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Abstract

In this thesis, a new two-dimensional numerical solver is presented for the dynamic

simulation of the Trichel pulse regime of negative corona discharge in point-plane con-

�guration. The goal of this thesis is to simulate the corona discharge phenomenon and

to improve existing models so that the results have an acceptable compatibility with

the experimentally obtained data. The numerical technique used in this thesis is a

combination of Finite Element Method (FEM) and Flux Corrected Transport (FCT).

These techniques are proved to be the best techniques, presented so far for solving

the nonlinear hyperbolic equations that simulate corona discharge phenomenon.

The simulation begins with the single-species corona discharge model and the

di�erent steps of the numerical technique are tested for this simpli�ed model. The

ability of the technique to model the expected physical behaviour of ions and electric

�eld is investigated. Then, the technique is applied to a more complicated model of

corona discharge, a three-specie model, in which three ionic species exist in the air

gap: electrons, and positive and negative oxygen ions. Avalanche ionization, electron

attachment and ionic recombination are the three ionic reactions which this model

includes.

The macroscopic parameters i.e., the average corona current and the Trichel

pulses period are calculated and compared with the available experimental data. The

technique proves to be compatible with the available experimental results. Finally,

the e�ects of di�erent parameters on the Trichel pulse characteristics are investigated.

The results are further compared against the available experimental data for the e�ect

of pressure on Trichel pulse characteristics and are reported to be compatible.

Keywords: negative electric corona discharge, Trichel pulse, �nite element

method, �ux corrected transport, numerical simulation.
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Chapter 1

Introduction

1.1 What is Corona Discharge?

Corona is a partial discharge phenomenon that requires at least two electrodes: a

sharp electrode with very small radius of curvature, usually supplied with a high

electric potential which is called the corona electrode and a blunt electrode with much

larger radius of curvature which is usually grounded. The partial electrical discharge,

which occurs when the strength of the electric �eld near the corona electrode exceeds

a certain critical value but still insu�cient for a complete breakdown or arc is known

as the electric corona discharge. In corona systems, the electric �eld near the sharp

corona electrode has to be much larger than its value at points far from this electrode.

Therefore, in contrast to a spark discharge, only a very small part of the gap between

the two electrodes becomes ionized and conductive during the discharge; this is why

corona is a called a partial discharge phenomenon.

The corona discharge is also classi�ed as a non-equilibrium and non-stationary

low temperature plasma. This kind of plasma is unstable and small �uctuations of

electron density or their temperature may cause huge quantitative and qualitative



Chapter 1: Introduction 2

changes in corona current. In negative corona, for example, the current may grow by

nine orders of magnitude during a few nanoseconds [1].

Corona electrodes typically consist of needles (points), wires or blades connected

to a high voltage power supply [2]. Some examples of di�erent con�gurations used for

generating corona discharge are point-to-plane, multi-point-to-plane, wire-to-plane,

wire-to-cylinder, wire between two planes, and multi-wire-to-plane [3]-[5].

1.2 Features of Corona Discharge

The value of the potential at which corona starts is called the corona threshold or the

corona onset voltage. At voltages close to this value, there is a region in which corona

current increases proportionally with voltage. This region is called the Ohm's law

regime. Above this region, the corona current increases more rapidly, approximately

as a square function of the applied voltage. Increasing the applied voltage eventually

leads to a complete breakdown and arcing at a point called the breakdown potential.

As the electric �eld near the corona electrode increases, the free electrons exist-

ing in the gas in this area are accelerated due to electric forces. When the accelerated

electrons have enough energy, they create an electron-positive ion pair upon their col-

lision with neutral gas molecules. The newly generated electrons (provided that they

are close enough to the corona electrode) are accelerated and create more electron-ion

pairs. Therefore, the number of electrons in the air gap increases exponentially. This

process is called Townsend avalanche ionization. As the applied voltage increases

further to the value of the breakdown voltage of the gas, the ionization process ac-

celerates further into the air gap and arcing occurs. This is what happens during a

lightning strike.
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The electric �eld at which corona discharge starts depends on the ionization

characteristics of the gas and the size and surface condition of the high voltage elec-

trode. Peek [6] obtained an expression for the value of critical electric �eld, at which

corona discharge starts on a corona electrode in dry air for highly symmetric con�g-

urations.

For over a hundred years the corona discharge has been used in industry. Since

electrostatic processes often depend on availability of charge carriers [7], the main

application of corona discharge in engineering devices and processes involves the

electrical charging of small particles or drops [8]. Examples of devices using this

phenomenon include the electrostatic precipitator of Cottrell [9], electrophotography,

powder coating systems, static control in semiconductor manufacture, ionization in-

strumentation, control of acid gases from combustion sources, destruction of toxic

compounds, generation of ozone [10], reduction of gaseous pollutants SOx and NOx

in �ue gases [11], jet printers, indoor air cleaners, and industrial processes such as the

treatment of polymer �lms and fabrics [12].

Coronas may have unwanted e�ects as well. They are generally undesirable in:

electric power transmission, where it causes power loss, audible noise, electromagnetic

interference, purple glow, ozone production and insulation damage. Inside electrical

components such as transformers, capacitors, electric motors and generators, corona

progressively damages the insulation leading to premature equipment failure. Thus,

power companies spend large sums of money to detect corona discharge on transmis-

sion lines and minimize their presence.
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1.3 Types of Corona Discharge

Corona discharge phenomena can be categorized from di�erent points of view:

1. Discharge current: burst pulse corona, streamer corona, Trichel pulse corona

and glow corona. The speci�cations and characteristics of these regimes are

described later in this Chapter.

2. Electrode con�guration: electrode con�guration has a major role in di�erent

applications of corona discharge. For example, in coating technology, where

a high homogeneity is needed, point-plane con�guration is used. In gas and

water treatment applications, di�erent con�gurations such as wire-wire, wire-

plane, wire-cylinder and mesh/brush con�gurations have been investigated and

implemented on industrial scales [13].

3. Polarity of the electric potential supplied to a sharp electrode: negative corona

and positive corona.

In negative corona, a negative voltage is applied to the corona electrode. Elec-

trons and negative ions move towards the ground plane and positive ions move

towards the corona electrode. Trichel pulses only happen in negative corona

and will be explained in detail in Chapter 2. In positive corona on the other

hand, the applied voltage and the direction of ions movement is opposite to that

of the negative corona case.

1.4 Mechanism of Negative and Positive corona

If a positive voltage is applied to a corona electrode, positive corona will be developed.

In a needle-plane electrode con�guration this type of corona starts with burst pulse
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corona. This regime consists of random and non-regular current pulses accompanied

with short and faint streamers away from the needle [14]. It then proceeds to the glow

corona, streamer corona and �nally spark discharge as the applied voltage increases

[10]. The positive glow corona is known as the Hermstein glow [15]. This glow has

a stable current at a �xed voltage, quiet operation and almost no sparking. The

streamer regime is unstable, and emits audio and radio noise. It creates many thin

and short duration current streamers originating from the needle. This behaviour

is shown in Figure 1.1 as a brush growing [14]. The streamer regime of corona can

be described as an incomplete breakdown and it is followed by a spark as voltage

is increased further [10]. For a wire-cylinder or wire-plate electrode con�guration,

corona generated at a positive wire electrode may appear as a tight sheath around

the electrode or as a streamer moving away from di�erent parts of the electrode [10].

Negative corona starts when a negative voltage is applied to the corona elec-

trode. For this discharge in a needle-plane geometry, the initial form is Trichel pulse

corona [16]. Trichel pulses are regular current pulses with fast rise times and short

duration and occur only in a negative corona discharge. These pulses are followed by

pulseless corona (glow corona) and spark discharge as the applied voltage increases

[10]. Negative glow corona which is the second regime in negative corona discharge

develops when the electrode is clean and smooth [14]. Corona generated at the neg-

ative electrode might be either a rapidly moving glow or concentrated into small

active spots, called �tufts� or �beads� [10]. The glow discharge often changes to the

tuft form with time [14], a process associated with the formation of more e�cient

mechanisms of generating successive avalanches. The glow is made up of individual

electron avalanches at close locations [10]. In static air, pulseless negative corona

changes to a spark with increasing voltage. Negative corona has a higher sparking
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Table 1.1: Corona discharge classi�cation

Polarity of the electric �eld Positive Negative
Discharge current Burst pulse corona

Streamer corona
Glow corona

Spark

Trichel pulse corona
Pulseless corona

Spark

Electrode con�guration Point to plate, Wire to plate, Wire to cylinder

potential in comparison to the positive corona; this is why negative corona is often

used in electrostatic precipitators [14].

The classi�cation of corona discharge from these di�erent point of views is

shown in Table 1.1.

Figures 1.1 and 1.2 show di�erent types of corona discharge from the discharge

current point of view [17].

Figure 1.1: Types of positive corona discharge, from left: burst corona, glow corona,
streamer corona, spark discharge.

1.5 Thesis Objectives

In summary, the objective of this thesis is to present a numerical technique which can

predict the mechanism of the Trichel pulse regime of negative corona discharge. Of
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Figure 1.2: Types of negative corona discharge, from left: Trichel pulse corona,
pulseless corona, spark.

particular interest is what happens to the magnitude and distribution of the electric

�eld and charge species during this process and how they behave. This technique

should be able to produce results compatible with available experimental data. The

main objectives of this thesis are as follows:

To present an applicable model for simulating the Trichel Pulse phe-

nomenon found in negative corona discharge in point-to-plane con�gura-

tion in oxygen and air:

Many researchers have worked in the corona discharge modelling area. However,

their presented models are mostly single-species (only one charge carrier is assumed

in the air gap and other species are neglected), static (the time dependency of the

corona discharge phenomenon is approximated by a static model) or one-dimensional

(1D) (while the true nature of the problem is 3D, but symmetrical around the axis,

i.e., 2D). A single-species model might be useful for some engineering applications

where a simpli�ed model su�ces. However, it does not help with understanding the

microscopic behaviour of charge carriers during corona discharge. Moreover, single-
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species models fail, if a good estimate of corona discharge behaviour is required.

Therefore, presenting a model which can accurately predict the physical behaviour of

corona discharge has still been missing. In this thesis, a dynamic, three-species, 2D

model for predicting the mechanism of the Trichel pulse regime of corona discharge

is presented.

To present a numerical technique for solving the model:

The corona discharge is a very complicated phenomenon for which an analytic

solution is not available. Also, the governing equations for modelling the behaviour

of charge carriers are not easily solvable. Therefore, presenting a technique which can

deal with the nonlinear hyperbolic equations modelling this problem is very desirable.

To date, many numerical techniques have been presented for solving the hyperbolic

equations of charge transport. Of these a combined Finite-Element-Method (FEM)

and Flux Corrected Transport (FCT) technique has proved to be the best one for

dealing with these classes of problems. However, numerical implementation of this

technique is very complicated and needs some modi�cations for a speci�c type of

problem. In this thesis, a FEM method is used for solving the Poisson equation and a

combined FEM-FCT technique is proposed for solving the charge transport equations.

To compare the simulation results with the experimental data:

A good measure of the reliability of the model would be a good agreement of its

predicted results with the experimental data. For this reason, the presented model

and the numerical results obtained from it are compared with selected experimental

data. The compatibility of the results shows that this model is a good approximation

of the reality.
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In this thesis, after investigating di�erent models presented for the simulation

of Trichel pulse corona in air, the most complete 2D dynamic model is chosen; a

numerical technique is developed for solving this model and the numerical predictions

are compared with the available experimental data presented by other researchers.

To investigate the e�ect of di�erent parameters of the model on the

corona characteristics:

Some of the parameters used in modelling negative corona discharge di�er

widely in the literature and various values are used in di�erent papers. Since knowing

the e�ect of these parameters on the Trichel pulse characteristics is important, the

e�ect of parameters such as external resistance, mobility, air pressure, and the sec-

ondary electron emission coe�cient are investigated in this thesis and the observations

are reported.

1.6 Thesis Outline

This thesis is divided into eight Chapters. A summary of each Chapter follows.

Chapter 2: This Chapter focuses on explaining the mechanism of negative corona

discharge in Trichel pulse regime. It also reviews the literature related to the

Trichel pulse regime of corona discharge, mentions the de�ciencies of these mod-

els and explains the motivation of this work.

Chapter 3: This Chapter's focus is on the numerical techniques proposed for mod-

elling corona discharge. First, a comprehensive review on the numerical tech-

niques used by the researchers for solving di�erent equations governing corona
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discharge is presented. Secondly, the numerical techniques selected in this thesis

are explained in detail. FEM is used for the electric �eld computations and the

FEM-FCT technique is used for the space charge density calculations.

Chapter 4: In this Chapter, the complete set of equations for modelling the Trichel

pulse regime of corona discharge is presented and the solution methodology is

explained. Moreover, the numerical problems faced during the course of this

work are presented. The suggested solutions for these problems are presented

along with several techniques used for optimizing the code.

Chapter 5: In this Chapter, a numerical algorithm for the dynamic simulation of

corona discharge in air, assuming single species charge carriers is proposed.

The simulation results show the behaviour of corona current and space charge

density under two waveforms of the applied voltage: step and pulse.

Chapter 6: In this Chapter, which is the main Chapter of this thesis, Trichel pulses

are numerically reproduced. The mechanism of these pulses is explained by

discussing in detail �eld and charge behaviour during these pulses. It is assumed

that three ionic species exist in the air gap: electrons, and positive and negative

oxygen ions.

Chapter 7: In this Chapter, e�ects of di�erent parameters of the model on Trichel

pulse characteristics (i.e., Trichel pulse period and the average corona current)

are studied. The parameters of interest are: external resistance of the circuit,

secondary electron emission coe�cient, and negative and positive ion mobilities.

Chapter 8: In this Chapter, numerical results are compared against two sets of

available experimental data and the compatibility of numerical and experimen-

tal results are shown as a proof for the suitability of the model.
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Chapter 9: In this Chapter, the data required for modelling the Trichel pulse regime

of corona discharge in oxygen is presented. A series of Trichel pulses are simu-

lated in oxygen as well.

Chapter 10: This Chapter summarizes the results found in the thesis. Some sug-

gestions for future studies on this subject are also presented.
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Chapter 2

Negative Corona Discharge

2.1 Mechanism of Trichel Pulse Corona Discharge

Electronegative gases are gases which have a�nity for electrons. These gases are

characterized by one or two electrons de�cient in their outer shell [18]. Oxygen,

water vapour, and carbon dioxide are several common examples for electronegative

gases [12]. The gases that do not have the a�nity for electrons are called free-electron

gases [18]. Nitrogen, hydrogen, helium, and argon are several examples of free-electron

gases.

In electronegative gases (also electropositive gases under very speci�c condi-

tions), the �rst regime of negative corona is Trichel pulse corona. This regime is

followed by pulseless corona (glow corona) and spark discharge as the applied volt-

age increases. It was supposed that in a non-electronegative (free-electron) gas like

nitrogen, current is continuous without pulses; however, Akishev et al. [19], [20] have

recently determined that a regular pulsed regime similar to Trichel pulses can be

observed in Nitrogen as well, but under very speci�c conditions.
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If the negative voltage applied to the corona electrode is larger than the corona

onset voltage1, a very large electric �eld appears near the corona electrode. If this

electric �eld exceeds the critical value required for the ionization of the gas, the corona

discharge is initiated. The threshold value for the electric �eld depends on factors

such as wire radius, the roughness of the wire, ambient gas temperature and pressure

[12].

In the area between electrodes there are always some seed electrons (20 electron-

ion pairs/cm3 per second at atmospheric pressure) which are created due to cosmic

radiations and other phenomena. When the electric �eld is large enough, these seed

electrons are accelerated and upon colliding with neutral molecules, detach electrons

from these molecules leaving positive oxygen ions. In a very short time a very large

number of electrons and positive ions is created in the ionization layer2. This process

is called avalanche ionization.

Since beyond the ionization layer electrons do not have enough energy to detach

electrons from the neutral molecules, this process stops at the edge of the ionization

layer.

Free electrons may also attach to neutral molecules of the electronegative gas

and create negative ions. This attachment process happens in both the ionization

and drift region3. Recombination between positive ions and electrons or between

1. The voltage at which the electric �eld on the corona electrode is equal to the Peek's

value

2. The region in which the electric �eld can accelerate electrons to the speed at which

they can detach electrons from the neutral molecules

3. The region at which the ionization reaction does not happen. This region is much

larger than the ionization layer
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positive ions and negative ions are some of the other ionic reactions occurring in the

air gap. Recombination results in the reduction of the number of ions and electrons.

The secondary electrons which sustain the discharge have three di�erent sources:

photoemission from the discharge electrode, collision of positive ions with the corona

electrode surface and photoionization in the gas [21].

There are two distinct regions in the corona discharge [22]. In the vicinity of the

corona electrode, in which avalanche ionization occurs due to the collision of highly

accelerated electrons with neutral molecules, an ionization layer exists. In most cases,

this layer is less than a few millimetres around the electrode [22]. A larger region

which is called the drift region is the region which is mostly �lled with ions of the same

polarity as those of the corona electrode. In the ionization layer, ionization prevails

over attachment. Beyond the ionization layer the electric �eld decreases gradually

and electrons do not have su�cient energy to ionize the gas molecules. Therefore,

the avalanche ionization stops and the number of electrons decrease gradually in the

drift region. Since beyond the ionization layer and in the drift region, there might

be some electrons with su�cient energy for the ionization of gas molecules, some

authors assume another layer, called the plasma layer, which is a region starting

from ionization boundary and extends a few milimeters into a drift region. Davidson

[12] has de�ned this region as the corona plasma region, in which corona-enhanced

chemical reactions are possible and its radius is the radius at which the reduced �eld

E/N (where N is the density of neutral molecules) equals 80 Td. At this value the

mean kinetic energy of electrons is 1.85 eV and some electrons are energetic enough

to cause electron-impact ionization. Figure 2.1 shows the schematic explanation of

negative corona discharge in a point-plane geometry.
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Figure 2.1: Ionic reactions in corona discharge. The scaling is not accurate.

Subsequent to the avalanche ionization, a cloud of positive ions is created close

to the corona electrode in the air gap. In a very short time, the attachment also

creates a cloud of negative ions just outside the ionization layer. This formation of

ionic clouds causes the increase of electric �eld between the positive ion cloud and

the corona electrode, decrease of electric �eld between the two clouds and increase of

electric �eld between the negative ion cloud and the plane as shown in Figure 2.2.

The increase of the electric �eld in the ionization layer increases the avalanche

ionization in this area which causes a very fast build-up of the corona current. As

soon as the negative ion cloud is created, the ionization layer is shortened and the

avalanche ionization is limited to region (I). The positive ions then move towards

the corona electrode due to their opposite polarity. Therefore, the current reaches

a maximum value and as soon as the process of deposition of positive ions on the
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Figure 2.2: Electric �eld in di�erent regions during Trichel pulse corona discharge,
the circles represents the ion clouds.

corona electrode starts, the corona current's value decreases.

The maximum of corona current occurs when the total number of positive ions

in the space is largest. At this moment the avalanche ionization has not stopped yet.

For a short time after the maximum of the pulse, avalanche ionization still occurs.

Therefore, the total number of electrons in the space still increases after the Trichel

pulse. However, since the positive ions are being deposited on the corona electrode

and the deposition rate is larger than the generation rate, the number of positive ions

decreases with time.

The negative ion cloud �nally chocks o� the electron avalanche and the ioniza-

tion process stops completely. After this step, the attachment processes is the only

reaction which increases the total number of negative ions in the air gap after the

pulse.
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Negative ions move towards the ground electrode due to the electric force and

are being deposited there. Since the mobility of negative ions is small and they have

a long distance to travel (in contrast with positive ions), this deposition process is

very slow and takes a long time (in comparison to the rise time of the Trichel pulse).

As soon as negative ions start being deposited on the ground, the total number of

negative ions in the air gap decreases. Once enough negative ions are deposited on

the ground plate and they disappear from the space, the electric �eld near the corona

electrode increases again and everything gets ready for the next pulse to appear. Right

before the next pulse, the secondary electron emission creates a su�cient amount of

electrons required for the avalanche ionization of the second pulse.

In wire-plate or wire-cylinder con�gurations, negative corona appears in a form

of discrete tufts or beads along the wire [10]. These tufts are randomly spaced along

the wire and their number is dependent on the applied voltage. As the voltage

increases, the number of tufts increases too and they become more uniformly spaced

[12].

2.2 Ionic Reactions

Fifty reactions and twelve ionic species exist in the electric corona discharge in oxygen.

More reactions and species appear during corona discharge in air. Since including all

these species and reactions needs a large memory and a very powerful processor, the

number of reactions and species that the model includes should be limited. The list of

ionic reactions for the corona discharge in oxygen can be classi�ed into �ve categories

[22], [23]. These categories along with several examples for each of them are presented

below.
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2.2.1 Ionization

In gas discharge, ionization is de�ned as the process of liberating an electron from

a gas particle with either the simultaneous production of a positive ion or with the

increase of positive ion charge [18]. There are various ways for the creation of positive

ions:

• Electron collision

• positive ion collision

• radiation: light, X-ray, nuclear

• thermal ionization

• excited atoms

• chemical and nuclear processes

Some equations that show the ionization process in oxygen are shown below:

e+O → O+ + 2e

e+O2 → O+ +O + 2e

e+O3 → O3
+ + 2e

2.2.2 Attachment

There is a tendency of capturing free electrons by atoms lacking one or two electrons

in their outer shell.
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The process of attaching free electrons to neutral atoms and molecules and

the formation of negative ions is called attachment. Here are some examples for

attachment in oxygen:

e+O2 → O− +O

e+O +O2 → O− +O2

e+O3 → O− +O2

2.2.3 Detachment

The process of detaching electron from neutral molecules or negative ions is called

detachment. Some examples for this process are:

e+O− → O + 2e

O− +O2 → O +O2 + 2e

O− +O → O2 + e

2.2.4 Ionic Recombination

Recombination or neutralization is the combination of a positive ion with either a

free electron or an excessive electron of a negative ion. This process is a major cause

of the decrease in charged particle numbers.

Experiments proved that the probability of the recombination of a positive ion

and a negative ion is larger than the probability of the recombination of a positive

ion and an electron [18]. This process can be explained considering the velocity

of electron. Since an electron approaching the positive ion is usually too fast and

the time of interaction between these two particles is very small, the probability of

capturing an electron by the positive ion is very small. Therefore, the recombination
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between electron and positive ions occurs only for very slow electrons. Here are some

examples for recombination processes:

O− +O2
+ → O +O2

O− +O2
+ +O2 → O3 +O2

O+ +O2
− +O2 → O3 +O2

2.2.5 Ozone Generation and Decomposition

Disinfection, bleaching and chemistry are three domains in which ozone has expand-

ing applications. In water puri�cation applications, ozone is used extensively as a

substitute for chlorine. Electric corona discharge is the best technique for creating

ozone. This technique has been investigated for a long time and is now largely indus-

trialized. The following equations show the processes causing ozone generation and

decomposition in oxygen.

O +O2 +O2 → O3 +O2

e+O3 → O +O2 + e

O3 +O2 → O +O2 +O2

O3 +O → 2O2

As mentioned earlier, including all these species and reactions makes the corona

model too complicated. Therefore, considering the speci�c application of corona and

the information needed, only some of these species should be considered in the model.

If the charge density distribution of electrons and negative and positive oxygen

ions are required, the three species model which only includes the reactions between

e, O2
+, O2

− should be studied. This model is also su�cient for the reproduction of

Trichel pulses and is used in this thesis as well. However, if the application involves
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ozone generation and its generation rate is required, �ve species model which include

the reactions between e, O2
+, O2

−, O3, O should be investigated.

2.3 Literature Review

The Trichel pulse regime of corona discharge which is the �rst regime in negative

corona is an interesting phenomena from both scienti�c and industrial points of view.

Trichel pulses are normally very regular pulses with very short rise times (as short as

1.3 ns [24]) and short durations (tens of nanoseconds [25]) separated by much longer

inter-pulse periods (tens of microseconds [25]). Trichel reported the existence of such

pulses in oxygen [16] and was able to explain some very important features of the

corona discharge like the shielding e�ect produced by the positive ion cloud near the

cathode. He also predicted that the space charge formation and subsequent clearing

in the gap is the cause of the periodic character of the discharge. A negative cloud of

space charge is formed far from the discharge electrode (point) and a positive cloud

is formed near the point. The presence of positive ions near the point increases the

�eld in this area and decreases the electric �eld between the positive and the negative

ion clouds. Therefore, no ionization can take place beyond the positive ion cloud.

The positive ions move towards the point under the e�ect of the electric force; this

narrows the region of the enhanced electric �eld and, �nally, the ionization process

stops.

It was also observed that the frequency of pulses varies linearly with the corona

current and is a function of the point diameter varying as an inverse function of the

radius of the point for the same corona current. The frequency of the pulses is not a

function of gap length, but varies with current independently of gap length [26].
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Loeb et al. [27] believed that these regular pulses exist only in electronegative

gases. This assumption contradicts the recent discovery of Akishev at al. [19]. They

tried to explain this phenomenon by presenting a theory which involved successive

electron avalanches, each giving rise to three successors near the end of its develop-

ment but this theory could not explain the fast rise time of 1.5ns observed in air at

atmospheric pressure.

Zentner 1970 [24] found that the rise time of the pulse in air may be as short

as 1.3 ns. He also observed a step on the leading edge of the current pulse.

Lama and Gallo [26] carried out a series of carefully designed experiments and

determined the dependence of pulse frequency, charge per pulse and time averaged

corona current with the applied voltage, needle tip radius, and needle to plane spacing.

They further explained the physical mechanism proposed by Trichel and Loeb, by

adding a very rapid electron Townsend avalanche from the tip, followed by electron

attachment to electronegative molecules to form a slow moving negative ion cloud that

reduces the electric �eld below threshold and thus chokes the discharge. The corona

discharge then remains o� until the negative ion cloud drifts su�ciently far from the

tip causing the electric �eld to rise above threshold and the discharge re-initiates.

This is repeated in successive stages leading to Trichel current pulses. Lama and

Gallo analyzed the electric �eld and characterized the discharge in terms of several

parameters as follows de�ned in terms of applied voltage, gap spacing and tip radius:

• �Transit time�: the time for a negative ion cloud to transverse the gap.

• �Clearing length�: the distance the choking negative ion cloud must move be-

fore the electric �eld regains its breakdown value and the corona discharge
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re-initiates.

• The number of negative ion charge clouds in the gap at any given time, partic-

ularly as a function of applied voltage.

• The total value of negative ion charge in the gap at any given time, particularly

as a function of applied voltage.

By incorporating experimental data into the expressions for the space-charge-

free electric �eld, Lama and Gallo were able to obtain equations for the complex space-

charge perturbed situation. These equations remain to be veri�ed by independent

analysis. Depending upon applied voltage, their major conclusion is that there are

many negative ion charge clouds simultaneously in transit across the gap.

Aleksondrov [28] presented the theory of parallel development of several avalanches

rather than successive avalanches. He therefore succeeded in predicting much faster

rise times for the main pulse. Kekez et al. [29] used an equivalent circuit for the

point-to-plane corona discharge and described the succession of pulses. However, his

model could not explain the detailed mechanism of the pulse formation.

In 1985, Morrow [30], [31] proposed a one-dimensional model for the develop-

ment of Trichel pulses by applying the combined Finite-Di�erence and Flux-Corrected

Transport (FCT) technique to solve the set of continuity equations for ionic species

along with Poisson's equation for electric potential. He could only predict the �rst

Trichel pulse and o�ered a theoretical explanation for the di�erent stages of the pulse.

His work was the best-known among all the attempts for theoretical explanation of

the Trichel pulse phenomenon. The results agreed well with the experimental data

on the current-voltage dependency and also on the dynamics of the pulse initiation.
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However, the extension of the calculations to longer times showed only continuing

decay of the current without subsequent pulses. Although Morrow did explain the

di�erent stages of the pulse, he ignored the ion secondary emission.

Atten et al. [32] investigated the process of corona discharge in air at di�erent

gas pressures and point radii. They showed that the Paschen's law is still valid in

high pressure air (up to 7 MPa) for very small point electrodes.

Castellanos et al. [33] proposed a three species model to study corona discharge

in oxygen at a reduced pressure (50 Torr). They solved the problem in 1D using a

Particle-in-Cell technique. Their results were compared with experimental data, but

the model they were using was valid for oxygen and at a reduced pressure while the

experimental data was reported for air and at atmospheric pressure [26]. Moreover,

the investigated geometry was di�erent from that of experiment. Therefore, they

did not expect a quantitative agreement between experimental and numerical results.

Still their model and technique had some advantages; it was fast and they could obtain

a reasonable agreement between the characteristics of Trichel pulse in simulation and

experiment.

Napartovich et al. [34] proposed a quasi-one-dimensional, 1.5D, numerical

model for the analysis and reproduction of Trichel pulses. This means that they

assumed a constant distribution for all the physical quantities (charge densities and

electric �eld) in every cross section of the discharge channel. The same approximation

was made by Morrow but he assumed a cylindrical shape for the discharge channel.

However, experimental observations show that the ratio of the discharge channel on

the anode and cathode is on the order of 104. They assumed that the radius of the

current channel is a function of the axial distance, x. With this assumption, they
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could model the sequence of Trichel pulses in dry air for short gaps (<1cm).

The same authors later presented a two-dimensional model for negative corona

discharge in air and successfully showed the presence of a sequence of Trichel pulses

[35]. This paper, however, did not contain any detail on the technique and the

model used. Some other authors used similar simpli�ed models in order to reproduce

sequences of Trichel pulses [29], [36] and [37].

Georghiou et al. [38] presented a two-dimensional model for Trichel pulse simu-

lation in air. They used COMSOL-Multiphysics (a FEM based commercial software)

for solving the corresponding equations. Their results, however, were not compati-

ble with experimental expectations. The period of the Trichel pulses they calculated

was approximately 20 times smaller than the experimental predictions for the same

con�guration.

2.4 Motivation

The Trichel pulse regime of negative corona discharge is a very interesting and unique

phenomenon. From the physical point of view, in the Trichel pulse regime, a pulsating

current will appear in the air gap if a DC voltage is applied to the sharp electrode.

In practice, there are many industrial devices which use negative corona discharge:

electrostatic precipitators, electrophotographers, ozone generators and ionizers are

some examples of these devices. Optimizing these devices needs a deep understanding

of the mechanism of the corona discharge. Therefore, presenting a model for the

Trichel pulse regime of corona is an interesting subject among both physicists and

engineers.
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As mentioned in the literature review, none of the existing models proposed

for modelling this phenomenon are either comprehensive or compatible with the ex-

perimental data. Therefore, a model for simulating Trichel pulse regime of corona

discharge will be proposed in this thesis. The proposed model improves the existing

models and has the following features simultaneously:

• it is three-dimensional

• it can simulate the dynamic behaviour of Trichel pulses

• it includes three ionic species and it can be easily modi�ed to include a larger

number of species

• it is the �rst proposed model which shows a reasonable correlation with the

experimental data published by other researchers.

2.5 Conclusions

In this chapter, a detailed description of the mechanism of negative corona discharge

was presented and the literature related to Trichel pulses was reviewed.

The literature review has identi�ed some speci�c de�ciencies in the understand-

ing and explanation of Trichel pulses which justi�es the motivation for this project.

The purpose of this thesis is to clarify our understanding of the Trichel pulse

mechanism. The interest in doing this is certainly because corona is important in

many practical applications but more importantly to �ll in gaps of understanding

that exist. The goal of producing a model and numerical solution that helps in this
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understanding by improving on existing models and correlates better with existing

experimental data is certainly a worthy topic of an engineering study.

Moreover, due to a very large number of industrial applications of corona dis-

charge, in-depth knowledge of corona characteristics, their transition to arc and their

chemical interactions with the environment are essential for further progress in this

�eld. Understanding the mechanism of corona helps with optimizing the industrial

devices which use corona discharge.
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Chapter 3

Mathematical Models and Numerical

Algorithms in Electric Corona Simulation

3.1 Introduction

Due to the complexity of equations governing corona discharge, �nding analytical

solutions for these equations is not possible unless some major simpli�cations are

made or the problem geometry is highly symmetric. Therefore, numerical simulation

is principally the only feasible approach for the corona discharge modelling.

The use of numerical tools for studying this phenomenon has recently reached

an advanced degree of development. Di�erent types of numerical techniques have

been used for modelling this interesting and complicated phenomenon. However,

there is still no complete and stable algorithm for modelling the Trichel pulse regime

of corona discharge.

The equations describing the electric �eld and space charge density used in

modelling corona discharge can be treated as a simultaneous set of partial di�erential
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equations. The charge density distribution is unknown in advance due to its depen-

dence on the electric �eld. On the other hand, the �eld distribution is a function of

charge density. Therefore, the solution of these equations can not be found easily and

both problems are mutually coupled.

In order to simulate electric corona discharge numerically, most researchers use

iterative techniques. Electric �eld and space charge density are solved iteratively

until convergence is obtained. This approach allows the use of di�erent methods to

independently compute both distributions.

3.2 Literature Review on Mathematical Models for

the Trichel Pulse Simulation

First attempts on modelling of the Trichel pulse regime of negative corona discharge

were made by Morrow [30]. Three charge continuity equations along with the Pois-

son equation were solved for calculating the distributions of electrons, positive and

negative ions, and electric �eld at reduced pressure oxygen (50 Torr). His model was

1D and included the three main reactions occurring in corona discharge: electron

ionization, attachment, and recombination (electrons-positive ions and negative ions-

positive ions). He also included both secondary electron emission and photoionization

as the source of secondary electrons. However, his model could only predict the �rst

Trichel pulse and the sequence of Trichel pulses could not be simulated.

Napartovich et al. [35] proposed a 2D mathematical model for simulating

Trichel pulses in air. The same set of equations as in Morrow's case was proposed.

The di�erences between both models were as follows:
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1. ambient gas: air versus pure oxygen,

2. gas pressure: 1 atm versus 0.066 atm,

3. recombination coe�cient between negative and positive ions and photoioniza-

tion e�ect were ignored in the Napartovich model.

These authors were apparently successful in reproducing the sequence of Trichel

pulses. However, the numerical technique they used was never reported. Moreover,

their results were not compared with any experimental data.

Castellanos et al. [33] used Morrow's 1D model in oxygen (at reduced pressure)

to reproduce the series of Trichel pulses. They ignored the photoionization, di�usion

and recombination e�ects but investigated the voltage range at which stable Trichel

pulses can be generated. However, their model was 1D and such models are too

simplistic for accurate estimation of the Trichel pulses behaviour.

Georghiou et al. [38] used a 2D model to produce a Trichel pulse sequence in

air. They were successful in simulating the sequence of pulses but their results were

not comparable with the experimental observations reported in literature.

3.3 Literature Review on the Numerical Techniques

In this section, di�erent techniques used for solving electric �eld and space charge

density equations along with the algorithms used for modelling corona discharge are

presented.
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Table 3.1: A comparison between di�erential-based and integral-base techniques

Methods Di�erential-based Integral-based

Discretization Whole domain Boundaries, interfaces and
areas with space charge

Suitable for Laplacian or Poissonian Laplacian problems
Linear or nonlinear Open boundary problems

Not suitable for Open boundary problems Poissonian or nonlinear
problems

3.3.1 Numerical Techniques for Calculating the Electric Field

In gas discharge problems, the Poisson equation needs to be solved to calculate the

electric potential as well as the electric �eld. To date, many di�erent techniques

have been proposed for solving this equation and can be classi�ed into two di�erent

categories: integral-based and di�erential-based.

Boundary Element Method (BEM) and Charge Simulation Method (CSM) are

two examples of integral-based techniques; Finite Di�erence Method (FDM), Fi-

nite Element Method (FEM), and Finite Volume Method (FVM) are examples of

di�erential-based techniques used for solving this equation. A brief comparison of

these two categories is shown in Table 3.1.

The �rst proposed technique for calculating the electric �eld was FDM [39]. In

this technique, the derivatives in the partial di�erential equation are replaced with

�nite di�erences. The whole region is discretized and a mesh is formed. The �nite

di�erence approximation is then applied to every node of a mesh. As a result, the

di�erential equations are transformed to linear algebraic equations. Simplicity of this

technique is one of the advantages of FDM; however, since this technique needs a

rectangular mesh, it is di�cult to apply FDM to problems for irregular domains. For

problems with complicated geometry, FDM must use a large mesh which will be time
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consuming. Another disadvantage of this technique is that it can not handle the sharp

geometry of the discharge electrode very well [39]; therefore, using this technique for

modelling corona discharge is not recommended.

FEM was the next proposed technique and eventually it became a dominant

technique for solving Laplace and Poisson equations [40]-[43]. FEM is based on mini-

mizing the energy of the system instead on direct solution of the equations. Therefore,

it can determine the energy related parameters with a much better accuracy. To use

FEM, the whole domain should be discretized into a set of triangular, quadrilateral

or other type of elements depending on the problem con�guration. A simple ma-

trix equation for each element is then obtained by minimizing a properly formulated

functional, which can be obtained from the variational principle. By assembling these

matrix equations, a global set of algebraic equations can be formulated. After intro-

ducing the boundary conditions, this global set of equations is solved to obtain the

values of the unknown functions at each node. A detailed description of this technique

will be presented later in this Chapter.

The advantage of FEM over FDM is its ability in solving problems with com-

plicated con�gurations. It can use unstructured grids as compared with structured

grids required for FDM which results in a smaller mesh and makes the calculations less

time consuming. By increasing the number of elements or the order of interpolating

polynomials in each element, accuracy of the technique can be easily improved.

Singer and Steinbigler [44] introduced CSM, the �rst integral-based technique

for the calculation of high voltage �elds and applied it to two and 3D �elds with

rotational symmetry. Since then, many re�nements to the original method have been

proposed by Horenstein [45], Castle [46], Malik [47] and Elmoursi [48], and the CSM
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has been successfully used to solve a variety of �eld problems.

This technique is based on the fact that the electric �eld in a considered domain

can be uniquely determined by the problem boundary conditions. Therefore, the

original problem can be replaced by introducing a set of �ctional charges that match

the boundary conditions. In this technique, some number of point charges are used

instead of continuous surface charge density on electrodes [47]. Values of the discrete

charges are determined in order to satisfy the boundary conditions of the original

problem. Knowing the values and positions of these substitute charges, the potential

and �eld distribution can be easily computed anywhere in the region. If the charges

are set properly by the user, CSM can be fast and accurate. However, since there is

no speci�c rule for setting these charges, �nding their best number, value and location

is not easy. This technique is not suitable for problems with complicated geometries

or in the presence of several di�erent materials in the domain.

BEM was the next integral-based technique proposed for solving the Poisson

equation [49]-[52]. Similarly to CSM, BEM introduces a set of �eld sources but they

are located on the boundaries. These sources are selected so that the continuity

and boundary conditions are satis�ed. The advantage of BEM over CSM is that in

BEM the charges are on the surface of the electrode while in CSM the user should

locate the charges somewhere inside the electrode and the accuracy of the technique

is dependent on these locations. The main disadvantage of BEM is that it is time

consuming for problems with space charge and it is impossible to use it for non-linear

problems.

FVM is a more recent technique, proposed for corona discharge problems [52].

This technique also converts partial di�erential equations into algebraic equations.



Chapter 3: Mathematical Models and Numerical Algorithms in Electric Corona
Simulation 34

Similarly to the FDM, values of unknown solution are calculated at discrete nodes

of a mesh. �Finite volume� refers to the small volume surrounding each node. In

the FVM, the volume integrals in a partial di�erential equation containing diver-

gence terms are converted to surface integrals using the divergence theorem. These

terms are then evaluated as �uxes at the surfaces of each �nite volume. Because the

�ux entering a given volume is identical to that leaving the adjacent volume, these

methods are conservative. Another advantage of the FVM is that it can be easily

formulated for both structured and unstructured meshes. This method is used in

many computational �uid dynamics packages.

Since each of these techniques has its own advantages and disadvantages, it is

useful to combine di�erent methods in one algorithm. The integral-based and di�er-

ential based techniques have some complementary characteristics; therefore, hybrid

techniques which take the advantage of the individual techniques are proposed by

many researchers. As an example, combination of BEM-FEM is used by Adamiak

and Atten [53]. In their approach, FEM was used to calculate the Poissonian and

BEM the Laplacian components of the electric �eld.

3.3.2 Numerical Methods for Calculating the Space Charge

Density

The space charge density distribution in corona discharge can be determined from

the charge continuity equation. This equation is hyperbolic and nonlinear. The space

charge density also depends on the electric �eld and the electric �eld depends on the

space charge. This mutual dependence makes the solution complicated.

The Method of Characteristic (MoC) is one of the most popular techniques for
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solving the charge continuity equation. In this technique, it is assumed that ions

move along electric �eld lines called the characteristic lines. Along these lines, the

partial di�erential continuity equation for the space charge density changes to ordi-

nary di�erential equations (ODE). These ODEs can be integrated and an analytical

or numerical solution for charge density can be obtained. If the initial charge density

at the �rst point of each characteristic line is known, the charge density at any point

in the space along the characteristic line can be easily calculated. However, this tech-

nique has an important disadvantage. It is simple for a single-species problem only.

It is di�cult to extend this technique to problems with multi-species ions since a set

of ordinary di�erential equations must be solved numerically [54]. Moreover, for the

problems in which di�usion plays an important role, MoC is not suitable at all.

The Finite Volume Method, especially in the form called the Donor-Cell Method

(DCM), is another technique used for solving charge continuity equations. This tech-

nique uses the charge conservation equation in the integral form [55] and the com-

putation region needs to be meshed so that each node should be surrounded by a

polygon. The advantage of this technique over MoC is that it can solve multi species

problems and it can take into account the ion di�usion. The disadvantage is that

it can be very time consuming [56]. Therefore, for single-species modelling MoC is

preferred over DCM.

Combination of FEM with Flux Corrected Transport (FCT) technique is an-

other useful technique for solving charge continuity equations. This technique has

been proposed by Morrow and others [30], [57] and [58], who successfully applied it

to solve the charge continuity equation. The advantage of FEM is that it can be

applied to unstructured grids which leads to a smaller algebraic system and makes
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the calculations faster. FCT removes the non-physical (numerical) oscillations usu-

ally introduced by conventional FEM schemes. This is done by adding adequate

di�usion but only to the nodes where results are oscillatory. Another advantage of

this technique is that there is no need to regenerate the mesh at each iteration or to

interpolate charges which is necessary in MoC [59] and [60]. This technique can also

be easily used for multi-species time domain modelling.

3.3.3 Numerical Algorithms for the Simulation of Corona

Discharge

All of the numerical algorithms that have been proposed for the simulation of corona

discharge can be classi�ed into two groups: simple and hybrid. In simple algorithms,

the same technique is used for the calculation of electric �eld and space charge density

while the hybrid techniques take the advantages of two or more numerical methods

simultaneously.

FDM was the �rst technique used for solving both Poisson equation and charge

transport equation [61]. FEM was then applied by Janischewskyj and Gela [62] for

modelling corona discharge in between two coaxial cylinders and used for solving both

equations. The coaxial cylinder con�guration, due to its high degree of symmetry,

reduces to a 1D model for which the analytical solution is available and can be used as

a reference. The computer program prepared for their study was the skeleton model

for application in 2D situations. Feng [63] combined Galerkin FEM in computing

steady-state unipolar corona discharge in 2D geometry. In this work, a set of non-

linear algebraic equations for steady state electric �eld and space charge was solved

simultaneously using the Newton technique for all unknowns.
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Hybrid techniques are the second option, which can be employed for solving

corona discharge problems. By combining di�erent methods to solve electric �eld

and space charge density equations, it is possible to bene�t from the advantages of

each technique while mitigating their disadvantages.

Abdel-Salam [64] used the combination of FEM and CSM to model the corona

discharge in a wire-ground geometry. He used the same iterative technique which was

proposed by Janischewskyj. Then, he calculated the power loss along the transmission

lines due to the corona discharge [65]. Takuma et al. [66] also used the combination

of FEM and CSM to calculate the electric �eld and the upwind FEM to �nd the space

charge density distribution for the simulation of corona discharge in the wire-plane

con�guration.

Davis and Hoburg [40] combined FEM with MoC to study the corona discharge

in the wire-duct electrostatic precipitators (ESPs). FEM was used to calculate the

electric �eld and MoC was used for the calculation of the space charge density.

Butler and Hoburg [67] also used a hybrid FEM-MoC approach to model corona

discharge. A general purpose technique was suggested which can be used for a wide

variety of geometries. The most critical element of this algorithm is a coupling be-

tween both techniques. Since FEM calculates the electric �eld on mesh nodes and

MoC calculates the space charge density along the characteristic lines, with these two

sets of nodes, which are not the same, a technique should be adopted to interface

them. Two techniques were suggested for providing an interface between FEM and

MoC. The �rst technique used the nodes of the characteristic line to regenerate a

new FEM mesh after every iteration which can be used for problems with simple

con�guration. The second technique traced the characteristic lines from every FEM
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mesh node backwards to the starting point on the corona electrode and requires much

longer computing time.

Al-Hamouz [68] proposed a new method for combining FEM and MoC which

made it possible for the characteristic lines to follow the FEM mesh pattern. To do

this, special �ux tubes were introduced which started at the surface of the discharging

wire and terminated at the ground plates. The space charges were assumed to �ow

along the centers of these �ux tubes, i.e., the �eld lines. Therefore, the characteristic

lines could follow the FE grid pattern and there was no need for generating a new

mesh at every iteration. This technique was simple but it needed a �ne mesh in order

to reach convergence.

Elmoursi and Castle [46] used the combination of CSM and MoC for electric

corona discharge simulation in wire-plane geometry. CSM was used for the electric

�eld and MoC was used for the space charge density calculations.

Levin and Hoburg [43] applied a combination of FEM and DCM to simulate the

corona discharge in a wire-duct precipitator. FEM was used for the electric �eld cal-

culation and DCM was used for the space charge density calculations. This technique

was very time consuming but could include ion di�usion into the calculations.

Adamiak [49] used a combined BEM and MoC technique for the simulation of

electric corona discharge in the wire-duct electrostatic precipitators. The proposed

technique was reliable but time consuming.

Adamiak and Atten [53] used the combination of BEM, FEM and MoC for the

simulation of positive corona discharge in the point-plane con�guration. The electric

�eld was divided into two components: Laplacian and Poissonian. BEM was used
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to solve the Laplace equation which governs the distribution of electric �eld due to

the external voltage. FEM was used to solve the Poisson equation which governs

the electric �eld produced by space charge and MoC was used for the space charge

density calculation. To obtain a good accuracy, the discretization of the area near

the tip should be very �ne because the variation of electric �eld near the tip of the

corona electrode is very steep.

Atten et al. [69] combined FEM, FVM, and MoC for the simulation of electric

corona discharge. They used FEM for the electric �eld calculation and the combina-

tion of FVM and MoC for the space charge density calculations.

The above techniques were applied for modelling a steady-state single-species

corona discharge. Very few attempts have been made for modelling transient and/or

multi-species corona discharge.

Mengozzi and Feldman [70] developed a 1D time-dependent model of Trichel

pulse development in a wire-cylindrical geometry. This model was simpli�ed to avoid

large-scale computations and only considered 2-5 µs energization pulses producing a

single ionizing burst. Sekar [71] modeled the pulse corona discharge in a wire-cylinder

geometry using the idea of charge shells. It was assumed that under Kaptzov's hy-

pothesis, discrete charge shells were liberated during pulse discharge. Salasoo et al.

[72] simulated corona in both space and time for a pipe type precipitator. Their model

could estimate ion densities and �eld distribution for various pulse parameters.

Buccella [73] proposed a 2D dynamic model to predict the V-I characteristics of

a duct-type electrostatic precipitator operating under pulse energization. She utilized

an implicit-explicit �nite di�erence time domain method (FDTD). The electrostatic
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precipitator model was divided in two distinct parts: one that is valid during the

pulse-on period and uses the wave equation to calculate the electric �eld distribution

in the inter-electrode region, and the second is valid during the pulse-o� period and

uses the continuity equation to calculate the space charge drift. The comparison of

the results with the experimental data showed a satisfactory agreement.

Meroth and others [74] presented a numerical model which was based upon a

FEM for solving the Poisson equation and a non-stationary higher-order upstream

�nite volume scheme on unstructured grids for the charge transport equation. How-

ever, they assumed a model free of ion di�usion.

Liang et al. [75] proposed a method for modelling a wire-cylinder ESP under

nanosecond pulse energization. They included dust loading in their model and studied

the interactions between ion space charge and particle charging and their in�uence on

the electric potential and �eld distributions. They used FDM as the numerical solver

of their 1D and single-species model. The author of this thesis believes that they

mistakenly reported the pulse-shaped output current as a Trichel pulse; it appears

that this pulse was generated due to the pulsed-shape of the applied voltage.

Qin and Pedrow [76] applied a dynamic 2D simulation based on the particle-

in-cell technique for modelling a cylindrical bipolar DC corona. FEM and CSM

were used for the Poisson equation and FDM was used for the calculation of particle

concentration.

Zhang and Adamiak [77] proposed a dynamic model for the negative corona

discharge in the point-plane geometry. They used a hybrid BEM-FEM technique to

calculate the electric-�eld parameters and they used MoC for the charge-transport
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prediction. This model was valid for single-species discharge only but successfully

simulated the full current waveform under di�erent waveforms of the applied voltage:

step, square and pulse.

3.4 Why FEM-FCT?

As mentioned earlier, for modelling gas discharge problems like streamers, Trichel

pulses and coronas, the Poisson equation needs to be solved for calculating the electric

�eld due to the space charge and charge continuity equations should be solved to

model the transport and generation of ionic space charge density [30], [35]. The

electric �eld has a very non-uniform distribution with the strongest values localized

in the area close to the corona electrode but is a�ected by the net space charge which

depends on the electron, negative and positive ion densities. Hence, to �nd its value

accurately, charge densities must be determined with high accuracy with no ripples

or arti�cial di�usion [78]. Therefore, a very accurate numerical technique is required

for this purpose.

Linear schemes have a poor performance for transient problems with steep gra-

dients, i.e. coronas, because the high-order solution would be oscillatory and noisy,

and the low-order solution would be smooth but over-di�usive [79]. Godunov's theo-

rem states this observation as follows:

No linear scheme of order greater than one will yield monotonic (wiggle-free

and ripple-free) solutions [80].

To overcome this di�culty, nonlinear schemes should be developed. The easiest

way for creating a nonlinear algorithm is by mixing a high-order one with a low-
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order one. Combining these two schemes is called �limiting� and FCT is an algorithm

developed based on this idea. Such an algorithm is used in many CFD problems

which involve transport of scalar quantities that should remain positive for physical

reasons [81]. Moreover, since the method should be able to describe the transport of

low density values with the same accuracy as large ones, in solving charge continuity

equations most of the existing methods for the solution of gas discharge problems

are based on the FCT [78]. The combination of FCT with FDM was very common

until recently, but since FDM needs a rectangular discretization of the domain and

a structured mesh, the number of unknowns is very large; this leads to very long

calculations and needs a large memory. In order to avoid this, the problem dimension

is often reduced to one [82], [83], [84] and [85]. This approximation is not accurate

enough and can only be used for very simple geometries. Some work has been done in

using FDM-FCT in two dimensions but they were restricted to very simple geometries

[86]-[87] or very short time intervals [88].

To overcome the restrictions mentioned above, in this thesis a FEM-FCT algo-

rithm has been developed. This technique ful�lls the following requirements [78]:

• it gives positive, accurate results, free from non-physical density �uctuation and

numerical di�usion,

• it is computationally e�cient,

• it can be easily adopted for any geometry.

The �rst requirement is satis�ed by using a special method such as the FCT,

which takes into account only the �real� di�usion in the system. The FCT method

can capture the steep density gradients without introducing spurious oscillations or
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arti�cial di�usion. In order to ful�ll the last two requirements, FEM should be

used because it o�ers computational e�ciency through the use of unstructured grids.

Therefore, the FEM version of FCT used in this thesis can ful�ll all the requirements

[81] and is an extension of the method proposed by Loehner et al. [79], which has

been successfully used in �uid mechanics.

3.5 Finite Element Method

The FEM originated from the need for solving complex elasticity and structural anal-

ysis problems in civil and aeronautical engineering [89]. Its development can be traced

back to the work by Alexander Hrenniko� (1941) and Richard Courant (1942). While

the approaches used by these pioneers were dramatically di�erent, they share one es-

sential characteristic: mesh discretization of a continuous domain into a set of discrete

sub-domains usually called elements [90].

At 1968, this method was �rst used in electromagnetic (EM) problems [91]. In

comparison with FDM andMethod of Moments (MoM), FEM is more complicated but

it is more versatile and powerful for handling problems with complex geometries and

in non-homogeneous media. Another advantage of this technique is in programming

�exibility and elegance. Because of the systematic generality of this technique, a

general purpose computer program can be developed and can be used for a wide

range of problems.

Six basic steps are involved in this method [91]:

1. Discretization of the solution region into elements: these elements can be 1D,

2D or 3D depending on the con�guration of the problem.
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2. Interpolation of the solution: in this step, the unknown variable inside the

element is interpolated based on the nodal values.

3. Deriving governing equations for each element: by converting the di�erential

equations and the associated boundary conditions to an integro-di�erential for-

mulation. This can be done either by minimising a functional or by using a

weighted residual method such as the Galerkin one. After this step, a matrix

equation for one element is generated.

4. Assembling matrix equations for all elements in the solution region to form a

global set of equations.

5. Introducing the boundary conditions.

6. Solving the resulting system of equations using matrix inversion or iterative

techniques.

Solving Poisson Equation Using FEM

In order to solve the Poisson equation: ∇2V = − ρ
ε0

using FEM, the solution

region should �rst be divided into elements. In this thesis, triangular elements are

assumed for simplicity.

Secondly, the electric potential V and the charge density distribution (ρ) should

be approximated over each element using a linear function:

Ve =
3∑

i=1

Veiαi(x, y) (3.1)

ρ =
3∑

i=1

ρeiαi(x, y) (3.2)
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As equations (3.1) and (3.2) show, potential and charge density at any point

(x, y) within the element is known provided that nodal values of V and ρ are known.

Therefore, another advantage of FEM over FDM is its ability to obtain the unknown

values at any point within the region not just at the grid points.

αis are called shape functions and they have the following properties:

1. αi(xj , yj) =

 1 i = j

0 i ̸= j

2.
∑3

i=1 αi(x, y) = 1

According to the variational principle, the problem of solving Poisson equation

is equivalent to the problem of �nding an extremum for the energy functional. For

the Poisson equation, this functional is given by [91]:

F (Ve) =
1

2

∫
S

[
ε|∇Ve|2 − 2ρeVe

]
(3.3)

F (Ve) represents the total potential energy per unit length accumulated in the

element. The �rst term: 1
2D⃗ · E⃗ = 1

2ε|∇Ve|2 is the energy density in the electrostatic

system while the second term ρeVedS is the work done in moving the charge ρedS to

its location at potential Ve. Substituting equations (3.1) and (3.2) in equation (3.3)

we have,

F (Ve) =
1
2

∑3
i=1

∑3
j=1 εVei

[∫
∇αi · ∇αjdS

]
Vej−

∑3
i=1

∑3
j=1 Vei

[
αiαjdS

]
ρej
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This functional can be written in matrix form as:

F (Ve) =
1

2
ε [Ve]

t
[
C(e)

]
[Ve]− [Ve]

t
[
T (e)

]
[ρe] (3.4)

Cij
(e) =

∫
∇αi∇αjdS

[
C(e)

]
=


C11

(e) C12
(e) C13

(e)

C21
(e) C22

(e) C23
(e)

C31
(e) C32

(e) C33
(e)


Matrix

[
C(e)

]
is the element coe�cient matrix, or sti�ness matrix. Each ele-

ment of this matrix shows the coupling between node i and j.

Also,

Tij
(e) =

∫
αiαjdS

Equation (3.4) which is the governing equation for one element can be applied

to every element in the solution region. Sum of the functionals for each element yields

the functional for the whole solution region.

F (V ) =
N∑
e=1

F (Ve) =
1

2
ε[V ]t [C] [V ]− [V ]t [T ] [ρ] (3.5)

Matrices [V ] and [ρ] are composed of n values of potential and space charge

densities at all the nodes.

The functional in equation (3.5) can be minimized by di�erentiating it with

respect to Vei and setting the result equal to zero.
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The resulting equations can then be solved by either the iteration method or

matrix inversion. In order to minimize the storage, many di�erent schemes can be

used; the simplest one is band matrix scheme [91]. These techniques are described

below:

• Iteration method: By �xing the potential at the boundary nodes and setting

the potential at other nodes to some initial value, equation (3.6) is applied to

all nodes until convergence is reached.

Vk = − 1

Ckk

n∑
i=1,i ̸=k

ViCki +
1

εCkk

n∑
i=1

Tkiρi (3.6)

• Matrix inversion: the left hand side matrix is inverted and multiplied by both

sides.

• Band Matrix Method: This important technique minimizes the size of the ma-

trix storage for a time-e�cient use of FEM. Since all the matrices involved in

FEM are symmetric, sparse and banded, to reduce the memory usage and sim-

ulation time, only the matrix entries inside of a half-band-width not the whole

matrix are stored [92].

In order to minimize the bandwidth, the nodes should be renumbered such that

the di�erence between the lowest and the highest node numbers of any element

of the mesh is minimized. The Cuthill-McKee algorithm was used by Xishen

Deng, a senior student [92] for node renumbering. The generated subroutines

are used in this thesis.



Chapter 3: Mathematical Models and Numerical Algorithms in Electric Corona
Simulation 48

After �nding potentials at all the nodes, the electric �eld can be calculated by

di�erentiating V : E⃗ = −∇V

3.6 Combined FEM-FCT

A typical format for charge continuity equation is: ∂u
∂t +∇ ·

(
kuE⃗

)
= 0

FEM-FCT algorithm for solving this equation consists of the following steps:

1. Compute the high order solution: Discretize the equation by a linear high order

method (e.g., Galerkin FEM) and compute the high order solution (K) [93].

MC
du
dt = Ku, such that ∃j ̸= i : kij < 0

where MC is the consistent mass matrix.

The discretization of a charge continuity equation using Galerkin FEM tech-

nique will be explained in the next Chapter.

2. Compute the low order solution (L): Compute solution from some low order

scheme that guarantees monotonic and oscillation-free results. This technique

is called upwinding.

L = K +D

MC
du
dt = Lu such that lij ≥ 0, ∀j ̸= i

For the low order scheme to be non-oscillatory, all o�-diagonal coe�cients of

the matrix L should be nonnegative. Hence the entries in matrix D are given

by [93].



Chapter 3: Mathematical Models and Numerical Algorithms in Electric Corona
Simulation 49

dii = −
∑

j ̸=i dij , dij = max
(
0,−kij ,−kji

)
= dji

After initialization: L = K, each pair of nonzero o�-diagonal elements lij and

lji are examined. If the smaller one is negative, it is set equal to zero and three

other entries are modi�ed so as to restore row sums:

lii = lii − dij ;

lij = lij + dij

lji = lji + dij ;

ljj = ljj − dij

The low order solution can be represented as [79]:

ui
l = ui

h +
∑

node LECi, i = 1, 2, ..., n

where ui
h is the high order solution and LECi is the low-order contribution

calculated for the ith node. This scheme yields the least di�usive low order

scheme obtainable form the original Galerkin discretization.

This technique is called discrete upwinding. The low order solution which is ob-

tained in this step is over-di�usive. In order to improve the quality of the results

and remove the excessive di�usion in smooth regions, a nonlinear antidi�usive

correction is applied to the monotone operator L in the �nal step.

3. Limit the di�usion of the low order solution: In this step, all the unnecessary

low-order contribution added in the second step is removed. This removal should

be performed such that the solution remains oscillation free:
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• De�ne the antidi�usive node contribution (A) [79] A = K − L = −D

Removal of excessive arti�cial di�usion is then accomplished by applying a

limited amount of compensating anti-di�usion (F ) which depends on the

local solution behaviour and improves the accuracy in smooth regions. It is

desirable to retain as much antidi�usion as possible without generating new

extrema and amplifying already existing ones. To do this, the antidi�usive

�uxes (Aij) should be multiplied by an appropriate correction factor before

they are added to the low order solution.

• Apply limiting to the antidi�usive node contribution and update the solu-

tion:

ui = ui
l +

∑
j Aij

C

where, Aij
C = αijAij ; 0 ≤ αij ≤ 1

By varying the limiting factor αij between zero and unity, high-order method

can be blended with the low-order method. In the vicinity of steep gradients

(which is near the corona electrode in our geometry), where spurious oscillations

are likely to arise, low order solution is used. The objective of this step is to

control the antidi�usive �uxes so that they can not create or enhance a local

extremum [94].

This step is very critical in the whole method. If we consider an isolated node

surrounded by other nodes, the task of limiting is to ensure that the increase or

decrease due to antidi�usive node contribution (A) does not exceed a prescribed

tolerance. Limiting procedure will be discussed in the next section.
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Applying FEM-FCT to a charge continuity equation

The charge continuity equation can be written in more detailed form as:

∂ρ

∂t
+ kE⃗ · ∇ρ+

k

ε
ρ2 −D∇2ρ = 0 (3.7)

First, the above equation is discretized using Galerkin-FEM method and the

high order solution is obtained:

∫
∆Ni

(
∂ρ
∂t + kE⃗ · ∇ρ+ k

ερ
2 −D∇2ρ

)
ds = 0

ρ =
∑

j ρjNj

ρ2 ≃
∑

j ρj
2Nj

The matrix form of this equation would be:

[T ]
∂ρ

∂t
= [K] [ρ] + [Q]

[
ρ2
]

(3.8)

in which, tij =
∫
∆NiNjdS = ∆

12

 2 i = j

1 i ̸= j

For simplicity of calculations, matrix [T ] = ∆
12


2 1 1

1 2 1

1 1 2

 is approximated

by its lumped mass corresponding matrix: [M ] = ∆
3


1

1

1

 in which mi =
∑

j tij ;
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therefore, the simpli�ed charge continuity equation is:

[M ] ∂ρ∂t = [K] [ρ] + [Q]
[
ρ2
]

This equation can be solved by approximating the time derivative by �nite

di�erences:

∂ρ
∂t =

ρi
n+1−ρi

n

t

This results in:

ρi
n+1 = ρi

n +
∆t

mi

(
[K] [ρ] + [Q]

[
ρ2
])

(3.9)

where,

kij = −
∫
∆ kE⃗ · Ni

(
bj
2∆ x̂+

cj
2∆ ŷ

)
ds = −k

6

(
Exbj + Eycj

)
and Qij can be cal-

culated analytically.

To transform this oscillatory high-order solution into its nonoscillatory low-

order counterpart, a discrete di�usion operator D as described in previous section is

added to the high order solution [93].

[M ]

[
∂ρ

∂t

]
= [K] [ρ] + [Q]

[
ρ2
]
→ [M ]

[
∂ρ

∂t

]
= [L] [ρ] + [Q]

[
ρ2
]

(3.10)

in which, [L] = [K] + [D]. The antidi�usive node contribution is:

AECi = HECi − LECi =
∆t

mi

∑
j ̸=i

dij
(
ρi

n − ρj
n) (3.11)
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The updated low order solution is:

ρi
l = ρi

n+
∑
j

LECj ⇒ ρi
l = ρi

n+
∆t

mi

∑
j

(kijρj
n+qijρj

2n)+
∆t

mi

∑
j ̸=i

dij(ρj
n−ρi

n)

(3.12)

In the next step, limiting is applied and the �nal solution is obtained as follows:

ρi
n+1 = ρi

l +
∑

j AECij
c =

ρi
n+

∆t

mi

∑
j

(
kijρj

n + qijρj
2n
)
+
∆t

mi

∑
j

dij
(
ρj

n − ρi
n)+∆t

mi

∑
j ̸=i

αijdij
(
ρi
n − ρj

n)
(3.13)

where, αij is:

αij =

 Ri
+ Aij ≥ 0

Ri
− Aij ≺ 0

(3.14)

where, Aij = −dij
(
ρj

n − ρi
n
)

Ri
+ =


min

(
1,

Qi
+

Pi
+

)
Pi

+ ̸= 0

0 Pi
+ = 0

Ri
− =


min

(
1,

Qi
−

Pi
−

)
Pi

− ̸= 0

0 Pi
− = 0

(3.15)
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Pi
+ =

1

mi

∑
j ̸=i

max
(
0, Aij

)
=

1

mi

∑
j ̸=i

max
(
0,−dij

(
ρj − ρi

))
(3.16)

Pi
− =

1

mi

∑
j ̸=i

min
(
0, Aij

)
=

1

mi

∑
j ̸=i

min
(
0,−dij

(
ρj − ρi

))
(3.17)

Qi
+ = ρi

max − ρi
l

Qi
− = ρi

min − ρi
l

ρi
max = max

[
ρj

n, ρi
l
]
, j ∈ Si

ρi
min = min

[
ρj

n, ρi
l
]
, j ∈ Si

Si consists of node i and its nearest neighbors (all nodes which are connected

to node i).

3.7 Conclusions

In this Chapter, a comprehensive review on di�erent proposed techniques for solving

the Poisson equation, charge continuity equation, and both equations simultaneously

were explained. Among these techniques, the one which seems to be best suited for

simulating corona discharge, the FEM-FCT, was explained in detail and is used in

this thesis. The full mathematics of this technique were explained in detail.
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Chapter 4

Implementation of FEM-FCT Algorithm for

Trichel Pulse Simulation

4.1 Governing Equations

Figure 4.1 shows the con�guration of corona discharge system used in this thesis. A

hyperbolic needle is perpendicular to an in�nitely large plate at a distance d with a

tip radius curvature R and length L. Negative potential Vc is applied to the circuit.

An external resistance Rext is connected in series with the needle and the ground

plate. The ambient gas is air at room temperature and atmospheric pressure.

As explained in the previous chapter, for three-species modelling of the Trichel

pulse regime in negative corona discharge, three charge continuity equations and the

corresponding Poisson equations should be simultaneously solved in order to model

the variations of the space charge densities and the electric �eld with time. The

details for solving all continuity equations are discussed below.
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Figure 4.1: The con�guration of corona discharge system.

1. Continuity equation for electrons:

∂Ne

∂t
+∇ · J⃗e = Neα

∣∣∣W⃗e

∣∣∣−Neη
∣∣∣W⃗e

∣∣∣− NeNpβep
e0

(4.1)

J⃗e = −keNeE⃗ −De∇Ne (4.2)

(4.1), (4.2) ⇒

∂Ne

∂t
+∇ ·

(
−keNeE⃗ −De∇Ne

)
= Neα

∣∣∣W⃗e

∣∣∣−Neη
∣∣∣W⃗e

∣∣∣− NeNpβep
e0

(4.3)

In these equations, Ne is the electron density, J⃗e is the current density due to

the motion of electrons, α is the ionization coe�cient, W⃗e is the drift velocity
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of electrons, η is the attachment coe�cient, Np is the positive ion density, βep

is the recombination coe�cient between electrons and positive ions, e0 is the

electron charge and is equal to 1.602 × 10−19, ke is the mobility of electrons,

E⃗ is the electric �eld, and De is the di�usion coe�cient. Ne, Np and E⃗ are

unknown distributions, W⃗e = −keE⃗ and the value of other coe�cients will be

presented in Chapter 6.

Applying Galerkin FEM (weak formulation) to this equation results in:

∑
j

(∫
∆NiNjds

) ∂Nej
∂t −keE⃗·

∑
j

(∫
∆Ni∇Njds

)
Nej−

keNp
ε0

∑
j

(∫
∆NiNjds

)
Nej

+keNn
ε0

∑
j

(∫
∆NiNjds

)
Nej +

ke
ε0

∑
j

(∫
∆NiNjds

)
Nej

2+

De
∑

j

(∫
∆∇Ni∇Njds

)
Nej = αi |Wei|

∑
j

(∫
∆NiNjds

)
Nej−

ηi |Wei|
∑

j

(∫
∆NiNjds

)
Nej −

Npβep
e0

∑
j

(∫
∆NiNjds

)
Nej

This integro-di�erential equation can be simpli�ed to an algebraic form as fol-

lows:

∑
j tij

Nej
n+1−Nej

n

∆t =
∑

j keijNej +
keNp
ε0

∑
j tijNej − keNn

ε0

∑
j tijNej−

ke
ε0

∑
j tijNej

2 −De
∑

j sijNej + αi |Wei|
∑

j tijNej − ηi |Wei|
∑

j tijNej−

Npβep
e0

∑
j tijNej

In this equation, the �rst �ve terms of the right hand side of the equation form

the transport component and the remaining terms form the reaction component

and,

sij =
∫
∆∇Ni · ∇Njds
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tij =
∫
∆NiNjdS = ∆

12

 2 i = j

1 i ̸= j

keij =
∫
∆ keE⃗ ·Ni

(
bj
2∆ x̂+

cj
2∆ ŷ

)
ds = ke

6

(
Exbj + Eycj

)
where, Ni and Nj are the shape functions: Nj =

aj+bjx+cjy

2∆ , Ni =
ai+bix+ciy

2∆

∆ is the area of the element and is equal to:

∆ = 1
2

((
yj − yk

)
(xi − xk)− (yk − yi)

(
xk − xj

))

and


bi

bj

bk

 =


yj − yk

yk − yi

yi − yj




ci

cj

ck

 = −


xj − xk

xk − xi

xi − xj



The time derivative term,
∂Nej
∂t , has been substituted with its �nite di�erence

representation form:
Nej

n+1−Nej
n

∆t in which n+1 and n are two successive time

instants and ∆t is the time step.

This discretized equation shows that there are two terms involved with the elec-

tron density calculations: the transport term, which is related to the advection

and di�usion of charge and the reaction term, which is related to the charge cre-

ation or disappearance due to the ionic reactions such as ionization, attachment

and recombination.

The matrix form for this equation can be written as
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[T ]
(
∂Ne
∂t

)
= [K] (Ne) + [S] (Ne),

in which matrix [K] is related to the transport term and matrix [S] is related to

the reaction term. The superposition principle is used for solving this equation

as follows:

First, [T ]
(
∂Ne
∂t

)
= [K] (Ne) is solved by using FEM-FCT as explained in the

previous Chapter. Secondly, the electron density related to the reaction term is

calculated at each node and is directly added to the results obtained from the

�rst step.

2. Continuity equation for negative ions:

∂Nn

∂t
+∇ · J⃗n = Neη

∣∣∣W⃗e

∣∣∣ (4.4)

J⃗n = −knNnE⃗ (4.5)

where kn is the mobility of negative ions, Nn is the negative ion density and J⃗n

is the current density due to the motion of negative ions.

Discretization of this equation leads to:

∑
j tij

Nnj
n+1−Nnj

n

∆t =
∑

j knijNnj +
knNp
ε0

∑
j tijNnj − knNe

ε0

∑
j tijNnj − kn

ε0∑
j tijNnj

2 + ηi |Wei|
∑

j tijNej

in which,
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knij =
∫
∆ knE⃗ ·Ni

(
bj
2∆ x̂+

cj
2∆ ŷ

)
ds = kn

6

(
Exbj + Eycj

)
3. Continuity equation for positive ions:

∂Np

∂t
+∇ · J⃗p = Neα

∣∣∣W⃗e

∣∣∣− NeNpβep
e0

(4.6)

J⃗p = kpNpE⃗ (4.7)

where kp is the mobility of positive ions, Np is the positive ion density and J⃗p

is the current density due to the motion of positive ions.

After discretization we have,

∑
j tij

Npj
n+1−Npj

n

∆t = −
∑

j kpijNpj +
kpNn
ε0

∑
j tijNpj +

kpNe
ε0

∑
j tijNpj −

kp
ε0∑

j tijNpj
2 + αi |Wei|

∑
j tijNej −

Neβep
e0

∑
j tijNpj

in which,

kpij =
∫
∆ kpE⃗ ·Ni

(
bj
2∆ x̂+

cj
2∆ ŷ

)
ds =

kp
6

(
Exbj + Eycj

)
4. Poisson equation:

For calculating the electric �eld distribution, Poisson equation needs to be

solved. For solving this equation, FEM method is used as described in the

previous chapter.

∇2V = −
Np −Nn −Ne

ε0
(4.8)
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E⃗ = −∇V

in which V is the electric potential and ε0 is the permittivity of the gas.

4.2 Implementation of the Numerical Algorithm

At the initial stage of the project, there was a number of problems in the numerical

technique which caused divergence in the calculation process. All attempts to solve

the equation set resulted in an uncontrollable increase in time of the charge density

amplitudes. Although the algorithm was tested for single-species modelling (Chapter

5) with the results being reasonable and consistent with the physical expectations,

the three-species simulation was not convergent. A thorough search for �nding the

cause of the problem was conducted.

After doing a detailed investigation of di�erent routines of the code and con-

�rming the solution of the Poisson equation by comparing the code results with a

commercial FEM solver (COMSOL Multiphysics), it was found that FEM-FCT al-

gorithm used for solving the charge continuity equations was the cause. Two steps

of this algorithm were the most critical: the high order and low order solutions. The

process of �nding the reasons for the lack of convergence and modifying the technique

is described below:

1. The high-order solution:

The charge continuity equation for electrons (4.3) can be written in a simpler

form as:

∂Ne

∂t
+∇ · J⃗e = (vi − va)Ne −

NeNpβ

e0
(4.9)
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in which, vi = α
∣∣∣W⃗e

∣∣∣ and va = η
∣∣∣W⃗e

∣∣∣
After discretizing (4.9) the following equation is obtained:

∑
j

tij
∂Nej

∂t
=

∑
j

(
cijNej

)
+
∑
j

((
viav − vaav − β

Npav

e0

)
tijNej

)
(4.10)

in which cij = kij +
(
ke
ε0

(
Npav −Neav −Nnav

))
tij −Desij , and Npav, Neav,

Nnav, viav and vaav refer to the average values of Np, Ne, Nn, vi and va over

an element.

To solve this equation, the �rst step is to �nd the high-order solution related

to the transport term by solving:

[T ]

(
∂Nei

∂t

)
= [K] (Nei) (4.11)

In the previous Chapter, it was explained that in order to avoid using the Gaus-

sian elimination technique, the distributed mass matrix [T ] can be approximated

by a simpler lumped mass matrix [M ] in which mi =
∑

j tij .

If the same approximation is used for the three species modelling, the numer-

ical technique would diverge. The space charge densities will have oscillatory

behaviour and will increase uncontrollably up to very large values. The large

densities of space charge increase the amplitude of the corona current to very

large values as well and the program eventually diverges. The origin of this
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problem is that this approach to the high order solution is not accurate enough.

To �x this, two solutions were proposed:

• Solve the equation: [M ]
(
∂Nei
∂t

)
= [K] (Nei) + ([M ]− [T ])

(
∂Nei
∂t

)
which

can be represented as:

Nei
n+1 −Nei

n = 1
mi

(
∆t

[
[K] (Nei) + ([M ]− [T ])

(
Nei

n+1 − nei
n
)])

In the literature, it is mentioned that the above equation usually leads to

a convergent result after three iterations. However, this was not con�rmed

in the discussed case and a larger number of iterations was required for

this purpose.

• Use matrix [T ] (instead of [M ]) and the Gaussian elimination inversion

technique to directly solve (4.11).

These two approaches were tested and both of them were able to �x the con-

vergence problems although the second approach was less time-consuming, as

the number of iterations needed for the �rst approach to converge was rather

large (10-12 iterations) and it was much more time-consuming in comparison

with the exact solving of the equation set.

2. The low-order solution: Since the high-order solution is oscillatory, this step

adds some arti�cial di�usion which is needed to remove these oscillations from

the charge distributions.

losi = hosi +
∆t

mi

∑
j

dij
(
Nej

n −Nei
n) (4.12)
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In the literature, this procedure is not su�ciently clear. It is mentioned that

eliminating all negative o�-diagonal elements from the coe�cient matrix re-

moves the oscillations and smoothes the charge distributions. The necessary

approach in a case when the coe�cient matrix ([C]) is negative dominant has

never been discussed in detail.

For negative ions and electrons, the coe�cient matrix is mostly negative and

removing all negative o�-diagonal elements will cause convergence problems in

these cases. The low-order solution is not supposed to create negative values

for charge density distributions; however, during the simulation this step was

generating such values. It was suspected that removing the positive o�-diagonal

elements from the coe�cient matrix of electrons and negative ions equations

would alleviate the problem.

Therefore, the next important step was to verify if changing the coe�cient ma-

trix ([C]), so that all o�-diagonal entries are negative for electron and negative

ions would improve the results. This hypothesis has been con�rmed and the

results were convergent and consistent with the expectations.

3. Limiting procedure: Since in the second step the added di�usion is not fully

needed, in the �at (nonoscillatory) parts of the distributions the extra di�usion

should be removed. Di�usion is only needed in the oscillatory parts and an

exact amount of di�usion should be left just to remove the oscillations.

mei = losi +
∆t

mi

∑
j

(
−αdij

(
Nej −Nei

))
(4.13)



Chapter 4: Implementation of FEM-FCT Algorithm for Trichel Pulse Simulation 65

After performing the third step, the electron distributions due to the transport

term are calculated, mei. However, to �nd the �nal distributions, there is still

a term related to reactions, ionization, attachment and recombination which

needs to be added to the charge densities. Therefore, the �nal result for the

density of electron at node i would be:

Nei = mei +
∆t

mi

∑
j

teijmej (4.14)

in which mei is the calculated electron density resulting from the transport

term. Nei is the total electron density obtained from the superposition of the

transport term and the reaction terms.

4.3 Optimization Techniques

Since the time step which needs to be used in the two-dimensional Trichel pulse

simulation is usually very small; this process is very time-consuming. It has been

checked that during the pulse, the time step cannot be larger than 0.2ps while between

the pulses the time step can be increased up to 3ps. If the time step is too large the

program diverges because it cannot capture the very steep changes of the space charge

density of all ionic species.

Since the period of Trichel pulses is in the range of several micro-seconds, the

ratio between the time of a full pulse and the time step would be in the order of

107. Since the numerical calculations for each iteration are very complicated and

time-consuming, the time needed for the simulation of several Trichel pulses would
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be extremely long. Therefore, presenting a technique that can reduce the simulation

time is essential. The following techniques were used in this thesis for this purpose.

Since maintaining short time steps during the whole simulation would lead to

prohibitively long calculations, an algorithm for an adaptive time step selection has

been adopted; the time step was adjusted depending on the value of the total corona

current. The larger the current, the smaller time step should be used since at larger

currents the electric �eld is larger and a smaller time step is required in order to

capture the generation of electrons.

There are two conditions for time step that should be satis�ed [30]:

1. Courant-Friedricks-Lewy condition ∆t ≤ ∆x
|We|

2. Von Neumann condition ∆t ≤ ∆x2

2D

in which ∆x is the smallest mesh size along the axis.

According to the equation, ∆t = ∆x∣∣∣W⃗e

∣∣∣ , the time step depends on the charge

velocity
∣∣∣W⃗e

∣∣∣. Therefore, it indirectly depends on the magnitude of electric �eld and

mobility of charges, as
∣∣∣W⃗e

∣∣∣ = µE⃗.

As this formula shows, it is clear that with the same ∆x, a larger mobility µ

results in shorter tolerable time step ∆t. Since the mobility of electrons is at least

100 times larger than the mobilities of the positive and negative ions, the time step

limitations resulting from presence of electrons are at least 100 times smaller than

the limitations resulting from the presence of ions. Therefore, if electrons can be
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neglected, the time step can be increased at least 100 times and this would greatly

accelerate the simulation process.

This was the idea behind the optimization technique used in this thesis for

reducing the simulation time. Accordingly, two models are used in the simulation

process:

1. three-species model with a short time step used during the Trichel pulse or

for the time periods in which the total charge of electrons in the air gap is

signi�cant,

2. two-species model with a larger time step used for the time periods in which

the total charge of electrons in the air gap has been reduced and was su�ciently

small to be neglected. In these periods the density of electrons at every node is

practically zero and the charge calculations are limited to positive and negative

ions.

To test this technique, the double time step algorithm is compared with the

three-species model assuming a speci�c applied voltage. The characteristics of the

Trichel pulses (period and amplitude) have been obtained using both techniques. The

optimized technique has proved to be very close with the exact technique.

4.4 Conclusions

In this chapter, the charge continuity equations governing a three species model of the

Trichel pulse regime of corona discharge were discussed and the FEM-FCT technique

was applied to these equations. Practical problems associated with the numerical
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implementation of the proposed technique were discussed. The e�ective solutions for

dealing with these problems were presented and explained in detail. Moreover, two

techniques for accelerating the simulation process were proposed and explained.
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Chapter 5

Dynamic Simulation of Single Species

Corona Discharge

5.1 Introduction

In Chapters 3 and 4, the numerical algorithm and the mathematical model for sim-

ulating the Trichel pulse regime of a corona discharge were presented. To test this

algorithm before using it in three-species modelling, it was necessary to apply it to a

simpler problem (single-species modelling) �rst.

Moreover, the majority of published studies have dealt with the point-plane

electrode systems and DC voltages rather than pulsed ones. This is due to the sim-

pler nature of DC systems for understanding and analysis. However, corona systems

with pulse energization are preferred in many applications because of lower power

consumption and reduction of some parasitic e�ects such as the back corona dis-

charge. The numerical simulation of the full dynamics of transient corona discharge

is important for the optimization of these devices [95]. While some authors attempted

the simulation of the transient behaviour of corona discharge, no simple model of the
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electric corona discharge valid for an arbitrary waveform of the applied voltage has

been presented to date.

The Trichel pulse regime is only present in DC negative corona. To investigate

the behaviour of pulsed corona without interference from Trichel pulse, it is necessary

to test the algorithm with positive polarity where no Trichel regime is present.

In this chapter, a numerical model for the simulation of corona discharge in

air is proposed. The model is dynamic and single-species, i.e. the ionization layer

is completely neglected and it is assumed that only positive ions are present. The

simulation results show the behaviour of conduction current and space charge density

under two waveforms of the applied voltage: step and pulse. The electric �eld is

calculated by means of FEM and the hybrid FEM-FCT technique is utilized for the

space charge density calculations. The details of these techniques were explained in

Chapter 3.

5.2 Mathematical Model

5.2.1 Governing Equations

Two di�erent waveforms of the voltage, step and pulse-shaped were applied to the

corona electrode. As this is a single species model, it is assumed that the ionization

layer can be neglected and positive ions with average mobilities are assumed to be

injected from the corona electrode.

The magnetic e�ects in the considered problem are negligible because of very low

currents densities. As a result, the generated magnetic �eld is very weak and doesn't

a�ect the ionization process. The equations modelling this problem are explained in
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Chapter 3 but are repeated here for clari�cation. The equations de�ning the electric

�eld and charge are:

∇2V = − ρ

ε0
(5.1)

∂ρ

∂t
+ kE⃗.∇ρ+

k

ε
ρ2 −D∇2ρ = 0 (5.2)

where D⃗ is the electrostatic displacement, ρ is the space charge density, j⃗ is

the electric current density, ε0 is the gas permittivity, E⃗ is the electric �eld, V is the

electric potential and k is the mobility of charge carriers. At atmospheric pressure

and room temperature, k is equal to 2× 10−4m2/V · s [23].

D is the di�usion coe�cient and is calculated using the Nerst-Einstein relation

[37]:

D =
kBT · k

e0
(5.3)

where kB is the Boltzmann constant which is equal to 1.38065×10−23m2kgs−2K−1,

T is the absolute temperature, e0 is the electron charge, equal to 1.602× 10−19C.

To model the corona discharge, equations (5.1) and (5.2) should be solved si-

multaneously assuming the boundary conditions introduced in the following section.

5.2.2 Boundary Conditions

The corona electrode and ground are equipotential. Therefore, the boundary condi-

tions for voltage are the Dirichlet boundary conditions:
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• V = Vc on the corona electrode.

• V = 0 on the ground plate.

Since the charge continuity equation is a second order di�erential equation, it

needs two boundary conditions. The �rst condition is that the normal derivative of

space charge is zero on the ground electrode which is a Neumann boundary condition.

The value of space charge density at di�erent points of the corona electrode is

the second required boundary condition for space charge density. Since the assumed

model of the problem ignores the ionization process, it is impossible to derive the exact

value of space charge density at di�erent points of the corona electrode. The corona

discharge starts as the �eld strength exceeds some threshold value Eo. Therefore,

the boundary condition for the charge density is usually replaced by the additional

condition for the �eld strength on the corona electrode surface, E(P ) = Eo, which

can be related to the corona onset voltage Vo [96].

In this case, it is assumed that the onset value of the electric �eld on the corona

electrode surface is obtained using Peek's formula which in air has the following form

[53]:

Eo = 3.1× 104δ

(
1 + 0.308√

reqδ

)
(kv/cm)

where δ =
T0P
TP0

, T0 is the standard temperature, T is the actual temperature,

req is the equivalent radius, P0 is the standard pressure and P is the actual pressure

of gas.
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This formula is theoretically valid only for 1D cases: point-sphere or wire-

cylinder. However, the same formula is used for the needle-plane geometry by assum-

ing that the equivalent radius req(cm) is equal to the mean of the principal radii of

curvature of the corona wire surface [97]. When the electric �eld magnitude is smaller

than the Peek's value, the space charge density on the corona electrode surface is as-

sumed to be zero. When the electric �eld is larger than the Peek's value, the space

charge density is iterated until the electric �eld is su�ciently close to this value.

In this Chapter, an iterative algorithm has been developed in C programming

language. It was then compiled and run in Linux environment. For a given space

charge density, the electric �eld is calculated by solving (5.1). The electric �eld

varies strongly in both space and time. Near the discharge electrode the electric �eld

variation is particularly steep which demands a very �ne spatial mesh while in the

remaining region the electric �eld variation is more uniform. A non-uniform spatial

mesh is therefore essential for an accurate numerical treatment near the electrodes

and the air gap. As discussed in Chapter 3, FEM is used for electric �eld simulation

and a Finite Element version of FCT is used for space charge density calculations.

At �rst, some arbitrary initial space charge density on the corona electrode

surface is assumed. When the applied voltage is larger than the corona onset value,

(5.1) and (5.2) are solved iteratively for one time step and the charge density on the

surface of the corona electrode is updated until the electric �eld on the electrode

surface is equal to the Peek's experimental value. If the applied voltage decreases

below the corona onset level, the surface charge density on the corona electrode is

zero and the existing space charge moves towards the ground plate under the e�ect

of the applied voltage which creates an electric �eld and pushes the space charge
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towards the ground.

The termination criteria of the iterative loops are the satisfaction of the follow-

ing conditions:

1. The change of conduction current in two successive iterations should be less

than δ1. This condition is used to check the convergence of the corona electrode

voltage which changes due to voltage drop on the external resistor. Also, it is

a�ected by the space charge convergence since if the space charge is convergent,

the electric current which is related to space charge will also be convergent.

∣∣∣∣Ik+1 − Ik
Ik+1

∣∣∣∣ < δ1 (5.4)

2. Summation of deviations of electric �eld on the corona tip nodes from Peek's

value should be less than δ2:

∑
i=tip nodes

(Ei − Epeek,i)
2

E2
peek,i

≤ δ2 (5.5)

Figure 2.1 shows the �owchart of the simulation process. Figure 5.2 shows the

mesh generated for the air gap required for numerical calculations. As this Figure

shows, triangular elements are used. To generate these elements, the equipotential

lines and the electric �eld lines are traced and nodes are placed at the points of

intersection of both lines. Quadrilaterals are formed and each of them is divided into

two adjacent triangles.
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5.3 Results

As shown in Figure 4.1, the hyperbolic needle is 1cm long (L=1cm) and is placed at

1cm above the ground plate (d = 1cm). The equivalent radius curvature R of the

tip of the needle is 100 µm. At room temperature and atmospheric pressure, the

corona onset voltage for this con�guration is calculated using the Peek's formula and

is evaluated to be 4.7 kV.

5.3.1 Step Voltage

A step voltage with the value of 10.0 kV is applied at t=0. The total corona current

in the circuit with the external resistance of 50 MΩ is shown in Figure 5.3. This

graph has been obtained assuming that δ1 and δ2 in (5.4) and (5.5) are 0.05 and 0.1,

respectively. The upper electrode and the ground plate form a capacitor and as a

result, the system acts like an RC circuit.

The corona current can be calculated from [98]:

I =
1

V0

∫ ∫ ∫
ρu⃗.E⃗Ldv (5.6)

where u⃗ is the velocity of the ions, u⃗ = kE⃗ and V0 is the voltage applied to

the corona electrode. EL is the electric �eld calculated from the solution of Laplace's

equation. This formula only includes conduction current as displacement current is

neglected.

At t=0, there is no space charge in the air gap. Therefore, a very large space

charge should be injected from the corona tip in order to satisfy Kaptzov's hypothesis
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Figure 5.1: Flowchart of the simulation process.
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Figure 5.2: FE grid used in the simulation process.
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for the electric �eld and this results in a large current at t=0. As time increases, since

space charge is accumulated in the air gap, smaller injected charge is required to keep

the electric �eld equal to Peek's value and this results in electric current decreasing

with time.

Figure 5.3: Corona current versus time (Rext = 50MΩ, V = 10kV )

Figure 5.4 shows this corona current versus time along with that for an external

resistance equal to 5 MΩ. As expected, the value of current is larger for smaller

external resistance. In Figure 5.5, the corona current versus time for two di�erent

input voltages is shown. This Figure shows that, as expected, a larger input voltage

results in a larger current in the circuit.

Figure 5.6 shows the space charge density along the axis at six di�erent instants

of time. At t = 160 ns, the charge density is large and concentrated near the corona

tip. Therefore, its value drops quickly along the axis. As time goes on, charge travels

towards the ground plate and, as the Figure shows, it reaches the ground plate at

about t=50 µs.
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Figure 5.4: Corona current versus time for two di�erent external resistances
(V=10kV).

5.3.2 Pulse Voltage

In this section, a pulse voltage with the waveform shown in Figure 5.7 is applied to the

corona electrode. The pulse voltage waveform is generated using a double exponential

function having pulse parameters: the width of 300 ns, height of 6 kV (Vm=6 kV)

and the rise time of tm = 60 ns. These values are suitable for ESP applications [75].

The frequency of the pulses is chosen to be 5 kHz. This pulse voltage is su-

perimposed on a DC voltage which is set at a value below the corona onset voltage

(4kV).

Figures 5.8 and 5.9 show the corona current and space charge density on the

corona tip versus time. Total corona current is zero at t = 0 and increases with

applied voltage to a peak. Then, it starts decreasing and after some time only a
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Figure 5.5: Current versus time for two di�erent input voltages (Rext = 5MΩ).

Figure 5.6: Space charge density along the axis of symmetry at six di�erent instants
of time (Rext = 50MΩ).
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Figure 5.7: Applied pulse voltage described by Vs(t) =
Vmt
tm

e(1−
t
tm

) + VDC .

small DC current (I=1.24 µA at t=1 µs) will remain in the circuit. The local peak

in Figure 5.9 at around t=0.08 µs is a numerical artifact.

Figure 5.10 shows charge density along the axis of symmetry for �ve di�erent

time instants during and after the �rst voltage pulse. The ion cloud moves along

the axis with time. At t=40 ns, the ion cloud is near the tip and the value of space

charge is large in this area. As time goes on, this cloud travels along the axis; at some

instant of time the ionization stops and charge becomes negligible near the electrode

tip. At t=100 µs and t=200 µs, the charge cloud gets further from the tip and its

peak decreases.

Figures 5.11 and 5.12 show the distribution of the space charge density in the

entire air gap at two instants of time. At t=10 µs (Figure 5.11), which is shortly after

the �rst voltage pulse, the charge concentrates near the corona tip only.

At t = 210 µs (Figure 5.12) there are two charge clouds. The smaller one is

related to the �rst voltage pulse which has traveled along the axis, hence its value is
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Figure 5.8: Corona current versus time for the pulse voltage shown in Figure 5.7
(Rext = 50MΩ).

Figure 5.9: Space charge density on the tip of the corona point versus time for the
pulse voltage (Rext = 50MΩ).
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Figure 5.10: Charge density along the axis for �ve di�erent time instants after the
�rst voltage pulse (Rext = 50MΩ).

decreased due to radial dispersion. The other one with a larger peak value is the one

resulting from the second voltage pulse. Both of these clouds move along the axis

with time with the velocity of u⃗ = kE⃗. Since the value of electric �eld near the tip is

large and decreases along the axis, the velocity of ion cloud decreases as it gets further

from the tip. The cloud closer to the tip experiences a larger electric �eld; it initially

moves faster than the other one and this e�ect decreases the distance between the

two pulses.

Figure 5.13 shows the corona current versus time for two subsequent voltage

pulses. When the applied voltage is below the corona onset level the corona discharge

stops. In this period, the DC voltage (4kV in our case) produces an electric �eld,

which moves the existing charges towards the ground producing a small DC current.

The peak value of successive current pulses decreases only slightly from 48.8 µA to

48.4 µA. The decrement in the current peak in successive pulses results from the fact

that as time goes on, the space charge density increases in the air gap. This increment

of the space charge decreases the electric �eld and decreases the peak of successive
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Figure 5.11: Charge distribution in the space for a pulse energization at t=10 µs
(Rext = 50MΩ).

Figure 5.12: Charge distribution in the space for a pulse energization at t=210 µ s
(Rext = 50MΩ).
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pulses of corona current.

To better show the e�ect of space charge on the peak value of current with time,

the frequency of the pulse was increased from 5 kHz to 50 kHz. Figure 5.14 shows the

corona current versus time for �ve applied voltage pulses. The current peak values

are 48.8, 47, 45.8, 45, 42.5 µA, respectively.

The average current in each case has been also calculated using the formula:

Iav = 1
Tp

∫ Tp
0 Idt

Figure 5.13: Corona current versus time for a pulse energization, (f = 5kHz,
Rext = 50MΩ)

This value is calculated to be 0.073 µA and 0.56 µA for f=5 kHz and f=50 kHz,

respectively. As expected, the average current increase as the frequency is increased

although not in direct proportion.

Figure 5.15 shows the distribution of the space charge density after the third

pulse (at t=41 µs) in the entire air gap for frequency f=50 kHz. At this time, three

pulses have been applied to the corona electrode. This Figure shows that if the
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Figure 5.14: Corona current versus time for a pulse energization, (f = 50kHz,
Rext = 50MΩ)

Figure 5.15: Charge distribution in the space between both electrodes at t=41 µs
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frequency of the applied voltage is too high, the charge pulses will practically combine.

This e�ect can be explained by both physical and numerical di�usions in the system.

While FCT should theoretically remove an arti�cial di�usion introduced to stabilize

the iteration process, some portion of this di�usion remains in the model, which can

be responsible for collapsing of adjacent charge clouds.

5.4 Conclusions

In this Chapter, a hybrid FEM-FCT dynamic model has been applied for simulating

a dynamic single-species electric corona discharge model. The results show the be-

haviour of the corona current and space charge density for two di�erent waveforms

of the applied voltage: step and pulse.

When a step voltage is applied to the corona electrode, the total corona current

and space charge density have large values at t=0 but they decrease quickly to a

constant value at steady state. It was also shown that, as expected, a larger input

voltage results in a larger current in the circuit and the value of current is larger for

smaller external resistance.

When a periodic pulse voltage is applied to the corona electrode, the resulting

current will be periodic too. The average current depends on the frequency and

increases as the frequency of pulses increase. It was shown that the peak value of

these sequential current pulses decreases. This results from the fact that as time goes

on, space charge is accumulated in the air gap and increased space charge decreases

the value of electric �eld. A decrease in electric �eld value results in decreasing the

peak of successive pulses of the corona current. When a pulse voltage is applied, the

current increases quickly to a peak value and then decreases to a small DC value
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when the applied voltage is below the corona onset voltage. The charge clouds are

formed in the air gap and move towards the ground plate. The velocity of these charge

pulses depends on the electric �eld magnitude. Therefore, as they move, their velocity

decreases due to the decrease in the electric �eld along the axis. It follows that if

the frequency of the applied pulse voltage is too high, charge pulses will eventually

combine.
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Chapter 6

Two dimensional Simulation of Trichel

Pulses in Air

6.1 Introduction

In the previous Chapter, the proposed numerical technique was applied to a single-

species model of corona discharge. The results were compatible with the physical

expectations and it was realized that the technique is working correctly. Since the

properties of Trichel pulses are determined by the processes occurring in the active

zone, it is necessary to use at least a three-species model in order to include the

ionization layer in the calculations. In this Chapter, the technique discussed in this

thesis is used for simulating the Trichel pulse regime of corona discharge using a

three-species model. The series of Trichel pulses for di�erent applied voltages are

successfully reproduced. In addition, the electron and ion densities and the electric

�eld distributions at the di�erent stages of Trichel pulses are presented.
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6.2 Basic Equations

The model proposed in this section is two-dimensional (to be precise, 3D with axial

symmetry). This means that both the axial and radial development of the discharge is

considered. It is assumed that the ionization characteristics of the gas are determined

by the local reduced electric �eld E/N where E is the electric �eld andN is the neutral

gas number density. For simulating the pulse mode of the negative corona discharge

in point-to-plane con�guration, solving continuity equations for electrons, positive

ions and negative ions along with the Poisson equation is necessary. These equations

are shown below:

∂Ne

∂t
+∇ ·

(
NeW⃗e −D∇Ne

)
= (ki − ka)Ne − βepNeNp (6.1)

∂Np

∂t
+∇ ·

(
NpW⃗p

)
= kiNe − βepNeNp (6.2)

∂Nn

∂t
+∇ ·

(
NnW⃗n

)
= kaNe (6.3)

∇ · D⃗ =
(
Np −Ne −Nn

)
(6.4)

where,

W⃗e = µeE⃗, µe = 0.05m2/V · s (6.5)

W⃗p = µpE⃗, µp = 2.24× 10−4m2/V · s (6.6)
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W⃗n = µnE⃗, µn = 2.16× 10−4m2/V · s (6.7)

ki and ka are the ionization and attachment coe�cients and are equal to [99]:

ki = 1011.93−
449.3
EN (1/s)

ka = 6× 106 (1/s)

EN = E×1021

NO2
; E is the magnitude of electric �eld in V/m and NO2 is the num-

ber density of oxygen molecules which is approximately equal to 2.46× 1025
(
1/m3

)
under standard pressure and at room temperature [100].

βep is the electron-positive ion recombination coe�cient and is equal to [99]:

βep = 5× 10−13
(
m3/s

)
D is the di�usion coe�cient of electrons [100].

6.3 Boundary Conditions

The corona electrode and ground are equipotential. Therefore, the boundary condi-

tions for voltage are:

V = Vapplied − IRext on the corona electrode.

V = 0 on the ground plate.

The equations for negative and positive ions are of the �rst order. Therefore,

the boundary conditions for these species are:

Np = 0 on the ground plane.
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Nn = 0 on the corona electrode.

Since the charge continuity equation for electrons is a second order di�erential

equation, it needs two boundary conditions. The �rst condition is that the normal

derivative of electron density is zero on the ground electrode. The value of electron

density at di�erent points of the corona electrode is the second required boundary

condition and is obtained using the secondary electron emission,

Nec = γNpc
µp
µe

where γ is the secondary electron emission coe�cient and is estimated to be

equal to 0.01 [30].

6.4 Numerical Algorithm

For the charge continuity equations, a combination of FEM and FCT (as explained in

Chapter 4) proved to be a feasible technique. In this technique, arti�cial oscillations

in the calculated results which occur when a classical FEM approach for the charge

transport equations is used are removed using a three step procedure [101].

The simulation is performed by developing a code using C programming lan-

guage. Linux platform is chosen for compiling and running the code. Initially, a

small initial space charge density of electrons in the air gap was assumed, which

represents typical background ionization. The electric �eld is calculated by solving

Poisson equation and is substituted into the charge continuity equations to determine

densities of ionic species. This internal loop is iteratively repeated until both the
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electric potential and charge densities are convergent. The convergence criteria for

this inner loop are as follows:

∑
i

(
Nk
i −Nk−1

i

)2
∑

i

(
Nk
i

)2 < δ1 (6.8)

∑
i

(
V k
i − V k−1

i

)2
∑

i

(
V k
i

)2 < δ2 (6.9)

where i stands for electrons (e), negative ions (n) and positive ions (p).

Then, using the obtained electric �eld and charge densities distributions, total

corona current is calculated using Sato's formula. The termination criterion of this

outer iterative loop (current calculation loop) was that the change of the drift current

in two successive iterations was less than δ3 as given in (6.10). This condition was

used to check the convergence of the corona electrode voltage which changes due to

the voltage drop on the external resistor.

∣∣∣∣Ik+1 − Ik
Ik+1

∣∣∣∣ ≤ δ3 (6.10)

δ1, δ2 and δ3 were chosen arbitrarily, but were tested to give accurate results in

a reasonable time period. Therefore, they were assumed to be 0.01 in our calculations.

When the electric �eld and space charge densities were found for one time step,

the electron density on the corona electrode was updated from the secondary electron
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conditions. The same process was then repeated for all the time steps. To reduce

the simulation time, the optimization technique proposed in Chapter 4 is used in the

code.

Figure 6.1 illustrates the non-uniform FE grid used in the simulation. The

element size close the corona electrode is in the order of 5 µm. This element size is

proved to be adequate for accurate estimation of charge and �eld distributions close

to the corona electrode.

Figure 6.1: Details of FE grid near corona electrode used in the simulation process.

6.5 Current Components

There are two components of current which need to be superimposed to yield the

total current in the circuit: corona current and displacement current.



Chapter 6: Two dimensional Simulation of Trichel Pulses in Air 95

Corona current is produced due to the movement of charges (electrons and ions)

and it is obtained from the formula [98]:

I =
1

Vc

∫ ∫ ∫ (
NpW⃗p −NnW⃗n −NeW⃗e

)
· E⃗Ldv (6.11)

where Vc is the voltage of the corona electrode and E⃗L is the Laplacian electric

�eld.

The other component of the current is the displacement current, which is created

due to the capacitive behaviour of the needle-plane geometry. Figure 6.2 shows the

circuit model of the needle-plane con�guration. In this circuit, the external resistance

Rext is assumed to be 100 kΩ and Cd the capacitance of the air gap is equal to 0.055

pF. The capacitance value is calculated by integrating the total charge in the air gap

and dividing the derived value by the applied voltage. Equations (6.12) and (6.13) are

used for calculating the voltage between the needle and plane, and the displacement

current, respectively. The total current is the sum of the displacement current (id)

and the corona current (ic).

dVc(t)

dt
=

1

RextCd

(
Vapp −Rextic

)
− 1

RextCd
Vc(t) (6.12)

id = Cd
dVc
dt

(6.13)
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Figure 6.2: Circuit model of the needle-plane con�guration.

6.6 Results

The hyperbolic needle is 1cm long (L=1cm) and is placed 1cm from the ground plate

(d = 1cm). The radius of curvature R of the tip of the needle is 100 µm. At the room

temperature and atmospheric pressure the corona onset voltage for this con�guration

evaluated from experimental Peek's formula is equal to -4.7 kV. The capacitance of

the needle-plane is calculated and is equal to 0.055 pF, and the stray capacitance of

the external resistance is disregarded.

In this section, the results of the numerical analysis showing a series of Trichel

pulses for di�erent applied voltages are presented. The behaviour of the electric �eld

and charge densities during one Trichel pulse is closely investigated. The distributions

of charge densities along the axis of symmetry are compared at six di�erent stages of

one steady-state pulse: i.e. at the beginning, half-pulse rising slope, maximum, half-

pulse decreasing slope, after the pulse �nishes, and after an approximate steady-state

is reached. The electric �eld distributions along the axis are also presented.
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6.6.1 Applied Voltage = -8kV

A voltage of -8kV was applied to the needle-plane system and the corona current

versus time curve is plotted in Figures 6.3 to 6.5. Six sequential pulses are shown

in these Figures. The time di�erences between subsequent pulses are: 14.35 µs, 8.75

µs, 9.61 µs, 10.4 µs and 10.88 µs. Therefore, after some initial variations, the Trichel

pulses become rather regular. The peak currents of the pulses are approximately: 15

mA, 1.8 mA, 2.04 mA, 1.72 mA, 1.71 mA and 1.73 mA.

It was observed that the �rst pulse in the series of Trichel pulses always has

a di�erent behaviour. Its amplitude is much larger than the rest of the pulses and

the time interval between the �rst and second pulse is usually longer than the period

between pulses in steady-state. This di�erence in behaviour can be explained by

the fact that the �rst pulse is always produced in a charge-free space. There is no

signi�cant negative charge in the space to suppress the electric �eld in the ionization

region. As a result, the maximum value of the electric �eld for the �rst pulse is larger

than its value for the rest of the pulses. Therefore, the avalanche ionization is more

intense and the total number of electrons and positive ions which are created due

to the avalanche ionization is larger resulting in a larger corona current for the �rst

pulse.

With regard to the time between the �rst and second pulses, the total number

of negative ions created due to the attachment during the �rst pulse is larger than the

total number of negative ions created during the subsequent pulses. Therefore, these

negative ions need more time to travel towards the ground plate. As a result, more

time is needed for the electric �eld to increase above the value required for avalanche

ionization and the appearance of the next Trichel pulse.
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Figures 6.7, 6.8 and 6.9 show the electron density, positive ion density and

negative ion density along the axis of symmetry at di�erent time instants for one

typical Trichel pulse. These time instants are shown in Figure 6.6.

Figure 6.3: Corona current for V = -8kV.

As Figure 6.7 shows, electron density has very small values at the beginning of

the pulse, then it starts increasing due to avalanche ionization and approximately at

the half pulse rising point (point 2 in 6.6), it reaches its maximum value. The electron

density then starts decreasing and practically disappears between pulses, mainly due

to the attachment to neutral oxygen molecules and also because of rapid movement

towards the ground due to the electric force.

Figure 6.8 shows the positive ion density along the axis of symmetry at di�erent

instants of time. The behaviour of positive ions is very similar to that of electrons.

There are very few positive ions at the beginning of the pulse and then their number

increases because of the avalanche ionization process. Similarly to electrons at the
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Figure 6.4: Displacement current for V = -8kV.

Figure 6.5: Total current for V = -8kV, the amplitude of the �rst pulse is
approximately equal to the amplitude of the displacement current at t=0.
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peak of the current pulse, the density of positive ions reaches their maximum value.

Figure 6.6: Characteristic points on a typical Trichel pulse: 1 - beginning of the
pulse, 2 - half-pulse rising, 3 - maximum of the pulse, 4 - half-pulse decreasing, 5 -

end of the pulse, 6 -9 microseconds after the pulse

As soon as the positive ions appear in the air gap, the electric �eld force attracts

them towards the corona electrode and they start being deposited on the corona

electrode. The mobility of positive ions is relatively small, but since the distance

they have to travel is also very small, they arrive to the corona electrode in a few

nanoseconds. This deposition can be seen between point 2 and 3 on Figure 6.8. As

soon as the positive ions start depositing on the corona electrode, the electric �eld

in the ionization layer decreases and therefore the thickness of the ionization layer

is reduced. The reduction of the electric �eld and thickness of the ionization layer,

limits the avalanche ionization process and it eventually stops when practically all

positive ions are deposited on the corona electrode.

Figure 6.9 shows the negative ion density along the axis of symmetry at di�erent
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Figure 6.7: Electron density along the axis of symmetry at di�erent instants during
a Trichel pulse (In �gures 6.7, 6.8 and 6.9, the minimum scale on y axis is chosen to
be 0.0001 and the values below this level are considered as noise. Therefore the

curves which do not exist in these �gures are in the noise level).

time instants. As this �gure shows, the negative ion density increases with time due

to the attachment of electrons to neutral molecules. The electric �eld pushes the

negative ions towards the ground plate but their velocity is relatively small and the

distance they have to travel is much longer than the distance for the positive ions.

This explains the reason for a very long time between Trichel pulses (in comparison

with the Trichel pulse width). The existence of negative ions in the air gap decreases

the electric �eld between the cloud and corona electrode. Therefore, it delays the

time for the electric �eld to once again reach the threshold value required for the

avalanche ionization and the creation of a new Trichel pulse. The negative ions must

move far enough from the corona electrode before a new pulse can develop.

Figure 6.10 shows the electric �eld intensity along the axis of symmetry at

di�erent time instants during one Trichel pulse. At the beginning of the pulse, the
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Figure 6.8: Positive ion density along the axis of symmetry at di�erent instants
during a Trichel pulse.

Figure 6.9: Negative ion density along the axis of symmetry at di�erent instants
during a Trichel pulse.
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electric �eld is large enough for the avalanche ionization to start. At point 2, which

is the half-pulse rising point, the positive ion and negative ion clouds are already

created. The positive ion cloud which is closer to the corona electrode increases the

electric �eld value in that area. Between the positive ion cloud and the negative ion

cloud the electric �eld decreases (curve 2). At point 3, which is the maximum of

the pulse, all the positive ions have been removed from the air gap and, therefore,

the electric current starts decreasing. The minimum of electric �eld is at a point

between the negative and positive ion clouds. Comparing curves 2 and 3 of Figure

6.10, it is clear that the position of minimum electric �eld has not practically moved,

so the negative ion cloud has not practically moved and the distance of the point

of maximum negative charge density from the corona electrode is constant at about

0.04mm. At this point the electric �eld in the ionization layer has dropped below the

threshold value and the avalanche ionization has stopped.

The negative ions then very slowly move towards ground. At point 6, which is

9 µs after the pulse, the negative ions have traveled considerably along the axis and

electric �eld near the corona electrode has increased. These ions continue to move

towards the ground electrode and the electric �eld at the corona electrode increases

until the next pulse appears. This process repeats and the pulses are rather regular.

6.6.2 Applied Voltage = -10kV

Figure 6.11 shows the series of Trichel pulses for the applied voltage of -10kV. The

amplitudes of subsequent pulses are approximately: 21.1 mA, 2.64 mA, 2.12 mA, 1.78

mA, 1.71 mA and 1.78 mA. Distances between subsequent pulses are: 15.75 µs, 4.86

µs, 6.33 µs, 6.77 µs and 6.83 µs.
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Figure 6.10: Electric �eld along the axis of symmetry at di�erent instants during a
Trichel pulse.

By comparing the period of the Trichel pulses for -8 kV and -10 kV, it can be

seen that the frequency of these pulses increases with increasing the applied voltage.

This agrees with the trend observed in the previously reported experimental results

[26].

Figures 6.12, 6.13 and 6.14 show the total number of electrons, negative ions

and positive ions in the air gap as a function of time. These quantities are obtained

using the following formulae:

Total electron charge =
∫ ∫ ∫

Nedv

Total negative charge =
∫ ∫ ∫

Nndv

Total positive charge =
∫ ∫ ∫

Npdv

As it can be seen, the total number of electrons and positive ions between pulses

is very small. Only during the Trichel pulse occurrence there is sudden generation

of new charges. The negative ions are present in the air gap practically all the time,

with a steady decrease between pulses and fast increase shortly after the pulse.
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Figure 6.11: Trichel pulse for V=-10kV.

Figure 6.12: Total electron charge in the air gap versus time.
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Figure 6.13: Total negative ion charge in the air gap versus time.

Figure 6.14: Total positive ion charge in the air gap versus time.
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6.7 Conclusions

In this Chapter, a new two-dimensional FEM-FCT based model for three-species

simulation of Trichel pulses in air has been described. The model has successfully

reproduced a series of Trichel pulses for di�erent applied voltages and the pulse for-

mation was explained by showing the densities of electrons, ions and the electric �eld

distributions along the axis of symmetry. To the best of our knowledge, this is the

�rst time the FEM-FCT based technique has been successfully applied for the 2D

simulation of Trichel pulses for di�erent applied voltages.
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Chapter 7

A Parametric Study on Trichel Pulse

Characteristics

7.1 Introduction

In Chapter 6, a basic investigation of Trichel pulses was presented. In this Chap-

ter, the 2D three-species numerical model presented in Chapters 3 and 4 is used for

more systematic study of the negative corona discharge in air. The e�ect of di�erent

parameters of the discharge system such as external resistance Rext secondary elec-

tron emission γ ion mobilities and pressure P on the properties of Trichel pulses (T ,

Iaverage) will be discussed.

In order to make this process possible in a reasonable time, only the �rst six

Trichel pulses were simulated for each case.
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7.2 E�ect of Di�erent Parameters on Trichel Pulse

Characteristics

7.2.1 External Resistance

A ballast resistor usually exists between the voltage source and the corona electrode

and it is intended to:

• protect the elements of the circuit in the case of spark discharge or short-circuit

in the air gap,

• limit the amount of current in the electric circuit. When the total current

increases, the voltage drop on the ballast resistor increases reducing the voltage

applied to the corona electrode and thus reducing the applied �eld and gas

ionization.

In this section, the Trichel pulse characteristics: average pulse period, standard

deviation of the period and average corona current were investigated for three di�erent

values of the external resistance in the circuit. The results are shown in Figure 7.1.

The standard deviation of the period at each applied voltage is also shown in this

Figure. Figure 7.2 shows the average corona current versus applied voltage for the

same values of external resistances.

From the numerical simulation data it can be observed that:

1. as the external resistance decreases the time between the �rst pulse and the

second pulse increases (Figures 7.9 and 7.10),
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2. as the external resistance decreases, the period of the pulses increases (with the

exception of V = -8kV case) (Figure 7.1),

3. as the external resistance decreases, the value of the maximum current increases

(Figures 7.9 and 7.10).

To explain the reasons for these observations, Figures 7.3 to 7.10 are presented.

These Figures show the total charge of positive ions, electrons and negative ions, and

the corona current for two di�erent values of the external resistance. By comparing

the corresponding Figures for Rext = 10 kΩ and Rext = 100 kΩ it is clear that

total charge of positive ions and electrons created in the case of a smaller resistance

are much larger than the total charge of the same species created in the case of a

larger resistance. Subsequently, these ions need more time to migrate towards the

ground plate. Therefore, the average period of the pulses increases as the external

resistance decreases. Since for smaller external resistances the voltage drop is smaller,

a larger voltage is applied to the corona electrode and it creates a stronger electric

�eld. Therefore, more charge is needed to reduce the electric �eld below the ionization

level. For the same reason, the time interval between the �rst two pulses for smaller

external resistances is much larger than the time interval between the �rst two pulses

for larger resistances.

As the average period of pulses increases, the average corona current decreases.

The reason is that even though the peak values of current are larger, a longer period

means a greater time interval at which the corona current has very small values.

Therefore, the average corona current is smaller.
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Table 7.1: Trichel pulse characteristics for di�erent applied voltages, Rext = 100 kΩ

Voltage −7kV −8kV −9kV −10kV
T ∗
average 13.5µs 9.9µs 6.6µs 6.2µs

Iaverage 13.6µA 19.0µA 28.1µA 33.3µA
St. D. of T ∗

average 2.09 0.81 0.61 0.80

Gallo's T 11.3µs 8.1µs 6.1µs 4.8µs
Gallo's Iaverage 17.1µA 23.7µA 31.4µA 40.0µA

Table 7.2: Trichel pulse characteristics for di�erent applied voltages, Rext = 50 kΩ

Voltage −7kV −9kV
T ∗
average 13.8µs 6.7µs

Iaverage 12.4µA 27.8µA
St. D. of T ∗

average 1.64 0.86

The e�ect of external resistance on the system is nonlinear. This is why the

di�erence between Trichel pulse characteristics for Rext = 100 kΩ and Rext = 50 kΩ

is not as dramatic as the di�erence between these two cases and the case of Rext =

10 kΩ. It seems that there is a critical value for external resistance below which its

e�ect on the system becomes more important.

7.2.2 Ion Mobility

The pulsating nature of Trichel pulses is caused by the �nite time it takes for ionic

species to drift across the air gap. This time is directly related to the drift veloc-

Table 7.3: Trichel pulse characteristics for di�erent applied voltages, Rext = 10 kΩ

Voltage −7kV −8kV −9kV −10kV
T ∗
average 17.1µs 9.2µs 9.1µs 7.7µs

Iaverage 11.7µA 19.8µA 25.8µA 32.9µA
St. D. of T ∗

average 1.34 0.88 0.35 1.62
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Figure 7.1: Trichel pulse period versus applied voltage for di�erent external
resistances

Figure 7.2: Average corona current versus applied voltage for di�erent external
resistances
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Figure 7.3: Total charge of positive ions versus time (Rext = 10kΩ)
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Figure 7.4: Total charge of positive ions versus time (Rext = 100kΩ)
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Figure 7.5: Total charge of electrons versus time (Rext = 10kΩ)
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Figure 7.6: Total charge of electrons versus time (Rext = 100kΩ)
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Figure 7.7: Total charge of negative ions versus time (Rext = 10kΩ)
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Figure 7.8: Total charge of negative ions versus time (Rext = 100kΩ)
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Figure 7.9: Total corona current versus time (Rext = 10kΩ)
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Figure 7.10: Total corona current versus time (Rext = 100kΩ)
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Table 7.4: Trichel pulse characteristics for V = −7kV and di�erent ion mobilities

Ion mobilities (m2.V −1.s−1) kp = 2.24e4 kp = 1.9e4 kp = 1.9e4
kn = 2.16e4 kn = 2.2e4 kn = 2e4

T ∗
average 13.5µs 14.3µs 14.7µs

Iaverage 13.6µA 12.7µA 11.7µA
St. D. of T ∗

average 2.09 1.92 1.68

ity, which depends on the species mobility. Slightly di�erent values of mobility are

reported in the literature. The e�ect of various mobility values of the positive and

negative ions on the parameters of the Trichel pulses have been studied using the

presented numerical model.

It is expected that as the mobility of ions increases, they move faster and the

period of the pulses will decrease and therefore the average corona current will also

increase. This is con�rmed by numerical results presented in Table 7.4.

7.2.3 Secondary Electron Emission Coe�cient

Secondary electron emission coe�cient relates the number of electrons emitted from

the corona electrode to the number of positive ions impacting this electrode

Nec = γNpc
µp
µe

where γ is the secondary emission coe�cient.

In the literature, the value of the secondary electron emission coe�cient is

assumed to be approximately 0.01. Investigating the e�ect of this coe�cient on

Trichel pulse characteristics seems to be important. Table 7.5 shows the e�ect of

increasing this coe�cient while Figure 7.11 shows Trichel pulse period versus γ. The

standard deviation of the period is also shown with a bar at each point. Figure 7.12

shows the average corona current versus secondary electron emission coe�cient. As
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Figure 7.11: Trichel pulse period versus secondary electron emission coe�cient

Table 7.5: Trichel pulse characteristics for di�erent secondary emission coe�cients,
V = −7kV

Γ 0.005 0.01 0.05 0.08
T ∗
average 13.7µs 13.5µs 14.4µs 12.9µs

Iaverage 13.2µA 13.6µA 12.3µA 14.1µA
St. D. of T ∗

average 1.45 2.09 1.89 1.55

the Table and Figures show, the value of this coe�cient does not seem to have any

signi�cant e�ect on the Trichel pulse characteristics.

7.3 Spatial Distribution of Ionic Species in Air Gap

In order to have a 3D visualization of the distribution of charge carriers during a

Trichel pulse, the distributions of electrons and negative and positive oxygen ions at

a speci�c time instant in the entire air gap are shown in this section. For a speci�c

system con�guration, �ve pulses are generated and at the half-pulse rising time of the

5th pulse, the 3D distribution of electron density, negative ion density and positive

ion densities are shown in Figures 7.13 to 7.15. At this point a very dense cloud
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Figure 7.12: Average corona current versus secondary electron emission coe�cient

of electrons and positive ions created due to the avalanche ionization exist near the

corona electrode. However, since at this point the attachment process has not started

yet, the density of negative ions is much smaller than other species and negative ions

are composed of several clouds in the air gap. These clouds are created due to the

previous pulses which drift in the axial direction, but are not yet deposited on the

ground.

7.4 Shape of Ionization Layer

In this section, the thickness of ionization layer along the axis of symmetry versus

time and 2D pro�les of this layer in the air gap are shown during one Trichel pulse

for the applied voltage of V = -9 kV, assuming an external resistance of Rext = 100

kΩ and normal pressure of 1 atm (Figure 7.16).

In this case, the thickness of ionization layer along the axis is de�ned as the

distance from the corona electrode to the point at which the ionization coe�cient is

equal to the attachment coe�cient. Figures 7.17 and 7.18 show the thickness of this
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Figure 7.13: Positive ion density at point P1
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Figure 7.14: Electron density at point P1
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Figure 7.15: Negative ion density at point P1

layer along the symmetry axis and electric �eld on the corona electrode tip versus

time respectively. The ionization coe�cient is related to the electric �eld, therefore,

the variation of the electric �eld and ionization layer thickness has similar pro�les.

Figure 7.19 shows the ionization layer pro�le at di�erent instants of one Trichel

pulse: half pulse rising point (1), maximum current point (2), and two points in the

falling section of the pulse (points 3 and 4). At points 1 and 2, the ionization layer

thickness is the largest. However, at point 2 the ionization stops on the tip of the

corona electrode. The diminishing of this layer gradually continues with time along

the electrode surface until ionization completely stops in the entire air gap.

7.5 Conclusions

In this Chapter, the 2D three-species numerical model, presented in previous Chapters

(Chapters 4 and 6) is used for simulating the negative corona discharge in point-plane

con�guration in air.
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Figure 7.16: Trichel pulses for V=-9kV

Figure 7.17: The thickness of the ionization layer
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Figure 7.18: Electric �eld on the tip of corona electrode

Figure 7.19: Ionization pro�le at di�erent instants of time
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E�ect of di�erent parameters of the corona discharge model on Trichel pulse

characteristics (Trichel pulse period and the average corona current) was studied.

From the numerical simulation results, it was observed that:

1. as the external resistance decreases, period of pulses increases,

2. as the external resistance decreases, average corona current decreases,

3. as the mobility of ions increases, the period of pulse decreases and therefore

average corona current increases,

4. secondary electron emission coe�cient does not seem to have any signi�cant

e�ect on Trichel pulse characteristics.

Moreover, the variation of the ionization layer in the air gap during one Trichel

pulse and the ionization layer thickness along the axis versus time were shown.
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Chapter 8

Experimental Veri�cations of the Numerical

Results

8.1 Introduction

In this Chapter, some of the numerical simulation results obtained using the presented

numerical technique are compared with the experimental data previously reported in

the literature [26]. Moreover, the additional numerical simulation is performed for

the same con�gurations as used in the experimental analysis and the Trichel pulse

characteristics in both cases are compared. Also, the e�ect of pressure on Trichel pulse

characteristics is studied. Finally, the e�ect of tip radius on the charge-per-pulse is

investigated and the relation between charge-per-pulse and the average charge-per-

pulse is studied. The numerical results are compared with the available experimental

data if applicable [32].
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8.2 Comparison With Gallo's Experimental Data

Figure 8.1 compares the Trichel pulse period for di�erent applied voltages from the

experimental data obtained by Lama and Gallo [26] with the average period of the

numerical results obtained from our numerical technique. The relation between the

experimental Trichel pulse frequency versus applied voltage, spacing and tip radius,

was expressed analytically by Lama and Gallo as:

f =
1

T
≈ K1V (V − V0)

rd2
(8.1)

where K1 ≈ 27kHzmm3kV −2. The authors mentioned that K1 is dependent

on the condition of the needle-tip surface, ambient conditions, and the shape of the

needle shaft and the tip. In their experimental set-up the corona onset voltage (V0)

was equal to -2.3kV comparatively independent of tip radius which is unexpected and

unexplained.

Figure 8.1 shows that the numerical data follow a trend line similar to the

experimental results but the numerical results considerably overestimate the pulse

period. Figure 8.2 shows the average corona current versus applied voltage both from

the experimental investigations and numerical simulations. Both of these �gures were

obtained for r=100 µm, d=1 cm. Lama and Gallo obtained the following formula to

describe their data on the corona current dependence on the applied voltage and

spacing.

I ≈ K2V (V − V0) /d
2 (8.2)
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where, K2 ≈ 52µAmm2kV −2. The data is comparatively independent of tip

radius which is again unexpected and unexplained.

According to (8.1) the Trichel pulse frequency is inversely proportional to the

corona electrode radius and square of the gap spacing. This is quite logical because as

the distance between the electrodes increases, negative ions take more time to travel

towards the ground electrode. Therefore, the Trichel pulse period increases and its

frequency decreases. Moreover, a sharper corona electrode (with a smaller radius of

curvature) produces a larger electric �eld close to it. A larger electric �eld moves the

ions faster which increases the frequency of the pulses.

In addition, (8.2) shows that the relation between the average corona current

and the gap spacing is also the inverse squared. Since the Trichel pulse period is

larger for larger gap spacing, it should be expected that the average corona current

would be smaller.

Figure 8.1: Trichel pulse period versus applied voltage - comparison of experimental
and numerical results
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Figure 8.2: Average corona current versus applied voltage: experimental and
numerical results

These Figures con�rm that increasing the applied voltage decreases the Trichel

pulse period (increases its frequency) and therefore increases the average corona cur-

rent. The numerical simulation results are very compatible with the experimental

data but they underestimate the pulse periods, especially at low voltages. This may

be due to the di�erence in geometry (tip to plate spacing) and microscopic issues near

the corona tip. For this reason, the simulation is repeated in the section 8.4 for the

same con�guration as used in the experiment.

8.3 Appearance and Physics of the Trichel Pulse

Near Needle Tip

In an attempt to understand some of the unusual Trichel pulse behaviour, Figure 8.3

shows some previously unpublished details of the experiments and observations as

recorded by C.F. Gallo. In order to obtain a uniform series of Trichel pulses, needles

of various sizes and shapes at di�erent gap lengths were viewed with a microscope
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under negative corona conditions and simultaneously all measurements were done

with electrical meters and an oscilloscope. The voltage ranges started at the onset

value (-2.3 kV) up to maximum of -7 kV for the larger gaps, with lower maximum

voltages for smaller gaps. The data did not continue until sparking in order to avoid

instrument damage. The visual appearance of the Trichel pulse corona is shown in

Figure 8.3. At the negative needle tip, the existence of an extremely narrow bright

ionization channel is conspicuous and unusual. Further from the needle tip, this

channel abruptly expands into the usual corona cone con�guration that then seems

to follow the electric �eld lines into the gap. By contrast, for positive corona, this

ionization channel is absent and the corona glow appears to follow the electric �eld

lines from the needle tip and throughout the gap.

Because of this narrow ionization channel, the shape of the needle tip is critically

important for obtaining stable and reproducible Trichel pulses. For a very sharp

needle tip, the ionization channel wobbles around the tip erratically and the Trichel

pulses are irregular and non-reproducible (an analogy of this instability would be a

sharpened pencil standing on its sharp end.). Loeb, Trichel and others have called

these �mode shifts� in some mysterious context [102]. These observed �mode shifts�

are actually due to wobbles in the physical location of the ionization channel. To

avoid this erratic behaviour, it was found that tips with slightly blunt or �attened

ends yielded the most stable Trichel pulse behaviour. The ionization channel was

securely located at the center of the slightly �blunt� needle tip as shown in Figure 8.3.

This narrow ionization channel is not described by present theory or simula-

tions and may possibly be con�ned magnetically by the high current density. It is

also probably responsible for the discrepancy between the measured low threshold
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Table 8.1: Rough estimates of dimensions

Tip radii (r) 3µm− 50µm
Gap spacing (d) 3mm− 16mm

Blunted tip portion (BTP) 0.6µm− 10µm
Ionization channel diameter (D) 0.12µm− 2µm

Length of the ionization channel (L) 1.2µm− 20µm

Figure 8.3: Experimental shape of the discharge region

voltages of -2.3 kV (approximately independent of tip radius) compared with cal-

culated estimates of much higher -4.7 kV. Localized electron �eld emission may be

involved in the unexpectedly low threshold voltage and its comparative insensitivity

to tip radius. The physics of this narrow ionization channel as contrasted to the usual

corona (which follows the expected electric �eld lines) is an interesting topic for future

research.
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8.4 Revised Comparison With Gallo's

Experimental Data

In this section, we revise the calculations and analysis presented in the previous

section to obtain a better agreement with the Trichel pulse data of Lama and Gallo

[26]. This has been done for several reasons:

1. From Figure 8.3 and Table 8.1, it is clear that there is an �e�ective tip radius�

at the thin ionization channel that is much smaller than the actual radius of

the needle tip.

2. The experimental fact that the threshold voltage is about -2.3 kV and is compar-

atively insensitive to tip radius provides a strong evidence that the usual electric

�eld calculations for threshold voltage are not applicable, probably because lo-

calized microscopic electron �eld emission is operative in this case (Figure 8.3).

3. Although the functional trends for both the data and calculations are similar, as

shown both in Figure 8.1 (Trichel pulse period) and Figure 8.2 (average corona

current), the numerical values are quite di�erent, which is consistent with the

discussion above (items (1) and (2)).

Thus, the numerical calculations have been repeated assuming that the ioniza-

tion channel is approximated by a needle with �e�ective tip radius� of 10 µm, which

is more appropriate in view of the real microscopic situation displayed in Figure 8.3,

and for the distance between the needle and plate of 6 mm. The applied voltage was

set at -4 kV and the corona onset voltage for this con�guration is assumed to be -2.3
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Table 8.2: Trichel pulse characteristics for V = −4kV , r = 10µm, d = 6mm

T ∗
average 2.3µs

Gallo's T 2.0µs
Iaverage 12.1µA

Gallo's Iaverage 9.8µA
St. D. of T ∗

average 0.47

kV. According to the experimental results for this con�guration the period of pulses

should be 2 µs and the average corona current is expected to be 9.8 µA.

The numerical simulation results are shown in Table 8.2. As this Table shows,

the average Trichel pulse period is calculated as 2.3 µs which is very close to exper-

imental observations, and the average corona current is 12.1 µA. The agreement is

very good as the value of calculated period agrees within the standard deviation, but

both average values tend to overestimate the experimental observations by 15% and

23%, respectively. This may be due to the arbitrary nature of the approximation of

the ionization zone (i.e. simpli�cation of shape) and assumed value of tip radius.

8.5 E�ect of Pressure on Trichel Pulse

Characteristics

Most of the experimental and theoretical studies on corona discharge are performed

at normal pressure (1 atm). Investigating the e�ect of pressure on the Trichel pulses

is of interest and has not been widely discussed.

As reported in [26], for a given needle voltage the Trichel pulse frequency has an

inverse relation with pressure. At higher pressures, there are a larger number of air

molecules per cubic meter and this produces an inverse relation between mobility and
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Table 8.3: Trichel pulse period and pulse duration versus gas pressure (V=-9kV,
Rext=100 kΩ)

Air pressure (atm) 0.8 1 1.2
Trichel pulse period (µs) 4.88 6.61 11.07

Pulse duration (µs) 0.30 0.28 0.19

pressure since ions have more frequent collisions with neutral molecules. Therefore,

in these gases the Trichel pulse period increases and the frequency decreases. On

the other hand, experiments show that pulse duration also has an inverse relation

with pressure [32] which is con�rmed by our numerical results. Table 8.3 show the

variation of Trichel pulse period and pulse duration versus gas pressure for values

80% and 120% of atmospheric.

8.6 Comparison with Atten's Experimental Data

Comparing numerical results with the experimental data [32] results in the following

conclusions:

1. The mean charge-per-pulse increases with corona electrode radius: as Table 8.4

shows, for the same applied voltage, reducing the radius of the corona electrode

decreases the generated charge-per-pulse. This can be explained by the fact

that increasing the radius of the corona electrode enlarges the region involved

in the ionization. Therefore, the generated charge-per-pulse increases. As the

Qi increases, the Trichel pulse period decreases because larger space charge

needs more time to travel through the gap. Therefore, it takes more time for

the electric �eld to increase to a value at which a new Trichel pulse can be

generated.
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Table 8.4: Charge-per-pulse (in picocoulombs) for two con�gurations with di�erent
radii

Pulse number 2 3 4
Radius = 100 µm 115.61 114.17 111.49
Radius = 10 µm 23.781 21.906 21.415

Figure 8.4: Qi/Q for V = -9 kV

2. The ratio Qi/Q (charge-per-pulse divided by the average charge-per-pulse) is

always larger than 0.5. charge-per-pulse, Qi, was calculated by integrating

the corona current in time intervals at which the corona current is above 10%

of the maximum current. In Atten's paper [32], it is reported that in high

pressure air and with no external resistance, Qi/Q is always smaller than 0.5.

Since our numerical results were for normal pressure and for non-zero external

resistances this observation was not con�rmed but from Figure 8.4 it is obvious

that decreasing the external resistance from 100 kΩ to 10 kΩ decreases this ratio

signi�cantly. Therefore, it is reasonable to extrapolate and expect that for zero

external resistance, this ratio can be below 0.5 as reported in [32].
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8.7 Conclusions

In this Chapter, the numerical results obtained from the numerical technique are

compared with two previously reported sets of experimental data published by Gallo

[26] and Atten et al. [32]. The results con�rm that the frequency of the Trichel

pulses increases as the applied voltage is increased which is compatible with previously

reported experimental data. However, the numerical model overestimates the pulse

periods at low voltages.

Moreover, Trichel pulses were obtained at di�erent air pressures. The e�ect of

pressure on Trichel pulse characteristics was investigated and it was con�rmed that

for a given needle voltage, the Trichel pulse frequency, the average corona current and

the pulse duration are inversely proportional to pressure.

It has been shown that the mean charge-per-pulse has a direct relation with

radius. Contrary to the experimental data presented in [32], the numerical simulation

predicts the ratio Qi/Q is larger than 0.5. It is suggested that this discrepancy is due

to the presence of the external surge resistor.
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Chapter 9

Modelling of Corona Discharge in Oxygen

9.1 Introduction

In the previous chapters, corona discharge was modelled in air. However, there is

no standard de�nition for air composition and the content of the di�erent gases of

standard air are not exactly speci�ed. On the other hand, pure oxygen is a well de�ned

gas and the coe�cients for modelling corona discharge in oxygen can be measured

more precisely. Therefore, it is expected that a more accurate discharge model can

be formulated for oxygen.

In this Chapter, �rst, the three existing databases in which the coe�cients

(electron mobility, di�usion coe�cient, and ionization and attachment coe�cients)

are experimentally measured for oxygen are compared. Secondly, selected values of

coe�cients for solving the equations set from the two models used by Morrow [30] and

Zhang and Adamiak [100] (based on Eliasson and Kogelschatz [23] experimental data),

are presented and the compatibility of these coe�cients with the measured values

presented in available databases is investigated. Finally, a series of Trichel pulses in
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oxygen is reproduced using Morrow's coe�cients and the Trichel pulse characteristics

in oxygen and air are compared.

9.2 Databases

According to the author's knowledge, there are three databases in which the coef-

�cients needed for modelling corona discharge in oxygen are presented: Siglo [103],

Morgan [104], and Phelps [105], all valid for a speci�c range of electric �eld. These

experimentally measured values of coe�cients are presented in Tables A.1-A.3 of Ap-

pendix A. The mobility of positive and negative oxygen ions are also extracted from

[106] and are shown in Tables A.4-A.5 of Appendix A.

Figures 9.1-9.4 show comparison of the values of coe�cients obtained from the

three databases mentioned above. In all these Figures, EN represents the reduced

electric �eld and is equal to EN = E×1021

NO2
where NO2 = 2.46 × 1025 × P

P0
, P0 is

the standard pressure (1 atm or 760 Torr) and E stands for the magnitude of electric

�eld.

As Figures 9.1-9.4 show, the coe�cients of Siglo and Morgan databases are

approximately the same. Therefore, only Phelps and Morgan databases are compared

with the coe�cients presented in the two available models.

9.3 Available Discharge Models

There are two available models in which mathematical formulations for the measured

coe�cients versus electric �eld are provided. These models are presented below.
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Figure 9.1: Mobility of electrons versus the reduced electric �eld

Figure 9.2: Di�usion coe�cient versus the reduced electric �eld



Chapter 9: Modelling of Corona Discharge in Oxygen 139

Figure 9.3: Ionization frequency versus the reduced electric �eld

Figure 9.4: Attachment frequency versus the reduced electric �eld
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9.3.1 Morrow's Model [30]

Morrow used the experimental values of the coe�cients obtained by several researchers

and presented them as functions of electric �eld.

This was 1D model de�ned by the following equations:

∂Ne
∂t = Neα |We| −Neη |We| −NeNpβ − ∂(NeWe)

∂x +
∂2(DNe)

∂x2

∂Np
∂t = Neα |We| −NeNpβ −NnNpβ − ∂(NpWp)

∂x

∂Nn
∂t = Neη |We| −NnNpβ − ∂(NnWn)

∂x

9.3.2 Eliasson et al. Model [23]

The coe�cients of Table 9.2 are extracted from the functions used by Zhang and

Adamiak [100] based on Eliasson et al. experimental data [23].

∂Ne
∂t +∇ · (NeWe) = Neα |We| −Neη |We| −

NeNpβep3
e0

∂Np
∂t +∇ · (NpWp) = Neα |We| −

NeNpβep3
e0

− NnNpβnp3
e0

− NnNpβnp2
e0

∂Nn
∂t +∇ · (NnWn) = Neη |We| −

NeNpβnp3
e0

− NnNpβnp2
e0

βep3 is the three-body recombination coe�cient between electrons and positive

ions, βnp2 is the two-body recombination coe�cient between negative and positive

ions, and βnp3 is the three-body recombination coe�cient between negative and pos-

itive ions.

Figures 9.5-9.8 compare the coe�cients of these two models with those of Phelps

and Morgan databases. They show that the electron mobility and the di�usion and

the ionization coe�cients of Morrow's model are compatible with the Phelps and
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Table 9.1: Morrow's model coe�cients [30]
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Table 9.2: Eliasson et al. model coe�cients based on Zhang et al. [100]
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Morgan's reported data. The attachment coe�cient is much more problematic since

Morrow has only considered two body and three body attachment reactions. However,

his assumed value for attachment coe�cient is used in this Chapter for modelling

purposes.

Figure 9.5: Mobility of electrons versus the reduced electric �eld

9.4 Results

For modelling corona discharge in oxygen, Morrow's set of coe�cients were used

in the 2D numerical solver presented in Chapter 4. The only di�erence between the

author's and Morrow's coe�cients is in the di�usion coe�cient. Since using Morrow's

di�usion coe�cient it was not possible to obtain convergent results, the same di�usion
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Figure 9.6: Di�usion coe�cient versus the reduced electric �eld

Figure 9.7: Ionization coe�cient versus the reduced electric �eld
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Figure 9.8: Attachment coe�cient versus the reduced electric �eld

coe�cient as in the air model, D = 1.263 × 10−3 was used instead. This coe�cient

is smaller than Morrow's suggested value (Figure 9.6).

Figures 9.9 and 9.10 show a series of Trichel pulses for the applied voltage of -

7kV in oxygen and air respectively. Figures 9.11, 9.13 and 9.15 show the total density

of electrons, positive ion and negative ions in the air gap versus time for oxygen;

Figures 9.12, 9.14 and 9.16 shows the same densities in air. Figure 9.17 shows the

electric �eld versus time for oxygen and Figure 9.18 shows the electric �eld versus

time for air.

Comparing the results in air and oxygen, it can be observed that

in oxygen:

1. the average period of pulses is shorter than in air: 8.3 µs versus 13.47 µs.
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2. frequency of pulses is more regular in oxygen, (without taking the �rst pulse

into our calculations) STDoxygen = 1.21 and STDair = 3.26.

3. the amplitude of pulses is smaller because the total number of electrons and

positive ions created during each pulse (due to ionization) are smaller.

4. total number of electrons and positive ions generated during each pulse is

smaller, because the ionization coe�cient of oxygen model is smaller than that

of air model for the same value of electric �eld.

5. total number of negative ions decreases in a small time span after the �rst

pulse only and after that time, it always increases because of the attachment

coe�cient which is much larger than the attachment coe�cient assumed in air.

6. electric �eld increases much faster after each pulse because the created number

of positive ions is smaller and these ions reduce the electric �eld of the corona

electrode much less.
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Figure 9.9: Corona current versus time in oxygen

Figure 9.10: Corona current versus time in air
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Figure 9.11: Total charge of electrons versus time in oxygen

Figure 9.12: Total charge of electrons versus time in air
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Figure 9.13: Total charge of positive ions versus time in oxygen

Figure 9.14: Total charge of positive ions versus time in air
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Figure 9.15: Total charge of negative ions versus time in oxygen

Figure 9.16: Total charge of negative ions versus time in air
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Figure 9.17: Electric �eld versus time in oxygen

Figure 9.18: Electric �eld versus time in air
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Chapter 10

Summary, Conclusions and

Recommendations for Future Study

10.1 Summary

In this thesis, Trichel pulse regime of negative corona discharge in oxygen and air

was simulated under dynamic conditions. A FEM based technique was developed for

solving the Poisson equation to calculate the electric �eld and potential distribution.

To solve the charge continuity equations, a FEM-FCT based algorithm was proposed.

Di�erent steps of the FCT algorithm: high-order solution (based on the Galerkin

FEM), low-order solution (upwinding) and limiting were mathematically explained

and formulated. The technical problems occurring during the programming were also

explained and the solutions to these problems were presented. Several optimization

techniques were also proposed for reducing the run time of the code.

10.1.1 Dynamic Single-Species Model of Corona Discharge

In this section, a single species model was used for modelling negative corona dis-

charge. In this model, the ionization layer was completely disregarded. The be-
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haviour of the total corona current and space charge density under two waveforms of

the applied voltage, step and pulse, was studied. Kaptzov's hypothesis was used as a

supplementary boundary condition for calculating the charge density on the surface

of the corona electrode.

For the step voltage, the e�ect of the input voltage and the external resistance

on the average corona current was studied.

For the pulse voltage, the e�ect of the frequency of the applied voltage on the

average current was investigated. Moreover, the time evolution of the space charge

density was shown. The shapes of charge clouds at di�erent time instants and for

di�erent applied voltages were presented.

10.1.2 Simulation of Trichel Pulse in Air

The model used for this simulation included three ionic species: electrons, nega-

tive and positive oxygen ions. Three main ionic reactions were considered: electron

avalanche ionization, attachment of electrons to neutral molecules and the recombi-

nation between electrons and positive ions.

The Trichel pulse regime of negative corona discharge in air was simulated. A

series of Trichel pulses for di�erent applied voltages were successfully shown. In addi-

tion, the distributions of electron, ion densities and electric �eld during the di�erent

stages of one Trichel pulse were presented.



Chapter 10: Summary, Conclusions and Recommendations for Future Study 154

10.1.3 Parametric Study of Trichel Pulse Characteristics

E�ect of di�erent parameters (i.e. external resistance, secondary electron emission

coe�cient, negative and positive ion mobilities) on the Trichel pulse characteristics

was investigated.

The 2D ionization layer pro�les in the air gap during one Trichel pulse were

shown and the ionization layer thickness along the axis versus time was presented.

10.1.4 Experimental Veri�cation of the Numerical Results

The numerical results were compared with the experimental data reported by Lama

and Gallo [26] for a speci�c con�guration of electrodes (needle radius and gap dis-

tance). Moreover, the e�ect of pressure on Trichel pulse characteristics was studied

and compared with the existing experimental data presented by Atten et al. [32]. The

e�ect of tip radius on the charge per pulse was also investigated. The relation between

charge per pulse and the average charge per pulse was discussed and compared with

the available experimental data.

10.1.5 Trichel Pulse Simulation in Oxygen

In this section, the three existing databases and the two available models for modelling

negative corona discharge in oxygen were presented and compared. A series of Trichel

pulses in oxygen was reproduced and the Trichel pulse characteristics in oxygen and

air were compared.
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10.2 Conclusions

The following conclusions can be formulated from the results obtained from numerical

analysis:

Single-species model:

When a step voltage is applied to the corona electrode:

• The total corona current has large values at t=0 but it decreases quickly to a

constant value at steady state.

• Larger input voltage results in a larger current in the circuit.

• The value of current is larger for smaller external resistance.

When a periodic pulse voltage is applied to the corona electrode:

• The resulting current will be periodic too.

• The average current depends on the frequency and increases as the frequency

of pulses increase. The peak value of these sequential current pulses decreases.

• The current increases quickly to a peak value and then decreases to a small DC

value when the applied voltage is below the corona onset voltage.

• The charge clouds are formed in the air gap and move towards the ground plate.

The velocity of these charge pulses depends on the electric �eld. Therefore, as

they move, their velocity decreases due to the decrease in the electric �eld.

• If the frequency of the applied pulse voltage is too high, charge pulses will

eventually combine.
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Three-species simulation in air:

• The model has successfully reproduced a series of Trichel pulses for di�erent

applied voltages and the pulse formation is explained by showing the densities

of electrons, ions, and the electric �eld distributions along the axis of symmetry.

• The results con�rm that the frequency of the Trichel pulses increases as the

applied voltage is increased.

• The numerical results obtained from this technique are compatible with pre-

viously reported experimental data available for Trichel pulse period versus

voltage but they underestimate the pulse period at low voltages.

• The e�ects of di�erent parameters of the corona discharge model on Trichel

pulse characteristics (Trichel pulse period and the average corona current) were

studied. From the numerical simulation results, it was observed that:

� As the external resistance decreases, period of pulses increases.

� As the external resistance decreases, average corona current decreases.

� As the mobility of ions increases, the period of pulse decreases and, there-

fore, average corona current increases.

� Secondary electron emission coe�cient does not seem to have any signi�-

cant e�ect on Trichel pulse characteristics.

� The numerical and experimental data obtained for Trichel pulse charac-

teristics for the same con�guration agree relatively well.

• The e�ect of pressure on Trichel pulse characteristics was studies. It was ob-

served that:
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� For a given needle voltage, the Trichel pulse frequency, the average corona

current and the pulse duration are inversely proportional to pressure.

• It has been shown that the mean charge per pulse has a direct relation with

radius.

• Contrary to the experimental data, the numerical simulation predicts that the

ratio Qi/Q is larger than 0.5. It was suggested that this discrepancy is due to

the presence of the external surge resistor.

Three-species simulation in oxygen:

Subsequent results are obtained by comparing Trichel pulse characteristics in

oxygen with the following observations:

• The average period of pulses in oxygen is shorter than in air.

• Pulses are more regular.

• The amplitude of pulses is smaller.

• Total number of electrons and positive ions generated during each pulse is

smaller.

• Total number of negative ions decreases in a small time span after the �rst pulse

only and after that time, it always increases.

• Electric �eld increases much faster after each pulse.

10.3 Recommendations for Future Study

1. To improve the accuracy of the model, the e�ect of photoionization can be

included. Afterwards, the possibility of the complete model for modelling glow
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regime of corona discharge can be investigated, as the glow regime of corona

discharge could not be modelled with the existing model.

2. More ionic species and reactions can be included in the model and the possibility

of getting more accurate results with the inclusive model can be investigated.

3. The program can be optimized further to reduce the run time of the code by

introducing parallel programming.

4. The possibility of modelling the pulses in other gases (electronegative and elec-

tropositive) can be investigated. It should be tested whether Trichel pulse

regime exists in electropositive gases (e.g., Nitrogen) as some researchers re-

ported.

5. Positive corona discharge can be modelled with this numerical technique.

6. The possibility of using this algorithm for the optimization purpose in industrial

devices, such as ionizers and powder coating systems can be investigated.

7. Magnetic �eld can also be included in the equations to verify its e�ect on dis-

charge characteristics.

8. The electromagnetic �eld produced by Trichel pulses can be calculated to in-

vestigate electromagnetic interference caused by corona discharge.
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Appendix A

Appendix A

A.1 Oxygen Model Databases

Tables A.1-A.3 show the model coe�cients of the three available databases: Siglo,

Morgan and Phepls

Tables A.4 and A.5 show the mobilities of positive and negative ions according

to [106].
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Table A.1: Model coe�cients in oxygen: Siglo database

EN(Td) µe(1/cm v s) D(1/cm s) a/N(cm2) η/N(cm2)
1 1.191e+023 2.487e+022 0 2.274e-036

1.287 1.099e+023 2.478e+022 0 1.782e-036
1.656 1.006e+023 2.477e+022 0 3.214e-032
2.131 9.127e+022 2.479e+022 0 1.051e-028
2.742 8.059e+022 2.499e+022 0 4.195e-026
3.529 7.023e+022 2.555e+022 0 4.465e-024
4.541 5.79e+022 2.707e+022 0 1.968e-022
5.843 4.711e+022 2.988e+022 0 3.548e-021
7.519 3.892e+022 3.393e+022 0 3.116e-020
9.676 3.356e+022 3.856e+022 7.827e-035 1.487e-019
12.45 3.025e+022 4.288e+022 2.111e-030 4.339e-019
16.02 2.802e+022 4.652e+022 1.657e-027 8.901e-019
20.62 2.623e+022 4.957e+022 2.915e-025 1.439e-018
26.53 2.48e+022 5.209e+022 1.607e-023 1.949e-018
34.14 2.352e+022 5.426e+022 3.66e-022 2.323e-018
43.93 2.233e+022 5.621e+022 4.287e-021 2.521e-018
56.54 2.116e+022 5.806e+022 3.046e-020 2.559e-018
72.75 1.995e+022 5.991e+022 1.498e-019 2.484e-018
93.62 1.866e+022 6.186e+022 5.625e-019 2.339e-018
120.5 1.728e+022 6.397e+022 1.733e-018 2.153e-018
155 1.578e+022 6.627e+022 4.59e-018 1.945e-018
199.5 1.422e+022 6.884e+022 1.072e-017 1.723e-018
256.7 1.266e+022 7.174e+022 2.235e-017 1.496e-018
330.3 1.12e+022 7.507e+022 4.176e-017 1.271e-018
425.1 9.89e+021 7.887e+022 7.048e-017 1.059e-018
547 8.769e+021 8.323e+022 1.087e-016 8.686e-019
703.9 7.824e+021 8.827e+022 1.553e-016 7.063e-019
905.8 7.027e+021 9.412e+022 2.083e-016 5.744e-019
1166 6.343e+021 1.01e+023 2.656e-016 4.715e-019
1500 5.743e+021 1.091e+023 3.247e-016 3.934e-019
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Table A.2: Model coe�cients in oxygen: Morgan database

EN(Td) µe(1/cm v s) D(1/cm s) a/N(cm2) η/N(cm2)
1 1.19e+023 2.487e+022 0 2.271e-020

1.287 1.099e+023 2.478e+022 0 1.779e-020
1.656 1.008e+023 2.482e+022 0 1.38e-020
2.131 9.14e+022 2.485e+022 0 1.075e-020
2.742 8.071e+022 2.503e+022 0 8.305e-021
3.529 7.016e+022 2.556e+022 0 6.398e-021
4.541 5.79e+022 2.707e+022 0 4.89e-021
5.843 4.719e+022 2.986e+022 0 6.773e-021
7.519 3.886e+022 3.395e+022 0 3.336e-020
9.676 3.351e+022 3.859e+022 3.76e-036 1.505e-019
12.45 3.034e+022 4.282e+022 2.103e-030 4.319e-019
16.02 2.802e+022 4.652e+022 1.637e-027 8.909e-019
20.62 2.624e+022 4.957e+022 2.919e-025 1.44e-018
26.53 2.48e+022 5.209e+022 1.633e-023 1.949e-018
34.14 2.352e+022 5.426e+022 3.793e-022 2.324e-018
43.93 2.233e+022 5.621e+022 4.504e-021 2.521e-018
56.54 2.116e+022 5.805e+022 3.237e-020 2.559e-018
72.75 1.995e+022 5.99e+022 1.601e-019 2.482e-018
93.62 1.868e+022 6.183e+022 6.015e-019 2.335e-018
120.5 1.731e+022 6.391e+022 1.844e-018 2.149e-018
155 1.584e+022 6.611e+022 4.83e-018 1.938e-018
199.5 1.432e+022 6.851e+022 1.114e-017 1.714e-018
256.7 1.281e+022 7.113e+022 2.29e-017 1.485e-018
330.3 1.14e+022 7.402e+022 4.23e-017 1.258e-018
425.1 1.013e+022 7.718e+022 7.079e-017 1.043e-018
547 9.029e+021 8.073e+022 1.088e-016 8.48e-019
703.9 8.08e+021 8.482e+022 1.555e-016 6.791e-019
905.8 7.261e+021 8.967e+022 2.093e-016 5.383e-019
1166 6.545e+021 9.554e+022 2.684e-016 4.239e-019
1500 5.908e+021 1.028e+023 3.301e-016 3.323e-019
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Table A.3: Model coe�cients in oxygen: Phelps database

EN(Td) µe(1/cm v s) D(1/cm s) a/N(cm2) η/N(cm2)
1 7.081e+022 1.25e+022 0 4.489e-020

1.287 6.709e+022 1.248e+022 0 3.505e-020
1.656 6.308e+022 1.246e+022 0 2.737e-020
2.131 5.85e+022 1.243e+022 0 2.134e-020
2.742 5.368e+022 1.239e+022 0 1.666e-020
3.529 4.908e+022 1.241e+022 0 1.297e-020
4.541 4.429e+022 1.244e+022 0 1.006e-020
5.843 3.916e+022 1.254e+022 0 7.819e-021
7.519 3.344e+022 1.293e+022 0 5.957e-021
9.676 2.753e+022 1.382e+022 0 5.176e-021
12.45 2.248e+022 1.536e+022 0 1.577e-020
16.02 1.862e+022 1.757e+022 0 1.002e-019
20.62 1.628e+022 1.985e+022 4.851e-032 4.069e-019
26.53 1.478e+022 2.195e+022 2.618e-029 1.075e-018
34.14 1.375e+022 2.368e+022 1.382e-026 2.053e-018
43.93 1.293e+022 2.512e+022 1.766e-024 3.149e-018
56.54 1.224e+022 2.633e+022 7.675e-023 4.115e-018
72.75 1.161e+022 2.738e+022 1.468e-021 4.779e-018
93.62 1.102e+022 2.834e+022 1.505e-020 5.087e-018
120.5 1.043e+022 2.926e+022 9.697e-020 5.097e-018
155 9.82e+021 3.019e+022 4.43e-019 4.902e-018
199.5 9.166e+021 3.118e+022 1.574e-018 4.587e-018
256.7 8.465e+021 3.225e+022 4.636e-018 4.2e-018
330.3 7.715e+021 3.34e+022 1.181e-017 3.773e-018
425.1 6.944e+021 3.467e+022 2.659e-017 3.322e-018
547 6.187e+021 3.608e+022 5.347e-017 2.865e-018
703.9 5.484e+021 3.766e+022 9.667e-017 2.418e-018
905.8 4.862e+021 3.943e+022 1.586e-016 1.999e-018
1166 4.328e+021 4.146e+022 2.393e-016 1.625e-018
1500 3.873e+021 4.382e+022 3.363e-016 1.308e-018
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Table A.4: Mobility of positive ions

EN(Td) µp(m
2/Vs)

4.000e+0 2.230e-4
5.000e+0 2.230e-4
6.000e+0 2.230e-4
8.000e+0 2.230e-4
1.000e+1 2.230e-4
1.200e+1 2.230e-4
1.500e+1 2.230e-4
2.000e+1 2.230e-4
2.500e+1 2.230e-4
3.000e+1 2.230e-4
4.000e+1 2.210e-4
5.000e+1 2.180e-4
6.000e+1 2.140e-4
8.000e+1 2. 080e-4
1.000e+2 2.020e-4
1.200e+2 1.960e-4
1.500e+2 1.880e-4
2.000e+2 1.770e-4
2.500e+2 1.670e-4
3.000e+2 1.590e-4
4.000e+2 1.450e-4
5.000e+2 1.340e-4
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Table A.5: Mobility of negative ions

EN(Td) µn(m
2/Vs)

3.000e+0 2.170e-4
4.000e+0 2.170e-4
5.000e+0 2.170e-4
6.000e+0 2.170e-4
8.000e+0 2.170e-4
1.000e+1 2.170e-4
1.200e+1 2.170e-4
1.500e+1 2.170e-4
2.000e+1 2.170e-4
2.500e+1 2.170e-4
3.000e+1 2.160e-4
4.000e+1 2.160e-4
5.000e+1 2.150e-4
6.000e+1 2. 140e-4
8.000e+1 2.110e-4
1.000e+2 2.060e-4
1.200e+2 2.010e-4
1.400e+2 1.930e-4
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