as in the case of the classical problem of plates subject to a

uniform heating.

2.3 Method of solution

We shall use combination of three techniques in order to determine system response.

2.3.1 Method 1: Finite difference-complex notation

We define the stream function y(x,y) in the usual manner, i.e., u =0y /0y, v=—-0y/0X,

and eliminate pressure from the momentum equations resulting in the following form of

the governing equations

oY 0 (s \ OY O (s . 00, , 00,
X2 (Vi) - (Vi )=V —Ra—L —RaPr' =2, 2.
ayax( v) axay( v)=V'y x0T (2.72)
pr O w0 ) ow 0, vy g (2.7b)
dy &x 0x 0y ) Oy Ox Ox Oy : '

The solution is assumed to be in the form of Fourier expansions, i.e.,

n=+o0 n=+o00

y= Y 0" (y)e"™, 0, => ¢ (y)e". (2.8)

Substitution of (2.8) into (2.7) and separation of Fourier components result in the

following system of ordinary differential equations
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Df,q)(“) —inocRa(I)(“) —iocmiw [mD(p(“"m)qu)(m) —(n —m)(p("‘m)Dm(D(p(m) )]

=inaRaPr' 0" , (2.9a)
D41 10”5 ™~ D41
+ (mef)m)D(p(“"m) —(n—m)e"™DO™ )] =0. (2.9b)

where -co<n<+oo, D=d/dy and D,=D*-n’a’. The required boundary conditions have the

form

e"(E=0, De"(x1)=0, ¢™(*1)=0, for -co<n<+too. (2.10a-c)

The system (2.9) together with the boundary conditions (2.10) needs to be solved
numerically. The solution method uses variable-step-size, finite-difference discretization
based on the Simpson method with deferred corrections (Kierzenka and Shampine, 2001,
2008) with the resulting algebraic system being solved using a simplified Newton (chord)
method with residual control. The value of the residual set at 10° was found to be
sufficient in most of the computations (see Appendix E for discussion of numerical
accuracy). The selection of the number and distribution of grid points is done
automatically so that the specified error bounds are met. The number of Fourier modes
used in the solution was selected through numerical experiments so that the flow

quantities of interest were determined with at least six digits accuracy.

2.3.2 Method 2: Finite difference-real notation

Technique presented in this section is more efficient as it deals with real numbers and is
specialized to sinusoidal temperature distributions only. The solution is assumed to be in

the form of Fourier expansions defined as
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V= n:i: 0™ (y)sin(nox), 6, = n:i:d)(“) (y)cos(nox). (2.11)

Substitution of (2.11) into (2.7) and separation of Fourier components result in the

following system of ordinary differential equations

2Di(p(“) +2naRap™ — ocmfw {[mD(p(“"m)Dm(pm) — (n - m)(p(“"m)Dm (D(p(m) )]
m=0

+ [mD(p(m’“)Dm(p(m) + (m - n)(p(m’")Dm (D(p(m) )]
- [mD(p(”m)Dm(p(m) +(n+m)e™™D (D(p(m) )] } =-2noRaPr'ey,  (2.12a)

2D ™ + ocmzzﬂo {(D(p(m_“) +Doe™™ — D" ™ )(Gf)m) + Pr ¢(m))
m=0

+ [(m —n)o™™ +(m+n)e™™ +(n-m)e"™ ](DOE)“‘) +PrDo™ )} -0 (2.12b)

where 0<n<+oo, D=d/dy and D,=D*-n’a’. The required boundary conditions have the

form

oW(*1)=0, Doe™(*1)=0, ¢"(*1)=0, for O<n<+w . (2.13a-c)

Here the reader may note that Eq. (2.12b) is valid for n>0. The Eq. (2.12b) takes the

following form for n=0,
2D, +ma’y. {De'™ (85" +Pro™ )+ o™ (DO +PrDe™ ) =0 (2.14)
m=0

The system (2.12)-(2.14) together with the boundary conditions (2.13) needs to be solved

numerically. The solution method used is the same as described in the previous section.
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2.3.3 Method 3: Spectral complex notation

Equation (2.7) is written in the form

00
V“w—Ra%—RaPr'l axo =N,, (2.15a)

V0, =PrN, +N,, (2.15b)

where terms involving products and nonlinearities are expressed as

0
Nel _a_X<uel>+_<Vel>,
Noo =2 (u8, )+ -2 (v8,)
00 ax 0 0

The solution is assumed to be in the form of Fourier expansions, as discussed in the

Section 2.3.1, i.e.,

y(x,y)= n:zi::(P("’(y)e“m ,0,(x,y)= ":zi::(i)m)(y)eim ’

n=+0o . n=+o0 R (2. 16)
u(x,y)= X u” (e, vix,y)= X v (y)e™

where u™ =De™ and v™ =—-inop™. The nonlinear and product terms are also

expressed in terms of Fourier expansions in the form

(uu)lx, y)= Eﬁ: (uu)™ (y)e™, (uv)(x,y) = E}: (uv)™ (y)e™

(2.17)

n=+0 =+

<VV>(X’y): 2 <VV>(n) (y)e™™ ,<u91>(x,y): ni <u91>(n) (y)e™,

n=-oo n=-o0
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(v0,)(.y)= % (v0,)" (v (b )(x.y) = '3 (ud, )" (v

Substitution of (2.16)-(2.17) into (2.15) and separation of Fourier components result in

the following system of ordinary differential equations for the modal functions
D™ —inaRa¢™ =inaRaPr' 0\ + Nfun) , (2.18a)

D ¢™ =N® 4+ PrN{ (2.18b)

where 0S‘n‘<+oo, D=d/dy, D2=d2/dy2, Dn=D2-n2(x2,

(n)

NfV“) :inOLD<uu>(n) + D2<uv>(n) +in2oc2<uv> —iIl(XD<VV>(n) ,

N{Y = inoc<u61>(n) + D<V91>(n) ,

NG =ino(u, )" +D(ve, )" .

The unknown linear terms have been placed on the left hand side, and the nonlinear and
product terms have been placed on the right hand side. Equations (2.10) provide the

required boundary conditions.

For the purpose of numerical solution, expansions (2.16)-(2.17) have been truncated after
Num Fourier modes. The discretization method uses Chebyshev collocation technique
based on the Gauss-Chebyshev-Lobatto points (Trefethen 2000) whose locations were

computed from the formula

_(m(N, +1-2k)
= _— k=0,1,2,...N
Yk Sln( 2(NT _1) J’ s Loy T (219)

which is advantageous in the floating-point arithmetic (Weideman and Reddy 2000). The
resulting nonlinear algebraic system was solved using an iterative technique combined

with under-relaxation in the form
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@, =0, +RF®,, ~©)) (2.20)

where © = {(p(“),(l)(")}, ® ., denotes the current solution, ®; denotes the previous

comp

solution, @, , stands for the accepted value of the next iteration and RF denotes the

relaxation factor.

The solution process starts with solution of (2.18) with the RHS terms assumed to be
zero. Once solution of this problem has been completed, the first approximation of the
RHS terms is computed on the basis of the available approximation of the velocity and
temperature fields and the system (2.18) is resolved with the new approximation of the

RHS. This process is continued, with the update of the RHS terms taking place after each

iteration, until a convergence criterion in the form max(‘ OSSR () j‘)< TOL is satisfied.

comp

TOL denotes difference between solutions obtained in two consecutive iterations and its
value set at 10 was found to be sufficient in most of the computations (see Appendix E
for the discussion on numerical accuracy). The number of collocation points and the
number of Fourier modes used in the solution were selected through numerical
experiments so that the flow quantities of interest were determined with at least six digits

accuracy.

The evaluation of the RHS terms requires evaluation of products of two Fourier series. It
is more efficient to evaluate these products in the physical space rather than in the Fourier
space (Canuto et al. 2006). The required flow quantities, i.e., u, v, 8;, were computed in
the physical space on a suitable grid based on the collocation points in the y-direction and
a uniformly distributed set of points in the x-direction, and the required products were
evaluated at the grid points. The Fast Fourier Transform (FFT) algorithm was used to
express these products in terms of Fourier expansions (2.17). The aliasing error was
controlled using "padding" (Canuto et al. 2006), i.e., using of a discrete FFT transform
with N, rather than Ny points, where N, > 3Ny / 2. Zeros were added for the additional

Fourier modes as required.
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2.4 Description of the flow and temperature fields

We focus our attention on the simplest reference case as shown in Figure 2.2 where the
temperature distribution along the bottom plate is expressed by one Fourier mode and the
temperature of the upper plate is constant and equal to the average temperature of the

lower plate, i.e.,

0, (x)= %cos(ocx) , 0y (x) = 0. (2.21)

Figure 2.2: Parallel plates subject to periodic heating defined by equation (2.21).

We refer the above spatial distribution of heating as “periodic heating”. We know that if
the heating wave number o is large, the wavelength of heating will be small, and vice
versa. We shall discuss the pattern of the convection due to the presence of periodic
heating applied at the bottom wall in two parts depending on the magnitude of the heating
wave number. In first part, we discuss the “small” wavelength heating which will cover
o > 3, and in the second part we discuss the “long” wavelength heating for which o = 0
to 0.5. It may be noted that there is no significant change in flow properties in the range

of the heating wave number 0.5<a<3.

2.4.1 Short wavelength heating

For the arrangement shown in Figure 2.2, the amplitude of temperature variations along

the lower wall represents the conductive temperature scale T4 and this amplitude is
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expressed in terms of Rayleigh number in the dimensionless formulation. The structure of
the temperature field in the absence of convection shown in Figure 2.3 demonstrates that
the space between the plates can be separated into the heated and cooled zones resulting
in the buoyancy force changing direction along the length of the slot. Such distribution of
the driving force results in the onset of convection regardless of the amplitude of the
heating. A more detail physical explanation on how the onset of convection takes place is

given in the Section 2.4.2.
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Figure 2.3. Isotherms of the conductive temperature field for the heating wave number
a = 3. Solid lines denote positive temperatures (hot) and dashed lines denote negative
temperature (cold). Temperature magnitudes are multiplied by 1000.

Convective motion has a fairly simple topology for this heating, as illustrated in Figures
2.4-2.5. The fluid rises above the hot zones in the lower wall (due to upward buoyancy
force at the hot zones) and descends above the cold zones (due to downward buoyancy
force at the cold zones) forming closed, counter-rotating rolls. When the intensity of the
heating increases (Ra increases), centers of the rolls move upwards and towards to the hot
zones. The fluid movement concentrates closer to the lower wall as the heating wave

number a increases. Increase of the Prandtl number produces the same effect.

It will be shown in the subsequent chapters that the convective rolls are subject to an

instability for sufficiently high Ra and thus we limit our consideration to Ra<10*.
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Figure 2.4. Flow topology for the heating wave number o = 3 and the Rayleigh numbers
Ra=1 (dotted lines) and Ra = 10,000 (solid lines). Stream function is normalized with its
maximum wmax . Fig.2.4A corresponds to Pr = 0.01 (wmax = 0.128, 580.1 for Ra = 1,
10000),Fig.2.4B corresponds to Pr = 0.71 (ymax = 0.0017, 10.43 for Ra = 1, 10000),
Fig.2.4C corresponds to Pr = 1000 (ymax = 1.22e-6, 7.3e-3 for Ra = 1, 10000).

Figure 2.5. Flow topology for the heating wave number « = 10 and the Rayleigh numbers
Ra = 1 (dotted lines) and Ra = 10,000 (solid lines). Stream function is normalized with its
maximum wmax . Fig.2.5A corresponds to Pr = 0.01 (ywmax =3.38e-3, 26.37 for Ra = 1,
10000), Fig.2.5B corresponds to Pr = 0.71 (ymax = 4.77d-5, 0.4683 for Ra = 1, 10000),
Fig.2.5C corresponds to for Pr = 1000 (ymax = 3.38e-8, 3.32e-4 for Ra = 1, 10000).
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Figure 2.6. Variations of the roll strength (as measured by the maximum of the stream
function ymax , Fig.2.6A), and of the location of the coordinate y. of the roll center
(Fig.2.6B) as a function of the Rayleigh number Ra for selected values of the heating
wave number a. Dash, continuous and dash-dot lines correspond to the Prandtl numbers
Pr = 0.01, 0.71 and 10, respectively. Data for the last two values of Pr overlap in
Fig.2.6B.

Results displayed in Figure 2.6A demonstrate that the strength of the rolls, as measured
by the maximum of the stream function, increases linearly with the Rayleigh number Ra.
This intensity increases when Prandtl number Pr of the fluid is lowered. Results displayed
in Figure 2.6B illustrate variations in the location of the vortex center as a function of the
Rayleigh number Ra. It can be seen that this location remains constant for low values of
Ra but, once a certain critical value of Ra is reached, the vortex center starts moving
upwards and reaches to the center of the slot for high enough Ra. Increase of the heating
wave number o causes this transition to take place at higher values of Ra (see

Figure 2.6B).

Results displayed in Figure 2.7 illustrate changes in the convection due to variations of
the heating wave number a. It can be see that the strength of the convection decreases
proportionally to o> for all values of Ra and Pr of interest, with the convection for the
lowest value of Pr considered being strongest. The center of the vortex moves downwards

with an increase of o and it follows an asymptote in the form y.=-1+2.07a" for large
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enough a regardless of the values of Ra and Pr. The approach to the asymptote is slowest

for the smallest value of Pr considered.

5 10 15 20 - — 5 10 15 20

Figure 2.7. Variations of the roll strength (as measured by the maximum of the stream
function wmax , Fig.2.7A) and of the location of the roll center identified by its coordinate
yc (Fig. 2.7B) as a function of the heating wave number « for selected values of the
Rayleigh number Ra. Dash, continuous and dash-dot lines correspond to the Prandtl
numbers Pr = 0.01, 0.71 and 10, respectively.

We have seen from Figures 2.6A and 2.7A that the strength of the rolls increases linearly
with Ra (for a fixed o) and decreases proportionally to o (for a fixed Ra). To obtain the
combined effect of Ra and a on the strength of the rolls it is convenient to introduce a
Rayleigh number Ra; based on the heating wavelength where Ra = Ra,a’. In the limit
00—, Wmax approaches a constant Raj-dependent value. A simple correlation in the

form
Wmax = 0.0467 Ra/o’ =0.0467 Ra; (2.22)

describes the strength of convection in this limit for the fluid with Pr = 0.71. The range of

validity of correlation (2.22) is surprisingly large, as shown in Figure 2.8.
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Figure 2.8. Variations of the roll strength measured by the stream function maximum
wmax @s a function of the heating wave number « and the Rayleigh number based the
heating wavelength Ra,; = Ra/c® for a fluid with the Prandtl number Pr = 0.71. The dash
line corresponds to the maximum of Ra being considered. The dotted lines describe
asymptotes (2.22). Thin solid line identifies conditions where the difference between the
actual value of ymax and the value computed from (2.22) is equal to 1%.

The effects of variations of the Prandtl number on the roll strength and on the roll center
are illustrated explicitly in Figure 2.9. It can be seen that the strength of convection
decreases linearly with an increase of Pr. Vortex centers are located at the middle of the
slot for small enough values of Pr and move to a new, Pr-independent location for high
enough values of Pr (see Figure 2.9B). This new location is a function of the heating
wave number a. The transition between the two limiting locations occurs for values of Pr

between ~0.01 and ~0.2.



25

ST BT BT R Hm; | ST R UUTY! RS A UTIT! AT
10° 102 10* Pr 10° 10! 103 102 10" Pr 10° 10*

A B

Figure 2.9. Variations of the roll strength as measured by the maximum of the stream
function wmax (Fig.2.9A) and of the location of the roll center identified by its coordinate
yc (Fig.2.9B) as a function of the Prandtl number Pr. All results are for the Rayleigh
number Ra = 2000 and selected values of the heating wave numbers «a.

The topology of the temperature field is more complex. Figure 2.3 displays conductive
temperature field. As the heating intensity increases, the convective effects alter this field
as shown in Figure 2.10A. Further increase of the Rayleigh number Ra leads to the
formation of saddle points that are already well developed at Ra = 100 (see Figure
2.10B). Plumes over the heated portions of the wall increase in size and the heated fluid
occupies most of the space in the slot. Further increase of Ra leads to a re-arrangement in
the character of the temperature field. Temperature in the top portion of the slot looses
x-dependence and assumes form associated with conductive heat transfer between walls
of constant but different temperatures (see Figure 2.10C). Convection is contained in the
bottom portion of the slot and the temperature here has a strong x-dependence. Further
increase of Ra leads to the penetration of the convective effects back to the top portion of
the slot (see Figure 2.10D). While the evolution of the structure of the temperature field
as a function of Ra is qualitatively similar for different values of the heating wave number
o and for fluids with different Prandtl numbers Pr, the quantitative differences can be
significant. In the case of smaller wave numbers, i.e., o = 3 (see Figure 2.11 A and B),

the plumes of the heated fluid are more pronounced, cool fluid occupies relatively less
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space and formation of the conduction-like zone is not observed. In the case of larger
heating wave numbers, i.c., o = 10 (see Figure 2.11 C and D), formation of the
conduction-like zone is observed for much smaller values of Ra with the convection

contained in a zone very closed to the bottom wall.
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Figure 2.10. Temperature fields resulting from the heating with the wave number o = 5
in the case of fluid with the Prandtl number Pr = 0.71. Results displayed in Figs
2.10A,B,C and D correspond to the amplitude of heating described by the Raleigh
numbers Ra = 10, 100, 2000 and 10000, respectively. Solid and dash lines correspond to
the positive and negative values of the temperature, respectively. The temperatures have
been normalized with the factor (2*Pr)* resulting in the displayed values changing
between -1 and +1. The thickness of the convection layer is denoted as h,.

Formation of the conduction-like zone in the upper portion of the slot is illustrated in
Figure 2.12A which displays the y-derivative of the zero-order modal function in the
temperature field d¢”/dy. This modal function determines the net heat flow between both
walls. It can be seen that as the heating wave number o increases, d¢'”/dy assumes a

constant value in the upper portion of the slot. Figure 2.12B displays derivative of the
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first four modal functions in the temperature field, i.e., dd)(o)/dy for n=0, 1, 2, 3, for the
heating wave number o = 5. The corresponding temperature field is shown in Figure
2.10C. It can be seen that the magnitudes of the modal functions other than dd)(o)/dy
quickly decrease as one moves away from the lower wall and thus the dominant heat
transport in the upper portion of the slot is by conduction and only in the vertical
direction. The temperature field in the lower portion of the slot is very complex and
strongly affected by the convective effects. This “convective layer” is seen by the upper
portion of the slot as a “wall with a constant and uniform temperature” and this leads to

the heat transport in the upper part of the slot by conduction only.

Ra=10000

Ra=10000

0.01.

y 0.02:

Figure 2.11. Temperature fields resulting from the heating with the wave number « = 3
(Figs 2.10A and B) and « = 10 (Figs 2.11C and D). Figures 2.11A and C are for Ra =
100, and 2.10B and D for Ra = 10000. Other parameters as in Fig.2.10.

Variations of the thickness of the convective layer h, (see Figure 2.10C) are of interest
for quantitative description of changes in the temperature field. This thickness is

determined by comparing heat flow carried by mode zero with the heat flow carried by
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the remaining modes. Because the heat flow carried by higher modes quickly decreases
with distance away from the lower wall (see Figure 2.12B), only the first three modes
have been used in the actual calculations. According to the notation used in Section 2.3.2,

a quantity E defined below expresses ratio of both heat flows, i.e.,

E - {[ocd)'(” +2a0? ] +[Do® + Dp | }”2 /Do) (2.23)

with ¢’ =Pr™" 0! + ¢ and location where E = 0.05 has been adopted as the definition

of the edge of the convective layer. The 5% criterion has been chosen rather arbitrarily

but it well illustrates evolution of the structure of the temperature field.
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Figure 2.12. Derivatives of the zero modal function of the temperature field dg®/dy for
selected values of the wall heating wave number«a (Fig.2.12A) and of the first four modal
functions for the wave number « =5 (Fig.2.12B) for the heating amplitude corresponding
to the Rayleigh number Ra = 2000 for the fluid with the Prandtl number Pr = 0.71.

Variations of the thickness h, of the convective layer as a function of the Rayleigh
number Ra are illustrated in Figure 2.13 for Pr = 0.71. It can be seen that the heat is
carried by convection in the whole slot for the heating wave numbers a<4.5. A distinct
conduction layer can be identified for a = 4.5, but only for a finite range of Ra, i.e., for

Rae(~500,~2500). The range of Ra that gives rise to conduction layer expands towards
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smaller and larger values as a increases. For o = 10 this range reaches Ra<l on the low
end and Ra>10" on the high end. The character of the curves suggest that the conductive
zone will disappear if Ra reaches a sufficiently high value even for large values of a, e.g.,
o = 10. Figure 2.14 illustrates effects of variations of the Prandtl number Pr on the
thickness of the convection layer h, for Ra = 2000. It can be seen that variations of Pr
cease to affect the structure of the temperature field for Pr>~0.2 regardless of the value of
the heating wave number o, major changes of the temperature field occur for Pr<~0.2 and

these changes are more pronounced when o assumes smaller values.

08 —al — el — il —
10° 10! 10° Ra 10° 10*

Figure 2.13. Variations of the thickness h, of the convection layer as a function of the
heating wave number « and the heating amplitude expressed in terms of the Rayleigh
number Ra for the fluid with the Prandtl number Pr = 0.71.
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Figure 2.14. Variations of the thickness h, of the convection layer as a function of the
fluid Prandtl number Pr and the heating wave number « for the heating amplitude
corresponding to the Rayleigh number Ra = 2000.
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The variations of the net heat flow between the both wall per unit length across the slot as
a function of the Rayleigh number Ra and the heating wave number o are illustrated in

Figure 2.15. This heat flow is expressed in terms of Nusselt number defined as

(2.24)

and 1s based on conductive temperature scale.

It can be seen that generally Nu increases when o decreases and when Ra increases.
Changes of Nu as a function of Ra are more rapid for smaller values of a. Lines of

constant Nu have the form Ra ~ o , oc3, o for Pr= 0.01, 0.71, 10, respectively.

To obtain the combined effect of Ra and o on heat transfer we perform the similar
analysis as the roll strength for the fluid with Pr = 0.71. The system reaches a asymptotic
state for sufficiently large o where variations of the Nusselt number are described by a

simple relation in the form

Nu = 0.00192 Ra/oi’ = 0.00192 Ra;. (2.25)

The functional form of this relation is the same as for the strength of convection given by
(2.22), which is not unexpected as the heat transfer is dominated by convection. The

range of validity of correlation (2.25) is illustrated in Figure 2.16.

The character of variations of Nu is similar for all values of Pr considered with Nu
increasing with an increase of Pr. The effects of variations of Pr are explicitly illustrated
in Figure 2.17. It can be seen that Nu has weak dependence on the Prandtl number for
Pr>~0.2 in the range of a being considered in this study, however, the heat flow changes

rapidly for Pr between 10~ and 107"
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Figure 2.15. Variations of the net heat flow Nu*10° between the lower and upper walls
per unit length of the slot as a function of the heating wave number « and the heating
amplitude expressed in terms of the Rayleigh number Ra for the fluid with the Pranditl
numbers Pr = 0.01 (dash lines), 0.71 (solid lines) and 10 (dash-dot lines). Maxima of
Nu*10° occur for the conditions corresponding to the upper left corner of the plot and
take values Numa*10° = 178.7, 258.4, 600.5 for Pr = 0.01, 0.71, 10, respectively. Slopes
of the lines Nu = const are y=72° 72 °and 76 °for Pr = 0.01, 0.71, 10, respectively.
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Figure 2.16. Variations of the heat flow Nu*10°® between the walls per unit length as a
function of the heating wave number « and the Rayleigh number based the heating
wavelength Ra; = Ra/¢” for the fluid with Pr = 0.71. The dash line corresponds to the
maximum value of Ra being considered. The dotted lines describe asymptotes (2.25). Thin
solid line identifies conditions where the difference between the actual value of Nu and
the value computed from Eq. (2.25) is equal to 1%.
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Figure 2.17. Variations of the heat flow Nu between the lower and upper walls per unit
length of the slot as a function of the fluid Prandtl number Pr for selected values of the
heating wave number « for the heating amplitude corresponding to the Rayleigh number
Ra = 2000.

2.4.2 Long wavelength heating

Long wavelength heating pattern exhibits different form of response as compared to the
short wavelength heating. We begin discussion with the formal analysis of the structure of
primary convection in the limit a—0 and focus presentation of results on the fluid with

the Prandtl number Pr=0.71.

2.4.2.1 Asymptotic analysis of the limit a—0

To proceed with the asymptotic analysis for the limiting case a—0, we rescale the
x-coordinate with a length scale L, where h/L = a, resulting in the following form of the

governing equations

op ,0u 0Ju
QU—+V—=-0—+0 ——+——,
X oy aX  axE oy

(2.26a)
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qud P 2OV OV R 4 RaPr 0, (2.26b)
oX oy oy  oX' oy
00, 09, o0, 08, ,0%0, 0%,
Prlou——+v—|+0au +v = —t— (2.26¢)
oX oy oX oy oX> oy
ou ov
aa_x+5:0’ (2.26d)

where X denotes the x-coordinate scaled using the new length scale. For the heating
pattern considered in (2.21) the conductive temperature field described by (2.4) can be

approximated in the limit a—0 as

1
0, =0, +O(oc2)=z(1—y)cos(X)+ O(ocz). (2.27)
We assume the flow quantities as asymptotic expansions in terms of o in the form,
u=U,+aU,+a’U, ++-, v=V,+aV, +a’V, +-- (2.28a-b)

p=P,+aP, +a’P, +--, 0, =0, +a®, +a’@, +---. (2.28¢-d)

Substituting the asymptotic expansions in the governing equations (2.26), performing the

order analysis, we obtain the following reduced form of the asymptotic expansions,

u=aU, +0(*), v=a’V, +0(a'), p=P, +O(0*), 6, =0’®, +Oa*).  (2.29a-d)

Substitution of (2.27) and (2.29) into (2.26) and retention of the leading order terms lead

to the following form of the field equations

P
0P, _Ra,

oy = pr O (2.30a)
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B _ o', 2.30b

aX 8y2 ? ( . )

oy, oV, _, 2.30

oX oy (2.30¢)

U, By, +V, By, _ 0 ®22 , (2.30d)
oX dy oy

where (2.30a-d) originate from the y-momentum, x-momentum, continuity and energy
equations, respectively. The boundary conditions can be easily deduced from (2.6) and
need to be supplemented by condition expressing zero mass flux in the x-direction.

Solution of (2.30) has the form

Ra 1, 1
Py =———cos(ax)| - =y +y+—|, )
"= 2pr (X){ Sy Y 10} (2.31a)
Ra . 1, 15 1 , 1 1
U =—-smn(ox)| —y +—-y +—y ——y——|, )
' gy (X){ 247 "6 T207 76 120} (2.31b)

V. —&cos(ax) gyl s Lo (1T 73]
> 4Pr 120y 24y 60y 12y 120y 24 | (2.31¢)

_Ra JH1I L 5 1o Los o s o, PO 1
> pr a0l 21 T3 Ty Y Y Y ThosY T3
2.31d)

] I I I I I I 3
——cosox) —Yy ——y' +—y +—y - —y +—y ——}
3 c0s( )[420y 60° 507 307 127 T307 Ts5257 15

The physical interpretation of the asymptotic equations (2.31) state that the flow forcing
in the form of externally imposed conductive temperature (see (2.27)) generates a
pressure field as dictated by the y-momentum equation (see (2.30a)), this pressure field
drives motion in the x-direction as dictated by the x-momentum equation (see (2.30b)),

the complementary motion in the y-direction is determined by the continuity equation
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(see (2.30c)), and the overall motion creates a correction in the imposed conductive

temperature field as dictated by the energy equation (see (2.30d)).

Figure 2.18. Convection patterns described by the asymptotic solutions (2.27) and (2.31).
Conductive temperature 4* ¢ and pressure Po(4Pr/Ra) are shown in Fig.2.18A using
solid lines with step size 0.4 and dash lines with step size 0.2, respectively. Stream
function y/(aRa/4Pr) and isotherms of the convective temperature ©»(32Pr/Ra) are
displayed in Fig.2.18B using solid lines with step size 0.01 and dash lines with step size
0.01 (unless otherwise shown), respectively.

The conductive temperature field obtained from the asymptotic solution (using (2.27)) is
illustrated in Figure 2.18A (the plot extends over one wavelength of the heating from
-A/2 to + A/2 ). It generates a buoyancy force acting upwards at x = 0 and downwards at
x = A/2; this force is responsible for driving the fluid upwards at x = 0 and downwards at
X = A/2. Since motion in the y-direction is restricted due to the presence of the walls, an
opposing pressure force is generated which forces the fluid to turn around before reaching
walls. This leads to the formation of the y- and x-pressure gradients as illustrated in
Figure 2.18A. The overall flow pattern has the form of rolls depicted in Figure 2.18B.
Fluid motion transports energy and creates changes in the temperature field displayed in
Figure 2.18B. It can be seen that hot fluid rises at x = 0 creating positive correction in the

temperature field. This fluid turns sideways as it approaches the upper wall but still
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creates positive temperature correction as it flows towards zones with lower conductive
temperatures. The fluid turns downwards around x = +A/2 and again creates positive
temperature correction as it flows in the direction of decreasing conductive temperature.
The final turn occurs at the lower wall and the fluid flows into the zone of higher

conductive temperature field creating a negative temperature correction.

2.4.2.2 Range of validity of the asymptotic solution

The range of validity of the above analytical solution can be determined by comparing it
to the complete solution determined numerically. Figure 2.19 displays patterns of
conductive and convective temperature fields, and pressure and velocity fields determined
numerically for a = 0.5. One can observe that centers of the rolls move closer to the hot
spots as o increases from o ~ 0 (see Figure 2.18) to o ~ 0.5 (see Figure 2.19) but

otherwise the patterns do not change significantly.
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Figure 2.19. Convection patterns described by the complete field equations for a fluid
with Prandtl number Pr = 0.71 subject to heating corresponding to the Rayleigh number
Ra = 400 and the heating wave number « = 0.5. Other conditions as in Fig.2.18.
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To provide a quantitative measure of the range of validity of the asymptotic solution, we

define the relative error of the asymptotic solution as

i

_‘(DasymH

‘ (2.32)

num

Err

rel

= max
—
—l<y<l

| num

where @ stands either for u evaluated at x = A/4 or for any of the remaining quantities
evaluated at x = A/8, and subscripts "num" and "asym" denote quantities computed on the
basis of the complete and asymptotic equations, respectively. It is noted that u is
evaluated at a different point (x = A/4) for better resolution. Figure 2.20A illustrates
variations of the relative error of the asymptotic solution as a function of a. It can be seen
that the relative error is less than 0.1 for o = 0.2 even when Ra = 400. Variations of the
relative error as a function of the Rayleigh number Ra for selected values of the heating
wave number a are illustrated in Figure 2.20B. The error rises with an increase of Ra but

remains below 0.1 even for a = 0.2 and Ra = 400.
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Figure 2.20. Variations of the relative error of the asymptotic solution for p, u, v and &,
for a fluid with Pr = 0.71 as a function of the heating wave number « for selected values
of the Rayleigh number Ra and as a function of the Rayleigh number Ra for selected
values of the heating wave number «. Solid and dash lines are used for Ra = 50, 400 in
Fig.2.20A, respectively and for « = 0.01, 0.05 in Fig.2.20A, respectively. The dotted line
with slope ~& 2 is shown in Fig.2.20A for reference purposes.
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2.4.2.3 Heat transfer in the asymptotic limit

The net heat transfer across the slot is expressed by the global (mean) Nusselt number as

defined in (2.24). For the asymptotic solution, Nusselt number has the following form,

Nu,,, — ﬁo&zRa when o —0. (2.33)
Figure 2.21 illustrates variations of Nu/Ra as a function of a for selected values of Ra. It
can be seen that variations of Nu can be predicted using asymptotic theory from Section
2.4.2.1 as long as Ra < 427. When Ra > 427, Nu branches off and approaches other
asymptotic, Ra-dependent limits as a—0. The branching occurs at larger values of o
when the intensity of heating, as measured by the Rayleigh number Ra, increases. The
branching process results in the formation of two families of solutions that keep
intersecting each other as a decreases, as illustrated in Figure 2.21B. These families exist
for all values of Ra > 427 and "distance" between them increases with an increase of Ra,
but decreases with a decrease of a. This distance is non-zero for all finite values of a

considered and the solutions keep intersecting each other as o decreases.
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Figure 2.21. Variations of the Nusselt number as a function of the heating wave number «
for selected values of the Rayleigh number Ra. Enlargement of the box marked in
Fig.2.21A is displayed in Fig.2.21B.
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Analysis of the conductive temperature field in the limit of a—0 (shown in (2.27))
expressed in terms of the original length scale demonstrates that zones of length O(a") on
both sides of hot spots are subject to an almost uniform heating and similar zones
centered around cold spots are subject to an almost uniform cooling. When the magnitude
of the heating is sufficiently large, the zones around the hot spots may be subject to the
RB-type instability. The critical Rayleigh number expressed in terms of thickness of the
slot for a uniformly heated wall is Ra,,; = 1708 (Drazin and Reid 1981). This number
expressed using the present scaling takes value Ra., = 427. Results shown in Figure 2.21
suggest that an instability does take place (as it is evident from the branching of the Nu
plot). Conditions leading to the onset of such an instability need to be investigated

numerically, and will be discussed in a separate chapter.

2.5 Summary

In this chapter the two-dimensional flow response due to the presence of spatially
distributed heating applied at the bottom wall has been discussed. The mean temperatures
of both walls are kept the same thus the convection occurs only due to the spatial
variability of the heating. Spatial distribution of heating is controlled by the heating wave
number o, and intensity (amplitude) of the heating is controlled by the Rayleigh number
Ra. The case of sinusoidal (periodic) heating has been considered for a wide range of
Prandtl number varying from 10” to 10°. It has been found that the convective motion
occurs regardless of the amplitude of heating (i.e. regardless of the magnitude of the
Rayleigh number Ra) unlike the RB convection with uniform heating where a critical
Rayleigh number is needed for initiation of convection. The convection has the form of
counter rotating rolls with axis orthogonal to the heating wave vector (a,0). The
convective effects give rise to the mean vertical temperature gradient that results in a net
heat transfer between both walls, with the heat flow being larger for smaller a. It is
shown that convection is limited to a layer adjacent to the lower wall when a is
sufficiently large. Under such conditions a uniform conductive layer emerges at the upper

section of the fluid layer with temperature field in this zone becoming independent of the
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spatial variations of the heating and varying in the vertical direction only. For a—0, an
asymptotic analysis is performed to compute the flow quantities. The trend of the heat
transfer characteristic at a sufficiently small a, i.e., at long wavelength heating, suggests

that for supercritical values of Ra (Ra>427) some form of RB-type instability may occur.



Onset of Secondary Convection

In this chapter, we examine stability of the primary convection (discussed in the previous
chapter). Imposition of small disturbances may initiate instability of the primary
convection rolls which may give rise to various forms of ‘secondary convection’.
Conditions that lead to the onset of a secondary convection is determined using the linear
stability theory. This theory provides a good tool for detecting physical growth
mechanisms and identifying dominant disturbance types (Schmid and Henningson 2000).
In Section 3.1 we formulate the two-dimensional stability equations, the three
dimensional equations are discussed in Section 3.2, the method of solution of the stability
equations are presented in Section 3.3, a more general form of stability equations are
shown in Section 3.4, a summary of the stability analysis is given in Section 3.5, and,

finally, in Section 3.6, various instabilities that have been found in this work are reported.

3.1 Formulation of the two-dimensional stability problem

The analysis begins with the momentum equations expressed in terms of the stream
function and energy equation. Unsteady, two-dimensional disturbances are super-imposed

on the base flow (primary convection) in the form (Floryan 2005)

v =y, (x,y)+ v, (x, v, t) (3.1a)

0=0,(x,y)+0,(x,y,t), (3.1b)

where subscripts 2 and 3 refer to the base flow and the disturbance field, respectively.

The assumed form (3.1) of the flow quantities is substituted into the field equations, the
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base part (primary convection) is subtracted, and the equations are linearized. The

resulting disturbance equations have the form

2 vy, )s 2 .%(Vz\h)_’_ 8(;1;3 %(Vzwz)_ oy, .%(vz\h)

ot oy ox
o o (3.2a)
213 (Viy, )= V2V, )]-Ra—2
ox 6y( va)= VR
pof 05, 0V, B, Ov, 3, Oy, 38, v, 30| _ o (3.2b)
ot Oy Ox 0Oy O0x Ox dy Ox Oy

and are subject to the homogeneous boundary conditions 3= 0, Oys/0y =0, 63= 0 at the
two walls. The partial differential equations (3.2) have coefficients that are functions of y
and x, with the dependence on the x-coordinate being periodic. Because of that, the time
dependence can be separated in the usual manner and the x-dependence can be expressed
as a product of an exponential function and an x-periodic amplitude (Floryan 2005),

resulting in the solution in the form,

v, (x,y,t) = D, (x,y)e ™ +cc., (3.3a)
0,(x,y,t)=0,(x,y)e' ™ +cec. . (3.3b)

The exponent d is real and accounts for the x-periodicity of the disturbance field, ®3(x,y)
and Os;(x,y) are the x-periodic amplitude functions expressing modulation of the
disturbance field by the spatially distributed heating, exponent ¢ is assumed to be
complex (¢ = o, + i0j) and its imaginary part denoted by ; and real part denoted by o,
describe the rate of growth and the frequency of disturbances, respectively, and c.c.
denotes the complex conjugate. If o; > 0 the disturbance motion is unstable with the
disturbances growing exponentially, while o; < 0 indicates exponential decay of the
disturbances to make the motion stable and o; = 0 refers to neutral stability that
disturbances neither grow nor decay. Whereas o, determines the kinematic character of

the disturbance field. If o, # 0 then the disturbances have the form of the traveling wave
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(the speed of this wave in x-direction is equal to o, / 8). Such disturbances are also called
the oscillatory ones because at any fixed point is space one observes time-periodic
modulation of the disturbance amplitude (superimposed on the exponential decay or
growth). If o, = 0 then time variation of the amplitude of disturbances at any space
location is monotonic (non-oscillatory); such disturbances are sometimes called

stationary, and their physical structure usually look likes rolls or vortices.

For the problem considered here, (8, o) represent eigenvalues for the specified flow
conditions which are characterized in terms of (Pr, Ra, o), and the relevant eigenvalue
problem for the partial differential equations describing ®3(x,y) and ®;(x,y) can be easily
derived. Rather than solving this problem directly, we take advantage of the periodicity of

the amplitude functions and represent them as

m=+00 m=+00

Z (p(m) 1mux , @3 (X, y) _ Z q)gm) (y)eimux . (34a—b)

m=-—o m=—oo

This leads to the following form of the disturbance quantities

m=+00

X y’ Z(P(m) (E)+ma)x ~ot] tec. (3.52)
X y, Zd)(m) (8+ma)x Gt] +cc. . (35b)

Substitution of (3.5a-b) into the disturbance equations (3.2a-b) and separation of Fourier
components result, after a rather lengthy algebra, in a system of linear homogeneous

ordinary differential equations in the form

B(m)(pgm) lt e(m) =1 Z [t D(p(m n)H(n) (ﬂ) +(m Il)OLI(m n)(P(m H)D(p(ﬂ)
(3.6a)

_(m H)(X([)(m H)H(n)D(pgn) t I(m r1)D(p(m n)(pgn)
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c™o™ = iPrn:fo [tnD(p(zm_“)Ogn) +(m—-n)od{" "V De{"

—(m-n)op" DO — tnDe(zm—n)(pgm] (3.6b)

where B™ = (D2 —tﬁl)2 +ics(D2 —ti),

C™ =D’-t. +iPro,

H™ =D? -t} ,

™ =D* —(m-n)’a’,

t, =0+ma.
The boundary conditions take the form
0" (£1)=0, Do{"(+1)=0, ¢\"(+1)=0 for -co<n<to. (3.7)

3.2 Formulation of the three-dimensional stability problem

We consider three-dimensional linear stability of the primary convection discussed in the
previous section. The analysis begins with the governing equations in the form of

vorticity transport, energy and continuity equations.

%‘)_(aov)v+(VoVE=V26+Vx(Ra9]), Vev=0, ®=VxV, (3.8a-c)
Z—?+(V-V)9:Pr“vze. (3.8d)

where j is the unit vector along the vertical (y) direction, @ is the vorticity vector, v is

the velocity vector, respectively.

Unsteady, three-dimensional disturbances are super-imposed on the base flow in the form

(Floryan 2003)
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0 =0,X,y)+0,(x,y,2,1),
V= V2 (Xa Y) +V3 (Xa Y.z, t)a (3'98'_(:)
0=0,(x,y)+0,(x,y,2,1)

where subscripts 2 and 3 refer to the base flow and the disturbance field, respectively.
The assumed form (3.9) of the flow quantities is substituted into the field equations (3.8),
the base part (primary convection) is subtracted, and the equations are linearized. The

resulting disturbance equations have the form

om _ — (= < v 0, — (o v
2 (7,0 V), (@, o VI, +(7, 0 V)G, - (@, o VIV, (3.102)

=V, +Vx(Rab,j)

Vev,=0, o,=Vxv, , (3.10b-c)
a63 = — _p.-ly2
§+(v3 *V)0, +(v,eV)0, =Pr' v?e, (3.10d)

and are subject to the homogeneous boundary conditions v, =0, 6, =0 at the two

walls.

The disturbance equations (3.10) have coefficients that are functions of x and y only, with
the dependence on the x-coordinate being periodic. Thus the solution can be written in the

following form
v,(x,y,2,t)=G,(x,y)e"™* ycc. (3.11a)
0,(X,v,2,t)=0,(x,y)e' ™ 1 cc. . (3.11b)

The exponents 6 and 3 are real and account for the x- and z-periodicity of the disturbance

field. 63 (x,y)and Os(x,y) are the x-periodic disturbance amplitude functions expressing
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modulation of disturbances by the heating, exponent ¢ is assumed to be complex as
mention in Section 3.1, and c.c. denotes the complex conjugate. (3, B, o) represent
eigenvalues for the specified flow conditions which are characterized in terms of (Pr, Ra,
o). The relevant eigenvalue problem for the partial differential equations (3.10)
describing G, (x,y)and ®s(x,y) can be easily derived. Rather than solving this problem

directly, we take advantage of the periodicity of the amplitude functions and represent

them as

p— m+oo[

G,(x,y gM (e (e W™, 0s(xy)="3 g (y)e™. (3.12a-b)

m=-—00

This leads to the following form of the disturbance quantities

V(yzt) =3 8™ 1).e™ (¥).e™ (y)] et ol oo (3.13a)

m=—00

0,(x,y, z,t) ‘m)(y)el[5+m°‘ ol e, (3.13b)
Substitution of (3.13a-b) into the disturbance equations (3.10) and separation of Fourier
components result, after a rather lengthy algebra, in a system of linear homogeneous

ordinary differential equations in the form

A Z [H(m Mgy gmmgmon (3.14a)
B™g™ _Rak? g = [1““ g g pimem gmn (3.14b)
it g™ +Dg{™ +iBg™ =0 (3.14c¢)

C(m)g(m) Pr z [J(m n)g(m n) +J(m n)g(m n) +J(m “)g(em n) (3.144d)
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where, A™ =D* -k’ +ic,

B™ =(D* -k2 ) +is(D? -k2,),

C™ =D?-k. +iPro,
LM =g gm _gotm
t,=0+ma, k2 =t +p%,

HE =it £ + k2 (B2 +t,,t, JE7D,

mnm

H™™ = BDf™ +inafk.” f™D?,

v m-n—v

I(gm_n) ZIlO(B k;z_n (2 f(n)D-i-(t +t ) flﬁn) _ikIan\En) —ifv(")Dz),

m-n-—u

1 = k2 [ina(p” —t,t,, , )DEVD + k2 (B +t,, ,t, . )i D]

vk iEK2 e, +2nap? )E@D? + (nat,, —k2 )E™D? ],
+ik?%t £ 4t D f(“)

m - “m-2n-u

I = —inaBk,’ 5",
T = _nok 2 f(“)D+Dfe(“) ,

mnmn

I =it £+ VD

m-n-u

The boundary conditions take the form
(M (E1)=0, g™(1)=0, Dg™(+1)=0, g”(¥1)=0 for -co<n<+too, (3.15)

It may be noted that, in this work, the stability analysis is limited to two-dimensional
primary convection only. Consequently, the required expressions for the basic state

(primary convection) to use in (3.14) have the form

v, (x,y [f<n> £ (y),0]e (3.16a)

0,(x,y)= “z”’ £ (y) e (3.16b)
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where, £ =Do™, ™ = -inap™, and f" =Pr' 0" +¢™.

3.3 Method of solution

Equations (3.6) (or (3.14)) together with the boundary conditions (3.7) (or (3.15)) are
truncated after Ny modes. The resulting system has a nontrivial solution only for certain
combinations of parameters Ra, Pr, , B, a and o. The required dispersion relation has to
be determined numerically through solution of the relevant eigenvalue problem. For the
purposes of calculations, the problem is posed as an eigenvalue problem for c. Equations
(3.6) and (3.14) are discretized with spectral accuracy using Chebyshev collocation
method with Nr collocation points (Canuto et al. 2006). The relevant numerical
parameters (i.e., Ny and Nt) have been selected through numerical convergence studies

as shown in Appendix E.

The above discretization procedure results in a matrix eigenvalue problem in the form

Ox =0, (3.17)

where (o) represents the coefficient matrix. This matrix is linear in o, i.e.,

Q=Q+Qo, (3.18)

where Qo = Q(0), Q; = Q(1) — Q.

Using the property (3.18) of the coefficient matrix, finally we end up with a generalized

eigenvalue problem in the form,

Qox = cQX. (3.19)
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3.3.1 Evaluation of eigenvalue

From a numerical point of view, there are two general concepts of finding the eigenvalues
of a discretized stability equation (Schmid and Henningson 2000). The first method, the
local method, starts with an initial guess of the eigenvalue or the eigenvector, and uses
iteration procedure to converge to the true eigenvalue or the eigenvector. Local method
may be employed either by using the Newton-Raphson search method which uses an
initial guess of the eigenvalue, or by using ‘inverse iteration’ technique which uses
eigenvector as the initial guess. The second method, the global method, uses complete
discretized stability equation and computes spectrum of the resulting matrix. The
advantage of the local method is that it is high in accuracy and requires less
computational time but it computes only one eigenvalue or one set of eigenvectors,
whereas the global method is computationally expensive but it computes the full
spectrum. The virtue of full spectrum computations is that they provide the safest means
of identifying all possible instability modes. Situations have arisen in the literatures in
which iterative computations (local method) led to the most important branch of
eigenvalues being missed (Ding and Kawahara 1998). Of no less significance is the fact
that full spectrum information aids in the classification of different branches of
eigenvalue, corresponding to different physical phenomena (Theofilis 2011). It may be
noted that full spectrum computations help to assess the effect of grid-resolution (see
Appendix E). Details of the aforementioned methods are given in Appendix D, in the next

sections we describe them only briefly.

3.3.2 Full spectrum computation

The o-spectrum is determined by solving a general eigenvalue problem (3.19). Since the
eigenvalues are complex in nature, we use the method described in (Golub and Loan
1996). From computed eigenvalues, the top 100 eigenvalues are further refined (to test

their sensitivity) using the ‘inverse iteration’ technique as described in (Saad 2011).
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3.3.3 Newton-Raphson search method

In this method, we alter flow conditions and produce an approximation for the eigenvalue
which is then improved iteratively by searching for the near-by zero of the determinant
using a Newton—Raphson search procedure (for details see Appendix D). A reasonable

guess for the unknown eigenvalue is essential for the convergence of this search routine.

3.3.4 Inverse iteration method

We compute an approximation for the eigenvector A, corresponding to the unknown
eigenvalue o, using an iterative process in the form (Qy — G()Ql)/\(nH) = O0,A™ where o
and A” are the eigenvalue and the eigenvector (an eigenpair) corresponding to the
unaltered flow. If 6, is the eigenvalue closest to oy, AD converges to A,. The eigenvalue
o, is evaluated using formula o, = A,Q.A, /A,Q,A, where asterisk denotes the complex

conjugate transpose. The inverse iterations method was found to be generally more

efficient.

3.3.5 Eigenvalue tracing

To produce various stability diagrams we need to trace the eigenvalues in the parameter
space. For the tracing of the eigenvalues we use a special version of the Newton-Raphson

search procedure described in Appendix D.

3.4 General stability formulation

The distributed heating considered so far is one-dimensional, i.e., it varies only in the
longitudinal direction x. If we consider a two-dimensional heating pattern, i.e., heating
which varies both in longitudinal (x) and transverse (z) directions, then the primary

convection has also a three-dimensional character. Therefore, a more general form of
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stability equations has been derived by considering three-dimensional primary

convection. Details are shown in Appendix B and C.

3.5 Summary of stability analysis

In this section we summarize the general steps that are used in the stability analysis in the

pictorial form.

Gtationary Fluid

- Apply heating at the lower wall

equations (2.9/2.12/2.18)

N

- Compute the flow quantities by solving

-Primary convection

- Add small disturbances (2D/3D)
- Linearize the problem

- Determine the eigenvalues by solving
equations (3.6/3.14)

- Calculate the eigenfunctions

\(disturbance field)

_

[Primary convection }

[Onset of secondary convection }

Figure 3.1. Summary of general steps used for stability analysis.
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3.6 Types of instability identified

From chapter 2 we have seen that the primary convection has the form of rolls whose
topology 1is tightly coupled to the heating pattern. These rolls are subject to instabilities
that give rise to various forms of secondary convection. We performed various tests in the
parameter space to obtain the stability characteristics of the primary convection. We have
identified that the following four types of instability emerge for the spatially periodic

heating pattern considered in this work,

1. Longitudinal roll instability,

ii. Transverse roll instability,

iii. Oblique roll instability,

iv. Oscillatory mode of instability.

Details of each of the instabilities will be discussed in the subsequent chapters.



Longitudinal Roll

In this chapter, we discuss the longitudinal roll instability, i.e., instability that gives rise to
secondary rolls with axis parallel to the axis of the primary rolls. The onset of the
longitudinal roll instability can be predicted using the two-dimensional stability theory
(Floryan 2005) described in Chapter 3 (see Section 3.1). Various test calculations and
scans through the parameter space suggest that there exist only stationary disturbances of
such form, i.e., o = 0. No travelling wave disturbances have been found. Characteristics
of this instability for fluids with the Prandtl number Pr = 0.71 are discussed in Section
4.1, for Pr =7 in Section 4.2, for Pr = 0.04 in Section 4.3, for Pr = 0.25 in Section 4.4 and
for fluids with arbitrary Prandtl numbers in Section 4.5. A short summary is given in

Section 4.6.

4.1 Fluids with the Prandtl number Pr=0.71

To discuss the longitudinal roll instability of the fluid with Pr = 0.71 which approximates
properties of Air, we begin with Figure 4.1 which shows the amplification rate o; of the
longitudinal roll as a function of the heating wave number a, and the roll wave number 6
for a fixed intensity of the heating corresponding to the Rayleigh number Ra = 3900. It
can be seen that there exists a finite range of a that results in the instability. The
instability does not occur if the heating pattern is characterized by a wavelength that is
either too long or too short. The range of wavelengths of the rolls that may emerge from

this instability is also finite with the most amplified wave number corresponds to & = 2.
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A set of neutral curves (curves corresponding to o; = 0) for a sequence of Rayleigh
numbers is displayed in Figure 4.2. It can be seen that a decrease of the heating intensity
(decrease of Ra) results in the reduction of the range of the heating patterns (reduction of
the range of the heating wave numbers) that can lead to the instability and, at the same
time, reduction in the range of the roll wave numbers & that can be produced by the

instability. The instability does not occur at all for Ra <~3100.

Figure 4.1. Variations of the amplification rate o; of the longitudinal rolls as a function
of the heating wave number « and the longitudinal roll wave number & for the Rayleigh
number Ra = 3900 and fluids with the Prandtl number Pr = 0.71.

Figure 4.2. Variations of the neutral stability conditions defined by o; = 0 as a function
of the heating wave number « and the longitudinal roll wave number & for selected values
of the Rayleigh number Ra for fluids with the Prandtl number Pr = 0.71.
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One can identify the upper and lower limits of the unstable range of a for each value of
Ra and the corresponding values of & to produce plots displayed in Figure 4.3. Such plots
identify the critical conditions leading to the onset of the longitudinal roll instability. The
intensity of the heating required to induce roll instability, as measured by Ra,,, is a strong
function of the heating wave number a. It can be seen that there is a certain minimum
heating intensity defined by Rany, = Rasy = 3031.6 (point A in Figure 4.3A) and a
corresponding very specific heating pattern corresponding to omin = aa = 4.03 that are
required in order to initiate the instability. An increase of Ra above 3031.6 increases the
range of heating patterns that can induce this instability. The critical curve steeply rises
when a is reduced below aumin and, as a matter of fact, this instability does not occur when
o < app = 3.72 in the range of Ra considered in this analysis. An increase of o above
oa = 4.03 results in a gradual increase of the critical value of Ra.;; when a is big enough,
the increase of Ra., can be approximated by an asymptotic relation obtained numerically

from the character of change of Ra.; and the asymptote has the following form
Ra.— 236 ol as o — . (4.1)

In summary, spatial pattern of heating corresponding to Otmin = oa = 4.03 is the most
efficient in inducing instability and any other pattern requires a more intense heating. It

appears that heating patterns with a small a are unable to create longitudinal rolls at all.

The structure of the disturbance motion, as described by the critical roll wave number J;,
is also a strong function of the heating wave number o (see Figure 4.3B). When a < oy
= 4.2 the heating pattern and the disturbance pattern are locked-in according to the
relation &, = o/2. When o > ., the lock-in is broken and there is no obvious relation
between the heating pattern and the disturbance pattern. When a—»o0, variations of &,

follow the asymptote in the form 8. = 1.56 + 7.05 ¢

and, in the limit, the critical
wave number reaches value of 6., = 1.56, which is the same as found in the case of the
classical RB convection (Drazin and Reid 1981). This result suggests that there is an

analogy between the periodically heated and the uniformly heated fluids for large o.
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Results presented in Chapter 2 have already demonstrated that periodic heating in the
limit of a—o produces uniform mean vertical temperature gradient with spatial
modulations being confined to a very thin layer adjacent to the lower wall. As a result,
the convective effects make the lower wall appear to the fluid above as a wall with a

uniform temperature.

I I I I I I 22 ' ] I I I I I I
P
8000 . : Bg
Ra, [ Unstable oL i
S |
6000 . |
] | 8,=1.56+7.05e*%* |
R;:FZ%GLS | e
4000} . f
Stable i 8,=1.56
[ 1.6 7" [
o, =3.72 ; :— Q=372 T
2000 | . 1 . 1 1 . 1 1 . 1 . 1 1 1 . 1 1
3 4 5 6 o 7 8 9 10 3 4 5 6 o 7 8 9 10
A B

Figure 4.3. Variations of the critical Rayleigh number Ra., (Fig.4.3A) and the critical
disturbance wave number & (Fig.4.3B) as functions of the heating wave number « for a
fluid with the Prandtl number Pr = 0.71 for the longitudinal roll instability. Points A and
B are located at (Rax=3031.6, aa=4.03, 54=2.015), (Rag=3078.3, ag=4.2, %s=2.1).

Selected properties of the basic state (primary convection) evaluated along the critical
curve are displayed in Figure 4.4. It can be seen that the net heat flow across the wall Nu,
roll strength max, and thickness of the convection layer h, vary along the critical curve

according to the asymptotic relation in the form

Nu— 045310, ymex = 12.6 2, hy > 7.2 %" as o — . (4.2a-c)
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The asymptotic relation of Nu (4.2a) can also be obtained by combining variations of Ra,
(4.1) with the correlation (2.25). It also permits to express Ra used in this analysis in

terms of the Rayleigh number Ra,, used to describe the classical RB convection. The

0 0.04 0.08 0.12

©
¢

C

Figure 4.4. Variations of the selected primary convection properties for conditions
corresponding to the onset of the longitudinal roll instability for Pr = 0.71. Fig.4.4A - roll
strength as measured by the maximum of the stream function ymax and location of the
center of the roll identified by its coordinate y.. Fig.4.4B - net heat flow Nu and thickness
of the convective layer h, (determined using Eg. 2.23 with E = 0.01). Fig.4.4C-
Distributions of the 0™ modal function of the primary convection temperature ¢ for
selected values of the heating wave number a. (Ra,a) = (7744.4, 10), (3435.2, 5),
(3041.8, 4), (3663.4, 3.73). Points A and B in Fig.4.4A,B correspond to points A and B in
Fig.4.3.
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latter one is based on the thickness of the complete layer H = 2h as the length scale and its

critical value of Ray,; = 1708 can be expressed in terms of Ra as
Ra = Ray,; (2 Nu)!' [l/H]® =235.6 o'~ when a—. (4.3)

The relation (4.3) is in good agreement with the relation (4.1). Detail derivation of (4.3) is
shown in Appendix F.

The form of the critical curve displayed in Figure 4.3A shows rapid flow stabilization
when the heating wave number a decreases a bit below the lock-in value of oy = 4.2. It is
to be mentioned that lock-in occurs when the heating pattern and the disturbance pattern
follow the subharmonic relation o, = a/2, i.e., each disturbance roll carries two primary
rolls. The minimum value of Ra. is reached when o = 4.03 and further decreases of a
causes rapid increase of Ra.. One could suppose that the tight lock-in of the basic state
(structure of the primary convection) and the disturbance structures is responsible for the
rapid stabilization. Another effect that also contributes to the flow stabilization is
associated with the re-arrangement of the primary temperature field. To understand this
effect we refer to Figure 2.11 which illustrates large differences in the temperature fields
associated with different values of o, and Figure 4.4C which displays variations of the
mean temperature of the primary convection as a function of a at the onset of the
longitudinal roll instability. It can be seen that reduction of a results in an increase of
thickness of the part of the fluid layer that has stable mean temperature gradient and this

contributes to the flow stabilization.

The occurrence of the lock-in is related to the spatial modulation of the primary
convection (Manor et al. 2008, 2009). The modulation is very strong when a = O(1); an
increase of a reduces its strength and eventually leads to the break of the lock-in. The
break up is not directly related to the appearance of the conductive zone in the primary
state temperature as results for h, (see Figure 4.4B) clearly show that the convective

effects persist everywhere in the fluid for up to a = 5.5 while the lock-in occurs only for
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o< ag = 4.2. It may be concluded that the breakup of the lock-in is related to the

weakening of the spatial flow modulation.

Analysis of results presented in Figures 4.3-4.4 shows that there are two competing
effects that produce the instability mitigated by changes in the mean vertical temperature
gradient. In the case of large o the instability is driven by the mean vertical temperature
difference created by the primary convection. In the case of o = O(1) the secondary
convection is driven by the spatial parametric-like resonance. The conditions that separate
the locked-in and unlocked zones (point B in Figures 4.3-4.4) may be considered as an

approximate boundary between the zones of dominance of either of these two effects.

Pattern of disturbance motion changes considerably with the change of the heating wave
number. The pattern for the lock-in situation is rather simple and is illustrated in Figure
4.5 for o = 4.1, which is just below the lock-in value of ag = 4.2. The sub-harmonic

relation between the primary convection and the disturbance pattern is clearly visible.

Figure 4.5. Disturbance streamlines (Fig.4.5A) and isotherms (Fig.4.5B) for the heating
wave number « = 4.1 and the Prandtl number Pr = 0.71 at the onset of the longitudinal
roll instability, i.e., for Ra = 3042.3. These conditions are marked with letter L in Fig.4.8.
The primary flow and disturbance quantities are represented using dash and solid lines,
respectively. The stream functions and the temperatures are normalized with their
maxima for presentations purposes. The maximum values for the primary convection are
Wmax = 1.9091 and Gax = 0.7042.
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There are many possible disturbance patterns for the unlocked situation as they result
from an interplay between the disturbance wave number o, and the modulation (heating)
wave number a. These patterns are functions of a and the functional relation is linked to
the dispersion relation 8¢, = dc(a). While this relation has been determined numerically, it
exhibits properties of a continuous function. In the limit of a—o0 the relation assumes a
very simple form, i.e., d—>1.56. The numerical results show that this limit is effectively
reached for o>9. As d, = 1.56 for large o, the system may exhibit commensurable
(periodic) and non-commensurable (quasi-periodic) states; only commensurable states
can be accessed by the computations. The heating wave number o is the control
parameter that provides means for re-arrangement of the system states. It is convenient to
categorize commensurable states using wavelength of the flow system expressed either in
terms of the number of the disturbance wavelengths N; or in terms of the number of the
heating wavelengths N,. The possible system wavelengths can be divided into an infinite
sequence of bands associated with each value of Ns. There is an infinite number of N, 's
corresponding to each N, i.e., N, = a N5 /1.56 as o can be selected arbitrarily. Since N,
must be integer, it is better to write this relation as oo = 1.56 Ny / N5 in order to identify
suitable values of a corresponding to N5 and N, of interest. Results displayed in Figure

4.6 illustrate the possible periodic states for each a corresponding to N <=39.

40r

10}

Figure 4.6. The possible x-periodic states of the system in the "large «" regime. The
wavelength of the system is expressed in terms of the number of disturbance wavelengths
Ns.
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A qualitatively similar situation has been analyzed by Freund et al. (2011) who
considered modifications of the RB convection near the onset induced by addition of
periodic temperature modulations of small amplitude imposed at the lower wall. As the
wave number of modifications increased, they observed a continuous bifurcation to
longitudinal rolls with the wave number 1.56 followed by bifurcations to transverse rolls
with the same wave number. The critical value of Ray,; slightly decreased as compared
with the pure RB convection. Results discussed in Chapter 2 demonstrate that
temperature modulations with large o create an additional mean vertical temperature
gradient which reinforces the gradient created by the uniform heating. This effect is
responsible for the reduction of Ra,,; required for the onset of the instability reported by
Freund et al. (2011), i.e., the lower wall looks slightly hotter to the bulk of the fluid due to
the modulation effect. The imposed spatial modulations are confined to a very thin layer
and thus give very weak preference to either longitudinal or transverse rolls. The vertical
temperature gradient in the case of purely periodic heating considered in the present
analysis is created solely by the nonlinear effects and this requires heating more intense

than the equivalent uniform heating in order to reach the critical conditions (see equation

(3.9) and Figure 4.4A).

When « is large the flow patterns are rather simple as depicted in Figure 4.7 and consist
of rolls with the wave number J.. = 1.56 occupying most of the space between the walls
with spatial modulations (which dictate the overall system periodicity) confined to a small

neighborhood of the heated wall.

Application of the heating with the wave number between the lock-in value of o = 4.2
and the effective "large o limit, i.e., oo = 9, produces a number of intriguing flow
structures. Commensurable states are illustrated in Figure 4.8 where N;s has been
determined by looking for the lowest common denominator of a and &, (Floryan 1997,
2005). The structures form bands in the (Ns, o) plane that can be categorized by looking
at the corresponding N at the large a limit. The bands have been determined numerically
and search for the pairs (3., o) that correspond to the band of interest involves a trial and

error. Data presented in Figure 4.8 have been determined by varying o with constant step
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Figure 4.7. Disturbance flow fields in the "large «" regime at the onset of the
longitudinal roll instability. Fig.4.7A: (&, &r, Racr) = (10.01, 1.56, 7749), complete layer
is shown. Fig. 4.7B,C: (&, &r, Rag) = (10, 1.56, 7738), (10.083, 1.56, 7827),respectively;
only zone next to the lower wall is shown. The contour lines correspond to ys(x,y) = 0,
0.01, 0.1, 0.3, 0.5, 0.7 of the respective maxima. Conditions in Fig.4.7A, B, C correspond
to the wavelength bands Ns= 156, 39, 468 (point E, J, K in Fig.4.8), respectively.

sizes of Aa = 1/100 and Aa. = 1/12. Only certain bands can be reached through such a
process as the numerical evaluation of O is done with a finite accuracy. d. had been
evaluated with an accuracy of four decimal points but only two decimal points were
retained for evaluation of Ns. Results displayed in Figure 4.8 clearly show bands starting
at large a and extending down to the lock-in condition. The bands that have been
identified by the above process correspond to Ns = 39, 78, 117, 156, 234, 468, .... The

same bands correspond to Ny, = 250, 50a, 75a, 100a, 150a, 300q, ..., i.e., they are linear
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functions of the heating wave number o. The same results also show existence of

additional bands that do not exist in the large o limit.

o

Figure 4.8. Variations of the wavelength of the disturbance flow structures for the
longitudinal roll instability as a function of the heating wave number « at the onset
conditions measured using the number of the disturbance wavelengths Ns (Fig.4.8A) and
the number of the heating wavelengths N, (Fig.4.8B) for fluids with Pr=0.71. Additional
information about the structure of the unstable motion corresponding to conditions
marked with letters A, ..., E is displayed in Fig.4.9, for F, G is displayed in Fig.4.13, for H
and | in Fig.4.14, for J and K in Fig.4.7, and for L in Fig.4.5. The reader should note

logarithmic scale on the a-axis.

Structure of the disturbance field undergoes interesting changes as a function of o for
each band. Variations of the disturbance stream function y; for disturbances belonging to
the band Ns= 156 demonstrate a "beating" pattern for a slightly above ap (Figure 4.9A),
followed by a pattern that is not easily categorized (Figure 4.9B) for larger o, then
followed by a "wavy" pattern for still larger o (Figure 4.9C), and followed by a still
another not easily categorized pattern (Figure 4.9D) and leading to a pattern dominated
by & for sufficiently high o (Figure 4.9E). While the terms "beating" and "wavy" are
rather arbitrary, they nevertheless well capture changes in the amplitude of disturbances.

Streamlines for the "beating" pattern displayed in Figure 4.10 show that the disturbance
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Figure 4.9. Variations of the disturbance stream function S = y5(x,0) at y = 0 for the
wavelength band corresponding to Ns= 156 for Pr = 0.71. Results shown in Figs 4.9A, B,
C, D, E correspond to the onset conditions, i.e., («, &r Rag) = (4.21, 2.02, 3083),
(4.5,1.73, 3208), (4.9, 1.67, 3389), (5.51,1.62, 3742) and (10.01,1.56, 7749), respectively,
and are marked with letters A, B, C, D, E in Fig.4.8, respectively.
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field consists of rolls of almost the same topology but with their strength changing in a
periodic manner along the layer. One can easily identify zones with high and low
intensities of instability. Streamlines for the "wavy" pattern displayed in Figure 4.11
show that the disturbance flow field consists of pairs of rolls rotating in the opposite
directions with "opposite" characteristics, i.e., at the beginning of the spatial cycle one
roll is larger but has less intense motion and the other one is smaller and has more intense
motion. Their characters are reversed after half cycle, with the smaller roll expanding and
motion in its interior slowing down and the larger one contracting and motion in its

interior intensifying.

X

Figure 4.10. Disturbance flow field corresponding to the "beating" pattern at the critical
point (a, &, Raeg) = (4.21, 2.02, 3083) and for the fluid with the Prandtl number
Pr = 0.71. The contour lines shown correspond to ys(x,y) = 0, 0.01, 0.1, 0.5, 0.7 of its
maximum. The range of x used for display is marked using symbol & in Fig.4.9A. This
pattern belongs to the wavelength band Ns= 156.

An insight into the patterns is provided by modulations of the phase illustrated using the
local wave number 8j..a1 determined on the basis of zero's of the disturbance stream
function displayed in Figure 4.9. One may observe a competition between the locked-in
wave number O, = o/2 and the "large a" wave number &, = 1.56. In the case of the
"beating" pattern (Figure 4.9A, o = 4.21) the system is still strongly influenced by the
lock-in effect producing wide and flat maxima with Jjocal ~ 2.08 separated by narrow

minima with dj,cal ~ 1.8 giving appearance of a solitary phase modulation (see Figure
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4.12A). These solitons form a lattice that is parallel to the rolls. Solitons are known to
mediate transition between the commensurate and non-commensurate patterns and have
been observed in pattern forming hydrodynamic instabilities, e.g., Lowe and Gollub
(1985), Seiden et al. (2008) and McCoy et al. (2008). The maxima of djoca correlate with
the areas of high intensity motion and the minima correspond to the zones of low
intensity motion. In the case of the "wavy" pattern (Figure 4.9C, a = 4.9), both effects
are at par resulting in a continuous and rapid adjustment of Jjocal between 1.56 and 1.8
(see Figure 4.12B) that is repeated periodically in the x-direction and forms a lattice. The
minima of the amplitude of variations of dj,ca1 correspond to zones where the rolls with
the clockwise and counter clockwise rotations have similar intensity while maxima
identify regions with a preferred direction of rotation. In the large alpha zone (Figure

4.9E) djca1 Overlaps with &= 1.56 within the numerical accuracy.
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Figure 4.11. Disturbance flow field corresponding to the "wavy" pattern at the critical
point (&, &r, Raer) = (4.9, 1.67, 3389) and for the fluid with Pr = 0.71. The contour lines
shown correspond to ys(x,y) = 0, 0.01, 0.1, 0.5, 0.7 of its maximum. Solid and dot lines
are used to identify rolls rotating in the opposite directions. Results displayed in
Fig.4.11A and 4.11B correspond to the ranges of x marked with symbols & and & in
Fig.4.9C, respectively. This pattern belongs of the wavelength band Ns= 156.
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Analysis of disturbance field for disturbances belonging to band N5 = 78 shows existence

of structures similar to those found for N5 = 156. Both the "beating" and the "wavy"
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patterns are clearly visible in Figure 4.13, however, they have different wavelengths as
compared with the case of N5 = 156. Similar analysis carried out for the band N5 = 39
(see Figure 4.14) shows existence of the "wavy" pattern while the "beating" pattern is
less clear; it is believed that a clear "beating" pattern can be determined using more
accurate evaluation of the pair (8., a). These results indicate that the "beating" and
"wavy" patterns are likely to occur for all bands of N;, but with a different spatial
wavelengths and amplitudes which depend of the particular value of Ns. This conclusion
is supported by results obtained for other values of the Prandtl number discussed in the

following sections.
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Figure 4.12. Solitary roll structure. Results displayed in Figs 4.12A, B have been
extracted from the data displayed in Figs 4.9A and C, respectively.

Results displayed in Figure 4.9E show that for large a the disturbance pattern around the
center of the slot is dominated by .. This pattern is modulated by wall heating, however,
modulation is contained in a thin layer adjacent to the lower wall. Figure 4.7 displays
disturbance streamlines for a = 10 in the zone adjacent to the lower wall for disturbance
bands corresponding to N5 = 39 and N5 = 468. It can be seen that both patterns are very

similar, despite large difference of N;, and cannot be easily categorized.
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Figure 4.13. Variations of the disturbance stream function S = y5(x,0) at y = 0 for the
wavelength band corresponding to Ns= 78 for the fluid with Pr = 0.71. Results shown in
Figs 4.13A, B correspond to the onset conditions, i.e., (a, &r, Ray) = (4.22, 1.98, 3086),
(4.92, 1.66, 3399), respectively, and are marked with letters F, G in Fig.4.8, respectively.
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Figure 4.14. Variations of the disturbance stream function S = y5(x,0) at y = 0 for the
wavelength band corresponding to Ns= 39 for the fluid with Pr = 0.71. Results shown in
Figs 4.14A, B correspond to the onset conditions, i.e., (a, &, Ras) = (4.36, 1.8, 3151),
(5.16, 1.64, 3532), respectively, and are marked with letters H, I in Fig.4.8, respectively.
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4.2 The Case of Pr=7

This particular value of the Prandtl number well approximates properties of water. It also
serves as an example of large Pr fluids as differences found in the stability characteristics

for fluids with Pr =7 and Pr = 100 are rather small.

Variations of the critical Rayleigh number Ra,, and the critical wave number J. as a
function of the heating wave number o are displayed in Figure 4.15. The forms of these
curves are qualitatively very similar to the case of Pr = 0.71 shown in Figure 4.3. The
minimum heating intensity required to initiate the longitudinal roll instability for fluid
with Pr = 7 is Rapi, = Ray = 2901.2 (point A) and it occurs for omin = aa = 3.93. The
complete stabilization occurs for a < oy = 3.6 in the range of Ra subject to this
investigation. The lock-in occurs at point B for o < ag=4.37. The asymptotes for large o

are Ra,,— 236 o'’ and O — 1.56.
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Figure 4.15. Variations of the critical Rayleigh number Ra. (Fig.4.15A) and the critical
disturbance wave number &, (Fig.4.15B) as functions of the heating wave number « for Pr = 7.
Points A and B are located at (Raa=2901.2, ax=3.93, dx=1.965), (Rag=3100.9,
os=4.37, 5=2.185).



70

After performing the analysis similar to the fluid with Pr = 0.71, the commensurable
states (in term of N;) and the patterns of the disturbance motion for the fluid with Pr =7
in the no-lock zone are illustrated in Figures 4.16 and 4.17. It can be seen that for large o
disturbance patterns can be divided into an infinite number of branches with the first five
corresponding to N5 = 39, 78, 156, 234, 468, similarly as in the case of Pr = 0.71. These
branches extend to smaller o, up to its lock-in value of oy, = 4.37, and exhibit both the
"beating" and the "wavy" patterns (see Figures 4.17). The reader may observe large

differences in the amplitudes of these patterns.

100 —— L
o 6 g 10 12

Figure 4.16. Variations of the wavelength of the disturbance flow structures for the
longitudinal roll instability as a function of the heating wave number « at the onset
conditions measured using the number of the disturbance wavelengths Ns for Pr = 7.
Additional information about the structure of the unstable motion corresponding to
conditions marked with letters A, ..., F is displayed in Fig.4.17. The reader should note
logarithmic scale on the a-axis.
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Figure 4.17. Variations of the disturbance stream function S = ys(x,0) at y = 0 for
Pr = 7. Results shown in Fig.4.17A,B belong to the wavelength band Ns = 156 and
correspond to the onset conditions, i.e., (&, dr, Raer) = (4.39, 2.07, 3116.8), (4.95, 1.68,
3454.1), and are marked with symbols A, B in Fig.4.16, respectively. Results shown in
Fig.4.17C, D belong to Ns= 78 and correspond to the onset conditions, i.e., (¢, &, Racr)
= (4.38, 2.14, 3108.9), (4.98, 1.68, 3469.9), and are marked with symbols C, D in
Fig.4.16, respectively. Results shown in Fig.4.17E, F belong to Ns= 39 and correspond to
the onset conditions, i.e., (&, &r, Rac) = (4.4, 2.04, 3124.5), (4.96, 1.68, 3459.6), and are
marked with symbols E, F in Fig.4.16, respectively.
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4.3 The Case of Pr=0.04

This particular value of the Prandtl number has been selected to represent low Pr fluids
and is typical for liquid metals. Variations of the critical Rayleigh number Ra and the
critical wave number J.; as a function of the heating wave number o are displayed in
Figure 4.18 and demonstrate qualitatively different responses of the system. Two critical
branches have been identified. The first one describes system response for smaller heating
wave numbers, i.e., a < ap = 8.76, where rolls that are locked-in with the heating pattern
according to a sub-harmonic relation in the form &, = /2. The minimum value of Ra for
this branch is Rayin,1 = Ray = 1087.7 and it occurs at omin,1 = ot = 4.04. The rolls are fully
stabilized for a < oy, = 3.8 for the range of Ra considered and the critical Rayleigh
number increases as Ra., = 9.80>! for a—»o The second branch describes critical
conditions for larger heating wave numbers, i.e., o > ag = 8.76, where the rolls are not
locked-in with the heating. The minimum value of Ra for this branch is Ramin» = Rac =
6289.4, it corresponds to the minimum value of the disturbance wave number 8¢ = Omin2
= 0.96 and it occurs at Omin2 = oc = 9.8. The Rayleigh number increases as
Ra, — 2360 and Os — 1.56 when oo — oo. Two different disturbance structures co-
exist at the onset of instability for the heating wave number o = ap = 8.76, i.e., the
locked-in structure characterized by o ; = 4.38 and the unlocked structure described by

dp2=1.61.

The disturbance velocity and temperature fields for the locked-in patterns (branch one) at
the onset of instability are illustrated in Figure 4.19 for conditions corresponding to
oa = 4.04 and in Figure 4.20 for conditions corresponding to the intersection of both
branches, i.e., ag = 8.76. The sub-harmonic relation between the primary convection and
the disturbance field is clearly visible. The emergence of the second layer of rolls at the

top of the slot for larger heating wave numbers is observed.
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Commensurable states (in term of N;) of the disturbance field for the second instability
branch are illustrated in Figure 4.21. These patterns can be divided for large o into an
infinite number of branches with the first five corresponding to Ns = 39, 78, 156, 234,
468, similarly as in the case of Pr = 0.71 and Pr = 7. These branches extend to smaller o
but do not intersect with the locked-in branch. Pattern corresponding to the intersection of
both branches, i.e., ag = 8.76, corresponds to N5 = 156 and is displayed in Figure 4.22.
This pattern is markedly different from the branch one pattern at the intersection point
displayed in Figure 4.20 and its form is difficult to characterize. Increase of o above
ap = 8.76 leads to the appearance of the "beating" patterns for the lowest three branches

considered, as shown in Figure 4.23. No "wavy" patterns have been found.

30000 ‘ ——TT
s _ 31/ Pl
20000 Ra,=9.80."" . Branch 2 E
. Unstable ! ,
| I
10000} 51/ .
! ‘ Ra,=2360°
Racr I \« I ¢
— |
i b=3.8 |
Branch 1 :
| Stable
A
L L — 0 . ] R RS RS W
3 5 10 15 20 25 5 10 15 20 25
o (o
A B

Figure 4.18. Variations of the critical Rayleigh number Ra. (Fig.4.18A) and the critical
disturbance wave number &, (Fig.4.18B) as functions of the heating wave number « for
Pr = 0.04. Points A and B are located at (Rax=1087.7, aa=4.04, 55=2.02), (Rag=8142.9,
03=8.76, 981=4.38, % 2=1.61), (Rac=6289.4, ac=9.8, 6c=0.96). The reader should note
logarithmic scales on the a- and Ra, -axes, and two values of dg for Branch 1 and Branch2.
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Figure 4.19. Disturbance streamlines (Fig.4.19A) and isotherms (Fig.4.19B) for branch
one of the instability for the heating wave number o = aa = 4.04 and the Rayleigh
number Rac; = Raa = 1087.7 for the fluid with the Prandtl number Pr = 0.04. These
conditions correspond to point A in Fig.4.21. Primary flow and disturbance quantities are
represented using dash and solid lines, respectively. The stream functions and the
temperatures are normalized with their maxima for presentations purposes. The maximum
values for the primary convection are wmax= 13.13 and Gnax = 12.5.

Figure 4.20. Disturbance streamlines (Fig.4.20A) and isotherms (Fig.4.20B) for branch
one of the instability for conditions corresponding to the intersection of both branches,
i.e., for the heating wave number o = ag = 8.76 and the Rayleigh number Ra,, = Rag =
8142.9 for the fluid with the Prandtl number Pr = 0.04. These conditions correspond to
point B in Fig.4.21. Primary flow and disturbance quantities are represented using dash
and solid lines, respectively. The stream functions and the temperatures are normalized
with their maxima for presentations purposes. The maximum values for the primary
convection are ywmax = 9.828 and Gnax = 12.5.
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Figure 4.21. Variations of the wavelength of the disturbance flow structures for the
longitudinal roll instability as a function of the heating wave number « at the onset
conditions measured using the number of the disturbance wavelengths N for Pr = 0.04.
Additional information about the structure of the unstable motion corresponding to
conditions marked with letter A is displayed in Fig.4.19, letter B in Fig.4.20, letter C in
Fig.4.22 and letters D, E and F in Fig.4.23.

Figure 4.22. Disturbance flow field for branch two of the instability for conditions
corresponding to the intersection of both branches, i.e., for the heating wave number
a = ag = 8.76, the Rayleigh number Ra,, = Rag = 8142.9 and the critical disturbance
wave number &, = 1.61 for the fluid with the Prandtl number Pr = 0.04. These
conditions correspond to point C in Fig.4.21 and belong to branch Ns= 156. The contour
lines shown correspond to ys(x,y) = 0, 0.01, 0.2, 0.5, 0.9 of its maximum.
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Figure 4.23. Variations of the disturbance stream function S = y5(x,0) at y = 0 for the
fluid with Pr = 0.04. Results shown in Figs 4.23 A, B, C belong to the wavelength bands
Ns= 156, 78, 39, correspond to the onset conditions, i.e., (a, & Rac) = (9.01, 1.48,
7961.4), (9.02, 1.48, 7950.2), (9.0, 1.48, 8013.2), and are marked with letters D, E and F
in Fig.4.21, respectively.

4.4 The Case of Pr=0.25

This particular value of Pr has been selected to illustrate the wealth of possible system
responses. Variations of the critical Rayleigh number Ra., and the critical wave number
der as a function of the heating wave number o are displayed in Figure 4.24 and
demonstrate that the lock-in phenomenon does not occur for such fluids. The minimum
value of the critical Rayleigh number is Ray,i, = Ras = 2826.8 and it occurs for omin = 0a =
3.97. The complete stabilization occurs for o < ay, = 3.58 in the range of Ra subject to

this investigation. The asymptotes for large o are Ra,, — 236 a'® and O —> 1.56.
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Figure 4.24. Variations of the critical Rayleigh number Ra, (Fig.4.24A) and the critical
disturbance wave number &, (Fig.4.24B) as functions of the heating wave number « for
Pr =0.25. Point A is located at (Rax=2826.8, aa=3.97, 5x=1.72).
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Figure 4.25. Variations of the wavelength of the disturbance flow structures for the
longitudinal roll instability as a function of the heating wave number « at the onset
conditions measured using the number of the disturbance wavelengths Ns for Pr = 0.25.
Additional information about the structure of the unstable motion corresponding to
conditions marked with letters A, ..., F is displayed in Fig.4.26.

Similar to the previous sections dealing with Pr = 0.71, 7 and 0.04, commensurable states
of the disturbance motion in terms of N are illustrated in Figure 4.25. It can be seen that
for large o these patterns can be divided into an infinite number of branches with the first
five corresponding to Ns = 39, 78, 156, 234, 468, similarly as for all values of Pr

discussed so far. These branches extend to smaller values of o and produce patterns



78

different from those identified so far. Branch N5 = 156 gives rise to the "double-wavy"
and the "wavy-like" patterns illustrated in Figures 4.26A and 4.26B, respectively. The
term "double wavy" can be better justified by looking at the enlargement of the pattern
from Figure 4.26A displayed in Figure 4.27. This pattern involves sets of four rolls as
shown in Figure 4.28. Each set has one "intense" narrow roll with high intensity of
motion surrounded by two a bit wider and less "intense" rolls rotating in the opposite
direction, and bordered by much "wider" rolls with similar intensities of motion, a
separation bubble at the bottom and rotating in the same direction as the "intense" roll
(see Figure 4.28A). One of the wide rolls belongs to the next set. After a quarter of the
spatial cycle, one of the less "intense" rolls becomes wider and slows down while the
adjacent former "wide" roll narrows down and accelerates producing a double separation
bubble at the bottom. The other less "intense" roll accelerates (see Figure 4.28B). After
half spatial cycle the pattern is reversed as compared with the beginning of the cycle but
the equivalent rolls rotate in the opposite directions (see Figure 4.28C). In the "wavy-
like" pattern the disturbance field consists of sets of two rolls, one narrow and intense and
the other one wide, less intense and with a separation bubble at the bottom. These rolls
are subject to modulation along the length of the slot and after half of the spatial cycle
their characteristics are reversed, i.e., the former narrow roll acquires characteristics of
the former wide roll and the former wide roll looks like the former narrow roll, as
illustrated in Figure 4.29. This evolution is qualitatively similar to the "wavy" pattern
shown in Figures 4.9C and 4.11, but sufficiently different as to justify a different name,
e.g., compare Figures 4.9C and 4.26B and observe "sharp corners" in the pattern in
Figure 4.26B. Branch N5 = 78 gives rise to the "double-parallel" and the "wavy-like"
patterns illustrated in Figures 4.26C and D. Disturbance field in the "doubly-parallel"
pattern consists of sets of four rolls repeated sequentially and involving a narrow and
intense roll surrounded by two less intense rolls rotating in the opposite direction and
bordered by wide rolls with a separation bubble at the bottom with one of these rolls
belonging to the next set, as illustrated in Figure 4.30. Branch Ns = 39 gives rise to the
"double-wavy" and "wavy-like" patterns illustrated in Figures 4.26E and 4.26F,
respectively, but with wavelengths and amplitudes different from those associated with

the other branches. No other patterns have been identified for the branches in question.
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Figure 4.26. Variations of the disturbance stream function S = y5(x,0) at y = 0 for the
fluid with Pr = 0.25. Results shown in Fig.4.26 A, B belong to the wavelength band
Ns = 156, correspond to the onset conditions, i.e., (&, &, Rac) = (4.31, 2939.3, 1.72),
(4.91, 3244.2, 1.66), and are marked with letters A, B in Fig.4.25, respectively. Results
shown in Fig. 4.26 C, D belong to Ns= 78, correspond to the onset conditions, i.e., (o,
O, Ragr) = (4.3, 2934.8, 1.72), (4.9, 3238.5, 1.66), and are marked with letters C, D in
Fig.4.25, respectively. Results shown in Fig. 4.26 E, F belong to Ns= 39, correspond to
the onset conditions, i.e., (&, &%, Rag) = (4.32, 2943.2, 1.71), (5.12, 3372.2, 1.64), and
are marked with letters E, F in Fig.4.25, respectively.
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Figure 4.27. Enlargement of the stream function pattern shown in Fig.4.26A.
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Figure 4.28. Disturbance flow field corresponding to the "double wavy" pattern at the
critical point (a, &r, Rac) = (4.31, 2939.3, 1.72) for the fluid with the Prandtl number
Pr = 0.25. The contour lines shown correspond to ys(x,y) = 0, 0.01, 0.2, 0.5, 0.9 of its
maximum. Solid and dot lines are used to identify rolls rotating in the opposite directions.
Results displayed in Fig.4.28A,B,C correspond to the ranges of x marked with symbols &,
& and & in Fig.4.26A, respectively. This pattern belongs of the wavelength band
Ns = 156.
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Figure 4.29. The disturbance flow field corresponding to the "wavy-like" pattern at the
critical point (&, o, Racr) = (4.91, 3244.2, 1.66) for the fluid with the Prandtl number
Pr = 0.25. The contour lines shown correspond to ws(x,y) = 0, 0.01, 0.1, 0.5, 0.9 of its
maximum. Solid and dot lines are used to identify rolls rotating in the opposite directions.
Results displayed in Figs 4.29A,B correspond to the ranges of x marked with symbols &
and & in Fig.4.26B, respectively. This pattern belongs of the wavelength band Ns= 156.

Figure 4.30. The disturbance flow field corresponding to the "double-parallel” pattern at
the critical point («, &r, Rag) = (4.3, 2934.8, 1.72) for the fluid with the Prandtl number
Pr = 0.25. The contour lines shown correspond to ws(x,y) = 0, 0.01, 0.1, 0.5, 0.9 of its
maximum. The range of x used for display is marked as & in Fig.4.26C. This pattern
belongs of the wavelength band Ns= 78.
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4.5 Arbitrary Prandtl number

Discussion presented in the previous sections shows existence of two qualitatively
different mechanisms of instability motion at the onset of longitudinal roll. In the case of
medium heating wave numbers the form of the motion is tightly locked-in with the
structure of the heating and exhibits spatial structure determined by the pattern of heating
where O, = /2. In the case of large o the pattern of motion is not directly related to the
pattern of heating and the fluid response is similar to that found in the case of a uniform
wall heating, i.e., 8, — 1.56 and Racr—>2360L1‘5 when a—oo regardless of the value of Pr.
Transition between these two forms of response takes place somewhere between these
two limits and precise conditions leading to this transition are determined by the strength
of spatial flow modulation. This modulation increases with a decrease of the Prandtl
number as this increases the strength of conduction effects, an increase of the heating
wave number decreases spatial modulation as convection leads to an increase of mixing,
and an increase of the Rayleigh number initially decreases spatial modulation while its
further increase eventually increases spatial modulation (see Figure 2.13). All these
effects are present simultaneously and thus it is difficult to predict system response

without detailed analysis of any case of interest.

Analysis of the lock-in conditions, i.e., variations of the lock-in heating wave number oy
and of the associated critical Rayleigh number Ray, as a function of the Prandtl number,
permit identification of four types of response (see Figure 4.31). Type A occurs for
Pr >~ 0.4 and is characterized by a very weak dependence of Ra,. and ay. on Pr. Type B
occurs approximately for Pr € (~0.19, ~0.4) and is characterized by the absence of the
lock-in. Type C is observed for Pr € (~0.08, ~0.19) and is similar to type A with Ray
being a strong function of Pr. Type D is observed for Pr < ~0.08 and is characterized by
the existence of two branches of the critical curve, with branch one corresponding to the
locked-in pattern and branch two corresponding to the no locked-in pattern, and both
patterns co-existing at a specific, Pr-depend value of a (intersection of both branches).

Type A has been discussed in Sections 4.1 and 4.2 in the context of fluids characterized
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by Pr = 0.71 and Pr = 7, type B occurs for Pr = 0.25 and has been discussed in Section
4.4, and type D occurs for Pr = 0.04 and has been discussed in Section 4.3.
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Figure 4.31. Variations of conditions leading to the occurrence of the lock-in pheno-
menon, i.e., the lock-in heating wave number ¢ and the critical Rayleigh number at the
lock-in point Ray, as a function of the Prandtl number Pr. Triangles identify ends of
intervals where the lock-in occurs.

Critical stability curves for Pr varying between 0.01 and 1000 are displayed in Figure
4.32. Single, smooth critical curves exist for type A (curves corresponding to Pr >10,
0.71, 0.5, and 0.4) response where the disturbance pattern is locked-in with the heating
pattern over a certain range of heating wave numbers o and there is no lock-in over the
rest of the a-range. Type B (curves corresponding to Pr = 0.25 and 0.2) also has single,
smooth critical curves but its characteristic signature involves curves describing critical
wave numbers O, which turn downwards (without the presence of any lock-in) in a
characteristic manner as o decreases (see Figure 4.32B). Type C (curves corresponding
to Pr = 0.15, 0.12, 0.1 and 0.08) is characterized by the critical curves displaying a

characteristic bump, with the size of this bump increasing and moving towards larger
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values of a as Pr decreases (see Figure 4.32A). Type D (curves corresponding to
Pr = 0.07, 0.06, 0.04, 0.03, 0.02 and 0.01) is characterized by the existence of two

branches of the critical curve as discussed above.
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Figure 4.32. Variations of the critical Rayleigh number Ra., (Fig.4.32A) and the critical
disturbance wave number & (Fig.4.32B) as functions of the heating wave number « for
selected values of the Prandtl number Pr in the range from Pr e (0.01, 1000) for
longitudinal rolls. Lock-in points are marked with circles and points where two different
disturbance structures co-exist are marked with diamonds. Curves for Pr = 0.4, 0.5 have
been omitted from Fig.4.32A as they nearly overlap with the curve for Pr = 0.71.

Competition between the locked-in and the no locked-in patterns exists under all
conditions but is explicitly visible in type C response. When o = 4.5 the disturbance
pattern is locked-in with the heating pattern. An increase of o automatically increases O
and the difference between this value and the no-lock value of o, ~ 1.56 increases
continuously. Eventually this difference becomes too large and both patterns may not be
able to "attract" each other, i.e., one pattern may not be able to morph into the other. The
case of Pr = 0.08 represents the limiting case where both patterns can morph and the
relevant critical curves are displayed in Figure 4.33. For large a the pattern is dominated
by O ~ 1.56. A decrease of a to around 6.58 produces minor changes in o, (see Figure

4.33B). Further decrease of o results in a rapid increase of O and at the same time, a
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rapid decrease of Ra,,. Point A in Figure 4.33B marks the beginning of the rise of &, and
corresponds to the "corner" in the plot of Rag in Figure 4.33A. The disturbance flow
field displayed in Figure 4.34A shows that its pattern is still dominated by 8., = 1.56 (due
to the presence of big envelop-rolls containing small three cells, each pair of the envelop-
roll has wavelength approximately equal to 27t/1.56). A decrease of a from 6.57 (point A)
to 6.56 (point B) shows that the direct disturbance modulation by the heating expands
rapidly to the complete slot (see Figure 4.34B). This rapid change (increase of & and
decrease of Ra,) continues until the lock-in occurs (point C in Figure 4.33, oy = 6.51).
The reader should note that point A in the Ra,, plot represents a corner within numerical
accuracy while the same curve around point C has just a large gradient. A decrease of Pr
from 0.08 to 0.07 breaks the ability of both patterns to morph into each other, as shown in

Figure 4.32, and leads to the formation of two separate branches of the critical curve.
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Figure 4.33. Variations of the critical Rayleigh number Rac (Fig.4.33A) and the critical
disturbance wave number & (Fig.4.33B) as functions of the heating wave number « for
Pr = 0.08. Triangles mark computed points between points A and C. Circle marks the
lock-in point. Hexagon marks the "corner™ in the Ra, plot.
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Figure 4.34. The disturbance flow at the critical points (¢, Rac, dr) = (6.57, 6138.2,
1.87), (6.56, 5794, 2.45) in Figs 4.34A and B, respectively, for the fluid with the Prandtl
number Pr = 0.08. The contour lines shown correspond to ws(x,y) =0, 0.01, 0.1, 0.3, 0.5,
0.7 of their maxima in Fig.4.34A and to 0, 0.01, 0.1, 0.3, 0.5 in Fig.4.34B, respectively.
These patterns belong to the wavelength band Ns= 156.

The net heat flow Nu across the slot and the thickness of the convection layer h, along the
critical curves for selected values of Pr are displayed in Figure 4.35. The characteristic of
this figure provides a limited insight into the conditions that may lead to the lock-in
effect. It can be seen that type D response occurs when a sufficiently thick uniform
conduction layer forms in the upper section of the slot, i.e, when Prandtl number takes
sufficiently small values. No other explicit correlation can be made between the

properties of the primary convection and the onset of the lock-in phenomenon.

Figure 4.36 provides information that permits a more accurate identification of
conditions required for the occurrence of type B response. This figure displays variations
of the critical disturbance wave number J, as a function of Prandtl number Pr for selected
values of the heating wave number a. It can be seen that the locked-in condition may or
may not be reached when a decreases from o = 7.15 (largest value displayed) while
keeping a fixed value of Pr. The locked-in condition is never reached for Pr in the range

from approximately ~0.19 to approximately ~0.4.
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Figure 4.35. Variations of the net heat flow Nu between the plates forming the slot and
thickness of the convective layer h, (determined using Eq.2.23 with E = 0.01) along the
critical stability curves for selected values of the Prandtl number. Circles mark locations
of the lock-in points and diamonds identify conditions when two disturbance structures
co-exist at the instability onset. Curve for Pr = 0.25 has been omitted from the h, plot as it
mostly overlaps with the curve for Pr = 0.71 (the lock-in does not occur for Pr = 0.25).
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Figure 4.36. Variations of the critical wave number &, at the onset of the instability as a
function of the Prandtl number Pr for selected values of the heating wave number .
Diamonds identify conditions where the locked-in and the no-locked-in structures
co-exist. Circles denote locations of the lock-in points.
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4.6 Summary

In this chapter the linear stability of the primary convection for the conditions leading to
the emergence of the longitudinal roll instability has been presented for the case of
periodic heating applied at the lower wall. The system response is a strong function of the
Prandtl number, especially for smaller values of Pr. Two mechanisms of instability at the
onset have been identified depending on the pattern of the resulting instability motion.
This pattern can be either directly forced in by the pattern of the heating or can be
independent of the form of the heating. In the case of moderate a the parametric
resonance leads to the pattern of instability that is generally locked-in with the pattern of
the heating according to the relation &, = o/2. This resonance may be combined with
variations in patterns of vertical temperature gradients, and patterns and strength of the
primary convection currents. The second mechanism is active in the case of large o,
where the instability is driven by the mean vertical temperature gradient created by the
primary convection with the magnitude of the critical disturbance wave number
approaching limiting value of o, = 1.56. It has been shown that in this case the critical
value of Ra increases proportionally to o' for all values of Pr which suggests that under
such conditions the lower wall acts as a uniformly heated wall. This "conversion" is
associated with concentration of convective effects in a thin layer next to the lower wall

and dominance of the uniform conduction in the remaining part of the slot.

The first mechanism referred to above dominates if the spatial modulation of the flow is
sufficiently strong while the second one occurs for weak spatial modulations. The
strength of the modulation is a monotonic function of Pr and a but a non-monotonic
function of Ra. The possible responses for different fluids can be divided into four types.
In type A, which occurs for fluids with Pr > ~0.4, the pattern of instability is locked-in
with the pattern of heating for smaller values of o and no direct relation between both
patterns exists for larger values of a. In type B, which occurs for Pr between ~0.4 and
~0.19, the lock-in does not occur at all. In type C, which occurs for ~0.08 < Pr < ~0.19,

the pattern of instability is locked-in with the pattern of the heating for a range of small
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a's and both pattern exhibit no direct relation for large a's, similarly as in type A. The
difference between types A and C involves rate of change of the lock-in conditions as a
function of Pr; this change is very rapid for type C and insignificant for type A. In type D,
which occurs for Pr < 0.08, two critical instability branches have been identified. Branch
one determines critical conditions for lower values of o and corresponds to disturbances
whose structure is locked-in with the heating pattern. Branch two determines critical
conditions for larger values of o and describes disturbance patterns that have no direct
relation with the heating patterns. Critical conditions when both disturbance patterns, i.e.,
the locked-in and the unlocked-in patterns, co-exist have been identified. Morphing
between different patterns of instability motion may occur in response to change in the

heating pattern in types A and C, while such process is not possible in types B and D.

There is a wealth of possible patterns of disturbance motion occurring under the no lock-
in conditions and these patterns can be categorized into distinct branches on the basis of
asymptotic analysis for a—o as . reaches the value of o, = 1.56 in this limit. These
branches are categorized according to the wavelength of the flow system Ns measured
using the disturbance wavelength as a length scale. Branches corresponding to Ns = 39,
78, 156, 234 and 468 (i.c., the lowest braches) have been explored in details. When a is
large enough the modulation of instability motion is always limited to the zone around the
lower (heated) wall and the flow structures in the rest of the slot are dominated by J.. A
decrease of a causes the flow pattern to evolve and this evolution may eventually lead to
the morphing into the locked-in pattern for certain ranges of Pr. Several characteristic
patterns associated with this evolution have been identified, i.e., "beating", "wavy",
"double wavy", "wavy-like" and "double-parallel" patterns. In the case of Pr =0.71 and 7
all Ns-branches produced "beating" and "wavy" patterns but with a wide range of
amplitudes and wavelengths. More complex patterns are found in fluids with smaller Pr.
In the case of Pr = 0.25 the complex patterns occur because the lock-in phenomenon does
not take place at all and the unlocked patterns persist into fairly small values of a. The
case of Pr = 0.08 represents a limiting case where the lock-in still occurs but the

morphing between the locked-in and unlocked patterns is very rapid due to a large
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difference between &, = a/2 and J. = 1.56 around the lock-in point. In the case of very
small Pr, e.g., Pr = 0.04, only beating patterns with small amplitudes and wavelengths

similar for all Ns-branches have been found.



Transverse Roll

This chapter deals with the transverse roll instability, i.e., instability that gives rise to
secondary rolls with axis perpendicular to the axis of the primary rolls. To predict onset
of the transverse roll instability we use the three-dimensional stability theory discussed in
Section 3.2 with & = 0. Only stationary disturbances (o, = 0) have been found.
Characteristics of this instability for fluids with the Prandtl number Pr = 0.71 are
described in details in Section 5.1, and for Pr = 7 in Section 5.2. Short discussion of
results for Prandtl numbers Pr = 0.12, 0.08, and 0.06 is given in Section 5.3, 5.4, and 5.5,
respectively. Section 5.6 is devoted to direct analysis of Prandtl number effects. A short

summary is given in Section 5.7.

5.1 Fluids with the Prandtl number Pr=0.71

We start with description of variations of the the amplification rate o; of the transverse
roll instability as a function of the heating wave number o and the roll wave number 3 for
a fixed intensity of the heating corresponding to the Rayleigh number Ra = 3980 as
shown in Figure 5.1. It can be seen that, analogously to the longitudinal rolls, there exists
a finite range of o that results in the instability. The instability does not occur if the
heating pattern is characterized by a wavelength that is either too long or too short. The
wavelengths of the rolls that emerge from this instability also have a finite bandwidth; the

most amplified wave number corresponds to B = 1.7.

A set of neutral curves for the transverse roll instability for a sequence of Rayleigh
numbers is displayed in Figure 5.2. It can be seen that a decrease of the heating intensity

(decrease of Ra) results in the reduction of the range of heating patterns, i.e., reduction of
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the range of the heating wave numbers, that can lead to the instability and, at the same
time, reduction in the range of the roll wave numbers that can be produced by the

instability. The instability does not occur at all for Ra <~3200.

Figure 5.1. Variations of the amplification rate o; of the transverse rolls as a function of

the heating wave number « and the transverse roll wave number g for the Rayleigh
number Ra = 3980 and fluids with the Prandtl number Pr = 0.71.

' |
Ra=3200

Figure 5.2. Variations of the neutral stability conditions as a function of the heating wave
number « and the transverse roll wave number g for selected values of the Rayleigh
number Ra for fluids with the Prandtl number Pr = 0.71.
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Figure 5.3. Variations of the critical Rayleigh number Ra. (Fig.5.3A) and the critical
disturbance wave number £ (Fig.5.3B) as functions of the heating wave number « for
the fluid with the Prandtl number Pr = 0.71. Thick and thin lines correspond to the
transverse roll instability and to the longitudinal roll instability, respectively. Points A, B,
C, D are located at (Raa=8099.0, aa=3.72, n=1.59), (Rag=4823.9, az=3.95, f=1.69),
(Rac=3191.8, ac=4.46, fc=1.64), (Rap=3188.6, ap=4.51, fp=1.63), respectively.

One can identify the upper and lower limits of the unstable range of a for each value of
Ra and the corresponding values of f to produce plots displayed in Figure 5.3A. Such
plots identify the critical conditions leading to the onset of the transverse roll instability.
The same figure displays critical curves for the longitudinal roll instability studied in
Chapter 4 for comparison purposes. The minimum heating intensity required to induce
this instability corresponds to Rani, = Rap = 3188.6 (point D in Figure 5.3A) but the
instability will occur only if the heating pattern corresponds to Omin = ap = 4.51. No
transverse roll instability can be initiated for Ra < 3188.6 regardless of the pattern of
heating. An increase of Ra above 3188.6 increases the range of heating patterns that can
induce this instability. The critical curve steeply rises when a is reduced below ap = 4.51
but this rise becomes less extreme for a0 < ~3.6. An increase of o above op = 4.51 results
in a gradual increase of the value of Ra.; when a is big enough, the increase follows the

asymptote Ra, — 236 o' as a — oo. The reader may note that the spatial pattern of the
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heating corresponding to oumin = op = 4.51 is the most efficient in inducing transverse roll
instability and any other pattern requires more intense heating. It appears that patterns

with small a are not effective at all in producing transverse rolls.

Comparison of the longitudinal roll and the transverse roll instabilities (see Figure 5.3A)
shows that the transverse roll instability dominates for oo < ap = 3.72, there is a range of
alpha (oa = 3.72 < a < a¢ = 4.46) where the longitudinal roll instability dominates, and
the transverse roll instability dominates again for o > ac = 4.46. Both types of instability
have the same asymptotes with Ra,, — 2360 as a—>o0 with the critical values of Rag,
for the transverse rolls being always lower than Ra,, for the longitudinal rolls at the same
o.. A small preference for the transverse rolls was also reported by Freund et al. (2010) in
the case of the RB convection with high wave number temperature modulations, as

discussed in the Section 4.1.

The structure of the disturbance motion, as described by the critical transverse roll wave
number B, is also a strong function of the heating wave number a (see Figure 5.3B).
Categorization of these structures is simpler than those associated with the longitudinal
rolls as they are uniquely determined by B.. One can identify two intervals with
qualitatively different forms of variations of B.;, with a sharp transition at o = ap = 3.95
(point B in Figure 5.3B). Value of 3, decreases from the "transitional" value of fg=1.69
as one moves away from o along the a-axis in both directions. No characteristic relation
can be found between [ and a in either of these directions. This separates the transverse
roll instability from the longitudinal roll instability (discussed in Chapter 4) where a sub-
harmonic lock-in between the roll wave number and the heating wave number has been
found for moderate .. When a decreases below op, . rapidly decreases suggesting a
rapid increase in the wavelength of the most unstable transverse rolls, and the
corresponding value of Ra,, rapidly increases demonstrating a strong stabilization. When

o increases above ag, the corresponding .- smoothly decreases and in the limit of a—o0
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approaches the limiting value of B, = 1.56, which is the same as for the longitudinal roll

instability.

The net heat flow (denoted by the Nusselt number) across the slot induced by the primary
convection at the onset of the transverse roll instability is shown in Figure 5.4. It is found
that when a—co the net heat flow changes as Nu — 0.4531a”'. This asymptotic relation
is the same as the case of the longitudinal roll instability; hence we obtain the same

asymptotic relation for Ra,, for both type of instability.

I
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Figure 5.4. Variations of the Nusselt number Nu for the primary convection as a function
of the heating wave number « for the critical values of the Rayleigh number Ra. for the
transverse roll instability. Circles mark conditions when transition between the different
characters of variations of the critical roll wave number £, take place.

Topologies of the disturbance velocity fields and how they change as a function of a at
the onset are illustrated in Figures 5.5-5.7 using the second invariant of the velocity
gradient tensor (Dubief and Delcayre 2000) Q defined as

1 5.1
Q :E(mijmij _Rinij) -1
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1 1 . .
where @ :E(ui’j —uj,i), R; :E(ui’j +uj,i). Explicit form of Q can be written for

disturbance velocity fields as

25
2| ox oy 0z

The disturbance velocity field has been normalized with the condition max(g” )=1 for

display purposes. The same figures display topology of the primary velocity field for
comparison purposes. When the heating wave number a is large, the primary convection
at the onset is concentrated very close to the heated wall (Figure 5.5A) and is unable to
modulate the disturbance velocity field which is centered in the middle of the layer
(Figure 5.5B). Reduction of a leads to a rapid increase of the strength of the primary
convection; data shown in Figure 2.7 documents its increase as being proportional to o
even while keeping Rayleigh number Ra constant. As a result the secondary rolls are
pushed upwards by strong up swells above the hot spots and downwards by strong down
swells above the cold spots (Figure 5.6B). Further reduction of o continues this process,
i.e., the primary convection becomes stronger and fills in the whole fluid layer (Figure
5.7A), the up and down swells produce more extreme deformation of the secondary rolls,
the rolls contract and deform in locations where they are pushed against the walls, the
z-wavelength of the system increases as a result of these deformations, and cores of the
rolls expand significantly in the zones where vertical motion is minimal (Figure 5.7B). A
more intense heating is required to sustain such deformed rolls leading to an rapid

increase of Ra,, as shown in Figure 5.3.
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Figure 5.5. Flow structures created by the primary convection (Fig.5.5A) and by the
secondary convection in the form of transverse rolls (Fig.5.5B) generated by the heating
with the wave number « = 10 at the onset, i.e., for the Rayleigh number Ra. = 7667.4.
The critical roll wave number is S = 1.56. Iso-surfaces with Q = 0.1, 0.5 and Q = 0.2,
0.7 (see Eq.5.2) are displayed in Fig.5.5A and B, respectively.

Figure 5.6. Flow structures created by the primary convection (Fig.5.6A) and by the
secondary convection in the form of transverse rolls (Fig.5.6B) generated by the heating
with the wave number « = 3.95 at the onset, i.e., for the Rayleigh number Ra. = 4823.9.
The critical roll wave number is S = 1.69. Iso-surfaces with Q = 0.1, 0.3 and Q = 0.1,
0.3 (see Eq.5.2) are displayed in Fig.5.6A and B, respectively.
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Figure 5.7. Flow structures created by the primary convection (Fig.5.7A) and by the
secondary convection in the form of transverse rolls (Fig.5.7B) generated by the heating
with the wave number o = 2.47 at the onset, i.e., for the Rayleigh number Ra,, = 24166.5.
The critical roll wave number is £ = 1.35. Iso-surfaces with Q = 0.2, 0.45 and Q = 0.12,
0.3 (see Eq.5.2) are displayed in Fig.5.7A and B, respectively.

To visualize the convection patterns in experiments shadowgraph method is generally
utilized. Patterns observed by experiments may be produced in numerical simulations by
taking the snapshot of the temperature field in a suitable plane, or by using the vertical
average of the whole temperature field (Trainoff and Cannel 2002, Paul et al. 2003,
Jenkins 1988). In the present analysis, we use temperature snapshot at the vertical mid-
plane. Figure 5.8 shows patterns that one may observe in experiments for the flow
structures shown in Figures 5.5-5.7. The reader may note that the primary convection
always produce longitudinal rolls, so one will always see the longitudinal striped pattern
similar to the pattern shown in Figure 5.8A regardless of the heating wave number o. For
disturbance patterns, at large a, the topology of the disturbance field looks like straight
transverse roll (see Figure 5.5B) so the stripes are oriented along the x-direction as
depicted in Figure 5.8B. As the heating wave number o decreases these rolls are
modulated and this modulation is clearly visible in the pattern shown in Figure 5.8C.

With the further reduction of a, the rolls become increasingly stretched near the colder
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regions and, as a result, one does not see continuous stripes along the x-direction but
dimple-like shapes concentrated at the colder regions. It may be noted that the patterns
documented in Figures 5.8A-B are similar to the shadowgraph images obtained in

experiments for longitudinal and transverse rolls, respectively (see Figure 1.1).

B

D

OIIII |

Figure 5.8. Snapshots of the temperature field at the mid-plane (y = 0 i.e. x-z plane).
Darker color corresponds to colder fluid. Figures 5.8A,B,C and D are for conditions of
Fig.5.6A, Fig 5.5B, Fig.5.6B, and Fig.5.7B, respectively. Figure 5.8A is produced using
the total temperature field of the primary convection defined by Eq. (2.2), and the
remaining figures are produced using the disturbance temperature fields. Horizontal
direction corresponds to the x-axis. The display extends for five heating wavelengths
along the x-direction and four disturbance wavelengths along the z-direction.
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The transverse roll instability is driven in the "large o" zone by the uniform mean vertical
temperature created by the primary convection. It appears that the vertical temperature
gradient still drives the secondary convection in the case of a = O(1), however, this
gradient is strongly modulated in the x-direction and rolls are exposed to strong,
x-periodic convection currents. It may be concluded that the transverse rolls are primarily
driven by the vertical temperature gradients and modulated by a combination of the
spatial distribution of these gradients and convection currents created by the primary
convection. Conditions where the character of variations of the critical roll wave number
B changes qualitatively (point B in Figure 5.3B) may be considered as a boundary
between zones of dominance of these two effects. Location of this point shown in Figure
5.4 supports conclusion that point B approximately corresponds to conditions where the

primary convection starts to develop a meaningful mean vertical temperature gradient.

5.2 Fluids with the Prandtl number Pr=7

This particular value of the Prandtl number well approximates properties of water where
conductive effects are relatively weaker as compared with the convective effects. The
critical stability curve shown in Figure 5.9 is qualitatively similar to the critical stability
curve for Pr = 0.71 (see Figure 5.3). The transition point that separates zones of
dominance of both instability mechanisms (point B, ag = 3.611) is shifted towards
smaller values of o as the conduction-dominated spatial modulation is weaker. No
instability occurs for oo < aa = 3.6 in the range of Ra of interest. The minimum critical
Rayleigh number is Ray,, = Rap = 2859.8 and the corresponding most destabilizing
heating pattern is described by amin = ap = 4.18. Longitudinal rolls play the role of critical
disturbances for o < ac = 3.98 while transverse rolls dominate for a > oc = 3.98. The
critical Rayleigh number approaches the same asymptote Rag,—2360'~ when a—s0 but
more rapidly when compared with the case of Pr = 0.71. The critical roll wave number
approaches the same limit, i.e., B—>1.56 when a—o0, but again more rapidly when

compared with the case of Pr=10.71.
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Figure 5.9. Variations of the critical Rayleigh number Ra. (Fig.5.9A) and the critical
disturbance wave number £ (Fig.5.9B) as functions of the heating wave number « for a
fluid with the Prandtl number Pr = 7. Thick and thin lines correspond to the transverse
roll instability and to the longitudinal roll instability, respectively. Points A, B, C, D are
located at (Ran=4472.9, aa=3.61, B=1.77), (Ras=4472.9, p=3.61, [&=1.77),
(Rac=2904.4, ac=3.98, fc=1.66), (Rap=2859.8, ap=4.18, fp=1.63), respectively.

5.3 Fluids with the Prandtl number Pr=0.12

Reduction of the Prandtl number Pr increases the strength of the spatial modulation. As a
result, compared with the cases of Pr = 7 and 0.71, the zone of instability at the left end
shifts towards smaller o, and conditions required for the creation of the mean vertical
temperature gradient to be meaningful shift towards higher o.. Figure 5.10 displays the
resulting stability diagram. The critical curve can be divided into two segments, one with
a minimum at oo = o = 2.65 and the other one with a minimum at o = o = 6.46. These
two segments are joined together at o = ap = 5.6 where a qualitative change in the
character of variations of the critical roll wave number . takes place (see point D in
Figure 5.10B). Point D is the transition point and this transition occurs at a higher value
of o when compared with fluids with higher values of Pr. The modulation mechanism

dominates under conditions corresponding to the left part of the critical curve
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(for o < ap=5.6) while the effects associated with the mean vertical temperature gradient
dominate under conditions associated with the right part of the curve (for o > ap = 5.6).
The change in the dominant effects is underscored by the change in the character of
variations of the Nusselt number Nu of the primary convection (see Figure 5.4) where
different types of variations are found on both sides of the transition point ap = 5.6. The
reader may also note the emergence of a zone of heating patterns centered around o = 5

where neither of the mechanisms is particularly effective.
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Figure 5.10. Variations of the critical Rayleigh number Rac (Fig.5.10A) and the critical
disturbance wave number /£ (Fig.5.10B) as functions of the heating wave number « for a
fluid with the Prandtl number Pr = 0.12. Thick line corresponds for the transverse roll
instability, and the thin line corresponds for the longitudinal roll instability. Points A, B,
C, D, E, F are located at (Ran=1691.2, ap=2.65, f=1.5), (Rag=2902.4, ap=3.73,
Fs=1.71), (Rac=5232.1, ac=4.53, pc=1.77), (Rap=9921.8, ap=5.6, fp=1.48),
(Rag=5595.3, =6.46, f==1.57), (Rar=7068.1, ar=8.64, -=1.62), respectively.

The effect of modulation is active over a finite range of the heating wave numbers
o <ap= 5.6 (see Figure 5.10A). It is most effective for the heating pattern corresponding
to Olmin1 = 0La = 2.65 resulting in the critical Rayleigh number Rayi,; = Raa = 1691.2. It
weakens as one moves away from this point in either direction along the a-axis. This
mechanism is not able to destabilize the primary convection for a < o, = 2.02 in the range

of Ra of interest and is overcomed by the mean-temperature-gradient mechanism when o
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increases above ap = 5.6. The critical roll wave number starts around B, = 1.3 and
initially increases, it reaches a maximum of B = Bc = 1.77 at a = ac =4.53, and then
decreases to B = Pp = 1.48 at o = ap = 5.6 as one traverses the modulation-dominated
zone in the direction of increasing o suggesting a rather large change in the wavelength of

the critical rolls depending on the pattern of heating.

The mean-temperature-gradient mechanism dominates for heating patterns corresponding
to a > ap = 5.6. This mechanism is most effective for ominy = og = 6.46 resulting in the
critical Rayleigh number Ranin, = Rag = 5595.3. Variations of Ra. follow the same
asymptote for large values of a. as in the cases of Pr=0.71 and Pr =7, i.e., Ra,—236a.'"
when a—. The critical roll wave number B, varies from .= fp = 1.48 at the beginning
to the mean-temperature gradient dominated interval, then increases until it reaches
maximum of B, = Pr = 1.62 at o = ar = 8.64 and monotonically decreases to the
asymptotic limit of B,—>1.56 when a.—>o0. This limit is the same as for other values of Pr.
Changes of the wavelengths of the critical rolls are therefore much smaller than those
associated with the modulation mechanism and they are centered around the asymptotic

value of B~ 1.56.

The form of the critical curve shows that the modulation mechanism is centered around
o = 2.5 and it shifts towards smaller o with reduction of Pr in direct response to the
stronger modulation. The location of the most active mean-temperature gradient
mechanism depends on the overall convection dynamics and it shifts towards higher
values of a as Pr decreases. It smoothly overlaps with the modulation mechanism for
Pr =7 (Figure 5.9), some distinction begins to emerge for Pr = 0.71 (Figure 5.3) and two
separate zones are clearly visible for Pr = 0.12 (Figure 5.10). We shall come back to this

question in Section 5.6.

Comparison of the critical curves for the longitudinal and transverse roll instabilities (see
Figure 5.10) shows that the transverse rolls play critical role when o < o = 3.73 while

the longitudinal rolls dominate for o > ap=3.73.
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5.4  Fluids with the Prandtl number Pr=0.08

The form of the critical curve displayed in Figure 5.11A is similar to that found in the
case of Pr = 0.12 but distinctions between responses associated with both instability
mechanisms are more pronounced. The modulation effect becomes stronger as evidenced
by reduction of the minimum possible Ra,,, its center identified by the location of the
Ramini = Ray shifts towards smaller o and its reach expands to o as small as o, = 1.93.
The emergence of the mean-temperature gradient occurs at higher a and this pushes the
transition point (point D) up in a. As a results, the zone where neither of the instability

mechanisms is particularly effective widens and pushes the corresponding Ra.,= Rap to a

higher level.
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Figure 5.11. Variations of the critical Rayleigh number Ra; (Fig.5.11A) and the critical
disturbance wave number £, (Fig.5.11B) as functions of the heating wave number « for a fluid
with the Prandtl number Pr = 0.08. Thick line corresponds for the transverse roll instability, and
the thin line corresponds for the longitudinal roll instability. Points A, B, C, D, E, F are
located at (Rax=1105.8, aa=2.56, /a=1.5), (Rag=2194.0, ap=3.8, /[=1.75),
(Rac=4882.0, ac=4.8, [:=1.83), (Rap=15588.6, ap=6.48, [>=1.37), (Rag=6963.1,
oe=17.4, =1.56), (Rar=8840.4, ar=9.95, =1.64), respectively.

The modulation effect dominates for a < ap= 6.48, it is most effective for oo = aa = 2.56

resulting in the critical Rayleigh number Ra,,,; = Ras = 1105.8, and it cannot destabilize
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the primary convection for a < oy, = 1.93. The range of variations of B, (Figure 5.11B)

extends beyond that found for Pr=0.12.

The mean-temperature gradient mechanism dominates for o > ap = 6.48, it is most
effective for o = ag = 7.4 resulting in the critical Rayleigh number Ra,in, = Rag = 6963.1,
Ra,, follows the same asymptote and B approaches the same limit for a—oo as in the
case of other values of Pr. The range of variations of 3, is similar to that found in the case
of Pr = 0.12. The transverse rolls dominate for a < ag = 3.8 while the longitudinal rolls

play critical role for oo > ag=3.8.

5.5 Fluids with the Prandtl number Pr=0.06

The critical curve displayed in Figure 5.12A has the same qualitative form as in the case
of Pr = 0.08 but with more pronounced features. The zone where the mean-temperature
gradient dominates moves further towards higher o and thus widens the zone where the
modulation mechanism dominates. The modulation effect becomes relatively stronger as
it can produce the instability at smaller a, i.e., down to o = o = 1.87, can reduce Ra,,
down to Rapin; = Raay = 825.6 at omin1 = aa = 2.53 (point A), and the transition to the
mean-temperature gradient zone occurs at larger a, i.e., o = ap = 7.16, although the last
effect is more due to the retreat of the mean-temperature gradient mechanism to higher o.
Corresponding variations of B, extend from 1.2 to 1.87 and down to 1.24 (see
Figure 5.12B) as one traverses this zone in the direction of increasing o.. The character of
variations of the critical conditions in the mean-temperature gradient zone remains
approximately the same as for Pr = 0.08. The zone where neither of the instability

mechanisms is particularly effective widens and pushes the corresponding Rac up to

Rap=34677.1.
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Figure 5.12. Variations of the critical Rayleigh number Ra. (Fig.5.12A) and the critical
disturbance wave number £, (Fig.5.12B) as functions of the heating wave number « for a fluid
with the Prandtl number Pr = 0.06. Thick line corresponds for the transverse roll instability, and
the thin line corresponds for the longitudinal roll instability. Points A, B, C, D, E, F,G are located
at (Rax=825.6, ax=2.53, /=1.5), (Rag=1695.0, a=3.79, [=1.77), (Rac=4468.1, c=4.97,
Sc=1.87), (Rap=34667.1, ap=7.16, [p=1.24), (Rag=8336.1, ==8.06, f=1.56), (Rar=8299.2,
ar=8.26, =1.58), (Rac=9836.3, as=10.46, fs=1.65), respectively.

5.6 Fluids with an arbitrary Prandtl number

Evolution of fluid response as a function of the Prandtl number Pr and the interplay
between both mechanisms producing secondary convection are illustrated in Figure 5.13.
The increase of the strength of the modulation effect and its small shift towards smaller o
can be easily followed. At Pr > 2 the zones of activity of both mechanisms overlap
producing critical curve with one minimum in the range of Ra subject to this
investigation. A small shift of the modulation effect towards smaller o can be seen at
Pr =1 as the small-a end of the critical curve starts to bends towards small a. This shift
becomes more pronounced as Pr further decreases with the critical curve acquiring two
minima at Pr ~ 0.5, one at a smaller o associated with the modulation effect and one at a
higher a that can be attributed to the mean-temperature gradient effect. The former

minimum becomes the overall minimum for Pr <~0.25. Further decrease of Pr
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continuously increases the strength of the modulation effect expanding the zone of
instability to smaller a's and reducing the corresponding minimum Ra,,. At the same time
the mean-temperature gradient effect becomes relatively weaker and retreats towards
larger a; the corresponding minimum of Ra,; continuously increases with reduction of Pr.
The shift of the mean-temperature gradient effect towards larger a is not compensated by
the equivalent expansion of the modulation effect towards larger o creating a fairly
stable, in-between zone of heating patterns where the transverse roll instability occurs

only at a fairly large Ra,,.
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Figure 5.13. Variations of the critical Rayleigh number Ra, as functions of the heating wave
number « for selected values of the Prandtl number Pr (Fig.5.13A - Pr=10-0.2, Fig,5.13B
- Pr=0.2-0.06).

Evolution of the critical roll wave number B, as a function of Pr is illustrated in
Figure 5.14. The reader may note formation of the transition point between zones
dominated by different instability mechanism starting with Pr ~ 0.4 (Figure 5.14B) with
the distinction increasing with any further decrease of Pr. Another process appears to take
place when Pr increases above 0.4 as a clear distinction between zones where each
mechanism plays a leading role disappears (Figure 5.15). Both mechanisms coexists,

however, modulation effect takes over for a sufficiently large Pr resulting in a rapid drop
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of Ber. This change occurs for large Ra outside the range of interest in the current work as
other processes not related to the transverse roll instability are likely to dominate the flow

response.

Figure 5.14. Variations of the critical wave number £, as functions of the heating wave
number « for selected values of the Prandtl number Pr (Fig.5.14A - Pr=10-0.5, Fig.5.14B
- Pr=0.5-0.06). Enlargement of the box marked in Fig.5.14A is displayed in Fig.5.15.
Zones between triangles in Fig.5.14B correspond to Rag >10*.
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Figure 5.15. Enlargement of the box marked in Fig.5.14A. Zones to the left of triangles
correspond to Rag >10*.
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5.7 Summary

Onset of the transverse roll instability in an infinite slot subject to a sinusoidal heating at
the lower wall has been considered in this chapter for a wide range of Prandtl numbers Pr.
Two instability mechanisms contributing to the onset of such convection have been
identified. The first mechanism is based on effect of the modulation associated with the
spatial pattern of the heating. This mechanism is active for heating patterns corresponding
to the heating wave numbers O(1) for all types of fluids considered (with properties
characterized in terms of the Prandtl number Pr). The second mechanism is associated
with the mean vertical temperature gradient created by the primary convection and the
zone where this mechanism is active shifts towards higher values of the heating wave
number as Pr decreases. The interplay between both mechanisms results in a single-
minimum critical curve for values of Pr where both mechanisms are active in the same
range of the heating wave numbers, and a two-minimum critical curve where both
mechanisms are active in distinctly different ranges of the heating wave numbers. A zone
of a fairly stable primary convection occurs in the latter case for the heating patterns

corresponding to the heating wave numbers from the in-between zone.

A decrease of Pr produces primary convection with a stronger spatial modulation. As a
result, the modulation effect mechanism becomes stronger reducing the minimum critical
Rayleigh number required for the onset of the secondary convection. Because of the
strong spatial modulation, the formation of the mean vertical temperature gradient shifts
towards higher values of the heating wave numbers resulting in the higher critical
Rayleigh numbers required for the onset of the secondary convection under conditions

when the modulation effect is weak.



Oblique Raoll

In this chapter we shall turn our attention to the secondary rolls with an arbitrary

orientation, i.e., rolls characterized by the wave vector q = (8, £B) with the magnitude

|q|:([32 +62)”2and the inclination angle n = + tan™}(B/8). According to this notation

longitudinal rolls correspond to ny = 0° and transverse rolls to n = 90°. Similar to the
longitudinal and transverse rolls instabilities, there exist only stationary disturbances, i.e.,
or = 0. No travelling wave disturbances have been found. Characteristics of oblique rolls
for fluids with the Prandtl number Pr = 0.71 are described in details in Section 6.1 and
form a reference point. Characteristics of this instability for high Prandtl number fluids,
e.g., for Pr = 7, 3 and 2 are discussed in Section 6.2. Characteristics for small Prandtl
number fluids, e.g., Pr = 0.12, 0.08, and 0.06, are discussed in Section 6.3, 6.4, and 6.5,
respectively. Section 6.6 is devoted to discussion of Prandtl number effects. A short
summary is given in Section 6.7. The reader may note that the cost of evaluation of
eigenvalues for the oblique roll instability is considerably higher as one has to consider

both the x- and z-components of the wave vector (i.e., 6 and ) of disturbances.

6.1 Fluids with the Prandtl number Pr=0.71

All physical mechanisms discussed so far contribute to the dynamics of the oblique rolls,
including parametric resonance as well as direct modulation by patterns of vertical

temperature gradients and distribution of convection currents.

We begin our discussion with Figure 6.1 which illustrates the evolution of the neutral

surfaces in the (Ra,|q|,n) space for selected values of the heating wave number.
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Figure 6.1A displays neutral surface for o = 10 ("large o zone). It can be seen that the
minimum of Ra corresponds to |q| =1.56 and n = 90° (transverse rolls). This minimum is
fairly flat in the n direction with the change of Ra between n = 90° and n = 0° being ~130
which demonstrates a rather week preference for the transverse rolls. The minimum is

rather steep in the |q|direction showing a strong preference for the size of the rolls.

Reduction of the heating wave number to o = 5 (Figure 6.1B) demonstrates emergence of

two local minima, one centered at n = 0°,

q/~1.7 and the other at n = 90°, |g|~1.6. The
transverse rolls with slightly higher |q| continue to play the critical role. Gradients in the

n and |q| directions remain similar showing weak preference for the orientation of the

rolls but strong preference for the size. Further reduction of the heating wave number to
o = 4.4 shows existence of similar two local minima but with the minimum at n = 0°
becoming the global minimum and the longitudinal rolls playing the critical role (see
Figure 6.1C). When the heating wave number reaches value a. = 4 (Figure 6.1D) the
global minimum moves from n = 0° to n ~ 8° showing that the oblique rolls begin to play
the critical role; these rolls become a bit smaller as the corresponding wave number

increases to |q| ~ 2.1. Further reduction of the heating wave number to o = 3.5 shows
existence of a single minimum at n » 28° and a slight reduction of |q| (Figure 6.1E). The

minimum of Ra is reached at o = 2.69 (not shown) and further decrease of the heating

wave number leads to the increase of Rag, a small increase of the inclination angle n and

a fairly large decrease of the roll wave number |q| as illustrated in Figure 6.1F for

a=25.

Variations of the global and local minima as functions of the heating wave number are
illustrated in Figure 6.2 and identify the critical stability conditions. It can be seen that
the transverse rolls play the critical role for o > ap = 4.46, the longitudinal rolls dominate
for ap = 4.46 > a > ap = 4.07 and the oblique rolls become dominant for a < ac = 4.03
(the minimum Rayleigh number point for the longitudinal roll). Reduction of o below

oc =4.03, i.e., use of heating pattern that gives rise to oblique rolls, leads to the reduction
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Figure 6.1. Neutral surfaces in the space formed by the roll wave number|q|, the roll

inclination angle » and the Rayleigh number Ra for selected values of the heating wave
number « for the fluid with the Prandtl number Pr=0.71.
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Figure 6.2. Variations of the critical Rayleigh number Ra (Fig.6.2A,B) and the critical
wave numbers &, (solid line) and £, (dash-dot lines) (Fig.6.2C) as functions of the heating
wave number « for the fluid with the Prandtl number Pr = 0.71. Enlargement of the box
shown in Fig.6.2A is displayed in Fig.6.2B. Curves 1, 2, 3 correspond to the longitudinal,
transverse and oblique rolls, respectively. Points A, B,C and D are located at (Rax=2411.2,
ap=2.69, =1.345, £,=0.8), (Rag=3043.6, as=4.07, 5=2.035, [z=0), (Rac=3031.6,
oc=4.03, 6c=2.015, c=0), and, (Rap=3191.4, ap=4.46, =0, [fr=1.64).

of Rag,. The most efficient pattern for formation of oblique rolls corresponds to o = aa =
2.69 and results in Ra, = Raa = 2411.2. A rapid stabilization of the primary convection is

observed when the heating wave number is reduced below o = ~2.2 with no instability
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found for o <~1.75 in the range of Ra considered. This stabilization is remarkable as no
rolls may appear if a is sufficiently small. A possible reason for elimination of secondary
rolls is illustrated in Figure 6.3 which displays variations of the mean vertical
temperature created by the primary convection at the onset. It can be seen that the zone
with an unstable temperature gradient becomes thinner for smaller o leading to reduction

of the driving force and, at the same time, increase of the opposing force.

0 0.04 0.08 0.12

©
¢

Figure 6.3. Distributions of the 0" modal function of the primary convection temperature
¢ for selected values of the heating wave number « corresponding to the onset of the
oblique rolls for the fluid with the Prandtl number Pr = 0.71, i.e. (Ra, @) = (3035.7, 4),
(2863.7, 3.5), (2505.7, 2.5), (5918.9, 2), (14030.3, 1.8).

Variations of the critical wave numbers for the longitudinal and transverse rolls have been
already described in Chapters 4 and 5. When the oblique rolls dominate, the x-component
of the wave vector is locked-in with the heating wave number according to the relation
der = a/2 (similar relation exhibits in the case of longitudinal rolls) while the z-component
does not exhibit any correlation with o (Figure 6.2C). B increases rapidly from 0 to
about 0.8 when the heating wave number decreases from oag = 4.07 down to a ~ 3
resulting in a rapid rotation of the critical roll up to orientation corresponding to n = 30°

(see Figure 6.4). Further decrease of a causes small increase of the inclination angle
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while the roll wave number decreases according to the relation |q| ~a/l.65.
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Figure 6.4. Variations of the critical roll wave number |q|cr (dash-dot lines) and the roll

inclination angle 7 (solid lines) as a function of the heating wave number « at the onset
conditions for the fluid with the Prandtl number Pr = 0.71. Lines 1, 2, 3 correspond to
the longitudinal, transverse and oblique rolls, respectively.

Pattern associated with a single oblique roll is similar to the transverse roll shown in
Figure 5.7B. Since oblique rolls appear in pairs with the wave vectors qi2 = (Scr, Ber)
(Freund et al. 2010, Tao and Busse 2009), the secondary convection takes the form of
finite cells of rectangular shape rather than the infinite rolls. The aspect ratio x/z of the
rectangle approaches 0.7 as o decreases. The topology resulting from superposition of
two oblique rolls is shown in Figure 6.5A where the rectangular cells are clearly visible.
The length of the rectangular cells in z-direction increases with the increase of the heating
wave number o, and at a = ag = 4.07 they form continuous rolls, i.e., they smoothly
morph into longitudinal rolls as shown in Figure 6.5B. To determine orientation angle of
the rectangular cells, a snapshot of the disturbance temperature field is shown in

Figure 6.6.
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Figure 6.5. Flow structures created by the secondary convection in the form of oblique
rolls (Fig.6.5A) and longitudinal rolls (Fig.6.5B) generated by the heating with the wave
numbers « = 3.2 and 4.07 at the onset, i.e., for the Rayleigh number Rac = 2645.7 and
3043.6, respectively, for the fluid with the Prandtl number Pr = 0.71. The critical roll
wave numbers are &= 1.6 and 2.035, S, = #0.841 and 0, respectively. Iso-surfaces with
Q =0.05, 0.3 (see Eqg.5.2) are displayed in both figures.

Figure 6.6. Snapshot of the disturbance temperature field at the mid-plane (y = 0) for the
flow conditions shown in Fig.6.5A. Dark color identifies colder fluid and white color
identifies hotter fluid. Eight disturbance wavelengths were used for plotting in the x-
direction and four disturbance wavelengths were used along the z-direction.
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6.2 High Prandtl number fluids

In this section we discuss instability in high Prandtl number fluids, e.g., in fluids with
Pr =7, 3, and 2, where conductive effects are weaker than convective effects. The critical
stability curves are shown in Figure 6.7A-C. It can be seen that the zone where the
oblique rolls play the critical role expands as Pr decreases, i.e., values of ag increase with
a decrease of Pr. At the same time the critical value of Ra at o = ag decreases which
demonstrates that the oblique rolls become more important for smaller values of Pr. The
most efficient heating pattern for creation of oblique rolls corresponds to a = o = 2.64

and remains unchanged for all values of Pr.

Variations of the critical wave numbers are shown in Figure 6.7D. Since the primary
computed quantities are the x-and z-components of the wave vector o, and B, we report

and discuss their variations in this section. We shall discuss the roll wave number |q| and

the inclination angle n in a later section. It is clear that the subharmonic relation &¢ = /2
for the critical x-component of the wave vector holds for high Prandtl number fluids. The
critical z-component of the wave vector ¢ increases with an increase of the heating wave
number a unlike the case of Pr = 0.71 where B rapidly decreased to O around o ~4
causing a smooth transition from the oblique roll to the longitudinal roll. There is no
smooth transition between various types of rolls for high Prandtl number fluids.
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Figure 6.7. Variations of the critical Rayleigh number Ra. (Fig.6.7A,B,C) and the
critical wave numbers & (solid line) and £, (dash-dot lines) (Fig.6.7D) as functions of
the heating wave number « for fluids with the Prandtl number Pr = 7,3,2, respectively.
Lines 1, 2, 3 in Fig. 6.7A,B,C correspond to the longitudinal, transverse and oblique
rolls, respectively. Fig. 6.7D is only for the oblique rolls. Points A and B are located at
(Raa=14982.36, aa=2.64, 0a=1.32, [x=0.712) and (Rag=24497.45, oz=3.6, %=1.8,
[s=0.979) for Pr=7(Fig.6.7A); (Raa=7507.28, an=2.64, 06a=1.32, fp= 0.763) and
(Rag=12245.14, op=3.62, %=1.81, [=1.095) for Pr=3(Fig.6.7B); and (Rax=5369.2,
ap=2.64, 6A=1.32, fA=0.776) and (Rag=6658.62, ap=3.64, 5=1.82, £=1.023) for
Pr=2(Fig.6.7C).
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6.3 Fluids with the Prandtl number Pr=0.12

We have already pointed out that reduction of the Prandtl number Pr increases the
strength of the spatial modulation. Figure 6.8A displays stability diagram for Pr = 0.12.
Here we observe that the oblique rolls play a dominant role for o < ag = 5.79, and no
instability occurs for o < o, = 1.69. The most effective heating pattern to induce the
oblique roll instability corresponds to o = aa = 2.75 and requires heating intensity
Ra; = Raa = 753.9. This intensity is 55% smaller than the intensity required by the
transverse roll instability created by its most efficient heating pattern. The critical
x-component of the disturbance wave vector d. also follows relation &, = o/2. The
critical z-component of the disturbance wave vector B, increases with an increase of the
heating wave number o which demonstrates that there is no continuous transformation of

the oblique rolls into the longitudinal rolls.
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Figure 6.8. Variations of the critical Rayleigh number Ra., (Fig.6.8A) and the critical
wave numbers & (solid line) and S (dash-dot lines) (Fig.6.8B) as functions of the
heating wave number « for a fluid with the Prandtl number Pr = 0.12. Lines 1, 2, 3 in
Fig.6.8A correspond to the longitudinal, transverse and oblique rolls, respectively.
Fig.6.8B is only for the oblique rolls. Points A and B are located at (Rax=753.9,
ap=2.75, 0p=1.375, £,=0.87) and (Rag=3990.1, az=5.79, 5=2.895, [=1.147).
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6.4 Fluids with the Prandtl number Pr=0.08

The form of the critical stability curve displayed in Figure 6.9A is similar to that found
for the fluid with Pr = 0.12. The zone of dominance of the oblique roll is increased
compared with the case of Pr = 0.12 as the oblique rolls play the critical role for the
heating wave numbers up to o = ag = 6.97. At the same time the instability can be
induced by heating with the wave numbers as small as o = o, = 0.96. The most efficient
heating pattern as far as instability is concerned corresponds to o = aa = 2.35 with the
corresponding heating intensity described by Rac, = Raa = 521.9. Approximately 53% less
heating is required to induce the oblique roll instability compared with the transverse roll
at its most efficient heating patterns. The x-component of the critical disturbance wave
vector d, follows the same relation as for other values of Pr, i.e., 8¢ = o/2. The
z-component of the critical wave vector 3¢ increases with an increase of the heating wave

number a and this increase is almost linear for a. > ag.

10000 —— 2
Ra, ; 15
8000} : or
! H1.5
6000[ :
[ 11
4000}
2000} Jos
10

Figure 6.9. Variations of the critical Rayleigh number Ra., (Fig.6.9A) and the critical
wave numbers & (solid line) and S (dash-dot lines) (Fig.6.9B) as functions of the
heating wave number « for the fluid with the Prandtl number Pr = 0.08. Lines 1, 2, 3 in
Fig.6.9A correspond to the longitudinal, transverse and oblique rolls, respectively.
Fig.6.9B is only for the oblique rolls. Points A and B are located at (Ra,=521.9,
ap=2.35, 0p=1.175, = 0.786) and (Rag=5239.5, as=6.97, 55=3.485, [s=1.552).
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6.5 Fluids with the Prandtl number Pr=0.06

The critical stability curve displayed in Figure 6.10A has the same qualitative
characteristics as for fluids with Pr = 0.08. The zone of dominance of the oblique rolls is
further expanded as now the upper bound for the zone where the oblique rolls play the
critical role moves to ag = 7.91, and the lower bound moves to a, = 0.94. The most
efficient heating pattern corresponds to o = aa = 2.31 and the corresponding heating
intensity is described by Ra., = Raa = 387.6. Approximately 53% less heating is required
to induce the oblique roll instability compared with the transverse roll at its most efficient
heating patterns. The x-component of the critical disturbance wave vector d. changes
according to the relation &, = /2. The z-component of the critical disturbance wave
vector B¢ increases with an increase of the heating wave number o and this increase is

linear for a > ag.
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Figure 6.10. Variations of the critical Rayleigh number Ra., (Fig.6.10A) and the critical
wave numbers & (solid line) and f (dash-dot lines) (Fig.6.10B) as functions of the
heating wave number « for the fluid with the Prandtl number Pr = 0.06. Lines 1, 2, 3 in
Fig.6.10A correspond to the longitudinal, transverse and oblique rolls, respectively.
Fig.6.10B is only for the oblique rolls. Points A and B are located at (Ra,=387.6,
ap=2.31, 55=1.155, £,=0.8) and (Rag=6035.8, ag=7.91, 5=3.955, [=1.855).
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6.6 Fluids with an arbitrary Prandtl number

Evolution of fluid responses as a function of the Prandtl number Pr are illustrated in
Figure 6.11A for the zone (i.e., range of o) of dominance of the oblique roll instability. It
is observed that the zone of dominance gradually increases with a decrease of Pr. Most of
the increase occurs at the high o end with very small increase at the low o end. The
x-component of the critical disturbance wave vector o always changes according to the
relation & = o/2 regardless of the value of Pr (not shown in the figure). Figure 6.11B
demonstrates that a smooth and gradual transition from the oblique roll to the longitudinal
roll (i.e., the oblique roll morphs into the longitudinal roll) occurs for the fluid with

~0.3<Pr<~1. Above and below this range of Pr there is no smooth transition between

different types of rolls.

Figure 6.11. Variations of the critical Rayleigh number Ra, (Fig.6.11A) and the critical
z-component of the wave vector S (Fig.6.11B) as functions of the heating wave number
a for selected values of the Prandtl number Pr for the zone of dominance of the oblique
roll. Diamond symbols denote the upper bound of the zone of dominance of the oblique
roll. Note that the critical x-component of the wave vector &; holds the relation ‘&=a/2’
for all of the Prandtl numbers considered and not shown in this figure. The variation of
Ler for Pr =2 and 3 are omitted for the clarity of the figure (they are shown in Fig.6.7D).
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At this point, we focus discuss on the variations of the critical oblique roll wave number
and its inclination angle as shown in Figure 6.12. It is observed that for high Pr number
fluids, e.g., Pr >~2, the inclination angle n varies very little with the change of the heating
wave number o. It varies around n~30° (£1°) in the range of Pr considered here. For
moderate Pr number fluids, i.e., ~0.3<Pr<~1, this angle varies from 0° to 35° which
causes the oblique rolls to morph smoothly into the longitudinal rolls. For low Pr number
fluids, i.e., Pr <~0.2, the inclination angle varies between 20° and 35° (this range is

reduced to 25° to 35° for Pr = 0.06). The critical roll wave number |q|cr varies mostly in a
linear form that can be approximated as |q|cr =0.55a +0.02 with a branching off around

the upper end of a-zone where oblique rolls play the dominant role. This branching is in
the upward direction for high Prandtl numbers (Pr >~2), and in the downward direction
for moderate Prandtl numbers (~0.3<Pr<~1), and is negligible for small Prandtl numbers
(Pr<~0.2).
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Figure 6.12. Variations of the roll inclination angle 7 (Fig. 6.12A) and the critical oblique roll
wave number |q|cr (Fig.6.12B) as functions of the heating wave number « for selected

values of the Prandtl number Pr for the zone of dominance of the oblique roll. In
Fig.6.12A dash-dotted lines are used for Pr=2,3,7 to distinguish the lines from other Pr.
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6.7 Summary

Onset of the secondary rolls oblique to the primary convection rolls in an infinite slot
subject to a sinusoidal heating at the lower wall has been elucidated in this chapter for a
wide range of Prandtl numbers Pr. The oblique rolls lead to the formation of convection
cells with aspect ratio dictated by their inclination angle. It has been found that for fluids
with Pr = 0.71 these rolls can change orientation from 0° to 30° with respect to the
primary rolls depending on the heating wave number within the range of Ra being of
interest. A rapid stabilization of the primary convection is observed when the heating
wave number is sufficiently small. Analysis of the temperature field created by the
primary convection at the onset suggests that reduction of the thickness of the zone with

an unstable temperature gradient is likely responsible for the observed stabilization.

High Prandtl number fluids require substantial amount of heating to induce the oblique
roll instability. A decrease of Pr reduces the amount of heating required to induce the
oblique roll instability. The zone of dominance of oblique rolls expands toward larger o
with a decrease of Pr. The x-component of the critical wave vector &. always satisfies
relation &, = a/2 regardless of the value of Pr. A continuous morphing between the

oblique rolls and the longitudinal rolls occurs only for the fluid with ~0.3<Pr<~1.



Oscillatory Mode

The previous chapters demonstrate that all forms of rolls are stabilized if the heating wave
number a is reduced sufficiently. The small o regime is characterized by the appearance
of an oscillatory mode of the secondary convection and description of this mode is the
main focus of this chapter. Unlike the roll instabilities discussed in the previous chapters,
the disturbances for the oscillatory mode are not stationary in nature, i.e., o #0, and they
oscillate in time. The frequency of the oscillation o, may have both sign, so the instability
can manifest itself as a wave travelling in the either direction along the axis of the
primary rolls or as a standing wave. This type of instability has been found by Busse and
Clever (1979) in the stability analysis of two-dimensional convective rolls for the case of
uniformly heated wall for fluids with Prandtl number Pr <~1. We investigate the
characteristics of this mode for fluids with the Prandtl number Pr = 0.71 only and discuss
results in Section 7.1. A short summary follows in Section 7.2. The reader may note that
the cost of computing of characteristics of the oscillatory mode is even higher than the

cost of computing of characteristics of the oblique rolls (see Appendix E).

7.1 Fluids with the Prandtl number Pr=0.71

The critical stability conditions for the onset of the oscillatory mode of instability have
been determined using a process similar to that used in the case of rolls. Variations of the
critical Rayleigh number displayed in Figure 7.1 show that the oscillatory mode is
centered around a. = aa = 0.25 and plays the critical role for o < ag = 1.73. Reduction of
o below this value results in a rapid destabilization with the critical Rayleigh number

reaching the minimum value of Ra.,, = Raa = 2056.6 at o = aa = 0.25. Further reduction of



a increases Ra.
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Figure 7.1. Variations of the critical Rayleigh number Ra., as a function of the heating
wave number for fluids with the Prandtl number Pr = 0.71. Curves 1, 2, 3, 4 correspond to
the longitudinal, transverse and oblique rolls, and for the oscillatory mode of instability,

respectively. Points A and B are located at (Raxn=2056.6, ax=0.25), (Rag=18347,
as=1.73), respectively. In Fig.7.1B «-axis has logarithmic scale in order to magnify the
small « zone where the oscillatory instability dominates.
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Figure 7.2. Variations of the critical wave numbers &, and A, as functions of the heating
wave number « at the onset for fluids with the Prandtl number Pr = 0.71. Curves 1, 2, 3, 4
in Fig.7.2A correspond to the longitudinal, transverse and oblique rolls, and for the oscillatory
mode of instability, respectively. Solid and dash-dot lines in Fig.7.2A correspond to &, and S,
respectively. Figure 7.2B is only for the oscillatory mode of instability; points A, B are located
at (aa=0.25, 0a=0, Sa=1.37), (as=1.73, 8=2.595, z=1.57), respectively, and point C is
located at (ac, fc, oc, Rac)=(0.33, 1.4, 0, 2989.6).
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Variations of the critical wave numbers at the onset are shown in Figure 7.2. It has been
found that &, varies according to the relation &, = 3a/2 for a >~0.5; for smaller o, &
starts to decrease and finally reaches the limiting value of &, = 0 at a = o = 0.33 and
remains unchanged with any further decrease of a.. The z-component of the critical wave

vector B varies as e = 1.40>' for a >~0.7. Variations of the critical roll wave number

|q|cr and the roll inclination angle n are shown in Figure 7.3. It is observed that the

inclination angle n varies from ~30° to 90°, i.e., the rolls gradually orients themselves

along the transverse direction.
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Figure 7.3. Variations of the critical roll wave number |q|cr (dash-dot lines) and the roll

inclination angle 7 (solid lines) as functions of the heating wave number « at the onset
conditions for fluids with the Prandtl number Pr = 0.71. Lines 1, 2, 3, 4 in Fig.7.3A
correspond to the longitudinal, transverse and oblique rolls, and for the oscillatory mode
of instability, respectively. Fig.7.3B is only for the oscillatory mode of instability.

Variation of frequency of disturbances at the onset of the oscillatory mode of instability is
illustrated in Figure 7.4. It is apparent from this figure that with the decrease of the
heating wave number o, the magnitude of the frequency o, is reduced. If o is sufficiently

small, the frequency o, follows the asymptotic relation 81.3a*".
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Figure 7.4. Variation of the frequency o; = Real(o,) for the oscillatory mode of instability as a
function of the heating wave number « at the onset conditions for the fluid with the Prandtl
number Pr =0.71. Points A, B, and C correspond to the same points as in Fig.7.2.

The evolution of the disturbance structures at the onset is complex and not easily
identifiable, especially for a > ac. We illustrate qualitative features of this motion using
the two-dimensional snapshots of the disturbance temperature field as shown in
Figure 7.5. At relatively high a, the oblique roll-like and very distorted structures are
observed (see Figure 7.5A), whereas at low o, simple and easily identifiable structures
are visible (see Figure 7.5B). In the latter case, i.e., at sufficiently low o, one may notice
that roll-like structures are formed locally at the hot spots and that these structures are

aligned horizontally and looking like transverse rolls.
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A B

Figure 7.5. Snapshots of the disturbance temperature field at the mid-plane (y =0 i.e. x-z
plane) for the heating wave number « = 1(Fig.7.5A) and 0.3(Fig.7.5B) at the onset of the
oscillatory mode of instability. Dark color identifies colder fluid and white color
identifies hotter fluid. Horizontal direction represents x-axis. Five heating wavelengths
and four disturbance wavelengths were used for plotting in the x- and z-directions,
respectively. Flow conditions (o, &, fr, Rac) for Figs 7.5A,B are (1,1.5,1.4,11721.6)
and (0.3,0,1.42, 2506.8), respectively.

7.2 Summary

Onset of the oscillatory secondary convection in an infinite slot subject to a sinusoidal
heating at the lower wall has been explored in this chapter. The analysis is limited to
fluids with the Prandtl number Pr = 0.71. It has been established that the convective
structures can change orientation from 30° to 90° with respect to the primary rolls,
depending on the heating wave number, within the range of Ra being of interest. The
x-component of the critical wave vector & changes according to the relation & = 30/2,
but at sufficiently small o, a rapid decrease of & to zero is observed. The frequency of
oscillations decreases with reduction of a. At sufficiently small o, roll-like structures
emerge locally around the hot spots suggesting formation of transverse roll-like

structures.



Long Wavelength Heating: Bifurcation*

The heating pattern dictated by a sufficiently small heating wave number, i.e., long
wavelength heating, exhibits some interesting phenomena and requires separate
investigation. Here we summarize key findings. As mentioned in Chapter 2, when the
wavelength of the heating becomes very large the zones centered around the hot spots are
subject to an almost uniform heating and similar zones centered around cold spots are
subject to an almost uniform cooling. If the magnitude of the heating is sufficiently large,
the zones around the hot spots may be subject to the RB-type instability (the critical
Rayleigh number in the present scale is Ra, = 427). For the “supercritical” values of Ra
(Ra > 427) multiple solutions of the primary convection exist depending on the history of
the heating; this history can be controlled by using different initialization conditions,
different continuation strategies in the parameters space as well as by using different
numerical solvers presented Section 2.3. Various convective motions are depicted using
bifurcation diagrams. The mean Nusselt number defined by equation (2.24) is not suitable
to construct the bifurcation diagrams. A local Nusselt number Nu_ based on the
conductive temperature scale and defined as

Nu, =-Pr— (8.1)

is used for this purpose.

" Some of the material discussed in this chapter is the outcome from the collaborative research between the
author and Mr. Ali Asgarian who presented it for his M.A.Sc. Dissertation at The University of Western
Ontario, London, ON, Canada.
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This chapter is organized as follows. In Sections 8.1 we discuss in details bifurcation
diagrams generated by changing the heating wave number o in (Nug, o) space for fluids
with the Prandtl number Pr = 0.71. Bifurcation diagrams produced by changing the
intensity of the heating Ra in (Nu., Ra) space are discussed in Section 8.2. Effects of
variations of the Prandtl number are considered in Section 8.3. A short summery is
presented in Section 8.4. Computations are restricted to Ra < 1000 in this chapter. The

relevant numerical issues are addressed in the Appendix E.

8.1 Bifurcation diagram in (Nu, o) space

The reader may note that the slot is filled with primary convection rolls regardless of how
small o is (see Figure 2.18). Strength of these rolls decreases with a decrease of o and
increases with an increase of Ra. The secondary rolls may emerge only locally around the
hot spots. These rolls may emerge if o is sufficiently small and at the same time Ra is
sufficiently large. The former condition is required in order to create a sufficiently long,
almost uniformly heated segment of the slot so that the edge effects associated with
longitudinal variations of temperature play no role. The second condition is required in
order to overcome viscous and thermal dissipations and effects associated with existence

of the primary rolls.

Variations of Nup for "supercritical" values of Ra, i.e., Ra > 427, are illustrated in
Figure 8.1. It is observed that when o > 0.3 the solution is unique in the range of Ra
subject to this analysis. Reduction of a leads to two types of bifurcations depending on
the value of Ra, i.e., supercritical pitchfork bifurcation for Ra < ~470 and "bifurcation
from infinity" (Rosenblat and Davis 1979) for larger values of Ra. In this discussion we
shall refer to direction of decreasing a (increasing wavelength of the heating) as the

positive direction of the parameter.
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Figure 8.1. Variations of the local Nusselt number Nuy, at x = 0, y = -1 as a function of
the heating wave number a for fluids with the Prandtl number Pr = 0.71 subject to
heating corresponding to the supercritical values of the Rayleigh number (Ra > 427).
Enlargements of left and right boxes are displayed in Figs 8.2 and 8.6, respectively.
Solid, dash-dot, dash-dot-dot, dash, and dot lines correspond to bifurcation branches of
types 0, 1, 2, 3, and 4, respectively. Open circles identify critical conditions for pitchfork
bifurcations. Filled circles identify critical conditions for the "bifurcations from infinity".
Filled diamonds and open squares identify conditions selected for illustration of
evolution of flow structures for Ra = 450 and 480, respectively.

8.1.1 Pitchfork bifurcation

In this section, we shall elucidate the flow evolution associated with pitchfork
bifurcations for the case of Ra = 450 illustrated in Figure 8.2. For convenience we call
solutions corresponding to the middle, upper and lower branches as branches of type 0, 1
and 2, respectively, and we focus attention on the segment of the slot on the right side of

the hot spot located at x = 0.

Branch of type 0 has a simple topology involving one large flow cell extending over half
period of heating with the fluid moving upwards above the hot spot as shown in

Figure 8.3. This topology does not change over a wide range of heating wavelengths (for
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o <~0.25). This branch loses stability for o < ag = 0.093.
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Figure 8.3. Evolution of flow structures associated with branch of type 0 for the heating
wave number a = 0.03 for the heating corresponding to the Rayleigh number Ra = 450.
Solid and dash lines identify streamlines and isotherms. Plotted values of the stream
function and temperature correspond to W = 0, -0.1, -0.3, -0.45, -0.8, -0.9 and
O Opa = 0.9, 1.7, 1.5, 0.3, #0.1, 0, unless otherwise noted. Figure displayed here is

marked with letter C in Fig.8.1 and the flow structures marked by letters A,B in Fig.8.1
are similar to C.

Variations of topology of flow structures associated with branch of type 1 are illustrated
in Figure 8.4. It can be observed that the flow re-arrangement begins with the formation
of a small separation bubble at the upper wall above the hot spot which grows to form a

secondary roll attached to the hot spot, as shown in Figure 8.4A. The reader should note
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that there is another similar secondary roll on the other side of the hot spot. All
nomenclature used in this discussion and roll counting starting with Figure 8.4 will refer
to flow structures on the right side of the hot spot. The secondary roll rotates in the
conterclockwise direction (opposite to the primary roll) and brings colder fluid into
contact with the lower wall resulting in an increase of Nug, as shown in Figure 8.2.
Decrease of a results in firming up of the secondary roll and formation of a new pair of
rolls. The beginning of the pair formation process is visible for o = 0.084 where one roll
is being pinched off (with formation of an in-flow stagnation point) and the second one
arises as a separation bubble at the upper wall away from the hot spot (see Figure 8.4B).
Formation of this pair is finished when a = 0.08 (Figure 8.4C). Further decrease of a to
o = 0.05 and then to a = 0.03 results in a sequential formation of additional pairs
following the process described above. The process of creation of additional pairs
continues indefinitely with a decrease of a while the size of the already existing rolls
approaches an asymptotic limit of Q = 2.01 (Drazin and Reid 1981) predicted by the RB
instability in the case of a uniformly heated wall. The characteristic feature of this family
of solutions is that there is always an odd number of secondary cells, as all new cells with
exception of the first one are created in pairs. The secondary branches can loose stability

but this issue has not been investigated during present study.

Topology of flow structures associated with branch of type 2 are illustrated in Figure 8.5.
Formation of secondary rolls begins with the appearance of an inflow stagnation point
(Figure 8.5A), creation of a small separation bubble at the upper wall away from the hot
spot at o = 0.091 (Figure 8.5B) and occurence of a distinctive pair of rolls at o = 0.09
(Figure 8.5C). Roll closests to the hot spot rotates in the clockwise direction (the same as
the primary roll) and thus brings warmer fluid into contact with the wall resulting in a
decrease of Nuy, as shown in Figure 8.2. Further decrease of o to 0.08 initiates formation
of a second pair (Figure 8.5D). These rolls are well developed at o = 0.05. Four pairs
exist at o = 0.03 (Figure 8.5F). Process of creation of additional pairs continues
indefinitely with a decrease of o, similarly as in the case of branch 1, while the size of the

already existing rolls approach the same asymptotic limit of Q = 2.01. The characteristic
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feature of this family of solutions is that there is always an even number of secondary
rolls, as all new rolls are created in pairs. The process of formation of rolls is very similar
to that found in the case of branch 1 with exception of the first roll which accounts for a
different direction of rotation at the hot spot.

Figure 8.4. Evolution of flow structures associated with branch of type 1 as a function of
the heating wave number « for the Rayleigh number Ra = 450. Flow conditions in Figs
8.4A4-E correspond to a = 0.093, 0.084, 0.08, 0.05, 0.03 and are marked with letters B, D,
E, F and G in Figs 8.1-8.2, respectively. (2 denotes length of a single cell. Plot
parameters as in Fig.8.3.



Figure 8.5. Evolution of flow structures associated with branch of type 2 as a function of
the heating wave number « for the Rayleigh number Ra = 450. Flow conditions in Figs
8.5A-F correspond to a = 0.093, 0.091, 0.09, 0.08, 0.05, 0.03 and are marked with letters
B, H I J, K and L in Figs8.1-8.2, respectively. (2 denotes length of a single cell. Plot
parameters as in Fig.8.3.

8.1.2 Bifurcation from infinity

We shall now turn our attention to "bifurcations from infinity". This type of bifurcation
occurs for the higher values of Ra, i.e., Ra > ~470. We shall carry out detailed discussion
using the case of Ra = 480 illustrated in Figure 8.6 as the reference case. For convenience
we refer to solutions corresponding to the finite and infinite branches as branches of types

3 and 4, respectively.

Topology of flow structures associated with branch of type 3 are illustrated in Figure 8.7.
The flow forms one big roll at he left limit of the lower part of this branch (Figure 8.7A).

Increse of o results in initiation of the formation of a secondary roll rotating in the
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direction opposite to the direction of the primary roll. At o = 0.177 this roll has the form
of a separation bubble attached to the upper wall (Figure 8.7B). This bubble extends to
the lower wall at o = 0.178 (Figure 8.7C), increases in size as o changes in the fourth
digit (plot in Figure 8.7D is for the nominally the same o as plot in Figure 8.7C) and
increases further in size as a begins to decrease (see Figure 8.7E). Beginning of a
pinching process that results in the formation of additional rolls is visible at o = 0.12
(Figure 8.7F) and a new pair of rolls is formed at a = 0.1. This process is repeated
sequentially with new rolls appearing in pairs. At o = 0.05 two pairs are visible as well as
beginning of the pinching process that leads to the formation of the third pair. The process
of formation of new rolls is similar to that observed in the case of branch of type 1
resulting in the creation of an odd number of rolls with the size of the rolls approaching
limit of Q = 2.01 when o becomes sufficiently small. The lower part of this branch is

unstable for o < agr = 0.179 (point R in Figure 8.6).
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Figure 8.6. Enlargement of the right box of the Fig. 8.1: “bifurcation from infinity .



Figure 8.7. Evolution of flow structures associated with branch of type 3 as a function of
the heating wave number « for the Rayleigh number Ra = 480. Flow conditions in Figs
8.74-H correspond to aa = 0.17, 0.177, 0.178, 0.178, 0.17, 0.12, 0.1, 0.05 and are marked
with letters U, T, S, V, W, X, Y and Z in Figs 8.1 and 8.6, respectively. Plot parameters as
in Fig. 8.3.

Evolution of flow structures associated with branch of type 4 is illustrated in Figure 8.8.
There is one primary roll when o = 0.25 (Figure 8.8A). Reduction of o to 0.178 results in
the formation of an inflow stagnation point (Figure 8.8B) and formation of a small
separation bubble at the upper wall away from the hot spot at oo = 0.16 (Figure 8.8C).
The pinching process results in the formation of a distinct pair of rolls at o = 0.1
(Figure 8.8D). Further reduction of a results in a sequential formation of additional pairs

of rolls with three pairs exisitng when a = 0.05 (Figure 8.8E). This process is very



140

similar to that observed in the case of branch of type 2 with the size of the rolls

approaching limitof Q= 2.01 when o becomes sufficiently small.

Figure 8.8. Evolution of flow structures associated with branch of type 4 as a function of
the heating wave number « for the Rayleigh number Ra = 480. Flow conditions in Figs
8.84-E correspond to a = 0.25, 0.178, 0.16, 0.1, 0.05 and are marked with letters M, N,
O, P and Q in Figs 8.1 and 8.6, respectively. Plot parameters as in Fig.§8.3.

It has been noticed that changes in the net heat transfer between the walls due to
formation of secondary rolls cannot be demonstrated properly using the local Nusselt
number defined in (8.1). A mean Nusselt number Nu-+ associated with the zone where
most of the activities related to the creation of secondary rolls occur (see Figures 8.4-

8.8), i.e., x € (0, 0.12n/a)), is found to be better suited to explore the effect of the
pinching process. Figure 8.9A shows increase of Nu+ due to formation of secondary

rolls in the case of pitchfork bifurcation. Values of Nur associated with branches of
types 1 and 2 keep crossing each other in a repetitive manner as o decreases. This type of

variations is due to the fact that pinching of new pairs of rolls takes place at different
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values of a for both branches and the branch having a larger number of cells at a given a
has generally larger value of Nu+. Figure 8.9B shows similar data for Ra = 500 where
"bifurcation from infinity" takes place. Values of Nur for the upper part of branch of
type 3 and for branch of type 4 keep crossing each other in a repetitive manner as o
decreases. This type of variations of Nur results from pinching off of new rolls at

different values of a for both branches, similarly as in the case of the pitchfork

bifurcation.
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Figure 8.9. Variations of the NU+ (see text for definition) as a function of the heating
wave number « for the Rayleigh numbers Ra = 450 (Fig.8.94) and Ra = 500 (Fig.8.9B).

8.2 Bifurcation diagram in (Nu., Ra) space

In the previous section we have discussed the bifurcation process by varying o at fixed
values of Ra. Here we keep o fixed and vary Ra. This particular strategy could be more
useful from experimental point of view, where the spatial distribution of heating would be
fixed and one would be increasing the intensity of heating described in terms of the
Rayleigh number. Figure 8.10 displays bifurcation diagrams expressed in term of Nug_
resulting from variations of Ra for selected, fixed values of a. The forms of the

bifurcation diagrams are similar to that found in the previous section. Supercritical
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pitchfork bifurcations exist for o < ~0.14 whereas "bifurcations from infinity" exist for

a>~0.14.
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Figure 8.10. Variations of the local Nusselt number Nuy at x = 0, y = -1 as a function of
the Rayleigh number Ra for selected values of the heating wave number o for a fluid
with the Prandtl number Pr=0.71. Enlargement of box marked in Fig.8.10 is displayed in
Fig.8.11. Solid, dash-dot, dash-dot-dot, dash, and dot lines correspond to bifurcation
branches of types 0, 1, 2, 3, and 4, respectively. Open circles identify critical conditions
for pitchfork bifurcations. Filled circles identify critical conditions for "bifurcations from
infinity". Filled diamonds and open squares identify conditions selected for illustration of
evolution of flow structures.

Details of a typical pitchfork bifurcation are shown in Figure 8.11 for o = 0.07. This
bifurcation consists of branch of type 0 passing through points A, B and C, and branches
of types 1 and 2 that originate at point B and pass through points D, E, F and G, H,
respectively. "Bifurcation from infinity", which is illustrated for o = 0.2 (Figure 8.11),
has two branches, i.e., branch of type 3 passing through points I, J, R, K, L and branch of
type 4 passing through points N, M, O. The evolution of the flow structures for the
branches of type 0, 1, 2, 3 and 4 are qualitatively similar to the corresponding branches

discussed previous section in the Figures 8.3-8.5, 8.6-8.7, respectively.



143

0.28
Nu,
0.24 57
. "“x.g Type 4 S5
02k . AN 0 -
425 450 475 500
Ra

Figure 8.11. Enlargement of the box marked in Fig.8.10.

8.3 Effect of Prandtl number

Analysis of bifurcation diagrams displayed in Figures 8.1 and 8.10 permits identification
of critical conditions leading to the appearance of new, primary bifurcation branches. At
this point we investigate how the critical Rayleigh number Ra., changes with the change
of the Prandtl number of the fluid. Figure 8.12 shows the varation of Ra., for Pr = 0.71,
and Pr = 7 as functions of a.. For both cases the decrease of o results in Rac, approaching
the limit of 427, which agrees with the critical conditions for the RB instability for a
uniformly heated lower wall (Drazin and Reid 1981). An increase of o leads to the
primary convection with a strong spatial modulation and results in a rapid increase of
Rac. Figure 8.12 also demostrates that the critical Rayleigh numbers Ra remain very
close for both types of fluids. The difference between them decreases as o decreases and

Ra's for Pr = 0.71 and 7 approach the same asymptotic value.

The complete bifurcation diagram in the (Nu_, o) plane for Pr = 7 overlaid with the
diagram for Pr = 0.71 is displayed in Figure 8.13. The primary bifurcation points remain

essentially unchanged while the branches corresponding to the saturations states exhibit
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small differences increasing with distance away from the critical points. It may be
concluded that the qualitative response of both fluids to the imposed heating is the same

while quantitative differences remain small.
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Figure 8.12. Variation of the critical Rayleigh number Ra., as a function of the heating
wave number a for fluids with Pr = 0.71 and Pr = 7. Open circles denote critical
conditions for the pitchfork bifurcations and filled circles denote the critical points for
the "bifurcations from infinity".
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Figure 8.13. Variations of the local Nusselt number Nu; as a function of the heating
wave number « for selected values of the Rayleigh number Ra for fluids with Prandtl
numbers Pr = 0.71 (dash lines) and 7 (solid lines).
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Finally, bifurcation diagrams displayed in Figure 8.13 demonstrates explicitely that the
complex bifurcation patterns identified in this chapter describe phenomena strictly

associated with the long wavelength heating and not taking place when o = O(1).

8.4 Summary

Natural convection in an infinite slot subject to periodic heating at the lower wall with
wavelengths that are large when compared with the slot thickness has been studied.
Secondary motions in the form of rolls aligned in the direction of primary rolls and
concentrated around the hot spots occur for supercritical values of Ra (Ra > 427). Two
types of bifurcations have been identified depending on the wave number of the heating o

and on the intensity of the heating Ra.

When the heating intensity is sufficiently small but larger than the critical value, i.e.,
427 < Ra < ~470, the secondary motions correspond to supercritical pitchfork
bifurcations and occur only for a < ~0.14, i.e., when a is sufficiently small. One of the
branches of such bifurcation always has an odd number of secondary rolls per half period,
with rolls at the hot spots rotating in the direction opposite to the primary rolls. The other
branch has an even number of secondary rolls per half period, with the rolls at the hot
spots co-rotating with the primary rolls. The number of rolls increases without limit as o
decreases with new rolls being pinched off in pairs. The pinching process for each branch
occurs at different a's and as a result the branches alternate in producing larger net heat

flow.

Increase of the intensity of the heating to Ra > ~470 results in secondary motions
occurring at larger values of a (for o > ~ 0.14), and bifurcation changing character into
"bifurcations from infinity". The critical points for such bifurcations move towards higher
a's with increase of Ra. The main branch of this bifurcation is associated with one pair of
rolls per heating period for o > 0.25 in the range of Ra studied. Decrease of o results in

the formation of secondary rolls and the rolls at the hot spots co-rotating with the primary
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rolls. The new rolls are always pinched off in pairs having always an even number of rolls
per half period. The other branch is associated with one pair of rolls per heating period
when o is very small. Increase of a results in pinching off of rolls counter-rotating with

the primary rolls at the hot spots resulting in an odd number of rolls per half period.

The bifurcation processes are insensitive to variations of the Prandtl number for Pr = O(1)
as only small differences have been observed between results for Pr = 0.71 and Pr = 7. It
has been shown that the observed phenomena are strictly associated with the small wave

number limit of the external heating.



Primary Convection with External Flow

So far we have discussed the primary and secondary convections generated solely due to
the application of periodic heating. In this chapter, we elucidate changes in the primary
convection due to the presence of an external flow. The external flow considered here has
the form of a fully developed Poiseuille flow. Only fluid with the Prandtl number
Pr =0.71 is considered. The organization of the chapter is as follows. In Section 9.1 we
reformulate the problem as the formulation presented in Chapter 2 does not contain any
information about the external flow. Numerical solution procedure is illustrated again in
Section 9.2. Discussion of the results is presented in Section 9.3. A short summary of the

main findings is provided in Section 9.4.

9.1 Problem formulation

Consider steady flow of fluid confined in a channel bounded by two parallel walls
extending to +oo in the x-direction and placed at a distance 2h apart from each other with
the gravitational acceleration g acting in the negative y-direction, as shown in Figure 9.1.
The flow is driven in the positive x-direction by a pressure gradient. The fluid is
incompressible and Newtonian with thermal conductivity kg, specific heat per unit mass c,
thermal diffusivity k= kg/pc, kinematic viscosity v, dynamic viscosity p, thermal
expansion coefficient I' and variations of the density p that follow the Boussinesq
approximation. All material properties are evaluated at the reference temperature defined
below. The lower wall is subject to a periodic heating with temperatures of the lower (0r)

and upper (Oy) walls are specified as,
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0, (x)=0.5cos(ax),  0,(x)=0, 9.1)

where o stands for the wave number of the heating (A=2m/a is the wavelength), 6 denotes
the relative temperature, i.e., 0=T-T, T denotes the temperature and T, denotes the
reference temperature. It is assumed that the mean temperatures of the both walls are

equal and this defines the reference temperature.

<=—0(x)= 0.5cos(0x)

Figure 9.1. Plane Poiseuille flow subject to a periodic heating.

The velocity and pressure fields in the absence of any heating have the form (Poiseuille

flow)

V(x,y) =[u,(y), 0]=[1-¥7, 0], p,(x,y)=-2x/Re, (9.2)

where V = (u,v) denotes the velocity vector scaled with the maximum of the x-velocity
component U, as a velocity scale, p stands for the pressure scaled with the dynamic
pressure scale pUpz, half-channel height h has been used as the length scale and Reynolds
number is defined as Re = Uyh/v. We shall refer to this flow as the reference flow. The

applied heating produces flow modifications that can be represented in the form

u,(x,y) =Reu,(y)+u,(x,y), v, (X,y) =V, (X,y),

9.3
0,(x,y)=Pr'0,(x,y)+0,(x,y), p,(x,y)=Re’p,(x,y)+p,(x,y). ©3)
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In the above, (u,,v2), p2 and 6, denote the complete velocity, pressure and temperature
fields, respectively, (u;,vi) and p; denote the velocity and pressure modifications created
by the heating, respectively, 0, stands for the conductive temperature field and 0; denotes
deviations from the conductive temperature field induced by convective effects. The
complete velocity vector and the velocity modifications have been scaled using the

convective velocity scale U, =v/h where U,/U, = Re, and the pressure modifications

have been scaled using the convective pressure scale pU,”. The amplitude of temperature
variations along the plates is used as the conductive temperature scale T4 and T, = Tgqv/k
is used as the convective temperature scale, where T,/T4 = Pr and Pr = v/x denotes the

Prandtl number.

The conductive temperature field 0y in (9.3) satisfying conditions in (9.1) can be easily

determined, i.e,

=+00

0,(x.y)= 3 0 (y)e"™

n=-oo
n=0

_S o — g sinh(nocy) gm 4 g™ cosh(nocy) inox
nz—:oo|:( v - )2sinh(na)+( v oL )2cosh(na) ©

9.4)

n=0

with 8" =1/4 , 6 =0for [n|>2 and 6 =0 for |n|>1.

The dimensionless field equations describing motion of the fluid and changes in the

temperature field have the form

(Reu, +u1)%+ReV1 Yo +v, u __ % +Viu, , (9.5a)
ox dy oy Ox
(Reu0+u1)al+v %:—%+V2vl+Rael+RaPr’190 , (9.5b)

ox "oy oy
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Pr (Reu0 +ul)@+vl% +(ReuO +ul)%+V1%=V291 5 (9.5¢)
ox oy ox oy

ou, , Ov,

—+—=90 , 9.5d

x oy (9.5d)

where Ra = gI'h’Tg/vk is the Rayleigh number, V* denotes the Laplace operator and
dissipation effects in the energy equation have been neglected. The boundary conditions

take the form

u,(£1)=0, v,(x1)=0, 6,(£1)=0. (9.6)

The problem specification needs to be closed by specifying additional constraint. The
presence of heating may alter the resistance that the fluid needs to overcome during its
motion through the channel. The additional constraint may thus be specified in the form
of requirement that the flow with or without the heating has to carry the same mass flow

rate, i.e., fixed mass flow rate constraint. This constraint can be expressed as

1 1
Q:juzdy:I(Reu0+ul)dy=4Re/3 9.7
-1 -1

and its enforcement permits determination of the change in the average pressure gradient
required in order to maintain the same flow rate. Another constraint of interest is the fixed
pressure gradient constraint, i.e., the same pressure gradient is available for pushing the

fluid through the channel with or without the heating. This constraint may be expressed as

op, _ 9P, +p) _

-2 R 9.8
Ox Ox © ©-8)

and permits determination of the change in the mass flow due to the imposition of the
heating. The complete problem, which consists of the field equations (9.5), the boundary

conditions (9.6) and either constraint (9.7) or (9.8), needs to be solved numerically.



9.2 Numerical Solution

We define the stream function wy(x,y) in the usual manner, i.e.,

v, =—0y/0x, and eliminate pressure from the momentum equations

governing equations to the following form
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u, =dy/dy,

bringing the

0 (<, d*u, oy 4 00 , 00
Reu, —(V’y)-Re—2—"+N_ =V*'y-Ra—-—-RaPr' —2, 9.9
°ax( v) dy? ox v VT ox ©-92)
00 00
PrReu, a—xl+1>rN61 +Reu, 8—X0+Neo =V’0, (9.9b)
where the nonlinear terms are written in the conservative form, i.e.,
o 0 0 o[ 0 0
N, = 5(&@&1) + a—y<ulvl>] - a—){[@—){(ulvl > + 5<V1Vl>j ,
0 0
Nel = a_X<u‘el> +5<V191> ,
0 0
Neo = a—x<u160> +5<V190> .
The solution is assumed to be in the form of Fourier expansions, i.e.,
v y)= T 0" (ye"™, 0,(x,y)= L ¢ (y)e", (9.10a)
ul(x,y)z :Z_: ul™ (y)e"™, Vl(x,y): :Z_: v (y)e"™ , (9.10b)
pi(x.y)=A,x+ % pi”(y)e"™ (9.10¢)
where u” =De"™ and v{" =—inap"™ and A, denotes pressure gradient modification

induced by the heating. The nonlinear terms are expressed in terms of Fourier expansions

in the form
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<u1u1>(x, Y) = :§:<u1u1>(n) (y)e"™, <u1V1>(X, Y) = :§:<ulvl>(n)(y)ei““x ,
(viv))(x,y)= E:(Vlvl)(“)(y)eim , (1,0,)(x,y)= :2:(11191)(“) (y)e™™ (9.10d)
<Vlel>(x= y) = n§:<vlel>(n) (y)e"™, <u190>(x, Y) = H:Zi:: <u190>(n)(y)emx )

Substitution of (9.10) into (9.9) and separation of Fourier components result in the

following system of ordinary differential equations for the modal functions

2
du,
2

D2e™ —ina Re[uODrl - ](p(“) —inoRa¢p™ =inaRaPr™' 0" + Nf;), (9.11a)

D ¢" —inaPrReu,¢™ =inaReu,0{” + N +PrN{" (9.11b)

where -co<n<+oo, D=d/dy, D2=d2/dy2, Dn=D2-n20c2,

NV =inaD(u,u, )" +D*(u,v,)™ +in’a(u,v,)" ~inaD(v,v,)",
N = inoc<u161>(n) + D<V191>(n),

NG = ina<u160>(n) + D<V190>(n) .

The linear terms have been placed on the left hand side, and the nonlinear and the known
terms have been placed on the right hand side. The required boundary conditions for the

modal functions have the form
De™(£1)=0, ¢™(*1)=0, for -so<n<+oo. (9.12a,b)
o™(*1)=0, for n=0 (9.12¢)

e -1)=My, ¢“(1)=M, (9.12d,¢)
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where the constants M;, M, can be selected arbitrarily (Floryan 1997). One of these
constants defines the arbitrary normalization condition in the definition of the stream
function and the other one follows from a suitably chosen flow constraint. In the case of

the fixed mass flow rate constraint these constants have been selected in the form

¢ V(-1)=0, ¢”(1)=0. (9.13a,b)

In the case of the fixed pressure gradient constraint the closing conditions take the form

¢(-1)=0, A,=0. (9.14a,b)

The system (9.11) together with the boundary conditions (9.12a-c) and either constraints
(9.13a,b) or (9.14a,b) needs to be solved numerically.

For the purpose of numerical solution, expansions (9.10) have been truncated after Ny
Fourier modes. The discretization method uses Chebyshev collocation technique based on
N collocation points. Gauss-Chebyshev-Lobatto points (Trefethen 2000) are used as the

collocation points and their locations are computed from the following expression

_(n(N, +1-2k)
= _— k=0,1,2,...N
Y« Sln( 2(NT _1) ]’ s Loss T (915)

which is advantageous in the floating-point arithmetic (Weideman and Reddy 2000). The
resulting nonlinear algebraic system of equation is solved using an iterative technique

combined with under-relaxation in the form
(Dj+l :(Dj +RF((Dcomp_cDj) (916)

where © = {(p("),q)(")}, @, denotes the current solution, ®; denotes the previous

comp

solution, and @,,, stands for the accepted value of the next iteration and RF denotes the
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relaxation factor.

The solution process starts with solution of (9.11) with the nonlinear terms on the RHS
assumed to be zero. Once solution of this problem has been completed, the first
approximation of the nonlinear terms is computed on the basis of the available
approximation of the velocity and temperature fields and system (9.11) is resolved with
the new approximation of the nonlinear terms used on the RHS. This process is
continued, with the update of the nonlinear terms taking place after each iteration, until a

convergence criterion in the form

max( @, @ |)<TOL 9.17)

is satisfied. TOL in (9.17) denotes tolerance at two consecutive iterations. The number of
collocation points and the number of Fourier modes used in the solution were selected
through numerical experiments so that the flow quantities of interest were determined

with at least six digits accuracy.

The evaluation of the non-linear terms requires evaluation of products of two Fourier
series. It is more efficient to evaluate these product in the physical space rather than in the
Fourier space (Canuto et al. 2006). The required flow quantities, i.e., u;, vy, 0;, are
computed in the physical space on a suitable grid based on the collocation points in the
y-direction and a uniformly distributed set of points in the x-direction, and the required
products are evaluated. The Fast Fourier Transform (FFT) algorithm is used to express
these products in terms of Fourier expansions (9.10d). The aliasing error is controlled
using "padding" (Canuto et al. 2006), i.e., using of a discrete FFT transform with N,
rather than Ny points, where N, > 3Ny / 2. Zeros are added for the additional Fourier

modes as required.
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Imposition of the fixed mass flow rate constraint (9.13a,b) is simple. Once the flow field
has been determined, the pressure field is computed from the momentum equation.

Insertion of (9.10) into (9.5a) and separation of Fourier modes lead to

. 1 . n . du n .
p™ =E{(D2 —n’a’ —ln(XReuo)D(P( : +1n0cRed—y°(p( : —1n(x<u1u1>—D<u1V1>}

fornz0 (9.18a)

A, =D -D(uv,)”  forn=0 (9.18b)

p
Equation (9.18a) provides ability for direct evaluation of pressure modal functions for
n=0. Equation (9.18b) can be used for determination of the additional pressure gradient
required to maintain the mass flux in the heated channel as in the unheated reference

channel. A form more suitable for computations (Floryan 1997) is obtained by integrating

this equation between the walls resulting in

_ 1 [ 2 .(0) 2 (0) ]
M—ED@‘H—D¢‘P1. (9.19)
The missing expression for determination of the 0™ modal function in the pressure field
(see equation 9.10c¢) is obtained from the y-momentum equation. Substitution of (9.10)

into (9.5b), extraction of mode zero and integration between both walls result in the

following expression

pl¥ = Rajflego)dy — <V1Vl>(0) + constant (9.20)

where the integration constant is arbitrary.

Imposition of the fixed pressure gradient constraint requires enforcement of (9.14a) in the

same manner as above while imposition of condition (9.14b) is carried out with the help
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of expression (9.19). The reader may note that the resulting problem is a mixed boundary
value problem as conditions (9.19) involves quantities from both ends of the solution

domain. The associated change in the flow rate is evaluated as

1 1
Q= Ju,dy=[(Reu, +u,)dy =4Re/3+Q, =4Re/3+0¢"(1). (9.21)
e |

9.3 Discussions of results

Due to the presence of the external flow the present problem becomes a three-parameter
problem, and the parameters are (i) the heating wave number a which dictates the spatial
distribution of the heating, (i1) the Rayleigh number Ra which defines the intensity of the
heating, and (iii) the Reynolds number Re which describes the strength of the external
flow. The structure of the temperature field in the absence of convection shown in
Figure 9.2 demonstrates that the space between the walls can be separated into heated
and cooled zones resulting in the buoyancy force changing direction along the length of
the channel. Such distribution of the driving force results in the onset of convection

regardless of the amplitude of the heating.

A0 | -10
30, \|i-30,
LB~ i 100 |E -100]
\ \‘-,_'-/200 od A =
1 TR / ,\ ool B
0 1 oy 2

Figure 9.2. Isotherms of the conductive temperature field for the heating wave number
a = 3. Solid lines denote positive temperatures and dashed lines denote negative
temperatures. Temperature magnitudes are multiplied by 1000. Note that this figure is
same as the Fig.2.3 presented in Chapter 2. We show it here again.
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Convection motion has a fairly simple topology (as we have seen in Chapter 2) when
there is no external flow, i.e., Re = 0. The fluid rises above the hot zones in the lower wall
and descends above the cold zones forming pairs of counter-rotating rolls (see
Figure 9.3A). When the external flow is introduced, flow topology starts to evolve away
from the counter-rotating rolls. Figure 9.3B displays results for a weak external flow with
Re = 1 and with the fixed mass constraint. It can be seen that a narrow stream tube has
been formed. This stream tube separates rolls which are slightly displaced in the flow
direction (as compared to the no flow case). The clock-wise rotating rolls are contained
in the separation bubbles at the lower wall whereas the counter-clock-wise rolls are
contained in the separation bubbles at the upper wall. If the intensity of the flow is
increased to Re = 10 (Figure 9.3C), the heights of the separation bubbles are reduced.
Further increase of the external flow to Re = 20 (Figure 9.3D) eliminates separation
bubbles at the upper wall while retaining separation bubbles at the lower wall; these
bubbles are concentrated near the cold regions of the wall. At Re = 100 (Figure 9.3E), no
separation bubbles are visible at all since the external flow is strong enough to sweep
them away. The motion of the bulk of the fluid is dominated by the external flow, and the
influence of the buoyancy forces is limited to a thin zone near to the lower wall. We refer
to such flow as the ‘nearly parallel flow’. If the intensity of the external flow is further
increased, the influence of the heating cannot be detected. It is noted that the separation
bubbles at the lower and upper walls do not form in the same x-locations; usually the
upper bubbles form above the hot spots while the lower bubbles form above the cold

spots.

The isotherms corresponding to the above flow conditions are depicted in Figure 9.4. It is
apparent from these figures that plumes are inclined along the flow direction with the
inclination increasing with an increase of Re. It is also observed that only a very narrow
portion (near the lower wall) of the channel remains cold. For low Re (see Figure 9.4A-
(), the plume height covers almost the whole channel height; the size of the plume

decreases with an increase of Re (Figure 9.4D-E).
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Figure 9.3. Flow topology for the Rayleigh number Ra = 3500 and the heating wave
number « = 1. Figures 9.3A-E correspond to the Reynolds number Re = 0,1,10,20,100,
respectively. Stream function is normalized with its respective maxima. wmax for Figs
9.3A-E are 12.78, 13.34, 14.887, 26.667, 133.33, respectively. The dash-dot line in
Fig.9.3B represents the center of the flow tube, whereas the thicker solid lines represent
the boundaries of the lower and upper separation bubbles, respectively.
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Figure 9.4. Isotherms for the flow conditions shown in Fig.9.3.
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Flow patterns discussed above are usually observed when the heating wave number is low
to moderate. A different evolution of flow topology is observed for large heating wave
numbers. We have seen in the Chapter 2 that at Re = 0 the existence of the convection
rolls was limited to the region near to the lower wall at large heating wave numbers, and
the upper section of the channel experienced uniform x-independent temperature
distribution. This phenomenon is shown again in Figures 9.5A and 9.6A. Introduction of
a weak Poiseuille flow (e.g., Re = 1) into the channel causes the rolls to begin to detach.
The clockwise rolls form separation bubbles at the lower wall as before, but the counter-
rotating rolls now form separation bubbles inside the flow; we refer to them as ‘bubble-
inside-the-flow’ as shown in Figure 9.5B. Existence of the inflow stagnation points is
detected. These bubbles divide the flow stream into two sections: one stream flows above
the bubbles and the other flows below the bubbles. The lower stream meanders, whereas
the upper stream is almost straight. This type of flow topology is usually observed at large
heating wave numbers o. If the intensity of the external flow is increased to Re = 10 (see
Figure 9.5C), the bubbles inside the flow disappear but bubbles attached to the lower
wall remain. Further increase of Re to 40 eliminates the lower bubbles and the flow
becomes nearly parallel as depicted in Figure 9.5D. It is noted that creation of separation
bubbles at the upper wall at large heating wave number requires high intensity of the
heating (e.g., Ra = 5000 at Re = 1 for a = 5). In this case, the flow topology consists of
three types of bubbles: bubbles at the lower wall, bubbles at the upper wall and ‘bubble-
inside-the-flow’. Figure 9.5E well illustrates such flow topology.
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Figure 9.5. Flow topology for the heating wave number « = 5. Figs 9.5A-E correspond
to the Reynolds number Re = 0,1,10,40,1, respectively. The Rayleigh number Ra = 3500
for Figs 9.5A-D, and 5000 for Fig.9.5E. Stream function is normalized with its respective
maxima. ymax for Figs 9.5A-E are 1.248, 1.365, 13.333, 53.333, 1.772, respectively.
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Figure 9.6. Isotherms for the flow conditions shown in Fig.9.5.
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In Figure 9.7 we elucidate the relationship between the heating wave number o and the
Rayleigh number Ra at a fixed value of the Reynolds number Re that guarantees
existence of various aforementioned flow structures. For a fixed value of Re, we obtain
four types of zones. In zone I (which is below the solid lines) no bubbles are formed and
the flow structure corresponds to the ‘nearly parallel flow’. This zone exists for all a
when either the intensity of the external flow is sufficiently high or the intensity of the
heating is sufficiently low. In zone II (above the solid line) separation bubbles form at the
lower wall. Bubbles start to appear at the upper wall when the flow conditions correspond
to zone III. It is evident from Figure 9.7 that if the upper wall bubbles form, the lower
wall bubbles must also form; formation of only the upper bubbles is not possible. For
higher values of o, intense heating (higher Ra) needs to be used in order to generate
bubbles at the upper wall. Lastly, zone IV (above the dash-dot line) emerges when the
heating is sufficiently high and, at the same time, a is also sufficiently high. Here at

Re =1 zone IV does not emerge at all if o ~<3.9.
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Figure 9.7. Conditions for existence of various separation bubbles for the external flow
with the Reynolds number Re = 1. Note that above the solid line bubbles at the lower
wall exists, above the dotted line bubbles at the upper wall exist, and above the dash-dot
line *bubbles-inside-the-flow’ exist.
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Conditions for the formation of bubbles at the lower and upper walls for selected values
of Re are illustrated in Figure 9.8. These results demonstrate that in order to create
bubbles at each of the walls one needs to increase the Reynolds number Re and the
Rayleigh number Ra at the same time. It is found that for the range of Ra considered in
this study the upper wall bubbles do not form when Re >~20 whereas the lower wall

bubbles do not form if Re >~70.

10

Figure 9.8. Conditions for existence of bubbles at the lower wall (Fig. 9.8A) and at the
upper wall (Fig. 9.8B) for selected values of the Reynolds number Re. Below each of the
line bubbles do not exit, above each of the lines bubbles do exist.

At this point, we focus our attention on the streamwise pressure gradient modifications
(defined by Eq. 9.19) that may be induced by the applied heating. Figure 9.9 shows the
variations of the pressure gradient modification A, as a function of the heating wave
number o and the intensity of the reference flow Re at a constant intensity of the heating
Ra. One may note that negative A, contributes to the increase of drag whereas positive A,
contributes to the reduction of the drag experienced by the flow. For the range of
parameters considered here we always obtain positive values of A, , and with the increase

of heating intensity Ra, the value of A, usually increases.
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To understand why drag force is reduced, we consider the force balance as follows:

Shear stress acting on the fluid at the lower wall, 1, = —[@ + @]
y=-1

Ox

Shear stress acting on the fluid at the upper wall, T, = +(@ + ?)
X
y=1

Shear force acting on the fluid at the lower wall per one wavelength of the heating,

F, = [t dx where, A =2n/a

Shear force acting on the fluid at the upper wall per one wavelength of the heating,

X=X\
Fo = L:o Tydx.

The force balance along the x-direction requires that the total shear force per one
wavelength (F, =F, +F ) has to be equal to the pressure force acting on surfaces

perpendicular to the walls placed at a distance equal to one wavelength, i.e.,

d
F = —2[£ij = 2(-2Re+A, i

10°F

10'FIRS<
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Figure 9.9. Variation of the streamwise pressure gradient modification induced by the
heating A, as functions of the heating wave number ¢, and the Reynolds number Re for
the Rayleigh numbers Ra=2000(solid line) and 5000(dash-dot lines) for the constant
mass flux constraint. The maximum values of A, at Ra=2000 and 5000 are 2.722 (at
a=2) and 8.175 (at a=2.25), respectively.
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Consider situation when A, takes the maximum value for Ra = 2000, i.e., Re = 6.3 and
o = 2. The shear force acting on the fluid on both walls and the percentage reduction of

the drag force 9 as compared with the non-heated case are shown in Table 9.1.

8% = (FS withheating s withoutheating)loo /FS withoutheating (922)
Table 9.1: Shear force at Re = 6.3, oo = 2, Ra = 2000, A, = 2.722.
Lower wall ~ Upper wall  Total Percentage
(FSL) (FUL) (FS) Reduction, 8(%)
Without heating  -39.58 -39.58 -79.16 21.6
Ra=2000 -14.17 -47.89 -62.06

The above results show that presence of the heating results in 21.6% drag reduction.

The flow topology and the pressure field for the above conditions are displayed in
Figure 9.10A. The flow structure contains separation bubbles at the lower and upper
walls. Here we see that the size of the lower wall bubble is moderate, and the size of the
upper wall bubble is small. This combination of the bubbles’ size provides maximum
drag reduction. It may be noted that if the bubbles’ size is too large drag reduction is very

small. We shall come to this issue again.

Figure 9.10B illustrates shear stress distributions at the lower and upper walls. Shear
stress 1s positive in the separation regions. Because of that, instead of opposing the flow,
the shear assists the flow as it acts along the flow direction. The overall result is the

reduction of the total shear force when compared with the non-heated channel.
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XI\
Figure 9.10. Flow structure is shown in Fig.9.10A, and shear stress zdistributions at the
lower wall (solid line) and the upper wall (dotted line) are shown in Fig.9.10B for

the conditions when the streamwise pressure gradient modification induced by the

heating A, is maximum, i.e., Re = 6.3, « = 2, Ra = 2000. Shaded areas in Fig.91.0B
show the regions of separation bubbles.

Figure 9.11 depicts velocity profiles at different x-locations over one heating wavelength.
It is evident that the maximum of the horizontal velocity component is greater than that
for the unheated flow. This increase of the local velocity is due to the formation of the

separation zones which reduce the cross-sectional flow area available to the flow.

Figure 9.12 describes distribution of shear stress at the upper and lower walls at selected
values of the Reynolds number Re. It confirms that the bubble size diminishes with the

increase of Re, and at high enough Re the bubbles disappear.
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Figure 9.11. Horizontal velocity profiles at different x-locations for the Reynolds number
Re = 6.3, the heating wave number « = 2 and the Rayleigh number Ra = 2000. The thick
dash-dot line shows the velocity profile without heating. Horizontal velocity is
normalized by the maximum of Uys.

Figure 9.12. Shear stress z distributions at the lower (Fig.9.12A) and the upper
(Fig.9.12B) walls for selected values of the Reynolds number Re at the heating wave
number « = 2 and the Rayleigh number Ra = 2000. Subscripts L and U are for the lower
and upper walls, respectively.
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To identify the heating pattern (i.e., the heating wave number o) which leads to the
maximum drag reduction, we refer to the plot shown in Figure 9.13. It can be seen that
the heating pattern defined by o = 2~3 provides the maximum possible drag reduction at
Reynolds numbers Ra = 2000 and 5000 considered here. The range of the Reynolds
numbers that provides meaningful drag reduction is identified as Re = 1~20 for the case
of Ra = 2000; this range increases to Re = 0.5~50 for Ra = 5000. The magnitude of A, is
reduced at higher Re because of reduction of the size of the separation zones. It is found
that at low Re the magnitude of A, decreases proportionally to the decrease of Re. To
explain the reduction of A, at smaller values of Re we explore the flow structures at very
low Re. A typical example is shown at Figure 9.3B. It is observed that at very low Re,
the presence of the heating results in large and almost vertical plumes (as the reference
flow is too weak to tilt them along the flow direction) covering most of the channel height
resulting in the formation of very big separation bubbles at both walls leaving a very
narrow meandering flow tube for the fluid to pass through. The overall effect of such flow

re-arrangement is the reduction of the pressure gradient modification A,

10-3 . nl‘uml el el TR
2 -1 0 1 2
10 10 10 Re 10 10

Figure 9.13. Variation of the streamwise pressure gradient modification induced by the
heating A, as a function of the Reynolds number Re for the Rayleigh numbers Ra = 2000
(solid line) and Ra = 5000 (dash-dot line) for selected values of the heating wave number
a.
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Figure 9.14 illustrates variations of the pressure gradient modification A, with the change
of the heating intensity Ra at selected values of the flow Reynolds number Re. We
consider oo = 2 and 3 only as these values correspond to the most efficient heating
patterns. A, initially increases proportionally to Ra’ but this increase eventually saturates

and any additional heating does not increase A,,.
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Figure 9.14. Variation of the streamwise pressure gradient modification induced by the
heating A, as a function of the Rayleigh number Ra at selected values of the Reynolds
number Re for the heating wave numbers « = 2(solid line) and « = 3(dash-dot line).The
thick dash line represents the relation Ayoc Ra’.

The nonlinear interactions associated with the convection and the reference Poiseuille
flow give rise to the mean vertical temperature gradient that results in the net heat transfer
between both walls. The net heat flow between both walls per unit length is expressed in

terms of the Nusselt number defined as

©)
]dx =—Pr dé
y=-1 dy

Nu = 2F }(—@ (9.23)

N dy

y=-1
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Figure 9.15 shows the net transfer between the walls. It is observed that with the increase
of the Reynolds number Re, the Nusselt number Nu decreases. This is because the
external flow dominates the bulk motion of the fluid and the transverse heat transfer is

limited to conduction only.

Figure 9.15. Variation of the heat flow between the walls expressed in terms of the
Nusselt number Nu as functions of the Reynolds number Re and the heating wave number
a. Solid line corresponds to the Rayleigh number Ra = 2000, and dash-dot line to
Ra = 5000.

9.4 Summary

Channel flow subject to a periodic heating at the lower wall has been considered. The
flow has Poiseuille form in the absence of any heating. The flow with the heating exhibits
five distinct topologies, i.e., (i) nearly parallel flow, (ii) flow with separation bubbles at
the lower wall, (i11) flow with separation bubbles at the upper wall, (iv) flow with bubble-
inside-the flow, and (v) flow with a combination of the lower, upper and inside bubbles.
It is found that the pressure gradient modification induced by the heating is always
positive indicating the reduction of the overall drag. The formation of the separation

bubbles provides recirculation zones which contribute to the reduction of the wall shear
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force, and thus to the reduction of the drag. Maximum drag reduction occurs when the
separation bubbles at the lower and the upper wall exist simultaneously and have

optimum sizes.



10

Conclusions, Applications and Recommendations

10.1 Conclusions

Thermal convection (buoyancy-driven) of a Boussinesq fluid contained in an infinite slot
has been analyzed. The slot is subject to a spatially distributed heating and the gravity is
directed across the slot. It is assumed that the mean temperatures of both walls are the
same and thus the convection occurs only due to the spatial variability of the heating.
Detailed results are presented for the case of sinusoidal variations of temperature of the
lower wall while the temperature of the upper wall is kept constant. The spatial pattern of
the heating is described in terms of the heating wave number o while the intensity of the
heating (heating amplitude) is expressed in terms of a suitable defined Rayleigh number
Ra. Fluids with Prandtl numbers in the range 10 < Pr < 10° have been considered which

covers the range of interest in most of potential applications.

The primary response of the system consists of convection in the form of rolls whose
orientation is determined by the heating wave number o and structure is dictated by the
particular values of Ra and o. Heating with small and moderate values of o results in
convection spreading throughout the whole fluid domain. When o is sufficiently large,
convection is confined to a thin zone adjacent to the lower wall and a uniform conductive
layer with temperature independent of the x-direction emerges above this zone. Sufficient
increase of Ra causes convection to expand back into the bulk of the fluid. The nonlinear
interactions associated with convection give rise to the mean vertical temperature gradient
that results in the net heat transfer between both walls, with the heat flow being larger for
smaller a.. The upper section of the fluid layer has always an unstable mean temperature

gradient with thickness of this zone decreasing with a decrease of a.
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Linear stability of the primary convection has been considered and conditions leading to
the emergence of secondary convection have been identified. Depending on the heating
wave number o, the secondary convection may take the form of either the longitudinal
rolls, or the transverse rolls, or the oblique rolls, or have an oscillatory character. The
longitudinal rolls are parallel to the primary rolls and the transverse rolls are orthogonal to
the primary rolls, and both of them result in striped patterns. The oblique rolls lead to the

formation of convection cells with aspect ratio dictated by their inclination angle.

Three mechanisms of instability at the onset have been identified. In the case of small and
moderate o the parametric resonance leads to the pattern of instability that is locked-in
with the pattern of the heating according to the relation &, = o/2, where &, denotes
component of the disturbance wave vector parallel to the heating wave vector. This
resonance may be combined with variations in patterns of vertical temperature gradients,
and patterns and strength of the primary convection currents. These patterns represent the
second mechanism which may by itself dominate the form of secondary convection, as in
the case with the transverse rolls. The third mechanism is active in the case of large a,
where the instability is driven by the mean vertical temperature gradient created by the
primary convection with the magnitude of the critical disturbance wave vector
approaching limiting value of 3. = 1.56 regardless of the roll orientation. Rolls in this
limit show weak preference for the transverse orientation and the fluid response is similar
to that found in the case of a uniformly heated wall. The first two mechanisms dominate
for small and intermediate values of o where the spatial modulation of the flow is
sufficiently strong while the third mechanism dominates in the case of weak spatial
modulation. The strength of the modulation is a monotonic function of Pr and o but a

non-monotonic function of Ra.

In the case of the longitudinal rolls, mechanisms associated with parametric resonance
and mean vertical temperature gradient, i.e., the first and the third mechanisms, are
observed. Competition between these mechanisms gives rise to commensurable and non-
commensurable states for the longitudinal rolls. The commensurable states can be

categorized according to the wavelength of the flow system Ns measured using the
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disturbance wavelength as the length scale. Branches corresponding to Ns = 39, 78, 156,
234 and 468 have been explored in details for some selected values of Pr. In the "large o"
zone the modulation is always limited to the area around the lower (heated) wall and the
flow structures in the bulk of the fluid are dominated by d.;. Depending on the type of
fluid, a decrease of o causes flow patterns to morph into the "beating”, "wavy", "double
wavy", "wavy-like", "double-parallel” and other forms that cannot be easily characterized,

including formation of soliton lattices.

The possible system responses in the case of longitudinal rolls can be divided into four
types depending on the value of Pr. In type A, the pattern of instability is locked-in with
the pattern of heating for smaller values of o and no direct relation between both patterns
exists for larger values of a. In type B, the lock-in does not occur at all. Type C response
is similar to Type A, the difference involves only in the rate of change of the lock-in
conditions as a function of Pr; this change is very rapid for type C and insignificant for
type A. In type D, two different critical instability branches have been identified. Branch
one exists for lower values of o and corresponds to disturbances whose structure is
locked-in with the heating pattern whereas branch two exists for larger values of a and
describes disturbance patterns that have no direct relation with the heating patterns.
Morphing between different patterns of instability motion may occur in response to
change in the heating pattern in types A and C, while such process is not possible in types
B and D.

In the case of the transverse rolls, the main role is played by mechanisms associated with
spatial modulation and with the mean vertical temperature gradient, i.e., the second and
the third mechanisms. The modulation mechanism is active for heating patterns
corresponding to the heating wave numbers O(1) for all values of Pr. Domination of this
mechanism leads to the formation of very deformed transverse rolls. The zone where the
other mechanism is active shifts towards higher values of the heating wave number as Pr
decreases. The interplay between both mechanisms results in two types of fluid response

depending on Pr. One of them produces a single-minimum critical curve when both
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mechanisms are active in the same range of heating wave numbers, and the other
produces a two-minimum critical curve when both mechanisms are active in distinctly
different ranges of the heating wave numbers. A zone of a fairly stable primary
convection occurs in the latter case for the heating patterns corresponding to the heating

wave numbers from the in-between zone.

In the case of the oblique rolls, all three mechanisms are active. It has been found that,
within the range of Ra being of interest, these rolls can change orientation from 0° to 35°
with respect to the primary rolls depending on the heating wave number and the Prandtl
number of the fluid. A rapid stabilization of the primary convection is observed when the
heating wave number is sufficiently small. Analysis of temperature field created by the
primary convection at the onset suggests that reduction of the thickness of zone with an
unstable temperature gradient is likely responsible for the observed stabilization. The
zone of dominance of the oblique rolls increases (moves toward “large o.” zone) with the
decrease of Pr. The x-component of the critical disturbance wave vector 3 varies as
dcr = a/2 for all of the Prandtl numbers considered. Morphing between the oblique and

longitudinal rolls occurs only for fluids with ~0.3<Pr<~1.

In the case of long wavelength heating, secondary motions in the form of longitudinal
rolls concentrated around the hot spots occur for supercritical values of Ra (Ra > 427).
Pitchfork bifurcations and "bifurcations from infinity" have been identified depending on
the wave number of the heating o and on the intensity of the heating Ra. The secondary
convective motions of each of the bifurcation branches contain either an odd number of
secondary rolls per half period, with rolls at the hot spots rotating in the direction opposite
to the primary rolls, or an even number of secondary rolls per half period, with the rolls at
the hot spots co-rotating with the primary rolls. The number of rolls increases without
limit as o decreases with new rolls being pinched off in pairs. The pinching process for
each branch occurs at different o's and as a result the branches alternate in producing
larger net heat flow. The bifurcation processes are insensitive to variations of the Prandtl
number for Pr = O(1).
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The topology of the primary convection changes with the presence of an external flow.
Five distinct flow compositions have been identified; they include separation bubbles at
the lower wall, separation bubbles at the upper wall, ‘bubbles-inside-the-flow’,
combination of the lower, upper and inside flow bubbles, and a nearly parallel flow. The
pressure modification gradient induced by the heating always appears to be positive
indicating reduction of the overall drag. The formation of separation bubbles provides
some recirculation zones which contribute to the reduction of the wall shear force which
leads to the reduction of the drag. Maximum drag reduction is achieved when the flow
contains separation bubbles both at the lower and upper walls with an optimum size.

Overall, it is can be concluded that the heating wave number o can be used as a pattern
control parameter and its judicious selection provides means for creation of a large range

of flow responses.

10.2 Applications

The distributed heating or, particularly, the periodic heating in sinusoidal form studied in
this dissertation provides unevenly heated surfaces. We have seen that this type of heating
produces convection regardless of the intensity of heating, no matter how small the

heating amplitude is. Some of the proposed applications are discussed below:

e To create convection and thereby enhance mixing in micro- and nano-devices by
inserting electrically heated micro- or nano-wires in a suitable interval on the

surface.

e To contribute to modeling of transport processes in atmosphere where local
convective motions may be occurring in the presence of unevenly heated surfaces
(ocean, lake/forest system, urban environment, local fires etc.). Local convection
may have dominant effect on transport of contaminants, especially in urban

environment and in sea.
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e To develop new efficient heat exchangers working with low temperature
differences between the heat source and the heat target. The primary application
area would be geothermal heating and cooling. Use of geothermal energy is of
great interest at present due to concerns associated with environmental pollution,

greenhouse gases and the cost of traditional sources of energy.

e To help in the analysis of transport processes occurring during transportation of
petroleum products such as natural gas using pipelines. Pipelines usually extend
over large distances and thus must be exposed to different temperatures which
could be modeled using periodic heating. In this sense, this study may be helpful

in petroleum industry.

e RB convection is suitable for performing thermally activated chemical reactions
that require temperature cycling. One example that requires frequent changes in
temperature is the polymerase chain reaction (PCR) that is typically carried out by
heating and cooling a sample volume repeatedly. Krishnan et al. (2002) conducted
PCR for DNA amplification using RB convection cell. Various convection cells

obtained in this study may also be used for such PCR.

e The analysis of the noninvasive measurement of blood perfusion (Liu and Xu
1999) and the analysis of cancer hyperthermia or thermal comfort (Deng and Liu
2002) in biological bodies involve the use of spatial sinusoidal heating.

Consequently, this study may be a potential use for these types of problems.

10.3 Recommendations for future works

Primary and secondary convection in a fluid layer exposed to a sinusoidal heating at the
lower wall has been considered for a wide range of Prandtl numbers Pr. The primary
convection is assumed to be two-dimensional while the secondary convection is assumed

to be three dimensional. Analysis of the secondary convection is based on the linear
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stability theory. In order to advance research presented in this dissertation, analysis of the

following problems may be undertaken in the future:

i)

In this dissertation various secondary flow structures have been identified at
the onset conditions. The next step would be to perform the direct numerical
simulation (DNS) to obtain saturation states, as saturation properties dictate

the actual behavior of the system.

The distributed heating defined here may have many forms. The simplest
pattern described by sinusoidal function has been investigated in details. More
complex forms of heating can be considered. Examples of possible patterns
include heating with temperature in the form of a saw-tooth, or in the form of

a sine-bump, among many others.

The heating pattern considered in this dissertation varies along the length of
the slot, i.e., f(x). Variations across the slot can be studied by considering
heating to be function of both dimensions, i.e., f(x,z). In the later case, the
primary convection will be three-dimensional, and the corresponding linear

stability will follow formulation presented in Appendix C.

In RB convection a non-linear stability theory is used to obtain final patterns,
e.g., spiral-defect chaos, etc. (Bodenschatz et al. 2000). Non-linear stability
theory may be developed to gain further understanding of periodically heated

systems.

This dissertation describes only the primary convection when an external flow
is present. This analysis can be extended by considering the secondary

convection in the presence of an external flow.
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Appendix-A

Calculation of Pressure Field for the Primary Convection

This appendix describes method used to determine the pressure field from the computed
velocity field for the primary convection described in Section 2.4.2.2.

The non-dimensional x- and y-momentum equations (2.5a-b) can be written in the

conservative form as

S S R
- (uu)+ 8y<uv> P +V?iu, (A.1a)
§<UV>+%<VV>:—%+V2V+ Ra6, + RaPre,. (A.1b)

The flow variables u, v and p can be expressed using Fourier expansion as

u(x,y)= nizmu(”) (y)e™™, (A.2a)
v(x,y)= niimv(”) (y)e™™, (A.2b)
px.y)="3 P (y)e"™ (A.20)

The convective terms can also be expressed in terms of the Fourier expansions as

(uu)(x,y)= :§:<uu>(n) (y)e™™ (A.3a)



185

<uv>(x,y):n§w<u > (y)e"™ (A.3b)
<vv>(x,y):n§w<v >  (y)e™ (A.3¢)

Insertion of the above Fourier expansions into (A.1) and separation of Fourier

components lead to
inap™ = (D2 -~ nzocz)u(”) —ina(uu) —D{uv) , (A.4a)

Dp™ = (D2 - nzocz)v‘”) —ina(uv) —D(w) +Ra0{" +RaProg . (A.4b)

Equation (A.4a) written for mode n=0 provides expression for the evaluation of p™(y)

p™(y [( nzocz)u(”) —inafuu) - D<uv>n], for n=0. (A.5)

1
" ina

The last quantity, i.e., p©(y), needs to be computed from the y-momentum equation

(A.4b). This equation written for mode 0 results in

Dp© =-D(w), +Rab{” +RaPr o (A.6)
which, after integration, leads to

p©(y)=-D(w), +Ra Teio’dy+ constant . (A7)
a

Expressions (A.5) and (A.7) provide the complete pressure field. Integration constant in

(A.7) is arbitrary and usually taken to be zero.
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Appendix-B

Formulation of the Field Equations Describing Three-Dimensional Primary
Convection

In this Appendix we derive the three-dimensional governing equations for the primary
convection created by spatially distributed heating varying in the longitudinal and
transverse directions, i.e., f(x,z). The reader may note that this formulation includes

externally imposed flow.

Consider flow confined in a channel bounded by walls at y = £1 and extending to oo in
the x- and z- directions, as shown in Figure B.1. The reference flow is the Poiseuille flow
directed along the positive x-axis and driven by a pressure gradient. The fluid is
incompressible and Newtonian. This flow is modified by distributed heating applied at

the bottom wall resulting in the temperatures of the walls in the form

NP MIE® (nm) A i(anx+umz (Bla)
0,.(x,2)= Y 3 onmelemam

=—00 M=—00

Ou(x,2) =0 (B.1b)

where o = 2n/A, n = 2n/A; ,and Ax and A, denote wavelengths in the streamwise and
spanwise directions, respectively. 6 denotes the relative temperature, i.e., 0 = T-Tres, T
denotes the temperature and the temperature of the upper wall is selected as the reference

temperature T .
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The dimensional field equations for a Boussinesq fluid are scaled using two sets of scales,
i.e., one to characterize the Poiseuille flow and the other to characterize the convective
structures resulting from the heating. Scales are defined as follows:
Length scale: h - half channel height;
Velocity scales:
i) for Poiseuille flow: U, = maximum x-velocity component of Poiseuille flow;
ii) for convective flow: U, = v/h;
Temperature scales:
(1) conductive scale: Tq=amplitude of the temperature variations

if) convective scale: T, =T ,v/«x,
Pressure scales:
(i) for Poiseuille flow: P, = pU7,
(ii) for convective flow: P, = pUZ,

Time scale: t=d/U,.

0= f(x,2)

Figure B.1. Plane Poiseuille flow subject to a spatially distributed wall heating.

The resulting non-dimensional parameters are defined as follows:

v u,’ K T, KV

where Re stands for the Reynolds number, Pr denotes the Prandtl number and Ra stands

for the Rayleigh number. In the above, v is the kinematic viscosity, k is the thermal



188

diffusivity, g stands for acceleration due to gravity, y is the volumetric coefficient of

expansion and p denotes the density of the fluid.

The velocity and pressure fields associated with the Poiseuille flow have the form

[u,(y), 0, 0]=[1-¥*, 0, 0], py(X,y,z,t)=—-2x/Re. (B.2)
The flow quantities are assumed to have the following form

u,(x,y,2) = Reu,(y) +u,(x,Y,2),
v, (X,y,2) = v,(X,y,2),
0,(X,y,2) =Pr*0,(x,y,z) +0,(x,y,2),

P, (X,Y.2) = Re® py(X,Y.2) + P, (X,,2)

(B.3)

where subscript 1 denotes flow modifications due to the heating and 6, is the conduction

temperature field defined as
GO(X,y,Z) = eO,uni (y) +eo,nun (X,y,Z) (B4)

where o, .. stands for the part of the temperature field generated by the mean temperature

difference between the channel walls, i.e.,
eo,uni (y) = (1_ y)/2 ) (BS)

ande,  stands for the spatially non-uniform part described by the following problem

0,nun

829 azeOnun azeOnun
- MM (B.6)

ox? oy? oz°

0,nun
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subject to boundary conditions that can be deduced from (B.1). The solution is assumed

to be in the form

N M (n,m) i(nax+muz)
eO,nun (X, yv Z) = z Z eO,r'1un (y)e
n

=—0 M=—0

which leads to the analytical expression in the form

nN=+00 M=+ — e(n,m) . e(nvm) )
0 X,V,Z) = — L sinh(k + L cosh(k el(nax+muz)
onn (%:Y:2)= X X 2sinh(k. ) (KomY) 2coshk,) (KomY)

n#0 m=0

(B.7)

where k2, =n?a®+m?u’.
Flow quantities represented by Eq. (B.3) are substituted into the three-dimensional
Navier-Stokes, continuity and energy equations resulting in the following form of the

governing equations,

Ny oWy _

0, B.8
oy | az (B.8)
(Reu, +ul)%+ Revlalj—°+v1%+wlﬁz—%+vzul, (B.9)

OX oy 0z OX
Reu, +u %+v %+W %z—%+vzv +RalPr'e,+9,), (B.10)

0 1 a 1 a 1 a a 1 0 1

X y z y
(Reu0+ul)awl+vl an+W1 ow, :—8p1+V2W1, (B.11)

oX oy 0z 0z
(Reu, + ul)(Pr‘laa&+%)+vl(Pr‘l%+%J+wl(Pr‘l%+%j: Pr(v2e,).

X OX 7z oz
(B.12)

To eliminate pressure from the momentum equations, the governing equations have been

expressed in terms of the wall-normal vorticity (£ = ou, /0z —ow, / ox), the wall-normal
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velocity and the temperature (Kim et al. 1987), resulting in a form suitable for
computations, i.e.,

wall-normal vorticity () equation:

% _ver —Reu, M_pedo &V,

. B.13
ot ox dy oz °© (B.13)

wall-normal velocity (v) equation:

0 0 o%u, ov 0% 92 3
a(Vzvl)z VZ(Vzvl)— Reu, &(V2v1)+ Re 6y20 a—xl+ F{a{ax2 +822J(Pr o, +61)+ [\
(B.14)
energy equation:
o 400, 06, 4
o pri(v2e,)-Reu,| Prt =0+ 2 |—PriN, —N, - (B.15)
at ( 1) 0( ax 6X 04 0,

In the above, N¢, Ny, N and N, are defined as,

oH, oH,

S ox oz

o (oH, oH, o> o7
N, =— + - + H,,
oyl ox oz ox?  oz°
00, o0, o0,

00 00 00
Ng, = U, " +V, +W, o Nelzula_xl V16_y1+wla_zl'

where,
u

0 0
H =—<uu,>+—<uVv, >+—<Uw, >
8X 1¥1 ay 1%1 az 11

0 0 0
H, =—<uVv, >+—<VV, >+—<vw, >
OX oy oz

0 0 0
H,=—<uw, >+—< VW, >+—<WW, >.
OX oy 0z



191

Here the special symbol ‘<..>” is used to represent the product terms of the flow

quantities (uy, v1, wy and 0,).

Method of solution

The unknowns are assumed in the form of Fourier expansions

C(X, Y,Z, t) — n=z+:w miw c(n,m) (y, t)ei(anx+pmz) ’

N=+00 M=+

vi(xy,z,t) = ¥ Z v, (y, t)giemcnma)

N=—-00 M=

Ol(x, y’ . t) _ :Z:OO ioo el(n,m)(y1t)ei(omx+pmz) .

=—00 M=—00

Substitution of the above expansion into the governing equations and separation of

Fourier modes lead to the following system of modal equations:

wall-normal vorticity () equation:

1

%Q("*m) -(D, ., —inaReu, )c™™ —imuRe ddy o Nem, (B.16)

wall-normal velocity (v) equation:

n,m H dz n,m
%Dn'mvl( ) [DZ +maRe(—uoDn,m+d“2°ﬂ om _k2 Ra(Prt o™ +60™ )+ NG,
y
(B.17)
energy equation:
%e“m) = ‘1Dnymel(”‘m)—inaReuO(Pr‘leg”’”‘)+6§”'m))—Pr‘lN”’“ NG (B.18)

where D, =d*/dy®-k2

nm?

D=d/dy,



192

N&™ =inaH{™ —impuHT™,
NO™ = iD(naH™™ + muH®™ )+ k2 HO™,

(n,m) _ (n,m) (n,m) H (n,m)
Ng, ™ =Ina<u,6, > +D<v,0, > +imu<w, 0, >,

N{™ =ino<u,0, >™™ +D <v,0, >™™ +imp<w,0, >"™
H®™ =ina <u,u, > +D <u,v, > + imp < u,w, >0,
HO™ =ina<u,v, >O™ +D<v,v, > + imp<v,w, >0
(nm)

(n,m) _ (n,m) (n,m) H
H =ina<u,w, > +D<v,w, > + imp<w,w, >

w

Various terms present in (B.13-B.15) have been replaced by their Fourier expansions in

the form

N(X, v,Z, t) — nzir:m miﬁo N (n,m) (y, t)ei(anx+pmz)

where N stands for N, N, N, and N, .

(n,m)

The modal functions u, " and Wl‘”‘m) for velocity components can be computed as

m _ -2 (i (nm) _ (n,m)
u, _kn,m(lnoch1 —impg )

(nm) -2 (; (nm) - (n,m)
w, _kn'm(lmpDv1 +inag )

The reader may note that the aforementioned two relations are valid for n #0, m #0 and
special relations are needed for the mode (0,0). Equations for mode (0,0) have been

derived from equations (B.8-B.12) and have the following form in the Fourier space
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1

%DZ(uOO)+ VoeD(Ug)+ Nug, =-A, (B.19a)
Voo =0, (B.19b)
Wy =0, (B.19c)
1

. D?(0,, )+ N6, =0 (B.19d)

where A, is the streamwise pressure gradient induced by the heating, and Nu,, and

NGO, are the respective nonlinear terms associated with the mode (0,0).

Equations (B.16-B.18) are subject to the no-slip and no-penetration conditions at both

walls. The no-slip boundary conditions translate into ¢™™ =0and Dv,"™ =0 to be

(n,m)

imposed at the walls. No-penetration condition translates into v, =0 to be imposed at

both walls. The boundary condition for temperature is simply 61(””) =0 at both walls.
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General Three-Dimensional Stability Equation
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In the case of a three-dimensional primary convection described in Appendix B, the

disturbances have the form

v3(x,y,z,t) [gup D(y), g (y), g* q)(y)]ei[(6+pa)x+(ﬁ+qu)z—ct] +cc.

q=-—o p =—©

63(X,y,z,t) Z z [g(Pq (y)]el[bwa x+(B+qu)z—ot] fCC
g=-0 p=

The disturbance equations (3.14) become

A(DVQ)a(p,Q) z z [H(p n.g- m)&(p n,q-m) +H(p n.g- m)g(p n,g-m) ,
n=—0 M=

, , 2 wm*[—,— -ng- -ng- —,—]
B(pQ)gf,pq)—Rak qggpq)__z Z |(p n,qg m)a(p n,q m)+|$/p n.q m)gflp n,g-m)

N=—00 M=

N=+00 M=+00

N=—oo0 M=—0 +J(p n,g- m)g(p n,g-m)

J(pfn,qu)g(pfn,qu) +‘](pfn,qu)gf’pfn,qu)

®D D2 _ k2 4i O F i

where A®% =D* —k?  +io, B‘pq)_(Dz—k;q) +IG(D2—k§‘q),
CP¥ =D* -k}, +iPro,
00 _t @O (p.0)
09 g0 ~1,g%,

tp =d0+pa, tq =B+qu, k;q:t5+t§,

(C.1a)

(C.1b)

(C.2a)

(C.2b)

(C.2¢c)

(C.2d)
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HE"em —ife FOm 4g FOm k2 (et o+ ot finaF®™ —impre™ |

p-g-m g p-n

+ [1+ k? (noctp_n —mut, )]FV‘”*’“)D

p-n.,g-m
Hee™ — |t DF™™ +t DF"™ |
k2t —tot o fnaFe™ —muFem™ o

+k? (natq_m +impt )Fv(”'m)D2

p-n.q-m

(p-n.q-m) -2
N _|kpnqm[noc(

L—toto o )-2mut t, [PFO™D
~tyty ) onat, JpFemD

g p-n

Femp

q gq-
p-n,g—-m (
2 2
+k kp n,q- pntp—Zn_tqmqu

Lik [tk

p-n.,g-m

ik [ tky oongm T2mut to - —2nat t ]DFV(VWDZ

p-n.,g-m grp-n

k2l te b Fm D

p-ng-mL*p"p-n qlg-m
+ik? [t o FO™ st FO™ |4 it D2FO™ 4 it D2F™

p-2n" u g-2m’ w

Iépin’qim) k " {( p q -2m q p-2n X.t F(n m +1 mF nm)JD

p-n-u q-

ppn

+ik? o[
ot

p-n,q-m

+(nat, —mpt, f(t, +t, , J)OF"™ + <tq wn DFS™ ]
)F(nm)DZ]

+ik2 (-nat, , +mput,  FO™ wi(-tot, o+t

q-p-n

3™ ik (Cnat o+ mut,  FO,

Jemam — g2 (nat, , +mut,  JF"™D+DFM™ |

p—n,q—-m
(p-n,g-m) _ (n,m) (n,m) (n,m)
Jo it, B +ED it R

The boundary conditions (3.15) take the form
g™ (+1)=0, g"™(+1)=0, Dg"™(£1)=0, g{"™(£1)=0 for -so<n<+co.

The required expressions for the basic state (3.16) have the form

n= +oc m=-+o0 [F(n m) F("‘m)(y), Fv(vn,m)(y)]einaxﬂmuz ’

N=-0 m

N=+00 M=+

62 (X, Y, Z) Z z F(n m) (y)e'”‘lX“mHZ .

N=—c0 M=

+2nat,t, , —2mut,t, . PF"™D?,

(C.3)

(C.4a)

(C.4b)
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Appendix-D

This appendix describes the classical Newton-Raphson and the ‘inverse iteration’
methods that are used to evaluate a single eigenvalue as discussed in Section (3.3). It also

describes the Newton-Raphson search method used for eigenvalue tracing.

D.1 Newton-Raphson search method

To solve the homogeneous system (3.14) together with the boundary conditions (3.15), let
us take an initial guess of the eigenvalue o,. Since all of the boundary conditions are
homogeneous, we alter one of the boundary conditions to a non-zero value, for example,
we alter the original boundary condition

BC(c)=Dg"(-1)=0 to D?g"(-1)=1. (D.1a-b)
Now the system (3.14) with the new boundary condition becomes non-homogeneous and
can be solved directly. Our goal is to search iteratively for the correct value of o so that

the original boundary condition is satisfied. We use the Newton-Raphson method for this

purpose. A suitable relaxation factor (creiax) is Used to guarantee convergence.

The following form of the Newton-Raphson search procedure has been used for
computing the eigenvalue,
START: assume, 6, =c,, 63" =S,6,, G

:SZ|GO|

relax

where S, and S, are small percentages of o, usually (S2<S3).

Solve the system using o, and store the value of boundary condition as BCq

Compute 6, =c, +c3%
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REPEAT for k=1,2,3... UNTILL BCy < ¢ ( here, ¢ is the tolerance in BC)

1) Solve the system with s, , and store the value of boundary condition as BCy

BC step
2) Compute o3 = ————k k1
BC, —BC, ,
3) If |o}™| > |0 | then,
GSktep = O relax Gitep
End if

4) Compute ,,, =G, +c,;>

END.

D.2 Inverse lteration method

In this work, the following form of the Inverse Iteration Method has been used:

START: Ao — initial approximation of an eigenvalue
Zo — initial approximation of an eigenvector
Po=0
REPEAPT fork =0, 1, 2,...
1) Solve (A-o,B)w,,, =Bz,
-1
2) Compute py,, :<Wk+l’zk>
3) If |y, —P|>¢, then
normalize z,,; =W, /|W,.,],

gotostep 1
Else

compute the eigenvalue ¢ =c, +p, 4
compute the normalized eigenvector z =w,, /|w,_,|,

STOP
End If
END.
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D.3 Eigenvalue tracing

To trace the eigenvalue in the parameter space we use the multidimensional Newton-
Raphson method. We use several combinations of parameters for the eigenvalue tracing.
Here we show one example, iteration on the Rayleigh number Ra and the real part of the
eigenvalue o, keeping the imaginary part of the eigenvalue c; constant. For this case, the

boundary condition function (D.1a) becomes
BC(c,,Ra)=f =0.
Taking the total derivative one obtains

Af = (ijARa o2 Ao, .
oRa o

r

Let us assume Af =f, +if,, i=l’1+ir2, i=61+i(52
oRa 0

r

f, +if, =(r, +ir,)ARa + (o, +i5,)Ac, .
Separating the real and imaginary part, one obtains

f, =rARa+o,Ac,,

f, =r,ARa+c,Ac,.

Solving the above two equations, one obtains

ARa = o,f, —o,f,
o, —o,h
AG. = erl _rle

; )
G, —0,0
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Appendix-E

Numerical Accuracy

This appendix describes testing of the numerical accuracy of solution processes used in
this dissertation. The numerical accuracy of the primary convection and the secondary

convection are discussed in Section E.1 and E.2, respectively.
E.1 The primary convection

Various quantities of the primary convection (Chapter 2) are obtained by using three
different types of numerical solvers, i.e. (i) finite difference-complex notation (Section
2.3.1), (i) finite difference-real notation (Section 2.3.2), and (iii) spectral complex
notation (Section 2.3.3). Results from each of the solvers are matched. All of the solvers
give the same accuracy (the error bounds are set at 10°°). Some of the critical points were
tested with error bounds 10™*° and no significant changes in flow and temperature field

were observed.

Certain cases have been computed using the finite-volume discretization method applied
to the governing equations expressed in terms of primitive variables (see equation 2.5) as
implemented in the FLUENT commercial software package. Use of this method was
limited due to its cost and the need to change grid structure (and repeat grid convergence
tests) whenever wave number of heating has been altered. The cost of this method was

higher by at least 0(100) as compared with the other methods discussed above.

For large wavelength heating (Section 2.4.2) an analytical solution (see equation 2.31)
using asymptotic expansion has been obtained. This analytical solution well agrees with

the solution obtained numerically at small values of the heating wave number a.



200

E.2 Secondary convection

Results of numerical tests presented in Tables E.1-E.3 assist in identifying the correct
values of various numerical parameters to be used in the computations. It is evident that
the primary convection determined using Ny = 14 Fourier modes with the error bounds in
the primary convection solver set at 10° permits determination of eigenvalues for the
secondary convection with accuracy no worse than four digits using Nt = 51 Chebyshev
collocation points and the same number Ny = 14 Fourier modes used for discretization of

the disturbance equations.

Number of Fourier modes used in the solution of the

a) Number of Fourier
primary convection (error bounds in the solver set at 10°°)

modes used to
represent disturbance

field 8 11 14 17
8 0.4821714 0.4822135 0.4822138 0.4822139
11 0.4820305 0.4820344 0.4820354 0.4820361
14 0.4820282 0.4820327 0.4820333 0.4820333
17 0.4820282 0.4820321 0.4820335 0.4820329
b)  Number of
Chebyshev
collocation 21 31 41 51 61
points
Gi 0.4820290 0.4820308  0.4820335 0.4820333  0.4820336

Table E.1: Disturbance amplification rate o; for o=2.1, 6=1.05, B=0.66, Ra=6000
obtained using (a) number of Chebyshev collocation points Nt=51, and (b) number of
Fourier modes Ny=14 to represent both the primary convection and the disturbance field.
The primary convection has been obtained with the convergence criterion set at 10°°.
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a)

b)

Number of Fourier

modes used to

represent disturbance

field

8
11
14
17

Number of

Chebyshev

collocation
points

Gi

21

0.4820234

Number of Fourier modes used in the solution of the
primary convection (error bounds in the solver set at 10°)

8

0.4821684
0.4820275
0.4820255
0.4820248

31

0.4820277

11

0.4822083
0.4820293
0.4820271
0.4820271

41

0.4820277

14

0.4822087
0.4820299
0.4820271
0.4820276

51

0.4820271

17

0.4822086
0.4820294
0.4820276
0.4820275

61

0.4820293

Table E.2: Disturbance amplification rate o; for a=2.1, 6=1.05, p=0.66, Ra=6000
obtained using (a) number of Chebyshev collocation points Nt=51, and (b) number of
Fourier modes Ny=14 to represent both the primary convection and the disturbance field.
The primary convection has been obtained with the convergence criterion set at 10°.

a)

b)

Number of Fourier

modes used to

represent disturbance

field

8
11
14
17

Number of

Chebyshev

collocation
points

Gi

21

0.4820276

Number of Fourier modes used in the solution of the
primary convection (error bounds in the solver set at 10°)

8

0.4821723
0.4820316
0.4820300
0.4820300

31

0.4820322

11

0.4822124
0.4820332
0.4820312
0.4820316

41

0.4820321

14

0.4822127
0.4820344
0.4820321
0.4820322

51

0.4820321

17

0.4822132
0.4820337
0.4820320
0.4820319

61

0.4820339

Table E.3: Disturbance amplification rate o; for a=2.1, 6=1.05, p=0.66, Ra=6000
obtained using (a) number of Chebyshev collocation points Nt=51, and (b) number of
Fourier modes Ny=14 to represent both the primary convection and the disturbance field.
The primary convection has been obtained with the convergence criterion set at 10”".
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It is noted that the numerical accuracy presented in the Tables E.1-E.3 are well suited for
the heating wave numbers a<1. Below this limit one has to increase the number of
Fourier modes for the determination of the primary convection, and hence the secondary
convection, to get the desired accuracy. Below we present short discussion of the
numerical accuracy required for the computations in the case of the long wavelength
heating.

Methods discussed in Section 2.3 are used for determination of stationary states in the
case of long wavelength heating. The solution procedure uses Fourier expansions in the x-
direction and either finite-difference or collocation discretization in the y-direction. The
finite-difference scheme has automatic grid adjustment procedure build in to guarantee
the desired level of accuracy and thus there is no need for further discussion of this
method. The collocation method provides spectral accuracy and also does not require any
further discussion. The convergence of the Fourier series represents a limiting factor and
requires explanation. Figure E.1 displays variations of Kinetic energy associated with
different Fourier modes as a function of the mode number. It can be seen that
convergence of Fourier series (2.8) is very rapid (exponential) for heating wave numbers
o=0.5 and 0.2. Reduction of the convergence rate for smaller a is clearly visible and is
associated with the flow bifurcations and the need to resolve very small secondary flow
structures. Computations require in excess of 100 modes for o < 0.03 which places a

practical limit on the analysis of secondary structures.

10° x

10—10 |

10"

10

0 I20 I‘4OI6IOI8IO
Mode Number

Figure E.1. Variations of kinetic energy associated with different Fourier modes as a

function of the mode number for fluids with the Prandtl number Pr=0.71 subject to

heating with the Rayleigh number Ra=450.
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Appendix-F

This appendix describes derivation of the correlation (4.3) presented in Chapter 4.

From the primary convection in Chapter 2 the correlation (2.14) gives

Nu = 0.00192Ra/o®  as a—»o0. (F.2)

From the secondary convection in Chapter 4, the asymptotic relation (4.1) provides,

Ra = 236 o*® as a—>. (F.2)
Thus, using (F.2) into (F.1) gives,

Nu = 0.00192*236/a.° = 0.4531a " along the critical curve as a—w.  (F.3)
It may be noted that the asymptotic relation (F.3) is also obtained from the direct

computation of the Nusselt number Nu for the primary convection along the critical curve

as shown in Figure 4.4B.

We know that Nu defines the average temperature gradient in the vertical direction for the
primary convection, i.e., we know how this gradient varies when a—. We also know
that thickness of the convection layer h,—0 as a— (see relation (4.2c) and Figure

4.4B), which means that thickness of the conduction layer approaches 2 when a—oo.

A

o . . GTheT . .
Our definition of the Rayleigh number is Ra:gA—Ad. Definition of the Rayleigh
VK
. o GT H® AT L
number used in the RB convection is Ra :gA— where quantities with ‘hat’ are
VK

dimensional. Evaluation of ratio of both Rayleigh numbers gives
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~AN3 ~
Ra _[h 4
Ra‘uni AA
T,V hY T, YAY T
Ra=Ra,|—%|=| =Ra,| ——= | = note: <~ = Pr
AT |\ A PraT | H T,
hY 7
= note: A0 = AA
H T,

Since h,—0, %:% Nu — 0.4531a*°, Rayy = 1708,

we obtain

at® 1
Ra=1708 ———— |~ =235.60"".
2*0.4531 )2



205

Curriculum Vitae

Name: Mohammad Zakir Hossain

Post-secondary B.Sc. in Mechanical Engineering (1999)
Education and Bangladesh University of Engineering and Technology
Degrees: Department of Mechanical Engineering

Dhaka, Bangladesh.

M.Sc. in Mechanical Engineering (2003)

Bangladesh University of Engineering and Technology
Department of Mechanical Engineering

Dhaka, Bangladesh.

Ph.D (2011)

The University of Western Ontario

Department of Mechanical and Materials Engineering
London, Ontario, Canada.

Publications (Journals):

Hossain, M. Z. and Floryan, J. M., “Natural Convection in a Fluid Subject to Periodic
Heating”. Submitted to Journal of Fluid Mechanics, Cambridge University Press.

Publications (Conference):

Hossain, M.Z. and Floryan, J.M, “Natural Convection in a Fluid Layer Subject to periodic
Heating”, accepted for 64th Annual Meeting of the APS Division of Fluid Dynamics, to be
held on November 20-22, 2011, Baltimore, MD, USA.

Asgarian, A., Hossain, M.Z. and Floryan, J.M., “Numerical Bifurcation Study of Natural
Convection in a Layer of Fluid Subject to Spatially Distributed Heating”, International
Conference on Applied Mathematics, Modeling & Computational Science (AMMCS-
2011), July 25-29, Waterloo, Ontario, Canada.

Asgarian, A., Hossain, M.Z. and Floryan, J.M., “Rayleigh-Benard Convection and
Thermal Bifurcation in a Fluid Layer Subject to a Long Wavelength Heating”,
Proceedings of the 19" Annual Conference of the CFD Society of Canada, April 27-29,
2011, Montreal, Quebec, Canada.



206

Hossain, M.Z. and Floryan, J.M, “Natural Convection in a Slot Subject to a Spatially
Distributed Heating”, Bulletin of the American Physical Society, Vol-55, No-16, Nov.
2010, pp. 127.

Hossain, M.Z. and Floryan, J.M., “Convection Roll Instability due to Spatially
Distributed Heating”, Proceedings of the Canadian Society for Mechanical Engineering
Forum 2010, June 7-9, 2010, Victoria, British Columbia, Canada.

Hossain, M.Z. and Floryan, J.M., “Roll Instability of a Stationary Fluid Exposed to
Spatially Distributed Thermal Forcing”, Proceedings of the 18" Annual Conference of the
CFD Society of Canada, May 17-19, 2010, London, Ontario, Canada.

Hossain, M.Z. and Floryan, J.M., “Instability of Flow in a Channel with Distributing
Heating”, Proceedings of the 11" Pan-American Congress on Applied Mechanics, Jan. 4-
8, 2010, Foz du lguacu, PR, Brazil.

Hossain, M.Z. and Floryan, J.M., “Thermal instability of Stationary Fluid Subject to
Spatially Periodic Wall Heating”, Book of Abstracts of CAIMS 2009, Canadian Applied
and Industrial Mathematics Society, June 10-14, 2009, London, Ontario, Canada.

Hossain, M.Z. and Floryan, J.M., “Stability of Stationary Fluid Subject to Spatially
Distributed Wall Heating”, Proceedings of the 17" Annual Conference of the CFD
Society of Canada, May 3-5, 2009, Ottawa, Ontario, Canada.

Floryan, J.M. and Hossain, M.Z., “Analysis of Stability of Channel Flow subject to
Distributing Heating”, Bulletin of the American Physical Society , Vol-53, No-15, Nov.
2008, pp. 250.

Hossain, M.Z. and Floryan, J.M., “Analysis of Stability of Channel Flow Subject to
Distributing Heating”, Proceedings of the CSME Forum 2008, June 5-8, Ottawa, Ontario,
Canada.

Hossain, M.Z.; Fotia, M.L. and Floryan, J.M., “Direct Numerical Simulation of Channel
Flow with Distributed Heating,” Proceedings of the 21* Canadian Congress of Applied
Mechanics, June 3-7, 2007, Toronto, Ontario, Canada.

Fotia, M.L.; Hossain, M.Z. and Floryan, J.M., “Thermal Instability of Poiseuille Flow
Subjected to Spatially-Distributed Heating”, Proceedings of the 21% Canadian Congress
of Applied Mechanics, June 3-7, 2007, Toronto, Ontario, Canada.

Hossain, M.Z. and Floryan, J.M., “Direct Numerical Simulation of Flows Modulated by
Distributed Heating”, Proceedings of the 15" Annual Conference of the CFD Society of
Canada, May 27-31, 2007, Toronto, Ontario, Canada.



	Convection Due to Spatially Distributed Heating
	Recommended Citation

	Convection Due to Spatially Distributed Heating

